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We consider the internal structure of a d-wave heavy-fermion superconducting condensate, showing

that it necessarily contains two components condensed in tandem: pairs of quasiparticles on neighboring

sites and composite pairs consisting of two electrons bound to a single local moment. These two

components draw upon the antiferromagnetic and Kondo interactions to cooperatively enhance the

superconducting transition temperature. This tandem condensate is electrostatically active, with an

electric quadrupole moment predicted to lead to a superconducting shift in the nuclear quadrupole

resonance frequency.
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In many strongly interacting materials, quasiparticles
are ill formed at the superconducting transition, giving
the Cooper pair a nontrivial internal structure. The 115
family of heavy-fermion superconductors [1–4] provides
an extreme example of this phenomenon, where quasipar-
ticle formation, through the screening of local moments by
electrons, coincides with the onset of superconductivity.

The 115 family has long attracted great interest for the
remarkable rise of the superconducting transition tempera-
ture from Tc ¼ 0:2 K in CeIn3 under pressure [5] to 2.3 K
in CeCoIn5 [1–3], rising to 18.5 K in PuCoGa5 [4]. While
the abundance of magnetism in the phase diagram has led
to a consensus that spin fluctuations drive the supercon-
ductivity in the cerium compounds [5–9], the presence of
unquenched local moments at Tc is difficult to explain
within this picture. In a typical spin-fluctuation mediated
heavy-fermion superconductor, the local moments quench
to form a Pauli paramagnet [�ðTÞ � �0] well before the
development of superconductivity. Yet NpPd5Al2 [10] and
CefCo; IrgIn5 [2,11] exhibit a Curie-Weiss susceptibility,
�ðTÞ � 1=ðT þ TCWÞ down to Tc.

The absence of any magnetism in the actinide 115 super-
conductors, combined with the observed Curie paramagnet-
ism, led us to recently propose [12] that the actinide 115s are
composite pair superconductors [13], where the heavy
Cooper pair forms by combining two electrons in two or-
thogonalKondo channelswith a spin flip to form a composite

pair,�C ¼ hN þ 2jcy1#cy2#SþjNi, where cy1;2 create electrons
in two orthogonal Kondo screening channels [12,14].

This presents us with a dichotomy, for while composite
pairing may account for the quenching of local moments at
the transition temperature, it fails to account for the impor-
tance ofmagnetism in the Ce 115 phase diagram. To resolve
this issue, here we propose that magnetic and composite
pairing work in tandem to drive superconductivity.
Composite pairing originates from two-channel Kondo im-
purities, while magnetic pairing emerges from antiferro-
magnetically coupled Kondo impurities. Observing that
these two systems are equivalent at criticality in the dilute

limit [15], here we argue that this connection persists to the
lattice superconducting state concealing a common quan-
tum critical point (QCP) [16].
To expose the interplay between magnetic and compos-

ite pairing, we examine the internal structure of a heavy-
fermion pair. In a Kondo lattice, the heavy quasiparticles

are a linear combination ayk" ¼ ukc
y
k" þ vkf

y
k", where cy

and fy create conduction and localized electrons, respec-
tively [17]. The wave function is

j�i ¼ PG expð�yÞj0i; (1)

where �y ¼ P
k�kðayk"ay�k#Þ creates a d-wave pair of qua-

siparticles and PG is the Gutzwiller projection operator
restricting the number of f electrons to one. Acting the
Gutzwiller projector on the f electron reveals its internal
structure as a composite between a conduction electron and

a spin flip at a given site j, PGf
y
j� � cyj�ð ~� � ~SjÞ��PG. The

pairing field �y contains three terms

�y ¼ X
k

cyk"; fyk"
� � �e

k �C
k

�C
k �M

k

" #
cy�k#
fy�k#

 !

¼ �y
e þ�y

C þ�y
M: (2)

The diagonal terms, with �e
k ¼ u2k�k and �M

k ¼ v2
k�k

create f- and conduction electron pairs, where a d-wave
pair of f electrons is an intersite operator, taking the form

�y
M ¼ X

i;j

�MðRijÞ½cyi ð ~� � ~SjÞði�2Þð ~�T � ~SjÞcyj � (3)

outside the Gutzwiller projection. However, if we expand
the off-diagonal terms in real space,

�y
C ¼ X

i;j

�CðRijÞ½cyi ði�2Þð ~�T � ~SjÞcyj � (4)

where �CðRÞ ¼ P
kðukvk�kÞeik�R, we find a composite

pair formed between a triplet pair of conduction electrons
and a spin flip [12–14]. Unlike its diagonal counter-
parts, which are necessarily intersite, composite pairs are
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compact objects formed from pairs of orthogonal Wannier
states surrounding a single local moment (Fig. 1).

Magnetic interactions favor the intersite component of
the pairing, while the two-channel Kondo effect favors the
composite intrasite component. However, both compo-
nents will always be present in the superconducting
Kondo lattice. If the composite and magnetic order pa-
rameters share a d-wave symmetry, they will necessarily
couple linearly to one another, as we shall show next. This
coupling enhances the transition temperature over a large
region of the phase diagram, providing a natural explana-
tion for both the actinide and Ce 115 compounds.

To illustrate tandem pairing microscopically, we intro-
duce the two-channel Kondo-Heisenberg model,

H ¼ Hc þHK1 þHK2 þHM (5)

and solve it exactly in the symplectic large-N limit [12],
where

Hc ¼
X
k

�kc
y
k�ck�; HM ¼ JH

X
hiji

~Si � ~Sj; (6)

HK� ¼ J�
X
j

c y
j�a ~�abc j�b � ~Sj: (7)

Here ~Sj is the local moment on site j, and c j� is the

Wannier state representing a conduction electron on site
j with symmetry �,

c j�a ¼
X
k

��kabckbe
ik�Rj ; (8)

where the form factor ��kab is only diagonal in the spin
indices in the absence of spin orbit. Microscopically, the
two orthogonal Kondo channels J� arise from virtual fluc-
tuations from the ground state doublet to excited singlets,
where the two channels correspond to adding and remov-
ing an electron, respectively. In Ce, the 4f1 state is split by
tetragonal symmetry into three Kramer’s doublets, where

�þ
7 is the ground state doublet [18,19], so we may summa-

rize the virtual valence fluctuations with

4f0ð�ÞÐ
�þ
7

4f1ð�þ
7 ÞÐ

�6

4f2ð�þ
7 � �6Þ: (9)

Requiring the composite pairing to resonate with the
d-wave magnetic pairing [20] uniquely selects �þ

7 � �6

as the lowest doubly occupied state, as this combination
leads to d-wave composite pairing [12]. A simplified two-
dimensional model is sufficient to illustrate the basic phys-
ics, where the d-wave composite pair now comes from the
combination of s-wave hybridization in channel one and
d-wave hybridization in channel two [21,22]. The magne-
tism is included as an explicit RKKY interaction, JH
between neighboring local moments hiji, generated by
integrating out electron in bands far from the Fermi sur-
face. Treating the magnetism as a Heisenberg term leads to
a two band version of resonating valence bond (RVB)
superconductivity [23], where the local moments form
valence bonds which can ‘‘escape’’ into the conduction
sea through the Kondo hybridization to form charged,
mobile Cooper pairs [24,25].
To solve thismodel, we use the fermionic symplectic spin

representation, S��ðjÞ ¼ fyj�fj� � sgnð��Þfyj��fj��,

where � 2 f�N=2; . . . ; N=2g. This symplectic-N repre-
sentation maintains the time-reversal properties of SUð2Þ
for all even N, enabling the consistent treatment of super-
conductivity [12]. The spin Hamiltonians become

HK�ðjÞ ¼ � J�
N

½ðc y
j�fjÞðfyj c j�Þ þ ðc y

j��
yf�j ÞðfTj �c j�Þ�;

HMðijÞ ¼ � JH
N

½ðfyi fjÞðfyj fiÞ þ ðfyi �yf�j ÞðfTj �fiÞ�; (10)

where we have suppressed the spin indices by treating them
as vectors of lengthN; � is the largeN generalization of i�2,
and f�j ¼ ðfyÞT . Each quartic term can be decoupled by a

Hubbard-Stratonovich field, leading to normal,V� / hcy�fi,
and anomalous, �� / hcy��fyi, hybridization in each

Kondo channel, and particle-hole, hij / hfyi fji, and pair-

ing, �H
ij / hfyi �fyj i, terms for the spin liquid, where h� � �i

represents a thermal expectation value. This Hamiltonian
possesses an SUð2Þ gauge symmetry,f ! ufþ v�yfy,
which we use to eliminate �1, and composite pair super-

conductivity occurs when V1�2 � hcy1cy2�fyfi is nonzero
[12]. We calculate the mean-field values of these fields
using the saddle point approximation, which becomes exact
as N ! 1. The lowest energy solutions involve only pair-
ing fields in the magnetic and second Kondo channels,
giving rise to only three nonzero Hubbard-Stratonovich
fields, V1, �2, and �H [26]. We take �H to be d wave in
the plane, so that �H

k � �Hðcoskx � coskyÞ; in this simple

model, �1 ¼ 1 and �2 ¼ ðcoskx � coskyÞ. Using the

Nambu notation, ~cyk ¼ ðcyk; �c�kÞ, ~fyk ¼ ðfyk; �f�kÞ, and
defining the matrix V k ¼ V1�1k�3 þ �2�2k�1, the
mean-field Hamiltonian can be concisely written as

FIG. 1 (color online). A tandem pair contains a superposition
of magnetic and composite pairing, both with d-wave symmetry.
The magnetic pair (left) contains neighboring f electrons, while
the composite pair (right) combines a spin flip and two conduc-
tion electrons. The unit cell is denoted by dotted lines, with dots
indicating the local moment sites.
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H ¼ X
k

ð ~cyk ~fyk Þ �k�3 V y
k

V k ��3 þ�Hk�1

" #
~ck
~fk

� �

þ N

�
Vy
1 V1

J1
þ�y

2�2

J2
þ 4�2

H

JH

�
; (11)

where � is the Lagrange multiplier enforcing the constraint
nf ¼ N=2. The mean-field Hamiltonian can be diagonal-

ized analytically. Upon minimizing the free energy, we
obtain four equations for �, V1, �2, and �H. Solving these
numerically, and searching the full parameter space of
J2=J1, JH=J1, and T to find both first and second order
phase transitions, we find four distinct phases: a light
Fermi liquid with free local moments when all parameters
are zero, at high temperatures; a heavy Fermi liquid when
either V1 or �2 are finite, with symmetry �, below TK�; a
spin liquid state decoupled from a light Fermi liquid when
�H is finite, below TSL; and a tandem superconducting
ground state with V1, �2 and �H all finite, below Tc, as
shown in Fig. 2. There is no long range magnetic order due
to our fermionic spin representation. The superconductivity
is stablewith respect to themassive 1=N gauge fluctuations,
however, it is an interesting open question whether the
resulting quasiparticle renormalizations will generate a
spin resonance mode.

Experimentally, CeMIn5 can be continuously tuned
fromM ¼ Co to Rh to Ir [3]. While CeRhIn5 is a canonical
example of a magnetically paired superconductor, where
moderate pressure reveals a superconducting dome as the
Néel temperature vanishes [1], further pressure [27] or Ir
doping on the Rh site [3] leads to a second dome, where
spin fluctuations are weaker [28]. We assume that the
changing chemical pressure varies the relative strengths
of the Kondo and RKKY couplings, so that doping traces

out a path through the phase diagram like the one in Fig. 3,
chosen for its similarities to CeMIn5. By maintaining the
same Fermi liquid symmetry throughout (TK1 > TK2), we
are restricted to one (mostly magnetic) or two (magnetic
and tandem) domes.
A qualitative understanding of this tandem pairing can

be obtained within a simple Landau expansion. For T �
Tc � TK1, � � �2 and � � �H will be small, and the
free energy can be expressed as

F ¼ �1ðTc1 � TÞ�2 þ �2ðTc2 � TÞ�2 þ 2���

þ �1�
4 þ �2�

4 þ 2�i�
2�2; (12)

�1;2, �1;2;i, and � are all functions of � and V1 and can be

calculated exactly in the mean-field limit. The linear cou-
pling of the two order parameters, � ¼ @2F=@�2@�H, is
always nonzero in the heavy Fermi liquid because the
hybridization, V1 converts one to the other, fyfy �
V1c

yfy. The linear coupling enhances the transition
temperature,

Tc ¼ Tc1 þ Tc2

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
Tc1 � Tc2

2

�
2 þ �2

�1�2

s
: (13)

For �1�2 >�2
i , the two order parameters are only weakly

repulsive, leading to smooth crossovers from magnetic to
composite pairing under the superconducting dome [29].
While the development of conventional superconductiv-

ity does not change the underlying charge distribution,
tandem pairing is electrostatically active, as composite
pairing redistributes charge, leading to an electric quadru-
pole moment. The transition temperature of the 115 super-
conductors is known to increase linearly with the lattice

FIG. 2 (color online). The superconducting transition tempera-
ture as the amounts of magnetic, JH , and second channel,
J2, couplings are varied (�1 ¼ 1, �2 ¼ coskx � cosky, and

nc ¼ 0:75). V1, �2, and �H are all nonzero everywhere below
Tc. A slice at T ¼ TK1 shows the regions of the spin liquid and
Fermi liquids, and the orange ellipse illustrates how materials
could tune the relative coupling strengths (see Fig. 3). The
transition is first order for JH=J1 > 4.

FIG. 3 (color online). A possible experimental path through
the phase diagram in Fig. 2, chosen for its similarity to the Ce
115 doping phase diagram [3], described by the orange ellipse,

ðJ2=J1�0:4
0:2 Þ2 þ ðJH=J1�0:9

0:16 Þ2 ¼ 1. The transition temperatures for

superconductivity, Tc (solid blue), spin liquid, TSL (dotted
red), and Fermi liquids, TK1 (dashed orange) and TK2, (dot-
dashed white) are also plotted. All temperatures are scaled by
TK1. While our ground state is always superconducting, due to
the fermionic spin representation, real materials will be anti-
ferromagnetic for TSL 	 TK1.
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c=a ratio [30], conventionally attributed to decreasing
dimensionality. Our theory suggests an alternative inter-
pretation: as the condensate quadrupole moment, Qzz /
�2

C couples linearly to the tetragonal strain, �F /
�Qzzutet, the second term in the Landau free energy (12)
becomes �2½T � ðTc2 þ �utetÞ��2

C, naturally accounting

for the linear increase in Tc. This effect should also be
detectable as a shift of the nuclear quadrupole resonance
(NQR) frequency at the surrounding nuclei.

The link between f-electron valence and the Kondo
effect is well established [31], but tandem pairing introdu-
ces a new element to this relationship. Changes in the
charge distribution around the Kondo ion can be read off
from its coupling to the changes in the chemical potential,
�	ðxÞ ¼ jej
H=
�ðxÞ. The sensitivity of the Kondo cou-
plings to � is obtained from a Schrieffer-Wolff transfor-
mation of a two-channel Anderson model, which gives
J�1
� ¼ �E�=V

2
�;0. Here, V�;0 are the bare hybridizations

and �E� are the charge excitation energies. With a shift in
� ! �þ 
�ðxÞ, 
J�1

� ¼ 
j��ðxÞj2
�ðxÞ=V2
�;0. The

sign is positive for J1 and negative for J2 because they
involve fluctuations to the empty and doubly occupied
states, respectively: f0 Ð�1 f1 Ð�2 f2. Differentiating
(11) with respect to 
�ðxÞ, the change in 	ðxÞ will be

�	ðxÞ ¼ jej
��

V1

V1;0

�
2j�1ðxÞj2 �

�
�2

V2;0

�
2j�2ðxÞj2

�
: (14)

For equal channel strengths, the total charge is constant,
and the f ion will develop equal hole densities in �þ

7 and
electron densities in �6, leading to a positive change in the
electric field gradient, @Ez=@z / ðTc � TÞ> 0 at the in-
plane In site that will appear as a shift in the NQR fre-
quencies growing abruptly below Tc (see Fig. 4).

The f-electron valence should also contain a small
superconducting shift, observable with core-level x-ray
spectroscopy, obtained by integrating (14): �nfðTÞ /
�2

C / ðTc � TÞ, as �C / �2 when J1 > J2. While the

development of Kondo screening leads to a gradual valence
decrease through TK, as it is a crossover scale, the develop-
ment of superconductivity is a phase transition, leading to a
sharp mean-field increase. Observation of sharp shifts at Tc

in either the NQR frequency or the valence would con-
stitute an unambiguous confirmation of the electrostati-
cally active tandem condensate.
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FIG. 4 (color online). As superconductivity develops, the in-
creasing occupations of the empty and doubly occupied states
cause holes to build up with symmetry �þ

7 (orange) and electrons

with symmetry �6 (blue). The resulting electric fields are shown
along the [110] direction (dashed line in inset). The inset shows
the locations of the indiums in-plane, In(1), and out-of-plane, In
(2). The electric field gradient @Ez=@z > 0 at the In(1) site will
lead to a sharp positive shift in the NQR frequency at Tc.
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