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ABSTRACT

An investigation into wave interactions between self-excited
ionization waves -~ striations -~ in the positive column of a direct current

argon discharge is described.

Since such self-excited ionization waves are degtermined by the
ionization processes in the discharge, they are inherently nonlinear and

a variety of nonlinear effects may be observed.

After reviewing the theory and experimental observatioﬁé for small
émplitude linear ionization waves in gas discharges, experimental data
obtained from an argon discharge, 5cm in diameter, 110gms in length, run
at gaé“pressures between 0.1- 1.5 torr and discharge currents of 20- 250mA,

are presented, b

Linear inte;actions between large amplitude self-excited waves of
the same frequency, and nonlinear mode coupling between waves of different
frequencies and Qave numbers are reported and the characteristics of each
wave type are described. In order to interpret some of the phenomena
_observed for the self-excited waves, experiments where an external alter-

nating voltage was applied across the discharge were performed.

Following a general discussion of wave modulation the wave-wave
mode coupling is interpreted as due to nonlinear interactions which may

arise during the initial nonlinear growth-of ionization waves.

A physical model for the nonlinear behaviour is described. By
including a nonlinear term in the basic theory of striations expressions

are derived which account for the mode--coupling and support the physical

interpretation.
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Theoretical techniques previously used to describe the nonlinear
behaviour of water waves are outlined, and then applied to ionization
waves to predict further nonlinear effects which could not be obtained

from the modified linear theory.

Finally, a general overall view of two-wave interactions between
ionization waves in a discharge is presented using, as an example, the
results from a neon discharge. The experimental ohservations are related

to the linear and nonlinear growth of the waves.
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CHAPTER I

INTRODUCTION

Sfriations in the positive column of a glow diséharge are one of
the most readily observed plasma wave instabilities. In mélecular gases
stationary layers of alternating light and dark regions can be seen quite
distinctly whilst in inert gases the striations are usually travelling

waves which move too rapidly to be distinguished by the naked eye; the

discharge column appears uniform.

Only within the last decade has the origin and physical nature of
striations been understood, They are not acoustic type waves which rely
on the inertia of the ions for energy propagation, but rather they are
waves resulting from changes in the charged particle or metastable densi-
ties which are determined by the electron temperature dependent ionization
or excitation rates.. For this reason the term ionization wave is often

used as an alternative expression to striations.

At pressures greater than about 1 torr the ionization waves are
the only surviving low frequency waves since they are independent of the
ion inertia and so cannot be damped by the friction between the ions and

the neutrals,

The most commonly observed form of ionization wave has a backward
wave characteristic: the group velocity is directed towards the anode
~ whereas the phase velocity is directed toﬁards the cathode, TUnfortunately
early investigations were concerned with self-excited waves and neither

their origin nor backward nature were apparent from the observations.

Backward waves are caused by a change in electron temperature which
propagates from the cathode end of the positive column towards the anode as
a 'stratification' wave., The stratification wave gives rise to. changes in

the discharge parameters, such as electric field and light intensity, which

S



propagate as striations towards the cathode. The striations represent
the motion of points of equal phase and as such, give information on the
phase wvelocity of the wave motion, the stratification wave represents the
propagation of wave energy and is related to the group velocity of the
wave motion, In experimental studies it is usually the striatiohs, or

'wave crests', which are observed,

The uniform direct current discﬁarge may be characterized by
various state v ariables sﬁch as electron density and temperature, elec-
tric potential, molecular weight of the gas, radius of the tube and pres-
sure of the neutral gas. Since relationships exist between certain of

these variables they are not all independent.

-If the value of one of the appropriate state variables of the
uniform discharge, for example the electric potential, is slightly changed
from its equilibrium value then a disturbance in the other related state
variables will result and a wave may propagate in the discharge. When the
initial perturbation is of small amplitude, then it is often the case that
. the wave will be damped out as it travels through the discharge which ﬁill
eventually return to its initial state. The frequency and wavelength of
the wave are determined by the equilibrium, or averaged values, of the
state variables and are related through a dispersion relation. If more
than one wave is present then the waves obey the principle of superposi-
tion, Thesretically, the essential features of the waves may be deter-
.mined from the linearised equations of energy and continuity for each

particle type, together with the Poisson equation.

For certain discharge regimes, however, the waves observed are of
‘large amplitude and are absolutely unstable, that is, following a localized
perturbation the waves exist throughout the 1ength of the positive column

for all time. Often many waves exist simultaneously and the resultant

- 10 - ,



frequency spectrum may be continuous or consist of many discrete lines.
For these situations the original perturbation in a state variable gives
rise to a wave, initially of small amplitude, which grows as it travels

through the discharge.

A point may be reached where the wave itself, now of large ampli-
tude, perturbs the discharge which results in self-modulation of the wave
or the generation of different frequencies. This process may he thought
of as the wave reacting back on the state variables to produce further per-
turbations and a change in the averaged value of the state variables. The
dispersion relation between the frequency and wavelength now becomes depen-
dent on the amplitude of the waves. Waves governed by such a dispersion
relation are termed nonlinear. The linearised continuity equations prove
inadequate to explain the nonlinear phenomena, higher order terms must be
included, Nonlinear interactions between nonlinear waves can no longer

be explained using the principle of linear superposition.

In this thesis the self modulation and the interactions between self-
excited waves in an argon discharge will be described, When this work was
'started there still remained the problem of interpreting a large amount of
experimental data on self excited waves. As will be seen in the review
chapter, often a continuous frequency spectrum was obtained when the motion
of the striations wa; very irregulaf. Subsequently Grabec has shown that

such a spectrum and irregular motion are a result of the nonlinear evolu-

.'tion of the wave,

In many cases, however, a multiline frequency spectrum, as distinct
from a continuous spectrum, was observed when two or more waves were pre-
sent simultaneously in the discharge. Recent work has shown that some-

times such multiline spectra are due to the excitation of many waves which

belong to a single dispersion curve.

- 11 -



The situation when the multiline spectra cannot be related to the
“excitation of many waves has to be explained. Associated with this prob-
lem is the question of the connection between the different types of fre-
quency spectra and the accompanying variation in wave veloéity; which, in
some cases, gives rise to 'apparent' disturbances moving towards the anode.

These problems are dealt with in the present work and an attempt is made

to present a general picture of interactions hetween striations,

The outline of the thesis is as follows: In Chapter II the essen-
tial phenomena associated with ionization waves are reviewed, The experi-

mental apparatus and measuring techniques are dealt with in Chapter III,

The observations made on the purely self-excited waves in the argon
discharge are described in Chapter IV. An interpretation is given of some
of the effects, but the explanation of the nonlinear wave interactions is
deferred until a later chapter. The results obtained wﬂen an alternating

external voltage was applied across the discharge are described in Chapter V.

In Chapter VI, a general discussion of wave modulation is presented.
The conclusions drawn are used in Chapter VII as a basis for the explanation
of the mode-coupling effects already described in Chapters IV and V, A

physical model of the interactions is discussed.

The linear theory of striations is extended, in Chapter VIII, to
describe some .of the nonlinear effects seen in earlier chapters. Theoreti-
cal methods previously used to predict the behaviour of nonlinear water

waves are outlined in Chapter IX and applied to striations.

In Chapter X the evolution of the nonlinear coupling between two
waves is discussed using as a ‘basis, some recent experimental results from

a neon discharge.

The conclusions drawn from the work are presented in Chapter XI.

-~ 12 -



CHAPTER II

REVIEVW

2.1 INTRODUCTION

]

Although the existence of moving striations has been known for
over a century, it was not until the development of pulsed techniques to
generate transient small amplitude striations that any significant insight
into the physical mechanisms p;oducing the waves was obtained, Such a i
étate of affairs was due largely to the fact that early investigations were :

concerned with self-excited waves whose origins were concealed by their non-

linear nature,

The results obtained from detailed studies of small amplitude waves
has enabled recent investigations to turn full circle, in a sense, back to
the early days: by extending the linear theory and models, the nonlinear

effects associated with self-excited striations can now be explained,

2.2 HISTORICAL SURVEY

- 2.2.1 Early Work

‘The work prior to the 1950's was concerned with self-excited stria-
tions and no clear picture emerged owing to the difficuity in interpreting
the results. An exception to this was thé work of Pupp(i) who investi-
gated the occurrence of striations in inert gases'fér currents of a few
amperes and pressures of between 0.1 aﬁd 10 torr, and established their
limit of spontaneous existence now callgd the Pupp Limit?> Further, he
. found a similarity léw connecting frequency (f), tube radius (a), pressure
(p), ionization potential (Vi), and molecular weight (), that is applic-
able to all jnert.gases except helium, fap= F(pa/Vi). Donahue and
Dicke(z) carried out experiments in argon and observed, in addition to the
usual cathode directed striations, faster moving disturbances propagating

towards the anode. From their experimental work they concluded that the
. - 41)
®See 2.6 1 = -214)2,.,, amp - Argon ¢

) Pupp |
- PP Rorr - 18-



stratification of the plasma column was the most common state of the posi-

tive column of a glow discharge.

2.2.2 Investigations using Pulsed Techniques

With the development of the pulsed perturbation technique to gene-
rate striations, the true nature of the ionization waves became apparent(z).
A small amplitude voltage pulse applied to an electrode situated near the
cathode, generated a transient ionization wave whose development could bhe
directly observed from rotating Arum pictﬁres(3). The backward nature of
the waves was revealed and the physical mechanism involved was elaborated.
With these techniqueé, ionization waves were found in the pressure range
107° to 102 torr,.and at currents from fractions of a milliampere to about
tén amperes in different gases, gas mixtures with metal vapours, and in
mercury vapour. Waveé with their phase and group velocity directed in the
same direction (forward waves) were observed(4). - In some cases, two or
even three types of backward ionization waves were observed simultaneously
in a discharge(S). For these waves over a broad current—pressufe range
it was found that the product.of the d.c. electric fielq, Eo’ and the wave-

length, A, was a constant for each variety, EOK = C. This relation is

known as Novak's law.

2.2.3 Linear Theories

| Pekarek, starting from a modified form of the diffusion eqﬁation
which took into account the ionization‘of‘the gas, showed that a pulse
~ applied to the positive columm would generate a backward wave(ﬁ). Crucial
to the existence of a wave solution was the influence of the ionization
term. . Despite the limitations of the theory, other investigators used it
" to obtain satisfactory agreement with experimental results and showed that

forward waves travelling towards the cathode could be obtained formally

from the solution of the basic wave equation(7).

- 14 -



About the same time, ijaczek(S) and chospasov(g) developed
theories describing small amplitude steady state striations with more de-~
tailed equations taking into account thermal diffusion, heat conduction
and the effect of metastable atoms. Over fhe years, Wojaczek has refined
and extended the theory with special reference to striations in argon to
obtain good agreement between theory and experiment(io). Similar results
have been obtainéd by Tsendin(li). By extending their theory to account
for the various chains of brocesses which may exist in producing the dis-
turbance in ion density, Pekarek and co-workers obtained qualitative but
not quantitive agreement with the results for the simultaneous excitation

of more than one wave type.

2.2.4 Investigations on Self-Excited Waves

During the samé period, EmeleusAand his group undertook thé diffi~
cult task of investigating self-excited large amplitude waves(13—16). They
observed branching effects, high speed ancde directed disturbances, coup-
iing of striations to anode spots, and complicated disturbances producing
irregular motion of the striations. Tentative explanations of these phe-

nomena were given,

2.2,5 IExtension of Linear Theory

The various theories derived for small amplitude waves, predicted
certain relationships between the phases of the various quantities such as

light intensity, electric field and electron density.

The values of these phase angles were depeﬁdent on the basic para-
meters of the discharge gas, for example, diffusion coefficient and .particle
mobility(17). Ixcitation of ionization waves and the simultaneous measure-
ment of the various phase angles offered a potentially simple method of
measuring some of the parameters of the gas discharge. To this end,

Drouet and Sicha used a more complete set of equations than Pekarek to

- 15 -



derive values for the various Phase angles which they then compared with
their experimental results(ls). Surprisingly, the experimentally measured
phase angles disagreed in some cases with Pekarek's and their theories
which brought, the validity of both into doubt. This initial set-back
resulted in a fruitful period in the development of the theory which re-
solved most of the outstanding problems connected with the small amplitude
waves, It came tp be realized that at low currents the electron tempe;a—
ture was not a meé%?gl parameter due to changes in the shape of the electron
energy distribution function. In such cases the only consistent approach
was to solve the Boltzmann equation for the electrons directly. The
solution of the Boltzmann equation for an electron gas, taking into account
the inhomogeneous electric field, revealed that at certain values of uniform
electric field and wavelength, the perturbed electron density suddenly in-
creased in magnitude and its phase angle, relative to the perturbed electric
field, jumped to a larger value. This 'spaée resonance' effect occurred
when the electric field and wavelength were almost equal to those values

obtained from Novak's law.

When these space resomnances were included in the theory of Pekarek
et al, for the different ionization wave varieties, the discrepancies be-

(20)

1
tween the hydrodynamic theory and experiment were largely resolved

2.2.6 Theory of Self-Excited Striations

As far as the theory of large amplitude waves was concerned the ‘
. subjéct remained dormant after the early work of Nedospasov. Nedospasov
obtained the relation between the length and velocity of striations which
was in agreement with his experimental results. However, this agréement

only showed the self consistency of his*fheory‘rather than elucidating -~

the nonlinear nature of the waves,

- 16 -



Beginning with the work of Grabec, the nonlinear aspects of ioniza-

(22’23). The present work

tion waves were investigated in some detail

belongs to this period. The evolution of ionization waves from a linear

to a nonlinear state has been examined theoretically and experimen-
(24-27) . . :

tally . Nonlinear coupling between different wave modes has been

observed(28—31)

and it has been shown that the waves in the positive column
can behave as a nonlinear Van der Pol type of oscillator when modulated at

other frequencies(ag). ' -

2.2.7 Miscellaneous Effects

Besides experiments and theory dealing with the basic processes
and origin of ionization waves, investigations were carried out into the
factors influencing moving striations. These included the influence of an

applied magnetic field(27’33_35), the tube geometry(36—38) and the external
circuit(zg). Theories were derived showing the link between ionization

. ‘ . ' 40
waves and ion-acoustic waves at low pressures( ).

2,3 SMALL AMPLITUDE STRIATIONS

2.3.1 Generation of Continuous and Transient Waves

The region of occurrence of striations for a given tube radiu§ is
such that for certain.values of pressure aud current, a slight change in
one of these parameters will result in a transition from a homogeneous
column to one containing moving striations, and vice versa, In inert
gasés there exists, at high currents, an upper critical value of this
current, Pupp limit, above which the column is homogeneous. Well away
from this limit the striations are self-excited and of large amplitude.
In neon, argon and helium, there also exists a lower current limit helow
;hich striations are not seeﬁ; At these fransition boundaéies it ié possi-
ble 1o excite continuous or transient low amplitude moving striations by

slightly changing the current or potential. This may be achieved for the

- 17 -



case of contimuous striatioms by applying a repelitive veoltage pulse he-
tween the cathode and am intermal or external electrode mear the head of

ithe positive column.

The amplitunde amplification of the waves is a maximum when the
repetitive frequency is equal to that of the matural striatioms occurring

(s1)

near the boundary

A transient wave may be produced in a similar way. A pulse gene—
rator is used to feed a short (M~-1 Us) pulse with adjustable amplitude
(0-4 kV) to either an external ring which can be moved to any desired posi-
tion, or an intermal electrode(42). The resulting wave, which can be
detected with a photomultiplier or rotating mirror system, (see Chapter IIT)
is seen to propagate in the region between the ring and the anode. A
schematic analogue of a rotating mirror picture of such a case where the

pulse is applied at the cathode, is shown in Fig.2.1. Initially in the

ANCCE

Ay
X
CATHODE TIME

Fig.2.1
Schematic analogue to rotating mirror of a wave
of stratification and moving striations in the
positive column of an inert gas, V, striation
velocity; u, velocity of wave of stratification;
A, striation wavelength

- 18 -



region of the perturbing electrode a packet or region of stratification is
seen, With elapsing time, the disturbance producing this stratification
moves towards thé anode, The individual striations within a packet move
towards the cathode. New striations are formed as the 'gtratification
wave' travels towards the anode. Fach striation is observed to have an
intensity which is small initially but which gradually increases, reaches

a maximum, decreases and ultimately vanishes,

This form of space-time display provides complete information on
the dispersion of the wave which may be described by a dispersion equation
connecting the complex frequency (= w - i® with the complex wave number

K=k + 1Y (3X

2.3.2 General Dispérsion Curve and Occurrence
of Wave Types

By using pulse techniques é large variety of phenomendlogical types
of ionization waves have been found, These may be summarized»in the gene-~
ral dispersion curve proposed by Pekarek, Fig.2.2, where the‘qonvention is
that k is always positive and @ may be positive or negative to describe
waves travelling in opposite directions. AThe wave type is defined by fhe
direcfion of the group velocity - the anode to cathode 6irection being
considered positive - and the relationship of the group and phase veloci-
ties, parallel velocitiés, giving a forward wave, anti-parallel a backward.
The subscript is related to the curvature of the phase trajectories in this
flotr A = accelerating, D = decelerating,'in.the direction of the group

veldcity(43).

In the high current limit only one wave type is found in an inert
gase(io). This is the backward wave, usually BA - with a phase velocity
which increases towards the anode and a dispersion law which is close to

the hyperbolic relation wk = constant.

- 19 -



ANGULAR FREQUENCY w

FORVARD) BACKUARD | FORWARD
wE | WAVE | WAVE
|
A\
A\l f
N

~wk=C

WAVENUMBER k

Fig.2.2

General dispersion curve (after Pekarek 3). Dashed

curve - wk = const. By convention k is positive

and W 1is positive or negative to give cathode
or anode directed waves ’
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Hydrodynamic equations may be used to describe ionization waves in
such cases. In the low current region there are, in general, at least
four wave types. They may be distinguished between the slow waves s!

|
’ I
and p whose frequency grows with increasing current and which are related |

l
to changes in the metastable atoms, and the faster waves, s and r, whose |
frequency decreases with current and which are connected with the ion

density.

A feature of these waves is the constancy of the longitudinal field

potential measured across the optimum wavelength., The values are charac-

(5)

teristic for all the'observed waves .

For neon the wave types found are s, s! waves, with EOX'V 19 Vv,

a p wave, EAO ~ 9V ; and the r wave with EO)\.N 12.6V.

2.4 DERIVATION OF THE HYDRODYNAMIC IQUATION
FOR STRIATIONS

2.4.1 Generalized Diffusion Equation

At high currents only one backward wave variefy exists in inert
gases., Despite this simplicity, the complete set of equations must in-
clude many factors such as heat conduction, viscosity, and metastéble atom

"density. - Pekarek, using a.simple energy equation, derived in a simple way
a4 basic equation which contains the essential qualitafive features of ioni-
zation waves. Indeed, when more detailed energy balance equationé'are
.used, the resultant equations are essehtially the same as Pekarek's, except

. that the coefficients have different values(s).

The waves can be described in terms of the charged particle density
N, the electric field intensity E, the mean electron energy T, and the
ionization frequency Z . The equations governing the variation of these
quantities are derived from the hydrodynamic equations of continuity,

momentum and energy, together with Poisson's equations and an expression

for the ionization frequency(ZG). These are:

-2l -



Ton Continuity

Ny N
= t5 LY t T =Ny Z oo (2.1)
Electron Continuity
aNe o) Ne
—S-t—+—a-ENeVe +T:Z =NeZ ore (2.2)
Ton Momentum
av, '
MN; g =aN; E-MNv V. - MV, 2 N, ee. (2.3)
Electron Momentum
av. . ’
mN —==-qN E- V(N KI) -mN v V —-mV_2ZN (2.4)
e dt e e e e - e e e ° ’
Poisson
ol q
3z = (Ni"Ne) —é;' . (2.5)
Tonization Frequency
Z = A(T,) exp(-qV,/kT,) ... (2.6)

where the indices i and e refer to ions and electrons, and

particle concentration
field intensity
flow velocity

time

NN ¢+ g H=HZF

ionization frequency:
collisions per second

ion mass

electron mass

=]
i

-

ambipolar diffusion lifetime

absolute value of electron charge

electron temperature

w3
l<‘ ¢-] +< =

The equations are used in one dimensional form.

axial coordinate in the direction of the cathode

the number of ionizing

ion-neutral momentum transfer collision frequency

electron-neutral momentum transfer collision frequency.

The radial concen-

tration is given by a Bessel function N(r) = N'OJ0 (2.4 %) , and is due to

ambipolar diffusion which is accounted for by the relaxation term 1/1’a
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determined hy the ambipolar diffusion and the tube radius,-gz = V;;_) Dy .
Only direct ionization is considered. The collision frequencies are much
larger than the frequencies pf the striations and the ionization frequency
and so the time derivatives and the ionization terms in the momentum equa-
tions are neglected. In addition the establishment of the electron concen-
tration is considered quasi-stationary since the time to establish it is

of the order of 10~ _10~° secs, in comparison with that of the ion concen-

tration of 10~° to 10-° sec. -

With these simplifications the equations reduce to :

'ﬁ—Jf&-NiVi = N, —-'t—a' eee (2.7)
d
5 NeVe = 0 ... (2.8)
quE :
NiVi =g =N E _ ... (2.9)
+
- _—quE WeVN
e e m V_ mv_
e e T 2.10)
=-p,eNeD—-—‘(—1—— e . ves ( .

Using equation (2.8) in (2.10) gives

3 . aNéjE 3 KTe 3 Neﬂ
- = | ——— 2 =S = -0 . o A1
oz (Néve) L Oz 0 q ST M =0 (2.11)

When inserted in Poisson's equation this gives
N %N . ,
qaE _» e 2 e

— T = - LR ] 2l12
Ni-Fe = M - 2 | (2.12)

. 1 '
“where L = (e KT /Nqu)z, the Debye length. The quantity KTe/qE is

of the order of the striation wavelength kb which is several orders of

magnitude larger than L. Approximating
dN N
e

— T

e dz

e

°>"

gives 5
M -N) Ny = (1/2)% « 1,

t
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which shows that Ni °‘Né may be substituted everywhere except in

Poisson's equation. !

P

The discharge current is mainly determined by the flow of electrons

and is assumed constant, in equilibrium it is equal to NV =- yNE !
0o eo e o0 o0

so that equation (2.10) may be expressed as

KT o
NE+— —-NE .
e q oz oo

Putting E = Eo4-e, N = N64-n and linearizing the above equation, gives:

En KT
o e on
e =’-3§T - ﬁ;& oz ere (2.13)

From equations (2.9) and (2.10), using N;=N_ =N one obtains

ON. V, KT N oN
ii e e

—t -2 _2, Ze Ze 3y Ze
az - az pj.-NE - az pi q az -~ az Da az .... (2.14:)
since . . KTe “i
a — q ?
so that equation (2.7) becomes
N3 _aﬂ) ( 1
at - BZ (Da az + N\Z - ta) d . eees (2.15)

This equation is basic to the theory of striations and shows that
the changes in ion and electron densities are essentially due to ambipolar

diffusion of the particles augmented by an ionization term(s).

The next stage in determining the nature of the waves from the equa-

tions is to introduce an appropriate equation for the mean electron energy
(temperature) and to make some assumption on the form of Z for the per-

. turbed state. The first step distinguishes the various linear theories
according to the complexity of the equation employed, and the second step
determines whether linear or nonlinear (large amplitude) phenomena are to
be considered since the expression for the ionization frequency is highly

(6,8,9,11,23)

nonlinear due to the exponential term A small increase in

the electron temperature will produce a large increase in the ionization

- 24 -

i\



frequency, wherecas a small decrease will cause the production rate to drop
almost to zero. Ilowever, for sufficiently small variations in electron

temperature, Z may be expanded to
Z =17 +\T (T-— )

where Zo' equals 1/150 from the homogeneous column. This situation

corresponds to linear theory.

2,4.2 Pekarek's Solution of the Diffusion Equation

The most simple equation for the electron temperature(45) is:
<L) '
— -~ af =-Dhe ... (2.18)
oz A

where 8 = Te"Teo
E-EO

reciprocal of the electron temperature relaxation length

[¢]
1

constant approximately equal to 2q.
Upon substituting for e from equation (2.13) and integrating over

z, one finds

E n(é) KT =
-az eo on
T N P
0
b.KT n akl - o
*eo “ e0 ~a(8-z)
<] -_-———-——Noq b [—N + —_— N q ] L e | ndg ee. (2.17)

‘When this expression is substituted into the linearized form of Z , the

basic diffusion equation (2.15) becomes, after linearization:

o]
a 3’n ' -
a—é:D 2t Gn - A Jr o2(2-5) n(g) d§ ... (2.18)
Z
where ) 3 b WT
@ = BT q
. aKT -,
A = b [D + l . -

The first term on the right-hand-side of equation'(?.18) represents
ambipolar diffusion of the charged particles in the axial direction. “The
second term expresses the local influence of the ion concentration on the

production of new charge carriers in the same place. The last integral



term expresses the long-distance effect of the concentration of the charge

carriers in the positive column on the formation of ions.

The diffusion term damps mostly very short wavelenéths, whilst the
last term can damp the amplitude of long wavelengths. The second term

alone would lead to an instability of the whole column.

By numerically integrating the above equatioh, Pekarek examined-the
response of a plasma column to an initial aperiodic pulse applied in the
cathodé region, The solution obtained reflected fhe backward wave charac—
teristics of a transient ionization wave and showed that the periodicity of

(6)

the waves was due to the ionization term .

-
_ More generally, for a solution of the form exp‘i(uﬁ-kz) +Cptj,
periodic in space, the following expressions for the dispersion w(k) and

the temporal increment ¢ (k) are obtained:

w.—.fé‘-‘-‘j ... (2.19)
+ a
Aa
p=-Dy k% + - - .o (2.20)
+a

If a « k, the dispersion relation assumes the form wk ~ A, The

corresponding backward wave has a phase velocity =.-£% (see reference (10).)

The equation derived above represents the most simple equation
which can describe ionization waves. Omission of any of the terms on the
right-hand-side would lead to an equafion which cannot have a solution even

| (46)

qualitatively corresponding to the ionization wave



2.5 PITYSTCAL MECIIANISM OF BACKWARD WAVES

2.5.1 Wave of Stratification

The physical mechanism responsible for the stratification spread-
ing from the cathode towards the anode can be understood by considering
what happens after an initial perturbation in ion and electron (particle)

densities close to the cathode(a).

- Following an increase in particle densities due to a perturbation,
a space charge is created as a result of the difference in ion and electron

densities brought about by the different mobilities of the ions and electrons.

The space chérge field ties the electrons to the ions and ambipolar
diffusion takes place in the axial direction leading to démping of the ori-
ginal perturbaﬂion. In order to obtain wave behaviour, the changes in

ionization must be considered.

The perturbation in space charge reduces the eiectric field in the
region of the perturbation. Electrons arriving from the cathode side of
the perturbed region lose their energy by collisions as usual but owing to
the decreased electric field their energy balance is changed and their
temperature decreases. The electrons emerge from the region with a lower
temperature and only recover their original temperature after travelling
through a certain space interval, Since the ionization rate is strongly
dependent on the electron temperature, the production of charged particles
is reduced in the region of lower electron temperature. So an initial
increase in particle densities produces, oﬁ the anode side of the original
perturbation, a region with decreased particle densities, In turn, the
decrease in particle densities gives rise to a region of increased électron
temperature which produces a region of increased particle densities closer
to the anode. The above process is repeated leading to the stratification
of the plasma column into alternate regions of increasing and decreasing

electron temperéture, particle densities, light intensity, and electric

field.
- 27 -



2.5.2 Motion of the Striations

The subsequent motion of the striations, which have bheen produced
: .
by the 'stratification wave' as described ahove, is towards the cathode
due to the phase shift between the particle densities and the electron

(3’11). The relative phase shifts for a backward wave are shown

temperature
in Fig.2,3 at a particular instant (to). Since the ionization rate is
proportional to the electron temperature, it can be seen that more ions

are produced on the cathode side of the ion maximum, so that at a slightly

later time t_ + At (At« to) the ijion maximum, given approximately by

on
n(t,+ At} =n(t,) +At =
, ° ° ot g=t,
moves towards the cathode.
o)
6, 531,72

«¢——— Anode ' B Cathode=———t=

: Fig.2.3

Phase shift between the electron (n,) and ion (nj) den-

sities; the electric field e; the electron temperature

0 , rate of change of particle density n , the change in

the number of ionizing collisions per second Z', and -
I the light intensity,for a backward wave
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2.5.3 Amplification of the Disturbance

The phase shift between the electron temperature and particle
densities can lead to amplification of the disturbance as it moves towards
the ansde. This may be seen by considering the initial development of
the disturbance at some point x, well away from the position of the
initial perturbation, at times t, and t + At. ~ The relative phase
shift | between electron temperature and particle densities is shown, in
Fig.2.4(a), for the case when { < 90°. The deviation in electron témpera—

ture has produced the increase in particle density (n) on its anode side at

X .
o
At a time t, +At, the particle density n(tO +At) is given by
on
n(t, +At) = n(tq) +0t =
. = 0

where - 2

= - =-k°D_ n(to) + ZN, 8(t,)

(o}

from the linearized form of equation (2.15). Owing to the relative phases,
the ionization term ZNj e(to) is positive at x,: more -ions are prdduced
so that, providing the damping effects of diffusion are much smaller than

~the increased ionization, is positive at x, and the particle

ot ¢,
density n(t0 + At) increases.

As described in the previous section, the maxima in particle den-
sity and electron temperature move towards the cathode.  The increased
deviation in particle density n(xo, to +Mt) at ko will lead to largér
deviations in electric field and electron temperature on the anode side of
the position xo;' these deviations are larger than those which ori%inally
produced the increase in particle density at X, n(xo, to), that is, they

have been amplified. A new, larger perturbatuon in particle density is

pfoduced beyond x

01 Fig.2.4(b), and the process is repeated in the way

described in section 2.5.2., Each new deviation in the plasma parameters
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nearer the anode, is larger than the one before it leading to amplification

of the 'stratification' wave.

(a)

n(t, + bt)

Cathode

Fig.2.h
Phase shift between particle densities n and the elec-
tron temperature 0 when the increased ionization is
larger than the losses due to ambipolar diffusion.
(a) At time tg
(b) Subsequent development at t > t

The ampiification can occur only in a certain wavelength interval.
At short wavelengths the ambipolar diffusion prevails over the increased
ionization, and at large wavelengths the phase shift of the electron tempera—

~ ture always excecds n/2 which leads to damping.

The term amplification when appliéd to the actual ionization wave
or striation refers to the fact that the wéve energy, that is the.amplitude
of the 'stratification' wave, increases in travelling from the cathode to
the anode, The corresponding amplitude of the striation will decrease as

the latter moves towards the cathode.
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If the striation is represented as expax cos(wt -kx) , where the
symbols have the usual meaning, then, since x is measured from the anode
to the cathode, the amplification coefficient ¢ will be negative for

amplified waves and positive for damped waves. !

2.6 LIMITATIONS OF THE BASIC DIFFUSION MODEL

2.6.1 Influence of Metastahle Atoms and Electron Energy Function

Although Pekarek's solution reproduces the general behaviour and !
fime scales of the phase and group velocity of the sfriations, it omits
several important factoré, e.g. the effect of metastable atoms ig not
included and the electron thermal conductivity is neglected. However,
in argon, for example, at thé higher current limit both these terms aré
important(g). The effect of the thermal conductivity alone would damp
out the waves. It becomes necessary to include indirect ionization due
to the metastables as well as the direct ionization. More important stili,
is the distortion of the tail of the electron distribution function above
the first inelastic threshold whefe the depletion by inelastic collisions

is very rapid(11’44).

Nedospasov has shown that when the metastables are taken.into
account, the time increment can be positive even for a fairly large thermal
conductivity, provided there is considerable step-wise ionization and the
excitéd atoms decay without collisions with électrons(g). However, near
the Pupp limit the metastable 1ifetimé T, 1is less than 7, which re-
moﬁes the influence of the metastables on the instability(ii). In this
casé the instability is due to the distortion of the distribution func-
tion(44). With increasing electron density more electrons are trénsferred
into the depleted tail of the distribution owing to the fact that the dis-
(47)

tribution bhecomes Maxwellian, and the ionization rate increases

According to Gentle, the Pupp limit where striations are no longer observed,
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corresponds to the point where the electron distribution becomes nearly
Maxwellian, causing damping, and the metastables relax to local thermal

equilibrium quickly.

By including the above effects the following expressions for the

angular frequency w, and wavenumber k, for the minimum attenuation,

were obtained by Wojaczek and Tsendin(s’il),
sb B (ZT-i)
uh = I p2
R ... (2.21)

£ |7 , N
k:/i—-,;z_i 2a’-1.5)s
0 =V 5.7 )( | )

where ''21.35, s = (2.405)2x0.87

a
bp = ion mobility (em s71)
E = Electric field (V/cm)
Zp = VYT
V¥ = excitation potential of the metastable level (volts)
T = electron temperature in energy units (eV)
= tube radius (cms)
e = magnitude of electron charge.

2.7 WAVE VARIETIES AT LOW CURRENTS :
FFFECT OF TiE ELECTRON GAS

2.7.1 Time Scales of the Tonization Processes

At the lower current limit of wave excitation, of the order of a
few miiliamperes, the direct ionization predominates and the metastables
play a new role since they n6w<contri5ute essentially an admixture of
another gas with a very low ionization potential. The lifetime of the
metastables becomes larger than that of the positive ions, and the gas of
metastables becomes distinct from the ions, and this can give rise éﬁ a

slow ionization wave, The scheme of the two branches of ionization is

assumed to be :
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DISTURBANCE DUE TO0 PERTURZATION OF PLASMA PARAMETER

Change in the jon density Change in the metastable density

(life-time TR@) (llfe-tlme m)
'p" wave ion density (T,, < T.)
'r* wave space eharge field ' space charge field
disturbance digturbance

2.7.2 Non-Maxwellian Eleetron Enercy Bistribution

Another aspect of the discharge which must be included, is the
non-Maxwellian form of the electron energy distribution function; this is
erucial for explaining the wave types and diserepancies in the ohserved

phase relations between the wave parameters.

Measurements at different phases in small amplitude ienization
waves in meoen at low ecurrent revealed a strongly nen-axwellian electron
energy distributien above 12eV ; similarly in the homogeneous column( ).
Flat but distinct peaks on the curve located at a different positionm en

the energy axis, depending en the phase of the wave, were seen.

This change in shape of the distrihution funection acecunts for the
discrepancy between the hydrodynamic theory and the experimental measure-
ments, and in such situations the mean electron energy ceases to be &

(10)

particularly meaningful parameter

2.7.3 Computed 'Regonanceg" in the Digtribution Function

Since the electron drift velocity is nuch larger than the welocity
of the ionization waves, the latter can he considered to give rise to a

spatial modulation of the electric field, of the form:
E=E (1 s 2T ) 2.22)
k + £c€o8 —X:' ) oo (H'—r.‘

through whicl the electrons move.
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Using such a configuration Ruzicka computed the electron distribu-

tion function and found peaks appearing in agreement with the experimental

(19)

Particularly striking was the fact that at values of A\,

results
given by : .
Uy
A= Ei%(l-ﬁp) ' ... (2.23)

where U, = energy of lowest excited level

g =1, 2, integer ©

E, = electric field of homoge column

p = the ratio of elastic to inelastic energy loss « 1,

the amplitude of the perturbed electron density increased greatly and was
accompanied by a sudden change in the phase between the perturbed density
and electric field, For values of A\ away from these resonance values,

the hydrodynamic equation predicted the same values of phase and ampli-
tude(io).

2.7.4 Effect of Resonances on the Wave Dispersion

The resonance value corresponded to a value of EOK, close to
- Novak's potentials. When these 'space resonances' were included in the

equation for a low current neon discharge describing the ions and meta-

stables, six possible wave types were obtained depending on the combination

of the time scale and space resonance, as shown below:

TABLE 2.1
TIME SCALES AND RESONANCES FOR A NON-MAXWELLIAN
FLECTRON ENERGY DISTRIBUTION FUNCTION

First Resonance | Hydrodynamic | Second Resonance

Space Selection . g =1 Maximum g = 2
EX =19V EN =13V E\ = 9.5V
Time Scale Selection '
Slow (metastable s! , r! : P '
_ guided wave) observed not observed observed
'
Past (ion guided) obszrved oBsered not g%served

[

4

e iy
Integral number A fit inelastic scattering length_}gl(l’rp)
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For the particular parameter values chosen, on the slow time scale
the s’ wave had a positive time increment whilst that for the P wave was
zero, DBetween these two resonances a flat hydrodynamic resonance was
seen with a negative time increment corresponding to an r! variety. On
the fast time scale the wave at the first resonance (s type) and at the
hydrodynamic maximum, represented amplified waves, whilst at the second

resonance (p' type) the wave was damped,

Since the s', S,p iwaves represent unattenuated waves, it is to be
expected that in a discharge the ionization waves would 'lock-in' to these (
resonant wavelengthsArather than the hydrodynamic vglues representing
damped waves., The appearance of wéveé with Novak's potentials is thus
explained. In addition, since the wavelength is nearly constant the w(k)
dispersion curve would be stéeper than for the hydrodynamic case, so that
the absolute value of the ratio of group to phase velgcity would be larger

in accordance with experiment(io).

2.7.5 Experimental Evidence for Resonant Behaviour

Recently Rayment has found similar variations in the electron energy
distribution in neon for p and s 'waves(50). It was seen that there was a
spatial shift of the maximum of the direct ionization rate towards the anode,
relative to the electric field maximum corresponding to the physical model
presenfed earlier for amplification.  Further, the spatial shift was asso-.
ciated with the arrival of a bump in the electron energy distribution near

" to the ionization potential.

The presence of a bump enhanced the increase in the direct ioniza-
tion rate produced by the action-of the electric field maximum on the dis-
tribution function. The measurements suggested that the resonant wave-
lengtﬁs were such that the bumps in the distribution were accelerated by

the field to arrive near the excitation and ionization potentials in the



right phase,with respect to the electric field maximum, leading to wave

amplification.

Clearly the inclusion of the non—hydrodynamic behaviour of the
electron gas was necessary in order to achieve any success in understand-

ing the ionization waves at low currents.

2.8 LARGE AMPLITUDE STRIATIONS AND NONLINEAR EFTFECTS

2.8.1 Characteristics of Large Amplitude Self-Excited Waves 1
. {

A distinct characteristic of large amplitude striations is the fact
that they consist of two regions: a rather narrow head wiﬁh which is asso-
ciated a considerable potential gradient and intense ioniéétion and excita-
tion of the gas, and a broad tail onrthe anode side where the electric field
is weak and the presence of ions and electrons is due mainly to ambipolar

diffusion(21’51).

From an examination of Pupp's experimental work on large amplitude
striations, Farris came to the conclusion that the equation of ambipolar
diffusion should be applicable,

°n

dn
3% _Da%;-z-:z eo. (2.24)

where n is the charged particle density A(n =ng = ni), Z 1is the rate
of production of ion pairs per unit volume, and D, is the mean ambipolar
diffusion coefficient. Stewart measured the plasma potentiai, electron
temperature and electron concentration as functions of time and position
in the positive column of argon(ss). In analysing the results he used
the above equation which, when transformed, gave an expression which
allowed the ionization function to be calculated from the experimental
measurements. The ionization rate Z had a O_function like character,
varying in time and space in fﬁe same way as the emitted light. Following
from these results, Nedospasov solved the diffusion equation by assuming

=
that Z could be expressed as the sum of delta functions(01). He obtained

- 36 -



the result that within an individual striation n decreased éxponentially
in the anode direction. TFurther the relationship betweeﬁ the length of
the striation and.its velocity, showed that the waves were hackward.

Whilst these results indicated the nature of the wave, they did noé give
any insight into the transition from the small amplitude waves'to the large
amplitude waves and the accompanying steepening‘of the ﬁavefront and other

associated effects.

2.8.2 IDvolution from Small to Large Amplitude Waves

The transition from low amplitude self-excited ionization waves to
large amplitude waves occurs in three stages(25). Waves generated in the
cathode region, corresponding to the natural modes having a positive gain
increment, can initially be described by the linear theory. As the ioniza-
tion waves propagate towards the anode they are amplifiéd and in a second
ftransition, region nonlinear effects become effective and harmonic genera-
tion occurs and mode-mode coupling may be present.. In the third region
the waves stop growing due to saturation and the spectrum becomes constant

in space and time(24’26).

Sato examined experimentally this evolution to a saturated state
and found, for his results at least, that the hehaviour of the modes could

be represented by a Landau amplitude equation

aja|?

o = 2vial®-alal®-glal® L e (2;25)‘

" where ‘A\ represents the magnitude of the wave amplitude, Y +the linear

' growth rate, ¢ and B +the first and second nonlinear saturation coeffi-
cients. The wave grows exponentially as |A| = lAllexp [Y(x-xl)]ﬂuntil
for 2Y (x- xl) »1 it reaches a saturated or equilibrium amplltude

~‘A |2 == ZY/a, a value independent of the initial amplitude A,;. TFurther
experiments concerned with the variation of the saturated amplitude A,

and spatial growth rate k; with the change in cufrent I, showed that as

1
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the current was decreased from the Pupp limit I,, both k;, and Ag

(7).

increased as I-1I, initially Upon decreasing the current further,
the above paramefers reached maximum values and then decreased., In the
linear region the waveforms were linear whilst when AS and ki decreased

due to nonlinear stahilization, the waveforms had the characteristic non-

linear saw tooth shape.

2.8.3 Regular and Irregular Waves

Depehding on the extent of stabilization by inelastic losses, the
ionization waves may develop into regular or irregular turbulent large
amplitude striations. In the latter case the spectrum seen in the satu-
rated region is broadened and is asymetric about the fundamental modes.
Much of the fluctuation energy is contained in modes outside the interval
of unstable mode numﬁers. The velocity of the striations is amplitude
dependent which gives rise to ‘collisioﬁs' of striations., These randqm
striations have the same 'shock-like' structure as the peri0dic striations.,
All these effects have been ohserved experimentally but not always inter-

preted(zs’sl).

2,8.4 The Nature of Self-Excited Waves as Derived
from Nonlinear Lquations

In a series of papers, Grabec has shown that the structure and
other basic effects of large amplitude regular and irregular striations

may be obtained from the nonlinear form of the expressions derived earlier,

equation (2.15), in which the form of the ionization function is not approxi- -

. mated(23’24’26). The variations of the particle density, ionization fre-
quency and electron temperature were compufed from the equations to give

.the space-time dependence following an initial perturbation of the homoge-
neous column. The energy equation used for the electrons was still rela-

tively simple, and was of the form:

1
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Bne n u
55— Vet =-an, V.E - 7—-n_ 7Z4qV, ... (2.26)

where o = electron density

0 = electron flow velocity

= mean electron energy

q

n
v
u

= charge on an electron
I = electric field
t
Z

|

. = relaxation time for elastic collisions
= ionization frequency
i

V. = ionization potential .

The electrons are heated by the electric field and cooled by elastic
and inelastic collisioﬁs. The loss of mean electron energy in elastic col-
lisions is described by the relaxation time t,. In terms of relative
variables the losses for the homogeneous state are given by C+Cy = 1,
ﬁhere C represents the inelastic losses due to ionization and C:L the
elastic losses, and C4 =1, C«K Cl' In the linear theory the ionization
losses can be neglected but they prove vital in the nonlinear development

even though they are émall, C~ 0.01.

The response of the column to a 1oﬁ amplitude Gaussian pulse applied
near the cathode is initially similar to Pekarek's linear theory. However,
it is seen that the growth rate depends on the amplitude which grows rapidly
due to the nonlinear dependence of the ionization function on the other
quantities. Without the inclusion of the inelastic losses, the calculated
deviations quickly reach values too high in comparison with thé experimen-

" tally observed values. The inelastic losses which depend on Z stabilize
the wave and lead to saturation. The space-time diagram following_an
initial sinuéoidal disturbance is shown in fig.z.s(ss). It can be seen
that the original pulse moves towards the anode whilst>the_ionization waves

generated move towards the cathode. The deviations of the electron concen-

tration above the equilibrium value, grow more quickly than below it. As
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(a) (b)

' Fig.2.5 :
Computed space-time display (after Grabec) showing
the evolution of a sinusoidal disturbance

(a) Ion concentration; (v) Ionization Frequency

- 40 -



the amplitude grows its slope on the cathode side grows and a saw-tooth
shaped striation is formed. The sieeper the slope the faster the stria—

tion moves.

The computations show that for the large amplitude waves the ioniza-—
tion occurs in a narrow region since the Gistribution of the ionization
resembles a delta function. At high electron density the electric field

is low and vice-versa, due to the conservation of electric current.

The slope of the siriation head ié related {o the icomization fre-
guency:— the larger the ionization freguency the more guickly the demsity
changes and the more quickly the striation moves towards the cathode.
Collisions result when the head of a fast moving striation falls into the
low temperature tail of a slower striation. The peak temperature, ioniza-
tion and hence velocity of the faster siriation are dimimished, whilst the
opposite happens to the previously slower striation. If the drop in tew—
perature is sufficient the ionization may fall to zero and the striation

is annihilated since the amplitude is redunced to zero by diffusion.

This variation in amplitude due to collisioms gives the appearance
of a disturbance moving towards the anede. In the absence of collisions,
a modulation of the amplitude which resembles that seem for monlinear perio-
. . . .. (291) 3
dic water waves, is sometimes possible . As the elastic losses are
increased a value is reached, depending on the spatial period of the initial

perturbation, at which the striations are stabilized, so that their motion

is regular and the awplitude saturates to a comstant value.
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2.9 MODE-COUPLING AND MODULATION OF SELF-EXCITED WAVES ,

2,9.1 Harmonic and Heterodyne Generation of Waves

}':

It was remarked in the last section that higher harmonic generation -

and mode-mode coupling occur in the transition and saturated regions. |
!

Heterodyne and harmonic generation produced by the interaction of two waves!

was demonstrated by exciting two waves at frequencies w, and w, in

1

a neon discharge in a region where the waves were not heavily damped.

Harmonics at 2w1, 2w

, were seen together with satellite frequencies at ;

i
\

w, £w,. Again in neon, the interaction between p and s waves gave rise
to aAmulti line sPectrum(28). When two waves of slightly differing fre-
quencies were excited in argon, as expected in the linear region, the

waves were superimposed. As they travelled towards the anode, harmonic
and sum and difference frequencies were generated until, in the saturated
¥egion, a broad spectrum was observed(56). The difficulty in interpreting
these results was that a space-time display was not obtained simultaneously
with the frequency spectrum display. Recent measurements which have com-
bined the two measurements to examine the evolution from a linear to non-

linear random state in a neon discharge when two wave types are present,

will be discussed in Chapter X.

For backward ionization waves resonant interactions of the form

(21)

are not possible and so other explanations must be found for the coupling

2.9.2 Excitation of Multi-Component Spectrum

By using seiective amplifiers, Ohe and Takeda(57), Krasa and
Pekarek(58), were able to examine individual frequency components f;om, in
one case, a discrete multiline spectrum, and in the other, a broad turbulent
spectrum, They showed that the waves were excited from one or more disper-

sion curves, It was suggested that the multiline spectrum was due to

gmplitude and frequency modulation and in both cases forced pumping was

‘effective.
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2.9.3 Fixternal Modulation and Nonlinear Van der Pol
Characteristics of the Discharge

The modulation of the discharge current or voltage can have pro-
nounced effects. TFor a noisy argon discharge it was found that when a
signal was applied to the anode and tuned to a frequency characteristic of
the discharge, the spectrum became well defined, consisting of the funda-

(73)

mental and harmonics of the characteristic frequency

More recently, Ohe and Takeda have shown that effects such as fre-
quency pulling and éynchronization to the applied frequency occur, and may
be explained in terms of a Van der Polltype of oscillator solution(zg).
When a forced oscillation of frequency w is applied to the positive column
where an ionization wave of frequency ), is self excited, the Van der Pol

equation describing the ion density (n) may be expressed as

2
%f— - (a - 28n - 3Yn2) dn + an = Ay sin wt ces (2.28)

ﬁhere A is the amplitude of the forced oscillation, and the ionization
function (S) has been expressed in terms of the electric field which in
turn has been expanded in a series _

8S = gPSJ 8E = qn - pn® - yn®. | eo. (2.29)
This equation is similar in‘principle to that found for ion acoustic waves
and the solution has similar characteristics(sz). For example, the ampli-

tude of the self-excited wave (a) is related to the applied driving ampli-

tude A and the frequencies w, w, by

a: 2 0 4
(5)2 = (uf/w\; = - ... (2.30)
Kl - \w W/ J 4 '

2.9.4 Apparent and Actual Anode Directed 'Disturbances'

External modulation can also result in a regular modulation of the
striation velocity giving the appearance of anode directed disturbances
and resulting in the generation of satellite frequencies on the spectrum
displays(zi).
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In some cases self—excifed Wa?es actually travelling towards the
anode are seen, As already mentioned, Donahue and Dicke reported anode
directed oscillations moving much faster than the backward ionization
waves(z). On the other hand, anode-directed disturbances in helium of
comparable velocity to the ionization waves were found(sg). At those
places where a disturbance and a striation met, the striation was brought
to rest for a few microseconds and the result of the interaction was a
visible region of increased light intensity. The origin of these distur-
bances was thought to be connected with low velocity ions. Similar
interactions were found in neon as a result of an anode directed distur-
bance, found in the cathode region, interacting with the normal striations.
In this case the disturbances had a velocity approximately ten times that

s

of the striations and were explained in terms of bunches of negative space-

(14)

charges moving towards the anode in the normal electric field

2.10 FACTORS INFLUENCING MOVING STRIATIONS

2.10.1 External Circuit

The external circuit can, by the érovision of a path for feedback
between the anode and cathode region, affect the moving striations. By
suitably controlling the phase of the feedback it is possible to suppress
the moving striation in the discharge(27). Pekarelc demonstrated that the
amplitude and frequency of self-excited moving striations, were slightly
modified by the presence of a capacitér in‘para}lel with the circuit resis-
- tor(zg).k For absolute instabilities the waveé are not dependent on the
feedback for tﬁeir existence, although they may still be modified by oscil-

lations occurring in the external circuit.
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2.10.2 Tube Radius
Since the loss of particles by diffusion depends on the radius (R)
of the tube, this is one of the parameters upon which the striations are

dependent,

In a discharge tube consisting of sections of different diameter,
it was found that the striations changed frequency and wavelength upon

passing from one tube to another(37).

Measurements made on tapered tubes showed that the wavelength was
proportional to RN, where N varied from 1.5 to 2.0, whilst the frequency

remained constant, independent of radius, in contrast to the results for

(36,38)'

constant diameter tubes This apparent discrepancy can be accounted

for when the influence of the feedback and synchronization of the waves is

(33)

taken into account

2.10.3 Applied Magnetic Field

The influence of a longitudinal magnetic field has been investi-
gated in detail hy Sato(36). With increasing magnetic field, the electric
field decreased rapidly and then levelled out to a constant value. The
frequency of the ionization waves followed a similar deéendenée as the
electric field,.whilst the wavelength incréased with {ncreasing magneéic
field. For large magnetic fields, in Sato's case 1.6- 4.0 kG depending
on the gas, the waves were damped out. By suitably modifyipg ijaczek‘sv
theory to account for the magnetic field, reasonable agreement was found

for the variations in frequency and wavelength.

The effect of a transverse field has not been studied. so théroughly.
Rutscher has observed that the velocity and wavelength are reduced, whilst
the frequency increases in the region of the applied field(34). A local
magnetic field has beén shown to decrease the amplification factor whilst

leaving the characteristics of the remainder of the discharge unchanged.
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Pfan and Rutscher observed that the amplificatioh coefficient in neon
decreased initially, reached a minimum, and then increased rapidly with
increasing magnetic field(ss). Sato used a local transverse field to
suppress the striations in a localized region of the discharge. Outside
this region_on the anode side, the waves were seen to grow once more show-
ing that the instability was a property of the positive column, indepen-

dent of the electrode system in that particular case(27).

2.11 THE UNITFORM GLOW DISCHARGE o

Some features of the uniform glow discharge must be mentioned so
that the results of later chapters can be interpreted. The positive
column can behave as if it were a combination of capacitance, resistance
and inductance. As with conventional alternating current circuits, the
resulting frequency dependent impedance has certain resonant frequencies
which in the case of the discharge depend on the plasma parameters.

2.11.1 General Impedance Characteristics of
the Positive Column

If the current of a homogeneous positive column is modulated exter-
nally according to I = I, (1 + Bsin wt) y the electron temperature and
electric field will likewise be modulated; these space independént oscilla-
tions are known as synchronous oscillations. Provided B €1 +the changes
may be derived from the linearised time dependent hydrodynamic equations
assuming that the column remains axially homogeneous. The amplitudes of
. the resulting changes in electric field, electron temperature and density,

are constant along the tube axis.

An impedance at a frequency W may.be defined as Z(w) = dE}dJ
‘where dE and dJ are the changes in electric field and current. Crawford,
in some early work(GO), derived an expres;ion for Z using the equation of
motion of the electrons in the axial diréction, the expression for the cur-

rent in terms of electron charge density and velocity, and the diffusion
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for the electron density:

3 R 5wy v-
Z(w):dE jw o [I¥+ V-,

G- TR e (230),
E, .
vhere R = I o the ratio of the equilibrium values of the
0 electric field and current, i
V = collision frequency for momentum transfer between
electrons and neutrals
b = rate of loss of electrons by recombination or

escape to the walls, : : \
. 1
{

For low frequencies /'y tends to zero and the equivalent circuit
consists of a resistance and inductance in parallel; Z has a semicircular
locus when plotted on real and imaginary axes. At high frequencies b/w

tends to zero, the collision term dominates and the locus of the impedance

is a vertical line parallel to the imaginary axis.

The simple theory of Crawford gave a good approximation fo his
experimental results of the impedance characteristics of a low pressure
mercury-vapour discharge(ﬁo). Later studies have used mere complete equa-
tions which account for the different ionization processes and the behaviour

_of the electron gas(47).

When the applied modulation is not small, 8 cannot be taken as
much less than one(ei). Nonlinear effects give rise to a non-sinuscidal
waveform of the discharge parameters and a change in their time-averaged
values. As for ionization waves, these non—linearities are a result of
the exponential dependence of the ionization and exgitation frequencies
on the electron temperature. Experiments performed by Polman(ﬁl) showed
that the discharge was influenced by nonlinear effects even for sma!l modu-

lation depths, B = 0.2. Calculations made without linmearising the equa-

tions were in reasonable agreement with the experiments.
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2.11,2 Resonant Frequency of Synchronous Oscillations

At low frequencies there is a resonant frequency of the equivalent
circuit such that if the homogencous column is perturbed, damped oscilla-

tions will be seen at this resonant frequency.

Tor the circuit shown in Fig.2.6, Krejci'®®), using the results of

fo— & —— -
—d D
< Uo »
| © |
. Fic.2.6 o
R] Circuit for the calculation of the fre-

quency of the synchronous oscillations

Granowski which were based on the simple continuity equations, derived an
equation relating the change in voltage U to the circuitAparameters and

the direct ionization processes:

2
D a2pE 4 U = 0 .. (2.72)
‘ at?
: I
1 (0 1)\
where B = 2C \T, + R/
wg_fo_(_‘{;_ 1)D
T .C \GU, ~
Ue
G = T with U,, the electron temperature in electron
0
volts and U in volts. -
D = , where T_ = ambipolar diffusion lifetime.
Ta Uo a

The expression for the resonant frequency reduces to:
I b0,
0.38 o i
f === /CP&E Hz , (2.33)
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= radius of the tube (cms)

= ion mohility at 1 torr (cm/s)

where

r
b
Ui = ionization potential (volts)
L = length of tube (ems)
p = pressure (torr)

E = electric field (volts/cm)
I, = discharge current (amps).

C

= capacitance (faraas) .

A comparison of the calculated values of the resonant frequency with
experimental results obtained from an argon discharge, gave an order of mag-

nitude agreement(62).
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CHAPTER TIII

EXPIRIMENTAL APPARATUS AND MEASURING TECIINIQUES

3.1 INTRODUCTION

}.

The striations were produced in a direct current discharge in argon,
the discharge being struck between a hollow cathode and a plane anode with

a stabilized direct current power supply.

The system could be pumped down to a pressure of 107°® torr. Experi-

!

ments were performed at gas pressures between 0.1 and 1.5 torr.

Measurements were made with the aim of studying the waves in the
discharge and their interaction with one another. Frequency spectra of
the waves together with measurements related to the amplitude of the waves

were obtained for different discharge conditions.

Electron temperatures were measured with the aid of a double
Langmuir prohe. The frequency and relative amplitude of the waves in the
discharge were determined from the signal produced from a pick-up coil or
photomultiplier and fed to a spectrum analyser. A space-time display of

(62)

the waves was obtained in some cases using the Stirand method

3.2 DISCIARGE TUBE AND VACUUM APPARATUS

The complete discharge, pumping, and gas filling system is shown in
Fig.3.1. The discharge tube made from Pyrex glass, had an internal dia--
meter of Scms and a length of 110 cms. The tube ﬁas connected to the

pumping system by a pyrex cross-piece of 5 cm internal diameter.

The discharge system was evacuated using an Edwards oil diffusion
pump, backed by an Edwards rotary pump (Speedivac ES35) . A liquid nitro-
gen trap was mounted above the diffusioﬂ punp and directly below a block
containing a baffle valve which, when closed, isolated the discharge from

the pumping system. An additional line by-passing the diffusion pump,

- B0 -~



wa1sAg 98aeYISTI(Q 9Y} FO OT}eWSYOS

—re

| NS
saTep
dung |, \\ , .
Kxezcy \ Y
)
sdnen dumg
Tuellqg IO TSNITITQ
deay,
usJoa3IN
\\\ pTNbTT
aaTe
Tef , \
SATep 9TIied . —
] HHWQﬂGQmm
sATRA _._In_.._ )
39TUL ITY
aATEp ﬂ epouy
aTposy L aquny e8aeyosIqg o lllglll
~] . -
1°TAL s'0 ) Mz_ |ﬁﬁ\ apoyzen
8091Tg
. - ssoan
9q0ag
Jtnuiue] 83nen
g3

- 51 —



trap and‘baffle valve enabled the tube to be 'roughed out' with the rotary
pump.

The backing pressure was measured with a Pirani gauge mounted be-
tween the rotary and difquion pumps, Lower vacua were measured by a
Penning gauge mounted on the block housing the baffle valve. The neutral
gas pressure in the discharge tube was measured with an LK3B gaugebcon-
nected to a side-arm of the cross-piece and protected from the discharge

by a metal gauze sheet across its aperture.

The gas used in the experiments was afmitted to the discharge tube
through a hole in the anode with a needle valve used to control the flow

rate.

The cathode was a hollow steel wire mesh (10 per cm) of 4mm dia-

meter and 10 cms length. The anode was an aluminium disc of 4 cm diameter,

The system could be let up to atmospheric pressure by an inlet
valve on the baffle bleck. Typically a pressure of 5 X 10-® torr could be

attained when using the diffusion pump and cold trap.

The gas used in the eXperimenté was British Oxygen technical quaiity
argon which is quo%ed as 99.9% pure. Impurities can affect the properties
of striétioﬁs and their limits of occurrence. However, the results to be
presented are cdncerned with the interaction of the waves so that their

origin, as far as impurities were concerned, was not important.

3.3 ELECTRICAIL CIRCUILT

A stabilised power supply capable of giving 500 mA at 3 kV was used;
this was connected in series with a chain of six 1 KQ resistors and the dis-
charge tube. A capacitor of 1.5UF was comnnected in parallel to the tube

and the negative terminal of the power supply was earthed, see Fig.3.2.
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Stabilised 6 KO
Ammeter Power Supply —~ AN

Cath
athode 1.5 yF ) , » Ahode
! {
§ A 0.5 uF B,
|L ) I 1
N/ ' i
Fig.3.2

Schematic of the electrical circuit for the discharge

3.4 ARTIFICIAL EXCITATION OF STRIATIONS

Striatiqns may be excited by varying the discharge current or
voltage(41). In the present case the voltage was varied by using a sinu-
soidal‘generator with a variable output, maximum voltage 25V peak to peak,
connected between the cathode and the‘anode,'points A and B in Fig.3.2.
To prevent large d.c. voltages appearing on the output of the oscillator a

blocking condenser of 0.5 |FF was comnnected between the generator and anode.
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3.5 FILLING THEL SYSTEM WITH GAS

In a typical run the wholé system up to the regulator on the gas
cylinder was pumped down to about 5 X 10-® torr. The gas admittance
needle valve was then closed and the line between the cylinder and tube was
filled with argon. After this the baffle valve was closed, isoiating tﬁe
tube from the pumping system, and the needle valve was opened and the tube
filled to a pressure of a few torr., By using the by—pass‘pipe, gas was
.fheﬁ punped continuously through the discharge tube with the rotary pump.
The pressure as measured with the‘IJKI! gauge was set by adjusting the

needle valve,

Finally a discharge of about 100 mA was struck and allowed to run
for about 15 minutes to achieve steady conditions before measurements at

the desired current were taken.

3.6 RUNNING THE DISCHARGE

The operating range of the system was between 0,1~ 4,0 torr and
10 - 350 mA,
| At lower pressures the discharée became unsteady'sinee it would
‘sometimes strike to the pumping system. At pressures ﬁighér than 4 torr
the discharge column consfricted and required currents larger than 400 mA

to sustain it.

3.7 DOUBLE LANGMUIR PROBE

A double Langmuir probe of glass construction was used to measure
the electron temperature(ﬁs). The electrodes of the probe consist%d of
two tungsten rods, diameter.0.5 mm, with their a#es separated by 2mm .
The electrodes were positioned on the axis of the discharge tube and at
right angles to it., _ The Voltaée—current characteristics were obtained

using the circuit showin in Fig.3.3(a).
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The electron temperature (Te) was then calculated from(65)
‘ T, = 0.252 A eV |

where A (volts) is obtained from the voltage-current characteristic, Fig.

3.3(b). The variation of Te with pressure and current is shown in

Fig.3.4,

®

SS'Ci_._::_ ’ / Langmuir
VPP = v ‘\t————— Probe

(a)

Current

f Voltage

(b)

__ ___l;_

Fig.3.3
(a) Langmuir probe circuit
A - Anmeter, V- Voltmeter
(v) Current-voltage characteristic
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3.8 DETECTION OI' TIiE WAVES

The striations (waves) in the discﬁarge produced changes in the
electron temperatﬁré and particle (electron and ion) dehsities which in
turn resulted in variations of the emitted light intensity and the electric
potential of the discharge, respectively. These'changes occurred with the
frequency and wavelength of the waves so £hat by monitoring the light inten-
sity and electric potential, the frequency, and in some cases the wavelength,
could be determined, In addition the relative changes in émplitude along

the tube could be obtained from the above measurements.

3.9 CAPACITIVE PICK-UP PROBE

~ The changes in potential could be detected by using a capacitive
pick-up probe close to the tube(eo). Such a probe was made by wrapping
five furns of copper wire on a cylindrical paper former which wés concentric
with the discharge tube and free to run along it. One end of.the wire was
left free on the former, whilst the other end was connected to a low fre-

quency spectrum analysér, Tektronix 1L5.

The width of the capacitive probe was 3mm, and so could resolve
spatial variations larger than its width. The signal received by the
spectrunm anélyser from the probe was proportional to the alternating COmpo-—
nent of the electric potential at the position of the probe aionglthe tube.
That the probe could respond to the frequencies of the waves was confirmed
by externally modulating the voltage at a known frequency and obtaining a

‘ probe signal at the same frequency.

3.10  PHOTOMULTIPLIER ' | -

The emitted light intensity was detected with the aid of an
EMI 9592B photomultiplier. Saturation of the photomultiplier was avoided
by keeping the output d.c. current below 0.1-mA by attenuating the incident

light with neutral filters and small apertures.
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The signal from the load resistor of the photomultiplier was fed
to the spectrum analyser. |

By mounting the photomultiplier on an optical bench, parallel to
the tube, axial variations in the light intensity from the discharge could
be measured by changing the position of the photomultiplier. It proved
convenient to use a light pipe, one end of which was attached to a slide
on the tube while the other was mounted in front of the photomultiplier
window.

~ The alternating signal from a ph;%omultiplier, proportional to the

light intensity from the discharge, can usually be related to thé change
in the ionization function due to the striations. In particular this has
been shown experimentally to be the case for self-excited waves in argon(ss).
For small amplitude waves the change in ionization function is proportional

(17)

to the change in electron temperature

3.11 SPECTRUM ANALYSIR -

The signals were analysed with a Tektronix 1L5 spectrum analyser

having a frequency range of 0-1 MHz. Before each experimental run the
, standard calibration checks, as given in the manual, were carried out.
The accuracy given by the manufacturers is: Centre Frequency: = 5% ,

Dispersion: +10%.

._The sweep period required to scan the spectrum is of the order of
0.1 sec and therefore the analyser is not capable of recording
'instantaneous' events. Rather, the input signal is Fourier analysed to
give the root mean square of the amplitude of each frequency component and

so for aperiodic signals the results must be interpreted with care.
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3.12 SPACE-TIME DISPLAY

Time resolved measurements were taken using the space-time display

o 64 I
method of Stirand et al( ), the principles of which are shown in Fig.3.5.

A
?
A 41
w T \
gt ) \\\\
W | \
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|
= | J et + - +
1 % s
. ‘ Fig.3.5 .
Principle of space-time display. G- generator (artificial
excitation); CRO - oscilloscope; S - external trigger;

V - vertical d,c, input; M - modulation of beam intensity;
A - anode; C - cathode; D - ring for reference trigger
signal; P - photomultiplier movable along track;
W ~ slide wire voltage divider
The detector, photomultiplier or coil, was moved along the tube,
the output representing the light intensity or electric potential at each

point at the instant the photomultiplier or coil passed.

In order that the oscilloscope triggering was synchronised with the
. striations, the signal from a coil mounted at a fixed position on the tube

was fed to the external trigger on the oscilloscope.

The slide wire contact gave a voltage proportional to its distance
« . from the cathode, This signal was fed to the y input of the oscilloscope
and had the effect of moving the position of the oscilloscope trace up or

down the screen as the detector was moved along the discharge.

- D9 -~



The signal from the detector was used to modulate the intensity of

the trace on the screen so that only the maxima, corresponding to maxima

of the input signal, were observed as spots on the screen.

As the detector was moved slowly down the tube, the oscillbscope
trace swept across in almost horizontal lines, each line refresenting the
time variation of +the maxima in light intensity or electric potential of
the striation. The loci of the maximum points thus gave a space and time
blot of the striations as they travelled through the discharge. From these

space-time pictures the motion of the waves could be observed,

3.13 SPACE-TIME DISPLAY FOR TRREGULARLY MOVING STRIATIONS

When the motion of the waves is aperiodic the Stirand method cannot
be used because the oscilloscope triggering cannot be synchrénised to the
waves. For such a case a rotating drum camera, outlined in Fig.3.6, can
sometimes be used, Unfortunately for this type of camera the light inten-
sity from some discharges is insufficient to expose the film. This method
could not be used with the argon discharge but was employed successfully to

obtain the results, described in Chapter X, for a neon discharge.

The drum, which was rotated by an electric motor, was mouhted level
 with the discharge with its axis parallel to the tube. High speed film,
800 ASA, was moﬁnted around the circumference of the drum and a lens, f/ﬁ.S,
was used to image the discharge oﬁto the film. The image appeared as a

horizontal line of negligible breadth.

As the drum was rotated the entire film became exposed to the image
of the discharge. At any instant the positions of increased light-inten-
'sity in the discharge tube due to the striations produced regions of in-
creased exposure along the image of the film. A moment later the film and
striations had moved so that a new image with the regions of increased

exposure in new positions, was formed on the film adjacent to the previous
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Schematic of a rotating drum camera

image. In this way the position of the light intensity maxima of the
striations along the tube at different times, was recorded to give a space-

time plot of the waves.

The space and time axes were calibrated by placing markers at a
known distance apart along the tube, and by using a small neon lamp which
““was positioned at the end of the tube and pulsed at a known frequency.
These markers appeared on the film to give a direct calibration.

A shutter in front of the lens was used to ensure that the film

was only exposed for one revolution of the drum.

Since this method does not rely on any synchronisation with the
waves, the irregular motion of ﬁhe striations could be observed from the

space~time pictures obtained from the film.
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CHAPTER 1V ‘ |

EXPERIMENTAL ORSERVATIONS OF SELP-EXCITED WAVES
IN TilE ARGON DISCHARGE b

4.1 INTRODUCTION ' 1

The linear and nonlinear propagation of regularly moving striation;
in an argon discharge were studied by recording the frequency spectrum.and
amplitude variation of the waves. |

The general scheme of the invesfigations will be described before %
outlining the contents of this chapter.

From prelimihary expériments with the 5 cm diameter argon discharge,
described in Chapter III, it was seen that discrete multiline frequency
spectra resulting from the interaction of self-excited waves could easily

be obtained. For this reason more detailed observations were carried out

using argon as the discharge gas.

The fundamental frequencies of the self-excited waves fell into
three frequency ranges: 200-900 Hz, 1-5 kHz, 10-40 kiHz. These will
subsequently be referred to as frequency ranges (a), (b) and (c) respec—

tively.

In addition to the interactions between the waves in the different
frequency ranges which gave rise to the multiline spectra, it was found
that the waves within each frequency range (a) and (b) exhibited spatial -

variations in amplitude due to both linear and sometimes nonlinear processes.

The experimental results were obtained from measurements of the fre-
quency spectra of the waves taken at different positions along the discharge
tﬁbe for certain pressure and current settings. The frequency spectra were
derived from the coil and photomumltiplier output signals as described ear-
lier, Chapter III. By varying the current and pressure different effects

were observed.



From the recorded frequency spectra the axial variation of the
amplitude of each frequency component could be obtained; this allowed the
nature of the linear interactions of the waves within frequency ranges (a)
and (b) to be deduced. For the waves in frequency range (b) it was possi-
ble to directly observe the interaction using the space-time display tech-
nique and so confirm the deductions made from the 'time averaged' standing

wave patterns.

Once the linear interactions of the striations Qeré determined
it was possible to deduce the nature of the nonlinear interactions from
the variafion in amplitude of the 'sum and difference' frequency components
generated by the interactions. Visual observations made with a rotating

mirror supported the proposed form of interaction.

In this chapter, the characteristics of the waves in frequency
ranée (b) and an interpretation of'their linear interactions are presented
first. The results for the waves in frequency range (a) are then described.
Following the description of the nonlineér modulation of the waves in rangé
(b), the nonlinear interactions betweep‘the waves in ranges (a) and (b), -

range (h) and (c), and all three ranges simultaneously, are described. The

interpretation of the.nonlinear results is dealt with in Chapter VII.

Since the terms'apparent stationary striations', standing wave
patterns and wave patterns are frequently used, it is useful to define them

from the outset.

Under certain circumstances it was possible to see with the eye
apparent stationary regions of increased light inténsity occurring gﬁ regu-
lar intervals along the discharge tube, thése are referred to as ‘'apparent
stationary' striations. The recorded axial variations of the amplitude of
the frequency components obtained from the spectrum analyser recordings of

the photomultiplier and coil signals, are termed 'standing wave' patterns or
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wave patterns, Standing wave patterns were observed with and without the

simultancous observation of apparent stationary striations.

4.2 LINEAR INTTRACTIONS: CHARACTERISTICS OF THE SELF-EXCITED
WAVES WITH A FUNDAMENTAIL FRIQUENCY IN RANGE (b) : 1-5 KHz

4.2.1 Trequency Variation k

0f all the waves seen, those in frequency range (b) had the largest\
amplitude and were the most easily observed since they existed over almost \
the entire pressure and current region within whiqh self-excited waves \
occurred, !

The waves had a fundamental frequency.between 1- 5 KHz with harmo-
nics, which in some éases extended up to ﬁhe seventh order, Fig.4.1. The
variation of the fundamental frequency with pressure is shown in Fig.
4.2(b0. The corresponding variation with current, Fig.4.2(a), at a given
pressure, displays discontinuities, but the general trend is that the fre-

quency increases with current.

FUNDAMENTAL

AMPLITULE

I

FRESUENCY

Fig.4.1
Frequency spectra for a wave in frequency (b), showing the funda-

mental frequency 5.2XKlz, and harmonics p = 0.15 torr, I = 95 mA
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current mA

110
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Pressure torr
Fig.4.2
Variation of the fundamental frequency with:
ag Current, p = 0.15 torr
gb Pressure, I = 92 mA
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4,2.2 Standing-Wave Pattern

The amplitude of the fundamental wave aﬁd each harmonic, és mea—
sured from the coil and photomultiplier signals, varied with position along
thé discharge to produce standing wave patterns as the examples in Fig.4.3
show. The standing wave patterns extended the whole length of the posi-
tive column; generally the amplitude of the photomultiplier signal de-
creased with distance from the cathode, whereas the signal from the pick-
up coil increased witﬂ distance., = Furthmore the positions of the maxima
" and minima for the photomultiplier wave pattern did not coincide with

those obtained from the coil signal,

The separation in maxima in the standing wave patterns was inversely
proportional to the frequency. TFor the fundamental frequency this distance

was of the order of 15 cm at a pressure of 0.3 torr.

By triggering an oscilloscope with the signal from a coil at a
fixed position along the discharge tube and displaying the signal from a
second coil which could be moved along the tube, it was possible to mea-
sufe the relative phase between signals at different positions along the
discharge. It was found thaf at positions corresponding to adjacent
maxima in amplitude, as measured in the standing wave pattern, the signals

were in phase with one another.

The standing wave patterns obtained from the coil signal were
generally more pronounced than those given by the photomultiplier signal.
Indeed, the amplitude patterns for the fundamental mode when measured by

the photomultiplier, showed hardly any periodic variation in amplitude.

The variation in amplitude of the photomultiplier signal for the

. fundamental frequency with current at a fixed

position is shown in Fig.4.4.
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4.2.3 Interpretation of the StnnOimrf Wave Patterns

Anode

8am I

Ot 8004

Time ———> 0,2 msec

FiK.4,5
Space-time display of the coil signal.
Pressure: 0.3 torr; Current: 57 mA
A space-time display, ocbtained from the coil signal by using the

Stirand method, for the situation “hen a standing ivave pattern ivas found
from the spectrum analyser measurements, is shown in Pig.4.5 It can be
seen that in addition to the lines sloping from the left down to the
right, which show the path of a striation moving from the anode to the

cathode, there are vertical stripes due to synchronous, space-independent,

oscillations with the same frequency as the striations.

The space-time display shows that the amplitudes of the travel-
ling waves (striations) and the synchronous oscillations are simply super-—
imposed allowing the variation in amplitude of the standing wave patterns
of the coil and photomultiplier signals to be explained in terms of linear

interference.
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Tor the general case of two waves which have the same frequency
and wavelength (\) but travel in opposite directions, the adjacent maxima
in the standing—ﬁave patterns are separated by a distance A/2., 1In the
présent case the interference is different since the distaﬁce between

adjacent maxima is equal to the wavelength \.

The nature of the interference could have been obtained from the
standing-wave pattern and the knowledge of the phase relation between the
signals from adjacent maxima in the wave patterns without referring to

space-time displays.

4.2.4 Information Ohtained from the Wave-Patterns

In interpreting the axial variation in the wave patterns in a way
whiéh‘is consistent with bhoth the coil and photomultiplier measurements,
some features of the variations in ionization function and electric poten-
tial for the travelling waves and synchronous oscillations are seen. It
ié worth recalling that the pick-up coil acts capacitively(ﬁo) and that
the signal is proportional to the changing electric potential at the point

on the tube where the coil is positioned,

For the travelling wave, the light intensity (Lw) and the electric

potential (V,,) may be represented by the expression:

L =A e* sin(ut-kx + &)
w0 o co. (4.1)
vV, =C e sin(wt - kx) :
where A ,C are the amplitudes at x=0,

(=}
(=}

= axial distance measured from the anode,
= angular frequency
wavenumber : -

= spatial amplification coefficient

vi Q@ & g M
i

= phase angle relative to the electric potential.

The electric field (ES) and light intensity (LS) for the syn-

chronous oscillation may be represented by:
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E émsin(wt+cp) (4.2)
e. (4.2

s Bsin (wt + 8)
where m, DB are constants and ¢ and 0 account for any phase difference

relative to the electric potential (Vw)' From the expression for Es ,

the electric potential due to the synchronous oscillation (Vs) is obtained

from BVS
I
s0 : - '
v, = [Do-mx_l sin'(wb+cp) ‘ co. (4.3)

where Do is a constant,

The amplitude of the resultant wave pattern for the light intensity

is' given by ‘
L = '\,/—AZ+B2 + 2AB cos(kx- §+ 8) ee. (4.9)

and that for the electric potential is given by

-

V= «/ €2+D2 4+ 2CD cos(kx + ) .o (4.5)

where, A = A eux, C=2¢C ew, D=D -mx.
o (o] o

Erom these expressions for the amplitudes it can be seen that the
relative positions of éhé amplitude maxima for the light intensity and
the coil signal depend on the values bf the pﬁase angles ¢, £ and 8.
It was found that the positions of the maxima of the coil and photommulti- -
plier wave patterns were either | /2 or T out of phase, a situation
which requires that (- §+8) = ¢ + —;—T or ¢+ 1. For moving striations(17)

€ =0 which gives values of 0 = ¢ +%T or ® + T.

The coéfficients A and C in equations (4.4) and (4.5) for the
resultant amplitudes of the light ihteHSity and electric potential are
proportional to expox. In contrast the coefficient D, which is-related
to the electric potential of the synchronous oscillation, is linearly pro-
portional to x: it. is for this reason that the axial variations of the
eimplitudes of the standing wave patterns of the photomultiplier and coil
signals are different. The follox«;ixlg example bears out the above explana-~

tion,
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4,2.5 Computed Standing Wave Pattern

The axial variations in amplitude for the photomultiplier and coil

P
signal for the first harmonic of 3.7 KHz at a current of 79 mA, are shown

in Fig.4.6. DBecause in this case the changes were so regular it was
possible to compute a wave pattern, assuming sinusoidal variations, for !

the superposition of a travelling wave and a synchronous oscillation.

By taking'several maximun and minimm values to calculate o, a
l
curve was fitted to the experimental points for the photomultiplier signal, |
Fig.4.6(a). This gave a value of o = 0.01 and the ratio of the travel-~

ling wave amplitude to that of the synchronous oscillation at x = 0, was

equal to % = 3.4. ’

In a similar way o was calculated for the coil signal, Fig.4.6(b),
to givé a value of 0.011 in agreement with the value found from the other
curve, Using the derived value of o and the expression for the potén—
tial (V), equation (4.5), the value of m was found to be 0.3 and the
rati§ of the travelling wave amplitude to the synchronous amplitude at
x=0 was equal to %-: 0.2. To check the validity of using equation
(4.5) several other maxiﬁa and minima were calculated and are shown in
Fig.4.6(b). From the general shape of the curves in Figs.4.3, 4.6(b). -
the decreasing éf the maxima and minima values wilh distance from the
anode -~ and the numerical values obtained, it can bhe seen thai the change
in potential due to the synchronous oscillation is larger than that due té
the travelling wave. For the light intensity patterns the converse is
true, This may be explained by considering the variations in electron
temperature since +the light intensity is proportional(17) to the elec~

tron temperature, which in turn is related to the electric field through

the energy equation.
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For a potential (V) given by

V = C0 sin(wt - kx) + (Do—mx) sin(wt + ) : ... (4.6)
where the symbols have the same meaning as before and =0, for simpli-

city, the electric field is given by

3V .
E=- 3x = Cok cos(uwt~kx) + m sin(wt + ©) . (4.7)
In the example above, C_ =~ 2.5, k = E?Icm“l and m = 0,32, which

give Cok >m. That is, the electron temperature variation of the travel-
ling wave is larger than that of the synchronous oscillation. Consequently
since the electron temperature is proportional to the light intensity, the

latter is correspondingly larger for the X 10%

travelling wave than for the synchronous ot
oscillation, in accord with the experi-
mental results. 8t
Besides the linear interference
: (S
of waves, other effects were found to
produce a standing-wave in the time 6
averaged patterns. These effects will
be discussed in connection with doublets o5
]
and artificial excitation and modulation, 5
% al
4,2,6 Identification of the Travelling E
- Waves
———— <]
g 3l
From the wave patterns at various
pressures, and usihg additional points o
obtained from phase sensitive measure-
ments, the phase velocity versus pressure 1k - -
(po) was obtained, Tig.4.7. The ion
1 T i 1 i 1 1

drift velocity calculated for argon for 0.2 0.4 o6

Fir.4.7 Pressure (torr)

o .
a value of Eo = 1.5 V/cm is shown. Phase velocity against pressure

. o o Experimental
The fit of the points shows that the —— Ton drift velocity X 7/4
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velocity is proportional to Eo/po’ which is a characteristic of stria-
tions,
The expressions for ®w and k derived by Tsendin, section 2.6.1,

give a similar pressure dependence for the phase velocity:

w B
T ~ const. bp V*\/Te oc-P—o ... (4.8)
0 .

since the pressure dependence of Te is less than that of bP.

The calculated values of ®w and k at 0.3 torr, Te =3 eV,
E =~1.,5 V/cm, a=0.85 cm™ % and bP =1.2 X 10° cm/sec at 1 torr, are
according to Tgendin's theory, equal to

1.88 X 10* rad/sec
i

w
k = 0.8 em

whereas Pekarek's theory gives

7 X 10* rad/sec
1

w
k

2 em
7.65 X 10* sec” 1.

The experimental values were :
w= 2.5 X 10* rad/sec
k=0.7 e b,

Tsendin's theory is in reasonable agreement, while Pekarek's
values are too 1érge. As noted in the re%iew chapter, Pekarek's theory
remains qualitatively cérrect even when considering argon. To obtain
quantitative agreement the constants in the equations must be modified.

Assuming that Pekarek's theory gives ®w and k three times too large,
then the adjustment of the constants in equations, will give a corrected
@(k) of 3.4 X 10* sec” i, Translating this temporal amplification into

a spatial amplification is achieved using

ok) 3.4 x 10*
o = a = Z
SLw e 2,0 X 10

ok

1.7 em™ 1,
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Although only a rough estimate, the large value of ¢ indicates

that self-excited waves will grow.rapidly as they travel in the discharge.

In the computed example given earlier, a value of ¢ = 0.01 cmt

was obtained which scems at variance with the previous statement. How-
ever, as the next section will show, this latter o was a measure of the
amplitude variation once the nonlinear growth had been fully stabilised to
give a constant or diminishing amplitude. Amplitude measurements made
using the pick-up coil at the head of the-positive column when the travel-

ling wave was growing, gave a value of o~ 0.3 em L,

4,2.7 Nonlinear Nafure of the Travelling Waves

| For the pressures used in the experimen%al investigation,ythe
Pupp limit is of the order of amperes. Since the currents used were of
the order of tens or bhundreds of milliamperes, well away from the Pupp
limit, the linear theory.is likely to be inadequate,‘and nonlinear theories

mist be used(ls).

Indeed, the presence of harmonics of the fundamental wave implies
that the waves are nonlinear: when nonlinear terms are retained in the

equations describing ionization waves, harmonic frequencies are obtained.

According to the results of Garscadden's stability analysis(4) of
the simplified equations of Pekarek, the discharge should be absolutely

unstable for the backward waves in the argon discharge.

As will be seen, in the absence of other waves; the ionization
waves of frequency range (b) had a uniform velocity and the frequency
spectrum, even with the interactions present, consisted of a discrete line
spectrum rather than a broad continuous spectrum. Referring to Grabec's
work, section 2.8.4, the above observations imply.that the energy losses
due to inelastic collisions werelsufficient to fully stabilise the non-

linear growth before the 'explosive' instability set in.
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It may be concluded that the waves are nonlinear, absolute insta-

bilities of a backward wave nature which are stabilized by energy losses.

4.3 LINFAR INTERACTIONS : SYNCHRONOUS OSCILLATIONS g

The variation of space-time diagrams of the synchronous oscilla-
tions with current is shown in Fig.4.8. Jt can be seen that in some cases
the amplitude of the éynchronous oscillations is larger than the amplitude
of the striationé? With increasing current the synchronous oscillations %

are damped away.

Since standing wave patterns were obtained for each harmonic of the

travelling wave, the synchronous oscillations must have had frequency com-
ponents at the harmonic frequencies. As with the striations, the pre-

sence of harmonics implies that the oscillations were nonlinear,

It is known that striations can perturb the anode region and
produce oscillations in voltage of the discharge as a whole at the same fre-
quency as the Striations(ls). The occurrence of these synchronous oscilla-

tions may be explained with reference to the work of Krejci, Chapter II.

Using the values for argon of bP = 3.75 X 10° gm/sec, Ui = 15.7V,
then at 0.3 torr and 60 mA with E~ 1,5 V/cm, £ = 107 cm to correspond
with the presenf experimental conditions, the resonant frequency from equa-
tion ( 2.33) is of the order of 1 Kiz. So, the frequency of the stria- .

tions is near to the resonant frequency for synchronous oscillations.

In the present case, the perturbation is provided by the striations
and so on the right-hand side of equation (2.32) can be added a source term

Qt

which for simplicity is written as A et , whére 0 is the frequency
of the striations and A is the amplitude of the forcing term dependent

in some way upon the amplitude of the striation, to give:

a2y ey o I, i0t _
E—:é + 2B ai t Wy = CAe , oo (4.9)

= Shown by the destructive igtc—;gf_erence fig 4-8a.
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which gives

i0t
v=i A e
C (WB-0?)+280i .
lu] = &F : ... (4.10)

T O (EIPe (apr D)
From the variation of the amplitude of fhe photomultiplier signal
of the fundamental mode with current, Fig.4.4, it can be seen that, since
the travelling wave component is larger than the component due to the syn-
chronous oscillation, the amplitude of thé‘light intensity due to the

striations increase linearly with current.

It is assumed that the forcing term is dependent on the amplitude
of the striations and so increases with current. In addition the stria-
tion frequency () increases linearly with current, Fig.4.2, as does B,
whilst w® increases as the square root. So the dependence of A, B, w,
0 on the current, I, may be written most simply as A = AOI’ W= uh/I,

Q= IQ%, B = BOI. This gives the following expression for lU‘ s

co. (4.11)

Since ) is greater than .  from the theoretical value of W
and the experimental values of (1, as the current increases ‘U{ will

decrease to a constant value,.

At the hipher currents the synchronous oscillations are not seen
even though the striations are present to provide the driving force, and
the theory predicts the existence of the oscillations. This implies that
the coupling of the striations with the anode region to produce the oscil-
lations, is more complicated than the naive assumption made above that the
voltage perturbatioﬁ is proportional to the striation amplitude, Ind@ed
as will be seen in section 4.5 and Chapter V, when the discharge voltage

is modulated at the striation frequency, it is possible, by adjusting the
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discharge current, to change from a state where synchronous oscillations

are generated to one where these oscillations are damped out, and yet the

moving striations are modulated to produce a standing wave pattern.

4.4 LINEAR INTERACTIONS : CHARACTERISTICS OF
I WAVES IN FREQUINCY RANGE (a)

At pressures greater than about 0.2 torr, oscillations with fre-
quencies in the range 400-900 Hz were seen for certain values of discharge !

" current in addition to the striations described in section 4.2. Harmonic

frequencies of the fundamental frequency were sometimes seen, but the more

usual situation was that they were absent.

These waves were detected by both the coil and photomultiplier
but the photomultiplier signal proved the more sensitive to axial varia-
tions in amplitude. Two examples of the wave patterns are shown in

Fig.4.9. The amplitude variation exhibits maxima and minima at positions

along the axis.

The frequency of the waves is near to the resonant frequency of
the discharge and so the variation in amplitude may be due to linear inter-
ference of a synchronous oscillation and a travelling wave. Unfortunately
since the larger frequency waves existéd similtaneously and were of larger
amplitude, they triggered the oscilloscope and so it was not possible to

obtain a space-time display of the waves in frequency range (a).

The change in separation between maxima for different frequencies
was observed by artificially exciting waves, as will be described in

Chapter V. The results show that these waves have a backward nature.

So .far, the linear interference of waves, has been observed and
interpretec, Under some circumstances, however, effects consistent with
nonlinear phenomena were ohserved and these will be described in the next

section,
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4.5 NONLINGAR INTERACTIONS OF THIL SELF-EXCITED WAVES

4,5.1 Apparent Stationary Striations in Frequency Rance (b)

o |
Stationary striations, w = 0, are seen in argon usually only necar

the cathode end of the positive column, and are heavily damped towards the;
anode with the result that only one or two can he seen(41). However, in
the present experiments it was possible to see, under some circumstances,
what appeared to the naked-eye to bhe sfationary striations extending much

|

further into the positive column. Microdensitometer traces of photographs
taken of the positive column, representing the time averaged light inten- |
sity, are shown for different curfents in Fig.4.10 for a pressure of 0.15
torr, The two peaks at the cathode end are the stationary (w=0) stria-
tions seen for all values of current. As the current was increased ahove
40 mA, apparent 'stationary' striations were observed as is shown from the
presence of peaks in the patterns. ‘ From the traces the distance between
the iight intensity was maxima about the same as the distance bhetween

maxima on the standing wave pattern of the first harmonic, which was

g§imilar im appearance to the patterns described in s;ction 4,2, From

the photomultiplier signal it was found that the apparent stationary pat-
tern was oscillating at the same frequencies as the striations in frequency
range (b). Under these circumstances the standing wave patterns for the
fundamental and harmonics, had the same separation in maxima, Fig.4.11,
Furthermore, the apparegt 'stationary"striations sometimes exhibited a
binary structure as can be seen from long exposure éictures of the dis-

- charge, Fig.4.12, which show the discharge as it appeared to the naked-
eyé. | R
The bigary structure was best seen at currents between 20-40 mA,
At the low currents the striations were highly convex towards the cathode.

The region of light intensity at the head (cathode side) of each doublet

was longer than the second region, and the distance separating the maxima
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AMPLITUDE (RELATIVE)
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Fig.4.12

Pictures of the discharge for exposure time of a fetv seconds,
(@ Pressure: 0.3 torr; Current: 35
(o,c) Pressure: 0.33 torr; Current: 42 IA
(d Pressure: 0.37 torr; Current: 38 mA

_86_



"y Q@
0 / NI#.\ | 7N
4 / . / \.
3 SN \ N
g 1. .\ , \ / \. I N
& I “ 1\ 1 \
/ : \
E [ ° \. l \ |
o / \ , ’ - t» i‘ \
g Yo’ \ v v !
\. \ V.’ I '
o« [/ \
\e“ \ ,
LS DRI WE T NN WY TS SR NN NN TN TN WO S U NS T B
50 50 60 70 80
Fig.4.13 Distance from cathode (cms)

Wave pattern for a doublet structure, photomultiplier signal,
First barmonic: 5.2 KHz; Current: 34.5 mA; Pressure 0.23 torr

within each doublet was smaller than the distance between the head of one

doublet and the head of the adjacent doublet. An example of the standing-

pattern for a binary structure is shown in Fig.4.13 as measured with the
photomultiplier, Generally the patterns obtained were not so symmetri-
cal but appeared as in Fig.4.14. With increasing current the doublet

structure disappeared, since the separétion in light intensity maxima were
equal, as in Fig.4.15, and the 'stationary' striations were more difficult
to see.

For the particular pressure of 0.25 torr, the column appeared

homogeneous to the eye for currents above 100 mA although the standing

pattern was still detected, Fig.4.16.
Linear interference(66) would not give a time averaged pattern as

found here since the integral

t+ T
I sin (wt-kx) = 0

t

... (4.12)

The phenomenon is essentially nonlinear and will be discussed in Chapters

V and VI,
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4.5.2 Mode-Coupling between the Waves in the

Trequency Ranoes (a) and (b)

The change in the frequency spectrum which accompaﬂied the occur-
rence of the oscillations in the frequency ranges (a) and (b) can ﬁe traced
from Fig.4.17. At a current of 160 mA the familiar spectra of the self-
excited striations with a fundamental frequency of 2.5 KHz with harmonics
was seen, Fig.4.17(a). As the current was reduced, an oscillation at about

»630 Iz was seen together with satpllife frequencies around the first and
second harmonics of the 2.5 KHz wave. ﬁépn further reduction of the cur-
renf, the amplitude pf the 630 Hz oscillation increased as did the ampli-
tude of the satellites, whilst the amplitude of the 2.5 Kz oscillation

and its harmonics decreased.

In Fig.4.17(d) the frequency of the striations is a few hundred
Hertz less than in Fig.4,17(a). This was due to‘the fundamental frequeacy
decreasing with current. The fundamental frequency, 2.3 KHz has satel-
lites on either side, whilst the first and second harmonics, 4.6 KHz and
6.9 Kz appeared to have only the lower satellites, althﬁugh with finer
resolution the upper satellite could be detected above tﬁe noise.  Within
the accuracy of the spectrum aﬁalyser, the separation of these satellites
from the basic frequencies is approximately eqqal to 630 Hz. Although in
general both satellites could be detected on either side of the fundamen-
tai and harmonics, the occurrence of the lower satellite was more pro-
nounced than that of the upper satellite and its axial variation in ampli-

tude could be measured.

The timé—averaged patterns of the amplitude still showed spatial
modulation at the satellite as well as the fundamental and harmonic fre-
quencies; some examples are given below. Wave patterns are shown in
Fig.4.18 for the fundamental, first harmonic, second harmonic and third

harmonic and their lower satellites when the distance between consecutive
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(e) Frequency
: Fip.4.17
Spectrum of mode coupling of self-excited waves. Coil signal,
Pressure: 0,42 torr; C.F: Centre frequency = 5 Klz;
(a) 160 ma, (b) 150 wl, (c) 142 wA, (a) 150 md, (e) 120 mi.
Frequency dispersion is the same in all figures;
In (a),(c) amplitude scale.Gzcreased by faclor of 2.
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AMPLITUDE (RELATIVE)

Fig.4.18§d!
Coil signal: wave pattern for third harmonic .
8.1 Kilz and lower satellite 7.5 KHz
Pressure: 0.33 torr; Current: 100 md;
4p = 7-8 cms
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maxima, &D’ for the lower frequency 600 Hz wave was in the range 5.5 to

8 cms depending upon the particular current and pressure.
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: Fig.4.19 Distance from cathode (cms)

Coil signal: wave pattern for first harmonic, 6 Kiz;
and lower satellite, 5.1 KHz. Pressure: 0,25 torr
current: 100 md; 4 ~ 14 cms

The wave patterns obtained for the second harmonic and lower satel-
lite when the frequency of the lower frequency wave was 900 Hz and &D was

equal to 14-15 cm are shown in Fig.4,19.

For the wave patterns above, the spacing, &, between adjacent
maxima for lhe satellite frequencies is related to the gpacing, LS,

between the maxima of the appropriate frequency component of the striations

and the spacing & defined above, by
lll P .
8 B E g

The observed frequency speétrum and amplitude variations may be

ee. (4.13) .

répresented as the sum of:
n=N

1

sin [(nu%-(Dt}  + sin [(nub— Q)t._(nko-k)k] L (4.14)
n=1 »

where  , k are the fundamental frequency and wavenumber of the waves
o’ o
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in frequency range (b), and ), k- are the corresponding values for the

" waves in frequency range (a).

implies that the phenomenon obse
fefence of travelling waves obse
of the present form of interacti

and VIIT.

The occurrence of satellite frequencies
rved is different from simple linear inter-
rved by several workers(74), The origin

on will be discussed in Chapters VI, VII

4.5.3 Characteristics of the Waves in Frequency Range (c)

and their Coupling with

the Lower Frequency Waves

(a) Mode coupling

For currents of 130 mA
or iess, in the absence of the
400 to 900 Hz oscillations,
mode coupling between the
striatiﬁns, frequency range (b),
and the waves with frequencies
of tens of kilohertz, range (c),
was detected, The coupling
between a 32 KHz wave and the
striations is shown in Fig.4.20.

quencies of the striations.

32 Kz
. I 10 Kilz

=

0 Kiz

AMPLITUDE (RELATIVE)

" Frequency (xHz)
. Fir.4.20
Coil signal: spectrum of 32 LKHz wave and satellites
Pressure: 0.3 torr; Current: 120 mA

Tke satellitesare separated by the fre-

AMPLITUDE (RELATIVE)

Frequency (Kiz)
Fig.4.21

Coil signal: spectrum of 32 Kllz wave and satellite

Pressure:

0.3 torr; Current: 62 mA
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When a 600 Ilz wave was present, coupling was observed hetween the
waves for all three frequency ranges to produce the complex display, Fig.

4.21, Tor such a case the discharge was unstable and a steady spectrum

analyser display could not be obtained,

Figure 4.22 shows the wave patterns obtained when fhe striations
were mode-coupled with a 35 Kz wave. The 35Kz oscillation exhi-
bits no standing wave pattern but resemblés the noise power diagram
obtained for a bhackward wave in neon. The satellites have standing
wave patterns in which the distance between adjacent maxima for a
given satellite is approximately equal to the distance for the corres-
ponding striation in the kilohertz range. In this case, the coupling may

be represented by

[

where W) s ko have the same meanings as before, and w, k now describe

n=N

1

1

cos [(wind)o)t—kXJ + cos“[(w = nu )t - kx ?ﬁkox]j .o. (4.15)

I~

n=1

the wave in frequency range (c).

The change in the spectrum of the striations of freduency range

(b) and the tens of kilohertz waves can be seen in Fig.4.23. At low
.currents the spectrum is noisy, the striations with frequencies in the
range 1.5~ 5.0'KHz cannot be seen, but there is a broad peak around 23 Kiz.
As the current is increased a discrete spectrum appears consisting of the
fundamental and harmonics of the 2.5 KHz striation, the oscillation of

23 KHz and harmonics, and the satellitesresulting from the coupling of the
two oscillations. As‘the current is increased further, the amplitude of
_the satellite frequencies dgcrease as does the harmonics of the 23 Kiz
wave, until at 74 mA, although'the 2.5 Kz striations are present and of
large amplitude, mode coupling cannot be seen; there is only a broad peak

arouna 23 KHz of diminished amplitude. No oscillations other than the
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striations are seen upon increasing the current further, until at about

180 mA an oscillation with a fundamental frequency of approximately 45 Kiz
: Was seen.

and an amplitude comparable to that of the 23 KHz wave at 29 mA), Mode-

coupling is not seen at this current.

Using better frequency resolution it could be seen, Fig.4.24, that
the change in 'shape' of the amplitude versus frequency spectrum with cur-
rent for the mode-coupled waves of ranges (b) and (c) was due to a fre-

quency jumping of the higher frequency wave with current.’

The asymmetry, Fig.4.23, of the satellite'either side of the 23 KHz
wave can be traced héck to the amplitude versus distance curves, Fig.4.22,
wvhere it can be seen that the wave patterns for the upper and lower har-
monics show a similar variation, but a lag of one pattern relative to the

other exists.

The mode-coupling of the waves appears to depend on the nature of
the waves in range (c) and their variation with current. Their nonlinear
or linear behaviour can be linked with the occurrence or absence of mode

coupling.

(b) Characteristics of the waves in frequency range (c)

Two examples of the amplitude variation, as measured by thebcoil;
with axial position are shown in Fig.4.25. The amplitude variation can
be divided into two regions (three for some cases) in accordance with
similar observations in neon diSCharges(14). In the first region the
amplitude is‘constant or Zrows 1inear1y. The éecond region is charac-
térized by an ekponential growtﬁ of the amplitude which increases until
reaching the third region where the amplitude saturates themremaining

constant, or decreasing with further distance from the cathode.

At a pressure of 0.37 torr and a current of 35 mA, a wave of fre-

quency ~ 20 Kz was detected. - Fortunately at this frequency the wave-
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1 Kiz c
C.F. |
|
(a) Frequency (hliz) _ b) Frequency (hiiz)
C
1 Kiz ! 1K1z ‘l’ ,
— C]F.
(c) . Frequency (Kllz) (a) ) Frequency (kliz)

(e)

Frequency (Kiz) (£) Frequency (Kiz)
FPip.4.24
Change of frequency of wave in frequency range, C (marked C) and
its satellites. DPressure: 0.28 torr; C,F: Centre frequency 52 Kliz;
Frequency dispersion the same for all figures;
Current: a; 32,5 md, gbg 42 mA, gcg 48 mA, -
éd 60 mi, e) T3 mdA, (f) 91 nmA, :
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length could be measured by triggering the oscilloscope with the lower
frequency waves. The wavelength at a current of 60 mA was of the order
of 1em. On other occasions this could not be done since the frequencies

were not integrally related,

As £he discharge current was increased up to 87 mA, the frequency
of the wave remained approximately constant but the amplification coeffi-
cient y for the growth region reached a maximum and then decreased, Fig.
4.26, similar to the variation for backward waves in argon as ohserved
by Sato(27). The mode-coupling followed the variation already mentioned.
The characteristics, described above, of the waves in frequency range (c)

suggest that they are backward waves,

(c) Variation of the frequency spectrum

The change in the frequency spectrum, TFig.4.23, can be related to
the change in the amplification coefficient Y with current. The measure-
ments of Fig.4.26‘do not correspond to the spectra of Fig.4.23, but the
same trend was seen, At the larger currents when Y is small thevfre—
quency is centred around 20 KHz, the amplitude is rélatively small and
although not sharp, the spectrum is not noisy. As Y increases with
decreasing current, the spectrum hecomes sharp and consists of the 20 Kz
' wave and the satellites due to mode—coupling; the amplitude of the satel-
lite increases, As the current is decreased further and Y passes through
a value corresponding to saturation, the amplitude of the 20 KHz oscilla-
tion decréases and the line spectrum is replaced by a noisy spectrum, but

still centred around 20 Kiz.
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4.6 CONCLUSION

In the ahsence of mode-coupling it has heen seen that the presence
of the synchronous oscillations gave rise to a standing wave pattern due
to.linear interference., Consequently it was not essential to use a

direct space-time display to obtain information on the moving striations.

Similarly, for the interactions between the waves, it will he seen
that because of the presence of the synchronous oscillations, which gave
rise to standing wave patterns, it was possible to interpret the nonlinear
interactions between the travelling waves without recourse to space~time

pictures,
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CHAPTER V

. EXPEDIMENTAL RESULTS OBTATNED WHEN AN IEXTERNAL ALTERMATINMG
VOLTAGE WAS APPLIID ACROSS THE DISCHARGE

5.1 INTROZCUCTION

Waves could be excited in the d.c. argon discharge by applying a
sinusoidal voltage to the anode. Since thevfrequency and amplitude of
these waves could be controlled by merely adjusting the controls of the
voltage generator'it was possible, in éome cases, to easily reproduce and
accentuate the linear and nonlinear effects described in the previous

chapter, for self excited waves,

The method of superimposing'an external voltage has been described

in Chapter III. VWhen the frequency of the applied voltage was within 10%

of the ffequency of the self-excited striations, the frequency of the
latter was pulled towards the applied frequency with the result that the
striations oscillated at this new frequency. If the value of the applied
f;equency was éufficiently far away from that of the self-excited stria-
tions, then moving striafions and synchronous oscillations at both fre-

quencies were seen,

5,2 WAVES EXCITED IN FREQUENCY RANGE (b)

The standing wave patterns obhtained from the coil signal for
various values of applied voltage and a frequency of 5.2 KHz are shown in
Fig.5.1. In addition to the waves at {his applied frequency, self-
excited waves at a frequency of 3.4 XlIz were present in the discharge;

their standing wave pattern is included in Fig.5.1 for comparison. -

It can be seen that as the applied voltage was increased, well
defined maxima and minima appeared in the standing-wave patterns. For
an applied voltage of 16V peak-to-peak, the wave patterns for the extern-

ally excited wave and the self-excited wave are similar. Using the same
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considerations as in Chapter IV, it can be seen that the synchronous oscil-

'

lations had a larger amplitude than the travelling wave for all values of

exciting voltage.
The separation between ﬁ;xima for the self—éxcited and artifiéiall&

excited waves when the applied voltage was 22V peak-to-peak, was found to

be approximately 20 cm and 16 cm for the 5.2 KHz and 3.4 Kz waves respec—

tively, indicating that the Wavelen1gtlrincreases with frequency - the

characteristic of backward waves,

5.3 CHARACTERISTICS OF TUE WAVES EXCITED IN
THE LOWER FRINUENCY RANGE (a)

The waves were excited when self excited waves in the same fre-
quency range (a) were present, The variation in tke separation of maxima

for different applied frequencies is shown in Fig.5.2.

As derived in Chapter IV, the resonant frequeﬁcy for synchronous
oscillations is of the order of 1 kﬂz. The standing wave patterns may
be due to linear interference of a synchronous oscil}ation and a travelling
wave, or caused by velocity modulation of the travelling wave at the same
frequency as the wave itself. For the latter case the velocity modulation
would result in harmonics of the fundamental frequency of the wave appear-A
ing on the spectrum analyser display. Thése harmorics were not seen
experimentally which seems to rule out this interpretation. 1In any'case,
for both forms of interaction the spacing between amplitude maxima is equal
to or proportional to the wavelength of the wave permitting a dispersion
curve to he drawn, Fig.5.3. It can be seen that the waves have a backvard

characteristic since the wavelength increases with increasing frequency.
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GENERATION OF 'APPARENT: STATIONARY STRIATIONS
AND ACCOMPANYING ELFTECTS

5.4.1 Observations

So far the linear interference, seen in Chapter IV, was reproduced.
By suitably varying the discharge current and the exciting voltage, it was
poésible to change from linear to nonlinear effects as shown by tﬁé appear-
‘ance of 'apparent' stationary striations. Such patterns could only.be
obtained for the values of current and applied frequency shown in each
figure below, If the current or frequeﬁéy were slightly changed then the
stationary pattern would flicker, and with further change theré was no
longer any nonlinear interaction between the applied voltage and the stri-

ations, so the discharge appeared homogeneous.

-

The photographs of Fig.5.4 show 'apparent' stationary striations
which were seen when the external sinusoidal voltage was applied at the
fundamental and harmonic frequencies of the self—exciteﬁ striations. For
the fundamental frequency the 'apparent' sfationary striations which were
not very pronounced, wére separated by a distance equal to the wavelength
A of the moving striations. When modulated at harmonics of the natural
frequency (f) the spacings between the maxima were equal to Mr when the
modulating frequency was nf, n=1, 2, 3, etc.

It can be seen in Fig.5.4(b) that when modulated at the first
harmonic frequency, each 'apparent' stationary striation has a doublet
structure: the head (cathode side) of the structure is followed by a less

intense more diffuse region of shorter length.

The standing wave pa£terns as measured from the photomultiplier
»signal and spectrum analyser are shown in Fig.5.5, when the frequency of
the applied voltage was equal to the first harmonic frgquency of the waves.
The spacing between maxima for each frequency componentAis equal to X/Z,

the spacing expected for the first harmonic,
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Cathode , i

n)
c)

(a)

Anode
5 am

Fig.5,4
The discharge as seen hy eye: Photographs showing the variation
in 'apnarent' stationary striations with exciting frequency.
Pressure: 0,3 torr; Exciting voltage: 24 V; p.p: 84 UA;
Fundamental: 4,2 KHz; Current: 73 mA; () First harmonic: 6.9 EHz
Second harmonic: 10.6 KHz, 90 mA; (d Third harmonic: 12.8 KHz, 8o mA
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The standing wave patterns for the éoil and photomultiplier sig-
nals for an applied frequency equal to the first harmonic frequency of
the striations, are compared in Fig.5.6. The coil signal has the same
spécing between maxima as the photomultiplier signal but the difference
between maximum and minimum values of amplitude is much smaller than for
the photomultiplier signal. This is in contrast to the results for the
linecar interference where it was seen that the variation in thé coil
signal amplitude was mmch more pronounced than that for the photomulti-

plier signal,

5.4.2 Space Time Display

A space-time diagram, Fig.5.7, obtained when 'apparent' stationary
striations, due to external modulation, were seen, reveals that for such
conditions the velocity of the striations varies periodically. For Fig.
5.7(a), the dischafge was modulated at the fundamental frequency, whilst
for Fig.5.7(b), the frequency was equal to the first harmonic frequency.
The applied voltage was larger than for the previous figures, For the
fundamental freqﬁency 'appafent’ stationary striations were spaceclk/z
apart, IExamination of the space—time‘pictures shows that the velocity is
modalated at twice the fundamental frequency and may be‘represented Py:

V=V, + Asin 2t ... (5.1)

where V = modulated velocity,

V, = value of the unmodulated velocity,

o
A = constant,
w = angular frequency of the fundamental wave.

5.4.3 Interpretation

Since the waves are nonlinear and so have a non-sinuscidal wave-

: incremental B :
form, the average of theirAlight intensity component is not necessarily

zero, i.e. T

I, = [ #(x-vt) £0 el (5.2)
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32 om
@
32 cm
I 1
C o 0.2 msec
Distance
Time
Fig.5.7

Space-time display for photomultiplier signal. Pressure: 0,46 torr;

Current: 92 iiA; Applied voltage: 40V (p.p.); A: Anode; C: Cathode,
(a) Modulated at fundamental frequency
(h) Modulated at first harmonic frequency
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where I_ 1is the average light intensity and f(x-Vt) is a periodic ;
function describing the wave. In the absence of any variation in Velocity;
“ E

I

ay 1s the same, or increases uniformly, along the discharge tube, and

the light intensity from the dischargé appears uniform to the eye. With |
velocity modulation, I, at those points vhere the striation tlows down |
will be larger than at those points where the velocity has increased. If

the velocity is modulated at the same frequency as the wave, those points \
of increased I . will be spaced A apart, and will appear as 'apparent’ 2

stationary striations.

Returning to Fig.5.6, the difference in the wave patterns for the
coil and photomultiplier signals, as compared to the case of linear inter-
ference, may be explained. The light intensity variations since they are

|
proportional to exp-8, where 6 is the electron temperature, are more non-

linear than the electric field changes

/]’)

sinusoidal as Fig.5.8 shows for the
unmodulated discharge. Consequently ' #ﬁfﬁfﬁﬂ4
when the velocity is modulated the

(1)
variations in the average light inten- fﬂ\\g//r\\w//,\\;!//A\L)

sity along the ~discharge will be

greater than those for the average . Dig.5.8 '
! Oscilloscope traces of (i) photommlti-

) ) plier signal and (ii) coil signal wave—
signal from the coil. : forms for the self-excited waves.
. Pressure: 0.2 torr; Current:: 85 mA

© 5,4.4 Linear and Nonlinear Interactions

The above results show that by adjusting the currept or frquency,
it is possible to change from a state explicable in terms of linear inter-
ference between synchronous oscillations and travelling striations to a
state where the synchronous oscillations are no longer excited, yet the

travelling wave is modulated at the ffequency of the applied voltage. 1In
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the latter case the coupling of the external voltage to the striations may
be via the anode spots - regions of intense ionization contalnlng a net
positive charge( 6 17)

16,6 - o
(18, 7) have shown that the anode spots are linked

Several authors
with the movement of striations in the positive column and that the anode

spot frequency can be a simple multiple of the striation frequency.

It is significant that although the synchronous oscillations are
of large amplitude, o no'nonlinearAinteraction between them and
was seen
the striationﬁx The mechanism by which the striations are coupled to the

anode voltage fluctuations, appears to exclude the simultaneous generation

“of synéhronous oscillations at the same frequency.

5.4.5 | Self-Excited Waves

The 'apparent' statignary striations described in Chapter fV,
when there was no externally applied modulating voltage, may be explained
in terms of velocity modulation in the same way as described in the pre-~
ceding sectioné. A space—time display, Fig.5.9 of the coil signal for
a seif excited wave shows velocity modﬁlation. 'Apparent! statiopary
waves were seen 7 cm abért. The results of the artificial modulation
suggest that the observed doublet structure arose because the striations
were modulated ét the firs£ harmonic frequency rather than the fundamen—

tal frequency.

~ 5.4.6  Comparison of the Present Results
with those of Other Authors

The space-time displays of the velocity modulated motion of the
striations differ considerably from those obtained earlier Sy‘Stewart( ).
Iﬁ his results the motion of the striations changed abruptly: for periods
of up to 200 ps there were no strlatnons moving in the discharge. Station-

ary strlatlons were seen and 1nterpreted as due to the 1ntera0t10n of
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32 am

+ I
0.2 msec
Time
Fig.5.9
Space-time display for coil signal. Self-
excited wave, no applied voltage.
Pressure: 0.44 torr; Current: 92 mA.
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'positive' striations -~ ions travelling from the anode to the cathode -
and fastér 'negative' striations consisting of electrons travelling
towards the anodé. Subsequently it was suggested(7) that the anode
di?ected waves were not a separate phenomenon but could be explained in

terms of modulation of the wave.

As far as the present results are concerned it has been shown that
the 'apparent' stationary striétions were due to velocity modulation. Hoﬁ—
ever, closer inspection of Fig.5.7 reveals that whefe a striation slows
down, there is a much fainter, almost vertical streak, originating from
this point and which moves at high speed, ~ 10° cﬁ/s towards the anode.

Ag these lines are very'faint, the space-time display is sketched in Fig.
5.10, The magnitude of the velocity suggests’that the anode directed
'waves' are associated with electrons drifting in the electric field. For
a field of 1.5 V/ém énd a pressure of 0.46 torr, the data for argon(ﬁg)

gives an electron velocity of the order of 10° cn/s.

In the absence of the external voltage, the waves in the discharge
appeared as in Fig.5.11; there are no 'megative' striations. In these
experiments, at least, the 'negative' waves appear as a consequence of the

external modulation,

The anode direéted waves described above, appear to be distinct
from the observations of Jackson(sg) wbere anode directed disturbances
travelling with the same spéed as the-cathode directed waves, were seemn.,
"~ As will be seen in Chapter IX, such disturbances can arise from 'self—

modulation' of the cathode directed striation.
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Fig.5.10
Space-time display. Schematic of Fig.5.7(a)
showing anode directed 'waves'

3i:an a

0,2 msec

Fig.5.11

Space time display for photomultiplier signal. Para-
meters as for Fig.5.7. No externally applied voltage
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5.5 COUPLING OF' TI'E SELF-EXCITED WAVES WITH THE WAVES

PROJUCED BY THE IXTERNALLY APPLIED VOLTAGE

The effect of applying a vol- .

tage to the anode at a frequency of
6C0 Hz is shown in Fig.5.12., For an
applied voltage of 18V, peak-to-peak,

satellite frequencies appear either

side of the 3.4 KHz striation, and its'

harmonics, spaced 600 Hz away from the

appropriate frequency 'componént.
With increased voltage modulation the
first harmonic of the 600 Mz oscilla-

tion was seen and the spectrum became

more complex as now there were two

satellite frequencies spaced each
side at separations equal to 600 Hz
and 1200 Hz, The wave patterns of
the coil and photomultiplier signals,
when the applied voltage was 18 V,

are shown in Fig.5.13.

5.5.1  Frequency of Applied Voltage in Frequency Range (a)

AMPLITUDE (RELATIVE)

AMPLITUDE (RELATIVE)

(») Frequency (KHz)

Photormltinlier signal: spectra for mode coup-
ling., Pressure: 0.32 torr;. Current: 105 mA
a) No external voltage
Eb Applied voltage: 18 V (p.p.)
Frequency: 600 KHz

The satellite frequencies retain the spacing between maxima of the

component of the self-excited striation with which they are coupled, des-

pite the fact that the 600 Hz wave exhibits a standing wave pattern, at

least for the photomultiplier signal.

In this point these results differ

from those obtained for the coupling of the purely self-excited waves,

+. Chapter IV, .. The present case can again be explained by velocity modula- .

tion in a similar way to the results presented earlier in the chapter for

the stationary striations.

An interpretation of the results will be given in Chapter VII.
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5.5.2 Irequency of Applied Voltage in Frequency Range (c¢)

Results obtained when the fre-

quency of the applied voltage was | 25 Hiz
equal to 30 Kz and the self-excited
waves in this frequency range were

10 Kilz
-
absent are sghown in Fig,.5.14. For ) F |

comparison the self-excited spectrum

AMPLITUDE
—_—

» () Frequency (hHz)
obtained at a slightly lower current

is shown. In the former case there
is bhardly any coupling between the
lower frequency striations and the
30 KHz waves as couwpared to the self-

excited case, Since the artificially

AMPLITUDE

excited case differs from the self-

. . b Frequency (Kliz
excited case it was not pursued (v) Piore a4 D)
. Frequency spectra for frequency
further. ‘ . range (c). Pressure: 0,34 torr;

. a) Self-excited; Current: 90 mi
b) Externally excited; Current:
110 mA; Frequency: 25 KHz.

5.6 CONCLUSION

The results of this chapter have shown that velocity modulation

of the striations may give rise to some of the effects seen in discharges.

Expressions which describe the modulation of a wave will be examined

in the next chapter.
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CHAPTER VI

MOPULATION OF A PLANE WAVE

6.1  INTRODUCTION

j
The well known sinusoidal expression used to describe a uniformly
_ |
travelling wave can easily be extended to account for modulation of the

wave, The characteristics of a general expression which includes modula-

tion of the amplitude and phase will be examined in this chapter.

The results obtained will he pres-é»nted in the form of space-time
diagrams and frequency spectra so that they may be compared, in the next
chapter, with the exéerimental observations of the nonlinear inferactions
between waves. It should be emphasized, however, that the conclusions
drawn in this chapter are general and do not apply specifically or neées—

sarily to striations.

6.2 REPRESENTATION OF THE WAVE

A travelling wave of constant amplitude and velocity may be repre-
sented by | U(x,t) = A cos (wt-1kx). where A is the amplitude, w and k
the angular frequency and wavenumber respectively. When periodic varia-
tions in frequency, wavenumber and amplitude occur, the expression may be

generalized to :
Y(x,t) = A(1 + msinpt) cos F(x,t) eeo (6.1)

. where F(x,t) is the phase of the wave, and

%—%: w(t) = w + my Qcos Ot ... (6.2)
- % = k(x) =k - m, Ifcos Kx S (6.3)
giving F(x,t) = wh - lx +mgsin Ot + m sin Kx ... (6.4)

In the absence of modulation, m = my = m = 0 and {(x,t) reduces to the:

normal cosine expression for a travelling wave.
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6.3 SPACE-TIME DIAGRAMS

Experimentally, space-time diagrams represent the loci in time and
position of the ﬁaximum values of some quantity related to the wave (e.g.
light intensity). So, for comparison the space-time diagram may‘be found
in the absence of amplitude modulation from the loci of {(x,t) = A. VWhen
amplitude modulation is included the method is essentially the same but
with the addition that the changes in amplitude are superimposed on the

velocity modulated loci as will be seen. .

Without modulation the loci of Y(x,t) are straight lines with
slope w/k separatéd from one another by the wavelength and time period

along the space and time axes respectively, Fig.6.1(a).

6.3.1 Phase Modulation

If the amplitude modulation is assumed to be zero, then Fig.6.1(b)

shows the space~time diagram when m, = 0 while Fig.6.1(c) shows the dia-

K
gram when me = 0. TFor self-excited striations which are not exactly
sinusoidal, the wavenuﬁber modulation will give rise to the 'apparent'
stationary striations for any value of K, while for frequency modulation
the occurrence of 'apparent' stationary striations will depend on the rela-

tive values of w and . For example, wken Q= ng, n is an integer,
they will be seen.
For simultaneous frequercy and wave number modulation for arhitrary

values of  and K the motion will be more complicated since in this case

the changes will appear to propagate in a complei way. Of interest is

the case(ls) when L% =!ﬁ3 which is shown in Fig.6.1 for K = %. The

‘changes in the wave motion occur with an 'apparent' velocity directed
tovards the anode and equal in magnitude to ‘u/kl. The space-time dia-.

15
gram while resembling those of Stewart et al( ) does not reproduce the

essential features.
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N AXAN

Time —% Time—>
- Fig.6.1
Space-time diagrams: (a) Ummodulated wave;
(b) Frequency modulated; (¢) Wavenumber
modulated; (d) Simultancous frequency and
wave-number modulation

A: Anode, C: Cathode
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6.3.2 Phase and Amplitude Modulation

Simultaneous phase, F(x,t), and amplitude modulation are shown in
Tig.6.2 when (a) the frequency of the amplitude modulation is‘equal td the
striation frequency, w =p, and (b) the frequency of amplitude modulation
is arbitrary. Tor the cases shéwn, mK::O and Q=g in equations (6.2)

and (6.3).

The resultant space-time diagrams consist of the phase modulated
pattern updn which are superimposed areas of decreased and increased ampli-
tude due to the amplitude modulation. For case (b) the regions of in-
creased amﬁlitude give the appearance of a disturbance moving towards the
anocde, but a comparison 9f this diagram with observations(is) shows that
the experimental results are different and cannot be explained by such

modulation alone.

6.3.3 Phase Modulation: Velocity Modulation
by a Travelling Wave

The modulations represented in Fig.6.1 gave rise to velocity
changes ﬁhich occurredrin the same positions along the discharge tube.
Finally, the space-time diagram when the velocity modulation is of the
form:

V=V, +V, cos(Qt-Kx), ee. (6.5)
where V, ='% is the phase velocity of the unmodulated wave, is examined.
Such an expression can be obtained when .

'f(x,t)'= wb-kx + Asin(Qt - Kx) ... (6.6)
since the velocity is given by

&
ot w+QAcos(Qt - Kx)

locity = - =
velocity _%E k+,KAcos(Qt-Kx)
X "~

V, +Vy cos(Qt-Kx)

ces 16.7)

when Q< g, K<k, AL1,
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C Time

Fig.6.2
Space-time diagrams: simultaneous amplitude
and phase modulation; (a) Modulating fre- . .
quencies equal; (b) Frequency of amplitude
modulation arbitrary
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The resulting space-time diagram is shown in Fig.6.3. 1In Fig.
6.3(a), the continuous lines depict the motion of the maxima of the un-
modulated striations., The dashed lines show the loci of the maxima of

Vycos (Qt - Kx) for the case when Yk < w/k.

The points where the two sets of lines intersect correspond to
the positions and times when V =V 4V, : the velocity hés increased from
the unmodulated value V, to its maximum value. The positions of the
maximum values of velocity are depicted in Fig.6.4(b). Similarly by
plotting the minima of V, cos(Qt-Kx) the points where the modulated
velocity is a minimum can be found - these are nof shown in Fig.6.4(b).
217

The perturbations in velocity appear at successive intervals of time B

to approach the anode in steps oi 2m leading to an apparent velocity %u}-i

: . Ok
where 0k = ¢ E—li——KK , Ow =cl(w— Q)] , ¢ 1is an unkmown constant.

6.4 FREQUENCY SPECTRUM

Experimental results are often obtained in the form of a frequency
spectrum display of the output signal from a detector which monitors the
‘waves, This type of display represents the Fourier analysis of the out-

put signal and records the amplitude of the various frequency components.

6.4.1 ° Expansion 'of‘ the Gen.eral Ixpression
for the Waves :

The general expression which will be used is:

¥(x,t) = A!}«x-msin (pt+fpﬂcos [urt—kx +Asin(pt - Bx}} (6.5)
.+ (6.8

where the basic wave A cos(wt-kx) is phase modulated by the travelling
wave sin(pt- Bx) and amplitude modulated by the term sin(pt +@).- The

expression may be analysed by making use of the expansion:

©

cos(8+ Asin ) = JO(A)cos6+ Z Jn(A)[cos(9+nOL) + (_1)n cos(e—na).] ;
n=1 o e.. (6.9)
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where the J's are Bessel functions of the first kind. Terms at frequen~
cies " & np are generated by the expansion of equation (6.8) using equa-
tion (6.9). The following expressions are obtained for the frequency |
cozﬁponents Wy W=-Dp, m+f> : | | |
w | S | 11
3 (BDcos(uwt—1x) -7, () 2 sinlut + o= (k- ) x] + sin [(wh~ o (k + ) 21

w-p
- 73(8) cos [ (w-p)t ~ (k- B x |

- 57, (Dsin [ (w-p)t- ot | + 7,() Boin[(u-p)b+ - (- 26)x|
. .
+J,(0) cos [(L&Hp)t - (k; S)x:i + -’g J (1) sin [(w4~p)t+®— kx]
- 3,(8)F sin [(w+p)t;cp- (k+25)x:i }
... (6.10)

The amplitude of the higher order éatellites is assumed to be
negligible compared with the above terms. In addition the Jz(A) terms
in the abové expressions can be neglected for the values of A < 0.5 which
are likely to be met. The amplitudes of the frequency components are
then given by:

Frequency

1

v [Jg(A) +£§-Ji(A) [1 + cos(28x + 20) ]_ig

Frequency w-p _
2 ‘ B 4 '
[Ji(A) +%—J§(A) -nJ () J,() sin (Bx+g) |2~ ... (6.11)

Frequency w+p

[Ji(A) + -‘%; J2(8) +m 3 (8) 3 (8) sin (Bx +cP)]%"

The expressions show that the amplitude of each frequency component
oscillates between maximum and minimum values as x varies., For the fre-
. . . . 2m
quencies Ww+p, w-p, the distance between consecutive maxima is )

whereas for the frequency w the spacing is 'IT/B .
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In the ahsence of amplitude : .‘ ' - (a)
modulation, m = 0, or phase modula~
tion, A= 0, the amplitudes do not

change with position and the ampli-

Amplitude

tudes of the frequency components I '

wxp are equal, - ~ Frequency

Similarly if the phase varies o o
with time only, B=0, the amplitudes

are not spatially dependent but the

Amplitude

amplitudes of the satellite frequen-

cies @w £ p are not equal. As an |
L ,
example of the latter case, the reaneney .
resultant amplitude for different )
. [
values of the phase angle ¢ is
shown in Fig.6.4 for values of e
m= A= 0.5. E_
6.4.2 Non-Sinusoidal waves | T
. Frequency
The expression for the modu- .
: Fip.6.4 :
. " Frequency spectra Tor amplitude and phase
lated wave may he extended to include ' podvlation when =0, m= A= 0.5

(8) =0, m, 2m {(b) o="72; (c) ¢=73n/2
non-sinusoidal waves :

Y(x,t) = [1+msin (pt+cp)] G [wt—kx+ Asin. (pt; BX)] ... (6.12)

vhere G(uwt-kx) represents an ummodulated travelling wave which is
" periodic - but no longer sinusoidal. The resulting spectrum can still be
found by first expressing Glwt - kx + Asin (pt- Bx)] in a Fourier expansion

to give :
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G[wt-—kx+ Asin (pt - Bx)]
= A:L.Sin [wt - kx + 91 + DAsin (pt - Bx)]

. + A, sin[th -2kx+ 8, +2Asin (pt- BX)J

.

;AN sin [N(wb-kx) + 8 +N Asin(pt - Bx)j .

Following the same procedure as in the previous section, it can be
seen that satellite frequencies w=*p, 2w=*p, Swxp, Nw£tp, are
produced either side of the fundamental frequency ® and its harmonics

2w, Sw, Nw.

For the frequency N and its satellites, the amplitudes may be
found by replacing A by N A in the argument of the Bessel functions in
equations (6.11). | The amplitude of each satellité frequency varies perio-
dically with a spacing between maxima of 21T/B while the amplitudes of

the fundamental frequency ® and its harmenics vary periodically with a

spacing of 'rr/B .
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CHAPTER VII

INTERPRETATION OF THE NONLINEAR COUPLING BETWEEN _
THE WAVES IN TUE ARGON DISCHARGE S

7.1 INTRODUCTION |

The nonlinear wave couplihg will now be interpreted in terms of
amplitude and phase modulation of the waves using the results of the pre-
vious chapter, Howevér, it is first necessary to discuss several other
effects which can give rise to multiline spectra. Following the inter-
pretation of the results, a physical mechanism fo? the coupling will be

given.

7.2 GENERAL REMARKS

It has been seen that when there were interactions between the
waves, the resulting frequency spectrﬁm.consisted of discrete lines except
for the case when ﬁaves from all three frequency ranges were present. The
frequency compenents resulting from the interactions were seen throughout
the length of the positive column and yet at the same time there wéé no
region where the spectrum developed into a broad frequency continuum,

This may be contrasted with the résults in argon of Grgbec(56) and those
in neon, see Chapter X, where the initial line spectrum develops into a
broad spectrum aue to nonlinear effects, As mentioned in Chapter IV, the
striations in frequency'range (b) saturated close to the cathode end of
the positive column due to the stahilizafion by energy losses. The fact
that the spectrum, although multilined, did not degenerate into a broad
spectrum suggests that the interaction between the waves took place in a
'regular' way and that fusion and splitting of the striations did not take

place. ‘ :
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7.3 POSSIBLE EXPLANATIONS FOR THE WAVE INTERACTIONS

7.3.1 Resonant Coupling

Three wave resonant coupling requires the following relations to
he satisfied hetween the frequencies and wavenumbers
wl}+ W, >y, ky+k =k eor (7.1)
with the possibility for a small mismatch. Shown in Fig.7.1 are the
different regions in the w, k space occupied by the three groups of
waves which have been observed. For thege waves the conditions (7.1)

leads to values of k3 which would give a different spatial amplitude

variation from that seen experimentally,

cm

WAVE NUMBER |
o
T
g
=}
3
(]

o “Range | Range
g (a) . (b) @)
1t a |
i ﬁﬁk | i
5 [ L
‘ud ' ’ "
|- ) ’
0 1 - 1
0.1 1 . 10 20 30 40 Kz
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Indeed, for backward waves having dispersion relations of the form

QLk. = C. these conditions will not be met as can be seen in the following.
i7i i

Suppose that the resultant wave due to the interaction of Wy k1 and
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W, 5 k2 lies on the dispersion curve of wlkl = Cl’ then the resultant

Ik "is given by
"'figigig“—— % k -Fk
3 Clk2+k102 1772

k

Likewise for the interaction between a forward and hackward wave resulting
in a forward or backward wave, the condition (7.1) will not in general be

satisfied, ' \

7.3.2 Excitation of Waves from a Single
Dispersion Curve

In the work of Ohe and Takeda(57) and Krasa and Pekarek(70), multi-
line spectra were observed and it was found that the components of the
spectrum had frequencies and wavenumbers which lay on a single dispersion
curve, In the first case the origin of the spectra was attributed to the
response ofithe positive column when the discharge current was modulated
in phase and amplitude, In the éecond case it was suggested that the dis~
charge was 'pumped' by a synchronous oscillation, the frequency of which .

was related to the frequency of the multiline spectra.

-

For the argon discharge, in the absence of mode-coupling between
the waves in frequency ranges (a) and (b), the waves of frequency range (b)

could be represented as

(A +Bsinkx) sin [u}t+cp(X,t)] ee. (7.2)
due to the linear interference between the travelling wave of frequency W
and wvavenumber k and the synchronous oscillation at the same frequency,

see Chapter IV.

; If the results for the mode coupling were interpreted as due to the
excitation of travelling waves belonging to the single dispersion curve of
_the waves of frequency range (b), then it could be supposed.that the mmlti-
line spectrum, seen when the frequency range (a) wave was present, repre-

sented the response of the positive column when the discharge current was

modﬁlated at a frequency ® + Asinpt, where p is the frequency of the
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|

) ‘ : !
waves in frequency range (a). All the waves so generated would lie on a
!

single dispersion curve. ‘
~ [
Experimentally it wés seen #hat the additional frequency componenté?
which were generated by the nonlinear interaction, had the same form of |
axial amplitude variation as the unmodulated waves as given above, Such
a variation could then be due to the linear interference of a synchronous
oscillation at the frequency uy-p with a travelling striation at the fre-!
- quency w~p and wavenumber k+ O8k. The resulting amplitudé variation |
would vary as sin(k+—5kj x and since the striafions.are assumed to belong‘
to the same disﬁersion curve @wk=C, the distance 4 between adjacent maxima
would be given by d = A(1- %) where A\ is the wavelength at frequency w.
Using the data from Fig.4.18(a), for example, p = 600 Hz, w = 2.6 Kiz,

A =16cm, the spacing d is equal to 12 cms in contrast to the experimen-~

tally observed value of 8 cms.

When an external voltage was applied, both the upper and lower
satellites had the same spacing between maxima, contrary to the conclusions

of the present interpretation.

Similarly, for the interaction of the waves in frequency range (e),
and the waves in range (b), the observed amplitude variation is not consis-~
tent with the supposed form of interaction since d would be of the order

of 1 cm, the wavelength of the waves of range (c).

It may be concluded that the effects seen in the argon discharge

were not due to the excitation of waves from a single dispersion curve.

7.3.3 Ixcitation of Virtual Waves

. Another possibility is that the waves observed at the sum and Gif-
ference frequencies are a result of forced modulation from nonlinear terms

of the form n(l)e(l) where n, 8 are the electron density and tempera-

ture of the waves, sec Chapter VIII.
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The resultant waves formed by two waves w, 9 k1 and W, , k, would

have frequencies UN + w, and k\,5 = k2 + kl obtained from the product

o(D)_(1)

and are termed virtual waves.

Although such an explanation may be given for the wave interactions,

it will be seen that velocity modulation is the likelier effect.

7.4 INTERPRETATION OF THE WAVE INTERACTIONS :
AMPLITUDE AND DPIASE MODULATION

It will now be shown that the experimental observations for the
mode coupling can be interpreted in terms of phase (velocity) and ampli-

L4

tude modulation.

-

From the time-averaged spectrum analyser results of Chapters IV
and V it is not pos;ible to differentiate between virtual wave excitation
or veiocity hodulation. However, the arguments of Chapter VIII show thét

"the discharge is likely to be more stable to velocity modulation than to
virtual wave excitation, and so the former is more probahle. In addition
.the observatiéns of section 7.4.2(d) support velocity modulation. Both
interpretations require that there is no nonlinear interaction between

synchronous oscillations and travelling striations..

7.4.1 - Summary of Nonlinear Results

TFor convenience the experimental results to be explained are

summarised below.

The interaction between the sélf—excited waves of frequency ranges
(a) and (b) produced satellite frequencies spaced either side of the funda-
mental frequency of the wave in range (b) and its harmonics. The amplitude
of the lower frequency was larger than the amplitude of the corresponding
“upper satellite. For the fundamental fréquenCy, the ampii%ude of the
lower satellité was much smaller than the amplitude of the fundamental fre-

quency. The relative amplitudes for the harmonic frequencies increased
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so that, in some cases, the satellite amplitude was almost as large as that

of the corresponding harmonic frequency.

The axial variation in amplitude of the fundamental wave and its
harmonics was not altered by the mode-coupling, while the amplitude varia—
tion seen for the satellite frequencies was related to the amplitude
variations of the waves in ranges (a) and (b). . For some values of current
the second order satellite frequencies were seén but their amplitude was

too small to measure any variation.

In the case of the interactiong between the waves in ranges (c) and
(b) the upper sateliitgs, as well as the lower, were easily seen, The
satellite‘frequencies on either side of the waves in range (c) were spaced
at frequency intervals equal to the freguency of the wave in range (b) and
its harmonics, The amplitude variation of the upper énd lower satellites
" was directly related to the variation in amplitude of the corresponding

lower frequency wave.

When an external voltage was applied at the same frequency as the
self-excited striations in range (h) ‘'apparent' stationary striations due
to velocity modulation were seen for certain values of discharge current.
Upon reducing the applied frequency to correspond to the same value as
the frequency for the self-excited waves in range (a), mode coupling was
éeen ﬁith lower and upper satellites about the fundamental frequency in

range (b) and its harmonics.

The amplitude variation of a satellite frequency, unlike the self-
excited case, was essentially the same as that for the frequency component

to which it was coupled.

- 135 -



7.4.2 Interactions of the Waves in Frequency
Ranges (a) and (n)

The fact that when the externally applied electric potential was
of the same frequency as the striations in range (b), the latter were
velocity modulated, suggests that at other exciting frequencies velocity

and amplitude modulation may have produced the observed effects.

(a) Amplitude variation of the coil signal

Since the waves in frequency range (b) were periodic but non-‘
sinusoidal, the appropriate expression to represent simultaneous amplitude
and velocity modulation, of the form V = Vo-+Vhlsin (pt- Bx) may be found
from equations (6.7) and (6.8). It was seen in Chapter VIII, that perio-~
dic amplitude variations proportional to sin Bx are obtained for all the

satellite frequencies.

For such modulation.the amplitude of the frequency components
W, 2w, 3w, ..., vary as cos 28x which is contrary to the experimental
observations. If howéver for the travelling wave there is no ampiitude
modulation, m=0, then the desired frequency components are still obtained
but the unwanted amplitude variations ére removed. However, for such a
case none of the amplitudes vﬁry spatially., At this p;int the role of

the synchronous oscillations must be introduced.

The considerations in Chapter IV which showed that moving stria- )
tions become nonlinear for relatively smali péfturbations in the electron
temperature applies equally for synchronous oscillations. Polman has
shown, for example, how the time averaged value of the electron density
is influenced by nonlinear effects when the applied current modulation
'is still small (Chapter II).: As the linear interference between the -
travelling waves and the synchronous oscillations has shown, (Chapter IV),

the synchronous oscillations consisted of a fundamental frequency and

'

harmonics.
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The general expression to describe amplitude and phase modulation
of a synchronous oscillation is found from equations (6.7) and (6.8) by
putting k=8 = 0, The resulting ‘frequency components w, w = p have

amplitudes given by :

Frequency

poj

-

| ve. (7.3)

[Jg(A) + %EJi(A) [1+ cos 2]

Frequency w *p

[JZ(A) +PﬁJ2(A) +md () I, (D) sin cp“"% . Cee. (7.4)
o1 4 "o ) 1 _J et

The satelli’r;e frequencies for harmonics of ® can be found from
equations (7.3) and (7.4) as explained in Chapter VI, It is assumed that
higher order terms with frequencies w*np, n=2,3, 4 are small eﬁough
to he neglected which corresponds to the majority of experimental ohserva-

tions when such frequencies were not seen in the spectra.

By themselves neither the modulated moving striations nor the
synchronous oscillations provide the desired amplitude variation of the
frequency spectra components. However, taken together they provide just

the variation which is sought.

The modulated synchronous oscillations give rise to a spectrum of

the form: N
<

/. AN sin [(nw— p)t + CPANJ
. B}

n=

A ... (1.8)
+ Bysin [(nw+ p)t+ C‘OBN'_‘

and similarly the velocity modulated striations result in a frequency spec-

trum N —

CN sin [(nw-— p)t - (ak - B)x] l.

L
n=1

+ DN sig [(nw+ p)t - (nk + B)J;:Ji J/

... (7.6)
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where the amplitudes AN” BN’ CN and DN. can bhe found from equations

(7.3), (7.4) ana (6.6).

The resultant amplitude of a synchronous and travelling wave com-
ponent at a given frequency gives rise to a periodic variation in amplitude
as can be seen, for example, by taking the components .Alsin,(m-p)t, and

BJ_sin[:(w-p)t - (k-B)x] giving a resultant amplitude

Y A2 4 B2 4 2ABcos (k- f)x eer (7.7)
‘ﬁhich cofresponds to the experimental obsérvations for the spatial varia-
tion in amplitude, (section 4,52). Likewise the amplitude variations
for the frequency camponents 2p~p, Sw-p, etc, give the desired spacing

between maxima in the standing wave pattern.

(b) As?mmetry of the frequency spectra

The difference in amplitude for corresponding upper and lower
"satellite frequencies ~ the latter amplitude wés‘much larger - is not due
to the velocity modulatioﬁ of the travelling wave which would give rise to
equal amplitudes for both satellite frequencies. Rather the asymmetry is
due to the modulation of the synchronous oscillation and the difference in
amplitudes is determined by the value of the phase gngle ¢. For given
values of m and A, when @ = 270° the amplitude of the component at
w-p 1is maximum, thle that for the frequency W+p is a minimum, see
Fig.ﬁ.é.

The spectra resulting from various values of A and = 270° has
* been calculated from equations.(s.ﬁ) for synchronous oscillations, Fig.7.2.
The amplitudes of the fundamental frequency and its harmonics, in the ab-
sence of modulation, have been chosen arbitrarily. The asymmetry of the
satellite amplitudes is apparent. Anéther feature seen is‘the way in
- which the relative amplitude of the satellite frequency 2w-p and the
first harmonic 2y is larger than the corresponding ratio for the fundamen-
tal frequency (nvand smallér'than thét for the second harmonic 3w.
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Amplitude and phase modulation of a synchronous oscillation
a) Unmodulated: shows fundamental and harmonics
éb; = 270°, A=0.2, . m=0.5
(c) o= 270°, A= 0.5, m= 0.5
(a) = 270°, A=0.7, m= 0.5
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Similar variations in amplitude as those described above for syn-
chronous oscillations were seen experimentally for the frequency spectra
from the pick-up coil signal. This implies that the synchroﬁous oscilla~\1
tién amplitude components at the satellite frequencies were as large or |
larger than the corresponding amplitudes of the moving striations. Such |
is the case in Fig.4.18(a) for the lower satellite frequency where the
amplitude of the synchronous oscillation ASS is larger than the ampli-

tude of the travelling wave component at the same frequency Bypg: -

Amplitude Synch. Osc. at Satellite Frequency ASS

Amplitude Travelling Wave at Satellite Frequency = BTS

= 1.3.

For the fundamental frequency the relative amplitude of the synchronous

CSF and the travelling wave DTF is given by
Amplitude Synch. 0Osc. at Fund, Frequency _ CSF _ 1
Amplitude Travelling Wave at Fund. Frequency D B
Rearranging the above expressions gives
Brs  Ass
T e.. (7.8)
F S¢

An alternative expression for the ratio of the travelling wave amplitudes
at the satellite and fundamental frequencies is given by

Bpg  I4(2)

5o =T (D ‘ .o, (7.9)

derived from the expansion of sin(wt-kx+ A sin(pt- fx)), see section

6'4.1.

By using limits for ASS/CSF obtained from Fig.7.2, the value of

A énd hence the extent of the velocity modulation can be estimated. Taking

~then

which gives 0.05 < A < 0.15.
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The values for A give a velocity modulation between 5 +o 15%
which is consistent with the view that the interaction ié due +to

'intermediate' nonlinear effects rather than fully developed turbulence.

The corresponding amplitudes for the coupling of Tig.4.18(e) are:

A C C

S0, Segs e SEo,,
TS TF SS
to give - D J (30

IE o _ o
BTS Y

oy

" resulting in A~ 0.1,

In the above examples for the variation of the coil signal, the
amplitude of the synchrondus osciliatiqn at the lower satellite frequency
was less than twice aé large as the amplitude of the corresponding travel-
ling wave, Consequently the depth of modulation in the standing wave
pattern - the difference between the maximum and minimum values divided

by tYhe mean value - was pronounced as T'ig,4.18 shows.

(c)- Amplitude variation of the photomultipliér signal

| The lack of spatial amplitude yariation>for the photomultiplier
signal may be understood using the arguments of the previous section., For
the'same velocity variation and relative amplitude of the synchronous oscil-
lations at the satellite and fundamental frequencies as for the coil signal,

the ratio of the amplitudes of the travelling wave and the synchronous oscil-

lation at the lower satellite frequency is given by

s _2 i . ... (1.10)
Ass T Cgp

where the symbols have the same meaning as before but now refer to the

photomultiplier signal.
An indication of the value of the ratio DTF/CSF may be obtained
from the results of Chapter IV where the computed and experimental wave

patterns showed that DTF/CSF =~ 5 when the amplitude of the synchronous
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oscillation as measured with coil was ahout five times larger than the

corresponding amplitude of the travelling wave, that is,
Dpp 01
o (coil) =5 -
SF

For the examples of mode~coupling given in section 7.4.2(b) the

ratio ,
Dpp |
¢ (coil) > 1:
SF .

the travelling wave had a larger amplitude than the synchronous oscillation.

Since the photoﬁultiplier signal is proportional, appfoximately, to the

coil signal (section 4.2.5) the ratio DTF/CSF (photomultiplier) is propor-

tional to PTF/CSF (coil) and will be greater than five in this case.

In Chapter IV it was seen that the above ratio

Amplitude of the travelling wave for the fund. freq.(DTF)

Amplitude of the Synchronous for the fund, frequency (CSED

is equal to Al/m where k is the wave number, A and m are quantities
related to the coil signal and represent the amplitude of the travelling
wave and the space dependent part of the amplitude of the synchronous

oscillation respectively.

In Fig.4.18(a) there is little variation in the minimm values of
the amplitude of the wave pattern at the fundamental frequency which im-
plies that m«1 and so Ak/m»1 leading to DTF/CSF (photomultiplier) » 1
and BTS/ASS (photomultiplier) » 1. Consequently fhe depth of the wave
pattern, for the satellite frequency, obtained from the photomultiplier
| signal and equal to 2ASS/BTS will be relatively small compared to that
for the coil signal. The reason why the amplitude variation was more

easily detected with the coil is thus explained.
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(d) Space-time display for the argon di scharge

As mentioned in Chapter III, the light intensity from the argon
discharge was insufficient to record the space-time display photographic-
ally; this was one of the motivations for making use of the interference
with the synchronous oscillations. However, subsequent to the experiments
described in this work, observétions were made on an argon discharge of
the same dimensions by the author, while at the Institute of Physics
Prague, = The tube was filled with spectroscopically fure argon at a pres—

sure of 0.3 torr and then sealed,

Using a rotating-mirror, the space-time picturé of the discharge
could be seen by eye. Two ionization waves of different frequencies and
wavenumbers corresponding to the waves of frequency ranges (a) and (b)
were seen., The synchronous oscillations were absent as tthere was no large
condenser in parallél with the discharge and the operational current range
of the tube was only 20-60 mA owing to problems with the cathode. As the
current was increased, linear interference was seen near the cathode and
then progressing from the anode, velocity modulation of one wave by the

othef similar to Fig.6;3 was seen.

Although these visual observations cannot be directly related to
the main results of the present work, they do add support to the proposed

interpretation.

(e) Modulation by the externally applied voltage

The spatial variation in amplitude of the satellite frequenéieé
when an external voltage was applied to modulate the self-excited waves
in frequency range (b) cannot be explained in exactly the same way ;é for
the purely sélf—excited case. When the ffequency'of the exciting voltage
was in range (a) the spacing between maxima at the satellite frequencies
was equal to that o: the corresponding frequency component of the self
exéited waves in range (b).
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If in equations (6.8) m=0, B=0, then the required spacings are
found. This form of modulation requires the moving striation to be velo-
city modulated by-a time dependent term only, rather than by a travelling
waﬁe type of expression. This form of velocity modulation has already
been seen when the applied frequency of the applied voltage was equal to

the striation frequency (Chapter V).

The effect of the exciting véltage applied to thé anode is to
modulate the velocity of the self-excited waves in frequenc& range (b) and
to generate synchronous oscillations and travelling waves at the applied
frequency. The amplitude of the tfavelling waves excited at the applied
frequency 1is insuffic?ent to influence the motion of the moving striations
in contrast to the equivalent coupling between purely self-e#cited waves.,
This difference may be due to the fact that the externally excited travel-
ling waves in frequency range (a) were generéted outside thé-current—
pressure regime for éelf—excitation, and so it is to be expected that £hey
wouldvbe damped and of‘relatively small amplitude compared to the syﬁchro~
‘nous oscillations which were excited close to the resonant frequency»for
the Aischarge.

7.4.3 Interaction Between the Self-Excited Waves
. in Prequency Ranses (b) and (c)

The travelling waves in frequency range (c) were not accompanied
by synchronous oscillations and so the preceding explanations of the wave

patterns of the satellite frequencies in terms of interference between

synchronous and travelling wave components is not applicable.

However, simultaneous amplitude and velocity modulation of the
-waves in range (c), by the travelling waves and synchronous oscillations
of frequency range (b) give the required spectra and amplitude variation.

Such an interaction may be represented in its most general form by :
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ot - Bx + Z n i ) [ , )
n=1 [ g . ]n sinnyt + mn sin (nut ~ nkx
n=

T N : . .
ae Vb sinnas N -
| [A-f- Llﬂnsmnu:t+ Cnsin(nwt-nkx)j cos 5 )‘J
eoo (7.11)
N 3
The term X 1mN4n11num within the phase expression for the wave
n= . )
can refer to either the synchronous oscillations within the discharge or
the anode voltage variations. The results of earlier sections have shown
that synchronous oscillations and travelling waves do not appear to inter-
act nonlinearly. For' the present results to be consistent with this view
, N
requires that BN::O and that the term ~Z mNsinlnwt refers to the
n=1 ,
anode voltage oscillations which generate the synchronous oscillations

rather than the synchronous oscillations within the discharge. This is

similar to the situation seen in the previous section.

The travelling wéve expression cannot appear in both the phasé and
amplitude of %he wave since the nonlinear ihteractiqp would need to be of
the third order in the perturbed quantities, thqt is, proportional to
(n(i))5 where n(l) is the perturbed charged particie density, and as
will be seen in Chapter VIIT the nonlinear interactions are of only the

second order.

So, the interaction may be expressed as

N
T '_ .
[A + ) €y sin(n wt—nkx)]cos [O:L— Bx + ) my sinn whi ... (7.12)
n=1 . n=1
or N : _ :
o Acos(cct- Bx + 2 m sinnujt + mlg sinr(wt.— kx)] ) ve. (7.13)
: n=1" ' '

Expression (7.12) represents velocity modulation of the wave in
range (c) with virtual wave generation, while expression (7.13) represents

velocity modulation of the wave by the anode voltage changeg and the travel-

ling wave.

Both expressions will give the desired amplitude variation for the

frequency components a £nw , n =1,2,3, ..., namely:
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VB2 + 12 % 2B ¥ sin nlcx oo (7.14)

for m mé < 1, where the constants EN and FN are determined from
the expansions of (7.12) and (7.13) and involve Bessel functions of the
first kind, For the frequency components o.— W, O+ w, for example,
there is a phase lag hetween the peak values of amplitude in agreement

with the experimental values.

As mentioned at the heginning of section (7.4), of the two mecha-
nisms, virtual wave excitation or velocity modulation, the latter is the

more likely and so equation (7.13) is to be preferred to (7.12).

7.4.4 Conclusion
Owing to the presence of the synchronous oscillations and their
nonlinear modulation it has been poésible to interpret the nonlinear inter- .

actions between the travelling wave striations as due to velocity modulation.

The expressions used to describe the interactions predicted the dis—
crete line spectrﬁm and showed that the velocity modulation was relatively
small, in keeping with the interpretation that the effects are not due to
fully developed turbulence. In general when nonlinear{striations are not
stabilized, the initial nonlinear ﬁode coupling will degenefate into irre--

gular motion as the results of Chapter X will show.

A physical pictﬁre vhich describes the behaviour of the striations

when the nonlinéar effects are not fully developed will now be described.

7.5 PHYST CAL MODEL FOR WAVE-COUPLING

The 'collision' of striations can produce amplitude and velocity
modulation, see Chépter II.

The mostlnonlinear waves in the discharge were the striations of
freqﬁency range (b). The velocity of these waves was an order of magni-

tude larger than that for the waves of range (a) and several times larger
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than the velocity of the waves of range (c). So, it was possible for a
faster striation to catch up with a slower wave and 'collide' with it.

This kind of collision differs from that described by Grabec for the case a
ofbonly one wave type. For this latter case the ;vefage velocity of each;

striation is equal and the striations are deflected rather than actually

colliding when they encounter each other.

For the present results, since one wave was inherently faster, it
would overtake the slower striation and actually 'pass through it'. The k
problem arises as to what would actually Happen in this interaction region.
The effect of such a collision would depend on the degrée to which the two
waves were nonlineaf: the extent of their double structure, that is, the
variation of electron temperature and density through each wave. If the
decrease in electron temperature of the faster striation upon approaching
the region of the mininum electron temperature in the slower wave was not

too large, then the corresponding amplitude or velocity changes would not

be so large and a regular space-time pattern could still be retained.

In the qﬁalitatively similar case of the collision of ion acoustic
solitons such a situation exists(7o). For solitohs trgvelling in the same
direction the interaction is repulsive and the collision process resembles
that described By Grabec for striations. Solitons travelling in opposite
directions interaét 'aftfactively' and cross one another and collide.
Despite the fact that the interaction is a highly nonlinear process, the
~ solitons take on precisely their old shape after colliding. Such colli-~
sions have been observed experimentally(71). The idea of striations
refaining their 'identity' is further supported by the view that nonlinear

. 24
striations can be approximately: treated as partlcles( ).<

So, the coupling in the argon discharge was intermediate between
the linear case, where the striations could co-exist at the same point to

produce linear interference and the turbulent nonlinear case where
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destruction and creation of striations could occur. The effect of one

striation upon the other was sufficient to modulate but not annihilate,

Another way of looking at this modulation is as a form of
'Luxembourg‘ Effect'. VWhen a striation travels through the discharge
its velocity is characterised by the properties of the discharge medium,
When the medium is homogeneous the velocity is uniform. If the medium is
inhomogeneous then it is to be expected that the velocity may change.
The presence of a second oscillationy not necessarily a striation, changes
the properties of the discharge sufficiently so that the striation now sees

a non-uniform discharge and its velocity is changed accordingly.

As with the Luxembourg effect, the wave perturbing the medium can
be localised and so need not exist throughout the tube. For example the
perturbation could be provided by anode fluctuations or changes occurring

at the boundary between two wave types.

The modulational effects described for the moving striations above
will be obtained from a modified form of the Pekarek equatién for stria-

tions,. in the next chapter.
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CHAPTER VIIT

THE DXTENSION OF LINEAR TIEORY TO
DESCRIBE NONLINEAR EIFECTS

8.1 INTRODNUCTION A oo

By retaining nonlinear terms in the diffusion equation for ioniza-
tion waves, expressions will be derived which describe some of the 'inter—

mediate' nonlinear effects seen in previous chapters.

The basic equation is just the ambipolar diffusion equation for the
charged particles with the addition of an ionization term given by :

[2(9, + 80) - 2(8,) | N ... (8.1)

: V.
i, s e .
where Z == constant X exp--—3 is the number of ionizing collisions per

o

second for an electron temperature 90 (eV) and ionization potential Vj
(volts); A® is the change in electron temperature, and N is the charged

particle density (N: N; = Ne) .

Owing to the exponential dependence of Z on electron temperature,
the ionization term is nonlinear for large enough deviations in electron

temperature,

Grabec(55), solved the diffusion'equation taking full account of
the nonlinear iohization term. His results for argon predicted the broad

turbulent spectrum and irregular motion of the striations.

By using the first nonlinear term from a series expansion of 7,
- expressions will be obtained which predict discrete multiline spectra of
the form seen in the argon discharge and in the initial evolution of the

mode-coupling in the neon discharge, see Chapter X,

The results describe the intermediate state of the striations when
their amplitude is large enmough for the linearised theory to be inadequate,

but not large enough to warrant the use of the full nonlinear equation.
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8.2 EXTENSTON OF THIL LINEAR EQUATiON

The ionization term may be expanded in a Taylor series:

l( Ae)Z s

[2(8, + 80) - 2(8,) v = [2700 4 Z”’gz!xe)s

\ \ (\3

A B

_‘i (No +n),

... (8.2)

where N, 0, are the charged particle density and electron temperature of

the uniform discharge; A0 and n - are the corresponding deviations,

Z,_Q% , oL —(EQE%\W
B T 3p2 = 2
6=6, o0 0= 0, ML

20 - 2V.. V.-28.2-
=

g _ K o93 JZ'

o o
The values of the terms A,B, C in equation (8.2) are shown in

Tabhle 8.1 for various values of AG/GO for an argon discharge with 60=3eV

2" etc, assume that the

and V.= 15.8eV . The expressions for Z, z!,
electron gas has a Maxwellian distribution function.

TABLE 8.1

RELATIVE VALUES OF THE COEFFICIENTS IN THE EXPANSION OF 7

1 ' |

B * in uniti of 7' ’
0.05 0.15 0.012 0
0.1 0.3 0.049 0.0025
0.2 0.6 0.196 0.02
0.25 0.75 0.306 0.039
0.3 0.9 0.54 0.0675
0.4 1,2 0.8 0.16
0.5 1.5 1.22 0.312

It can be seen that for

A
0

28 0.1, only the term A, which gives

() .

:the linear term Z’AGN0 , need be retained. According to»Grabec(%) , non—
p 38 .

linear effects become operative when '(%—' 3% = 0.19, in the present case.

Yo
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For the purposes of the present work only the first nonlinear term

Z'n A8 will be included in the otherwise linear equation. The next non-

Z/I Ae 2

lincar term B) N, will give rise to similar effects as the fitst term

since they are both of the same order in the perturbed parameters, and A8

is proportional to n. As only a qualitative description is sought, the
7"( 762 | ’
2

term N0 is not included,

The equation to he considered is

. 2
W Da o°N ’ -
-a—E-:—g;Z-—-FZ AeN0+Z’Aen : ses (8.3)

which is just the linear equation for ionization waves plus the nonlinear
term Z' Mn. As defined earlier, section 2.4.1, D, 1is the ambipolar
diffusion coefficient and x is the distance as measured from the anode.

The other symbols have been given ahove.

Such a simple extension of the linear equation cannot be used to
describe the nonlinear evolution of a self excited wave, 1In such a case
the spatial amplification coefficient o is of the order of 0.1, which
means that the values ;f M and n proportionél to expox Qill increase
rapidly in the cathode to anode direction as Table 8.2 shows.

TABLE 8.2
VALUE OF exp ax FOR VALUES OF ¢ (POSITIVE
BECAUSE x IS MEASURED FROM CATHODE TQ ANODE

Amplification Distance from Cathode x cms

Coefficient o 10 20 30 - 40 50
0.001 1,01. | 1,02 | 1.03 | 1,04 | .1.05
0.01 1.1 1.22 1.34 1.49 1.64 exp « x
0.1 - 2.7 7.38 .| 20 54 ‘

The theory can only describe those situations where A8 and n |
remain relatively small as may be the case for the early development of tbe
nonlinear effects or when the nonlinear waves have been full stabilized and‘

their values of A9 and n effectively lowered.
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8.3 GENERATION OF TIARMONIC TIRMS

It can easily be seen how harmonics of the fundamental wave may

arise if a series solution for N and 60 is assumed, that is:

N = NO + n(l) (x,t) + n.(Z) (x,t) + n(3) (x,t) ... n(N) (x,1t)

... (8.4)

=10, + 6(1) (x,t) + 9(2) (x,t) + 8(3)();,1:) ces B(N)(x,t)

where N, and 0, are the steady state values and n(N) (x,t) ana S(N) (x,t)

Nth

are the order perturbations.

Substituting expressions (8.4) into equation (8.3) gives the first

order equation: .

an(i)atx = - DA%Q = Z'e(i)(‘x,t) N . ... (8.5)

It is now assumed that n(i) (x,t) and 9(1) (x,t) are the parameters 6f

the fundamental wave and that '
n(l) (x,t) = nleax sin(wt - kx). ... (8.6)

Inspection of (8.5) shows that 6(1) (x,t) will vary as

6(1)(x,t) = Giec‘x sin (wt - kx + ) e (8.7)
where - W+ 20k Dy '
tan¢ = S ... (8.8)
Dp(k® - o) _
6. = "1 [( 2 ,%k2)2D2 + (40kD +w)-’—2—A. (8.9)
L= o+ At A |- ... (8.
0

The second order equation is:

‘ Bn(z)atgx,t! _ DA _B_Z_n(_:_)_ggc_zﬁ _ Z/Q(Z)A(x,t) No = z'e(i) (x,t)n(l) (x,t)
... (8.10)

The right-hand-side of equation (9.12) acts as a source term which, “due to

the product n(i) (x,t) 9(1)(x,t) is proportional to
' e20,x [coscp— cos (2wt - 2kx + Cp)_J .

For the equation to be satisfied 9(2) (x,t) must be proportional to
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|
e20X [coscp - cos(2wt - Zkx+ ) | :

. 2 . e
whilst n( )(x,t) will be proportional to e2ax cos(2wt - 2kx +®+B) where
B .is the phase difference between 8(2) (x,t) and- n(2) (x,t). Thus, the
first harmonic in particle density and electron temperature is generated. ‘.

Higher order ecquations will give rise to source terms proportional to

02 (x,8) s (x,8) , 60 (x,6) 1 (x,6) , 609 (x,8) (D (x,)
which will prodﬁce higher harmonics of the fundamental frequency. These |
equations show how the harmonics are generated; the full expansion for Z

must be used to derive the coumplete set of harmonics,

8.4 RELATIVE VALUES OF ELECTRON DENSITY AND TEMPERATURE

8
It is useful to obtain some estimate of the relative values of -é—l
n o
i -
for values of N s° that the magnitude of the nonlinear terms can be found.
o .

From equation (8.9) for a« 1,k <1 and D, <w, 91, is given by

. nj-w
6, = - . ... (8.11)
N,Z
‘ V.
Von Engel's expressions(Gs) for 7Z and exp -éi give :
Yo
1 (1.2)(cR)?p .. (8.12)
Z - .
% on,vz

where R is the radius of the tube, in cms, p is the gas pressure in
torr, A, and c¢ are constants which for argon are equal to 71.1072 and

4, 1072 respectively.

Substituting the above values and expression gives

G1 D
'_‘

i
=— 3.10"° w.p . ... (8.13)
n . o
o o :

The relative values of. 91/90 and nl/n0 for the striations in
frequency range (b) at 0.3 torr and y=2m.4%. 103 rad/sec are shown in

Table 8.3:

- 153 ~



TADLE 8.3
RELATIVE VALUES OF ELECTRON TEMPERATURE AND DENSITY FOR
THE STRIATIONS IN TRIQUENCY RANGE (b)

L
% o
0.002 0.0088
0.01 0.044
0.02 | 0.088
0.1 0.44
0.15 0.665
0.2 0.88
0.3 1.32
' 0.4 1.76
8.5 NONLINFAR INTERACTIONS BETWEEN TWO WAVES

If one considers the simultaneous occurrence of two waves, then it
is to be expected that the nonlinear term in equation (8.3) will generate,
in addition to the harmonics of each wave, new frequencies and wavenumbers
due to the croés—products of the terms representing the two fundamental

waves.,

Representing the change§ in the electron temperature and density for
" the fundamental of each wave by Gl(x,t), nl(x,t) and ez(x,t), n,(x,t)
respectively, equation (8.3) becomes:

on, (x,t) auZ(x,t) . anl(x,t)

+ Z’Noei(x,t)

ot * ot a, BXZ
ot Z'nl(x,t)el(x,t)—+Z'92(x,t)n1(x,t)
B2n2(x,t) , ,
+ D, - + 2 Nbez(x,t) + Z ne(x,t)?z(x,t)

+2'8_(x,t) nz(x,t)'.
.. (8.14)

For small amplitude waves the nonlinear terms can be neglected and
equation (8.14) represents the addition of two separate diffusion equations
which describe the waves nl(x,t) and na(x,t) respectively. e -

When the nonlinear effects are operative the two equations become coupled.
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The nonlinear terms in equation (8.14) can be related to the physi-
cal model discussed in Chapter VII. The term Z'ez(x,t) ni(x,t) expresses
the influence on wave 1 of the perturbation in ionization, due to wave 2,
while the term Z'Gl(x,t) nz(x,t) describes the corresponding effect of |
wave 1 on wave 2. The coupling of the equations shows that there is a

mutual interaction between the two waves. Ignoring the term 28, (x,t)

ni(x,t) which will produce the first harmonic of wave 1, the equation for

hi(x,t) is: -
Bnl(x,t) anl(x,t)
4 !
=D, — +2 Noel(x,t)+Z ez(x,t) n, (x,t). ... (8.15)
8.6 NONLINEAR INTERACTIONS : VIRTUAL WAVES

One solution of equation (8.15) can be found if the fundamental

components for nl(x,t) and Gz(x,t) are represented by

nl(x,t) =n, sin (wt- kx)

Gz(x,t) 6, cos (pt - Bx)

... (8.16)

]

The nonlinear term acts as a forcing term to produpe virtual waves
at frequencies w = p and wavenumbers k £ 8. The term 'virtual' is
used in the sense that ® % p and k £ B8 are not related through a dis-
persion relation. As noted in Chapter VII, such waves are not due to a

resonant interaction.

For the virtual waves to propagate the discharge must oscillate at
unnatural modes w % p, k £ B which do not lie on either of the disper-
sion curves for the fundamental waves. The discharge will be unstable
and frequency jumping may result(gi). The virtual waves will be damped

at a rate appropriate for an ionization wave at the frequencies w *p.

In the next section it will be shown how the discharge can accommo-
date the two waves in such a way that the resulting changes in frequency
and wavenumber are relatively small enabling the waves to propagate at fre-

quencies and wavenumbers close to the optimum values.
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In so far as the harmonics of the fundamental frequency do not lie
on the dispersion curve for the self-excited waves, they are virtual waves,
Yet they differ from the waves described above in that the discharge ofteﬁ
remains stable when harmonic frequencies are preseht, and the harmonics ar;

of large amplitude rather than damped waves.

These differences may be related to the fact that the harmonics
travel with the same velocity as the fundamental wave and may be thought

of as lying on virtual dispersion curves of the form :

(wn) (kn) = n2c o, = na o ... (8.17)
where wn , kn and o, are the frequency, wavenumber and amplification
coefficient of the n'h harmonic, and wk = C 1is the dispersion relation

for the fundamental wave which has an amplification coefficient q.

When the harmonics have grown sufficiently, they can lead to an
unstable discharge due to the generation of waves at harmonics of the wave—

number or frequency which lie on the original dispersion curve, (A.2).

8.7 NONLINEAR INTERACTIONS : PHASE MODULATION

If two waves can interact nonlinearly so that their resultant wave-
numbers and frequencies are only'slightly changed, then the discharge will
be more stable £han for the excitation of virtual waves.. Such an inter-
éction may be achieved if the effect of the waves is to phase modulate each
other, This form of modulation is equivalent to velocity modulation and

. is consistent with the interpretation of the experimental results in argon.
The effects may be derived as follows. - In equation (8.15) let

nl(x;t) = nlsi%xl ) el(x,t) = Glsin (U+) ... (8.18)

where *

U= wot—kox + Aicos (pot— Box + al)

is the phase~of wave 1 which is modulated by an expression proportional to

* Here 0y 1is used to denote a phase angle.
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the unmodulated expression for wave 2, The value of 61 is equal to its
unmodulated value. The generalised expressions for the ffequency and wave-

number are given by

U .
wo=Z=0 - Alpo sin (pot- B x+ o)
and U ) ... (8.19)
k=-5=k -AB sin (pot-— Bx+ (11)

Substituting equation (8.18) into equation (8.1-5) gives:

n, cos Ujw - AP, sin (pot + ccl—px)]

_ . 2 It .

=-D,sinU k’ + Z'N 8, sin (U+ o)

+ z’nlsinue2 (x,t) ... (8.20)
where for simplicity the value of k in the term
ani(x,t)
a 3x?

has been puf equal to k

o+ This is justified on the grounds that A:L is

assumed to be <1 and that the characteristics of the ionization wave are
determined by the ionization term., The omission of the fuli expression

for k does not alter the results qualitatively.

Since a mutual interaction takes place, the corresponding expressions

[

for wave 2 are:

na(x,t) = 1, cos (pot-— ﬁox+ A2 cos (wot -k x + 0‘2))

... (8.21)
ez(x,t) = 8, cos (pot- B,x+ b, cos (wot -~k x + az) + 1) .
Assuming that A, is small, ez(x,t) can he represented in equation

(8.20) by its unmodulated form.

For the assumed solutions to be satisfied, like temporal terms on
the right and 1eff-hand-sides, must be equal. For the frequency &)o the
-.condition reduces to the linear equation, while for the frequencies u)oipo
the equations lead to values for A:L and a,. Using equation (8.11) for

B, leads to n
2 , A —_—N—% , tang, = tanmn . ... (8.22)



In the same way the equation for nz(x,t) gives

‘nl - . .
b=x » 0,=0-3 . ... (8.253)
(]

,The physical qﬁantities which were measured for the waves in argon
'were the oscillating components of the emitted light intensity and the
electric potential which are proportiénal to the changes in ionization rate
and electron temperature respectively. Therefore, the emitted light inten-
sity will be proportional to Z'N691; and Z’nle2 for wave 1.  The rela-

tive magnitudes are given by :

lz’elNo\ = lon,|
z’en,| = ‘ 2, I (8.24)
Myl = 1Py N, "1 ... (8. _
| 2o |
‘ell - NOZ,
for wave 1, and for wave 2 , ‘
lz’e N | = lpon,l
|z’6 n_ | = ‘w 1 n l (8.25)
R b T, ... (8.
lo,| = |22
2 - N 7' ‘
o]

If wave 1 is taken as the striation in frequency range (b), and wave
2 as the wave in frequency range(a), then UR =6 P, and n, > n, . The

expressions for wave % will be larger than those for wave 2.

In the experimental studies however, the signals proportional to
the electric potential were Fourier analysed and the components at the
satellite frequencies w £ p observed. The magnitudes of the amplitudes

of el(x,ﬁ) and Se(x,t) at frequencies w * p are given by

n, W _
A = |Amp1itude of 61\ = I\'; 7 J (8] ... (8.26)
Jamplituae o 8, = |2 % ay(8)] . (5.2)

A2 = ‘Amplltude of 92‘ = ﬁ; o7 JalB) ceo .

An order of magnitude estimate with Al = 0.1 and Aé = 0.6 gives:
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0.6X6 p_ 6.0X 0.03p,
Ay = ’ 0,05 | = ‘ oo (8.28)
z z' :
P 0.03 p P
A = |-20.1%0.3 = ——2 ... (8.29)
2 7' z! 1

which means that the modulation of wave 1, the striation in frequency range;

b, gives the larger terms at the satellite frequencies in accord with the
interpretation of the results in Chapter VII, where a value of Al = 0.1

was found. The value of A2 was taken as an upper limit,
For wave 1 the frequency and wavenumber are given by :

w

% +v by p, sin (Pot - Bx o+ OL:L) (8.30)

k =k + b B sin (pot = Bx + a,l)

b

which since A:L =~ 0,1 remain close to the unmodulated values W k and

4]

the wave suffers no additional damping.

The corresponding frequency and wavenumber for wave 2 are given by :

P=p, + b wsin (wot -k x + az)
| ... (8.31)
B

il

B, + b, ko sin (wot - kX + &2)

Since W, "'—“6 P, s the deviation of p from P, will be consider-

able even for moderate values of b, . As.the frequency p begins tovde—
viate, the damping terms appropriate to ionization waves at the frequency
p will come into play. Since the waves at frequency p, are observed,
despite the damping, the net effect of the latter must be to lkeep p and

5 closer to P, and Bo than the above expressions suggest.

If in the above derivation the amplification of the waves had been

: ' *
in¢luded, then the A's would have been proportional to expax. This
shows that thé changes in the i‘requency and wavenumber would increase with

distance from the cathode and for large enough changes might lead to an

unstable discharge.

* This o is not to be confused with a,, a, which are phase angles.
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It should be remembered that for argon the theory derived ahove is
qualitative, More complete expfessionsl'which, however, would tend to
(.

ohscure the physical picture of the interactions, would he required in order

to obtain quantitative results.

tions (phase velocity) rather than the.%tratification wave! (group velocit

The expressions derived in this chapter deal only with the stria- X
and so give no insight into anode-directed disturbances. By including an %
!

equation to describe the continuity of 'wave energy"it will be seen in the |

following chapter how such disturbances may arise.
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CHAPTER 1IX

VARTATIONAL METIODS AND _THETR APPLICATIONS
TO__JONIZATION WAVES

9.1 INTRODUCTION

A novel approach in predicting the noﬁlinear'behaviour of ioniza-
tion waves is to use the variational methods developed principally by
Whitham to determine the propagation of nonlinear water waves(75). This
approach is suggested by the fact that water waves and striations often
exhibit similar features. For example, the turbulent state of the posi-
tive column due to random ionization waves, is similar to the case of non-

linear Stokes waves.

The results obtained give information on the motion of the stria-

tions and are similar to those obtained from the computations of Grabec.

9.2 GENERAL THEORY

For a conservative system the most simple travelling wave solution

is of the form: ‘ i6
u= ae

where _ B=zkx~wt + o

and - 08 30

x ko, 6 =W

and the amplitude.a , frequency w, and wavenumber k , ére constant. A
dispersion relation of the form w = w(k) relates @ and k., The group
velocity dw/dk is the propagation Véiocity of the wave'energy, and the

- phase velocity w/k is the velocity at which a particular crest travels.

A continuity equation for the conservation of wave 'crests' is given by

ok dw _ ) 1
=% * 5y =0 ... (9.1)

_assuming that waves are not created or destroyed.

The aim of Whitham's analysis was to obtain equations describing
the motion in the case where a, w, k vary slowly in time and space, that

is over one time or space period the changes in a, w, k are relatively
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small. In this case w and k are defined in the same way and the dis—

persion relation is still satisfied,

Whitham's method consists of using the variational principle L
6‘”L(ut,ux,u)dtdx=0

from classical mechanics, where L is the Lagrange function and is equal

to the kinetic energy minus the potential energy. The non-varying solu-

tion obtained is of the form

u = U(@)
where Si =k, et =-W, 0 =kx-wt-o0 "are constants and the solution
U(G) brings in another constant A which is equivalent to the amplitudé,

so that

10 -y KUy, U) . .o (9.2)

e ?

To find equations for ®, k, A when they are allowed to vary, an

'average Lagrangian' is used
21

S(w, k,A) :,—zl-ﬁ Jr L(—mUe,kUe,U) an eee (9.3)
o

in terms of the constant parameters w,k,A. It is then assumed that the
slowly varying functions w, k,A satisfy the variational equations given

- by the 'averaged variational principle’:
8 [[ &(w,k,4)=0.

The variational equations are then

6A: & =0 (9.4»).
3 .o o0&
66.'5"{&1)——5;—0.

Further, from linear problems it is found that £ =6(w, k)ag, where a
is proportional to the amplitude, so that the above equations give :

G(w,k) = 0O ... (9.5)

and 5
'Sa'% (G a%) - = (Gkaz) =0 . ... (8.6)
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The first of these equations gives the dispersion relation for
w and k whilst the second expresses the conservation of wave action,

and is an equation connecting w, k and a.
Equation (9.6) can be put in the form:
da? o 2
3Tt «Lc(k)a} = 0 eer (9.7)

where C(k) is the group velocity

9@ Gk
3k =T =
qu

9.3 NONLINEAR EI'FECTS

To include nonlinear effects; additional terms must be added to

the expression &:
£=G(w,k)a® +6,(w,k) a* . ... (9.8)

This is equivalent to adding an amplitude dependent term in the dispersion

relation , .
W = wo(k) + w, (k) a® .e. (9.9)

where
2G,(w k)

These equations are valid for moderately small amplitudes and do
not account for ény higher order digspersive effects. The nonlinear eQui—
valent of equation (9.1) is:

ke dk 32
31 w(:(k) Szt wz(k) =S = 0 ... (9.10)

and the linear form of equation (9.7) is still used to give:

2 2 . ‘ )
224 W) 2L Wi(k)a2 §E -0 .o (9.11)

In these equations terms which would provide corrections of relative order
a? have been omitted.
These two equations which are now coupled, may be solved by the

method of characteristics (see Appendix A.1) to find the changes in k and

a. These changes in a and k will propagate along paths defined by :
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oj=

%15 =£u)é(k) + {mzw(’)’(k)}- a ... (9.12)

and they are related in the following wdy:
" i
Ub(k) 2

1
5 {527127} dc da= 0 , : oo (9.13)

For the linear case the equations give the usual result that k

and a propagate with the group velocity.

9.4 APPLICATION TO IONIZATION WAVES

For backward ionization waves the expression for the dispersion

relation G(w,k) is given most simply by :

G(w,k) = wk-¢c =0 ' ees (9.14)
where ¢ is a constant.. So w(:(k) is given by - ;02- , i.e. - w/k and

w(’)’(k) is given by -1;2%.. In determining the sign of wz(k) it is neces-
sary to appeal to experimental results and the computation work which show
that ®w decreases, that is W, is negative, as nonlinear terms become
effective. 1In this case it can be seen immediately from equation (9.12)

that the velocity of propagation of the changes is complex, which implies

that the wave train is unstable. In this case solutions for k and a

must bé found in the form:

eip(x - CT)

Jik(x-cT)

k=k +k
o T 1 ... (9.15)

a

a, +ay
and it is further found that C is just the characteristic velocity given

; by equation (9.12). So, a and k will be proportional to :

1 R
(w,0N2at iplx- w' (k)71

270 0
e e .
Changes in a and k will appear to move towards the anode with the group
velocity, which in this case is equal to the phase velocity in magnitude,

The striation may be expressed as:
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ot cos =  oyicos = - ot cos = = '
[ao + 8¢ gin (wlt - kl' x)_l sin [wot - k0 - X + Be sin (w:l_t—ki' X).J
... (9.168)
W, . T
where —| = | .
, k1 o

So, a modulational instability is obtained in agreement with
Grahec's results., Obviously as k and a grow in time, this simple
analysis would break down since, for example, the terms neglected ini-
tially would have to be retained, and the generation of harmonics due to |
the growth gnd other stabilizing effects would have to be included in the g

equations.

Bearing these limitations in mind, the results obtained can ex-
plain the experimental observations of 'disturbances' travelling towards
the anode with the group velocity. In Fig.2(a) of Krasa et al, (J. Phys.
D, 7, 2541 (1874), see Appendix A.2) the space-time display is given for

!

an s  type wave in neon for the case where the nonlinear effects are

only effective near the anode, such disturbances are easily seen.

If o in equation (9.16) is assumed to be small enough so that
exp ot is approximately constant for the time that the solution can he
used, or the time taken for the wave to travel the 1engfh of the tube, and

using the fact that

e I
k1 ok ko
the expression for the waves becomes:
Lao +a, cos(w1t+k1x)_J cos[wot—kox + B sin(uw,t +k1x)_! . (9f17)

where the exp ot has been absorbed in the constants; +the particular
cosine/sine dependence has been chosen for convenience and the fact that

\ A
the disturbances travel in the opposite direction to the waves has been

taken into account.



Expanding in terms of Bessel functions and neglecting terms of

the order of a, J, (B) gives:

a J (B) cos(U)of- kox)

+ aOJl( E) [cos(wo + wl)t

(ko - kl)x] ’

(ko—-kl)x] (9.18)

- aoJl(B) [cos(wo_— wl)t - (ko‘+k1)x]
REACK | '

- .
> ’cos(wo - wl)t - (ko +k1)x‘lk .

a,J (B)
+—1—%—-— [cos(wo+wl)t

If the modulation is at the same frequency as the wave, then

= d ]
w;=w, an k:l. will equal ko.

From the above expression it is seen that a time independent com-
ponent of the wave patterﬁ with a spacing of M2 is seen. As pointed
out by Grabec, this readily explains the apparent stationary striations.
As noted ee;rlier, modulations of the form expi (wt-kx + gsin wh) also
give such 'stationary' striations with the difference that the spacing is
equal té A Such differences in the-form of modulation, give a reaso;l

(41)

for the different spacing seen experimentally by various authors

9.5 INTERPRETATION OF WAVE COUPLING RESULTS IN ARGON

In the argon discharge, the coupling of the waves in frequency.
ranges (a), (b), has been attributed to velocity modulation and éhe stand-
ing pattern as due to the linear interference hetween the time modulated
synchronous oscillation and the modulated travelling wave. This pheno-
menon is distinct from the nonlinéar modulational instability just des-
-cribed but the question arises as to whether the results -can be explalned
in terms of the linear interference of synchronous oscillations and the

nonlinear modulational instability of the travelling wave.

- 166 -



TFor example, if it is assumed that synchronous oscillations are

present at frequencies UK * w, then from equation (9.18) it is found

1
that the standing patterns will have spacings of (L) given by

1 11,1 |
== e = \
L )\ i )\ e o0 (9019) ‘,
[s] 1
where the minus corresponds to W, + 0, (sum frequency) and the plus to
. Wo Wy
w - 0, (dlfference frequency). ‘ Since -—I =5 this gives:
xb ko .
Lsum = f, ? Ldiffefence = f, +ee (9.20)
1—-f— '1 +f_
) o

where f is the frequency. From the experiments, fl is smaller than
f and so
0 N

Ldifference < xo < Lsum

> A .

which does not correspond to the experimental results where Ldif o

It may be concluded that {the nonlinear modulational instability is not

responsible for the coupling.

9.6 LINEAR IQUATIONS APPLIED TO AN INHOMOGENEOUS MEDIUM
The equations derived so far were for a homogeneous mediuwm, If
an inhomogeneous medium is considered then even in the linear case, w, k

amd a will change with x and t. Equation (8.1) is now given by

- .e. (s.21)

ol
Y[
ol

+

vhere w = W(k,x,t).

In this case changes in k and a will propagate ﬁith a velocity
E%?%Q , where k is found from g% = - %2{, and k and a themselveé
will change along these trajectories (in contrast to the case of the homo-
geneous medium). So, as with the nonlinegr case, the changes propagate
towards the anode.

However, the motion of a particular crest will be given hy

. dx w Wi
8= constant'= kx - W(k)t, that is: RS k( .
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This case of an inhomogeneous medium can be used to describe, in
the simplest approximation, the interaction of fwo wa{'e types. It is
assumed that one wave travels through the medium which is ndn—homogeneous
due to the presence of the other wave, Then ( would be of the form
w - W0 (k) + W:L eip(x—VT) , where the exponential term describes the wave

which perturbs the medium and w_hich travels towards the cathode.

The wavenumber would be given by

_ ip(x-vt) aX oW (k)
k=l +kye °" &% T T ok

so that the velocity of a crest is given by:

ip(x - vt)
o _ [wo (k) W e 0 {1 _li} eip(x-vT)-‘_ 1
k= Kk JLUM K ]
(o] [}
since the theory requires kl « ko , then
!/e ip(x—vt)
w a‘[wo(ko) +W (k) (k-1 )+, e ] \ ky Jiu(x-vt)]
L E T |
" o . (o]
) W (ko) W (ko) (1 - ko)
=Tx Tk
o o L . _
W, - Wl W)k -k
71 iu(x-vt) o' o 00’ 17 "1 ip(x-vt)
+ y e -k + k 'Jko e ... (9.22)

It can be seen that the basic phase velocity is modulated by a travelling

wave term due to the perturbing wave. For this case, a nonlinear eifect

L

is obtained from the linearised equations in contrast to the earlier
results, This is due to the fact that the term %g is included only

because one wave is sufficiently nonlinear to affect the medium.

The two-wave interaction considered in Chapter VIII, corresponds

to the condition: : .
w = Wo(ko) + W elu(X—Vt)

that is, the modulated frequency does not necessarily lie on the original
dispersion curve. For this case, the deviation of k from ko is

found from :
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dk _ 3y LiM(x-vt)
ot — 7 waie

and changes moving towards the anode are not found,

It has been seen that the variational methods are capable of
predicting various nonlinear effects, The results of the next chapter

will show all of these effectskoccurring in a éingle discharge.
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CHAPTER X

A GFNERAL DESCRIPTION OF THE MODE-
. COUPLING BETWEEN STRIATIONS

10.1. - INTRODUCTTON

The model used to account for the mode-coupling in the argon dis-
charge described the interaction as a nonlineaf prbcess intermediate
between the linear and fully nonlinear cases. Such regular velocity modu-
lation can describe the effects observed for striations in other gases as
will be shown for results obtained from a neon discharge by the author and
a former colleague at the Institutevof Physics, Prague, Eérlier measure-

ments(15’31)

could have been used, but the results below have the advan-
tage that they combine simultaneous space-time and gpecbrum analyser
displays. The results show how the regular modulation occurs at a certain

stage in the nonlinear evolution of the waves.

10.2 RESULTS FROM A NEON DISCHARGE

The space—time.diagram display, obtained from a rotating-drum
camera, and the spectrum analyser displays of the signal from a photo-
multiplier at differeﬁt positions along the tube, are shown for a neon
discharge in Figs.10.1, 10.2, and Appendix A.2, The tube was 80 cms in

length with an internal diameter of 0.99 cm, and was filled with spectro-

scopically pure neon.

Two slow waves (metastablé-guided) with frequencies of 6.8 Kiz and
4.3 Kﬁz are seen belonging to the first reéonance (the long gl wave) and
the second resonance (the short 'p' wave). From the space-ti@e display
only the short, p variety, is seen in the first 10cm from the cathode.
The corresponding.spectrum analyser signal, Fig.10.2, shows the presence
of the faster wave which is of small amplitude. At 14 cm from the cathode,

both s’ and p Wwaves have approximately equal amplitudeS, and slightly
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pronounced peaks corresponding to sum and difference frequencies are seen.
Within the region 14-18 cms from the cathode, a transition from one wave
type to the other takes place, The actual boundary position changes with
time which causes mis-matching and collisions of the two wave fypes giving
rise 1o annihilation of striations, and 'disiocations' which propagate as
actual disturbances towards the anode. The velocity of propagation is
approximately equal to either the group velocity of the s/ wave, where
this wave is dominant, or the group velocity of the p wave where this

is dominant,

On the cathode side of the transition region, and extending tb

within abéut 7 cm of the cathode, the p wave is velocity modulated in a
regular way as described for the argon discharge.. Near the cathode end
the moduiation is slight but it increages with distance from the cathode.
At a lower current setting, where the space-time display exhibited the same
features, thekfrequency spectrum for this interaction was more distinctly
resolved showing that the combination frequencies are those obtained from
the nonlinear interactién of the s’ and p waves, that is the differ-

ence frequency, fs,— tp = 2,5 KHZ, and the summation frequency, fs,4-fp =

- 11.1 Kz, see Fig.10.3.

On the anode side of the 'transition boundary' the frequency spectra
become continuous with the central ﬁeak occurring near the frequency of the
s! wave, Fig.10.2(c). Further along the column towards the anode, the
- wave motion bebomeslirregular.exhibiting jumps in‘the phase velocity. The
creation and disappearance of the wave crests are observed. Near the
anode the spectrum is smooth and continuous, Fig.10.2(a), with its éaximum

at 5.8 Kz lying between the frequencies of the two fundamental waves.
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10,3  GENIRAL DISCUSSION OF MODE COUPLING
BETWELN TWO TONIZATION WAVES : !

The interaction of two waves, which do not belong to the same dis-'
persion curve, will be governed by the principle of linear superposition
(26) i

80 long as both waves are of small amplitude . Only the fundamental

frequencies will be seen on the spectrum analyser display.

When the amplitude of one, or both, of the waves is large enough,

the first nonlinear effects are seen: these may be the generation of

virtual waves due to amplitude modulation or the intermodulation of the
phases to give regular velocity modulation of the phase velocity as des-

cribed by equation (6.5).

If the virtual waves have frequencies or wavenumbers well away from
tﬁose of the fundamental waves, then phase modulation is the more likely of .
the two pfocesses. This is because the values of the resulting frequen-
cies and wavenumbers will be close to the optimum values when the amplitudes
of the waves are still relatively small. The initial cathode region of the

neon discharge is thus described.

As the amplitudes of the waves increase, corresponding to the
'transition' region above, the velocity modulation will‘increase and the
variation in fréquencies and wavenumbér may no longer be small. The dis-
charge will become unstable in this region for several reasons: since the
waves are of comparable amplitudes the discharge at this point can accom-

modate both wave.types equally well, whicﬁ, when combined with the destabi-
lizing influence of the phase modulation, is likely to lead to mode jump-
ing(gl) between the two wave types. In addition the velocity modulation,
due to phase modulation, and the mode jumping make it possible for a
'fepulsive collision', of the type described by Grabec(zﬁ), to take place

between the two wave types as is clearly seen between 15-20 cms from the
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cathode in Tig.10.1. It is these 'collisions' which lead to the anode

directed disturbances with a velocity close to that of the p wave.

For the neon results the p wave ceases to grow after 18 cms and
the s! wave which continues to grow, is the dominant wave in the rest of
the discharge., As the wave amplitude grows the nonlinear self-modulation
effects, Chapter IX, become noticeable. Variations in amplitude and

-velocity are seen; anode directed disturbances moving with the group
velocity of the s’ wave are observed. - Further interactions bétween these
anode directed disturbances and the cathode directed sfriations take place;
further modes are excited and anode directed wave packets,~éhort in spacé

and time, are produced to give a frequency spectrum which is quite conti-

nuous near the anode end of the discharge.

If in the above example both waves had continued to grow, then the
regular velocity variation would have still broken down and the nonlinear
'self-modulation' effects for both waves would have given a broad conti-

nuous spectrum.

Where a definite but varying ftransition' boundary exists between
two wave types, the effects seen at the boundary will depend on whether a
smooth transition from one wave type to the othef can be achieved(31).
When the overlap region for the two wavés is sméll, then it may be possi-
ble for one wave type to branch out into two waves of the other variety

- with a minimum of velocity variation(16).

If both.waves are stabilized to give, in the absence of the other
wave, a uniform velocity, see section 2.8.4, then the interaction of the
waves is likely to give rise to regular modulation of-boﬁh>waves. A
rotating drum camera may, however, only detect the modglation of one of
the waves if the relative amplitudes of the two waves are considerably -

different.



The change from a discrete pultiline specﬁrum to a broad continuous
one méy thus be explained as due to the different nonlinear effects which
become effective as the wave amplitude increases. In the argon discharge,
the waves were fully stabilized or of relatively small amplitude so that
full turbulence did not develop and the interactions were restricted to
regular velocity modulation. The results for the neon discharge were of
a more general nature: hesides the 'first érder’ nonlinear effects, other
effects which would require the higher order nonlinear terms to be retained

in the equations of Chapters VIII and IX were seen.
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CHAPTER XI

CONCLUSION

The linear interferenqe between the self-excited synchronous oscil-
lations and the travelling striationg in frequency range (b), provided an
easy way of obtaining the characteristics of the striations. It is inter-
esting to see that the synchronous oscillations and the striations, both
éf large amplitude, did not interact nonlinearly: when the striations
were velocity modulated, in the purely self excited case and when an exter-
nal voltage was applied, synchronoﬁs oscillations at the same frequency

were not seen,

The modified theory for the synchronous oscillations while agree-
ing qualitatively with the results, does not account for the way in which
the striations interact with the anode and cathode regions to produce the
voltage oscillations which in furn produce the synchronous oscillations.
The influence of the reéions of the discharge bounding the positive coluﬁn
has been seen by other authors in the éase of anode spot interactions with

<€
striations(14’16’og) branching effects(14), feedback mechanisms(27) and

(s1)

matching conditions

- The influence of the anode and cathode regions on the positive
column requires a separate study. This would@ most likely prove to be a
difficult task since even for the unperturbed discharge, an adequate

’.explanation of the cathode and anode regions has still to be found.

By applying the external voltage it was possible to simulate the
lapparent' stationary striations seen in the purely self-excited case.
The space~time display showed that the effect, which was nonlinear, was
ﬁue'to velocity modulation of the wave at its fundamental frequency or

harmonics of this frequency. The 'doublet' patterns which were seen
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corresponded to modulation at the first harmonic frequeﬂcy. In addition,
the external modulation gave rise to 'disturbancesf moving towards the
anode with speeds-much faster than the striations. Similar disturhances
havé been reported by other authors but the present results show that these
anode directed waves are a consequence and not a cause of velocity modula-
tion, In some cases such disturbances have the samé speed as the stria-
tions and may be due to the nonlinear self-modulation of the striation, as

described in Chapter IX.

The waves in frequency range (a) were shown to have a backward
nature while the characteristics of the waves in range (c) suggested that
they too were backward, Theoretically only backward waves would bhe expec-

ted in the discharge.

From the fime averaged.measurements it was possible to establish
the nature of the mode-coupling interactions between the wavés in the
different frequency ranges; By using expressions representing the modula-
tion of the waves, the ‘degree of velécity modulation, 5-15%, was estimated
from the wave patterns of the satellite frequencies. Such relatively small
changes in velocity would have been difficult to estimate from a rotating
drum photograph. The time—averaged results, which made use of the pre-
sence of the synchronous oscillations to give standing wave patterns,
afforded a convenient method of measurement for the argon discharge. In
general, however, it is preferable to have both types of measurement -
space-time displays and frequency spectra - so that any ambiguity canvbe
removed, TFor the argon results, the visual observations using a rotating

mirror supported the proposed form of interaction,

A consistent explanation of the interactions between waves in
frequency ranges (a) and (b), frequency ranges (b) and (c) was given in

terms of regular velocity modulation. . This form of modulation gives rise
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to discrete multiline frequency spectra and descrihes the initial nonlinear
effects or, a state when the nonlinear growth of the waves has heen fully
stabilized to give regularly moving striations. The interactions which

‘ giﬁe riée to this form of modulation represent the simplest nonlinear
effect éince theoretically they come from first order nonlinear terms pro-
boftional to [n(l)]z, where n(l) is the perturbed ion density. The
extension of the iinear theory for ionization waves provided expressions

to describe the above effects which are intermediate between the linear

state and the full developed turbulent state.

The physiéal model used to interpret the results was'consistent
with the modified theory and was supported by the fact that a similar inter-
pretation in terms of 'collisions' has b;en useé to describe ion-acoustic
solitons. The 'particle-like' structure of the waves which these inter-

pretations suggest, is an interesting feature and one which is being

currently studied in the general field of nonlinear waves.

Regular velocity modulation is not peculiar to argon discharges;
the idea that this effect is the initial nonlinear response of the dis-
charge to the growth of the waves was born out by the results from the
neon discharge which allowedrthe development of the noniinear interactions
to be followed since hoth space-~time and frequency spectrum displays were
obtained, The effects observed for the neon discharge are comnmon to many
discharges where the waves grow sufficiently to produce a broad continuoué
frequency sPéctrum. The results showed fhat as the amplitude of the waves
grew, differént nonlinear effects became operative. The regular velocity
modulation and discrete frequency spectra were seen until the waves had
rﬁgrown‘sufficiently for the velocity variation to be significant, resulting
in én unstable region where mode jumping, and the annihilation and split-

ting of striations occurred, TFurther growth of the waves gave rise to
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anode directed disturbances, and amplitude and velocity modulation as pre-
dicted by the variational methods of the present work, Chapter IX, and the

computations of Grabec, see Chapter II,

The complexity of the experimental ohservations and the complete
equations required to :describe striations meant that any comparison between
theory and éxPeriment could only be qualitative., Even so, it has been
seen that the essential features of the nonlinear evolution of mode-coupling
between two waves can be predicted theoretically to the extent that the'l
many experimental observations of coupling between nonlinear ionization

waves can now be interpreted in a unified way.
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APPENDIX A.1 .
SOLUTION OF PARTIAL DITFFIRENTIAL BEQUATIONS

The method of characteristics enabhles partial differential equations
to be reduced to ordinary differential equations provided certain condi-
tions are met. A simple example will illustrate the method.

Consider the equation,

ay ~ .
= + coy) ==0 ... (AL1.1)

where y is a function of x,t. One approach to the solution is to con-

sider the funétion y(x,t) at each point on the (x,1t) plané and to note

that 4 ,
Y
—g—%+c(y)—2—y§=o=d—t , ... (A1.2)
the total derivative, if 7
ax .
c(y) =g - | ve. (A1.3)

>Equation (A1.3) defines a family of curves C, the characteristic
curves, in the x,t plane on which (A1.2) is satisfied. Since y remains
constant on C, the cﬁrves are, in this simple case, straight lines with
slope c(y). The curves cammot be foﬁnd explicitly since the unknown
values of y are involved. Thus the generai golution of (Al.l)rdepends
on the construction of a family of straight lines in the x,t plane, each
line with a slope c(y). TFor the present work the main feature of this

solution is the condition obtained from equation (A1.3).

The above method may be generalised by considering a quasi-linear

first order system:

dua . - ou. , -

J J . :
Aij St Ay et b, =0, (1::1,...,n,> ... (A1.4)

where the matrices A, a and the vector b may be functions of Ugyooosl,
as well as x and t. Iﬁ general any one of these equations in (A1.4) has

different combinations of Buj/at and auj/ax for each uj. That is, it
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couples information about the rates of change of the different u'j in

different 'directions'; one cannot deduce information about the incre-
: -

ments of all the uj for a step in any single 'direction'. This can he

achieved by manipulating the equations by considering a linear comhination

Su. u..

I i __‘]_ _ f
Li kAij 50+ aij =)t &ibi =0 ... (A1.5) |

where the vector 4 is a function of x, t,u. TFor a suitable choice of

4, equation (A1.5) can be transformed to

du. du. ‘ i

5 N o
(g —id i -
%\B st + O aX)Jr!cjbj.o, ... (A1.6)

which provides a relation between the derivatives of all the wu, in the
J
single 'direction' (o, B). If x =X(r), t=T(n) is the parametric

representation of a curve in the (x,t) plane defined by the a's and 8's,

then
du, . 4p Ou, du. )
R o N ' ee. (A1.7)
dn ~an ot dn ox
) . ax ar s . .
and if a,z'aﬁ s, B =-Eﬁ , equation (A1.6) may be written as an ordinary
differential equation
duj -
L. —==+2Db, =0 ' ... (A1.8
J dan JJ ( )
provided
LA, =21, Ra, . =2X ... (Al
i'ij j i'ij J
where ol ar : < ax
T dan T dn
which for nontrivial solutions requires
A, . x" - a,.T'| =0 . ... (A1.10)
ij ij -

LEquation (A1.9) is the equivalent of (A1.3) in the simple example and
"is a condition on the curve in the x,t plane on which (A1.8) is satisfied.
Such a curve is said to be the characteristic and the corresponding equa-

tion (A1.8) is said to be in characteristic form.
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The equations for solution are
31«:. Bl" 3a2
=+ ug(k) Bi + (k) 55 =0
ceo (AT,12)

da? ' da? Olc
S+ u (k) 5o+ (k) a® = =0
If u, =k, and u, = a2, then the matrices are found from equa-
tion (A1.4) to be .
: 1 0 o (k) w,(k)] -
A = =0 , f * ... (A1.12)
0 1 o' (k)a® (k)

If 1=+t is taken, then = =1, SX_9X_ o and it follows after

o= on T at
substituting in (A1.9) that the characteristic velocity (c) is given by

SR

c = w(:(k) :t\/' wz(k) m(’)' (k) a . ... (A1,13)

From equations (A1.9) and (A1.8) the following relation hetween the

charges in a and k are obtained

. m =
dg + 2da
) J wy ()

Since for the equations (A1.11) Aij reduces Aij = 6ij and T/ =1,

ee. (A1.14)

X' = ¢, the condition (A1.10) is equivalent to

~a..| =0. | o .o (A1.15)

18.. ¢ . .
J 1J

If in (A1.13) either w,(k) or wg (k) is negative, then the charac-
teristic velocity ¢ is complex and has no physical meaning. The solu--
tion of (A1.11) in this case can be found by considering the equation

ou, ou,

i —d .
TR el 0 ... (A1.16)

and assuming a solution .
. 1
u, =u’ +.u(1) where .u{l) e« elp(X“'C.f)
i i i i
to give
aa(1)

(1)
+ agg) EE%;— =0, a§§)= aij(Ug) eeo (A1.17)




and so
1
-ipc! ugi) + agg) j_p,u§ ) =0

and for C' = C’Gij, a non-trival solution requires

| =0 . ' ... (A1.18)

Ia(q) -c’s,
1] 1J

Comparison of (A1.18) with (A1.15), which is the condition for non-

trival u£0), shows that C’ = ¢ (as given by (A1.13).

Substitution of C’ 1in the sinusoidal wave solution for u(i) shows

that the wave moves with a velocity ug(k) and has a temporal amplifica

tion proportional to i:drub(k) ug(k) a which is a complex quantity.
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LIST OF SYMBOLS

- Wave amplitude; Constant
Constant
Wave Amplitude; Backward Wave

Wave Amplitude; Characteristic Velocity;
Capacitance; Constant

Wave Amplitude

Ambipolar Diffusion Coefficient

Wave Amplitude; Electric Field

Electric Field :
Wave: Amplitude; Phase of Wave; Forward Wave

Ratio of Energy Losses; coefficient in Lagrange
Function

Light Intensity; Discharge Current; Pupp
Current Limit

Current Density; Bessel function of the first kind
Complex Wavenumber

Debye Length; Lagrange Function
Light Intensity

Average Lagrangian

Ion Mass

Charged Particle Density

Tube Radius

Tonizing Function

Electron Temperature
Potential of Lowest Excited Level
Ionizing Potential

Flow Velocity

Tonizing Potential

Ionization Frequency; Discharge Impedance;
Wave with zero phase velocity
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Reciprocal of Relaxation Length; Tube Radius;

Amplitude

Rate of Loss of Electrbns;
Jon Mobility
Characteristic Velocity
Distance between Maxima in
Perturbed Electric Field
Frequency

Integer

Wavenumber

Spatial Growth Rate

Distance between Maxima in
Length of discharge

Electron Mass; Constant

Perturbed Charged Partible

Constant

the Wave Patterns

the Wave Patterns;

Density; Integer

Pressure; angular Frequency; Ratio of Elastic

to Inelastic Collisions

Wave Type

Absolute Value Blectron Charge

Radial Coordinate
Wave Type
Constant
Wave Type

Time

Relaxation Time of Elastic Collisions

Velocity of Stratification Wave;‘ Electron Temperature;

Perturbed Voltage
Striation Velocity

Axial Coordinate

Phase Angles

Wavenumber; Second Nonlinear Saturation Coefficient;

Constant

Spatial Amplificétion Coefficient

Phase Aﬁgle; Variational Change

Constant
Permittivity of Air
"~ Molecular Weight
Ton Mobility
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Electron Mobility

T
o .

Wavelength

Electron Temperature; Phase Angle
Sinusoidal Expression for a Wave
Angular Frequency o

Angular Frequency

< D E = © >

+

Ion-Neutral Collision Frequency

Electron-Neutral Collision Fregneucy

<

Phase Ahgle; Temporal Amplification Coefficient
Phase Angle
Phase‘Angle

> vi e QG

Constant

Boltzmann's Constant; Wavenumber
Time Period

Ambipolar Diffusion Life-time

Metastable Life-time

4 a4 a9 =
o

=

Subscripts

i: Ion

e: Electron

St .Synchronous oscillation
T: Travelling wave

W2 Wave

F: Fundamental

St Satellite
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GLOSSARY OF TERMS

Ion-Acoustic Wave: Analogous to an acoustic wave in a gas with
a temperature equal to that of the electrons and a mass equal to the
ion masse

Striation(Ionization Wave): A periodic variation of the degree of

ionization in a plasma resulting from changes in the electron temperature.

Wave of Stratification: The initial disturbance in the electron

temperature which travels from the cathode towards the anode and produces
the striationse.

Self-Excited Wave: A wave which occurs spontaneously in the discharge

without any externally applied pulse.

Backward Wave: A travelling wave which has its group velocity and phase

velocity in opposite directions, Usually the group velocity is in the
cathode to anode direction and the phase velocity is directed from the
anode to the cathodes

Synchronous Oscillation: An oscillation which is dependent on time

but not on space and is determined by the A.C. impedance of the positive
column, -

Definition of the nth harmonic as used in this thesiss: For a fundamental

frequency f, the nth harmonic is defined in this work as that component
which has a frequency ( n + 1) f where n is an integer from 1 ooes No

For example the first harmonic ( n = 1) has a frequency 2f. However,
following the standara convention such a frequency component (2f) should
be termed the second harmonic.

To convert to the standard notation requires that nth harmonic‘(this work)

= (n + 1)th harmonic standard notation.



INTERFERENCE OF LOW-FREQUENCY
'WAVES IN A POSITIVE COLUMN

"E: . Indexing terms: Gas-discharge tubes, Interference, Oscillators

Standing waves have been observed in an argon positive
column. From the wave patterns, it is deduced that these
waves are striations of the type described by Nedospasov.

standing waves due to interference between backward waves
inan argon positive column have recently been observed by
firand.* A wave pattern is now described which could be
pe result of an amplified wave travelling from anode to
wthode accompanied by an undamped wave travelling in
fhe reverse direction.

The discharge was produced in technical-quality argon at
essures of 0-1 to 2torr in a pyrex tube of 5cm internal
ameter and 107 cm in length. A current of between 60 and
30 mA flowed between a hollow steel-wire mesh cathode of
imm diameter and an aluminium anode of 4 cm diameter.
%elf-excited oscillations were detected by imaging the dis-
harge on a photomultiplier and by a 5-turn copper coil
jound round the pyrex tube. The signals were displayed on

1Tektronix 1L5 spectrum analyser. Reproducibility through-
ut the experiment was good.

Oscillations occurred at a fundamental frequency between
15 and 4 kHz with harmonics, up to the seventh order in
pme cases. Each mode formed a standing-wave pattern
thich extended the whole length of the positive column. It
iseen in Figs. 1a and b that the light intensity decreased with
fistance from the cathode, whereas the signal from the pick-up
il increased with distance, a trend which was seen in all
he measurements. The separation of the maxima in the
fanding-wave pattern was inversely proportional to the
flequency. For the fundamental frequency, this distance was
o the order of 30 cm.

Emeleus* has shown that striations can be reflected at the
faraday dark space. If the standing-wave pattern is due to the
tflection of a single wave of wavelength A, the maxima are
gparated by a distance 4/2, allowing the phase velocity to be
jotted against the pressure (Fig. 2). In the same Figure, a
arve is drawn of the ion drift velocity x 7/2, the velocity being
alculated from the average electric field in the plasma. The
kld was determined from the potentials of two probes
gparated by a known distance in the positive column. The
ueellent fit of the experimental points to this curve indicates
hat the oscillations were striations of the type described by
Yedospasov.2

A wave pattern has been computed, assuming sinusoidal
ariations, for the superposition of a wave with an amplifica-
ion coefficient of 0-01 cm~! travelling from anode to cathode,
nd an undamped wave, with zero amplification coefficient,

'IMELEUS, K. G.: ‘Low frequency waves’. Culhain Laboratory study group on
fisma waves, 1964 (unpublished)

[
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light intensity (relative r.m.s. values)
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nvelling from cathode to anode. The close fit of this curve
0 the experimental points in Fig. 1a supports the authors’
iew that the standing waves are produced by the super-
osition of an undamped wave on an amplified wave
tavelling in the opposite direction.
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MODE-COUPLING OF LOW FREQUENCY WAVES

R M Perkin and E R Wooding

Royal Holloway College, University of London, Englefield Green, Surrey

Introduction

In a receat theory of wave mode-coupling of ionization
waves /1,27 it was pointed out that the resonance con-
dition for mode-coupling, :

k = k1 + k2 (1)
is practically impossible to satisfy exactly although

virtual waves may be easily observed with frequencies
and wavenumbers, ’

mv.-_-wl:wz, kv=kl-7-k2' (2)
respectively., In experiments carried out by the same
»V,Euthor, havmonic generation and mode-~coupling have been
observed for externally excited ionizatiol waves /3/.
We now report some experimental observations of mode-

coupling between self-~excited waves having frequencies
in the hertz, kilohertz; and tens of kilohertz ranges.

W =W+ Woy

Apparatus
A 5 cm-diameter pyrex discharge tube containing

technical quality argon al pressures of 0.1 to 1 torr
through which currents of 10 to 200 mA passed was used.
The oscillations were detected [‘b’ with a pick-up coil
wound round the tube and with a photomultiplier. In
either case; the signals were displayed on a low
frequency spectrum analysere

Observations

The self-excited striations which were observed ﬂ]
consisted of a fundamental frequency of between 2 and
5 kHzy with harmonics; each mode forming a standing
wave pattern. Measurements with the pick-up coil
showed thatl the distance between adjacent maxima, lsy
in the wave pattern for a particular frequency was
inversely proportional to the frequency, this distance
being of the order of 15 cm for the fundamental mode.

When the current was less than about 150 mA, an
oscillation occurred, with a frequency in the range
400 to 900 Hz, and at the same time satellite signals
accompanied the oscillations in the kilohertz range.
Fige1 shows the spectrum from the photomultiplier
signal of the striations (a) in the absence of the lower
frequency, and (b) when a 630 Hz oscillation was also
presente In Fig.1lb the frequency of the striations is
a few hundred hertz less than in Figela. This is due
to the fundamental frequency decreasing with current.
The fundamental frequency, 2.3 kiz, has satellites on
either side whilst the first and second harmonics,

4,6 kHz and 6,9 kHzy, have only the lower satellite.
Within the accuracy of the spectrum analyser, the
separation of these satellites from the basic frequen-
cies is approximately equal to 630 Hz. In some cases
it was found that the harmonics had both satellites
whilst the fundamental had only the lower satellite.

For currents of 130 mA or less, in the absence of the
400 to 900 Hz oscillation, mode-~coupling between the
" striations and waves having frequencies of tens of
kilohertz was detecteds Fig.2a shows this coupling
between a 32 kHz wave and the striations. The
satellites are separated by the frequencies of the
striations. When a 600 Hz wave was presenty coupling
was observed between the 32 kHz wave and the striations
which were amlready coupled with the 600 Hz oscillation
to produce the more complex display, Fig.2be

Using the pick-up coil standing wave patterns were
obtained for the 600 Hz oscillation, the striations and

satellitess Wave patterns are shown in Figs 3 and 4
for the fundamental and its lower satellite, and the
first harmonic and its lower satellite when the dis-
tance between congecutive maxima, lp; for the lower
frequency, 600 Hz, was between 7 and 8 cme The wave
pattern for the second harmonic and both its satellites;
shown in Fig.5y was obtained when 1lp was between 14 cm

- and 15 cm for a frequency of 900 Hz,

From the wave patterns, the distance between the maxima
for the satellite frequencies is given, to within
experimental accuracy, by

1 1.1 | i
[T E'i:—lg I ) 3 -~

which is equivalent to condition (2) for virtual waves.

Fig.6 shows the wave patterns obtained when the
striations were mode-coupled with a 35 kHz wave. The
35 kHz oscillation exhibits no standing wave pattern
‘but resembles the noise power diagram obtained in [y
for a backward wave in neon., The satellites have
standing wave patterns in which the distance between
ad jacent maxima for a given satellite is approximately

- equal to the distance for the corresponding striation

in the kilohertz range., In this case, the coupling
appears to be between the standing-waves of the
striations and a travelling wave which may be a back-
ward wavee .. .
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SELF EXCITED STRIATIONS IN A DISCHARGE TUBE OF VARYING DIAMETER
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Observations on striations contained in a discharge tube of varying diameter are reported. The results support

Sato's recent work.

This note reports observations on self-excited
striations in an argon discharge which support the
conclusions of Sato's recent study on backward
waves in neon [1].

Whilst some previous workers [2] had shown that
the wavelength, frequency, and velocity were all
functions of the discharge tube radius, others [3]
had found that the frequency was independent of the
radius and remained constant. Sato resolved this
contradiction by suggesting that in the latter case the
striations were synchronised to the frequency of
natural oscillations occuring at the electrodes or of
external forces applied to the tube.

The present work was carried out using the dis-
charge tube shown in fig. 1; the cathode and anode
were the same as those used previously [4] and the
argon was of technical quality. The oscillations were
detected using a photomultiplier or a pick-up coil [4],
and a Tektronix X1000 probe was used to detect
fluctuations in anode voltage. The oscillations were
detected in the pressure range 0.2 to 8 torr and cur-
rents between 0.1 and 0.5 A.

Generally, the signals from tube A were noisy; the
noise decreased progressively from tube A to tube D

which was filled mainly by the Faraday dark space.
Several anode spots were clearly visible, The nature
of the oscillations is best described by quoting specific
examples. .

At a pressure of 0.22 torr and a current of 0.26 A,
anode voltage fluctuations with frequencies of 3.5
and 7 kHz were detected. The photomultiplier
signal from tube A consisted of noise with a notice-
able peak around 3.5 kHz. Only the higher frequency
was detected in the remaining tubes. For a larger
current, 0.33 A, the anode oscillations occurred at
frequencies of about 4 and 8 kHz, with the amplitude
of the 8 kHz oscillation about twice that of the
4 kHz. In tube A both frequencies were detectable
above the noise but the 4 kHz has a slightly larger
amplitude than the 8 kHz. In tube B both frequencies
were seen; the 8 kHz signal was much lager than the
4 kHz and as the photomultiplier was moved towards
the cathode end the amplitude of the 8 kHz signal
increased whilst that of the 4 kHz decreased. Tube C
supported both frequencies with again the amplitude

~ of the 8 kHz oscillation much larger than that of the

4 kHz oscillation. In tube D signals at both frequencies
were seen and their amplitudes were approximately
equal.

Anode

—te

Cathode l
N }
— 3 50 C 2:2 ‘/____T_\
[
1
45— |- 40

—] p———22:5§ ——— le—22:5 —

Fig. 1. Discharge tube geometry (dimensions in cm).
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At a pressure of 1 torr and current of 0.42 A, the
anode voltage oscillations consisted of a fundamental
frequency of about 1.5 kHz and harmonics. The

signals detected by the coils on the other tubes showed

the same frequency spectra although the relative
amplitude of the harmonics was not the same for
each tube. In tube B, the fundamental and second
harmonic were much smaller relative to the first
harmonic than in tube C.

Sato found that, whilst the frequency remained
constant throughout the tube, the amplitude of the
higher harmonics increased with decreasing tube
radius. This is related to the fact that the resonance
frequency also increases with decreasing radius. The
present results may be understood from these points.
The tubes act as selective amplifiers. Tube A, with
the largest radius, synchronises more readily to the
lower frequencies of the anode oscillations. Tubes B
and C, on the other hand, with smaller radii, prefer
the higher frequencies. In some cases the lower
frequency is damped out by tubes B and C so that in
tube D, which has the same radius as tube A, only
the higher frequency is detectable.

The mechanism by which the anode voltage fluc-
tuations are linked to the striations could be through

28
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the anode spots [5]. The dependence of the wave-
length on radius was not investigated but for the
first two cases mentioned it was found that “station-
ary” striations were visible in the narrow tube,
originating at the cathode end and extending along
about half to three-quarters the length of the tube.
These “stationary” striations were, in fact, a standing
wave with the frequency of the detected oscillation
and with a separation in maxima of about 3 cm. This
phenomenon is under further investigation.

The authors are grateful to Mr. R, Mason for
constructing the discharge tube, and one of us (R.M.
Perkin) is in receipt of a Science Research Council
maintenance grant.
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By including non-linear terms in the equation for ionization waves it is shown that waves at harmonic and ‘sum’

and ‘difference’ frequencies may be generated.

By including non-linear terms in the Pekarek—
Krecji equation for ionization waves [1], resonant
wave coupling and the non-linear response of an un-
stable positive column have recently been examined
[2,3] . We now show that by using these non-linear
terms and assuming that a sinusoidal oscillation is es-
tablished that harmonics of this fundamental mode
may be produced by forced oscillation. The basic
equation which is used is the Pekarek—Krejci equa-
tion in the high current limit.
aNfot=D, 8N/ax2+D'A0d2N/ox? +ANON (1)
where V is the particle density, (V,=N;=N), D, , is the
ambipolar diffusion coefficient, D" equals 3D, /30,

@ is the electron temperature, A9 is the deviation in

the electron temperature; 4 equals (32/26 ,+72 97/06),
Z is the ionization rate and  is the lifetime of the
charged carriers. By using the derivatives of D(6,)),
Z(6,), 7(8,) in finding D(6,+40), Z(6,+A8), 7(8,+A0)
we imply that A8 < 6.

It is assumed that V and § may be expanded in a
perturbation series,

Nex, )= N+ N,y + N (e, 1) ..+ N(x,0)
8(x,1)=0, +0Wee,n+0P(x,0) ...+ 0WM(x, 1)

where NV, and 6, are the steady state values and
NW)(x, t) and 0V )(x,?) are the N th order perturba-
tions.

* Now at Czech Technical University, Prague.

Substituting (2) into eq. (1), the first order equa-
tion is

azN(l)

M
aN 0.0 =40D@ AN, ()

¢, 8) —

We suppose that N m(x, t) and 9(1)(x, t) are the para-
meters of the fundamental oscillation and that

NO(x, ) = ny exp(oex) sin(wr—kx). 4)

Sinusoidal variations are chosen for simplicity and be-
cause they correspond, in many cases, to the experi-
mental conditions. Inspection of (3) shows that

g )(x, £) will vary as 6yy exp(ax) sin(wt—kx+¢)
where

tang = (w+D,_20K)/{D, (k*—a?)}

and 0 D2 +w(4ekD, +w)] 12,

n
__1 2.1.2N\2
W NA [(o"+k)

The second order equation is

aN®

0 N
'—at— (x,t)-—.DAo

(x 1 -D'6Dx, )N, =

(5)
(x H+A400(x, t)N(l)(x 9.

- oWz, 2N

ax?

The right-hand side of (5) acts as a source term
which, due to the product ND(x, £) 61 (x, ) is propor-
tional to exp(2ax) [cosG—cos{Zwt—kaﬂp)] For
the equation to be satisfied, 6 (x t) must be pro-
portional to exp(2ax) [cosf—cos(2wt—2kx +¢)]
whilst N (x, r) will be proportional to
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exp(2ax) cos(Qewt=2kx+¢+8) where f is the phase
difference between 02(x, 1) and ND(x, 1) as deter-
mined from (5). Thus the first hurmonlics in particle
density and electron temperature are generated. In a
similur way, higher harmonics will be obtained from
highét order equations. In peneral the nth harmonic
In electron density is proportional to

6
exp((n+ax} exp{i[(n+l)wt—(n+l)kx+7N]}.('7)

Self excited striations consisting of a fundamental
mode and harmonics with a frequency and wavenum-
ber dependence of the form of (6) have been ob-
served [4].

If in the expression for ND(x, £) a term at another
frequency and wavenumber is added, then harmonics
of this second frequency will be produced together
with ‘virtual’ waves at the sum and difference fre-
quencies of the two initial waves. The term ‘virtual’ is
used in the sense that the wavenumber and frequen-
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cies of these sum and difference modes are not neees.
sarily related through a dispersion relation,

This simple derivation indicates how harmonics
and sum and difference frequencies might be gener-
ated. An exact solution requires the use of a more
complete set of equations rather than the eq. (1) used
here.

R.M. Perkin is in receipt of a Science Research
Council Maintenance grant,
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Observations on striations contained in a discharge tube of varying diameter are reported and explained

in terms of forced modulation.

Recently some results were presented which were
concerned with self-excited striations in a discharge
tube made from several glass pipes of different dia-
meters [1]. It was observed that the frequency of the
striations was constant but that in the narrower tubes
the oscillations at the larger frequencies were more
prominent. This was explained by the fact that the
resonant frequency for striations increases with
decressing tube radius. Further considerations suggest
that the higher frequency signal grows in preference
to the lower frequency not only because of the
smaller tube radius but also because of forced oscilla-
tion at this higher frequency. This driving of the
striations is in addition to the forced oscillation by
which Sato explained the synchronization of frequencies
in a tapered tube.

The experimental details have been given elsewhere
[1] and here the same nomenclature is used to describe
the discharge tube. The spectra of the oscillations found,
using an external pick-up coil, in the different tubes
for a current of 165 mA and a pressure of 0.3 torr is
shown in fig. 1. It can be seen that common to the
tubes are oscillations at about 5 kHz and 8.5 kHz. In
the narrowest tube (B), apparently standing striations
were clearly visible to the naked eye extending from the
cathode end nearly to the anode end of the tube. The
time-averaged spectrum analyser signal from the coil
showed a corresponding “standing” wave pattern at
a frequency of 8.5 kHz. Due to a “flickering” of the
discharge it was not possible to obtain a space-time
display picture of the striations in tube B. However, it
was found using an argon discharge in a tube of 5 cm
diameter at a similar pressure, that when an external

* Present address: Institute of Physics, Na Slovance 2,
Prague 8.

Anplitude (relative)

. (2)
8.5kiz  Frequency

[l
Sz

Fig. 1. Spectra in various parts of the tulbs. Pressure 0.3 tony,
current 165 mA. (2) Tube A. (b) Tube B — anode end (86 am)
(¢) Tube B — cathode end (68 cm) (d) Tube C — amode end
(62 cm) (&) Tube C — cathode end (28 amw).

voltage signal was applied across the discherge at the
frequency, or harmonic, of the striations, simmilkar
“apparently standing” striations were visible. This
was due to forced driving of the striations [3] wiich
can be represented as

exp ¥t —kx+8 sincr)

and which appeared on the space-time display s
velocity modulation of the striations. [t s suggested
that a similar effect ecours im the nanow tabe B, e
external drive being provided by the feedbadk to tihe
electrodes.
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Fig. 2. Amplitude of singal from coil in tubes B, C. Pressure 0.3 torr, current 165 mA, frequency 8.5 kHz.

From fig. 1 it can be seen that in tube A the
5 kHz and 8.5 kHz signals only just appear above the
noise. In tube B, the noise and the 5 kHz signal are
suppressed progressively towards the cathode end
whilst the amplitude of the 8 kHz signal changes as
in fig. 2. In tube C the noise level is constant whilst
the 5 kHz singal is damped further. The variation
in amplitude of the 8.5 kHz signal is shown in fig. 2
but in this case no “apparently standing” striations
were visible.

From the present results at least, the forced driving -
at the higher frequency seems most effective in the
narrow tube. This is probably due to the selective
effect of tubes B and C [1] resulting in greater feed-
back of the higher frequenct appearing in the anode
voltage oscillations. Usually the higher frequency
has the larger amplitude.

Forced modulation has been observed for ion
sound waves [4] and striations [3]. In the former
case a non-linear theory showed that the behaviour

166

of the waves was similar to a Van der Pol oscillator.
The inherent non-linear nature of self-excited striations
makes a theoretical explanation difficult and it has

yet to be shown that an equation describing striations
can be reduced to a Van der Pol type of equation.

R.M. Perkin was in receipt of a Science Research
Council maintenance grant when this work was
carried out.
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Under certain discharge conditions self-excited striations may "
be velocity modulated /1, 2/. In some cases, the velocity changes :
appear to move in the direction of the anode or occur in identicel -
places of the tube giving rise to "epparently atending” striations
which' are visible to the naked-eye /1, 3/. The latter cese is shown
in Fig.l where an externel voltage of the same frequency ss the
striations was spplied. The explenation for such motion is not clear
but may be connected with the disturbences carried through the
stratified column in the direction of the group velocity of the
(backward) waves /1/. In /4/ the modulation has been described using
the Van Der Pol oscillator as & mcdel, but for striations it has not
yet been shown that the equations representing striations csn be
reduced to a Van Der Pol type of equation.

Since the space-time photographs for such velocity variations
often exhibit a regular pattern it seems of interest to exemine the
motion of striations which heve periodic variations in frequency
and wavenumber. Such a description cannot account for the highly
irregular motion including branching effects (seen in some cases
/1/) which are connected with frequency mismatching and changes in
the mean velocity. '

We suppose that a striation trevelling from the anode to the
cathode can be represented by,

'I’{&,é) = cos Fix, 4

where ;_f a w(é)’ w +m, L2 ws(-a.‘)
aé

_3_: « ko =k - my, Kcos(Kx)

giving F(x)é) = wf“‘kx 4"”1.,‘_5;1\(.0.6) +Wz$l‘)\(xx)...(l)
In the absence of modulation, 'P(x,é) reduces to the normal
cosine expression for a travelling wave. The space-time disgram is

found from W(X,")‘ ! ) F(X,é) -_21rn.

Fig.2 shows the cases (a) Mx =0 and (b)M,*O . For self-
—excited striations which are not exactly sinusoidel, the wavenumber
modulation will give rise to the "apperently standing” striations
for any value of K, while for frequency modulation the occurrence
of “apparent standing" striations will depend on the relative
values of w,£2. . For example, whenf2=nw they will be seen.

. For simultsneous freq y end wevenumber modulation for arbi-
tary values off2and K the motion will be more complicated since
in this case the changes wil]_.n_appear to propagate in a complex waye
Of interest is the case when &= § ,since this corresponds to K
experimental observations /1/, which is shown in Fig.3 for K= T .
The simplification Ma=™Mj was mede together with the initial
spproximation that wé-kxs2¥n which was substituted in the term
Si'\(z") . It can be seen that the changes occur with a velocity
directed towards the anode end equel in magnitude to "k -« However,
whilst the picture obtained resembles /1/, it differs in that there
is & "jumping" of the motion. Thus to some extent the anode directed
disturbances may be described in terms of frequency and wavenumber

modulation.

It hae been pointed out /5/.that linear ionization waves
exhibit interesting phenomenological similarities with water waves.
In trying to understand non-linear striations therefore, it may
prove useful to draw the anelogy with pon-linear water waves. For
example the instability of Stoke’s waves observed in /6/ is similar
to the experiment /4/ where san externally excited ionization wave
gave rise to a broad spectrum of waves. The more general expressions,
from kinematic wave theory /8/, for the relation between wavenumber
and frequency which take into account spatisl and emplitude depen~
dence when applied to ionization waves may provide the explanation
for the highly irregular behaviour of ‘striations /1/ end other non-
~linear effects which are hitherto unexplained.
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THE DEPENDENCE OF 'I'HE BOUNDARY FOR SELF-EXCITATION
OF IONIZATION WAVES ON THE POWER OF THE AUXILIARY
HIGH FREQUENCY FIELD

J.5afrénkovd

~ .

Faculty of Mathematics and Physics, Charles Univereity
Prague, Czechoslovakia

'One way to increase the boundary for self-excitation of ioni-
zation waves is based upon the local disturbation of axial electri-
cal field in plasma [1]. In order to accomplish this we can, for
instance, use the high-frequency field or add a grid of special
shape into the region of the anode column, a8 was shown in 1.
However, in none of these works the displacement of the boundary
for self-excitation is studied in dependence on the magnitude of
local disturbation.

Thus the object of our work was to measure the dependence of
the boundary for the self-excitation of ionization waves upon high-
frequency power absorbed in plasma. Quantitative knowledge of
thie dependence is significant for the operating mode of devices,
which use the low-pressure plasma discharge (for instance gas
lasers, discharge noise generators).

To derive the expression for the power abaorbed in plesma, we
start from the telegraph equations describing the propagation of
electromagnetic wavea in a transmission line. If we consider the
case of a line supplied by high~frequency generator and terminated
with general impedance:

A
Z = R+ jx Y
we receive for the power absorbed in plasma
p o (asel + 1y /)‘, R
. 22, (R )2+ X%

where Z. is the characteristic 1mpsdance of the line used. This
expression is valid for an arbitrary loss~free line. The real and
imaginery parts K, X of the loading impedsnce can be determined in
classical way from the measurement of standing waves on the lins
and by the use of the Smith chart of the factor: .

(7 Wi D

includes the influence of the variable output-voltage of the feed-
ing geherator. Um, umin are respectively the velues of voltage
corresponding to maxima and minima of stending waves on the
measured line. It is, however, necessary to calibrate the line

in units of yoltage. Tc this aim we have used a high-frequency
voltmeter. - ' : : . .

. The measurement of the depend of the boundary for self-

" excitation of ionization waves upon the power absorbed in plasma
has been mede in the experimental set-up shown in Fig.l. In order
to change the resonance frequency of the resonator with plasma we
changed the position of an adjusting impedance. By means of this
the power absorbed in plasma changed too and we could observe the
displacements of the boundary for self-excitation of the joniza-
tion waves. Two of the typical dependences are in Fig.2. They are
different in the renge of medium power. For too small or suffi-
eiently large power the boundary for self-excitation of ieniration
‘waves is the same in both dependences. For large power certain
saturation is observed, that ias, with increasing value of absorbed
powsr the boundary for self-excitation remains constant. In the
range of medium power the dspendence in both graphs is qualitative-
1y the same. On both a rapid increase of the boundary for self-
excitation of ionization waves occurs, however, on each of them
for different power absorbed in plasma. This effect can be ex-
plained as a condequence of different valuea of ignition and ex-
tinguishing voltage of the high-frequency discharge superposed
upon the D.C, discharge. Supposs the high-frequency discharge is
burning, then it extinguishes (which results in decrease of the
boundary for self-excitation of ionization waves) at considerably
lower power than in the case when we proceed in the apposite se-

’

quence, that is, the discharge is not yet burning, but then ignites.

This explanation is based on the msasured behaviour of light in-
tensity of the auxiliary high-frequency discharge.

Trom Fig.2 it ie oovious that the velue of the boundary for
solf-excitation of ionisation waves is closely related to the
exiatence of high-frequency discharge. Therefore the depsndsnce
of tha boundary for self-sxcitation of lonization waves upon light
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v

intensity of high-frequency discharge is plotted on graph 3. The
saturation st high lignt intensities (that is, at high abaorbed
power) is observed also on this dependence.

One of the possible explanations of this oaturatiou is based
on work [3], where the depend of the in t of amplification
of ionization waves on the discharge current is measured. Prom
the curve in this work which corresponds with our experimental con~

" ditions (pressure of neon 1,3 torr, diameter of the tube 2 cm} we

can deduce that rapid increase of the increment of smplification
of ionization waves occurs at a current of 7 mi. Our measurement
indicates that in the range of lower discharge currents, whers the
dependence of the increment of amplification upon the discharge
current is approximately linear in semilogarithmic scale. The de~
pendence of the boundery of self-excitation of ionization waves
upon light intensity of the suxiliary high-frequency discherge is
linear. For currents of about 7 mA, where a more pronounced in~ -
crease of amplification of ionization waves occurs, the boumdary
for self-excitation of ionization weves increases far slower.

- The following conclusion results from our measuremsnt:
If we want to use a local high-frequency field for attemmstion of
self-exciting ionization waves, it is not advantagsous to use
high power. If we succeed to ignite the high-frequency discharge
in plasma, further increase of the power sbsorbed in plasma does
not subetantially increase the boundary of self-excitation. In
our case absorbed power of tens of mi¥f prov.d to be sufficient for
the attenuation.

05 2w

~IRS -Bww

Fig. e

1. Freguence meter; 2. Microwsve generator; 3. Coaxial line;

4. Attenustor; 5. Measuring line; 6. Probe of measuring line;
7. Curcuit of probe of measuring line; 8. Hatching impedance;

9. Toroidal resonator; 10, 16. Milliammeter; 1l. Discharge tube;
12. Photomultiplier; 13. Cathode follower; 14. Noise reductor;
15. Oscillograph; 17. Current statiliger.
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Abstract. The onset of irregular wave motion caused by nonlinear interference of two
spontaneously existing ionization wave varieties is described and compared with the
situation when only a single wave becomes irregular due to forced modulation by its
harmonics. A similar phenomenological explanation for the loss of periodicity based
on the influence of combined frequencies and wavenumbers of the fundamental ongm-
ally periodic waves can be given in this case.

1. Infroduction : N

The onset of irregular wave motion in the case when only one wave variety is observed
in a neon discharge has been studied by Krasa ef af (1974). In the present paper, the
irregular wave motion caused by nonlinear interference of two varieties existing spon-
taneously in the discharge is investigated.

Generation of difference and summation frequencies by interaction of two ionization
waves, one existing spontaneously and the other externally excited, was reported by .
Grabec (1972). Ohe and Takeda (1972) found nonlinear mixing of frequencies between a
spontaneously existing 1onization wave and external periodic modulation of the discharge
current. They explained the mixing by a combined modulation of frequency and ampli-
tude of the wave. No other experiments on the connection of the nonlinear interference
of ionization waves with the onset of irregular wave motion have been reported.

2. Apparatus

A rotating drum camera and a frequency-spectrum analyser already described (Krésa
et al 1974) were used to visualize the wave motion and find the frequency spectrum.

The mean phase velocity of the self-excited waves and its current dependence was
measured using the space-time oscilloscopic method (Stirand et al 1966) to obtain the
conditional average of the wave pattern (Pekarek et al 1969).

The tube was 80 cm in length with internal diameter of 0-99 cm, and was filled by
spectroscopically pure neon. The investigated current region was from 6 to 60 mA, the

gas pressure being 49 Torr.
' 161
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3. Results

Two wave varieties were observed, existing simultaneously in the current region from
6 to 20 mA. From the dependence of their velocity on the discharge current, both waves
were identified as slow (metastable-guided) waves, belonging to the first resonance (the
long ‘s” wave) and the second resonance (the short ‘p’ wave) (Rohlena et al 1972). At
- lower current, (6 mA) the short ‘p’ variety was dominant. With increasing current the
long s’ variety prevailed, and above 20 mA only the s’ variety was observed (figure 1).

s’and p varieties

simultaneously s’ variety only '

g
a

Irreqular \ Irrequlur

AR

x
x
14

\
\x
Y

f (kHz)
x
[S
7

AN
Y22

| 2 4 6 8 10 20 40 60 80 !00
-7 (mA)

Figure 1. Current dependence of f}equency of p and s’ wave varieties at p=4-9 Torr.

The rotating-drum photographs revealed coherent (periodic-in-time) motion of both
wave varieties in the region of the column which was nearest to the cathode even if in
" most of the column the wave motion was irregular.

In the region where the waves are periodic, their nonlinear interference expressed
itself by combination frequencies appearing in the Fourier spectra (figure 2).

The two fundamental wave-frequencies were fzr =6-8 kHz, and fp,=4-3 kHz. Maxima
belonging to harmonics 2fs;'=13-6 kHz, 2f,=8-6 kHz of the s’ and p waves, and to
difference and summation frequencies of fundamental frequencies fs — fp 2-5kHz,
Jfor+fp=11-1 kHz, were distinctly resolved.

Development of the nonlinear wave interference along the tube axis can be followed '
in figure 3 (plate), which is a rotating drum photograph of the discharge at 18 mA.
Fourier spectra of the wave pattern taken at different distances from the cathode are
presented in figure 4. ‘ )

Near the cathode (figure 3) only the short-wave p variety can be distinctly seen, with
a strictly periodic motion and simple line spectrum (figure 4a). At 14 cm from cathode,
both s" and p waves have approximately equal amplitudes (figure 4b4), and slightly
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Figure 2. Frequency spectrum 14 cm from cathode at I=14 mA. Sfp=43kHz and

Sfe=68 kHz. .
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pronounced peaks corresponding to summation and difference frequencies appear in
the spectrum. Still further from the cathode, only the faster irregularly moving s’ wave
with continuous spectrum (figure 4c) centring around 6-8 kHz is observed. Approaching
the anode, we find a smooth continuous spectrum (figure 4d) with its maximum at -
5-8 kHz lying between the frequencies of the two fundamental waves. The wave motion .
(figure 3) is very irregular, exhibiting quickly following jumps in the phase velocity, and
. creation and disappearance of the wave crests is observed.

4. Discussion

The irregular wave motion above 30 mA (see figure 1) concerns only one (s") wave variety.
This situation was investigated earlier (Krisa ef al 1974) and explained as a consequence
of forced modulation of waves by harmonics in frequency and wavelength.

Below 30 mA, the wave becomes strictly periodic, until the regularity of its motion .
is disturbed again at 20 mA and lower. At this current, the other (p) variety appears
simultaneously in the column, and nonlinear mixing of the two waves results in combina-
tion frequencies and wave numbers lying closer to the maxima of the growth rates of the
two waves than their ordinary harmonics. This makes the forced modulation easier,
and it leads again to irregular excitation of waves from different parts of the dispersion
curve with different phase velocities. The excited modes propagate as wave packets
with anode-directed group velocity and interfere nonlinearly giving rise to excitation of
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Figure 4. Frequency spectrum at =18 mA, at various distances from cathode: (A)
6 cm; (B) 14 cm; (C) 32 cm; (D) 15 cm. ’

new wave packets. The irregularity of wave motion grows along the direction of propaga-
tion, the wave packets are still shorter in space and time, and, eventually, the frequency
spectrum of the whole pattern becomes quite continuous.

5. Conclusions

A nonlinear interference of two wave varieties existing simultaneously in the discharge
can disturb the originally periodic motion of the waves and lead to irregular wave motion
even more easily than if only one wave variety were present. In both cases, the random- .
ization of wave motion is connected closely with the strong dispersion of ionization
waves (usually causing the waves to be backward waves),
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Abstract. Experimental observations on the motion of s’ variety jonization waves in
neon are reported. The results are explained in terms of mode-jumping and forced
modulation due to nonlinear effects.

1. Introduction

Because of their inherent nonlinearity, self-excited ionization waves (striations) occurring
in the positive column of glow discharges offer a readily available source for the observa-
tion of nonlinear and turbulent effects (Stewart ez al 1965, Lee et al 1966, Sato 1970,
Krésa and Pekarek 1973). Examples of this are the nonlinear saturation of an initially
linear wave and the generation of a broad frequency spectrum from a single frequency
(Poberaj and Grabec 1970). Other effects such as irregular ionization waves or distur-
bances apparently moving towards the anode have been attributed to the nonlinearity of
the ionization term or the nonlinear interference of two dlﬁ'erent wave varieties (Grabec _
1973, Perkin et al 1974).

This paper describes the evolution from regular to irregular motion of a single variety
* of a spontaneously existing ionization wave.

2. Apparatus

The discharge tube was 80 cm in length with a diameter of 0-99 cm. A plane anode was
used together with a hollow cathode. The wave motion was recorded by imaging the
light from the discharge with an f/1-8 lens on to a rotating drum holding film of 800 Asa.
In addition, a spectrum analyser and photomultiplier were used to record the frequency .

spectra of the waves.
The dispersion curves for irregular waves were evaluated from the rotatmg—drum

single-sweep photographs.
The results described were taken at a pressure of 49 Torr

3. Results

To avoid interference phenomena between several wave varieties, the discharge pressure
and current were chosen so that only one wave variety was observed in the column. It
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was identified as the s’ variety (see Pekarek 1971, Rohlena et al 1972a,b), ie the long
wave guided by changes in the metastable atom density.

At a current of 25 mA the self-excited wave was periodic and moving regularly, as
can be seen from figure 1 (plate). The frequency spectra consisted of a fundamental
frequency of 5-2 kHz together with harmonics of this frequency. When the current was
increased to 34 mA the motion remained regular throughout most of the discharge, but
near the anode the phase velocity fluctuated, giving the appearance of disturbances moving
in the direction of the anode (figure 2a, plate). The corresponding spectrum in this
region is shown in figure 2(b, plate). Besides the fundamental and harmonics there were
‘satellite’ frequencies with a spacing from the other frequencies equal to half the funda-
mental frequency. The amplitudes of the fundamental frequency and its harmonics
saturated whilst the ‘satellite’ frequencies grew in amplitude towards the anode. At a
current of 61-:5 mA, the fluctuations of phase velocity were already apparent at 20 cm from
the cathode. Moving towards the anode, the disturbances of phase velocity developed
into abrupt changes, and branching and fusion of striations was observed. The motion
became quite irregular (figure 3a, plate). The frequency spectrum at various points along
the tube for this case is shown in figure 3(b, c, plate).

The local frequencies and corresponding wavelengths were found from figure 3(a),
and it was then possible to plot a dispersion curve for the waves in the region of irregular
motion (figure 34, plate). .

The points shown on the dispersion curve were obtained from places at different
distances from the cathode (eg the point marked by full triangle in figure 3(d) corre-
sponds to the coherent wave near the cathode; the others were taken from the irregular
part of wave pattern). Within the error of the evaluation method, ali points lie on the
same approximately hyperbolic curve. The group velocity of a certain wave-mode is
therefore opposite and close in absolute value to the phase velocity. For the fundamental
mode, this feature of the wave is distinctly seen on the disturbances propagating towards
cathode.

4. Discussion

The harmonics nkw, nfr which develop in the coherent wave as a result of the nonlinearity
of the ionization term grow in the direction of the group velocity in which the wave is
amplified (Perkin and Wooding 1973). For some time, they move with the same phase
velocity as the fundamental mode (which has frequency f¥ and wavenumbeér k¥) so that
they can be represented as lying on ‘virtual’ dispersion curves (see figure 4, where the
point for n=2 is shown and marked by V). i

The subharmonic frequency f¥/2 in the spectrum (figure 2b) appearing at a certain dis- .
tance from cathode is caused evidently by the second harmonic in wavenumber, which—
if its amplitude is high enough—begins to move independently on the fundamental wave
with a phase velocity corresponding to the point k=2kr on the real dispersion curve
(figure 3d). As the dispersion curve is hyperbolic in this case, a subharmonic frequency
f¥/2 is generated by the harmonic wavenumber 2ky. Wave packets corresponding to this
point on the dispersion curve can also be found on the single-sweep photographs (figures
2a, 3a) in the parts of the column where the wave motion becomes irregular.

The onset of the independent movement of the harmonics depends evidently on the -
degree of the nonlinearity of the fundamental wave and is sensitive to any fluctuation.
The newly excited waves are therefore not exactly periodic from the very beginning. This
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Figure 4. The suggested scheme for forced generation of harmonic and subharmonic
waves. A, actual dispersion curve; A fundamental frequency fr=wx/2m and wave-
number 1/Ap=4kr/2m; V, first virtual dispersion curve; A harmonic frequency 2 f¥ and
harmonic wavenumber 2/ . :

makes the corresponding frequency peaks broader (figure 25). In addition, the lifetimes
of the excited modes are necessarily rather short as their increments are usually negative
and, simultaneously, their motion is disturbed by nonlinear interference with the funda-
mental wave and with other excited modes. The synchronization and selection of discrete
frequencies is thus gradually lost in the anode direction (ie in the direction of the group
velocities), and the spectrum becomes continuous with a broad maximum around the
maximum of the wave-increment. Only a slight peak of frequency f+ remains from the
coherent wave. - .

The extension of the region of the irregular motion towards the cathode with increas-
ing current may be explained thus: the growth rate of the fundamental mode increases
with increasing current with the result that nonlinear effects occur nearer the cathode;
simultaneously, the increment for the harmonic waves lying on the actual dispersion
curve is higher, which makes the forced excitation of harmonic wave modes easier.

From the space-time picture figure 3(a), it is observed that when a wavecrest (stria-
tion) changes its velocity during its passage from the anode to the cathode, then the
adjacent wave crest on the anode side also changes its velocity but at a later time and at
point nearer to the anode. The velocity of propagation of this disturbance is evidently .-

closely related to the group velocity of the wave motion.

5. Conclusions

_If an originally coherent ionization wave becomes strongly nonsinusoidal due to non-
linear amplitude growth and saturation, it changes into an irregular wave motion with
fluctuating phase velocity. Approaching the anode the wave-trains move still more
irregularly, giving broad continuous spectra of frequency and wavenumber. As the
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local wavenumber and instantaneous frequency of the individual wave-trains lie on one
dispersion curve containing the coherent fundamental wave, the decomposition of the
wave can be explained as a result of forced modulation by the wavenumber and frequency .
harmonics and their nonlinear interference.
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Figure 1. Rotating-drum, single-sweep photograph of the discharge at /=25 mA.
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V i 0 s f the discharge at =34 mA.
i . Rotating-drum, single-sweep photograph o
f';‘il;r?i:rk(zl?orizontal streak is caused by a clamp on the apparatus.) (b) Frequency
spectrum 48 cm from cathode at /=34 mA.
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Figure 3. () Rotating-drum, single-sweep photograph of the discharge at I=61-5mA;
(b) frequency spectrum 11 cm from cathode, =615 mA; (¢) frequency spectrum 55 cm
from cathode, /=61-5mA; (d) dispersion curve of frequency f against wavenumber
(1/X), I=61-5mA. (A point of fundamental self-excited periodic wave of frequency
fr and wavelength Ar; —— error in wavenumber measurement.)
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