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Aspheric Surfaces in Optic-.1 Jesiiii: - AbdTRnCT

Park I. ^fter a brief introduction to aspheric
sur.fL-.ce-, the early work in the seventeenth century 
is (iescribed, and the emergence of the optical path 
equality principle. The Abbe oine theorem in the 
nineteenth century i._- ho,vn to le.id to a number of 
aspheric aplanatic objectives in which this 
theorem is fulfilled. The nchmidt telescope, an 
anastigm-Litic svstem of high performance is 
consi iered briefly in conjunction with _,ome 
variations of it.

Part II. The Schmidt camera is considered in
more detail, including descriptions of a number of 
authoro* methods for deriving the equation of the 
corrector plate, and the pos;_.ibiiitie - in balancing 
the aberrations over the wnole fie", d. A number 
of the dchniidt variations are described including 
field flattened and folded type.:.

Part III. The designs of two mirror and more 
complicated mirror pj ate systems are an^ly^ed by



first order and other methods, and the use of 
aspheric lurfaceo to provide field correctoro for 
large paraboloid mirroro described.

Part IV. The general fir^t order design of 
aophericj with the see-saw diagram and the application 
of differential methods of correction, are followed 
by methods for obtaining axial .-.tigmati ni and 
aplanati urn. Lastly a number of ray tracing 
method are examined, moot of which involve the 
d.e of an electronic computor.



-t. 1 Intro [uction aii 1 üarly Jevoloornent.

Uphcrio J ,a.ni ^spheric.l üurf.icos.
Rarly '.oï'K of doscarte , huygen.. an i others in the 
savente onth century,
The Lino theorem nu.I the de igns of üohw^ra )chil i 
raid tho ;.a influenced by him on aplanatic t .o mirror 
'VS tern 8.
The jcani It Telescope.
The ■.-■crimidt -.right hiort Telescope.

L iherical in I Asahcrie.-h. Surfaces.
...urf. ico's which. m..r/ be use I in Optical 

Instruments, must be, in general, accurate in 
contour to the or 1er of a wavelength, an i the ieveiop- îent 
of me tho ly -of producing, sphere a to thi tolcr nco 
has requite, in the modern Optical i n d u s t r s  ability 
to make In =03 of higri - unlit y in l^rge number 0. 
hevertheleoo, although spherical surfaces arc tho 
ea;.ic;,t to make, yet they ..ill n it, ithout correction, 
re ult in tho format! 3h of a ^̂ 00 i imago, the axial 
rionochromatic aberration they priiuce, in fact, being 
to rue ] -.sherical.
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% nrk of bCàCartOo. ibi.7; en» :.ji 1 others, in tho 
s e vent cent h cent u r v.

in the first half of the seventeenth 
century it was reali^el that to po luce un image 
without Spherical aoerrution, more complicate! 
curves wouil be re mi rod, un! in If é? deccarte;;, 
although labouring un 1er the difficulty of having 
an ineufficlent knowledge of the nature of light, 

uubli.uie i in hu biojti rue an account of the "shapes 
which trunnparent bodies ...hould have to refract 
Pu.yo in every way -serviceable for vision”. he 
ie term Inc i the curves, which furni .h abe rra t i onlc us 
image formation for a given pair of conjugate pointj, 
generally of the fourth legree, but degenerating in 
certain case,: to conic sections, and in his 
determinations made no a e of the principle of c-Ual 
path lengths, ecsentially a wave theory conception, 
adopting geometric .! methods only. The 
Oonutruction ie us folio.a;:
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If through the ot. B on the ellipse one 
iravv. the ..straight lines i.Bu end OhK. uhlch cut cach 
other at right angles uni of which the one LG 
divides the angle hbJC into two enual halves, the 
other ÜR will touch the ellipre ut B.

If through B is drawn a line BA p. irai le j. 
to the major axis OK and. eoual in length to Bl, url 
if are Iravui from tne pt. . A and i to LG the two 
porpenilcul irr AL and IG.thonc will stan! in a 
fixed proportion to JK .uid Bl, .hich is a constant 
ratio.



iioiico il' 1 1 ; iii'iO Ab la i.i r u y  o f  ,

ail l the eîllpôO DbK io the section of a soil 1 
transparent body through which the rays pass more 
easily than through air, in.the same proportion as 
the line JK is greater than hi, then this ray AB 
.'Vill bo so deflocte i at B that it will trave] 
to war is 1. An-.i ince the pt. B, can be selecto 1 
at will, therefore all rays parallel to dK. will 
pa La through the pt, i. how every ray which is '
irected towards the centre of a sphere ..uffors no 

refraction. Hence with centre 1 one «raws a 
circle of any required radius,then the liao
OB ani QB turning about the axis Of will describe the 
shape which a lens .ihouid have to focus in air. at 
the pt, I all the rays which were parallei before 
falliny on the lens.

-  Ü —



Jiiat what Je so art es meant by ray a pus.lng 
more o:. il y through a oil i bo iy t h m  air i obscure, 
he regar led light as in "instantan ously propagated 
tatical pres ure in a graiiul •-tod continuum’*, lie 
irriyei however at the correct ro-.uit.

By ..imil^r means doscartcs gave the proportici 
of the hyperbola in iniaje forming lenses*

Ô ,.J n k c

At about the same time Llurin Mercjcnne, 
a Minorite friar, suggested in I’uarmonie Univer elle 
1616 a tele scope consisting of two puraboloi \ >, 
which ic. intore ..ting in that it u. .es the .ecoud 
mirror as an eyepiece.

- 7



Mersenne teloscopes of two confocal paraboloids

</

T' -i

,.tr

Gregory in Optica propo. ni
an objective con .ioting of a primary paraboloi I 
centrally per for a ten .anb a .econ.lary concave el lip ?.oi L

W

At about this time (l66o) lio<vton, ’vho 
hab been oturiyiug Jiaporaion, concluding that it 

not poüaible to correct chromatic aberration 
by combinations of rlasao turned uio attention 
to the reflecting teloucOi.e and pro iuco.i his type 
in ;lhich a paraboloid i^ combined ,/ith a email fl̂ 't.

_ 8



A little later Gasr:e\rain (ig7‘,>) juggeitel 
a telescope objective convicting of a uaraboloiiia 
primary aril a convex hyperbolic aeconlary.

1
a

In 1690 Huygena :;ubii.,hcd hie Treatiae 
on Light, in .vhich Chapter VI is headed ’*0n the 
figures of the Transparent bo lies vvhich serve for 
ref rue t i on an I f or re f 1 exi on, ”
In thia is given a graphical method for constructing
curvec to remove the spherical aberration, the method
of optical path difference being uaeJ for the fir t time.

4"
The construction is as follows:-



Suppo.je a sy.-.teni i.> to be correcte i by 
raeaus '-f it,, la^t surface.

Given the pole of this .urface An ani 
its paraxial ru liuu.

1Then the paraxi ;1 focus i^ given by b
Now if a ray is traced through the other surfaces
to arrive at the last but one ourface at , the
ray is refracted at and ira on on to meet the

1axis in B ^
Computing Op the paraxial path an 1 Om the marginal 
sath up to
Then Ot. - Om equals the 0. f. 0. as .uining that 

%image is in n •K

Construct the pt. B where ^ li = Q p - _Of.i

perpendicular p -,Drop a / on to B at F from ilea su re it.

•j -,Compute B F x n i\ and with centre B and this 
^ nK

radius draw, a circle
Draw the line B^^TC to ju ,t touch this circle 
Then the t. G is on the required curve.

— 10 —



By constructing similar point., for other r.-.ya 
a curve may be built up; uaing thi . me tho 1 iiu/geiio 
•ire./ a lens which had one .-pheriCs.l .urface and 
one aepherical urfaco.

-Aich methods of construction, however
are not accurate enough for noet optical work.
Systems of this sort moreover are in general net 
aplanatic, for it i , well known t lat the Ine- 
c on lit ion is ful fille i for an infinitely il .t imt 
object if the point.s of intersection of all inci Lent 
ruVo parallel to the axis, with their corresponding 
emerging: raya all lie in a circle of radius and 
centre the ;^econl focal point. Thus a lens o ' 
the JoacartGi type, for example, c.-.n never be 
upl'i.nu,tlc Ince the points of intersection of inci Lent 
and refracted r.i.ya lie on the cartesian surface.

- 11 ^



The Sine Theorem and the designs of .vchwur schll I
and those influence 1 by him, on aulunatic two
m i r r o r  :?.ysterna.

Trie iiscovery oC the Abbe Ueiiriholta’
oine theorem in 1B7.5, permitted systems to be
computed that were correcte! for pherical aberration

and coma. Thua the ntatement3 of the optical path
enualit.y -und the sine condition are the starting
points of an aplanatic two mirror system by <?
>chwarxachild in 1JÛ5. bchwarxsclild start by 
unying":
"be shall have to try to calculate a mirror system 
for an aperture of any sise which la strictly free 
from m y  ./pherlcal aberration an.q fulfi].l at tho 
Game time the sine con lit ion, a-j with the latter 
condition the disappearance of thecoma, i., al^o 
secured. The focu of the require I system mu t 
be according to Abbe’s iescription, an apl matie 
point, wherefore the entire system may be called 
apl matic. "
The two mirrors ire rep re .rented in the figure.

IS -
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Let tiie focal length be unity
Let the small mirror be S,and the large S*
i'or optical path equality
for the sine condition ^

Putting this constant equal to one ^

i'roia tiie figure J_ Ü  —  i

^ p> »  ̂  ̂è'

’  + r  at ^  1  ^  ^

^  ^ 'Â _ Z y -  '

The equations above contain the information for the problem 
Eliminating / ,  ̂ f

1

Ieliminating i%
z (5 0  - ^ {* ‘ ^  ^ ^  ( P ' % )

U a. P - ^  f!: ^
•a —

—  1 > —



froai equation ci is obtained the following first order 
differential equation for the meridional mirror

Then putting ~  ji.

X 9 d ̂
and substituting again

) = O —-s ^It follows
S f  ̂ ^  ^

or (s  ̂Ç. ? j ^ ^ (file integratingAis^ e )

hence integratig this equation

■« *
t.

{

- 1 
< t f

substituting back the original variables,the polar equation
of the rairror S is obtained , 1

J- A 2 2̂ 2 ^  4- ( ( e *  ̂̂  ^ i T  ̂ ^
There now reiiialns to express x* as a function of and to
obtain the form, of the .mirror S*.
Pro:a equation *0 ’ 3c' = "L(t+*)-4 - Q

Prom equations b and 7 it follows through elimination of ^
<ÿ 'f ; f f - q .<w*% '• ̂  Avjo ( j - Q) ^

and txierewith ---- h— ----1— ----
( f (L - 9 ^

S 4 Ç — 0> xh/v ̂

-  II _
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I ■*” 4:. - m? *■ fi%

Dubstituting for q from equation 9 ,
Je

f yc ' i e ^ I - *----,-J -----  f  c  ̂ .1^]
) <L ( g  ̂  ̂\

I O

V '

These are the rectangular coordinates of the loirror 3 * as 
a function of oC
To determine the constants e and c consider a paraxial ray 
where > s distance of the focal point from the mirror S

H 9 ̂ r efr distance between the mirrors 

Then it follows for «»<. = o 'to'

I 1

. -jL. I It) o t '»• f s d r ,

Equation y is now developed as a power series

(I, 4 ' n h - , P l  ' -4
f'- ti r-v  ̂C*
-)C ' : W - 'b - h" - — / i ' hr ” <XV? '■ ‘ ^1 <>1 I I
how the rectangular coordinates for 3 and 3* are

\ t Q  Ct/) U r If - i* ■
; ( . _ » V
1

- 15 —



Using equation y a power series is developed for 
with respect to y and y*
Hence

j " : - ' - Y -  ̂ [vv - Tâ' "

^ = cl ' > ' ( - J : 'i'  ̂4 J L  h''" f
V 1-14

To obtain a practical application Schwarzsciiild puts

y - i a  . i f

For the mirror S

Ï + i a Ï 2  /ww. i-
/ I '• \I ' - y /

For the mirror S'

r  . xwH  ̂^  _ d { I ' ^  ̂ ±  j
Y

1 /%/VX !>C

- 16 -



I) ulfig the c o îuationi-, ichwar .scnil i pro luce a 
a pair of taolco:-

n ..IX jiir -or.

5 juLlxu,

y. *n
Vvf*̂

_ .57S H

A >«.

1 0  i/'u'> 8,’.?55 a. a  g
IG 206 JLl

9. c
5 i/1./I _ '3:5.01^____________________________________  =1

10 _ lyq.lL 975. 601, _ . _i i._lGÜ___

l:iPKe Mirror.
X-' in-ir-»**»

1/6. 6 87. i m i:
;i.: i/>.5 170.618___ ;5.0G4___ M a s ___ at.Q,Q.-.V__ =01
IG l/S. '! -356. el9_____________ ü,_ZÜQ____ü m ü ÙLL.

1/1.? 34':1.010 .11.. 519___ a * j 2 i __ y,..SiI - U l l
as 1/1.4 433. nia l.?.'ldl___ lZu32=5__ J.it.i'O ■= ,kll
30 1/1.1 GOG. Quo ate.iaa as.oai______ a i n â i . _ = m

0
SL

JÙL
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Tiic;ie table:';, oho# th._t uy to a liol.ttivo
•jupofturo or the iril rrore may be el lip sol 

hv,,erboloi-.i-:^ even be yon 1 that up to a üolutlve
a. lecture of 1/1. 4, ̂ «lev lut ion i.> re u trie to 1 to
a few nunlrelth^ of a millimetre. Thi.. 1 . of 
im, ort.ance from the miinufucturing point of vie 
T)ie fiel * in this tele co'O i- re.^triotO'i b.y the 
iBtlgnatlam an I from the practical point of vic.v, 
aa tno ._.hotorranhic plate la ltu..,itol ml.l;uy bet./con 
the two mirrors a sky baffle or exten.lon 1 . nece.:.uiry 
to 'prevent oxpojurc to lirect light from t!ie ak.y.
Only t .'<0 of oh.var.:..,chill'.:, le.l/ns ...eom to have been 
at temp to î, one of 9 V’ aperture at the Univer :it.y 
of In il an -tni one of 1‘".‘** at brown Jnlvor. tty, *7 no lo 
lal.nlo An alternative to ,ch#arsschill'u jyntom 

propose! by Cou.ler of the raria Obaorvatorv 
in 1966 in which he conp utea the curve pe n,lire i to 
give y.cro abtigmati.im on a curve! focal aurfncc.

llnne)3 m  of Gottingen (1 :'06) gave the 
Icaign for an ayi.uiatic leni, ./hich la founlc.i 
in chwaraschl] l' i trcat.iont, in filch an aperture 
of io obt ).ino 1,

— lb



A rather interesting contribution was
male in 1908 by Arthur G, Lunn, who investigate i
./stems or Conic .actions using inirrors. In his

preamble he says "For convenience of testing it is
desirable and in existing constructions apparently
universal for each mirror separately to be free
from axial aberration, through being a quadric

surface of revolution having as conjugate optical
foci, its own geometxvy foci. The investigation concerns
the question, how far is it possible by suitable
choice of the focal lengths of the component mirrors
to iimini h the errors due to leparture from the
Ûne-ratio", and after a proof by in.iuction he
states hi ;> result. "In any optical combination
consisting of a centred system of reflecting
urfacco of revolution, each of which i iniivi iually

correcte i for axial aberration, the relative ones
of magnification at given points in the final annular
aperture are identical with tho.-.e of a -, ingle
mirror giving the soirie .uraxial magnification. "

After Gch'warzschild had drawn up general
conditions for the aplanati.rri of reflecting systems,

1
die ientopf explained a particular câ ^o and howe I

— 1.1 —



that for parallel inci ieiit rays aplanatic Image 
formation occurs by reflection at a cariioid in 
conjunction with reflection at a spherical surface; 
the properties for n the basis of the feiss cardioi l 
con denser, in which the cariioid surface being a 
narrow one is sufficiently represented by a spherical 
ring. Aspheric surfaces at about tnis time were 
used to a limited extent where extreme accuracy 
was not required, special spectacles for cataract, 
eyepieces in which one surface was made Aspheric to 
reduce the spherical aberration, and of cour ,e, 
searchlights and condenser.,,

n
After the Fir t horld war Chretien, a 

French optician, publi_,hed the design for a new 
aplanatic telescope, produced at the request of, 
and in conjunction with ditchy, the fixmous .American 
astronomer, in which the design is basically a 
CasBcgrain type opposel to the dchwarzschild 
Gregorian.

in the development, Chretien, after paying 
tribute to bchwarz.-:.child'c. design, use.-, slightly 
different variables, but a very similar procedure, to 
arrive at a xot of equations for the big mirror.

60 -



Chretien’s equations for the mirror are .
( ... -d)

Ï. nu—

where ^
X.

e = dist. between mirrors 
m = dist. of plate behind mirror

Compared with Schwarzschild*s equations. ,

< ' - *+ I ' L ( f + 4  ^  /j r(f + G \ ^ ^ '

I  ̂  ̂ A.1
where A  =

e + 1 = dist. between mirrors
c = constant depending on distance 

between mirror and plate

- 61 -



Chretien then gets a power wcrics for the 
eoun.tiona in a similar manner and also a series 
for the .mall mirror.

The Ritchy-Ohretieh' telescopes work at ;..n 
aperture ratio of -/l compared with P/.3 or less for 
the -ich'warzschild. They have, however, practical 
advantages over it. ..everal Chretien telescopes 
were male in America and aqe in France,

bureau and swings have pub 11.die 1 a 
treatment similar to Chretien’s but for two conjugate 
point» neither being at infinity.

The Americans, both profe..,.,ional and 
amateur, have been foremost in the fieli of telescope 
making, an 1 quite let..lie 1 description^, appeared
in "Scientific American" of the Ritchy-Ohretien

4C
telescope.1. A type of two mirror system with the 
sGconlary spherical and primary a.,pheric .il was proposed

f*
by Allan A. Kirkh an. This has the li ,>a.Ivaritage of 
oven more coma than the jt.>.adard Ca -segr lin 
composed of conics. It is, ho /ever, easier to make.



The Hchmi it TaleGCOpe.
b.y far the mo .t jucce^sful ^hort-focud 

photographic telescope ia the Uchmi it, fir^t
I j

deacribod in 11)3 in a paper by h e m  hard jchmilt.
The system con.l o t s  of a spherical mirror in front 
of which i j placed a thin correction pi ite which 
corrects the spheric vl aberration of the mirror, and 
has nearly no power. apparently the i lea of 
ncing an aspheric plate to compensate spherical 
aberration in a mirror had been suggested before, 
although it seems doubtful if Jchmi it knew this. 
Moreover ^chnidt placed hi^ plate at the centre of 
curvature of the mirror, thus eliminating at the 
aajne time coma, astigmati .m and distortion; 
furthermore iciirai It was able to make hio aspheric 
plate. There remains only curvature of field, and 
this may be overcome by using thin fOns or plates 
which can be sprung in a holder to follow the curve. 
In his paper on "A High Intensity Coma-free Mirror 
aystem”, jchmidt lid not give his method of 
construction, and ho clones his paper "I have as umei 
in describing this telescope the technical ability

-  26 -



to ni'lke the correction profile”,
OtrC'Omgran in 19 55 gave the third or.1er 

aberrations and the best equation of the plate 
profil e. A , the uei-iei term, for the >chirddt are 
zero, most of his discuo. ion deal^ with the design 
of the correcting surface and its colour troubles, 

The spherical aberration of a mirror may 
be measured by the distance between the paraxial 

  ________ /'aH
Fp Fn ,a

focus and the marginal focus, the list.ance .!fp Pm. 
The aspheric plate may be figured ::o a. to correct 
the marginal rays and orings them to the point PP. 
In thio ca.:>6 the contour takes the form of a plate 
of minimum thickness in the centre, increasing to 

a maximum at the edge.

—



This 1 known the fir .t _.chnii it system* 
Alternatively the Plate may be figure! to bring 
the rays to a focu . at .bln, with a minimum thickneus 
at the edge, an! a maximum thickness at the centre;

;md of cour ,e the _late may be figure! to bring 
the rays to a focus at any point between the two.

This is known as the so con! Iclimiit system.
Streeingron choje the point F an! the plate contour to 
give the minimum Chromatic lifference of spherical 
aberration. The point F is .there the lise of least



eon ru-ion lies ani the height of the neutral cone 
is at .'■̂'6 of the plate iiameter.

The och;ii It-hriaht Chort Telescope.
The disadvantages of the ichmidt are its

long length in conipariaa with its foc.tl length, an I
»r

its curved fiel l. V Valshlh of Turku üniveri.ût;/, 
Fini an I, propose ! the u se of a piano convex lens 
as field flattoner, and the same writer and 
F, B, V,right of California, apparently inlepenlently 
invented a modified achmidt with a length enual to 
the focal length, posses, ing, however, astigmati •rn 
and greater chromatic aberration, both the mirror 

and the plate being aspherical.
"The theory of the dchniid^ Telescope has 

been ba-od on a consideration of tlio properties
of a spherical mirror. If the theory is^^ievelopei

7 'along more gener.fi lines with no../assumptions as to 
the shape of the mirror .aid the' position, of the 
correcting lens, a whole f.imily of telescopes may 
be obtained. "

One of this family has the property that 
the foc.al plane is in tho'burface of best definition

- 26 -



The correcting:; jonc:, 13 mountei at a 'iiotLnice from the 
mirror nearly e-mnl to tlio foc.il length of the 
ovstem.

The eguationii are lerived from the
..chwar%schilh enuatiouo by migcltiplying the equation
for the fir jt optical component by ,

n-1

■r

•>P
<~

M H 1.
F  ̂

6 - (h- M
4 s

1 f.
M

M  > (F ~ M  
01 ë m

T n  ) M
4  e %
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The h-ciiTiii It Case Is ià=:.b4M an.I in this
ease e :nation (2) re-inoea to a sphere as ü becomes
.mailer (3) approaches an oblate spheroi i,

V;right then writes down the third order
astigmatism and shovs that for his telescope the
tangential and cagital lines are nearly equally
space..! about the Gauss plane, de estimates that
for a 5^ field ,.tar images jiil be 9‘* in diameter.
The length of the camera is thus reduced at the cost
of a itirther a sphericity and a con. ido ruble
reluct ion in the field, in comparison with the

11
■chmidt, .Gimitroff and. baker list three -, right 
type cameras in u o in America, all working at 
a relative aperture of ?/ 4.

2b _



Pt. i l  Gûvoloi.uiiünt of the üoMildt.

The Uesign of the Classical achmi it.
Aberration balancing over the whole fiel L 
i e 11 1’ 1 a 11 en i ug,

Coll'd an 1 thick mirror types.
Composite or meniscus .̂ciuiii It.

The ae..,i,7n of the Olaaaical .cĥ Tilht.
The holiiuiit Camera, as indicatei in part 1,

was described and produced as lon^ ago as 19.30 
o

by B, achraidt. Consisting essentially of a spherical
mirror at whosc centre of curvature is plaçai an
a spherical plate which correct.,, the spherical
aberration, the system oomoincs :dniplieity with very
high performance. However, in comnon ,'lth many
optical designs, the simple fir^t principles tend
to become ob.cure i in the complicity of the algebra

ii
recuire 1 in their real i. ait ion. i. in foot in a 
number of papers and in a chapter in his 'hiscent 
■hdvance,, in Optics’* has developed, a comprehensive 
treatment of the cl as lead achmidt, usiiii. a method

•9,0
orif,.inally due to Osiratheodory. The latter obt rine I
the leading aberrations of the instrument u.ing the

- 19 -



fact that tîiG iiiirror un, fiel i urvfuce .re part 
of eoueeritric spheres ..-no .e c ntre ll<3s on tne 
polo of the corrector )urf ce. This nethoi of phoricai 
aymmetry is aeknowle Ige.i in turn by CuPatheoiory 
to have been ugge .,te:I to him ju^t before the 

beeoni worl1 bar when he y as in America. Caratheo iorv, 
however, in ;ii , treatment con i iepo only the I'ir ,t 
type of ..c>1*11 i it system, except for a ..hort section on 
the chromatic aberration, .vhore the vocon i .>chinidt 
type i l intpoi'uce.l an i a mention when the oblique 
r.iaberrations of the two types arc compared.

Using rectangular -axe t, y 
The aquation of a circle touching the axis y, centre t=0 
may be written (t-2f)'^ + y"̂  = (2F)^

or if t = y‘4  t " yd
Expanding by the binomial t - 4a'  ̂ b ^

The paraboloid who:.e vertex touche 
the sphere formel by revolving the circle about its 
axis and ,vho ;e focal length is ul^o is given by

O
t =

and it will be uoen that the conations differ by the 
and higher tcrxis,

—  jO —



lectin^ the higher termu, the ilfferoQce
•r'̂ ,

between iho t .w curve j hori ..ontally i ̂ giv-in by 
The paraboloi.i mirror ha . the property that plane 

wavefronts incident alonn its axis are reflected as 
spherical, Consi 1er now a paraboloi i with focal 
length , who e 0 :u,.tion is

subtracting 0  @   ̂  ̂ ' vF  ̂ 4v
This difference may be produced by a glus plate 
figured to the profile

1/

put ting ■‘> - L f  I . L  - ~ L  ') 
"TIT U p i r  /

u_.u\0

1 ' g r t h " )
The .troiigth of an aspheric plate i d e f i n e d  as 
(n~3) time ., the coefficient of y *" and here epual 
The value of 'a’ may be fixed to give various pi <te 
profile ■

f t G

1j

= O

s i

=■ I



/U, ill Heated o.^rlicr, the profile of the 
plate mu./ be cno- en to minimi e the colour error.
For a cro.-m-gluuw the liipor .ion be con i (ore.l 
a. l / 60 t h  the levlation producol by the prism effect
of the plate.

-  )
\ThUv. .f roiu U") -  ̂ ^  1

hnl for the minimum colour error the value of ./ =
\ f Xhoul ’L be eou-.ll to the Vv.luc when h ' ' x 'I

i i greatest. T.aij give., a = 2.
s . , . , * J_ y j- 1, - ( F t>L \

c o jo u r  p i i t  maximuia g f ' ' y. -  I' ' , , ILS r \ A.ao /

Thi 3 corr-) pi on L- to a neutral i;one at height 
'.? i riTo i.>Ov.; >- j V Jt

Although the thirl order uberr...tion6 o.f the ^c'hmidt 
are e-ai.J. to z-o.ro, it io noco; nary to con .lier tne higher 
order aberrations. -everal writer., derive tne -e,

y. xi »S
Md'tin, bou./or..,, Linfoot, Ourathoo-lor./, in varying 
degreea of gcnorajlity. 1,infoot la mo t general 
out probubl./ Dou/ver the no ..tout. necs.u ,c of the 
npherical symmetry of tiio - -yntom, in order to 
leten^iine the imago error at an angular lint nice 
from the centre of t'.ie field, it i ufficient to 
calculate the effect on tne axial image by tilting

— O'g —



th'j pl. .to. Following BouwePcj
suppo o t iO corrector is of the form. T = B̂ (y)
Then a meri lion r j inci lent at m  ainle é at point
y ul'l 1 be deviated (from the formal . for un inclined

'■"‘ “ ’r H .  4'- ) i f i . T l V , ' ' )

but triij ru.7 i li -tant y co . & from the contr.il
r*u:/. Therefore the correction repaired i 

( n - I / P ̂ 1$ )

z (c - < W  * ( h " h nL h j

Expanding by Taylor* Theorem, thi , bee moj
(n . < ) [ F I li) " 1

The difference between the deviation sni the .icviation 
reouirod

l''^ F(’-}) 4. 1 F (h j J 2ieg'lectlng high powers. — (?)

Thi a equation may be applied to sny fora of correction
plate, ..nd one ma.v see from it t int the ^épuration
i of a rciii-J character and of a  ̂metrical nature

m
and .:Jiiall. binfoot Jio./.r. tn̂ it the_c re i iu..l 
errors rep re ent 1 j,t oral .phcric.d. aberration and 
is addition a .pccies of higher order a.tigmatiam.

Provided the focal ratio i. less thun F/3, it is 
enough to know the coefflclenta of the luarod and



fourta po^er tor.nj in the expun.sion of the plate, 
liowever, for higher aperture^ it 1 nece.i^ury to
con à 1er the elxth po.verj well,
T ike ax8 . In the plane of the plate x i:uii y, m l  
. along the optical axi,.

“ h J X ..*jL f ,y V f h r
Let the enuation of the plate be of the form

1 1   ̂ J ^» A ,y< ■ •* LyT' ^ ^ *

The coefficients, may be obtained by considering a
geometrical fi^pire, vvlth neutral zone at height aa vo

in addition put^,^

y
i

I\x
mc r

From the geometry of the figure and the Gau.,siaa 
optica, it may be aho^n

I - c )
h» - I

and then by uaing the equal path length principle, 
one obt..in , after aome reduction,

0 1 -



n
/ J- l M- - < '

a- }

©

Trio equation thus i ,. ,v rit ten 
jV' ~ I ) V s 4; /' {V ^ V Vv ̂  ̂/'* f V ~ ^/V J, ,  (])

. r /QP - I ) S i \j*‘ V Vü y n  \ ^ y*' \ V h *̂*”'sl' J O/'

i'Joiv lot Vg = ( I + kyi ̂ . a,4 )
A., before the .lope at the edge, of the ute eh oui i 
equal the steepest ilope on the bulge.
h?/

) éj * A" V ̂e%v
/vJlTv. ̂ X f  ̂4  y  ^  y ̂  ̂̂ ) 4 .A

^f \ V V   ̂t Vo y ©  ̂ 4. ^ y* )
" /

,.\v'
'vub .tituting from (5) into(u) and neglecting powers
of <'■ higher than the sixth, the ...tut ion a ry lope is

yfount when b = In ,

This '-'v ' f\/î̂  ̂A- )
and substituting back in 's^

(■'’■* * fr, ( r''

{4.. -■ ht  (

\ xauvt

■ ©

©

(G)

j>



3Li
Tac c formulae were fir.t yen by Baker

ii-lÇ IrO for UoO at foc..iI ratio... ..liorter tauii F/1.
II axact -.md Ap.,.ro%ini ,te Coincututioniuuc:.'' 1

nf -climldt Cwaerutf* u.,ca the path iiffercnce 
mot ho.I 1 i 0,1 directly to the c anc ru.
u..T.'0 .:o e 'u.itioii of the ol...te lo o.!:' tue form

s t

r %.

■)0*

Lot tae paraxi,.i] quantities be iu hcatc 1 by the 
.. ufflx o
Then the foe h lonjth F ~ Ih: e,. A ie V
Let ^  be the oplieelc.Ti aberration of the .elected ray 

Ls  ̂ %  _ 6',L c-
Therefore F = 1 t- ̂

The optic..! length of a paraxial ray iu.
yr ̂ "R r e  ^ - *-

From geometry F

©
©

dG -



_ {- / }

/ \
IJeing Pythagoras FP =  ̂̂  ̂ ' j 1
üerioral ray path TT « ->t -*- %i= /̂ v'̂  t F ̂  ̂ — (£î)

/W» & I /Vp( t ^  i  ̂)
li'rautirifp^ :.nd(j_p

hi ace it ie po. iblo to compute X and \  a a
_ivoa below {^) could be u e:i ao it at .uidc
Variouc. lead exact but inipicr eyuationa are
obtainable. differentiating (2$)

k J k - ^ /I k  ̂ A-a - (£{)

at the inci ience point of a selected pay
O  'jktrt. -y - d A  >rp>:iJ!L 

cU, f
A  ^ k/' - idi' “Siu.'

1 3t , k ̂  k  _ ( T Tt ̂ • . à 'V—-

From llS/' ’̂ /̂riay be determined ex ictly ince for the 
oelecte I ray  ̂ j  V_* ^

By expun.-ion \  ̂JÎ2—  ...iP..—  "* .—  (TT)

âDFor mool i/urpn o., the term in 'ri woul l be enough.
Another Cination of intermediate precision >uit.able 
for any telescope likely to be coujtructci is
(r% - £U (l - 1 -T ck * ^ . P I j "  ̂ ^ ©



obtained from aub.tltutlng for &, » 1% und
c ncL.ilin^ tent. Affsctlng only the eighth or further 
r.igniric.uit figures. Certu.in iet .11_ of the 
doriv.i.tion of C£j^ are of latere :t, as %, occur j
in ai a 11 Vi...ion of n, ani equating it
to unity corre o n 1 to correcting the ray for 

a olightly difforent v/avolength.
From. Figure 1 6> -

} ' '

Substitution of thi in Qj))with coo = 1  gives

It huo been shown that for the least 
possible departure from flatness at any point of 
the plate h = for a plate correcting up to
fourth order terms.
Another choice for h would bo to obtain the : mallest 
average deviation^ thu., concentrating the 

chromacity blur near its centre and getting the 
üOc't possible re solving power.
Till.., gives k .J *<h h

18



Strno*7̂ ,refi gives for hi.; formula
X = sn X 10^"'h'̂  - G. 2b X 0 1

10"" "h^ —

Using Gcua tions (94) and (do)
X = 5.001 X 10"”d^d J- ?po* 1 *■“* ' • 0 " d VV X i C ' h A — """—

Kpuation X "it h cdr 0 X at h a T. at h 1nflexion

(5Ü) 191. 3 1J6.95 76.
(9a) 19Ô, 9 liü.Oo ft)#0

( % ) 190.1 117.6 76,6

(̂ 17) 12 ', 7 IdO, L /6.Ü

©

This tabl e of course jhows Lucy* 3 
eauabioi'is are slightly .-.uperior to .^Lroomgroil s. 
hoc u. e of their high lumiao..ûty, ,.>chnidt eystenie 
h- -.VC boon u-od in television projection cyoterns, 
their curvature of field making them especially 
suitably; H, S, Friediaan ha i given u method of 
computing tho ..chmidt fl.ate reiuired for near 
projection using a ray tracing method, although 
essentially, as ,'ith the previous method ., the 
optical paths are used.

Ravs are computed at first from the tube 
to the screen, thu : making the aspheric .^urfuce tne

—  i.‘) Q  —



la-31. The . y.ierical aberration là remove i :xt thi
centre ''i the f iel i d j equcll_ln^. tne optic il path 
Ifhigtiie. Chroihuitic àberr. tioii ! .. by
proper ^election of the con..tant.,, of the rye tern. 
For a h X jna^^nifloation the height of the neutral 
'one ie about 85'/) of tho ol^e.

F

The optical path from 0 to F lo compute1 uni 
the opticctl path of any other ray from 0 ue veil.
The lifforenco K between the t/;o ij founl. Then if 
K iü the .lifferenoa 
y or CO optical ath iif Terence

K = 4 a?
ïi/XlH ~ njc/C*fO

= (llif -

iÛ -

(3>
0



. f se.L6.1[H ^  ̂ & ̂ L n' m  X a

aiiice <K, ->i a il vire ■letemined by trie m y  trace, 
and ^  and n are oonatanty of the y^tern, Thj 
enuation Is a "UuIratic in x.

The a h ~ ii ~ x --

Th'ut the coo r.Il il; .it es of the correction plate may 
be foun h
for obiinue raye the trace is started at the oreon, 
ana raya directed from a point on the ocroen to 

a point on the curve which Ic already kuovii. As 
the normal .it the point is known, a ray i ea ilv 
traced.

Maioff and hpstein have written on the 
u,.e of the ..>ch;iidt in projective television. They 
con: 11er the y  stem give- a gain of 6 or ? to 1 on an 
ordinary F/S lea i, vyth a quali ty of image comparable 
'..ith an ordinary projection ieri:>.
Aberration balancing over the _\&holG fiei A

Corrector piatee de ignei to give the beat 
error-free axial image in tni., vay, although giving 
a performance r.ited aa high by ordinary .:>taniar 1 ,

—  11 —



: o&âea . the il that they lo not ‘b-.laiico
the aborruti0118 over tae ,/hole I’iei.t. The '
are ..riTialle.:,t in the centra of the field and increase 

in _i le to.v- .r ■ tae ed^’O. h number of paaero 

leecribe metho Is Tor balmiciii^ the aberration :
it

over a wider field. n. f.. "aormncr applies uuch a 
method to a F/ * ? he mai at Tor 40^ u.hnp j-ucy’ 
approxImate met ho■ i.

L*. k
■> y r V'

/ I.H

( CA A c TOl% 
/» t A T ««

o ac\ O \ of * C *. D r- A, 4 L C< V

J .iiifo o t and h o l f  d i icu . :. the  rob 1cm o f  

l6 . ig n in r  the ^ e p h o ric  u r f  ace .jO a a to  o b ta in  

optimum p 'r fo rm a iie e . The e n u a tio n  o f  the  p la te  

ac b a r a lre a d y  boon jecn  may be w r i t te n  ae



a
'f

yLt_  ̂a ”or if f )v uumoric.-X ..r,Grture I
« M  *  ̂ I a - a V ̂ ) r 01 V ) ̂

ari_ abT-r tion. are $X ..aid S X  me.a.ureith:3 off
in .'60on t.:i of arc.

V - a y w  V ' % r  h  ' i f l ’- jL

O )

~   ̂-“ l i .  1/r'- •.»') j <* jv J ̂

For light of (.t -Ilfferont ,;.ivelongth (refractive index n )

the iMjLs of tho axial II"” pencils are no longer 
brought to a sh..rp focu.. If £i - u -ÿ- Cy* ̂ ) the 
aborr.. tion ; ire Uf)% given by

Ai ^ ( y ’ * - . a v ‘ )
, V, » »-*• -V..

4, K M * I •• A  “i 0(K }
" T

:u pn.jO be ;ome .elected v.luo, und .-.uppô e that
T"\ an i i'4
Then in piacc

A o I/-')
of S X and V y  , u je the lu.entitles

de f int ̂  by tho equation SX = Ji/ uch that
jp* . *N, fe I r j % * A ^ U -u. / ̂ +. a. i "fSX  ̂< SY : '— Lt»w. 3 X* X % A @ j y

the error i o only o (Myw ̂ j iTi each caae.
- 0

— id —



From LJx  i .. i:g c ,ii ovixv  be v a r i a i  by 0 ( />*'“ ;

it fo.l, lo.v to . ithin un accuracy 0{ ) that > ̂
(, y ini *  ̂ i on i y on n - .ni <{' , ai-

..-are inlo.cnlent of a ,o
The t n r m , h  oricr of l.itor.J ulicrlc.]
cberr ition ani hi,.her a, tigmati.,m, may Ln b.-.lauce I 
out b-f f drln._ the pl..te fer un iercorrceLion of 
the ph ric 1 aberr.g,ion o^ i .i for L ie fir t, ni 
increa .in̂ : the contra) bulge Tor the .,cc)ui, i.e. 
by inoro.. Ing a. aoaey.j r, too bi{̂  u icx-uctare froin 
the ieter..u:ne-.l v...lue of u -will e%cr . Ivo
chronuti ai m l  poll tue performance cf the . ;/ ̂ ten.
rom it nape <r... in tVi le .in^ie ..‘/..t«»•*»« w ke *e

t t  chrom *ti .'Xi !.. not o l.-'iportrafl-.
but in l̂ -:rge a. tromonicul .coai.t.j. wording at f 
or 1 . racr, over a 5^ or 6^ f i d  l, con 1 le ration . of 
chromât l ..,:i ..la'/ the lu'.^er a .rt in ;.etarminint: the 
r rofilc,

The 1 leu of oyti; .1 ing t;ie purfoiraunce over 
a . iv'.ui l i d  .1 c u: be Int-orprete-.i in variou «vuy .
One motho ; 1 to t_,ko the ,̂re to t inu^e liameter for 
LÙ1 object pointa in the given f i d  I and for all 
Æuvelongth.; in tho given ringe, m l  the U-.imetor



mall ai poajible, Thi. me tho.I huco certain 

drawback and Linfoot and bolf iefine the effective 

radiu à': the equare root of

^ ' 7  j) * \/ j ( ito dynamic, analogy
X  ̂H ̂ would be r idius of

gyration)
and the effective monochromatic Wige-radiu.:: over 

the field the nuare root of

G = n-Tra >■ [ (([!■»' d a  ̂do
X.

jr
y .  ( J (mean square average

.M'rv/tij over the whole field)

The Value of iü = il ( ) ij different

for variouo wavelengths.

After lengthy analytic the value of E* where E" i .3 

defined by E = i a 0 ( m  J  la arrived at.

jS:< = J- k V'-J.'' ' b i t  (1, . r O  *
1   ̂ , . X (Î -tâl'tf'’' r'] *tlwhere 4 .

Thus the effective image radius in "n light ia
/ _ ^\i f

^  =(e "I f

If we define e* uch that
- - L



A graph i.; plotted of (eA)i' a 3 a function 
of a and n . From this graph the minimum value of 

may be mea ure1 off and thus a value of ’a’, 1
I X

obtained to give a profile equation.
Two example . are quoted by Linfoot an-.i holf, which 
show th.it at apertures near P/d the optimum plate 
may be obtained by ‘-lightly decreasing the strength 
of the ordinary colour minimijed plate. Thus the 
example given of an F/-3. 5 plate puts ’a' at about 
1,3; while in wide angle syitems at F/1 it is better 
to use a plate with the neutral sone at the edge, 

the example given a = 2, At the same time the 
graph shows the .diminishing importance of the 
chromatism at the larger field and F numbers.

Field. Flattening.
As was seen in p.art I, it was suggested

If
by Vaïslilâ in 19.55 and F. E, Ross in 1940 that the 
curv.ature of field of the achmidt could be removed 
by a field flattener len , This snoul I be a 
piano convex lena ..ith the curved surface facing 
the mirror and with a radiUo of about one sixth

iHof it. Linfoot has con idered the aberrations



of t:io field flattened cliini it.

U___ I
‘"1 

111X R1)1 -,regarding the abert* 11 ons for the time
< eing, of the converging pencilo, ..uppo ;e ail the

I
pa'/fî are converging on pointa in the curve I lo ,
Linfoot fin.1,0 the image cpreads -lue to the field 
flattoner J.one, which are of tho same order aa those 
of tne camera, and ad In the t ,'0. By consi ieration
of tho geometry of the figure, the fifth o r d e r --̂ horr at Ion 

thjinction of the eystom may be obtained, from which 
the onl•/ a viaetrlo..1 contribution ia represented by

Thi,.; coma being proportional to )
vi'jxi lies at the centre of the field and is very small 
in practice, anl may be reduce.1 to less than one 
third its v.lue by moving the plate along the axis
towards the mirror a diat nice   ^

iL o u  « Î >  ‘ —  (ijy
« d ( A / « )

A further iinprovemont can be made by adjusting

i? -



the focal setting according to the figure, ahich 
gives the chromatic aberration. The best position 
for F light is dotted.

f- \ I H ^

A better colour correction may be obtained
by designing the system from the first as a field
flattened Schmidt, instead of taking a plain jchmidt,
adding a flattener, luid moving the plate to balance
the coma. Thus, if *a* is Increased from ^/2 to
1. 705 the colour lines move closer together,

T 0, X ( s

■tb



This improved system gives aberrations not much 
larger in si-e than the classical .^chmidt.

aolid and Thick Mirror Tvnes.
The design of extremely fast .^chmiit-type 

cameras for astronomical spectroscopy ha- proiuced 
a number of variations. The thick mirror ochrnilt 
has been described by Hendrix and compared .vith the 
ordinary type. The type is shown in the fBllovving 
figure and compared with the ordinary uchmi it.

o ny

a r<

oJ

C .J S  j . s f li Ï f O  £

V, , I v' ̂ < ds »/ /■ <
If a solid mirror /2 in thickness, dilvered 

on the back surface, i> used in place of the ordinary 
hchmidt mirror, the speed is increased by a factor 
of 2t-3 times, depending on n* Thus the speed of

— 4:9 —



.m i**/* Go caméra may be obtained with the field and 
correction plate of an P/l, Better atill, the solid, 
type Jchmirlt c xix be niade of a solid piece of glass 
or quartz with worked end faces.

S CHnf'Ti \ /  /

This type becomes n"' times faster, and thus a solid 
Gci'iniidt of diamond could h^ve an aperture ratio of 
p/. 'Î.
A aubv iriatioii ia the foiled Schmidt.

ft 7» b 'z i

IXAccording to Baker, Schmidt himself contemplated 
a solid glass camera, but did not make onc^ while his 
colleacuos at Borgodorf considered the thick mirror

50 -



type afforded the best answer to the problem of 
obtaining access to the focal surface. Unfortunately 
the thick mirror type is optically inferior to the 
solid, and cannot be used at the extreme speeds 
available to the latter. P/. 3 is practicable.

l"or the solid jchmidt the formulae as 
previously developed may be used, replacing 
n- ; by The form of the plate is given by

X = ay^ 4 by^ 4 cy'"̂ f
... 1 A

* 2D-b ~ V v*>h L < -

- - c ^C = it'

The equivalent focal length is given by
= - - ' J

As the oblique rays are refracted at 
the figur>."cf surface the field is compressed towards

f
the axis according to the expres ion sin Q  = sin 0

iand the focal length is reduced by reducing exposure
time by n^. The excavation is multiplied by n^ so 
that it is necessary to use the exact form of the 

profile equation . By a similar treatment Baker 
obtains

( t-. i - * ) " i ^ * ,0 ^ - I "] ----
,{ ( r > " * ) « ((l~ X P f + ]  ̂ /̂ ■* I  (YJ)
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^  %  'iA/V- (j) «• t|- * ^ ^

The occurrence of the factor n on the 
right side of shows that for a given (j) , the solid 
nchmidt requires deeper figuring than the classical, 
but this is no real disadvantage the classical 
form must be made more compact by the same factor 
to obtain a given actual speed. Further, becau e 
of the angular compression of the field in the 
solid form, equivalent focal ratios are possible, 
which would have not been attainable otherwise.

Composite or Meniscus .>chmidts.
By substituting for the aspheric plate 

of the Ichmidt a combination of aspheric plate 
and meniscus lens concentric with the mirror 
surface, a system may be obtained who e performance 
is much superior to either the Maksutov or Jciimidt 

csmera. bouwers, and liawkino and Linfoot have 
published information on these system:^ while in 
America the so-called "ou. er-ocVimi it Cameras" 
have been constructed to the design^ of Baker, 
having an effective aperture of 12̂ -" working at 
F/, 62 and covering 55° field.

- 52



n

ïheùG cameras are used for Meteor research, 
at the two harvard meteor-ohserving stations, which 
being 18 miles apart,permit meteor height determinations 
b y s imu 11 ..me ou s p ho togr .:i y a , i.
Hawkins and Linfoot consider a system slightly 
simpler employing one lens meniscus.

i l l

J . .

I I I

/ t
1̂'

L
In the classical ichmidt converging power is 

provided by the spherical concave mirror, which it

— h t3 —



is the function of the ichmidt pl^te to correct.
Thib it does at the cost of introducing certain 
higher order errors, lateral spherical aberration 
and higher astigmatism, and a certain amount of 
chromatism, the good performance being due to 

the intrinsic mallness.
Using a meniscus the Seidel aberrations of 

the mirror may be corrected, and uiing a atop at C 
the system suffers then from higher order spherical 
aberration, and colour, but is uniform over the 
whole field. The residual spherical aberration 
may now be removed with a plate of the form

s = cr^
and the colour corrected without introducing too 
much other aberration by making the plate in the 
form of a cementable doublet, from two glasses of 
the ssime refractive index, and different dispersions. 

In the design, a concentric meniscus was 
found by trial so that the angular deviations of 
the d light were as small as possible. Then if 
the focu.T be at a point, say F, rays were traced 

outvfards from F through the system at r:uiglê  , and 
their inclination 0 to the axis found.
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The colour may be i l l u rated by plotting n^

b J against in 0
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By choosing hard crown and telescope 
fhnt glasses the colour error may he reduced to 
8" of arc on 18^ field. The off axis aberration 
may be analysed by the same method as before used, by 
considering the plate to be tilted and calculating the 
effect on a ray passing through a thin, nearly 
parallel pri.am.
As before the expressions __ ' iT h
a - ' H  ' f ' C"" o  ’ T JTT̂  J
represent the components of angular aberration 
in the ray through the point x .
Trie linear deviation components ^  ̂ are given
by multiplying  ̂ f and ince the plate is 
a oOlid of revolution T = T(x^ 4- y^) = Tr^

^ * S (v". ■ i 1 P ' 4  f h? ^ ̂  T  jy g U  Vv < ) j j

introducing P ^   ̂  ̂ /fa)]
who e ^  derivations g ̂ / j = ? x P^(4 ' ) measured

in seconds of arc the radial deviation imposed on
the plate by a ray meeting it normally at a -one 

of radius r =
a n d  a l . o  S K  . m  5 /  VA » f

SO that 5 Y are the apparent angular



aberrations in aoconds of arc in the incoming ray.
Then
1 * -( ̂  'Z •- ' (p i 3 0 j  ̂(Us i -, '// I A ( * g V  ) ' p î̂t j j ?

where .% S = radius of the aperture stop

It may be shown that the l’unetion
g M  ) » ‘ v>‘?>f f (j. a mo o-f  ̂̂ i,o agrees with the 
function ^ of the graph to within ,8’* of arc.

Thus P = Ù/ ) ' f I) / f ' 1 ' / ; ip may be
calculated for each point of the aperture stop.

By this me ..ms it may be seen that the 
error spreads of the meniscus ochmidt over an 18° 
field are everywhere less than 8" and that 97>o of 

the light fall ; in a circle of less than 36" of arc. 
Thus the total error spreads are less than ^/iGth 
of those of a clas ical ichmidt of the same field 
and aperture ratio.

o 7



Part III
Two Mirror .systems and More Complicated Mirror
P i u t e  y/stem 3.

Two mirror telescopes and their variations, 
ichmi it. Cas..egraine.
Reflecting microscopej.
Paraboloid field correctoro.

Two Mirror Systems and more cornulieatel Mirror 
Plate systems.
Two Mirror Telescopes ,md their variation .

A. ha.,: been ie criuel in part I the tan lard
form of the Cas3egrain 1 an and Gregorian tele^^copo ̂
u.re confocal conic sect ions and abject to the error

f
or Coma, the arriount of which, a . ..hown by A, C, Lnnn, 
i the :iame for different confocal conic sections 
of the sane focal length. Various modifications 
propose I for practical reason^, such as making either 
primary or secondary mirror a ophere, and figuring 
the other for zero pherical aberration, on]y tend to

»i
make the coma wor ,e. Robert j-’.*. Jones has derived 
formulae, which show the effect of mall modifications

— t



on two mirror systems.
In the ease of a single parabolic reflector 

the departure from the sine condition is given by

\ Co / G 'U —  J.
Let A be the ratio of the focal length of the
combination to the focal length of the primary 
mirror. To con ider the efTects of various 
modifications on the Gas egrain the equation of 
the primary i w r i t t e n

, r Jj, .f- *— Xû  y

and for the secondary

the quantities A  , * P f ,1!̂  1 af  ̂ 2̂ f?, I '
1 J -a'h)'

represent deviations of the primary and secondary 
mirror from their original parabolic and hyperbolic 
form... Thu .a putting P = 1 makes the primary spherical.
The spherical aberration will remain corrected if

If Dg is the diameter of the secondary and Dp that 
of the primary

: :Li —  y
3,

-



^ ' s.From o I nations i p j, " ''  ̂Ti / Vrâ ̂  j
The offence against the sine conditions may be written

(' 5  .  i ) L_i '
V?'- /  , -  I

where ( . | * '.2^' ( I - i ^
or in term:; of P c - I  ̂ B  ( 2.̂ > s 1 P m

For chvn.rzochild* s condition of ap Ignat ion Ü = 0
and S *> ^

<h, — li

hhen these value a are out in  1. and J  they pro tu ce 
. light overcorrection of the prim;^ry and an 
increase in the e c c e n t r ic i t y  o f  the h y p e rb o lic

secondary as seen in part I.
Fo r the con >truction o f Dale and Kirkhun employing 
a spherical secondary

a = ; * BJ!( h “ *■
and ,  I ^ f t  -  ! - a-' ) 1 p  I -  htg, L aft * / J
if = i and A = 4 G = 8. Thus the coma

n »
is in c re a s e d  eight times .over the standard C assegru in  

by t h is  modification.
If the primary mirror i , .pherical P = 1

and  ̂ _  - i k

[ x  - i* " 4'( A '  I J  B a  ~ f
for 3a = 4 and A = 4 G = 24. Thus the coma
is three times as great as in the previous example.

>0



For niolification of the Gregorian
-  ̂ i A  1 A  .L J(ie.J

ïïhile tUo factor of increa je of zonal magnification 
C = 1 • à2 ( I } P

X L
The coma of two mirror ayotems I3 shown by the 
follo.ving graphs:

i Ÿ

» 1

\\ 3

c

\\
{4- i <i-Qr is y

L

Î

JU *
X r'x/y

X:  ̂V ̂ fv %' ,4 /I 3 
i. (, fit ft «'v

O / •'
 ̂Aff Æ •'? fC 4. & ̂  < C T}̂  "t >

4 : o

- l O

A
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From these graphs It can be seon that 
the attempts to make bhe type easier to construct 
only Introduce further amounts of coma. For wile 
field photographic telescopes it is of course 
necessary to consilerfurther aberrations. The 
.'ChwarsGchild telescope, although apl-anatic, 
retains the dofeet of astigmatism, which is 

distributed about a nearly plane focal surface and, 
furthermore, ./hich is small enough to obtain a 
moderately large useful field, bright, using the 
ochwarzschild equations, has generalised the Schmidt 
camera into a n entire fournily, and has shown that 
the two surfaces of astigmatism cannot coalesce in 
a flat surface by means of a correcting pla te and 

an a spherical mirror, 
bcliaùlt Gassegruins

J, Ü-, Baker in his important paper on "Flat 
fields 1 cameras equivalent in performance to the 
Bchmidt CLimera" first suggested the idea of the 
Bchmidt-Cassegrain type of c-miera, that is to say, 
a system of a correcting plate and two mirrors. "One 
c m  see that such a system properly designed will be



free not only of ophoricj.l aberration and coma 
of all orders, but will be anastigmatic on a flat 
field to the third order."

Pi r i

“ -iv* %
Fyen after all the conditions for exact 

aplanatiun and after the third order equations 
for anastigiTicitism and flat field are satisfied, there 
remain two free parameters, being the distance of 
the correcting plate from the primary mirror , ...nd
the distance of the photo plate from the secondary 
mirror All the constants of the system c n be
expressed as jîational functions of the two parameters. 
In the following equations the equivalent focal 
length = 1.

In order to commute the constants of u 
given system, one mu t first decide upon the value of

-J -



T/ien ^ I _ ^
and if 0 " O

T * ' b ( ; , J , }

\
' , /

i ( i - t»i- ^
where

LL V d X  { / * ''■'< 5 ) ̂

I ̂ f ̂ f )
I O #-  ̂ Al,f * <d'j ■  ̂ Jj. ( >‘ '̂i )

Î?L.. »fi~r«»n— tcw ni> ii w#*wi*i**w»rtAew»-*>«NM e*w<rs»«#w-*-

The quantities of B, C, D contain the 
two unknowns  ̂̂ and V- ./hich have the following 
.significance:- In the coordinate system of the 
figure, let the equation of the i^^ surface be

if. . ’■■’ ''■■y y I ■♦■ * ' a * ^

• * h,
and if the surface is spherical ^

The quantity ^ , represents the departure from a 
sohere uch that for an aspheric urfuce the expansion 
runs t ~  ̂' I 1 ^

- (3 1 -



thus ê ,  ̂ 1; * ^ L
In order to evc.lujitG J ^ and j ^ the follow/iiig 
equations must he satisfied.

G + r, \ ^
B 4. q A 3,

Thus for each value of .4 ̂  one obtains p articular 
values for -.•• and f .
If distortion ia al o to be zero ( a condition 
UoUally unimportant in celo .stid photography)
then i)  ̂ A - I

. 'fL-
'■* 'f. : r\ - ' Ï

Consi 1er it ions of tube length and 
manufacturing difficulties identify four important 
single paramietor f ,1,111 les of nearly equivalent 
performance.
Case A , Correcting plate clOsO to the secondary mirror. 
The tube length reaches u. low value but the mirrors 
dep.rt fhr lh»cmi spheres and cury.turo of correcting 
plate is also quite largo.

Case B. Criterion that the secondary mirror shal1 
be .spherical, the dcp Arturo of the primary mirror is 

also small.
Case C. Primary is a .sphere.



Qâse i), distortion to bo made zero.
The correcting pluto of each of the new type of 
cameras is. of higher curvature than the bchmidt 
of the tvmie focal length and aperture, consequently 
the dispersion causes a more serious colour error, 
dep,ending upon the value of b-,

As in the jchmidt it i desirable to 
introduce a central bulge into the correcting plate 
'30 that the maximum slope of any part of tne plate 
ia minimiaed. In order to illustrate the 
performance of the system.) the author has traced a 
number of rays accurately through omaera B. The 
correcting plate was taken without a central bulge 
for ease of computation. A differential correction 
made the system extremely aplunatic.

i»
C, R. Burch in 19 4S used the Optical .ee-aaw 

diagram (about which more will be said in part IV) 
to design a Baker C(.miera. briefly, the dee-saw 
diagram re%j re cents the ieidel properties of systems 
of spherical and a:,.herical surface j of revolution, 
by placing at the centre of curvature a figured 
nlabe which corrects, to the fourth power, the spherical



aberrations, azid by its position the off axis aberration 
of coma and astigiii iticm Uo in the .'chmidt camera, 
and then images into any convenient repre entative 
space all the plates which the system posoesse 

Thus the system is replaced by an anastigmatic 
system and a collection of figured plates,some of 
these being negative^, of mi sing anastigmatising 
plates, and other figuringa on surfaces which may be 
aspherised. The plate diagram iij situated in an 
image space for which the object is at infinity. Burch 
calls this "star space". The strength of the 
plates has already been defined as the retardation = K. 
(zonal' radius)'^ and is altered by im_.,_;lng, inversely 
a the fourth power of the magnification. if the 
platos be regarded as masses proportional to their 
strength poised on a see-saw in star space whose 
point is the pupil of the system, then 
(l) gpherical aberration is proportional to the 

total weight on the pivot.
(‘3) Coma i:.- proportional to the unbalanced moment about 

the pivot point.
(5) Astigmatism ic. proportional to moment of inertia.

oY -



( :r) That p.i.rt of the di,.,tortion which i not
aooociable with the rccro :,entntlon of t.phoreo 
on tangent pi une j i i Topor-t ional to the third 
moment of mnss about the pivot point.

Taking a Baker c .rnorn for example, putting 
f = 0 f = 1 the figure i con .tructed a , dio.vn

js a
To con: tract the aec-auw .li.agr.:ju five

piatea are involved.
(1) Anastigmatiaing plate l a c e d  by conoave inirror 
(p) Anaatigia. tioing plate lacked by convex mirror.
(5) Figuring on surface of concave mirror.
( 1) Figuring on pur face of convex mirror.
(5) Figured plate.

Plate (l) i.j in etar .vpace already, rlato (2)
i:-i t the centre of the convex, i.e. 3, 56 in front
of the concave mirror. Thu., it ima^/i . into star

:p,.ce l.l.P39j in froait of the concave ,ith
magnification '^2^. . hl^te (d) io 1 ..o in et^^r

2. 66
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opace ali’OiacLy. x'iate ( i) io , 53 in front of the 
concave it images 1.o8o95 behind it. ^hate (5) 
is in star opace already.

The strength of the anastigmatising 
plate lacked by a concave mirror of radius of 
c u r v a t u r e , object distance , at zonal radiuo r
r =
iaking as unit of strength so fcn.̂ t the

•>
factor Fh may be dropped.«.*• - ‘I
H a t e  (l) has strength -1 retardation units.
JL late (2) has ..,tren.:th / ■ ̂  ' since the convex i;J 'i' ÿ ‘
used at u = . 13 and image^ into star space .vith
s t r e n g t h / = ..110335 (retardations)

Let plate (3) have strength retardation- and
plate ( i) fZ in star so ace, t
The plate diagrmu may be then oho.vn

X 1
I I d ;

IX
_  (
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The strength of plate (o) .569635 7- (p nuj
of coar.,e beon chi; en o that = 0 , for %ero
Bpheri o al aher*rat i on,

Bow . etting = 0 for aplanatism and (,mx^ = 0
for anastigmatlsm

6. :)8095(^ f 9 X  f .161653  -  ( .5 5 9 6 3 5  -  (/^  ̂ = 0 - 1 0

5.580951^^ f  4«<+ .059341 +^. 559635 = 0 -  ^

Eliminating ^
9. 06791A  K 9.63571^ f .059311 - 1. 1 6 6 6 7 ' , =  0 

It is possible to control the contribution to distortion 
^ mx'̂  and still satisfy this equation by a suitable 
choice of s< andp . This gives the baker type b.
.'Uppo >e = 0

Then«k = -.09100 à = ,20607 and plate b has 
strength = » 538635 retardations, 

ouppo :e oc = 0
p> sr. -.00653 ^ ~ .24653 and plate 5 has strength

•- . 555105 retardations.
These examples give, of cour e, baker B and C types.

Burch thon con^i1ers mono-centric types, 
which have not zero pet Val curvature but have both 
mirrors spherical and are ana.digmats, Uoing the same 

method.
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Linfoot :i\x' oxten led ..aid generali .,ei 
the method of pi ate-diagram analyol « and ap^'llod it 
to the .'Chmldt-Gas egrain system

'Uppo.iG the two mirrors and have 
radii and , with poles 1 apart, focii and fp.
Then the plate d l a g n m  may be represented.

ÎX

I I

- T \

I

y

rI P.
P * fi a  ’S a d

,i ' i
5v.

For :.ero spherical aberration

oC r O

For zero coma

)(r
r, - cl o< r, " A' /?

F o r zer o a s t i gma t i am

/ f L L ) Y ^  ^ p.x r,i'
■ n ' ( c/H 1 * pd ̂  p, s r, ̂ f,

o

71 -



Thsn ^  ^ r, ' A \ \  r = y ± , i ’ ' ' r  ‘ ' ' à
7 » •' I f .

The plate ^ia^ra-n become _

% A ‘(llO-l
/ , S '

i
- j—i G ~5_lis-5 tV ' I ' XThe conditions for* the fir* t tnree ..,;el iei error 

become r /q # r - iJÎLllJi' r iI M'
”  ■■

1 ( Lbi )'(3 4 r'r * I M 1 Li. ' 1  . 4-
The _-e three equations specify H I  the .^chmilt-Gas-egrain 
ana tljmata in t e m _  of _lx parameter
A B I" are the figuring depth, on primary, aeconiary 
Ljcd plate ejprs . .el in term. of paracolic correction 
of the primary a; a unit,
^  1^ the 11 tance of the pa^te in front of the
primary exp re : . a a in term, of a- a unit.

 ̂ i ■ the ratio p.
^ i _- the obstruction ratio for the axia pencil,
alternatively 1 - ^ is the reparation between the
mirror, exp re sel in terril of f^ a a unit.

On setting A = B = 0 the ca.e of the
ana .tigmat -tlth t^o :phere%= ani one plate may be
obt.âîiei. Tne equationj. become

-  '72 -



<j- r • I -  ̂11 s • t)( IS * > ■ %)
% ^

c -V  . 14- v u j _l l _ i 1 ‘
S"

Oil e l i i f i in u t in g  o- uiid r
I

nencc = 9^ or^ = 0  th;at iô to jay ^  - 2x̂ _ -
or 1 = f^.

Ctxoe ! ij when the jpherej are concentric and 

in this calie the. petaV-al curvature cannot be zero 
and hence the syatema are not flat fielded.
Case 1 is when the second sphere 1' at the 
paraxial focus of the first. This in fact corresponds 
to the flat fielded -chmidt, in which the convex 
secondary mirror is replaced by a field flattening 

leiio.
If the fir t t,vO equations only are

retained, and the mirrors made opherical, A = 0 and

B = 0 and ^
r = I - ^  ̂  ̂V S ~ a L 

V"

r , 1 I S ' ' - \ K i S - j )
S '
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'rne petsv .1 curvature is given by
—- r - à . U. T 2. ' ̂
fr F, f' 5

In ..•îcniiidt-Ca isegrain apInnate of high
définition, the off uxi astigmati houli be _o
•mall as to c ui e no observable effect on their
image sise for mo t practical ca e , This .leans
the pet.,.val curvature shouj 1 be ..aall, otherwise

the a. tigmati m  needed to fl_.tten the fiedi will

spoil the lefinition.
Flat fielded anucti^ats iescri.ed by

naker are characterised by haviiig -i. = 0 .
F A

1 mi s u. ~ « —1 a.nd Ç — a 
f.

Type A . ;hort tube. This has tae corrector plate
at the focus of the primary. hence -̂ = 1

nnd A — _ { _ i 4
B = i, '• }

; - a
(TMtt :n

The ii tort ion i . about /5/v\jit off axis p i n o u h i e -

Tyne b. .jpheric il secondary. i. e. B = 0

A = - * m  Î ~ *t ]
<

r = a/ ̂ f
ûiotortion /SO/oA-^t a b_.rCLdL-

- 71 -



( i ^r = P  ̂--■( 'f i i ■ g )
Dl,..tortion froo. The condition for soro

j.i i.ortion froni the plate iiagr.,m is given by
' - cr
V.. 'I

‘ r  ^ 2. p. ■-1 j'< : OI. ^
A = p - i - r

B = ' ■'% Î ̂ ' t
r = - L__l h )

By L i nilnr methods Linfoot oXtenle the argument to 

t/m plate systems to reduce the chronn.tic error, 

re r trieting hio examples to two a.here, two pl^te 

ey stems.
id A. h'oyman h,.vS obt lined the higher 

aberrations in the ca ,e of the monocentric Bcrimidt-
SXMM tf r*4

C .asegrain cameras using the spherical
method evolved by Caratheolory and developed by Linfoot, 

Thia method cannot be a pJled to the general Cchmidt- 

Cassegrain system but only to the monocentric type.

i' Ü —



\©
f

<-

Lot f anï be the Toci of the t.vo mirror^ lii if1 o
Lac raiiu:3 of the primary oe H = 1

fn = f,> = j. '> = ratio of-L - ■o X r V
flit tingyA = ■“ where ii io the r^adiuc of the aperture

stop and suppose is small.
betting coordinate axe »ith x'̂   ̂ ]î'‘ - n'̂ r'̂
The plu.te profile is of the form

The p_iraxial focal length of the plate is given by

^ arn^-i) ^ ,
In the figure the neutral ray i- &,iven by di^ -.vith

—  i3

r = r^.
J. . -,Therefore ^

t ( ) —  I V

bines cind 0^ are lunctioricj O-l ro
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p(

Triuj oouatlon,) and relate a. ...nd r .
Thon making use of the fact

(a) that the piute fJope vani shes at r = r
(b) that under perfect axial atigmati^rn the 

optical path difference is zero

barman, after coiioiderable anuly^io, obtains the 
plate coefficients in the following form

-5 t  ^IS

1/^ .J *

V i "i a r'. (. 5 ;* aafajnjalh'f.
)

a

■))lb

4. L

0 oTTib ini rig i L av 11 h IV
sLv ) = i l O L l d h i a

4- f p* c - * ) ^
To minimise the colour spread over the plate,
taking a = 2 ̂ Ï.
SO
required aa before 
and thus 1^ ^  

a chmidt camera.

i . the condition

.660 as in the colour minimised

it
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>0
doing the argmaent of Hawkins and Linfoot 

the loading monochromatic torm_ in tne components
angular iberr.ition are ^iven by ^

 ̂:*y * T  ^  "  -

where, as before, T(xy) io the thicknes,; of the 
corrector plate, the &mgle off axi_, ^nl the 

marginal zone of the corrector is ^iven by
o 2 o r^ = u 1 y-' = 1

30 that ^  ^
From XI and 19 tne ;nngular aberration, in sec on Is
of arc are given by j ,. îinüjpüf ah g ‘ t rb'd.m*d J

^ (, " « a - " ’’  ̂ —  Li

This equation represents the leading 
monochromatic aberrations of the monocentric 

Schmiit-Caot-egraiii cameras which are seen to be, 
to a first approximation, iepondent only on the 
second order fourth power term.^ of the plate profile 
exp -Ji.ion. The choice of the araneter 5 is 
restricted to a ..mall ran^^e, for ihiae it is 
Issirasle that it shouxd be lo»i to re luee ob truction, 
tne focal surface must lie behind the primary mirror 
to obt ain the fully ucce ible image :^urface.

- 7c -



Al In.vine for the thickness of the mirror f = . 69 
seomc to be the lowe:;t pc rmisjcdvle value, because 
■")£ the cucvature of the image sur "oce the system 

cannot convenient]y be ucei over a .-renter field 
diameter than about s" at an apertu -:'e ratio of f/'j. 5

Ilf
linfoot has given details for the fine 

correction of a Baker B ty\;e camera, tliat is o.ne 
with a spherical secon&.ry mirror. Having bv the 
moans revlouely specifled fixed the iimensions 

anè figuring^ to annu] the asidel errors of the 
system, the neutral acne of the plate is fixed and 

a ray trauod through it on to the mirror^ to determine 
the focal point F, F thUu being determined, a 

meridional fan of rays is traced cut from F at 
numerical apoptares of .01, .OF, .06 up to ,06 for 
an f/:J system, up to the plate. Let (^^(^jdenote
the height at which si ray cuts the plate having left

H / A ̂the axis inclined at (; to it. Then Llhk is
found to be nearly con;..tent for the different values 
of /9 (since the Go idol condition io -already satisfied). 
The aspherity on the big mirror is adjusted to make 

A, constant as varies, oni the neutral ray

ls"1^r'aced again and the procedure repeated till no 
change is found. The plate profile is then adjusted 

to bring all the rays out pa.rallel to the axis.
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Farther improvement to the design might be made
after exploring the field with a microscope, the 
residual field curvature could be bul .i.ncod out by 
changing the radius of curvature of the secondary, 
the coma reduced by a alight shift in the po ition 

of the plate along the axi ,

Ref 1 ec t in,7 Mic ro coue 3.
In part I, the early attempts to use 

aspheric surfaces in telescopes mere described, 
and at the same time it was realised that if the 
light war, sent backwarlo through a telescope 
objective, it became .a microscope objective. The 
various attempts to make practical instruments, 

hovever, failed becau se of the difficulty of 
making the aspheric purfaces. ,chwars8child* s 
equations for the two mirror aplanat may be used 
to form the basis of the design for a tv/o mirror 
reflecting microscope objective and instrument^ 
bused on them have been designed and constructed by 
O.K. Burca. Tae figure represents the jchw&rzacnild
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type of objective.

r-

The piiraxi .1 radii of 
the large cJii email 
mirrora are r.nd R. 

respectively, separated 
by listrjice £.
The imar_o ii st ance from 
the lar^e mirror is m. 

Taking an objective ,vith infinite tube length. 
The 'ichvjarzschild equation for the large mirror is

a  = ^  - c _
whe re :7b = '' ̂  —
The incidence point of this ray on the small mirror

may be expresoed
X = t - v‘ - J (

s  )

and the incidence angle i^ of this ray on the large 

mirror is given by
t

The primary astigmatism i given by 
1 t 6 ̂

and the fraction of h.A, shaloved = -d or £

> *

- ̂ V

I
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nnuf.it i o n s a n d  \ { may be written as u series:
X = m t- r 'ZJ: _ ;1 z'- - f . fuJZ . _L ! 1Lé. J *■ t t it ) TTTvv'̂

disregarding terms above y'̂  the non-el lip tic part
of this io

iJZ. r f l/h.)':
, L f t ' L  o I r« - t J I ̂  /

while the remainder is an ellipse of paraxial radiu;

R =
fy* •** t

and of eccentricity e given by e ' =  ̂ ^
( I  -  IThe non-elliptic part of the sixth power coefficient

s L

X Ÿ

' 1

7 t - f
the eccentricity being given by

is eccentricity of the ellipse with foci object
nd paraxial image point.
for the small mirror x = A + hy*̂  +• Cy'^ +- Dy^ + ny^

v/here A = m -t , B = f~jf , G = _ 1. IZ? s
%  t * ' y (- i —  4-j:

D =_ J,  ̂ ^ L ^  , E = _ _j  I ■*■ H t '  ̂o t  ̂ m  ^
®t t (K 4- « f "sL ~ ' V t

This is approximately an ellipse of paraxial radius

iG T> - -  'f ’
If both mirrors are made spherical e and e

re koro. This givcof. = 2 and the system is



V.

y

ana stigma tic. As ■.•reviou _.ly soon the system is
monocentric with m = 2 +yb, / 5, R = y g  _ ^

The obstruction ratio, however, is too high 1//5. 
Retaining .anastigmatism and setting (_ = 2, except 
in the previous ca ,e Doth mirrors must be aspherised. 
If the system be aplanatic only, putting e = zero 

gives f - = PcmJ then m may be -elected to give 
as yaall an obstruction ratio a., require i.ÎV> ~
Alternatively^' = zero, but thl- leads to a higher 
astigmatic coefficient for a given ob truction ratio. 
The small mirror may be spherical in objectives of 
- mall ob .it ruction ratio for hA up to .65 and in 
the special case of tne sphere cardioid, pair up 
to ilA 1, u ed in aplanatic dark ground condensers 
u.aially in anproximoition a.-> two .nheres.
Burch liao made two uch objective.,,, one of BA .56 and 
a second of 1\A .65. The visual performruice i^ 
comparable with refractors of similar d.A.

 ̂ Paraboloid Pi old Corrector?*
From the twin mirror and mirror plate 

sy:.,toms which have been considered, it may be .̂ een 
that there are nearly no aplanatic ^.y^toms wnich

0: -



reouiro a parabolic primary mirror. This means
thac In Uotronomy tne ppirriary mirror cannot be 
U .OÎ alono, in such oystem'-, as a viewing device,
From the other point of view, parabolic mirrors, 
and thii includes most of the very large ones, 
cannot be used over large field angles.

To overcome thi j defect field correctors 
have been designed by Rosa consisting of spherical 
lenses for the 100” and 200” telescope:. More 
recently C.G, Wyane has invOotigated this ..ubject 
including the use of aspheric corrector plates.
He shows, by considering the deldel sums of a system 
of a parabolic mirror cUid doublet lens, that the 
spherical aberration can only be corrected simultaneously 
with coma and astigmatism by &i system of thin lenses 
in contact in the converging beam if their combined 
poAer is such as to give, in coihbination with the 
primary mirror, an afocal system.

For a pair of aspheric plates in the 
converging beam, the total uncorrected spherical 
aberration (coma and astigmatism having been corrected) 
depends on the distance from the mirror of the point

—“ tv't: **•



iriidw.i.;/ Dot'veen the plate , uiid becomes smaller ui 
this (iistance approache ,; the focal length of the 
iiiirror. Trie spherical aberration coefficients 
of the individual surfaces are of oaposite signs 
mid incroa:o in magnitude as the separation between 
the plates is reduced.

The Seidel aberrations for a system of 
surfaces and the conditions for the removal are 

Spherical aberration = / A = 0 
0 oma ~ ̂ — 0
Astigmatism S , ~ 0
Field curvature S , = {P = 0

Distortion S^ = ̂ 0 «'A0 ̂  ̂̂  ) = 0
The quantity B contains a factor F which is changed 
when the Stop position is moved.
Suppose the atop is moved to a nev/ position giving
a change B ^ D -
Then denoting the new values of the aberration

coefficients by ^ Sg^ Gtc.

^1 ~ '-'l
Og = ap f S^èD

= S_  ̂2og Id f
/'l
'-'d " 1
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^  '• ( \  ̂ t )5a + jvg &Ü)'^
For a parabolic mirror with radius of curvature 

at the vertex r̂^̂ and semi-aperture h, the spherical 
aberration for an infinite object distance is zero, 
so that the coma coefficient is independent of stop 
position. Its Vcvlue = - Af J . The v^stigmatisiriY r«.
coefficient varies with atop po.htion and io zero 
for a stop at di ,tance §-r̂.̂ in front of the mirror.

If Ag be the oeidel spherical aberration 
of the two plates at distances d^, d^ clg from 
the mirror then the conditions for the removal of 
coma and astigmatism from the whole system are

A-̂ ijl + AgjSg ~ b ̂  ̂

hh'"' + h h " "  = o"
Thus the spherical aberration of the system io given by 

A. + A,) = 1-
which can only be zero if and Fg have o^pooite signs.
Putting in tho values for and Eg

A]̂  + Ag = f .vhere is the
*>• ̂ spherical aberr-

_  ̂ - h ) at ion of a spherical
mirror radius r^ 
and D the ratio 
of LH .
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A similar tre.^tnent of the ca e of t.vo
. chmii'it plates n o w o  that tne spherical aberration, 

coma and astigmatism may be corrected by the use of 
two plates so placed that the pjm of tneir di^tincec.- 
from tho mirror is t,,ice the focal length.

hith one plate in the conver.^ing b e m  

and one in the parallel be_m, the latter mujt 

have a distance from the mirror of more than twice 
the focal length, this distance increasing the 
second plate ia moved nearer the foe .1 plane.

The length of all such systems therefore 

1... such as to introduce considerable vignetting 
unlsss tho platOS are very large.

It is necessary therefore to have three 
or more correcting elements to give an image free 

of spherical aberration, coma, astigmatism, curvature 

and chromatic errors.
Wynne goes on to discuss by similar methods 

a number of three-element systems.

1. The first suggested by J.G. baker, consisting of 

a doublet lens and a figured plate.

Ï  -
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Ë
The disadvantages are the difficujtiea iri making 
uuch a large plate, and al o the vignetting produced. 

9. À correction plate betiveen the mirror c:ind lena.

t
ivca beat re./nlte when the lensr> d!

and plate are far apart. üome advantage in compactness 
would result from replacing the plate by a figured mirror.

The field curvature may be eliminated by a convex 

secondary mirror with an afocal lens pi-Â'.

— t



3.

r

Pour ex ma ni es have been computed, One each of 1

and 3. and two of 3. in the fourth example the 

secondary mirror is nearly spherical, and small 
changes would give an exactly spherical arc, which 
is not any easier to make hut less sensitive to

centering errors.
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P act IV. General Aanheric 9e..i.'.n and lia.y Traciii/V.

First order design.
Differential correction.
Methods for obtaining axial sti^mati m.
Aplanatiism,

Ray Tracing.
Conclusion,

Fi r : t order le irn.
In part III the first order design of the 

Baker chmidt Ca-oegrain cameras, was described by 

the use of the method of plate diagrimi c.nalysi s. The 
method is, of course, a mean:, of describing the 

weidel aberrations in terms which (at least according 
to G.R. Burch) may be more easily visualised,

^ <Lalthough the method of analysis by Ii. ii. Hopkins 
.3 applied first to spherical surfaces and extended 

to aspheric urfaces may be considered to have equal 
clarity without the need of the analogue. However, 

Hopkins is primarily concerned with aberrations 

of spherical surfaces, and specifically does not 
include lens design, whereas Burch is mainly

- GO
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intero.. bod in the use of tne ,oidel aberrations in 
aspheric design.

Burch has considered the conditons for 
anaetigmati sir in a four plate system. - nip one a 
system of four plates is represented in the see-saw 

diagrsjn by separated, by 'iistances
a, b and c. Tnen the neces -ary and oufidcient

I * i  I
condition for anastigmati siii is that the total 

weight, and the first and second moments all be 

zero.' This is satisfied if the strengths are in 
th'3 ratio

bc(b f c), -c(a 4- b)(a + b i- c), a(b +- c)(a 4- b f c),

-ab(a +• b)
A system of two laurfaces is in general a

four plate system, and this result may be applied to
it. Consider a sphere of radius r, refractive
index immersed in index h. An image is
produced distance v from the pole in H space, by

1an object distance u from the pole in N space.
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Then the strength of tne plate required at the 
centre of curvature in h ..pace is given by 

Retardation at height h

In a two surface system, let the first surface be 

a figured sphere of raiiu&yb , refractive index 

immersed in N, and let the second -surface (li.,tance 
d inside the first be an a sphere of radius -R, 
index immersed in H, The position of the 

object is specified by mean of the intermediate 
image as this is easily referred to either surface, 
and let the intermediate image be L in c.pace 

inside theyo asphere.

The strength of the yo pi--to

of the R plate  ̂ ,

To create a star space in which to construct the 

see-saw diagram, a perfect anastigraat of unit focal 
length is placed t>uch that its posterior focus is 

at the intermediate image.
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The ourfaceo and p^ru-ccntree are then imaged 
into star space giving

a = £ j A z J l —  ,k *■ b = a ! —
f;». {,{(’•'-)

A fc/* . Rb f cL ( A ̂

u {u • d I a + b f c - L^~
(t-rjxr- (-J

The process of imaging the plates into star space 
increases the strengths of the -4th power of the 
magnification, that is, by the f4th power of the 
•ii 't'ince of each plats from the po :terior focus 
of the unit focal length ana.:.,tigmat.

Thus the strengths in star space of the plates are 
given by

plate mj = h" ( Vl- r}’’( L l Û O ï J f .  J

-R plate Ki,, = _  m M  »/■-v  j/wlMc- . J. mlVa . X ' (' ' — W)
^ 3 \ M ''  ̂ C- 4 J

H being the general height in star space.

lince nu and n , the values of the figuring on the
surfaces, may be any value, the possibility of

àhanastigmatism by figuring reduces to whether mg
has the value demanded.
From 0  and
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>0 that

Then the two mirror system may be deduced us a

special case, putting di = become j
L - j f - V
u  /» J

and further putting the tube length infinite 
H

i. e. L - d •-= 8 it may be seen that focal length

must be half the distance between the mirrors

or infinite as was first seen by Schwarzschi1d.

burch goes on to discuss the design of smastigmatic
singlet lenses by the use of these formulae. 

rN

©

He.n’iting in the form

I L f  fj J

it may be seen that this is a quadratic in L and 
thus there are two object distances for which a 
given singlet may be figured anastigmatic. For 

a flat fieldedanastigmat R = ^  and for objects at 
infinity
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à = . s: /ZJL. ^  . n Then (7) gives(JV'. v) ' V AV

ji L- )//L - a ’-4  ) - o ~  'n  - — ,
1 T ~  )( u  /-(~-'Vi ; , w  — w

/ " f  - (^-')o< ) / V>- ] î ü z d  —  /To)
or l n /» /\ / p + 4  --
Putting X = J ̂

T T V  — 0
or (n " (g'sc.*' - (r - •)( ^ * ?■ * ('>- 0 (^'’K') - O

Solving for x

7, -  .77777 [ n T -  y  - ®«O+ J 
^ " m f n

Two real values of x exist if > 1 _ n (hX (TS /
i.e. for X greater than 1.602. For the critical
value X = -2s i 3 f

The product of the two roots, 2 - ( n -  l)(n 4̂ -i). 
is positive for the usual range of n 7,0 that both 

roots will be po jitive. As d mu at be positive 

no flat field auastigmat exiots with a concave front 
face for the usual range of n. For a convex 
front face putting n(n - 1) = 1 jo that x = 1 

or n the len.j assumes a p e d a l  form, with x = 1 

the intermediate image ivj in the Ami ci position 
with respect to the second .urface. Hence, only 

that curface need be figured and 11 = 1.618. when
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X = n the second urface io concentric with the final 
image. Burch finally con aiders the poo ibility 
of achro^ati.'ing for magnification by suitably 
placing the diaphragm.

Differential Correction.
The plate diagram therefore gives a 

method of determining the a spheric profiles which 
a oystem must have to obtain a required standard 
of definition over a finite field to the approximation 

of the third order. As a rule, of course, higher 
aberrations must be taken into account, and there 

is at pm-ent no -imilar general method for dealing 

with them, Tho differential methods of lens correction 
of M * Au]ay and Gruick shank were used with great 
success du ring‘d the second \»orld war for adjustment 

of rough lens designs and D.3. Volosov has published 
a method of differential correction of spherical 

surface.3 into aspherical ones, and by this means 
improves several aberrations without actually having 

to trace revs through aspheric ..urface . He state . 
the objects of his. discourse as follows:
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1. To find from the anal./ .-I a of the structure of 
axial as well as oblique pencil.., which opherical 

surface of the system i to he hap ad into a 
non-spherical one.

2. To find from the ,.in=..lyai : mentioned above the 
eh ape of the non- ..pherical qirface without having 

recour o to any .^upplementary ray tracing through 
non-opheric;jl surface i.

:5. To evaluate, though app r oximat el y , the influence 
of the irtreduced non-spherical surface upon the 

remaining aberrations of the ayotem,

Tho ecuation of an amphoric :urface may be given as

à  —  G
C , t - Iw t)

where b is the deformation

coefficient of dchwarzschild.
o

(for conic . ec11 ons b --

The coefi'icieàts a., and a,, are parameterd for theJ.
correction of aberrations in the oeidel region.

Con. ider the figure which repre.^ente a roy passing 

through an aspheric surface.



's.

5 S

Let this ray pass through the ;,ystem uuu reach 
some place in the object space the ordinate of 

which is l^h by taking a system of spheric or 
aspheric surfaces of tne second order corrected 
for tnird srler auerrations, the two coeiTicient3 

and Uo may be found. Then variations of thea
absciosa i'’(dl*^) in terns of the variations of the 

coefficients of the non-spherical surface
are determxiied gy4 for several rays oblique and

cJ a
axial, and from these results the inverse problem,

1assuming any desired changes in 1 may be solved, 
duppose the variations in the image space be denoted
by

Then
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In tiie priyjo e-I method the mo..t laborious part 
is the determination of two initial partiale, say, 

D. and D . Once these are determined the
iC— i

remainder may be found from

Vq Iq ü OV proposed five methods for determining the 
t wo ini t i ul par t i al... : -
1, A method in which the non-aspxierical urface 

is the last one,
2, Application of the laws of optics of coiinear 
relationship.- to the m ridinal pencils,

A simplified method where the deformations are 
small.

■i. A method of immediate determinstion of the 

partial3 And J)̂  based upon the application of

tables describing how changes of the parameters of 
a system influence the aberrations; the tables 
being composed for systems of spherical surfaces, 
Volosov considéré the last method to be the best.
et hod 2 is really the method of Cruick shank and 

iVl'Aulay, ..mi in addition the advent of electronic 
computing has removed tne difficulties of aspheric 

ray tracing, at least for thoce who have access to 

a machine.
a



Method..: for abtalniiix axial atiRxiutl m:.
In some systems involving asidicric surface 

it is sufficient to ensure that the image is axially 
stigmatic, the genmetcy of the system ensuring the 

automatic removal or near removal of the off a.xis 
Sib er rat ions. The oclir;iidt system is the obvious 

exaiiiple and methods for computing the corrector 
plate, generally ie-pendirig on the optical path 

difference method have been described in part II, 
uo:rie other moro general methods have been described,

4̂4"
U, neraberger and H. 0. Hoadler/ desrioe a method 

for the calculation of the aspheric correcting 
surface for sin optical system in which the surface 

is ad.jacsat to object o.t triage and an e.xtension for 
cases where the aspheric urface i ■ in the interior, 
the r- .yo being refracted to match a given non-spherical 

wave .jUrfnce,
The first part of the computation is the 

tr.acir.g of a series of rsiys from the object point up 

to the final correcting surface of the form
% (3)

The power of the .surface and therefore the coefficientiX
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iü (le termine a bj the necessity of bringing the
paraxial ray to the focal point.

*From the well known formula r>

ro may be determined and hence ^  since ^  = JL
8

The first approximation to the correcting 
nrface is now assumed, and the intersection points 
of the rays with the surface are calculated. A 

suitable surface would usually be a sphere radius 

r^ or for a ociimidt camera a plane. Let the 
coordinate of the intersection point be and y^

f
and cr the desired angle that the refracted ray 

makes with the axis.
The figure represents a non-spheric refracting
surface y

cr

Then tan <r IS
also «• (L - c

sin t = ain S ■ o'
Inn' ^ ©
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f «<—  fLlji
The required slope angle p  is given by

^ /r ' f- 6

Trie actual angle (p,, will in general not agree with
the V due cind may be determined from equation ( j ^

aince tan 4 , = 111 »  ̂̂  * 3
^ 1 «

A surface which will have the required (p b at the 
specified value y, can be calculated, .

huppose several rays have been traced, and 
re denoted by a, b, c, etc. The coefficients of 

such surface can be found from the following set 

of simultaneous linear equations derived from 
equation (^3 .̂

X f», + "Sfl  ̂ 4- ^
a.' + ^ ' t

©

Thus the number of coefficients in the 
surface which can be determined is equal to the 
number of rays used. Rays are then traced through 
the surface thus determined and new intersection 

points yg, determined. The whole procedure
being repeated until the refracted rays pass through 
the desired point with the required accuracy.
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Ill principle the calcul ..tier of an 

interior correcting surface io uiinil .r, but a 

modification lo ueeded as the refracted rays will 
in moot caoco not he required to meet in a point 

wid the desired ^ ' cannot be found from equation (4^ .  
The wave curface required io described by giving 
the slops of the omcrging rays. The normals 
to the vuve surface, a_ a function of the intersection 

heights of the .r.y/o in the tangent plane of the 
correcting surface. To find this a number 

of m y c  :re traced back war ic through the system 

aiid by means of a _.et cf ecuationo similar to the 
slopes of the rays aro approxim..ted by a function 
of the form

an tr

tan cr
and

and it is now required to find a value of <r * and k ' 
such that they fulfil the equations

' = Ak" . A k ' W  (k ' ' -(ipc,

^ = t, ’ . v; - I o- ' ̂  O  - @ - 6-

The procedure then continues in a 
similar manner as for tne simpler case and equation 

may be considered a slLg Ic c a . a of equation 3 in

which the refracted rays all pass through a point.

- 103 -



lG p. pGI’ c.l C iVC r û v  LI'acinp prcccdiire .vhich

Prtyily uH:;i E. \*olf,will be (11G oil od 1 wtc r. 
and I'.itor E, Wnlf alone, lic.vo v/rittcn papers on

the Lxl 1 correction of xZ-tens by mean of aopheric 
aurfacru. Tho papf^r by \;olf i- an oxtonglon of 
the earlier one .mi trente the jubject n-̂ are rcnerally. 

bolf flrrt et:'.to.... n thcoroiR A 'if t.'.'o
nnl inter .act r .vnvc front '.. of in

an: P.) ejil OY in Ip imd Q then t.ho optic-l path

1 "1 ivon by n ::ln .vih'
k.

This .':*e.\nlt irnved b.y Pre.l.!y and bolf,

vlth the u.-:e of thin theorem the 
ccrreepondence between the pcerametero of two rays 
which p a 3G through the aupheric surface is observed. 
In the figure let I and f  be two coplunar ’normal 
re-'h.il coinuejiancas’ situated in spaces of
refractive inde% ri and n^ and let ^  be the refractIn^ 
or reflecting profile ahieh tr̂ ïi,.,.tormo one to the
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1Let h h " he any t.ni corroGponiing ray in
•jthi tr.m formati in, .ml lf=t h and %r" ;7e.oate the 

wave front o f T  and T . bet I'r imd hr be tr.e 
point of inter ection of the nor hr Gith h and 

OY re pective'Ly an.I ..imilarly for the da had letters, 
bet T,/T ioTinte the cocrdlncitr j of the print Rr.
Then after con 1 to rat ion. of thl figure ..-.n .1 the 
optical path., involve 1, U 'C of theorem iv re nits 
in the foUo.vlnp eriuation which is stated then as 
Theorem B,

In the transfnrna11on f to T  , the 

norajnoter.': of corrosponiing ray.: when re ferre .1 to
any net of rectangular aj.es with their origin 
1,1 ace i at a rolnt of the tr.ya formio': refile

aatiG.fy the following relation; 
in  ̂ I wSA* 5

+. ( ti /:.vO W v  - e' Ctm w  y )( ^ v ) - O

^/Uepo.e the equation of the fir. t congruence l 

given by
V/ B w(hr)
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In n? ictice it i ■ often more convenient to u-.e 

nolo/norniaj. -1 ;:ino::imation of tho form

in w = a., h r

v;hi ch may bo obtained by tracing a number of raye 

irma the u)oce which p r e c e d e s ^  , and computing for

, +>

each ray the ruantitlee ;; uni h and fitting a 
polynomial.
In the :;pace which folio.'».. ^ th., raya are trace 1 

oechwa^do from the image point and a aimilor equation 
mu'r be obtained,

T>i.e function of the surface (  la to transform f into I
an.l Theorem b peiy,iitu the calculation of the

profile. The proof o.f T-ieorern B then follouo

Gomewhat iinllrr liner, to that propo-el by
Her7,berger a n i Jioadly, being an! iterative method.

In the special ca^e Ahore the corrector 
iy the first or la ,t uirface, tne profile calculation
13 ccuisiderabi.v simplified, in thia Ca.iC the

surface ^  is the last before \ the image. The 
fi.g'ure represents thi n
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, 1 : 0 1  i  l l  o p t i c . . . .  p i r - w ;  t  ic / ive f - ^ .u i t  h t.o ,

i , co.i iant
p, rt,wC iwU ^  ?d£i( ~ . > t } ' ' ^  ( b  ,, 3 ^  A * ' .  3/-') J  ^  C  g  P,^ C  j ’'-''■i ‘1 '': ^

F'l’oŵ
^  \ W C'H* + Ifl ÂSAi y: ' j ( (. ' - y ) ̂  ̂ » Jl gsvl..  ̂I h 'b "

C ■ A rx. ̂  f I, !>>', AC •■'•■ ^ .̂,., %. O

i

v.hoco A =: n "
'* / \ j ri n \ * n '*' ( <.d -OiD W  - H /g .. e ' \ ftAĵ w

Q  ... f O  }  w w .  C-; ills }\ r  ^  L t\’ ') ^ —  r, ' ^  ^
cs

o l v i n r  .ui ] U o ln g  r -. },.  ̂ w

^  J  ..I , s. • I ^  5  1 f fi ■ r) c y  ' I

rm„
i- . l C  j._i i.a^_,i'-..ia. . a i . u c o  o c c u i \ .  L:.i z) :':,i ‘ v

m .T b ; .' by trucinj ray:: an:: ..gpiying
ThOOC ::U Ô,

A. N....mni ,h.:m describee a lir^L#ic ichmi It 

in ,hich cnnveiq.jlTig power in i>rcviuo i by three 

doublet;- L.n.I tbr cphericel aberration corz'scted 
b; o.n a.,jherir p]..te, the linage lying a curv.^i 
field .\s agy.lnit t.ha ri ,.t ere r.or.n.lly ccn^.i.icre.i 
as 0 '. .:e .Lti.J iii'leii.-ew of tbic type. lo.evcr, the 
aperture io rai.:3d to and an interesting methoi 

of cilcn rvting the nl - to profile i_. ucc.l. The

iiit.eijral wM.ich occur., i;:

method is as follows.
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= ■1 r: th-' tl'T: oî' t-:c : l i - bhe forn
1, ? /L o H+ a.\.y ^

In the fi:nn'- t":: ]r.-:t a^nhorical :.ucf.tcy i' the 
: urCece 9ni the inner or nrl^^ the fir t pinte 

nrfr.oe nhioh ia r.nhericnJ.
A T.r 1007:1 al r-.-v i.-. traced t hr ou pli the t̂ nr, and 

in nnh^ition a :on .tl ray c.^n le brouptt through to 
the n -l^h urac' .

The fi ure rcore . oTita ̂ t^hii z.tabc of aff .Irn.,-n • » ' ■“
■» **

FjC

'K y) Î6 t he unkno.vn point .vhere the Cciy neote

trie a ph'iric urface and D the uiihno.vn nith length.
■]U"̂  is y.l;,o unjcno vn.

h'rorn trie figure 7 = X - d +■ Jcoeü ,ui.i y = Y - D oin U
Therotore :2F"' = (Y - D ein U)"̂  (̂2, - D coe U)"

Vif here 2» =: l*̂  - X f d

Equating the zonal and paraxial optical paths
P f hj) f [( Y - D oin U )^ + (d - Ù coeD u ) d  i

0
- 108 -



On no] y t nr f'or D. y -ma v be fnimd end fron
the ce tan U-̂  ■= -Ü-

and then ten I = —  al n ^  = tan(l f U)
If the vu].ne nf (jl gives a s.ati -factory sine 
con îltion, the coefficients may be calcul n ted. 

a -, is 'knnrm fron the , .8 rax lai equations and a< from 
the first order Mberration.

Hence i- differuntiatinp'1T
da r/ 4. -ta ŷ' = ' say.j.

It followr. that a,:y^ and a = x - x-, = qs-J
and 8 Up y*-̂ +- y ̂ r: il? - V, = V say

X7 •■'■
Thus ag and a may be oajc-ulated

ag =
an I the eouat 1.on of the plate profile 1-. completed.
If the sine condition is not gooi enough the plate 

is bent si ightlv to correct for this, A oonnl ray 
of .8,3 full aperture gives satisfactory results for 
aperture rmt exceeding f/1. Ü.

Anlanat i :-m.
In sy stems v/hich do not depend on geometrical 

con ;i.1er,;.tions to secure miall off axis aberrations,
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a n l  t h is  tn e  m a jo r i t y ,  u z i a l  o lig L ia t is ia

ic not enough, _.nd uo ouo soon in part 1, Schwaroschild 
and (Jnroticn A'ore aalu to prou.u.co ^pi^n.Aic t'.vo

m j.x'i*01’ .j o 0aiii.o dj j.iiiiaiiiaii*x c.m Xci-Ii-.xt J.C 1 'Slls, by

iiiiiro (.aoiix̂  uno cidai uioixai oiiic; c o n m  ux.on̂  ai tlioagn 
t.iia nine conli.txoiij of coiirao, does iiot obtain tne 

roiuaoO from coma of ail orders.
«4-3?

ij. a, iiL.ruin ii'-vo i'OPivOd out tno 'data for 

too apiaiiat oinglot aonoso Uoing Chrotion’o theory 
of tho aplcaiatic toloocopo, tho ctatemQut of optical 
path equality and the uine condition forming the basi: 
of the .irgument. fvvo numerical examples are given, 
one aj. axd.':un.t, the other an ,nic..Gtigmat ith zero 
petctf' 1 vUiM, olilch folie,,.: nurch’s exam.,in given 

earlier. it is inte.reoting to pee that although the 
len, is eph.ric...ily corrected for a vary I'^rge 
aperture J c.ing tc the hit^h order coma cuid astigmatism 
the correction only rec.eonably ^ood over a aeiui- 
ficld of cU'id UÜ an aperture of f/5. These

re cults arc doteniâned by ray traciiif^.
«+i

d. J, ha .^eniiaun and it, holf have given 

methols v/hereby the apl<matirûi of a oyotem may be
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e û i . - . u r e d  b y  t u e  a s p a e r i  a a t i o z i  of t w o  o f  the . y a c f a c O o .

the fi^uï*e suppose the two asj_ hcriseh surfaces 
are represented by ̂  and ^

X X
The other ouantitieo are similar to those used by
holf in the neper previoucly di-.cursad. 

bur.pose a iioi'rial r<='C til Inear congruence f i - transformed 

by the two u r faces into f , f can be specified by 

the relation
■'J - b (̂jt) h ~ h(^ ) —

If tho object pot:it ■> i . at a finite distance pt is

chO:.en an
,in(7) <0)

vhere fh) la the an/da made by the ray in the

object space.

If the object I- at infinity it i . put eounl to H, 

the distance of the ray from the axia.
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T' ' ^  t i o r  . can be o b t Incd  and

w o l f  . . r . d  '.. ..: s c . r n s i n n  f a v o u r  t h e  f o r m i n g  o f  a  t a b l e  

b\ ed on u i-uy t - a ç c  r-: a^aln t a nclarnonial 
<■;:;;> ro:: im a t io n .

By t z n c in g  rn yo  b&.-'k'varls from  th e  o b je c t  T 

no s' ocifle i b r ..imlJ.: r ricms.

vA h-( - h-*-(d‘) — ( U ’
TVio .-'inc relation Ic pi von by

-t = con tant
JÏ '

If ? so'I T" in 1 f irnr
X" , V^ ) , in -'ll* a law : iV3

n( cos ' (Ix .

at X J JL a
dt

whcr c i 0 ' > '' =. •hrLi
"wlioro R: _  _i c y\

tc
!K t- cl, It

L ( CO , + s 1 n I',' '4^)
d t
lix — (s7):0s \* - Jd
li

yl -> - R"' = Rr'^ f

1} f X t an V/ _ (^0
-rl=: f tan vA

bubstitntln/: for cos end sin - and ^  rrom^^èjyandÇ^
,,, _ . - c N w ?  t. ii>...K^T'r ç U \ \ ,  «vx(^7 _
&  " U " ' ^ R i  J  L « v ^  ,—  J

bimllarlv IscTt
1 - .. M' (i tc« uy ^ Xcv-,. V" I [4:14

JLr^
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•Ul... t j OS.-; ^  -u; ^  to ba computed
for by mo n... 7 %nd 7^ :ou]d be

eliminated rrom uni ^  to 00 bcXz. t./c fir^t 
or..!.or .'I. opuo.tj.ms -.thich c.oull bo
luto^rntsd numerically. /Ic.vovor, y and

.'.re .require I It .i._ prof.̂ rab.i.-j to avol.ï ell'olcation.
'./ud .olvo f::.r unlno.vn au..uitltieo stô .' b/ 'itei-i. 
'fe.jo3rm.,ijn w.nl ./ol^ thezi proceed to t.hc ie,ipn

O.Ç o r e f l e c t m l c ] ? o s c o p e  which .may be .-.uioinarired 

uo f lo-.-vj: "
f i :ut. I.re trsicc-1 from the object point for a

of oojor'tel y-flaeo: of t-io pa rune ter X  . Ror 

on V-.:lur of Ji the puontitiea w and h are determined.
Tuc v.ijao.? of jj... tan •.'.* .iiid giX CO.] c..'.] ..ted by 
nunto ric 1 11 .f f e re.ut i at 10 a.

for each v.duo of i;!' tha correcpondln;^ value
of Æ* :o Ci-lo'jl ...to - L.nl the values and h^ 

.l.eternined by tracing rays bach-./ord,. Hence,
In o alr.iila r • manner t ;U >A and are found.
Third, ilruaLion.,. (g) kj are Integrated 

Ziurie.rlc lly step by step, i.e. for each value of 

X and the corrodpoudinf value of 7 and y io 

found from iQ) and . In this way the two
profilea are obtained in tabulated form.
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In the table given, the results are 

compared with ichwarzschild^s formulae, the maximum 
error being H X 10"^ v, in x and 1 X 10^ for y,

Joseph Meiron has designed a double 
aspheric curved field anastigmat, the object of the 
design the extension of the field of view of a 
doublet telescope objective.

' T '

... i,KÎ It

The preliminary design is carried out by the 

third order methods of Burch and H, H. Hopkins, and 
Me iron says that in the design of a doublet, .any 

spherical aberration and coma can be fully corrected. 
An aspheric plate, the object of which is to correct 
the asti^nati jifi, mu . t be placed away from the 
aperture stop, but with the stop in this position 
distortion will be introduced, which may be overcome 
by placing a second aspheric plate on the other side 

of the doublet. This, of course, assumes the stop
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to be on the doublet. In the dioptiic vchmidt, 

as previously discussed, the stop is on the aspheric 
plate and at the same time the lens is giving 
a residual of spherical aberration. The lens is 
compared with a petsval lens where a olightly superior 

astigmatic performance is claimed, other factors, 
spherical aberration, coma, field curvature, being 

similar. Trie lens .vas tested by ray tracing on 

an electronic machine and hence oome attempt at 

control of higher order aberrations could be made, 
the final lens, however, appeared to show few 

advantages over the petzyal lens with which it was 

compared.

Ray Tro.cinr:,
The difficuity involved in tracing rays 

through aspheric surfaces has often been considered 

to be one of the greatest stuiabling blocks to 
aspheric lesign and only the advent of electronic 

computing has made it possible to trace the large 

numbers of rays which seem to be required. k 

number of writers have given methods for aspheric 

tracing with the electronic machines in mind. Most
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cf the methods are algebraic, usually iterative 

in solution.
T, hmlth. in 1945 gave a method for tracing 

rays through an axially symmetrical optical dVitem 
with aspheric refracting or reflecting surfaces.
The equation of a non-spherical surface is specified 
by 3 = f(2i)

where x, y, z are the coordinates of the surface 

whose pole io the origin, z the optic axis and s 

the subnormal.
^ » are modified direction cosines, the direction

cosines times the refractive index.
The ray tracing equations are given as

 ̂ Refraction
%  = 'V' ■

" ' a  -
= ‘Ip - Or

D is the distance between surfaces divided by the 

refractive index and
A  is the generalised power at the point of incidence.
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They ...re given by .

- '3,. ' /p - Zr wh.3reip 1. tli3 axial
V  hi stance

*■ ]r " 'Sn
The ray trace consists in using aiproximate values 

%.p putting those in the couation^, and
on completing the trace, improved values of Z ̂  and 
are computed from ecaiations

y ’ _ -I- I 3t W  T ' f • g
2 i '

7)' = t | 3 ~
These inn roved values are put in the equations and
the procedure repeated until the values of the

coordinates and direction cosines remain unchanged 
to the de .irod number of places. if the first 
approximate values of Z ^and ^ j,, are the puiraxial 

one., the first round giveo the paraxial properties, 

and the following rounls approximate to the first, 
second and o on orders of aberrations,

V.. Weinstein, in tracing rays through a 
reflecting micro.cope noticed a case in which the 
iteration did not converge but diverged. This led 

him to an investigation of the condition, for 

convergence of -uch systems and he found th^it the
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eoi'i,plate itarc.t Icii convergea eh en the reya 
are on] y nioierateiy inolineri to the ar.io and the 

refracting cxirfacca not too steep, but divergence 
can occur for systems of large nuiierlcol aperture, 
Thio is illustrated in the two following figures, 
the fir cot showing convergence, the gecrnd divergence, 
jr'̂ , ,  etc. are the pointo of the iteration.

/

(a) (o) Divergence.

vt/einotein gives an improved iteration which always 

converges, represanted in the figure.

(c) Convergent under all conditions
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The improved v .laorj of Z ana \ somewhat more 
complicatod are given by

^ ( 5 * ̂  M  ) ' ̂   ̂h ' ̂
9 3

I ^ / sf iv ' ' 5 ) 0 -  2 i£l^  ̂ ? 3 ̂
^ y  '9o T y ( T ^ " 9 T r

Vyeinstein claims that this iteration better represents 
the aberrations of increasing order than does 

that given by Smith.
S»

Marx has produced a further rearrangement 
in which the formulae are made linear, by using 
approximation in which the tertiary aberrations 

are neglected.
iierzborger and lioadly include a ray 

tracing scheme, as has been mentioned, for tracing 
through surfaces ex'vres .ed in the form of a power 

series,

h  = ■» / S I  ' X 1' '

a form which is very often used in defining an
aspheric surface.

The starting data are the angle 3- of 

the incident ray, and the heighth of its intersection
point in the plane tangent to the surface at the pole.
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li tiie coor iiiiatso cf the ..oint of incl.l nice are 
y, it iiia/ be seen that

7 = h - M. tail zr 

Now if a value of y is a., umcd and jubjtituted in 
the first u ruation, a value of z may be found,

which in turn i . ut in the second equation to find 

a new value of y and .-o on. The proce^o is 
represented in the figure.

It May be seen that thio system suffers from the 

B î M a c  disadvantages for steep r a y s  a s  the T. bmith 
method.
The computation may be shortened if the value of 
the rectidual A  be calculated where

A  = y - h + s tan 'T 

A  rau vt of cour se be zero if y and z are actually 
the point of incidence, and if ^  be found for
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two J if feront viD.ue  ̂ of y a \ explained before, the 
thirl asp cox imat i on of .r ihouii be calculated by 
linear interp-olatton to make - 0. The iteration 
then converges more repidly, when the point of 
incidence ha 3 been located the direction of 

the surface normal 1 - found bv differentiation 
tan d) ~ = y( ls>i * 4-h^  ̂t )

dy
and then the angles of incidence and refraction and 
the direction of the refracted ray are found.
The methO'I, of course, has not the generality of 
T. tilth’s method, being confined to the meridional 

plane, but u:ea the surface formulae in a convenient 
form,

T, y, -baker in 1344 gave a method for 
tracing shew-ray 3 through ..econd degree surfaces in 

which spherical trigonometric formulae are used 
for logarithmic mork. He divides the trace into 

four parts.
(1 ) determination of coordinates of the point where 

the ray cuts the urface.
(2 ) letermin.^tion of the direction cosines of the 

normal tc the surface at this point.

(y) the refraction equation.

(
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(4) determination of the direction cosines of
the refracted ray.

Trie equation of the ray is given by
X. - -X \
/CV> tS >0 4 /3a— b < if : 4

and the enuation of the surface by 
P o Py-' 4- 2 '̂ = 2rx - px 

where ( ̂  ï\) is a point on the ray, and cos <9 ,

sin ^  sin 4  , sin ^  co the direction cosines, 
from these equations a quadratic may be found to 

determine x.
For small values of x Baker uses an iterative 

method for solving. spherical trigonometry is u-ed 
to evaluate the direction cosines and a specicil table 

of logarithms is appended to assist in the evaluation 

of the equations involved. Baker considers that 

the method is at least three times as long as for 
an ordinary ray, and this would seem to be an 
un <1 e r s t a t ame n t.

Most of the modern systems for tracing rays 
through aspheric surfaces are intended for use with 

d e c  Ironic machines with their advantages and 
disadvantages. The advantages, of course, are the
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6xtrcr.:3ly of caIcalc:.tion and tiie ability
to luabe r.irrplc -'a it her iecieioiib^ the

diàa iYantaroe/the U f  ficulty of using sy^teins 
invoî ving tab ] ee ( thie lac lu  ..os mo ..-t of the older 
typee of ray tracing), a machine ,.oul 1 normally 
worh oat the v l a e  from firat principles, ana the 

fact that the machines have a technology of their 
own, .vAioh must be fully understood by the designer 
before attempting a computation.

For these reasons the systems evolved tend 

to be ext renie ly general so that one programma may 
be used for all traces and, as a rule, involve 

lirection cosines. solution of equations is often 

by iterative means.
vS"

I), P, Feder has given a laetaod for 

calcula Ling aspheric ..urfaoess; it involves first 
finding the point of incidence on the aurface 
using an iterative method, and second, finding 
the direction of the refracted ray. Vectors are 
used to define the problem but the equations used 
are _,eL out in algebraic form.

fb
Allen and ->nyier have ex ten led
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eruL:ticn- fnr ii:;e v 1th priBrn-y mirror.;, centred 

a pheric 3 :md even to une en t red hph ;ric \1 ,surfaces; 
of considerable interest to optical declinere. Their 
BTctem u 30B bn.e lines surveyed through the optical 
cyetem, oa^h ruccen"Ive segment being formed by 

dropping a perpendicular to the next interfoco, us 
in the fInure,

r \

The base line may be conveniently the optical axi

Û (>Ti <■ I 
AJf‘ S

aid if it depart 3 from thi , the eorre g. ondonce 
may be reintroduced by bringing into the ..gratem 
one or m^re fictit.iou:• Interfaces such as I in the 

figure,

The transfer ar./l refraction equations are referred

to the base line, the computing scheme is algebraic,



Siicl, ..... in Feder*s nietUod, the datermlnation of the 
point of contact iterative and possibly divergent 
for stoop angle.,. The equationo contain an 
oxarojcion fortho optic d path length and thi:, 

gives a moans of getting axial .,tig::;atlom in an 
aophsric ::,7 .toji, ,/hich the authcro u.uO to correct 
a reflecting coma.

d. Black ha 3 used the algebraic method for 
tracing skew rays on the Manchester niacnine and 

the basic formulae are given by him.
if an incident ray has direction co ines 

LjM.N, the refracted ray and the normal
at the point of incidence direction cosines A,B,G, 

the law of refraction can be exp res .̂ ed.
L M if

1,1
A B

hi
C

The cosine of the angle of incidence la é^iven by
cos I =: lA f iVb T -'iC

idid A  (u din I) = C V' * if + if = Ll't = 1,

lienee the direction co ines of the refracted ray are
determinable. The intersection point of the refracted 

ray comes from the equation

- 1G5 -



XLlJi » — h V (u the di stance along
i . *  M  * V  *

the ray between X,Y,b, 
and x,y, c)

and the equation of the f o m  of the surface. The 
form of the olution of these equations varies with 

the authors, the iterative form being favoured.
For central quadrics of the form 

'X ■+• A  y^ f y  2^ = 1

the coordinate of he intersection point are 
X f 4- 4 and the parameter d may
be found by substitution.

The equation of the normal at the
inter action point may be written

^ - It - y ;..d s  2 ' A 
^ )c ^ q r ^

For paraboloids of the form
X "X.  ̂  ̂ /

the equation of the normal is
= >11J. %_JLciK ^  q 'f'

The equation of the réfractéx ray may thus be 

determined,
Peltier has given a similar treatment for 

ray tracing through quadrics of revolution, stating 
in his preamble, that although trigonometric methods
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are um-re for mcridiizsl ray..- tiwcod through

o; herlo«-A yurfucs j, skew rayc through uLphoric 
surfacob ors better t r a l g e b i > u i c a l l y .

The ujt: of macb..L.C:: analogue: wo5
ougge;.rtéü by C, b. Harris she h.;._ dovojoped r. series 

of mcttz'icao to dc..crib3 the third order aberrotlono.
The matrice s could 'be represented by electrical 

networks so that the setting up and analysing of a 
design could be done in a - few minutes. Unfortunately, 

the matrices are extremely cumbersome, and an 
analogue computor couli be more readily adapted 

from the third order equations themselves, A 
numcer of graphical r.y/ tr..ce ccnsti'uctious have 

been developed, .Uid P. s. Lewis uses a geometric 
con.3truetion for aS[;heric surf.%ces. _uch systems 

can, only be ck _uide to the type of curfaoe required 
and as most aspheric syetems can readily be 
understood the need for- a grajhical idea is seldom 

required.
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Conclu . 10:1 ..

Although 0 liocusoion of the methods 

of -.s.-hcrio .lenigh doc net include the practice 
of the m.-nufacture of the ,;.;xf>,eric rurfaces required, 

the fact that , uch manufacture 1 errtrcmelj difficult 
and ccntly, must :ioc-.U;narily influence the 'design 

itself, duipl'ieric our faces %vill only be u ed where 
spheric ones cannot ;\nd the nuirbor of there surfacee 
kept to the minimum. In a design employing

spherical surfuocs only, most dosigners will probably 
proceed by laying down a .-araxial scheme, and then 

determining the set del coefi iciont 3 for the ..ystem.
By èx.rjuination of the .eidel coefficients using 

some system uch no H. i. Hopkins, an. ex,.>erienced 
de.signer can -probably arrive at a required result 

fairly raj_.,inly, the ..ioes of tire none., being ectiinated 
by the i\e of the individu...! coefficients, and 

the fin ;1 residuals. If a sin il .r method is 
applied to the .lesign of .m<heric systems using 

the primary aberration method of G,d. Burch, the 
final dei^ign will not necessarily be better than 
a corresponding .le.ign of ...p.heric:.l ^^urfaces, although 

it may have fewer surface,s.
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These considerations indicate why the 
use of aspheric surfaces has mainly been confined 

to astronomical systems, where economic considérations 
are not of primary importance, and where mirrors 
have long been establi^-^liel because of their 
achromatic properties. In a reflecting system the 
number of coirmonents must be a minimum because of 

obscuration and in addition the aberrational zones 
are low because of the high refractive index.

In fact no general methods are available 
which enable the designer to determine the -hapes 

of the surfaces needed to give a required performance 
over a finite field, the most successful systems 

being those in which the field aberrations are 
controlled by virtue of the inherent symmetry,

e.g. Gchmidts and mono-centric Ichjuidts. These 
systems lend themselves to analysis due to the 

fact that the mirrors and field surfaces are parts 
of concentric spheres at whose centre the aspheric 

plate lie j. This met ho 1, originally due to 
Caratheo lory, and developed by Linfoot, gives the 

higher order aberr tiens, but is not applicable
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to ouhepd. ïnc information lo therefore limited 

to tne aporture ratio ani field angle ,.hioh is 
peiTiii sable. In any case, information of this sort 
is better obtained by r._,y tracing, e .j..ecially as 

iterative procedure à give uo .itÇvo the aberration 
orders, or at least oioae apy.coxim_11 o n t o  them.

The differential method of fine correction 

is one which has been plied by h.aker to the cameras 

known by his name, and also described by Yolo so v 
as a method which is most suitable for figuring 

spherical surfaces. In these cases where the 
difference is as implied, small, tne method is 
extremely good, but for lar^iO differences it might 
easily be possible to bend a lens the wrong way 

to try to find a largo chaht^e. Yolooov’s paper 

is not clear on some points regarding the 
determination of the polynomial constants which 
determine the new form of the surface, xAthough 

the general method is easy to follow.
'when axial stigmatisiu only is required, 

as in the bclmidt systems, variations ofüie optical 
path 11fferenee method, qualified by the need for
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minumiiw chi'cnivtic aberr..uion, .:re u.ff'tciont to 
obt..i:i the remiiroJ rocult. h'hero the nspheric 
EU..rfoce is first or lu. t, the mothol is straightforward 
in theo.ry at least, hut fô  ̂ i itcrior -urfr.ces, some 

such mot.iri d:- Horzhsrger and Hoadl.y* m is required, 
which .ujvolvec the Ictarniinatloa of waveform 
before and after the surface in question, and thus 

for a complex surf ■■.ce involving a large number of 

constants in the polynomial which dete naines it, 

a large rrumber of .ray_ must be traced. The method 
of haBa'ïrrnann ani. 'Volf for obtaining as 1 m a t i c  

cysterns involving two aspheric surfaces also requires 
a number o.C rays to be traced,

The use of a-pheric surfaces for the control 

of zones in lenses such as the Cook triplet ha.- been 

consilered, and it was at first thought that the 
figur.ing of one of t.he nct.^tivc surfaces, which are 
both very close to the iris, voul 3 have this effect 
without materially affecting the other aberrations, 
but in fact a largo amount of higher order coma 

appearod, Tlie be st solution was found in adjusting 
the primary coma and figuring the last surface. In
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any eaa-e in i so he r i c designs it is always expedient 
to trace skew rays as designs which have seemed 

excellent with regard to the usual meri lional rays 

have been poor in practice*
The large amount of aooherlc ray tracing 

reruired by some of the ,;e methods can only be 
undertaken by sja electronic càlculatIng machine, 
and methods involving their use have been developed 

both in this country and America, Although they 
are very fast, they require a large amount of 
money to instal and operate, and a large tunount of 
effort on the part of the would-be designer to 

utilise this speed. Metho Is which involve iteration 
would seem to offer advantages as the aberrational 
orders are obtained as part of the trace.

The promise that optical plastics gave 

of being moul'ied into aspheric forms and so provide 
cheap wiie anerture photo lenses, did not materialise 

for physical reasons, but with the advent of 
electronic techniques for measuring lengths of 

optical magnitude, it is possible that aspheric 
surfaces might be produced fairly cheaply in glass.

At the moment, however, it would seem that interest
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in aspheric lesign, which was high shortly after 
the Second V/orll bar, has limiriiohel, is diminishing, 
and will continue to diminish.
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