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Abstract

This paper considers the geometric properties of the Relinearisation algo-
rithm and of the XL algorithm used in cryptology for equation solving. We
give a formal description of each algorithm in terms of projective geome-
try, making particular use of the Veronese variety. We establish the fun-
damental geometrical connection between the two algorithms and show
how both algorithms can be viewed as being equivalent to the problem of
finding a matrix of low rank in the linear span of a collection of matrices,
a problem sometimes known as the MinRank problem. Furthermore, we
generalise the XL algorithm to a geometrically invariant algorithm, which
we term the GeometricXL algorithm. The GeometricXL algorithm is a
technique which can solve certain equation systems that are not easily
soluble by the XL algorithm or by Groebner basis methods.

1 Introduction

The solution of a multivariate polynomial equation system is a classi-
cal problem in algebraic geometry and computer algebra [9,10]. There
has also been much recent interest in cryptology in techniques for solving
multivariate equation systems over finite fields. Various classical methods,
such as Buchberger’s algorithm [3] and other related algorithms for com-
puting a Grobner basis [12,13], have been considered in a cryptographic
context. Furthermore, other methods, such as the Relinearisation al-
gorithm [20] and the XL (extended linearisation) algorithm [8], have been
proposed as being particularly appropriate in cryptology. This paper is
concerned with the geometric aspects of the Relinearisation algorithm
and the XL algorithm.

We are concerned with solution methods for the multivariate equation
systems that arise in cryptology, so we consider such systems over a finite
field F. We sometimes require that the characteristic p of the finite field F
is not too small, and we make this statement more precise in Section 2.2.
We usually consider multivariate polynomial systems f; = ... = f,, =0
consisting of m homogeneous polynomials fi,..., f, € Flxg,z1,...,x,]
of the same degree d. This condition is not at all restrictive as any polyno-
mial f of degree d in n variables can be transformed into a homogeneous
polynomial in n + 1 variables by the homogenising transformation

f@1,...,z0) — 2l f <xl . x")
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For simplicity, our discussion is based on multivariate quadratic systems
(d = 2), though our comments are usually more generally applicable.

The general geometrical structures that are required to analyse prop-
erties of the Relinearisation and XL algorithms are discussed in Sec-
tion 2. In our geometric analysis, we make particular use of a struc-
ture known as the Veronese Variety, which we discuss in Section 3. The
Relinearisation algorithm is based on the Linearisation algorithm,
and we consider the geometric properties of the Linearisation algo-
rithm in Section 4, before discussing the geometric properties of the
Relinearisation algorithm in Section 5. The related XL algorithm is
then discussed in 6, which leads to the definition of a new geometrically
invariant version of the XL algorithm, the GeometricXL algorithm, in Sec-
tion 7. The paper finishes with some general comments and observations
in Section 8.

2 Vector Spaces and Projective Geometry

In this section, we give a brief description of the general algebraic and
geometric structures that we use in our analysis of the Relinearisation
algorithm and the XL algorithm.

2.1 The Symmetric Power of a Vector Space

In this paper, we make extensive use of the symmetric power of a vector
space, which we now define. This is most naturally done in the language
of the tensor product of vector spaces [7,14]. For simplicity, we give an
approach that uses vector space bases, but it is just as possible to give
an abstract explanation of a tensor product.

Suppose that {eg, e1,...,en_1, €y} is the basis for the (n+1)-dimensional
vector space V over F. We can define a set (n + 1)? of formal sym-
bols {e; ® e;} (0 < 4,57 < n). For our purposes, we regard the tensor
product V®V as an (n + 1)%-dimensional vector space over F with
these basis vectors e; ® e;, together with an “inclusion” bilinear map-
ping ¢ : V xV — VQV that relates the 2(n + 1)-dimensional vector
space V x V to the (n + 1)?-dimensional vector space V & V. This inclu-
sion mapping ¢ is defined in such a way that bilinear mappings on V x V/
are equivalent to linear mappings on the tensor product V@ V.

A vector in V@V has (n + 1)? components and so is naturally rep-
resented by a square (n + 1) x (n 4+ 1) array or matrix, with the (i, )
component of the vector in V' Q) V being the (i, j)-entry of the matrix.



Thus the tensor product space V Q) V can be thought of as the vector
space of (n+ 1) x (n + 1) matrices, with basis vectors e; ® e; being the
matrix with 1 in position (i,7) and 0 everywhere else. In this matrix
formulation, the inclusion mapping ¢ from V' x V to V Q) V is given by
(u,v) — uv’ for column vectors u,v € V.

One subspace of the tensor product vector space that is of particular
interest in the subspace of symmetric tensors. The definition of a sym-
metric tensor in V Q) V' is clear. If ¢ = (¢;;) is a tensor in V Q) V/, then ¢
is a symmetric tensor if ¢;; = t;; for all 7 and j. In the matrix formulation
of V®V, tis a symmetric matrix, so the set of all symmetric tensors is
the subspace of symmetric matrices. Thus the set of all symmetric ten-
sors forms a subspace of V' &) V', which is called the symmetric square or
second symmetric power of V' [16]. The symmetric square has dimension
N = 1(n+1)(n+2), and we denote the symmetric square by S?(V). In
the matrix formulation of V' Q) V, a matrix is in the symmetric square of
V if and only if it is a symmetric matrix, so the symmetric square S?(V)
can be thought of as the vector space of symmetric matrices.

We can of course generalise the above construction to the d-fold tensor
product V) ...Q V. A tensor t = (t;,..4,) is a symmetric tensor if

biv.iqg = to(in)...o(iq)

for all i1, ...,7q, where o is any permutation of d objects. The set of all
symmetric tensors forms a subspace of V' Q) ... V', and is the called the
d™" symmetric power of the vector space V. We denote it by S¢(V').

2.2 The Symmetric Power of a Dual of a Vector Space

The dual space V* of a finite-dimensional vector space V over F of di-
mension n + 1 is defined to be the vector space of all linear functionals on
V, that is any mapping o4: V — F, where a € V, of the form = — a’z
for all x € V. Thus the dual space V* also has dimension n 4+ 1 and can
be thought of as the vector space of all homogeneous linear polynomial
apro + . ..apTy in (n + 1) variables (with the 0-polynomial).

As V* is a vector space, we can also define its d** symmetric power
S%(V*). It can similarly be seen that this d** symmetric power of the dual
space, S¥(V*), can be thought of as the vector space of all homogeneous
polynomials of degree d in (n + 1) variables (with the 0-polynomial).

In this paper, we are sometimes specifically concerned with the case
that d < p, where d is the degree of the homogeneous system and p the
characteristic of . In this case, we can take formal partial derivatives of



a homogeneous polynomial of degree d. If we let D, denote taking such
a formal partial derivative with respect to z;, so D,, f = %, then

D,,: SYV*) — s (v,

that is taking a derivative maps a homogeneous degree d polynomial to a
homogeneous degree d — 1 polynomial. More generally, if x = x;, ... x;, is
a monomial of degree k (k < d < p) and DX denotes taking the k**order
partial derivative with respect to the monomial x, then

DE: s4 V) — sER (V).

Moreover, D is a linear transformation between these vector spaces.

We can also use such k*"order partial derivative mapping D¥ to define
subspaces of S¥~*(V*). For a homogeneous polynomial f of degree d, so
f e SHV*), we define

W}k) = < D’ f | x is a monomial of degree k > ,

a subspace of S¥7*(V*). We can represent all the possible k**order partial
derivatives of f as a matrix in which each row is a vector D f € S4=F(V*).

)

We call such a matrix a partial derivatives matrix and denote it by C](ck .
(

By construction, the row space of this partial derivatives matrix C fk) is

the subspace W}k) < S%F(V*) and its rank is the dimension of W}k).

Ezample 1. Consider the polynomial f € GF(37)[zg,x1, z2] given by
8x%—|—34$%x1+20w(2):c2+26x0:1:%+8x0x1x2+28x0x%+32x?+3x%x2+34x1x§+251‘§.

The first and second partial derivatives matrices of f are respectively
given by

1131 3
2431 326 828 3?213

C}l): 3415 822 634 | and 0}2)2 15 7 6
20 819 331 1 8 631

1931 2



In order to use partial derivatives in this way, we generally assume that
d < p in this paper when considering partial derivatives. In particular,
this means that this paper is not directly concerned with the case when
the finite field F has characteristic 2 when discussing partial derivatives.
The proper technical approach for considering formal partial derivatives
in nonzero characteristic is to use a divided power ring and a contraction
action in place of the multivariate polynomial ring F[zo,...,x,] and the
formal derivative [18]. However, these two approaches are equivalent in
the case when d < p, that is the degree of the equation system is less
than the field characteristic. In this case, a “partial derivatives” matrix
are equivalent to catalecticant matrix [18] in the divided power ring.

2.3 Projective Geometry

As in Section 2.1, we consider the vector space V' of dimension n + 1
over the finite field F. Any invertible linear transformation V' — V gives
a well-defined mapping of the set of one-dimensional subspaces to itself,
known as a collineation. The projective geometry P(V') is the geometry
obtained by considering the one-dimensional subspaces of V under the
group of all collineations, so

P(V)={ <(a:0,931,...,:zn)T> ’ (20,21, ... 2ny1)? € V\ {0} }.

This projective geometry P(V') is said to be of (projective) dimension
n and is generically denoted by PG(n,F) where there is no danger of
confusion. The vector subspaces of V define the projective subspaces of
P(V).

We now define some terms from projective geometry geometry that
we use in this paper. A (projective) line, plane, secundum and hyperplane
are projective subspaces of (projective) dimension 1, 2, (n—2) and (n—1)
respectively of PG(n,F). The (projective) variety V(fi,..., fm) of a set
of homogeneous polynomials {fi,..., fin} in (n 4 1) variables over F is
the subset of PG(n,F) for which f; = ... = f,,, = 0. A primal of degree d
is a variety of a single homogeneous polynomial of degree d, and a quadric
is a primal of degree 2, that is a quadric is a variety defined by a single
homogeneous quadratic polynomial. A chord or secant of a variety is a
line joining a pair of points of that variety, and the chordal variety or
secant variety of a variety is the variety containing all chords or secants
to that variety. The pencil generated by two primal varieties V3 = V(1)
and Vo = V(f2) of the same degree is the set of varieties

{V()\lfl + )\gfg) | A1, A2 € F not both 0 }



The aspects of projective geometry relevant to this paper are discussed
in [5,17,24].

The projective geometries of particular interest in this paper are those
formed by the d** symmetric powers of the vector space V and its dual
V*, namely

P(S*(V)) and P (V).

In particular, P (S*(V)) and PP (S?*(V'*))) are projective geometries of (pro-
jective) dimension N = (n+1)(n+2) —1 = $n(n+3). A point in one of
these projective geometries can be thought of as a nonzero (n+1) x (n+1)
symmetric matrix and its scalar multiples.

3 Veronese Varieties

Our geometric analysis of the Relinearisation algorithm and the XL
algorithm makes extensive use of the geometrical structure known as the
Veronese variety. In its most general form, the Veronese variety is a struc-
ture of P (Sd(V)), the projective geometry of the d** symmetric power of
a vector space, though the case of the symmetric square P (SQ(V)) is of
most interest to us.

3.1 The Veronese Surface

We first illustrate the Veronese variety by considering the Veronese variety
generated by the projective geometry P(V'), where V' is a vector space of
dimension 3 (so n = 2) over F. This projective geometry

P(V) = { {(zo,21,22)") | (w0, 21, 29)" € V\ {0} }

is also known as the projective plane PG(2,F). This Veronese variety is a
subset of P(S?(V')), a projective geometry of dimension N = 3(2-5) = 5,
SO

P (82(V)) ={ <(Z/00,y01,y02,y11,y12,y22)T> | (yo0s - - - Ly22)T € (V) \ {0} I8

The Veronese embedding is the mapping ¢y : P(V) — P (S*(V)) defined
by

($07$1,$2)T = (35(2)a$0$1a$0$271’%,$1$27$g)T-
The Veronese variety Vy is the image of the projective plane P(V') under

this mapping, so
Vv = pv (B(V)) CP(S(V)).



In this particular case of the projective plane, the Veronese variety Vy is
known as the Veronese surface. The Veronese embedding ¢y is a bijection,
so Vy contains ¢? + ¢ + 1 points. Thus the Veronese surface Vy is known
as a variety of dimension 2 as it is in one-to-one correspondence with
a 2-dimensional projective space. Furthermore, the Veronese surface Vy
has order 4, as it intersects a generic (5 —2) = 3-dimensional subspace in
4 points.

We also give another useful method of defining the Veronese surface.
In Section 2.1, we saw that the points of projective space P (SQ(V)) can
be identified with the elements of the vector space of 3x3 symmetric
matrices, that is matrices of the form

Yoo Yo1 Yo2
Yo1 Y11 Y12
Yo2 Y12 Y22

In this matrix formulation, the Veronese embedding ¢y : P(V) — P (S*(V))
is given by

i) i) x% ToI1 oI
— 2

I — T (JUQ Tl 332) = Tor1 T T172

i) T2 ToI2 T1X9 .%'%

It is clear to see that a point P € P (S*(V)) is in Vy = Im(py) if and
only if the matrix corresponding to P has rank 1, that is if and only
if all the 2-minors (2x2 sub-determinants) vanish. Thus the Veronese
surface Vy in P (S*(V)) can be defined as the set of all points P =
<(y00, Yo1, Y02, Y11, Y12, ygg)T> such that all six 2-minors of the above ma-
trix are zero, namely

0 = yooy11 — Yo, 0 = Yooy22 — Yoo, 0 = Y1922 — Yo,
0 = yooy12 — Yo1Yo02, 0 = yo2y11 — Yo1y12 and 0 = yo1y22 — Yo2y12-

3.2 Veronese Varieties of Degree 2

We can define Veronese varieties of higher dimension by a similar process.
The projective geometry of a vector space V' of dimension n+1 is defined
as

P(V) = { <(:1;0,a:1, ... ,a:n)T> | (xo,x1, . ..xn)T e V\ {0} },

a projective geometry of dimension n. The corresponding projective ge-
ometry of the symmetric square of V', S?(V), is defined by

P (S*V)) = { (Y00, Y01+ -+ Yijs - - Ynn)" ) | yij € F i > 5 }.



This is a projective geometry of dimension N = in(n + 3) (Section 2.3).
The Veronese embedding

pv: P(V) — P (S*(V))

of the first projective space in the second is defined by

T 2 2 2\T
= (23, T0T1, - -« TOTn, Ty - - - T1Tpyy oo, Ty) '

(15(),581,...,1'”) s Lpy

The Veronese variety Vy of dimension n is the image of P(V') under ¢y,
S0
Vv = on (B(V)) CP(S*(V)).

The intersection of the Veronese variety Vy with a generic (N — n)-
dimensional subspace has 2™ points, so the Veronese variety is said to
have order 2".

The vector space S?(V) can also be thought of as the vector space of
symmetric (n+ 1) X (n 4 1) matrices of dimension (/N + 1) (Section 2.1),
that is matrices of the form

Yoo Yo1 Yo2 - - - Yon
Yol Y11 Y12 --- Yin
Yo2 Y12 Y22 - - - Yon

Yon Yin Y2n - - - YUnn

We can also similarly define P (S?(V)) in terms of such symmetric (n +
1) X (n+1) matrices. In this matrix formulation, the Veronese embedding

v : P(V) — P (S*(V)) is defined by

o o :Cg o1 ... T0Tn
T T ToT1 x% o X1 T
— . ($0x1...xn):
2
In Tn XoTn T1Tn ... T,

As before, it is clear to see that a point P € Vy if and only if the matrix
corresponding to P has rank 1. An (n + 1) x (n + 1) symmetric matrix
has £5n(n 4 1)%(n 4 2) independent 2-minors [15], which must all vanish
if the matrix has rank 1. However, each such 2-minor defines a quadric
in P (S*(V)), and a point P € P (S*(V)) is in the Veronese variety Vy if
and only if P lies in the intersection of all the these quadrics. Thus the
Veronese variety Vy C P (S?(V)) can be defined as the intersection of
Ln(n+1)%(n + 2) quadrics in P (S*(V)).



Further information about Vereonese varieties can be found in [2,17,
23,24]. A Veronese variety is an example of a determinantal variety [16,
18].

3.3 Higher Degree Veronese Varieties

The Veronese embedding ¢y : P(V) — P (S?*(V)) can be generalised to
degrees higher than 2. The higher degree Veronese embedding

AP PV) - P (sU(V))

is an embedding of P(V') in a projective space of dimension Ny = ("jgd) -1
and is defined by

(z0,21,...,2p)] — (:Ug, nglzrrl, .. .xn,lx‘fl_l T,

’rrn
The higher degree Veronese variety V‘(/d ) of dimension n is the image of

P(V') under 90%}1), so we have

V= ol (P(vV)) C P (s(v)).

3.4 Veronese Varieties of the Dual Space

We now consider the projective geometry P (Sd(V*)) of the symmetric
power of the dual vector space V* (Section 2.3). In particular, if we con-
sider the elements of V* as linear polynomials, then the ordinary Veronese
embedding
py-: P(VF) — P (S3(VY))),
is defined by the mapping
apxo + ... + anxy — (agro + ...+ anxn)2 ,

when the characteristic of F is more than 2 (p > 2) [16, 18]. In this case,
the corresponding Veronese variety Vi« = @y« (P(V*)) can be charac-
terised as all homogeneous quadratic polynomials which are squares (up
to scalar multiplication), that is

Vv« = { (L?) | L is a linear polynomial } C P (S*(V*))).

More generally, the higher degree Veronese variety of degree d has a
similar characterisation for d < p [16,18]. The higher degree Veronese

variety VO = w%flz (P(V*)) of P (S%(V*)) is given by

V‘(/d) = { <Ld> | L is a linear polynomial } cP <Sd(V*)> .



Thus the Veronese varieties arising from dual spaces in the case that d < p
are sets consisting of any polynomial which is the appropriate power of
some linear polynomial.

4 A Geometric View of the Linearisation Algorithm

The Linearisation algorithm is an algorithm that both motivates and
is used by the Relinearisation algorithm and the XL algorithm. We
thus first consider the geometric aspects of the Linearisation algorithm.
Linearisation is fundamentally a technique in which a projective space is
embedded in another projective space of higher dimension, with the in-
tention that a nonlinear variety in the first space becomes a linear variety
in the second larger space. This linear variety can then be easily analysed
using simple linear algebra, thus allowing us to reach conclusions about
the original variety in the smaller space. In particular, if the original linear
variety is the unique solution of a system of quadratic equations, then it
may be possible with the Linearisation algorithm to solve this system
using only linear algebra.

4.1 Linearisation of a Quadric

The Veronese embedding ¢y : P(V) — P (S?(V))) induces a linearisa-
tion mapping @y, from the set of homogeneous quadratic polynomials in

Flzg,x1,. .., 2,] to the set of homogenous linear polynomials in F[yoo, ¥ij, - - -

defined by
n 1 n o1
) SRS ) S
i=0 j=0 i=0 j=0
We then say that f = > j<i @ij¥ij = Py (f) is the linearisation of the ho-

mogeneous quadratic polynomial f =" j<i @ijrizj. For such a quadratic
polynomial f, the geometric structure defined by

Qf :{ <($o,:€1,...,xn)T> ‘ f(zo,z1,...,xn) :O} CP(V)

is known as a quadric. Geometrically, the linearisation mapping ®y, in-
duces a mapping from the quadrics in P(V') to the hyperplanes of P (82(V)),
which we also denote by py,. Thus ©y, is also a mapping in which the
quadric Q¢ in P(V) is mapped to the hyperplane Hfin P (SQ(V)), SO
Hf = @V(Qf)’ where

HTZ { <(y007'-'ay’ija-' .ynn)T> | ?(yOOa- . 'ayijv“-ynn) = 0} C P(S2(V))

» Ynn)



4.2 Linearisation of a Quadratic Equation System

Suppose f € Flzg, z1,...,x,] is a homogeneous quadratic equation with
the (projective) point P € P(V) as a solution of f =0, so P € Q. By
construction, the point ¢y (P) € P (S*(V)) is a solution of f = &y (f) =0,
or equivalently ¢y (P) € Hy. Suppose now that P € P(V) is a solution
of a system of m such independent homogeneous quadratic equations
fi = ... = fm = 0, then py(P) € Hpr, ..., Hy~ We can define the
projective subspace H C P (SQ(V)) by

H = ﬁHﬁ c P(S*(V)),

i=1

so we clearly have
pv(P) e HCP(S*(V)).

Thus the solutions in P(V') of a system of homogeneous quadratic polyno-
mials are mapped to points in the intersection of hyperplanes in P (SQ(V)) :
The intersection of hyperplanes can be efficiently calculated by row re-
duction of a matrix, so a linear space containing ¢y (P) can be easily ob-
tained. If the original equation system has a unique solution (so m > n)
and this space H is a unique (projective) point, then necessarily H is
on the Veronese variety Vi We can then obtain the unique (projective)
solution P to the original equation system as

P=gy' (H).

The Linearisation algorithm (described in [20]) is an equation solv-
ing technique in which every monomial is regarded as an independent
variable. The resulting linearised system is then solved using basic linear
algebra. If the original equation system has a unique solution, then it is
hoped that solving the linearised system provides it. The geometric tech-
nique for equation solving described above is a geometric description of
the Linearisation algorithm. However, the Linearisation algorithm
can give “parasitic” solutions, that is elements of H which do not corre-
spond to solutions of the original equation system, even when this equa-
tion system has a unique solution. In fact, if we define the linearisation
variety L by

L=V (HCP(S*(V)),

then the solution set of the original equation system is given by

et (L) =it (WH) cPY),



so the solution set is given by the intersection of the Veronese vari-
ety with the intersection of hyperplanes. Parasitic solutions can arise
when this hyperplane intersection is not contained in the Veronese va-
riety. However, the Veronese variety contains no non-trivial linear spaces,
so the hyperplane intersection H is only contained in the Veronese va-
riety Vy if it is a single point. The solutions of the quadratic system
fi = ... = fmm = 0 are therefore given by the system of linear equa-
tions f; = ... = f,, = 0 and the quadratic equations that define the
Veronese variety Vy,. When the original equation system has a unique so-
lution given by the point P € P(V), then the Linearisation algorithm
succeeds when ¢y (P) € £ = 'H, that is the Veronese quadratic equations
are not needed to obtain a unique solution.

Example 2. Consider the following quadratic equation system

O0=1+2z1+22 — 7172
0=2+mzy + 2% — 23
0:x1+x2—2x%—|—2m1x2—m%
0 =3+ 21 + 979 + 823 + 187129 + 2223
O:1+4x1+3x2+2x%73x1x275x%

with three equations in two variables over GF(37). Homogenising these
equations by the addition of a variable zg gives

0= f1 =23 + zox1 + ToT2 — X172

0= fo =22 + mowa + 23 — 23

0= f3 = xox1 + ToT2 — 21’% + 2%1%2 — $%
0= fa= 31‘(2) + xox1 + 92029 + Sx% + 18x1x9 + 2295%
0= f5= a:% + 4xox1 + 3x922 + 2:5% —3x119 — 5x%.

We thus take V' to be the vector space of dimension 3 over GF(37), so
n=2and N = 1(2-5) = 5. The above equation system now defines a
variety in P(V'). Applying the linearisation mapping @y, induced by the
Veronese embedding ¢y : P(V) — P (S*(V)), we obtain

0= f1 = oo + yo1 + Y02 — Y12

0= f2 = 2yo0 + yo2 + Y11 — Y22

0= f3=yo1 + Y02 — 2y11 + 2y12 — Y22

0= é = 3y00 + Yo1 + 9702 + 8y11 + 18y12 + 22y20
0= f5 = yoo + 4yo1 + 3yo2 + 2y11 — 3y12 — Sy22.

Each of these linear equations defines a hyperplane Hﬁ, so we have

5
H=(\Hy={((1,2,3,4,6,9") C P(S*(V)).
i=1



Applying the inverse Veronese embedding gives
ovt (H) = ((1,2,3)T) C P(V).

Thus we have (zg,z1,22) = A(1,2,3), which is the only solution as H
contains a single (projective) point. To obtain the solution to the original
nonhomogeneous equation system, we set zg = 1, that is we take A =1
to obtain (z1,x2) = (2, 3). O

In general, a system of m homogeneous quadratic equations in P(V')
leads to m hyperplanes in P (SQ(V)). These hyperplanes intersect in a
space of dimension N — m. Thus linearisation transforms the original

problem in n dimensions into a problem in %n(n + 3) — m dimensions.

5 A Geometric View of the Relinearisation Algorithm

The Relinearisation algorithm [20] is a technique that can be used
when the Linearisation algorithm fails, that is the solution produced
contains parasitic solutions. The technique of linearisation gives a sub-
space of a projective space that contains all solutions. The Relinearisation
algorithm applies a further linearisation mapping to this subspace with
the aim of recovering this solution.

5.1 Relinearisation of a Linearisation Variety

When the Linearisation algorithm fails, we know that the Veronese
embedding ¢y (P) of a solution P € P(V) of the original homogeneous
equation system lies in the linearisation variety £ = Vy [|'H. However,
the linearisation variety is the intersection of quadrics, so we have

=1
where i = 1,...,s with s < $5n(n + 1)?(n + 2) and fi is a homogeneous
quadratic polynomial in Flyoo, ..., ¥ij, - - -, Ynn)-

The Relinearisation algorithm is essentially the algorithm obtained
by applying a further linearisation mapping to the linearisation variety
L. The Veronese embedding

ps2(vy: P(S*(V)) — P (S* (S*(V)))



is a mapping of a projective space of dimension N = %n(n +3) to a
projective space of dimension at most %N (N + 3). The corresponding
linearisation mapping g2 () maps quadrics in P (SZ(V)) to hyperplanes
in P (82 (SQ(V))). This mapping Ps2(yy is the relinearisation mapping,
and applying it to the linearisation variety gives

P2y (L) = ﬂ@v (Qﬁ.) = ﬂ Hﬁ_-
i=1 i=1

Suppose a point P € P(V) is a solution of the original homogeneous
quadratic equation f; = ... = f, = 0 in Flxg,x1,...,2,], then (by
construction) we have

ps2(v) (pv(P)) € Ps2qvy (£) -

Thus a mapping of a solution lies in the intersection of hyperplanes in a
projective space, which can be easily calculated with basic algebra. If the
original equation system has a unique solution and (;_, H?, is a unique

(projective) point, then

P =y <¢§21<V) (%2(” (ﬁ)» '

Thus the Relinearisation algorithm offers a technique for finding the
solution to a system of quadratic equations. Furthermore, even if the
Relinearisation algorithm fails to find the solution, the variety P2 (v (£)
could itself be relinearised to find a solution and so on.

5.2 An Efficient Relinearisation Algorithm

The Relinearisation algorithm is actually performed in a slightly dif-
ferent manner to that described above for reasons of efficiency. The pro-
jective subspace

m

H=(Hp CP(S*(V))

i=1
given by the intersection of the hyperplanes defines by the polynomials
fi,..., fm has (projective) dimension N —m. Thus H is the projectivisa-
tion of a vector space over F of dimension N + 1 — m. If we suppose that
U is a generic vector space over I of dimension N 4+ 1 — m, then we can
define a bijective substitution mapping

Yu: P(U) — H C P(S*(V)).



As 9y is bijective, there exists an inverse mapping wl}l :H—P(U), so we
can then define an equivalent linearisation variety £’ = ;' (£) C P(U).
This equivalent linearisation variety £’ is the intersection of s quadrics,
where s < 5n(n+ 1)%(n +2).

The Veronese embedding for P(U) is oy : P(U) — P(S?(U)), where
the projective geometry P(S?(U)) has dimension (N — m)(N — m +
3). Relinearisation of the equivalent linearisation variety £’ is achieved
by applying the corresponding linearisation mapping @;;. The resulting
variety @ (L) is the intersection of hyperplanes, so is easily calculated.
If P is a solution of the original equation system, then

eu (Vg (pv(P) € By (£) -

Thus if the original equation system has a unique solution and @y (£') is
a unique (projective) point P, then the solution of the original equation
system is given by

P=oy ! (Yu (ev" (Br (£))))-

This is clearly a more efficient way of implementing the Relinearisation
algorithm as it is performing calculations in the projective geometry
P(S?(U)), which has smaller dimension than the original projective ge-
ometry P (S? (S*(V))).

FEzample 3. Consider the following quadratic equation system

O=142z1 4+ 22 — 2122
0=2+z9+ 2% — 23
0:$1+$2—2m%+2$1$2—m%

with three equations in two variables over GF(37). This is the equation
system given by the first three equations of Example 2 and has the unique
solution (x1,x2) = (2,3). There are clearly not enough equations in this
equation system to obtain this solution by the Linearisation algorithm.
As before, we can homogenise these equations by the addition of a variable
o to give

0= f1 =3+ o1 + ToT2 — T1T2

0:f2:2333+x0332+x%—x%

0= f3 = xox1 + ToT2 — 227 + 27122 — 73,

which also defines a variety in P(V'), where V is a vector space of dimen-
sion 3, so n = 2. We can now apply the linearisation mapping ©y, induced



by the Veronese embedding ¢y : P(V) — P (S*(V)) to give

0= f1 =900+ Yo1 + Yoz — Y12
0= f2=2yoo + yo2 + Y11 — Y22

0= f3 =yo1 + Yo2 — 2y11 + 2y12 — Y22.

The projective subspace H defined by the intersection of the subspaces
Hy; of S?(V) defined by these equations is given by

H={(1,0,0,0,1,2)",(0,1,0,1,1,1),(0,0,1,13,1,14)") c P (S*(V)).

If we let U be a 3-dimensional vector space over GF(37), then we can
define a substitution mapping ¢y : P(U) — H based on a 6 x 3 matrix A
with the property that if u is a nonzero vector in U, then (z) = ¢y ((u)) €
H C P(V), where z = Au € S?(V). The columns of A define H, so A is
given by

100 01 2\"

A=1010 11 1
00113114

The Veronese surface Vy C P (S*(V)) is defined as the intersection of
the six quadrics

0 = yooy11 — Yo, 0 = Yooy22 — Yo, 0= Y1922 — Y,
0 = yooy12 — Yo1¥Yo02, 0 = yo2y11 — Yo1y12 and 0 = yo1y22 — Yo2y12-

There exist six symmetric 6x6 matrices M; (1 < ¢ < 6) such that the
above quadrics defining the Veronese variety Vy C P (SQ(V)) are given
by 0 = yT M;y. The linearisation variety £ = V(U is contained in
P (S%(V)). We use the equivalent linearisation variety £’ = ;' (£) C
P(U) in a space of smaller dimension. Applying the substitution mapping
y = Az we obtain quadrics defining the equivalent linearisation variety
L' c P(U) given by 0 = (A2)T M;(Az) = 27 (AT M;A)z. Thus the equiva-

lent linearisation variety £’ is defined by the intersection of the quadrics

0 = upuq + 13uguo + 36u%

0= 2u(2) + uguy + 1dugus + 36u%

0= 36u(2) + 24ugue + 25uqus + 33u%

0= U(Q) + uou1 + ugus + 36uqus

0 = 36ugu; + 36u? + 13u3

0 = 2uguq + 36ugus + u% + 13ujus + 36u%.



We can now relinearise £ C P(U) by applying the linearisation mapping
@y induced by the Veronese embedding ¢y : P(U) — P (S*(U)) to obtain
Py (L) as the intersection of the hyperplanes defined by

0 11336 0 0 Wop 0
2 1 14 0 0 36 wo1 0
36 0 24 0 25 33 w2 | |0
1 1 1 0 36 0 w11 - 0
0 36 0 36 0 13 w12 0
0 23 1 13 36 W2 0

Reducing this linear system to echelon form, we obtain

10000 4 Woo 0
01000 8 wo1 0
00100 12 wo2 | |0
00O01O016 wip | |0
00001 24 w12 0
000O0O0 O w2 0

We can thus solve this linear system to obtain
Pu(L) =((4,8,12,16,24, -1)") = ((1,2,3,4,6,9)") e P (S*(U)) .

Having obtained this solution, we can now back-track through the various
mappings to obtain the unique solution to the original equation system.
Applying the first inverse Veronese embedding, we have

o' (Bu(L)) = ((1,2,3)") € P(U).

Applying the substitution mapping ;; by calculating A(1,2,3)7 gives us

v (05 (Bu(£))) = (1.2,3.4,6,9)7) € P (SX(V)).

We can now apply the last inverse Veronese embedding to give the solution
as

o' (Yo (ep' (Br(£))) =((1,2,3)") e P(V).

Thus we have (zg,x1,22) = A(1,2,3), so taking ¢ = 1 gives (z1,x2) =
(2,3) as the unique solution of the original nonhomogeneous equation
system. O



5.3 A Matrix Rank Formulation of the Relinearisation
Algorithm

The quadratic equation system defines a collection of quadrics in P(V').
After linearisation, we obtain a subspace H of P (S*(V)) of (projective)
dimension N — m. However, the projective geometry P (SQ(V)) can be
defined by the vector space of symmetric (n+ 1) x (n + 1) matrices (Sec-
tion 2.1). Thus, in terms of the vector space of symmetric matrices, the
subspace ‘H is generated by N — m symmetric matrices Hy,..., Hy_m,
that is
H=(Hi,...,Hn_m),

so any point in H is a linear combination of the above matrices.

The original quadratic equation system is analysed by considering
H (N Vv. However, in terms of the vector space of symmetric matrices,
the points of the Veronese surface Vi are given by the matrices of rank 1
(Section 3.2). Thus H [ Vy is given by the matrices of rank 1 in H. We can
thus potentially solve the equation system by finding Ag, ..., AnN_m_1 € F

such that
N—m—1
Rank( > )\ZMZ> =1.
=1

The 2-minors or 2x2 sub-determinants of a matrix of rank 1 are
all 0. Thus evaluating the 2-minors of Zf\i Imfl AN M; gives a system of
multivariate quadratic equations in the variables Aq,..., Ay_m_1. This
equation system defines the linearisation variety £’ used in the efficient

Relinearisation technique of Section 5.2.
FEzxample 4. Consider the quadratic equation system of Example 3, namely

O0=14x1+22 — 2122
0=2+xy+ 2} — 3
0:x1+$2—2x%+2:ﬁ1x2—:€%.

We saw that after homogenisation and linearisation (Example 3) we ob-
tain the subspace H of P (S*(V)) given by

H={(1,0,0,0,1,2)",(0,1,0,1,1,1)7,(0,0,1,13,1,14)7) .

Expressing P (S*(V)) in terms of symmetric matrices, we obtain H =
(Hl, HQ, H3>, where

100 010 001
H=|001|,Hy=|111] and H3=(013 1
012 011 1 114



An arbitrary linear combination of these generating matrices gives

A1 A2 A3
MHL+ XoHy +A3Hs = | Ao Ao+ 1323 A+ Ao+ Ag
A3 A+ Ao+ A3 201 + Ao+ 143

Evaluating the 2-minors of \j H1 + As Ho + A3H3 gives the system of nine
quadratic equations described by the matrix equation

0 11336 0 0 0
111030 \2 0
0101024 Ai 0
363636 0 1 0 AIAQ 0
353623 0 0 1 ;23 =|o
035 13624 1 2 0
Ao A3
0101 024 ¢ 0
0 236 11336 3 0
36 024 02533 0

We reduce this linear system of rank 5 to obtain

)\2
10000 4 1 0
Ao
01000 8 ) 0
0010012 ;f =|o
0001016 2 0
Aos
0000124 A 0
A3

We thus have )\1 = *12)\3 and )\2 == *24)\3, SO )\3 == 3)\1 and )\2 == 2)\1,
so we obtain

100 010 001 123
001 ) +21111)1+3|013 1| =1|246
012 011 1 114 369

The matrix on the right has rank 1 and corresponds to the projective
point ((1,2,3)), which is the solution of Example 3. We note that the
final linear system of both this example and that of Example 3 defining
the equivalent linearisation variety £’ are identical. U

5.4 Failure of the Relinearisation Algorithm

Example 3 illustrates one of the complications that can arises during re-
linearisation. The six quadratic equations defining the Veronese surface



inP (SQ(V)) (projective dimension 5) are linearly independent. However,
there is no guarantee that their respective restrictions to a given sub-
space are independent. In Example 3, the restriction of the six quadratic
equations to the projective subspace H (projective dimension 2) gives a
system of rank 5. The analysis of the Relinearisation algorithm given
in [20] does not take this issue into account. Hence the estimates given
in [20] for the number of equations required for the successful application
of the Relinearisation algorithm can be overly optimistic. Example 5
illustrates this point.

Ezxample 5. We consider eight homogeneous polynomials in four variables
over GF(37) given by

Lo
17 18 18 12 5 21 11 22 4 32 ToT1
15 32 17 23 4 33 18 13 26 8 ToT2
10 32 20 20 & 27 32 19 20 10 ToT3

11 30 23 31 14 5 2 35 14 14 z?
9 11 3 17 24 10 16 3 27 23 T1T2
23 256 11 4 13 8 8 32 31 18 T1T3

13 17 5 29 19 18 23 34 17 16 m%
8 28 25 19 35 8 36 21 1 1 ToT3
2
T3

If we let S denote the above 8x10 matrix over GF(37) and z the vec-
tor of quadratic monomials, then the equation system Sz = 0 has the
unique (projective) solution ((1,6,14,5)T). If this equation system had a
ninth equation, then we could solve this system by the Linearisation
algorithm. Thus the equation system Sz = 0 is almost fully linearised.

We consider the above equation system in terms of the vector space
V of dimension 4 over GF(37), so n = 3. This equation system gives
eight quadrics in P(V). The Veronese embedding ¢y : P(V) — P (S*(V))
embeds this projective geometry of dimension 3 in one of dimension N =
%(3~6) = 9. This Veronese embedding ¢y induces a linearisation mapping
@y . Applying @y, to this equation system gives the linear system Sy = 0,
where (yoo, - -, Yij, - - - ,y33)T are the variables used to define P (SQ(V)).
Solutions to this linear system are contained in the intersection H C
P (Sz(V)) of the 8 hyperplanes, a projective subspace H with (projective)
dimension 1 and defined by

H = ((1,0,13,21,1,31,22,20,30,0)7, (0,1,31,22,12,15,26,17,19,35)") .



If we let U denote a generic vector space of dimension 2 over GF(37),
then P(U) is a projective geometry of dimension 1 (a projective line). We
can now define a bijective substitution mapping ¢y : P(U) — (H) based
on the 10x2 matrix

A1 01321 131222 3 0\
“\ o 1312212152 17 19 35

The Veronese variety Vi C P (S*(V)) can be defined as the inter-
section of 20 quadrics. Thus there exist twenty 10x10 matrices M; such
that y” M;y = 0. The linearisation variety is given by £ = Vy (H C
P (SQ(V)). The substitution mapping ¥ allows us to define an equivalent
linearisation variety £’ = ;' (£) C P(U) in a space of dimension 1. Ap-
plying the substitution mapping gives twenty quadrics 27 (AT M;A)z (i =
1,...,20) defining the equivalent linearisation variety £’. Thus the equiva-
lent linearisation variety £’ is given by Lu = 0, where u = (ug, UU1, u%)T
and L7 is the 3x20 matrix

12 2 525 73629 71132 62310253020 13435 4

131223616 32416 41519 5 736211434 9 625
36 615 1213413213322183230 11623 3283112

The Relinearisation algorithm requires us to linearise the above
linearisation variety £'. The Veronese embedding ¢y : P(U) — P (S*(U))
embeds P(U) in a projective space of dimension %(1 -4) = 2. When we
apply this embedding to the above variety, we obtain the variety

X = { ((woo, wor, w11)" € P (S*(V))) | L(woo, wor, wi1)” =0} C P (S*(U)).

For the Relinearisation algorithm to succeed, we require that X C
P (S*(U)) is a unique (projective) point. This condition requires that the
matrix L has rank 2. However, the matrix L has rank 1 as every row is a
multiple of (1,12,36). Thus the direct Relinearisation algorithm fails
to find the solution of this equation system.

This system could be easily solved from information given by the
above process. For example, we know that u% + 12uguq + 36u% = (up +
6u1)? = 0. However, such a technique would not work if we were solving
a system with seven of the original eight equations. In any case, the main
point of this example is to illustrate that even in an almost fully linearised
equation system, the direct Relinearisation algorithm can fail. O



5.5 Tangent Spaces

An interesting characterisation for when Relinearisation succeeds or
fails can be obtained by considering the tangent spaces to the Veronese
variety. Suppose we have a system of m quadrics intersecting in a unique
(projective) point P in P(V'). The linearisation variety £ is the intersec-
tion of the Veronese variety Vi with the subspace H defined by linearising
the original quadratic system (Section 4.2). This linearisation variety £
can be defined as the intersection of s quadrics, so we have

L=Ww(H=[Q; CP(S*(V)).

i=1

We first suppose that the Relinearisation algorithm succeeds for
this system. In this case, we know that

so we have a full-rank system of quadrics whose intersection is ¢y (P).
We now denote the (projective) (N —m — 1)-dimensional tangent space
to the quadric @ 7 at oy (P) by Ty, (p)(Q ﬁ-)' The intersection of all these
tangent spaces is the unique point @y (P), that is

Conversely, if the intersection of these tangent spaces is not a unique
point, then the Relinearisation algorithm fails. We now consider the
linear subspace

H( )Ty (p) (Vv) CP(S*(V)),

which has the same dimension as

ﬁva(P) (Qﬁ) :

i=1

This give us a criterion for the success or failure of the Relinearisation
algorithm to provide a unique solution without actually having to relin-
earise. If the intersection of the linear space H, given directly by linearising
the quadratic system, and the tangent space to the Veronese variety at
v (P) is not a single point, then the Relinearisation algorithm fails.



FEzxample 6. We consider the equation system of Example 3 with unique
solution P = {(1,2,3)T). In this case, the vector space V has dimension
3 over GF(37) (so n = 2). The space H is the (projective) 2-dimensional
subspace of P (SQ(V)) given by the kernel of the matrix

111 0-1 0
201 1 0-1
01 1-2 2-1

The tangent space to the Veronese surface Vy at oy (P) is a (projective)
2-dimensional subspace of P (S*(V')) given by the kernel of the matrix

1 024 0 033
0 124 01229
000 11121

We can construct a 6x6 matrix by combining these two matrices. This
larger matrix has rank 5, so the intersection of the tangent space to the
Veronese surface at yo(P) with H is the unique (projective) point P.
Thus the Relinearisation algorithm succeeds for Example 3.

By contrast, we can consider the equation system of Example 5 with
unique (projective) solution P = {((1,6,14,5)T). In this case, the vector
space V' has dimension 4 over GF(37) (so n = 3). The space H is a
(projective) 1-dimensional subspace given by the kernel of a 8x10 matrix
of the 9-dimensional projective geometry P (82(V)). The tangent space to
the Veronese variety at ¢y (P) is a 3-dimensional subspace of P (S*(V))
given by the kernel of a 6 x10 matrix. Combining these two matrices gives
an 18x10 matrix that only has rank 8, so the intersection of the tangent
space to the Veronese surface at ¢y (P) with H is not a unique (projective)
point. Thus the Relinearisation algorithm fails for Example 5. O

6 A Geometric View of the XL Algorithm

The XL or extended linearisation algorithm was proposed to be a “simpli-
fied and improved version of relinearisation” [8]. We now consider some
geometric properties of the XL algorithm. The original description of the
XL algorithm of [8] is given for a non-homogeneous equation system. We
thus term the original XL algorithm description the AffineXL algorithm.
There is an natural generalisation of the AffineXL algorithm to a homo-
geneous equation system, which we term the ProjectiveXL algorithm.
The ProjectiveXL algorithm is thus more mathematically natural, and
we consider its properties.



1. Generate the m(D Bi;") possible polynomials of degree at most D that are formed

by multiplying each of the polynomials of the original system by monomials of
degree less than D — 2.

2. Choose an ordering of the monomials of degree at most D. Find an echelon form for
this new system of polynomials of degree at most D by using Gaussian reduction.
The ordering of monomials should be chosen in such a way that the linearisation
yields a univariate polynomial in just one of the variables.

3. Note that it is not always possible to find such an ordering, and in this case
AffineXL fails for degree D.

4. This univariate polynomial can be factored using Berlekamp’s algorithm [21]. This
potentially allows the elimination of a variable from the original system of equa-
tions.

5. The process is repeated on the new smaller system until a complete solution is
found.

Fig. 1. A Basic Description of the AffineXL Algorithm

6.1 The AffineXL Algorithm

Without loss of generality, we consider the application of the AffineXL
algorithm to a quadratic equation system. The basic idea of the AffineXL
algorithm is to multiply the polynomials of this original equation system
by monomials of degree up to D — 2 to obtain many polynomials of de-
gree at most D. We then regard this degree D polynomial system as a
linear system in the monomials of degree at most D. It is then hoped
that the linear span of the generated polynomials in this larger system
contains a univariate polynomial in one of the variables x;. An ordering of
the monomials of degree at most D is chosen such that such a univariate
polynomial in x; can be found simply by reducing the matrix of this sys-
tem to echelon form. This univariate polynomial could then be factored
using Berlekamp’s algorithm [21] or some other method to give values
for one of the variable z;. We could then substitute these values for x; to
obtain a smaller quadratic system. This smaller system could then poten-
tially be analysed using the AffineXL algorithm or some other technique
to enable a full solution to be found. Clearly, the smaller the value of D,
the degree of the generated polynomials for which this is possible, the
faster the AffineXL algorithm works. We give a fuller description of the
basic form of the AffineXL algorithm in Figure 1 and a simple example
in Example 7.

FEzample 7. We consider the homogenised version of the equation system
defined by two quadratic polynomials f; and fo in two variables over



GF(37) given by
fi= x% 4+ 5z1x0 + 15 and fo = :c% + 9xq129 + 23.

We wish to find solutions to fi = fo = 0. The application of the XL
algorithm to such a quadratic system is discussed in [6,8]. In order to
apply the AffineXL algorithm with D = 2, that is using the original
equation system with no monomial multiplication, we would need to find
a linear combination A1 f1 + Ao fo which is a univariate polynomial in either
solely in x; or solely in x».

The equation system f; = fo = 0 can be represented as the kernel of

the matrix

0501015

1900023
with respect to the column ordering (23, 7129, 2, 22, 21, 1). Reducing this
matrix to echelon form gives

10013023
(0 10250 5> '

Thus there is no polynomial in the linear span of f; and fo which is a
univariate polynomial in x; alone. Similarly, there is no polynomial in the
linear span of f; and fs which is a univariate polynomial in x5 alone.

We next consider the linear span of the cubic polynomials x; f;, that
is the D = 3 case. However, this linear span does not contain any polyno-
mials in x1 alone or in x5 alone. We therefore consider the D = 4 case and

calculate all quartic polynomials z;zy fj, and find that the linear span of
these polynomials contains

x] + 1023 4+ 26 = (z1 — 1) (21 — 10)(x1 — 27)(z1 — 36).
We would thus obtain the four solutions to f1 = f2 = 0 in GF(37), namely
(21, 22) = (1,19), (10,31), (27,6), or (36, 18).

Thus the application of the AffineXL algorithm requires that we multiply
the the two original polynomials by all monomials of degree 2 for the
AffineXL algorithm to succeed, that is we take D = 4. O

6.2 The ProjectiveXL Algorithm

The AffineXL algorithm is designed for non-homogeneous polynomial
equation systems (despite the comment to the contrary in [8]). However,



any non-homogeneous equation system in variables z1, ...z, can be trans-
formed into a homogeneous system in the variables xg, x1,...x, by the
inclusion of a homogenising variable xg. We thus give a description of an
XL -type algorithm as it applies to a homogeneous multivariate quadratic
system defined by fi,..., fm € Flxo,z1,...2y], and we term this version
of the XL algorithm for a homogeneous equation system the ProjectiveXL
algorithm.

Without loss of generality, we consider the application of the ProjectiveXL
algorithm to a homogeneous quadratic equation system. In a similar man-
ner to the AffineXL algorithm, we multiply the polynomials of this origi-
nal equation system by monomials of degree D —2 to obtain many polyno-
mials of degree D. We then regard this homogeneous degree D polynomial
system as a linear system in the monomials of degree D. The aim of the
ProjectiveXL algorithm is that the linear span of the generated polyno-
mials in this larger system contains a bivariate polynomial in two of the
variables x; and x;. An ordering of the degree D monomials is then cho-
sen such that such a bivariate polynomial can be easily found by a simple
matrix reduction. Such a homogeneous bivariate polynomial f(x;,x;) of
degree D could then potentially be factored directly. One common tech-
nique when x; # 0 is to apply a univariate factorisation technique to
xj_D f(xi,x;), which can be regarded as a univariate polynomial in % A
factorisation of f(z;,x;) would allow us to substitute values of z; by some
multiple of x;, thus obtaining a smaller equation system.

This ProjectiveXL algorithm thus retains all the features of the
AffineXL algorithm, yet the homogeneous description can provide greater
flexibility and fits more naturally into a geometric setting. We give a fuller
description of the ProjectiveXL algorithm in Figure 2. The original or
AffineXL algorithm can be thought of as the special case of the special
case of the ProjectiveXL algorithm in which one of the two variables x;
and z; is restricted to being the homogenising variable xy. Consequently,
the bivariate equation produced by the algorithm in this case can be re-
garded as a univariate equation in ;3—8 The greater power offered by the
ProjectiveXL algorithm is illustrated by Example 8.

FEzample 8. We consider the homogenised version of the equation system
of Example 7. We thus consider the homogeneous quadratic polynomials
f1 and fo in three variables over GF(37) given by

fi= 1533(2) + x% 4+ 5x1x0 and fo = 233:(2) + x% + 9z 29.

We wish to the ProjectiveXL algorithm with D = 2, that is using the
original equation system with no monomial multiplication. We consider



1. Generate the m(DBEJg") possible polynomials of degree D that are formed by

multiplying each of the polynomials of the original system by some monomial of
degree D — 2.

2. Choose an ordering of the degree D monomials. Linearise the new system of poly-
nomials of degree D and perform a Gaussian reduction. The ordering of monomials
should be chosen in such a way that the linearisation yields a polynomial in just
two of the original variables, say z; and z;.

3. Note that it is not always possible to find such an ordering, and in this case
ProjectiveXL fails for degree D.

4. This bivariate polynomial is x; and x; can be considered to be a univariate polyno-

mial equation in £t. This univariate polynomial can be factored using Berlekamp’s

Tj
algorithm [21]. This potentially allows the elimination of a variable from the orig-
inal system of equations.
5. The process is repeated on the new smaller system until a complete solution is
found.

Fig. 2. A Basic Description of the ProjectiveXL Algorithm

the monomial ordering (:13(2), ToT1,ToT2, T3, T1T2, 73), and the echelon form
of the defining matrix of Example 7 is given by

1000 229
000112 9

with respect to this ordering. Thus the linear span of f; and fo contains
23f1 — 15fy = 23 + 12x129 + 923 = (21 — 222) (21 — 2322),

so we obtain x1 = 2x9 or x1 = 23x2. Substituting these two values into

f1 gives
1522 + 1423 = 15(z — 2x2) (20 — 3572)
and 1523 + 1523 = 15(xg — 632) (20 — 31z2)

respectively. We thus obtain the full (projective) solution as

{(zo, 21, 22)T) € {((1,1,19)7),((1,10,31)T), ((1,27,6)"), ((1,36,18)")} .
O

Examples 7 and 8 show that the ProjectiveXL algorithm can be
much more efficient than the AffineXL algorithm. On essentially the same
equation system, the ProjectiveXL algorithm only required the use of
quadratic polynomials (D = 2), whereas the AffineXL algorithm required
the use of quartic polynomials (D = 4). Furthermore, the ProjectiveXL
algorithm offers far more scope for minimising the value of D than the



AffineXL algorithm. In an equation system with n variables, the AffineXL
algorithm offers n different methods of constructing a suitable univariate
polynomial of minimal degree (D), one for each variable. By contrast, the
ProjectiveXL algorithm applied to the equivalent homogeneous equation
system offers (""QH) R~ %nZ different methods of constructing a suitable bi-
variate polynomial. Thus the AffineXL algorithm can be seen as a very
small special case of the ProjectiveXL algorithm which restricts itself to
a small and usually arbitrary set of special cases of the ProjectiveXL

algorithm.

6.3 Geometric Aspects of the ProjectiveXL ALgorithm

We suppose that the homogeneous quadratic system has a unique (pro-
jective) solution. The homogeneous quadratic system defines a system of
quadrics in P(V') which intersect in a unique projective point P corre-
sponding to this unique solution. In the ProjectiveXL algorithm with
degree D, we multiply each polynomial by monomials of degree D — 2.
Geometrically, this gives a system of primals of degree D that have a
unique intersection at the (projective) point P. Clearly any linear com-
bination of the defining polynomials of the above primals gives another
primal which also contains P. The next step in the ProjectiveXL algo-
rithm is to find a degree D primal whose defining polynomial is in the
linear span of the polynomials defining the generated degree D primals
whose equation involves only two coordinates z; and z;. Such a primal is
defined by some bivariate polynomial

D-1

)

D—-1 D

D
9(xi, xj) = apry” + arx; xj+ ... ap-1z;xy  +apxy.

We note that the secundum S = {z € P(V)|z; = x; = 0} (Section 2.3) is
contained in the primal defined by g(xi, x). The bivariate polynomial g
factorises over some extension field F of F as

g(xs,x5) = (012 — 0125) ... (Opx; — Opy).

If we define V to be the vector space of dimension n+1 over this extension
field T, then each of these factors defines a hyperplane in P (V) Thus
the primal defined by ¢ is a product of hyperplanes in P (V), each of
which contain the secundum S. However, if the original equation system
has a unique (projective) solution in F, then we need only consider the
hyperplanes defined by the linear factors of g(x;,x;) which are defined
over F. Thus we know the solution point P lies on one such hyperplane.
We can analyse each such hyperplane by projecting the whole system



into that hyperplane. This effectively removes a variable from the original
system, and we can now examine the smaller system by the same method
and so on.

In the ProjectiveXL algorithm, the fundamental aim is to find a
primal defined by a bivariate polynomial. However, the property of being
defined by a bivariate polynomial is not a geometrical property of the
primal. A collineation of the projective geometry can transform a primal
defined by a bivariate equation into a primal defined by a polynomial that
is not bivariate. This is illustrated by Example 9.

Ezxample 9. We consider the homogeneous quadratic polynomials in three
variables over GF(37) given by

fi= 61‘(2) + 2x9x1 + 3x072 + x% + 16x129 + 3$%
and fo = 1823 + 35z0x1 + 15mwa + 2627 + 1231709 +  23.

We wish to apply the ProjectiveXL algorithm to the system f; = fo =0,
and there are three possible pairs of variables, namely (zg, 1), (x0,z2)
and (z1,x2), in which we can construct a bivariate polynomial. Unfortu-
nately, in all three cases, we are forced to use quartic polynomials (D = 4)
before we can do so. However, this polynomial system is derived from that
of Example 8 by the linear mapping

ZTo 22610 )
X1 = 26 413 X1 y
To 3321 2 To

but the equation system of Example 8 can be solved by only using quadratic
polynomials (D = 2). In geometrical terms, both this equation system and
that of Example 8 define a pair of intersecting quadrics in PG(2, GF(37)),
and there is a collineation mapping one pair to the other. Thus this equa-
tion system and that of Example 8 are geometrically equivalent. U

7 A Geometrically Invariant XL Algorithm

The aim of the ProjectiveXL algorithm for a homogeneous equation
system with a small number of (projective) solutions is to find a primal
defined by a bivariate polynomial which contains the points correspond-
ing to the solutions. However, as we saw in Section 6.3 the property of
being defined by a bivariate primal is not a geometrical property of the
primal. Nonetheless, a primal defined by a bivariate polynomial does have
definite geometric characteristics that are invariant under collineations of
the projective space. Consideration of such geometric characteristics gives
the GeometricXL algorithm.



7.1 The GeometricXL Algorithm

Suppose we have a homogeneous equation system f; = ... = f, =0 in
(n + 1) variables zg, z1,...,z, over a finite field F, and that this system
has a few (projective) solutions. As before, we suppose that V' denotes the
vector space of dimension (n + 1) over F. The ProjectiveXL algorithm
generates a number of primals of degree D whose intersection contains
the (projective) points corresponding to the solutions. As discussed in
Section 6.3, the next step of the ProjectiveXL algorithm is to find a
primal of degree D defined by a bivariate polynomial g, which factorises
over some extension field F as

g(xi, x5) = (01 — O125) ... (Opx; — Opay).

If V denotes the vector space of dimension (n + 1) over the extension
field F, then the variety in P (V) defined by g(w;,z;) consists of D (not
necessarily distinct) hyperplanes from the pencil of hyperplanes in P (V)
generated by the hyperplanes given by the equations z; = 0 and z; = 0.
Over F, the polynomial g splits into factors that are irreducible over F.
The variety in P(V') described by an irreducible factor of ¢ consists of the
intersection of P(V') with the conjugate hyperplanes of P (V) defined by
this irreducible factor. This intersection is a secundum of P(V') since all of
the conjugate hyperplanes come from a single pencil. This property of the
primal being composed of hyperplanes from a pencil is clearly invariant
under collineations, and it is this property of the primal, rather than that
of being defined by a bivariate polynomial, that we exploit. A collineation
of P(V') maps the primal defined by g to one defined by

(1L — 0L')...(0pL — 0, L)),

where L and L’ are some linear polynomials over F. The GeometricXL
algorithm is the generalisation of the ProjectiveXL algorithm which at-
tempts to find primals of the above generalised form.

Suppose the multiplication step of the ProjectiveXL algorithm yields
homogeneous polynomials h1,...,h; of degree D. In order to to use a
primal of the above form, we need to find a homogeneous polynomial A
of degree D and Aq,...,\; € F such that

D

k
h=>Y Nh; =[] (6;L—0;L)
=1

Jj=1

for some linear polynomials L and L’. Geometrically, a factor (9jL — 0L )

of the above expression defines a hyperplane in a pencil of hyperplanes



defined by the hyperplanes L = 0 and L' = 0 (Section 2.3). Thus the
primal V(h) defined by h can be thought as a product of D hyperplanes
all from the same pencil.

We now suppose that D is smaller than the characteristic of the finite
field F. We can take the formal (D — 1)th partial derivative of the above
expression with respect to any monomial x = x;, ... x;, , of degree (D —
1). As in Section 3.4, we use the notation D=1 to denote the formal
(D — 1)t partial derivative with respect to a degree (D — 1) monomial x,
so we can obtain the linear polynomial

k
DY 'h=> ADL hi = axL + d, L,
i=1

where ax and al are constants. However, any such linear polynomial
can be represented by a (row) vector of length n + 1, so this expression
can be interpreted as a vector expression. Thus the partial derivatives
matrix C’,(”D_l) of Section 2.2, whose rows are the various (D — 1) partial
derivatives of h;, is given by

O}(LD D _ (DD 1y, )

(3

so we obtain the matrix equation
o Z/\ OV = (axL + d L)

The matrix on the right-hand side clearly has rank 2 as its rows are linear
combinations of two vectors, so in the notation of Section 2.2, the vector
subspace W,SD_I) of P (V*) has dimension 2. Thus if there is a polynomial
h € (h1,...,h;) with a factorisation of the above type, then there is a

linear comblnatlon of partial derivatives matrices C( U that has rank
2. The converse is also true. One method to solve an equation system
is therefore to try to find a linear combination of the partial derivative
matrices C’( 1) .. ,C’}(f*l) with rank 2.

We term thls process the GeometricXL algorithm. The GeometricXL
algorithm is a geometrically invariant generalisation of the ProjectiveXL
algorithm. Having generated the polynomials of degree D, we then analyse
their partial derivatives matrices to try to determine a solution to the
original equation system. We give a fuller description of the GeometricXL
algorithm in Figure 3 and a simple illustration in Example 10



1. Generate the m(DBEJg") possible polynomials of degree D that are formed by
multiplying each of the polynomials of the original system by some monomial of
degree D — 2.

2. The degree D is required to be less than the characteristic of the finite field F.

3. Find a basis S of the linear span of all the polynomials generated by the first step.

4. Calculate the matrix C}D*l of (D — 1) partial derivatives for each polynomial
fes.

5. Find a linear combination of these partial derivative matrices C’JP ~! which has
rank 2 (or lower) by considering the 3-minors or some other method.

6. Note that this it is not always possible to find such a linear combination, and in
this case GeometricXL fails for degree D.

7. Using this linear combination, construct a polynomial in the linear span of S that is
known to have factors, and then factorise this polynomial. This potentially allows
the elimination of a variable from the original system of equations.

8. The process is repeated on the new smaller system until a complete solution is
found.

Fig. 3. A Basic Description of the GeometricXL Algorithm

Ezample 10. We consider the homogeneous quadratic polynomials in three
variables over GF(37) of Example 9 given by

hi = 636(2) + 2xo0x1 + 3xox2 + x% + 162129 + 3x%
and hg = 18:10% + 35x9x1 + 152022 + 263:% + 12z129 + x%

The matrix of the linear combination of partial derivatives is thus given
by

)\1Dm0h1 + )\QDmOhQ 1221 +36A2 2X1 4+ 35X2 33X + 15X
AMDg b1+ XDy he | = 2A1 + 352 2A1 + 15)X9 16A1 + 12X
)\1D12h1 + )\2Dz2 ho 3A1 + 152 161 + 129 6A1 + 29

This matrix has rank 2, so on taking its determinant, we obtain
0 = 34X3 + 280205 + 23X A2 + 7A3 = 34(A\; — 10A2) (A1 — 28)2) (A1 — 33)2),

so A1 = 10X, Ay = 28)Xs or A1 = 33X2. We thus obtain the following
polynomials in the linear span of hy and ha,

10~y + hy = 41'(2) + 18zgx1 + 8zgx2 + 363@% + 24129 + 311‘%
28hy + hy = a3 + 1Tzoz1 + 25m072 + 1723 + 162172 + 1123
33h1 + he = 3123 + 2Twox1 + 3wz + 3377 + 33w179 + 2623,

We have given all three for completeness, even though we note that the
three polynomials are necessarily linearly dependent. Each of these poly-



nomials factorises, so we have

10hy + he = 4(zo + 8z1 + 25x9) (o + 1521 + 14x9)
28h1 + ho = (.%'0 + 24x1 + 16$2)($0 + 30x1 + 36.%'2)
33h1 + ho = 31(1,‘() + 25x1 + 15%2)(330 + 26x1 + 3:82).

If we for example now take the first factor and substitute zop = —(8z1 +
25x9) into hi, we obtain

3627 4 11z129 + 1523 = 36(x1 — 18z9) (21 — 3022)

Taking the first factor, we have x; = 18x3 so xg = —(8x1 + 25x2) = 169,
which gives ((16,18,1)7) = ((1,15,7)") as a solution. This is the image
of the solution <(1, 27, 6)T> of Example 8 under the matrix of Example 9.
We can calculate all four solutions similarly to obtain

<(x0,x1,x2)T> € {<(17 8, 31)T> ’ <<17 14, 14)T> ) <(17 15, 7)T> ) <(1a 32, 6)T>} :

These are the images of the solutions of Example 8 under the matrix of
Example 9. U

In general, computing the (D — 1) partial derivatives in terms of
the A1,..., \; in a successful application of the ProjectiveXL algorithm
yields a linear system in Aq,...,Ar of rank 2. However, the matrix of
this linear system has rank two if and only all its 3-minors vanish. Thus
evaluating all the 3-minors of this partial derivatives matrix gives a homo-
geneous cubic equation system in Aq,..., Ag. If we can find any solution
of this cubic system by any method, then can obtain a factorisation of
the above type for some polynomial in the linear span of A1, ..., h.

The most obvious method to try to solve this cubic system is the
Linearisation algorithm. There are (n+D71) monomials in (n+ 1) vari-

D—1
ables of degree (D — 1), so the partial derivatives matrix is an ("J]Slz Il) X

(n + 1) matrix. There are (é) . (";1) 3-minors of an | X (n + 1) matrix,
”Ee Il) ~ % for large n. Thus for an equation

system with many variables (large n), the GeometricXL algorithm gives

where in this case | = (

3
a homogeneous cubic system containing about % <(D%Dl)!) cubic equa-

tions in k variables Ay, ..., Ag, that is about (g) = %k:s cubic monomials.
Thus if k£ < (D”fDl)!, it may be possible to find a solution by linearisa-
tion, and hence a factorisation that may allow us to eliminate a variable
from the original equation system. Furthermore, if we have vastly more

cubic equations than cubic monomials, we may be able to analyse the



system much more efficiently by only selecting a random subset of cubic
equations for linearisation and still have reasonable confidence in our so-
lution. Example 11 illustrates the method of the GeometricXL algorithm
in generating such a cubic system using the 3-minors of partial derivative
matrices, which are then solved to find solutions to the original equation
system.

FEzample 11. We give five homogeneous quartic polynomials fi, fa, f3, f4, f5
in five variables over GF(37) in Appendix A. The Appendix then describes
how to find the unique (projective) solution for the system f; = fo = f3 =
f1 = f5 = 0 using the GeometricXL algorithm. The solution method does
not require the generation of any higher degree polynomials, so D = 4.
For comparison, we also calulated the unique solution of the sys-
tem of Appendix A using both Grébner basis techniques and traditional
XL algorithms. Calculation of this solution using Grobner basis tech-
niques with either lexicographic or graded reverse lexicographic mono-
mial orderings typically requires the generation of polynomials of degree
D = 14. Similarly, solving this equation system using the AffineXL or
ProjectiveXL algorithm typically requires the generation of polynomials
of degree D = 14. In a typical example of the ProjectiveXL algorithm,
the final stage is the row reduction of a 5005x3060 matrix of rank 3055
to give a quintic bivariate equation, which can then be solved. O

7.2 Geometric Analysis of the GeometricXL ALgorithm

We have seen that the GeometricXL algorithm works by constructing a
polynomial h € (hy,...,hg) such that h € F[L, L], that is h is a polyno-
mial in two linear polynomials L and L’. We construct such a polynomial
of degree D by finding a polynomial h for which the rank of the par-

tial derivatives matrix C’,(lD_l) has rank 2. A basis for the row space of
C}SDfl) then gives L and L. This is the situation (for rank 2) discussed

by Proposition 1 of [4].

Geometrically, the constructed polynomial i of degree D is an ele-
ment of the projective geometry of the D symmetric power dual space
P (SD (V*)) This projective geometry contains the degree D Veronese
variety

v = oy (B (V7).

In the case that D < p, the characteristic of F, the polynomial h is

in this Veronese variety V‘(/e) if and only if h = AL for some linear
polynomial L and A € F (Section 3.4). An equivalent condition is that its



partial derivatives matrix C’,(lD_l) has rank 1. Geometrical aspects of this

situation are discussed in [22]. Thus we could define a rank-one version

of GeometricXL in which we find a partial derivatives matrix C}(LD_U of
rank 1. In certain situations, this can give a very efficient algorithm, as
illustrated in Example 12.

Ezample 12. Consider the equation system over GF(37) given by the first
four homogenised equations of Example 2, namely

0= f1 = 2%+ 201 + 202 — T172

0= fo =223 + zow2 + 23 — 23

0= f3 = xox1 + x0T2 — Qx% + 2x129 — $%

0= f1= 3ac(2) + zox1 + 92022 + 83:% + 18z129 + 2235%.

By calculating the partial derivatives matrix Zf‘:l AiCy; and evaluating
its 2-minors, we can find two linear combinations of partial derivatives
matrices having rank 1. We thus obtain

fi+1lfo+6f3+20fs = 9(130 + 2021 + 11.732)2 =0
and f1 +29fs + 20f3 4+ Tfs = 6(xg + 2721 + 3122)% = 0,

from which we can easily deduce that z; = 2x9 and zo = 3x9. We note
that there is no linear combination of the first three equations that has a
similar factorisation as a square. Thus rank-one GeometricXL cannot be
applied to the equation system f; = fo = f3 = 0. 0

We are primarily interested in the GeometricXL algorithm in the sit-
uation where the partial derivatives matrix C,(IDfl) has rank 2. However,
any matrix of rank 2 can be written as the sum of two matrices of rank 1,

but a partial derivatives matrix of rank 1 indicates a point in the Veronese

(D) We can therefore show that any polynomial h of degree D

)

variety V.

has a partial derivatives matrix C’}(lD*1 of rank 2 if and only if h is on

(

a line joining some pair of points in the Veronese variety VVL*)) , that is h
lies on a chord or secant of the Veronese variety (Section 2.3). We denote
the chordal or secant variety of the Veronese variety V‘(/lz), that is the set
of all points in P (SP (V*)) on some chord of V‘(/’i), by & (D) Geometrical
properties of the secant variety of the Veronese variety are extensively
discussed in [18,19].

The natural geometrical interpretation of the GeometricXL algorithm
is that it is a method that attempts to calculate the intersection of
the variety V(hy, ..., hi) generated by the polynomials hi, ..., h; of de-
gree D with the secant variety S ([*)). The algebraic interpretation of the



GeometricXL algorithm or any XL -type algorithm, is that it is a method
that attempts to find a linear combination of a collection of matrices that
has rank 2, a problem sometimes termed MinRank.

Certain other XL -type algorithms can now be seen geometrically as
special cases of the GeometricXL algorithm. The rank-one GeometricXL
algorithm of Example 12 is the special case when this intersection con-
tains a point of the Veronese variety itself. When the Linearisation
algorithm works, it would typically produce a polynomial of the form
xixOD -1y Azl = xOD “H(z; + Azp). Polynomials of this type form a sub-
set of the secant variety S(D*). Thus the Linearisation algorithm can
typically be viewed as a special case of the GeometricXL algorithm in
which we are constrained to take the intersection of the polynomial va-
riety V(hy,...,hx) with a subset of the secant variety of the Veronese
variety.

The AffineXL and ProjectiveXL algorithms (Section 6.1 and 6.2)
can also be considered special cases of the GeometricXL algorithm in
which we are constrained to take the intersection of the polynomial variety
V(hi,...,hi) with a particular subsets of the secant variety S‘(/[*)). In the
ProjectiveXL algorithm, this subset is defined by the hyperpanes x; = 0
and z; = 0, whereas in the AffineXL algorithm we are constrained to take
to the hyperplanes x; = 0 and zg = 0. We illustrate this in Example 13.

Ezxample 13. Suppose V' is a vector space of dimension 3 over F. We
consider he degree 3 Veronese embedding @9): P(V) — P(S*(V)). An
element of the pencil defined by zog = 0 and 27 = 0 is defined by zg +
Ox; = 0 for some 6 € F U {co} (with the usual interpretation of o).
The Veronese embedding of such an element of the pencil is defined by
(1,6,0,6%,0,0,6%,0,0,0). The set of such Veronese embeddings forms a
normal rational curve, in this case a twisted cubic, in the subspace defined
by equations wgge = wo12 = wWooe = Wi12 = wWize = waoe = 0, and these
points span this space. O

7.3 The GeometricXL Algorithm and the Relinearisation
Algorithm

The Relinearisation algorithm can also be viewed in some sense as a
special case of the AffineXL algorithm [8] and hence of the GeometricXL
algorithm However, the relationship between these algorithms is geomet-
rically more complicated than the other special cases we have consid-
ered. We discuss this by considering the application of the GeometricXL



algorithm and Relinearisation algorithm to a quadratic system that
produces degree 4 equations.

During degree 4 version of the GeometricXL algorithm, the points of
P(V) are mapped to points on a variety V‘(/4 Jin P (S*(V)), with generic
quadrics being mapped to varieties of dimension n — 1 and order 8 that
are the intersection of V‘(/4 ) with subspaces of P (S*(V)) of dimension
N4 — N — 1. In relinearizing the same original system, the points are ini-
tially mapped to the Veronese variety Vi, C P (SQ(V)), and the equations
become hyperplanes in that space. If we were to apply the Veronese em-
bedding g2y to the points of P (S*(V)), then they would be mapped
to points on a larger Veronese variety Vsz(y) in the projective geometry

P (S? (S*(V))) of dimension
1
N = gnn+ 3)(n? + 3n +6) > Ny.

However, the Veronese variety Vi, C P (S*(V)) is contained in n(n +
1)2(n + 2) linearly independent quadrics, which are mapped to linearly
independent hyperplanes in P (82 (SQ(V))). These hyperplanes intersect
in a subspace of dimension N4, and this subspace intersects the Veronese
variety Vs2(y) in precisely the variety V‘(/4 ) obtained by a degree 4 version
of the GeometricXL algorithm. This can be seen by considering the fact
that the quadrics in question have equations of the form y;;j;; — yfj =0,
YijYik — Yii¥ik = 0 or yijyr — Yayr; = 0, and observing that they are
mapped into hyperplanes with equations y ;i) = Y(i)r) and so on,
so the points contained in the intersection of all these hyperplanes have
the same coordinates as those arising from degree 4 XL, but with some
repeated.

Both the Relinearisation algorithm and the GeometricXL algo-
rithm have the problem that they may consider polynomials that are not
independent. In the Relinearisation algorithm, this can occur when re-
stricting the Veronese equations to a subspace; whereas in the GeometricXL
algorithm this can occur when generating higher degree equations. This is
fundamentally the same problem in two different guises. However, in the
case where the original equation system has a unique solution over the
given field, then if (the possibly repeated application of) relinearisation
succeeds in finding this solution, then carrying out an XL procedure of
the corresponding degree also finds this solution without having to carry
out the latter stages of the XL procedure.



7.4 Properties of the GeometricXL Algorithm

We have seen that the first stages of XL can be interpreted as a search for
points on the secant variety S (D) of the Veronese variety V‘(/D*), and that
there is correspondence of this secant variety with a set of matrices of rank
2. Thus the points of this secant variety can be described by a set of cubic
equations which are given by the 3-minors of these matrices. In order to
formally specify the GeometricXL algorithm as a well-defined algorithm,
it would be necessary to provide an algorithm for finding points on this
variety. Unfortunately, this is likely to be difficult in general as there is
no efficient method for solving a general system of cubic equations.

We therefore consider some more specialised algorithms. Suppose Wp
denotes the subspace of P (SD (V*)) spanned by all the polynomials of de-
gree D generated by an XL process. Given a projective space X' contained
in S‘(/e) we can compute the subspace Wp (| X' very efficiently using us-
ing linear algebra. There are particular subspaces X' of the secant variety
S‘(,[*)) for which there are well established methods for finding points on
the subspace. By choosing such a subspace, we can produce an efficient
XL -type algorithm.

We can regard the projective geometry P (SD (V*)) as the space of all
homogeneous polynomials of degree D. For a polynomial h in the Veronese
variety V‘%, we denote the tangent space to Vg* at h by Ty, (V‘%). This
tangent space has has dimension n and is contained in in the secant variety
S‘(,[,f). For example, the tangent space at the polynomial J:OD is given by

Txé:) (V{?*) = { <Lx£)_1> ‘ L is a linear polynomial }

If our homogeneous equation system is derived from some original non-
homogeneous system, then we may not actually be interested in solutions
with x¢g = 0, that is solutions lying in the “hyperplane at infinity”. In
this case, if the space Wp of generated polynomials of degree D contain
<Lx0D _1>, then we can immediately deduce that any solutions of the
original nonhomegeneous system lie in the hyperplane with equation L =
0. This essentially eliminates a variable from the system.

We thus need to determine whether Wp contains such a polynomial we
have only to calculate its intersection with ng’ (V‘]/)*). If this intersection

Wb N Tx(? (V{?*) has dimension r > 0, then we can find a space of dimen-
sion n —r containing the solution, and the process can be repeated on the
smaller system. There is a sense in which this process can be thought of a
geometrically invariant version of the Linearisation algorithm in which



a co-ordinate specific linear polynomial x; — xq is replace by an arbitrary
linear polynomial. We note that this procedure is essentially equivalent
to the method called ElimLin of [1], where it is derived in the context of
considering the application of a SAT-solver to cryptololgy.

This technique cannot be applied in the other case that Wp [ Tx{)? (V{%) =

(). It is then necessary to consider methods for choosing the smallest pos-
sible value of D that enables this intersection to be nonempty. We restrict
our attention now to a system of equations that has a single solution over
the algebraic closure of a field F, so as to increase the likelihood of this
intersection being non-empty. A sufficient condition for the intersection
of Wp and Tx{? (V{?*) to be nonempty is for the dimension of Wp to be
greater than or equal to Np—n. The consideration of Hilbert series in [11]
suggests that if the system of equations consists of n+ 1 quadrics then the
degree d must be at least n + 1 for this to occur. However, for a generic
system of n + 1 quadrics with an empty intersection, the dimension of
Wp is Np — 1. This suggests that it might be advantageous to seek a
D such that Wp ﬂ'ﬂ‘mg (V‘%) has dimension n — 1, which occurs if the
dimension of Wp is N — 1. This makes it possible to find n hyperplanes
whose (affine) intersection determines the solution precisely. However, if
for some D the dimension of Wp is Np — 1, then linearisation of Wp
directly yields the solution.

7.5 Problems with the GeometricXL ALgorithm

An XL -type algorithm, including the GeometricXL algorithm, aims to
produce a polynomial which can potentially factor into many linear fac-
tors. However, we usually have no a priori method of determining which
linear factor pertains to the true solution, and we may have to test each
linear factor in turn. We would usually test each linear factor by using
it to make a substitution and then applying the same technique to the
smaller system. However, each of these smaller systems could give rise to
a number of linear factors, only one of which pertains to the true solution,
and so on. It is thus possible, in principle, that for a large enough D such
a proliferation of linear factors could lead to more possibilities than can
be efficiently checked. In this case, a useful heuristic approach would seem
to be to increase the degree D, which should generally greatly lower the
number of linear factors.



8 Conclusions

We have given an extensive discussion of the geometrical properties of
the XL -type algorithms for finding the solution to a multivariate equation
system and put these algorithms on a firm geometrical footing. In par-
ticular, we have shown how XL -type algorithms are different techniques
for finding points on the intersection of some subspace determined by the
equations with the secant variety of the Veronese variety of some degree
D. The different XL -type techniques which have been proposed are es-
sentially those obtained by considering some subset of this secant variety
rather than the full secant variety. The new method proposed in this pa-
per, the GeometricXL algorithm, generalises all the previous methods by
considering the full secant variety. As we demonstrated in Example 11,
the GeometricXL algorithm can be considerably more efficient in some
cases then either a standard XL algorithm or a Grobner basis algorithm.

There are a number of obvious areas for future research. Firstly, the
GeometricXL algorithm requires us to find a linear combination of a col-
lection of matrices having rank 2. We did this by considering the 3-minors
of these equation systems to obtain a cubic equation system, which we
were able to solve. However, it may be that there is a more efficient way
in some cases of finding such a linear combination of matrices having rank
2. Secondly, the reducible linear combinations of polynomials produced
by the GeometricXL algorithm are of a very particular form. Ideally, we
would like some efficient method of determining in many cases when a lin-
ear combination of polynomials is reducible. Finally, the GeometricXL al-
gorithm as described in Figure 3 is only applicable when the characteristic
of the field is not too small. However, the fundamental geometric results
we have been discussing are true in any characteristic [4,18,19]. In par-
ticular, a point on the secant variety of the Veronese variety corresponds
to a factorisation of a homogeneous polynomial to give [] (9]-L - 0L )
(Section 7.1). Furthermore, this secant variety is defined by a set of cubic
polynomials ([18] Theorem 1.56). Thus it may be possible to construct
an algorithm to find a solution to a multivariate equation system by find-
ing the intersection of the span of this system with the secant variety of
the Veronese variety. Such an algorithm would work over a field of any
characteristic.
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A Using the GeometricXL Algorithm to solve Example 11

We specify the five homogeneous quartic polynomials f1, fo, f3, f1, f5 in
five variables over GF(37)of Example 11 below. We describe how to solve
this equation system using the GeometricXL algorithm with D = 4 to
systematically eliminate variables from the system.

Five Variables

The co-efficients of these polynomials f; with respect to lexicographic
monomial ordering xé, x%ml, ..., w375, 2] are given below.

163032361311 0 0362812 51529
41912 212 928 22733 8132217
2720201727 52832 229 3 215 5
1717132216 9 42913 810 53327
27343232 0 021 23112331117 9

22 217 724 5251332312819 2422
36 6 51333 92830 016 9 9 4 5
223129 51734161615 735 227 2
23101525 631 0261318 1 223 8
22 7203236 23024241935 93512

36241227 73519 6 6 120273610
1130 13317 83527 1118133629 13
52121 8 81628122920 311629 13
23 6123128 926232734 93620 5
32 5142434202017 030 225 2 4

36302835 135 9 7162829232435
19213328243215 63618152611 1
18331710 8 421 3 1 413291013
24 42310 81036 619 526 23628
112027242510 824 231 0342036

2511303222 72626321711 32023
3 8 118233534 3 7 732222317
32 4 533 422252131 722 01727
35 6 4 2 6231019 0 4113310 6
1363236322333 72510 7 12625

We apply the GeometricXL algorithm to this equation system. Thus
we need to find Aq,..., A5 such that

(3) (3) (3) (3) (3)
)\10}”1 +)\20f2 +/\3Cf3 + /\4Cf4 +)\5Cf5

has rank 2, where C}?) of is the matrix of third partial derivatives for
each polynomial f;. There are 35 monomials of degree 3, so the matrices

Cy, are 35x5 matrices. We give the transpose of each of these matrices



C}?) below, where each row has 35 entries and is written below across two
TOWS.

1432 731 4 7 0 035 12410232116 324 4
241828 2173316 4 7341720 3281710 20
32 7 0 035 324 4241828 21733 16 28 12 26
18 83010 313415213218 8292611201013
7 0 12410241828 2 4 7341720 312 830
10213218 829261914191727 0 0 5 4 1
31 0242321 4281733 717202817 10 26 30 31
3432 82911201014 1727 0 5 42913 728
43510211624 233163420 3171020 1810 34
151829262010131927 0 5 4 113 72831

101228 53320132627 1319 122 7333610 26
29182830 0161817 810 73121 3034 31 22
1220 13 26 27 36 10 26 29 18 28 30 016 18 1416 5
25 817 4182023 21225 0262634 2 427
28131319 11018283017 810 7312116 817
4 21225 02626 721 5 627331223 11 33
5261922 72628 016 8 731303431 51718
2012 02634 2 421 6271223111225 36 25
3327 1 733293016 181031 2134312225 420
23252626 2 427 527332311 3325362529

13333514 529 11212 4 3173320 732 229
34 16 35 27 22 18 26 31 21 26 10 21 5 11 16 32 20
3329 1121232 2293416 35272218262926 9
1272126181211 119181523 17191835 9
35 1 4 317 2163527 3121261021 5262721
26 11918152317 9 730191125 9 334 0
1412 3332029 352218211021 111632 92118
12191523191835 71911 9 334171226 12
5121720 7342718262621 5163220 12612
111823171835 9301125 334 012261222

13322025 629181432 121 92233 2152919
112715 6351830 822 23633342316 815
322918 143215291911 2715 635183035 624
4 5202622 81823162035 6 13015 431
2018 121 9292715 6 822 2363334 6 520
2623162035 6 1 629 93411262316 1112
2514 21 22 33 19 15 35 18 22 36 33 23 16 8 24 20 22
81635 63015 4293411231611 4 025 9
632 933 211 61830 2333416 815 426 8
1820 6 115 431 91126161112 025 913

82932 721281515273122 6 6 91211 236
93334 314 72721 93427 41013 8 7 2
292815152711 236 93334 314 72723 1 5
21 034172912161212 92019 0242229 23
32153122 6 23334 321 93427 410 1 034
171212 92019 033 6311735172729 14 2
71522 6 9363414 7 927 413 8 7 53429
1212201924 2229 6173527291418 5 4 8
2127 6 912 9 3 72734 410 8 7 2211712
16 919 02229233135172914 2 5 4 8 8



We now consider the 3-minors (3x3 sub-determinants) of the ma-
trix Z?Zl AiCy, as polynomials in A1, A2, A3, Ag, A5. There are 65450 3-
minors of a 5x35 matrix, so we obtain 65450 homogeneous cubic equa-
tions in A1, Aa, A3, Ag, A5. We give below as an example the co-efficients of
the “upper left” such minor with respect to the lexicographical ordering
A AT N, . MAZ NS

1133281443222216 031111827 142527 24
231177 9207 118 217 333 51135 3

As there are only 35 cubic monomials in Aq,..., A5, this cubic system
clearly has the potential for solution by linearisation (Section 4.1), and

the linearisation matrix is a 65450x35 matrix. This matrix has rank 34
and the first 34 rows of the echelon form are the matrix (I34]v), where

the components of the vector v of length 34 are given below.

23735 3161511729 51134 223241118
10416 132036 725 628 2632351426 316

By considering the appropriate components of v, we obtain
0= (MAZ+2403) = (WA +2508) = (A2 + 142%) = (A2 +1613) .
As A5 = 0 would give a matrix of rank 0, we obtain

)\1 = 13)\5, /\2 = 12)\5, /\3 = 23)\5 and A4 = 21)\5.

We can now construct the polynomial g = 13f1 + 125 + 23f3 + 21 f4 +
f5- The coefficients of this polynomial with respect to the lexicographic
monomial ordering xé, azgm, ..., w375, 2] are given by the array below.

916 3416 3211 27 23 26 3218 31 22 1
2915 83027 6 4263514 7 83426
303610 52322 1 6 0132428 722
1114 23125 4103113271830 7 9
292423 53214 36 32 18 33 14 24 23 24

The 35x5 matrix Cf) = 13C%) + 12019 + 23¢? + 2101 + ¢ of
third partial derivatives can be used to find the factorisation of g. The
transpose of C’é3) is given by the array below.

31221922 7 717 91517362514 2 516 16 23
1712 42633141411311523362030 9 7 6
22 717 9151616231712 42633141433 0 4
33 114 7 728 8 113 8203126143623 5
191717362516 12 426 113115233620 0 114
7 113 8203126 3126 3318 10 17 10 35 27 34
22 93614 223 4331431233630 9 7 414 7
28 13 20 31 14 36 23 26 18 10 10 35 27 15 10 22 27
71525 2 517261414153620 9 7 633 728
8 831263623 5331017 3527 34 10 22 27 21



This matrix C’éB) has rank 2 (by construction) and any row is a linear
combination of the rows (1,0, 7,24,12) and (0, 1, 28,21, 12). Thus the lin-
ear factors of g are a linear combination of zg + 7xo + 24x3 + 1224 and
1+ 289+ 21z + 1224. We can now factorise g by a small search through
all the possible such linear factors or by some other method to find that
the only linear factor of g is

T4 + 21x3 + 31lx9 + 621 + 28x¢.

Four Variables

We can now eliminate a variable from the equation system. We use the
linear factor of g to make the substitution x4 = —(21z3+31xy+6x1+28x)
in the original equation system. This gives a new equation system f; =
5 = f5 = fi = 0 of four independent quartic equations in the four
variables xg, 1, 2, x3. The coefficients of these polynomials with respect
to lexicographic monomial ordering are given below.

351321261310 0331523 51313 8 234 528
41923 3 3 728143514153417 710 431

143210 5351118 22325 62820 8 0 93329
23181523 7 52735302115 93023 12316

27213415 2 327 1 132191617 4 2 6 332
73512172325253134252713 5 2 515 1

921 9121719 6 7 630221415171810 828
427 6253114 0 4273032 536172421 33

We now apply the GeometricXL algorithm to this new equation system.
The matrices C (z;,) of third partial derivatives for each polynomial f/ are

20x4 matrices, and we give the transpose C’T; of each of these matrices

below.
26 415 81520 021301830262616 2313019 8 3

41520 030262616 2313418182819 19 2528 30 19
152021302616 23019 8182819252830 1 5 324
8 0301826 23119 8 3181919283019 5 324 4

3 72330292236 8 9263619 316 0181321 9 34
72922363619 316 0182727 520172932 53017
2322 8 91916 01321 927201732 5301727 427
3036 926 3 01821 934 51729 5301727 42714

19151916 8 617 4 217 33234 8 21218271425
15 8 617 33234 8 21229282726 1313191317 4
19 6 4 232 8 2182714282613191317 91220 16
16 17 21734 2122714252713 131317 41220 16 24

3115173531 1122812 92128303418201119 814
1531 11221283034182033 2 119 016 14 23 27 30
17 128122834181119 8 219 014232713282215
351212 930182019 814 1 01623 273028221515



As before, we need to find a linear combination of these matrices with
rank 2, so we consider the 3-minors of the matrix Z?:l AiCyr. There

are 4560 3-minors of a 20x4 matrix, so we obtain 4560 homogeneous
cubic equations in the 20 cubic monomials in A1, Ao, Az, A4. The 4560x20
linearisation matrix for this cubic system in A; has rank 19, and the first
19 rows of the echelon form are the matrix (I19[v), where the vector v’
of length 19 with components given below.

23 34 30 12 2 17 29 15 6 32 11 1 30 27 33 28 26 3 16
By considering the appropriate components of v, we obtain
0= (MA]+32)0) = (AaA] +28A3) = (A3A] + 16A3F)
As A4 = 0 would give a matrix of rank 0, we obtain
A1 = BAg, A2 = 9Ny and A3 = 21)y.

We can now construct the polynomial ¢’ = 5f1 + 9f + 21f5 + fj. The
coefficients of this polynomial with respect to the lexicographic monomial
ordering :cé, x%azl, ey xgzcg, xé are given by the array below.

2613021329322613619 1252833172328
820271202720 42 0321115 5 3 820

We calculate C’;‘?) = 50}?) + 90(2) + 210(2) + C(z), the 20x4 matrix of

third partial derivatives of ¢’. Its transpose is given by the array below.

32 63215171827302624 3 213193334271916 9
6171827 3 2131933341935 034 31612 02729
32183026 219332719163534 312 02727301211
152726241333341916 9 0 316 02729 3012 11 36

The matrix C (E)’) has rank 2, so any row of C’(?) is a linear combination
of the two rows (1,0,23,12) and (0, 1,6,4), so the linear factors of g are
a linear combination of xg + 23xy + 12x3 and x1 + 629 + 4x3. This allows
us to factorise ¢’ by a small search through all the possible linear factors
or by some other method to find that the only linear factor of g is

r3 + 3229 + 21xq + 11xg.

Three Variables

We can now eliminate a second variable. The substitution x93 = —(32z9 +

21x1+11zp) in the four variable equation system gives an equation system

= f = f§ = 0 of three independent quartic equations in the four



variables zg, x1,x2. The coefficients of these polynomials f1, f, f{ with
respect to lexicographic ordering are given by the array below.

313035110332322 622 8 7 6 636
111 3143363532 5 030211213 4

191530 80 9141329 6 527 328 0

(3)

We give the transpose of the 10x3 matrices C' f?’ of third partial deriva-

tives for each polynomial f! below.

43225 7 02127 71221
32 7 027 712 7 52436
25 021 71221 5243613

24291819 633252710 O
2919 6252710171511 4
18 6332710 01511 422

1216 32 32 0 36 10 26 21 36
1632 0102621 9141220
32 036262136141220 0
We consider the 3-minors of the matrix 2?21 AiCrr to obtain 120 ho-
K3

mogeneous cubic equations in the 10 cubic monomials in Aj, A2, A3. The
120x10 linearisation matrix for this system has rank 9, and the first 9
rows of the echelon form are the matrix (I19|v”) where the the v is a
vector of length 9 with components given below.

311810207814 16 13
We thus obtain the equations
MAZ 4+ 83 = XoA2 +13X3 =0, s0 A\; = 293 and \y = 243,

as only nonzero solutions are permissible. We can now construct the poly-
nomial ¢ = 29f/" + 24f5 + f5. The co-efficients of this polynomial with
respect to the lexicographic monomial ordering are given below.

1727343517 4132715 32 31 21 33 30
The transpose of the matrix Cy = 29C}; + 24C; + C 1 of third partial
derivatives is given by the array below.

112 52533 31 24 26 17 16
12253324 26 1728 11013
53331261716 1101317
This matrix has rank 2 and is spanned by the rows (1,0, 20) and (0, 1, 8),
so the linear factors of ¢” are linear combinations of (z¢ + 20x2) and
(x1 4 8x2). Thus we find that the only linear factor of ¢” is

To + 27x1 + 17x0.



Two Variables

We can now make the substitution zo = —(17z¢ + 27x1) to obtain the
bivariate equation system f{” = f3’ = 0, where the polynomials are given
b
' 1 = 35z + 25x371 + brdat + 3lxgrd + 8af
= (21 — 270) (21 — 3120) (822 + 363170 + 3123)
and f' = bxg + 14x3x1 + 272322 + 35z003 + 1327
= (21 — 220) (1323 + 242220 + 2122 + 1623)

Thus we can deduce that 1 = 2x¢, and hence find the unique (projective)
solution to the original equation system as

(0, 1, T2, T3, 1) = <(1,27374>5)T>-



