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ABSTRACT

Thie t h e s is  con sists o f  two p a r ts ;  p art I  

d e a ls  w ith  the o r ig in  o f th e  t e r r e s t r i a l  p la n e ts  

w h ile  p art I I  i s  concerned w ith  e v o lu tio n  o f la r g e r  

o b je c t s ,  s t e l l a r  c lu s t e r s .

PART I

Chapter I :

A g en era l o u t lin e  o f  th e  problems in vo lved  

in  the form ation o f p la n e ts  and a b r ie f  in d ic a t io n  o f  

our proposed s o lu t io n  i s  g iv e n .

Chapter 2:

The r e s is ta n c e  o ffe red  by a gas to  an o b jec t  

moving through i t  w ith  d i f f e r e n t  speeds i s  c a lc u la te d  

and a comparison between th e  ex p re ss io n s  found i s  

g iv e n . The eq u ation  o f  growth fo r  an o b jec t a c c r e tin g  

m a ter ia l i s  a ls o  found.

Chapter 3:

The tim e taken by an o b jec t to  f a l l  t o  th e  

cen tre  o f a gas clou d  under th e  a c t io n  o f  th e  g r a v ita 

t io n a l  a t tr a c t io n  o f  th e  clou d  and the r e s is ta n c e  o f  

th e  gas i s  found. The r e s is ta n c e  and growth laws 

found in  Chapter 2 are u sed .

Chapter 4 ;

The p o s s i b i l i t y  o f forming very  la rg e  g r a in s ,  

or clum ps, by a c c r e tio n  and th e p r o b a b il ity  th a t th ese
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escape from th e cloud  on c o l l i s i o n  i s  in v e s t ig a te d .  

Chapter 5:

An estim a te  fo r  th e d isp e r sa l tim e o f  a con

d en sa tio n  v io la t in g  th e Roche l im it  i s  g iv e n .

Chapter 6 :

Ttds g iv e s  a b r ie f  o u t l in e  o f the proposed  

th eory  to g e th e r  w ith  th e  co n c lu s io n s  about th e  whole 

p a r t .

PART I I

Chapter 1:

T his g iv e s  an ex p la n a tio n  to  some o f the terms
S- 4 ^-

used in  con n ection  w ith  s t e l l a r  ev o lu tio n  and in d ic a te s  

some o f  th e  problems in v o lv e d .

Chapter 2:

The problem o f s ta r s  co n tr a c tin g  onto th e  

main sequence i s  co n s id e red , shov/ing th e  im portance o f  

the i n i t i a l  c o n d itio n s  ch osen .

Chapter 3:

A d isc u ss io n  about the b lue s tr a g g le r s  found 

in  some c lu s te r s  i s  g iven  and an in v e s t ig a t io n  in to  the  

p o s s i b i l i t y  th a t t h i s  phenomena i s  caused by continuous  

c r e a tio n  o f s ta r s  in  th e  c lu s t e r  i s  ca rr ied  o u t.
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CHAPTER I  

In tro d u ctio n

One o f th e  most su r p r is in g  a sp e c ts  about th e  

s o la r  system  i s  the sharp d iv is io n  th a t e x i s t s  between  

the two typ es of p la n e ts  p r e se n t , namely the Major, or 

Jov ia n , p la n e ts  and th e t e r r e s t r ia l  p la n ets#  They 

d i f f e r  w id e ly , both in  mass and in  chem ical com p osition . 

The major p la n e ts  have a mass o f th e  order o f 10 grammes 

and according to  p resen t-d a y  c a lc u la t io n s ,  probably  

c o n s is t  m ainly o f hydrogen, presumably w ith  the usual 

sp r in k lin g  o f th e  h ea v ier  e lem en ts . They are th u s  

s im ila r  to  most o th er  astron om ical o b je c ts  as regards 

chem ical com p osition . The t e r r e s t r i a l  p la n e ts  on the  

oth er hand are on ly  about 1$ as m assive as th e  major 

p la n e ts ,  c o n s is t in g  m ainly o f th e h ea v ier  e lem en ts. I t  

i s  now commonly thought th a t th e  t e r r e s t r ia l  p la n e ts  

o r ig in a te d  a f t e r  th e  h ea v ier  elem ents were separated  in  

some manner from th e hydrogen. Various th e o r ie s  have 

been proposed in  oi'der to  ach ieve  t h i s  r e s u l t ,  among 

them the form ation o f a d is c  o f m a ter ia l surrounding th e  

sun as su ggested  by Hoyle g l }  and th e  th e o r ie s  p resen ted  

by R ussian astronom ers such a s  Sch^rddt L 2 ] .  Most o f  

th ese  th e o r ie s  co n cen tra te  on g iv in g  an exp lan ation  o f  

the d if fe r e n c e  in  com position  and take no account o f th e



fa c t  th a t i f  we returned  hydrogen to  th e t e r r e s t r i a l  

p la n e ts  such th at th e ir  ch em ical com position  would he 

s im ila r  to  th e major p la n e ts ,  then  t h e ir  m asses would 

a ls o  he comparable t o  th e  major p la n e ts . A th eory  by 

I r o fe s s o r  M cCrea^3 ]  i s  one o f  th e  few th e o r ie s  th a t  

take account o f t h is  second fe a tu r e .

According t o  t h i s  th eo r y , form ation o f s ta r s  

ta k es  p la c e ,  in  c lu s t e r s  o f a hundred or more a t a t i n e ,  

from an i n i t i a l  m assive cloud  o f hydrogen gas in  

m olecular form , vdth th e  u su a l sm all amount o f other  

elem ents p r e se n t . T his cloud i s  not assumed to  have 

uniform  d e n s ity ,  but t o  c o n s is t  o f c lo u d le t s  o f h igher  

d e n s ity  c a l le d  f lo c c u le e ,  th ese  f io c c u le o  moving a t  

random amongst them solves* A s ta r  i s  formed a t  a p o in t  

where the path o f a number o f th ese  f lo c c u le s  converge. 

By such an arrangement c le a r ly  many s ta r s  are formed in  

a c lu s t e r ,  none o f them p o sse ss in g  a phenom enally high  

amount o f angular momentum s in c e  th e  f lo c c u le s  approach 

from a l l  d ir e c t io n s .  Hence, t h i s  su g g estio n  agrees w ith  

p resen t-d ay  b e l i e f s  t t e t  s ta r s  are formed in  c lu s te ir ,  

not in d iv id u a l ly ,  and a t th e  same tim e overcomes the  

angular momentum problem , wliich has been the dovm fall o f  

many a th eory  in  th e  p a st and has le d  to  many a d r a s t ic  

proposal in  order th a t i t  could  be r e so lv e d .
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A ll th e f lo c c u le s  in  a cloud  cou ld  not p o s s ib ly  

be moving d ir e c t ly  tov/ards th ese  p o in ts  and s o ,  a f t e r  an 

in te r v a l  of t im e , we fin d  th a t w h ile  most o f th e  

f lo c c u le s  have formed in to  s t e l l a r  co n d en sa tio n s, a few 

w i l l  s t i l l  be moving, g r a v ita t io n a l ly  captured by one 

o f th e se  condensationB but not having a c tu a l ly  jo in ed  

any o f them. As tim e p a s s e s , th ese  trapped f lo c c u le s  

w i l l  tend  to  s e t t l e  in to  th e  in v a r ia b le  plane d efin ed  by 

th e angular momentum o f th e  system . As t  i i s  p ro cess  i s  

talcing p la ce  th e  f lo c c u le e  w i l l  tend t o  c o l l id e  to g e th e r  

and grov;, in  a s im ila r  way to  th e  form ation  o f th e  

parent s t a r ,  though on à sm a ller  s c a le  o f co u rse . As a 

r e s u lt  o f t h i s  we would exp ect th e  s ta r s  to  be e v e n tu a lly  

surrounded by a few co n d en sa tio n s , a l l  o f th e se  conden

s a t io n s  b ein g  rou- h ly  s im ila r  to  each o th er . (In  h is  

paper, P ro fe sso r  McCrea shows th a t  th e common mass 

would be about eq u iv a len t t o  the mass o f a major p la n e t .)  

The major p la n e ts  can thus be formed sim ply by fu rth er  

condensing th e se  co n d en sa tio n s .

McGrea p o in ts  out th a t fo r  any reg ion  c lo s e r  to  

th e sun than J u p ite r ’ s o r b i t ,  a condensation  having a 

d e n s ity  s im ila r  to  th e  f lo c c u le  d e n s ity  assumed could  

not hold to g e th e r  for long due t o  th e  t i d a l  a c t io n  o f  

th e Bun. He su g g ests  th a t t h i s  i s  the reason  fo r  th e
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d if fe r e n c e  between th e  two ty p es  o f p la n e ts ,  but does  

not g iv e  any in d ic a t io n  as to  bow e i th e r  the sep ara tion  

o f th e  e lem en ts , or indeed the form ation  o f a condensa

t io n  in  t h i s  r e g io n , cou ld  p o s s ib ly  tak e p la c e .

I t  i s  in tended  th a t t h i s  work should g iv e  some 

in d ic a t io n  o f how t h i s  form ation  of th e  t e r r e s t r ia l  

p la n e ts  could  come ab ou t. I t  i s  f a i r l y  obvious th a t i f  

we c o u ld , in  some way, cause th e  h ea v ier  elem ents to  

form a core a t th e  cen tre  o f th e  p la n e ta ry  con d en sa tion , 

w ith  a d e n s ity  high enough to  hold to g e th e r  on i t s  own, 

then th e  t i d a l  a c t io n  o f th e  sun cou ld  on ly remove the  

reg io n s  o f low er d e n s ity ,  namely the ou ter  hydrogen 

la y e r s ,  le a v in g  us w ith  a s ta b le  condensation  o f  

h eav ier  m a ter ia l or ju s t  th e  in g r e d ie n ts  requ ired  fo r  a 

te r r e s tr if id  p la n e t . I t  i s  our in te n t io n  to  in v e s t ig a te  

th e  p o s s i b i l i t y  o f form ing such a c o r e . C lea r ly  the 

on ly  p r a c t ic a l  way o f form ing t h i s  core i s  by the  

h ea v ier  elem ents f a l l in g  t o  th e  cen tre  o f th e  condensa

t io n  due t o  th e  g r a v ita t io n a l  a t tr a c t io n  o f the c lou d .

We s h a l l  t ‘ us in v e s t ig a te  variou s ways by which t h i s  

f a l l in g  p rocess  can take p la c e , and in  what form th e  

h ea v ier  m ater ia l must be b efore  th e tim e of f a l l  

becomes r e a l i s t i c .

We have a ls o  made e stim a tes  o f th e time
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requ ired  by th e  t i d a l  a c t io n  o f th e  sun to  d isp e r se  

such a con d en sation  as th e  one above# I t  i s  im portant 

th a t t h i s  tim e be f a i r l y  s h o r t , otherv;iso th e  tim e  

taken fo r  the ou ter  hydrogen la y e r s  t o  d isp er se  might 

be so long as to  make th e  occurrence im p ossib le  during  

th e su n ’s l i f e *  I d e a l ly  v;e would l ik e  t i  i s  tim e t o  be 

lo n g er  than th e tim e requ ired  fo r  th e  form ation o f th e  

heavy c o r e , as th e  form ation  o f a t e r r e s t r ia l  p la n e t  

then fo llo w s  a very  sim ple p attern* The con d en sation s  

form by c o l l i s io n s  between f lo c c u le s ;  th e heavy 

m a ter ia l b eg in s to  f a l l  and th e t i d a l  a c t io n  d is p e r s e s ,  

but as th e  tim e o f f a l l  i s  l e s s  than th e  d isp e r s a l tim e 

form ation  o f th e  core ta k e s  p la ce  b efo re  any ap p reciab le  

d is p e r s a l .  T his i s  an id ea l s i tu a t io n  and we s h a l l  

in v e s t ig a te  under what co n d itio n s  t h i s  comos ab ou t. I f  

th ese  requirem ents are unreasonable we can s t i l l  ob ta in  

th e d esired  r e s u lt  by having th e con d en sation  formed 

and o r b it in g  in  a reg ion  where i t  d oes not d is p e r s e ,  

and o c c a s io n a lly  d ipp ing  in to  th e o th er  r e g io n , whence 

th e ou ter  la y e r s  are removed.

In chapter 2 ,  a l l  the eq u ation s concerned w ith  

th e  r e s is ta n c e  o f a gas cloud to  m otions through i t  are  

found. Equations are a ls o  obtained  g iv in g  the r a te  o f  

growth o f a moving p a r t ic le  assuming v ariou s methods o f
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a ccretio n #

Chapter 3 d ea ls  w ith  th e  a c tu a l m otion of th e  

heavy m a ter ia l through a sp h e r ic a l cloud o f hydrogen 

gas# S o lu tio n e  o f th e  eq u ation s o f motion are obtained  

in  a l l  c a se s  l i k e ly  t o  be o f  i n t e r e s t ,  to g e th e r  w ith  

num erical v a lu es  fo r  th e  tim e o f f a l l  o f th e  heavy 

m a te r ia l•

In some o f th e se  m otions we co n sid e r  very  la rg e  

grains# The form ation  o f th e se  {^ ain s i s  con sid ered  in  

chapter 4 ,  to g e th e r  w ith  an in v e s t ig a t io n  in to  the  

p r o b a b ility  o f th ese  o b je c ts  escap in g  from th e surround

in g  gas cloud when th e  cloud i s  in vo lved  in  a c o l l i s i o n .  

I t  i s  to  be noted  th a t th e se  la rg e  g ra in s  are comparable 

w ith  th e  p la n e tes im a ls  p o stu la ted  by v a r io u s authors on 

th e  o r ig in  o f th e  p la n ets#  We compare our th eory  w ith  

th ese  p la n e tes im a l th e o r ie s  in  chapter 5 , where a l l  the  

co n c lu s io n s  are g iven  to g e th e r  w ita  a com plete o u tlin e  

o f th e th e o r y , vdlthout m athem atical d e ta i l#
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CHAFi’BR 2 

E quations concerned w ith  th e  m otion  

________ o f th e  heavy m a ter ia l________

In  order t o  in v e s t ig a t e  th e  form ation  o f th e  

heavy core we req u ire  th e eq u ation  o f motion o f t h i s  

m a te r ia l as i t  moves through th e  surrounding gas con

d e n sa t io n , the o n ly  fo r c e s  op era tin g  b ein g  th e  g r a v ita 

t io n a l  a t t r a c t io n  o f th e  con d en sation  i t s e l f  and th e  

r e s is ta n c e  o ffe r e d  by t h i s  gas to  any m otion through i t .

We s h a l l  f i r s t  in v e s t ig a t e  t h i s  r e s i s t in g  

f o r c e ,  f in d in g  v a r io u s  ex p r e ss io n s  depending on th e  

speed and s i z e  o f th e  o b je c t moving through th e  g a s .

For o b ta in in g  some o f  th e s e  we can make use o f p u b lish ed  

work i f  we regard th e  f a l l i n g  heavy m a ter ia l as b ein g  

an oth er g a s .

Throughout t h i s  d is c u s s io n  we s h a l l  r e ta in  th e  

fo llo w in g  n o ta t io n .

e mass o f a m olecu le o f  th e r e s i s t in g  g a s .

» mass o f  a m olecu le o f  th e moving g a s , or

o f the p a r t i c l e ,  a s  th e  ca se  may b e .

'h ■ rad iu s o f  a m olecu le o f  th e  r e s i s t in g  g a s .

cfl = rad iu s o f a m olecu le o f th e moving gas or

, „  p a r t i c l e ,

h = number d e n s ity  o f  th e  r e s i s t in g  g a s .
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G%. = number d e n s ity  o f  th e  o th er  g a s .

f, = e d e n s ity  o f  th e  r e s i s t in g  g a s .

f = tem perature in  d egrees K elvin  (assumed

c o n s ta n t) .

^ =• Boltam an’ s gas c o n s ta n t .

Any o th er  n o ta t io n  w i l l  be ex p la in ed  as th e  

need fo r  i t  a r i s e s .

Throughout t h i s  d is c u s s io n  we assume th a t a l l  

th e m olecu les and p a r t i c l e s  can be con sid ered  a s  sp h e r e s ,  

th e c o e f f i c i e n t  o f e l a s t i c i t y  b e in g  6  fo r  any 

c o l l i s i o n s  between them.

In  our f i r s t  d e r iv a t io n , we fo llo w  a method 

g iven  by HcCreaL 4 ]  in  h is  paper on "Gas m otions in  

prom inences, W olf-Baye t  s ta r s  and Bovae" w ith  th e  sm all 

g e n e r a lis a t io n  th a t  th e  c o e f f i c i e n t  o f e l a s t i c i t y  i s  6 

in s te a d  o f  u n ity  a s  assumed by him.

O oncider a m olecu le o f th e moving gas approach

in g  a m olecu le o f th e r e s i s t i n g  gas w ith  r e la t iv e  speed  

U. . T h is i s  th e same a s ta k in g  a sphere o f  mass 

a t r e s t ,  w ith  a sphere o f mass approaching i t  w ith  

speed. IX . Let th e  s t r a ig h t  l in e  jo in in g  th e  c e n tr e s
I

o f th e se  two sp h eres subtend an an g le  6  w ith  th e  

d ir e c t io n  o f th e  speed IX . The s i tu a t io n  i s  i l lu s t r a t e d
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in  th e ;;ram

> U .

I f  U] and are th e  speeds o f m olecu les

(1 )  and (2 )  a f t e r  the c o l l i s i o n ,  a long th e  l in e  o f  

c e n t r e s ,  then co n serv a tio n  o f l in e a r  momentum along t h i s  

l in e  o f c e n tr e s  g iv e s

U. u; +

Tbe c o e f f ic ie n t  o f e l a s t i c i t y  i s  C $ and thus

€  I L  =  L T , -

Hence, on s u b s t i t u t in g  fo r  LT̂

I r  -  U. Co>& (l+ e)

The ga in  in  l in e a r  momentum exp erlen ced  by m olecule (1 )  

i s  th u s
— U . Cĉ BC i-4-c)

alon g  th e  l in e  o f c e n t r e s ,  w ith  th e corresponding lo s s  

fo r  m olecule ( 2 ) .
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The lo s s  in  l in e a r  momentum alon g  th e  d ir e c t io n  

of the speed LL exp erien ced  by m olecule (2 )  i s  th u s

M ,f  Mz.

I t  fo llo v /a  d ir e c t ly  from Newton's laws o f  m otion  

th a t  tho fo rce  a c t in g  on an o b jec t i s  i t s  ra te  o f change 

o f momentum. Thus, to  ob ta in  th e  r e s is t a n c e  we have to  

f in d  the number o f such exchanges per u n it  t im e , th a t  i s  

c le a r ly  th e  number o f such c o l l i s i o n s  p er u n it  time*

I f  the therm al v e lo c i t y  o f th e gas i s  sm all 

compared w ith  th e tr a n s la t io n  speed (jL then  we can 

ob ta in  th e  number o f c o l l i s i o n s  as fo l lo w s .

I f  two m o lecu les c o l l i d e ,  t h e ir  l in o  o f c e n tr e s  

subtending an an g le  between 0  and 0  w ith  th e  speed (JL 

then  t h e i r  ce n tres  must l i e  in  a c y lin d e r  o f len g th  U  t  
and ra d iu s  ^ .

ÜL

The volume o f such a c y lin d e r  i s  

I'ho volume o f th e corresponding c y l in d e r , i f  th e anfc,;le
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can l i e  between 0 and Ô + c /ô  ^

ri[<r,i-c\,) l i t  t Q ^ d o )

Hence i f  two m o lecu les  c o l l id e  w ith  t h e ir  c e n tr e s  a t  an

an gle  between 8  and à * -d ô  w ith  th e  d ir e c t io n  o f

th e  speed  U- , then  t h e i r  c e n tr e s  must l i e  in  a volume

=  l i t
I f  we have 0 , m o lecu les  o f mass M, and m o lecu les  

o f  mass , then  th e  number o f c o l l i s i o n s  p er u n it

tim e i s

2 Tt (  <Ti 4.a\)  *1, 4^  Ô  L i d o  (2 )

So th e r e s is ta n c e  a c t in g  on a u n it  volume o f  gas (2 )  

would b e , due t o  c o l l i s i o n  in  th e  range 0  to  Ô*c/ô
3 Ti( <r, 4-< rS  f?,nx m,Mx L\+àSùnô Cc/oO UVb

M,

On in te g r a t in g  over th e  tot::^ range o f  0  , we ob ta in

f  ( U j O d O - i l ^

T his i s  th e  r e s i s t in g  fo r c e  on u n it  volume o f th e  g a s .
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The fo r c e  on one m olecu le i s  c le a r ly

r ,l
2-C "/ * ^ 1 . )

and t h i s  v a i l  hold w hether th e  o b jec t  a m olecu le

or a g ra in  (a s  v;e assumed m olecu les were sp h eres anyi^ay 

to  o b ta in  th e form ula)*

C le a r ly  o n ly  minor a l t e r a t io n s  t o  t h i s  method 

are req u ired  t o  g iv e  th e  r e s is t a n c e  o f  th e  speed o f  th e  

moving m a ter ia l i s  sm all compared w ith  th e  therm al speed  

o f th e  g a s , which i s  why a l l  th e  d e t a i l s  were reproduced  

from McGrea's paper* The t o t a l  l in e a r  momentum tr a n s 

fe r r e d  from one gas t o  th e o th er  rem ains u n a ltered  by 

th e  above assum ption; thus eq u ation  (1 )  i s  s t i l l  

o p e r a tiv e  *

The number o f  c o l l i s i o n s  w i l l  be m od ified  by 

r e p la c in g  UCcoÔ by W , where W i s  th e  main therm al 

v e lo c i t y  o f  th e  g a s ,  and i s

2  nl<r, +<n,)'-/i, Ox O c lO \tJ

Thus g iv in g  a t o t a l  fo r c e  due to  a l l  c o l l i s i o n s  in  th e  

range 0  to  Q * d &  as

-+ PZ J _

o r , upon in te g r a t in g  over a l l  p o s s ib le  v a lu e s  o f  O’ , 

th e  r e s is t a n c e  to  th o  m otion o f  th e  second gas i s
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2 n  u .\aJ
l i M ,  )

Mow f o r  a gas a t  a tem perature /  whose m o lecu les  have 

a nasE M, , the mean therm al v e l o c i t y  i s  d e fin e d  t o  be

 ̂2 y 11̂'
I f  we have an oth er gas whose m o lecu les  w eigh , then

Thus a con ven ien t mean therm al v e l o c i t y  would

be

V\/ iWhen we in trod u ce  t h i s  f o r  W  in  th e  r e s i s t a n c e ,  i t  

becomes

4" CI+c) dj ( (T| j  2 T i k  ^ (jL
J  j  N , 41^;.

I f  we are in t e r e s t e d  in  one m olecule o n ly , then  wo have 

0 ^  c  I and use th e  ex p r e ss io n  V\/( fo r  th e  therm al 

v e l o c i t y ,  g iv in g

^  J2,Ti^Tn^  .  ÜL ( 7 )

E xp ression  (6 )  was a ls o  found by McCrea but proceed
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in g  from Chapman's^ 5 ]  genei’a l  th eo ry  o f d i f f u s io n .

When th e  tem perature and p ressu re  are assumed 

uniform  the fo r c e  i s

U ,
(,rif -^0%) T ) / i

where i s  th e  c o e f f i c i e n t  o f  d if fu s io n *

Chapman's f i r s t  approxim ation fo r  th e v a lu e  o f  

t h i s  c o e f f i c i e n t  g iv e s

2  Ti d ^ \ ' ( o )

vfhere

dTix^to) -  à (< P i ir e , i  ^ . ^ ' {
I  rt J

i f  th e  m o lecu les are assumed to  bo e l a s t i c  spheres*

Thus th e  t o t a l  r e s is ta n c e  tu rn s out t o  be

^  n, <-<r,Y j  I r i k ?  t i , N x  U. ( 9 )
3 /

i'bin i s  th e  same as ex p r e ss io n  (6 )  ob ta in ed  by u s ,  

apart from tho added assum ption in  (9 )  th a t  th e sp h eres  

are e l a s t i c , th u s €  = ( .

In  fu tu re  work, we s h a l l  be in te r e s te d  in  

m a ter ia l o th er  than gas m o lecu les  f a l l i n g  through th e  

g a s . For t h i s  rea so n , we re q u ire  an ex p r e ss io n  fo r  th e  

fo r c e  on th e se  la r g e r  b o d ie s . There i s  n o th in g  in  th e
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work done by us t o  o b ta in  ex p r e ss io n s  (6 )  and (? )  th a t  

a c t u a l ly  s p e c i f i e s  an a p p lic a t io n  to  m o lecu les  o n ly .  

Thus we can deduce th a t the r e s is ta n c e  would be

cTj,*- J  2. n  k  t «V, (1 0 )
3  ^

s in c e ,  fo r  a ( .r a in , < s \ » d / ^  »

Though th e r e  seems to  be no o b je c t io n  to

o b ta in in g  th e r e s is ta n c e  in  t h i s  way,  th ere  i s  no

p a r t ic u la r  reason  wl̂ iy tho r e s is t a n c e  sh ould  be th e  same

f o r  gas and g r a in s .  As we can c a lc u la te  th e r e s is t a n c e

on a g ra in  d i r e c t l y ,  we s h a l l  do t h i s  and not r e ly  on

d ed u ctio n s from th e  g a s  c a s e .

We assume th a t  th e  m o lecu les o f th e  r e s i s t in g

gas have a M axwellian d is t r ib u t io n  o f  v e l o c i t i e s ,  th a t

i s  t o  say  we assume th a t th e p r o b a b il i ty  o f  any m olecule

having a speed between IT and W + <tu“ a lon g  a g iv en

d ir e c t io n  i s  ^

whez'e h i s  a c o n sta n t o f v a lu e  I j  /  .

L et us th en  take a p a r t i c l e ,  con sid ered  a s  a 

sphere o f ra d iu s  CT̂  , moving w ith  speed AÀ̂  through a 

s ta t io n a r y  gas w ith  th e  p r o p e r t ie s  cT) , Mf , and I 

as a lrea d y  d e fin ed  by u s .  We tak e th e  cen tre  o f  t h i s
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sphere as th e  p o le  o f a s p h e r ic a l  p o la r  system  o f  

c o o r d in a te s . The d ir e c t io n  o f th e speed LL i s  taken  as  

th e  a x is  o f th e 0  co o rd in a te  and another a r h ita r y  

d ir e c t io n ,  p erp en d icu la r  t o  L L  , as th e a x is  o f th e

th ir d  co o rd in a te

C onsider th e  sm all elem ent o f area d  S on

th e su r fa ce  o f th e  sphere and su btending a n g les  betv/een 

0  and 6  ^cl& , (j> and (|>ic/^ a t th e  cen tre  o f th e

sp h ere . Then by elem entary  m athem atics we ob ta in

c l $ ^  c / 6 c / ÿ

I f  we now tak e a new s e t  o f r e c ta n g u la r  r ig h t -  

handed coo rd in a te  a x is  s ta t io n a r y  in  th e  g a s , th e a x is  

o f X  p a r a l le l  to  th e  normal to  cJ S i the and Z 

a x is  th u s b ein g  p a r a l le l  to  th e  p lane o f , cJS •

The p r o b a b il i ty  th a t any m olecule has speed  

betw een XA. and u - t d u  a lon g  th e  D C -axis i s  th u s

L
'e x p  ^ u ' j  c/u.
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Tho l in e a r  momentum tr a n s fe r r e d  when a m olecu le  

in  such a v e lo c i t y  range c o l l i d e s  w ith  th e  p a r t i c l e  i s

M, C/ + e )  C 4-

a lon g  th e  norm al, w ith  no c o n tr ib u tio n  p erp en d icu la r  t o  

t h i s  norm al. In  o b ta in in g  t h i s  e x p r e ss io n  we have 

assumed th a t  th e  mass o f th o  p a r t ic le  g r e a t ly  exceed s  

th e  mass o f the c o l l id in g  m o lec u le . U~ and W are  

p erp en d icu la r  t o  th e  norm al, so  have no c o n tr ib u t io n .

The number o f c o l l i s i o n s  p er u n it  tim e betv;een 

t h i s  CiTea c/S and m o lecu les having speed  in  th e  range 

t o  u+c/c«. a lo n g  th e  p rescr ib ed  a x is  i s

K\(^W.+ U -6 c o 6 )c /S

where <\. i s  tho  number o f m o lecu les per u n it  volume 

w ith  th e  p resc r ib e d  sp eed .

But ^

a =  ^ f  j  c/ m-

by v ir tu e  o f th e  M axwellian d i s t r ib u t io n ,  and th u s th e  

number o f  c o l l i s i o n s  p er u n it  t in e  i s

4 ciu-c/S

Hence th e  fo r ce  a c t in g ,  which i s  equal to  th e  r a te  o f
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change o f momentum, due t o  th e  m o lecu les  in  th e  above 

speed range i s

How, s in c e  we are in v e s t ig a t in g  th e ca se  o f th e therm al 

v e l o c i t y  exceed in g  th e  t r a n s la t io n  v e l o c i t y ,  U ,

and GO we have th e  fo r c e  as

U  (o» è)»J, (  A u'-j ciu. c/X

In te g r a t in g  over a l l  p o s s ib le  v a lu e s  o f  ^u_ , th e  fo i’ce  

a c t in g  on d S  a lon g  i t s  normal i s

hi ~ fcu'-+2otU C to& )çxp^-A '^,u j c/a.
' 0̂

î l i i s  i s  th e  fo r c e  a lon g  th e  normal t o  d S

Prom elem en tary  m athem atics i t  i s  obvious th a t  

th e  t o t a l  fo r c e  in  ta e  d ir e c t io n  of LL i s  ht Cco @ 

v;ith  î̂ i SvÀ  ̂ Q p erp en d icu la r  t o  t h i s .

From symmetry i t  i s  obvious th a t  when in te g r a te d  

over th e whole sp h e r e , th e  sum o f VtSo^ G i s  z e r o .

The t o t a l  r e s is ta n c e  to  m otion i s  th u s r iv en  by

o
/A

c  - à j [  ULC'+e.'i CT̂ '-/  ' '

3k.M ,  ̂ r, j
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or , s in c e  K. * ) [ Z  k  T

th e t o t a l  r e s is t a n c e  to  th e  m otion i s

t C / + e i r ) , < r / [ 2 n  (J. ( n )

Ttiis e x p r e ss io n  (1 1 )  i s  e x a c t ly  th e same as what we 

deduced, the r e s is t a n c e  fo r  a p a r t ic le  t o  he from th e  

corresp on d in g  r e s is t a n c e  fo r  a g a s , namely ex p r e ss io n  ( 1 0 ) .  

Thus we can s a f e ly  conclude th a t i f  th e  tr a n s la t io n  

v e lo c i t y  i s  sm a ller  than th e  therm al v e l o c i t y  o f th e  

r e s i s t in g  medium, th e  r e s is t a n c e  i s  g iv en  by th e  ex p r e ss io n  

d er iv ed  by u s ,  namely

(Tj’- J  /V, Ü. (1 2 )

There e x i s t s  a w e l l  known form ula f o r  th e  

r e s is ta n c e  o f a f lu id  to  th e  m otion o f  a sp h ere , c a l le d  

S to k eses  law . According to  t h i s  law th e  r e s is ta n c e  i s

(1 3 )

where i s  c a l le d  th e  c o e f f i c i e n t  o f v i s c o s i t y ,  about 

which move in form ation  i s  g iv en  b elow , a l l  th e  o th er  

symbols b e in g  as a lrea d y  d e f in e d . P ro o fs  and d e r iv a t io n s  

o f t h i s  fom aula are g iven  in  v a r io u s  b ook s, fo r  exam ple, 

B asset " T rea tise  in  Hydrodynamics** ^6][ $ Lamb "Hydro

dynamics" 1̂ 7 ]̂  and Green "Hydro and Aerodynamics** g8 % .
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For t h i s  reason  we do n ot in c lu d e  a d e ta i le d  p r o o f , we 

on ly  g iv e  a b r ie f  o u t l in e  o f  th e  method, w hich i s  enough 

to  show th e  b a s ic  p r in c ip le s  in v o lv e d  and th e assum ptions  

made. I n i t i a l l y  th e S tok es cu rren t fu n c tio n  i s  fou n d , 

which i s  a s o lu t io n  o f lÆ .place's eq u ation

which s a t i s f i e s  th e boundary c o n d it io n s  p r e sc r ib e d .

T h is a llo w s us to  f in d  th e  m otion o f th e  f l u i d .  

From t h i s  we d e r iv e  th e  ta n g e n t ia l  and normal components 

o f th e fo r c e  ( r e s i s t a n c e )  due to  th e  l iq u id  on a sm all 

elem ent o f  area ( j ^  on th e  su r fa ce  o f th e  sp h ere . 

Sum{ition o f  a l l  such fo r c e s  c l e a r ly  g iv e s  th e  t o t a l  

r e s is ta n c e  a c t in g .  T h is tu rn s out t o  be

l - f  %%

where N i s  a p r o p o r t io n a lity  co n sta n t d en o tin g  the  

amount of s l i p  betv.^een th e l iq u id  and th e  sp h ere . S tok es  

in  tjiG form ula assumes no s l i p  and hence \  (X) ,

g iv in g  t . e  r e s u l t

^   ̂ 77 2  LL

as g iv e n  above. p o in ts  are to  be noted  from t h i s

d e r iv a t io n  o f th e r e s is t a n c e .

liV



1 ) The r e s i s t in g  medium i s  con sid ered  as a v is c o u s

f lu id  th rou gh ou t.

2 )  The la y e r  o f f lu id  im m ediately  in  co n ta c t w ith  th e

sphere i s  assumed to  move w ith  th e  sp h ere .

In d e r iv in g  eq u ation  (1 2 ) g iv in g  th e  r e s is ta n c e  

to  a p a r t i c l e ,  we assumed:

1 ) That th e r e s i s t in g  medium i s  co n sid ered  as a

c o l l e c t io n  o f m o lecu les;

2 ) The la y e r  im m ediately  in  co n ta c t w ith  th e  sphere

i s  e x a c t ly  s im ila r  to  th e  la y e r  fa r  removed from 

th e  sp h ere .

Thus we se e  c le a r ly  th e d if fe r e n c e  between th e  

S tok es law o f r e s is t a n c e  and th e  one d er iv ed  by u s .

The f i r s t  s e t  o f c o n d it io n s  (S to k e s ’s law ) would 

c le a r ly  be b e t t e r  s a t i s f i e d  when th e  sphere i s  la rg e  

compared w ith  th e  mean fr e e  p a th , w h ile  th e  o th er  con

d i t io n s  apply  i f  th e sphere i s  sm all compared w ith  th e  

mean f r e e  p a th . In o th er  words S to k e s ’s law a p p lie s  fo r  

la r g e  sp heres w h ile  th e  o th er  r e s is ta n c e  law a p p lie s  fo r  

sm all sp h e r e s .

C le a r ly  b efo re  any i n t e l l i g e n t  com parison can 

be c a r r ie d  out between th e two e x p r e ss io n s  ( 1 2 ) and ( 1 3 ) 

fo r  th e  r e s is t a n c e  we req u ire  some eq u ation  fo r  th e  

c o e f f i c i e n t  o f  v i s c o s i t y  ^  •
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The sim p le d e r iv a t io n  o f such an e x p r e ss io n  

which we are about to  g iv e  i s  e s s e n t i a l l y  th e  same as  

one g iven  by Meyer in  h is  book "The K in e tic  Theory o f  

Gases" ^ 9 }  apart from changes o f n o ta t io n . We have 

in c lu d ed  i t  in  th e  d is c u s s io n  because i t  i s  v ery  s im p le ,  

shows c le a r ly  what i s  meant by v i s c o s i t y ,  and g iv e s  an 

ex p re ss io n  th a t  i s  v ery  s im ila r  t o  what i s  g iven  by 

more r e f in e d  and com p licated  m ethods.

We c o n s id e r  a gas moving in  such a way t h a t ,  

on ch o ice  o f  a s u it a b le  s e t  o f a x i s ,  th e v e lo c i t y  in  a 

g iv en  p lan e i s  co n sta n t and n u m erica lly  eq u a l to  the  

d is ta n c e  o f t h i s  p lane from a f ix e d  p lan e p a r a l le l  to  

i t ,  which we s h a l l  c a l l  th e  base p la n e . We now tak e two 

ad jacen t la y e r s  in  th e  f l u i d ,  t h e ir  p lane o f sep a ra tio n  

b ein g  p a r a l le l  to  th e  base p lane and a t a d is ta n c e  X  

from i t .  Now th e  number o f m o lecu les  which p ass in  a 

u n it  tim e tlirough a u n it  area  o f  th e  se p a r a tio n  p lane  

from th e  la y e r  n e a r e s t  th e  b ase plane to  th e  o th er  la y e r

i s
'6I ,

w here, a s  b e fo r e , i s  th e  number o f m o lecu les per

u n it  volume and W i s  th e  mean thernial v e lo c i t y  o f  

th e se  m o le c u le s . The c o e f f i c i e n t  i s  ob ta in ed  by 

assum ing, as f i r s t  su g g ested  by Joube, th a t on ly  V3 o f
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th e  m o lecu les  have speed a long any g iven  d ir e c t io n .

H alf o f t h i s  number would th u s be moving in  a p o s i t iv e  

s e n s e .

The m o lecu les  c r o s s in g  t h i s  sep a ra tio n  p lane  

m ust, on a v era g e , have come from a d is ta n c e  eq u al to

th e  mean fr e e  p a th , L , o f th e  gas away from t h i s

se p a r a tio n  p la n e , th a t  i s  from a la y e r  d is ta n c e  

from th e  base p lan e fo r  c r o s s in g  one way and (% th e  

o th er  way.

By our assum ption th e  mean fori;ard v e lo c i t y  o f  

th e se  m olecu les i s  eq u al to  th e  d is ta n c e  from th e base  

p la n e , and th u s th e  mean l in e a r  momentum o f a m olecule  

p a ss in g  from th e  s lo w er  la y e r  t o  th e  o th er  i s

M, C X

The t o t a l  l in e a r  momentum p a ssin g  fron  th e  

slow er  la y e r  through a u n it  area  o f th e  se p a r a tio n  

p lan e in  a u n it  tim e i s  th u s

' n , W ly, (  X - l )
1

By an o b v io u s ly  s im ila r  argument th e  amount 

o f l in e a r  momentum tr a n sfe r r e d  from th e f a s t  moving 

la y e r  t o  th e  o th er  i s

^  «1  ̂ W C X -K A.)
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Hence th e  la y e r  n e a r e s t  th e  base p lan e i s  

g a in in g  l in e a r  momentum through a u n it  area  o f th e  

se p a r a tio n  p lane a t  a ra te  

VfM, ( x + i )
6

w h ile  th e  o th er  la y e r  lo s e s  th e same amount.

But th e  c o e f f i c i e n t  o f v i s c o s i t y  i s  d e fin ed  to  

be th e  fo r c e  a c t in g  on a u n it  su r fa c e  and i s  th u s equal 

to  th e  r a te  o f change o f l in e a r  momentum through a u n it  

a r e a , and i s  thus

j (14)

T his ex p re ss io n  fo r  th e  c o e f f i c i e n t  o f 

v i s c o s i t y  was f i r s t  ob ta ined  by Maxwell in  1860. More 

r e f in e d  methods fo r  o b ta in in g  t h i s  c o e f f i c i e n t  have 

s in c e  been a is c o v e r e d . These can be found in  

"Dynamical Theory o f gases"  by Jeans j j i o j  or " K in etic  

Theory o f  Gases" l l ]  by th e  same a u th or , and Kennard’ s  

" K in etic  Theory o f Gases" (jL23 .

Kennard a ls o  g iv e s  a r e s u lt  ob ta in ed  by 

Boltaman in  "Gas Theory" [ ] l 3 ]  which i s

=0-3^0 L

T his r e s u l t  i s  m od ified  by Kennard to  g iv e  a
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f i n a l  v a lu e  o f

0 ^  = :  0 -  3 / 0  V J  M , / ? ,  L

Jeans g iv e s  r e fe r e n c e  to  a more r ig o ro u s  d e r iv a t io n  

c a r r ie d  out by Chapman in  1911 ü l^ l»  who o b ta in s  th e  

va lu e

n = . H,W

I f  we use Chapman’ s v a lu e  fo r  th e  mean fr e e  path  o f th e  

g a s , namely

, /  3 ^
L =

then  th e  ex p ressio n  quoted above fo r  th e v i s c o s i t y

becomes
- 0 ^6  /M, n, W L

More r e c e n t ly  (1962) D eslodge in  "The American Journal 

o f P h ysics"  L l?} f in d s

n =
 ̂ (}Ut\ c^^^

Using th e  ex p r e ss io n  fo r  L  g iv en  above and th e  mean

therm al v e lo c i t y  W as 2. /  t h i s  ex p re ss io n
V »* "

becomes
^  -  S  r i ,W

S i  cT,

which i s  th e  same as g iv en  above- by Chapman, th u s
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g iv in g
\  -  O  S Ù  t i , n i  WL

Thus v/e se e  th a t  a l l  th e  above re fin em en ts  do 

n ot a p p rec ia b ly  change th e  b a s ic  ex p ressio n  ob ta in ed  by 

Maxv/ell and any d if f e r e n c e s  occur in  th e  num erical 

c o e f f i c i e n t  o n ly . As M axw ell's r e s u l t  i s  much s im p ler  

than th e  o th ers  we s h a l l  f in d  i t  more con ven ien t to  u se  

t h i s  ex p r e ss io n  f o r  com parison p u rp oses , he th u s r e ta in

= '/  ̂ \a) L

As a lrea d y  p o in ted  out V )  =  and so

^  =  I  • i  j l ï ï f e T M ,

The r e s is t a n c e  due t o  a gas when a la r g e  

sphere moves through i t  i s  th u s g iv en  by s u b s t it u t in g  

t h i s  v a lu e  o f  ^  in t o  eq u ation  ( 1 5 ) ,  g iv in g

1 ^ =  L o i .  L J  z n k r  M, • 11 ( 1 5 )

We have th u s obta ined  v a r io u s  ex p r e ss io n s  f o r  th e  

r e s is t a n c e  exp erien ced  by a p a r t ic le  (o r  sp h ere) as i t  

moves through a gas c lo u d . These were -

1 . I f  th e  v e lo c i t y  o f t r a n s la t io n  i s  sm all

(a )  rad iu s la r g e r  than th e  mean fr e e  path o f th e  gas

' I t  -  kn , <r  ̂ L  J i - T i  i^T  1̂ 1 ■ (X (15)
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(b )  ra d iu s  sm a ller  than th e mean fr e e  p ath  o f th e gas 

but g r e a te r  than th e  ra d iu s  o f a m olecu le

^  CI ^  1 J l  7 , 1! k  I • lA. ( IP )

( c )  ra d iu s  s im ila r  in  magnitude to  a m olecu lar ra d iu s

-- - LL (6 )
a J

2 .  I f  th e  v e lo c i t y  o f t r a n s la t io n  i s  la rg e  compared 

w ith  th e  therm al v e lo c i t y  o f th e  Kas

(a )  ra d iu s  la r g e r  than a m olecu lar ra d iu s

1 ^ =  Û O ^ e )  M /t  (3%  ̂ LL^
1/

(b ) rad iu s com parable w ith  a m olecu lar ra d iu s

"R = n, C (5 )

We are now in  p o s se s s io n  o f th e  above 

e x p r e ss io n s  f o r  th e  r e s is ta n c e  o ffe r e d  by a gas t o  

m otions tlarough i t .  I t  would be both  in t e r e s t in g  and 

in s t r u c t iv e  to  compare th e se  e x p r e s s io n s .

I n i t i a l l y  l e t  u s compare th e e x p r e ss io n s  

talcing account o f  th e  v a r ia t io n  in  th e  r e s is ta n c e  w ith  

sp eed . The e x p r e ss io n s  to  be compared now are (5 )  and

(6 ) ,  ( 5 ) b e in g  f o r  h igh sp eeds w h ile  ( 6 ) i s  f o r  a s low er  

moving o b je c t .  These two r e s is t a n c e s  have been p lo t te d  

in  a diagram , which we have c a l le d  f ig u r e  1 .  So a s  t o
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be a b le  to  use a sim p le s c a le  fo r  th e  r e s is t a n c e  we have 

taicen th e q u a n tity  T ( i - * - c ) ^  a s a s c a le  f a c t o r ,

V j  b ein g  th e  therm al v e lo c i t y  o f th e  g a s ,  as u s u a l.

In t h i s  diagram , th e  s t r a ig h t  l in e  g iv e s  th e  

r e s is ta n c e  fo r  sm all sp eeds w h ile  th e  curve i s  th e  

a p p lic a b le  one fo r  h ig h er  sp e e d s . We have used a con

tin u o u s marking t o  shoiv th e  reg io n  where th e  curve or  

l in e  i s  th e  c o r r e c t r e s is ta n c e  and broken markings f o r  

th e  o th er  r e g io n . From th e  diagram i t  i s  im m ediately  

e v id en t th a t th e  r e s is ta n c e  law a c t u a l ly  ap p ly in g  a t  

any g iv en  speed i s  alw ays g r e a te r  than th e  o th er  

r e s is ta n c e  law .

Let us now tu rn  to  th e v a r ia t io n  o f th e  

r e s is t a n c e  w ith  th e  p a r t ic le  r a d iu s . Again t h i s  i s  

b e s t  i l lu s t r a t e d  by means o f a diagram . F igu re 2 g iv e s  

th e  r e s is ta n c e  p lo t te d  a g a in st  th e  p a r t ic le  r a d iu s . We 

have now tak en  th e  q u a n tity  U'oWirt,/.— U L  as a s c a le

f a c t o r ,  Lx b e in g  th e  mean fr e e  path o f th e g a s ,  th e  

reason  aga in  b ein g  ju s t  to  s im p lify  th e  s c a l e .

As b efo re  a continuous l in e  d en otes the a c tu a l  

r e s is t a n c e  w h ile  a broken l in e  g iv e s  the r e s is ta n c e  

u sin g  th e  o th er  law . The d o tted  l in e  w i l l  be exp la in ed  

la k e r . We n ote  tlriat th e diagram now shows th e  a c tu a l
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r e s is t a n c e  to  be sm a lle r  than th e  r e s is ta n c e  c a lc u la te d  

from th e  in c o r r e c t  la w . We se e  th a t th e  d if fe r e n c e  

between th e se  laws fo r  r a d i i  l e s s  than about 2 mean fr e e  

p ath s i s  sm a ll .

Comparing th e  two r e s is t a n c e  law s in v o lv e d  

q u a l i t a t iv e ly  we s e e  th a t one i s  p ro p o rtio n a l to  OT 

w h ile  th e  o th er  i s  p ro p o rtio n a l to  o-j, L  , a l l  o th er  

v a r ia b le  term s b ein g  s im ila r  in  b o th . Prom an i n t u i t iv e  

p o in t o f v iew  t h i s  i s  what i s  t o  be ex p ec ted . In  th e  

f i r s t  d e r iv a t io n , th e  fo r c e  a ro se  from th e  im pact o f  

m olecu les a g a in st  th e  p a r t ic le  and w u ld  th u s depend on 

th e  area a v a ila b le  f o r  im p act, th a t i s  <3%'" . In  

G to k es's  law th e r e s is ta n c e  i s  due to  th e drag o f th e  

f lu id  on th e  e d g e s , and i s  thus p ro p o r tio n a l to  th e  

edge le n g th , or ^  . To keep th e  d im ensions s im ila r  

another len g th  must be in v o lv e d , and th e  on ly  term  o f  

such d im en sions th a t  could  co n ce iv a b ly  be in v o lv e d  i s  

th e  mean fr e e  path  o f th e  g a s , L. . hence fo r  

S to k e s 's  law we o b ta in  ^  L  .
A w e ll  known exp erim en t, f i r s t  conducted by 

M illik a n , t o  measure th e  cta rg e  o f  an e le c tr o n  makes 

u se o f  th e r e s is ta n c e  o f a i r  t o  th e  m otion o f an o i l  

drop . (For a f u l l  account o f  th e  exp erim en tal d e t a i l s  

se e  T olansky L1S3 or M illik an  Q l? J .)  For f a i r l y  la rg e
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o i l  drops M illik a n  found th a t  u sin g  S to k e s 's  law as g iven  

above gave accu rate  and c o n s is t e n t  r e s u l t s ,  hence 

in d ic a t in g  th a t th e  law i s  c o r r e c t .  For sm a ller  o i l  

d ro p s, how ever, he found th a t  th e  Gtokes r e s is ta n c e  does  

not g iv e  very  a ccu ra te  r e s u l t s .  A r e s is ta n c e

c ^ Oy ^  (1 6 )
/ -*• 4i/<rL

was found t o  g iv e  v ery  s a t i s f a c t o r y  and a ccu ra te  r e s u l t s .  

T h is law i s  th e  same as S t o k e s 's ,  apart from ( ( ^

in  th e  denom inator, A b e in g  a constj-m t.

For v ery  sm a ll v a lu e s  o f  becomes

much th e  dominant term and so  fo r  very  sm a ll r a d i i  th e  

î i l l ik a n  c o r r e c t io n  g iv e s  th e  Stoke r e s is t a n c e  as

ifh lch  i s  e x a c t ly  th e  same a s th e  fo r ce  found by us fo r  

sm all r a d i i ,  ap art from num erical c o n s ta n ts .

T h is M illik a n  law , eq u ation  ( 1 6 ) ,  has been  

p lo t te d  in to  f ig u r e  2 , which was th e diagram shoiving 

th e v a r ia t io n  o f r e s is ta n c e  w ith  r a d iu s . T h is  i s  th e  

dashed l i n e .  At f i r s t  s ig h t  t h i s  d oes not agree a t a l l  

w e ll  w ith  th e  two curves a lrea d y  p r e s e n t , end as th e  

exp erim en ta l ev id en ce shows th a t t h i s  curve cannot be 

fa r  wrong fo r  the reg io n  s tu d ie d  by M ill ik a n , i t  could
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su g g e s t  th a t  our th e o r e t ic a l  r e s u l t s  do n ot a p p ly . I t  

i s  t o  bo n o ted , however, th a t  f o r  v ery  sm a ll r a d i i ,  

yhei»e we are v e r y  c e r ta in  th a t our t h e o r e t ic a l  curve i s  

c o r r e c t ,  agreement i s  good , and th e  exp erim en ta l d a ta  do 

not extend  to  t h i s  r e g io n . For la r g e  r a d i i ,  th e  r a t io  

o f th e  tv;o r e s i s t a n c e s ,  S to k e s 's  and M il l ik a n 's ,  approach  

c lo s e r  and c lo s e r  t o  unit^{ and so  agreement i s  a ls o  good 

fo r  t h i s  r e g io n .

I t  i s  th u s o n ly  f o r  a reg io n  near th e  mean fr e e  

path  o f th e  gas th a t  M ill ik a n ' s  co r rec ted  r e s i s t a n c e , 

which i s  in  good agreem ent w ith  exp erim en ta l d a ta ,  

d i f f e r s  from both our r e s is t a n c e  la w s. But t h i s  i s  th e  

re g io n  where one law becomes a p p lic a b le  in s te a d  o f th e  

o th e r . H ev er th e le ss  th e method by which t h i s  comes 

about i s  s u r p r is in g . We would exp ect from p h y s ic a l  

c o n s id e r a t io n s  th a t  a t any ra d iu s  in  t h i s  reg io n  th e  

a c tu a l r e s is ta n c e  would be f a i r l y  c lo s e  to  both  th e  

r e s is t a n c e  lav /s, and p o s s ib ly  ly in g  in  between th e two 

o f them . We f in d  however a f a i r l y  la r g e  d i f f e r e n c e ,  

th e  a c tu a l r e s is ta n c e  ly in g  below  both  o f  th e  t h e o r e t ic a l  

o n es . I t  i s .  to  be n o te d , however, th a t  t h i s  curve found 

by M illik a n  i s  v ery  s im ila r  to  th e  curve one would draw 

t o  jo in  th e  curve found by us fo r  sm all r a d i i  and 

S to k e s 's  law fo r  v ery  la r g e  r a d i i .
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We can th u s conclude th a t  M illik a n * s  experim ent 

g iv e s  d e f in i t e  p roof th a t  th e  e x p r e ss io n s  found b y  us 

are c o r r e c t  when th e  ra d iu s  i s  not comparable w ith  th e  

mean fr e e  path  o f th e  gas and a ls o  shows how to  change 

from one law to  th e  other*

I t  i s  perhaps in t e r e s t in g  to  n o te  th a t  th e  

a c tu a l sep a ra tio n  between th e  S tok es l in e  and th e  

M illik a n  co r rec ted  r e s is t a n c e  i s  independent o f ra d iu s  

and so  o f course (a s  we e x p e c t)  th e  d if f e r e n c e  between  

th e  two exp ressed  as a p ercen tage o f  one o f them g e ts  

sm a ller  and sm aller*

In a paper "On g ra p h ite  p a r t ic le s  as in t e r 

s t e l l a r  grains"  Hoyle and W ickranasinghe g 18^ u se  an 

ex p r e ss io n  fo r  th e  r e s is ta n c e  o f  a gas t o  a sm all 

o b je c t moving through i t .  They use S to k e s 's  law , but 

m odify th e  v i e c o s i t y  by X'eplacing th e  mean fr e e  path  

w ith  th e  o b jec t  r a d iu s . They are th u s in  e f f e c t  u sin g  

e s s e n t i a l l y  the same r e s is t a n c e  as was found by ub 

apart from sm all num erical f a c t o r s .

There th u s seems to  be abundant e v id e n c e , both  

t h e o r e t ic a l  and ex p er im en ta l, fo r  con clu d in g  th a t  th e  

rosiG tan cos v;e have ob ta ined  and g iv en  above as  

eq u a tio n s  ( 5 ) ,  ( 6 ) ,  ( 1 2 ) and ( 1 5 ) are e s s e n t ia l ly  

c o r r e c t  and th a t  th e  reg io n  o f a p p l i c a b i l i t y  o f th e se
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com pleted our in v e s t ig a t io n  in to  th e  r e s i s t in g  fo r c e s  

a c t in g  in  a gas c lo u d .

P o s s ib le  growth o f th e  aovinfr o b je c t

As we have s t a t e d ,  in  t h i s  ch ap ter  we are  

in te r e s te d  in  th e  eq u ation s govern in g  th e  m otion o f  

p a r t i c l e s  through a gas c lo u d . Under c e r ta in  c o n d it io n s  

th o se  moving p a r t i c l e s  cou ld  a c c r e te  m a te r ia l as th ey  

moved. We th u s have t o  in v e s t ig a t e  th e  r a te  o f  growth 

o f  such p a r t ic le s  assum ing d i f f e r e n t  methods o f  

a c c r e t io n . We must p o in t out th a t  some o f th e  methods 

o f a c c r e t io n  o u tlin e d  below are very  u n l ik e ly  to  have 

any p h y s ic a l  a p p lic a t io n . They have been in c lu d ed  on ly  

f o r  in t e r e s t  and fo r  co m p le ten ess . The p a r t ic le  th a t  

i s  a c c r e tin g  m a te r ia l can e i th e r  be moving f a s t e r  or 

slo iver than  th e  therm al v e lo c i t y  o f th e  a ccre ted  

m a te r ia l . T h is a cc re te d  m a te r ia l cou ld  a ls o  be in  th e  

form o f e i t h e r  gas m o lecu les or o th er  p a r t i c l e s  l ik e  

i n t e r s t e l l a r  g r a in s . There are th u s fo u r  p o s s i b i l i t i e s  

to  be in v e s t ig a t e d .  W© s h a l l  c o n s id e r  th e s e  in  tu r n .

1 .  A ccretion  o f gas m o lecu les  by a f a s t  

moving p a r t i c l e .

Let th e  p r o b a b il i ty  o f a m olecule b e in g  p ick ed
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up on c o l l i s i o n  w ith  th e  p a r t ic le  be , a l l  o th er  

n o ta t io n  b ein g  as a lrea d y  d efin ed *

When th e  p a r t ic le  moves through a d is ta n c e  c / x  « 

th e number o f  m olecu les c o l l id in g  w ith  i t  i s  c le a r ly

c / x

The amount o f m a ter ia l a ccre ted  in  t h i s  d is ta n c e  i s  th u s

cIh  ̂ = 'N ïïcTt'- M, n , c/)C

But U ti <J<Ti , where I s  th e  d e n s ity

o f  a p a r t ic le  end i s  assumed c o n s ta n t . Thus

\  M,  ̂I c/ /
Ixfi^

I n te g r a t in g  we o b ta in

<r -  -h (1 7 )

where <3~o i s  th e  i n i t i a l  ra d iu s  o f th e  p a r t ic le  a t

th e p o in t 3C — O .

Equation (1 7 )  g iv e s  th e growth o f th e p a r t ic le  

under th e  s ta te d  c o n d it io n s .

2 . A ccretio n  o f  p a r t i c l e s  by f a s t  moving p a r t i c l e s .

Let th e  p r o b a b il i ty  o f  b ein g  p icked  up a f t e r  a 

c o l l i s i o n  be ^  a g a in . Let th e  r a t io  o f p a r t i c l e s  to  

gas m o le c u le s , by m ass, be jkA. , then

IM. A  -

where M and fZ are  th e  mass and number d e n s ity  o f



^ 4-

th e  p a r t i c l e s .  As b e fo r e , c le a r ly

(In^ ^ ) s j r  m  c/x 

= c / x

_  \ f A . M , n , d K  
c / 6 1 ,  -  ---------

fz_ b e in g  as d e fin e d  b e fo r e .

so

Thus

c r ,  =  ( T7 ) +  X f -  M,/!, 3C

where CTq i s  th e  rad iu s o f th e  moving p a r t ic le  a t some 

i n i t i a l  s ta g s  where oc = û .

3 . A ccretion  o f gas m olocu les by part i d e s  moving 

slov /er than th e  tterraa l speed o f th e  g a s .

Let have th e  same mooning a s  b e fo r e . As 

th e  p a r t ic le  i s  moving s lo w er  than th e  therm al speed o f  

tho g a e , more m o lecu les  are in v o lv ed  in  c o l l i s i o n  due 

to  t h i s  speed than due to  th e  motion o f th e p a r t i c l e ,  

and so  th e  number o f  c o l l i s i o n s  depends on th e tim e  

ra th e r  than th e  d is ta n c e  moved. Assume again  th a t  th e  

v e lo c i t y  d is t r ib u t io n  o f th e gas m olecu les i s  M axw ellian . 

Then th e number o f c o l l i s i o n s  between m olecu les having  

speed in  th e  range u . to  u  + c/u and an area o f

th e  p a r t ic le  in  tim e d ù  i s

ix. cl<u. ds (/t
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The number o f c o l l i s i o n s ,  a llo w in g  fo r  a l l  p o s s ib le  

v e l o c i t i e s ,  i s  thus
^uc/s c/é-

% /I, /  JL cllr clS
yn khf î

In te g r a t in g  over the whole su r fa c e  o f the p a r t i c l e ,  th e  

number o f c o l l i s i o n s  in  tlm o . c / t  i s

T  /_ L  • c/ér- 
Z J

The mass ga in ed  by th e  p a r t ic le  in  t h i s  tim e i s  th u s

W /f :  X /v //, / %  .

hence

c / - h f y j ,  I J- . d t :
z f x

BO

0\  = (T,.O -f X t
T p T j ^ h

where <S~q i s  th e  ra d iu s  o f t he p a r t ic le  when L =■ O . 

But k = V2.&T and VJ = ^  so  we can w r ite  th e
V

above r e s u l t  as

0 3  Y- y j ] A y [ ^  ( iq )
Ü .  f  u



Lf-é

which g iv e s  the s i z e  o f  th e p a r t ic le  under th e g iv en  

growth co n d it i o n s .

4 .  A ccretion  o f r a r t i c l e s  by p a r t ic le s  moving s low er  

than th e  therm al v e lo c i t y  o f  th e a cc re te d  m a te r ia l .

L et K and j-K. have th e  meaning a lrea d y  defin ed . 

I'hen a s  b efo re

^  / X  /7 , /?/

C le a r ly  th e  same a n a ly o in  can be a p p lied  to  t h i s  ca se  

as to  th e  p reced in g  one. Thus the mass gained  by the  

moving p a r t ic le  in  tim e d Ù  i s

d n  zT U
i  2. \/TinM

d < r ^  / %

<r: -  ( T o  ^  / 4
 ̂ T fu  xlTThn

But h.- ijzkT&xiô.  2. /  2 ^  ( =  Wx, (s a y )th e  therm al v e lo c i t y
y/

o f th e p a r t i c l e s  a c c r e te d . Thus

-
or

(3 a  - h  W y f c
U f ^

c r ^  (T j  -h X y u  At, <7 ( 2 0 )

g iv in g  th e  p a r t ic le  s i z e  fo r  t h i s  c a s e .
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T his com pletes th e  in v e s t ig a t io n  in to  th e  groxvijh 

o f p a r t i c l e s  by a c c r e t io n . There now rem ains on ly  one 

o th er  fa c to r  to  d is c u s s  about th e  m otion o f th e heavy  

m a te r ia l , th e  a c c e le r a t in g  force#  We are p r im a r ily  

in t e r e s t e d  in  m otions through a gas c lo u d , th e  o n ly  

a c c e le r a t in g  fo r c e  p rese n t i s  th u s th e grav i t  a t i  onal 

a t tr a c t io n  o f t h i s  c lo u d . T his fo r c e  w i l l  be a c t in g  

tov/ards th e  cen tre  o f th e  c lo u d , and by Newton's law o f  

g r a v ita t io n  i t s  magnitude w i l l  be

(t m M

where i s  the mass o f the p a r t ic le  7" the p os it ion  

of the particlG  measured from the cloud cen tre , M 

being tho mass o f  cloud w ith in  th is  ra d iu s  and é r  th e  

universal grav ita tion  constant.

I f  we assume tho cloud to  p o s s e s s  a uniform  

d e n s ity  then  th e  mass in s id e  a ra d iu s ^  i s

M = I n  f

But we lisive a lrea d y  d e fin e d  th e number d e n s ity  o f t h i s  

clou d  to  be XI  ̂ , so  and

h  =

which le a d s  to  an a c c e le r a t in g  fo r c e  o f

P =  ^ T î  6 - M r f . l l ,  r  

^ 3  ' ( 2 1 )



The r e s is t a n c e  o f th e  cloud w i l l  be in  d ir e c t  

o p p o s it io n  to  t h i s  fo r c e  and i t s  magnitude w i l l  c le a r ly  

be one of th e  ty p e s  a lrea d y  d isc u sse d  by us above. Any 

changes in  th e  s iz e  o f th e  moving p a r t ic le  are a ls o  

governed by th e  eq u a tio n s  o f  growth due t o  a c c r e t io n  

we have o b ta in e d . Vie are th u s a b le  to  d e r iv e  th e  

eq u a tio n s  o f m otion fo r  any type o f n o tio n  l i k e l y  t o  

a r i s e .  No u s e fu l  purpose v d l l  be served  by w r it in g  them 

a l l  ôŒ/n here a s  th e y  can be obtained  v ery  sim ply  i f  

req u ired  from th e  in form ation  g iv en  ab ove. P r a c t ic a l  

a p p lic a t io n s  o f  th e s e  eq u a tio n s arc l o f t  u n t i l  a l a t e r  

ch a p ter . Hence a l l  th e  in form ation  requ ired  a t  th e  

b egin n in g  o f th e ch ap ter  has been found.
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CKAKER 5 

Motion o f  th e  heavy m a te r ia l ,  

w ith  num erical v a lu e s

In  t h i s  ch ap ter  we s h a l l  i n i t i a l l y  f i x  th e  

n um erical v a lu e s  o f most o f th e  param eters in v o lv e d  in  

th e form ation  o f th e  t e r r e s t r i a l  p la n e t s .  By making 

u se o f th e se  v a lu e s  and o f th e ex p r e ss io n s  fo r  th e  

fo r c e s  a c t in g  on a moving p a r t ic le  found in  th e l a s t  

ch ap ter we s h a l l  attem pt t o  s o lv e  the eq u a tio n s o f  

m otion fo r  th e  heavy m a ter ia l and by doing t h i s  ob ta in  

an estim a te  fo r  th e  tim e req u ired  t o  form th e  heavy 

c o r e , th a t  i s  th e  tim e taken by th e  heavy m a ter ia l to  

f a l l .

Throughout t h i s  d isc u s s io n  th e  prime co n sid era 

t io n  i s  th e  form ation  o f a t e r r e s t r i a l  p la n e t . Vie are  

co n s id e r in g  th e  tr a n sp o r ta t io n  o f heavy m a ter ia l  

o r ig in a l ly  spread about in  a co n d en sa tio n , to  th e  ce n tr e  

o f t h i s  gas co n d en sa tio n , th e  o b jec t b ein g  to  form a 

t e r r e s t r i a l  p la n e t out o f  t h i s  heavy m a te r ia l. Hence 

th e  mass o f t h i s  heavy m a ter ia l must be roughly  

e q u iv a le n t to  a t e r r e s t r i a l  p la n e t m ass, but p o s s ib ly  

s l i g h t l y  g r e a te r , to  a llo w  fo r  any in e f f i c i e n c y  in  th e
/ 27

p r o c e s s . The mass o f th e  Earth i s  about b-t /O w ith



s û

Venus ap proxim ately  th e same, w h ile  Mars and Mercury are  

s l i g h t l y  sm a lle r . The mass o f  heavy m a te r ia l in  a 

con d en sation  must th u s he o f t h i s  order o f m agnitude.

Now accord in g  to  A llen  in  ’A stro p h y sica l  

Q u a n titie s*  [ " l9 ] , th e  average p ro p o r tio n , by w e ig h t , of 

heavy m a ter ia l t o  gas in  an i n t e r s t e l l a r  cloud  i s  about 

1 ; 100 . T h is p rop ortion  i s  rough ly  the'sam e in  th e  Sun 

and o th er  s t a r s .  The f lo c c u le s  con sid ered  by McCrea 

and hence our c lou d s and con d en sa tion s ( th a t  are assumed 

to  be formed from th e  f l o c c u l e s )  are assumed to  be 

p e r f e c t ly  normal c lo u d le t s ,  so  t h i s  p rop ortion  o f heavy 

m a ter ia l t o  gas must be th e  same in  th e s e .  Thus in  

order to  have a f i n a l  p la n e t w ith  a mass o f 6 

th e  t o t a l  mass o f  th e  con d en sation  would be é i /û   ̂

i f  th e  mechanism was co m p le te ly  e f f i c i e n t .  I f  we a llo w  

fo r  sm all i n e f f i c i e n c i e s  in  t h i s  p r o c e s s , w h ile  a t  th e  

same tim e o b ta in in g  a more con ven ien t m ass, n u m erica lly  

sp ea k in g , we ob ta in  /Û S fo r  the i n i t i a l  mass o f the  

co n d en sa tio n .
^  30

Now, th e  mass o f J u p ite r  i s   ̂ ^3^ w h ile

Saturn i s  6 t / 0  QMS and th u s th e se  major p la n e ts  

a ls o  have a mass o f about /O * We th u s have th e

very  s a t i s f a c t o r y  s i t u a t io n  where a l l  p la n e ta ry  

con d en sa tion s are i n i t i a l l y  o f th e same mass and
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co m p o sitio n . The d if fe r e n c e  in  th e  p rese n t day  

appearance b ein g  due o n ly  to  th e  t e r r e s t r i a l  p la n e ts  

lo s in g  most o f  t h e ir  i n i t i a l  hydrogen a t some s ta g e .

From now on , in  a l l  num erical work we s h a l l  assume th a t  

both  th e  mass and com position  o f  th e  con d en sation s are  

f i x e d ,  t h e i r  a c tu a l v a lu e s  b e in g  a s  g iven  above.

The i n i t i a l  d e n s ity  o f our problem must be th e  

d e n s ity  o f a f l o c c u l e ,  th e  v a lu e  chosen by McCrea fo r  

t h i s  q u a n tity  b e in g  '(./0^'^/cC . Throughout th e

p eriod  o f in t e r e s t  t o  u s ,  th e  d e n s ity  o f any con d en sation  

i s  u n l ik e ly  t o  have changed much from t h i s  va lu e  but any 

tendency in  th e  con d en sa tion s t o  condense would in c r e a se  

t i l l s  s l i g h t l y .  C on seq u en tly , we s h a l l  tak e  th e  round 

number 10 f o r  our con d en sation  d e n s ity  fo r  any

g en era l argument and use the l e s s  con ven ien t v a lu e

on ly  i f  t l i i s  cau ses a g re a t d if fe r e n c e  

in  th e  r e s u l t .  We w i l l , o f c o u r se , attem pt t o  so lv e  

a l l  the problems u sin g  a lg e b r a ic  symbols f i r s t  and w i l l  

on ly  in trod u ce  th e se  num erical v a lu es  to  ob ta in  a 

num erical p h y s ic a l  s o lu t io n ,  so  th a t  o th er  v a lu es  io r  

th e se  param eters cou ld  be used i f  th e  need a r o se .

There are o th er  known co n sta n ts  whose v a lu e s  

are recju ired . These have a l l  been tak en  from A llen  s 

book We assume th a t  th e tem perature rem ains



con sta n t throughout th e  tim e in te r v a l  we are c o n s id e r in g  

and at a l l  tim es t h i s  w i l l  be taken eq u al to  the f lo c c u le  

tem peratu re. McCrea has g iv en  reason s f o r  assum ing t h i s  

tem perature to  bo S 0  iC and so  we adopt t h i s  v a lu e  fo r  

our co n d en sa tio n .

The com plete l i s t  o f th e  num erical v a lu es  fo r

th e  co n sta n ts  so f a r  determ ined by us i s  as fo l lo w s .

M 30
Mass o f th e  con d en sation  « M - 1 0

D en sity  o f th e  con d en sa tion  «= 'f » « /O^Jm/ cc

Fa?oportion o f heavy m a te r ia l to  gas » ^  » /O ^

Temperature o f  th e  con d en sa tion  » T*  ̂ S O  K
wfC

Mass of hydrogen molecule = M| « 3-3
Radius o f  hydrogen m olecu le » CTj » /■L '̂iiO

Mass o f i n t e r s t e l l a r  g ra in  » = /Ô

Radius o f  i n t e r s t e l l a r  g ra in  « S./0

D en sity  of i n t e r s t e l l a r  g ra in  = » 13f^lulAlien v a lu e / /J

U n iv ersa l g r a v ita t io n a l  co n sta n t c* tr « 4

B oltzm an’s  gas con stan t » ^  = I 3̂ 4/0

Motion o f th e  heavy m a ter ia l

With t h i s  in form ation  v;e now have to  i n v e s t i 

ga te  th e  motion o f th e  heavy m a te r ia l, assum ing v a r io u s  

i n i t i a l  c o n fig u r a tio n s  f o r  t h i s  m a ter ia l and f in d in g  

th e  tim e requ ired  f o r  th e  form ation  o f a heavy c o r e .



No means o f  tr a n sp o r ta t io n  i s  l i k e l y  t o  e x i s t  

th a t  cou ld  move the heavy m a te r ia l to  th e  c e n tr e  f a s t e r  

than a l l  Old. ng th e  p a r t i c l e s  to  f a l l  f r e e l y .  I t  would  

th u s appear a d v isa b le  to  in v e s t ig a t e  t h i s  fr e e  f a l l  tim e  

and so  deduce w hether t h i s  minimum tim e i s  a sh o rt and 

s e n s ib le  tim e b efo re  p roceed in g  to  more com plicated  

tr a n sp o r ta t io n  mechanism s.

I f  we have a p a r t ic le  o f  mass ^  in  a 

s p h e r ic a l  clou d  o f  gas w ith  a im iform  d e n s ity  f  a t  a 

d is ta n c e  T" from th e  cen tra  o f the c lo u d , then  th e  

fo r c e  o f a t t r a c t io n  towards th e  cen tre  o f  t h i s  cloud  i s ,  

by th e  u su a l t jr a v ita t io n a l la w s , g iven  by

where M i s  th e  mass in clu d ed  in  a rad iu s ^  .

As we are co n e id er in g  f r e e - f a l l ,  no r e s is ta n c e  

e x i s t s  and s o ,  by Newton*e second law o f m otion , th e  

eq u ation  o f  m otion o f  th e  p a r t ic le  i s

r - (1)
i

We n ote  th a t th e  mass o f  th e  p a r t i c l e , ^  , 

i s  not in v o lv ed  and so  t h i s  equation  o f m otion ho lds  

in d ep en d en t/o f what form we have th e heavy m a ter ia l i n ,  

be i t  m o le c u le s , g ra in s  or any o th er  p a r t i c l e .



S i t

I f  we denote th e  speed o f th e  f a l l i n g  p a r t ic le  

a t any in s ta n t  by XT  , then  equation  ( 1 ) becomes

= k r ,  
cir i

In te g r a t in g  t h i s  eq u a tio n , vre ob ta in

C r ''-  k"n J  ( 2 )
3

where i s  th e  i n i t i a l  p o s it io n  o f th e  p a r t i c l e ,

where th e  speed was assumed to  be zero#

Then

c r  -  i  ^

Now th e speed  IT" i s  p o s i t iv e  but i f  we denote th e  

v e lo c i t y  by h" t h i s  i s  now n eg a tiv e  so  the above 

eq u ation  can be w r it te n  as

^  c l^  /  U ÎÎ I r f  i.̂ 0 
d b r

upon in te g r a t io n  t h i s  g iv e s

I f  we b eg in  our tim e measurement a t  th e  

p o in t ^  when the p a r t ic le  i s  b eg in n in g  t o  move,

then  c l e a r ly  th e  v a lu e  o f th e  co n sta n t i s  ^**/z.#



i ' i '

Hence r  7  ^
c  -  / f ' f r f  *Ù  i /v / v  ^ to J 2 -  \  3

At th e  cen tre  o f th e  c lo u d , t~ = Ù sr,.'i 

th e  tim e tak en  by the p a r t ic le  to  f a l l  t o  t h i s  p a ls t  I s  

c le a r ly  __ _ r—

^  ^ J ( 5 )

With th e  v a lu e  f o r  th e  d e n s ity  o f /O t h i s

eq u ation  g iv e s  a tim e o f  f a l l  ofl% 4 i / 0  ^  second s or 

Ù'94" y e a r s .

I f  we were t o  use th e  exact f lo c c u le  d e n s ity  

g iv en  by McCrea o f  (i L'iiù G, t h i s  g iv e s  a tim e o f  

f a l l  o f 1-15^ y e a r s .

Hence, f o r  any d e n s ity  l i k e l y  to  be o f  in t e r e s t  

to  us th e tim e o f  f r e e - f a l l  f o r  a p a r t ic le  i s  v ery  

sm all and i s  v ery  c lo s e  t o  one y e a r . I t  th u s seems 

q u ite  in  order t o  proceed to in v e s t ig a t e  the tim e taken  

in  th e  more r e a l i s t i c  c a se s  when th e  r e s is t a n c e  o f th e  

gas i s  taken  in to  a cco u n t. We must n ote  th a t  th e  above 

tim e o f one year i s  th e  minimum tim e p o s s ib le  and so  

any o f th e  fo llo w in g  methods must g iv e  a lon g er  p eriod  

than t h i s .

I t  w i l l  o b v io u s ly  be b e n e f ic ia l  i f  we i n v e s t i -



g a te  the s im p ler  c o n fig u r a t io n s  f i r s t  s in c e  c l e a r ly  i f  

th e se  g iv e  a s a t i s f a c t o r y  s o lu t io n  and an a ccep ta b le  

tim e th ere  i s  no need to  in v e s t ig a te  more com p lica ted  

meclianisms.

The s im p le s t  p o s s ib le  s i t u a t io n  we can have 

a f t e r  the f r e e - f a l l  i s  o b v io u sly  when a m olecu le o f  th e  

h ea v ier  m a ter ia l f a l l s  towards the cen tre  o f  th e  gas 

c lo u d . C le a r ly , a s  th e  tim e o f  f a l l  cannot be l e s s  than  

th e f r e e  f a l l  t im e , th e speed o f th e  m olecu le cannot be 

g r e a te r  than th e  therm al v e lo c i t y  o f th e  gas fo r  any 

s ig n i f ic a n t  p e r io d . A lso th e  m o lecu les s t a r t  from r e s t  

so  t h e ir  i n i t i a l  t r a n s la t io n  speed i s  l e e s  than th e  

mean therm al v e l o c i t y .  The rad iu s o f  t h i s  m olecule  

m ust, f o r  obvious r e a so n s , be l e s s  than th e  mean fr e e  

path  o f  th e  g a s .  The r e s is ta n c e  o ffe r e d  by th e gas to  

such a m otion as t h i s  i s  th a t  g iv en  by eq u ation  ( 6 ) o f  

th e  p rev io u s ch a p ter .

rp  _ U Çi-<-e)yi,C(r,-é-rt.f \ iri ^
’  3 y

We assume th a t  t h i s  m olecule does not a c c r e te  any 

m a te r ia l ,  so  i t s  ra d iu s  i s  co n sta n t through th e  motion  

and th e  c o e f f i c i e n t  o f e l a s t i c i t y  fo r  each c o l l i s i o n  

w i l l  be u n ity .

The a c c e le r a t in g  fo r c e  towards th e  ce n tre  o f



the cloud has a lrea d y  been noted  and i s

M b e in g  used to  denote th e  raass o f  th e  heavy m olecu le  

The eq u ation  o f m otion can now o b v io u sly  be 

w r it te n  down, and i s  

—

^
3 ' 3 J  n,-,ax,

where we have used  th e  p o s it io n  v e c to r  ^  as th e

v a r ia b le  param eter.

The above eq u ation  ( 4 )  i s  c le a r ly  o f th e  form

v.’here and ^  are both  co n sta n ts  and are g iv en  by

0  ̂ = -%  q, ( I  l - n  ^
^ \ i  Hf y

/3 - ktr, J
(6)

a
E quation (5 )  i s  a standard  second order d i f f e r e n t ia l  

eq u ation  w ith  co n sta n t c o e f f i c i e n t s  so  the s o lu t io n  i s  

g iv en  in  th e  u su a l manner by

where and 5  are c o n s ta n ts  o f  in te g r a t io n  th a t  can



be determ ined from i n i t i a l  c o n d it io n s .  We s h a l l  be 

in t e r e s t e d  in  th e  s o lu t io n  when , in  w hich ca se

and hence th e  s o lu t io n  i s

The i n i t i a l  c o n d it io n s  d e fin e d  by us are ‘̂ r T b  and 

Ÿ  0  a t ( r ^  O  , th e r e fo r e

Si ' ~ f S C \  (3) -

g iv in g  us a s o lu t io n  a s  

V

On expanding th e  sm all term and ta k in g

th e  f i r s t  order term s on ly  we ob ta in

TTn /'o

As (X' tr i s  l i k e l y  to  be f a i r l y  la r g e  t h i s  g iv e s

b  i  W o j ld '^  ( 8 )

and so  th e  tim e tak en  to  f a l l  t o  th e  cen tre  o f  th e

cloud  i s  g iv e n  when O  ̂ and i s

3
I - - -
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Prom eq u ation  (5 )  t h i s  i s  th e  s o r t  o f  e x p r e ss io n  we 

would i n t u i t i v e l y  ex p ec t f o r  th e  tim e o f  f a l l .  I n s e r t in g  

in to  t h i s  ex p r e ss io n  th e  v a lu e s  o f th e  c o n s ta n ts  and 

|3  from eq u ation  ( 6 ) th e  tim e o f f a l l  i s  th en  g iv e n  by

h  % h jL h A ! l<  ( g )
Tf (r r? , Ml,( tf. )

where and "3\  are th e  mass and ra d iu s  o f th e

f a l l i n g  m o lec u le . From A lle n ’ s  book j] l9 ]  th e  average  

ra d iu s  o f  th e  h ea v ier  m olecu les would appear to  be about 

Q 4 /6  C-rt w h ile  on average th e mass would be about 

or • I n s e r t in g  th e s e  v a lu e s  in to

e x p r e ss io n  ( 9 ) to g e th e r  w ith  th e  v a lu e s  fo r  a l l  th e  

o th er  c o n s ta n ts  we o b ta in  a tim e o f f a l l  o f   ̂ seconds

or 3- ô q / o ^^ y e a r s . We n ote  th a t t h i s  tim e i s  

independent o f th e  c lou d  d en s ity *  The p h y s ic a l  reason  

fo r  t h i s  i s  tlxat b oth  th e  r e s is ta n c e  and th e a c c e le r a t in g  

fo r c e  are p r o p o r tio n a l to  th e  d e n s ity  and so  th ey  ca n ce l  

each o th er  o u t.

T h is tim e i s  a phenom enally lon g  time and 

means th a t i f  the core  was formed by m olecu les f a l l i n g  

in  t h i s  way, th en  the f a l l i n g  p ro cess  must have s ta r te d  

b efo re  any o f the known astron om ica l b o d ie s , in c lu d in g  

g a læ c ie s , were formed* C le a r ly  t h is  i s  v e r y  u n l ik e ly  

and so  t h i s  mode o f  tr a n sp o r ta t io n  i s  o f  l i t t l e  u se in
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th e  form ation  o f  t e r r e s t r i a l  p la n e t s .

The above s o lu t io n  i s  v a l id  provided  th e  two 

c o n s ta n ts  ^  and s a t i s f y  th e  r e la t io n

t x ' " -  7 7  f t

Now on u s in g  eq u a tio n  (6 )

I n s e r t in g  th e  num erical v a lu e s  we have ch o sen , t h i s  

g iv e s

f )

and hence ^  and th e s o lu t io n  we have found above

i s  v a l id .

C le a r ly  b e fo re  a s o lu t io n  becomes o f u se to  

u s ,  th e  tim e o f f a l l  must be g r e a t ly  red u ced . E xpression  

( 9 ) shows th a t t h i s  tim e o f  f a l l  i s  p ro p o r tio n a l  

to  CT-v̂ l and hence i f  we can reduce t i l l s  we reduce

th e t im e . Thus we have t o  use a la r g e r  body i f  we 

re q u ire  a sm a ller  t im e . I t  i s  normal t o  assume th a t  

some o f th e  heavy m a te r ia l in  i n t e r s t e l l a r  space  

w i l l  bo p resen t in  th e form o f g r a in s .  I t  would thus  

be s e n s ib le  to  in v e s t ig a te  the tim e taken  by such  

o b je c ts  to  f a l l .  The same c o n d it io n s  as b e fo re  ap p ly
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on th e  rem itta n ce  la w , but now as the f a l l i n g  o b je c t  i s  

la r g e r  we can u se th e  sim ple e x p r e ss io n  ( 1 2 ) o f  th e  

p rev io u s  c h a p te r , namely

- 2  J I t , k T M f  . a
3

A ll  th e  o th er  e x p r e ss io n s  are th e same as in  th e case  cf 

th e  f a l l i n g  m olecu le and so  th e  eq u ation  o f  m otion  

becomes

^  'T  - 4 - < 6 I T  ( r e f i l l " , T r

which i s  aga in  o f th e  form

4 1 ^  -h f  / S K  =
d h -

Û (10)

w ith  now
cX ^  hr,kW(

3 M V V

n> :> U r,
'  5

(11)

C le a r ly  th e  s o lu t io n  o f (1 0 ) fo r  th e  ca se  

w i l l  once a g a in  bo ________ _

/_  .  ûÿ ,  ^<Tv j i s f e r n ,

^ '  P  T C
Once aga in  th e  tim e i s  independent o f  th e  cloud d e n s ity  

( f o r  th e  same p h y s ic a l r e a s o n ) . I n s e r t in g  num erical 

v a lu e s  fo r  a l l  th e  knovm sym bols we o b ta in  a tim e o f
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f a l l  o f   ̂ 'ilô  secon d s or 2-7 y e a r s .

T h is s o lu t io n  i s  a ls o  v a l id  on ly  i f  .

Again

fi 3 6-

Thus and th e  s o lu t io n  i s  v a l id .

T h is tim e aga in  i s  r a th e r  lon g  and i s  about 

th e  same a s  th e  age o f an avei’age g a la c t ic  c lu s t e r  and 

hence c le a z 'ly  o f l i t t l e  u se  fo r  th e  foi-m ation o f p la n e ts  

I t  i s  however s i g n i f i c a n t ly  sh o r te r  than th e  tim e  

req u ired  by th e  m o lecu les  to  f a l l  and d oes su g g est th a t  

i f  we had a la r g e  enough body th e t in e  o f f a l l  cou ld  be 

as c lo s e  as we p le a s e  t o  th e  f r e e - f a l l  t im e .

For the m otion o f  th e s e  la r g e  b o d ie s  however 

we cannot use th e  g iv en  ex p re ss io n  ( 1 2 ) f o r  th e  

r e s is ta n c e  as th e  rad iu s o f th e  body m ight exceed  th e  

mean fr e e  path o f th e  g as and th e  proper r e s is t a n c e  law  

i s  now S to k e s 's  law . For an in v e s t ig a t io n  o f th e  m otion  

o f la r g e  b o d ie s  we th u s have to  s t a r t  th e  in v e s t ig a t io n  

a g a in .

The r e s is ta n c e  due t o  S to k e s 's  law i s  g iv en  by

eq u ation  ( 1 5 ) o f th e  l a s t  ch ap ter  and i s  
^  = ixn , (Ji L y j i ^ n k  Tm , . U



where L  i s  th e  mean fr e e  path  o f  th e  g a s ,  a r is in g  

from th e  v i s c o s i t y ,  and i s  g iv en  as in  th e  l a s t  ch ap ter  by

/  3n?

A-Va-T.A,

Hence th e  r e s is t a n c e  becomes

< i ?  =  . S  " k r » , . U

^  TT cr, / (1 5 )

The a c c e le r a t in g  fo r c e  due t o  g r a v ity  i s  th e  same as  

u su a l and i s

p  -  U n  ( r -  h , n , r r ^ Y -
i

The eq u ation  o f m otion fo r  th e s e  la rg e  b o d ie s  th u s i s

f  4r / _S[f. Ç3-L I L k T M , X  -  Ô
Ti Nx«S7 '' ' 3

which i s  aga in  o f  th e  same form

c / y  çif* A f i > -  ~  O
a b ^  d t r  '

w ith  now the new v a lu e s  fo r  OL and o f

cx = • P -  V ^

(1 4 )

<( Æ  01
(1 5 )

The s o lu t io n  o f eq u ation  (14-) w i l l  now be th e  same as 

in  th e  p rev io u s  c a se s  i f  0/   ̂ >•> , namely

(j- :  07 -  S - U J i  ^

fh Ur Tt  ̂ t CTt
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I n s e r t in g  a l l  th e  num erical co n sta n ts  in to  t h i s  

ex p r e ss io n  we o b ta in

■j.icP 

«Fv*- f
A " /and th u s ,w ith  th e  c lou d  d e n s ity  o f  o  we are

in te r e s t e d  in ,t h e  tim e o f f a l l  becomes o f th e  same 

order a s  th e  f r e e - f a l l  t im e , namely one year when th e  

ra d iu s  o f th e  f a l l i n g  body becomes about V 7>c(Y ,

T h is above s o lu t io n  i s  v a l id  on ly  as lon g  as

How , ,  > i . -

p  ( f p i y j h ,

and hence t h i s  g iv e s  c/^3~) f3  v;h ile a t  th e  same tim e

in d ic a t e s  th a t we cannot in c r e a se  /S/ ^  fu r th e r  to

reduce th e  tim e or and th e tim e i s  sm a ller

than th e  f r e e - f a l l  t im e .

Hence i f  th e  heavy m a te r ia l in  a gas cloud  i s

co n cen tra ted  in to  la r g e  b o d ies  w ith  a rad iu s o f about

'^Oc^Hthen th e se  o b je c ts  can f a l l  t o  th e  cen tre  o f
 ^

th e  c lo u d  o f d e n s ity  16  in  about one y e a r , which

i s  a very  s u ita b le  tim e f o r  th e  p ro ce ss  we have in  mind. 

We do not vjish t o  e n te r  a t  t h i s  s ta g e  in to  any 

d is c u s s io n  about th e  form ation  o f  th e se  la r g e  o b j e c t s .



or o f  hov; t i g h t l y  hound in  th e gas con d en sa tion s th e y  a r e .  

These q u e s t io n s  id. 11 be in v e s t ig a te d  in  ch ap ter  4 .  Here 

we are on ly  in te r e s t e d  in  th e form ation  o f th e  heavy  

core in  a reason ab le  t im e , T h is we have succeeded  in  

d o in g .

The m otion o f growing g r a in s

So fa r  we have on ly  co n sid ered  o b je c ts  w ith  a 

c o n sta n t s i z e  and mass f a l l i n g  thi'ough the gas c lo u d .

I f  a f a l l i n g  o b je c t  grows as i t  f a l l s  th en  c l e a r ly ,  in  

view  o f what we liave a lrea d y  found, i t s  tim e o f f a l l  

must be l e s s  than th e  tim e i t  would tak e  t o  f a l l  i f  i t  

moved w ith  th e  co n sta n t i n i t i a l  sm all s i z e .  From t h i s  

p o in t  o f v ie w , having a growing p a r t ic le  i s  v ery  

d e s ir a b le  in  our th e o r y . The on ly  co n ce iv a b le  way in  

which any f a l l i n g  p a r t ic le  cou ld  grov; i s  by a c c r e t io n  

o f some o f  th e  surrounding m a te r ia l , namely gas and 

d u st g r a in s .  We do n ot e n te r  in to  any d is c u s s io n  about 

t h i s  mechanism o f a c c r e t io n . We p o s tu la te  th a t i f  a 

f a l l i n g  g r a in  i s  in v o lv ed  in  c o l l i s i o n  w ith  an oth er  

g r a in , a c c r e t io n  can tak e p la c e .  Though no a c tu a l p ro o f  

i s  g iv e n , in  th e  n ext ch ap ter we s h a l l  d is c u s s  b r i e f l y  

th e  p o s s i b i l i t y  o f t h i s  occu rren ce. I t  i s  a ls o  p o s s ib le  

( t h e o r e t i c a l ly  a t  l e a s t )  f o r  th e  growing p a r t ic le  to
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a c c r e te  gas la o ie c u le s . âb we on ly  req u ire  th e  tr a n s 

p o r ta t io n  o f  th e heavy elem en ts we must p o s tu la te  some 

mechanism by which m o lecu les  o f  th e  heavy e lem en ts are  

a c c r e te d  w h ile  hydrogen ones are  n o t . T his second  

method o f  a c c r e t io n  i s  in c lu d ed  fo r  academ ic in t e r e s t  

and f o r  co m p le ten ess . I t  i s  u n l ik e ly  to  be one which  

occurs in  natu re as we can f in d  no means by which o n ly  

th e heavy elem ent m o lecu les would be a c c r e te d .

We s h a l l  c o n s id e r  b r i e f l y  f i r s t  th e  u n lik e ly  

method o f  a c c r e t in g  th e  heavy m o le c u le s . We have 

a lrea d y  remarked t l ia t  no in t e r e s t  e x i s t s  fo r  us i f  th e  

speed o f  t r a n s la t io n  g r e a t ly  exceed s th e  therm al 

v e lo c i t y  o f th e  g a s .  The p a r t ic le  a c c r e te s  th e  heavy 

m o lecu les  under th e se  c o n d it io n s ,  and so  th e  eq u ation  

o f growth i s  eq u ation  ( 1 9 ) o f th e  p rev io u s ch a p ter , 

namely

CTv = ^ 0  4  r i , n ,  [ / }  f i r  (16)

T h is p r o p o r t io n a lity  co n sta n t ^  i s  th e  r a t io  o f  

heavy elem ents to  gas m o lecu les in  th e c lo u d . From th e  

v a lu e s  we have adopted t h i s  becomes /Ô .

The a c c e le r a t in g  fo r c e  on t h i s  girowing p a r t ic le

i s  th e  same as wc have always u sed , and i s  

f Z  ~  U  Tt Cr- M , tty



where ti\_ i s  th e mass o f  th e  moving p a r t i c l e .

The r e s is ta n c e  however p r e se n ts  us w ith  some 

d i f f i c u l t y  a s  we do n ot y e t  know w hether to  u se  S to k e s 's  

law or one o f th e  o th er  r e s is ta n c e  law s found by u s fo r  

sm a lle r  o b je c t s .

We know th a t  th e  change over  from S to k e s 's  law  

occu rs a t  a rad iu s o f  th e  order o f  th e  mean fr e e  p ath  

o f th e  g a s . We a ls o  know from th e  com parison o f th e se  

law s which has a lrea d y  been c a r r ie d  out th a t  i f  we u se  

th e  in c o r r e c t  law we s h a l l  be o v er estim a tin g  th e  

r e s is t a n c e  and so  o v er e s tim a tin g  th e  tim e o f f a l l .

With th e  c lo u d  d e n s it y  o f which we

are in te r e s t e d  i n ,  th e  mean fr e e  path  o f  th e  gas i s  

rou gh ly  O . Hence i f  th e  ra d iu s  o f th e  body

exceed s t h i s  amount we should  u se  S to k e s 's  law .

U sing th e  above eq u ation  ( 1 6 ) ,  th e  equation  o f  

grow th, we se e  th a t  th e  ra d iu s  o f  th e  growing body 

exceed s any g iv en  amount <5T a f t e r  a tim e g iv en  by

6  =

I n s e r t in g  num erical v a lu e s  fo r  th e d e n s ity  and rad iu s  

we are in te r e s te d  to  s e e  th a t  a f t e r  a tim e o f about 

6 \10^ seconds th e  red iu s ex ceed s th e  mean fr e e  path  

and we should  u se  S to k e s 's  law . Now th e  f r e e - f a l l  tim e.
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which i s  th e  minimum tim e o f f a l l  fo r  such a c lo u d , has 

been found and i s  about one year or seconds*

lienee we are o u ts id e  th e  r e g io n  o f a p p l i c a b i l i t y  o f  

S to k e s ’s law f o r  , or q£ th e

t o t a l  tim e o f f a l l .  We s h a l l  th u s use S to k e s ’ s law fo r  

th e  r e s is ta n c e  throughout th e  m otion , n o tin g  th a t  f o r  0  2̂ ^ 

o f th e  tim e we are o v er estim a tin g  th e  r e s is ta n c e *

We th u s have th e  r e s is ta n c e  due t o  S to k e s ’ s law as

where i s  th e  c o e f f i c i e n t  o f v i s c o s i t y  and i s  g iven  

by one o f  th e  e x p r e ss io n s  o f ch ap ter 2 . The most 

a ccu ra te  o f  th e se  g iv e s

® 6 4  T((r,^

The eq u ation  o f m otion th u s becomes

d ^Crirj(oir ÛT,ÇĤ a,n̂ ir (17)
a t '  0 8

where 6~\, and f*2\. ore th e  rad iu s and mass o f  th e  

moi'ing p a r t ic le  a t  th e  g iv en  in s ta n t  and are connected  by

3

and o f  course
(Jirw
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<Sq i s  th e  i n i t i a l  v a lu e  o f th e  ra d iu s o f th e moving 

o b je c t  and c l e a r ly  fo r  most o f the tim e bD and 

so  we take

<r^ _  / X  U tr

I n s e r t in g  t h is  in to  eq u ation  (1 ? ) i t  becomes

i t  i f .  f  6 ^ '
which can c l e a r ly  be i^ r itten  a s

4- ^ 6  r  - 4  ^ 6 ^  r  =  o  ^ e )

X -  cwhere aga in  0  and O are co n sta n ts  whose v a lu e s  are

3 n n / A . / ' i , ( \ u J  ^
^ PL (  ( 19 )

Ô  O T i /

In  oixier to  o b ta in  th e  tim e o f  f a l l  we req u ire  a 

s o lu t io n  o f eq u ation  ( 1 5 ) .  A co m p le te ly  r ig o ro u s  

s o lu t io n  i s  c le a r ly  x'athei- d i f f i c u l t  to  o b ta in .  

However, from p h y s ic a l c o n s id e r a t io n s , we would exp ect  

th e  speed o f  th e f a l l i n g  body to  approxim ate to  th e  

teCTiinal v e lo c i t y  o f the n o tio n  a f t e r  a sh o rt in t e r v a l  

of t im e . We th u s tak e  as a s o lu t io n  th e  l im it in g  

v e l o c i t y  o f  th e  body a t any in s ta n t  to  be i t s  a c tu a l  

sp eed . Hence we take tr r  ^  ■=- O  (
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as a so lu tio n .

In tegratin g  th is  we obtain
-  S t

w ith  th e  obvious i n i t i a l  c o n d it io n s  V -  ^0 O

The tim e o f  f a l l  i s  th u s c^iven by

= L   ̂ (2 1 )

Nov in s e r t in g  num erical v a lu e s  in to  t h i s  eq u ation  fo r  

a i l  th e  term s and f in d in g  th e  tim e o f f a l l  down to  a 

ra d iu s  o f  ôJ/0 , w ith  th e  d e n s ity  o f  /O

fin d  th a t  t h i s  tim e o f f a l l  i s  3*3i/0 sec o n d s , or /  /

y e a r s .

In o b ta in in g  th e  above s o lu t io n  we have assumed

th a t  th e  p a r t ic le  moves w ith  i t s  lo c a l  l im it in g  v e lo c i t y

a t  any in s ta n t  and so  th e r a te  o f change o f  l in e a r

momentum should  be s m a ll . We can check to  se e  i f  the

approxim ation  i s  s e l f  c o n s is t e n t .
%

U sing (2 0 ) fig f* becomes

U-i f v ’- S'

And 80 the r a te  o f  change o f  l in e a r  momentum i s

( f t
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S u b s t itu te  fo r  aga in  from (2 0 )

sL r) = ^
d t  f , ' -  2T  ^

Our approxim ation  i s  s e l f  c o n s is t e n t  i f  t h i s  term i s  

sm all compared w ith  the o th er  term s o f eq u ation  ( 1 3 ) or

i f

/ s 7 r

i s  s m a ll .  

That i s ,  i f

- r )

2> -

i s  sm a ll compared w ith  u n ity*

This has a maximum p o s i t iv e  v a lu e  when  ̂ TfS' 

and a maximum n e g a tiv e  v a lu e  a t  th e g r e a te s t  p e r m iss ib le  

v a lu e  o f ^  , t h i s  second v a lu e  b ein g  g r e a te r  in

a b so lu te  term s f o r  th e ^  we have g iv en  ab ove, and 

t h i s  maximum v a lu e  i s  about ô*^ï) *

Thus fo r  a l l  the range

é
dk

<  I

and so  our s o lu t io n  i s  j u s t i f i e d *  We n o te ,  however, 

th a t our s o lu t io n  i s  not amply j u s t i f i e d  and i f  we 

in c r e a s e  th e  d e n s ity  t h i s  would not be j u s t i f ie d *
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C le a r ly  we are on th e  border o f j u s t i f i c a t i o n  as th e  tim e  

i s  a l s o  v e r y  n ear th e f r e e - f a l l  tim e and an in c r e a s e  in  

d e n s ity  would a l s o  d ecrea se  t h i s .

A fte r  f a l l i n g  fo r  t h i s  p er iod  o f 3 - 3 s ec onds ,  

th e  ra d iu s  o f th e  growing p a r t i c l e  i s  g iv en  by

<5 -  = ^  ^  =  n o  o r t
u f v

Hence i f  a g ra in  f a l l s  ttoou gh  a c lou d  o f gas 

s im ila r  to  th e  one we have in  mind fo r  a p la n e ta ry  

co n d en sa tio n , p ic k in g  up heavy m olecu les as i t  c o l l id e s  

w ith  them , then i t  w i l l  reach  th e  cen tre  o f  th e cloud  

in  ju s t  over one y e a r , th e ra d iu s  o f th e  body by t h i s  

tim e b e in g  about / ^  c e n t im e tr e s . As we have a lrea d y  

s t a t e d ,  t h i s  method o f  tr a n sp o r ta t io n  i s  in c lu d ed  fo r  

com p leten ess o n ly  as we re q u ire  ra th e r  unusual con d i

t io n s  b e fo r e  i t  w orks, Wo re q u ire  th e  v a s t  m ajor ity  o f  

the heavy elem en ts in  m olecu lar form , w ith  ju s t  enough 

g ra in s  p rese n t t o  p ick  th e se  up and tr a n sp o r t them to  

th e c e n tr e .  No ob vious method e x i s t s  by which the heavy  

m olecu les cou ld  adhere to  th e  g ra in s  w h ile  normal gas  

m olecu les do n o t .  We thus move on to  th e  n ex t method 

o f a c c r e t io n , which i s  a method th a t  cou ld  occur in  

p r a c t ic e .
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G rains Krowing by a ocretin E  o th er  t r a in s

In  t h i s  method g ra in s  a c c r e te  o th er  g r a in s  and 

v/e have a lrea d y  p o s tu la te d  th a t  a l l  g ra in s  in v o lv e d  in  

a c o l l i s i o n  adhere to g e th e r  a ften -rard s. h'e do n o t e n te r  

in to  any d is c u s s io n  about th e  v a l i d i t y  o f  th e above 

p o s t u la t e .  We d o , however, p o in t  out t h a t ,  as fa r  as i s  

known, th e se  i n t e r s t e l l a r  g ra in s  are to  be con sid ered  as  

s o f t  and w ispy  l i k e  snow f la k e s  r a th e r  than hard p e l l e t s  

l ik e  load  s h o t .  I t  i s  not im p o ss ib le  th e r e fo r e  fo r  th e  

p o s tu la te  to  be v a l id .

We f i r s t  show th a t th e  tim e fo r  any growth due 

to  therm al c o l l i s i o n s  i s  f a i r l y  lon g  so th a t  any growth 

o f  in t e r e s t  must be caused  by th e  movement o f th e  gra in  

tiirough o th er  g r a in s .

The eq u a tio n  o f  growth due to  therm al m otions  

i s  eq u ation  ( 2 0 ) o f th e  p rev io u s ch a p ter , namely

S in ce a l l  th e  g r a in s ,  in  v iew  o f  th e  p o s tu la t e ,  adhere  

to g e th e r , X n /  , and the s i z e  a f t e r  any g iv en  tim e  

i s  g iv e n  by

CT^ J U ,

U f .

whore W  i s  th e therm al v e lo c i t y  o f  the g ra in s  and i s
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given by va/ ^ where i s  the mass of a

gra in .

U sing num erical v a lu e s ,  th e  tim e taken to  grow 

to  /OOO tim es i t s  o r ig in a l  s i z e ,  th a t  i s  ^

would be 2-'7>//û^ second s or n e a r ly  y e a r s . I f

th e  therm al v e lo c i t y  o f  th e  g r a in s  d ecr ea se s  as th e  

g ra in  s i z e  in c r e a s e s  [^ increase in  th e above time

o f y ea rs  would be fu r th e r  in c r e a se d . We hope to

show th a t  in  about one y ea r  th e g ra in s  w i l l  have reached  

the con d en sation  c e n tr e ,  and th u s th e  above method of 

growth can be ig n o red .

Hence i f  a g r a in  o r ig in a l ly ,  f o r  some rea so n , 

i s  la r g e r  than a v era g e , then  i t  w i l l  f a l l  through the  

o th er  g r a in s  and grow by t h i s  p r o c e s s . I t  can do t h i s  

fo r  some tim e b e fo r e  groirth o f  th e therm al ty p es  can be 

compared w ith  i t .  The same i s  c l e a r ly  tru e fo r  a f a s t  

moving g r a in .

We have shown th a t  th e  tim e o f  f a l l  f o r  an 

average g r a in  i s  in  e x c e ss  o f / Û y ea rs and so  in  th e  

p i'esen t work th e se  g ra in s  can be co n sid ered  a t  r e s t .  

Hence i f  we have one o f th e s e  runaway g r a in s  we have in  

o f f e c t  a g r a in  moving through s ta t io n a r y  g ra in s  and so  

th e  eq u ation  o f growth i s

( 2 5 )



7 ^

a s g iv en  by eq u ation  (1 8 )  o f th e l a s t  c h a p ter .

As b e fo r e , i f  th e  ra d iu s  o f  th e  g ra in  exceed s  
—/

about /O C/f th e  r e s is t a n c e  law w i l l  be S to k e s 's  law . 

T his m i l  be so  when

^  Mt H(X

9With th e  d e n s i t y  we have in  mind * when % exceed s SiH/ù c i \  

th e r e s is t a n c e  law becomes S to k e s 's  law . But th e  t o t a l

d is ta n c e  to  be covered  in  th e  c lou d  r a d iu s , which i s

about cix and th u s S to k e s 's  law does n ot s t r i c t l y

ap p ly  fo r  on ly  about o f th e  p a th . We can thus

tak e th e  r e s is t a n c e  t o  be g iv en  by S to k e s 's  law , thus  

o v er estim a tin g  th e  tim e fo r  o o f  i t s  p a th .

Both th e  r e s is t a n c e  and th e  a c c e le r a t in g  fo r c e  

are th e  same as in  th e  p rev io u s  method and so  the  

eq u ation  o f m otion becomes

d - '6 h (2 < T v 3 c
dfe 3

How, a s  b e fo r e ,  and cTL are th e  mass and rad iu s cf

th e  f a l l i n g  p a r t i c l e ,  so   ̂ , w h ile  we are
3

u sin g  X  to  d en ote  i t s  p o s it io n  from th e  o u ts id e  o f  

th e c lou d  and

( « )



The eq u ation  o f  m otion th u s becomes

J  ^  q^fx.n .n.'^ i
d ir

wiiich, cam c le a r ly  be w r it te n  as

^ — S C''"o~q 3C X. (24)
d ir

i f  r e q u ir e d , where 3 ^  and ^  are co n sta n ts  g iv en  by
^  -  '^c I] H ,n ,M

We a g a in  re q u ire  a s o lu t io n  o f  eq u ation  (2 4 )  and again  

a r ig o ro u s  s o lu t io n  o f  th e  eq u a tio n  as i t  sta n d s i s  

r a th e r  d i f f i c u l t .  We can however t r y  ta k in g  th e  speed  

o f  th e  p a r t ic le  a t  any in s ta n t  to  be ap proxim ately  i t s  

l im it in g  v e l o c i t y  and so  we tr y  as a s o lu t io n
r

^  C^o  ^  X X

or  ̂ jr  7 /  \  ( 2 6 )
3C ■= o oc‘ ('^a~<y 

—?
T his i s

^  _  s : _ d i -

I n te g r a t in g  v. -, X

S . t  = y
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We cannot tak e th e l im i t s  o f in te g r a t io n  as x  ~0  

and s in c e  b oth  th e se  p o in ts  are p o in ts  whore th e

a p p rod m ation  has s in g u la r i t i e s }  a t oc s  c> th e  body 

ra d iu s  i s  zero  and a t  - r -Co  th e  g r a v ita t io n a l  f i e l d  i s

z e r o . '  We thus tak e th e  end p o i n t s  a n d  x  » ^

T h is g iv e s

s . b  =

And so  our approxim ation  g iv e s  a tim e o f

6  f  ^  (2 ? )

^  /With th e  d e n s ity  o f  /Ô s p e c i f ie d  by us and th e

oth er  ru m orica l v a lu e s  in s e r te d  wo o b ta in  a tim e o f f a l l  

o; Y  y e a r s .

The s i z e  o f th e  o b je c t  a f t e r  t td s  tim e i s  

g iv en  by eq u ation  (2 5 ) as

CT, =
a f u

Hence a l l  th a t  we have to  do now i s  to  j u s t i f y  u sin g  

th e  l im it in g  v e l o c i t y  approxim ation .

For t h i s  purpose we s h a l l  u se  th e f u l l  

e x p r e s s io n s , not th o se  d er ived  on s u b s t itu t in g  1T~ and ^  . 

The l im it in g  v e l o c i t y  i s  th u s g iv en  by

i  (26)
fv
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d (iHvx)We are a ttem p tin g  to  show th a t  th e term ^
à h

i s  sm a ll.

4 « . rA  ^  f > Î

on s u b s t i t u t in g  fo r  H y ^  and DC • Thus

I  ( m ,h )  =
db 4^-5'6/2ft^

S u b s t itu te  fo r  X  from (2 8 )

d ( X) =- f  jc
U’i  -S'4 '

T his term has to  bo sm a ll compared w ith  th e  o th er  term s 

o f eq u ation  (2 4 )  b e fo r e  we can j u s t i f y  our s o lu t io n .

Hence d l e s s  than 'bx?C'fo~*^ or

Û f C r  ^  I ( 2 9 )
7 2 . 6-4.

The maximum p o s i t iv e  v a lu e  o f  t h i s  q u a n tity , i . e .  fo r  

th e  r e g io n  X \  f i s  g iv en  when x  ̂ . The

v a lu e  o f th e  above e x p r e ss io n  (2 9 ) i s  then  g iven  as  

about O 'lC  . We have used  th e  form ula g iv en  fo r  to

g iv e  a v a lu e  o f U-*Us/tT^ , which ag rees w e ll  w ith  

ta b u la ted  v a lu e s .

The maximum a b so lu te  va lu e  o f  t h i s  q u a n tity  

d occurs a t  th e  maximum v a lu e  p e r m is s ib le
cT(r
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f o r  3C , which in  t l i i s  ca se  i s  / /O  a s  th a t i s

'/hare we have te3?îainated oui' in v e s t ig a t io n .  With t h i s  

v a lu e  f o r  )( , th e  v a lu e  o f  th e  ex p r e ss io n  i s  /  9  and

i s  th u s c lo s e  to  u n ity .  3C occuz's to  th e  fo u r th  power 

in  th e  e x p r e ss io n  so  wo can con clu d e th a t  the approxima

t io n  h o ld s good up t o  v e r y  n e a r ly  / t o  and so  th e  

tim e g iv en  by us in  ex p r e ss io n  (2 7 )  i s  a f a i r l y  accu ra te  

c s t in 3 t e  o f th e  tim e o f  f a l l .

She term we have boen n e g le c t in g  i s  th e  te n s  

oi . I t  i s  now in t e r e s t in g  to  compare th e  two

components o f  t h i s  term , x  and X  . Now

)L =V

w h ile

H i  ic
M ïî^ Dc('^2 »'o -Sx^ X

%

and X  i s  g iv en  by eq u ation  (2 8 )*  So 

1*1̂ ^  _  tv (>■ -^5^

C v i 'o - '^ ’̂  -  I

~  ï c T ^  ^

which i s  a d ia e n s io n le s s  q u a n tity  a s  we e x p e c t . For 

sm a ll X wo se e  th a t  x  i s  s l i g h t l y  g r e a te r  than m^x



a t  ^  th e  r a t io  i s  0  and then th e r a t io  i s

n e g a t iv e , but w ith  g r a te r  than oc and in c r e a s in g

u n t i l  th e  r a t io  becomes i n f i n i t e  a t ,

Thus through most o f th e  range th e  change in  

mass ex ceed s th e  change in  sp eed .

We can a ls o  g iv e  one o th er  in d ic a t io n  th a t fo r  

most o f  th e range th e  term in a l v e l o c i t y  approxim ation  

i s  good .

I f  we a llo w  th e  v e lo c i t y  to  d i f f e r  by an enount 6  

fz'ora th e  term in a l v e l o c i t y ,  th en

JO =. S  6

k
S u b s t itu te  t h i s  in to  th e  eq u ation  (2 4 )

4  Cm^dc) -  Cidj-jc) > V oc/T
db ^

-  " V a c  ^
d t

and so  a n e g a tiv e  change in  th e  r a te  o f  change o f  

l in e a r  momentum i s  in trod u ced  to  com pensate fo r  th e  

to o  iiigh  v e l o c i t y .  The r e v e r se  w i l l  be tr u e  i f  th e  

v e l o c i t y  i s  to o  lo w . Hence th er e  w i l l  alw ays be t h i s  

com pensation u n le s s  th e v e lo c i t y  i s  c lo s e  to  th e  

te rm in a l v e l o c i t y .

We can thus con clu d e th a t  i f  a g ra in  f a l l s  

through one o f our g iv en  c o n d e n sa tio n s , a c c r e t in g  a l l
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o th er  g r a in s  in  i t s  p a th , then  i t  can reach  th e ce n tre  

o f t h i s  con d en sa tion  in  about 7  y e a r s , i t s  s i z e  then  

b ein g  about 100  e r f  • I t  i s  th u s p o s s ib le  to  form a core  

o f  heavy m a te r ia l a t  th e  c e n tr e  o f  a con d en sa tion  ju s t  

by a llo w in g  th e  g ra in s  to  f a l l  in  th e  above way.

■'e can th u s summarize th e  c liap ter  a s  f o l lo w s .  

The heavy m a te r ia l in  a c lou d  must be in  a s u it a b le  form  

b efo r e  i t  can be tra n sp o rted  to  th e c e n tr e  o f  a conden

s a t io n  in  a s u it a b le  t im e . I t  can be as la r g e  g r a in s ,  

or clumps o f m a te r ia l ,  w ith  a ra d iu s  o f  about 7 0  ctt  ̂

t h i s  th en  ju s t  f a l l s  under g r a v ity .  A lte r n a t iv e ly  th e  

g r a in s  can grow a s  th e y  f a l l ,  th e f i n a l  s i z e  o f th ese  

g ra in s  b e in g  about /OO c m . The method o f  growth b ein g  

a c c r e t io n  o f  o th er  go^alns, or in  th eory  a t  l e a s t  heavy  

m o le c u le s .

In a l l  th e  above c a se s  th e  tim e o f f a l l  i s  o f  

th e order o f  one y e a r , c e r t a in ly  l e s s  than /O  y e a r s .

The a c c e le r a t io n  rem ains f a i r l y  sm a ll throughout and so  

th e  v e l o c i t y  o f  th e s e  g ra in s  reach in g  th e  cen tre  o f th e  

con d en sa tion  i s  f a i r l y  c lo s e  to  th e  average v e lo c i t y  fee  

th e  m otion . T h is average v e l o c i t y  cou ld  not be h igh er  

than f'^ « (a llow in g  a tim e o f f a l l  o f  one

yeai". U sing th e  tim e o f ^  years found ab ove, t h i s  

speed i s  l e s s  than ^  and i s  th u s n ot so



high a s  t o  cav.se o v erh ea tin g  o f  th e  c o r e , or to  cause  

fragm en ta tion  o f th e  c o r e ,  w ith  p o s s ib le  e sc a p e . We 

must n o te  however th a t  t h i s  d oes not remove a l l  th e  

d i f f i c u l t i e s  about th e  tem perature o f  th e  earth  a s  t h i s  

core s t i l l  has to  c o n tr a c t  by an a p p rec ia b le  amount 

b efo r e  a p la n e t  i s  form ed.

H ence, i f  co n d en sa tio n s are formed out o f
-  T 30

f lo c c u le s  a s  p o s tu la te d  by McCrea  ̂5 j  o f  mass to
-'è Iand d e n s ity  /O 5 '^ K c ,  th en  a core o f  heavy m a ter ia l

can be formed in  a f a i r l y  sh o r t tim e u s in g  one o f  th e

methods d escr ib ed  ab ove.

I f  a t  some subsequent epoch one o f  th e se

con d en sa tion s d ip s  in s id e  what i s  u s u a l ly  c a l le d  th e

Roche l i m i t ,  ( s e e  Jeans ( 2 0 ) )  o f  which more w i l l  be

sa id  l a t e r ,  then  th e  o u ter  hydrogen la y e r s  would be

swept away by the su n 's  t i d a l  a c t io n . As a r e s u l t  we
2t8

have a sm all mass o f  about 10 composed m ainly o f

th e  h ea v ier  e le m e n ts . T his can now c o n tr a c t  to  g iv e  a 

p la n e t  . For th e  d e n s ity  o f  /o^ m/cc t h i s  Roche l im it  

comes a t  about th e  A s te r o id a l b e l t .  Hence the observed  

d if fe r e n c e  between major and t e r r e s t r i a l  p la n e ts  a g re es  

ï / i t h  what we o b ta in  from t h i s  th e o r y .



F 3

OHAFTER 4  

About th e  la r g e  s iz e d  g ra in s

The methods we have d escr ib ed  f o r  th e  g e n e r a tio n  

o f  th e  heavy core a t  th e  c e n tr e  o f  th e  gas cloud  would 

appear t o  be th e  o n ly  two p o s s ib le  ways o f form ing t h i s  

core  in  a rea so n a b le  t im e . That i s  to  s a y , th e  core  

cou ld  be formed e i t h e r  by b o d ie s  f a l l i n g  and groifing a s  

th ey  f a l l ,  or th e  con d en sation  cou ld  co n ta in  a few la r g e  

b o d ie s , or clum ps, which t/ould th en  f a l l  inw ards. The 

problem o f  th e  growing body was d isc u sse d  in  th e l a s t  

c h a p te r , where we a c t u a l ly  showed as w e l l  th a t  a clump 

must be about /OO c e n tim e tr e s  a cro ss  b e fo r e  i t  would 

f a l l  inwards in  a  tim e o f  about one y e a r . In  t h i s  

ch ap ter  we s h a l l  be in te r e s t e d  in  th e se  la r g e  b o d ie s ,  

or clum ps. There are two problem s con cern in g  th ese  

which must be d is c u s s e d . One i s  o b v io u s , and i s  th e  

form ation  o f  such b o d ie s .  J u st t o  p o s tu la te  t h e ir  

e x is te n c e  would be unreasonable and so  we must be a b le  

to  produce th e se  clumps b e fo r e  th e  method o f  g en era tin g  

a core u s in g  th e se  becomes . j u s t i f ie d .  Not o n ly  must we 

form th e se  clum ps, th ey  must a ls o  be formed in  a 

c o n d en sa tio n , and c a r r ie d  w ith  th e  con d en sation  a f t e r  

fo rm a tio n . I t  i s  no good to  form them i f  im m ediately  

th ey  le a v e  th e  gas co n d en sa tio n , or indeed  i f  th ey



le a v e  th e  co n d en sa tion  a t  any subsequent tim e u n t i l  th e

heavy core i s  form ed. V/o aunt th u s in v e s t ig a t e  th e

p r o b a b il i ty  o f th e se  clumps esca p in g  from th e  con d en sa-
/

t io n  a f t e r  form ation  as w e l l  a s  show th a t  form ation  can  

tak e p la c e .

These t%;o problem s w i l l  be ta c k le d  in  tu r n , 

ta k in g  th e  form ation  problem f i r s t  s in c e  c le a r ly  th e  

o th er  problem has no meaning i f  th e  clumps have n ot been  

form ed.

The form ation  problem

In h is  paper "The o r ig in  o f  th e  s o la r  system" 

P r o fe s so r  McCrea p o in ts  out th a t when th e  f lo c c u le s  

are i n i t i a l l y  captured by th e  sun th ey  w i l l  be 

d is t r ib u te d  in  a rou gh ly  s p h e r ic a l  volume w ith  th e sun  

as c e n t r e .  About te n  thousand y ea rs l a t e r  th e se  

f l o c c u le s  w i l l  have grown by c o l l id in g  w ith  each o th er  

u n t i l  th ey  become co n d en sa tio n s w ith  a mass s im ila r  to  

th e  major p la n e ts  and w i l l  have f la t t e n e d  in to  the- 

in v a r ia b le  p lan e  d efin ed  by th e  an gu lar momentum o f  th e  

sy stem . Thus a t th e  end o f  t h i s  p er io d  the in d iv id u a l  

co n d e n sa tio n s , out o f which the p la n e ts  are to  be 

form ed, are a v a ila b le  ; hence th e la r g e  g r a in s ,  or  

clum ps, should  a ls o  now be a v a i la b le .
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th ey  were e s s e n t i a l l y  p art o f a d i f f u s e  c lou d  o f gas and 

t h i s  d oes not appear t o  be an id e a l  p la c e  fo r  Ihe 

form ation  o f  th e  req u ired  o b j e c t s .  Thus th e r e  rem ains 

o n ly  t h i s  p e r io d , o î  1 0 ^  years d u r a tio n , d uring  which  

th e  f lo c c u le s  are grov/ing in to  co n d en sa tion s and 

s e t t l i n g  in to  th e  in v a r ia b le  p lan e  o f  th e  angular  

momentum in  w hich th e  form ation  o f  th e  clumps cou ld  

co n ce iv a b ly  tak e p la c e .

The o n ly  way in  which th e se  clumps cou ld  be 

formed under th e  above c o n d it io n s  i s  by a c c r e t io n . T h is  

p r o c e ss  cou ld  come about in  s e v e r a l  w ays. A g ra in  cou ld  

a c c r e te  m o lecu les o f  th e  heavy e lem en ts , c o l l i s i o n s  

b ein g  caused by th e  therm al m otions o f th e  m o le c u le s .

A g ra in  cou ld  a ls o  grov/ by a c c r e t io n  o f  o th er  g r a in s .

In t h i s  ca se  th e  req u ired  c o l l i s i o n s  cou ld  be caused  

e i t h e r  by th e  therm al n o tio n s  o f  th e tçrains or by th e  

growing g ra in  novinn through th e  o th er  g ra in s  due t o  i t  

p o s s e s s in g  some v e l o c i t y .

A ll o f th è se  p o s s i b i l i t i e s  w i l l  be in v e s t ig a te d  

in  tu r n . Again we do not e n te r  in to  any d isc u s s io n  

about th e  p ro ce ss  by which th e  g ra in s  adhere togdber on 

c o l l i s i o n .  As in  th e  p rev io u s ch ap ter  we p o s tu la te  

th a t th e y  d o .
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I . A ccretio n  due to  c o l l lB io a s  between a g ra in  

and m o lecu les  o f th e  heav?; e le m e n ts .

I t  was p o in ted  out in  th e  l a s t  ch ap ter  how 

u n lik e ly  i t  was foi* a g r a in  to  move w ith  a speed g r e a te r  

than th e  therm al v e lo c i t y  o f  th e  gas a o le c u le s .  I t  i s  

oven more u n l ik e ly  an occurrence in  th e  p rese n t co n te x t  

s in c e  th e  a c c e le r a t in g  fo r c e s  due to  «gravity must be 

l e s s  foi* th e  f lo c c u le s  than fo r  th e  co n d en sa tio n s . We 

th u s c o n s id e r  o n ly  a c c r e t io n  caused by the therm al 

c o l l i s i o n s  o f th e  haavjr elem ent m o lecu les  w ith  g r a in s .  

( C o l l i s io n  w ith  a l l  ty p es  o f  m o lecu les o b v io u s ly  occur  

but we o n ly  a llo w  th e  heavy elem ent m o lecu les to  adhere 

and so  are o n ly  in te r e s t e d  in  t h e s e . )  We have a lrea d y  

worked out th e  eq u ation  o f  growth under such  c o n d it io n s  

in  ch a p ter  2 ,  en u a tio n  ( 2 0 ) ,  namely

c r  r  ( 1 )

where W  i s  th e  therm al v e lo c i t y  o f th e  m olecu les  

in v o lv e d  and n , i s  th e  d e n s ity  o f th e se  m o le c u le s ,  

fuK. C le a r ly  b e in g  th e p rop ortion  by w eigh t o f  heavy  

elem en ts to  gas which has a lrea d y  been chosen  as i : ( 0  0  « 

McCrea has chosen  a d e n s ity  o f  fo r

th e  d e n s ity  o f  th e  f lo c c u le s  and hence
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l i t e rThe therm al v e l o c i t y  ±b 2. —  as has bean
\I

in d ic a te d  b e fo r e .

In trod u cin g  a l l  th e se  num erical v a lu e s  in t o

eq u ation  (1 )  wo o b ta in

c n  = 3  9  i, / J  à  c/Y

which g iv e s  u s th e  ra d iu s  o f  th e  clump so  formed a f t e r  

a tim e seco n d s.

N w  th e  a c tu a l maximum tim e a v a i la b le  f o r  

grov?th i s  /  Û ^  y ea r s  and th u s a f t e r  t h i s  p er io d  o f  

tim e th e  g ra in  can grow in to  a clump w ith  a ra d iu s  o f

i ~ / 0 ^  c e n tim etre s

T his i s  ra th e r  la r g e r  than th e  s i z e  req u ired  

b efo re  th e  tim e o f  f a l l  t o  th e  ce n tre  o f  a con d en sation  

becomes about one year and hence th ere  appears to  bo

no d i f f i c u l t y  in  o b ta in in g  clumps w ith  th e req u ired

ra d iu s  o f  /© O cf( or  s o .

In  p r a c t ic e  th e  clumps would p rob ab ly  not grow 

t o  th e  above s i z e  o f  s in c e  m olecu les might n ot

adhere so  e a s i l y  a t  such s i z e s  and m a te r ia l could  a ls o  

be running s h o r t , but i t  c e r t a in ly  appears p o s s ib le  t o  

produce clumps a s  req u ired  fo r  th e  form ation  o f  a 

core  in  th e  l a s t  c h a p ter .

I f  we assume t h i s  adhering p ro ce ss  t o  be
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a c t iv e  a l l  th e  t im e , th en  groiftb  o f a l l  f^ a in s  in  

i n t e r s t e l l a r  space would o ccu r . I t  would be s a t i s f y in g  

i f  the s i s e  o f  th e  g ra in s  so  produced d id  not c o n f l i c t  

w ith  th e  observed s i s e  o f  g r a in s . From A l l e n ^ 19j  we 

f in d  th a t  an average i n t e r s t e l l a r  clou d  has a d e n s ity  

around l'̂ > ifO In trod u cin g  t h i s  v a lu e  in to  th e

above eq u ation  (1 )  and a llo w in g  a tim e o f  / y ears  

fo r  th e  (growth we o b ta in  a ra d iu s o f  /  fo r  th e

r e s u lt in g  o b je c t .  T his i s  about th e  e stim a ted  rad iu s o f  

i n t e r s t e l l a r  g r a in s  and hence even i f  th e  adhering  

p r o c e ss  had been a c t iv e  s in c e  th e  form ation  o f in t e r 

s t e l l a r  c lo u d s th e  r e s u l t  would not be g ra in s  la r g e r  

than what i s  ob served .

Hence the p ro cess  o f growth by c o l l i s i o n s  o f  

heavy m o lecu les w ith  g ra in s  can g iv e  us th e req u ired  

s i z e  fo r  our clum ps, w h ile  a t  th e  same tim e not producing  

to o  la r g e  o b je c ts  in  i n t e r s t e l l a r  space i f  th e  p ro cess  

was a c t iv e  fo r  th e  whole o f th e  p a s t  h is to r y  o f a cloud*

I I . A ccretio n  o f o th er  Ryains due to  

therm al c o l l i s i o n s .

The eq u ation  o f growth fo r  t h i s  typo o f  

c o l l i s i o n  w i l l  c l e a r ly  be th e  same as eq u ation  (1 )  above

bh'fx.
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where in  t h i s  c a se  V v /  i s  th e  therm al v e l o c i t y  o f  th e

r r a in s  and th e  mass o f g r a in s  in  a u n it

volum e o f  c lo u d , ^  once a g a in  being: th e  r a t i o  o f

g r a in  t o  g a s ,  w hich i s  I ' >00  ,

With th e  new v a lu e s  fo r  th e  therm al v e l o c i t y

g iv e n  by % where M o i s  th e  mass o f  a
\/

g r a in ,  th e  eq u a tio n  o f  grovrfch becom es on in s e r t in g  

n u m erica l v a lu e s ,

C3~ =: 7  i / o  ( 2 )

As b e fo r e  th e  t o t a l  tim e a v a i la b le  i s  / O ^  y e a r s  and so  

th e  maximum s i z e  w liich  a clump can grow to  u s in g  t l i i s  

method i s  c e n t im e tr e s  in  r a d iu s .

Thus t h i s  method d o es  n o t g iv e  clum ps o f  th e  

r e q u ir e d  x 'ad iu s, though th e  r a d iu s  found i s  s u f f i c i e n t l y  

c lo s e  t o  th e  r e q u ir e d  v a lu e  f o r  t h i s  method n o t to  be  

c o m p le te ly  u s e l e s s .  A s l i g h t l y  h ig h er  f l o c c u l e  d e n s it y  

or a f l o c c u l e  c o n ta in in g  more g r a in s  th an  average  co u ld  

ren d er  t h i s  method u s e f u l .  I f  th e  f l o c c u l e ,  f o r  some 

r e a s o n , was formed b e fo r e  t h i s  p e r io d  o f  y e a r s  th en

th e  in c r e a s e d  tim e co u ld  a l s o  make t h i s  method s a t i s f a c 

t o r y .

I f  t h i s  method o f  grow th had been  in  o p e r a t io n
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trircughout th e  h is t o r y  o f  th e  g a la x y , th en  in tr o d u c in g  

th e  i n t e r s t e l l a r  c lo u d  d e n s it y  and th e  new v a lu e  fox' 

th e  tim e in to  th e  above e c u a t io n  g iv e s  a body w ith  a 

r a d iu s  o f  /O c / t  . Thus t h i s  p r o c e ss  would c e r t a i n ly  

n ot pi'odi'ice i n t e i ' s t e l l a r  g r a in s  w ith  a r a d iu s  g r e a te r  

th an  what i s  ob served  tod ay  and so  in  t h i s  r e s p e c t  i s  

v e r y  s a t i s f a c t o r y .

I I I .  A c c r e t io n  o f o th e r  g r a in s  by a g r a in  

movinK th rou gh  them .

The e q u a tio n  o f  grow th f o r  t h i s  ty p e  o f  

a c c r e t io n  i s  e q u a tio n  (1 9 )  o f  c h a p ter  2 ,  nam ely

<3~ C V U JC

Here yx. a s  u su a l i s  th e  p r o p o r tio n  o f  g r a in s  t o  g a s .

X  i s  th e  p r o b a b i l i t y  th a t  g r a in s  adhere on c o l l i s i o n  

and as  we have p o s tu la t e d  th a t  th e y  a l l  adhere t h i s  i s  /  .

i t h  th e  u su a l v a lu e  f o r  th e  f l o c c u l e  d e n s it y  we o b ta in

-10
<r =i / o  X

w here X  i s  th e  d is ta n c e  co v ered  by t h i s  g r a in .

( 5 )

Hence in  ord er  t o  produce a clump com parable in
. IV-

s i z e  to  what we r e q u ir e ,  X  must be about ««i/o c r t ,

Thus i f  our g r a in  i s  to  grow in t o  a clump h aving
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a ra d iu s  la r g e  enough to  f a l l  as d escr ib ed  in  th e  l a s t  

ch ap ter  th en  i t  î^ust move through the o th er  g ra in s  fo r  

the above d is ta n c e  during th e  p er iod  o f tim e a v a i la b le .

During th e  p er io d  now under d is c u s s io n  th e  

f lo c c u le s  are c o n t in u a lly  c o l l id in g  to g e th e r  and groining. 

T h eir  f in a l  mass i s  about /O  ̂ b e in g  a con d en sation

m ass, w h ile  i n i t i a l l y  th e  mass i s  th a t o f  one f l o c c u l e ,  

namely , Thus a con ven ien t mean mass fo r  t h i s

sta g e  o f  th e  p roceed in gs i s  about 3. /o  , The 

ra d iu s  o f a c lo u d le t  having t h i s  mass and th e  p resc r ib e d  

f lo c c u le  d e n s ity  i s  in  round numbers.

Let us then  f i r s t  f in d  th e tim e req u ired  by a 

g ra in  to  f a l l  to  th e  ce n tre  o f such a mean con d en sation  

in  much th e  same way as in v e s t ig a te d  fo r  th e f i n a l  

con d en sa tion  in  th e  l a s t  ch a p ter . The tim e o f f a l l ,  

taken from eq u ation  ( o f th e  l a s t  ch a p ter , i s

where

and

5- ^  iT 'C r

l ( >  f,
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a l l  th e  n o ta tio n  b e in g  am p r e v io u s ly  d e fin ed  and To  

b e in g  th e  ra d iu s  o f  th e  condensation*

I n s e r t in g  a l l  th e num erical v a lu e s  in to  

eq u ation  (4 )  w ith  th e  u su a l d e n s ity  o f ( and

To 2 th e  tim e o f moving i s  g iven  as

sec o n d s , or / O y e a r s . Thus in  / o ^  y ears a clump can 

move through many such mean con d en sa tion s and can q u ite  

e a s i l y  reach  the g iven  s i z e  o f about ,

With t h i s  typ e o f m otion th ere  i s  no con n ection  

w ith  c o n d it io n s  e x i s t in g  in  i n t e r s t e l l a r  space and hence 

t h i s  method cou ld  not p o s s ib ly  produce any e f f e c t s  th a t  

would be in  d isagreem ent w ith  th e  s iz e  o f i n t e r s t e l l a r  

g ra in s  *

We se e  th a t o f th e  th ree  methods a v a ila b le  fo r  

the growth o f clumps by a c c r e t io n  in  f l o c c u l e s ,  one o f  

them , th e  one in v o lv in g  growth due to  th e  therm al 

m otions o f th e  g r a in , does not g iv e  th e  requ ired  s i z e  

fo r  a clump. The o th er  tw o , a c c r e t io n  by the therm al 

c o l l i s i o n  o f th e  heavy elem ent m o lecu les and a c c r e t io n  

due t o  a g ra in  moving: through o th er  g r a in s ,  both  g iv e  

s a t i s f a c t o r y  r e s u l t s .  In both  c a se s  th e req u ired  s i z e  

i s  ob ta in ed  w ith ou t any d i f f i c u l t y  and indeed  i t  appears 

th a t  la r g e r  s i z e s  cou ld  be produced i f  r e q u ired . The
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f i r s t  method a ls o  shows th a t  i f  t h i s  p ro ce ss  had been  

o p era tin g  fo r  a l l  t im e , th e  s i z e  o f  th e  r e s u l t in g  

i n t e r s t e l l a r  g ra in  would be no la r g e r  than p rese n t day  

i n t e r s t e l l a r  g r a in s . The main weakness o f  t h i s  method 

i s  th a t  no apparent v;ay e x i s t s  in  which th e  heavy elem ent 

m o lecu les  cou ld  adhere to  th e g ra in  on c o l l i s i o n .

The o th er  method r e q u ir e s  th e  adhering o f  

g r a in s  as th ey  c o l l i d e .  N othing has been sa id  so fa r  

about th e p o s s i b i l i t y  o f  t h i s  happening, beyond s t a t in g  

th a t  th e se  g r a in s  are more s im ila r  to  snow f la k e s  than  

le a d  s h o t ,  and so  a c c r e t io n  i s  not im p o ss ib le . In  a 

d is c u s s io n  a t th e  Royal A stronom ical S o c ie ty  £ 2 1 J on th e  

o r ig in  and c o n s t i tu t io n  o f  th e  p la n e t s ,  during which a 

b r ie f  o u t lin e  o f  th e  above work was p resen ted  by 

P r o fe sso r  McCrea, P r o fe s so r  B ernal exp ressed  th e  op in ion  

th a t  c e r ta in  ty p es  o f g ra in  cou ld  in deed  a c t  in  th e  way 

p o s tu la te d  by u s .  Hence th e assum ption th a t  g ra in s  

adhere to  o th er g ra in s on c o l l i s i o n ,  which i s  one o f  th e  

major assum ptions o f th e th e o r y , does not seem u n r e a l i s t i c

Having thus concluded  th a t i t  i s  q u ite  p o ss ib le  

to  produce th e  clumps req u ired  fo r  th e  core form ation  we 

now tu rn  our a t te n t io n  to  th e second problem concern ing  

th e s e  o b je c t s .
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■Possible escape o f clumpB.

I f  two c lo u d s o f gas co n ta in in g  such clumps 

as d escr ib ed  above are in v o lv e d  in  a c o l l i s i o n ,  a s  th e y  

must i f  con d en sa tion s are to  be form ed, th ere  i s  a 

p o s s i b i l i t y  th a t  th o se  clumps w i l l  r e ta in  t h e ir  p rev io u s  

v e l o c i t i e s  and in  t h i s  way t r a v e l  through th e  g a s , thus  

esca p in g  from th e  co n d en sa tio n . I f  t h i s  occurs then  

th o se  clumps are l o s t  from th e  con d en sation  and cannot 

tak e any p art in  th e  form ation  o f th e core and so  

n oth in g  i s  ach ieved  in  foiT iing them. Hence b efo re  th e  

method o f core form ation  in v o lv in g  clumps becomes u s e fu l  

we must show th a t  th o se  do not escape from th e  surroundir^  

gas as th e co n d en sa tion s c o l l i d e .

Let th e  clumps be g iv en  a speed r e la t iv e  

to  th e  gas by a c o l l i s i o n .  C le a r ly  th e b ig g e r  th e  v a lu e  

o f AJL 1 th e  e a s ie r  escape w i l l  b e . We th u s take th e  

i n i t i a l  v a lu e  o f th e speed /6C to  be g r e a te r  than th e  

therm al v e l o c i t y  of th e  r e s i s t in g  g a s .

How tb s  r e s is ta n c e  o ffe r e d  by a gas to  an

o b je c t moving through i t  under the above c o n d it io n s

has been found by us in  ch ap ter  2 and i s  g iv en  by

eq u ation  (5 )  o f th a t  ch ap ter as  
-  ÏÏ Ci+e) h.Mi,

h  ( 5 )
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I f ,  a s  in  t i l l s  c a s e ,  th e o b je c t  i s  much la r g e r  than a 

gas m olecu le and a l l  c o l l i s i o n s  are assumed e l a s t i c  

th en  th e  above eq u ation  reduces to

q ?  = TÎM, cr^T- u-^ (6 )

and th e  d e c e le r a t io n  caused by t h i s  fo r c e  in  th e  clump 

i s  th u s
TiC^At

How in  p r a c t ic e  th e  g r a v ita t io n a l  f i e l d  o f  a con d en sation  

w i l l  tend t o  p reven t escap e as w e l l .  We s h a l l  however 

ig n o re  g r a v ity  and hence our c o n c lu s io n  w i l l  be s tr o n g e r  

i f  we can chow th a t  no escape i s  p o s s ib le .  Thus th e  

eq u ation  o f  m otion o f a clump can be w r it te n  as

(U r  _ _  o-"*-
c l t r

or

u-cK r _ _ ûk" cr'"  ( 7 )
ÜV

where ù<' i s  th e  co n sta n t g iv en  hy

H u

o r , a s  “t '
3

c V  r  &  ri, A t  ( 6 )



In te g r a t in g  eq u ation  (7 )  v?e o b ta in

The i n i t i a l  c o n d it io n s  are th a t  a t ^  = 0  th e  speed i s  

and hence th e co n sta n t i s  ^  and

/  LT\
jX \  -  _ 6 / r

or

U , (9 )

The eq u ation  fo r  th e  r e s is ta n c e  we have used i s  on ly  

c o r r e c t  f o r  la r g e  v e l o c i t i e s .  At some v e l o c i t y ,  \ /  s a y ,  

(w hich a s  we s h a l l  see  we do not req u ire  a num erical 

v a lu e  f o r )  th e  r e s is ta n c e  law w i l l  change to  th e  w e ll  

known S tok es law which i s  o f th e  form ^  where ^  

i s  a c o n sta n t whose v a lu e  can he found from ch ap ter 2 

i f  r e q u ir e d . I f  we assume a smooth change over from ore 

law to  th e  o th e r , then  a t  ,

C /  \ I ^  -  ^  V  (1 0 )

For m otion below  t h i s  speed \ /  , a g a in  ig n o r in g  g r a v ity

Lr d iT  _ -fS O'

In te g r a t in g

U - =  \ /  (1 1 )
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n  -

where now th e  i n i t i a l  speed  i s  \ /  •

Thus th e  speed  o f  the clump becomes zero  a f t e r

t r a v e l l in g  a d is ta n c e

y
'13

o r , in  v iew  o f eq u a tio n  (1 0 )

How th e  d is ta n c e  t r a v e l le d  b e fo r e  th e  speed  

became l e s s  than V  $ from eq u ation  ( 9 ) ,  i s  ,

g iv en  by

'■ - -  '  y

Hence th e  t o t a l  d is ta n c e  which t h i s  clump must t r a v e l  

b efo r e  coming to  r e s t  i s  'd iich  i s

4  [  I +  (1 2 )

I f  t h i s  q u a n tity  i s  l e s s  than th e  r a d iu s  o f  a f l o c c u l e ,  

then  th e clumps cannot p o s s ib ly  escape e i t h e r  from a 

f l o c c u l e ,  or a co n d en sa tion  g r e a te r  than a f l o c c u le .

Let us now in s e r t  num erical v a lu e s  fo r  th e  

ca se  th a t i s  o f  in t e r e s t  t o  u s .

The random speed o f a f lo c c u le  as g iven  by 

McCrea i s  about a k ilo m etre  a secon d , or *

The c o l l i s i o n  speed  o f  two f lo c c u le s  w i l l  not th u s be



9 ^

g r e a te r  than tw ic e  t h i s .  The maximum i n i t i a l  speed

th a t  th e  clumps can have r e la t iv e  to  th e  gas I s  thus

P, i.10^ o h ! i o c .  . (T h is i s  when one f lo c c u le  i s

co m p lete ly  rev ersed  in  m otion by th e  c o l l i s i o n  and i s

o b v io u s ly  an o v e r e s t im a te . ) As th e  p roof w i l l  be more

co n v in c in g  i f  we o v erestim a te  th e speed  ra th er  than

im d ere stin a te  we s h a l l  take th e i n i t i a l  speed o f th e

clumps r e la t iv e  to  th e  gas t o  be AO

We are in te r e s t e d  in  the p o s s i b i l i t y  o f  escape

during th e  p er io d  when th e  f lo c c u le s  are growing by

c o l l i s i o n s  in to  co n d en sa tio n s and, as a lrea d y  p a in ted

o u t, th e  mean mass f o r  t h i s  p er io d  i s  . Again

fo r  th e  reason  th a t  we p r e fe r  to  use unfavourable

c o n d it io n s  ra th er  tlian favou rab le  o n e s , we s h a l l  take

the con d en sa tion  to  be as sm all as p o s s ib le ,  namely one

f lo c c u le  mass and p o s s e s s in g  the u su a l f lo c c u le  d e n s ity

of i/O^0N/rc • Hence th e  r a d iu s  o f  a f lo c c u le  i s
QI i l  Ù CM and a s  g iv en  above must be l e s s

than t h i s .

The a c tu a l s i s e  o f th e  clumps req u ired  by us 

i s  s l i g h t l y  l e s s  than 100 ctX , but aga in  as la r g e  ones 

can escape e a s ie r  we s h a l l  u se  /O^ cM  as th e clump 

r a d iu s . T his a l lo if s  our r e s u l t s  to  apply  fo r  the o b je c ts  

produced in  th e  o th er  methods o f  form ing a c o r e , though
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i t  seems u n l ik e ly  th a t  th e s e  would escap e a s  th e y  are  

n ot formed u n t i l  a f t e r  th e  p la n e ta r y  con d en sa tion  i s  

formed and th u s th er e  would be no c o l l i s i o n s  between  

co n d e n sa tio n s .

îh e r e  now o n ly  rem ains V  to  be s p e c i f i e d .

In r e a l i t y  t h i s  i s  l i k e l y  to  be in  th e re g io n  o f  th e  

mean therm al v e l o c i t y ,  hence about I O^C/y j s t c  »

Hm<;ever we s h a l l  tak e  i t  t o  be on ly  I C ' y / i - t c  , a v e r y  

unfavourable speed a s  fa r  as eq u ation  (1 2 ) i s  con cern ed .

I n s e r t in g  a l l  th e  num erical v a lu e s  in to  eq u ation  

(1 2 ) we f in d  th a t  the clump must t r a v e l  a d is ta n c e

J

b efo re  i t  i s  brought to  r e s t .

But t h i s  i s  o n ly  o n e -th ir d  o f th e  ra d iu s o f  a  

f lo c c u le  and s o  th e  clum p, under v ery  unfavourable  

c o n d it io n s ,  cannot escape from a co n d en sa tio n . Hence 

th ere  i s  s tro n g  ev id en ce  to  con clu d e th a t  th ey  do not 

a c t u a l ly  e sc a p e .

Throughout t h i s  d is c u s s io n  we laave ign ored  

g r a v ita t io n a l  e f f e c t s .  I f  wo take account o f  th e se  then  

we do not have t o  reduce the speed o f th e  clump to  z e r o ,  

on ly  reduce i t  u n t i l  i t  i s  l e s s  tlian the escap e v e l o c i t y  

from th e  co n d en sa tio n . The escap e  v e l o c i t y  from a
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sp h e r ic a l  body i s  g iv en  rou gh ly  by 

1  1/^^ r:

where Af i s  th e  mass andT ^  th e  ra d iu s  o f  th e  body.

For a f l o c c u l e ,  t h i s  g iv e s  an escape v e lo c i t y  as  

I f  th e  clump has speed below t h i s  then  i t  cannot escape*  

Hence, a s we have a c t u a l ly  succeeded  in  

redu cin g  th e  speed  to  zero  we can conclude th a t  th e  

clumps m entioned above w i l l  not escape from th e  

surrounding gas when tv;o co n d en sa tion s c o l l i d e .

On th e  fa c e  o f i t  t h i s  i s  a v ery  su r p r is in g  

x 'o su lt , th a t  tenuous gas l ik e  we have in  our f lo c c u le s  

can a c t u a l ly  b rin g  to  r e s t  a body l i k e  a clump which  

w eighs about a hundredw eight. We can however se e  very  

sim ply  th a t  t h i s  i s  a s e n s ib le  r e s u l t  by c o n s id e r in g  

th e mass o f th e  m a te r ia l v/l:iich a clump has to  push out 

o f  th e  way to  e sc a p e . T his i s  th e mass in s id e  a 

c y lin d e r  o f  rad iu s equal to  th e  clump r a d iu s , and 

le n g th  eq u al to  th e  f lo c c u le  le n g th , which i s

Ÿ t

/  6The mass o f a clump i s  /O

And hence th e  clump has to  remove a mass equal to  about
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100 tim es i t s  o\m mass b e fo re  any escap e  i s  p o s s ib le *  

Again in  t h i s  argument we are ig n o r in g  th e  g r a v ita t io n a l  

e f f e c t s .

H ence, w ith  a b so lu te  c o n v ic t io n , we can conclude  

th a t  clumps do not escape from th e co n d en sa tio n s in  any 

c o l l i s io n *

A s p e c u la t iv e  n ote  on com ets and m e te o r ite s

I t  would be in t e r e s t in g  t o  o b ta in  an e s tim a te  

o f th e  s i z e  which a clump must have b e fo r e  any 

p o s s i b i l i t y  o f  escape e x is t s *  Again u sin g  adverse

c o n d it io n s  we tak e th e  taass o f th e  con d en sa tion  to  be
2>0  ̂  ̂ /%

/O S and th e  ra d iu s i s  th u s 5*6h./o err  ̂ I f

escape i s  p o s s ib le ,  eq u ation  (1 2 ) must n ot g iv e  a 

v a lu e  l e s s  than S 'i >4/0*̂  cr'r and so

3-^  W "  <  ^ [ »  X c \

Let us now tak e a more r a t io n a l  v a lu e  fo r  V , namely 

I D^C S ^  then

/O

i f  escape i s  to  be p o s s ib le .  But

o / - 2 ^ , " I
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and hence we ixave / ^ c / y

Thus b e fo r e  a clump can p o s s ib ly  escap e from  

a con d en sation  i t  must have a rad iu s o f about / ,  

I f  i t  i s  t o  e sc a p e , i t s  v e lo c i t y  must exceed  th e  escape  

v e lo c i t y  g iven  a s  / when i t  reach es th e  o u ter

la y e r s ,  hence eq u ation  (9 )  g iv e s

ir z, U.  t y x

as /   ̂ .

T h is means th a t

which aga in  r e q u ir e s  a ra d iu s o f  about S . A

clump o f such ra d iu s  would have a mass o f about .

These clumps would th u s be g r e a te r  than the m eteo r ite s#

The average mass o f co m ets , c a lc u la te d  from

ao /K /'y -0-4 tHo

where ^  i s  i t s  mass and <^o i t s  a b so lu te  magnitude 

appear to  be about / 0 ^  and th u s i s  s l i g h t l y  

la r g e r  than th o se  escaped  clumps#

I t  i s  tem pting  however to  su g g est th a t  th e se  

clum ps, when th ey  manage to  e sc a p e , are th e  o r ig in  o f  

com ets and m e te o r ite s ,  as th e se  escaped clumps would
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presum ably have r a th e r  e c c e n tr ic  o r b it s  about th e  sun# 

Comets cou ld  be formed when a few o f  them c o l l i d e  

to g e th e r  and a d h ere , w h ile  m e te o r ite s  ( in  sh o ifers)  

could  be formed when c o l l i s i o n  r e s u l t s  in  fragm entation#  

T hus, in  t l i i s  ch ap ter  we have dem onstrated how 

la r g e  g r a in s  or clumps cou ld  be formed in  th e  gas  

f lo c c u le s  in  th e  p er io d  when th ey  are growing in to  

con d en sation s#  I t  was fu r th e r  shown th a t th e se  methods 

would not g iv e  r i s e  to  abnorm ally la r g e  g r a in s  in  

i n t e r s t e l l a r  sp a c e , even  i f  th e  growing p ro cess  had been  

o p e r a t iv e  fo r  th e  d e r iv a t io n  o f th e  galaxy# We have 

a ls o  concluded  th a t i t  was im p o ssib le  f o r  th e se  clumps 

to  escap e from the con d en sation  when t h i s  con d en sation  

i s  in v o lv e d  in  a c o l l i s io n #  A su g g e s t io n  i s  made th a t  

somewhat la r g e r  clumps cou ld  escape and form th e com ets 

and m e te o r ite s  o f th e  s o la r  system #



CHAPJER 5 

The d is p e r s a l  o f  a con d en sation

A g  i s  w e ll  knoivn th e r e  i s  a c r i t i c a l  d is ta n c e  4. 

from th e  sun w ith in  w hich  a con d en sation  w ith  a g iv en  

d e n s ity  f* cannot be in  eq u ilib r iu m  due to  th e  t i d a l  

a c t io n  o f th e  su n . T h is i s  o fte n  c a l le d  R oche's l im it  

and has been g iv en  by Jeans in  'Astronomy and Cosmogony' 

jj2 0 j as ap proxim ately

^  (1 )

where f1 i s  th e  mass o f  the su n .

Jeans fu r th e r  shows th a t i f  t h i s  f lu id  

co n d en sa tio n , assumed in c o m p r e ss ib le , i s  in  eq u ilib r iu m  

i t  must be e l l i p s o i d a l  in  shape# I f  (X , 6  and C 

denote th e  sem i-ax^s o f th e c r i t i c a l  e l l i p s o i d ,  th a t  i s  

th e e l l i p s o i d  when th e  f lu id  i s  a t  th e  c r i t i c a l  Roche 

l i m i t ,  then we have th a t

Ou = ^  and 6  = ù 2 l r

where CL 6 (2  j  ^

What we re q u ir e  i s  some ex p ress io n  fo r  th e  

d is p e r s a l  tim e o f a con d en sation  i f  i t  cannot hold  

to g e th er#  T his we cou ld  do f a i r l y  e a s i l y  i f  we cou ld  

w r ite  down the g r a v ita t io n a l  a t t r a c t io n  o f such an

n
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e l l i p s o i d  on a p a r t ic le  on i t s  ou ter  s u r fa c e . Unfor

tu n a te ly  t h i s  a t t r a c t io n  i s  g iven  by a v ery  com p lica ted  

e x p r e ss io n  fo r  an e l l i p s o i d ,  and in v o lv e s  e l l i p t i c  

in t e g r a ls  and th e  a s s o c ia te d  e l l i p t i c  fu n c tio n s  as can 

be seen  in  M cM illan's 'Theory o f  th e  P o te n t ia l '

A sphere i s  th e  o n ly  r e g u la r  volume th a t has a sim ple  

e x p r e ss io n  fo r  th e  gpc^avitational a t t r a c t io n  and 

co n seq u en tly  we w i l l  e s t im a te  th e  d is p e r s a l  tim e fo r  

th e sphere in d ic a t in g  th a t  a s im ila r  r e s u l t  h o ld s fo r  

an e l l i p s e  i f  we chose th e  sphere properly*

C onsider a s p h e r ic a l  c lou d  o f  g a s ,  w ith  ra d iu s  

^  and d e n s ity  f# moving in  a c ir c u la r  o r b it  around 

th e su n , th e rad iu s o f th e  o r b it  b ein g  * Let th e  

an gu lar v e lo c i t y  o f  th e  cloud about th e  sun be and

th e  an gu lar  v e lo c i t y  o f  th e c lou d  about i t s  c e n tre  be 

^ 2. , both  b ein g  in  th e same p lane and in  th e  same 

d ir e c t io n *

The c o n d it io n  th a t th e  whole o f th e clou d  

( th a t  i s  th e  c e n tr e  o f g r a v ity )  moves in  a c ir c u la r
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o r b it  about th e  sun i s  c l e a r ly

-  O' ^ 0  ( 2 )

where & % / 7 ?  i s  th e  a t t r a c t io n  p er u n it  mass 

caused  by th e  su n .

C onsider the outerm ost p a r t i c l e  o f  th e  sy stem . 

I f  th e  co n d en sa tion  i s  not t o  d isp e r se  th en  t h i s  must 

keep i t s  p o s it io n  r e la t iv e  to  th e  c lou d  ce n tr e  and 

hence i t  must move, a t  t h i s  in s t a n t ,  around th e  su n , 

g e t t in g  n e ith e r  c lo s e r  nor fu r th e r  away.

Now th e c e n tr ifu g a l  fo r c e  on t h i s  p a r t ic le  i s  

M / R w h e r e  Ijr ±b i t s  sp eed .

But c le a r ly  ir  and so  th e

c e n tr ifu g a l  fo r c e  i s

The a t t r a c t iv e  fo r c e  tŒvards th e sun i s  notf

^  (ŷ  M t l

where i s  th e mass o f th e  con d en sa tion  and i s  

c le a r ly  g iv en  by

t t  =- i n r a ^ f ,
(3

Hence ^
t ' R o j _  Crt̂ O 4 ,
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In  th e  c o n d it io n s  in v e s t ig a te d  by Roche, th e  condensa

t io n  alv/ays i s  ' fa c e  on' to  the sun and hence i f  we 

apply  th e  same c o n d it io n s ,  oO, = td * ,- ^  ( s a y )  and (5 )  

becomes

(R+Zb')'  ̂ /'o'-

B u t, fx’om eq u ation  (2 )

00^ =■ ^
^  i

and h en ce, i f  th e  outerm ost p a r t ic le  alw ays keeps i t s  

p o s i t io n ,  th en  th e  fo llo w in g  c o n d it io n  must be 

s a t i s f i e d

(j. t l Q  Q. lY

g iv in g

712,
(4 )

I f  we now make th e  u su a l assu m p tion , a ls o  made 

by Roche, th a t th e  d is ta n c e  from th e  con d en sa tion  to  

th e  sun exceed s th e  ra d iu s o f  th e  con d en sation  by a 

la r g e  f a c t o r ,  or ^  th en  eq u ation  (4 )

s im p l i f i e s  to

=■ ( 5 )
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We have a lr e a d y  n oted  th a t  tt -  Uu » and so  (5 )
5

g iv e s

i ,  - -  ‘’Up  =  ( 6 )

I f  we c o n s id e r  a p a r t i c l e  advanced by 71 / 2- from th e  

one ju s t  c o n s id e red , th a t  i s  th e  one fo llo w in g  th e  came 

path  around th e  sun a s  th e c e n tr e  o f  th e c lo u d , then  

th e  fo i'co s  a lon g  th e  l in e  from sun t o  p a r t i c l e  are th e  

same as fo r  th e  c e n t r e ,  thus

= 6 rJ tO

In  the d ir e c t io n  o f th e  c e n tr e  o f th e  cloud we

have a g r a v ita t io n a l  fo r c e  o f & M and a c e n t r i -
ro^

fu g a l fo r c e  In o p p o s it io n  to  t h i s  o f

CO ^ = ■^’̂ 0

H ence, th e  fo r c e  towards th e  ce n tre  o f  th e  con d en sation  i s  

6- IH ^  _  Q- 'fh

B u t, f o r  t h i s  cloud  eq u ation  (5 )  h o ld s and so

05^ nr ATT? ^

The above eq u ation  thus becomes

T o ta l fo r c e  towards cen tre  ~  2  Q-t-t ^
h r o ^



10^

T h is fo r c e  i s  a lw ays p o s i t iv e  and v / i l l  alw ays e x i s t  i f  

th e  c o n d it io n s  are as d escr ib ed *

I f  th e  co n d en sa tion  i s  in c o m p r e ss ib le , then  

t h i s  fo r c e  w i l l  s e t  up p ressu res  in s id e  th e  con d en sa tion  

which w i l l  d is tu r b  th e  eq u ilib r iu m  o f  th e  o u ter  p a r t ic le  

and so  t h i s  w i l l  be pushed out and th e  co n d en sa tion  in  

f a c t  d isp ersed *  T h is i s  what we ex p ec t t o  happen s in c e  

i f  we in v e s t ig a t e  th e  d e n s ity  g iven  by eq u ation  (6 )  f o r  

a co n d en sa tion  a t  a d is ta n c e  from th e  su n , we see  

th a t  th e y  v io la t e  th e  c o n d it io n  o f Roche g iv en  by 

eq u ation  ( 1 ) .

I f  hmmver th e  con d en sa tion  i s  co m p r ess ib le , 

th en  th e  p a r ts  on which th e  fo r c e  i s  a c t in g  can move 

inwards cau sin g  an in c r e a se  in  th e  d e n s ity  o f  th e  c lo u d .

As t h i s  d e n s it y  in c r e a s e s ,  i t  becomes more in c o m p r e ss ib le .

Let us now fin d  what d e n s ity  t h i s  clou d  would have i f  we 

a llo w  i t  to  condense u n t i l  i t  i s  th e  same shape a s  the  

c r i t i c a l  e l l i p s o i d  found by Roche. C le a r ly  as th e  

outerm ost p a r t ic le  (and a s im ila r  argument h o ld s fo r  th e  

in n erm ost) keep t h e ir  p o s it io n  (we have d e fin ed  con d i

t io n s  so  th a t  th e y  do) then th e  majoi" a x is  o f  th e  

e l l i p s o i d  i s  equal to  th e d iam eter o f  the sp h e re , or a  z .

Now th e  volume o f th e  e l l i p s o i d  i s  ^r,o(^c  -
à 3

But f o r  th e  c r i t i c a l  e l l ip s o id  cl z- A6 T r  and so  th e
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volume o f  th e  e l l i p s o i d  i s  0  Ct  ̂ .
à

The volume o f th e  s p h e r ic a l  cloud  xe ÿ. V ct  ̂ ■
/ ; , \  ^
OT ^  Tt fo ) • H ence, th e  r a t io  o f th e  d e n s i t i e s

3 ^

o f th e  two volum es i s

f '  _ , J .  ,

But we have found th e  d e n s ity  o f  th e  sp h e re , Ÿf iu  

eq u ation  ( 6 ) ,  as 7^4

H ence, th e d e n s ity  o f  th e  e l l ip s o i d  i s

or th e c r i t i c a l  d is ta n c e  a t  which t h i s  e l l i p s o i d  should  

be i s

^  . (;WyV/-6S-) r̂toj"3 (g)

Thus th e  agreement i s  rem arkably good, w ith  th e  c r i t i c a l  

d is ta n c e  found in  eq u ation  ( 1 ) .

Hence, we conclude th a t i f  th e  sp h e r ic a l cloud  

w ith  d e n s ity  and p o s it io n  s a t i s f y in g  eq u ation  (5 )  i s  

in co m p ress ib le  i t  w i l l  d isp e r se  as i t  does not s a t i s f y  

Roche' s l i m i t ,  but i f  i t  i s  com p ressib le  (and thus not 

covered  by R oche's c a se )  i t  i v i l l  condense u n t i l  i t  has 

a s im ila r  d e n s ity  to  R oche's c r i t i c a l  ca se  when i t  has
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th e  same shape* I f  by now th e  gas has become incom press

ib l e  we have eq u ilib r iu m  as g iv en  by Roche, i f  not i t  

w i l l  proceed  to  condense*

I t  th u s appears th a t i f  we in v e s t ig a t e  th e  

d is p e r s a l  o f such a gas c lou d  th e  r e s u l t s  so  ob ta ined  

w i l l  g iv e  a f a i r  in d ic a t io n  o f what happens in  th e  more 

complex e l l i p s o i d a l  case*  We th u s proceed to  in v e s t ig a t e  

th e  d is p e r s a l  o f t h i s  s p h e r ic a l  cloud*

C onsider th en  such a s p h e r ic a l  cloud o f rad iu s  

w ith  a d e n s ity  th a t does not s a t i s f y  th e  c o n d itio n  

o f eq u ation  (6 )  a t a d is ta n c e '" ^  . Then i t  must 

d isp er se*  Let th e c e n tr e  o f t h i s  c lou d  move in  a 

c ir c u la r  o r b it  w ith  angular v e lo c i t y  about th e  sun*

Now, as th e  con d en sation  cannot be in  e q u ilib r iu m , i f  

th e  outerm ost p a r t ic le  i s  n ot to  be thrown outwards i t  

must move slow er than th e  cen tre  o f th e  c lo u d . Let i t s  

an gu lar v e lo c i t y  be about the su n . (NOT about th e

c lou d  c e n tr e  a s  b e f o r e .)

The cloud ce n tr e  fo llo w s  a c ir c u la r  path around 

th e  sun and so

For th e  outerm ost p a r t ic le
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as we a ls o  have t h i s  p a r t ic le  moving in  a sm a ller  c i r c l e .

A fter  an in te r v a l  o f  tim e ( s a y )  th e  a n g le  

swept out by the ra d iu s  from th e  sun to  th e  c e n tr e  o f  

th e  c lou d  i s  U)| L w h ile  th e  corresp on d in g  q u a n tity  fbr 

th e  p a r t ic le  I s  C

Thus, a f t e r  t h i s  in t e r v a l  o f tim e th e  an g le  

o f se p a r a tio n  (a t  th e  su n ) o f  th e se  two p a r t i c l e s  i s  

g iv en  by 0  , where

[ 0  ( -  &

Where by | © j wo mean th a t  th e  s ig n s  are  

chosen so  th a t  a p o s i t iv e  a n g le  i s  g iven*

The tim e taken fo r  a d isp lacem en t G i s  th u s

^  (1 1 )

aga in  w ith  the s ig n s  chosen  so  th a t  we have a p o s i t iv e  

t im e . T his w i l l  be t m e  a s  lon g  as Q i s  sm all enough 

fo r  th e  clou d  to  be s t i l l  f a i r l y  c lo s e  t o  a sp h ere , and 

th e  a t t r a c t io n  eq u ation s thus b e in g  u n a lte r e d .

S u b s t itu t in g  th e v a lu e s  fo r  and from

eq u a tio n s ( 9 ) and ( 1 0 ) in to  eq u ation  ( 1 1 ) we ob ta in

,  _ ) » (  a '' '-  rp
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R a t io n a l is in g  th e  denom inator in  th e  u su a l manner,

L^o'- ^(9 f  J - To'*' ^ ^ 0

I f  a ga in  we assume th a t  ^  ^ or th a t  th e  d is ta n c e

o f  the con d en sa tion  from th e  sun g r e a t ly  ex ceed s  th e  

con d en sa tion  r a d iu s , the above eq u ation  s im p l i f ie s  to

n  -

As we e x p e c t ,  vie see  th a t  th e d is p e r s a l  tim e becomes 

i n f i n i t e  when th e c o n d it io n

'IZ^ fZ -  - O

i s  s a t i s f i e d ,  which was th e  c o n d it io n  o f n o n -d isp e r sa l  

we found fo r  a com p ressib le  sp h e r e .

I f  d is p e r s a l  o c c u r s , th en  T 3 s i nc e

th e  gx‘a v i t a t io n a l  e f f e c t s  o f th e  clou d  are then sm a lle r  

than th e  s u n 's .  Thus, i f  we tak e account o f  th e  s ig n s ,

y  -  ̂6-'̂ 73ro \
7̂q  — !Y

In g en era l t h i s  eq u ation  (1 5 )  w i l l  be th e  b e s t  

we can o b ta in , but in  c e r ta in  ca se s  we can s im p lify  t l i i s  

ex p r e ss io n  fu r th e r .
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I f  rc

w
c le a r ly  reduces to  2 . "K ^0 0

The ex p re ss io n  fo r  th e  d is p e r s a l  tim e th en  becomes

- f  _  2 & ù * ' - r o ^ ' l é ^ ' -  ^ e " ' -

I f  C o^ trp

then  , fi , /  1/

red u ces t o  î 1   ̂ .

and th e  tim e in  eq u ation  ( 1 5 ) becomes

^  e  ro
^  ” ■ ^^c^tTo

(1 5 )

In a l l  th e se  ex p r e ss io n s  fo r  the d is p e r s a l  

tim e we observe th a t  ^  v a r ie s  l in e a r ly  w ith  th e  

d isp lacem en t 0  . There are no govern in g  fa c to r s  on 

th e v a lu e  o f 0  beyond th e  c o n s tr a in t  th a t i t  must be 

sm a ll. A s a t i s f a c t o r y  ch o ic e  o f v a lu e  fo r  t h i s  a n g le  

would be s in c e  then  th e  d isp lacem en t in

p o s it io n  o f  th e  p a r t ic le  i s  p ro p o r tio n a l to  th e  p o s it io n  

o f th e  p a r t i c l e  r e la t iv e  to  th e  c e n tr e .  We must however 

s t r e s s  th a t  a t  t h i s  p o in t we have in trod u ced  a co m p lete ly  

a r b itr a r y  q u a n tity  in to  th e th eory ; we cou ld  ju s t  a s



w e ll  tak e 0  % , or . Hence from nmf on

th e  tim e can o n ly  be an oxyder o f  magnitude e s tim a te  on ly . 

W ith t h i s  v a lu e  fo r  0  eq u ation s ( 1 3 ) ,  (1 4 ) and' (1 5 )  

fo r  the tim e become

- ^ 3 / 7 (1 7 )

We now have t o  ap p ly  th e se  eq u ation s t o  p h y s ic a l

s i t u a t io n s ,  w ith  num erical v a lu e s .  We s h a l l  do t h i s

fo r  two s i t u a t io n s .  We %fill tak e  a cloud  s im ila r  to
3t>

th e one a lrea d y  d isc u sse d  w ith  a mass fO 9^1and a
/d e n s ity  o f  JO ^  ^/CC • We s h a l l  f in d  th e d is p e r s a l

tim e f o r  v a r io u s  d is ta n c e s  from th e su n , or varying^"^ .
3Ô

We s h a l l  a ls o  take a c lou d  w ith  th e  g iv en  mass o f 0̂

a t a f ix e d  d is ta n c e  from th e  sun and compute th e

d is p e r s a l  tim e fo r  v a r io u s  d e n s i t i e s  (o r  v a r io u s

s in c e  )•
3 '
Let us i n i t i a l l y  take th e  f i r s t  ca se

J  J i'o ^



n e

The c o n d it io n  i s  o a t i s f i e â  fo r

7? <  or about 6

Hence th e in e q u a li ty  i s  s a t i s f i e d  fo r  any c lou d  w ith in  

th e o r b it  o f  J u p ite r , and a s  t h i s  i s  th e o n ly  r e g io n  o f  

in t e r e s t  to  us we can use th e  s im p lif ie d  eq u ation  ( 1? )  

triToughout, g iv in g

3ro^ H 0 -

In trod u cin g  a l l  th e  n ece ssa r y  p aram eters, t h i s

or ^  ^ c o r s  . (^ 9)

The r e s u l t s  o f  th e num erical c a lc u la t io n s  fo r  d i f f e r e n t  

v a lu e s  o f  are most e a s i l y  exp ressed  in  ta b u la r  form . 

The a c tu a l v a lu e s  f o r  we have taken  are f a i r l y  c lo s e  

to  th e  mean o r b it a l  r a d i i  o f  th e t e r r e s t r i a l  p la n e t s ,  

p lu s  one or two o th er  con ven ien t p o in t s . In th e second  

column we in d ic a te  which p la n e t th e v a lu e  o f  taken  

c orre sp ond s  t o .
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DISTANCE PLANET DISPERSAL TIME

6 X 10''  ̂cm MERCURY .027 years

10^̂  cm VENUS .058  years

1 .5  X lo'^cm EARTH .1 1  years

2 .5  X MRS .23 years
4 \  10 ̂ ĉm ASTEROIDS .8̂ 4- years

5 X 10^^cm — 5 .1  years

5 .2 5  X lO'^cm OO

TABitE 1 .  5:h® v a r ia t io n  o f  d is p e r s a l  tim e w ith

o r b it a l  ra d iu s  ^  .

We s h a l l  le a v e  any d is c u s s io n  o f  th e  above 

r e s u l t s  u n t i l  a f t e r  vie have com pleted th e second  

in v e s t ig a t io n »

In  t h i s  ca se  vie tak e a clou d  o f  f ix e d  mass
30

10 t o  be a t  a c o n sta n t d is ta n c e  from th e  su n , th e

d is p e r s a l  tim e i s  then found fo r  v a r io u s  d e n s i t i e s .

S in ce  most o f  us are mo3?e a tta c h e d  to  th e  ea r th  than any 

o th er  p la n e t  we s h a l l  tak e th e  co n sta n t d is ta n c e  to  be 

th a t  o f  th e  e a r th 's  o r b i t , th u s .

Now, th e p er io d  o f r o ta t io n  o f  th e  earth  about 

th e  sun i s ,  by d e f i n i t i o n ,  one y e a r . Hence th e  an gu lar  

v e l o c i t y  o f any body r o ta t in g  a lon g  th e  su n 's  o r b it  must
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be ^  ïï r a c iia n s /y e a r . H ence,

o r  j= ( 2 0 )
a  77

Thus we can in tro d u ce  t h i s  in to  any o f  th e  e x p r e ss io n s  

fo r  th e  t im e , and th e  u n it s  w i l l  then  be y e a r s . For 

th e  ca se  under c o n s id e r a t io n

Hence h  ■T-Tî 'ô  f o r  a l l  ’̂ o >  x lû "  c tr  

Now, fo r  any d e n s ity  th a t  i s  o f  any in t e r e s t  t o  u s ,  

must be g r e a te r  than th e  above v a lu e , and so  once aga in  

th e d is p e r s a l  tim e i s  g iv en  by eq u ation  ( 1 7 )» now 

s im p lif ie d  fu r th e r  by th e  in tr o d u c tio n  o f

c  / r / '  / 2 . 5

g iv in g

r, C
In tro d u cin g  th e  num erical v a lu e s  chosen by us fo r  th e  

q u a n t i t ie s  in to  t h i s  e x p r e ss io n , we ob ta in

^  -  —i i l A d î -----. 3  ̂ y e a r s .

The r e s u l t s  o f  t h i s  num erical c a lc u la t io n  are



g iv en  in  T able 2 .  In  columns 2 and 5 we show th e  v a lu e  

o f  th e  d e n s ity  and number d e n s ity  o f a clou d  c o r r e s 

ponding t o  th e la d iu s  t o  g iv en  in  column 1 . The 

v a r ia t io n  in  tim e w ith  becomes r a th e r  rap id  as

ten d s to  th e  s o lu t io n  o f

3 ^ ^ / 7  — Ô

For t h i s  reason  v a lu e s  fo r  more freq u en t in t e r v a ls  in  

have been con sid ered  near t h i s  s o lu t io n  than in  a 

rangts fu r th e r  away.

Radius 

To c cm')

D en sity

j  [  d '^ icc^

M o.D ensity  
fl (  r to l lc c )

tim e

C ( y e a r s )
IL

2  ̂ 10 

10

9 lo "

5 X 3.0

2 .4  ;( 10^

5 .5  X lO'^

9 X 10
IL

7 .2  X 10 

10 "

.11

.11

.4 6

8 .5  Y 10“ 5 .9  X 10'^ 1 .1 7  X 10'3 1 .2 8

8 .4  % 10'' 4 .0 5  V lo ’̂ 1 .2 3  10 2 .0 7

8 .3  X 10" 4 .1 7  X 10'^ 1 .2 6 5  X 10 6 .3

8 .2 6  ^ lo" 4 .2 4  X 10'^ 1 .2 8 5  X lo'^ 5 4 .4

8 .2 5 7  > 10“ 4 .2 4 2  X lO'^ 1 .2 9  X 10'3 150

8 .2 5 5  X lo" 4 .2 4 4  X 10^ 1 .2 9  X 10'3 oo

TABLE 2 .  Showing th e  v a r ia t io n  o f th e  d is p e r s a l  tim e  

w ith  clou d  d e n s ity .
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Ke ob serve th a t  th e f i r s t  two v a lu e s  g iv en  fo r  th e  

d is p e r s a l  tim e in  th e  above t a b le  are e x a c t ly  th e same* 

From c o n s id e r a tio n  o f th e  form ula we are u s in g , th e  

reason  fo r  t h i s  i s  obvious*

We have

- I  ^

3 ^0  ̂ îIq  —, '7?^  ^

For sm a ll d e n s i t i e s   ̂ and so  t h i s

ex p r e ss io n  red u ces to

-  - T ^

which i s  independent o f  th e  param eter , hence th e

co n sta n t tim e*

P h y s ic a l ly  th e  reason  i s  even more obvious*

When th e  d e n s ity  o f th e c lou d  i s  sm all th e g r a v ita t io n a l  

f i e l d  o f th e c lou d  i s  to o  weak to  have cmy e f f e c t  on th e  

d is p e r s a l  t im e . The d is p e r s a l  tim e in  t h i s  ca se  i s  ju s t  

th e tim e taken by a c o l l e c t io n  o f p a r t i c l e s ,  w ith  no 

in t e r a c t io n ,  o r b it in g  about th e  sun to  sep a ra te  out*

In both  th e  above t a b l e s ,  th e  l a s t  row w ith  a 

d is p e r s a l  tim e o f  oJ> i s  o b v io u sly  th e  c o n d it io n s  when 

th e  c r i t i c a l  d e n s ity  or d is ta n c e  has been reach ed , and 

t h i s  corresponds to  a s o lu t io n  o f
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in  th e  f i r s t  table b e in g  th e  unlcnovm w h ile  in  th e

second ca se  /'q i s  th e  unknown*

From the two ta b le s  g iv en  we can c l e a r ly  draw

some g e n e r a l co n c lu sio n s*  I f  th e  c o n d itio n  con n ectin g

th e  d e n s ity  and p o s it io n  o f a con d en sation  i s  v io la t e d

then  th e  tim e taken  by such a con d en sation  to  d isp e r se

i s  ex trem ely  sm a ll and i s  sm a ller  than th e  o r b i t a l

p er io d  o f  th e co n d en sa tio n , even i f  we on ly  v io la t e  th e

g iv en  c o n d it io n  by a sm all amount. We can th u s in

g en er a l say  th a t  a con d en sa tion  w i l l  e i t h e r  hold

to g e th e r , not d isp e r s in g  a t  a l l ,  or d isp e r se  in  a v ery

sh o rt p er io d  o f  tim e*

What we have a c t u a l ly  found above i s  th e  tim e

req u ired  f o r  one p a r t ic le  a t  a d is ta n c e  from th e

c e n tr e  o f a con d en sa tion  to  be l e f t  belxind by a fu r th e r

d is ta n c e  F q , What we req u ire  i s  th e  tim e taken  fo r

a s ig n i f ic a n t  amount o f  m a te r ia l to  be d is p la c e d . From

th e form ula fo r  th e  d is p e r s a l  t im e , ( 1?)
.L  .  V A

37/(5 -

on uGing 1/ = ^ '  •
%

We see  th a t  th e  d is p e r s a l  tim e i s  independent 

o f  th e  v a lu e  o f ''"o taken and h en ce, once th e o u ter
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p a r t ic le  has been removed a sm a ll amount, th e  n ex t one 

in  w i l l  a ls o  bo removed* Hence in  th e  g iv e n  tim e we 

a c t u a l ly  have a stream  o f  p a r t i c l e s  b e in g  removed and 

thus i t  can be taken  as an e s tim a te  o f  th e  tim e req u ired  

fo r  some o f  th e m a te r ia l t o  be removed.

Thus i f  a con d en sation  was co n sid ered  to  move 

in  a c ir c u la r  o r b i t ,  v io la t in g  th e  g iv en  d e n s it y -  

d is ta n c e  c o n d it io n , a s ig n i f ic a n t  amount o f m a te r ia l  

would be removed in  th e  tim e s  in d ic a te d  in  th e  t a b le s .  

These are a l l  l e s s  than one year fo r  a d e n s ity  in  th e
H  ireg io n  o f /o  ^ ^ /c c  and so  fo r  a c ir c u la r  o r b it  

d is p e r s a l  ta k es  p la ce  in  a r e la t i v e ly  sh o r t t im e .

C le a r ly  th e  problem o f  a con d en sa tion  moving 

in  a c ir c u la r  o r b it  has no r e a l  p h y s ic a l  s ig n if ic a n c e  

a s ,  i f  any ten d en cy  towards d is p e r s a l  e x is t e d  then th e  

con d en sation  cou ld  n ot be formed in  such a p o s it io n  in  

th e  f i r s t  p la c e .  What we have to  c o n s id e r  i s  a 

con d en sation  o r b it in g  about th e  sun on some o r b i t ,  w ith  

t h i s  o r b it  d ip p in g  in s id e  th e  c r i t i c a l  d is ta n c e  from  

tim e t o  t im e . Now th e  d is p e r s a l  i s  r a th e r  more com plex. 

The ten d en cy  t o  d isp e r se  must s t i l l  be p resen t when th e  

con d en sa tion  i s  in s id e  th e  c r i t i c a l  d is t a n c e ,  but now 

when th e  con d en sa tion  re tu r n s  ou tside^ an y d isp e i'sa l
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e f f e c t s  may be re p a ire d  b e fo r e  th e  con d en sation  d ip s  

in s id e  th e  c r i t i c a l  d is ta n c e  a g a in .

We are unable to  g iv e  a r ig o ro u s  p roo f th a t  

t h i s  i s  n ot s o ,  but w i l l  endeavour t o  show t h i s  

q u a l i t a t iv e ly .  L et u s ,  aga in  f o r  th e  sake o f ch oosin g  

some v a lu e ,  c o n s id e r  a con d en sation  moving in  such a 

way th a t  when i t  i s  in s id e  th e  c r i t i c a l  d is ta n c e  i t s  

mean sep a ra tio n  from th e  sun i s  rou gh ly  s im ila r  t o  th e  

e a r th 's  o r b i t a l  d is t a n c e .  Then from th e  t a b le s  we se e
2^ I

th a t i f  i t s  d e n s ity  i s  rou gh ly  s im ila r  to  K> 

d is p e r s a l  o f  amount eq u iv a le n t to  th e  con d en sation  

rad iu s w i l l  be s e t  up in  about 1 /1 0  y e a r . Hence th e  

fu r th e s t  p a r t ic le  i s  now fa r th e r  away ÎTom th e  cen tre  

by a fa c to r  v/l- w ith  a corresponding weakening o f th e  

g r a v ita t io n a l  f i e l d  o f th e co n d en sa tio n . Hence 

r e p a ir in g  t h i s  damage cou ld  o n ly  tike p la c e  where th e  

su n 's  t i d a l  a c t io n  was weakened by more than th e  

corresp on d in g  amount, or i f  th e  o r b it  went o u ts id e  th e  

c r i t i c a l  d is ta n c e  by a d is ta n c e  tim es t h i s  d is ta n c e

Hence p art o f  t h i s  o r b it  must l i e  o u ts id e  J u p ite r 's  

o r b it  b e fo r e .a n y  r e p a ir  can talce p la c e . Such an o r b it  

i s  l i k e l y  t o  spend a tim e g r e a te r  than 1 /1 0  year  in s id e  

th e  c r i t i c a l  d is t a n c e ,  say  about year  (J u p it e r 's  

o r b i t a l  p er io d  i s  10 y e a r s ) .  But in  t h i s  tim e f i v e  

tim es th e damage we have a llow ed  fo r  would be caused  and
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hence t o  r e p a ir  i t ,  by th e  same argument as ab ove, we 

need an o r b it  w ith  a p art o u ts id e  tim es th e

c r i t i c a l  d is t a n c e ,  which now ta k e s  us o u ts id e  Uranus' 

o r b i t ,  which has an o r b it a l  p er io d  o f 84 y e a r s .

H ence, though com plete d is p e r s a l  might n ot t^ike 

p la c e  a f t e r  th e  con d en sation  has dipped in s id e  the  

c r i t i c a l  d is ta n c e  on ce , we appear t o  have reason s fo r  

con clu d in g  th a t  any d is p e r s a l  so  caused w i l l  not be 

rep a ired  w h ile  th e  con d en sation  i s  o u ts id e  th e  c r i t i c a l  

d is t a n c e ,  and so  more d is p e r s a l  ta k es  p la c e  when th e  

con d en sa tion  i s  n ext in s id e  th e  c r i t i c a l  d is t a n c e ,  w ith  

com plete d is p e r s io n  b e in g  th e  f i n a l  r e s u l t .

From a common sen se  p o in t  o f  v iew , t o t a l  

d isp e r s io n  mifeçht be s a id  to  have taken  p la c e  when th e  

outerm ost p a r t ic le  has been d isp la c e d  by about 10 

con d en sation  r a d i i .  Our eq u a tio n s  f o r  th e  d is p e r s a l  

c l e a i l y  do not hold  f o r  such c o n d it io n s  as th e shape 

d i f f e r s  s i g n i f i c a n t ly  from a sp h e re , but c l e a r ly  th e  

tim e w i l l  be l e s s  than 10 tim es th e  tim e req u ired  fo r  

one r a d i i  d is p e r s a l  a s th e  g r a v ita t io n a l  f i e l d  o f  th e  

con d en sation  g e ts  weaker and w eaker. From what we have 

a lrea d y  s a id ,  d is p e r s a l  would th u s come about in  about 

10 o r b it s  and hence th e  t o t a l  tim e req u ired  would be 

te n  tim es th e  o r b i t a l  p er iod  which w i l l  not exceed  about 

I  ̂ y e a r s .
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I t  th u s seems rea so n a b le  t o  con clu d e th a t  th e  

o u ter  la y e r s  o f  hydrogen surrounding th e  heavy core we 

have formed a t  th e  cen tre  o f  th e con d en sation  w i l l  be 

swept away in  a tim e not exceed in g  y ea rs  $ th e  a c tu a l

tim e b e in g  more l ik e  one y e a r . Viliatever th e  a c tu a l  

v a lu e  i s ,  we can be c e r ta in  th a t  i t  i s  a sh o r t tim e  

a str o n o m ic a lly  sp ea k in g . The heavy core  i s  not d isp e r se d  

b ecause o f  i t s  h igh er d e n s it y .

ÂS th e  reader w i l l  no doubt be f a m i l ia r ,  Jeans  

has sp en t co n sid e ra b le  tim e in v e s t ig a t in g  th e  e f f e c t s  o f  

th e  sm i*s t i d a l  a c t io n  on v a r io u s  b o d ie s  ( e . g .  Jeans [20] 

and [ 23 ] ,  *Astronomy & Cosmogony’ and ’The m otions o f  

t i d a l l y  d is to r te d  m asses’ ) .  H is in v e s t ig a t io n s  however 

o n ly  appear t o  cover  th e eq u ilib r iu m  and s t a b i l i t y ,  or  

o th ervrise , o f b o d ie s  a c ted  upon by a t i d a l  f o r c e .  He 

does not g iv e  any e s t im a te s  o f  th e  tim e tak en  by th e  

t id a l  fo r c e  to  cause a p p rec ia b le  e f f e c t s • He on ly  

co n c lu d e s , a s  we have d on e, th a t  i f  th e d en sity -^ d istan ce  

c o n d it io n s  are v io la t e d ,  i n s t a b i l i t y  le a d in g  to  d is p e r s a l  

s e t s  i n .  Jeans* in v e s t ig a t io n s  in t o  th e se  m atters are  

much more d e ta i le d  and r ig o ro u s  than o u r s , but th ere  

does not appear t o  be any way o f  a p p ly in g  h is  r e s u l t s  

so  as t o  g iv e  an e s tim a te  o f  th e d is p e r s a l  t im e . I t  

might be added th a t  t h i s  d is p e r s a l  tim e was o f  no r e a l
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in t e r e s t  to  J e a n s , a l l  he req u ired  was th a t  th e  t i d a l  

a c t io n  o f a p a ss in g  s t a r  cou ld  cau se th e  e j e c t io n  o f  a 

sm all amount o f m atter from th e  su n , t h i s  m a te r ia l then  

b ein g  used a s  th e o r ig in  o f th e  p la n e t s .  . The problem  

in v e s t ig a te d  by Jeans and th e  one in v e s t ig a te d  by us  

are r e la te d  c lo s e ly  enough to  each o th er  fo r  Jeans* 

r ig o ro u s  r e s u l t s  to  add fu r th e r  w eigh t t o  th e  c o n c lu s io n s  

we have drawn from l e s s  r ig o ro u s  m ethods, th a t  d is p e r s a l  

does a c t u a l ly  ta k e  p la c e  in  a sh o rt t im e .

In  * Astronomy and Cosmogony* [2 0 ]  Jeans shows 

t lia t  th e  e f f e c t  o f  a r e s i s t in g  medium on a p la n e t ’ s  

o r b it  i s  t o  reduce th e  e c c e n t r i c i t y  and b rin g  th e  o r b it  

c lo s e r  t o  th e  su n . Hence, i f  some r e s i s t in g  m a te r ia l  

e x i s t e d ,  we have no d i f f i c u l t y  a t a l l  in  red u cin g  th e  

i n i t i a l l y  e c c e n tr ic  o r b it  o f  th e  co n d en sa tio n , and 

p o s s ib ly  o f  th e heavy c o r e , to  th e  n e a r ly  c ir c u la r ,  

o r b it s  we have tod ay f o r  th e  t e r r e s t r i a l  p la n e t s ,  and 

indeed  fo r  th e  major p la n e t s .  Indeed i t  seems v er y  

l i k e l y  th a t  th e m a te r ia l a c t u a l ly  removed from th e  

con d en sa tion  cou ld  a c t  as t h i s  r e s is t in g ;  medium.

There i s  a ls o  th e  p o s s i b i l i t y  th a t  th e  a c tu a l  

a c t  o f  d isp e r s in g  a con d en sa tion  might have th e e f f e c t  

o f  redu cin g  th e  e c c e n t r ic i t y  o f  th e  rem ainder. T h is  

p o s s i b i l i t y  i s  one th a t needs in v e s t ig a t in g  in  th e
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fu tu r e , but w hether t h i s  a c t io n  does redu ce e c c e n t r ic i t y  

or not d oes not a l t e r  or a f f e c t  our c o n c lu s io n s  about 

th e  d is p e r s a l .

These a re  th a t  a con d en sation  d ip p in g  in s id e  

th e c r i t i c a l  d is ta n c e  as d e fin ed  by th e  d e n s ity -d is ta n c e  

r e la t io n  id - l l  be d isp e r se d  in  a sh o r t t im e , a s tr o n o m ic a lly  

sp ea k in g . I f  th e  o r b it  i s  c ir c u la r ,  w ith  th e  conden

s a t io n  c o n t in u a lly  in s id e  th e  c r i t i c a l  d is ta n c e , th e  

same d is p e r s a l  ta k es  p la c e  in  a tim e s l i g h t l y  sh o r te r  

than th e  o r b i t a l  p e r io d , w h ile  t o t a l  d is p e r s a l  occurs in  

a tim e one order o f  magnitude g r e a te r . Thus no grave 

d i f f i c u l t y  e x i s t s  in  co n n ectio n  w ith  th e  rem oval o f  

th e e x c e s s  o u ter  la y e r s  o f hydrogen which surround th e  

heavy core th a t  i s  go in g  t o  form a t e r r e s t r i a l  p la n e t .
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C on clu sion s about th e  o r ig in  o f  

th e  t e r r e s t r i a l  p la n e ts

P r o fe sso r  McCrea [ 3 j  has g iv en  rea so n s fo r  

con clu d in g  th a t  I n t e r s t e l l a r  m a te r ia l in  which s ta r s  

are about t o  be formed c o n s i s t s  o f fragm en ts, or  

flocculeSjm old ing a t  random amongst th em selves and 

probably composed m a in ly  o f  m olecu lar hydrogen, th e  

tempezrature b e in g  about s 0 ^ K  and th e  random speed  

o f  th e  f lo c c u le s  about / . Many s ta r s  would th en

be formed s im u lta n e o u s ly , each  by a g g reg a tio n  o f  

p o r tio n s  o f th e  m a te r ia l th a t happen to  be moving towards 

each o th e r . The p ro cess  producing con d en sa tion s th a t  

grot/ in to  s ta r s  would a ls o  produce minor con d en sation s  

in  m a te r ia l th a t became trapped in  th e  growing g r a v ita 

t io n a l  f i e l d  o f  th e s e  s t a r s .  These minor co n d en sa tion s  

cou ld  o b v io u s ly  form a p la n e ta r y  sy stem . Each o f th e se  

minor con d en sa tio n s would i n i t i a l l y  be b a s ic a l ly  s im ila r  

t o  any o th er  minor co n d en sa tio n , c o n s is t in g  m ainly of 

m olecu lar  hydrogen and w eigh in g  about /o ^ ^ k S   ̂ We 

have dem onstrated in  th e  p roceed in g  work some methods 

by which th e  heavy m a ter ia l in  th e se  co n d en sa tio n s , 

about 1 »̂ o f th e  t o t a l  m a te r ia l by m ass, cou ld  f a l l  to



/  2-7

th e c e n tr e  o f a con d en sa tion  in  th e  v e r y  sh o r t t im e ,  

a str o n o m ic a lly  sp ea k in g , o f  about one y e a r . A ll  o f  

th e se  methods depend on the form ation  o f  very  la r g e  

g r a in s ,  or c lm p s  a s  we have c a l le d  them , w ith  a 

rad iu s o f  rou gh ly  100 o n   ̂ In  two o f  th e se  methods 

th e  growth o f  th e  clumps i s  caused by a c c r e t io n  during  

th e  a c tu a l f a l l i n g  p r o c e s s , w h ile  th e  th ir d  method 

r e q u ir e s  th e  clumps to  be formed b efo re  th e  f a l l i n g  t o  

th e cen tre  o f th e  con d en sa tion  b e g in s . We have shown 

th a t  such clumps cou ld  be formed during th e  p eriod  

when th e  i n i t i a l  f lo c c u le s  are c o l l id in g  to g e th e r ,  

form ing minor co n d en sa tio n s  and s e t t l i n g  in to  th e  

in v a r ia b le  p lan e d e fin ed  by th e  angular momentum o f  

th e sy stem . In  th e se  methods we have assumed th a t  th e  

heavy m a te r ia l con adhere to  the g ra in s  upon c o l l i s i o n  

w ith  them. T h is i s  th e  on ly  b a s ic  p o s tu la te  in  the  

whole th eory  and no r e a l  in v e s t ig a t io n  has been c a r r ie d  

out in to  a mechanism by which t h i s  could  come ab ou t, 

though reason s have been g iv en  to  shox-/ th a t  th e  

p o s tu la te  i s  not im p o ss ib le  to  s a t i s f y .

We have th u s concluded th a t  form ation  o f  a 

heavy core ( th a t  i s  a core c o n s is t in g  o f  th e  h ea v ier  

e lem en ts) a t  th e  c e n tr e  o f a con d en sa tion  can take  

p la c e  in  about one year  sim p ly  by a llo v /in g  th e  clumps
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to  f a l l  under th e g r a v ita t io n a l  a t t r a c t io n  o f  th e  

co n d en sa tio n . The speed  w ith  wiiich each  clump a r r iv e s  

at th e  con d en sation  ce n tre  has been e stim a ted  and found  

to  be o f th e  order o f a k ilo m etre  a secon d . I t  i s  th u s  

n ot so  h igh  as t o  cau se any a n x ie ty  about th e  e f f e c t  o f  

th e  energy r e le a se d  in  th e  r e s u l t in g  c o l l i s i o n  a t  th e  

cen tre  o f th e  condensation* I t  has a l s o  been shown 

th a t i f  th e  con d en sa tio n s are In vo lved  in  c o l l i s i o n s  

b efo re  th e  core  i s  form ed, th e  clumps w i l l  not be l o s t  

from th e  co n d en sa tio n s , but w i l l  be c a r r ied  a lon g  w ith  

them. Hence we con clu d e th a t  th e  form ation  o f th e  

heavy core can trxke p la c e  wtlthout any d i f f i c u l t y .

I f  any such c o n d e n sa tio n ,w ith  a g iven  density^  

ap p roach es,w ith in  a c e r ta in  c r i t i c a l  d is ta n c e  from th e  

sun th en  i t  cannot hold to g e th e r  fo r  lo n g , due to  th e  

e f f e c t  o f th e  t i d a l  a c t io n  o f th e  su n . We have 

estim a ted  th e tim e th a t  must e l la p s e  b efo re  a n o t ic e a b le  

amount o f  d is p e r s a l  o c c u r s , and found t h i s  to  be l e s s  

than one y e a r . F u rth er , i f  th e  con d en sa tion  approaches 

to o  c lo s e  to  th e  sun and th en  receed s  a g a in , we have 

in d ic a te d  th a t  th e  damage caused by th e  approach w i l l  

not be rep a ired  and th u s , under such c o n d it io n s ,  

d is p e r s a l  occurs in  an a stro n o m ic a lly  sh o rt t im e . Due 

to  the s im p l i f ic a t io n s  we have used in  in v e s t ig a t in g
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t h i s  d is p e r s a l  t im e , we cannot be to o  c e r ta in  o f  th e  

ex a c t num erical v a lu e s  o b ta in e d . We would appear t o  be 

s a fe  however in  con clu d in g  th a t  d is p e r s a l  can occu r in  

an a s tr o n o m ic a lly  sh o r t tim e and i s  l i k e l y  t o  be o f  th e  

same order a s  th e  tim e req u ired  f o r  th e  form ation  o f  

th e  heavy c o r e . We n ote  th a t  t h i s  ten d en cy  fo r  

d isp e r s in g  w i l l  n o t be p rese n t in  th e  heavy core a s  i t  

has a much h igh er d e n s it y .  Hence th e  n et r e s u l t  o f  

t h i s  t i d a l  a c t io n  i s  to  remove th e  o u ter  la y e r s  o f  

hydrogen and le a v e  u s  w ith  a sm a ller  body composed o f  

th e  heavy e lem en ts . As th e  h;o tim es (c o re  form ation  

and d is p e r s a l )  are rou gh ly  o f th e  same oi*der, i t  i s  

p o s s ib le  f o r  th e co re  to  be formed even i f  d is p e r s a l  

b eg in s  b e fo re  th e  form ation  i s  conq)leted .

T his rem aining core o f  heavy m a te r ia l i s  

e x a c t ly  what i s  req u ired  fo r  th e  form ation  o f  a 

t e r r e s t r i a l  p la n e t . I t  v A ll have a mass o f  approxi

m ate ly  19p o f  th e  i n i t i a l  mass and hence a Taass 

comparable w ith  th e  t e r r e s t r ia l  p la n e t s .  I t  a ls o  

c o n s i s t s  m ainly o f th e  h ea v ier  e lem en ts , aga in  what i s  

r e q u ir e d . Hence t h i s  i s  in  e f f e c t  a d i f f u s e  p la n e t .  

T his m a te r ia l must now condense under i t s  own 

g r a v i t a t io n a l  a t tr a c t io n  and a t e r r e s t r i a l  p la n e t , a s  

we know i t ,  has been foim ed. I t  i s  t o  be noted  th a t  we
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do n ot s t a t e  th a t th e  heavy core i s  th e  t e r r e s t r i a l  

p la n e t ,  t h i s  core  i s  o n ly  th e  p la n e tso ^  m a te r ia l ,  which  

must condense fu r th e r  b efo re  a p la n e t i s  form ed,

V/e have a ls o  su g g ested  th a t  o th er  o b je c ts  in  

th e  solax- system  co u ld  be formed a s  a b i-p ro d u ct o f  

some o f th e  above e v e n t s .  T h is r e q u ir e s  th a t one o f  

th e Glum p-fcubing mechanisms forms clmaps %&th a  

ra d iu s  in  ex c e ss  o f  /o^  c tf  . These clumps would now 

escap e from th e  surrounding:: co n d en sa tio n s , but n ot  

from th e  s o la r  sy stem . These clumps would th u s have 

r a th e r  e c c e n tr ic  o r b ite  and could  thus form m e te o r ite s  

and co m ets .

As the reader w i l l  tmve r e a liz e d  by now, t h i s  

th eo ry  i s  in  many ways s im ila r  t o  tho group o f  th e o r ie s  

th a t  are commonly known as *Tbe P lan oteslm al T h e o r ie s ’ ; 

’p la n a te s im n l' because th e p la n e ts  are assumed to  be 

formed from an agglom eration  o f  sm all b o d ie s , p ia n o te s— 

im a ls . Such th e o r ie s  were f i r s t  proposed by P r o fe sso r s  

Chamberlin [ 2 4 ]  and Moulton [ 25I  around 1900. T h eirs  

was a s im p le  th e o r y , where m a ter ia l was e je c te d  from 

th e  sun and condensed in to  p la n c ta s im s ls ,  and so  by  

agglom eration  to  p la n e ts .  T h is was o f course during th e  

p er io d  when th e  sun was thought t o  be composed o f  heavy 

m a te r ia l and so  no sep a ra tio n  from th e hydrogen was
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th eo ry  have been proposed} th e  m a te r ia l cou ld  be 

e je c te d  from a compan^ion s t a r  to  th e  sun a s  t h i s  

exploded  a s  a super n ovae, or i t  cou ld  be m a te r ia l l e f t  

over from th e  form ation  o f th e  su n . The more r e c e n t  

t h e o r ie s ,  proposed by Hoyle £2^  a ls o  in v o lv e s  

e j e c t io n  from th e  su n , th e m a te r ia l now form ing a d is c  

about th e  su n , e j e c t io n  b e in g  caused by to o  rap id  

r o ta t io n  o f th e su n . T h is d is c  i s  assumed to  be 

m a g n e tic a lly  coupled  to  th e  su n , a llo if ln g  f o r  a tr a n s fe r  

o f momentum between th e two b o d ie s . As th e  sun 

c o n tr a c ts  angular momentum i s  tr a n s fe r r e d  to  th e  d is c  

ca u sin g  i t  to  move outw ards, Hoyle has shovm th a t  

p la n e te s im a ls , having condensed in  th e c o o lin g  d i s c ,  

w ith  a rad iu s g r e a te r  than /dO cY w i l l  be l e f t  behind  

by t h i s  moving d i s c .  These p la n e te s im a ls  w i l l ,  o f  

c o u r se , c o n s is t  o f the n on -vo la tW lj e lem en ts , which 1/

are e s s e n t ia l l y  th e  same as our heavy e lem en ts , and 

so  sep a ra tio n  o f th ese  from th e  hydrogen has been  

accom p lish ed . T his th eo ry  now req u ired  some means by  

which th e  p la n e te s im a ls  can c o l l e c t  to g e th e r  and form 

a p la n e t .

The clumps formed in  our theoi-y are very  

s im ila r  in  many ways t o  H oy le 's  p la n e te s im a ls . The
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p la n e te s im a ls  c o n s i s t  o f th e n o n -v o la t i le  m a te r ia l w h ile  

th e  clumps are made o f  heavy m a te r ia l. Our knowledge o f  

th e  e a r ly  com p osition  o f  th e  c lou d s and o f  p la n e ta r y  

com p osition  i s  to o  r e s t r i c t e d  f o r  u s to  he a b le  t o  draw 

any c o n c lu s io n s  about th e  v a l i d i t y  o f  e i th e r  th eo ry  from  

a com parison o f th e s e  two f a c t s .  Both th e o r ie s  g iv e  

b e t t e r  agreem ent than most p rev io u s t h e o r ie s .

There e x i s t s  however one fundam ental d if fe r e n c e  

between our th eo ry  and th e  p la n e te s im a l t h e o r ie s .  A fter  

se p a r a tio n  o f th e  hydrogen from th e p la n e te s im a ls  has 

taken  p la c e  th e  p la n e te s im a ls  are s c a tte r e d  in  a d is c  

about th e  v i c i n i t y  o f  th e  su n , and b e fo re  any p la n e t  

can be formed th e se  must a l l  be brought to g e th e r  and 

fu sed  in to  one body. In  our th eory  on the o th er  hand, 

once se p a r a tio n  ta k es  p la c e  our clumps are v ir t u a l ly  

a l l  in  th e same s p o t ,  form ing th e heavy c o r e . I t  must 

be a much sim p ler  ta sk  to  form a p la n e t out o f  th e  

clumps under such c o n d it io n s .

Hence, though in  many ways our th eory  i s  

s im ila r  t o  th e  p la n e te s im a l t h e o r ie s ,  i t  p r e se n ts  a 

g rea t advancement on most o f them in  th a t no ju g g lin g  

i s  req u ired  to  b r in g  th e clumps to g e th e r  to  form a 

p la n e t .

Thus, in  b r ie f  c o n c lu s io n , th e  p ic tu r e  ŵ e
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as f o l lo w s .  F lo c c u le s  are captured  by th e  young su n . 

These c o l l i d e  and form con d en sa tion s w ith  a mass o f  

about 10  ̂ which i s  rou gh ly  e q u iv a le n t to  a major

p la n e t  m ass. By one o f  th e  methods d escr ib ed  a core  

c o n s is t in g  o f th e  heavy m a te r ia l i s  formed a t th e  cen tre  

o f  each con d en sation  in  a com p aratively  sh o r t t im e .

T his co n d en sa tio n , by now o r b it in g  in  sons fa sh io n  in  

th e  in v a r ia b le  p lan e  d e fin ed  by the an gu lar momentum, 

approaches w ith in  th e  c r i t i c a l  d is ta n c e  d e fin e d  f o r  th e  

p a r t ic u la r  con d en sation  d e n s ity  and th e  o u ter  la y e r  o f  

hydrogen w i l l  probably be swept away by th e  t i d a l  

a c t io n  o f th e  sun in  a sh o rt t im e . We are th u s l e f t  

w ith  a sm a ller  o b je c t  composed m ainly o f the heavy  

elem en ts which can now condense fu r th e r  to  form a 

t e r r e s t r i a l  p la n e t .  . I f  th e  i n i t i a l  con d en sation  d oes  

n ot approach too  c lo s e  to  th e  sun t t e n  th e sw eeping  

away o f  th e  hydrogen does not take p la c e  and conden

s a t io n  o f th e  whole body o c c u r s , r e s u lt in g  in  a major 

p la n e t .

One o f th e  major a t t r a c t io n s  o f  t h i s  th eo ry  i s  

th a t  i n i t i a l  c o n d it io n s  can be the same fo r  a l l  th e  

p la n e t s .  They a l l  o r ig in a te  from s im ila r  con d en sa tion s  

c o n s is t in g  o f the same m a te r ia ls . The d if fe r e n c e  in
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th e  f i n a l  p la n e ts  coaes about o n ly  b ecau se some approach  

c lo s e r  to  the sun than o th e r s . The one d isa d v a n ta g e •i s  

th a t  we have to  p o s tu la te  th e  mechanism fo r  th e  growth  

o f  th e  clumps r a th e r  than b e in g  ab le  to  o f f e r  a 

d e f i n i t e  p roo f th a t  such a p ro cess  o f  g ra in  ad herin g  

to  g ra in  can tak e p la c e .

We can however conclude th a t  a s a t i s f a c t o r y  

th eo r y  fo r  th e  form ation  o f th e  t e r r e s t r i a l  p la n e ts  has 

been o u t l in e d .
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In tr o d u c tio n

Throughout t h i s  p art we s h a l l  be in te r e s t e d  

in  s t e l l a r  c l u s t e r s ,  or to  be more p r e c is e  in  th e  

e v o lu t io n  and appearance o f c lu s t e r s  o f s t a r s .  We do 

n ot w ish  to  e n te r  in to  any d is c u s s io n  a s  to  what con

s t i t u t e s  a s t e l l a r  c lu s t e r ,  we ju s t  tak e th e  words t o  

have th e  u su a l meaning a ttach ed  to  them in  astronomy 

and a s tr o p h y s ic s ,  namely a c o l l e c t io n  o f  s ta r s  occupying  

e s s e n t i a l l y  th e  same reg io n  in  space and moving to g e th e r  

through th e rem aining s t a r  f i e l d  a s  one com plete u n i t .

As i s  w e l l  known, a diagram , named a f t e r  them, 

was c o n s t  m e te d  by Rertz sprung and R u s s e l l . T his  

p lo t te d  some measure o f  th e  lu m in o s ity  o f  g iv en  s ta r s  

a g a in s t  t h e i r  c o lo u r . L ater i t  was r e a liz e d  th a t  th e  

c o lo u r  o f  a s t a r  was an in d ic a t io n  o f i t s  e f f e c t i v e ,  or  

b la ck  body, tem p eratu re . A s, fo r  t h e o r e t ic a l  p u rp o ses , 

th e  tem perature i s  much more u s e fu l  a to o l  than th e  

c o lo u r , th e  diagram now became a p lo t  o f  some measure 

o f th e  lu m in o s ity  a g a in s t  some measure o f th e  tempera

tu r e .  U n fo r tu n a te ly , due to  th e  way Hertz sprung; and 

R u s s e ll  had chosen t h e ir  co lo u r  a x is  w ith  th e b lu e  on 

th e  l e f t  imà red towards th e  r ig h t  i t  tu rn s out th a t



th e  tem perature in crea n ee  from th e  r ig h t  to  th e  l e f t  

in s te a d  o f  th e  mor-o u su a l arrangem ent. T h is a x is  has 

been  kept on a s  th e  diagram had become v e i l  knoiim b e fo r e  

th o  tem perature co n n ectio n  became Icncnfm.

When la r g e - s c a le  o b serv a tio n s  o f s ta r s  

s t a r t e d ,  i t  was found more co n v en ien t to  measure th e  

s t a r ' s  magnltudo ra th e r  than i t s  lu m in o s ity . T h is  

magnitude in  sim p ly  some co n sta n t minus th e  logarith m  

o f  i t s  lu m in o s ity ,

O lea r ly  we cou ld  a ls o  w r ite

whore L q  d en otes th e  su n 's  lu m in o s ity .

I t  was a ls o  found th a t  th e  apparent magnitude 

o f a s t a r ' s  b lu e  l i g h t  minus th e  apparent magnitude in  

th e  v i o l e t  reg io n  gave a good in d ic a t io n  o f th e  

tem p eratu re , and so  nowadays th e  o b se r v a tio n a l d ata  are  

g iv e n  in  term s o f  th e  magnitude and fJ -\/ where Q>-\/ 

i s  th e  q u a n tity  ju s t  d e f in e d .

We w i l l  d e sc r ib e  th e  con v ersio n  from one s e t  

o f a x is  t o  th e  o th er  to  ^ ^ ^ J v d t h

some d e t a i l  in  a l a t e r  ch a p ter .
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I f  a s ta r  i s  in  eq u ilib r iu m  th en  i t s  lu m in o s ity  

and tem perature are co n sta n t and so  i t  o ccu p ies  one 

w e l l  d e fin e d  p o in t  in  th e  H ertzsprung—R u s s e ll  d iagram , 

independent o f th e  epoch a t  w hich i t  i s  ob served . I f  

a l l  s ta r s  o f  a c lu s t e r  were s im i la r ,  apart from t h e i r  

m ass, and each one in  e q u ilib r iu m , th en  t h i s  d is t r ib u t io n  

o f  s ta r s  v/ould have a w e l l  d e fin e d  p a t te r n , independent 

o f  ep och . Furtherm ore, any c o l l e c t io n  o f  s ta r s  w ith  a 

s im ila r  mass range sh ould  g iv e  a s im ila r  p a tte r n . Such 

a unique p a tte r n  has been found in  th e  H ertzsprung- 

R u s s e l l  diagram o f most c l u s t e r s ,  and has been c a l le d  

th e  main seq u en ce .

G om on-sense t e l l s  u s  th a t  s ta r s  cannot be in  

o q u ilib r iu m  fo r  a l l  t im e , a s  some e v o lu t io n  must tak e  

p la c e  t o  p rov id e  th e  energy req u ired  to  g iv e  th e  

observed  lu m in o s ity . Hence some s ta r s  i v i l l  not c o n fe r  

to  th e  above p a tte r n . The th eo ry  o f s t e l l a r  in t e r io r  

and s t e l l a r  e v o lu t io n  inform s us th a t t h i s  s ta g e  i s  

reached  when a g iv en  p rop ortion  o f hydrogen i s  con verted  

in t o  h elium . When t h i s  p o in t  i s  p assed  ra p id  exp an sion  

talces p la c e ,  accompanied by c o o lin g  down o f  th e  s t a r .

In  tho H ertzsp ru ng-R ussell diagram t h i s  corresponds to  

a ra p id  m otion t o  th e  r ig h t .  As s ta r s  th a t would 

occupy t h i s  r e g io n  are much la r g e r  in  r a d i i  than th e  

main sequence s t a r s ,  t h i s  branch i s  som etim es c a l le d



th e  g ia n t  branch.

The e v o lu t io n  o f  one s t a r  can then  be d escr ib ed  

a s  f o l lo w s .  For most o f  i t s  l i f e  i t  v d l l  be a s ta r  on 

th e  main seq u en ce , occupying one d e fin e d  p o in t  in  t h i s  

seq u en ce . I t  then  moves o f f  t o  th e  r ig h t  a f t e r  a g iv e n  

p ro p o rtio n  o f i t s  hydrogen has been consumed. Hence, 

th e  b r ig h te r  th e  s t a r ,  th e  q u ick er  i t  moves o f f .

I f  we have a random d is t r ib u t io n  o f  s t a r s ,  

b oth  in  mass and a g e , then  we cou ld  p o s s ib ly  s t i l l  

d e te c t  th e  main seq u en ce, but s ta r s  would be e v o lv in g  

away a t  a l l  p o in ts  a s  both  young b r ig h t s ta i's  and o ld  

n o t so b r ig h t ones would move o f f .  T h is i s  not what i s  

found when we observe s t e l l a r  c lu s t e r s  which su g g e s ts  

th a t  th e  s t a r s  in  a c lu s t e r  are not co m p le te ly  a t  

random in  both  mass and a g e .

I f  we have a random d is t r ib u t io n  in  m ass, but 

n ot in  a g e , then s ta r s  would le a v e  th e  main sequence  

in  an o rd er ly  fa s h io n , th e  b r ig h t  ones le a v in g  f i r s t .

The p a tte r n  would th u s be a main sequence w ith  s ta r s  

th a t  are ju s t  burning th e requ ired  p rop ortion  on th e  

p o in t  o f  moving o f f ,  b r ig h te r  s ta r s  b e in g  t o  th e  r ig h t  

o f  t h i s  p o in t .  T his i s  what i s  observed in  c lu s t e r s  

which su g g e s ts  s tr o n g ly  th a t  s ta r s  in  a s t e l l a r  c lu s t e r  

are a l l  o f  the same a g e . The p o in t a t  which th e  s t a r s
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tu rn  away from th e  main sequence onto th e  g ia n t  branch  

has been c a l le d  Hie main sequence tu r n -o f f  p o in t ,  or  

som etim es ju s t  th e  tu r n -o f f  p o in t .

I f  a l l  th e  s ta r s  o f  a s t e l l a r  c lu s t e r  were 

indeed  formed a t  th e same ep och , then  v ery  u s e fu l  

in fo rm a tio n  con cern in g  s t e l l a r  a g e s ,  lu m in o s ity  and 

d is ta n c e s  can be ob ta ined  j u s t  by comparing th e  

H ertssprung-H usse11 diagram s o f  v a r io u s  c l u s t e r s .  I t  

i s  th u s o f  paramount im portance th a t  we make su re th a t  

tho  assum ption about s t e l l a r  a g es  i s  c o r r e c t .

In t h i s  p a rt we s h a l l  in v e s t ig a t e  two p o in ts  

th a t  a t  f i r s t  s ig h t  appear t o  c o n tr a d ic t  th e  h y p o th e s is  

th a t  a l.l  s ta r s  in  a c lu s t e r  were formed a t  one and th e  

same epoch .

The f i r s t  o f  th e se  p o in t s ,  which we d e a l w ith  

in  ch a p ter  2 ,  i s  concerned w ith  very  youog s t a r s .  Ifw e  

have a v ery  young s ta r  c o n tr a c t in g  from some i n i t i a l  

s t a t e  th en  i t  w i l l  not have had enough tim e to  reach  a 

s t a t e  o f  eq u ilib r iu m  on th e  main seq u en ce. C a lc u la t io n s  

about th e  p o s it io n  o f  such a s ta r  a t  any g iven  tim e  

seem to  be in  c o n f l i c t  w ith  the obseinred p o s i t io n .  In  

t h i s  ch ap ter  2 we g iv e  c a lc u la t io n s  showing th e  g rea t  

im portance o f  what i n i t i a l  c o n d it io n s  we assum e.

In  chapter 5 we d is c u s s  another p o in t th a t  d oes
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n o t appear t o  agree  w ith  th e  assum ption o f  a unique age 

f o r  a s te l la i*  c l u s t e r .  In  a few c lu s t e r s ,  s ta r s  are  

found ly in g  in  a r e g io n  beyond th e  tu r n -o f f  p o in t from  

th e  main seq u en ce , form ing a rough c o n tin u a tio n  to  th e  

main seq u en ce. C le a r ly  i f  ev e ry th in g  i s  s t r i c t l y  a s  we 

have assumed i t ,  th e se  s ta r s  sh ou ld  not be p r e s e n t . We 

ha.ve co n str u c te d  a diagram in  which s ta r s  are assumed to 

have non-unique ages to  se e  i f  such c o n d it io n s  g iv e  a 

b e t t e r  agreement w ith  o b serv a tio n s  or  n o t .

By means o f th e se  two in v e s t ig a t io n s  we hope 

e i t h e r  t o  d isp rove  th e  assum ption th a t  a l l  s ta r s  in  a  

c lu s t e r  are o f th e same a g e , or g iv e  a d d it io n a l ev id en ce  

f o r  assum ing i t  t o  be t r u e .

At th e  r is k  o f  some r e p e t i t io n  we have 

attem pted  to  make each  ch ap ter  i n t e l l i g i b l e  in  i t s  own 

r ig h t  so  we might have to  d e sc r ib e  some methods tw ic e .
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CHAmSR 2

On th e  c o n tr a c t io n  o f  pre-m ain sequence s ta r e

Some astron om ers, e s p e c ia l ly  Walker [ 1 ,2 ,3 ]  

and W hiteoalî [ 4 ]  have observed  w hat, to  judge by t h e ir  

tu x-n -off p o in t  from th e  main seq u en ce , must be v ery  

young c l u s t e r s .  T h ese , b e in g  o b se r v a tio n a l r e s u l t s ,  

are g iv en  in  term s o f th e  apparent v i s u a l  magnitude V  

and , v/tiich i s  an in a ic a t io n  o f  th e  co lo u r  o f

th e  s t a r .  From th e  p o in t  o f v iew  o f  any t h e o r e t ic a l  

woz'k th a t  i s  to  be d on e , th e se  u n it s  are n ot very  

u s o f u l .  The u su a l u n it s  fo r  t h e o r e t ic a l  work are th e  

logarith m  o f tho lu m in o s ity  and tlio logarith m  o f th e  

e f f e c t iv e  or b la ck  body tem p eratu re , or . fog  a g a in s t  

w ith  ob vious meanings f o r  L  and I . Thus 

b efo re  we proceed  w ith  any th o o r e t ic a l  d is c u s s io n  i t  

would be h e lp fu l i f  wo cou ld  con vert the o b se r v a tio n a l  

d a ta  to  th e more u s e fu l  L , I system .

B efore ahy p ro g ress  can be made, th e apparent 

v i s u a l  m agnitude, V  , must be g iv en  in  term s o f th e  

a b so lu te  magnitude ^\J , These are con n ected  by th e

fo l lo w in g  x’e la t io n

h v  :  V  - D .  t1 (1 )

f /  d en o tes  th e  d is ta n c e  modulus o f th e  c l u s t e r .  The
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v a lu e  o f  t h i s  v / i l l  he g iv en  when th e  r e s u l t s  o f work 

on any c lu s t e r  i s  p u b lish e d . Now b e fo re  we can con vert  

t o  lu m in o s it ie s  account o f  em iss io n  in  a l l  freq u en cy  

ran ges must be ta k e n , so  we req u ire  th e  b o lo m etr ic  

m agnitude r a th e r  than th e  v i s u a l  magnitude J î/ . Now

^ h o /  -  / f v  ^  (2 )

where l^ h o l  i s  th e  b o lo m etr ic  magnitude and B  C  

sta n d s  f o r  th e  b o lo m etr ic  c o r r e c t io n . T his b o lo m etr ic  

c o r r e c t io n  depends on th e  c o lo u r  o f  th e s ta r  and ta b le s  

are p u b lish ed  con n ectin g  th e  ti'fo q u a n t i t i e s .

F in a l ly

^  bo( U -  2 ' ^ (5)

where L i s  th e  lu m in o s ity  o f th e  s ta r  and L q  th a t  

o f  th e  su n . We s h a l l  u se  to  den ote th e  q u a n tity

^A(j) » or th e  lu m in o s ity  in  s o la r  u n i t s .  By means ,

o f  eq u a tio n s  ( 1 ) ,  (2 )  and (3 )  above we are th u s a b le  to  

con vert from th e  apparent v i s u a l  magnitude to  th e  

lu m in o s ity  o f a s t a r .

In  h is  book "Structure and e v o lu t io n  o f th e  

s ta r s"  [ 5 l  S chw arzsch ild  g iv e s  a ta b le  o f th e  r e la t io n  

betw een th e  c o lo u r , lî>'\/ , and th e  b o lo m etr ic  c o r r e c t io n  

ft>-C and a ls o  th e  v a r ia t io n  in  tem perature i f i th  

c o lo u r .
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Hence we can con vert from th e  o b se r v a tio n a l V  
a g a in s t  0 - V  diagram to  th e  t h e o r e t ic a l  L ,
I ler tssp ru n g -R u sse ll diagram .

By u s in g  t h i s  method we have con verted  th e  

o u t l in e  o f  th e r e g io n  occupied  by s ta r s  from th e  

observed  d a ta  t o  a t h e o r e t ic a l  diagram in  L.

a g a i n s t 7* , fo r  txfo c lu s t e r s  KGG 226̂ 1̂  and SGC 6530 . 

The r e s u l t s  are g iven  as f ig u r e s  1 and 2 .  These are  

two o f  th e  c l u s t e r s ,  m entioned a t  th e  b eg in n in g  o f th e  

c h a p te r , th a t  have been observed by W alker. Tho t h ir d ,

IC 5146 i s  v ery  s im ila r  t o  th e  o th ers  but c o n ta in s  v ery  

few s t a r s .  For t h i s  reason  no co n version  was ca r r ie d  

o u t . The c lu s t e r  IC 2602 observed  by Whiteoak i s  a ls o  

r a th e r  s p a r s e ly  populated  and so  was not co n v er ted .

The unconverted  diagram s in  V a g a in st  (5-'^  , 

wtixch are v e r y  s im ila r  apart from s i z e ,  to  th e  

diagram , can o f  cou rse be seen  fo r  a l l  fo u r  o f th e se  

c lu s t e r s  in  r e fe r e n c e s  [ l ]  , [ 2] ,  ^  and £ 4] ,  the

o r ig in a l  p u b lic a t io n s  on th e  s u b je c t .

These diagrams show th a t  below  a c e r ta in  

lu m in o s ity  L c, a l l  th e  s ta r s  l i e  t o  th e r ig h t  o f  th e  

main seq u en ce. As th ey  l i e  to  th e  r ig h t ,  t h e ir  

lu m in o s ity  must be g r e a te r  than th a t  o f  a main sequence  

s t a r  o f  e q u iv a le n t  tem perature and a s  th e se  s ta r s
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behave ro u g h ly  l ik e  b la ck  b o d ie s ,

V

b e in g  th e  ra d iu s  o f  th e  s t a r .  Thus th e  r a d i i  o f  

th e s e  s ta r s  under c o n e id e r a t io n  must be g r e a te r  than a 

main sequence s t a r .  T h is ,  to g e th e r  w ith  th e  in form ation  

from th e  tu r n -o f f  p o in t  from th e  main sequence th a t  th e  

c lu s t e r  i s  v e r y  young, le a d s  t o  th e  n a tu ra l in te r p r e ta 

t io n  tloa.t th e se  s ta r s  are s t i l l  in  th e  p ro ce ss  o f  

g r a v i t a t io n a l  c o n tr a c t io n , not having a s  y e t  had enough 

tim e t o  reach  th e  main seq u en ce. Indeed e s t im a te s  o f  

th e  tim e tak en  fni* t h i s  g r a v i ta t io n a l  c o n tr a c t io n  from  

v a n is h in g ly  sm a ll d e n s i t i e s  are  in  f a i r  agreement w ith  

th e age e s t im a te s  d er iv ed  by o th er  m ethods.

Had a l l  members o f  a s t e l l a r  c lu s t e r  s ta r te d  a t  

one and th e  same epoch to  condense from v a n ish in g ly  

sm a ll d e n s it y ,  th en  th o se  noiv having a lu m in o s ity  

f a in t e r  than  Lc would be exp ected  t o  l i e  upon a 

c e r ta in  c a lc u la b le  lo c u s  in  th e  H ex'tzsprung-KuBsell 

diagram . However, in  c a s e s  where age d eterm in ation  

can be c a r r ie d  out f a i r l y  a c c u r a te ly , i t  i s  found th a t  

th e  s ta r s  concerned  l i e ,  n ot on t h i s  lo c u s ,  but much 

n ea rer  t o  th e main seq u en ce . That i s  to  s a y , the  

g r a v i t a t io n a l  c o n tr a c tio n  o f  th e  f a in t e r  s ta r s  in  th e
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c lu s t e r  appears t o  have p rogressed  much fu r th e r  than  

i s  p o s s ib le  w ith in  th e  l i f e t im e  o f  th e  c l u s t e r .

A ll  who have w r it te n  on th e  su b je c t  regard  

t h i s  a s  p r e se n tin g  a v e r y  s e r io u s  problem and some v e r y  

d r a s t ic  s o lu t io n s  have been  p roposed . We w ish  t o  p o in t  

out hc«-7ever th a t  i t  i s  n o t p o s s ib le  to  say  w hether  

th e r e  i s  a r e a l  d i f f i c u l t y  w ith ou t knowing more than we 

do about th e  e a r ly  s ta g e s  o f  th e  p ro cess  o f  form ation  

o f  th e  s t a r s  con cern ed . We have to  c o n tr a s t  th e  p resen t  

problem o f  s t a r s  con d en sin g  on to  th e main sequence a t • 

i t s  lo iter  end w ith  th a t  o f  s t a r s  e v o lv in g  o f f  th e  main 

sequence a t  i t s  upper en d . In  th e  l a t t e r  th e  problem  

i s  w e l l  d e f in e d . In  th e  ca se  o f  th e con d en sin g  s ta r s  

on th e  o th er  hand we do n o t a s  y e t  know what has to  be 

tr e a te d  as i n i t i a l  c o n d it io n s .

We hope t o  i l l u s t r a t e  t h i s  c o n c lu s io n  by th e  

example we are about t o  g iv e .  T h is i s  in ten d ed  to  

support th e  c o n c lu s io n s  to  be s ta t e d ;  i t  i s  not 

in te n d e d , or even su g g e s te d , th a t i t  a r i s e s  from any 

p a r t ic u la r  th eo r y  o f s t a r  fo rm a tio n . In  working t h i s  

example we fo llo w  Su-Shu Huang in  h is  paper " D istr ib u 

t io n  o f pre-4nain-sequence s t a r s  in  th e  H ertzsprung- 

R u s s e ll  diagram" [ 6 ]  and m erely fo r  th e  sake o f  

argument we s h a l l  e x h ib it  th e  consequences o f  supposing
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th a t  a t  some epoch  a l l  th e  s t a r s  concerned have th e  

same mean d e n s it y .

Assume th a t a s t a r  o f mass M  undergoing  

homologous g r a v i t a t io n a l  c o n tr a c t io n  towards th e main 

sequence has lu m in o s ity  L .  when i t s  ra d iu s  i s  , where

(4 )

A , 0^ and are a l l  c o n s ta n ts .

For t h i s  ty jie  o f  s t a r ,  undergoing c o n tr a c t io n ,  

th e  o n ly  so u rce  o f  energy p rese n t i s  assumed to  he t h e . 

g r a v it a t io n a l  ©nergj’’ o f  th e  s t a r  i t s e l f ,  and th e  change 

in  t h i s  a s  th e  st;ar c o n tr a c ts  by an amount à'R. i s  

c le a r ly  p r o p o r tio n a l to

I f  t h i s  c o l la p s e  ta k es  p la ce  in  a tim e d , t  , then

L J t r  -  - C  G- t f ' d k  (6)

where C. i s  a co n sta n t ta k in g  account o f  th e  amount 

o f  en ergy  a c t u a l ly  b e in g  r e le a s e d  a s  lu m in o s ity  r a th e r  

than j u s t  r e le a s e d . ( r  i s  o b v io u s ly  th e  g r a v ita t io n a l  

con stant.C om bin ing  eq u a tio n s  (4 )  and (6 )  g iv e s  us

0  d b  = - C  tr (7 )



Now, i f  no g a in  or lo s s  o f mass ta k e s  p la c e  

d u rin g  t h i s  c o n tr a c t io n  s ta g e  in  any s t a r ,  M o f  

eq u a tio n  (? )  can be co n sid ered  a c o n sta n t and so  th e  

eq u a tio n  can be in te g r a te d  to  g iv e

Now th e  tim e taken  by t h i s  s t a r  t o  c o n tr a c t  

from v a n is h in g ly  sm all d e n s it y  ( i n f i n i t e l y  la r g e  r a d iu s )  

i s  c l e a r ly

I

In  t h i s  form th e  ex p re ss io n  i s  n ot v ery  

u s e f u l  a s  i t  c o n s i s t s  o f  b oth  th e  c o n s ta n ts  C  and 

amongst o th er  q u a n t i t i e s .  A g r e a t s im p l i f ic a t io n  can  

be brought about i f  we u se  s o la r  u n it s  as we w i l l  show.

The H eIm h oltz-X elv in  tim e s c a le  f o r  th e  sun 

(h e r e a f te r  d enoted  by H K u n i t s )  i s  d e fin ed  by 

Chandrasekîiar in  *An in tr o d u c tio n  t o  th e  stu d y  o f  

s t e l l a r  s tr u c tu r e  ' t o  be th e  le n g th  o f tim e fo r  

w hich th e  suncould  go on e m itt in g  r a d ia t io n  a t  i t s  

p r e se n t  r a t e ,  i f  th e  o n ly  so u rces  o f  en ergy  i t  had 

a v a i la b le  was th e  g r a v ita t io n a l  p o t e n t ia l  energy  

r e le a s e d  as th e  sun co n tra c ted  from i n f i n i t y .  T h is i s
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c le a r ly

I - C

where a g a in  d  g iv e s  th e  p ro p o rtio n  a c t u a l ly  r e le a s e d

as r a d ia t io n .

Chandrasekhar has a v a lu e  3 . f o r  th e
S 'a  SC^'i^

co n sta n t C. where fZ i s  th e  power a t  which th e  d e n s ity  

d e c r e a se s  w ith  ra d iu s  in s id e  th e  s t a r  and 'jd i c  th e  

u su a l r a t i o  o f  s p e c i f i c  h e a t s .

With d =• 3 and )T >  ^^3 and th e  u su a l 

n u m erica l v a lu e s  fo r  th e  o th er  n tia n titi.e s  G 

and , Chandrasekhar o b ta in s  a v a lu e  o f  y ea rs

f o r  one H elm h oltz-K elv in  u n i t .

We have assumad homologous c o n tr a c t io n , and 

so  eq u a tio n  (4 )  a p p lie s  to  th e  cun as w e ll  as any o th er  

s t a r , so  .

b e  = %

(As u su a l we u se O  to  den ote any q u a n tity  b e lo n g in g  

t o  th e  s u n . )

S u b s t itu t in g  t h i s  in to  eq u ation  (9 )  g iv e s

Now, i f  we ex p ress  th e  tim e in  ex p r e ss io n  ( 8 )  in  u n it s



I

o f th e  H elm h oltz-K eIvin  s c a l e ,  u s in g  ^  t o  d en ote t h i s

f  C6- , t lo " ' .  Ç «rp’ t s
■V -  T? '

I f  we now u se s o la r  u n it s  to  measure th e  mass 

and r a d iu s  o f  a s t a r ,  u s in g  s c r ip t  n o ta t io n  fo r  t h i s  

u n it s  j ^  e t c .  th en

-Y  -  ' ^ ( 2 - / 3
( / “/3 )  ^

Hence i f  th e  u n i t s  are tak en  t o  be s o la r  u n i t s ,  th e  

tim e o f  c o n tr a c t io n , g iv en  in  th e  H elm h oltz-K elv in  

s c a le  i s  g iv en  by th e  sim p le  e x p r e ss io n  ( 1 1 ) .

In  th e s e  u n it s  eq u a tio n  (4 )  red u ces t o

U

and , 2  (1 2 )

I f  we d e f in e  th e  d e n s ity  and tem perature to  be ^  /

in  s o la r  u n it s  th en  we have th e  fo llo w in g  r e la t io n s

I  =

( !%  -  - f  ^

The f i r s t  b e in g  th e  eq u ation  o f b lack  body 

r a d ia t io n  w h ile  th e  second i s  th e  fundam ental d e f in i t io n  

o f  mean d e n s it y .  By making f u l l  use o f  eq u ation s ( 4 ) ,  

(1 1 )  and (1 2 )  s u b s t i t u t in g  where n e c e ssa r y  we can q u ite  

sim p ly  o b ta in  th e  fo llo v /in g  r e la t io n s .



C o i - f l Y )  -t H  f
3

^  ^  f  (14) 

3

{ü Q  j h  ^ x  f A  ^ ù i i ) - {  ( ^ - 0 1̂ 6 rz (1 6 )  
u - r ^  H A ) ^ l A  )

f  0q"T -  - J - /£ 2 - ^ ^ ) .^ ) f ( » ) ^  (1 7 )
4 Ù -p )  A^/-p) i-fS J

I^-l-^') i^t-KiX-lfi) i g f  -o(-^o^t ~oi ^  6 7 3 )  (18 )

Su-Shu Huang in  h is  paper has w r itte n  dovm 

on ly  t h i s  l a s t  eq u ation  (1 8 ) which c le a r ly  i s  

s u f f i c i e n t  fo r  one t o  be a b le  t o  co n stru ct the  

H ertzB p ru n g -to sse ll diagram fo r  a d is t r ib u t io n  o f  

s ta r s  w ith  any g iv en  a g e , # The a c tu a l method used  

by us in  d e r iv in g  th e se  eq u a tio n s i s  a ls o  d if fe r e n t  

from Bu-Bhu Huang’ s ,  though th e  p r in c ip le  and th e  

treatm en t are th e  same, s in c e  we have s ta r te d  working 

in  co n v en tio n a l u n it s  and in trod uced  s o la r  u n its  a t a
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l a t e r  s ta g e  o n ly  because th ey  o b v io u sly  b r in g  about a 

g re a t s im p l i f ic a t io n ,  w h ile  Su-Shu Huang u se s  s o la r  

u n it s  throughout h is  d e r iv a t io n .

By makiftg a study o f  th e  tr a n s fe r  o f  energy  

through a s t a r ,  ta k in g  account o f th e  eq u ilib r iu m  

( r e l a t i v e ,  as changes tak e p la c e  s lo w ly )  o f th e  s t a r ,  

Henyey L e le v ie r  and lÆvee £&) have computed a s e r ie s  o f  

e v o lu tio n a r y  tr a c k s  fo r  s t a r s  in  th e  g r a v it a t io n a l ly  

c o n tr a c tin g  s ta g e .  From t h e i r  r e s u l t s ,  i t  appears th a t  

fo r  each s ta r  th e r e la t io n  between lu m in o sity  and 

e f f e c t iv e  tem perature may be rep resen ted  as

cx" I (1 9 )

But we a lrea d y  have

w hich le a d s  to

Y
(20)

and so  by u sin g  equation  (1 9 )  we have th a t

^  = 0  7 ?

I f  th e  o p a c ity  o f th e  ou ter  areas o f th e  

c o l la p s in g  s ta r  i s  assumed t o  be g iv en  by m odified  

Kramer*s law as done by Schw arzschild  in  h is  book 

th en  th e  va lu e o f corresponding t o  t h i s  v a lu e  o f ^
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g iv e n  in  (2 0 ) i s  S  ,

I f  in s te a d  o f r e ly in g  on t h i s  law o f o p a c ity

v;e u se th e  r e s u l t s  o f d ir e c t  c a lc u la t io n  by Henyey, 

L e le v ie r  and Levee L8] th e  v a lu e  o f X* tu rn s out to  

be 5’-4- , p rovid ed  th a t  th e  r e la t io n  between th e  r a d i i

and m asses o f main sequence s ta r s  g iv en  by R u sse ll and 

Moore £9 l i s  assumed.

On th e  o th er  hand i f  we c a l ib r a te  by th e  

a id  o f th e  em p ir ica l m ass-lu m ln o sity  r e la t io n  and th e  

tem p era tu re -lu m in o sity  r e la t io n  o f th e  main sequence 

s t a r s ,  we ob ta in

From now on we s h a l l  u se the same v a lu es  as

Su-Shu Huang adopted in  h is  p ap er, a va lu e which i s

about th e  mean o f th e  th ree  g iven  ab ove, so  we take

c /  ^ b-U. and (2 1 )

A ctu a lly  i t  i s  v e r y  sim ple t o  show th a t th e  

above eq u ation s are v ery  in s e n s i t iv e  to  th e  v a lu e  o f »<

With the v a lu e s  o f and fS  g iven  by 

ex p r e ss io n  (2 1 ) ,  eq u ation s (1 3 ) to  (1 8 ) can be 

ex p ressed  in  num erical fora  a s  th e  fo llo w in g
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(22)

/ ( g T  = N2 -f b^zh  7%  f  (23)

“̂ o g X  -  - l > à ^  fc g lP liO 'O J  O 'ér^  (2 4 )

6 g  ^  -  3 %  7 - i8 -2  - I K S '  (^^)

" ^ o g  T  —  ' 3 3 2  - Z  '^S  ( 2 6 )

^  ^  “  I4Q. -1-0/ -^0 '69  (27)

In  eq u a tio n s  (1 3 )  to  (1 8 )  th e logarith m  cou ld  

be tak en  t o  any b ase we p r e fe r r e d , but in  th e s e  

eq u a tio n s i t  has been f ix e d  as b ase /O  .

In th e  r e s u l t in g  diagram , a l in e

o f  f ix e d  d e n s it y ,  a l i n e  o f  f ix e d  a g e , "X  ® l in e

o f  c o n s ta n t mass 7 ^  , which i s  th e  e v o lu tio n a r y  tra ck  

o f th e  s t a r  w ith  t h i s  m ass, are a l l  s t r a ig h t  l i n e s .

Such l i n e s  have been p lo t te d  by Su-Shu Huang in  Viis 

paper and some are shoi'm in  f ig u r e  3 »

For th e  purpose o f t h i s  diagram we have taken  

th e  r e le v a n t  p a rt o f  th e  main sequence to  be a s t r a ig h t  

l in e  g iv en  by
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( 2 8 )

w ith  as g iv en  by Su-Shu Huang. The p o s it io n

o f t h i s  l in e  in  th e  diagram i s  f ix e d  by assuming th a t  

th e  sun i s  a main sequence s t a r ,  th u s ly in g  on t h i s  

l i n e ,  and s o  i f  th e  u n it s  are s o la r  th e  main sequence 

p a sse s  through th e  o r ig in  in  th e  ^  / diagram .

For th e  purpose o f  our i l lu s t r a t io n  we con

s id e r  a s e t  o f  pro-m ain-aequence s ta r s  o f th e typ e under 

c o n s id e r a tio n  th a t  a t some epoch t r ' ^ o  have th e  

p rop erty  th a t  a l l  th e  s t a r s  have th e same mean d e n s ity  

■^vO Ol , or one p ercen t o f  th e  s o la r  mean d e n s ity .  

T h is v a lu e  o f  y? has been chosen sim ply  because we 

had to  choose some v a lu e  b efo re  we cou ld  proceed w ith  

th e  i l l u s t r a t i o n  and 0 0  I i s  a f a i r l y  conven ient 

v a lu e , n u m erica lly  sp eak in g , w h ile  a t  th e  same tim e 

not b e in g  an im p o ssib le  v a lu e  fo r  a s ta r  to  p o s s e s s .  

There a r e ,  as fa r  a s  we are aware, no p h y s ic a l  

p e c u l i a r i t i e s  a ttach ed  to  t h i s  va lu e o f ^  which g iv e s  

i t  p re feren ce  over any o th er  v a lu e .

In  f ig u r e  5 we e x h ib it  th e  l o c i  on which th ese

s ta r s  would l i e  a t  epoch , t v  , t j  ^nd tq . ,

where we have taken
=^>05', é-y-to ^ O U-
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Tho u n it s  in  a l l  c a se s  b ein g  th e  H elm holtz- 

K elv in  c o n tr a c tio n  tim e fo r  th e  sun , and th e  v a lu e  o f  

such an u n it  we have a lrea d y  s ta te d  i s  about y  oars #

However, fo r  our d is c u s s io n  i t  i s  more 

in s t r u c t iv e  to  n o te  th a t  th e lo cu s  fo r  m eets th e

main sequence a t  a p o in t which has th e rough p r o p e r t ie s ,

*^0^^ f 3 , i  -S' O '   ̂ 2 O'à^ 8
and <^2 O • w h ile  th e  corresponding p o in t on th e

lo c u s  fo r  t^o ( th a t  i s  p o in t  o f in t e r s e c t io n  w ith  

th e  main seq u en ce) w ith  th e same va lu e o f '^o^PZ  has 

^ > 0  .
The homologous fa m ily  i s  meant t o  c o n s is t  o f  . 

s ta r s  in  which the lu m in o sity  i s  produced by th e r e le a s e  

o f  g r a v ita t io n a l  p o te n t ia l  energy due to  c o n tr a c tio n  

alone* Were account taken o f the r e le a s e  o f n u c lear  

energy in  th e f i n a l  s ta g e s  o f co n tr a c tio n  we should  have 

th e  ev o lu tio n a r y  tr a ck s  jo in in g  th e  main sequence in  a 

somewhat d i f f e r e n t  way, s im ila r  to  th e  f in a l  s ta g e s  

computed by Henyey, L e le v ie r  and Levee ^ 8^ , but t h i s  i s  

o f no im portance f o r  th e p resen t d is c u s s io n .

I t  i s  t o  be noted  th a t our lo c u s  f o r ,  s a y ,f r - tv  

i s  rou gh ly  l ik e  th o se  p lo t te d  from ob serv a tio n s o f  

young c l u s t e r s ,  fo r  example NGC 2264 and HGC 6530 which  

are our f ig u r e s  1 and 2 ,  taken from o b serv a tio n a l
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r e s u l t s  by Walker £ 1 ,2 ] .  The v a lu e  ~C ? o f  ju s t  

m entioned above i s  o f  th e  order o f th e  age u s u a lly  

a scr ib ed  to  such young c lu s t e r s .  Thus we, in  our 

exanq>le, are  a c t u a l ly  d e a lin g  w ith  th e  s o r t  o f s i tu a t io n  

th a t  i s  o f  in t e r e s t  in  p r a c t ic e ,  even though we are not 

ad voca tin g  any p a r t ic u la r  th eo ry  o f e v o lu t io n .

The l o c i  X. * co n sta n t have, o f c o u r se , th e  

p rop erty  th a t  i f  a s e t  o f s ta r s  o f th e  p resen t type are  

rep resen ted  a t  some epoch by p o in ts  on one o f th e se  

l o c i  th en  a t any la t e r  epoch th ey  must be rep resen ted  

by p o in ts  on an oth er o f th e  l o c i ,  u n le ss  th ey  move on 

to  th e  main sequence in  which ca se  t h e ir  lo cu s  c le a r ly  

becomes th e  main seq u en ce. L oci o f t h i s  typ e  are th e  

o n ly  ones norm ally  con sid ered  h ith e ir to .

The l o c i  ttr « co n sta n t a ls o  however have by 

c o n s tr u c t io n  th e  p rop erty  th a t  i f  th e  s ta r s  l i e  on one 

o f them a t  one epoch th en  th e y  l i e  on another o f them 

a t any o th er  epoch .

There are th ree  fe a tu r e s  about th ose  l o c i  

which are im m ediately  n o t ic e a b le  from a study o f f ig u r e  3 ,  

nam ely,

(a )  The l o c i  o f 6) , 6 ^  , and are a l l

q u ite  d i f f e r e n t  from th e  u su a l - l o c i .

(b ) These l o c i  are a l l  q u a l i t a t iv e ly  s im ila r  to  each

Other*



( c )  They span a tim e in te r v a l  comparable w ith  th e

estim a ted  ages o f th e  known young s t e l l a r  c lu s t e r s ,
7namely som ething o f  th e  order o f /£> y e a r s , or 0 $ 

H elm h oltz-K elv in  u n its*

The p h y s ic a l reason s f o r  th e se  fe a tu r e s  are

e v id e n t •

The age o f  th e  c lu s t e r  w ith in  th e  meaning we 

have in  mind, (c o n tr a c t io n  tim e) i s  th e  tim e requ ired  

fo r  a s ta r  a t th e  low er end o f  th e  main sequence ju s t  

to  reach  th e  main sequence from whatever has to  be 

tr e a te d  as th e  i n i t i a l  s ta te *  Now th e  r a te  o f co n tra c

t io n  i s  h ig h ly  s e n s i t i v e  to  m ass, as can be seen  from 

eq u ation  (2 4 )

^0^ L —3-47 ^  ^ O'tTf ^  ^  0-6

which shoivs th a t the tim e req u ired  i s  p ro p o rtio n a l to  

6 6 power o f th e  mass*

Thus s ta r s  o f mass much l e s s  than th e  one ju s t  

reach in g  th e  main sequence cannot have moved fa r  from  

th e  i n i t i a l  s t a t e  in  th e  a v a ila b le  tim e . T herefore i f  

th e  i n i t i a l  c o n d it io n s  are such th a t a t any epoch th e

pre-m ain-sequence s ta r s  l i e  on a lo cu s ap p rec iab ly  

d if f e r e n t  from th a t  rep r esen tin g  g r a v ita t io n a l  co n tra c

t io n  s ta r t in g  a t  th e same epoch from v a n ish in g ly  sm all
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d e n a i t i e s ,  th sn  t h i s  w i l l  remain th e  case  throughout 

th e  tim e I n te r v a l o f i n t e r e s t .

On f in d in g  a d is t r ib u t io n  o f  p re—m ain-eequence 

s ta r s  such a s  th o se  a lrea d y  .mentioned by u s ,  i t  con

se q u e n tly  seems n a tu r a l to  look  fo r  an ex p la n a tio n  in  

term s o f  i n i t i a l  c o n d it io n s  ( e .g .  th e  observed e f f e c t  

v/ould be produced were th er e  a tendency f o r  s ta r s  o f a 

sm a ller  mass to  be formed b efo re  s t a r s  o f a g r e a te r  

m a ss), r a th e r  than  p o s tu la te  new phenomena such a s  

la r g e  s c a le  mass l o s s  during the g r a v ita t io n a l  con trac

t io n  o f  a s t a r .

As has a lrea d y  been p o in ted  o u t, we can see  

from eq u a tio n s (2 2 )  to  ( 2 7 ) th a t th e r e s u l t  i s  in s e n s i 

t iv e  to  th e  v a lu e  o f . C le a r ly  no su b s ta n t ia l  

changes in  th e  diagram w i l l  occur i f  we change th e  

s lo p e  o f th e  main sequence s l i g h t l y  and hence th e  resu lt  

i s  not s e n s i t iv e  to  th e  v a lu e  o f  ^  e i t h e r .

The c a lc u la t io n s  g iv en  above were ca rr ied  out 

b efo re  a v e iy  im portant paper on th e su b jec t by 

C. Hayashi [icQ came t o  our n o t ic e .  Taking account o f  

the p resen ce  o f a hydrogen co n v ec tiv e  zone in  s ta r s  o f  

l a t e  s p e c tr a l  t y p e , Hayashi con clu d es th a t th e  e a r ly  

p art o f  th e  e v o lu tio n a r y  tra ck  o f a s ta r  o f g iven  mass 

i s  v e r y  d if f e r e n t  from th e  s tr a ig h t  l in e  tra ck s  shown
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in  f ig u r e  5» T his a f f e c t s  th e  age c a lc u la t io n s  and on 

making a llo w a n ces f o r  t h is  Hayashi g e t s  good agreement 

w ith  th e  o b se r v a tio n a l r e s u l t s  fo r  RGC 2264 on mnMpg 

th e  u su a l assum ption th a t a l l  th e  member s ta r s  o f  th e  

c lu s t e r  o r ig in a te d  w ith  an a r b itr a r y  low d e n s ity  a t  

th e  same ep och .

H ayash i‘s  ex p la n a tio n  w i l l  probably be accep ted  

in  t h i s  c a s e ,  and b ecause o f i t s  im portance a s e c t io n  

a t th e end o f  t h i s  ch ap ter has been devoted  to  a 

d is c u s s io n  o f H ayash i's work.

T h e s e -r e s u lt s  do however g iv e  another exançjle 

o f  what we have been drawing a t te n t io n  to  in  th e  

p reced in g  d is c u s s io n ;  th ey  show th a t by a l t e r in g  th e  

i n i t i a l  c o n d it io n  o f  a s t a r  ( in  Hayashi*s c a s e ,  th e  

p resen ce  o f  a hydrogen con v ectio n  zone i s  tak en ) we 

o b ta in  a H ertzsp ru n g-R u sse ll diagram th a t  need not be 

s im ila r  t o  th e  s tr a ig h t  l in e s  found by Su-Shu Huang 

(and a ls o  shovm by us in  f ig u r e  5 ) .  Hence, as regards  

homologous c o n tr a c t io n , H ayashi* e  work su b s ta n t ia te s  

th e  g en er a l c o n c lu s io n s  about th e  im portance o f th e  

i n i t i a l  c o n d it io n s  t o  which we seek  to  c a l l  a t t e n t io n .

I f  we assume any one o f th e  i n i t i a l  c o n d itio n s  

m entioned above we se e  th a t th e p red ic ted  H ertzsprung- 

R u s s e ll  diagram fo r  any young s t e l l a r  c lu s t e r  would be
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a s in g le  tr a c k . T h is tra ck  cou ld  be curved or s tr a ig h t  

depending on which model fo r  t h i s  c o n tr a c tio n  s ta g e  we 

are u s in g , but in  a l l  c a se s  i t  would be a s in g le  tr a c k .  

The l o c i  » c o n s ta n t , L * con stan t and

t  = co n sta n t are a l l  s in g le  l in e  tra ck s  and hence 

any t h e o r e t ic a l  model w i l l  alw ays g iv e  us th e  l o c i  o f  

th e se  young s ta r s  as a s in g le  tr a c k .

From our f ig u r e s  1 and 2 ,  or  from any o f th e  

diagram s g iv en  by Walker j^ l ,2 ,3 j  and Whiteoak £ 4 ] ,  i t  

i s  c le a r  th a t th e s ta r s  observed do not l i e  upon a 

s in g le  l i n e  in  th e  H ertzsp ru ng-H u ssell diagram , but 

r a th e r  occupy a r e g io n  between two cu rv e s , t h i s  band 

b ein g  much w ider than th e r e g io n  occupied  by th e  main 

sequence s ta r s  (which a ls o  should  be a s in g le  l in e  

t h e o r e t i c a l l y ) .  Some d ivergen ce  from a s in g le  tra ck  

due to  th e  u n c e r ta in t ie s  in v o lv ed  in  measuring s t e l l a r  

lu m in o s it ie s  and e f f e c t iv e  tem perature and th e  e f f e c t s  

o f i n t e r s t e l l a r  a b so rp tio n , but th ese  e f f e c t s  would be 

th e  same f o r  a l l  c lu s t e r  members, main sequence or 

pre-m ain seq u en ce, and so  we would not exp ect th e  p r e -  

main sequence band to  be w ider than th e main sequence 

band and so  ap p aren tly  we have a d iscrep an cy  here 

between th eory  (any m odel) and o b serv a tio n .

Varsavsky [ l l ^  has observed a group o f s ta r s
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in  T aurus, presum ably in  th e  g r a v ita t io n a l  c o n tr a c tin g  

s t a g e ,  p h o t o e le c t r ic a l ly  and has compared h ie  r e s u l t s  

w ith  e a r l i e r  o b serv a tio n s  o f th e spectrum o f  th e  same 

group o f  star's conducted by Joy £ 1 2 ].

Comparison o f the two r e s u l t s  can o n ly  have a 

meaning i f  we have th e  two fo llo w in g  assum ptions:

1 ) The s p e c t r a l  ty p e s ,  a s  deduced from the ab sorp tion  

l i n e s  g iv e  th e  c o r r e c t  v a lu e s  f o r  th e  e f f e c t iv e  

tem p eratu re . That i s ,  J o y 's  r e s u l t s  enable us to  

f in d  th e  c o r r e c t  v a lu e  fo r  th e  e f f e c t iv e  tem perature.

2 ) These e f f e c t iv e  tenç>eratures have not a lte r e d  

s i g n i f i c a n t ly  d u rin g  th e  years th a t have e la p sed  

between J o y 's  sp e c tr o sc o p ic  o b serv a tio n s in  1949 and 

V arsavsky'a  p h o to e le c tr ic  o b serv a tio n s o f I9 6 0 .

C le a r ly  th e se  assum ptions are q u ite  g en era l  

and a re  very  l i k e l y  to  be s a t i s f i e d .  On comparing th e  

two s e t s  o f r e s u l t s  V arsavsky f in d s  th a t  the photo

e l e c t r i c  co lou r o b serv a tio n s  do not g iv e  a

unique d e f in i t io n  o f  th e  e f f e c t iv e  tem perature. 'He

shows th a t  fo r  any g iv en  e f f e c t iv e  tem perature, > >

measured s p e c tr o s c o p ic a l ly ,  th e co lo u r  ( 73-V)  v a r ie s  

w ith in  a range o f ap proxim ately  O • S  magnitude from 

t h i s  and alw ays (w ith  th e ex cep tio n  o f 6re  s t a r s )  

towards the b lu e s id e  o f  the normal r e la t io n .
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There i s  no reason  fo r  doubting V arsavsky’ s  

work or f o r  r e j e c t in g  th e  two g en era l assum ptions used  

above. No co n ce iv a b le  reason  e x i s t s  e i t h e r  fo r  th ese  

r e s u l t s  ap p ly in g  o n ly  t o  th e  © tars in  th e  Taurus c lo u d , 

and so  i t  seams n a tu ra l to  conclude th a t  a l l  th e  p r e -  

main sequence s ta r s  in  th e c lu s t e r s  mentioned by us 

sh ould  have t h i s  c o ir s o t io n  o f  up to  0 - 8  magnitude 

a p p lied  t o  them . We n o te  here th a t th e  %'Jtidth o f th e  

pre-m ain sequence band, measured p a r a l le l  to  th e  

e f f e c t iv e  tem perature a x i s ,  i s  ju s t  about 0  & m agnitude. 

Thus i f  t h i s  c o r r e c t io n  were ap p lied  when we transform  

to  th e  tem perature r e s u l t s  from th e co lo u r  

measurement, th e w ide area which th e  s ta r s  appear t o  

occupy would be reduced to  a s in g le  tr a c k .

T his c o r r e c t io n  has been a p p lied  by Varsavsky  

to  MGC 2264; we have done th e  same, to  NSC 6530 .

(A c tu a lly  we have on ly  co rrected  the s ta r s  w ith  th e  

^ o a t e s t  d isp lacem en t from th e  red  border o f th e  band.

I f  th e se  s ta r s  can be co r r e c te d  onto a s in g le  tr a c k ,  

c le a r ly  any s ta r  r e q u ir in g  l e s s  co r r e c tio n  can be 

c o r r e c te d ) .  The tr a ck s  obtained  fo r  both  o f  th e above 

c lu s t e r s  are shown in  f ig u r e s  1 and 2 , superimposed on 

the diagram obtained  by assuming th e  normal r e la t io n  

between 6 W  and th e  e f f e c t iv e  tem perature.
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Hence we can conclude th a t  th e above mentioned  

d iscrep a n cy  between o b serv a tio n  and th eo ry  concern ing  

th e w idth  o f th e  re g io n  co n ta in in g  s ta r s  in  th e  

H ertzsprung-R uSB ell diagram can be r e s o lv e d , but th e  

s o lu t io n  r a i s e s  the problem o f  determ in ing th e  cause o f  

t> iis ir r e g u la r  r e la t io n  between th e  co lo u r  /f t 'V ')  and 

th e  e f f e c t i v e  tem peratu re. Varsavsky su g g ests  th a t  

t h i s  may be due .to  em ission  l i n e s  in  th e  s t a r ' s  spectrum  

to g e th e r  w ith  th e  p resen ce  o f a b lu e  continuum, the  

s tr e n g th  o f th e s e  b e in g  th e fa c to r s  c h ie f ly  determ ining  

th e  co lo u r  o f  th e  s t a r .  I f  th e se  are week the s ta r  

would have normal c o lo u r s , o th erw ise  th e s ta r  would be 

to o  b lu e  f o r  i t s  s p e c tr a l  ty p e .

The d is t r ib u t io n  o f  pre-m ain-seguence s ta r s  

in  th e  H ertasp ru n g-R u ssell diagram

We now tu rn  to  a co m p lete ly  d if f e r e n t  a sp ect  

o f th e  diagram fo r  th e se  pre-m ain sequence s t a r s .  T his  

i s  th e  r e la t iv e  d is t r ib u t io n  o f th e se  s ta r s  in  

com parison w ith  th e  main sequence d is t r ib u t io n .  In  

h is  paper on t h i s  typ e o f  s t a r ,  8u-Shu Huang [  has 

found th e  d is t r ib u t io n  o f th e se  s ta r s  assuming th a t  

s t a r s  are formed a t  a co n sta n t r a t e ,  but has not found
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t i i i s  d is t r ib u t io n  fo r  s ta r s  in  a c lu s t e r ,  a l l  formed 

a t  th e  same epoch.' As t h i s  d is t r ib u t io n  can be a v ery  

im portant t o o l  in  t e s t in g  th e  v a l i d i t y  o f a th e o r y , s in c e  

th e  th e o r e t ic a l  and o b se r v a tio n a l d is t r ib u t io n  must 

(qgree, and as v/e have a lrea d y  obtained  most o f th e  

eq u a tio n s n e c e ssa r y  t o  determ ine t h i s  d is t r ib u t io n  we 

s h a l l  nov; in c lu d e  a d eterm in ation  o f  t h i s  d is t r ib u t io n  

d e s p it e  th e  f a c t  th a t  i t  has no r e a l  con n ection  w ith  

th e co n c lu s io n s  g iv en  above.

We can c l e a r ly  o b ta in  t h i s  d is t r ib u t io n  in  

e i t h e r  o f  tn-'o w ays, g r a p h ic a lly  or t h e o r e t i c a l ly .  

G ra p h ica lly  the- p o s it io n  o f  a pr-a-iaain sequence stai* i s  ■ 

g iv en  by the p o in t  o f  in t e r s e c t io n  o f th e  s tr a ig h t  l in e  

lo c u s  = co n stan t w ith  th e ev o lu tio n a ry  track

o f th e  s ta r  iv ith  th e  g iv en  m ass.

T h e o r e t ic a lly  we have to  tak e  a d is t r ib u t io n  

of m asses such a s  one f in d s  in  a s t e l l a r  c lu s te r  and 

c a lc u la t e  by means o f eq u a tio n s  (22 ) to  (2 8 ) th e  

p o s it io n  o f  th e s e  m asses a t  any g iven  epoch in  th e  

H ertzsp ru n g-H u ssell diagram .

Let us tak e th e  m asses o f th e  s ta r s  concerned

as I f , O if  , by increm ents o î*O  S  to

“ /• /  .
The two eqxwvtions out o f th e  s ix  mentioned  

above th a t are a p p lic a b le  t o  th e  problem under d isc u s s io n
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and

^ (25)

-  3 3 2  ^ I z Z '^ o ^ y ^  - 0 , 7 ^ ^

The v a lu e s  o f ^  and can now be found

fo r  a l l  th e  v a lu e s  o f ^  Riven above i f  we

determ ine a v a lu e  f o r  ^  ♦

I f  th e  v a lu e  o f  ZT we choose i s  too

la r g e ,  th en  a l l  th e  s ta r s  in  th e  above mass range w i l l

have evo lved  onto th e  m ain-seouence and so  th e  requ ired

d is t r ib u t io n  w i l l  not be g iv e n . On th e  other hand i f

we choose too  sm all a v a lu e  fo r  th e s ta r s  might

s t i l l  have, in  e f f e c t ,  an i n f i n i t e  rad iu s and so  would

be o f no u se  fo r  any s e n s ib le  diagram . A va lu e  fo r

th a t avo id s both  th e se  d i f f i c u l t i e s  w h ile  a t

th e same tim e b e in g  a con ven ien t number, n u m erica lly

sp ea k in g , i s  . The age o f th e d is t r ib u t io n

i s  th u s one te n th  o f  th e H elm holtz-K elvin  time s c a le  or 
✓

about 3 year s .  T his tim e i s  th u s c lo s e  to  th e  

estim a ted  age o f  young c lu s t e r s  and so we are in  fa c t  

d e a lin g  w ith  a ca se  th a t i s  l i k e l y  to  e x i s t  in  p r a c t ic e .  

For th e  pu ipose o f t h i s  d isc u ss io n  th e  main—
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sequence i s  aga in  taken  t o  be g iv en  by

7 / » » /o j z  (

th e  u n it s  a ga in  b e in g  s o la r .

I f ,  a s  a r e s u l t  o f our com putation , we f in d  

th a t  a s ta r  has lu m in o sity  and e f f e c t iv e  tem perature 

such a s  t o  p la ce  i t  below ( to  th e  l e f t )  o f th e  main 

seq u en ce , then  c le a r ly  t h i s  s ta r  has reached th e main 

sequence and i t s  p o s it io n  should  be g iven  by so lv in g  

th e  eq u ation  o f  th e  main sequence w ith  th e lo cu s  o f  a

s ta r  o f g iven  mass 0 ^  , namely the eq u ation  obtained

by e lim in a t in g  ^  from eq u ation s (1 5 ) and (1 4 ) above

On elim in ating; we ob ta in

A  £ c A r  + A  ^
In trod u cin g  th e  v a lu e s  we have adopted fo r  th e  co n sta n ts  

( /a n d  p  , namely , (3 -  0'79 in to  th e  above

eq u ation  g iv e s

/ / 3  -f 3-^7
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S o lu tio n  Ox t h i s  eq u ation  w ith  th e  eq u ation  o f  

th e main sequence fo r  each v a lu e  o f  the mass 9*2 g iv e s  

th e  p o s it io n  o f  a s ta r  w ith  mass 9*2 on th e  main sequence  

and hence g iv in g  u s th e  d is t i 'ih u t io n  o f th e  s ta r s  as  

we 11 •
These p o in ts  we Obtain t h e o r e t ic a l ly  u sin g  th e  

d escr ib ed  method should  clo/?o?ly be th e  same as th o se  

g iv en  by th e  in t e r s e c t io n s  o f  th e  lo c u s  o f th e  g iven

m asses^ ^  v i t h  e i th e r  th e  lo o u s or th e

main sequence depending on which o f th e two in te r s e c t io n s

occur n e a r e s t  vo  th e  r ig h t  o f  th e diagram*

The d is t r ib u t io n  we obtained  u sin g  th e  chosen  

v a lu e s  o f  ^  and i s  drawn as f ig u r e  4 .

We n ote  im m ediately  th a t  t h i s  diagram shows a much more 

dense p o p u la tio n  o f th e  main sequence reg ion  than the  

pre-m ain sequence reg ion *  - i t h  th e  mess d is t r ib u t io n  

we havo ta k en , namely = con stan t in t e r v a l ,  we

have in trod u ced  a v ery  stro n g  tendency towards th e  

l ig h t e r  m asses b e in g  p resen t in  g r e a te r  numbers in  th e  

c lu s te r *  With a s t e l l a r  d is t r ib u t io n  in  which th e  

m asses were more e v e n ly  spread out th e  p op u la tion  o f  

th e main sequence would be even th ic k e r  w h ile  th e  p r e -  

main sequence r e g io n  became even more th ic k ly  populated  

C learly  no change in  the d is tr ib u t io n
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Aw i l l  ta k e  p la c e  i f  we change th e  v a lu e  o f .

In d eed , a l l  t h i s  does i s  to  change th e p o s it io n  o f th e  

lo c u s  6  = c o n s ta n t , n ot i t s  d ir e c t io n  and so  th e

p a tte r n  o f in t e r s e c t io n s  w ith  a s e t  o f  p a r a l le l  l i n e s ,  

w hich are th e  l o c i  f o r  th e  d i f f e r e n t  m asses, i s  

u n a lte r e d .

We can th u s conclude t h a t ,  ir r e s p e c t iv e  o f  th e  

p a r t ic u la r  v a lu e s  o f ^  and ZT we ch o o se ,

th e  number o f s t a r s  in  the pre-m ain sequence sbage i s  

ve3?y much sm a ller  than  th e  number on th e  main sequence  

i f  we assume th a t  th e  model fo r  c o n tr a c tio n  d escr ib ed  

by Su-Shu Huang i s  c o r r e c t .

The a c tu a l range o f m asses in  th e  pre-m ain  

sequence c o n tr a c t io n  s ta g e  must a ls o  be v ery  sm a ll.

With th e  v a lu e s  we have chosen we see  th a t  from 

30 -  'X-^^ (a  range o f  seven m agnitudes in  s t e l l a r

b r ig h tn e s s )  th e  mass in c r e a se s  from ^ s o la r  m asses 

to  \  s o la r  m asses in  th e  pre-m ain sequence

r e g io n , w h ile  an in c r e a se  from Z to  ^ s o la r

m asses i s  observed  f o r  a range o f seven  m agnitudes in  

b i'ig h tn ess  a lon g  th e  main seq u en ce. Hence, i f  we were 

to  assume a o n e -to -o n e  correspondence between mass and 

number, th e  r a t io  o f th e  number o f s ta r s  in  main 

sequence and p re—main sequence s ta g e s  over an e q u iv a le n t



b r ig h tn e s s  in t e r v a l  (7  m agnitudes sa y ) i s  about 6 : 1 .

In  a normal c lu s t e r  th e  main sequence would, 

co v er  about th r e e  tim es a s  la r g e  a b r ig h tn e ss  range as  

th e  pre-m ain  sequence s e c t io n ,  hence th e  r a t io  o f  main 

sequence s ta r s  t o  pre-m ain sequence s t a r s  becomes 18 : 1 .

Hence i f  we had about s ix t y  s ta r s  in  th e  p r e -  

main sequence s ta g e  in  a c l u s t e r ,  t h i s  would mean th a t  

th e  t o t a l  c lu s t e r  membership was about 1000 s ta r s  i f  th e  

found d is t r ib u t io n  i s  c o r r e c t»

Now in  a l l  c a se s  o f  young c lu s t e r s  observed  

th e  pre-m ain  sequence branch i s  as t h ic k ly  populated  as  

th e  main sequence branch and c e r t a in ly  more than about 

one s t a r  in  tw en ty  are observed to  be in  t h i s  c o n tr a c tin g  

s t a g e .  Hence we can sa y  th a t  over t h i s  p o in t o f  th e  

s t e l l a r  d is t r ib u t io n  a s e r io u s  d iscrep an cy  e x i s t s  

betw een th e  observed f a c t s  and th e  p r e d ic t io n s  o f  th e  

sim p le  th e o r y , which assumes c r e a tio n  a t  v e r y  low  

d e n s ity  a t  a unique epoch fo r  a l l  s t a r s ,  th e  s t a r s  then  

e v o lv in g  a lo n g  a p ath  found by Henyey and o th e r s , a s

d e sc r ib e d  by Su-Shu Huang.

H ence, q u ite  apart from any d if fe r e n c e s  th a t  

e x i s t  betw een th e  p red ic te d  and observed tra ck s  or 

betw een th e  e s t im a te s  o f  th e  a ge  o f th e se  c lu s t e r s  

u s in g  d i f f e r e n t  methods fo r  measuring i t ,  we can
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con clu d e th a t  th e  a c tu a l number o f s ta r s  in  th e  con - ’ 

t r a c t in s  s ta g e  i s  in  s e r io u s  disagreem ent w ith  th e  

p r e d ic t io n s  o f th e  sim ple th eo ry  d escr ib ed  (but not 

ad vocated ) by Su-Shu Huang and so  i t  appears th a t  t h i s  

th eo ry  must be abandoned in  favou r o f  some th eo ry  wtiich  

ta k e s  more account o f  th e  i n i t i a l  s ta g e s  o f the s ta r s  

as su g g e s te d  by u s .

An account o f  t la y a sh i’s  th eo r y

Hayashi has ob ta in ed  v e r y  d i f f e r e n t  r e s u l t s  

from th e  s t r a ig h t  l i n e  tra ck s shoivn by Su-8hu Huang in  

h is  paper and by us in  f ig u r e  5 by ta k in g  account o f a 

hydrogen co n v ec tio n  zone in  s ta r s  o f la t e  s p e c tr a l  ty p e .

In  a p rev io u s  p aper, Hayashi , to g e th e r  

w ith  H osh i, has in v e s t ig a te d  the ou ter  en velop es o f  

l a t e  typ e g ia n t  s ta r s  and c a lc u la te d  th e lo cu s  t  » 

co n sta n t in  th e  H ertzep ru n g-R u ssell diagram . t  bbe 

c h a r a c t e r is t ic  v a lu e  w hich  determ ines th e  degree o f  

c e n tr a l  con d en sa tion  o f th e  s o lu t io n  w ith  p o ly tr o p ic  

in d ex  , and i s  g iv en  by

For th e  meaning o f th e  symbols th e  reader
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sh ould  c o n s u lt  H ayashi and Hoshi [ l ) ] ;  th e ex a c t meaning 

o f fc i s  n ot im portant f o r  an understanding; o f t h i s  

paper by H ayashi. The maximum v a lu e  which t h i s  fu n c tio n  

can tak e  i s  A-5, beyond which no q u a s i- s ta te  s o lu t io n s  

e x i s t .  In  f ig u r e  5 ,  which i s  reproduced from H ayash i's  

paper ^ 1 (^ , fl'PG d en o tes  t h i s  curve b ~ L 5  fo r  a 

g iv en  mass and ch em ica l co m p o sitio n . (Hayashi does not 

s t a t e  what th e y  are and aga in  t h i s  i s  not im portant fo r  

a g e n e r a l u n d e r sta n d in g .)  Wo q u a s i- s ta te  s o lu t io n s  can 

e x i s t  to  th e  r ig h t  o f  t h i s  cu rv e . i s  th e  u su a l

e v o lu t io n a r y  tra ck  f o r  a s ta r  o f  th e g iv e n  mass found  

by Henyey, L e le v ie r  and Levee £ 8 2 . when a s ta r  i s  

formed in  th e  forb id den  reg io n  to  th e r ig h t  o f A 7G  

Hayashi s t a t e s  th a t  i t  w i l l  a d ju st i t s  in te r n a l  

s tr u c tu r e  in  a r e la t i v e ly  sh o r t p eriod  o f tim e in  such  

a way th a t  i t  ta k e s  up a p o s it io n  on th e curve .

A q u a s i - s t a t e  s o lu t io n  i s  now p o s s ib le  and so  th e  s ta r  

w i l l  s ta y  on t h i s  tra ck  u n t i l  i t  reaches a

p o in t  where i t  can fo llo w  th e  normal e v o lu tio n  found  

by H enyey, L e le v ie r  and L evee, th a t  i s  th e p o in t , 

and th en  e v o lv e s  a lon g  . T h is new track  would

o n ly  be u s e fu l  in  g iv in g  a new H ertzsp ru n g-R u ssell 

diagram i f  th e  tim e tak en  by th e  s ta r  to  reach  

a lo n g  th e  new track  i s  a p p rec ia b ly  sh o r ter  than  th e  

tim e th e  stsj? v/otald need to  ev o lv e  a long th e  conven-
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t io n a l  tr a c k  t o " ^  a lon g  C'^l> . Hayashi assumes th a t  

th e  tim e tak en  by a s ta r  t o  ev o lv e  from w hatever s t a t e  

i t  was formed in  to  some p o in t  on 0 'P Q  i s  sm all 

compared w ith  the tim e taken  to  ev o lv e  t o " ^  and can  

th u s be ig n o r e d . Tio apparent way e x i s t s  o f e s tim a tin g  

t h i s  and s o  we can o n ly  accep t H ayash i's assum ption .

The tim e o f  e v o lu t io n  when th e on ly  source o f  

en ergy a v a i la b le  i s  th e  g r a v ita t io n a l  p o te n t ia l  energy  

o f  th e  s ta r  i s  g iv en  by a s o lu t io n  o f  th e  eq u ation s

c. —'Z. and ir  — -■ C G- n
C / b

w hich are e s s e n t i a l l y  th e  same a s  th o se  a lrea d y  used  by 

us in  th e  p rev io u s  work as eq u ation  ( 6 ) ,  namely

L d h  -  -  ^  ^  c l K

As HayasM i s  in t e r e s t e d  on ly  in  th e  e v o lu tio n  

o f  one p a r t ic u la r  s ta r  a t  any in s t a n t ,  the v a r ia t io n  

o f any q u a n tity  w ith  mass i s  n ot im portant and so  he talces

L  ^

which i s  aga in  e s s e n t i a l l y  th e  same as what we have 

assumed in  eq u a tio n  (4 )

u  ^ f t ÿ  ( . )



( I t  ±B t o  be n oted  th a t  in  h is  paper Hayashi u ses  some

what d i f f e r e n t  n o ta t io n  t o  what we have used  ab ove, but 

we have con verted  b is  n o ta t io n  to  th e  one a lrea d y  d e fin e d  

by us t o  avo id  c o n fu s io n .)

Using: th e  above eq u a tio n s  Hayashi o b ta in s  a 

v a lu e  f o r  th e  c o n tr a c t io n  tim e o f a s ta r  s ta r t in g  from  

an a r b itr a r y  la r g e  rad iu s as

^
where and denote th e  m ass, rad iu s and

lu m in o s ity  o f th e  s t a r  in  s o la r  u n i t s .  The ex p ressio n  

found by u s a s  eq u ation  ( U) was

^  =  0 - ^ V
Hayashi a ssîm es th a t , th e  power o f th e  

ra d iu s  w ith  which th e  d e n s ity  v a r ie s ,  i s  two w h ile  th e
y

v a lu e  used  hy ua to  g iv e  one H#K, u n it  as 3 years

i s  th ree*  U sing t h i s  new v a lu e  o f  rls*. 2L , one H*K*
y 7*2*

u n it  becomes years  or iO years* 5?hus

H ayashi*s r e s u l t s  are e x a c t ly  what we have a lrea d y  

fou n d , and so  no new th eo ry  has been in se r te d  so  f a r .

However, f o r  th e  s t e l l a r  model proposed by 

Hayasi'ii e v o lv in g  a long th e  tra ck  th e  v a lu e  o f

th e  c o n sta n t ^  i s  — 3^ ,̂ $ thus g iv in g  a c o n tr a c tio n
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tim e t o  th e  p o in t  ^  a s  where

Along th e  co n v en tio n a l e v o lu tio n a r y  track  found i n i t i a l l y  

by Henyey and o th e r s ,  th e  v a lu e  o f t h i s  co n sta n t i s  

(H ayashi has used  th e  v ery  approxim ate v a lu e  o f  

0 ,  but we s l ia l l  use t h i s  v a lu e  a lrea d y  g iv en  o f  

0 ^ 9  . )  The c o n tr a c t io n  tim e u sin g  t h i s  v a lu e  fo r y S  

becomes “CP -i 5^7) « ^1) b e in g  th e  same a s d e fin ed  above

Thus th e  tim e req u ired  by a s ta r  c o n tr a c tin g  

in  th e  manner p o s tu la te d  by Hayashi t o  reach th e  p o in t  

i s  v ery  much sh o r te r  than th e  tim e req u ired  by a s ta r  

of eq u a l mass ev o lv in g  a lon g  th e  more co n v en tio n a l tra ck  

g iv e n  by H enyey, Su-Bhu Huang and u s .

In  h is  paper Hayashi g iv e s  th e  H ertzsprung- 

R u s s e ll  diagram he ob ta in ed  a f t e r  a llow an ces had been  

made f o r  t h i s  sh o r te r  ev o lu tio n a r y  tim e and o b ta in s  

good agreem ent w ith  th e  diagram drawn from o b serv a tio n s  

o f  BGC 2264 .

Hayashi however d oes not g iv e  d e t a i l s  o f  how 

he c o n str u c te d  h is  diagram and so  we s h a l l  now attem pt 

t o  c o n s tr u c t  one em ploying s im ila r  methods to  what we 

have a lrea d y  used in  th e  p rev iou s exam ple. So a s  to  

reproduce r e s u l t s  w ith  th e  same c o n d it io n  a s  Hayashi



we s h a l l  u se  ^  (a lr e a d y  d e f in e d )  and th u s a new 

v a lu e  f o r  th e  Helm holtz K elv in  tim e s c a le  o t h ^ V o ' ^  y e a r s .

The eq u a tio n s  Hayashi o b ta in s  in  h is  paper are  

e x a c t ly  th e same a s  th o se  we have a lrea d y  ob ta ined  in  

th e f i r s t  p a rt o f  th e ch a p ter . The on ly  d if f e r e n c e s  

are in  th e  v a lu e  o f  th e  c o n s ta n ts  and . A lo n g /9 P  

Hayashi ta k e s  jZ  t o  be — whi l e  a lon g  th e

v a lu e  i s  0  7 Ÿ  » w h ile  f o r  th e  co n v en tio n a l model th e

v a lu e  i s  ù  7Ÿ a l l  th e  t im e .

We have a lr e a d y  found th e  eq u ation  con n ectin g  

-̂ 0^ ^  and 'Toy' /  a t  any g iv en  epoch , t h i s  was 

eq u a tio n  ( 1 9 ) ,nam ely,

2 - / 3 ^

Tbe lo c u s  in  th e  Hert%sp ru n g-R u sse ll diagram  

o f s t a r s  th a t  have n o t j e t  reached th e  p o in t on

t h e ir  e v o lu t io n a r j  tra ck  i s  th u s g iv en  ju s t  b j  

s u b s t i t u t in g  th e  v a lu e s  o f  ^  and ^  in to  eq u ation  (19)*  

The v a lu e  o f  Ç> we knov; in  - ^ 4 - .  U n fo r tu n a te ly , as we 

have a lr e a d y  m entioned , H ajash i i s  in te r e s te d  p r im a r ily  

1b one s t a r  a t  a tim e and so  no r e la t io n  i s  g iven  between

lu m in o s ity  and m ass, th a t i s ,  no v a lu e  fo r  OC . From

th e  paper by H ayashi and Hoshi , however, we can

deduce th a t  and thus the v a lu e  o f OC i s  / •

1-hue th e  lo c u s  o f  s t a r s  e v o lv in g  in  th e manner
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o s tu la te d  by Hayashi up to  th e  j o in t  i s  g iv en  by

C l )

This equation only holds up to the point ^7^ whioh fes 
a Iroady been defined ss the point where the conven
tional track of a star, d.T> , crosses the Hayashi track 
f^'VIZ . he have already found the ratio of the time 
of evolution to the point along these two tracks
as Ji. s. • t i / y . Thus a star with any given mass 
would reach along >3 in a time 't^i while it
would take a time • 1 'Cf along C.'T’T) , and hence in

''1^the Hart$ssprung«^KuB<56lI diagram the x>olnt » can be 
g iv e n  b j  th e  I n te r s e c t io n  o f  lo c u s  0 1 )

T  =. - ^ C e ^ T  — ^ I  ~

vith the locus of star evolvinp; along with a
time /1 7̂1 , that is equation (27) vith ’Cz./Z^'C/

' t o ^ t  ^  ^ l - 0 ( i tZ^ - t ô é f  (32)

For stars that hive evolved far b e y o n d $ the mode 
of evolution up to the point is immaterial as the
time along both tracks and are short
compared with the time taken by the star to evolve 
from to its present position, hence for these 
stars the locus is equation (2?)
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^ + Ô Ù Ÿ  (2 7 )

The tim e t o  reach  V* i s  sh o r t compared v /ith  

th e  age o f th e  s t a r  v;hen i t  i s  about o f  i t s  age

T/hen t r a v e l l in g  a lon g  O '?  , th u s about '/? 2_ o f i t s

age t r a v e l l in g  a l o n g • The p o in t 6^ vrhere th e  

lo c u s  becomes eq u ation  (2 7 )  i s  th u s g iven  by th e  

in t e r s e c t io n  o f  t h i s  (2 ? )  w ith  eq u ation  (3 1 ) w ith

-C.^71 r, .
The lo c u s  o f  th e  s t a r s  w i l l  thus be the two 

l i n e s  g iv e n  by (2 1 ) and (3 1 )  beyond. ^  and 6) and 

th e  smooth cuinre th a t has th e se  l i n e s  as i t s  ta n g en ts

a t  and ^  betw een and 6^ .

These l i n e s ,  cu rves and p o in ts  have been  

dravm a s  f ig u r e  6 .  The age we have taken fo r  th e  

d is t r ib u t io n  i s  l-2ùi-(û^ years ^ 6 6 ' f )  o r  l

u sin g  H elm holtz K elv in  u n i t s .  T his diagram we see  

c ompares v e r y  favou rab ly  w ith  th e  diagram obtained  

from o b se r v a tio n  o f EGG 2264 or KGG 6330 , and th e  

tr a c k  i s  a l s o  v ery  s im ila r  to  th e  one g iven  ^ y  Hayashi 

in  h is  diagram .

We have a lrea d y  s ta te d  the im portance o f  

o b ta in in g  th e  c o r r e c t  s t e l l a r  d is t r ib u t io n  from any 

th eo ry  con cern in g  th e  g r a v i t a t io n a l ly  c o n tr a c tin g  

s t a r s .  We s h a l l  th u s now fin d  the d is t r ib u t io n  working
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on th e  Hayashi h y p o th e s is  fo r  th e  e v o lu t io n . The 

method we s h a l l  use i s  th e  g ra p h ica l one d escr ib ed  in  

an e a r l i e r  d is c u s s io n  in  th is ch ap ter on d is t r ib u t io n ,  

i e  have tak en  th e  s t e l l a r  d is t r ib u t io n  to  be g iv en  by  

th e in te r c e p t io n  p o in ts  o f  th e  lo cu s  o f th e  s ta r s  a t  

any g iv e n  epoch w ith  th e  ev o lu tio n a r y  tr a ck s  fo r  g iven  

m asses. The e v o lu tio m iry  tr a c k s  fo r  sriasses, 0-I» ,

/-Ol1(p , , XZi^Q and we have taken

from f ig u r e  2 o f  H ayash i's  p ap er, w h ile  th e lo c u s  has 

been taxen  a t  from f ig u r e  3 o f th e  same

paper (o r  our f ig u r e  6 ) .  These in te r c e p t io n  p o in ts  

are e x h ib ite d  in  f ig u r e  ? .

We can aga in  s e e ,  by comparison w ith  th e  

o b s e r v a t io n a l r e s u l t s  o f T alker and W hiteoak, th a t  

t h i s  d is t r ib u t io n  ag rees  b e t t e r  w ith  th e  o b serv a tio n a l  

one ttmn th e  d is t r ib u t io n  we obtained  by assuming th e  

sim p le  e v o lu t io n a r y  p a tte r n  d escr ib ed  by Su-Shu Huang, 

and i s  in deed  v ery  s im ila r  to  th e ob serv â tio n a l  

d i s t r ib u t io n .

Hence we can conclude th a t  H ayash i's th eory  

a g r e e s  v e r y  w e ll  w ith  th e  observed data  anu so  h is  

th eo ry  i s  a g re a t advancement on a l l  p rev iou s woi’k on 

t h i s  phase o f  s t e l l a r  e v o lu t io n .
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ïn  t h i s  ch a p ter  we have shown th e  im portance 

o f  ch o o sin g  proper i n i t i a l  c o n d it io n s  fo r  a s t e l l a r  

c lu s t e r  by means o f  an i l l u s t r a t i v e  exæ nple. H ayashi’s  

th eo ry  b ears t h i s  o u t , ho having a lte r o d  the i n i t i a l  

e v o lu t io n a r y  p ath  o f  a s t a r ,  and indeed i t  appears th a t  

H ayash i’ s r e s u l t s  g iv e  a f a i r l y  good approxim ation to  

the a c tu a l  observed  ev o lu tio n *  We have a ls o  found th e  

d is t r ib u t io n  o f  th e se  pre-m ain sequence s ta r s  working  

on b oth  H ayash i’ s th eo ry  and on the o ld er  th e o r ie s  

d e sc r ib e d  by 8u-Shu Huang. I t  appears th a t  H ayash i's  

g iv e s  a f a i r  aipproxim ation  to  what i s  observed w h ile  

th e o th er  d oes n o t .
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CHAPTER 5

The b lu e  s t a r s  beyond th e  main sequence t u r n -o f f  

p o in t  in  th e  H ertzsp ru n g-R u sse ll dlaftram

Many astrcaaosere and w r ite r s  o f l i t e r a t u r e  on 

th e  H ertzsp ru n g -R u sse ll diagram (one o f th e  most commonly 

p rese n te d  forms fo r  t h i s  diagram b ein g  th e  c o lo u r -  

m agnitude diagram ) a s  r e la t e d  t o  s t e l l a r  c lu s t e r s  have 

commented on th e p resen ce  o f  s t a r s  in  a reg io n  o f t h i s  

diagram  w h ere, a ccord in g  to  p resen t-d a y  b e l i e f s ,  th er e  

sh ou ld  be n on e. T h is  i s  th e  re g io n  to  th e  l e f t ,  or 

b lu e  a id s ,  o f  th e  tu r n -o f f  p o in t  from th e  main seq u en ce, 

th e  a c tu a l  s t a r s  form ing a p a tte r n  corresponding rou gh ly  

to  a c o n tin u a t io n  o f th e  main sequence in  t h i s  r e g io n ,  

though n ot so  t h ic k ly  populated  a s  th e  a c tu a l main 

seq u en ce . The p resen ce  o f  th e se  s ta r s  are v ery  e a s i l y  

d e te c te d  in  th e  g lo b u la r  c lu s t e r  M3 and in  th e g a la c t ic  

c lu s t e r s  MG? and KGC 7789 . The f i r s t  two o f  th e se  

c lu s t e r s  were observed  by Johnson and Bandage £ l , 2 j  

w h ile  NGC 7769 has been observed by Burbidge and 

Bandage [  3 ] ,  S ta re  such as th o se  under d is c u s s io n  have 

a ls o  been  observed in  th e fo llo w in g  g a la c t ic  c l u s t e r s ,  

though n ot a s  c l e a r ly  a s  in  th ree  c lu s t e r s  m entioned  

i n i t i a l l y .  Coma B eren ice s  [ 4 , 3 ]  * Praesepe [G ,7j and 

p o s s ib ly  in  k end P erso i L s ]  •
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Vfurf-ous su g g e s t io n s  have been proposed from  

tim e t o  tim e a s  t o  th e  cau se  o f t h i s  phenomena b u t , a s  

fa r  a s  we can f in d  o u t , none o f th e s e  su g g e s t io n s  have 

been I n v e s t ig a te d  w ith  any d e t a i l .  C onsequently n o th iïg  

d e f in i t e  i s  known about th e  e x te n t  o f  th e  agreement 

betw een t h e o r e t i c a l  p r e d ic t io n s  based on th e se  su gges

t io n s  and th e  observed  f a c t s .  As th in g s  stand  a t  th e  

moment we are n ot in  a p o s it io n  e i t h e r  t o  accep t or  

r e j e c t  any o f  th e  proposed th e o r ie s .

One o f  th e s e  su g g e s t io n s  i s  th a t  th e form ation  

o f  s t a r s  in  a s t e l l a r  c lu s t e r  i s  a con tin uou s p ro cess  

and n o t co n fin ed  to  any p a r t ic u la r  epoch in  th e  

t i is to r y  o f  th e  c lu s t e r .  As a r e s u l t ,  s t a r s  in  such a 

c lu s t e r  have a range o f d i f f e r e n t  a g e s . A d ir e c t  

consequence o f  t h i s  i s  th a t  s ta r s  o f s im ila r  mass and 

co m p o sitio n  have consumed vary in g  amounts o f hydrogen  

and are  th u s in  vary in g  s ta g e s  o f e v o lu t io n . Hence 

some s t a r s  w ith  a g iv e n  mass can occupy a p o s it io n  on 

th e  main sequence w h ile  o th ers  w ith  a s im ila r  mass 

have ev o lv ed  to  th e  r ig h t  o f t h i s  main seq u en ce. There 

cou ld  th u s  be a turn—o f f  p o in t d e fin ed  by th e  e v o lu t io n  

o f th e  o ld e r  s t a r s  to g e th e r  w ith  a l e s s  h e a v ily  

p op u la ted  c o n tin u a tio n  to  th e  main sequence beyond  

t h i s  p o in t  c o n s is t in g  on ly  o f the younger s t a r s .  I t
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i s  th e  purpose o f t h i s  ch ap ter  to  in v e s t ig a t e  w hether  

a c lu s t e r  formed in  a co n tin u o u s p ro ce ss  a s  su g g ested  

above v a i l  have a H ertzsp ru n g -I îu sse ll diagram s im ila r  

to  what i s  observed  in  th e  above m entioned c l u s t e r s ,  or 

n o t .

C le a r ly  what we have t o  do i s  t o  produce a 

t h e o r e t i c a l  H ertzsp ru n g-R u sse ll diagram fo r  a s t e l l a r  

c lu s t e r  in  which th e  s ta r s  were foimied a t v a r io u s  . 

ep o ch s , and hence now p o s s e s s  a v/ide range o f a g e s .

T h is diagram must th en  be compared w ith  th e  one we can  

draw from o b serv a tio n s  o f one o f th e  c lu s te r s  under 

d is c u s s io n .  We s h a l l  assume th a t  v;h ile th e  form ation  

o f s t a r s  in  a c lu s t e r  i s  ta k in g  p la c e ,  s ta r s  are fonned  

r e g u la r ly .  That i e ,  a new s ta r  w i l l  appear r e g u la r ly  

a f t e r  a f ix e d  p er io d  o f tim e has e la p se d . The problem  

o f c o n s tr u c t in g  a t h e o r e t ic a l  H ertzsp ru n g-R u sse ll 

diagram i s  now much sim p ler  than i f  form ation  o f th e  

s t a r s  was a random p ro cess  in  t im e . We now have t o  

f in d  th e  p o s i t io n  in  th e  H ertzsp ru n g-R u sse ll diagram  

o f s t a r s ,  v /ith in  a g iv e n  range o f  m asses, whose a g es  

are determ ined  by th e  r e g u la r ity  o f t h e ir  form ation .

Our problem  i s  th u s t o  c a lc u la te  th e  lu m in o sity  and 

e f f e c t i v e  tem perature o f any s ta r  w ith  a g iv en  m ass, 

i t s  age a l s o  b e in g  known a s  we have f ix e d  th e  epoch

o f i t s  fo rm a tio n .
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P r o fe s so r  Hpyle has r e c e n t ly  p u b lish ed  two 

papers "The a g es  o f  typ e I  and typ e I I  su b -g ia n ts"  [ 9 ]  

and "On th e  main sequence band and th e  H ertzsprung gap" 

(IqI . Both o f  th e s e  papers co n ta in  v a lu a b le  infoz^mation 

abolit th e  v a r ia t io n  o f  th e  lu m in o s ity  and e f f e c t iv e  

tem perature o f  s t a r s  w ith  g iv e n  m asses as th e y  e v o lv e .

We s h a l l  make u se  o f  th e  in form ation  con ta in ed  in  both  

o f  th e s e  papers when we c a lc u la te  th e  p o s it io n  o f s ta r s  

in  th e  H ertzsp ru n g-R u sse ll diagram a t  d i f f e r e n t  ep och s. 

Ko a tte n ç )ts  have been made by us to  r e c a lc u la te  or 

m odify any o f  th e se  r e s u l t s ;  th e y  have been taken  as  

p u b lish e d  by H oyle.

In  t a b le s  1 , 2  and 3» which show th e  e v o lu tio n  

o f  th r e e  d i f f e r e n t  ty p e s  o f s t a r s ,  th e  v a lu e s  o f th e  

lu m in o s ity  and e f f e c t iv e  tem perature a t  any g iv e n  tim e  

are ta k en  from H o y le 's  papers w h ile  th e o th er  q u a n t it ie s  

in v o lv e d  have been c a lc u la te d  by u s ,  making use o f  

H o y le 's  r e s u l t s  i f  n e c e ssa r y . A ccording t o  Hoyle th e  

f i r s t  row in  each  o f th e se  ta b le s  g iv e s  th e  v a lu e  o f  

th e  q u a n t ity  concerned when helium  burning b eg in s  in  

th e  s t e l l a r  i n t e r i o r .  In  th e  second column we g iv e  ' 

th e  age o f th e  s t a r  a t any s ta g e  u sin g  th e  s ta te d  tim e  

fo r  helium  burning t o  b eg in  as a u n i t .  A ll logarith m s  

in  th e s e  t a b le s  have been taken to  b ase 10 .
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U sing th e s e  t a b le s  we can c le a r ly  p lo t  th e  

logarith m  o f  th e  lu m in o s ity  a g a in s t  th e  logarith m  of 

th e  tem perature fo r  a l l  th e  v a lu e s  g iv en  in  th e se  

t a b l e s .  The r e s u l t in g  diagram would be th e  ev o lu tio n a r y  

tra ck  in  th e  H ertzsp ru n g-R u sse ll diagram o f th e  

p a r t ic u la r  s ta r  con cern ed . Each p o in t  p lo t te d  on t h i s  

tr a c k  w i l l  have a s s o c ia te d  w ith  i t  th e tim e (whose 

v a lu e  can be found from th e t a b le s )  th a t  must e la p se  

b e fo r e  a s t a r  w ith  th e  g iv en  p r o p e r t ie s  can ev o lv e  to  

t h i s  p o in t .  These e v o lu tio n a r y  tr a c k s  have been drawn 

and th e  p o in ts  a s s o c ia te d  w ith  th e tim es g iven  in  th e  

t a b le s  have been in d ic a te d . They are e x h ib ite d  a s  

f ig u r e s  1 ,  2 and 5 . For co n v en ien ce , in  a l l  o f  th e se  

diagram s we have taken  th e lu m in o s ity  o f th e  sun as a 

s c a le  f a c t o r  and have th u s p lo t t e d  a g a in s t

(w ith  ob v iou s n o ta t io n ) ,  hence reducing th e  

lu m in o s ity  s c a le  t o  more con ven ien t num erical v a lu e s .

The main sequence and a co n tin u a tio n  o f th e  e v o lu t io n 

ary  tr a c k  beyond th e helium  burning s ta g e  are a ls o  

in c lu d ed  in  th e se  d iagram s. More w i l l  be sa id  about

th e se  l a t e r .

We se e  im m ediately  from th e se  th ree  diagrams 

th a t  th e  e v o lu tio n a r y  tr a c k  in  f ig u r e  1 i s  very  

d i f f e r e n t  fix>m th e  tr a ck s  in  f ig u r e s  2 and 3* 2”or
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t h i s  rea so n  we s h a l l  now d iv id e  th e  in v e s t ig a t io n  in to  

two p a r t s ,  one fo r  tr a ck s  such as shorn in  f ig u r e  1 

which i s  f o r  m asses g r e a te r  than one s o la r  m ass, and 

ono f o i ’ th e  combined f ig n r o s  2 and 3 which apply  fo r  

m asses in  th e  neighbourhood o f  one s o la r  m ass.

In  th e  second o f  th e  two paper's mentioned  

a b ove , I r o f e s s o r  Hoyle has comparod, by means o f  a 

diagram , th e  e v o lu tio n a r y  tra ck s  of s t a r s  vd th  v a r io u s  

d i f f e r e n t  m asses. Hoyle has used th e b o lo m etr ic  

m agnitude a s  o rd in a te  in s te a d  o f th e  logarith m  o f th e  

lu m in o s ity  as used by u s .  The con n ectio n  betv/een th e  

two q u a n t i t ie s  i s

M w  =  - 2 - i  O )

as can be seen  in  A lla n 's  ' A stro p h y sica l Q u a n tit ie s '  

[ l l ^  fo r  exam ple, where M feol i s  th e b o lom etr ic  

m agnitude and L q  i s  th e  s o la r  lu m in o s ity .

Hence th e  b o lom etr ic  magnitude used by Hoyle 

i s  e s s e n t i a l l y  th e sam e, apart from added c o n s ta n ts ,  

a s th e  logarith m  o f th e  lu m in o s ity .

8o a s  t o  be ab le  to  uso th e  same s c a le  fo r  

a l l  th e  tr a c k s  to  be compared, Hoyle has taken th e  

lu m in o s ity  a t  zero  age and e f f e c t iv e  tem perature a t 

z ero  age o f th e  s t a r s  in  q u estio n  as a s c a le  fa c to r



f o r  th e  t r a c k s .  For t i l l s  rea so n  a l l  th e  tr a c k s  o r ig in a te  

from th e  same p o in t  ( th e  o r ig in )  in  th e diagram .

T h is diagram  has been  reproduced by us and i s  

in c lu d ed  a s  f ig u r e  4 .  I t  u n d e r lin e s  th e  d i f f e r e n c e s ,  

m entioned ab ove, betw een th e  tr a c k  o f s ta r s  comparable 

in  mass v iith  th e  sun and th e  tr a c k  o f  s ta r s  h ea v ier  . 

than t h i s .  I t  a l s o  shovrs th a t th e  ev o lu tio n a r y  tr a c k s  

fo r  a l l  m asses g r e a te r  than th e  s o la r  mass are  

e x c e e d in g ly  s im ila r  t o  each o th e r , i r r e s p e c t iv e  o f m ass, 

and d i f f e r  o n ly  in  t h e ir  zero  age p o s it io n  on th e  main 

seq u en ce . T h is  s u g g e s ts  .that fo r  t h i s  typ e o f s ta r  a l l  

we have t o  do t o  move from one tr a ck  to  th e  tr a ck  o f  

an oth er  s t a r  i s  to  s l id e  th e  i n i t i a l  tra ck  a lon g  th e  

main seq u en ce u n t i l  th e s t a r t in g  p o in t i s  in  th e  proper  

p la c e .

In  a paper e n t i t l e d  "The t r a n s i t io n  from  

hydrogen burning t o  helium  burning in  a s t a r  o f  mass '•,

Emil ,1. P olak  [l2%  has c a lc u la te d  th e  v a lu e s  o f  th e  

lu m in o s ity  and e f f e c t i v e  tem perature o f  a s ta r  o f f i v e  

s o la r  m asses fo r  g iv en  ages as e v o lu tio n  p r o g r e s se s .

The e v o lu t io n a r y  tra ck  so ob ta ined  compares favou rab ly  

w ith  th e  tr a ck  f o r  a mass c a lc u la te d  by Hoyle

and e x h ib it e d  a s  f ig u r e  1 by u s .

There th u s  appears to  e x i s t  stron g  ev id en ce

fo r  assum ing th a t  th e  ev o lu tio n a ry  tra ck s  f o r  any mass
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s i g n i f i c a n t ly  g r e a te r  than one s o la r  mass w i l l  be 

q u a l i t a t iv e ly  s im ila r  t o  th e  ev o lu tio n a ry  tra ck  fo r  any 

o th er  mass in  t h i s  ra n g e , but d i f f e r in g  ap p rec ia b ly  

from th e  ev o lu tio n a ry  tr a c k s  f o r  a s ta r  w ith  a mass . 

s im ila r  t o  th e  su n .

As a lrea d y  m entioned we shaJ.l now co n sid er  

th e se  two mass ranges s e p a r a te ly  and attem pt to  co n stru c t  

a t h e o r e t ic a l  H ertasp ru n g-R u ssell diagram fo r  each o f  

them in  tu r n .

Masses s i g n i f i c a n t ly  g r e a te r  than one s o la r  m ass.

In  order t o  c o n str a c t  a th e o r e t ic a l  H ertzsprung- 

H u sse ll diagram we re q u ire  in form ation  about th e  

lu m in o s ity  and e f f e c t i v e  tem perature o f s ta r s  f o r  a 

range o f  d i f f e r e n t  m asses. ' So f a r ,  we are on ly  in  

p o s s e s s io n  o f t h i s  in form ation  fo r  one m ass, 3 89 s o la r  

m asses a s  g iv en  in  ta b le  1 . We thus req u ire  some means 

o f  g e n e r a liz in g  t h i s  in form ation  so th  t  we have 

loîow'ledge about o th er  masses a s  w e l l .

We have a lrea d y  p o in ted  out t h a t ,  to  th e  b e s t  

o f our know ledge, th e ev o lu tio n a ry  tra ck s  fo r  a l l  

m asses in  th e  range nov? under co n s id e ra tio n  are  

q u a l i t a t iv e ly  s im ila r  to  each o th e r . Thus fo r  any 

sm a ller  mass range com p letely  included  in  t h i s  mass 

range (su ch  a s  we would have fo r  the s ta r s  in  th e



reg io n  o f  th e  main sequence t n m - o f f  p o in t )  th e  

e v o lu tio n a r y  tr a ck s  are hound to  be s im ila r  to  each  

o th e r , th e  on ly  d if fe r e n c e  between them being t h e ir  

a c tu a l p o s i t io n  in  the d iagfam , th e g r e a te r  th e  mass, 

th e  fu r th e r  a lon g  th e  main sequence the track  would 

jo in  th e  main seq u en ce. The tim e requ ired  by a s ta r  

to  e v o lv e  a lo n g  any g iv en  p art o f th e tra ck  would a ls o  

o b v io u s ly  depend on th e  mass (aason :̂ o th er  th in g s  

p o s s ib ly ) .  Thus, b e fo re  we can obta in  th e  in form ation  

about th e  lu m in o s ity  and e f f e c t iv e  tem perature, we have 

to  f in d  th e  v a r ia t io n  in  th e tim e s c a le  and a ls o  the  

p o s it io n  a t  which th e  track  le a v e s  th e  main sequence 

fo r  a l l  th e  m asses concerned .

In  a paper e n t i t l e d  "Main sequence stars"  by  

H azelgrove and Hoyle [  1?] v a lu es  are g iven  fo r  th e  

m ass, lu m in o s ity  and e f f e c t iv e  teiqperature o f main 

sequence s t a r s .  For th e mass range we are in te r e s te d  

i n ,  nam ely masses in  th e  reg ion  o f 3 89 IIq (which i s  

th e mass fo r  which th e  ev o lu tio n a ry 'tra ck  i s  known) 

wo f in d  th e  fo llo w in g  q u a n tit ie s  g iv e n .
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Mass ( /o^^gms ) lu m in o s ity  ( /o ^ ^ r g /s e c ) E f fe c t iv e  tem perature

5 .7 4 0 7 5 .8565 15090

5 .8 5 4 2 7 .4701 15960

7 .7 5 8 4 1 .2027  X 10 18410

1 1 .8 4 1 4 ,4 0 2 0  X 10 21850

1 7 .7 5 1 1 .6 5 9 4  X 10^ 26950

T h is in foza ia tion  a llo w s us to  f in d  two o f th e  

f a c t s  we r e q u ir e  fo ï’ th e co n stru c tio n  o f a H ertasprung- 

R u s s e ll  d iagram . The two columns r e la t in g  lu m in o sity  md 

e f f e c t i v e  tem perature o b v io u sly  allov; us t o  p lo t  th e  

main sequence in to  any diagram we w ish  to  co n stru c t  

fo r  t h i s  range o f m asses. As we ex p e c t, we f in d  th a t  

th e  r e la t io n  betw een lu m in o sity  and e f f e c t iv e  tem perature  

i s  f a i r l y  c lo s e  to  th e  rough r e la t io n  u s u a lly  used fo r  

t h i s  pax’t  o f th e  main sequence o f

Lc  ̂ L t  7 7 -t Cotsi^iirt

From th e  above in form ation  we can a ls o  f in d  

a r e la t io n  between mass and lu m in o sity  in  th e reg io n  o f  

4 s o la r  m a sses , th a t I s  in  the reg ion  o f •

We can w r ite
- { o j  L -  ^  n  ^  ^



f o r  t h i s  sm a ll r e g io n , where A  and 6  do not depend 

on t t o  lu m in o s ity  or the mass and can th u s be tr e a te d  

as c o n s ta n ts  f o r  t h i s  p urpose. Using th e  Inform ation  

g iv en  above we can c le a r ly  ev a lu a te  th e se  co n sta n ts  fo r  

th e req u ired  ran ge. These tu rn  out t o  be

A -  3 ' O S  j  6 -

Hence in  th e  r e g io n  o f 4  s o la r  m asses, which i s  th e  

r e g io n  we are in te r e s te d  i n ,  th e  r e la t io n  between  

lu m in o s ity  and mass fo r  s ta r s  on the main sequence i s

i - o ^ /. =  3  0 ^  —<^7 <2^ (2 )

We n o te  th a t  t h i s  a 'tcees very  w e ll  w ith  th e  rough 

r e la t io n  g iv en  by A llen  [ i l l  fo r  t h i s  p art o f th e  main 

sequence w ith  m asses g r e a te r  than th e  s o la r  mass o f

L
As vre have a lrea d y  concluded th a t the  

e v o lu t io n a r y  tr a c k s  fo r  a l l  the s ta r s  in  t h i s  mass 

range are  s im ila r  t o  each oth er in  shape, d i f f e r in g  

on ly  in  p o s i t io n ,  a r e la t io n  s im ila r  to  th e above 

eq u ation  (2 )  must hold fo r  any sa t o f eq u iv a len t p o in ts  

on a l l  th e  t r a c k s ,  th e  on ly  d iffe r e n c e  b ein g  in  th e  

co n sta n t Q • T h is i s  so  because on moving a lon g a 

tra ck  wo keep th e  mass f ix e d  and to  move to  any
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e q u iv a le n t  p a in t on any tra ck  we ju s t  add th e  appropriate  

amount o f  lu m in o s ity  and e f f e c t iv e  tem peratu re, t l i i s  

amount b e in g  th e  same f o r  a l l . t r a c k s  as a l l  th e  tra ck s  

are s im i la r .

Thus fo r  any s e t  o f  e q u iv a le n t p o in ts  ( fo r  

example th e  helium  burning p o in ts  or th e  main sequence 

tu r n -o f f  p o in t )  a r e la t io n  o f  th e  type

Le^ L -  ^'^5 n  -*■ Q  ( 5 )

e x i s t s .  For th e  s p e c ia l  case o f  th e  jo in  w ith  th e  main

sequence th e  v a lu e  o f fi becomes -d 7 - Zi" .

By th e  u se  o f equation  (2 )  we can c le a r ly  

o b ta in  th e  p o in t  a t  which th e  ev o lu tio n a ry  tra ck  o f any 

g iv en  mass le a v e s  th e main sequence ( s in c e  th e eq u ation  

g iv e s  th e  s t a r  lu m in o sity  and th e  main sequence i s  known, 

thus g iv in g  a unique p o in t ) .  Hence th e  shape and p o s it io n  

o f  th e  e v o lu tio n a r y  tra ck  f o r  any g iven  mass in  th e  

range now under c o n s id e ra tio n  i s  nwr known to  u s . There

o n ly  rem ains fo r  us t o  determ ine the p o s it io n  o f  a s ta r

on one o f  th o se  f ix e d  ev o lu tio n a ry  tra ck s  a f t e r  a g iven  

p eriod  o f  tim e has e lap sed  s in c e  the form ation o f th e  

s t a r .

In  th e  ev o lu tio n a ry  track  a lread y  determ ined by  

us f o r  a s ta r  w ith  a mass 3 ^ 9  ^ 0  ♦ p o in ts  have been
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in s e r te d  in d ic a t in g  where a s t a r  has advanced a f t e r  the  

p a ss in g  o f th e  p eriod  o f  tim e shown, th e  u n it  f o r  t h i s  

measurement o f  th e  tim e b ein g  taken a s  the tim e requ ired  

b efo re  helium  burning b e g in s . In  view  o f our assum ption  

about th e  s im i la r i t y  o f a l l  th e  ev o lu tio n a ry  tra ck s  

concerned i t  fo l lo t f s  th a t th e  r a t io  o f th e tim e taken  

to  reach  any s p e c i f i c  p o in t on a tra ck  to  th e  tim e taken  

to  rea ch  any o th er  s p e c i f ie d  p o in t w i l l  be th e  same fo r  

a l l  t r a c k s .  In  p a r t ic u la r , th e time taken to  reach  a 

g iv en  p o in t  on one tr a c k , u sin g  the tim e fo r  helium  

burning a s  a u n i t ,  must be th e  same as th a t  req u ired  to  

reach  a corresp on din g  p o in t on another track  (now u sin g  

th e tim e  f o r  helium  burning on t h i s  track  as a u n it  o f  

c o u r s e ) .  In  o th er  w ords, i f  we take th e  tim e fo r  

helium  burning as an u n it  o f  tim e fo r  a tr a c k , th e  

r e la t iv e  p o s it io n  o f a s ta r  on any track  ( in  p a r t ic u la r  

th e tr a c k  fo r  th e  mass 3^9% )) would be th e  same a f t e r  

any in t e r v a l  o f tim e oc , where X. i s  exp ressed  in  

th e  u n it s  o f tim e d e fin ed  above. Hence th e p o s it io n  

of a s t a r  on a g iv en  ev o lu tio n a ry  tra ck  a f t e r  a g iven  

I n te r v a l  o f tim e can be determ ined i f  we can ob ta in  th e  

u n it  o f tim e we have d e fin e d , th a t  i s  th e tim e req u ired  

b efo r e  helium  burning b e g in s , fo r  t h i s  p a r t ic u la r  tr a c k .

C le a r ly  th e  tim e required  by a s ta r  to  reach



any g iv en  p o in t on i t s  ev o lu tio n a ry  tr a c k , which r e a l ly  

means th e  tim e req u ired  by a s t a r  to  b u m , or transform , 

a c e r ta in  p art o f i t s  in t e r io r ,  i s  in v e r s e ly  propor

t io n a l  to  th e  amount o f  m a ter ia l to  be b u rn t, th a t i s  

i t s  m ass, and d ir e c t ly  p ro p o rtio n a l t o  th e  r a te  a t which 

burning ta k e s  p la c e ,  th a t  i s  i t s  lu m in o s ity , hence

fc = C . Ü  (« )

where o b v io u s ly  i s  th e  tim e re q u ir e d , M i s  th e  

s t e l l a r  mass and L i t s  lu m in o s ity , C b ein g  a 

p r o p o r t io n a lity  c o n sta n t.

We have a lrea d y  obtained  equation  (5 )  which  

con n ects th e  lu m in o sity  o f a s ta r  a t any p o in t w ith  

i t s  m ass, which was

/ .  = B i7  -t /3

which can c le a r ly  be w r itte n  as

L =  T i  W
13

where ^  i s  another con stan t whose va lu e  i s  ^0 .

S u b s t itu t in g  t h i s  in to  equation  (4 )

nr>/7
where ^  i s  an oth er co n stan t w ith  th e  v a lu e  ^1^ •



Ww-; fo r  th e mass t i o  th e tim e taken  by

a s ta r  t o  reach  th e helium  burning p o in t i s  g iven  in
g

ta b le  1 a s  h2^i i /o  y e a r s . In se r t in g  t h i s  in form ation  

in to  eq u a tio n  (5 )  g iv e s  us th e  v a lu e  o f  th e  con stan t h' 

as

h  (6 )

and th u s eq u ation  (5 )  may be w r itte n  as

h  -  /  fTôl ^ 2 07^/0^  . (7 )
f-j X-0» z ^ r  '

v;here d en o tes  th e  mass o f the s ta r  in  s o la r  u n it s  

as in  th e  p rev io u s ch a p ter , th e tim e now b ein g  g iven  

in  y e a r s .

T hus, to  f in d  the p o s it io n  o f  a s ta r  w ith  a 

g iv en  mass in  th e  liertzap ru n g-R u ssell diagram a t any 

g iven  epoch a f t e r  i t s  form ation  we proceed as fo l lo v /s .

By means o f equation  (2 )  we determ ine th e  

p o in t on th e  main sequence from which th e ev o lu tio n a ry  

tra ck  o f th e  s ta r  o r ig in a te s .  The shape o f  t h i s  

e v o lu tio n a r y  track  i s  th e  same as th e shape o f th e  

tra ck  f o r  a p a r t ic u la r  mass g iven  as f ig u r e  1 and so  

th e  e v o lu tio n a r y  track  o f a s ta r  i s  com p letely  

d eterm in ed . The a c tu a l p o s it io n  of th e  s ta r  i s  scmie— 

where a lon g  t h i s  tr a c k . Using equation  (7 )  th e  u n it



o f tim e as d e fin e d  by us f o r  t h i s  p a r t ic u la r  tr a c k ,  

which i s  th e  tim e requ ired  by a s ta r  to  ev o lv e  to  th e  

helium  burning s t a g e ,  can be found , The age o f th e  

s ta r  in  q u e stio n  can now be exp ressed  as a f r a c t io n  of 

t i l l s  u n it  o f t im e , The p o s it io n  o f t h i s  s ta r  w i l l  now 

correspond e x a c t ly  t o  th e  p o s it io n  o f  a s ta r  o f mass 

3 S9 / i o  on i t s  ovm track  a f t e r  th e  same fr a c t io n  o f  

th e u n it  tim e has e la p sed  (th e  p o s it io n  o f a s ta r  w ith  

mass 3 ' S 9  b e in g  known from f ig u r e  1 and ta b le  ! ) •  

Hence we can p lo t  th e  p o s it io n  o f any s ta r  vdth a g iven  

mass a t  any epoch a f t e r  i t s  form ation . We are thus in  

a p o s i t io n  t o  c o n stru c t a th e o r e t ic a l  Hertz sprung- 

R u s s e ll  diagram i f  we can choose su ita b le  masses and 

ages f o r  th e  s t a r s .

What we req u ire  i s  th e  H ertssprun g-R u ssell 

diagram fo r  a s t e l l a r  c lu s t e r  in  which th e s ta r s  are  

formed a t r e g u la r  in te r v a ls  o f tim e . We must choose  

some v a lu e  fo r  t h i s  s e t  in te r v a l  i f  we are to  

c o n str u c t a diagram . We have chosen an in te r v a l  o f

y ea rs  which appears to  be a reasonable t im e , 

about th e  same len g th  o f tim e as i s  estim ated  a s ta r  

o f mass comparable to  what we arc now con sid er in g  

r e q u ir e s  t o  condense from a very low d e n s ity  to  i t s  

p o s it io n  on th e main sequence. Hence we have a new



s ta r  forraed d i r e c t ly  a f t e r  th e a lrea d y  foiiaed s ta r  has 

a tta in e d  s t a b i l i t y  on th e  main seq u en ce. We have 

coiifsidered te n  s t a r s  to  be formed in  t h i s  manner, th e  

t o t a l  p er io d  o f tim e during which form ation was talcing  

p la c e ,  th a t  i s  th e  spread in  age o f th e  c lu s t e r ,  i s  

th u s 3 6 y ea rs  (th er e  b ein g  9 p er io d s  in  between

10 s t a r s ) .

We have more in form ation  about th e  mass 

than any o th er  s t e l l a r  mass and so  i t  i s  reasonab le to  

take th e  mass d is t r ib u t io n  fo r  th e eta i-s  in  th e  

neighbourhood o f  . We have taken  a s e t  o f  tw elve

m asses, 377^ , Z-^/Zq , , Ü-

4 1 » Lt-à/YQ « and .

The tim e requ ired  b efore a s ta r  o f mass 

e v o lv e s  to  th e  helium burning stage  i s  about 

y ears and th e  tim e requ ired  by a l l  th e above m asses to  

ev o lv e  t o  th e  same sta g e  must be of th e  same ord er.

As th e  r e g io n  we are in te r e s te d  in  i s  near the main 

sequence tu r n -o f f  p o in t , ju s t  b efore th e helium burning  

s ta g e  i s  reached  we take the ages o f th e  ten  s e t s  of

s ta r s  formed to  be l  ̂ j

hooi fo^j  — -  -  7 2 .

By c a lc u la t in g  the lu m in osity  and e f f e c t iv e  

tem perature o f  each s ta r  under th e above c o n d itio n s  we



ob ta in  a s e t  o f  120 p o in ts  f o r  th e  c o n str u c t io n  o f  th e  

H ertzsp ru n g-H u ssell diagram .

T able 4  g iv e s  th e  r e s u l t s  o f th e  c a lc u la t io n  

fo r  t t e  u n it  o f  tiraa, as d e fin e d  by u s ,  fo r  each  

in d iv id u a l laass. The eq u ation  used fo r  t h i s  purpose i s  

eq u ation  ( 7 )

Ij z 7 07^109

T able 5 g iv e s  th e  v a lu e  o f th e  main sequence 

lu m in o s ity  fo r  a l l  th e v a lu es  fo r  the mass o f th e  s ta r s  

l i s t e d  ab ove. The eq u ation  required  fo r  t h i s  i s  

eq u ation  ( 2 ) ,

-  ^■OS' " 6 /

F in a l ly  ta b le  6 g iv e s  a l l  th e  s t e l l a r  ages  

m entioned above as fr a c t io n s  o f the u n it  o f t in e  d e fin ed  

by us f o r  each in d iv id u a l mass and g iven  in  ta b le  4 .

With t h i s  in form ation  ife should be ab le  to

c o n str u c t th e  H ertzsp ru ng-R ussell diagram along th e  

l i n e s  a lr e a d y  mentioned (th a t i s  by p lo t t in g  each s ta r  

in d iv id u a l ly  u s in g  th e  d escr ib ed  m ethods).

When we attem pt to  do th is  however we f in d ,

as i s  rea so n a b le  to  e x p e c t , th a t  some o f th e  above

s ta r s  have ev o lv ed  beyond the helium burning p o in t and
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th u s have an a g e , exp ressed  in  th e  u n it s  d escr ib ed , 

g r e a te r  than u n ity .  No in form ation  has been g iven  

about t h i s  s ta g e  in  the ev o lu tio n  o f a s ta r  and we 

were unable to  f in d  any r e s u l t s  about t h i s  p art o f th e  

e v o lu tio n a r y  tr a c k . T h is reg io n  i s  not th e  one we are 

p r im a r ily  in t e r e s t e d  in  during t h i s  d isc u s s io n  as we 

are m ain ly  concerned w ith  th e observed 'con tin u ation *  

to  th e  main seq u en ce. I t  would however g iv e  th e  

co n stru c ted  diagram a more 'completed* look  i f  we could  

in c lu d e  a few s t a r s  in  t h i s  reg io n  p a st th e helium  

burning s t a g e .  C onsequently crude e f f o r t s  have been  

made by u s t o  ev a lu a te  some o f th ese  p o in t s .  T his  

method depends on knowing what th e  H ertasprung-R ussell 

diagram fo r  s t a r s  a l l  o f  th e same age in  t h i s  reg io n  

lo o k s l i k e .

Arguing from v ery  gen era l grounds i t  i s  

obvious th a t  no v io le n t  changes w i l l  occur as helium  

burning b e g in s  as t h i s  burning w i l l  be very  slow  a t  

f i r s t .  C onsequently  we would not expect any d isco n 

t i n u i t i e s  or sudden changes in  d ir e c t io n  in  th e  

e v o lu tio n a r y  tr a c k . We, s h a l l  thus assum e-that th e  

tra ck  a f t e r  helium  burning i s  a smooth co n tin u a tio n  o f  

th e p re-h e liu m  burning s ta g e . (T his i s  not too  

im probable an assum ption as no reason e x i s t s  fo r



supposing G d ecrea se  in  lu m in o sity  when helium  burning  

b eg in s  and a s  t h i s  ev o lu tio n a ry  track  must c le a r ly  

in t e r s e c t  th e  observed lo c u s  o f s ta r s  having a con stan t  

age i t  cannot move upwards to o  ra p id ly j  thus broadly  

speaking th e  tr a c k  must be a co n tin u a tio n  of th e  pre

helium  b urning p a r t . )

What we now have to  do i s  to  determ ine hov; fa r  

along t i l l s  tr a c k  a s ta r  has evolved  in  a g iv en  tim e .

Now th e  lo c u s  o f s ta r s  o f a g iven  unique age 

but d i f f e r e n t  m asses i s  w e ll  known from ob servation s o f  

s t e l l e r  c l u s t e r s .  As th e age changes so does the  

p o s it io n  o f t h i s  lo c u s ,  but not i t s  shape. The 

p o s it io n  o f  a s ta r  on the ev o lu tio n a ry  track  i s  c le a r ly  

given  by th e  in te r s e c t io n  o f i t s  own ev o lu tio n a ry  track  

w ith  th e  co n sta n t age lo cu s mentioned above.

Thus i f  we can determ ine the p o s it io n  o f th is  

con stan t age lo c u s ,  wo have so lv ed  th e  problem. But 

th e p o s i t io n  o f s ta r s  fo r  ançy age up to  th e  helium  

burning i s  g iv e n , and th e  lower end o f th e lo cu s i s  

thus f ix e d  by ju s t  jo in in g  th e  p o s it io n  o f the masses 

at th e  req u ired  tim e . So we ob ta in  th e  p o s it io n  of 

the s t a r s  beyond helium  burning p o in t .

Vie have in clu d ed  f ig u r e  5 in  order to  c la r i f y  

t h i s  m ethod. A i s  th e lo cu s  o f s ta r s  w ith  a unique
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a g e . The th r e e  o th er  cu rves ai*e th e ev o lu tio n a ry  track s  

fo r  th r e e  s t e l l a r  m asses. and Q. are th e p o s it io n s

o f tvro o f th e s e  s ta r s  a t  a g iv en  epoch, A 8  must p ass  

through th e se  p o in t s .  The in te r c e p tio n  o f w ith  

the th ir d  c u r v e , ^  , g iv e s  th e p o s it io n  o f a s ta r  o f  

t h i s  moss a t  th e  g iv en  epoch. Repeated a p p lic a t io n  o f  

t h i s  method g iv e s  us th e  p o s it io n  o f any s ta r  beyond 

th e helium  burning p o in t a t any epoch.

We can now p lo t  th e  th e o r e t ic a l  H ertzsprung- 

R u s s e ll  diagram fo r  a l l  th e  s t a r s .  The ev o lu tio n a ry  

track  f o r  each  in d iv id u a l mass i s  p lo t te d  u sin g  ta b le  5 

to  g iv e  i t s  p o s it io n  and i t s  s im ila r i ty  w ith  f ig u r e  1 to  

g iv e  i t s  sh ap e . The p o s it io n  o f a s ta r  w ith  the above 

m entioned ages are p lo tte d  making use o f the co r res

pondence between t h e ir  p o s it io n  and age u sin g  the helium  

burning age a s  a u n i t .

The H ertzsp ru ng-R ussell diagram so obtained i s  

g iv en  a s  f ig u r e  6 .  We lea v e  any d isc u ss io n  o f t h i s  

diagram u n t i l  a la t e r  p a r t , when we s h a l l  be ab le  to  

compare i t  w ith  th e  diagrams con stru cted  from observa

t io n a l  f a c t s  about the s t e l l a r  c lu s te r s  in  q u e stio n .

Masses in  th e  neiishbourhood o f one so la r  mass

We have noted  th a t the evo lu tion ary  tra ck s fo r
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e ta r s  in  t h i s  wasti ran, o are c liffex 'sn t from th e tra ck s  

in  th e  o th e r  n e s s  range ju s t  d iscu B sed . We se e  however 

th a t f i t u r e s  2 and 5 are f a i r l y  s im ila r  to  each o th er  

and we s h a l l  th u s  o n ly  c o n s id e r  s ta r s  ev o lv in g  along  

ono o f  t h e s e  t r a c k s , f ic n r e  2 . The r e s u l t s  ob ta ined  i f  

we v'ers t o  u se  f ig u r e  5 would e v id e n t ly  bo very  s im ila r  

to  th o se  we n h a ll  now o b ta in .

As b e fo r e  wo can assume th a t th e ev o lu tio n a ry  

tr a ck s  are homologous to  each other fo r  a sm all mass 

range on e i t h e r  s id e  o f th e mass o f 1-^9 t^Q (whose 

e v o lu t io n a r y  tr a c k  i s  g iv en  ae f ig u r e  2 ) .  Hence we can 

employ th e  eama methods to  ob ta in  th e  th e o r e t ic a l  

H ertzsp ru n g -K u sse ll diagram fo r  t h i s  mass range as was 

d e sc r ib e d  in  d e t a i l  fo r  th e  l a s t  mass ran ge.

From th e  paper by H aselgrove and Hoyle d U j  

th e  in fo rrsa tio n  about th e  main sequence fo r  s ta r e  in  

t h i s  mass range in  a s  fo l lo w s

Mass ( t o^KS) L um inosity ( /b^V«y</j6c) E f fe c t iv e  
tem perature ( ^ )

2 .5 5 9 2 9 .8696 '7030

2 .35^ 5 6 .3535 6565

2 .1 6 9 9 5.1202 6390

1 .9 9 6 3 2 .6958 5680



2-i./

As th e  whole tim e s c a le  i s  now changed, th e  

tim e th a t  e la p s e s  b e fo r e  each g en era tio n  o f new s ta r s  

i s  formed (th e  in t e r v a l  hetifeen  th e  ages o f the s t a r s )  

must a l s o  he clîangeâ.» I f  we were to  use the same in te r v a l  

of tim e a s  we had b e fo r e , th e whole tim e span o f the

form ation  o f  tw e lv e  s ta r s  would now on ly  be about 1/500

o f th e  tim e  req u ired  by any one o f  th e  s ta r s  to  evo lve  

to  th e  main sequence tu r n -o f f  p o in t . Per t h i s  type o f  

s ta r  we have th u s taken the in te r v a l  o f tim e between  

each g e n e r a t io n  o f  s t a r s  in  th e c lu s te r  to  be 3 < /o ^  

y e a r s , and t h e i r  a c tu a l ages in  the re g io n  o f  in t e r e s t

now becom es -g 9^  ̂ --------

and S-9l̂ r y / 0 ^  y e a r s . The t o t a l  span in  tim e w h ile  

g e n e r a tio n  o f  s t a r s  i s  ta k in g  p la ce  in  th e  c lu s te r  i s  

now about 1 /5  o f  th e  age o f th e e ld e s t  s ta r s  in  th e  

s e t s  we have ta k e n .

For t l i i s  ca se  we have taken  th e s t e l l a r  m asses

to  be 0  % ,  Ô - 9  ,  f 0  ,  ;  0 9  ,  l-l ,  I I- and /  3

s o la r  m a sse s .

T able ? g iv e s  th e in form ation  con n ectin g  m ass, 

lu m in o s ity  and th e  u n it  o f t im e . I t  i s  s im ila r  to  a 

com bination  o f  t a b le s  4- and 5 fo r  th e  p rev iou s mass 

range and i t s  d e r iv a t io n  was com p letely  analogous t o  

th e  d e r iv a t io n  o f  t a b le s  4- and 5 o f the prev iou s c a s e .
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T able 8 was ob ta in ed  in  a s im ila r  manner to  

ta b le  6 and c o n ta in s  in form ation  about the ages o f th e  

84- s t a r s  m entioned ab ove , th e  u n it  o f tim e in  each case  

b ein g  t h e  tim e req u ired  b efo re  helium  burning b e g in s ,  

as g iv e n  in  ta b le  ?•

P roceed in g  in  a s im ila r  manner to  what has 

a lrea d y  been d escr ib ed  in  con n ection  w ith  th e p rev iou s  

c a s e , we can  now co n str u c t a th e o r e t ic a l  H ertzsprung- 

R u sse ll  d iagram  f o r  th e  s a t  o f  s ta r s  g iven  above. T his  

diagram i s  g iv e n  a s  f ig u r e  7 . A d isc u s s io n  o f  t h is  

diagram i s  a l s o  l e f t  u n t i l  a f t e r  we have g iven  the  

o b s e r v a t io n a l d a ta , when com parison w ith  th e se  becomes 

p o s s ib l e .

In  b o th  t h i s  ca se  and th e  p rev iou s one, i f  we 

had c o n s tr u c te d  the diagram around any o th er  m asses but 

the ones we have ta k en , the diagrams we would have 

o b ta in ed  would c l e a r ly  be s im ila r  in  appearance to  th e  

ones we have a c t u a l ly  o b ta in ed , th e only  d if fe r e n c e  

would be in  th e  a b so lu te  p o s it io n  o f t^e s t a r s ,  not in  

t h e ir  p o s i t io n  r e la t iv e  to  each o th er . Hence we are  

j u s t i f i e d  in  co n çar in g  th e diagrams we have obtained  

w ith  diagram s co n stru c ted  from ob serv a tio n a l data  i f  we 

tak e no accou n t o f  any p o s it io n a l  d if fe r e n c e s  th a t miglt 

e x i s t .
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The o b se r v a tio n a l data

E oferen oes have a lrea d y  been g iv en  to  some 

s t e l l a n  c lu s te n s  in  which th e  phenoraena under d isc u ss io n  

can be ODserved. U'e have reproduced the colour-m agnitude  

diagrara o f  t\i?o o f th e se  c lu s t e r s  th a t  show the s ta i’ under 

c o n s id e r a t io n  very  c l e a r ly .  These a r e , th e  g lo b u la r  

c lu s t e r  H 3 [ 2 ]  and th e  g a la c t ic  c lu s t e r  M 67 £ |J  and 

th e  reproduced diagrams are f ig u r e s  8 and 9 . However, 

as i s  th e  ea se  w ith  a l l  o b serv a tio n a l d a ta , th ese  

o b se r v a tio n s  are o f tho apparent v is u a l  m agnitude, , 

a g a in s t  an e s tim a te  o f the co lou r  in d ex , S ~ V  , and not 

o f  th e  lu m in o s ity  a g a in st  e f f e c t iv e  tem perature as th e  

p lo t  t h e o r e t i c a l ly  produced by us i s .

In  another chapter (ch ap ter 2 ) we have ie scr ib ed  

th e  method employed to  convert the apparent magnitude 

( \ /  ) and th e  measurement o f the co lo u r  index {. &~V ) 

r e s u l t s  in t o  th e  th e o r e t ic a l  logarithm  of th e  lu m in o sity  

( ) and lo g a r it lm  o f e f f e c t iv e  tem perature ( T  )

r e s u l t s ,  be w i l l  however ^Ive a b r ie f  account o f the  

method here a s  t h i s  vri.ll be more conven ient to  the  

rea d er  than having to  r e fe r  back c o n sta n tly  t o  a 

p rev io u s  s e t  o f  independent work.

The con version  from the measurement o f th e  

c o lo u r  in d e x , 0 ~ \ /  , t o  th e e f f e c t iv e  tem perature i s
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c a r r ie d  out by means o f  t a b le s  g iv en  in  G ch w arzsch ild 's  

book "The s tr u c tu r e  and e v o lu t io n  o f th e  s ta rs"  [1 4 ]  . 

These t a o lo s  a ls o  g iv e  us th e  b o lo a e tr ic  c o r r e c t io n ,ft -C  

a t  any e f f e c t i v e  tem peratu re .

The b o lo m etr ic  magnitude i s  th en  g iv en  by

~  V  ^  C (8 )

where ^ h o i  i s  th e  apparent b o lom etr ic  magnitude 

and \ /  th e  apparent v is u a l  m agnitude.

The a b so lu te  b o lom etr ic  magnitude i s  now g iven

l i  koi =  ^ h o i  M

where d en o tes  th e  d is ta n c e  modulus.

T h is d is ta n c e  modulus w i l l  be g iven  as p art  

o f  th e  d a ta  w ith  ev ery  s e t  o f p u b lish ed  r e s u l t s  on 

o b s e r v a tio n s  o f s t e l l a r  c lu s t e r s .

The r e la t io n

M  b o |  -  ^ ' ^ 2 .  -  ( 1 0 )

whore i-fi) d en otes the s o la r  lu m in o s ity , c le a r ly  

e n a b le s  u s to  determ ine th e  logarithm  of th e  s ta r

lu m in o s ity .

As we are not a c t u a l ly  in te r e s te d  in  th e  

a b so lu te  p o s i t io n  in  the H ertzsprung-R ussell diagram  

o f th e  observed  s t a r s ,  on ly  in  th e  shape o f th e p a ttern
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th e y  f o m ,  v/e need n o t ,  f o r  th e  p resen t purpose, reduce

th e v a lu e s  o f th e  s t e l l a r  magnitude th a t have been

ob served  to  th e a b so lu te  magnitude s c a l e ,  we can ju s t  

ta k e

t 1  -  ^ b o l  "  C o n s ^ ^ ' t  (1 1 )

ch o o sin g  th e  v a lu e  o f  th e  co n sta n t in  such a way t t o t  

th e  n u m erica l v a lu e s  o f f i t  on a s u ita b le  and 

c o n v en ien t num erical s c a le  when we p lo t  th e  Hertzsprung- 

R u s s e l l  d iagram . The logarithm  o f th e lu m in o sity  

(a g a in  n o n -a b so lu te )  i s  g iv en  by

t l  ~ (1 2 )

In  co n v er tin g  th e  observed diagram in to  th e  

diagram  u sin g  and / we have not a c tu a l ly

c a r r ie d  out th e  above con version  fo r  a l l  the s ta r s  in  

th e  c l u s t e r ,  iv'e have taken s e le c te d  p o in ts  on th e  

boundary o f  th e  r e g io n  occupied by s t a r s , p lu s any 

s t a r  th a t  appears to  be o f in t e r e s t  and converted  them 

in  th e  d escr ib ed  mannex’ to  th e  A  > '^ Q c^  diagram . 

T h is  we have done fo r  both  th e  above mentioned s t e l l a r  

c l u s t e r s ,  M 5 and M 6 ? . The r e s u l t s  are g iven  as 

figux'68 10 and 1 1 . borne o f  th e  more in te r e s t in g  

p o in t s  have a l s o  been in se r te d  in to  f ig u r e  7»

A c tu a lly  in  th e se  f ig u r e s  we have not
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con verted  th e  apparent v is u a l  m agnitude, to  L  ,

o n ly  to  the q u a n tity  M d efin ed  in  equation  (11 ) above. 

¥e have th en  chosen th e s c a le  f o r  t h i s  q u a n tity  M  to  

bo 2 my tim es th e s c a le  wo have used in  co n stru ctin g  th e  

t h e o r e t ic a l  diagram in  -^0^  . By doing t h i s  we

have avo id ed  th e  n e c e s s i t y  o f d iv id in g  each v a lu e  fo r  

th e s t a r s  by 2 .5  w h ile  a t th e  same tim e producing a 

diagram  th a t  has th e  same ord in ate  s c a le  as th e t h e o r e t i 

c a l  on e .

Comments on th e  diagrams and comparison 

o f  r e s u l t s .

The H ertzsp ru n g-E u ssell diagrams con stru cted  

from o b se r v a tio n a l data about th e  s ta r s  in  th e  tifo 

s t e l l a r  c lu s t e r s  M 5 and M 67 ( f ig u r e s  10 , 11) show a 

d i s t i n c t  tu r n -o f f  p o in t  from th e  main sequence. There 

i s  no in d ic a t io n  o f th e  e x is te n c e  of a Hertz sprung gap 

and th e  w id th  o f the s ta r  bands in  a l l  the reg io n s  o f  

th e  diagram  are rough ly  the same. That i s ,  the main 

seq u en ce , g ia n t branch and the main sequence 

'c o n t in u a t io n ' ,  (which we are in te r e s te d  in )  a l l  have 

rou gh ly  th e  same sp read . On the o th er hand we note  

th a t  th e  main sequence and g ia n t branch are both very  

t h ic k ly  p op u lated  in  comparison w ith  th e main sequence
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' c o n t in u a t io n ' . ï l i e s e  are th e  main p o in t s  th a t  are  

e v id e n t  in  th e  diagram  c o n s tn ic te d  from o b s e iv a t io n a i  

d a ta  and t h e s e  a re  th u s  th e  p o in t s  w hich  any t h e o r e t ic ,a l ly  

c o n s tr u c te d  diagram  sh o u ld  p o s s e s s  i f  i t  i s  t o  g iv e  a 

good r e p r e s e n ta t io n  o f  th e  f a c t s .

The diagram  we have c o n s tr u c te d  f o r  s t a r s  w ith  

a mass g r e a te r  th an  one s o la r  m a ss, fig q ire  6 ,  d o es  

e x h ib i t  a c o n t in u a t io n  t o  th e  main seq u en ce s im i la r  t o  

what i s  re< iu ired . T h is c o n t in u a t io n  i s  n o t a s  ex ten d ed  

a s  th e  one found i n  th e  o b e o x v a tio n a l d iagram , b ut t h i s  

co u ld  be b eca u se  we have a llo w e d  c r e a t io n  t o  c o n tin u e  

f o r  to o  s h o r t  an in t e r v a l  o f  t im e . On t h i s  cou n t we 

must co n c lu d e  th a t  our t h e o r e t i c a l  diagram  i s  in  f a i r  

agreem ent w ith  th e  diagram  con stx-u cted  from o b s e r v a t io n s .

In  t h i s  t h e o r e t i c a l  diagram  however th e r e  

e x i s t s  a v e r y  d i s t i n c t  B ertzspm ing g a p , e x te n d in g  

r o u g h ly  from t o  f  . T h is  i s  in

com p lete  d isa g reem en t w ith  th e  ob served  f a c t s .

The w id th  o f  th e  s t e l l a r  band a lo n g  th e  

main seq u en ce ap p ears to  be f a i r l y  u n iform  and com pares 

w e l l  w ith  th e  ob served  main se q u e n c e , b u t th e r e  i s  much 

more sp read  in  th e  g ia n t  branch  and so  t h i s  a g a in  i s  in  

d isa g reem en t w ith  th e  diagram  produced from  o b s e r v a t io ia l  

d a ta .  The * c o n t in u a t io n ' t o  th e  main seq u en ce i s
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com parable in  w id th  t o  th e  ob served  c o n t in u a t io n .

In  th e  t h e o r e t i c a l  ditigram e i l  th r e e  b ran ch es  

n e n tio n e d  above a re  ro u g h ly  e q u a lly  p o p u la ted  w h ile  in  

th e  o b s e r v a t io n a l  d iagram  th e  'c o n t in u a t io n '  i s  v e r y  

s p a r s e ly  p o p u la ted  compared w ith  th e  o th e r  two b r a n c h e s . 

Thus on y e t  a n o th er  p o in t  th e  t h e o r e t i c a l  i s  in  com p lete  

d isa g reem en t w ith  th e  o b s e r v a t io n a l  d a ta .

Hence th e  o n ly  s e n s ib le  c o n c lu s io n  we can come 

t o  i s  th a t  th e  t h e o r e t i c a l  H ertz s p r u n g -R u sse ll  diagram  

c o n s tr u c te d  by u s f o r  s t a r s  w ith  a mass g r e a te r  tlian  

th e  s o la r  m ass, and e x h ib it e d  a s  f ig u r e  6 ,  d o es  n o t  

a g ree  w ith  th e  o b serv ed  f a c t s .

We now tu rn  to  th e  seco n d  t h e o r e t i c a l  diagram  

c o n s tr u c te d  by u e , th e  one f o r  s t a r s  w ith  a mass in  

th e  neighbourhood  o f  one s o la r  mass ; t h i s  was e x h ib it e d  

a s  f ig u r e  7* No H ertzsp ru ng gap ap pears to  e x i s t  in  

t h i s  d iagram , so  on t h i s  p o in t  we appear t o  have 

agreem ent i f i th  th e  o b s e r v a t io n a l  d iagram .

A gain th e  sp rea d  o f  th e  s t a r  a lo n g  th e  g ia n t  

branch  i s  much v id e r  th an  spread  a lo n g  th e  main seq u en ce  

and 8 0 we have a d isa g reem en t h ere  betw een  o b s e r v a t io n s  

and th e o r y .

The most im p o iia n t f a i l i n g  in  t h i s  secon d  

t h e o r e t i c a l  diagram  hcn/ever i s  th a t  th e  'c o n t in u a t io n '



to  th e  main seq u en ce w liich  i s  th e  phenomena v/e have 

been  t r y in g  to  e x p la in ,  d o es  n o t e x i s t .  In d e e d , th e r e  

i s  no tr a c e  o f  even  a ten d en cy  in  th e  diagram  f o r  th e  

fo r m a tio n  o f  su ch  a c o n t in u a t io n .

There can  th u s  be no doubt a t  a l l  about our 

c o n c lu s io n s  r e g a r d in g  t h i s  diagram  f o r  m asses in  th e  

neighbourhood  o f  one s o la r  m ass. The t h e o r e t i c a l  

diagram  d o es  n o t meet w ith  th e  req u irem en ts  o f  th e  

diagram  c o n s tr u c te d  from o b s e r v a t io n a l  d a ta  and so  th e  

o b serv ed  f a c t s  c o u ld  n o t  be cau sed  in  th e  way p rop osed  

by th e  th e o r y .

Thus n e i t h e r  o f  th e  two p o s s ib le  t h e o r e t i c a l  

H e r tz s p r u n g -S u s s e ll  d iagram s appear t o  a g ree  w ith  th e  

diagram  produced from  th e  ob served  f a c t s  and hence i t  

i s  tr u e  to  co n c lu d e  th a t  th e  'c o n tin u a t io n *  t o  th e  

main seq u en ce ob served  in  some c lu s t e r s  i s  n o t form ed  

by th e  e x i s t e n c e  o f  a sp read  in  th e  c r e a t io n  epoch o f  

th e  s t a r s  in  th e  c l u s t e r .

The a llo w a b le  sp read  in  th e  ag es  

o f  th e  s t a r s

We have co n c lu d ed  above th a t  th e  H ertzsp ru n g-  

R u s s e l l  d iagram s we o b ta in  by a l lo w in g  a sp read  in  th e
I

fo r m a tio n  epoch o f  th e  s t a r s  in  a c l u s t e r  do n o t a g ree
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I'.'ith th e  ob served  dtagram s o f  such c l u s t e r s .  H w ev er  

i t  i s  c l e a r ly  r id ic u lo u s  t o  s u g g e s t  th a t  e l l  th e  s t a r s  

in  any p a r t ic u la r  c l u s t e r  w ere foxwed a t  e x a c t ly  th e  

ceme in s t a n t  and h e n c e , in a n y  norm al c l u s t e r ,  th e r e  

E uet b e some sijrestd in  th e  a g es  o f th e  s t a r s .  I t  w i l l  

th u s  be i n t e r e s t i n g  t o  i n v e s t i g a t e  how la r g e  a sp read  

con be a llo w ed  b e fo r e  d isc r e p a r ic io s  appear betw een  th e  

o b se iv e d  c l u s t e r  diagram  and t h e  one o b ta in e d  a llo w in g  

f o r  th e  sp read  in  a g e s .

C le a r ly  we can deduce t h i s  in fo r m a tio n  from  

th e  d iagram s we have a lr e a d y  c o n s tr u c t e d . A l l  we have 

t o  do i s  to  f in d  w h ich  o f  th e  stai*s l i e  o u ts id e  th e  

boundary o f  th e  r e g io n s  o cc u p ied  by s t a r s  in  th e  

o b s e r v a t io n a l  diagram  and f in d  w hich  o f  t h e s e  s t a r s  i s  

th e  c l o s e s t  in  age  t o  th e  o ld e s t  s t a r s ■ in  th e  s e t .  The 

' a l lo w a b le  tim e  sp rea d ' would th en  be th e  d i f f e r e n c e  in  

a g e s  betw een  th e s e  s t a r s .  In  f i{p ir a s  6  and 7 we have 

nu.mbered one s e t  o f  staxNS to  show w hich  one i s  th e  

f i r s t  t o  le a v e  th e  r e g io n  o cc u p ied  by t h e ,ob served  

s t a r s .

f o r  f ig u r e  6 t h i s  tu r n s  out t o  be th e  f i f t h

s t a r ,  and a s  th e  tim e in t e r v a l  betw een  ea ch  s t a r  i s

y 
cr

U-</C> y e a r s ,  th e  'a l lo w a b le  tiro® sp rea d ' i s  th u s

l é>'i/û y e a r s .  The age o f  th e  e l d e s t  s t a r  l a  t h i s
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vg
s e t  i s  ab out / 5% t o  y e a r s  and so  th o  ' a llo w a b le  

sp r e a d ' i s  about 12% o f  th e  age o f th e  e ld e s t  c l u s t e r  

members.

F or f ig u r e  ?» ( s t a r s  w ith  mass in  th e  r e g io n

o f  one s o la r  m ass) a g a in  th e  s t a r  c l o s e s t  to  th e

boundary o f  th o  r e g io n  o ccu p ied  by ob served  s t a r s  tu r n s

out t o  be th e  f i f t h  s t a r  fo iw e d . In  t h i s  c a s e  th e

I n t e r v a l  o f  tim e  t h a t  e la p s e s  b e fo r e  each  s t a r  i s

form ed i s  S k /o  y e a r s  and s o  we now have an 'a l lo w a b le
a

t im e ' o f  l - i - i io  y e a r s .  The age o f  th e  e ld e s t  s t a r

noT’ how ever i s  y e a r s  and s o  in  t i l l s  c a se  th e

g r e a t e s t  sp read  th a t  can  be a llo w e d  i s  13% o f  th e  age  

o f  th e  e l d e s t  s t a r s ,  a vezyr s im i la r  number t o  th a t  

o b ta in e d  f o r  t h e  p r e v io u s  c a s e .

We can  th u s  co n c lu d e  th a t  a sp read  in  th e  

epoch  o f  c r e a t io n  o f  th e  s t a r s  in  a s t e l l a r  c l u s t e r  o f  

ab out 10^ o f  th e  age o f  th e  e l d e s t  s t a r s  in  t h i s  

c l u s t e r  can  be a llo w e d  b e fo r e  any d is c r e p a n c ie s  from  

th o  u s u a l diagram s ob served  f o r  c lu s t e r s  become 

a p p a r e n t.

C o n c lu s io n s

From th e  com parison  betw een  th e  t h e o r e t i c a l  

H e r tz sp r u n g -R u sse ll  d iagram s we have produced and th e
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diagram  o b ta in ad from o b a o r v a tio n a l d a ta  we have 

con clu d ed  th a t  i t  im n o t p o s s ib le  t o  produce th e  

ob served  c o n t in u a t io n  t o  th e  main ooquence by a llo v /in g  

a sp read  in  th e  .form ation epoch o f  th e  s t a r s ,  and hence  

' th e  p r e se n c e  o f  th in  c o n t in u a t io n  d o es  n o t in d ic a t e  th e  

bre-aking dora o f  th e  h y p o th e s is  th a t  a l l  s t a r s  in  a 

c l u s t e r  a re  ^ p r o x lm a te ly  o f th e  san e a g e , a fa r  more 

s a t i s f a c t o r y  s t a t e  o f  a f f a i r s  than  I f  we had been  a b le  

t o  s o lv e  th e  o r ig in  o f  th o s e  b lu e  s t a r s  a t  th e  eirpense  

o f  d rop p in g  th e  h y p o t h e s is .

We have a l s o  sho’Am th a t  a sp read  in  age o f  

about lOf; o f  th e  age o f  th e  e ld e s t  s t a r s  can be a llo w ed  

in  any c l u s t e r  b e fo r e  any d is c r e p a n c ie s  w ith  th e  norm al 

ob served  c l u s t e r  d iagram s become e v id e n t .

As f o r  th e  ca u se  o f  th e  b lu e  s t a r s  form ing th e  

c o n t in u a t io n  we have been  d i s c u s s in g ,  we n o te  th a t  our  

c o n c lu s io n s  do n o t e x c lu d e  th e  p o s s i b i l i t y  th a t  th e  

g r e a t  m a jo r ity  o f  s t a r s  in  a c l u s t e r  a re  a l l  o f  th e  

same a g e  w h ile  a few  s t a r s  o f  a much l e s s e r  age co u ld  

form th e  c o n t in u a t io n .  O ther s u g g e s t io n s  th a t  have 

b een  o f f e r e d  a s  th e cau se o f  t h e s e  s t a r s  are t h a t  much 

more m ix in g  th a n  norm al ta k e s  p la c e  in  t h e i r  i n t e r i o r  

and s o  th e  hydrogen th a t  i s  b e in g  consumed a t  th e  

c e n tr e  k eep s on b e in g  r e p le n is h e d  b y  s u p p l ie s  c a r r ie d
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in  from th e  o u ter  r e g io n . T h is  a l lo w s  th e  s t a r  t o  s ta y  

on th e  raain seq u en ce  f o r  a much lo n g e r  p e r io d  than  

u s u a l . I t  m ight a l s o  he p o s s ib le  th a t  th e s e  s t a r e ,  in  

some m anner, are a c c r e t in g  m a te r ia l and are  t i n s  

I n c r e a s in g  in  m ass. They have n o t consim od th e  re q u ir e d  

amount o f  hydrogen to  e v o lv e  o f f  th e  main seq u en ce  

b eca u se  th e  m ajor p a r t  o f  th e  s t a r  i s  a co m p a r a tiv e ly  

l a t e  a r r i v a l , a s  i t  was a c c r e t e d .

T h is  s t i l l  a llo w s  an u n c e r ta in ty  about th e  

ca u se  o f  t h e s e  s t a r s  th a t  cau se  th e  c o n t in u a t io n  t o  th e  

madn seq u en ce in  th e I le r tg sp r tm g -R u sse ll  d iagram  b u t by  

means o f  t h i s  work we hope a t  l e a s t  t o  have d isp o se d  

o f  one p o s s i b i l i t y ,  w h ile  a t  th e  same tim e s tr e n g th e n in g  

th e  b e l i e f  th a t  ev e ry  s t e l l a r  c l u s t e r  p o s s e s s e s  a 

u n iq u e age t l ia t  can  be d eterm in ed  b y  s tu d y in g  th e  tu rn 

o f f  p o in t  from  th e  main se q u e n c e .
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T,im ë J k .
The r e la t io n  between mass and tim e fo r  helium burning fo r  

masses in  th e reg ion  o f 4 so la r  masses*

Maas 

( s o la r  u n it s )

Time X 10® 

(y e a r s)

Mass 

( s o la r  u n its )

Time x 10® 

( y e a r s )

4 .1 1.15

3 .0 2 .22 4 .2 1.09

3 .5 1.59 4 .3 1 .04

3 .7 1 .42 4 .4 .992

3 .8 1 .34 4 .5 .95

3 .89 1.28 4 .6 .91

4 .0 1.21

TABLE 5

The r e la t io n  between mass and lu i(iin osity  in  the reg ion  o f  

4 s o la r  m asses.

Mass 

( s o la r  u n its ]

-----------------

r .
Mass 

( s o la r  u n its ]
T I»

i

4 .1 2 .56

3 .0 2 .1 4 4 .2 2 .59

3 .5 2 .3 4 4 .3 2 .6 2

3 .7 2 .42 4 .4 2 .65

3 .8 2 .45 4 .5 2 .69

3 .89 2 .48 4 .6 2.71

4 .0 2 .52
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TABLE 7

Relation between the mass, Ivunlnoeity cn main sequenoe, 
and time for helium burning for a star in the neighbour
hood of 1 aolai* mass.

ISaes (solar unite ) Log (%^) Time (years x 1 0 ®)

0 . 8 — « 5 4 8 3 1 . 8

0 . 9 - . 2 9 3 1 9 . 9

1 . 0 — . 0 6 4 1 3 . 0

1 . 0 9 0 . 1 2 3 9 . 2 3

1 . 1 0 . 1 4 3 8 . 9 1

1 . 2 0 . 3 3 2 6 . 2 9

1 . 3 0 . 5 0 5 4 . 5 7

TABLE 8

Specified ages of attirs as proportion of nelium burning time

AGE j PEOPORTK
I

)H POE STATED lA8 8  (SOLJiR UNITS)
1 0 ®yrs j1 0 . 8 0 . 9 1 . 0 1 . 0 9 1 . 1 1 . 2 1 . 3

9 . 2 4 1 . 2 9 0 « 4 6 4 . 7 1 1 1 1 . 0 4 1 . 4 7

8 . 9 4 . 2 8 1 . 4 4 9 . 6 8 8 . 9 6 7 1 . 0 0 1 . 4 2 —
8 . 6 4 . 2 7 2 . 4 3 4 . 6 6 5 . 9 3 5 . 9 7 0 1 . 3 7 —

8 . 3 4 . 2 6 2 . 4 1 9 . 6 4 1 . 9 0 3 . 9 3 6 1 . 3 3 —
8 . 0 4 . 2 5 3 . 4 0 4 . 6 1 8 . 8 7 0 . 9 0 2 1 . 2 8 —
7 . 7 4 . 2 4 3 . 3 8 9 . 5 9 5 . 8 3 8 . 8 6 9 1 . 2 3 —
7 . 4 4 . 2 3 3 . 3 7 4 . 5 7 2 . 8 0 5 . 8 3 5 1 . 1 8 mmmm

7 . 1 4 . 2 2 4 . 3 5 9 . 5 4 9 . 7 7 3 . 8 0 1 1 . 1 3 —
6 . 8 4 . 2 1 5 . 3 4 4 . 5 2 6 . 7 4 0 . 7 6 8 1 . 0 9 1 . 4 7

6 . 5 4 . 2 0 6 . 3 2 9 . 5 0 3 . 7 0 8 . 7 3 4 1 . 0 4 1 . 4 3

6 . 2 4 . 1 9 6 . 3 1 4 . 4 8 0 . 6 7 5 . 7 0 0  j . 9 9 2 1 . 3 7

5 . 9 4 . 1 8 7 . 2 9 8 . 4 5 7 . 6 4 3 . 6 6 7  11 . 9 4 4 1 . 3 0
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PR E -M A IN -SE Q U E N C E  STA RS

By W. H. McCrea and I. P. Williams 
Royal Hollozuay College, Englejield Green, Surrey

Various observers have discovered some apparently very young galactic 
clusters. In many of these, stars fainter than some particular luminosity Lc, 
say, lie to the right of the main sequence in the HR diagram. Naturally, this 
is interpreted as showing that these stars have not yet had time to condense 
on to the main sequence. Indeed, if tgc is the calculated time for gravitational 
contraction of a star from vanishingly small density to luminosity Lc on the 
main sequence, the value of tgc is found to be in fair agreement with other 
estimates of the age of the cluster concerned.

Had all members of a cluster started, at one and the same epoch, to condense 
from vanishingly small density, then those now having luminosity fainter 
than Lc would be expected to lie upon a certain calculable locus in the HR  
diagram. However, in the cases studied, the stars concerned are found to 
lie, not on this locus, but much nearer to the main sequence. That is to say, 
the gravitational contraction of the fainter stars in the cluster appears to have 
progressed much further than is possible within the lifetime of the cluster. 
All who have written on the subject regard this as presenting a very serious 
problem, and some very drastic solutions have been proposed. Su-Shu  
Huang (S.S.H.)^ has usefully reviewed the situation; he gives references to 
the literature of the subject.

We wish to point out that it is not possible to say whether there is a real 
difficulty without knowing more than we do about the early stages of the 
process of formation of the stars concerned. We have to contrast the present 
problem of stars condensing on to the main sequence at its lower end with 
that of stars evolving off the main sequence at its upper end. In the latter 
problem the initial state is well-defined. In the case of condensing stars, on 
the other hand, we do not yet know what have to be treated as initial conditions.

The situation may be illustrated by the example we are about to give. This 
is intended to support the conclusions to be stated below; it is not suggested 
that it arises from any particular theory of star-formation. In fact, we adopt 
the treatment given by S.S.H . and, merely for the sake of argument, we shall 
exhibit the consequences of supposing that at some epoch all the stars 
concerned have the same mean density.

Following S.S.EL, we assume that a star of mass.Æ undergoing homologous 
gravitational contraction towards the main sequence has luminosity L  when 
its radius is R, where

( i )
Here a, p  are constants ; y//, L, R, as well as the effective temperature T  and 
the mean density p are all measured in solar units. It then follows from ( i)  
that the time t  required for the star to contract from infinite radius to 
radius R  is

T = (o<j8<i). (2)
This measure of r is in the unit of the Elelmholtz-Kelvin (HK ) time-scale 
for the Sun. The definitions of p ,  T  in the present units are given by

Z,=7 2̂7-4 ^=^7^3
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5 .5 .H . adopts the values
a = 5'4, /3 =  o 7 9 . (4)

U sing (4) in ( i)-(3 ) we derive

log L =  5'I4 l o g ^  +  O'263 log p,
log r =  I-12 l o g y / +0*233 logp; (5)

log T =  — 3*47 logy^  + 0*07 log p + 0*678;

log L =  18*2 lo g y ^ + 3*76 log T—2*55,
log T =  12*6 lo g c ^ + 3*32 log r —2*25. (7)

These equations are not given by S.S.H . although, of course, he must have 
used them in the construction of his diagram.

In the resulting log L -log T  diagram, a line of fixed density, a line of 
fixed T and a line of constant J Ï ,  which is the evolutionary track for the star
concerned, are all straight lines. Such lines are plotted by S.S.H . and some
are shown in Fig. i.

5 .5 .H . takes the relevant part of the main sequence to be given by

L=T-^  with y =  7 (8)

in the units used here, it being assumed that the Sun lies on the main sequence.
For the purpose of our illustration, we consider a set of pre-main-sequence 

stars of the present sort that, at epoch t =  tQy all have mean density p =  o*oi, 
or one per cent of the solar mean density. In Fig. i we exhibit the loci on 
which these stars lie at epochs /q, , . . , 4̂ where, in HK units,

/j— 0*05» ‘̂4“ 0̂~®"4*

One HK unit is about 3 x 10̂  years. However, for our discussion it is 
more instructive to note that the locus for meets the main sequence at a 
point for which roughly log y  =  0*28, log L =  1*3, log T = o* i8 , t =  o*48,
P =  o*28 , while the corresponding point in the locus for for the same
y^-value has t  = o*38 .

The homologous family is meant to consist of stars of which the luminosity 
is produced by gravitational contraction alone. Were account to be taken 
of the release of nuclear energy in the final approach to the main sequence, 
we should have evolutionary tracks joining on to the main sequence in a 
somewhat different way. But this is of no importance for present purposes.

It is now to be noted that our locus for, say,  ̂=  3̂ is roughly like those 
plotted from observations of young clusters ; the value r =  0*5 just mentioned 
is of order of the age usually ascribed to such clusters. Thus we are dealing 
with the sort of situation that is of interest in practice (even though we are 
not advocating any particular theory of evolution).

The loci r =  constant have, of course, the property that if a set of stars of 
the present type are represented at some epoch by points on one of these loci, 
then at any epoch they are represented by points of such a locus (unless they 
move on to the main sequence). Loci of this type are the only ones normally 
considered hitherto.

The loci / =  constant also, however, have by construction the property 
that if stars lie on one of them at one epoch then they lie on another of them  
at any other epoch. The features to notice are: {a) The loci for ĵ, . . . , 4̂
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are all quite different from the r-loci ; {b) the loci are qualitatively similar to 
each other ; {c) they span a time-interval comparable with the estimated ages 
of the known young clusters.

The physical reasons for these features are evident. The age of a cluster 
is the time for a star at the lower end of the main sequence just to reach the 
main sequence from whatever has to be treated as the initial state. N ow the 
rate of contraction is highly sensitive to the mass. Thus, stars of mass much 
less than the one just mentioned cannot have moved far from the initial state 
in the time available.

log L

-Jog —

log T— —0’5

- 1

MS

- 2
0-2 - 0 2 0"4 — 06 logT —O'

F ig . I
According to the hypotheses o f this paper, M S is the m ain sequence, the 

broken lines =  constant are the evolutionary tracks o f stars having the 
indicated m asses, the dotted lines t  =  constant are the loci of stars at epoch t  

after starting to condense from vanishingly small density at epoch t  =  o .

If stars start at epoch tg to condense from  mean density po then the loci at 
epochs tj, . . . , ( 4  are as shown, the loci being drawn for p q = o -o i, t j - tg = o - 0 5 , 

t g - t g  =  0 - 2 ,  t 4 ~ t g  =  0 ' 4 .

j f t y L, T, p q  are measured in solar units, and t , t  in the H elm holtz-K elvin  
tim e-scale for the Sun.

Therefore, if initial conditions are such that at any epoch the pre-main- 
sequence stars lie on a locus appreciably different from that representing 
gravitational contraction starting at the same epoch from vanishingly small 
initial density, then this will remain the case throughout the time intervals 
of interest.

On finding a distribution of pre-main-sequence stars as in N G C  2264, it 
consequently seems natural to look for an explanation in terms of initial 
conditions {e.g., the observed effect would be produced if there were a 
tendency for stars of smaller mass to be formed before stars of greater mass), 
rather than to postulate new phenomena such as large mass-loss during the 
gravitational contraction of a star.
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It must be pointed out that the conclusion does not depend very sensitively 
upon the values of a, /S, y.

The calculations described above had been carried out before the authors 
saw the very important paper on the same problem by C. Hayashi^. 
Taking account of the hydrogen convection zone in stars of late spectral 
type, Hayashi concludes that the early part of the evolutionary track of a 
star of given mass is very different from the straight-line tracks shown in 
Fig. I .  This affects the age-calculation. Allowing for this, Hayashi gets 
good agreement for N G C 2264, if he makes the usual assumption that the 
member-stars all originated at the same epoch at very low density.

Hayashi’s explanation will probably be accepted in this case. Nevertheless, 
it seems useful to present our results as a demonstration of the vital importance 
of initial conditions in such problems. Indeed, so far as the homologous 
contraction is concerned, Hayashi discloses a mechanism by which fainter 
stars get into the homologous series more quickly than had previously been 
thought possible. As regards the homologous contraction, his work 
substantiates the general conclusion to which we seek to call attention.

(I.P.W . acknowledges the award by D .S .I.R . of a research studentship 
during the tenure of which this work was done.)
1962 October 3.
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