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"ON RELATIONS ?E#ŒEE__TWD_OR_MOEE GENERALT8ED 

TiTPEmEOmT-RTC' SERIES OE_THE QRDTNARY. AND BABTH

in x E M ’!

§ ( 1 , 1 ) , Scheme o f  t h e  t h e s i s .

A f t e r  a  s h o r t  h i s t o r i c a l  i n t r o d u c t i o n ,

(§  ( l # 2 ) - ( l # o )  ) , a n d  t h e  p r o o f ,  § ( l # 4 ) ,  o f  Theorem (l) ..,  

t h e  f u n d a m e n ta l  th e o re m ,;  on w h ich  t h e  r e s t  o f  t h e  t h e s i s  

i s  : b a s e d ,  a  few  o f  t h e :  s i m p l e s t  su m m atio n  th e o re m s ,  f o r  

h y p e r g e o m e t r i c  s e r i e s  a r e  d e d u c e d  f ro m  f i r s t  p r i n c i p l e s  

(§  ( 2 . l ) r ( 2 . 3 ) , ) .  I n  § ( 3 , 1 ) ythe fo rm  o f  t h e  g e n e r a l  

t r a n s f o r m a t i o n  b e tw e e n  two g e n e r a l i s e d  h y p e r g e o m e t r i c  

s e r i e s ,  i s  d e d u c e d  f ro m  th e o re m  ( l ) , ,  an d  t h e  c o n v e rg e n c e  

o f  s u c h  s e r i e s  i s  d i s c u s s e d .  Then, i n ;  § ( 3 , 2 ) - ( 9 , 7 ) ,  a n  

a t t e m p t  i s  made t o  d e d u c e  i n  a  l o g i c a l  o r d e r  some o f  th e  

m a in  t r a n s f o r m a t i o n s  and sum m ation  th e o re m s  f o r  h y p e r -  

g e o m e t r i c  s e r i e s , , f ro m  th e o re m  ( l ) ,  and  f ro m  t h e  s im p le  

sums o f  § ( 2 , 1 ) t ( 2 . 3 ) ,  T h is  i s  f o l l o w e d  by  t h e  d e d u c t i o n  

o f  some new t r a n s f o r m a t i o n s  b e tv /een  s u c h  s e r i e s  by u s i n g  

th e o r e m  ( l ) j  and  s u p p o s in g  e v e r y  a l t e r n a t e ;  te rm  o f  one o f  

t h e  s e r i e s  i n v o l v e d ,  t o  be z e r o .  The i d e a  f o r  t h i s  m ethod  

was s u g g e s t e d  by  P r o f e s s o r  W .N .B a i le y .  I t  seem s o r i g i n a l l y  

t o  h av e  b e e n  u s e d  by  P r o f e s s o r  L . J . R o g e r s ,  who a p p l i e d  

i t  t o  some r e s u l t s  i n  t r i g o n o m e t r i c  s e r i e s .  T h e re  a r e  two 

ways o f  u s i n g  t h i s  i d e a .  I n  § (10 ,1  ) - ( 1 4 , 2 ) ,  t h e  f i r s t
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way i s  u s e d , and  t h i s  g e n e r a l l y  g i v e s  r e l a t i o n s  b e tw e e n  

t h r e e  h y p e r  g e o m e t r ic  s e r i e s .  I n  ( l 5 . , l ) - ( l 9 # 9 ) ,  t h e  

s e c o n d  m ethod i s  u s e d , . a n d  t h i s  i n v o l v e s  a  s l i g h t  

e x t e n s i o n . o f  t h e  u s u a l  d e f i n i t i o n  o f  t h e  sym bol ( a ) ^ .  

t h i s  u s u a l l y  l e a d s  t o  t r a n s f o r m a t i o n s  b e tw e e n  two h y p e r 

g e o m e t r i c  s e r i e s ,  and  s e v e r a l  o f  t h e s e  t r a n s f o r m a t i o n s ,  

g i v e n  h e r e ,  a r e  b e l i e v e d  t o  be new .

I n  § ( 2 0 # l ) ,  t h e  n o t a t i o n  f o r  b a s i c  h y p e r g e o m e t r i c  

s e r i e s  i s  d e f i n e d ,  and some r e l a t i o n s  b e tw e e n  p r o d u c t s  o f  

t h e  ty p e  % a r e  g i v e n .  Then , i n  § (20 # 2 ) ,  a  g ro u p  o f

sum m ation  th e o re m s  f o r  b a s i c  s e r i e s  i s  p r o v e d ,  a n d , i n  

§ (20 # 3 ) ,  t h e  fo rm  o f  t h e  g e n e r a l  t r a n s f o r m a t i o n  be tv /een  

s u c h  s e r i e s  i s  d e d u c e d  f ro m  t h e  f u n d a m e n ta l  th e o r e m .  I n  t h e  

f o l l o w i n g  p a r a g r a p h s ,  o (20 ,4)~ (24 .#3  ) ,  some o f  t h e  known 

t r a n s f o r m a t i o n s  b e tw e e n  t h e s e  s e r i e s  a r e - d e d u c e d  i n  l o g i c a l  

o r d e r ,  t o g e t h e r  v / i th  t h o s e  t r a n s f o r m a t i o n s  v/hich a r i s e  by 

s u p p o s in g  e v e r y  a l t e r n a t e  t e r m  o f  one o f  t h e  s e r i e s  t o  

be z e r o .  Most o f  t h e s e  b a s i c  t r a n s f o r m a t i o n s  h a v e  a l r e a d y  

b e e n  g i v e n  by P r o f e s s o r  W .N .B a i le y ,  i n  h i s  p a p e r  "Some 

i d e n t i t i e s  i n  c o m b in a to ry  a n a l y s i s "  ( P r o c e e d i n g s  o f  t h e  

London M a th e m a t i c a l  S o c i e t y ,  ( 2 ) .  V o l .  49. ( 1 9 4 7 ) , , ) ,

I n  § ( 2 5 . 1 ) ,  f o u r  p a r t i c u l a r  r e l a t i o n s  b e tw e e n  

b a s i c  s e r i e s  a r e  d e d u c e d .  These w ere g i v e n  i n  P r o f e s s o r  

B a i l e y ’ s p a p e r  " I d e n t i t i e s  o f  t h e  R o g e rs -R a m a n u ja n  t y p e "  

w h ic h  was r e a d  b e f o r e  t h e  London M a th e m a t i c a l  S o c i e t y ,



3 .

on l 5 t h  J u n e ,  1244 , I n  § (2 5  # l ) - ( 2 6 .6 ) ,  two o f  t h e s e  

p a r t i c u l a r  r e l a t i o n s  a r e  c o n s i d e r e d . i n  d e t a i l , a n d  f ro m  

them  a r e  d e d u c e d  some i d e n t i t i e s  o f  t h e  R o g e rs -R a m a n u ja n  

t y p e .  I n  t h e  f o l l o w i n g  p a r a g r a p h s ,  two nev/ r e l a t i o n s  a r e  

g i v e n ,  and  more r e s u l t s  s i m i l a r  t o  t h e  R o g e rs -R a m a n u ja n  

i d e n t i t i e s  a r e  d e d u c e d .  The t h e s i s  c o n c l u d e s  w i t h  a  l i s t  

o f  t h o s e  r e s u l t s  w h ic h  a r e  b e l i e v e d  t o  be new. T here  a r e  

a l s o  f o u r  a p p e n d ic e s  f o r  r e f e r e n c e  p u r p o s e s : -

( 1 ) / R e l a t i o n s  b e tw e e n  p r o d u c t s . o f  t h e  ty p e  ( a ) j^ .

( 2 ) . R e l a t i o n s  b e tw e e n  p r o d u c t s  o f  t h e  ty p e  (&)%,%"

( 3 ) /Sum m ation  th e o re m s  f o r  o r d i n a r y  h y p e r g e o 

m e t r i c  s e r i e s  .

( 4 )  Sum m ation th e o re m s  f o r  b a s i c  s e r i e s .

§ ( 1 , 2 ) . H i s t o r i c a l  i n t r o d u c t i o n ,  o r d i n a r y  h v o e r g e o -  

m e t r i c  s e r i e s .

I n  h i s  w ork  " A r i t h m e t i c a  I n f i n i t o r u m " ,  ( 1 6 5 5 ) ,  th e  

E n g l i s h  p r e a c h e r ,  J o h n  W a l l i s ,  ( 1616-1703  ) ,  f i r s t  u s e d  t h e  

t e r m  " h y p e r g e o m e t r i c "  ( G re e k ,  u ir tp  , above  o r  b e y o n d . ) t o  

d e n o t e  t h e  s e r i e s  o f  w h ic h  t h e  n - t h  t e r m  i s  a ( a + b ) ( a + 2 b ) , , ,

. . . ( a + ( n - l ) b ) .

I .  E u l e r ,  ( 1707-1783  ) ,  t h e  fam ous S w iss  m a th e 

m a t i c i a n ,  l a t e r  u s e d  th e  t e r m  " h y p e r g e o m e t r i c  " f o r  s u c h  a  

s e r i e s ,  a n d ,  among o t h e r s ,  he  gave t h e  r e l a t i o n
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;:?0 = ( ï - x ) ?  ^  ^ E ^ [ c - a , c - b ; c  ;x 3 /

b e tw e e n  two h y p e r g e o m e t r i c  s e r i e s  a s  we know them  to d a y #  

A .T .V anderm onde ( 1 7 3 5 - 1 7 9 6 ) ( E r e n c h ) . a l s o  w orked 

on s u c h  s e r i e s #

The G o t t i n g e n  s c h o o l  o f  m a t h e m a t i c i a n s  u n d e r  

P r o f e s s o r  C # E .H in d e n b u rg K  1741-1G 08) w ere w o rk in g  on 

v a r i o u s  c o m p l i c a t e d  e x t e n s i o n s  o f  t h e  B in o m ia l  and  

M u l t i n o m ia l  t h e o r e m s ,  when G .E .G a u ss  ( 1 7 7 7 -1 8 5 5 ,  G erm en), 

w as a  y o u n g  s t u d e n t .  On J a n .  3 0 t h  1 8 12 , G auss g av e  h i s  

fam o u s  p a p e r ,  " B i s q u i s i t i o n e s  g é n é r a l e s  c i r c a  s e r i e m  

i n f i n i  tarn" b e f o r e  t h e  Roya.1 S c i e n t i f i c  S o c i e t y  o f  G o t t in g e n ,  

and  he  d e f i n e d  t h e  s e r i e s

1 + a  .b  .X + a ( a f - l  ) b ( b f l  ) . x^ + . . .
1 #c 1 #2 #C ( C 1 ) J

( t h e  m odern  h y p e r g e o m e t r i c  s e r i e s ) . i n t r o d u c i n g  t h e  n o t a t i o n  

E ( a , b ; c ; x )  f o r  i t .  He a l s o  p r o v e d  h i s  sum m ation  th e o re m  f o r  

t h e  s e r i e s  2 E ^ ( a ,b ' ; c  >l ) , and  he d e d u c e d  many r e l a t i o n s h i p s  

b e tw e e n  two o r  m ore o f  t h e s e  s e r i e s .  I n  a  n o t e ,  added  t o  

h i s  p a p e r  on 1 0 th  E e b .  1 8 1 2 , he d i s c u s s e d  t h e  c o n v e rg e n c e  

o f  t h e  h y p e r g e o m e t r i c  s e r i e s , t h i s  b e i n g  t h e  f i r s t  t im e  

t h a t  s u c h  a  r i g o r o u s  d i s c u s s i o n  h ad  b e e n  g i v e n  by  any  

m a t h e m a t i c i a n .

The n e x t  i m p o r t a n t  w ork was done by E*E .Hummer..

( 1 8 1 0 -1 8 9 3 ,  G erm an), i n  h i s  p a p e r  o f  1836 , "U eber  d i e
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hyp e r g e  orne t r i  sc he R e i h e " ,  ( J o i m a l  f u r  Ivlaths* V o l .  1 5 ) ,

The t e r m  " h y p e r g e o m e t r i c "  was a p p l i e d  by h im  t o  s e r i e s  

o f  t h e  G a u s s ia n  ty p e  f o r  t h e  f i r s t  t i m e ,  and  he p ro v e d  

h i s  su m m atio n  th e o r e m  f o r  t h e  s e r i e s  2 ^ i [ & ; b ; l + a - b ; - i ] ,  

Hummer a l s o  showed t h a t  t h e  d i f f e r e n t i a l  e q u a t i o n  s a t i s f i e d  

by  t h e  f u n c t i o n  [ a , b ; c  h a s ,  i n  a l l ,  t w e n t y - f o u r  

s o l u t i o n s  o f  t h i s  t y p e ,  and h e  s t u d i e d  a s  w e l l ,  t h e  c o n f l u 

e n t  h y p e r g e o m e t r i c  f u n c t i o n s .

G .E .B .R iem an n  (1 8 2 6 -1 8 6 6 ,  German) s t u d i e d  t h e  h y p e r 

g e o m e t r ic  d i f f e r e n t i a l  e q u a t i o n ,  and  he c o n s t r u c t e d  h i s  

p - f u n c t i o n  w h ic h  i s  a  g e n e r a l i s a t i o n  o f  t h e  G a u s s ia n  

E C a,b ';c  5x3.

L o u is  S a a l  sc  h u t  z ,  (G erm an) i n  h i s  p a p e r ,  " U b e n e i n e n  

S p e z i a l f a l l  d e r  h y p e r g e om etr i s e h e n  R e ih e  d r i t t e r . O r d n u n g " ,  

( Z e i t s c h r i f t  f u r  M a th s ,  u n d  p h y s .  V o l .  3 6 ,  l 6 9 l )  gave h i s ,  

su m m atio n  th e o re m  f o r  t h e  s e r i e s  g E ^ [ a , b , c ; d , e ; l3  u n d e r  

c e r t a i n  r e s t r i c t i o n s .  Many o t h e r  m a t h e m a t i c i a n s ,  n o t a b l y  

A .C .D ix o n ,  ( E n g l i s h ) ,  and  J .  Thomae (G e rm a n ) ,  s t u d i e d  

r e l a t i o n s  among t h e s e  g e n e r a l i s e d  h y p e r g e o m e t r i c  s e r i e s  

d u r i n g  t h e  l a t e r  p a r t  o f  t h e  1 9 th  c e n t u r y .

I n  1907 , J o h n  D o u g a l l ,  i n  h i s  p a p e r  "On Vandermonde * s 

th e o re m  and some more g e n e r a l  e x p a n s i o n s "  ( p r o c e e d i n g s  

E d in b u r g h  M a th s .  S o c .  V o l .  25),. made a  n o t a b l e  ad v an ce  on 

t h e  e x i s t i n g  know ledge  o f  t h e s e  s e r i e s  by summing th e  s e r i e s
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yEgT a ,  1 + t a ,  b ,  c ,  d ,  e ,  f  ; 1 1 

L &8., 1 + a - b , 1-fa-c , l + a - d , 1+ a-e  , 1 + a - f  ; J

u n d e r  t h e  c o n d i t i o n s  t h a t  i t  t e r m i n a t e s ,  and  t h a t

1+2a  = b + c + d + e + f .  H is  method, was f u n d a m e n t a l l y  a  v e r y

s im p le  o n e ,  based on t h e  sym m etry  i n  ’a* and  *s* p o s s e s s e d

by s u c h  a  f u n c t i o n  a s

. ( c - l ) ( c - 2 ) ,  . ,  . . . ( c - a - s  )..
( c - 1  ) .  • • . Co—sOCc—177. # ' ( c —a j  

where ’ a* and  ' s ’ a r e  p o s i t i v e  i n t e g e r s .

S in c e  1907 , some o f  t h e  l e a d i n g ‘m a t h e m a t i c i a n s  v/ho 

h a v e  w orked  on t h e  h y p e r g e o m e t r i c  s e r i e s  a r e  E .W .B a m e s  

w i t h  h i s  r e p r e s e n t a t i o n  o f  s u c h  s e r i e s  by c o n t o u r  

i n t e g r a l s ,  M . J . M . H i l l ,  E .J .W .W h ip p le ,  E . T . W h i t t a k e r  

w i t h  h i s  w ork  on  c o n f l u e n t  h y p e r g e o m e t r i c  s e r i e s ,

G.N.W atson and W.N . B a i l e y .

§ ( 1 * 3 ) ,, H i s t o r i c a l  I n t r o d u c t i o n .  B a s ic  Hy p e r g e o m e t r i  c

A d i f f e r e n t  v ie w  o f  t h e  s t u d y  o f  s u c h  s e r i e s  was 

t a k e n  by E . ,H e i n e  (G e rm a n ) ,  i n  h i s  book  " T h e o r ie  d e r  

Huge I f  une t i  onen " ( V o l .  1 ,  1 8 7 8 ) .  i n  t h i s  w o rk ,  he  d e f i n e d  

t h e  b a s i c  h y p e r g e o m e t r i c  s e r i e s  a s

i  « % + _(_l-q,̂  ).(.l-g ,̂ '*[  ̂) ( 1 -q ^  ) ( 1 -q ^ ^ ^  ) .x^
( l - q ) ( l - q C )  ( l " q ) ( l - q ^ ) ( l - q C ) ( i _ y O + l )

+ . . . . .
w here  | q j < l .
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O b v io u s ly  i f  q +  1 , t h i s  s e r i e s  r e d u c e s  t o  G a u s s ’s  s e r i e s .

I n  h i s  b o o k  H e in e  a l s o  p r o v e d  a  num ber o f  e l e m e n t a r y

r e l a t i o n s  b e tw e e n  s u c h  s e r i e s .

L a t e r  some i n t e r e s t i n g  w ork  was done on t h e s e  b a s i c -

s e r i e s  b y  L . J . R o g e r s .  I n  h i s  p a p e r s . "M emoirs o n  t h e

e x p a n s io n  o f  c e r t a i n  i n f i n i t e  p ro d u c ts* * ( 1 8 9 4 )  and  "On

two th e o re m s  o f  c o m b in a to r y  a n a l y s i s "  ( 1 9 1 7 ) ,  i n  th e

P r o c e e d i n g s  o f  t h e  London M a th e m a t ic a l  b o o i e t y ,  he  gave

t h e  f a m o u s" R o g e rs -R a m a n u ja n "  i d e n t i t i e s :
4 9

1 +  g _  + ------0---------+ -------   ^ -------   + . . .

. . .  T ________ q T . . .
( l ~ q ) » • . . ( l ~ q ^ ) ,

=  1 ;  _____
( l - q ) ( l - q ^ ) ( i - q ^ ) ( i - q ^ ) ( l ~ q ^ ^ ) ( l ~ q ^ ^ ) .  . . •( 1 -q ^ * ^ ^  )( 1 - q ^ ^  ) . .

and
1 j. 2 ^  6 ^  12
1 + + _____ g ----- -- + ________ q__ __________  + . . .

( 1 -q  )  ̂1—q'^ ) ( 1 -q  ) ( 1 -q^  ) ( 1 -q^  )

. .  + , n ( n + l )  + , , ,

( l - q ) . .  , . ( 1 - q ^ )

( l - q 2  ) ( )( i_ g S  ) (1-q, ^  )( ) .  . . . ( 1 - q ^ ^ p ( ) . .

t o g e t h e r  w i t h  many s i m i l a r  r e l a t i o n s .

The b r i l l i a n t  y o u n g  I n d i a n  m a th e m a t i c i a n  S .R am an u jan



6 .

( 1 8 8 7 —192Q ) , r e d i s c o v e r e d  t h e s e  i d e n t i t i e s  i n  1917 , and  

G ,N .W atson  i n  h i s  p a p e r  "A new p r o o f  o f  t h e  R o g e r s -  

Ram anujan  i d e n t i t i e s "  ( j o ^ a l  l o n d .  M a th s .  S o c .  4 ( 1 9 2 9 )  ) 

d e d u c e d  them  a s  s p e c i a l  l i m i t i n g  fo rm s  o f  a  r e l a t i o n  

p ro v e d  b y  h im  i n  t h e  same p a p e r ,  b e tw e e n  two b a s i c  

h y p e r g e o m e t r i c  s e r i e s .

The s tu d y  o f  t h e  w ork  o f  R o g e rs  on t h e s e  i d e n t i t i e s  

l e d  i n d i r e c t l y  t o  t h e  d i s c o v e r y  o f  t h e  f o l l o w i n g  th e o re m  

w h ic h  h a s  many a p p l i c a t i o n s  t o  i n f i n i t e  i n t e g r a l s  a s  w e l l  

a s  i n  t h e  s tu d y  o f  s e r i e s .  T h is  th e o re m  i s  f u n d a m e n ta l  i n  

t h e  d e v e lo p m e n t  o f  b o th  b a s i c  and o r d i n a r y  h y p e r g e o m e t r i c  

s e r i e s . • n

Theorem I f  ^  r

«Ô
r - n  r+ n  

r= n
CO oo

L . K K -
n=o n=o

oo £>o r*
U V‘r  r - n  r+ n

r= o  r= o  n=o
OO oO

= L B , -
U Vn  r - n  r+ n

n=o r= n
OOr .

n=o

p r o v id e d  t h a t  t h e  s e r i e s  i n v o lv e d  a r e  c o n v e r g e n t ,  o r  

f i n i t e ,  and t h a t  t h e  ch an g e  i n  t h e  o r d e r  o f  sum m ation  i s



j u s t i f i a b l e .  T h is  th e o re m  was g iv e n  by W .N .B a i le y  i n  h i s  

p a p e r  " I d e n t i t i e s  o f  t h e  R o g e rs  -Esm anu j a n  t y p e "  ( .1 9 4 4 ) ,

§ (2  «1 ) . N o t a t i o n .

L e t  ( a ) p  = 1 ,  and  l e t

( a ) ^  = a (a + l) (a " $ 2  ) (a+ 3  ) , .  . . ( a + n - l ) ^  

w here  'a*  i s  a  co m p lex  n um ber  and  * n ’ i s  a  p o s i t i v e  i n t e g e r .  

A ls o  l e t  t h e  g e n e r a l i s e d  h y p e r g e o m e t r i c  s e r i e s  

\  ^ ^ 1 ^n^^2 ^n^®3^n' '  ' 'A ^k ^ n .  _.x ^

n —o

be denoted by

I  o ^ f b ^ ,  . .  b ^ _ ^ ,  J

where a ^ , a ^ ,  . .  . .  a^^  b ^ p b ^ , . .  . .  b ^ ^ ^ ,  and  x  a r e  a l l  

c o m p le x  n u m b e r s . T h is  s e r i e s  i s  c o n v e r g e n t  

i f  | x | < l ,

i f  X = 1 , p r o v i d e d  t h a t  R1 ( b . • * + b ^ _ q - a ^ - a ^ - .  .-8j^ )

> 0 ,
o r ,  i f  X = - 1 ,  p r o v id e d  t h a t

R1 ( 1+b j_ tbg+v. . .  +b^_^- 'a^ -s .£—i . . . - a ^  ) > 0 .

I t  i s  assum ed t h a t  none  o f  t h e  p r o d u c t s

^ ^ l^ n J  ^^k—l ^ h  v a n i s h .

The f a m i l i a r  B in o m ia l  th e o re m  t h e n  a ssu m es  t h e  fo rm  

( 1 - x ) = i Eq C a ;  ; X ]

The f i r s t  c o m p le te  p r o o f  o f  t h i s  r e s u l t  was g i v e n  i n  1826 

b y  N .H .A ble  (1 8 0 2 —1829 , N o rw e g ia n ) .
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§ ( 2 , 2 )  / Some • p r e l im in a r y  r e s u l t s .

I t  c a n  e a s i l y  be shown t h a t  t h e  s e r i e s  

2 E j ( a , b ; c ; x )  i s  a  s o l u t i o n  o f  th e  h y p e r g e o m e t r i c  d i f f 

e r e n t i a l  e q u a t i o n  .

x (  1 - x )  d^y  +■ ( c - ( a + b + l ) x )  L y  — aby  = 0 ,  . . .  ( 1 ),
dx2 .

p r o v i d e d  t h a t  |x |<  1 .

A se c o n d  s o l u t i o n  i s  x '^"^^E ^(]l+a-e  , 1+b-c ; 2 - c  ; x ]  .

By c h a n g in g  t h e  d e p e n d e n t  v a r i a b l e  y , i n  e q u a t i o n  ( l ) ,  i t  

c a n  be shovm t h a t  ( l - x ) f  ^  [ c - a , c - b ; c ; x ] , i s  a l s o

a  s o l u t i o n .  B u t ,  s i n c e  e q u a t i o n ,  ( l ) /  i s  o f .  o r d e r  tw o ,  i t  

c a n  h av e  o n ly  two l i n e a r l y  i n d e p e n d e n t  s o l u t i o n s .  Hence 

t h e r e  e x i s t  c o n s t a n t s  A and B su c h  t h a t  

( l - x ) 9  ^ ^ ^ E ^ f c - a j c - b j c  ;x ]

= A£E^[’a , b  5 c 5 x l  + x ^  ^ g E ^ t l+ a - e >  1+b-e 52-c ; x ]

Now t h e  f u n c t i o n  on t h e  l e f t  o f  t h i s  e q u a t i o n  c a n  be 

ex p an d ed  i n  i n t e g r a l  p o w e rs  o f  x ,  and c i s  n o t  n e c e s s a r i l y  / 

a n  i n t e g e r .  T h e r e f o r e  B = 0 ,  a n d ,  p u t t i n g  x  = 0 ,  we g e t  

A = 1 . T h e r e f o r e

( l - x ) ^  ^E ^T a^bJc  5x3 ,= 2 E ^ f c - a , c - b ; c  ; x l , . . . ( 2 ) ,

( E u l e r ) .

E q u a t i n g  t h e  c o e f f i c i e n t s  o f  x ^  i n  ( 2 )^  we o b t a i n

r i  ( c ^ % i n - r ) :  ' -  ̂ ■ n !  ic 
r= o
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Hence we have

Iheorem (2 ) ;  [ a , bo, - n  ; c , 1+a+h-c - n  ; l 3

= ( c - a ) ^ ( c - h ) ^

(c  )y ,(c-a-h)T i‘jQ^Cc-a-hJn

T h is  i s  t h e  r e s u l t  known a s  S a a l s c h u t z ’ s th e o re m »

S in c e  F( a + n ) .■ = ( a )  , t h i s  th e o re m  c a n  be v / r i t t e n ?
r(a)7

i n  t h e  fo rm  g E ^ [ a # b \c  ; h , e  ; l ]

= r ( d ) F( l + a - e  ) r ( l + b - e  ) Fl I 4 c - e  ). y 
• r  ( l - e  ) F( d - a  ) r ( d - b  ) FÎ d -o  ) ;

p r o v i d e d  a , b , -  o r  c i s  a  n e g a t i v e  i n t e g e r  and

d+e = a+ b+ e+ 1 .

How l e t  n  ->oo i n  e q u a t i o n  (3 ); a b o v e .

Them  1 a,s n  ,
( 1+a+b—c —n }^

H en ce ,  u s i n g  T a n n e r y ’ è th e o r e m ,  we g e t  '

Theorem ( 3 ) ; p E k [ a , b ; c ; l ]  = [ ( c  ) f ( c - a - b )  . .  . ( 4 ) ,
■ f ( c - a ) r ( c —b )

w h ich  i s  G a u s s ’ è t h e o r e m .

When i 'b *  i s  a  n e g a t i v e  i n t e g e r - n ,  e q u a t i o n . ( 4 ) ,  becom es 

2 E ^ [ a , - n ; c ; l l  = ( c - a ) ^  . . . ( 5 )

’ 4 .

I n  t h i s  form , t h e  sum m ation  i s  known a s  Vandermonde ’ s 

t h e o r e m . -

§■ _(3 .1  ) ; A g e n e r a l  t r a n s f o r m a t i o n  b e tw e e n  two

g e n e r a l i s e d  h y p e r g e o m e t r i c  s e r i e s .
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To i n v e s t i g a t e  h y p e r g e o m e t r i c  s e r i e s , b y  th e  

a p p l i c a t i o n  o f  th e o r e m  ( l ) ,  l e t  u s  su p p o se  t h a t

U r  = eg ) j . . . . .

( E i ) r ( E £  )p  . ,  •

v_ = (f i irXfs)? . . .

) r - . .

and  ^ r  ~ (^dj^)p( .d£ . .  ^^r
( ^ ̂  ) 2»{ D£ ) J* • # #

I n - t h e s e  t h r e e  e x p r e s s i o n s ,  t h e r e  c a m  b e , any  num ber o f  t h e  

p a r / a m e t e r s  e ^ ^ e ^ ,  * « # f^ ^ ,f^ , • # *d ^ , d ^ , *. # E ^ ,E ^ , # • # E ^ ,E ^ ,  #. # 

D l , D ^ , . . .  , A l l  t h e s e  p a r a m e t e r s ,  to g e M ie r  w i t h  *t* m u s t  

be i n d e p e n d e n t  i o f  r i .  W ith  t h e s e  v a l u e s  o f  u  , v ^ ,  and  &
OO ^

^  n y  o r^ r - n  r+ n ̂ u  V

r= n
OO

8=0

s t o V s + 2 n ’ ( p i t t i n g  s  = r t n . )

H e n c e ,
oo

I r "  1 s L  2 ^ s1 îi '  * ''^1  s  "  ^ 's+2n’ '
8 —0 '■

• * Y n  ~ ^n**^^1 ^2 n ^%  ^£n** , t ^

W M g  W * *

m ( D i+ n ' ) s ( j > 2 + a ) s - - ( E i ) g ( E 2 ) g . . . ( P 3 _ '* ^ n ) g ( l ’2 + 2 n ) s . .

E o r  t h i s  s e r i e s  t o  be  a  h y p e rg e o m e tr ic -  s e r i e s ,  one
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o f  t h e  d e n o m in a to r  p a r a m e t e r s  m u st be u n i t y .  O r i g i n a l l y  

t h e  p a r a m e t e r s  w ere a l l  i n d e p e n d e n t  o f  r .  Hence now th e y

m u s t  a l l  be i n d e p e n d e n t  o f  b o t h  n  and s .

D^+n A 1 , and  E^+2n /  1 , f o r  a n y  v a l u e  o f  m,

and  f o r  a l l  v a l u e s  o f  n .

Hence t h e r e  m u s t  be a t  l e a s t  one E p a r a m e t e r  and t h i s  

m u s t  be t a k e n  e q u a l  t o  u n i t y .

S uppose  t h e n  t h a t  E^ = 1 .

I t  i s  a l s o  n e c e s s a r y  t h a t  t h e  num ber o f  n u m e r a t o r  p a r a 

m e t e r s  s h a l l  be one more t h a n  th e  num ber o f  d e n o m in a to r

p a r a m e t e r s  ( e x c l u d i n g  Eq= 1 ) .
.

Then,

X  **9. -t 3 ,.(1).
L E_,,.D:+n,Dp+a,,.Et+2n,E:i2ii,,.; J\

L e t  t h i s  s e r i e s  o c c u r r i n g  i n  t h e  e x p r e s s i o n  f o r  be 

d e n o te d  by E ^ ,

Ey i s  c o n v e r g e n t  ( c a s e  ( l ) 3 , i f  | t | < 1 ,

( c a s e  ( 2 ) ) ; i f  t  = 1 ,  and  HI (Eg . +D + ê . +E q+Eg+ . ,

- e f - e ^ - ,  . - d i - d g - .  . + f ( n )  ) > 0 ,

w here  f ( n )  = n , (  t h e  num ber o f  D p a r a m e t e r s  + tw ic e  th e  

. n um ber  o f  E p a r a m e t e r s  -  t h e  num ber o f  

d p a r a m e t e r s  -  tw ic e  t h e  num ber o f  f  

p a r a m e t e r s . )
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E o r  t h i s  t o  he t r u e  f o r  a l l  v a l u e s  o f  n ,  f ( n ) ^ 0 ,  

i . e .  f ( n ) . m u s t  h a v e  one o f  t h e  v a l u e s  o , n , 5 n , 3 n , . . .

O r ,E y  i s  c o n v e r g e n t ,  ( c a s e  (3 ) ) ,  i f  t  = - 1 ,  and

H i ( 1 + - E ^ f . +D2 + % "f"'  ,4E^+E%+. . - e  . - d ^ - d ^ —.■ . - f  f ^ —% .+ f  (n ) )>0

w here f ( n ) , i s  d e f i n e d  a s  a b o v e .

E o r  t h i s  t o  be t r u e  f o r  a l l  n ,  f ( n ) ^ - l ,  

i . e . ,  a s  bè îS5re , f ( n )  m u s t  h a v e  one o f  t h e  v a l u e s  o , n , 2 n > . . .  

W ith  t h e  same v a l u e s  o f  u ^  and  v ^

= ST ^ ^ 1 ^ h - r ^ ^ 2 ^ n - r ' " ^ ^ 1 ^ n + r^ ^ 2 ^ n + r* *
^  L   ( n - r ) r  (E^ ) n - r " ^ ^ l ) n + r  ) n + r . .

r=o - .

' ^  ~ \ . TTYT"!

/  ^ (  1 -e  i_-n ).j, ( l - e ^ - n  . .  ( E^+n X^CE^ +n 1 . •
"JĈO '  ̂  ̂ ,

w here  p i s  t h e  d i f f e r e n c e  b e t w e e n . t h e  num ber o f  e p a r a 

m e t e r s  and  1 f - t h e  number.: o f  JE p a r a m e t e r s .

H ere t h e  v a l u e  o f  oC^ re m a in s  t o  be c h o s e n ,  b u t  m ust 

he i n d e p e n d e n t  o f  n .  L e t  t h e  s e r i e s  o c c u r r i n g  i n  th e  

e x p r e s s i o n  f o r  be d e n o te d  by Ep.

O b v io u s ly  Ep a lw a y s  t e r m i n a t e s .

E o r  Ep t o  be a  h y p e r g e o m e t r i c  s e r i e s  o f  t h e  ty p e  

u n d e r  c o n s i d e r a t i o n  o6^ m u s t  have  th e  fo rm
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w here  t h e r e  c a n  he an y  num ber o f  t h e  p a r a m e t e r s  a ^ ^ a ^ , . .

p r o v id e d  t h a t  t h e  t o t a l  n u m b e r .o f  n u m e r a to r  

p a r a m e t e r s  i s  one m ore t h a n  t h e  t o t a l  num ber o f  d e n o m in a to r  

p a r a m e t e r s  i n  E p , and  t h a t  t *, a ^ , a ^ . A ^ y A ^ ^ . •  a r e  

i n d e p e n d e n t  o f  b o th  n  and  r .

The g e n e r a l  t r a n s f o r m a t i o n  g i v e n  by t h e o r e m - ( l ) . . - i s

t h e n

I—  n  ; (Ag ) j j . .  (D l  ) (l>2 )n  • • ' '  ~
n=o

^  v ^ ] r - . 4 r ® > * #d j^+nyd^+n, • ,f2+**n,f2+^n^ • • î t  "1
k . ,Dq4n,D^+n,. .E^+2n,Eg#n,, . .  ; J

n=o

(e 1 r̂» * • * ( ^ 1  ^n(^P )p * •

n '

oo
\  i e i ' n ' " 2 ' n " " ' " l ' n \ ^ 2 ' n " " \ ^ l ' n \ u 2 / n ' ' . t

( l - e i - ^ ; r ^ l - e ^ - ^ ) r . . ( E i + n ) r  ( % t n ) ^ . .  r !  l A g ) ^ . .

. . . ( 3 )
w here p h a s  t h e  same d e f i n i t i o n  a s  a b o v e .

T h u s ,  p u t t i n g  r  f o r  n  and  n  f o r  r  on t h e  l e f t  o f  t h i s  

e q u a t i o n ^

= . . . ( 4 )
L—  Z _ ( B i ) n - - ( n - r  jj  (E» G -r * '^ ^ l - 'n + r *  •
n=o r= o  - '

p r o v id e d  t h e  ch an g e  i n  t h e  o r d e r  o f  sum m ation  c a n  be 

j u s t i f i e d .



16.

T h is  p r o c e s s  i s  e q u i v a l e n t  t o  t h e  sum m ation  o f  a  

d o u b le  s e r i e s  by  d i a g o n a l s  i n s t e a d  o f  by ro w s .  I f  one o f  

t h e  s e r f i e s  i n  e q u a t i o n  ( 4 ) ; i s  c o n v e r g e n t ,  when t  = t ’ = 1 ,  

t h e  p r o c e s s  i s  j u s t i f i a b l e ,  s i n c e  a l l  t h e  t e r m s  on e i t h e r  

s i d e  o f  e q u a t i o n  ( 4 )  a r e  t h e n  u l t i m a t e l y  o f  ; t h e  same s ig n ^  

The p r o c e s s  c a n  a l s o  be  j u s t i f i e d  i f  t  o r  t*  = - 1 ,  v /h e n i th e  

c o n v e rg e n c e  i s  a b s o l u t e , a,nd a l s o  i f  | t | < l ,  | t * | < l ,  by  t h e  

u s e  o f  a  c o m p a r i s o n - t e s t .

§ ( 3 , 2 )  A p p l ic  a t i  on o f  - t h e  B in o m ia l  Theorem..

Suppose t h a t  i s  summable by t h e  b i n o m i a l  
I

th e o r e m .  There  a r e  t h r e e  p o s s i b i l i t i e s  f o r  E ^ .  These a r e : —-

( 1 )  ^ I ^ t ' f + ^ n r  X 3

( 2 )  7 ^E^{ d f n  ; ; X 3 
and (3 ) ® 5 5 x 3

The c o r r e s p o n d i n g  s e r i e s  f o r  E^ a r e : -

( l )  y  ( - n ) ^ ( f t n ) ^ ( - l ) . . ^ o c ^

r=o

( 2 )  y  ( - n ) ^ ( - l ) . o8^_, 

r=o

r=o ^
a l l  o f  w h ich  a r e  summable f o r  some v a l u e  o f  oC .

r

_(_3 #3 ) ; Case one .

I f  = y  .̂_=
■ u - x ) f t 2 n
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Tf oc = ( - 1 )^ , summing E .  by Vanderm onde * s th e o r e m .
"  M 'C l + f - a 'p  V

,% B _ 'n '  n
’ n I ' ( I f f - a  )n

H en ce ,  _ 1 _ _  p E .T  i f . i ( f f l ) ;  - 4 x  _ 3 = g E . f f j a J  - x l  . . . ( l )
I  1 + f - a  î ( i - x ) ^  J " [ l + f - a ;  j

T h is  r e s u l t  v/as g i v e n  by G auss ( D i s q u i s i t i o n e s ,  (IDO)}/

I f  L oC = summing E by S a a l s c h u t z ’ s
^  n  U  A )^ (  1+ f+ a-A l,^  ^

th e o r e m ,

■ p ,, = ( f ) n ( A - a ) n ( l + f - A ) n  
n l  ( A )^ (  I t f + a - A ) ^ ^

Hence

1 ^En f  a . i f , j-( f+ 1  ) ; - 4 x  _  3  = ^ E ^ I f  , A - a , l + f - A ;  x  3 . . ( 2 )
( l - x ) ^  L A, 1+f+a-A  ;( 1 - x ) ^  J 4_ A, 1+ f+ a-A ; j

T h is  f o r m u la  i s  p ro v e d  by W .N .B a i le y  i n  h i s  p a p e r  o f

N ov. iD th  1927 " p r o d u c t s  o f  g e n e r a l i s e d  h y p e r g e o m e t r i c

s e r i e s " . ( p ro c  .B o n d ,M ath s  .Soc  .V o l .2 8  p .E5D e q .  4 .1 R )

P u t t i n g  a  = 4 ( f + l ) - b  end A = 4 ( f + l )  t h i s  f o r m u la

becom es

1 gF. , i(  f +1 )-b ;_ = 4g_ 1 = gP Tf, b; x 1 . . . ( 3)
'• . l+f-b;/i_^)g J . ^[iff-b; J( 1 - x ) ^  " " I ,

v /h ich  i s  a l s o  g i v e n  by  G auss  i n  h i s  D i s q u i s i t i o n e s .

These  fo rm u la e  h o l d  f o r  | x |< 3 - 2 / 2 ,  and  i n  g e n e r a l ,  

by  a n a l y t i c  c o n t i n u a t i o n  i n  t h a t  lo o p  o f  t h e  c u rv e  

|4x|. = ll-xj*^ w h ich  s u r r o u n d s  t h e  o r i g i n .
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Now l e t  x - ^ - 1 ,  i n  e q u a t i o n  ( 3 ) . T h e n , w r i t i n g  a  f o r  f , 

we g e t  E.r4a,4(a+l)-'b; 1 3 = 2^1 f  &, h; - 1  3 , . . ( 4 )
[  1 + a -h  ; J  [ l + a - h ;  j

Summing t h e  s e r i e s  on  t h e  l e f t  by  G a u sq ’ s  th e o r e m ,  

we %ave

Tlieorem ( 4 ) . Hummer’ s t h e o r e m .

o E T  a ,  h ;  - 1  3 = 1 + a - b )r( l4»-|a )
" ^ l l+ a -b ;  j  r U + a ) r ( l + i a - b 7

§ ( 3 , 4 ) Case tw o .
n  ^  ( d )  x%

' Y u  = n
d+n( 1 -x  )

/ „ )  /  l ) n
I f  = n  summing Eg by  V anderm onde’ s  th e o re m

“  n l  ( a )^  P

F n
_ (A -a

n K I J ^

Hence 1 c E . f a . d ;  - x  3 = cE . f A - a , d ;  x  3 . , . ( l )
( l _ x ) d   ̂ a ;  1 -x  J  A; J

p r o v i d e d  [xfcl, and  R l ( x K 4 . ( G a u s s ,  D i s q u i s i t i o n e s  E o rm u la

Now l e t  X - ^ - 1  and  t h i s  r e l a t i o n  w i l l  become

2 E ^ p . , d | ; 4 j  = 2 ^ 2 E q |d ,A -a } ,  - 1  J  . . . ( % )

I f  A = 4 ( a + d + l )  t h e  s e r i e s  on th e  r i g h t  o f  e q u a t i o n .  (2 ), above  

c a n  be summed by  Hummer’ s  t h e o r e m ,  g i v i n g  

Theorem ( 5 )

T h is  i s  G a u s s ’ s s e c o n d  sum m ation  th e o r e m .
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A g a in ,  i f  a+d = 1 ,  t h e  s e r i e s  on  t h e  r i g h t  o f  e q u a t i o n

( 2 ) ; c a n  he summed h y  Hummer’ s  th e o r e m ,  g i v i n g  

Theorem ( 6 )

oPja.l-a; -£ 1 = fpA)r(4(Ap)) ...(4)
[  A ; J  r  ('&(A+aJ ) P( 1 + A -a) )

T h is  f o r m u la  i s  g i v e n  in . .W .H .B a i l e y ’ s C am bridge  T r a c t  

« G e n e r a l i s e d  h y p e r g e o m e t r i c  s e r i e s #  (§  2 , 4 .  ( 3 ) )

§ ( 3 , 5 )  C ase  t h r e e

I f  S = t h e n  y  = x^
*  *  ' ( l - % ) e

I f  = ^^'1 ^n^^'2 ^n summing E- by S a a l s c h u t z ’ s th e o r e m ,
^  nUa^L+ao+e ^

we g e t  t h e  same r e l a t i o n  a s  § 2 . 2  ( 2 )  a b o v e ,  f ro m  w h ich  

S a a l s c h u t z ’ s th e o r e m  was i n i t i a l l y  d e d u c e d ,

S ( 4 , l )  A u u l i c a t i o n s  o f  G a u s s ’ s th e o r e m .

S uppose  now t h a t  Ey c a n  be summed e i t h e r  b y

G a u s s ’ s t h e o r e m ,  a s  a n  i n f i n i t e  g E ^ l l ) ,  o r  by V anderm onde’ s

th e o re m  a s  a  f i n i t e  ^ E q l l )  s e r i e s .  T h e re  a r e  e i g h t e e n  

p o s s i b i l i t i e s  f o r  E ^ • Of t h e  c o r r e s p o n d i n g  Ep s e r i e s  

o n ly  e l e v e n  a r e  sum m able . The summable c a s e s  a r e : -

  —

rV n  Pt2â ; j  P z _  : (P+nr ------------  :
r=o

( 2 ) . P = gP jft2n ,d + n 5  1 1 P =
I P t 2 n ;  J  P U _ “  ( p i D ----------------^

r=o



20 .

r=o ^

( 4 )  = g P l p + S a . d t n ;  1 j  Pp = ^ ( - n ) ^ ( f t n ) ^ ( - l ) r ^

r=o

r= o  - ^

( 6 )  P = g p T f - t S n ,  e ;  1 I  ?  =
L E fn  ; J  P . /  ‘ ( 1—e —n ) ^

r=o
n

( 7 )  P̂  = g P i p i ^ , d ^ t o ; l J  Pp=

J ~ o
( 8 )  E = £ E i r f + 2 n ,  e ;  1 1  H ^ 1 - E r . n ) j^ ( f+ n ) p ( ^

I L E ;  J  ' • /  /- ( 1 - e - n ) rr=o
n

Ê  = \  ( - n )  ( l - E - n )  CXp( 9 )  Ey = g E i J d i + n , d ^ t n ; l j

r=o
n  / X

( n o )  P = gP.,jd-Mi, e ;  1 1  Pg = \  _ iI!L i£ .fO f
Y L D+n; J  ^ A_( l - e - n ) „

r
_ r

r=o • -

£ _ _ O ^ P

Of t h e s e ,  o n ly  c a s e s .  ( 3 ) ,  ( 5 ) ,  and ( ID ) s a t i s f y  th e  

c o n d i t i o n  " H I ( c - a - h )  > 0 ” f o r  a l l  v a l u e s  o f  n ,  end  t h e y  ; 

g iv e  c o n v e r g e n t  s e r i e s  f o r  Ey, I n  t h e  r e m a in in g  c a s e s ,  

one o f  t h e  n u m e r a to r  p a r a m e t e r s  o f  Ey m u st he a  n e g a t i v e  

i n t e g e r  -N , and Ey c a n  he summed o n ly  hy Vandermonde *s 

th e o re m .
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§ ( 4 , 2 )  C a se s  one and tv o

I n  c a s e  one = 1 .  Summing by V anderm onde’

t h e o r e m , /  = ( E - f  )^ (  f  )gj^ ( -H
* ^  • T¥JZ ( i + f - E - N LR  " " '% n

\nLet<>^^ = ( - l )  Then , summing Eg by S a a l s c h u t z ’s
n ’ ( l + f - E - N ) ^  r

th e o r e m , } ^
' n !  (p )g j j ( l+ - f -P -H )j^

Hence
* [ ' ■  3

( P ) „  ^  l 4 (  l+ f - P - H )  , l + i ( f - P - S ) , l - f f - P - N Ü

I n  c a s e  tw o , - summing b o t h  E_ and Eg by  V anderm onde’ s
I r

th e o r e m ,  = ( d ) ^ ^  and  h e n c e ,

Y = f ( E)  r ( E - f - d  ) H  
I ^  • fCE-f J|*Ie -A ) (E -d  ;^ (  1+ f+ d-E

I , n

n l  (P)<P n  = I : : : : ! :"
2 n

ften ce

= l ' ( p ) f ( p - f - d U j P o r a .  i f ,  K f + i ) î  4 l  . . . ( 2 )
J L  P - d , l + f 4 d - P ;  Jf - (P - f  ) r ( p - d

p r o v id e d  e i t h e r  f  o r  d i s  a  n e g a t i v e  i n t e g e r .

§ ( 4 ,3  ) Case t h r e e

Summing Ey by G a u s s ’ s th e o r e m .



' "• r i p - d i ^ r i p - d g )  ( p - d ï ) y p U i g q

p r o v id e d  MRl(p-d^-d.£ ) >  0 .

H ere B = 1
^“  ni  ( p ) .  / _ ■  tP+n) r

r=o ■*•

E i r s t  sum Pp by V anderm onde* s t h e o r e m .

T hen , i f  o< =
i n

( P - a ) p
n U P - a q ( p ) 2 j i

H e n c e ,

4 P g U ( P - a ) ,  d . , d g j R l ' - a + p ; ;  1 1
L P-a, # ,  t(p+i) ; J

■ r c T ' M i - » '  ■ a . ,  -1 -1  . . . d )
P ( p - d ^ ; f ( p - d g ;  I  p - d ^ , p ^ g {  J

p r o v id e d  R l(E - d q - d g  ) A 0 ,  and E l ( l - a ) / > 0 ,

T h is  g i v e s  a  n e a r l y —p o i s e d  s e r i e s  • & s e r i e s

i n  w h ich  a l l  t h e .  p a i r s  o f  p a r a m e t e r s  a r e  w e l l - p o i s e d  

e x c e p t  one p a i r , )  i n i t e r m s  o f  a  ^ P ^ ( 1 ) s e r i e s ,

( B a i l e y ,  T r a c t ,  § 4#6 ( 3 )  ) .

N ex t sum P^ by Hummer’ s th e o re m .

T h en , i f  ^n

f n = - T  :

H e n c e ,

8 ^ 1

. . . ( 2)
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p r o v id e d  R l ( p —d^^—d£ 0 and  E l ( l —d ^ - d ^  },J>0•

Summing t h i s  ^ P ^ ( l ) .  h y  G a u s s ’s th e o r e m ,  and  p u t t i n g

l + f l =  P ,  a  = d ^ ,  h = d ^ ,  we g e t

Theorem ( 7 ) ;

. P ^ r  f  , - a , .  h ;  1 1
^ l + f - a , l + f - h ;  J

= !*(i 4 4 f ) r ( i + £ f - a - h ) r ( i + f - a ) r ( i + f - h ) . . . ( 3 7
. P( l + i f - a  ) r (  l + 4 f - h  ) P( 1 + f } P ( l + f - a - h  ) 

whe r e  : E l  ( l+ fe f - a -h  ) > 0 ( a s  i n  ; e q u a t i  om  ( 2 ) above ) .

T h is  i s  D ix o n ’ s t h e o r e m , f i r s t  g i v e n  by  A .C .D ix o n  in.i 

h i s  p a p e r  "Sum m ation! o f  a c e r t a i n  s e r i e s "  ( p r o c .L o n d .  

M a th s .S o c ,  V o l . ( 2 ) / s e r i e s  ( 2 ) , ( l 9 0 3 } } ,  i t  g i v e s  th e  v a lu e  

o f 'a g P ^ ( l )  s e r i e s  i n  w h ich  t h e  sum. o f  e a c h  p a i r : - o f  J 

n u m e r a to r - a n d  d e n o m in a to r  p a r a m e t e r s  i s  e q u a l  to  th e  f i r s t  

n u m e r a t o r  p a r a m e t e r  •+- 1 ,  Such  a  s e r i e s  i s  c a l l e d  a  w e l l -  

p o i s e d  s e r i e s .

Next'^ summing:'p^ by  D ix o n ’ s t h e o r e m ,  

i f  o< =
^ • n ’ (p-a)n

; _ = ( i(  l+P)-a)^

Hence,

3-%P 2 ^ 1 + P ) - a ,  d . ,  d g j , 1 -]
L t(l+P7,P-a; J

■ f(p-d. }p(P-dg7 i  P-d^,P-d£,P-a; J
p rov id ed  E l(p -d ^ -d g  ),>0  and  E l ( l - a )  > 0  ,



i4 .

L e t  = i ( l + ] ? ) ,  d g ^  b ,  and  If f  = F ,  t h e n  th e

s e r i e s  becom es T l f i f - a ,  b ; 1 T* Snmming t h i s  s e r i e s
•^L I f f - a  ; J

b y  G a u s s ' s  th e o r e m ,  we g e t ,

Theorem ( S )  •

a ,  ■ h ; . - i  1
L i f  , H - f - a , l t f - b ;  J

- = r ( l + f - a ) f ( 1 + f - b ) . . . ( 5 )
) r ( l t f - - a “ b )

w here  E l ( l + 4 f - ' a - 'b ) > 0  (, a s  i n  e q u a t i o n . ( 4 )  a b o v e ) .

. T h is  g i v e s  t h e  sum o f  a  v / e l l - p o i s e d  s e r i e s

w i t h  t h e  s p e c i a l  fo rm  o f  t h e  s e c o n d  n u m e r a t o r  p a r a m e t e r .

■ : How sum Fp a s  a  v / e l l - p o i s e d  ^ F ^ ( r l ) ,  l e t t i n g
( p - i r ( i ( m ) L ( a )

n

T hen , B = 1 .
* ^  ■ n l  ( F - a ) ^

H e n c e ,  2 l ' i p i | _ _ d 2 | : l  j  = .

^ r ( g ) P( P -d  1 - ^ 2  r  g  B - i , U p + l ) ,  a ,  d , d g ! ,  1 ]  
. r ( P - d ^ ; r ( P - d g j  i  t ( P - l ) , P - a , P - d ^ , P - d g ;  J

. . . ( 6 )
p r o v id e d  R l ( F - d ^ - d ^  ) > 0  and  E l ( a ) < 0 .

In: t h i s  r e l a t i o n ,  l e t  I f f  = F ,  b d ^ ,  c ' = d g , and  

sum t h e  ^ F ^ ( l )  s e r i e s  by  G a u s s ' s  t h e o r e m .  Then we g e t  

Theorem ( 9 )

I f i f , a ,  b ,  c ; 1 1 
L - i f , 1 4 f - a , 1 + f - b , 1 4 f - c  ; J

^ f ( i + f - a  ) f  ( l 4 f - b  ) r I Iff-C '-) r ( I 4 f  —a —b —c ) . . . .  ( 7 )
- f ( i i - f  ) r( i f f - a - b  ) f ( 1 + f - a - c  Tfl -^+f-b-c  ) .
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w here  R l ( I f f - a - b - c  )>0 ( a s  i n  e q u a t i o n  ( 6 ) .  a b o v e ) .

T h is  r e s u l t  g i v e s  th e  sum o f  a  w e l l - p o i s e d  ^ F ^ ( l )  

w i t h  th e  s p e c i a l  fo rm  o f  t h e  se c o n d  n u m e r a to r  pagr^amet e r .  

How sum: Fp a s  a  w e l l - p o i s e d  ^ F ^ ( i ) ,  l e t t i n g  r

£/ = ( F - l ) n ( M P + l ) ) n ( a i ) n ^ 8 2

^  n i  ( i ( F - l )  ) (F -a j^ j^ C F -a ^  '

Th..P. ■• n  i ( F - & 2  F -a g  ).̂

H e n c e ,

= a  S g ,  d i ,  d g ; - 1  q
r (P -d ^ ;p (P -d g ) ,   ̂ °L s ( g - l ) , g - a p P - a | , P - d ^ , P - d g ; ,  J

. . . C P ) .
p r o v id e d  H I( F -d  ̂ -d ^  X> 0 and Rl(, t+ F -2a]_ -2a^  ) > 0 .

I f  1 = d^4 a^  = d^fa^^,. t h e  s e r i e s  c a n  be  summed

b y  D i x o n 's  th e o r e m .  L e t  I f f  = F ,  a  = a ^ ,  b = a ^ ,  c = d ^ ,

and  d = d ^ . Then e q u a t i o n  ( 8 )  g i v e s

Theorem ( f )  )

g F s f f i l + i e ;  a ,  b ,  c ,  d ;  - 1  1  
{_ i f , I f f - a , i f f - b , 1 + f-c   ̂I f f - d  ; ,  J

= | L l ± f ^ a ) f ( 1 + f - b ) f  ( l + f - c i r (  1-t-f-d ) f  ( X-iU ) ) . . . ( 9 1
■ P ( f  ) P ( l + f  ) r ( I t f - c  - d } f ( f +b+d j P ( f - a - c )

X l ü i l t î r s r l l l .
p ( l + k ( f - b - d ) ) ^  

w h e r e , - f o r  c o n v e r g e n c e ,  H l ( f ) > 0 .

T h is  g i v e s  the. sum o f  a  w e l l - p o i s e d  g F g ( - l ) } w i t h  th e  

s p e c i a l  s e c o n d  n u m e r a t o r  p a r a m e t e r ,  u n d e r  t h e  two c o n d i t i o n s  

1 = a f d  = b f c  ■ .
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These r e s u l t s  w ere  g i v e n  by W h ip p le ,  i n  h i s  p a p e r  "On 

w e l l - p o i s e d  s e r i e s "  ( p r o c  . lo n d .M a th s .S o c  • ( 2 )  V o l .  2 4 ,  

( 1924) ) ,  e q u a t i o n s  ( 6  # 4 ) ,  ( 4 , 5 ) ,  ( 6  #3 ) .

§ ( 4 # 4 l )  Case f o u r .

Summing P y  by Vandermonde ' s  th e o r e m ,

i f  .' V  =

l - i )
( l*ff+d—D )n

I f  c /  = ( - - l )  , summing P by  Vandermonde * s th e o r e m ,
n î  ( a ) “  P

b = ( f  I f f - a  —1 ) f
C ^  - n i  ( a ) ^  ' "

H en ce ,

-1 1
L. a jD 5

= f ( D ) r ( : D - f - d ) P . a . i j f - D ,  i f .  i ( f t i ) ;  1 ^ 1  . . ( 1 ) 
. r ( D - f  L a , « ( l - f f + d H 3 ; , l + t ( f t d - D ) Ü )  • -

p r o v id e d  d o r  f  i s  a  n e g a t i v e  i n t e g e r  -H .

I f  a  « “ l + f , -  t h e  0 P ^ ( - l )  = 1 ,  and  we h a v e  

Theorem ( l l )

^Pgtd.l+f-D if , , i-(fti)5 l l
L 1-pi, i( Iff id-D ), !+&( f fd -D ) ; J

= r(P-f)f(D-d) ,..(2)
f ( D ; r ( D - f - d )

w here  d o r  f  i s  a  n e g a t i v e  i n t e g e r .

T h is  g i v e s  th e  sum o f  a  f i n i t e  s p e c i a l  S a a l s c h u t z i s n

^ P ^ ( l )  s e r i e s .



.n
H e x t , l e t  C)C =  (a ) j^ (  l ) ________ _̂_

^  n  I (A )^ (  I f f f a - A )^

Then , summing Pg by  S a a l s c h u t z ' s  t h e o r e m ,
g  = (f)^(A-8.)^(lt-f-A)„

. n !

H en ce ,

4P,, [ f ;  1+f-A, A-a, d Î ; 1 1
' '  i- a , d ; j

P(D
R 5

A ,1 + f+ a

) ) r ( D - f - d l  s P i f a . a .  1 + f - D , , ,  i f ,  1 1
) - f  ) f (D -d  J °  i  » , l + f + a - A , ï ( l + f + d - D ) , l + s ( f t d - D ) ;  J

. . . ( 3 )

T h is  i s  a  t r a n s f o r m a t i o n  b e tw e e n  a  n e a r l y - p o i s e d

^ P ^ ( 1 )  s e r i e s  and  a  S a a l s c h u t z i a n  ^ P q ( l )  s e r i e s .  I t  was

g i v e n  by  W hipp le  i n  h i s  p a p e r ." S o m e  t r a n s f o r m a t i o n s  o f
»

g e n e r a l i s e d  h y p e r g e o m e t r i c  s e r i e s "  i P r o c . b o n d ,M a t h s . 8 o c .

( 2 )  V o l . 2 6 # 1 9 2 7 ,  e q u . ( 3 # 5 ) ) . E i t h e r  f  o r  d m u s t  be  a  n e g a t i v e  

i n t e g e r .  I f  d = -H , a  n e g a t i v e  i n t e g e r ,  t h e  o t h e r  p a r a m e te r s  

i n  t h e  ^ P ^ ( 1) s e r i e s  c a n  be c h o s e n  i n  f o u r  w a y s , so  t h a t  

t h i s  s e r i e s  becom es a  summable S a a l s c h u t z i a n  ^ P ^ ( l ) .

C a r r y i n g  o u t  t h e s e  s u m m a t io n s , we h a v e ,  p u t t i n g  a  = f , 

and b = D,

Theorem {12 )

3P g n , l + ia , - H ;  1 1  = ( a 4 2 - b ) g ( b - a - l ) g  . . . ( 4 )
L t a , Bd; j  ( b ) ^  ( I f a - b

S i m i l a r l y ,

T Theorem ( 13 )

^ P g f a ,  b ,  -H ; 1 1 = \ I t i a - b ( - b
L  l f a - b , l + 2 b - H ;  J  - T l f a - b & a - b ) ^ ( - 2 b

# • # ( 5 }



8̂ .

Theorem  ( 14)

. P , r é , l + x ê ,  b ,  -N i 1 1
l .  i# ' ,l+ a -b ,l+ ^ b -B ;  J

• ( 1-^a-b 

Theorem ( 1 5 )

^ P ^ & , l f i a ,  b ';^  -H ; 1 1
L is:a, l+ a —b',2-f^br-H5 _J

_ ( a - 2 b - l ) j ^ ( i ( l + a ) - b ) j j f - b - l ) j ^  . . . ( 7 )
( 1 + a -b  ) j j ( i ( â - ^ l ) - b  ) i j ( ~ ^ h - l  - -

f n  y ^ ( - n ) ^ ( - l ) ^ o ( ^ ,  
n • L   •

r= o

i f  F - c a n  be summed by  th e o re m  ( 12 ),
n l ( i f ) ^ ( A ) j , .  ^

g i v i n g  B = ( f + '^ " A ) ^ ( A - f - l ) ^  
n !  ( A ^ d t f - A q

H e n c e ,  from  § ( 3 . 4 )  v i ie re  £ „  = ( d )  x ^ ,n  '  ' nQ
and  y ^ ^n , we h av eJ n  -  -gjpn

- ( d ) ,

—i-_  3P2|f,l+^,d; -X  1 = sg2p+2-A,A-f-l,d; x 1
( l-x )*^  I  i f , A ;  T l ^ n  J  . I  I 4 f - A ,A ;  J

. . . ( S )

Siimniing Py by th e o re m  ( l 2 )  i n  § (4A) ) c a s e  ( 3 ) ,

i f  <  = i £ M h ! î M z i É  '

n :  t i f q  “

Pn  ̂ (g-f-l)2n-
n :  ( P ) 2 j ^ ( P - f ) ^
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p r o v i d e d  R I (F —dj^—dg )>0 and R l ( f ) < 0 .

Summing Fp by  th e o re m  ( 13 ),, i f

^  n i  ( l+ a + te

t h e n  P = ( a t e ) ^ ( i 4 4 g + f e ) ^ ^ ) ^
^  ( I f a + s e  ) ^ ( t a + t e  n i

H en ce , f ro m  § ( 3 # 5 ) ,

1 -  r-.F-jCa, —l e ;  i  1 = ^ F ^ fa + e  , 1 + i a + i e  , i e  ; x  1  . . . ( % > )
(l-x)®  ̂ L- 14a+ée; j  L l+a+&e, ;̂ a+ie; J
T h is  t r a n s f o r m s  a  p a r t i c u l a r  w e l l - p o i s e d  ^ F ^ ( x )  i n t o  a  

w e l l - p o i s e d  ^ F ^ ( x ) .  I t  i s  a  c o m b in a t io n  o f  two r e s u l t s  

due t o  V / .H .B a ile y  ( p r o d u c t s  o f  G e n e r a l i s e d  H y p e rg e o m e tr ic  

S e r i e s ,  P r o c  .B o n d .M a th s .S o c  . ( 2 )  V o l .  2 8 ,  1 9 2 7 ,  e q u s .  

4 .0 7 ,4 .0 8 . )

Summing t h e  same s e r i e s  f o r  F^ by th e o re m  ( 14) g i v e s  

t h e  same r e s u l t .

Summing t h e  same s e r i e s  f o r  F^ b y  th e o re m  ( 1 5 ) ,

i f
- 'nl (&f ) ^ ( i ( 3 f e ) t f  

B = (eff )̂ ( l+i(etf ) )^(i-(0-i) )̂
^ n i ( i (3 + e  ) i^ )j^ ( i( f+ e  ) ) ,̂ ,

Hence,, from § (3 #5),

: T h is  i s  a  t r a n s f o r m a t i o n  b e tw e e n  : two v v e l l - p o i s e d

g F ^ ( x )  ' s , b o th  w i t h  t h e  s p e c i a l  fo rm  o f  t h e  s e c o n d  n u m er -  

a t o r  p a r a m e t e r .
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§ ( 4 . 4 2 )  Case F iv e

Summing Fy by  G a u s s ' s t h e o r e m ,  i f  R l ( F - f - e ) > 0

inS = 1, end y = P(p)r(p-f-e ) ( f  )%
n  . I n  ( ' ( p - f } f ( P - e ) ( P - e ) 2 „

I f  = _ _ h ,  sumHiing P« b y  S a a l s o l m t z ' s  th e o r e m ,  
n  1 ”  -

B ^  (  f  4 (  f  t e  ) )„  (  U  H - f  4 e  ) K
(f-eq(ipq(4(P-n))jj, n: ,

Hence.. I'(p)l'(p-f-e ) „ForP-f-e. i f ,  i(f+ l); 1 1 
f v P - f ) f ( P - e )  "^L i ( P - e ) , i ( l - V P - e ) ;  J

4 % D 2 ( f + e i , i ( l + f + e L p - f ;  l l  . . . ( l )
L - f + e ,  4 ( p + i ) , ,  i P ;  J

T h is  i s  a  t r a n s f o r m a t i o n ,  b e tw e e n  a  l l  and a  

,j.F^( l l ,  i n  : b o t h  o f  w h ic h  th e  sum o f  t h e  n u m e r a t o r  p a r a m e te r s
- I -

e q u a l s  t h e  sum o f  t h e  d e n o m i n a t o r  p a r a m e t e r s . U n d e r  t h i s  

c e n d i t i o n j  b o t h  t h e  s e r i e s  m u s t  t e r m i n a t e .

N e x t ,  summing F^ by  th e o re m  ( 13 i f . _ ( f - e _n
n ;

and F ^  1+2 f ,

g  ' =  ( f ) j ^ ( i ( e + f ) q ( i ( l + e - t f ) } ^  
n'. t 4 + f q ( l + f + e q

H en ce ,  _ P f  ( 1 + f -e  ) - P K f . i ( f + l ) .  f - e  ; 1 1
(•(1+f) f (if2f-e) “L i(l-e)+f,l-ietf; J

= g l ’p f f  , i ( e + f  ) , i ( l + e - t f ) ;  1 1 . , . ( 2 )
U e ,  l + e + f ;  J

p r o v id e d  R lC F - f - e  ) > 0 .

T h is  i s  a  t r a n s f o r m a t i o n  b e tw e e n  two S a a l s c h u t z i a n

A s i m i l a r  r e s u l t  i s  o b t a i n e d  by  summing b y  th e o re m

( 14).
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Summing by  t h e  orem ( 1 5j.,

=• ^F ^F f , f + 2 , i ( l + f 4 e  ) , l + i ( f - e  }; 1 1 . . . ( 3 ) ,
^  '"L I f f ,  3 / 2 4 f ,  2 + e + f ;  J

w here  R l(F"”f - e  ) >  0 .

T h is  i s  a  t r a n s f o r m a t i o n  be tw een  tv/o S a a l s c h u t z i a n :

^ F g ( l ) ' s .

§ ( 4 # 5 l )  Case s i x :

Summing b o th .  F and  F_ by Vande rmonde ' s
? ft h e o r e m ,  ' |

g P g T f : 4 ]
L f-H, d;, J
■ =

' H
= . J l V ,  Po C + f  “f , “f , 14-f ) ;. 4 1• <D-f4 I . D+H,l+f-H-D; J

5 ( 4 , 5 2 ) ; Case s e v e n i

Summing b o t h  F^ and F » by Vandermonde * s
f f

t h e o r e m ,  , a s  i n  § (3 . 4 )  a b o v e , ;

3 P 2 & - a , d , - H ; . . l  ]  = i £ ^ W a r a , d , - î l 5 ,  1 1  . . . ( l )
L A, D; j  (B)V^ L A,l+i-B-^r;J - -

T h is  i s  a  r e l a t i o n  b e tw e e n  t w o 'g e n e r a l  g F ^ x l )  ' s .

R e l a t i o n s  o f  t h i s  k in d  we r e  i n v e s t i g a t e d  by  J .T hom ae

( j o u r n a l  f u r  M a th s .  V o l .  87 (1879.),}, and  by  W hipp le

("A  g ro u p  o f  g e n e r a l i s e d  hype r g e o m e t r i r  s e r i e s  : r e  la. t  i o n s

b b t w e e n : 120 a l l i e d  s e r i e s  o f  t h e  ty p e  F ( a , b , c > d , e ;  1 ) ,
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P ro c  .Lond .M aths  .Soc . ( 2 )  V o l .  2 3 ,  ( 192 5) ) .

Here W hipple  i n t r o d u c e d  a  c o n t r a c t e d  n o t e i t i o n  f o r  t h i s  

ty p e  o f  s e r i e s .

Summing Pp by th e o re m  ( 12),_

=

T
. . . ( 2 )

. P „ r a , l + i a . , d ,  -N5: 1 Æ n L - a - l , 2 4 8 , - A , d , - S r ;  1 1
^ ■'̂ L - i a ,A ,H d - D - H ;  J  . ( D - i l C  l+ a -A ,A ,  DJ J

§ ( 4 # 6 l ) ; Case e i g h t .

Summing Py by  Vandermonde * s th e o r e m ,  w here 

f  = -N , and  ^ = 1 , t h e n '

I n  . ' ( E ) „  { 1-M+e-E "n  - (E ) j j  ( l - N + e - E ) g ^
zx

I f  <X = ( - 1 )  , siitninlng P» by  S a a l s o l i u t a  ' s  theorem -
“  n :  ( l - i + e - E ) ^  P

* ^  V. t / TP 1 V ^_T\T  ̂ /  -1 _T\T J-/-. _Tp'

H e n c e , .

4 P 3 r - H , E - e , i ( e - l î ) , - i ( l - l î + e ) ; ,  - 4  1 
L E ,  e -N ,  1-H-he-E; ■ J

= - l -H) , i (  l-rH-E ) , )  ; -4 1
. ( e L  ^  m  i-M +e-E ) ,  l + i ( e - H - E  ) ,  l - H f e - E  ; j

( 4 . 6 2 )  no.ae n i n e

SujiDTiing b o th 'P y  and P^ by V a n d e rm o n d e 's

, t h e  o rem , i f  ~ (d  )2i

= (E -d  ),^( d ),, ( -H | ^ (  W - E  )ii( 1-E-H ) ^  ̂^
I ”■ (E ) j j ( i (  l+ d -E -N  ) )n (  l + i ( d - S - N ) )^  4 "-
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B e t  = 1 . Then B = 2̂n
^  -n * 1 A ) ' ^  rT! TbTI TTn l u V  n !  IE q ( A  q ( A + E - l ) ^

H e n c e ,

4 P -T d ,i(A + E -l) ,- |(A + E  ),-^r? 4 1  
- A + E -l ,  E , A î : j

= ( E - d ) g , g n -k d -E . -H . d , -w ; i  ; 1  . . . ( 1 )
(E )_ [ . l+ i ( d - E - B r ) ,A , i ( l+ d -H - H )UW

nN ex t l e t  c / . .  = ( - l )  _
n : W L   ̂ _

Then P,, = g P l f l - E - n . - H T  - 1 1
P l_ 2 - e  ; J

Sumning. :P_ by  Euunmer's th e o r e m ,  I f  n : i s  e v e n .

n ; 411

and  i f  n ' i s  o dd ,

H e n c e ,  . iZzH lzF^îâ, 14d-E, l-E-N, -N5: - i  1 
(e }jj 1, "zi 1+d—E—H) , 1+J(d—E—H) ,2 —E ; J

= 4F3 B a,-iH ,i(d + l),i( l-H );: -4 ]  - 2(1-E)
L ■4,i(E4-l),i(3-E); J  (2-Ï) )E

X 4P3  f i(d +1),l+ id, i(1-H) ,1-iH; -4  n
L ■ 3/2,1+ki , 2-feî J

. . , ( 2 )

( 4 . 7  ) Case t e n

Summing Py  by  G a u s s ' s  th e o re m ,

v/here R l ( D - d - e )  >  0 .
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Then., i f  o i = W . svaimiing P by S a a l s c h u t z ' s
a  n i  (a .+ S g fe )^  P

t h e o r e m , ■ .

B ., = a s  i n  § (3  #3 ) a b o v e .
' ^  n l  : ( a  +8^+e 

H en ce ,

s P g f a i + e ,  a2 + -e ,d 5 > l I  = f ( D ) f X D , - d , - e & 2 >  d ;.  1 1
L aj,ta,2te,D;. J ■ f(D^)r<.D-dr lâ +S-g+e ,D-e 5 J

. . . ( 1)
p r o v id e d  HI (D-d ) >  0 an d  H l( e  ) X o ,

I f  :D = 1 + d , a 2  = . a ,  = _b , and  e i t h e r  a  o r  b i s  a

n e g a t i v e  i n t e g e r , , t h e  s e c o n d  s e r i e s  c a n  be summed byp

S a a l s c h u t z ' s  th e o r e m ,  t o  g iv e  : —

Theorem (16  .)y 2 ^ 2  fô-+€ , b + e , d ; 1*1,
L a+b-te ,1 + d ;  J,

= [( l+d ) f ( l-a,-e ) P ( 1-b^ )f ( 1+d-a-b-e ) . . . ( ? ) ,
f( Ifd—a—e ) f ( i+d—b“*e ) [*( 1—e—a—b ),

p r o v i d e d  e i t h e r  a  o r  b i s  a  n e g a t i v e  i n t e g e r ,  d i s  n o t

a  n e g a t i ; ^ e  i n t e g e r ,  and H l ( l - e ) > 0 .

N o t e . The e q u a t i o n  c o r r e s p o n d i n g  t o  eq .( 4 )  § (3  # l )  i s  h e r e  

Z  2 r  i ( a + b re  ) 1+d i

Z  Z  ( l td .)  ( n - r )  r  r T  (a+b-he )^
n=o r=o - .

and  t h i s  change  i n  t h e  o r d e r  o f  sum m ation  c a n  be j u s t i f i e d

u n d e r  t h e  g iv e n  c o n d i t i o n s .

Summing b y  th e o re m  ( 13 ) ,

(P yd-e )3 % U , - h ,  d; 1 1  = 4 F g ( a + e ,l+ i ( a + e ) ,& ,d ;  1 T
f(D -e )f(D -d )  l t s . t i e ,D - e ;  J  I  i(a + e  ) ,H -a + te , D; J

• • • (3 )
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• • • (4),.

p r o v i d e d a n d  R l(D -d -e  ) > 0 .

T h is  t r a n s f o r m s  a  n e a r l y - p o i s e d  s e r i e s  i n t o  a

n e a r l y - p o i s e d  P g ( l ) ,  s e r i e s .

Summing ̂  Pp by  th e o r e m  ( 14) ,

'  ■ “’'“ [‘ ‘“ ■ W B lS i: 1
p r o v id e d  R l ( f - d  )>  0 and  R l(  1—e ) ,> 0 .

Summing P^ b y  th e o r e m  ( l 5 ) ,

^ - ^ P g f f + e  , l i i ( f + e  ) , & ( e - l ) ,  d;; 1 ]  # . . ( 5 )
L ^ \ f + e  ),-^(o+e ) + f  ,D ;; J  . ,

u n d e r  t h e  same c o n d i t i o n s .

§ ( 4 . 8 )  Case e l e v e n

Summing P^ and  P^ by Vanderm onde 'b  th e o re m ,.

i f  ^  = ( d ) _ , -  t h e n  y  = _C(e  ) F ( p - d - e  )_. ^n^ 1-Ki-E)^.,
^  ^  ■ K e *^ )f (E -e  j ( l+ d + e-E

L e t  oZ = ( - 1  ) ^ . Then B =
n  " I r n- -rT T T vn--------n: ■ ' • nT 'TÈ )^

H en ce ,  ^ P . I p - e . d ;  - l  l  = .F(.E ) ^ ( E - d - e  L P-i fd ,-  1+d-E ; ■-1 1 
L E J ,  J  - : p { E * ^ ) f ( E - d r  I  1+d+e-E ; J

f 1 )p r o v id e d  d i s  a  n e g a t i v e  i n t e g e r .  • • • v  /
Summing Pp by  D i x o n 's  th e o re m ,

i f  n.l8 even,
n : ( g - E g

R ( i (  It-E ) -e  g (  g( 1-E )+e
n l  ( t g (  &(Ef 1 )
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2 n + l  =- (e - 1 ) (E -g e  ). ^
e ( 2 - e ) n : ( 3 / 2  j^ i2 -È E  1 + #  )_4H

&  3 ?^  r -W l-H -E . 1+e-E Î - 1  1 
( e )„  L 2 H B ,1 - Î I ^ -E ; .  j

I f . . 'n  i s  o d d ,

^ . x i  - ( E - l ) ( E - 2 e )
'  ' n

H e n c e , .

(E -e  )]

Ç
= 4 , E 3 r 4 ( l + E ) - e , - K l - E ) + e , - # r , i { l “ H ); i T  
■ i- - - i , i < a + E ) , t ( 3 - E ) 5  J

. ( E - l ) ( E - S e )  Æ f l + f e - e , 1 - fe + e  , i (  1 -H ) ,  1 - fe l ; 1 1  
+  B ( ,2 -E j t  ■ - 3 / 2 ,  ^ 2 - ^ ,1 - f f e ; ; ,  J

§ ( 5 .1  ) , A n-ollop-tions o f  S a a l s o h u t z ' è  th e o re m

l e t  .us now su p p o se  Py c a m  be summed by

S a a l s c b u t z ' è  th e o r e m .  T here  a r e  t e n : p o s s i b i l i t i e s  f o r :

P Y , o f  w h ich  o n ly  f o u r '  l e a d  t o  summable s e r i e s  f o r  P_ .
* r

These  a r e

( l )  E = 2 P 2 (d ]^ 4 t i ,d 2 'k i ,d 2 'k i ;  1 1
Y L P f S n ,  B+n; J

E, = y “i p H 4 ^ o < .

r=o

( 2 )  p = gPm ff+ Sn^d+n , \  e ;  ; 1 1  
T L  D + n,P + 2n ; J

Pg = \  o(
f  ■ L L ""31 ) i  P+n ^

r= o

( 3 )  Py = 3 % [ d i f n , d g + n ,  e M  1 
' L D^+n,%#i; J

r=o
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( 4 ) ; P  = G . , eg ;;  1 1
I . '"L DfnT E ; J

r  
rr=o

I n  a l l  t h e s e  s e r i e s  f o r  Py , t h e  p a r a m e t e r s  a r e  

s u b j e c t : . t o  t h e  u s u a l  r e s t r i c t i o n s , t h a t  one o f  th e  n u m e ra to r  

p a r a m e t e r s  i s  a  n e g a t i v e  i n t e g e r , -  and  t h a t  t h e  sum o f  t h e  

num erector p a r a m e t e r s  e x c e e d s  t h a t  o f  t h e  d e n o m in a to r  

p a r a m e t e r s  b y  o n e .

§ ( 5 . 2 )  Case one 

T f  g- =

Y _ (D -d4)jy(D -dg l )
'  ^  - (D )g (D -d ^ -4 g  )jj( l + d ^ - © - N g ( l t d 2 - B - i r q (  l - t d ^ + i 2 - B q

L e t  oC = ( & 1  )n (
n î  ( P - a j g ( P - a ,2 g ( - è ( P - l ) q

Then,-, summing P ^  a s  a  w e l l - p o i s e d  5 P ^( l ) ,  s e r i e s , w here

P = l+ d ^ + d g —N-D.,

B ■ = (E*~8-j  ̂ ^2 ^n' and  we h av e
* ^ n i(p -a ^ )^ (P -8 g

Æ  (p -a . ,  -a m , d . , dg , -N ;.  l l  '
" " I  ^ Z" P - a ^ , P - a g ,  D r J

= P g p - I . i a i - P ) ,  a . ,  a.2, d . ,  d „ ,  - H M I
(D}jj(D-dj_-^i2 )ji L i ( E - l ) ,E - a p P - a | ,P - d p P - d | ,P U J  ; J

. . . ( 1)
T h is  t r a n s f o r m s  a  S e m l s c h u t z i a n : ^ P ^ ( 1 ) s e r i e s  i n t o  

a  w e l l - p o i s e d ' j ^ P g ( l ) :  s e r i e s ,  vd-th . th e  s p e c i a l  fo rm  o f  th e  

s e c o n d  n u m e r a to r  p a r a m e t e r . . I t  was g i v e n  by W hipp le  i n i
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h i s  p a p e r  "On w e l l —p o i s e d  s e r i e s "  ( p r o c .L o n d .M a t h s .S o c .

( 2 )  V ol 2 4  ( 1 9 2 6 ) ) .

P u t  a ^ P - 1 ,  h = ^ a ^ ,  c-:= a g ,  d a _ d q ,  and e =_ d ^ .

Then i f  1+2a  = h+ c+ d+e-N , th e  ^ P ^ ( l ) /  s e r i e s  r e d u c e s  t o  a

g P g ( l ) , s e r i e s  w h ich  c a n  bè summed by S a a l s c h u t z ' s  th e o re m .

T h is  g i v e s : —- /

Theorem ( 17.); ( P o u g a l l ' b  th e o re m )

7 -'̂ 6 B i , l+ & a ,  b y .  c ,  d ,  -N5, 1 1  
V. ISa, 1 + a - b , 1 + a - c , 1 + a -d , l+s.+N ; J .

_ ( 1+a. )^ (  1 + a -b -c  )j^( 1+8,-b-d )^ (  l+ a .-c -d  )^  . . . .  (2  )
' ( i+ a —b )j^( 1+a—c )g( i+ a - d  )^ (  1 + a -b —c - d  )g.

w here  1+2 s, = b-^-c+d+e—N.

( J . D o u g a l l . "On Vandermonde '  s th e o re m "  P r o c  . E d in b u rg h  

M a th s .S o c .  V o l .2 5  (19D 7.)):

§ ( 5 . 3 )  / Case two

Summing P y and D by  S a a l s c h u t z ' s  th e o r e m .

“  . ( l 4 f t d + e - E ) n.

and V = t ( 14-f+d+e-P ) f ( 1+f-P  ) f ( iTd-P ) T( 14e -E )
I “  ■ f  ( 1 -P  ; r  ( l+ d + e - F  ) f( 1+fte-I>  ) r i  i + f  fd -P  )

^  (d )jg^(P-d-e f + l ) ) ^
(E-d l+ ftd -E )j^ (i(E -e  ) g(,-s< l+P -e )

p r o v i d e d  f  o r  d i s  a  n e g a t i v e  i n t e g e r .

L e t  = ( P H f - e ) ^
, ^  - n :

t h e n  Y 6  = ) ) ^ ( ^  l+ f+ e  ) )^
 ̂ f ^  . ( f f e  ) " ^ (Z 5 = ë - ^ 0 ( ' ip ) j^ ( i : (P + l )  )^nV ^
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H e n c e ,•

P( l+ f + d + e - E ) r (  1 + f - P )  r( l - td -E )  T( H-e^P). 
r ( 1-E ) r ( l+d4« - p  ) ,p (, 1+e 4 f - E  ), r u + d 4 f - E

= gP,

X g E ^ p -f -e , a ,  E - d - e ,  i f . 1+f ) ; 1 1
° L. E-d,l+f+d-E,x(l+E-e ) ,i<P -e );, J

\ n , i ( f + e  ) , i ( l+ f + e  ) ,E - f , ' a ;  1 1
I  i< l+ p ) ,  iE ,f+e,l+f+d+e-E} J

i . e .  P ® I+Î"®,

r(d+2e ) l’(e )  f(d+e-f )r(2e~f )gE J l - a e .  d , l+ f -d -2 e ,  i f ,  i ( I t f  ); 1 1  
P(e-f ) r(d+2e-f )r(^e Jf(d+e ) /  lU f - d - e  ,d+e , l+&fre,%( I f f  )-e ; J

°  5E 4W ,i(l+f+e)$ t ( f + e ) n - e ,  d; 1 1 . . . ( l )
I  i {  1+f-e ) , l+ iC f-e ) ,f+ e ,d + 2 e}  J, .

T h is  t r a n s f o r m s  a  n e a r l y —p o is e d  t e r m i n a t i n g  

s e r i e s  ' i n t o  a n o t h e r  n e a r l y - p o i s e d  t e r m i n a t i n g  

s e r i e s .  ( B a i l e y , ="Some i d e n t i t i e s  i n v o l v i n g  g e n e r a l i s e d  

h y p e r g e o m e t r i c  s e r i e s " ,  i  ( 6 . 4 ) ,  P r o c .L o n d .M a th s S o c .

( 2 ) : 1 9 2 9 . )

N e x t ,  summing by  D o u g a l l* s  th e o r e m ,

i f  o< = ( f - e ) ^ ( l t i ( f - e  )
( ^ ( f - e  ) ) ( 1 + f - e - a  .j ) .  ( l - tf -e -a r^  ). ( l + f - e - a ^  ) n l

6  = ( f  j n - _______
^  nT ( 1 + f - e - a  )^ (  1 + f—e - a ^  ) ^ ( l + f  ~e—a^

p r o v id e d  1 + f-e  = a .+ a _  +a + e .
i  3

H e n c e ,

p -P .f f ,  e+ a  , e + a p ,  e+a%, d ; . l T  
L l + f —e —a i , l+-f —e —a g , 1 + f—e - a ^  , d +2e ; J

=Rd-»-2e )r(e ) P(d+e-f ) r (2 e - f  ) 
:  ̂ - r ( e - f  ) P( dt-^e-f ) F(2e ) fid+e ).

X  a ^ ,  a .o , a , ,  d ,
L a  f —o- ) ,  1+f —e —a  2  > 1 + f-e  —a ^ , 1 + f—e —a;^, 1+f —e —d ,

■ l+ f-d -2 e ,  , i f , , , -K lt f  1 1  . ,
d+e , l+ ï f - e  ,ir(l+ f  ̂ -e » J « ' « 12 ).



p r o v i d e d  f l  o r  d ’ i s  a  n e g a t i v e  i n t e g e r .  T h is  i s  a  

t r a n s f o r m a t i o n i b e t w e e n  a  n e a r l y - p o i s e d  s e r i e s

and a  v v e l l - p o i s e d  ^Pg(jL); s e r i e s  b o t h  o f  w h ic h  t e r m i n a t e .  

( B a i l e y .  L o c .  c i t .  § 8 » 1 1

T a k in g  a ^ =  - e ,  t h i s  ^ B ^ ( l )  = 1,- and  t h e  g ? g ( l )  s e r i e s

r e d u c e s  t o  a  y B g ( i ) ,  s e r i e s ,  s i n c e  aj^+a^-%.^-fe = ' 1 + f - e .

Hence we g e t ,

Theorem ( 18 )

y Eg T f -e  , l + i ( f - e  ) , - e ,  d ,  l + f - 2 e - d , i f ,  ,
' L  & ( f - e ) ,  d + f  , l + f - d - e , d f e  , 1 + ^ - e ,

i ( l + f ) ; . l  1
'^l+f)-e r J

= - r  ( e - f  ) r (  d + 2 e -f  ) 2e ) r ( d + e ) . (where d -  - n )  . . . ( 3 ) ;
f (d+2e ) e j.r (d+e-f} pi,2e-f ) -

T h is  sum o f  a  s p e c i a l  y ? g ( l )y  s e r i e s  i s  n ot n  p a r t i c u l a r

c a s e  o f  D o u g a l l ' s th e o re m  u n l e s s  i ( f + l ) ,  = e .

( B a i le y  l o c .  c i t .  e q u . ( ? # 4 2 ) )

A p p ly in g  t h e  t r a n s f o r m a t i o n  o f  a  y E g ( l ) / i n t o  a  ( 1 )

s e r i e s ,  g iv e n  i n  § ( 5 . 2 ) ,e q u .  ( 5 ) ,  we d educe

Theorem ( 1 9 ) ;

^ E g R r ( f - e  ) ,ir( 1 + f ) ,  f + n ,  - n ;  1 1 
L % f , i (  1 + f ) ,  1 + f -e ;  J

= . . . ( 4 ) ,

( B a i l e y .  Loc . c i t ,  § (8 ) ; equ. C .)

Summing Ep by th e o re m  ( 1 3 ) ,  ,
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. . ( 5)

y( d + e—f  ) C ( —f  ) r ( d —2 f  ) p ( e —2 f  ) REAff—e , d , l+ 2 f —d —e ,
p ( - # f ) p ( d f e - 2 f ^ K e - f ) h d - f )  L d - f , l + 2 f - d  ,

: ■ i f , i ( i + f ) 5 : 1  1  
%( l - e  ) f f , 1 —"se+f ;, J[

= ^E3 p , i ( l + f + e ) , t ( e + f ) ,  d ;  1  1  
L '^ + f ,  l f f + e , d + e - f ;  J

w here  f  o r  d i s  a  n e g a t i v e - i n t e g e r .

S i m i l a r l y ,  summing Ep by th e o re m  ( 1 4 ) ,

K d + e —f  )P( —f  ) (̂d—2 f  ) P(e —2 f  ) 
f  ( - 2 f  ) r ( d + e - 2 f  ) p ( e - f  j p l d - f  )

X  gE5 F f - e , l + | ( f - e ) j  d , l + 2 f - d - e  , i f , i < f 4 l ) ; ,  1 1
L  m f - e  ) ,1 - M f - d ,  d - f  , i ( l - e  )+ f  , 1 - i e t f  ; J

= 4 E3  B , - i (  l + e + f  ) ,  l + i ( e + f  ) ,  d ; : l  1 ; . . . ( 6 ),
L  "Tff, l + e + f  , d + e - f ; J,

p r o v id e d  f  o r  d i s  a  n e g a t i v e  i n t e g e r .

Summing Ep by th e o re m  ( 1 5 ) ,  : _

r_(d+e —f - 1  ) - f - 1  ) r ( d - 2 f - l ) T (  e - 2 f - l  )- y  
P ( - 2 f - l ) P ( d + e - 2 f - l ) r ( e - f - l )  r ( d - f - 1  ). ^

g P g r f - e . l + ^ f - e ) ,  d , a + 2 f r - d - e , .  i s ,  , i ( l + f ) ;  1  1
L i ( f - e  ) , 2 + 2 f - d , . d - f - l , l + f - & , 3 / 2 + f - f e ; -  J

= 5 E4 f f , f + 2 , i (  l + e + f ) ,  l + i ( e + f ) ,  d ; \  1  1  . . . ( ? ) .
L f + l , 3 / 2 + f ,  2-j-e+f, d + e—f - 1 ; :  J

w here  f Z o r  d i s  a  n e g a t i v e  i n t e g e r .

§ ' {,.5 .4:).; Case t h r e e

Summing - Ey and Ep by  . S a a l s c h u t z ' s  th e o re m ,.

i f f  S
“  (D )” (l+ e+ d-H -D )j^

t h e n  1 y  =- ______
I • ( û ) j j ( D -d - e  ) g ( p - e  ) ^ ( l+ d -N -D )^
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T a k in g  oL : ^n
^  ' n l  (a+b+e )^

t h e n  B = ( a + e ) ^ ( b + e ) ^ ,
I n  (a+b+e )„ n \ -Hl

H e n c e ,-

/E ^ f a .+ e jb + e jd ,  -N ; 1 1
L a + b + e ,D , l+ e + d - N - D ; , J

= ( D - d ) g ( D 2 V ^ F g & , .  b ,  d ,  - n ; 1 ]  . . . ( 1 )
■ (D )g(l)"-d-e L  a fh + e  , D - e , l+d-N -D  ; : J

T h is  i s  a  t r a n s f o r m a t i o n  b e tw e e n  two t e r m i n a t i n g

S a a l s c h u t z i a n ' ' s .

Summing:;Pp by  th eo rem : ( 13 ) ,

+ e ,  a ,  -HT 1 1
(D ) (D -d -e  L l+ 8 + à e , D - e , 1+d^i-D  ; J

- = s P - f a + e ^ l + M a + e l ,  - & , d ,  -N T  1 1
L &(a+e ) ,  l+a+&e ,D , 1+e+d-N—D ; _) ,

Summing b y  th e o re m  ( l 4 ) ,

(D -^  y ( D - d  1 4 ^ ; ,  - + e ,  d ,  -H ; 1 1 .
(D / jj( d—d —e L -&f, 1 + f , D—e , 1+d—N-D ; . J

= 4̂ 0 &+e, ie ,d , -N; 1 ]
C 1 4 f + ie  ,D , 1+e+d—N-Dj; J

, Summing Ep by  th e o re m  ( 1 5 ) , .

( j - e  ) (P -d  1 + ^ ,  - f d - ^  ) ,  d ,  - H M l
(D jÿ X 5 -d -e jy °  L - Z f , i ( o + e ) + f ,D - e , l+ d - l I - 3 ) }  J

( 5 . 5 )  Case rSnrr:

. . . ( 3 )

= 5 E4 Ç Î - » e , l + t ( f + e ) ,  • i ( e - l ) , d ,  -H ; 1 3  . . . ( 4 )
L  4 ( f -* « ) , i ' i .3 + e )+ f ,D ,l -» e + d -H -D ;  J

Summing F y  and E^ by  S a a l s c h u t z ' s  th e o re m .
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t h e n  V -
I ^ (D )jj( 1+e-E )g (D -e  l+ e -E -H ) j

l e t  o( = (1 - D - H ) j^
,n i

T hen , B = (E -e  )^ (  1+e- D— ,
I ® . n :  (EJ “

H e n c e ,

I h f M Z Z Î & ' i E g { l - E ^ , ■ 1-B-1Î,- - h ; 1 I
(P } ^ (  1+e-E L 1+ e-E -N ,D -e  5 J,

= ■^EgtÊ—e ,  l+ e -D -N ,-N j  1 3  
- i  E ,  D5. J

§ ( 6 . 1 )  A p p l i c a t i o n s  o f  D o u g a l l ' s  th e o re m

S u p p o se ' Ey c a n  be summed b y  D o u g a l l  *s theorem ; 

a s  a  yEg( i)y w h ic h  i s  w e l l - p o i s e d  i n  a  d p a r a m e t e r ,  a n  e 

p a r a m e t e r ,  o r  a n  f  p a r a m e t e r .  Noŵ , E^ c a n n o t  be  w e l l - p o i s e d  

i n  a  d p a r a m e t e r  o r  t e r m s  i n v o l v i n g  i n  w ould  a r i s e ,  i n  th e  

y E g ( l )  s e r i e s .  A lso  Ey c a n n o t  be w e l l - p o i s e d  i n  a n  e: parame* 

e t e r  , f o r ^ i f  i t  w e r e ,  t h e  c o r r e s p o n d i n g  s e r i e s  f o r  Ep 

w ould  n o t  b e  a b l e  t o  be summed f o r  any  v a l u e s  o f  o (^  

i n d e p e n d e n t  o f  n ,  by  an y  o f  t h e  known sum m ation  th e o r e m s .  

T h u s , Ey m u s t  be w e l l - p o i s e d  i n  a n  f  p a r a m e t e r ,  and  th e  

p a r a m e t e r s  a r e  s u b j e c t  t o  a  r e s t r i c t i o n  o f  t h e  ty p e  

(d ]_ + n )+ ; , . .+e^+3 . . . + ( f g + 2 n ) + a . = l + S f ^ + i n .

T here  a r e  t h r e e  p o s s i b l e  c a s e s  i n  w h ic h  E c a n  be
I
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summed a s  a  y P g ( l )  w h ic h  i s  w e l l - p o i s e d  i n  a n  f  p a r a m e t e r .  

Of t h e s e ,  one r e s u l t s  i n  a  s e r i e s  f o r  vfhich i s  n o t  

sum m able . - The tv/o r e m a in in g  c a s e s  a r e  : -

( l )  E = y E g & 4 # n , l + ^ 2 + n , f g 4 4 ^ n ,  e ^ ,  e . ,
* L. i f l + n , l f f 4 - f g  , 1 + f  4 - e  ^ # n , l - f f

d + n ,  -N+n; 1  1  

5 -J1 + f  4 —d +n ■, 1 + f  i+N+n

» • Z — ( 1 -e  }p( 1 - e g - n  )^ (  1 + f  4 -e  4 +nV^( 1 + f  . - e  +n ) •
r=o ■ - - ^

w here  1 + 2  fq =  e^+eg+d-N +fg

( 2 ), E^= y E g ^ + 2 n , l + 2 f 4 n ,  d..+n^ dp4fi, d_-% ,
* • L i f + n ,  1 + f —d p + n , 1 + f —d g + n , 1 + f—d,,..

e ,  n:-N; ; l " l
l + f - d 2 + n , l + f - d ; f y n ,

1 + f —0  +2 n , 1 +f+N+n ; _j 

Ep = ^ ( - g ) r  (X
( 1 - e - n ) ^  ( 1 + f - e + n ) ^  

r= o  •

v/he]Tb l+ 2 f  : = e+d^+dg +d^-N .

( 6  .2  ) ; The f i r s t  c a s e

Summing b o t h  Ey and E - by D o u g a l l ' s  t h e o r e m ,

i fi f  S> -  -----
( i f  1 + f  1 -4  )^ (  I t f

t h e n i  y  = 1 ^2
I . ( I f f  1“ %  & (  )g (  1 ' « i^h ( I f f  i - f g - à - e , ) j j

Y ( 1-ff j-e i-eg-d ) (̂ ITf^-e ] -e2+H)^(f2 )g (̂a ^(-H)^ , ,
( Itf i~e -̂@2 )2n̂  Itf ̂ -d-e  ̂^( Iff^tH-eg Hf ̂ +N-fl̂ )^(

where e^4@gid-Hifg = H2f^.

L e t  f g - e g  = f ^ - e ^ , .  and
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n  I ( t ^ f ^ - e  4  ) )^  \,X  1+f  ̂ - e ^ - a  )^ 

w here  l f 2 f ^ - 2 e ^  = 2 f g + a .  Then a  = l - 2 e g ,  and  ■

a  = ( f  1  f g  )n (  1 ~^ Gg l - e g  q(-aC e 4 + %  ) )j^( a  I t e  p f g  ) )„
n  ! ( i f f  i - f g  f g t e g  f ^ t e  i  )^i l f 4 ( f  j_-eg ).)^iM

p r o v i d e d  e ^ ,  e g ,  and  h e n c e  f g  a r e  n o t  n e g a t i v e  i n t e g e r s .  

H e n c e ,
( 1 + f  4  )g (  ^ )^ (  1 + f  4 - f g - d  )
( I f f  i - f g )g (  1 + f  4 - d  )^ (  1 + f  q -e  4  ) ^ (  I f f  4 - f g - d - e  ^

d ,   ̂ , i f  g ,  ̂  ̂ i ( f 2 * + l ) , -  —NJ. 1 "1
5 J

’ r ^ i  '1  ^ 1“^®2 ) ^“ ®£ y  ̂ ^  ̂ 1 "^% h
t -  fe-j > l+L^'^fg > fjg+Sg r f2 + e  l + a i f  q -eg  )>

If f  £ -e  f —d , l+ iK  f  4 —e 4 —e g % i (  1 + f  4 - e  4 —eg )., 1 + f  ̂ - e  ,

= g E 8 p i , l + ^ i r
!■

t ( l + e  4 + f g ) i  d ,  - n ;  ; 1  1  . . . ( 1 );
1 + f  4 - e g  ) ,  1 + f  ̂ - d , 1 + f  ̂ +N ;. J  

w here f ^ - e ^  = f g - e g  and  1 +2 f ^  = e^ + e g + fg + d -N .

( v / .N .B a i l e y ,  "Some i d e n t i t i e s  i n v o l v i n g  h y p e rg e o m e tr ic "  

s e r i e s "  P r o c  .B o n d .M a th s .S o c . ( 2 ) ,  V o l .  29 ( 1 9 2 8 )  e q u .

7 « r ll . .)  ; '

§ { 6  .5  ) S econd  c a s e

Summing b o t h  Py and  P p  by  D o u g a l l  ' s  th e o re m .UUiJiiUXIXg, U V uxx J i y  CU.XU. M p  L

S’ = ( i d f y a i y  %  Ï.J- <̂ 3 ) ^ (  -Hi f  0  = V J., 1  '-n.\ 2 ^n 6 n^ 'n
(+ f ' L  ( l+ f-d  ̂  L  u-ff-do ) ’ ( 14f-d„ L  i 1+f-tN J„

t h e n ŷ  = % v ^ i / n \ ^ £  o n '  ' n ___________________■
' ^  ■ ( I f f - e - d ^ 1 + f - e - d g  )^ (  1 + f - e - d ^  1 + f-e + N j^
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w here  IL., fe ( i f f  ) ^ j ( l + f ^ - d 4 )^ (  1 + f - e - d g  ) ^ ( l + f - e - d g
'■ ( l+ f~ e  )jj( l+ f - d ^ ) .^ (  1 + f -d ^  ]^ (  1 + f ^

p r o v i d e d  e+d^-fdg+d^-N = -1+ 2f . '

I f  oC =. ( f - e h (  ! - + ( b
n  n  * ( - t ( f - e 7  )^ (  1 + f - e - a  ̂  )_^i l + f - b - 8 g  )^ (  1 + f-e

t h e n  G — ( ^ ^ n ^ ^ ’̂ l ^ n ^ ^ ’̂ ^2 ^n
• n  Î ( 1 + f-e  - a  4  ) ^ (  1 + f -e  - a g  )^ (  1 + f  r-e -a^

Henc e ,

'  I 4 t ( f - e  ) ,  a ^ ,  a _ ,  a . , ,
h 9 8 ^  i;(. f - e  ) ,  1 + f - e  - a  ̂ , 1 + f - e  - a g , 1 + f -e  - a ^ ,.

df, d^,  ̂ ^3^1 “f̂ r. 1 "11+f—e—d ̂ , 1+f —e —dg, 1+f d- , l++f +N ; J

e 4 - a . , e + a g ,  e + a g ,  d ,
i_ ' "gf, 1+f —e—a^, 1+f—e—ag , 1+f—e— , 1+f—d^ ,

d g , - d g , —N ;. 1 T
1 + f-d ^ , 1 + f-d g , 1+f+N ; J

§ ( 6 * 4 )  Summati on o f  Ey a s  a  w e l l —p o i s e d  gEqCl); s e r i e s .

The o n ly  pase:^ i n . w h ich  sum m ation : o f  b o th  E y 

and Ep i s  p o s s i b l e , and  v /h ich  i s  n o t  i n c l u d e d  a s  a s p e c i a l  

c a s e  o f  : t h o s e  g i v e n  i n : 0 ( 6 # l ) , . i s
V -•

E = s E ^ D + ^ n ,  1 + i f + n ,  d ^ + n , d g+ n , -N +n; . 1 1
^ • L  a f + n , l+ f - d ^ * + i : , l+ f -d g + n , l+ f + N + n ;  J

n  y .

Here E, = \  ( - n )  ( f+ n )  ( —l )  <>?
P I— - ^

r=o

L e t  c>l = ( - 1  . T hen , summing E_ b y  V a n d e rm o n d e 's  th e o re m ,
n i a )  ■ p

R = ( f ) n ( j + f - A p ( - l ) ' ^
" n i  ( a )n

H e n c e ,
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(1+f )jj(l+f-â^-âg )jj 

( l+f-d^)jj(l+f-dgq “ “L A",d^+dg'

= p E g f f j l + i f ,  dW d g ,  -N, 1+ f - a ; , - I  I  . . . ( 1 )
^ L  i f ,  l + f - d  1 + f - d | ,  1+f+N, A?,-- J  -

I f  -N ,=  l+f"-2d_ and A = d .+2d^-^: ,  o r  i f  A = 1+d -d^6 -L ,3 ± 6
and dg = l+f+2N, th e  g E g ( l )  s e r i e s  i s  w e l l - p o i s e d  and

c a n  he summed by D ix o n 'b  theorem,,  g i v i n g

Theorem (20 )

g P s f f , 1 + if , - d ,4( l+f+N ), -d-U, -N ; ; - 1  1 
L if , l+ f -d ,i ( l+ f -H ) ,l+ f+ d + H ,l+ f+ N ;  J

( l + f ) „ ( l + f - c - d ) „ ( i + d )  ( l+ |d - c ) ™  / p i
C Ï+ f:^ )^ (i+ f-d )% (ï+ d -L ^ (i+ id q

v/here c = l+f+2N.

N e x t ,  l e t  I  ̂ ^^ ( a
n : ( A ) ^ ( l + f + a - A ) ^

Then, summing Ep by  S a a l s c h u t z ' s  th eo re m ,
;  = ( f ) „ ( A - a ) , , ( l + f - A q
' ^  n l  (a ) ( 1+f+a-A)^

Hence,

( l + f ) ^ ( l - * - f - d i - d g ) ^ - F p  . d g , a ,  - S i .  1 ]
( l + f - d ^ ) j j (  1+f-dg  L  1+f + a - î , A, d ^ + d g , J

= y P g n , l + i f ,  A -a ,  1+f-A, d - d ,  - N ; . l l  . . ( 3 ) ,  
L  i f , l + f + a - A ,  A, l + f - d  1 ̂  , 1+f+H ;. J

( Whipple , "On w e l l - p o i s e d  s e r i e s ,  e t c . "  P ro c  .Lond .M aths .

S o c .  ( 2 )  V o l .  24  (1926)  e q u .  7 . 7 )

- The r e  a r e  no c a s e s  i n  which Ey c a n  be summed as  a  

w e l l - p o i s e d  ^E^( - 1 )  s e r i e s , ,  which a r e  n o t  a l r e a d y  i n c l u d e d  

a s  s p e c i a l  c a s e s  o f  t h e  gE4 ( l ) ! and y E g ( l ) . s u m s .
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§ ( 6 . 5 l )  Sum m ation o f  Ey by D i x o n 's  th e o re m

The o n ly  c a s e s  w h ich  a r e  n o t  i n c l u d e d  a s  

s p e c i a l  fo rm s  o f  t h e  p r e v i o u s  t r a n s f o r m a t i o n s ,  a r e  : -  -

( 1 ) . 'E  = „E^rd:.j+n,dg+n-, -N +n; 1 1

Ep = V T - n ) ^  ( ^ ^ " ^ r

a n d . r=o

( 2 ) /  E = ^ E o Id + n >  e ,  -N +n;. 1 T
r  l+ d -e+ n ,l+ d + N ;.;  J

E = ) ̂ (  - N - d - n  ) ̂  ( - 1
P Z   l l - e - n j

r=o r r

S (6  #52) C ase  one

Summing b o th  Ey and Ê  by  D i x o n 's  th e o r e m ,  

i f  i s  e v e n ,

I (T +d^ ;^ ^ (d2-id^ -F )3^ (l+ d^ -^ g

X  ( q (  -T  ) ^ (  l+ d  ̂  )g (  l + î a

a n d  i f  n  i s  o d d ,
Y _ _ d ̂ dg ( -H } ( g ̂ -dg ( Ijd. ̂  )jj('ZCd^-l )-d^

^  ^ i 1-d ̂  ) ( i (  d ̂ —1 )-dg )j ; (cK l-td  ̂  ) )n(

Y  ( - 1  l - d  1+^2"^^ ̂ 2n 1
( 2 + d i J g j^ ( i ( o - d ^ ) td g ^ I ) 3 ^ .^  ' "  h

X  ( i ( 3 + d ^ )  q {  l+ d ^ ) g ^ ( l+ d 2  )g ^ (a -+ i)2 ^

L e t  o (  = ( - i P _________ '.'
^  ■ n ! ( 1+dg t N ( I f d g - d  ̂

T h en , i f  n  i s  e v e n ,  s a y  n  = 2m ,.
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p ^  l /3 . (  )*W\r)^( lA ( £ + i ( d ^ + d .^  ) # )  )^
p . T&( l+ a^+ li ) )^{ 14-lK dg +H ) )^ (  l+ i (d .  ) -m )^ (  l + t (  d ^ -d ^  )}

^  (l+l/3.(-&(dj^+d^ ) tE  ) ) ^ ( - l ) % "  ^

and  i f  n  i s  o d d ,  s a y  n  = 2m+l
p  = ( & g - ^ l ) ( 3 + d ^ + d g ^ N ) ( - l ) ' ^ ^ ^ ( l + ^ d ^ - d g ) . ) ^  ___________ _____

F ■ ( 1+^2 tE")( l t & 2 i + i i  Üf ) ) ĵ (“2t(o M  ̂ 4dg l+îî ) ^
^  ( l / 6 , (  5W]^+dg .E )^(4 /6 .(?+d]_+dg

(i(o4-d^  +N) W g

X  ( V 0.( 9t d  k v ^  .IT

H e n c e , -  ( ^ + ( ^ 1  -, t (^ p + 1 X , .

“è C d o - d . - i r ) ,   ̂ - K d p - d . - i T + l j ,  d ^ - f e . ,  -'
V W d ^ - d ^ - & H ) ^ V 0 . ( 2 + 3 d ^ ^ ^ - & K ) A . ^ ^ c L ^ - a

•I / . , .  ^ (  1-H ) t , . - t r  ; z l  1If’zidg-d )̂ -̂z(lid -̂d )̂, l+zCd̂ tH) ;> J .
d ^ d g H ( l4 d ^ )^ ( -£ < d ^ ~ i} -d g  )^.

* 2 ( i+dg+H ) ( l i d . £ - d ^ ) .(T È C d1 ) -d g  ) ("M I 'td ^  ) j ^ (  l4 d ^ "d g  jj^_i

ï / 6 ,{  5 4 2 d | - d ^ - £ ] j ) , l 4 i ( d j j « [ )  J &?  j

= 6%FWi,-&(l#i2, ,.■ Mz, ,ï<ag+ll/:l/.6.(Ji+d.-«242lif),

V@ .(4+dj4dg48N) ,  14V 6 ( d , tdg-KM) , -Ü I -K ) ,  - f e ;  -427 1
l4#(dg4M) , l4»d^4dg)4H ,i( 14d -̂w), l+4<d̂ +]j) ; - - J

( l+d-^~d^ ) ( 1+d^-fH)(  If-dg4-E J ( l-K ig -d^) {__ '  . - 3 / 3 ,

. -K l+ d m ) ,  l + i d c  , V A ( 5+d. # 2 f&H ) ,  V 6 .(  7 4d . 4d^ 4gH ) ,
-% (3+d^-d2%  t ( 3 + d ^ - d  l + t l d g t H ) . , ■^(à+d^-fH} ,

V.6.(9+d4**̂ 9+2l\[), i{l-H), 1-&T; -27 T
t (3 + d ^ 4 4 ^ + 2 F )  , i ( 3 + d ^ f F ) , l + 4 ( d ^ i H } 5 ;  - J



T h is  i s  a  r e l a t i o n  h e tv /e e n ; f o u r  s p e c i a l  t e r m i n a t i n gO-

g s e r i e s .

g (6»55  ), C ase  two

Summingrî'y  b y / l i x o n H s  th e o r e m ,  end Pp b y  

V andeim onde^b th e o r e m ,  -

i f  ^ = h^ H )n   ̂ gjid n  i s  e v e n ,  t h e n

A = ( I4 jd .-e  )p (
( l t d - e  },-r( % t 6 - e  ( e - N - f f I T

\ kiir

a n d ,  i f  n  i s  o d d .

Y" =~ l+d \y (t (4 + d  ) - e
(,-i(<l+3 ^-e e fti. l -d  j-H )^{ l+d -iie  ) ( 1-td-e

letf.c  ̂ = ( - i f .
n i

T hen , R = ^ " ^ ^ ^ ( l + a - e + l O n .
r  ^ nl ( I t & t h '

H ence, (ll+d—e+H, d , —N5.~1 ”1
L l-td-e, 1+d+H ; J

= Apid.-M-Sd, - h i .  1 1
- (l+d-e) (̂lii'd.jp- L -'r,ltii-e, -H-sdie ; J

^  ‘d¥Y i +<̂dN( l t d  1+d ) - e
• ( l t d —2e ) ( l t d - e

§ ( 6 . 6 l ) ' A p p l i c a t i o n s  o f ; Eum m er's  th e o re m  t o  Py

T here  a r e  t h r e e  c a s e s  i n i  w h ic h  b o t h  P^ and  

Pp a r e  sum raable ,. w h ic h  a r e  n o t  i n c l u d e d  a s  s p e c i a l  c a s e s
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o f  t h e  p r e v i o u s  v/ork .-  These a.re î —
m

( i  ); =- p P .  f d f n , -ITfn ; —1 1  = V  ( - n )  ( ,-d -H -n  )
I Ità+Hr . J P . L— r r .

- - r= o

f t )  ' f
r=o  ' ^

( 5 ) )  ®2'- “ ^ 1  ^  = \  o dY - f  I4e^-e/;y J f ^U -e^-ni^ U-e -̂n;^

( 6 , 6 2 )  ; The f i r s t  c a s e

I f ; ^  = ( d L ( - H ) ; ( - l )

t h e n  ' y  2  = ) i  ( i d  )^ (  - K - id  ) ( -H L  ( - 1  )

and /g-n+l = ( ^ &  . jd ] j ( l -H )2^ (a:(l-d )rH ) ( m l t d ) )  ( - i f
' ( i t l t d   -

l e t '  OC = 1 and  sum P^ by Tanderm onde ' s  t h e o r e m ,
n l  ( a )ĵ  r

T hen , B = \
I “■ ■ n : (ltd+l\T)^(Aj^lA4dtN

H e n c e , .

t h l k -  4 %  H d , i - F h - i i f  ; , - è  1
( i t i & L  ir , iC l tA ) ,  iA ; j

-^(I4d )ifdIT J, ^  ltd ) ,U  1-d )-N, 1 -h  ,U  i-H ) 5, -± 1 
X Ï T Ï t d T l ^  ^  3 / 2 , l t i 4 , l ( l t A ) ; :  1

= Æ D ,-K A 4 d + F ) , i ( A 4 d t N t l - H ) ' -4 . 1  . . . ( l )
L • AtdtK, - ltd+N, a ; J  . .

H e z t^  l e t  «*^„ = C-1 ŷ . . T hen , summing P -  b y  Hummer’ s
• • - n T ( 2 -p )  ■ r

th e o r e m ,  a s  i n  8 4 , 6 2 ,  i f  E = l td tH >
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n l I t h ; ) 

f  2 n + l  "

n:

H en ce ,

( 1+^ )]\y
( i t M  )

(ii-EJB n î ( 3 / 2  j p i + f e  jp 2 - - sü ;^ 4 n

4P;5pa , - i i - 5 F 1 - H ) ,  - # ;  -& ]

H . „ . ,

. 2 ( 1-jg )dH . Pg T l t f e  , i<  l t d  ) , i (  1-H ) .  l - 2 g ;  -é ~ \  . . . ( 2 )
^  (2-e;É  * L  3/2-; |+-fe,2-Ë3; .. J

w here  It-dtH  = E .

{6 #65 ) '■ S econd  c a s e

Summing E y h y  Hummer’ s th e o r e m ,  and  Ep- by

S a . a l s c h u t z ’ è th e o r e m ,  i f  = (... 4:^
- ( i+ d - e

“ “  ' /  ‘=- ■ S L ) .

L e t  o /  -  ^n . Then,
n  ' ' ^

= (a t+ e  L ( a g + e )
n 1 'n

n l ( a ^ t - a ^ t e l ^

H en ce , P ( 1+d-e ) P( l + j d  i f a .  L i a »  , i i  I t a  -, } /  i d  ;  ̂11
r ( l t d  j p v l t i d - e  ) i ^ ^ a ^ a j e  i^-( l + a ^ t a ^ t e  ) ,  l+-&d-e ; , J

P( 1+d-e ) P ( 3 /2  -fid ) 1^2 d  -
f ( ltd  )V {o/2fid—e ) ( a . tar,*+e j ( Ifd j

J. A#

y  I ta - i  ) , l t i a 4 , - i t l + a o ) ,  1+fo.o , i : (  l t d  ) ; i T
L 3 /< i , i t  a j[tB2 ) f I t i t  a  j_tag 4e ) , -g t3 td  y—e ; J



ÜO .

= -z E p & .te , .  a g + e ,  d ;  - 1  1  . . . ( l ) .
L  a^+a.g+e, ll-d*“e î ; J

Summing Ep by theo rem  ( l 3 ) ,

f .C l.t#-e  ),r,( I f ^ ,)sP^T&a, 8 + ^ 1 ' ,  / ^ /  - j e , l ( 8 - e  K , i d ; .  1 ]
f ( l t d  ) P( l - f id -e  ) L  & ,4 (^+-2a4e ) ,  I t ^  ( 2 a t e  ) ,  l -Y ^ -e  ; J

J I t d - e  )P (j-(3+d) ) a, d e
3t-d )-e ) ( l t d  y  ( 2 4 2 ate ),

“  4^3 p f  'fe> d ; . - l l  ■ . . . ( e )L mate y, 1 ta tie , ltd-e; - J
Summing Ep b y  th e o re m  ( 1 4 ) ,

 ̂ 4dj: 1 1  . f(i-hà-e jfv4<3ta);); d e (fetf), 
l+£d-e 5 J  “  p( l td  j f  (.-413 td j-e ) ( i fd  j (H i-2f te ) ,

Summing Ep by  th e o re m  ( 1 5 ) ,

ïlM 7 T 3 S ë y » ’'= P ’''î l:* '“ 1 ; « 3 - î l î ï ! ; « â î 3 j ;
, , 1 1 t  f ( l+ d -e ) f ( i< 3 td ) )  ( 2 + f )  ( l4 e )
l+'gd-e ; j  f( ltd  (^i,3td ) - e  )(3t-et2f )
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g ( 6 ,6 4 ) , .  T h i r d  c a s e

S’uimning Ey hy  Hummer’s th e o re m  and E p  by  

S a a l s c h n t z ’ s th e o r e m ,  l e a d s  t o  a  r e l a t i o n  v/h ich  im p l i e s .  

Hummer’s  th e o re m  a g a i n .

§ ( 7 # l ) . Sum m ation o f  Ey b y  th e o re m  ( 12 ) ,

T h e re  a r e  e i g h t e e n  p o s s i b l e  s e r i e s  f o r  Ey , 

o f  w h ic h  o n ly  s e v e n  l e a d  t o  summable s e C T le s  f o r  Ep . 

These  a r e  : r r

( l ) /  E^ = g E p f ê y l t & y - E t n ; ;  1 1
1 t e , D f n  Î J

I • ( 1 -e  - n )  ( r-r - i e  - n  „
r=o

( g ) /  = 3 P 2 t f t 2 n , l + î f - » î i j .  -¥}, i T
- V L ± f + n ,  E5: _ J

P /  ( l - M - n )
r= o

(3 )}  P = g P o f f t S i i . l f l f + n , '  -1\t; 1 I  
r L  i f t n , D + j i ;  J

P l _  ( 1 - H - n )  
r= o

( 4 ) ,  p  = ^ P g r f t S n j l t - i f t n ,  -H5. 1 1
Ï L i f t n .P f g n ;  J

r  /  ( l -H -n j  (P+nJ ^
r= o  * - ^

( 5 )  p_ = 3 P 2 ^ + 2 n , l + '^ + i i , - l l i - n ;  1~] 
I L  4 f + n ,  E t n ;  J
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n

ü '
r=o

( 6  ); Ey = ?Egrï+2n , I t i f  t a , -Ntn; 1 1
» - if-fn,Et2n5 J

n

r
R = \  %"
^ ■ /  (E t i i ) .

r=o

1/ -  "zĴQ 14- , I t i f t n , -N+2n ; 1 1y i f t n ,  E+2n; J

P . 1 _  ( A  — — ^
r=o

§ ( 7 ,2 1  ) Case one

I f  : A  = t h e n ,
. ■ ^

= ( e t 2 - D y p - e - l V  ( - u ) ^

Summing _Ep by  S a a l s c h u t z ’s th e o r e m ,  l e a d s  t o  a  t r i v i a l  

r e s u l t  , a  r e s t a t e m e n t '  o f  Vandermonde ’ s th e o re m .

§ (7 #22) Second  c a s e

I f  S =
■ U l f ] ~

t h e n  V = ( f -E + 2  ^ ( E - f - l  )^ (  1 - t ^ W  ) )„(f-E424IT  
I n   ̂ (E ; j j ( i ( f -E + 1 4 H  } )^ ( tC f -E + N  ) t l

y ( H - f r E ) g , ,  .

( f -E + 2 -U  )g^

I . e t  ,0 <^ = . ,. ( - i f  __
- n J  ( l + f - E - a ; ^
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T l ie n , . summing by  S a a l s c h u t z ’ s th e o re m .

n '  ■ n "
H e n c e ,

( E y i 4 f - E ; ^

i + i
I f f

H ere  b o t h  t h e  s e r i e s  m u s t  t e r m i n a t e .

S^î’A p -t f f  1+f lf^ (f-E + H + l -K f-E f  1 1, 

( f - E ) ; , - 4  1 =- gP. T f I f ^  ,EfH, M f-H  ) ,  i<  f - B f  1 ) ; -4,"1
E-e-h;: J: L i f  , E, -f-H, I 4 f - E - H ' J

,(7 «23 ) ; T h i r d  c a s e

I f  S =

t h e n  V = V  ) J  f - D f l
^ ^ + f - B - i I ^ ^ U f f - D 4 I I J ^  (E +R )^

I f  <Xĵ  = 1 , snmming Ep , by  Vandermonde ’s theor*"em, 

t h e n  I p  =
^  ■ > !  ( f - H

(f-DfR)g(P-f-f w R-(a4f), I4 if ,f-Bf2-Hf,f-D4l5 4 1 
(Bjjj (Itf-Dj L f-Dt2-H,f-D4l4M, D4U; J

= 4P ,ff ,l+ |f ,K f-H ),,i< 14f-H )r4 ']
L i f ,  f-H, b ; j

w h ere  b o th  t h e  s e r i e s ,  m u s t , :  o f  c o u r s e , t e r m i n a t e .

(7 .2 4 )  Case f o u r

I f  J  = , t h e n ,
^  • " T i f l T



57.

U  ( p y f t i - p y i f ;

I f  ' o^^, = I Z j H h »  summing P _  b y  S a a l s o h u t z ' s
Î1 . . • ■

th e o r e m ,  t h e n  ■ = ( t ) ( j ( f - H )
• n  y  ( f - H  )^ (^E jT  ( i ( E + l  )

H e n c e ,

( f 42-P)ÿj(E-f-i)jj p rj( Xff) .P+H-f. l + i f j ; l l
(p;g(lff-pjg L - MP4-H).,i<P4H4l); J
= 5 P 4 B , I f i f , f -H  ) , i (  E-H41 ) ,  P - f  ; / 1 1  " '

L  i f , i v P + l ) ,  i P , f - H ;  J

(7 .2  5) . Case f i v e  ■

I f  = ( l t § f  )y}_("-H)^
( 4 f T  ( h ),

t h e n ,  y ■ = ( s 4 f - a  ■>u '( 1+f y C ' # ) ^ i i - f f - J )„ (-1  r
I - ( D ) j j ( i+ f -D j j f  ( S t f - B - H jg j j

Summing Ep b y  S a a l s c h u t z ’ s  t h e o r e m ,  i f

* ^ n  ^  - t 'y ^  -------- r -• n  U  A )^i. 1 + f ta -A  )^
p  ^  ( A - a y i + f - A y f y

■ n  I( A )^ (  I t f t a - A  )^

H e n c e , '

J  , t d - i - f ) , ,  . l - » | f , l + f - D , - H i l l(d )̂ ( I t f - H  )̂  i - l f f t a - A , I'^iElDtH ) ,  's r iS tf-D -H  ) ,  -  A 5 J
= crE5 P aCÏ 9 d t ÿ f , A ~a, 1 + f-A , -H ; : 1 T  

L  i f , l + f + a - A ,  A, d;  j

T h is  i s  a  t r a n s f o r m a t i o n  b e tw e e n  a  n e a r l y - p o i s e d  

^ E ^ ( l ) ;  and a  S a a l s c h u t z i a n  gE^( l ) ,  s e r i e s  .



56.

I f  J  _  ( i t i f  )^ (  H—•.-r-"».........  .........

t h e n  V -
. (P+H. n.

(7  .2 6  )} . . Case s i x '

=::
n- . ( i f )
( E - f - ' ï f  ( '_y =:. /H 'n' "’'n' ""n'

( i + f - p ; j j ( p ) j j  n r  ( i f  y p - f - i - H ) ^  ( 2 + f - p - u y p + u )

I f  = - ( - 1  t h e n ,  summing P .  by  V anderm onde ' s  t h e o r e m ,
^  . n ; :  P -

B ^  ( f ) ^ ( p - f )
- n O P l i V

H e n c e ,

( 2 f f - P  ) ] ^ ( P - f - l  )g g  p . (  P - f - H ,  -ÎI5 4  ■)
( l + f - p )  ( P ) ^  L  P - f - l - H ,2 + f - P - H ,P + H  . ; J

(7 #27 ) Case s e v e n

I ^  - 7  m  \  /  -i -L-P—Tn \  /  m _ - P _  l '_ M  i  •' & ^ - p _ m _ i \T  V '

I f  S. = ( l + i c  )n t h e n
- w i 7 _

n ^ ”®^2n
■ (P )^( 1 4 f -P  ) j j ( p - f - l - M  ) 2 n l + ^ ^ “^ ) £ n

l e t  (X = ( - 1 )  . Then , s im m ing P .  by S a a l s o h u t z ' s
n : ( l i f - H - p ) ^  P

th e o r e m ,  , B =
/ n  . n ! ‘ ( p y ( l t f - H - P ) j ^  ^

H e n c e ,

( 2 f f - p  ) j ^ ( p - f - i  r ï + i f . ü i + f  )M i - f + p - H  ),. - i i ,
( p ) ^ ( i+ f - p ) ^  L I f f - H - P , i i  P - f - l - H  ) ,  l f i (  f -P -H  i .

i ( l - H ) ; ; - 4 l  = P . r f , l + ^ , P - f ,  P+H, - H S - i l  
( 3 + f - p - H ) ; ;  J  L i f ,  i p , i ( l + p ) , l t f - p - H ;  J

(7 #3 ) ; S im m atio n  o f  Ey ~bv th e o re m  ( 13 ) .



59.

There  a r e  e l e v e n  . p o s s i b l e  c a s e s  f o r  . E ’̂  , o f  v /h ic h . 

o n ly  s i x ' g i v e  s e r i e s  f o r  v /h ich  a r e  snm m able . These a r e  :-

(a)/ Fy = eg , -Kr+H5 , 1 T
I ^ L 14e ̂ - e g , l+2@g-M+n ; J

p ,  = v i ( z M % Z f h r d _ o <
P ■ Z ( 1 - e . -n  ; ( l - e g - n  /  ^_ T*r=o  -

(2)} P. = ,Pj>rd4n, e ,  -H;, 1 T
' L l4d -e4n ,H 2e-H ; J
P, = f ^ (-n )P N -2 e-n )^ .

y /  ( 1 - e - n J ( I t H - n ) ^— rr=o

( 3 ) ;  E^ = .^Eofd+n, e ,  -H + n l  1 T
' L  l+ d  - e  + n , 1+2 e -H+n ; J

rr  = 0  •

{■4), p„ = „ P „ f d + n ,  e ,  -H+2nS 1 1
l + d -e + n , l4 2 e - H 4 2 i i î  J

P , = 1 ^ ( 1 1  rX
f /  ( I t e  - n )  ( !+<> e -H+n ) . ^

r=o

( 5 )  Ey = g E g p + S n , e ,  _ -N+n; 1
1+ f+ 2n—e , 1+2 e —h+n ; 

P /  ( 1 - e - n )  ̂ i + f  - e + n ) .
r= o

( 6 )  E^ = s E o l f + S n ,  - d+ n , ~H5 1 1
P . '" t 1+ f-d+n , l+2d+2n-H; i

P = ^

P • /  ( 1+ H -n) ( l+ 2 d - N t n ) ^
r= o  ■



m .

§ ( ? . 4 l ) . Case one

I f :  S , = t h e n
^  • ( l+ ^ eg -H  j^

Y hf l-jiei-ég )g(-eg ) ! , ( )g(®g-« j-H )^(eg-k1 -N ).̂
“■' ' ( 1+® l “ ®2 1“®2 y  ® 2 " ^  1^ y

Suniming; Fp by  S a a l s o h u t z ’ s t h e o r e m ,

i f  o( = i j ü Ê â l î l  t h e n  
n l

' nl  (1+eV -ep  )^"

H e n c e ,

(e  ^ -^ 6 g  ) ^ ( l t g e  ] ^ -e 2 )^ ( - e g  Æ  p o - e . ,  -H . l - 4 : e . - e o - H . 1 - 2 e , . . -HJ 1 1 
( i t e ^ - e g  j ^ ( i e  L  eg-%e g_-H, l t% e ^ - e  ^-H , l t # ^ - H  ; J

(7+42 ) , Case two
(d)I f  % = _

^  ( l t d —e )hj
Y _ =:: (-T§ )^(d-2e)^( Itid-e ) (̂d-2e-H)g (̂ Itfc-e+H)^(id-e

- ( - 2 e  )^ (  l t d - e  j ^ ( i d - e  ) ^ (  l t% d -e  ) ^ ( d - 2 e  1+ d-e tH

X . / " ) 2 n /  and  ̂ ^
( î d - e t H

y  _ d ( - e  ) j; j .(d -2e+ l3 jj( 'fr (3 td} -e  ) ^ ( d - 2 e t l + H ) g . ^ ( d t l ) 2 ^
* 2 n + l-  ( l t d - e  / ( 2 + d - e  ) ( a t d t l  j - e  ( -2 e  ) _ ( d - 2 e t l fH , .n \ iM ^ n

y  ( i - ( 3 td  ) - e + H ) ^ ( 'â id + l} -e

(*5 :(o t d  ) —0  ) ^ ( 2 t d —e tH i £ j ^ ( i : ( d t l  )-e+H

l e t  cx̂  = (d+e A  T h en , summing Eg by  S a a l s o h u t z ’ s th eo rem , 
^  nl ^

?n = (f-^e-wyi42e)^,
- nl ( 1+2e-H
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H e n c e ,

i d .  i ( l t d ) ,  i l  1 + e ) ,  1 + fe ; ,  1 1
1 + ^ - e  , i “v 1 + d -e tH  l + r (  d - e fH  ),,id-e+-H;, J

f -  d ( 14&) 7 &  y P 6 & ( d f l + i \ r ) - e ,
I ltd -e  ;. (ü+d-e }̂ ( atd+Dre L

i t d + H ) + l - e , i ( 3 t d ) - e t H ,  i t d t l ) ^  \  1 + id ,  1 + ie ,
l+5£d-e, i ( 3 t d ) ~ e , l t i ( d - e + H ) / , - i ( 3 + d - e t H ) , , 4 ( d t l ) , - e f H ,

i ( 3 t e ) , M  1 ; =  P ^ f l+ e - H ,  l + 2 e ,  d ;  1 1 
3 / 2 ;  J  3 I t S e - H , l t d - e ;  J

( 7 . 4 3 ) ; C ase  t h r e e

I f  - t h e n
( ltd-e } (̂ l t 2 e-H

y  ̂ = ( q -2 e  )^ (  I t &d-e )j^(~e ) ^ ( l - j [ d t e - H ) ^ ( i d - e  ) ] ^ ( d ) 2 n ( " ^ k n
• ( l t d - e  ) ^ ( t d - e  ) .^( .e-Ü -M  j ^ ( d - 2 e  I t i d - e

1 and

Y<> 1 =  ^4 - 2 e - H ) ^ _ p i ( 5 4 d } r e ) g , ^ ( - ® ^ ^ _ 4  d  ( - 1 ? )

• ( 2 t d - e  ) j j _ i ( i t  d t l  j r e  )]\y_j^(r2e ( i t d - e  ) ( I t ^ e - N )j
Y  ( d t l  ) 2 ^ i  1-E h n ( " ^ d t l  ) r e  1 -d  ) Ü - H

( d - 2 e t l  ) ^ ^ ( M 3 t d  ) - e  )^ (2 + e -H  %MÊtdt l  1 - H t l

L e t  o< = l ^ n ^ %  ^h , t h e n ,  - summing E- by  S a a l s c h u t z ’ s
- .  n K a ^ t a ^ t e

f 'h e o r e m  B =  ̂® 1 ^n^ ̂  *^^2 ^n
^  ^  n l  ■ (a^+ an + e

■ i ( a 2 + i ) , l + e - i i - H ,  , i d , i < d + i ) , , ,  -h ,  ■ ■ f i l - s r ) ; .  l l
i ( a ^ + @ g 4 e - t l )  , - z d - e t l ,  e - a d - i J , l + i d - e  , - z (  l + e - H ) y l + z ( e - H ) . ;  J
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1 + ia j ,  irCaytl),', _  l+is^g ,e t ix 3 - d ) - H , -i:(d+ l),
3 / ^  , 2.\a^+a.g+e+-l); l+âla^-+s,^+e ) , i d - e 4 3 / £  , e - i ; ( d - l ) T H ,

i+ 4 d ,  _  i - i n ;  1 1
l+i(e-H)i'K3+e-H),,i(d+3)re5,- J
= /E g p t a i ,e - t a g ,  d , -H; l l

L  a-i+a.o-ie ,1 + d -e  , l+ 2 e -H ; ,  J

B (7 . 4 4 )  Case f o u r

I f  ^  t h e n
- ( l - h d A j r

Y = ( d -2 e  ) g ( n i a _ e  )w<-® i + j a - e t H ) „ ( i d - e
^ • ~ ( l t d - e  )j^(&d-e )j^(r&e )jj(.î-t2e--d-HVg^Td--2e )g^( I t id - e  )^

X ( 1 t ^ 4 e -H )ĝ( d )ĝ(-H)4 ^  'and
(e-%d-H )g (̂id-etH) (̂ Ite --H )

Xl+d—e )ĵ (Ü ltd )re ) (̂2+2e—H)(2e—d—Htl )2n
y . (i( ltd )-e )̂ ( i(3 -d )+e-H)g^(i(d+l)-e )^(dtl )ĝ ,

( l+d-2e )g^(i(3td )re )^(etir-H )ĝ (t(d-1 )Ta+H)̂  
y  (2^1)4^.

(pHhe-H )^, .
I f  (y = 9 summing E® by S a a l s o h u t z ’ s t h e o r e m , - t h e m

. n l   ̂ -

^  ■ ( e - H ) t e  )^( 1 - i h t e  )^  n l

H eiice ,  ( d -2 e  ) ( ^ ~ ®  l i P .  iCiC l+ e  ) ,  1 4 + ,
( 1+d-e )jj(4d-e )jf(-2e  . L  - k ,

i(e-d-H),l+4d-etH, itX+e-d-H), id, »(l-i-dX, 
aX l+2e—d—H)> Ite—itdtlT).iid—e+H ,i( ltd )re , 1-tgd-e,
1-tV 6 .(2e-2n-;^)^ -iWf Ü1-hX, i ( 0 -N ) / ,  i ( 3 - H ) ; , 1 1 i 
l/6  w(2e-d-2H)^ - i (  1+e-HX,i(2te-H),,i(3te-H)x lti(e -H ) j : J
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. dH( a>(ptd ) r e
( 2 f 2 e - H )(  l t d - e  L _ l i (  l t d  ) - e  f  I - 2 e  ),H H-i H

X i2 ^ i irM ie ,i( 3 te ),^ i(e-d-HL i(  lta-d~H),i:( ltd).r-etH, L_ 3/2, a:\2 e-d-Htl ), I te —Üd+H It'sd—e ,
V 6 .(?-d+2 e-2 H)  ̂ t(d+l)., l+id, ■ i ( 2 -n ), i(3-N ),
1 / 6  # (2 e —d t l —2 h ) , i ( ^ t d / T e  , ^ ( d —1 ) —e tH ,  t e —H ) ,  l * t i ( e —H ).,

-4-( 5te—h ) ,4 (6+e—h) ;. J

= cE.fd,i(è-H)#i(l-Hte), lt2e, -15,1 1 
L ltd-e , t( 1-H )te , l-Mte, -Nte ; J

§ ( 7 . 4 5 ) , C ase  f i v e

I f  ^ ^ ) n -  ■ , t h e n
^  . i l t 2 e - H )

Y = (f-^e )̂ ( Itaf-e ) (̂-e)^ (̂f )ĝ (f-4ietH )̂ (-H )̂  ________

' ^  • (  i f f - e  ) g . ( t f - e  ) ^ l  - 2 e  ) ^ (  1 + f ^ t H ) ^ l  i t f - 2 e  ) g ^ (  I f e - H ) ^

L e t  = ( 1 - 2 e )
n l

n  “  V1 -2 e ^ n . Then, summing Ep by S a a l s c h u t s ’ s th e o re m ,

f m  =
,  ( f  ) ^ ( i ( f + e  ) )^ (  1 -e

( f+e Itf-e ) )̂ ( ItiCf-e ) )ĵ n Î

( f - ü e  ) j ^ ( l + i f - e  ) g ( - e  ) 
I i t f - e  j j j ( 4 f - e

H e n c e ,

IsPAfi-Se.f-ee+ii, , i f , .  -it;, il
^  l _  l - t e - l T , l + ' Z f - e , ' s t l + f ) - e , l + f - e 4 i î  ;  J

= ^W.Q,l-e, i(f+e),'^l+f+e), -h;. l l
L f+e,l+t(f-e ),il,l+f-e),l+2e-Ii; J

T h is  i s  a  t r a n s f o r m a t i o n .b e tv /e e n  tv/o n e a r l y - p o i s e d  gE^ClX

s e r i e s ,

Summing Ep a s  a  v / e l l - p o i s e d  ij^Eg(l).. s e r i e s ,  i f

cX „, = h  V  %n n 1 ' C-r( f - e  ) ( I t f - e  - a  ̂  ) ^ i  I f f - e  - a g  ( I f f - e  -a-?,

w here  a ^ t a g t a ^ t e  = I t f - e . Then,

V.
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B ^ , ( £ ) „ ( e + a 4 y e - f a g ) ^ ^ ( e 4 a ^ ) . ^
°-' • n i ’ ( l+ f -e -a p ^ (  X+f-e-ag )^( I t f -e -a g

H e n c e ,

V  jjgç j f - e . 4 t i (  f - e  ) .  a ^ ,
( I t f - e  ) ^ ( i f - e  )^ (  -ü e  |( t ( f - e  ) ,  l - f f - e - a ^ ,

a g , a-2 , i f ,  i ( l + f ) , f - 2 e + H ,  -H;; i l
I t f —e —g g , I f f —e “~ag, 1 + i f —e , ’s i  1+f ) —e , 1+e —H, 1+f —e +H; j ,

= g E . f f ,  e + a d ,  e + a g ,  e + a g ,  • -H ; i l  . • • ( 2 )
L  1 + f“6 —a ^ , 1 + f - e  —8 g , 1 + f—e —a ^ ,1 + 2 e —H 5 J

T h is  i s  a  t r a n s f o r m a t i o n  ’b e tw e e n  a  w e l l - p o i s e d  g^Eg(lj

s e r i e s  and  a  ne  a r  l y - p  o i  s  e d 1 )  s e r i e s .

§ ( 7 . 4 6 )  Case s i x

I f  L  ■<“ t h e n

' “  ■ ■(I t f - d ) j j ( + f - d ) g ( l 4 d - H ) ^ ( W ) ^ (  1 + f - d + u ;^

L e t  0 < = ( l + 2 d - f ) ^  and  sum Eg b y ' S a a l s c h u t z  *s th e o r e m ,
n.. , - J —  P

T h e n ,  B = ( f  ) ^ ^ ( i ( f -H )  ) n ( K l 4 f - i l )  ) ^ ( l 4 1 d - f - H
n  : ( f -H  L  (ir(  1-H ) t d  )„ ( 1 + d - in  1n

H e n c e , 
( f - 2 d L ( l + i f - d a ( - d )

? i f  ^  7 -  1 % d ,  i f , i ( l 4 f ) ;  I l
( I + f - d  ; j j ( i f - d  )jf( - ^ d  ) j j . t -  l + f - d tH ,d + i - , l+ d - H  5 J

5 P 4 H  , i ( f - H  ) ,  M  1+f-H  ) ,  l + 2 d - f - H ,  d ;  1 ■)
. L - f - H , i d l - H ) 4 d , 1 - i H t d , 1 + f - d ;  J

§  ( 7 « 5 ) STimmation o f  Py bv th e o r e m s ( 1 4 )  and  ( 1 5 )

T h e re  a r e  s e v e n , p o s s i b l e  c a s e s  f o r  E^ .
I

Of t h e s e ,  o n ly  two g iv e ,  sum m able . s e r i e s  f o r  E_ . These
r

a r e  : -
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= 4 ?% Ff t 2 n , 1 + i f  t n , e ,  -H +n; 1 1
 ̂ - 1 ■ L  i f f n ,  l + f 4 2 n - e , l+ 2 e -H + n ; J

P  = V ^ ( - n ) P ^ t - n p  ^

r Z — ( l - e - n ) ^ (  I t f - e + n j  ^
r= o  - ^

( 2 ) ;  ?  . = f f + 2 n , 1 + i f t n , d+ n , -H ; 1 1
- - I L  i f  t n , 1 + f -d + n ,  l+ 2 d t2 n -H  ; J

p  = (X
f  ■ /  ( 1 + H - n / A  l + 2 d - H + n ) X  ^r  r= o

(7 . 6 l )  E i r s t  c a s e

I f  ^  summing E^ by
^  ( 1 —m: 5 / f

th e o re m  ( l 4 ) ,  t h e n

^  • ( 1 + f-e  ) j\ j(A e  }j;j-(,if-e 1+ f ) - e  1 + f - e tH  )n l  1+e-H

L e t  = ( d-ge , 8jid sum E .  by S a a l s o h u t z ’ s  th e o re m ,
n l  ” . ■ -

T hen , P .  ( f ) n ( + f - P e ) y + ( l 4 f - f e ) ) p i - e p
^  • ( f+ e  )^ (  i i  1 + f - e  ) 1+iH f - e  J  n  I

H en ce ,

H' g E , j ^ r i - 2 e .T ( f + l ) .  f -2 e + H .  -H , 1 + i f  ; 1 "1,
( i + f - e  L  1+e -H , 1 + f-e  +N, "Sf-b> 2a  1+f ) - e  ; J

" 6^ 5p  ,-K  f + e  ) ,  -K 1+ f+ e  ) , l - e ,l+ if ,  -H; 1 1 . . . ( l )
• L f+e , i t  1+f-e ), l+Kf-e ), l+2e-H, i f ;  J

T h is  t r a n s f o r m s  a  n e a r l y - p o i s e d  g E ^ ( l ) , i n t o  a  n e a r l y -

p o i s e d  g E g ( l )  s e r i e s .

Summing Ep a s  a  w e l l - p 'o i s e d  i^E g(l) ,  s e r i e s ,  i f

“  1+f > t h e n
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nP p f f - e . l 4 i < f - e ) y  a . ,  a g ,
( 1 + f - e  ) j j ( r 2 e  L  irC f-e  ) ,  I 4 f - e  - a  ̂ , 1 + f - e  - a ^ ,

0 , , , 1 + i f .  - i d l + f ) ,  f -2 e + îJ ,  HÎJ, 1 I
1+ f—e — , i f —e , z.11+f )—e , 1+e—H, 1 + f—e+H 5 1  _]

= ^ E 5 ( f , l + i e ,  e+&4, e + a p ,  e+Sg , -H ), 1 1  . .  . ( 2 )
L  f e  9 1 + f - e - a  1 + f—e - 8 g , 1 + f—e - a ^ , l+ 2 e -H J , J

S i m i l a r  . r e s u l t s  a r e  g i v e n  b y  summing b y  th e o re m  ( 1 5 ) ,

§ (y  #62 ) ; Second  c a s e

SummingpEy. by  th e o re m  ( 1 4 ) ,  i f :

% s=-(d )n (  f + f e  )n , t h e n ,
• ( l + f - d ) ^ ( i f )

^  • ( 1 + f-d  ) ^ ( r 2 d  )^ (  l+-d-H )^ (  l+2d  ) ^ \  1+f-d+H  )^

L et'O C  = ( ) ] %  . - a n d  sum E . bv S a a l s o h u t z ’ s th e o r e m .
^  . ~ i r r ' 7 '  P -

t h e n ,  . B = ( f  ).}-P .142d-H -f  ) „ ■
r  ^  . ( f-H  )^ ( i (  i+2d-î\i ) )„ ( 1+ d-iH  )_ n  I' ' ' n '  ~ ' n

H en ce ,

y .P3 ( l 4 2 d - f . i { l + f ). d, i + i f ; :  1 *1
( l t f -d jg ( -2 d ;^ ^  lfd-H,14f-d+H,i+d; J

^ - a P n C f , l i f a ,  d ,"&(f  —H «A 1 + f - H ) , 14âd—f —H ; . 1 T
■ L  - f c l t f - d ,  ■ f-H ,id lt2 .d-]j), i+à-ïH ; Jf

Sm im iing_ly  b y  th e o re m  ( 1 5 )  , and  P ,  by  S a a l s o h u t z ' s  th e o re m ,

i f :  i  t h e n ,
^  ( i f  ) p  1 + f -d  )^

Y = ( f ^ 2 d - l ) ^ ( 4 f - d - i ' ) j ^ ( - d - l ) ^ ( a : ( 3 - f  ) + d - H ) ^ ( g + d ) ^ ( d ) ^
’ ^  ( 1 + f-d  ) ^ ( - i ( f - l ) - d  )j^(..-2d-i} ( 2 + 2 d - f - M ) ^ ( iE ( l - f  )+d—H)^

^  (2+^d~ij)g^(X +-f:)g^(~4 )
(2+d-H  Joy, (2 +2d )y (2 +iid-H )gi'j/gn
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H e n c e ,

( :^ ~ 2 a - l  ) - h  ^ y p  p i +2d - f , i ( 3  - f  ) ,4d-H,
( l+ f~ d  ) | j ( ' a ( f - l ) - d  } ^ ( - 2 d - i ) ^  L  ix S + d -H ) ;  ,

2 + d , l / 3  . ( 2  +2d—H) , 1+1/3  »( 2 d —H),, l / 3  #( 4+2d —H X, 
l+ & (d —n )  y i l  1—f  )+d—H , 2 + 2 d —f —H , 1+ d ,

l + f a , i ( l + f ) ,  d ; : : ^  1  .
3 / 2 + d , l + i - f c , t ' , 3 ~ H ) + d  ; 1 6  J
= e^^Vf 1 + f - H ) -2 + 2 d - f - N ,  /  d , 1 + i f  ; 1 1

L  f - H , t l 2 + 2d-H ) , i (3 + 2 d -H  1 + f -d  , &  J
# # # (2 )

§ ( 6 # l )  Sum m ation o f  Ey "by th e o re m  ( 18)

T here  a r e  f i v e  p o s s i b l e  c a s e s  f o r  Ep , o f , v/hich.

o n ly  one l e a d s  t o  a  summable s e r i e s  f o r  E_ • I n i  t h i s
r

c a s e  E. = r ,E ^ r f + 2 n , l + i f + n ,  f - d ,  i d + n ,  i ( d + l ) + n ,  
r - ' L  z f + n , l + d + 2 n , l + f + n - f c , i ( l - d ) + f + n ,

1+2 f —dr+H +n ; —H+n>j 1 ^  /
d-f-H + n , Iff+H+n; : J.

and  P , =
f  ' /  ( l - ^ f + d - n j ^ d + d + n j  

r= o  . -
I f   ̂ p ( l K d + l )  ) ^ ( l + 2 f - d i H

• ( t f  1 + f - i d  1 -d  )+ f  ) ^ ( d - f - H  1+f tK  ■

t h e n  - y = ( l + f  )jj( l+ 2 f-g d ) j j- ( i '3 .) j^ (-H 'P
■ ( 1 + f-d  )jj( l + 2 f - d  J  1 1+ id  ) p 2 d - 2 f - i f

L e tto C  =- ( H 2 d - 2 f  )

. T T + m  i 2 f-r l  i tTT

n ,-  Then, summing E^ b y  S a a l s c h u t z ’s th e o r e m ,

( i f d ) g ^  ( 2 f - d n l  

H e n c e , ^ ^ t~ t ) i r ( t+ 2 f - 2 d )  p r i + 2 d - 2 f , i d , -H ; 1 1
( 1 + f-d  ) g ( l + 2 f - d  L l + i d , 2 d - 2 f ^ f ;  J

= v H e f f f l + f f j l + d - f j f - i d ,  ^ , l + 2 f - d + H ,  -H j;  1 "I
L  i f ,  2 f - d , i + f c , i + f - i a ,  a - f - i i , i + f + i j ;  J
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§ ( 8 .2  ) / Summa.tion' o f  Fp by th e o re m  ( 19 ) ;

T here  a r e  e i g h t  p o s s i b l e  ways o f  summing Fp by 

th e o re m  ( 1 9 ) ,  Of t h e s e ,  o n ly  f o u r  l e a d  t o  summable s e r i e s  

f o r  Fg . These a r e  : -

( 1 ) /  F. = 4 F g ( % f f n , t ( l + f  )+n , dfH +2n, -H;.. l l .
 ̂ Y L  i r v l f d ) + n , .  i a + iv  , l + f f 2 n ; :  J ,

y  ' r ^ ( - n )  (d+H+n)
IL = \ _______ r ________ r  A/
p • Z _ (  1+H-n )_( 1+ f t n )  ^

r=o

(2 ), H = AFg[ie,i(lfe ). f+ H fn ,_ -H fn ; . 1 1 
T L i f + n ,  t ( l + f ) f n ,  1+e;, J

 ̂ Z _ (  1 - i e - n  ^
r =0 • ' - r

(3)/ ' F = aF t ï f + n , i ( l + f  ) fn ,d + H + n ,-H + n ; . 1 T .
Y 3 L  i d + n , i ( l + f f ) + a , l 4 f 4 2 n  r  J

. = f  - ( f i / z h X
f  ■ /  ( i f f + n J  ^rr= o  -

( 4 ) ,  p  = .p „ r t f + n , i< l+ f )+ - n ,d + B r ,  - s r -* 2 n ; ; i  1 
Ï  L  z d t # , z (  1+d )4 n ,  1+f+2n4 J

P = V " l ± ) r i l h 4 _ _ _ 0 ^  
P Z __(  l - a - H - n )  ( 1+f t j i  )_

r=o

§ ( 8 » 3 )  F i r s t  c a s e

I f  % = t h e n
T W j ~ ( M ï w y ç  .

L e t  f + f - d  ) ^  ̂ and  sum Fg by S a a l s c h u t z ’ s th e o re m ,
n l  r
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Then, B =
t ^  T ï m p p â i p m  

Hence, _h-ilipPiri+f-d, # ;  1 1
^ 3 ) ] ^  1+fai J

= ^PpTif, d+H,l+f-d-Em ■] ...(1)
i + i f ,  d ; J

Stamning th e  gP ( l ) .  s e r i e s  b y y G a u ss 's  th e o re m /v /e  g e t  a  

s p e c i a l  , F g ( I ) ,  S lim , nam ely 

Theorem ( 2 1 ) ,

n-PpIinf, d+w, 1 + f -d - h m  1  = r ( i+ f c f / r ( d - f + H ) r { d )
i+if, ài, J , . rCd-if) K d + H i  . '

■ . . . ( 2 )
p r o v id e d  R l (d —f ) > 0 ,  and th e  change i n  th e  o r d e r  o f

summation c an  be j u s t i f i e d .

§ ( 6 * 4 ) , Second c a se

I f  C = th e n

y  = ( f - & \ 7 - H ) ^ ( f - e + K /  - :

( f  ) ^ ( t ( f - e  ) 1 + f-e

L e t  ■; oC = ,.  and sum F .  by S a a l s c h u tz  ’ s th eo re m , t h e n ,
.  n i !  '

P n  =
( l + f e ) „ ( i ( H e ) )

yv n   n
n l  ( 1+e In

( f - e ) i

( 8 . 5 )  T h ird  c a se
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I f  L  =
• i &d L  ( i ( i + d ) ) ^

t h e n  V = ( a - ;  ̂)!,( t f  p (  -H
' ^ '  t d )  ( 1 + f -d -H )  ( 1 + t f p

10.
L e t  OC = _ _ n i Z i L >  * Then , summing ? g  by V anderm onde’ s 

U. yi Y - Pn ;

th e o r e m ,  P = ( l + f  a ) ,  ______
( l + f - a j , ( l + f ) p „  n r

2 n

E e n o e .  f a .  f e ,  -K5 1 1
( d ) j j  ^  -^L l + i f , l + f - d - i j ; ,  J

= S^F^Id+H, • 5 f , 4 ( l + f - a , ) p + i ( f - s . ) ,  - H r  1 1 :  . . . { l )
I  i H f ,  i ( a - td ) . ,  ' id ,  1 + f - a ;  J .

How, l e t  od = ( f  ) p i + t f  p ( a ) ^ ( h ) p - l ) ,   ̂ sum
n :  ( 1 + f - a )  ( 1 + f - h ) ,  ( i f  ;. ^. n. H

F p a s  a  we 1 1 - p o i s e  dr’ ^ F ^ ( lX  s e r i e s .  Then,

K =  ̂ ;  TTeno.e.
* n  I ( + + f - a  )^( 1 + f -b

l i l A ^ P g p ,  a ,  h , .  - H M I  
( d ) „  ^ 1 + f - a ,  1 + f - h ,  1 + f - d - H r  J

n '6 n

= R f ^ R f  ,-K 1+ f ) , i + f - a - 4 ) , a+H, -H r: i l
L i d , i-( l+ d  ) , 1 + f - a , 1 + f - h r  J

T h is  i s  a  t r a n s f o r m a t i o n  b e tw e e n  a  n e a r l y - p o i s e d  

t e r m i n a t i n g  ^ E ^ ( l )  s e r i e s  and a  S a a l s c h u t z i a n  ^F^( 1 ), s e r i e s .

§ ( 8 . 6 ) . F o u r th  c a s e

I f  5  = t h e n
^  ( i d  ) C fc ( l td )  )

■ (d  )^ (  1 + f-d -H  ) ^ ^ ( l + i f  )^

L e t  0 ( = ( a nd sum F_ by S a a l s c h u t z ’s th e o re m .
^  n :  ' P
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t h e n  P = 2̂ n a + f + H ) j j ^

= „ P 2 f e , l + m i , - H ; . l ' l ;
■ ‘̂ l_ i + i e ,  i i ,  J  .

§ ( 9 . 1 ) ,; Sn irm ation  o f  P» by th e o re m  ( 5 ) .

T here  a r e  f o u r  p o s s i b l e  s e r i e s  f o r  F w h ich
f

c a n  be summed by  t h e o r e m  ( 5 ) ,  G-aus.s*è s e c o n d  sum m ation  th e o re m ,

and  a l l  o f  t h e s e  s e r i e s  l e a d  t o  s e r i e s  f o r  F .  w h ich  a r e  summabh.!
r  I

The f o u r  c a s e s  a r e

' n _ ( - n )  ( l - ^ e ^ + e ^ + X X
r  = V   i.------------------------       CXt

^ ■ 2  ( 1 -e  ^ - n ) ^ (  1 - 6 2 -n:}
r= o

F . = \  ------- -------------------------— -
'2 '

P /  ( 1—e —n  ) ^
r=o ^

* Æ f ]

r=o

( . ) ,  !■, ■ . ' i f  ^
n . ( - n ) ^ t f i + n ) ^ ( f 2 + n ) ^ ( - l ) . .  ^

^ • 2  ( i ( f + + f £ + l ) + n )  ^
r=o
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§ ( 9 . 2 j . F i r s t  c a s e

I f f  S = ( i ) f " , t h e n

l e t i o Y  = 1 - e i - $ 2  ) )]j , and  sum P .  by  S a a l s o l m t z ' s  theo rem .
n i  - ^

Then B = ( K  l+ e g - e  ̂  ) )^ (U  1-fe ) )^
n i  ( -k d + e^ - teg  '

H en ce ,  l + e p p  ) )  P R ( l - e . - e » ) ;  ; i r ]

“  e ^ P i C l + e . —eg " i  "1
■ L  ̂ «l+ej+e^),;. J

§ ( 9 . 5 )  Second c a s e

“ = ^ " - ‘ W î î h f 7 7 Z ' '

I f  7#( = 1 .. summing: F -  by Vandermonde ’ s th e o r e m ,n p

t h e n  B = < f  ) ^ ( i ( e + f  ) 1+ e+ f )

- Â f

p r o v id e d  : f  i s  s n  e v e n  n e g a tC iv e  i n t e g e r .

§ (9  #4) T h ird  c a s e

»  ^ '  " " "
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Y .  = r(-&) r ( - t ( i+ d i - K 2  ) ) ,  ( ^ 1  f
' . K m + d ^ l P T i O ^ d - J T ' ™ ” " ’^ —

' _ r ( + ) f ( - i ( l + d - + d g ) )  ( - î : ( l+ d - )  y  ( -s r ( l+ d „ ))  2 “ ^'*'^
^ ■ r  (4 d 'p T ( % T - -----------------— -----------^ ---------

/ \ / __ yn
L e t  /  , T h en . summing F -  by  Yandermonde ’ s

• nV' lk l j^  P

t h e  o rem , p ^  ^  ^n
n m p

' î ;  ■ '  ]

( 9 . 5 ) ; F o u r th  c a s e

I f 7 i  = ( a : )^ ,  th en ;n;

y  = f ( t ) r ( i ( l + f , 4 f 2  ) ) ( i f  ̂ y i f g  p s ' i

^ rti(Â+fpJr(üi+p;;; '— “

n
L e t  'c< = ( - 1 )  , Summing F .  by  S a a l s c h u t z ’s

^ m i i u W p s ç j p  ^
th e o re m ,  t h e n  : P = f  t + f  ̂ - f g  ) ^ ( f  p ^ . ( f g  /  ( _ f f

' 1+f ̂ +fg ) )^(i(3+f ̂ +fg )p(i( 1+f 2+fg ) f

p r o v id e d  b o t h  s e r i e s  t e r m i n a t e ..

( 9 .6  ) , Sum m ation o f  F y bv th e o re m  s i x

T here  a r e  t h r e e  ways o f  summing F^ by  theorem ;
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s i x , ,  o f  w h ic h ' o n ly  one l e a d s  t o  a  sninmahle s e r i e s  f o r  

I n  t h i s  c a s e  = oF . i e , 1 -e  K and

n
I' = '

P à _  ( l - e - n j  ( e - n )  ^
r= o  ^

I f -  t h e n -

r - ' I f t f â M M S n

l e t  : o( -  Svtmraing P .  by  S a a l s o h u t z ' s  th e o r e m ,
.% n :  r

t h e n  ■ fe = f e t e —1 )^ ( e —e
n :  t e i ^

; > 0

Snmming t h e  ( " ^  s e r i e s  hy  t h e  b i n o m i a l  th e o r e m  g i v e s

th e o re m  f i v e  a g a i n . .-

The r e s u l t s  o f  t h i s  s e e t i o n  C§(3 .2  ) r§  (P #6 ) }, a r e  a l l  

d e d u c e d  : f ro m  the- f im d a m e n ta l  th e o re m  ( th e o re m  one.:}, . 

and  f ro m  th e  s im p le  th e o re m s  ofJ § ( 2 , h ) ,  sh o w in g  some 

o f  t h e  r e m a rk a b le  p o s s i b i l i t i e s  o f  th e o re m  o n e . The 

a r g u m e n t , . in :  w d r y  c a s e , i n v o l v e s  a n  i n t e r c h a n g e  o f  

t h e  o r d e r  o f  su m m atio n , o f ' a  d o u b le  s e r i e s . H en ce , when: 

t h i s  d o u b le  s e r i e s  i s  i n f i n i t e ,  a s  f o r  exam ple  i n i §  (4 .7 }  

t h e  r e s u l t t c a n n o t  be r e g a r d e d  a s  p r o v e d ,  u n t i l  t h e  

c o n v e rg e n c e  o f  t h e  d o u b le  s e r i e s  i n v o l v e d  h a s  b e e n  

i n v e s t i g a t e d .
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§ (30 < 1 ) A m ethod  o f  o b t a i n i n g  f i î ^ h e r  r e s u l t s

S uppose  now t h a t  we r e p l a c e  some o f  th e  

n um hers  by z e r o .  T h u s ,  i f  = 0 ,  b u t  0 ,

t h e n  ' B = \   ̂ ^ ^ l ^ n + 2 r " '___________
• 2 —  ■ ** ̂ ( n - ^  r  ) 1X^2 p  ^ ^ l ^ n i h r "

r=o  - — -

_ ( e i ) „ . .  ( f i ) „ - -  ( - n ) g P y ^ 2 ) 2 r "= l ï l / n " '  V ~ o ^ o  ''
■ n l  (Eg . Z _

r=o  -

(f * *
r t i  i ( fV t-nL  . .

whereL*-^ i s  t h e  g r e a t e s t  i n t e g e r . : ^ " ^ ,  -

B u t :  ( a ) a r  % ( & ) ^ ( & ( l + a ) L 4 r

H e n c e ,

y'^^(-'in)^ (i( 1-n  l-TL-Sg ) ).p(f-i(n-fE2 ) .
Z   ( 4 r ( l - e j _ - n } ) ^ ( l - 4 ( e ^ t i i ) } ^ , . '

r  = 0

\ /  2 ^ 0  ̂ {■“sK f 4 } ^y, 1 + f -1+n ) ) • • / 1 ^

w here  q i s  t h e  d i f f e r e n c e  be tw e e n  th e  numb e r . o f  nume r  a.to r  

p a r a m e t e r s  and  t h e  n um ber  o f  d e n o m in a to r  p a r a m e t e r s  i n i F ^  •

The v a l u e  o f , ^ ^  r e m a in s  t o  be c h o s e n i b u t  i t  m u s t  be 

i n d e p e n d e n t t o f  n . .

S i m i l a r l y ,  i f  'but

t h e m  a  s i m i l a r  s e r i e s  f o r  Fp i s  o b t a i n e d  by  u s i n g  th e  

f o r m u l a  ( a ) ^ ^  = ( « / k ) ^ ( ( a + l ) / k ) ^  ( ( a + k - l X / k j ^ C k j ^ ^  . . . ( 2 )
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T h is  f o r m u la  i s  a n a lo g o u s  t o  th e  m u l t i p l i c a t i o n -  th e o re m  

f o r  t h e  Gamma f u n c t i o n ,

 ̂( iO R nx) ; = r  ( n x / n  ) f  ( (n x 4 1  } /n  ) . .  . .  f (  ( n x t - n - l  ) / n  ), 2 ^  ^ . ( S } 

( G a u s s , B i s q u i s i t i o n e s . )

§ ( *2 ) . A p p l i c a t i o n :  o f  t h e  B in o m ia l  th e o re m  when; = 0
r"H

l e t  u s  c o n s i d e r - t h e  t h r e e  s e r i e s  f o r  F ^ ,

w h ic h  r e s u l t ' f r o m  t h e  su m m atio n  o f  F by  t h e  B in o m ia l
r

t h e o r e m .  I n i t h e  f i r s t  c a s e ,  when = 0 and  /  o,

t h e  r e s u l t i n g  s e r i e s  f o r  F^ i s  n o t  summable b y  any  o f  t h e  

knov/n .summation: th e o r e m s .

I n  t h e  se c o n d  c a s e ,  B = 1 \  ( - i n )  ( & ;( l -n ) o C
' ^  ^ Z _ -  '

r= o

I f f  = -  1 ,- summing F -  by Vandermonde ' s
. z r m y w  r

th e o r e m ,  t h e n  and :
l ï ï T c r r c F F r '

f  .  (A + t)g ^  —  - '  - -

! £ ’ = ( d L x ® ,  t h e n  V = f _ n l _ _ ,  a s  i n  § ( 3 , 4 )

H e n c e ,  1 P f e . - f r C l t d ) ; ,  ~1

= 4 ^3 ^4 ( 2 1 —l ) , *-(2 A + l) i - fe | , - i ( l -+ d ) 5 , 4x^ T 
L - - A , -k, ■ A -T i. ' J

. xd  /P 3  A ( 2 A+ 1  ) ,t(2A -f3  ) , t (  I4d  ) ,  1 +M  ; 4 x2 * 1  

^  L A, 3 / 2 ,  A t i ;  J
. . ( 1 )
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I n  t h e ^ t h i r d  c a se . , :  i f  = 0 when n  i s  o d d ,  th e n

h = (e  ^ ( - i n ) p ( i : ( l - a ) ) y  ; qĈ  
p 32 1 -e -n  ) J- ( l-éC e tn )  )_  ^

I f ~  0^2 = h  , s'ummxng;.Pg by  S a a l s o l m t z ' s  th e o r e m ,  th e n :
* ’ . n i  ^

^  Oji =  ̂h  and  A ,  ,., = ® ( l " i e  i ( l - e  ) ) ^
■ n* ( ^ L  '  . — r - ( - 3 7 2 ' r  -n  - n

H en ce ,  i f  ^ = x ^  and  ^  , a s  i n  § ( 3 , 6 ) ,
'  : ( l - % ) e  y

t h e n  ( 1-te)® ) f J  + e x ^ F ^ J i - i e  ,i"( 1 -e  ) ;; J

. . . ( 2 )
w h ic h  i s  o b v i o u s l y  t r u e ,  '

§ ( l l , l )  A p p l i c a t i o n s  o f  G a u s s 's  th e o re m s  : Case t h r e e .

w h e n io ^ g ^ .^  = 0 .

C o n s id e r  now t h e  s e r i e s  f o r  F* w h ic h  r e s u l t  f rom  th er
su m m atio n  o f  ‘F b y  G a u s s ' s  th e o r e m ,  o r  by V an d e rm o n d e 's  ' 

th e o r e m ,

I f  f  = 1  ^ ( - # n ) y & ( l ^ ) ) _  ^

' ^  n l  ( P )  /  (± (P V n )J  l'&( 1-hP+nJ j
“ i=o - ^  . r

when = (~ g (F y  t h e n  P c a n  be
■ h i m p - i ; ;  ( i ( p n . ; - a )   ̂ f

XX- 1%.

summed a s  a  w e l l ^ p o i s e d  ^ F ^ ( l )  s e r i e s .  H en ce ,
g -  ( t ( P ^ a ) ) y i ( p - ^ 2 ^ a ) ) ^  and
' 2 n  : ( t p - a  t<  I t P  ; - a  'iP

= ( t ( p t 2 ^ a ) ) y  l t i ( p - ^ a  ) y
i-ti. 14-p j-aJ ni^ P (2  l t ± P - a  )^ (  I t s ?  j y  t( ,  I t P  ;-a . J
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T h u s ,  i f  i j j ,  = 8.nii

Yu = ) f e l V % h  a s  i n  § ( 4 . 3 ) ,
'  . r ( p - d ^ ) r ( P - d 2 ) .  (p -a i^ n fe -d g ^ H ^  • ■

"  *•*■ A p " - " ' K K I a , w ) 4 ;

t ( p - 4 i k y # ( p : ^ : & p - d g % f  '  ] :

= 6 Pg R-( P-2 a), t (  p*2 -8 a  ̂,-Zd 1 , i (  1+d - ) ,4dg ,-K I f  % ) ; : i T
L i I ’fl)-0 ,,sP -a , tP p  - ti J

+ - £ i h  6PcR-(P+2 -2 a ) ,  l+ lr(p-2 a ) , d Ü , I4 M 1 ,* (  ltd ., ) ,  Itzdg  ; {] 
P L %(F+1 )-&, lt±P-a,11P+2 ), ltip,'=' 3 / 2  ; J

§ ( 1 1 .2 )  ; Case t h r e e ,  when “ ' s r + l  “  0

ITov/ s u p p o s e  t h a t ,  i n  t h e  p r e v i o u s  c a s e ,  

^ r  ^  0 ,  w hen ' r  i s  n o t  a  m u l t i p l e  o f  t h r e e .

Then:
P /  (p+ n).,  *^r ■

nX e t = (l/3-(P-l))j^(l+i/e.(P-l))p-l)
■ ■ m u w T T w r r y  ^

Then , summing Fp a s  a  w e l l —p o is e d  ^ F ^ ( l}  s e r i e s ,
P ^  ( i / 9 . ( p - l ) ) ^ ^ l / g . ( p t 2 ) ) ^ ( l / 9 . ( P + 5 ) ) ^

' n !  ( 1 / 3 ) ( 2 / 3 )  ( 1 / 3 . ( l + p ) ) »  ( 1 / 3 . p )  ( l / 3 . ( p - i ) ) .  3 ^
__ ^  u  _ ^ n \  ^ n

p ,  ( 1 / 9 . (2+P) )^( V.g . (  5+p) )^ (i/ ,£  . ( 8 + p ) )^
• P ( 2 /3  )^n  1 ( 4 / 3  )^C 1 + 1 / 3  W3 « ( P t i ) ) , ( 4 / 3  « ( 2 + p ) ) ^ f  

B ( V9 .( 5+p ) )̂ ( 1/9 .($+?) 1/9.( 1 ItP ) )̂ '
' 2p(, p+l ) i.iâ/3 ) (, 5 /3  ) u 11 i + a / 3  ,P h i  V'o . ( 4+p ) )-,

^  u 7 W T â ï ¥ 7 7 ~ ~ y ^
■J.U
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1 /3  . d - ,  i / 3  . ( d . + i ) ,  1 /3  d - + 2  ) ,  i / 3  . d o ,
1 / 3  .  (  P - d  ̂ + 2  ) ,  i / 3  .  (  p - d  p i  ) ,  i / 3  .  ( P - d  ̂  ,  1 / 3  .  ( P - d o  - f â  ) “;;

1 /3  . 1 d g + l  ) ,  1 /3  . ( d p + 2  ) , ; ,  —1  ” 1 } 
i / 3 . ( P - d p i ) , ] / 3 . ( p ^ d g ) ; :  J

=  g P  r i / 3 . d - , l / 5 . ( i + d .  ) , i / 3 . ( 8 + d ,  ) ,  i / 3 . . d „ , l / 3 . ( l + d , , } ,
■ A L  1/ 3 ,  2 / 3 , 1 / 6 ( p - 1 ) P  1 / 6  . S ' ,

1 / 3  . ( S + d g  ) ;  1 / 9  . ( p - 1 ) ,  1 / 9  . ( P 4 2  ) / i / 9 .  { p + 5 ) . 5 ,  ^  * 1 ,
1 /6  .  ( p + 1 7 , 1 / 6  .  ( P + 2  ) y 1/ 6 .  (  P + 3  ) ,  1 /6  .  (  p + 4  ) ,  6  4  J

+ .  i f l a i ’o  r i / 3 , ( d - + l ) , l / 3 . ( d i i 2 ) y  1 + 1 / 3  . d  1 / 3  .  ( 1 + d .  )  ,
^  F  ^ 2 / 3 ,  W , l / 6 . f e + P % ,

1 / 3  . ( 2 4d:2 ) ,  1 + 1 / 3  . f c  ,  1 / 9  . (  P42 ) ,  1 / 9  . (  p + 5  ) ,  1 / 9  . (  p+S ) 5, 27 q  , 
1/ 6 # ( F 4 2 p , i/,6  # ( F"+b y , 1 / 6  # ( p + 4 ) , I /6  . ( F + 5 . ) , 1+ I /6  . p  6 4. J ^

I r i / 3  4 d  j_+2 ) , ,  l + i / 3  . d , ,  1 / 3  . ( d . + 4 ) ,
^  2 p ( p + l )  ^  4 / 3 /  - f e / s '

1 /3  •  ( 4 £ + ^  ) ,  1+ 1 /3  # d o  ,  1 /3  » ( d o + 4  i / 9  « ( p + 5  ) y 1 /9  .  ( p + 8  ) ^ 
i / P  # ( P " f 3  ) ,  1/ 6  * k P + 4 ^  , 1 / 6  # ( P + 6 ) ,  1+ 1/ 6  . p ,  1 /6  ,  ( p + 7 . )  . ,

l / . 9 , ( l l + p ) ;  2 7  1  
1 / 6 , ( 0 + p ) ;  6 4 _ j ,

I ( 1 1 , 3 ) ; Case f i v e  ; : when 0 / 0 .

J I n - t h i s  c a s e  we h av e

P- = ^ ( - n ) 2 r C ^ ’*-^)2r________ 0 <o^,  i f  P = 1 + f - e ,  and
r • Z _ l  l - e - n ) o _ (  1 + f - e + n  f  ̂  

r=o

= 0 when r  i s  o d d .

I f  0 ^ 0  = ) 4 ' -  f p  t h i s  s e r i e s  f o r
• n i '  ( i - ( f - e / ) p l + i t , f + 3

Pp  ̂ c a n  he summed by B e n g a l i ' s  th e o re m ,  a s  a  w e l l - p o i s e d

y P g ( l )  s e r i e s  i n  l + t ( f - e ) .
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Then, f o  = .........
. zi f  ( i 7  ( l + i (  f *̂ e ) ) ( t (  1+f+ eT J ($ (o  + f - c  } )ïi _.. n  li. n

y  (i-(3+f+e ) ) .

^ T î t i + f - e ) ) ^ '

and Bg - = e f   ̂  ̂ h
. ( 1 + f-e  ) n  : ( 3 /2  ) (4(3+f4@ j ^  ( l+ t< f+ e  ) )

"  y  ( A + f + e ) y ( t ( 5 + f + e ) ) ^
^ ( i(  5+f-e  ) ) ^ ( t ( 3 + f - e  J

I f  ’ ^ = 1 ,  t l ie n  y = F( 1 4 f -e  ) r (  l - 2 e  ) ( f  )2n
^  ^  f  ( 1 -e  ) r ( l+ f - 2 e  j ( l4 f- îtie  )

_ _ -  . .  ̂ .'   'üü '
4 s  i n :  § 4 ,4 2 ) .

H ence, P (l4 -f-e  ) r ( l - 2 e  ) y P g & ( f - e ) , l f K f ' - e ) ,  - e  %,
f ( l - e  ) p ( l + f ^ e  ) L  -  t v f ^ / , l * * - i : ( f + e  ) , t 'v ^ t f - ^ e ) ,

i f , iK  1+ f ) ,  -&(3+f ) ; 1 1
1+4= \ f —2e ) ,i^3*4f-2e  ) ,  4* 4 l+ f  “2e  )j. J

= gF & , ’£'( 1 + f),, - é e ,  ^ . l - e l , i ' ( . l + f + e ) , , i '{ 3 + f - 4 e ) ;  1 1  
L '  - l+ % (f+ e ) ,n (  14 f4 e  ) . ,^ (3 + f - e  ) ,T (  1 + f-e  ) ;  J

_ e f , , ,  p- ri+ if , u  1+f ).,. i (  i-e ), , 1-ie  ,i{3+f+e ),
1 4 ^ -e  3 / 2 , i ( 3 + f + e ) , 1 4 i ( f + e ) , t ( 5 + f ^ ) ^

; 1 1
-^ ( ,3 + f-e ) ;  J
ir{ 5 + f 4e ), 
f

( l l # 4 ) ,i Ca.se seven;.: when ^ 0 ^4 .1 ~ 0 .

I n  t h i s  c a s e  P = \  ( - 4 h ) ( " K l u ) )  4 cxT
r  . /  ® 2 r

r  = 0

l e t  ^ 2 ^ - =  and  sim  P _ hy V anderm onde 'h  th e o re m ,
n ! (A ) ^ 4  ^

t h e n f o  =

- r [ ! ( i r l  ( ï - t T ( I ) - - - - - -



b l .

an d  K .  = )p i< 2 A -» a  ) ( aa  i n  § 1 3 .2 )
^^+ 1  ■■ n l ( 3 /2  •

A ls o ,  i f  L & = th e n ',  y  = ^n^ ^ ^ n
^  • Cd )^ ■ '  ^  ■ i B l ^ ' l l + d - D - E ) ^

H en ce , A _ H  .Pz (& d, K  1+d ) ,  ■ Hfaf, -, K  l-i\T ) J. 1 1
( b  )^  L A , r (  1 + d -B -N l, l+ M d -H -B  ) ;. J

= gPp.[w(2A—l) , i" (2 A + l) / ,  ■ ^ , i r ( l 4 d } ,—̂ 'T,^v l-+r)5: 4 "1 
•,. i , A - ^   ̂ A, -sBjTU +b);, J

— M^Af sC èC ^A +i} ,'i(2A + 3 ) , i< d + l  ) ,  1+ id  , i (  1 -E  ) ,  l - f c ; 4 1  
B. ' L ...................  A, - 3 / 2 , A+&,î \  1+B ) , 1+iB ; J

( 11*5) C ase te n *  i?vhen ^ = 0

n = - in  ) y (i:( 1 -n  ) ) ̂  ^
^ • 2__ (% l 1 - ^ ~ n ) ) ^ ( l - i i e + n ) ) ^ ^

H ere P^

r==o -
/ / y  -

T h u s , . t a k i n g  ___ n ,  and  summing \P by S a a l s c h u t z 's
n l P

th e o re m , ( a s  i n :  § D  ,3  ) ,  we h av e

-•■■A- - >. n.
A ls o ,  i f .  S = i l i s »  th e n i  V = P ( D -d - e ) r ( B )  M h  

• 1 5 1 ^  '%  r b - d ) r ( - I ) - e )  ( dA ) j ,̂

i s  i n ’- i  4 . Î I ) .

H e n c e . f ( l }f ( p - d - e  k f o p - e . è d , , , i<  1+d ) 5  1 I
f(B ~d } P(B—e ) ïr(B“*e ) , '2 4 i *Î’B—e ) j  J-

T h ere  a r e  no o t h e r  s e r i e s  f o r  P^ i n  th e  g roup  o f  

p o s s i b l e  sum m atio n s  o f  P^ by G a u s s 's  th e o re m , t h i c h  c a n  be 

summed w h e n , q , a nd o.
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§ A p p l i c a t i o n s  o f . S a a ls c h -u tz 'b  theorem .;

Now l e t  u s  c o n s id e r  th e  c a s e s  i n  w h ich  P ^ y can  .be summed byu 1
S a a l s c h u t z 'b  t h e o r  em, w h e n ' . = 0 .  I n  th e  f i r s t  c a s e ,  

P - c a n  be summed a s  a  w e l l - p o i s e d  5 ^ . ( 1 X s e r i e s ,  i f

^  - n ! W P - l ) ) j i ( t (P + i) * ^ .
Then^ P k  ^ ( i ( F - 2 a ) ) „ , ( K F 4 2 ^ a ) p

' 2 n I  • ( i j j - a  ) ^ ( t (  i - 4P ) - 8 , )j^ (.iP )^

an d  p „ _ -  = ( t ( F + 2 - ^ a ) p n + K F ^ a ) L  -
■ F ( 2  J2 n (  l - t iF - a J ^ Ç lH P  ) ^ iM  1 +F

A ls o ,  I f .  & 1  t h e n '  ' '
■ ( l+ d .+ d g -H -F j j j

y  _ (F -d j^ )g .(P -d g J g .(d ^ )^ (d g )^ ( -H )^ ( .—1 )  ̂ (g ^  i n  § 5 ,2 )
( P ) j j ( F - d i - d 2  ) j f ( F - d i  )^ (P -d g  )^(F+H '

, Ird. ,-r(l + d .  X, irdo ,M  1-td^ ) ,  - é N , f (  1 - N ) ;  1 1  
i< P - d ^ + l} , t ( p - d ] ^ l , i< P - d £ + l i , i - ( p - d 2 ) ,^ ( p + N t l ) , i< P + N ) ;  J

= g P y # ( p - - 2 a ) ,% -(P + 2-2a ) , i d i  ,M  I f d .  ) , i d £  ,M  l+ d g  ) ,
L  -  -  ' & , & P - a , i K l + P y - a »  % P ,  i \ P + 2) r  ,  _  -

-iu, , _ ffgf!_____
"&( 1+d y + d g -^ —E ) ,  14%( d ̂ +d£ —]E?-N ) .5 : J . P ( l+ d ^ ib ^ - P —NJ

X  8^7 R ( F f 2 - 2 a  ) ,  1+ K P -^ a  ) M  l+ d .) , .   ̂ 1 + ^ . ,  M  l+dg ).,L  3/2 , i 2P - a + l , % - ( P+2 ) ,  1+ Î p ,
i + M . ,  M i - N ) .
a .(P + l ) —s.,l+ '3E (d^+d2—p —E ) ,a i3 + d 2 + d ^ —P -N ) 5, , J

§ ( 12 ,2  ) Case one ; when ~ ^  o i ~ ^ 2 rji^  ~ 0*

N e x t s u p p o se  t h a t  = 0 i f  r  i s  n o t  a  

m u l t i p l e  o f  t h r e e . T h en , summing th e  P . s e r i e s  a s  th r e e
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w e l l - p o i s e d  gP4 ( X ) / s e r i e s ,  we h av e  ( f ro m  § 1 1 ,1 )

( F -d  1 )g (  F -dg  y  p ( 1 / 3 .  ( f - 1 ) .  1 + 1 /6 . ( g -1  ) .
T F l j r T F - d ^ ^ g T / ^  ■ - l / 6 . ( F - l ) , l / 3 . ( p - d i + 2 ) l ,

l / 3 . ( d . + l ) , ] / 3 . ( a . + 2 ) ,  i / 3 . a » ,  l / 3 . ( d 2 + l ) ,
i / 3 . ( l+ P - d ^ I ,  i / 3 . ( p - d ^  ) , a / 3 . (p -d g + e  J ,  l / 3 . ( p - d g + l },

a / 3 . ( d o + 2 ) ,  - 1 / 3  . a ,  i / 3 . ( l - M ) ,  l / 3 . ( 2 - i r ) ;  1  1
l / S . f p - d g ) ,  l / 3 . ( 2 + p + s r ) ,  1 / 3 . ( 1 +P+h ) ,  1 / 3 . ( p -h j ) ; J ,

= 1 2 F i i r ï / 9 . ( P - l ) , l / 9 . ( p + 2 ) , l / 9 . ( p + 5 ) ,  l / S . d - ,  l / 3 . ( l + d j ,
■ ^ ■ : V 3 ,  • 2 / 3 , V , 6 . ( l + F ^ ; i / , 6 . ( 4 + p ) l : ’

l / 3 . ( 2 + d - ) ,  . 1 /3  »dg , 1 / 3 . ( l+ dg  }., i / 3 . ( d g + p , —a / 3 . i r ,
i / p . F , 1 /6  . ( o tP  ; ,  1 /6  . (p -^ i) y 1 /6  . l,P t2 ) ,  1 /3  . ( l+ d ^ + d g -p -H ) ,

, , 1 / 3 . ( 1 - H h  1 / 3 . ( 2 - 1 1 1 ; : ^  1
1 / 3 . (2+ d j^+ d g -p -H ), 1 + 1 / 3 . (d ^ + d g -P -N ) ; 6 4 . J

_  j " F i . f i / 9  .  (2+p ) ,  l/,9  . (  5+p ) ,  1 /0  . (8+p ) ,
(1 + d ^ + d g -P -lO P  ^  -^-^L 2 / 3 ,  V 3 ,

l / 3 . ( l H d . ) , l / 3 . ( g + d T  ) ,  1+ 1 /3  .a  1 ,1 /3  . ( 1+do )., 1 /3  . ( 2 ^ 0  ) ,  
1 /0 . ( 3 + p 7 ,  1+ 1 /6  .F l  1 / .6 . ( 1 + p ) ,V 6 . ( ^ + p 1 ,  1 / 6 . ( 2 + î ^ ,

1+ 1 /3  .d o , l / 3  . (  1—n ) , l / 3  . ( 2 —If ) ,  1—1 /3  .H I
1 /6  . (  S + ÿ ), 1 /3  . ( 2  +d2+dg —F—H ) ,  i + l / 3  .(d ^ + d g —P—N ) ,  1 /3  .(4 + d ^ + d g —P—1 '̂

m l
» , 6 4  J

I d % (d i+ l)d g (d 2 4 4 )R (H _ l)  ^ o P - . r i / 0 . ( 5 + p ) ,
^ 2 ( l+ d ^ + d g -p -N  ) (2 + d ^ + d g - f -g  )p (p + l  ). -^"^L

1 /.9 . ( 8 + p ) ,  1 / 9 .  (1 1 + p ) ,  1 / 3 .  (2 + d .,) ,  1+ 1/3  . d , ,  1 / 3 . (4 + d , ) ,  
V 3 ,  5 / 3 , 1 /.6 . ( 3 + p ) ,  1+ 1/6  .p ^  l / ,6 . ( 5 + p ) ,

1 / 3 . ( 2 + d „ ) ,  1+ 1/3  .d o ,  1 / 3 . (4 + d o ) ,  1 / 3 . ( 2 - n ) ,
1 /6  . (S+P*), 1 / 6 . (4 + g ) ,  1 / 6 . (7 + F ) ,  1 + 1 /3 . ( d ^ + d g -p -H ) ,

, 1 - 1 / 3 .H , 1 / 3 . (4 -m ) ; ^  1
l / 3  .  ( 4+d .J +dp —P—H ) ,  l / 3 . ( 5 + d , +dg —P—ÎT ) ; 6 4  J

§ ( 1 2 .3 )  C ase  tw o , when ° ^ 2 r i l  °  0 »

I n  . t h i s  c a s e ,  i f  P = 1 + f - e ,  t h e n ,  t a k i n g
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r= o

B et ' (Xf = ( ^ ( f-Q  ) ^n an d  sum th e  s e r i e s  f o r -
nl ( ± ( f - e  J ; ^ ( l + i { f 4 e  ) )^  "

P_ b y  B e n g a l i 's  th e o re m , ( a s  i n .  § 11 # 3 ) ,

T h e n , K n  = ) n ^ ) ) n ) ) ^ ( t ( 3 + f + e ) ^  
h i l + i ( f ) ) ^ ( ü . l - ^ + e  ) - e  ) )^ (ir(  i + f - e  } )

y  ( t (  3+ f4e ) ) ^ ( t '( 3 + f+ e  ) '
( t f s + f - e  ) ) ^ ( i ^ 3 f f - e  )

A ls o ,  i f  S — , - th e n
^  W e - N j^

y = ( 1 -e  )^ (  1 + f“^ e  ) ^ ( - N )^ (  1+f+E“^ e  ) ^ ( i f  )^ .(M  I f f  )
* ^  • ( 1 + f-e  ;^ (  i -+ îe 'L (  1+f+N -e ) ^ ( e - E ) ^ (  1 + t f - e  ) ^ i± (  1+f ) -e

/ /  t e ,  + ( ± 4 1 ) ,  | - ( f 4 2 ) ,  i - ( f+ 3  ) , l + i < f + E ) - e . i < l + f 4 E ) - e ,
I 4 î ( f - 2 e  ) ,i* (3 + f~ 2 e  ) , i ' ( ^ 4 i - ^ e ) , T ( l + f - ^ e )  ,  ̂ t e - h ) , i ( l - N + e  ) ,

M  1-N ) ,  ;; 1 1
%( l+ f  4N-e ) ,  l+ M  f  4N-e ) ; j

=- 6 ^ 7 l +f - ) f  ^ , - f e  , t ( l - e  ) ,i - (  l+ f+ e  ) , K 3 + f+ e ) ,  - # ,
L  Tzr, 1+2^ f4 e  ) f ix  l+ f+ e  } , i ( 3 + f - e  )^i~( 1 + f-e  ) , e —f c ,

1 ~ fe  , t 3 + f + e  ) ,i - (5 + f+ e  ) ,  "M 1-N ) ,  1 -W +  1 7
l+ % (f+ e ) ,  ü  5+f "̂ e ) ,  Ü 3  + f - e  ) ,  e + t l  1-N ) ,  e 4 1 - iN  ; J

e + t

( 12 , 4 ) . C ase t h r e e  ; w hen ^ 2 r i l  ~

I n  t h i s  c a s e , . ? ,  = s r  ( - n ) o
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■ ni  ( 3 / 2 ) ^

  n

n

T h u s , t a k i n g 'oC = ^ X n . and, sun im ing-P . b y  S a a l s c h u t z 's  
^ ■ nV

th e o re m , ( a s  i n  § 1 1 ,5 ) ,  f  = ( t (  1 - e  ) )^C“^ e  )̂

an d  p

A l s o , i f S  = , th e m
C D )^ (l+ e+ d -E -D )^ "

y = (P --d )jj(P "^ ^ jj .(d)^(~N )^^ .
I ni . ( D ) ( D-d - e  )„  ( D—e )_ ( l+ d  —N-D )

. . i /  - i l l? :  1  l  J _ J _ e  —T - g F g r i - î e , i (  1 - e  ) ,  i (  1 +d ) ,
l+ iC e+ d -H -D )?  J D U + e+ d -îI-D ) & L - ■ 3 / 2 ,  t{-1+D ) ,

I t î d ,  . : - i d - H ) ,  _  -+ T ;, I  l
l+ S :D ,t(3 + e + d - îr -D ) , l+ i( e 4 d - ] î -D ) ;  J

I n  :.the l a s t  : c a s e  no sum m ation : o f  th e  s e r i e s  P_ i s
r

p o s s i b l e  when 1  ~ 0 * ' •

5  ( 1 3 , l ) , The a p p l i c a t i o n  o f  B e n g a l i 's  th e o re m ; when - 

^ 2 r + l  = O '

The f i r s t  o f  th e  t w o . s e r i e s  f o r  P w h ich  r e  s u i t 'from; 

summing P by B e n g a l i  s  th e o re m , c a n n o t  be summed f o r  any
I . . . tt

v a lu e s  o f  when *. ^ £ 3 , ^ 4  ~ 0 .  The se c o n d  s e r i e s  f o r  P^ ,

) h o w ev e r^  c a n  be summed" by B e n g a l i 's  th e o r e m ,a s  a  y P _ ( l )  

s e r i e s ,  w /e l l -p o is e d  i n  : l + i (  f  ~e ) ,  ( a s  i n  § 1 1 ,3 ) ,  by  t a k i n g  

0 ^ 0  = n :'0 n  

T hen ,

■ n i  ( i - ( f - e  j  )^ ( I t M f f e  ) ) ^



f
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n I ■ ' ( i ) . ( i:(  l+ f+ e  ) ) ( l+ i" (f+ e  ) )
^  . . .  n  h^  (t( l+f+e ) ) (̂Üa+f+e ) ),

( j r (P + f-e  ) ) (X-( l + f - e  ) )

and  = Q ( t (  1"K ) 1 + i f  1 -e  ) ^ (  f - ^ e  -
‘ ( 1 + f-e  & r ( 3 /2  l+ tC f+ e  ) ) ^ ( i ( o + f + e  ))^

y  ( i ( 3 + f + e ) ) ^ . ( K 5 + f + e ) ) ^ .  "
(^  ( S + f-e  ),). ( i ( 3 + f - e  )

A ls o ,  i f  £L = ( ^ ^ ^  1 ^ ^ ^3_______________ _______
n: . ( i f , y  i+ f - (q )  J l + f - d p ^ U f f - d g  1 +f+N)^

t h e n i  y_ = ( &( l+ f -à  4 -e l+f-dg ( 1 +f-d
• ( l + f - d ^  ),^( i+ f~ d 2  1 + f -e  J^ (  l+ f - d .^ - d ^ -e  1^

v ( d i i { d g ) ^ ( a 3 A ( . - î i £  ___________

( 1 - jf-é  - d . ) /  ( 1 + f-e  -d _  l  ( l + f - e  -d _  ) (. l+ f  - e  +NZL. #5 i-L o n  . 21

( a s  i n  ■ § ( , 6 , 3 ) ) .  Hence ,

(  I f f  ) j j (  l + f - d  i~ e  ) u (  i+ f_ d 2 - e  ) g (  l ' - d  ^ c l- d g  
( 1+f-d^)j_( 1+f-dg ) / (  1 +f-e )^(:.ltf-à^-dg-e

l + g ( f —e+N ) ,-3p1 1+ f-e+ N

= i 5h 4p f e + g ;  j ’Ic i + l f  j;

l + t ( f - d ^ i h (  î + M ^  { ' l + z ( f - ^ 5  l + i ( f - d ^ ^  '

i ( l + d „ ) ,  -2 E , i ( l - H ) j ; l l  ' .
f+ l-Ë g  ) ,  l + i (  f + a  ) y i<  l+f+M ) ; J

dfdgdge.  f  ( 1 + i f )  H ^
( 1 + f-e  ) i f ( i + f - a ^ ) i  1 + f-d ,, ) i i+ f - d g  K  l+f+H  )



bV.

i+d% )  ̂ i+4d.-, f a  1—N ) ,  1—t e  ; 1 7
i (  3 + f-d g  ) ,  l+ te  f - d g i ., a  3 +f+N ) ,  l+ 4 (  f  fN ) Î J
where e+d^+d^+d^-H = 1+2f .

The t h r e e  s e r i e s  in v o lv e d  in i  t h i s  r e l a t i o n  a r e  a l l  

v/e 11—p o i s e d .  The s i m i l a r  r e l a t i o n s  v /h ich  c a n  be o b ta in e d  

by  summing a s  a  w e l l —p o is e d  ^P^( 1 X s e r i e s ,  o r  a s  a  

w e l l - p o i s e d  ^PgCr-l} s e r i e s ,  o r  by D ix o n 'b  th e o re m , o r  by 

S u m m er's  th e o re m , a r e  a l l  in c lu d e d  a s . s p e c i a l  c a s e s  o f  

t h i s  r e s u l t .

§ ( l 3 , 2 )  A p p l i c a t io n  o f  th e o re m  t h i r t e e n ;  c a s e  t h r e e .  

when: ~  0 *

I f  Py i s  sum m able by  th e o re m  t h i r t e e n ,  ' a s  a  n e a r l y - p o i s e d

gP^C lX  s e r i e s ,  a n d . = 0 ,  when- r :  i s  odd,, ( a s  i n :  § 7 ,.4 3 )

t  h e n ,  when:  ̂ ^ ^ n . P , i s  summable by  8 a a l s c h u tz " s
' . n i  P 

th e o re m , g i v i n g ,

P =  , a n d  A =  e ( l - f c
' . ' r i l '  ( h y  !*■ n ! ' ( 3 / b J ^  ~

A ls o ,  . - i f  S„. = i h s _ f 2 a .    , th e n
■ ( 1+d-e (1+2 e -N

V . = (d-2e )g( Itàd-e )j^(-e )^ (l+ e-jd -H )^(jd-e
^ ■ ( 1+d-e )jj(i'<3.-e )g(-2e e-id-sr)^( l+M-e l+e-H

H en ce ,
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(d —Ee )E^(d —Ee )e  ̂ E
{ 1+d-e ) ^ (4 d -e  ) ^ ( -E e  X' ^E: 'E

%  6 ^ 5 r ^ » f t ® * t d - E ,  4 d , i ( i + d ) Z ,  , i ( i ~ E L  ■ - t e ; :  1 1
t  t e  l+d  ) - e  , e -& d -E , l+ 4 d -e  ,i;l 1+e-E  ) ,  !+%(e -E  ) ,  J

= gFg(%(l-e) , -4e , 4d, i ( l+dh^ %( 1-E ),  ̂- t e ; : 1 1;
L iytel+d-e ),lfxvd~e),,^y, l-E)+e,l-tîH e; . J

 ^.d. e E  ̂ P r i - 4 e . 4 ( . l - e  ),,4( 1+d ) , 1+fe ,4( 1-E),
( 1 +1 - 0  ) ( 1+2e —E ) / L 3 /E  , l+'S'vd—e ) ,4K 3+d—e )., l+ e —zE,

' i - t e ; , i  7  
t e S - E ) + e ; ,  J

§ ( 1 3 ,3 )  C ase f i v e  ; when 1 1~ Q *

Siimming P'.^ hy  th e o re m  t h i r t e e n ^  ( a s  im
S -
S 7 , 4 5 ) ,  and  summing P^ hy D o u g a l l 's  th e o re m ,

I f  c /  ^
^ni ( t ( f - e  ) )^ (  l+ 4 ( f+ e  ) n i

th e n  B o = l + f  ) ^
• n i  ' ( t e ^ (  l+ É (f+ e  ) ) te - i ( l+ f + e  ) ) ( K 3 + f - e  )},. n  n  n

y  ( f f e + f + e  ) ) n  
^ n a « - e ) y

an d  f ^ n + l  = .  ̂  ̂  ̂ L
■ ( l + f - e  ). n i"  ( 3 /2  )^ (4 (3  + f  4e ) )^ ( l+ 4 ( f+ e  ) )^, 

y  ( 4 { 3 + f + e ) ) ^ ( t (  S + f+ e ) )^  ' ' y.
( t  ( 5 f f  - e  )7 ^ (-r(3  + f  - e  )

A ls o ,  i f  S = ( " ^ ^ n  , th e n ,  -
• ( l+ E e - E ) ^  -'• •

Y ^  ( f - 2 e ) j j ( l + 4 f - e ) j j ( - e y - H ) ^ ( f y ^ ( f - 2 e + H y
■ C l+ f -e  ) g ( i f - e  ) j j ( - 2 e  y d + f - ^ e + t r y C  l+ f - 2 e  l + e - ^ y

^ ^ + f ) , . . A ( a + f ) ,  t ( f - 2 e + K ) ,  
l+ 4 ( f - * e  ) , i - ( o + f - 2 e  ) , ï - ( 2 + f - 2 e  ) , H l + f - 2 e  ) , l + k e - f r )  ,

-K l+ f -^ e + M ), - 4 jj, iX 1-H ) ; 1 1  _
^ 1 + e - H ) ,  l + i ( f - e + i î ) , 4 ( l + f - e + ] j ) . ; J
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8

i 
Z
1+e
(1-E);: 1 T__ , ,e- f E __ . gPyri+4f.4(Iff ). _ 4( 1-e 
+e—ssE; _f ( i-ff—e ) ( 1+2e —E). L 3/2 , ‘̂ 3+f+e ),

 ̂ i - 4 e , i ( 3 + f + e ) , 4 ( 5 t f + e ) . : ,  t l - E X ,  i - t e ;  1 1  
&( f  +e  ) , 4 (  b + f —e )  , 4 ( 3  + f  —e ) ,  l + e  —&E, & .(3+ #e—E ) ; J

§ ( 1 3 , 4 ) , A p p l i c a t i o n ; o f  th e o re m  f o u r t e e n ;  c a s e  o n e ,

when: ^ Z r f l  ~ 0  •
S i m i l a r l y ,  summing P. by  th e o re m  f o u r t e e n ,  a s  a

I
n e a r l y - p o i s e d ^ P ^ ( l ) ,  s e r i e s ,  ( a s  i n .  § 7 ,6 1  )/ and  summing; .

P^ by Doug a l l ' 's th e o re m , when ^ ^ 21+1 -  Oy we h a v e ,

’ ’ ” ± i  S i :  >,

■ ^ 1 - e ) ,  i ' l  l+ f+ e  ) , t e 3 + f 4 e ) ,  - t e ,
-§:( l+ f+ e  ) , tK 3 + f  ~e ) ,v (  1 + f-e  ) ,  1+e - z E , t e  1+&e -E  )/ J ,■

l - t e  ,4"(3+f+e ) ,4 (  5+f+e ) ,  t e  1-EX , 1—4E5; 1 T  
1+ te  f+ e  ) ,4 (  5 + f—e ) ,4 ( 3 + f  r-e ) , t e 3 —K/+e , 1+e—ÉEf J /

A s i m i l a r  r e s u l t  i s  g iv e n  by  summing P^ by  th e o re m  f i f t e e n

a s  a  n e a r l y - p o i s e d  ^ P ^ ( l ) ,  s e r i e s ,  ( a s  i n  § 7 ,6 1 ) ,  and summing

Pp by  B e n g a l i 's  th e o re m , when ' ^ ^ r + l  = O '

§ _ ( l 4 # l ) , A p p l i c a t i o n  o f  th e o re m  n i n e t e e n ;  c a s e  t h r e e .  

y A e n -6 /p ^ ^ ^ = 0 .



f .

Now su p p o se  t h a t  ipy- i s  summable by th e o re m  ÉÈ'É.'Btéen,

( a s  i n  § 8 , 5 )  and  ^ ~  0 ,  T hen , i f

Y  2 n  : =  i f f î i M Ë a J i t k h t e ^ - u — •
y f e  ^2ii^ 1+ tl: ^

= ( '^ 1  h b  h  . T hen , s-umming ? , a s  a
m x i p p y n s p n y  f

w e l l - p o i s e d  g P ^ ( i ) .  s e r i e s ,
=  ( i ( l + f l - 2 a ) p ( i ( 3 + f ^ - 2 a ) p  

2n  Î : ( i (  I f f  j_ ) r a  y (  1 + t f  j_-a

and  h  H =

H en ce , i ( l - H ) ,  -fcî5; i l

~ g F ^ R " ( l+ f , - 8 a  ) i , i ( 3 + f L - ^ a )  ,& f ; ,4-<2+f. l+ f o + i j ) ,
L M l + f  ̂ l - e - r  %, l+$f]_-s.,- . ^ < f g , t ( l + f ^ ) .

§ . (  1-4,2 ) Cas e t h r e e ;  when ■ ̂  3  ^ = 0 .

E e z t  l e t c < ^  = 0 , i f  r  i s  n o t  a  m u l t i p l e  o f  t h r e e .

T hen , i f  o C  = < - l F ( V 3 - f i y ^ - H / e * ± l h  
2 » ' - n :  ' ( V G . f i y  ■--------------—

summing th e  s e r i e s  f o r  Pp a s  t h r e e  w e l l - p o i s e d  ^ P ^ (lX  s e r i e s ,  

V , 3 . ( 2 ^ ) ;  1 T  = -
1 /3  . ( 3 + f  4 —f p —h)Î. J .



ill.

cFo F l / f , t . ,  1/9 . (3+f-, ), V9 . ( 6 + f , V 3 . ( f  +ÎÎ) , V3 .(  l+ f  # )  ,
^  1  X/'i, - -  i / 6 . f g , l / 6 . ( l^ f g ) ,

V 3 .(2+ fp + il) , -V '3 .H ,3 /3 .(1 -F ) ,V 3 .(2 -H );  1
V 6 . ( 2 + f | ) ,  1/6  . ( 3  + fg ) ,  V 6 . ( 4 + f g ) ,  . ( 5+f2 6 i j

^ l{ f2 + -® y  î '„ r i /9 . ( 3 + f 1/9 . ( 6 +f 4 )„ 1+1/9 Æ  .
f p i î f j r ^   ̂ m ,  v s ;

1/3 . (  ft,+ÎI+l ), 1/3 . ( fp+H+2 V, 1+1/3 .( fo+U), 1/3 .(  1-H),  
l / 6 . U f f g ) ,  1/ 6 . t 2 +f^), l /6 ,(3 + f^  ), l/ 6  . (4 + fg ) ,
1/S . (2-H), 1-1/3 .H ; 27 1 f]_fe2tH )H (g-l)(f2+IH l)fei-|3)
1/ 6 , (B + fg ) ,1+1 / 6 . fg? 64 J ■* 2  f g ( l+ f g / ( 2 +fg)(S+fg) '

XgPptV9,<5+f:, } . , l /9 ,(6+ f.,  ) , 1 / - S . ( l l t v  ) ,  1/3 , ( 2 +m+fg 
G f  ̂ . . V 3 ,  - 5 /3 b  l /6 . ( 2 + f g ) ;

H ^ l/3 .( fo 4 îl) , l /3 .( fg -« r + 4 ) ,  1 / 3 . (2 - h ) ,  1-1/3 .N, 1 / 3 . ( 4 - h } + ^  
1 / 6  . ( f g 4 ) ,  l /6 ( f g + 4 ) ,  - 1/ 6 . ( fn+51, l f l / 6  . f 2 , V 6 . ( fp+7 ); 64

( 1 4 ,3  ) A n n llc -p .tlo n -o f  th e o re m  f i v e  . c a s e  t h r e e .

N e s t ‘.suppose  ~ 0 ,  and  i s  summ able by th e o re m ,

v e , . ( a s  i n  § 9 , 4 ) .  I f :
• (t(l+d,+d„ )J, 2^- 

n / n \ n / ^

Y
t h e n  Y s„  = r ( i ) f ( i ( i # i # g ) ) ( i a  l b  ( f a g  

r ( i ( i + d i a f ( i ( i T 6 p j )

l e t t o / o . .  = 1 . .end  stm ' P .  hy  V anderm onde’fe
n l  r

th e o re m , th e n  ^ )^ .( t(2 A + -l)
"  . n : : / * y u - ^ y A y

-  f -  -

" '6 F 5 R ( ^ A - l ) , t ( 2 A + l ^ , i d ^ ,  ï t l W . ) , ,  i d » ,
L  i ,A - i - ,K l+ d i+ d g ) „ é ( 3 + d ^ + d g ) ,

i ( l + d g l ; :  l l  , *^1*^2 V
A ; J  l+ d ^ T ig  ^



.¥.R-(gA+l),V(2A-t3 )„ l+ b , , 1+%;. 1 1
® f , . . 3 / 2 , .  . A, h + & ,H W ,4 a ^ ).,a % M ^ + d g ). j

§ ( 1 5 ,1 )  A new d e f i n i t i o n : of  (e .y  j .
\

I n i  th o s e  r e s u l t s  o b ta in e d  by  s u p p o s in g i

t h a t t  = 0 ,  when r ,  i s  o d d ,  ( § 1 0 . 2  t o  § 1 4 ,3  ) i t t i s

p o s s i b l e  to  r e p l a c e  th e  two s e r i e s  f o r  and  PEn+1 3̂̂

a  s i n g l e  s e r i e s  . f o r  To do t h i s ,  i t  i s  n e c e s s a r y ;  to

make u s e  o f  a  s l i g h t l y  e x te n d e d  d e f i n i t i o n  o f  th e  sym bol

( a , When ( a i s  d e f in e d  a s  a l a + l ) . .  , . ( a + n - l ) ,  i t  ;

f o l lo v /e  t h a t  F (a+n) = ( a Z , .  H en ce , th e  m ean in g  o f  \ a )  
r ( a )  - i  ^

c a n  be e x te n d e d  f o r  v a lu e s  o f  m o t h e r  t h a n  p o s i t i v e

i n t - e g e r ~ 8 ,  b y  l e t t i n g  ( a t e  ^  TCa+b J f o r  a l l  r e a l  and
- r ( a )  -

co m p lex  v a lu e s  o f  a  and  b p r o v id e d  t h a t  a  i s  n o t t a  

n e g a t iv e  i n t - e g e r .

A l l  th e  r e ^ .A io n s  b e tw e en ; th e s e  p r o d u c t s  h o ld  w i th  th e  

e x te n d e d  d e f i n i t i o n s ^  I m i p a r t i c u l a r ,  ( a ) _ ^  = T { a -n ) = ( - 1 ) ^
rT a  ) ' ( i - s j

n
, and  ( a t e / 2  = fCa+fei) .

- . . P ( a 7

H en ce , ( a ) ^ £ ( a + 4 )  = 2 " ^ ( a ) ^ .

§ ( 1 5 ,2 )  Use o f  th e  new d e f i n i t i o n  o f  ( a 7^; when 

i s  summed b y  th e  E in o m ir .l th e o re m .

L e t u s  now r e c o n s i d e r  th e  p r e v io u s  r e s u l t s , .  T hus,
/  Q

sum m ing;F b y  th e  B in o m ia l th e o re m , ( a s  i n  5 1 0 .2  c a s e  tw o )



9 3 ,

a n d . Fg b y  V anderm onde *'s th e o re m , i f  i = (dX
f  . . n  . ,  - m

t h e m  y —- ^^ /n ^  , and  i f  . = 1 b u t

^ 2 n + l  ~ 0 ,  t h e n ,  = _ 1  o F ^ ( .- in , i - ( l - n )5 A ; ,  1 ),
. • . %% 0 ■rm ‘ " - —

= (A -4+4n)j5/E
n

_  (A -4 )^  
n , ( A—4 )2 ^ £  ( a

•■• P '  -  3 # ^ -
H en ce , 1 o g .,f ld .-£ (  1 + d I ,  =  g F i p L - i ',d ; .  2% 1( P P F  n  . A î . y ï i î y  J  .. . 1 2 A - 1 ; .  . j
T h is  r e s u l t  wbb o r i g i n a l l y  due t o  Kummer, ( j o u r n a l  f& rr

M a th s . V o l. 1 5 - (1 8 3 6 ) ,  78  ( æ ) ,) : .

S i m i l a r l y ,  i f :  — 3 ^ ,  th e n . = x°- .

• ( .1 -^ .)®
a n d  i f i  c<p„. = ( 1  hut.°^-, = 0 .  th e n :  '*-^jT—  -in + l

= ( e  ) p i ( i t e - n ) ) ^ s f e  ) ,^ a  ~ 
n  : ( i \ l - e  - n  ) ) ^ ^ ( i (  1 + e -n  ) - (  I n

summing: F^ b y  S a a l s c h u t z 's  th e o re m , , 

s i n c e  / p ‘^n /2  = l * ^ p ( l + e p r  ('&( 1 -e  )—- ^  )
( i ( l - e  )“ è n ) ^ 2  • ( " ( i l  1+e ) l n J f ( i ( i U )

• f ( t e  l  +e ) f  i l l  j r  ( t e  l  - e  ) ) a i  1 -e  ) t t e ~ l } • •

) t j i - n  )
. . .  v a t  1 - e  ) + i n - n /

• ( i ( i + @ ) ) ^ g
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en d  ( F-X ) l + l / ^  ♦ ( F -1  ) )^   ̂( g g  i n  § 1 1 ,2 )

t h e n ,  summing Fg a s  a  w e l l - p o i s e d  ^F^ClX s e r i e s ,

V'3.(l-n),l/3.(2-n)5, 1 1 
l/3.(i'+n-n),l/3.fe-’-ta);: J

= (  V 3  4  ® - l  ) ) n (  3 / 3  . P  ) ^ 3  (  3 / 3  .  (  F + 1  ) )^sX 1 / 3  .  (  F - t ô  )  ) „ / 3  

• n  i ( F  y  3 7 3  . p  J g j j / 3  (  3 / 3  .  (  1 + p  )  ) g ^ ^ 3  ( 1 / 3 . ( p - 1 )  ) g ^ g

=  ( l / 3 . ( F - l ) p 3 ^ ^

;  • , 3 ) n

. .  B ~  ( 4 )  ,  a n d  v /e  h a v e
■ n : ( ± ( p - i ; ) ^ ( i p ) ^ .  -

P ) r ( p _ 4 i - a g  ) F f l / 5  . ( F -1  ) .  1+ 3 /6  , ( P - 1 ) .  l / 3 . d i ,
^ ( p - d ^ j r l F - a g )  G '^1   l / 6 . ( p - l ) , l / 3 , ( p - d i + 2 % ,

y p d + d . p  i / 3 4 2 + d p : .  3 / 3 . d 2 ,  '  i / 3 . ( i + d „ ) . , "
l / 3  4 ( p —d j ^ + l ) ,  l / 3  * ( p —d ^  ) . ,  l / 3 j ( p —̂ 2 + 2  )  , % / 3  # ( p —d ^ ^ l ) ,  -

i / i . l M i ) i ; " ‘ ]  ■

p r o v id e d  t h a t  : E l ( F -d ^ -d ^  ),> 0 ,  end  t h a t  : E l ( 1 -d ^ -d g  X>  0 .  

T h is  i s  a  t r a n s f o r m a t i o n  b e tw e e n  a  w e l l —p o is e d  g F y ( -r l)  

s e r i e s  a n d  a  ^F^CJX  s e r i e s .

§ ( 1 6 , 2 ) , G e n s s 's  th e o re m ; c a s e  f i v e .

Summing F y by G a u s s 's  t h e o r e m ,  i f  S = 1 ,# -n

. . . ( 2 ).

th e n  Y -  T( 1 + f-e  ) P( l-» .e  ) y 2 n  ( a s  i n ; §  1 1 .3 }
I n  I» /  -1 u t p _ y  X. )n / 1 \ /' 1 \

Summing Fp b y  B e n g a l i 's  th e o re m , i f

° l n + l  = 0 ,  th e m• n  I (t'C f - e  ) )^ (  l + t ( f + e  ) )^
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P n =
n  ! ( 1+f-fe } ^ ( t (  l + f - e  } )^

H en o e , p l f - f - e  ) ‘’ ( l - 2 e  ) _F [% (f-e  ) , l + è d - e  ) ,  - e ,
f ( 1 -e  ) r ( l + f e  /  L  ̂ - ■ t e  f - e  X, 1+ te  f+ e  ) ,

i f ,  t e ^ + f ) ,  t e s + f ) ,  t e i + f i  l
l + i ( f - 2 e  ) , te (2 + f -2 e  ) , t e l + f ~ ^ e  ) , i ( 3 + f - 2 e  ); J
= g F ^ C f , - e , 4 ( l + f + e ) ;  - 1  7  p r o v id e d  t h a t  B l ( l - 2 e ) ^ 0 .

L l + f + e , t e  l + f  ~e ) ;  J  *

T h is  t r e n s fo rm s, a  v .e l l - p o i s e d  y F g ( l ) . i n t o  a  w e l l - p o i s e d

g F g C - l)  s e r i e s .

§ ( 16 ,3  ) Gaus s ' s th e  o rem ; c a s e  È hven .

Summing F^ hy Vanderm onde ' s  th e o re m ,

i f  Ç = S ^}n^Z K )n  th e n  V = ^n^ , ( a s  i n
(D)^ '%- \  lD)^(l+d-D-E7^ -

§ 1 1 .4 ) .  and  "^2 n + l = ° ’ th e n

f e  =  “ ■

’ “  n T W n ^ '

H en ce , R d , i (  1 + d ),. ' '~ s S ,  i ( l - N ) ; .  i l
■(Bte L " • A,te 1+d-B-E) , l+&(d-B-E); J

= ,zF9(A-te d,-E; 2 1 .
. *"1 2 A -1 , B; J

{ 1 6 ,4 )  G auss * s th e  o rem ; c a s  e t e n .

Summing F f  hy G a u s s 's  th e o re m , i f  î  = ^n
\  n p

(d }y,. T f c>/ — ( “"e}th e n  , Y = **(b ) t*(B-d-e )  ̂ t e  I f
- f (B -e  )P (B -d  ) t e B ^  ) 2 n  -

n
?.nd ^ 2 n  + f^  i n  § 1 1 ,5 ) ,  t h e n ,  summ ing F hy

S a a l s c h u t z 's  th e o re m , ^ -  = (^ 1 )"  )^n  -  4— ---- 41 .
n l



7̂

p r o v id e d  t h a t  E l (B -d  ) > 0 ,  and  t h a t  E l ( e ) " ^ 0 .

I  f  : B = 1 -d  - e  , summing th e  ^ F t ^ - l )  se  r i e  s  h y  Eumine r  * s 

th e o re m , we- g e t  a  s p e c i a l  c a s e  o f  B iz o n 's  th e o re m .

§ ( 16 ,5  ) Sum m ation o f  Fy hy  S a a l s c h u t z 's  th e o re m ; 

c a s e  o n e .

Summing Fy hy  S a a l s c h u t z 's  th e o re m , i f  _ -

^ f ^ 1 ̂ n^ ̂ 2 t e  , th e n
^  - ( l+ d ^ 4 d g -i\i-F )^ '

Yn ~ , (, as in
P  ( F ) g ( F - a i - d 2 ) ^ d - d p ^ ( F - d 2 P ( F f H t  '

I  1 2 , l ) .  Summing Fg 'a s  a  w e l l - n o i s e d  ^ F . ( l )  s e r i e s ,  i f :

then B  ̂»F~a. p ._____
' • n I ( p - 2 a ) n C s F ) ^

H en o e , r P o f i C P - l l . - ë O + p ) .  a ,
( F )jj(F * ^  l"^-2 &  - L t ( F - l  ) , t e  1+F ) - a ,

i d . , M i + d .  ) ,  ' i d c f M i + d n ) ,  - t e , t e i - N h .  1 1
t e  F -d  ^ 4 1 7 , t ( F - d  ̂  ) , t e  F - d ^ + lp , t e  F -d ^  ) F+N+1 ) ,  t e  F tE  ) 5 J

= 4 F 3 p E F - a ,d ^  d g , -E ;. 1 1
• L iF,4-Eg,l+d^+d^-F-E; J.
T h is  i s  a  t r a n s f o r m a t i o n  b e tw e e n  a  w e l l - p o i s e d  g F g ( l )  

s e r i e s ,  and a  4 F3 ( 1 ) s e r i e s .

I f  ~ 0 ,  when n- i s  n o t  a  m u l t i p l e  o f  th re e - ,  and
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o C  = ( - l f ( 3 / 3 . ( P - l ) p ( l + l / 6 . ( F - l ) p  

. ' n ; '  ( V 6 . ( P - l ) p

s i m i l a r l y ,  *we h av e

P „  = H en ce ,

m r ( W [ F H T p i w ç

l l F l o F l / S  • ( f —1 ) ,  1 + 1 / 6  . d “ l ) , 1 / 3  #d. , 1 / 3  #(l*fd.) ) ,
L 1 / 6 . ( ? —1  ) ,  1 + 1 / 3  « (p -d  1 / 3  . ( 2 + F - d ^ ) ,

3 / 3 . ( 2 + d . ) ,  3 /3  . d p ,  3 / 3 . ( l + d „ ) ,  l / 3 . ( 2 + d „ ) ,  .
1 / 3  , (  1+F-d 1 + 3 / 3  . ( F - d g ) ,  1 / 3  . ( â + F - o g 1 / 3  . ( l+ F -S g  5 ,

- I / 3 .ÎÎ , 3/ 3 . ( 1 - f ) ,  3 / 3 . ( 2 - H ) ; " l  1  
1+-3/3 . ( F+H ) , 1 / 3  .  (2  +F+H ) , 3 / 3  .  ( 1+F+N ) ; J

= P & ( ^ p l " ^ 2  V  4 % rV 3  . ( F - l h  d ^ ,d 2 ’ 3 1
I  • -Kf + I ) ,  SF d+d^+dg^J-Fj, & J,

T h is  i s  a  t r a n s f o r m a t io n :  hetw-ee n  a  v/e 1 1 - p o is e d  

s e r i e s  and  a  ^.F^Cî) s e r i e s .

§ ( 1 6 , 6 )  Sum m ation h v  S a a l s c h u t z 's  th e o re m ; c a s e  tw o .

Summing F_ hy  S a a l s c h u t z 's  th e o re m , i f :

6 n  = , t h e n ,  y „  =
. ( l - 2 e  )g ( 1 + f-e  )g  ( 1 + f + H - e f  (e -H )

^  ( l+ f+ M -2 e )^  ’ ■ - - “■

( 1 + t f - e  l+ f  ) -e

Summing F ,  h y  B e n g a l i 's  th e o re m , i f  = 0 ,  and

'^ 2 n  = t h e n !
- n  I ( t  ( f  - e  ) ) ( 1+ te  f+ e  ) ) ̂

n !  ( ii-f+ e  1 + f - e  )

H e n ce , ( l - e  y i + f - g e ) ^ ^  r ^ f _ e  ) ,
( l-E e  )g (  l + f - e  )jj L T ( f - e  ) ,  l + i ( f t e  ) ,  .

t e l+ f+ N )-e , l+teg-N)-e., , i f , .  . i ( f + l ) ,  teCf+^i,
±( 1 + e -E ) ,  ‘ t e e - E ) ,  l-N r(f-2 e  ) , i t 3 + f - 2 e ) ," i ( 2  + f -£ e  ) ,

t e ( f 4 3 )  t e  1 - E ) ,  - t e ; ,  i l
t { l + f - 2 e ) , t e l + f t E - e ) , 1 + te f+ E - e ) ;  J
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-  - e , t e l + f + e  ) ,  . - E r - 1  1
L l + f + e , i t 1 + f - e ) ,% e - E ;  - J

T h is  t r a n s f o r m s  a  n e a r l y —p o is e d  l )  s e r i e s

i n t o  a  w e l l - p o i s e d  s e r i e s ,

8 ( 16 ,7  ) Sum m ation hv S a a l s c h u t z 's  theo rem » , c a s e  t h r e e .

Summing h o th  Fy and  Fy hy S a a l s c h u t z 's  th e o re m ,

( a s  i n  § 1 2 ,4 )  i f  i  = ( d ) n (  E )^  th e n
.• \D / ( 1+e+d—E—I) )

' I "  -

end C/pyi -  h .  th e n  P « = ( - e p { —l )  _
~ n r  - — E T  -

H en ce , 5^4+ ®  a, - f e ,
(D jg (D -d -e  )g. L  ■£(D-e),-z’( l+ D - e ) ,4 ( l+ d - l ï - D ) ,

M i - H ) ;  1 1  = 3 % r z 9 , d ,  - 1 1
l+ t (d - H -D ) ; ,  j  . L B ,14e+ d-+ r-B ; _ J

5 {17.» 1 ) Snm m ation hv  D ougp.ll "s th e o re m , ne.se tv-.-or

Summing Fy and F^ hy B e n g a l i 's  th e o re m , ( a s

i n  § 1 3 . 1 ) , . i f  c n i - t + p A ^ i h f e a h ^ - ^ y - ^ h  '
• ( t f  ) p  I + f - d ^  )^ (  I f f - d g  l+ f - d g  )^ (  l+ f+ u  )

t^ h e n
• ( 1 + f - d ^ ) ^ ( l + f - d £ ) g ( l + f - e 1 + f - d ^ - d £ - e ) ^

V  ( d f ) p d g ) ( d g ___________ _
T l + f - e  4 2̂1  ̂1 + f-e  -d £  ) ( 1 + f - e  -d ^  )^{ 1 + f-e  +E )

th e n  Fu
■ n .  ( i t  1 + f-e  ) )^ (  l+ f+ e  ) ^

H en ce ,
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i ( i H î ) ,  - i j ;  i T  = - $ r ; ; - i  3
t (  Ife-N) , l+ i(e-N ) ; J .L  l+ë-e ; J

§ ( 17 #5 ) RuTnmAti onibv theorem t h ir t e e n ;  c a se  f i v e .

Sxu2iming Pp by D o u g a ll’ s theorem , ~ and Py by

theorem  t h ir t e e n i ( a s  i n  § 1 3 # 3 ), i f  ^ = ^^^^n
^  I Ï + 2 e - N ;^

th en  1 Y = _______
' (l*4^-ir>jjCï C if-e  y - ^ e  y i t f - e + N ) ^ r l+ f - & e  Ife-N

- e ,  * f ; .  K l + f ) ,  i ( 2 4 f ) ,  è ( 3 + f ) ,
l + è ( f +e ) ,  H i ( f - 2 e  ) , f ( 3 4 f - 2 e  ) , i (2 + f -« e : )  , t (  l+ f -2 e  ) ,

i( f-2 e+ N ),i( l+ f-:2e+ N ),  ̂ i ( l - N ) M T
I t i ( e - N ) ,  M lte -N ) ,  l f # ( f - e ) , i (  1+f-eflT); J

® 4 ^ 3 r^ » ‘̂ > 4 ( l J * f 4 e ) , . -N ; - 1  1

This tran sform s a w e ll-p o is e d  s e r i e s  in to  a

n e a r ly -p o is e d  ^ P ^ (- l)  s e r i e s .

§ ( l7 # 4 )  Stmmiation bv theorem fo u r te e n ;  c a se  on e.

Summing Py by theorem fo u r te e n , and Pp by

D o u g a ll* s  theorem , (a s  i n  § 13 # 4 ), i f  ^^n
( i f ;^ ( l4 2 e -N ;^

th en  y ^  =
' H t f - e  ) g ( i f - e  I f f  a + f-e tn )j iU + e -N ^
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and i f = ( i ( f - e  ) 1 4 -t(f-e  ) but
n i  ( t ( f - e ; ; ^ ( l + M f + e ) ) ^

^ 2n -H  -  0 , th en  L  = )n^^^ H-f4e ) )^ (-e  ) ^ ( - l )
n I ( i (  I f f - e  ) )^{  1+ fte

« 3U S ! : i ( 4 â î ! ; * ( i * A l ! : i ( i l 5 ; t i l C T ; ’
i ( l+ f -2 e + N ) ,  • - 4 h, i ( l - f f ) ;  l 1

i ( l+ e - N ) ,  l+ i< f-e tI l ) , i ( l+ f -e + N )}  J

= 5 P 4 B ,l+ # f , - e , f ( l f f + e ) ,  T

T his tra n sfo n n s  a w e l l-p o is e d  s e r i e s  in t o  a

n e a r ly —p oised  ^ / ( - l )  s e r i e s .

A s im ila r  r e s u l t  i s  g iv e n  by summing P^ by D o u g a ll's  

theorem , and P„ by theorem  f i f t e e n .

§ ( l7 # 5 )  Summation bv theorem n in e te e n ;  c a se  t h r e e .

Summing P by theorem  n in e te e n  and P_ as a 
I r

w e ll-p o is e d  g P ^ (l)  s e r i e s , ,  (a s  i n  § I 4 # l) , .  i f f

then

and ifn ^  *^^l^n^°'_n hht 0»

th e n , L  = ( M l * n ) - ^ ) n
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Theorem (2 1  ) j (w atson^s theorem )

_  r (é )e (é ( lt ( l]^ 4 d g ) ) ^ (a + i)p (iL + i(l-d 2 “d 2 ))
f ( t (  14d^ ) ) r ( i (  I td g  ) ) f ( a t 4 (  1 -d ^  ) ) f ( a+ M  l - d g  ) )

This theorem was f i r s t  g iv en  by G,K.W atson, i n  i i i s

pap er **A n o te  o m g e n e r a lis e d  hypergeom etrio  s e r ie s *

(p r o c . Lond. M aths. Soo . ( 2 )  V o l. 2 3 ( 1 9 2 5 ) . ,p ,  x i i i - z v .

Records 8 th  Rov. 1923 ) ,:  f o r  ter m in a tin g  s e r i e s , ,  and

th e  g e n e r a l c a s e ,  f o r  i n f i n i t e  s e r ie s , .v /a s  g iv e n  by

P . J.W . Whip p ie , ,  in  h i s  paper **A group o f  g e n e r a lis e d

hypergeom etric s e r ie s *  (p r o c . hond. M aths. S o c . (2 )  V o l.

23 (1 9 2 5 ) ) .

§ (1 8 .2  ) A p p lic a tio n s  o f  W atson's theorem  to  the

summation o f  P y .
. r ,

There are i n  a l l , ,  sev en  p o s s ib le  ways o f  summing 

P« by W atson’s theorem , o f  which on ly  th ree  g iv e  summable 

s e r i e s  f o r  P^ . These a r e ;—

^ 2 z _ ( l - e - n ) y ( 2 d ï î i ) ^
r=o

( 2 )

1 1 - e - n ;p Z _ J
r=o
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. p L . "
r= o

§ ( i s  #3 ) ) • C ase one

y g P ( i )  e (d 4 t )r ( i (  I f f  te  ) ) [" ( i( l- f -e  ) #  ) ( i f  
■ f u u t e  ; > r(i( 1+f ) ; p cic 1-e ;+d ; PC t c i - f  >id 1 c tCi-e j #

Summing P g by S a a ls c h u tz ’ s theorem m erely  g iv e s
, P / -

W atson’ s theorem  a g a in ,, i n  an oth er  form .

Summing Pp by D o u g a ll’ s theorem , i f  d = 4 ( l 4 f - e )  and

^  ni CMf-e  ̂LC l^ f-e-a . ) ( l-*f-e-ag J ( 1+f-e-a, )
then:> .  . :

nî( l+f-e-a^ )^( I tf^ -a g  > J^l+E-e-ag

L 14f—e— , 14ffe-a^, 1+f -e —a^, l+4f-e ;. J

® e4a', e+ag, e ta ^ ;;l 1  . . . ( l )
I  4 ( l+ f+ e  ) , l 4 f - e —a ^ y l-ff-e -a ^ y l+ f-e -a ^ Î?  J

p rov id ed  l+ f-2 a  = a^-fag+Sg. 

L et ag = l + 4 f - e ,  th en  th e  g P g ( l ) ) s e r i e s  becomes a ^ % (l)  

s e r i e s  and th e  g P ^ ( l ) / s e r ie s  i s  summable. This g iv e s ,  

w r it in g  a fo r  f - e , b f o r  a ^ , and c f o r  4 f , 

Theorem (22 )

^  m L - b - d  )
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I f f  we l e t  to i n i  t h i s  r e s u lt^  o r , a l t e r n a t i v e l y ,  i f  we 

sum Pp as a w e l l- p o is e d  ^ P ^ (r l )  s e r i e s , ,  we g e t  I .

Theorem (25 ) ,

(Whipple f : P r o c . Lond. Maths • Soc • (2 ) V o l. 24. 1924,, 

eq u a tio n s 9 #6cand 9#5 r e s p e c t iv e ly . ) ,

_ , n  ̂  n .
hut uthat ^2n-f-l “  th en ,-  summing P - by D o y g a ll’s  theorem ,

ft = (M  i4 f - te  )
’ n Î ( t (  1+f-e J ) i  I t t - t e  )• XX XX

and we g e t  the sim p le  r e s u l t

t (■*( it© ) 7f (-it( itf /) fC l - t i f - e  ) rc l-$e )

= g P i ( f ,  -e ; ;  - 1 1 /  . . . ( 4 )
1 + fte ;;  J

§ ( i s «4) The second ca se

I f f  S then
C&llfd^4dg j j

Y g  r ( i )  f (e-tir) r(M ï+di+dg) ) r(M l-d^-dg ) te )
T rE T ï^ rpjpT w rïÿdgT JT rirï-dfT tëiT rïrï^ igiïëi
y ( i i2 y i ( l+ d i+ ^ 2 " 2 ® ^ V ^ ^ 2 + < ^ l 'H 2 - 2 e ) ) ^  g6n

^ ( i ( i t d ; ) - e ) ^ ( m t d 2 ' ) - ® L  -----------------  -

and; / „  , = r ( i ) r ( e - p i ) r ( i ( l + 4 i+ i 2 ) ) f ( t ( l - d j ^ - d g ) t e )
' f 2 n t l  y( ( I t id g )r ( i (  1 -d ^ )4 e j f ( i ( l -d g ) t e )

X  , ) ! ( % (  1+^^ )-& e)^ (t(6+ d .4d ^
(1+ M ^ -e )^( l+édg -e
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L e tt  oC = ( - 4 ) ^ .. and sum by Vandermonde*s theorem ,

then
n i C2ej^

H encei H i )  r(e+ é)r(K l-W ^ + d 2 ))r(4< l-d j^ -d 2  )+e )

&^dg r ( i ) r ( e t i ) r ( i ( l + d ] ^ 4 d 2 ) k ( e - i ( l W ^ # g ) )

T T ivM ^ T p T T tB ^ lrT e-id fJ iT e-H gT l

p rov id ed  th a t  a l l  th e  s e r i e s  in v o lv e d  are f i n i t e .

§ ( 18»5) The th ir d  c a se

I f f  ^ „  = then

y ^ c  r (4 )  r(% "^^ r(4(l4d24d2 ) ) P { 4 ( l - d ^ - d g ) + d g ) ;
' r(i( i+à ; ;.r ct( i+dg ) ) n  a  lya i ;wg ( i-d» ;wg ) ,

-

(4 (  l-dr^ )4dg
a n d  . .  =  e ( i )  K d s # )  C ( i ( l-W^-Mg ) ) f ( i (  1 - d ^ - d g  ) t d g  )

' rci+4d^Jrcitidgjrci-idiidgirci-idg-Wgh
V  d.i<ig( i ( itdj^ )  ) ( K  H dg )

C 1 - id  i # 3  )^C l - id g  

Summing Pp a s a w ell-p o ised  sP^^i); s e r i e s , ,  i f  

o< -  (2 d 2 -l)^ (d g tt)]^ (a i)n (& 2

thene P ^ = ^^^3~®1~®2 ^n_________   . H ence,
n iCgdg-a^^gCBdg-ag



108:

V (i)r (^ 3 + 4 )r (4 (l+ d ^ 4 à g  ) ) r ( i ( l - d ^ - d 2  )4dg) y
p (iC  1+d ̂  ) ) r (4 (  l+dg ) ) P ( 4 ( l “d ̂  )tdg XP( 4C 1-dg )+dg )

M , .  m n l  .
■àCl-d )4 d 2 ,4 '( l“dg)+â2 8 J,

(gdg-M.); aiSg'^i'lg T(4)r(d3+&)r(i(l+d^+d2 ) )f (i(l-d^-dg W g )
"  ISàg-a^X g'dg-ag jrci+4dJ^;rc l+4dg JfC l-^ lg^dg / [ ( l-W ^ id g  h

9 % p 3 4 » 3 ^ ;g f^ 6 3  j, .

4 ( l+ d ; ,) ,  -W ltdo);; I T  ' ' ' ' . . . d )
l-&d , 1-édg t€g  ; ; J f

I f -  ° 2 n + l  = 0 „ a n d  c -  'y / '

c / , .  = (% ~^)iidd-l^d3))nd^n
TÔT ' ,  ;

thenr p g i=  ■   .
n l ( 2 d g - 2 a ) ^ ( d g

Hênoe î  l" ( i)K 4 3 + & )r (i( l+ ^ j_ -* a g ))r ( i{ l-d ^ -d g )fd 3 )/
r cik i+à£ ; )r(4( itdg ; ) r(i( i-d]_ )+d2 ) pc-k i-dg }

u

§ (l8^6i) ) A p p lic a t io n s  o f  theorem s tw entv-tw o and tw enty— 

th ree

A l l  th e  tra n sfo rm a tio n s due to  sum m ation:of Pf by 

theorem  tw en ty -th ree  w i l l  be co n ta in ed  in  th o se  due to  

summation by theorem  tw en ty -tw o . There are sev en  p o s s ib le
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ways o f  summing by theorem  tw en ty -tw o , o f  which on ly
I

two g iv e  summable s e r i e s  f o r  P. • These are : -
r

y  ( i ) )  FJ = Æ f f 4 2 n , l t ^ 4 n ,  d + n , e ; ;  1 1
y i f  i n ,  1 4 f - d t n ,  I f f  4& n-e J

F .  ( - g ) ,^ ( f + n )  , ^
p ( I 4 f - e t n ;  î l - 6 - n J  ^

r=o

and w )  f , .  ' ]

r=o

§ ( 18 #? ) (Tase o n e .

I f  : S = , th en

Y _ J ' ( 4 ( l+ f ) ) K l+ f - ê i ) f ( i+ f - e ) R 4 ( l4 f )-( i-e)  (M W f))^  
' ^ ■ f ( 1+f ; f (i< i t f  ;-d J r ( i c  i t f  ;-e J p ( i+ f -a -e  ; c ic i+ f  A ;

( l+ f-d -e jg ^

Snmming F, hy S a a ls o h u tz 's  theorem , i f  = d * ^ e  )„

th e n  ;  .  <f ) )n ( 1~® 1+f-k  ̂ n̂
^ n i ( l + i ( f - e ) ) ^ ( i ( l i f - e  ) )  ( f i e  )

. n  n
and we have

ni

n;

Summing P̂  by D o u g a ll’ s theorem , i f  l i f - e  = a^+ag+a^ie,

and y  k
n : ( t ( f - e )  )̂ C 1+ f-e -a  )^( I f f -e -a g  >̂ (

- 1
I lif -e -a ™  );w n
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th en  : B .  __________ _
I ^ n ! ( 1+ f-e -a ^  j^( 1+ f-e -a g  I f f - e - a ^

® ” -  ? i ! i j B M i i l 5 3 1 i f } ÿ ! 3 i S f g j -: l 3 i  ■

V  «F . î f - e , 1+ M f-e  ) ,  a , ,  a g , a^ , d ,
 ̂ ° i  t U - e ) , l + f - e - a J , H - f - e - a g , l + f - e - 4 ' , l+ f~ e -d ,

i ( 1 + f ) ; ; 1  T  
i ( i + f ) - e j ;  J

s= ^ P , l4"4f, e 4 a - ,  e ia o f  , ,d.f> l  .^y « • • ( 2 }y
. L, i f  , l + f - e - a ^ , l f f - e - a 2 , l + f - e - a 3 , i i f - d | j  : J /

p rov id ed  R l( l t f - 2 d ) >  0 , and E l(e  ) < 0 .

SunmingePp a s  a w e ll-p o is e d  ,^ 3 ( 1 ) s e r i e s , ,

i f  ~ ( f - e  1+ K f - e  ) then

P n =

^  n i T ï t f - ^

n l . l i l l f f ^ e ; ) _IX

= Æ f f . l + i f ,  d ,M l+ f+ e);;l 1 ,  . . . ( 3 )
I  i f , l+ f - d ,4 ( l t f - e ) ;  J

This i s  a tra n sfo r m a tio n  betw een two w e l l-p o is e d  

s e r i e s  which are con vergen t i f  R l ( d ) < 0  and R l ( e ) < 0 .

I f f o ^ H n t l  = 0 ,  ‘^ 2 n  =

th en  B_ =
• n i '  ( l + f + e ): ( i - ( l i f - e ) ) .

n i l t ( f - e  ) ; ^ ( 1 4 i ( f t e

t / i i  1 + d i T
l + i ( f - d - e  ) , i ( l + f ‘̂ - e  )î J ;
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= "® » a It-f+e ) Î ; - 1 1  : % . . .  ( 4)  )
I  R , l+ f+ e , 1+ f-d  fH I f f - e  ) ; J

p r o v i d e d  t h « t  E l ( 1 + f -2 d  ) > 0 ,  and  R l( I f e  ) >  0 .

I (18  #8 ) ; The second c a s e .

I f f  S jj  ~  I »■ t h e n
“  - n : C if;^ C l+ f-d )^ (l+ f+ N )

Y ^  ( I f f  1+f M  ) g ( i (  1+f ) ) J d )“  _ :
V“  ( t (  1+f ; jjf C i+f-«»)j. t c  1 + f j+d-K

Sumining Pp hy S a a ls o h u tz ’s theorem , i f  

cX = ( a ) n ( - l f  t h e n :
h i UJjjCl+f+a-A^jj

8  .  < f ) n ( A - a ) „ ( l + f - A ) , ,  _

^  hi (A l4€+a-A)^

= g F c f f , l + ^ ,  d , A - a , l+ f - A } . --«5; 1 1 
L t f , l + f - 4 , l + f + a - A ,  A ,l+f+H 5; J

Si ( 1 9 .1  ) S-omma.tlon o f  Fp hv theorem tw en tv -tw o .

i o „ .  ® ) .

(a s  if f i'i 4 .3 ) ,

H ence,
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f d + f ) f (  14f-dj^-dgh r f . l + k ;  a ,. d^, d g j ; - ! * ) )
r c i+ f -d ^ j n c i+ f -d g ) ;  L i f , i+ f-% ,i-tf-d ^ , i+ fW g ;; J;

provided  th a ttE l( lf f? -d ^ -d 2 ) > 0  and th a t  R l ( a ) < 0 .

I f f  ^ ^ i ) n ^ ^ summing F_ by S a a ls o h u tz ’s
^  . ( f+ d ^ + d g -H )^  '

theorem-,, then" V_ = ( i + f - d l & ( l + f - d g ) ^ ( d g
- (  1 + f  l + f f d j . - d g  ; j j f C  1 + f r d p ^  l + f k g  l + f f l T ^ .

(a s  in  § 5 # 2 ).

H ence, (l+ f;^ ^ )j^ d -»^ -^ 2 )] .̂ f  r f , l + | f „  a
( l+ f )g ( l f fT d ^ -d g )F  ' %  i f . 1 + f-a ,

1 + f+ d ^ ,1 + f-d g , 1+f+N ;;

= AFaTiCl+fOTa, d=,, dg, -df}; 1 ■); . . . (2X
. i-( 1+f), W -&,di+dg+M: ; J

Iff S = ( #  )aiKl+f-i )ndi+il)^(-H)^ •
“  ( ifg W id + % n ^ -------------—

summing ;Py by theorem ( 19 )^ , (as in § 8 #5.), .

Hence, a , -H}; 1 "1 ■
(f^)jj l+f]^-a,l+fi-fgTH; J

= Æ (t(i+ fi)T a , if;,fc+*r,, ■ -n;; 1 1/ . . . ( 3 )
I  i+ f^ -i, % g ,id t fg  )K J  - .

Iff ^.. = .. simmilng Fy by theorem ( 21),
' (id+d^tdg))^! ' '

Watson*fe theorem,, (as In 0: 18,5)  ̂ then:- 
V = r(j) rcdgti) r(i( i+d^^dg ) )r(j< i-a^-dg )Mg )

rctd+dj^))p(*(l+dg ) ) f ( i ( l -d  )#,: jrctd-dg )+dx )

V  ( ^ i ) h ( j ^ ) ,  ; ■
^^I"dl J+;d3^n^^I‘^2 ^+d^n
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« n d  V .  _  ( " ( i ) r ( ^ 3  + & ) r ( M ) ) r ( M i - d ) W g  ) ,  
. p ( l + i i ^ ; r c l + i d g  ; r c l - i d ^ - W g ) / ( l - M g ^ 3 )/

y  d ^ d g C i C W i ) 1 + d g  ) 
( l - id £ + ig  )^C l-id g + d g

; (p u ttin g ^ S d ^ -l f o r  f  ) ,  ,
Hence f ( i ) f ( % + i ) r ( i ( î f d ^ i d g  ) ) f  ( i (  1-dj^-dg )________

I* t i (  l+dj^; ( M lfd g  ) ) f  ( M 1-d^ jfd g  ( i (  1-dg )+dg )j ”

)* $ ? :«  >-% A ;

d ^ d g C g d ^ " ^ ) /»  p ( t i r ( d ^ + i ) T ( - K ^ - W g  ) , ) , f ( - K ) +%  ); 

( ^ d g - a  ), r  ( i + M i ; r C  l+#d^ ) f  d - è i i - W g  ; r ( l - é d ^ 1 %  ))

p rov id ed  th a t  RlCi+^dg-d^-dg )>  0 and th a t  R l(a ) /^ 0 .

I f i a  = 0 ,  t h i s  tra n sfo rm a tio n  red u ces to  W atson’s  

theorem .

§ { 1 9 »2 ) The 8ame c a s e s  when ^ 2 n I I  ^

... y . y ^
th e n , summing the same s e r i e s  f o r  Pp by theorem  (22)^ ,

g -  ( t f  . H e n c e ,  w ith  th e  same v a lu e s  o f
' ^ n X i f  y ï ( i t f j ) ^

 ̂^ and as i n  the p rev io u s paragraph^ we have
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provided  th a t  R l( i+ f-d ^ -d g  ) > 0 and th a t  R l ( f  0 .

( )ir( 1 + ^ 2 y  F „ r t f . i j f . . | d i , .
( 1 + f i j j i  l+ f+d-^-dg  G i [  i f , l + i f - i d ^  ,-&( l + f r d ^  ) ̂

i + i f + f c | ^ 4 ( i + f ^ | l î ' i + i f + S ’4 ( î« + H lr ; ,^  3 /  , g '

and: ' ■
r(i")r(d^i& ) T(t(i+dj^+dg ) j r ( t ( i - ^ ^ -d g  )+d3) 
rc t c  i+d^ ) ; rc4c i+dg ) ; rc 4( i-^^^+dg ; r ( i c  i-a ^  ;+ag ; ,  '

p rov id ed  th a t  E l( l+^d^-^d^-Sd^ ) > 0 ,  

which tran sform s a w e l l-p o is e d  ^PgC+l) / s e r ie s  in t o  v 

W atson’s  ^PgCl) ; s e r i e s .

( 19 #5 ) / A nother group o f  Fp sums u s in g  theorem  tv /en tv-tw n .

IffCX^ = ( f - e ) n ( W ( ^ ) ) n . and 
n : m ± T B ) ) ^



115 .

r=o

r

p u t t in g  F = 1 + f - e , and summing F# by theorem  ( 2 2 ) ,  then
R = ( f ) j ^ ( 4 ( l + f 4 e ) ) /  
r  n  LTf n

_______ n
n i ( i ( 1 + f - e ) )^

I f f  = 1 , summing Fp by G auss’s theorem  (a s  in  § 4 .4 2 )

th e n  y  „  =  f (  1+ f-e  .
' PC 1-e J f C l+ f -2 e  ) (, 1+f-Se ;

. . . (1)

p ro v id ed  th a t  E l ( f + e ) < 0  and R l ( l - 2 e ) > 0 .  
r )

I f f  6 = \  ' u . summing;]F^  ̂ by S a a ls o h u tz ’ s theorem',.

(a s  in  S 5 .5  ) ;  th e m  
Y = ( l + f - ^ e y i - e y i + f + i r - 2 e ) ^ ( i f ) j j ( i < l + f  ) ) ^ ( - h ) ^  ■

^  C 1+ f-e  )jjC l - 2 e  >jjCe-N>jjCif+l-e )^CM 1+f ) -e  ^̂ C 1+ f-e  +H

Hence,

( l+ f -2 e  1-e y  F ..e-. l + i ( f - e  ) .  l+ f+ H -g e . i (  1-tf ) .  i f ;  l" ]
C l+ f-e )jjC l-2 e )jj  °  L i C f - e ) ,  e-N  , K l + f ) - e , l + 4 f - e ;  J

= -I:; 1 T  . . . ( 2 )
"L l (  1 + f-e ) ,2 e -H ;  J  .

I f  a  = ( i + ^ f y d i y d g  y  s  y  :
n , C if y  l+ f-d ^  >iC l+ f-d g  J^c l+ f-d g  1+f+H)

summing Fy by D o u g a ll'é  theorem , (a s  in  § 6 . 3 ) ,

Y11 = < l t f  )H d-»-f-^-d i y c i t f - e - d g  )^ (l+ f-d ^ -d g  K
■ ( 1+ f-e  )jj( 1 + f-d ^ )jj( l+ f-d g  ) j j ( l+ f-e -d ^ -d g  )^( 1 + f-^ -d . )

y  ( ^ 3 V - ^ ) n  '

( 1 + f-e -d g  )^( 1 + f ) ^ (  1+ f-e  +N

H ence,
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( 1+ f y  1+ f -e -d j  y  1 + f-e -d g  y  l» f - d  
C l+ f-e  y  1 + f -d j ^ y  l+ f-d g  y  l+ f-e-d j^ -d g  Jjj

X  6l"5^^ ' j I I f f - e - d l  1 1+ f-e-d §  |  l+ f - e -d g  11+f-e+H; / ’ I

= , F g R , l + i f , i ( l + f + e ) ,  d . ,  d „ , d g , -N} l l  . . . ( 3 )
I  i f , i (  1+ f-e  ) ,  1 + f-d ^ , 1 + f-d g , 1 + f-d g , 1-ff+N; j

where l+ S f s  e+d^+dg+clgHJ..

I f f  ^ summing F̂ , by theorem ( 13) ,
^  (l+2e-H )^ Y

(a s  i n  § 7 #45) th en  ’
y = ( f -2 e  )i^ (l+ if-e  y - e  y f  )2^(f-ge+H)„ (-H)„_________

^ ( 1+ f-e  J j j ( if -e  jgC l+f-^^g^C l+ f-e+ H  y  1+e-N

Hence ■ V  '•
C l + f - e y i f - e y - ü e y

= , P g f f , i { l + f + e ) ,  -H; 1 1  . . . ( 4 )
L M 1+ f-e  ) ,1 4 2 e-H ; J

I f f  C = ( l + i f  )a(*'^^n summing F„ by theorem  ( l 4 )
C ifJn(l+2e-u;jj f

(a s  i n  § 7 .6 1 ) th en  
Y .  ( f - 2 e  y - e  )^( 1 + if  ) ^ ( i ( I t f  ) )^ (f-2e+ H )^ (-H )^

( 1+ f-e  y - ^ e  y  i f - e  y  1+e-Hy  l+ f-e+ H )^ C i( 1+f )-«  j “

f^ e+ H , -h; 1 T 
l+ e -H ,l+ f-e+ H ; J

. . . ( 5 ,

,  summing by theorem (22J

(a s  in  S 18#7)  th en
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y ~ P ( i (  1+f ) 1 + f—d ) f*i 1 + f—e 1+ f )—d —e
PC 1 + f  ) p ( t c  1 + f  ) -d  ; r ( t (  1+f ) ^  ; p ( l + f - d - e  > ( i (  1+ f ) -e  )

n

'  X  — r -  ̂ _____ T^  , : ( l + f  , - e - d ) j j

H e n c e , .

= A F g C f a + k r  d , f ( l + f + e ) ; ; l  T  . . . ( 6 )
i f ,  1 + f - d , i l  1 + f - e ) ; :  J

p r o v i d e d  t h a t t R l ( 2 d + e ) < 0 . .

T h is  c o n c lu d e d ,  t h e  ex am p les ,  (w h ic h  c a n  he d e d u ced :  fronr.

th e o re m  ( l )  ) o f  t  t a n s  f o r m a t i o n s  b e tw e e n  o r d i n a i y  h y p e r g e o m e t r i c

s e r i e s .

§ ( l 9 # 4 ) ) The c o n v e rg e n c e  o f  a  c e r t a i n  d o u b le  s e r i e s .

When t h e  s e r i e s  i n v o l v e d  i n  t h e  above  

t r a n s f o r m a t i o n s  a r e  i n f i n i t e , t o  j u s t i f y ^ t h e  c h a n g e  i n  t h e  

o r d e r  o f  sum m atiom  o f  thee d o u b le  s e r i e s  ( v /h ich  i s  i n v o l v e d  

i n :  th e o r e m  o h e ) } i t  i s  n e c e s s a r y  t o  c o n s i d e r  t h e  c o n v e rg e n c e  

o f  t h i s  d o u b le  s e r i e s .

I t  h a s  a l r e a d y  b e e n  shown (§ 3 . 1 ,  e q .  4 . )  t h a t  

t h e  g e n e r a l  fo rm  o f  t h e  s e r i e s  i s  S. =

oo oo
" ( ' ^ l ^ n + r '  '  • • ^ i W + r "  '  '

( a  = 1 ,  and  Euj = 1 )
1

w h e r e , - f o r  t h e  m o m e n t , . we su p p o se  t h a t  t h e  p a r a m e t e r s  a r e
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a l l ] r e a l ,  and t h a t t n o n e  o f  t h e  d e n o m in a to r  p a r a m e t e r s . a r e  ; 

n e g a t i v e  i n t e g e r s . .  .

l e t  n ^  = t h e  num ber o f ’a* p a r a m e t e r s ,

n ^ . =  t h e  num ber o f  *A* p a r a m e t e r s ,  ( i n c lu d i n g g A ^ = l )  

and  s o  o n .

Then,, f o r  S t o  be a  hyp ergeom e t r i e  s e r i e s  o f  t h e :  

i f  i s  n e c e s s a r y  t h a t

- ' " ( 1 )

S in c e  none  o f  t h e  p a r a m e t e r s  a r e  i n f i n i t e ,  t h e r e  

e x i s t s  a  p o s i t i v e  i n t e g e r  K , s u c h  t h a t :

8-^, ♦ • • .d^, « * . . f ^ , . .  « . e ^ , . .  ••A^,«* • .D-j ,̂b.. ..Fji^,-..

. . E ^ , . .  a r e  a l l  l e s s  t h a n  E .

The s e r i e s  S c a n  t h e n  be s p l i t  u p ,  t h u s ,
K

S =

Ln=o
I  ( a i ) g .k .  . . ( d ^ ) ^ . .  " ( f

(A^ . .  # # (D^ . * ** ^^1^2e **

CO

> < E
2m

X

m=o
■ (d ^ + n )^ , ,  # . ( f ^ + 2 n ) ^ .*  * "^ ^ ^

+n ) .  • . * (E .+ 2 n J  . .  . . { e ^̂ 
r= o  - -

( d ^ + n ) ^ '#  # . ( f ^ + 2 n ) g # .

r*  *

r

(d^+a+E)g---------( f ^ 4 2 n t K ) g . .  . . ( e ^ « ; ) ^ . .

_ ( D l + a + E ) g ---------( i - i - tS n + E /g , .  . . ( E ^ + k )” . .
8

i . e .  S = (S
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i s  a  f i n i t e  s e r i e s ,  and a  f i n i t e  p r o d u c t .

S3 i s  a  f i n i t e  s e r i e s  and Pg a  f i n i t e  p r o d u c t , - f o r  a l l  

v a lu e s  o f  n ,  p r o v id e d  t h a t

2 n g + n j j >  . . . v 2 )

The p rob lem  i s  th u s  red u c ed  . t o  th e  c o n s i d e r a t i o n  o f i ' th e  

d o u b le  s e r i e s  ,

S2 S 4 .: =

m=o
0 0

_ ( D , 4 2 E W _ . . . . ( F ,+ 3 E i2 m )  . .  . . ( E > E )  .
8=0 . S . 1 _S

a l l  t h e  te rm s  o f  w h ic h  a r e  p o s i t i v e .

S^ c o n v e r g e s  i f  c o n d i t i o n  ( 2 ) , i s  s a t i s f i e d ,  and  

1 ^ + » . • . + F • . —d ^ —ê • .  • —f  2" #.  . ©^—. .

4 E (2 n g + 3 n -+ ig -2 n ^ -3 n r^ -n g  ) > 1 ,

i . e .

D ̂ +ir .  .  .  +P^+ . .  •  .  +Eg + .  .  •  .  —d ̂  — . .  .  .  —f  ̂ —# «-  a  .  —e ̂  a

f Z ( n ^ - n ^ )  > 0 ,  (b y  ( l )  a b o v e )  . . .  (3  )

( u n d e r  c o n d i t i o n s  tvm and  t h r e e ,  S^ i s  a  p o s i t i v e  

d e c r e a s i n g  f u n c t i o n  o f  m) and  Sg c o n v e r g e s  ifL

Ag*K . a .+D^+S . . ,+F^+a a a a "a^—i a aa“d^—àa a . - f ^ —a.

+ E ( n ^ - ^ ^ ) > 0  . . . ( 4 ) ,

Hence th e  d o u b le  s e r i e s  S c o n v e r g e s  u n d e r  c o n d i t i o n s  ( 2 ) ,

( 3 ) and  ( 4 ) .

By a n a l y t i c  c o n t i n u a t i o n  t h i s  r e s u l t  c a n  be e x te n d e d  t o  

c o m p le x  v a l u e s  o f  t h e  p a r a m e t e r s ,  p r o v id e d  t h a t  none o f  th e  

d e n o m in a to r  p a r a m e t e r s  a r e  n e g a t i v e  i n t e g e r s .
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C on d ition s (3 and : (4 );  th en  become:

El ( 1^4* # • • +F ̂ 4# a a a +Ê +"a a a a “*d a a a a —f  a a a a —0 ̂ *<*a o )

4E(n^-n^) > 0  . , . ( 5 ) ;

and El(Ag+?a . a+D^+a a aa+F^+a. a . - 8 ^ —. a a a-d^—à a a a ~ f  â a )

+K(n.-n:i ) f> 0 a a . ( 6 )
A 8

For exam ple, in  § 4#2 c o n d it io n  ( 2 ) > i s  n o t s a t i s f i e d  

and sum m ation]is o n ly  p o s s ib le  in  term s o f  f i n i t e  s e r i e s .

In  S 4 # 3 ,.h o w ev er , co n d itio m tv ra  i s  sajfe'sfied,. and 

c o n d it io n s  (5 )  and ( 6 )  are the g iv e n  c o n d it io n s  fo r  

con vergen ce..

(2 0 .1  ) B a sic  s e r ie s ; :  n o ta t io n  and u r e lim in a rv  

d e f i n i t i o n s .

We t u r n  now t o  a  c o n s i d e r a t i o n  o f  t h e  g e n e r a l i s e d  
-tr hyp erg eo m ey r i c  s e r i e s

f  + — ̂  ^"*^1 ̂  ̂  l"*8g ) a a a a ( 1**3^ )
( 1—q ) ( 1 -b  ̂  1 -bg  ) .  a a a I l - b ^

^■>(1 ^ 2  )(  1—aj^Q.)( 1—8g )( r .  a • • ( l-*8p j ( l^Q'^q z
( 1-q  ) ( 1—q2 j ( l - h |  ) ( l-b|^q ) ( 1-bg ) . .  . .  ( l-b^_^ y ( 1 -b ^ ^  q )

+a a a a

w here  . .  a ^ ,  b j ^ , ! ^ ,  . .  **bp_^, q and z. a r e  a l l

co m p lex  n u m b e rs , ,  a n d ,  f o r  c o n v e r g e n c e ,  J q | < l ,  | z j < l .

T h is  s e r i e s  w i l l  now be i n v e s t i g a t e d  by t h e  p r e v i o u s  

m e th o d ; ,  u s i n g  th e o re m  ( l ) .  F o l lo w in g  W a ts o n ’ s n o t a t i o n :

(*’A new p r o o f  o f  t h e  E . - E .  i d e n t i t i e s "  J o u r n a l  l o n d .  Ma,ths. 

S o c a 4 ( 1 9 2 9 ) ) ,  we s h a l l  d e n o te  t h i s  s e r i e s  by



1^1

p'
T h is  n o t a t i o n  d i f f e r s  f ro m  t h a t "  o r i g i n a l l y  u s e d  by Heine-, 

i n  t h a t  t a p  i s  w r i t t e n :  f o r  , and  b ^  f o r  q ^ ^ .

S i m i l a r l y ,  ŵ e s h a l l  d e n o te  th e  s e r i e s

1 ^ _ ( l - a 2 ) ( l - 8 g  , . a ( l - a ^ )  g
( l - q 2 }( 1-b-^) (  1 - b g . a • ( 1 - b ^ ^ ^ )

+  ̂ )(  )(  )(  f  8g q̂  ) a a a a ( )(  q̂

< ^ (l-^ ^ )(  l-bj^çL ) . .  . .  ( )  "

b y - p ^  p - 1 1 a^ * 8g , a a a a (

^ Lb  ̂ , b ^ ,*  #

l e t : ( a ) j

£  la

A lso  l e t

( a )  St c  ( l - a )  ( l -a q ^ )( l-a q ^ ^ )a  a . ,(l-aq^^^""^) ) ,  H ,n

g r (a )  a V ^ (l-a q ^ ),=  V ^ a ) ,

and, ,  s im i la r ly ,

717(a) = If (1-aq^)*
q^ n=o -

With ith ese  d e f i n i t i o n s , ,

J Z E 1 e jL _  = ( a ) j j  
7 T ( a q I f )

n

A l s o , - ( a ) g n  = (%/T)ii( V a  ) ^ i( /â q  )^ (  V a q
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( p o r r f u r t h e r  r e l a t i o n s  among suc li  p r o d u c t s ,  s e e  a p p e n d ix :  2 ) , ,

We:: c a n  e x t e n d  t h e  d e f i n i t i o n s , a s  b e f o r e ,  by

d e f in in g - "  II ( a )  a s  ( a ) «  w here b i s  n o t  n e c e s s a r i l y ;  
■ t r ( a g ^ )  '

a n  i n t e g e r . .  A l l  t h e  r e l a t i o n s , g i v e n  i n  a p p e n d ix :  (2

b b tw e e n  s u c h ? p r o d u o t s , a r e  t r u e  w i t h  t h i s  e x t e n d e d  d e f i n i t i o n .

A l s o , ,  i n - p a r t i c u l a r ,  (a)/„  2 n  = ( a )  t  ^ ( a q )  &
 ^  1

I t  i s  o b v io u s  t h a t  t h e  p r o d u c t : l / i T ( a ) ;  w i l l  p l a y  v e r y  g 

m uch’ith è  same k in d  o f  r o l e  i n  t h e  s t u d y  o f  b a s i c  ; s e r i e s ,  a s  

th e  gamma f u n c t i o n  F( a )  p l a y e d  i n i  t h e  s t u d y  o f f  th e  

o r d i n a r y  h y p e r g e o m e t r i e  s e r i e s .  T hus , a n a lo g o u s  t o  th e  

L a g ra n g e  d u p l i c a t i o n  f o r m u l a ,  and t h e  G auss m u l t i p l i c a t i o n  

f o r m u l a , , we h a v e  t h e  s im p le  r e s u l t s ,

1 1 (a )  T f T a / q )  ~ ^  ( a )  a n d ,  i n  g e n e r a l ,
q q- Vq -

i r i a )  - [ J X a q ^ A )  . . .  . . .  I J "
q q ' G ■ - Q ' '

§ ( 2 0 ,2  )) V a r io u s  s u m m a tio n  th e  orem s f o r  b a s ic "  se  r i e  s .

We f i r s t  p ro v e  th e  b a s i c  a n a lo g u e  o f  D o u g a l l ’s 

t h e o r e m . .  T h is  i s

Theorem ( 2 4 )  ( J a c k s o n ’ s th e o re m )]

$ J a , q Æ , - q / â ,  b ,  c ,  d , ,  e ,  f ;
> / a ,  - y a , a q / b , a q /c : , a q / d , a q / e , a q / / f ;< J8

9^o/be ) R a g / c e  ) 
ir (a q /b )  Tf^aq/c ) ITCaq/d j TT(aq/e ) ITCacÿ^bbd ) rT (aq/cde)

X  F^-S^g/de ) B la q /b cd e  ) 
iUa(^bde ) 7T(aq/bce )
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o
p r o v i d e d  t h a t c  a  q = b W e f  and  one o f  t h e  p a r a m e t e r s  b , c , d , ,

e: o r  f f  i s  o f  t h e  fo rm  q " ^  w here  H i s  a  p o s i t i v e  i n t e g e r . .

T h is  e n s u r e s  t h a t  t h e  s e r i e s  t e r m i n a t e s . -

T h is  r e s u l t  was g i v e n :  by F . Hé J a c k s o n : i n  h i s  p a p e r r

"Sum m ation  o f  q - h y p e r g e o m e t ü c -  s e r i e s " , ( M e s s e n g e r  o f

M a th e m a t ic s ,  V o l .  50 ( 1 9 2 1 ) ; ) .  The p r o o f  f o l l o w s  t h e  l i n e s ;

o f  t h e  o r i g i n a l  p r o o f  o f  B o u g a l l ’ s  th e o r e m .
- when:

P r o o f .  S u p p o s e  t h e  t h e o r e m  i s  t r u e ^ 2 : f i o :  o r  d  h a s  o n e  

o f  t h e  v a l u e s  1 , .  q ^ , . .  . . , q " ’^ ^ * ^ ^ '^ ,  t h a t  i s ,  i f  ; c :  o r  r  

a ^ q / b c e f  h a s  o n e  o f  t h e s e  v a l u e s .  I t  i s  t h e r e f o r e  t r u e  

i m p  a r t i c u l a r , .  v / h e n : f  ■ =  q " ^  a n d  c  h a s  o n e  o f  t h e s e c 2 ] j [  

v a l u e  8 ,  - b y  s y m m e  t r y #  B u t t w h e n i  f :  =  q " ^ ,  o m  m u l  t i p  l y i n g :  b y y  

( a q / c  g . ( a q / b c d  ^  , w e  s e e  t h a t  t h e  f o r m u l a  n o w  a s s e r t s

t h e  e q u a l i t y  o f  t w o  p o l y n o m i a l s  o f f  d e g r e e  2 ^  i n  c .

A ls o ,  when c : = a q F ,  w h ic h  i s  a  p o l e  o f  t h e .  l a s t t t e r m '  o n ly  

o f f  t h e  s e r i e s ,  t h e  f o r m u la  i s  s t i l l  t r u e . .  Hence two 

p o ly n o m ia l s  o f f d e g r e e :  2 y  i n  c  a r e  e q u a l  f o r  2^+ 1  v a l u e s  o f:  

c > .a n d  h e n c e ,  e q u a l  f o r  a l l  v a l u e s  o f  c*

T hus , t h e  r e s u l t  t s , t r u e  when f f  = q""^, i f  i t  i s  t r u e  

when f  = 4 ,  q " ^ , q" '^ , . .  . .  . Hence th e  r e s u l t  i s

t r u e  i n  g e n e r a l  by  i n d u c t i o n .

How l e i f : f f =  q“i^ ,  s u b s t i t u t e  f o r  e and  l e t  H t e n d  t o  

i n f i n i t y  i n  ; J a c k so n *  è th e o r e m .  Then we o b t a i n :
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Theorem (2  5 ) ;

a q / b c d  I
L / a >  - v a , a g / h , a q / c , a q / d ;  J

= ir(8.a)T(s.n/ b c )  TT(s.q/bd) T C a g /c d )
TT(aq/b) 7 f (a q /c  ^T T (aq /d  ) TT ( a q / h c d  )

We n e x t  o b t a i n ? t h e  a n a lo g u e  o f  S a a l s o h u t z ' s  t h e o r e m .

Theorem  ( 2 6 )

4  ■  ----------------------- -----

by? s u b s t± . t% t ih g  f o r  e in ?  J a c k iso n ’ fe t h e o r e m ,  r e p l a c i n g  d by\
, z e r o .

a q / d , . and t h e n  l e t t i n g  a  t e n d  t o  -

H e x t , . l e t t H  t e n d  t o  i n f i n i t y ,  i n  th e o re m  ( 2 6 ) .  

f h i s  g i v e s  

Theorem  (27  )

A [ b , «  d / b a j  .

T h is  i s  t h e  a n a lo g u e  o f  : G auss *s th e o r e m .

HOW, l e t  0  t e n d  t o  z e r o ,  i n  th e o re m  ( 2 6 ) ,  T h is  ’

g i v e s  a n  a n a lo g u e  o f  Vandermonde *s th e o r e m .

Theorem (28  ) ,
g  r  -H . 1  _2-11 a ,q_ M q |  -

F i n a l l y ,  l e t t d  = b o x ,  and  l e t  c t e n d  t o  z e r o  i n :  

th e o r e m  (27 ) .  Then we h av e  

Theorem ; ( 2 9 ) ;

These l a s t  t h r e e  th e o re m s  w ere  known t o  H e in e .
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(20#3  ) The g e n e r a l  t r a n s f o r m a t i o n ,  o f  b a s i c  s e r i e s ,  

d e d u c e d  from  th e o re m  ( l )  - 

L e t  : u_. = ^^1 W ^ 2  ^ n ' ,

L  = "  .n

Yn = ‘T ' ^ n  ^ r - n E

an d  ' 

Then: " r -n  r+ n
r=n"

.^s+n

H e n c e ,

Ç ^® l* 's+n*- ^h^s+S tt-iS **"0 ' ■"* —*

( p u t t i n g  s + n  = r  }

2m
Y = ^ ^ 5  r ® l ' d i g ^ , . .  %q . ; t k l' ^ . Ui.>2n f  & .%q“ . • -  ) J

T h is  s e r i e s  w i l l  bè d e n o te d  by

A l . o ,  P »  -

E ( . : l  ( . _ )  ........... ^
--------------------- _ ~ X p

- TIT Cm n—T» i  riTT***r= o  -X —O - ' ■ - -
H en ce ,

B = ( ^ l ^ n ( ^ 2  ^ n "  ( ^ l ^ n "

^ ( _ q n - 4 < r + l )  j r p

w h ere  p i s  t h e  d i f f e r e n c e  b e tw e e n  one p l u s  t h e  num ber off 

E p a r a m e t e r s  and  th e  num ber o f f e  p a r a m e t e r s  ( e x c l u d i n g

E l  = 1 ) .
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The f u n c t i o n . I  m u s t  be o f  th e  g e n e r a l  fo rm

( a i ) ^ ( a g ) n , .  , n

w here  t h e  num bers  a j_ ,a g , . .  A g , . .  and  q a r e  a l l  i n d e p e n d e n t
I

o f  r .  t;.; h o w e v e r ,  c a n  be a  f u n c t i o n : o f  r ; f o r  e x a m p le ,  

we m ig h t  t a k e  t*  = r+ 1  )  ̂ s e r i e s  occu :^n g v  i n i  [? ^

- w i l l  b è  d e n o te d  bÿ

The g e n e r a l  t r a n s f o r m a t i o n  r e s u l t i n g  f ro m  th e o re m  ( l )  

i s  t h e m

n —o - ’ -

ft A-l[_ E g , . .  Fia"^, . .  J  J
= ( h L "  t ?

— ( q I - ^ S ^ ) ^ ( q I - ^ / e 2  ) ^ . . ( E iq '^ ) r / . .x E

p r o v i d e d  t h a t t e i t h e r  b o t h  t h e  d o u b le  s e r i e s  t e r m i m t e ,  o r  

t h a t  t h e  ch an g e  i n  i th e  o r d e r  o f  su m m a tio n  c a n  be j u s t i f i e d ,

§ (2Q #4) SuTnmation o f  3F̂  bv th e o re m  tw en tv -n in e  .

T h e r s  are-. t h r e e  p o s s i b l e  sums f o n j ^ b y  

u s i n g  th e o r e m  t w e n y - n i n e ,  o f  w h ic h  o n ly  two g iv e  r i s e  to  

summable s e r i e s  f o r 3^, These a r e : -



whence( i ) j  ^  ; z ]

an d  ( 2  ) : ^  = ^  [ d q ^ ;  ; ; z J  whence

r

r=o

( 2 q #5 )  The f i r s t  c a s e . .

n r S „ . z“

/ \
Summing';'$L by T a n d e rm o n d e  *s a n a l o g u e . i f  :

^  ’ T I T
( e a )

n

t h e n  . B = yiÏLÙi:.
' “  • T q ^ “

H ence, T C e z )  $  Ta;; ; e z l  = $  ( ea;  : z / a l  • . . ( ! )
t ( z )  1 0 ^  , 1 0 ''

Snim ningg^ bÿ S a a lsc h u tz 's ., analogue , i f f  

o< .  ( a g ( y a e ) ^ e ^ ^  t h e n ,  B = •
v c q i j D f  T r g p ^ ; ~

Hence T ( e z L ^  [a^A /ea; e z l  = 3  T ea,A /a; z 1  . • . ( 2 )
T c l T ^  I L  A ;: J  2 ^1L  A ; J

(H e in e , Theorie d er  Z u g e lfu n c t io n e j i i ( l8 ? 8 ) ) ,

5  ( 2 0 0 6  ) The s e c o n d  c a s e .

I f f  $ = ( d )  z ^  t h e n  y  = Ï Ï ( d z ) ( d )  z

Summing Î  by  G a u s s *8 a n a l o g u e ,  i f j  = ( ^ ) n ^  9. ,
^  • w  ( - q i “



, 1 2 8

t h e m  B a  (a/ s.)^, _ H enne.

J L i â a i ÿ f a ,  d;  -àzâÈ̂ —lL̂ l = . $  [d ,A/a l ;  z ]  . . . ( l )
] r ( z )  2 2j_A,dz5 a J  2 iL A5 J

Sui]iQiing.:,t]ie 2 ? ^  by G a u s s ' s  a n a l o g u e ,  i f f z  = a / d ,  we

g e t  i $ J d }  = T T ^ t lV  " . ( 2 )

H ex t su p p o se  = 0 ,  - and  t h a t t

_________  and sum' ^  by G a u s s ' s  a n a lo g u e  ;

Then I B _ = (A/q)^%._^ ..a n d  hence

T ( d g )  x ^ A p  d,d(j;; Az^q^^“ |TTTzJ [A,dz,dqz ; J
oo

§ ( 2 l # l )  Sum m ation  o f  ^ y b v  V andem o n d e *s f f , :; 

a n a lo g u e

The r e  a r e , „ i n  a l l ,  twe n t y - s e v e n  p o s s i b l e  c a s e s  i n  whi c h

^  c a n  be summed by V anderm onde*è a n a l o g u e . Of t h e s e ,
■ .  ^
h o w e v e r ,  : o n ly  f o u r t e e n ; l e a d  t o  summable s e r i e s  f o r  3 ^  .

These  a r e : -

^  qiir- i r ( r + l )  ^

2^0



jgç, l a ?  A

( 4 ) ) ^  = ^ r e , q 2 n - H , . ^ l

^  Dq“  ̂}, J

^  ■ A [ " < x  ’  ]

( q " ^ ) r ( q ^ " ^ / E  ) r i V * ^  ) r ^ n r - i ( r + l ) n -  ^
(q^ta-n - ■ r

r=o  ^  ^r>’

(7 )  :r„ = <1 jIf < 2 Iĵ  E

r=o

( e ) r

r=o - ^r

( 9 ) :  ^ .  =  ?  f d q ^ . q ^ - ^ ;  q  12  i L  D ^ n ,  J
n

r^ o
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( l o ) )  = $
* 2 1

yu ^2n—îl,.( a i ) . I .  = g l
■ ^  ^L Eg^® J

r=o r

( 1 3 )

' £ % l K ^ k ^ î ; q l
< • 2 i L  Bqll ,  J

’ f  2 . r % w K T  ° ' ’
r=o ’'r

L g q  ; J

c / .

y

r=o

^ ( q - “ ) ^ ( k “ '3r, ( - g ) ^ g “ ^ < ^ + l ) 

( k ^ ) .
OC

(21 .2 ) Cases one and tw o.

In  ca se  on e ,, if:;   ̂ = q^,. th em
X/ ( e/  ) e^ •
Y niT -T gY ^— g*̂ ' Sifflim ingglpliy/Saalsoîiutz's, aàaloguE,. 

i f f  oi^ = (Eg®/e)jje*^

( q ) ^ E “
them

q
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P n

(E/e

• H ence,

;e /Eq^*^ = ^ ^ | s / e  ,E q ^ ;  e q ^ " % ^

i i i  ^case tw o, i f f  J ^ = ( g ^ t hen: -

1-H,

l e t  o t n Then,, s u m m i n g b y  G auss's

a n a lo g u e ,, ^ ^

e ^ E / e  )
T q t r i Ë 7

• H ence,

JL. $
2 1 q ^“V E

= ^  f E / e , g “^ ; ; - e q  
2 1|^ E 5

Ü n ^ l  )
. . . ( a )

§ {21 «3 ) erases th r ee  and fo u r .
f / —IT \ n 

In  c a s e  th r e e ,,  i f  n^ them

Yn =
_  (D /e ) j je ^ q “ ( q ' ^ ) m .  L e t ; ,C <  =  ( a ) j j W a e ) ^ ç

and sum ^  by S a a ls c h u tz 's  analogue
( A / a ^ a e ) ^  ^

T q ^ m p
Then

How suppose th a t  o (  g  ̂ = 0 ,  and th a t.

. . . ( l )
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/  ( V e ^  ) ,  -r^

2 m  ~ g . n  . Then, summing ^  hyg

" 1 
S a a l s c h u t z ' s  a n a l o g u e ,  ^  ^  a^.ia.

1
"Sn

Pie n e e , (D/e) H

Td 7
& Æ

2  JL1 f l / e , q“^ ;  > -q eH
q 1 D: h  J
C ^I m  c a s e  f o u r , ,  i f r  o ^  = _JL t h e m

. . . ( 2 );

(D)

y  .  ( D / e ) ^ a q " - % % ( q ^ ) 2 ^ a

LetiOC = e ^  end. sum: ^ b y  Vandermonde*b a n a lo g u e # .
“ ■ ■ T I T  ^

H e n c e , .  f q ^ ^ H , q - ^ p - q " ^ ; q " ^
TtTI ^ l -w  ,

^  1 '  ■ ' B / , ,:  , J

. Ï
. 5 2

' Æ% v C ? ?  „ ,
&q f D

. . # ( 3 )

( 2 1 . 4 ) Case f i v e .

I f  V  .  q ^ t h e n . Y  .

l e t  . Then,- summing ^  by S a a l s c h u t z * s
vq-'w ^

a n a l o g u e ,
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-C .
6  = W M î i _ M î ! 2 à

H en ce ,
~ U T ~  S t4

. 6:5

'HT ,-V ï% e , / E q / e  , - V i q / e ,  f;

, %/E, V f q ,  v W f
q~“ î=

e q - ^  '

. . . ( l )

(co m p are  w i t h  e q . ( l )  § 4 , 4 2 )  ■ : . ... .'

H ért, l e t t o f  = (q~^/'g )fa(/l~"V^e ) ( •V q ~ ^ /e  )„.(a^)^ 

' (q ) ii(» 4 ‘^ / e ) g v f ^ / e y q ^ " ® / a i e )

X —

i r

= aw h ere  q 

th eo rem ^

B =  ( a i K ) n (  a g e  &3
' / 1 -H / y / . l - ^ / .  _ '

( q^"^/& 2 e:) ĵ-( q^^ÿagÂ  ) 

3i> siimmingg ^  h y  J a c k s o m ’ s

( q y q ^ ' ^ a i a O j ^ k ^ ' ^ / a g e O y i q l - ^ a g e ^

H e n c e ,

( q " 'V / e ) j j ^
1 0  S

‘ \ A " %

a ^  f , ®3 , q - ^ .
-

^ ^ ^ e , q ^ ^ / a g e , q ^ - : V a 3 e , q « f - N V e T q * ^ ' ^ : ^ ^ f e ,

q ^ , q / e
f.'

1 - t e y - q ^ ' ^ / e -  ;;

A
a ^ e , :  a ^ e ^ a^^e , - Fq h q

q ^ - f / a ^ e ,  q ^ - ^ / a ^ e ,  q ^ - ï f / a g e  J.

...(2X

How suppose ; th a tt  °^2n+l '  0 ,  and th a t
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<=“ ) , - , n ^ V . » < ^ q - , » « -  ' V . «

T h e n , , su m m in g 'S '» b y  J a c k s o n ' s  th e o r e m .

Sencerÿ ,

'q,H: ( f

- ® / e , l / e ^ , .

^  >i » H , i ( l - H ) :

q i ( 3 - H ) „  _ q i ( 3 - H ) .  q 2 / , 2  -

q * ( : - 4 / e , - q ^

- q - ^ >  q " - * .  - q

= A
q

; / ^ , - q  / e j ;  J

q V e  q^“̂ , V e  5 ; -e:q 1 . . . ( 3 1

I ( 2 1 . 5 ) ,/ O ases  s i x  and s e v e n i

I n c c a s e  s i x , - i f f  = ( d ) ^ q ^ .  t h e m

=  d ^ ( E /  a  ) ^ ( d  ) J  qd /E  )^q g  

( E ) g ( q ^ " ^ d / E ) ^
/ ^  )n) » n ( n - l )  '

L e t t  Of =  and  sum by G a u s s ' s  a n a lo g u e
^  CqT ^

Then> 

H e n c e ,

\ 0[ /

'  - T u r ^ — ^  '
d ( y d ) g  i  [d .q d /E  J:

q ^ - v s ^
; - q ^ n + 1 )

d , E q %  - q K n t l ) - H .  
E ;; -

(compare § 4 .8 2 ,  e q . ( l )  )
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In i ca se  seven s i f  G = (d )  (q"^) then ,n. n g ^  n ^

y ( E / d V d I R d ) , ( q - ^ ) , ( d q A ) „ ( q ^ ) ^ q " ’

 ̂ ( E V d f " V E ) 2 n  ' ■ '

Dettcx:^_ = f  8.ad sum ^ g b y  G au ss's a n a lo g u e .. Then^.

B -  (AE/q)gi^ . ^

'  T q i p ^ Ë ^ n i ^ n Ë T ^ l f '

H ence, [  d . d q /E , q ^ - % .. ____ £ ^ ; ;   Aq'

= -S
6 3

/Â Ë 7 ^ ,  Æ k , / Â Ë 7 V Â ^ d , q - ^  ; ; q
■ A, E ,  A E/q  5

(co m p are  w i t h  § 4 ,6 2  e q # ( l ) )

( 2 1 , 6 )  C a se s  e i g h t  and  n i n e .

Y _  =
I 31-'. ' “

In  .case e i g h t , . i f  S„. = *̂̂ n̂9- ,. th em
■ •

(D & , ( D q ^ %

L et 1:0̂  ,=  ^e)yp(Aq / a ) ^  q~^°- and sum hy S a a ls c h u tz 's  
^  k ^ n i

a n a l o g u e . Then p  vy, = .

H e n c e ,  ( P /d ) j fd  ^  P a . d .A q ^ / a ;  g ~|3 2L A.nqH }; J
= $ T d ,A /a ,a q  5, q 
• 3 2L d , A5 j

(co m p are  w i t h  S 4 ,7  e q . ( l ) )

Hext> suppose th a t  = 0 ,  and th a t

. ..(l).
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_ -2Hm. n i q Ih en j ,  summing ^  by  S a a l s c h u t z  ''s

■ H . n

H ence,
(D ) 3

l ^ r d : , . q d ,

q _

I m c a s e  n in e ,  i f ?  = (d )n (q  n̂P- ,, 

) w ‘

. . . ( 2  )

-H V \ n i
____________   #1 t h e m

(d )
.  ( D / d ) j ^ # ( d y q - l f y r i r -

( d )u  ( q ^

/ V aF  M u - l )  \m 
b e t  (X = \ ^ / m  ______ - , T h en , summing ^  by

( q ) g A L a

S aa lsctra tÈ ’àj an a lo g u e ,.

H ence, l d , a , .  q“®J; A q/aD .fl
( P ) h  4  ^ ’ q^-^d /D *, J

= [ d ,A /a ,  q“^ î q I . . . ( 3 )
. A, .  D ; J  -  -

(compare with: e q . . ( l )  5 4 ,52,)

H ext,. suppose: th a t  = 0 , and th a t
Pj/  _ 2 n i - 2 n . m  . , _ ,

2m  ~ ______ % ________  ,. and. sum: ^ b y  G auss's a n a lo g u e ..

( q ^ ) e , n ( A ) q . , n .  ^
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H ence, ^ d ,q d , ,  q -^ , q^-^;

A , q ^ - % D , q ^ - V D 5 . :

•. Aq/lf.

= ^
. 4 .2

q .

V A /q , - ^ A /q " ,d ,g  ^ ; ;  q 
A /q , D ;;

. . . ( 4 ) :

(2 1 ,7  ) , Cases te n  and e le v e n .  

Inn c a se  f t  en .̂ i f : m

Ï m

l e t t c ^ ^ : ,  = <E / q ) „ { v ^ n ( , Æ ) j r ( a i 4 _ i  ■( 

( q y i / î T i y  V E / ^ y F / a i y F / a g X ^ l ^ »  ■

and sum", 3L as a w e l l—p o ised  s e r i e s .  Them

k  _ ? / ,(p /a .S g )^

H ence, (E /d)^ d ^
T Ë I ■?, 6

F/q A /F q, V iq ^ a . , a„,. dJ. g*^}. -Fb'^
■ \ /V q ,v W ^ F /a ^ ,F /a g ,E /d ,F q ^  }, q*^

" A
F / a .  ag 

F /a.
,d,q"® ;, q 7
,E /ag  J, J . . . ( i X

(opmpare w ith  eq .. (@ )i§ 4 .3 )

H ext,. suppose th a t  = 0 , and th a t  .,

( ,  , , ( - 7 î 7 ^ v ,

Then," summing - a s  a w e l l-p o is e d  g®g,.

B = „ .
k ; q , n W a ^ , y y ( F ) q .

V*%.
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l+IN
1 1 -

ï ïe n c e , tta

^  q»® V " ^ L  f ^ ^ -q , V F / q . E g /a , F q /d , E /d , Fq^*®, Eq

» V

F / q , q^Y*F/q, - q  v̂ f / q*,. a ,  d ,  d q , a~^ .a^~^S j g
rh;

s  ^
- 4-3

i / i 7 r , V E 7 r , d ,  q - ^

- ] . . . (2 }

= (F /q X ,^  _ 4 q l ^ , , $

(q^  ) t ^  V eT^)^»  q ^

t h e n , ,  summing ^  a s  a  w e l l - p o is e d  s e r i e s .

q,n-; 'q ,2 n  F q 'g», ^yg

Hence, ,  ^F/dX^_^d^ ^ E/q> qV f/ q , -q^ E /q , ^ d , . dq,
l/E /q , V E/q,Eq^/d,Eq/d,

d q " , .  q - ^ .  q " - ^ , q " - ^ ,  3 H - ^ f e 4 l X  

F q " ^ , E / d , E q ^ W

à L # . . , ( 3  )

n=o

.  : q h W 3 ^ t ^ , q . q " ( q ^ ^ q . y
■ ^ q 4 , n F f , 2 n P / q ^ e , n / l

I n  le a s e  e le v e n ,  i f  S ^  th e n , ,  summing $ p  % /

G a u s s 's  a n a l o g u e , i f ^   ̂ ,,

f  .  (q " ^ )n (F q ^ ) :r : . and Y  ,,"= ^ d

■ ^ _ F ) j j(F /d } ^ (q l-V E  V

H ence,-

) x "
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(F/d)jj.d ^  iL

E /d ,q ^ ~ ’̂ d /E  }, ■̂-
I p 5 ~  Æ:2

- 4 F  _  “4F: i - ( l - H )  t (  1 - ^  ) ,  14ii-ri

A E q \ _ d ; ^ q  ^  A - 3  1  ••► (4)
/Ê 7 -Æ /q Ê ,V ^ . J   ̂ -

(com pare  w i t h  e q  (2 ) § 4 ,2  )',

( 2 1 , $ ) , Case t w e l v e ,

= n̂ -
f n

I f f  i  = qf*' th e n -

Y = (P /f )w^< i^Zni  qf/P )nq̂  ̂ \

( P  ) g (  q^ “ % P  )n (P q * ^ ^ it
L e t t ^  = Then , summing &  by Vandermonde *s

r

a n a l o g u e , .  B ^  .

H e n c e ,

q : ^ P / P , q %  ,  J

[ f V ? q ^ y i q - ^ " “",V f q ^ }> q 1
L P,.fq-H ; J- 5

a r e  w i t h .B 4 ,5 1  )

( 2 1 , 9 ) : C a se s  t h i r t e e n  and f o u r t e e n

I f  I ^  f î h e n iir i  » = q T) one

I ni._ At? -
^•F^E (Eq®)gjj,

P e t t c ( ^  “ ‘H - H  » sum £  bÿ  S a a l s c h u t z ' s  a n a lo g u e .
/ _ \ nHn - r
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T h e n , W  . .

H e n c e ,

; fq"'^,VF;.VT, /qg , VqT ;

IË7

" A
. . . ( i X

(co m p are  w i t h  e q ,  ( l )  § 4 ,4 2  )

How, l e t  L? = ,:. and

ex' . = ( f  ̂  %r( q K ^ ^ h i a ̂  )^ ( hg )̂ q"^"-
' ( q ) n : ( ' ^ 7 ^ ^ { - V ? q ^ ^  fq^'*^/a^ )^ ,(f q^]*^/Bg f  q ^ ^ /s g  )

T h e n ,-su m m in g  by  J a c k so in ”s th e o re m , ,  i f C f q ^ * ^ ^  =

(  q Pq^"^f®2 ®3, ̂ n:

H e n c e ,  $  T f q ^ ^ , q / f ,
1+H

'É
10 8

Ï ' r'^/t:<[' "*^& l r

a

“  ^
•• 4T3

■ • -H  HI -H
f , -  e .  q , &gq * ^%q )>' q

f q ^ + % i , f q ^ + & e g , f q ^ + & a g ; ,
. . . (2 )

"14-2TT
p r o v i d e d  t h a t  f q  = ^ 1 ^ 2 ^ '

H e x t , , s u c r o s e  t h a t j ^ p  ... = 0 ,  a nd t h a t

T h e n , . summing ^  a s  a  w e l l - p o i s e d . s e r i e s ,  by  J a c k s o n ' s  

theo rem ^-
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H e n c e ,

q,H

V f 7  Æ
24-H/Tr 14H

V î i ;  < /F ,  - q / r , .  Æ , - Æ '  . q " %  q " ' '^ "

= A f  , Æ S Æ ^  q^;; - q ' - ^

In .  c a s e  f o u r t e e n »  i f f  S = (q  ), q°',. t h e m

. . ( 3 )

Y = ( E / f ) g f ( f & 4  q~^ )6(-q^'*=( ■

" ■  (F)jî: ( q ^ ^ f / E ) n ( E q “ ') n ,F “  '

] je t  c< = P f  . an d  sum $  by G a u s s ' s  a n a l o g u e ,
/ ^n r

t h e n  :.

P n

( q ^ F W

H e n c e ,
( p / f  5  V r ^ _ _ ^
“T ïT F

5 2
—F  F -n+ 1

fy

. $  ; : r -  i l► 4 ^ / T , v T , i ^ , V ^ r  J
. . . ( 4 )

(co m p are  w i t h  e q .  ( 2 )  ?  4 ,2  )

§ (22 , l )  A p c l i c a t i o n  o f  G a u s s 's  a n a lo g u e  t o  t h e

sum m ation  o f  .

T here  a r e  e i g h t e e n i p o s s i b l e  c a s e s  o f  sum m ation  o f  \ §
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G a u s s ' s  a n a l o g u e , o f  w h ic h  o n ly  f o u r r g i v e  summable 

s e r i e s  f o r  These a r e  : -

(2 ) )  $  = ^  e ; .  p / d e l
- h  2 l|_  Dq»}, J

^  ^  ]

The s e s p r i e  s  f o r  a r e  conve  rg e  n t  L i  f  ' | q |<  1 

and  i f f  « l z |  '*< 1 .

§ {22 , 2 ) Case one .

r

1 ® 2 -

y  ,  F ( F / « l ) m E / e g )  E“

' “  ■ ir te j ir C E /e ^ e g J  .e  n  g n ’
1 2
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n. m
L e t  t c < ^  = (H/.e )^e  ̂  èg  ̂ Then , summing ^  by

/  \  T ^n  r( q ) ^ . E

S a a l s c h ü t z * s  a n a l o g u e ,  ^)'^(E/Æg )^e

'  ( q ) n ^ ) n y

H e n c e , 1 T ( E /e ^ ) ;F (E /e  ). ^  ( g / e  e g *  }. 1 ) 
7 f tE ) 7 r ( E /e ^ e g X  ^

= ^ ijE /e  ,Veg}.. i l
" ^  E? 4) J

p r o v i d e d  b o t h  s e r i e s  t e r m i n a t e .

§ (22  «3) Case tw c.-

I f f  ^ th e n )

y  .  i r ( p / d 3 T ( B / e )  #  ( d ) ^
' “  i r  ( d ) TT ( p /d e  ) d“ te“ t P / e  '

Ie ttc>^n .i~  and  sum ^  b ÿ  S a a l ^ J u t z ' s

a n a l o g u e . - T hem  ^  ^ n ^ ^ ^ ^ n  .
( q ^ A ^ n ,  ■

H e n c e . , IT (p /d  )T T (p /e  ) ^  l~a , A / a e ,d ; .  h / d  1 
TT(l))ir(I)/de j - 3 2L D/e,A; J

= ^  [ a e , A / a , d j ,  D / d e l  . . . ( l ) .
5 2 L  A, D ; J

p r o v i d e d  I D /de ( ^ 1 , , - ( t h e  a n a lo g u e  o f  e q .  ( l )  § 4 ,7  ) ,
J , 2i3

.  ' .q . a -

t h e n > . summing by Y an d erm o n èé ' s  a n a l o g u e ,
„ , < V . )  A ) » _

H e n c e ,
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TRD/d)7T(ll/e); $  Ta, qd,Ve"},p"/d^ ]
T^(DjTr(D/de) L P/e,qP/e5> J

= §  r V e , d ;  - D/ d l  . . . ( 2 ). 2 ll D; J
p r o v i d e d  t h a t t  | D / d | < l , ,  ( t h e  a n a lo g u e  o f  § 1 6 ,4  ) .

(22  , 4 ) .; Case t h r e e .

Iff G = them

y  ^  i r c ï / d ^ x i r ( E / d g ) 4 ^ ) : ^ ( d 2  

' ^  . i r ( E ) T r ( E / d » d „ f • ■' '■l'̂ 2 A - ( E /d ^ y  E/dg x ^ d fd g ^

L ett

= < F /q  ) ^ ( q Æ ) ÿ y (  ( a i  y  ag  ̂F

 ̂1 ̂ n l ^ f / q  )jj( . ^ /p /g  ®'l ®2

and  sum ^  a s  a  w e l l - p o i s e d  Then,/

( q y P / a ^ J j y ^ E / a g X ^

H e n c e ,
T ( E / d ^ ) i r ( E / d ^ i  §
¥ ( E ) i r ( E / d ^ d g )  ^ d

A

E / q ^ q ,  VEq"» a ^ , ,  a  ,, d ^ ,  d g ^
E / q , V i 7 ^ E / a i , E / a 2 , E / d ^ , E / d 2  ,}; G - i^ d ^ d g

. . . ( i X*^1’ dg ! ,  E / d ^ g

F / ^ ^ ,E / 8 g  t ;

p r o v i d e d  t h a t ’ | E / d ^dgj c  I 7, ( a n  a n a lo g u e  o f  e q .  ( 8 j , §  4 . 3  ) 

How su p p o se  t h a t  = 0 ,  a n d  t h a t
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O s
'Bni

T hen , summing a s  a  v / e l l - p o i s e d

F u r Xq7

l i T Ë T ï ï W d p p j
q

E / q , q ^ F /  q , - q V î 7 q ”, a ,

V Ê 7 ^ , E g / a ,

- , , , „3 ( 2 n - l )d.^ ,  qd ̂  d g , qdg ;, ■ £  q̂

E q /d^ ,F /a^ ÿ ? q /d g ,? /d g  ! %

/ ? / a , % /Ë/a, d ^ ,.d g F /d ^ d g  , . . . ( 2 )

F / a , / F ? / F ; ,  . ; _ î

prov id ed  th a t  |p /d  d g |< l  (an analogue o f  e q . ' ( l )  § 1 6 .1 )

S im ila r ly ,,  i f ; = 0 ,  andi;

T hen , - summing ^  a s  a  w e l l - p o i s e d

q- q . 1 ^q

V q , q V 5 7 q ^ - - q V V q ,  \
_ f F / g ,  V ï y q , F q " / d ^ , „

2

Eq//d^,!PXd j^,pq / d g  ,P (] /d^  ,E //d^; V n V
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oo f
^ F /q  V . . . ( 3 )

5  ( q ) q , / F X g , 2 n p / l ) ' ^  , n / 3  ^ 1 % “ ’' 

p r o v id e d  t h a t t  | p / d ^ d ^  | - ^  1 (com pare  w i t h  e q . ( 2 )  § 1 6 ,1  )

(22,5) Case f o u r . . 

IfC  S , =m
e V

, t h e n

Y m- = ~"~(E / e ) T r ( E / f ) / ^ y ___  .
f TTIP j TT(p/ef ) (? /e

l e t t ^ j j  = . a n d  sum J « h ÿ  S a a l s c h u t z ' s

a n a l o g u e . . T hen, B = ( f  ) ^ ( E / f  j ^ ( e f  )g^_ ^

H e n c e ,  ^ ( p / e  )Tr{p/- 
T T V P T n w e f ■5^4 P/ e f V f , V f , / a f , V ^ {  P / f  

v/p/e , - A ' / e , / qP /e , x/qP/e~; ; _J

^  r f , P / f  , / e f , - j / e f  . / g e f , %/q e f  ;; p / e f l l  
6v. 5 e f ,y '%  V p  , VqS^ " v q P ;  Ü

• . . ( l ) ;

p r o v i d e d  t h a t t  j p / e f  |<1 ,  ̂ (com pare  w i t h  e q .  ( l )  § 4 ,4 2  ) .

How l e t  P = q f / e ,- and  

o /  = (f /e  ) ^ ( q / f / e  )^,(-yf7Dyy(at)^(ag
VITëlj^kf/éa^J^Xqf/eag J^tqf/eSg I

2w here  f q  = a ^ a ^ a ^ e  • T hen , summing ^  hy J a c k s o n ' s

th e o r e m , ,  t  = ^n^^^3 n  .
' ^  ( q ) n ( f q / e a ^ M f q / e a g  j ^ f q / e a ^

H e n c e , a
a 1 '

1^

. . . ( 2 )
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p r o v i d e d  t h a t t I  q / e | < 1 .

N e x t ,  l e t - = 0 and

. n < y î 7 ? »

^4*’ , n ) ^  ,n^Q- ,m

T hen , smmning ^  b y  J a c k s o n 'b  th e o r e m .

H en ce ,  ‘̂ ( q , f / e ^  ) ^ ( g / e  ) _  ^ g
1T( q f / e  ) T r ( q / e ' " ) 12 ■^11

f / e ,  q i / f / e ^ ,  - q ^ / f / e ,  1 /  e ?  

\ / f /  e 7 V f / e  , q ^  e f .

/ f , .  V f " ,  / q f ^  V q f ^  (^/f"f - p / f )  q / q A  " V 5 >  

q V f Z e  , - q V S ^ , q / q f / 5, " V ^ f / e , q / f 7 s  , e V q f Z e  , V q f / e  i

2 / ^ 2  
q / e

F f ÿ V e 5, -q/e"] . . . ( 3 )
H qe f  , / q ± / e , V q f / e  ; j  ~

q *-

p r o v id e d  t h a t  ) q / e j ^ l ,  ( a n  a n a lo g u e  o f  § 16 ,E )

§ (25 , l )  A p p l i c a t i o n s  o f  S a a l s c h u t z ' s  t o  th e

sum m ation  o f

I f f  i s  summable by  S a a l s c h u t z ' s  a n a l o g u e , t h e n ,

t h e r e  a r e  i n  a l l  t e n  p o s s i b i l i t i e s  f o r  ^ . Of t h e s e ,  o n ly

f o u r  l e a d  t o  summable s e r i e s  f o r  ^ . These a r e : -  
   ^  P

( i X

(_ e f q  / E , E q .  > _

%  ■
r= o ^ q

’d iq t d ^ q " ,q “ "®5. q 

P q ^ ^ d ^ d g . ld + n -^ ' /F ,
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r=o ( V X
o /

( 3 ) d q t q “ “f ,  e ;  q 
_ Dq“ , d e ^ “®7B,} _

oc
“  r

( 4 )

^  '  = T . t : Æ :  J

J  .  T ° - o<

(23 ,g ) Case o n e .
,  / -H \ n  :

I f  b -  ^q  ^nqn t h e n
■ ( e f q d - I f /E Vn

The g e n e r a l  t r a n s f o r m a t i o n  i s

H oA
p

= f M £ % £ _ y  .

L e t  ' . and  sum Î  by S a a l s c h u t z ' s  a n a lo g u e ,
^q m  —

t h e n ,  B = ( £ F / f  ^2n .
( q ) n ( F j g X e f ) ^ _

H e n c e ,



147

( P / f ) g ( P / e ) g  ^  •
T Ë i y ï T i f i y ?  6

E /e f ,q % /e ,  V fT  y î T / ^  - Æ  q -^ ;;q  

qd ® f/E y q E /e ,_ y q F /e ,/p /e ,V P /e ,F q ^  ;

" A
F f , P / f , / e A ~ / e f , / q e f , V q e A  q ^î 

e f , / qP, V q P , / P, - / P , q^ ^ef /p  j

( a n  a n a lo g u e  o f  e q .  ( l )  § 5 ,3  )

H e x t ,  smmning a s  a  v / e l l - ^ o i s e d  , i f

f q  T a^ag a^ e .  , and  ifC ____

( X .  = ) n i^ lV 8 g ) ^ ( a 3  )^e
m

n
( q )n  W ®  Jn:( W e  )^( q f / e  a ̂  qf/  e a  ̂}^{ q f /  e 9  ̂

th e n : ;  B =  ^ ^ ^ n ^ ^ ^ l^ n (® %  /  .
1 • ( q f / e  a- )j^( q f  /  e q f /  e Sg I q

'H

8 g , .  S g ,  . v ^ ,  V ÎT Y q î»  V q îT  q ^ -^ ^ f/e^ , q"^; q l

q f / e s 2 , q f / e 0 ^ , V f 7 e , - ^ e V ^ e , V ^ e ,  q‘ ^e,q^-"V e5 J

- A
f  f e a ^ . ear •®3

-H
-H 2

q f /e  a^ , qf/®  » q f/® ^2^q ® 

2
: ]

. . . ( a )

w here  f q  = ^.^a^a^e , ( a n  a n a lo g u e  o f  e q .  ( $ ) §  5_,3 ) 1 . 

T h is  i s  a  t r a n s f o r m a t i o n  b e tw e e n  a  f i n i t e  w e l l - p o i s e d

8 n d  a  S a a l s c h u t z i a n  n e a r l y - p o i s e d  f i n i t e  5^ .  

( B a i l e y ,  P r o c .  L ond . M a th s .  S o c .  1 9 43 , p . .  4 3 1 .  e q .  9 , 3  ) 

How l e t  . = 0 and  ;

<A  ^ q * - ,n < ' ^ q « - .n ^ - ' ^ q *  , n < > q ' , n :

T hen , summing 5 ^  b y  J a c k s o n ' s  th e o r e m .
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H e n c e , f / e , q ^ /f7 7 , - q y f U 7 ,  l / e " , 
V t/ e , - / i / e , q  e f ,

q.
^ ^ ® 'f /e ^ ,q ^ ‘̂ ® f/e‘‘ , 
l - H .

. 2 V f T  ■ V f T  v t f ;  . V # ;  ^  ^
q - ^ e , q W e  ,  - q V f Z e , q / ^ e  , - q / ^ e , q / ^ e , - q / î 7 e ,

q / i f  q ^ -® , q ^ î ; q 2

y j c 7 e , - y P 7 e ,  q ^ + '^ f /e ,q " + & /e  ;

-H
f  , l / e  , / q e f  , V q e f , q T ~eq 

q e f  , V q f / e , V q f / e , q -H 2 e *
X . ( 3 )

- A
q L

( a n  a n a lo g u e  o f  § 1 6 ,6  )

T h is  t r a n s f o r m s  a  w e l l - p o i s e d  t e r m i n a t i n g  s p e c i a l  

i n t o  a  n e a r l y - p o i s e d  t e r m i n a t i n g

§ (2 5  ,5 ) ..Case . tv/Q^

I f f  i  . t h e n :

( a i d g q ' r ) m  ,

Y ^  4 ( d l  ) h |d g  ) ^ ( q - ^ P ( - l A ' ' V

The g e n e r a l t r a n s f o r m a t i o n  i s  

( f / d  )

( F ) , ( f / d ^ d g ) ^ .  (pqï*) d
o< n

H
A l l i e s  y P

hetio/^ = i F/l)n( f  ( Sg ~1 )n^(n-l)^n
 ̂ ■ "̂ l ̂ n ( / W V S 7 ^ ) ^ ( E / a ^  )^ (  p/a^n^t a g “ ^
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th e n ,s u m m in g  ^  a s  a  w e l l - p o i s e d ,

H en ce ,  ( F /d  ) ( p / d g ) ^ ^  r p / q , g | / p 7 I , - q Æ ^  a  , a  , 
( p y F / d , d g ) j j * 8  ?L y 5 7 ^ - / ^ , F / a j p V

d . ,̂ Ig , ;
E / d i .E / d g ,P q ^ '  j

-H
P / a . a  d - , d g ,  q ; q

( a n  a n a lo g u e  o f  e q .  ( 1 X § 5 ,2  J ,

T h is  i s  a  t r a n s f o r m a t i o n  b e tw e e n  a  w e l l —p o is e d  

snd  a  S a a l s c h u t z i a n ' 4 ^ .  ( w a t s o n ,  new p r o o f f  ofc 

t h e  R ogers-H am anu j a n ' i d e n t i t i e s * *  J o u r n a l , l e n d . M a th s .  S o c .  

( 4 )  1929 Prom t h i s  t r a n s f o r m a t i o n ^  th e  R o g e r s -  

Ram anujan  i d e n t i t i e s  a r e  u s u a l l y  d e d u c e d ,  by l e t t i n g  

a ^ , a ^  , d ^ , d g ,, and  H t e n d  t o  i n f i n i t y ^  and t h e n  p u t t i n g  

P' = a q ,  and a  = 1 ,  o r  a  = q ,  i n  t h e  r e s u l t .

I f ' ' ^ 2 n + 1  “  ^ d :
o d g „ . .  ( , / , ) ,

t h e n ,  summing ^  a s  a  w e l l —p o is e d

f d -' S l f e - Î Î Tq ,n q ,n q*-,n
H e n c e ,



im

^  | E ' / q , q W q , - q V j ' / q ,  ft,

“ „ - l  V S V  V W Ï : „ / a , , q / d

-N 1-3̂  3 z m
q ,q  % P__&. 
1 #

P /a '3 _ ,P q /d g ,p /d 2 ,F q ^ ^ '‘ ,Pq® n ^ ^ l 'h ‘'- _

= , 5  T - \/î7a, V 5 7 a " , d . ,  d g ,  q ^ ^ î^ q
® W a ,- /¥ , - / ¥ ,  d ^ d g q :^ - ^ g . . . . . ( 2 )

S i m i l a r l y ,  i f  = 0 ,  and .

° ^ 3 q , .  C A ) . '

: ' <<1

t h e n y  sujnming 3 ^  a s  a  w e l l - p o i s e d

.  ( W j ,  _ ( P q ^ ) ,* _ 2 ^ / 3  , J

Henc 0  y ( p / d j  „ ( P / d „ ) ,
i P T ^ W d ^ p

_ J lÆ .

^ q *  1
F / q , q  \ /5 7 q > -q  / ? / q ,  d

\ / ^ / q ,  V i T ^ y î 'q ^ / d .  f
1*

i q ,& i q
, , 2 ■ -ÎT 1-îf 2 -If ,  4  3Jidgy, d^qyd^q y q , q , q_ « ^ ^  ̂ _ » .ry ,g  2

Fq/d^yP/d^yFqV.dg^Fq/dgyP/dgylq'^. yFq^+^yFq^ ); ^1 S
. . . ( 3 )d ^ ( P / q )

^  (q )  n=o \%/qy

(25 r4) Case th r ee

I f : & a  = ,
• ( B ) ^ ( d e q ^ - % ) ^

t h e n
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y .  W d ) „ ( . / . l q ( d ) „ ( q - ) „ q »

■ ( n y i i / a e  : •

The g e n e r a l  t r a n s f o r m a t i o n  i s  

21' ^
T D O Ë T d ë X r Z —F

I f f  )n® , t h e n ,

o (

snmming

S a a l s o h u t z ' s  a n a l o g u e ,  B = ^n .

H enoe , $  \a.,A/ae,&, q
(D )jj .(D /de ;j j  4  3^^ A ,q ^ “®^d/D ;

rs& > A /a ,d , . .
■ A , D , q l -
= ë_

% e / D ;
( a n  a n a lo g u e  o f  § 5 , 4  e q . ( l )  ) .

_ ( V e )  ( - e ) “smmning ÿ  h y ^ S a a l s c h u tz  *s a n a l o g u e , ^  ^  = g^n
r • ■ TqT

H e n o e . V e  ^  ^

= $  
3 2

( a n  a n a lo g u e  o f  § 1 6 , ? ) ,

l / e ,  d ,  d q ,  q q^
D/e ,D q /e  , q ^ ~ ^ d /D , q^"^d /D  5 J

q ^ î .  - e q
1-KDyq 'd e /D ;

. . . ( 2 )
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( 2 3 , 5 ) / Os.se f o u r ;

XL -I i\T
I f f

1—If
(e  / e )n

( E /e  ̂ eg )jj( e  ) ^  ( ^ /^  )^ (  q^ ^ e g /E

H ere t h e  g e n e r a l  t r s n s f o r o i a t i o n i  i s  
(E/e-^ ) ^ ( E /e g  ( q ^ - ^ E  ) ^ (  q~^
(E J g (E /e ]O g  Jjj.. Z _

o /

? n
n=o

I f f = f e / e  ) ^ e g eg  ̂ t h e n ,  sxmming ^  hy 

/ ( q ) ^ E -  - ^

S a a l s c h u t z ' s  a n a l o g u e ,  B = ( E /e ^ ) ^ ^ E /e g
* H » V -n ' M ,

H en ce ,  ^ ^ ^ ^ 1  ^ 6
( E j j j i E / e ^ e g J j j  3 2

-®1®2<3/E
_  ^  /E ^  e^q-

-H

- A
E /e  ^ , e / e g , q“^  ; qe ^e^ /E

( a n  a n a lo g u e  o f  § 5*5 ) ,

M ( 2 4 * l ) _  A p p l i c a t i o n  o f  J a c k s o n ' s  th e o re m  to  th e  

su m m atio n  o f  .

T here  a r e ,  i n  a l l y  f o u r  p o s s i b l e  ways o f  summing 

$ y  by J a c k s o n ' s  th e o r e m ,  o f  w h ic h  o n ly  two l e a d  to  

summable s e r i e s  f o r  ^  • These a r e : —
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( 1 ) :  i  = ë
ï  8 7 - --    '^1+n

eg
2r^ r

- îfw here  f  .q  = f ^ d q  e ^ e ^

(2 ) = ë
8 7

n

ni n “TT
e;, qf q '^ ^ ,q / f 'q ^ , - q v T q “ .d ^ q ”^ ,d 2 q ^ d 3 q “ ,q  

_ / f f ,  V f q “ , f q ^ ' ^ / d ^  , f q ^ + V d g  , f q ^ * ^ / d g , f

 ̂ ~ j ( q ^ ‘^ / e ) j . ( f q ^ ' ^ / e ) j ,  e ^

E ■ -a"
w h ë re  fv q = d ^ d g d ^ q  e ,

The c a s e s  i n  w h ic h  sum m ation  o f  i s  p o s s i b l e ,. e i t h e r  

a s  a  w e l l - n o i s e d  o r  a s  a  w e l l - p o i s e d  , a r e  o n ly

s p e c i a l  c a s e s  o f  th e  sum m ation  o f  a s  a  w e l l - p o i s e d  , 

r J a c k s o n ' s  th e o r e m .

§ { 2 4 ,2  ) The f i r s t  c a s e  .

l e t  f ^  = f e g / e ^ , ,  so  t h a t  th e  s e r i e s  f o r  

c a n  be made w e l l - p o i s e d .

I f  S ^ =  ( q / r p ( - q / f V ( d ) , ( q - h , . q "  . .^len,

V ^ = ( f  q /de j_6g )^( f  q^~^^/e )^( f e ^ /e  ̂  )^^^d )^ ( q ^ )^q^

( f  q / d e P , ( f  q ' - ^ V d p ^ ( f q l + V e 2  ) ^ ( f q / d a 2  ) ^ ( f  q /e ^ e ^  r  

w here  E =
( f q / d  ) ( f q / e ^ j j j - l f q / e g  J j j ( f q /d e

,. E.

an d ’ f ' q  = dq“* ^
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K , .

The g e n e r a l  t r a n s f o r m a t i o n  i s

r̂  ( f q / d e p ^ ( f q ^ / e i ) „ ( f a ^ - ^ V e 2 ^ ^ ( f q / e i e g ^ f q / d e ^  

H / ./ir\ / ./%\ / j  N _n.

n

= T -<  q^^)n( -g /f  )^ ( q" )nq^ g
■ ^ ( ' ^ ) n ( V f ) , ( f q / d V ( f q ' ^ h , . ^

—If 2 
w h ere  fq  = dq eg

I f f C /^  = ( 1 ) n ( o / f / G  1  ) ^ (  q /e g  )^6g

( q ̂ n V f / e  i  ) ^ ( V f / e  1 J ^ ( f  6 2 ‘̂ /e  1

2n

t h e n ,  summing ^  a s  a  w e l l - p o i s e d  t h e m
) a ( f e 2 / e p ^ ( f . e a ) g „ ( q / e 2 ) „ . ( q e / e g ^)^, gP<a-H ) ^

( qe ̂ /eg  )j^( q fq /e g  )g^ ( fe g  fe g ^ /e   ̂ q^“ e 

H enoe,. E , .  J f /e ^ ,< ^ W â T ,- ( ^ W ê 7 ,  g / e p , f q / à e . e o , .

^q l®2 1» V f  e g /e   ̂V q fè g /e  ̂ ,'%/qf e ^ /e  d ,

f  q /d e g , q / f / e  ̂ eg , - q /  f  /  e ̂ eg , /  q f /e  ̂ e^, V  q f /e  ̂ e^, f  q /de  ̂  „

f , ( ^ / F , - q / f , q e ^ / e g ,  q / e g .
-H 2 

1+&/ ' 12 11
\/f, V f,fe |/e^ , feg.

2 1
f  ®g > q^Gg f q f  eg  ,  f e g / e ^ ,  d ,  q ^  $ q /  e

q / f / e g , - ( ^ f / ê g  ,V' q f / e ~ ,  %/ q f / e g  ,e  j^g /eg , f  q / d , fq^"*"^;,

p r o v id e d  t h a t  fq  = d q ~ ^ e g , .  ( a n  a n a lo g u e  o f  § 6 ,2  ) .

T h is  i s  a  t r a n s f o r m a t i o n  be tv/e en  two s p e c i a l  w e l l -  

p o i s e d  t e  r u i n a t i n g  s e r i e s .
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( 2 4 ,5  ) The se c o n d  c a s e .

( / f ) ^ ( V f ) ^ ( f q / d p ^ ( f q / d g  ) ^ ( f q / % y f q l + ^ ^

then - V = Kg. _____________
( qf/d^e )^( qf/d^e |^ (q f/d^ e q^+^f/e )

where Eg g A
( f  q/d^^jjUq/dg )g lfq /dg ^^^Cfq/d^dgd^

The g e n e r a l  t r a n s f o r m a t i o n / i s

E _  o<_
^  q f /d ^ e  q f / d g e  q f /d ^ e  ) J ,  q '^ '^^f/e  )^.

T̂ ( q / f ) ^ ( - q / f  ) ^ ( d i ) ^ ( d g  )Y^(dg)X q ~ ^ )^ q ”  ̂ R
/ __ / / f  \ / y^S / - \ - / \ / » /n \ y 1+E,.A I ^
^ ( / ? ) ^ ( V f ) ^ ( q f / d i ) j , (  q f /d g  f  )

w h ere  = d ^ d ^ d ^ .

2 g
n  . . and  sum $ .

n  Ü T  f

rr.

1^2 ̂ 3

L e t  oC = ^n^ and  sum by S a a l s c h u t z ' s
q, m

a n a l o g u e ,  t h e n  - B *= ( f  .

H e n c e , . . $
5 4

q/< dr1 '  " 2 /  ^ 
q f / d  , q f /d g  e , e , q f / e  ;

$
12 11

f , q / f , - q / f ”, q / e ,  / e f ^  V e f ^  / q e f , V q e f ,  d ^ ,  

/ f , V f , e f , q / f / e , - q / f / e , / q f / e  , V q f / e ^ ,  q f /d ^ y

'^ 2 ' ^ 3 '  ^
, q f / d 2 f q f / d 3 , q  f  __ * * ( l )

12 11

T h is  t r a n s f o r m s  a  n e a r l y - p o i s e d  ^  i n t o  a  w e l l - p o i s e d
5 4

. ( B a i l e y ,  B r o c . Bond . M a th s .  S o c .  J u l y ,  1947 ) .
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N e x t ,  i f : c <  = ) ^ ( & 3 _____________
I q.Jj^W V  e ^ ^ i V f / e  ;^ lq f / e a ^  ) A  q t / e a ^  j j q t / e s g

t h e n ,  summing Sp a s  a  w e l l - p o i s e d  ,

B = ( f ) % ( e a i  ^a i  ̂ ^ 2  ^ni
* "( g )„ ( f  q / e  a  _ }„ C f  q / e  a„ ) i

H en ce ,  E , f / e , q /  f / e  , - q / f / e ^

d 1»

10 9

d_ ..

a ^ ,   3 '

l / f / e ,  - / f / T , q f / e a  , q f / e , q f / e a _ ,.

a ^ ,

2̂

a,

l+Hq f / e  d ^ ,  q f / e  d g ,  q f / e  d^,-q f /e$,  j

f  ,q / f ^ T -q / f^  e a ^ ,  e a ^ ,
. 10 9

d.

e a ^ ,  d ^ ,

v / f , -/f~, g f / e a ^ , q f / e a ^  , q f / e a  , q f / j  d ̂ , q f / ,- 

■^- . . . ( 2 )-rx, q 5 ? q 

f g / d 3 , f q ^ ' ' ^  ; .
2 «wjif 2

p r o v i d e d  t h a t  f  q = ® = a ^ a ^ a ^ f è  , ( a n  a n a lo g u e

o f  0 6 ,3  ) ,

( B a i l e y ,  "An i d e n t i t y  i n v o l v i n g  H e i n e ' s  s e r i e s " .  

J o u r n a l  Bond. M a th s .  S o c .  ( 4 )  1929 ) ,

F i n a l l y ,  i f  = 0 ,  and

th e n ^  summing ^  a s  a  w e l l - p o i s e d  ,

q , n

»n

H e n c e ,  E ^ .
12 ^ 1 1

q

2
f / e , q  y / f / e , - q  / f / e , l / e ^ .

/ f / e  ̂ V‘̂ ^ ,q ^ e f  , f q  Zed^,fq/ed^>
iq>
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d g q , dg^q»
.  H!î. 1 -E .  2
dg , q 9 q. 9 q ,

f4^ed^ ,fq /e d g  , f q  /e d g  ,fq V e d g  ,fq^*’® /e , fq ^ + V e ; _

30 £
^  ■-■ HCT
^3» 9.f , q / F , - q / F y f q / e , V f q / e ',  1 / e , ' d ^ , ,  d ^ , ,

 ̂ v T , V ? ‘, l / q e f 7 - / q e f , q e f  , f q / d ^ , ,  f q / d g ,  f q / d ^ r  f q ^ ^ ^  f 

w h ere  f ^ q  = d ^ d g d ^ q ^ ^ e  . " . .  . ( 3  %

( a n . a n a l o g u e  o f j § 1 7 ,1  ) .

T h is  t r a n s f o r m s  a  w e l l - p o i s e d  s p e c i a l ’ t e r m i n a t i n g  

12^11  8. s p e c i a l  t e r m i n a t i n g  w e l l - p o i s e d

§ ( 2 5 , l )  . F iv e  p a r t i c u l a r  t r a n s f o r m a t i o n s .

L e t  u s  now r e t u r n  t o  a  c o n s  i d  e r a t  i o n :  o f  t h e  

w ork  o f  § ( 2 2 , 4 ) .  H e r e , Éumming by G a u s s ' s  a n a l o g u e , ,  

t h e  g e n e r a l  t r a n s f o r m a t i o n ^  i n v o l v e d  i s

ÎT (p /d .  ) ] r ( F /d 2  ) V “ ^ d . )  ( d g l î ^

F ( E m E / d ^ d g j ,  ^ ( P / d p ^ ( P / d g ) ^ d ^ % ^

= B n  * ■

n=o
. /

whe r e
f  ̂  °  T i D v r l l ' (Pq“ ).

oC

P u t t i n g :  x  : f o r  q and  a x  f o r  t h i s  e q u a t i o n  becom es
oo n  m

n=o
^ ^  n  r n

OÔ

(l-ax“)(i-a^^/d^dg ) ^

. . . ( 1 )
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( E q u a t i o n :  (3 , l ) ,  " I d e n t i t i e s  o f  th e  R o g e rs -R a m a n u ja n  ty p e "

W .R ,B a i l e y ,  P r o c .B o n d .  M a th s .S o c .  Ju n e  1944 ) ,

I f  we sum ^  a s  a  w e l l - p o i s e d  and l e t  d ^  and  d^ 

t e n d  t o  i n f i n i t y ,  we g e t  th e  R o g e rs -R a m a n u ja n  i d e n t i t i e s ,  f o r  

a  = 1 and  a  = x ,  r e s p e c t i v e l y .  I f  .h o w e v e r ,  we p u t ' a ^ x ^  for::- 

F , and  f o r  q ,  i n  t h e  g e n e r a l  t r a n s f o r m a t i o n - ,  and sumi a s  > 

a  we 1 1 - p o i s e d  we ge t  % ,  ̂ ^

( L o c i O i t , e q . 6 , l ) .   ̂ ' . . . ( 2 )
3 3 3

S i m i l a r l y ,  p u t t i n g  a  x: f o r  F ,  and  x  ., f o r  q , .  and

summing ^  a s  a  w e l l - p o i s e d  we g e t

■ %=!( \  '

( L o c i c i t . e q .  6 . 2  ) . . . ( 3 )
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H e z t j p u t t i i i g v a x  f o r  F ,  x  f o r  q ,  and  f  f o r  a ,  i n  e q . ( 2 ) . §  2 2 * 4 ,

__ - p ^  ( 1—a x ^ /d  ̂  ) ( 1—a x ^ / d^ ) ^

( l - a x '^ j C l - a x ^ / d ^ d g ) ,

1

( L o c - c i t . e q .  6*3 ) ,  . . . ( 4 )

and f i n a l l y ,: p u t t i n g  a x . f o r  F ,  i n i e q .  ( 3 ) ,  S 2 2 * 4 ,

1 + V " ( ^ l  ) » .n  (^2  K . r S ^  , n - l ^ ” ' ^

= X
( 1 -a x ? )(  1-axV d^d^ )

( l o o . c i t .  e q .  6 * 4  ) . . . ( 5 )

Row l e t  u s  c o n s i d e r  t h e  s e c o n d  and f o u r t h  t r a n s f o r m a t i o n s  

( e q .  ( 2 )  and  ( 4 )  a b o v e )  i n  d e t a i l .

§ (2 5 * 2 )  The se c o n d  t r a n s f o r m a t i o n .

I f  ; a  = z ?  w here  p i s  a, p o s i t i v e  i n t e g e r ,  from: 

e q .  ( 2 )  a b o v e ,  we h a v e ,  V
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t

1

' . • . ( ! )

H ere  t h e r e  a r e  t h r e e  f r e e  p a r a m e t e r s , - d ^ ,d g  and  h3 

The f o l l o w i n g  p o s s i b i l i t i e s  a r i s e ,

( 1 )  d ^ ,d ^  and  b t e n d  t o  i n f i n i t y ,

( 2 ) , d ^  = dg and  b t e n d  t o  i n f i n i t y ,

( 3 ) . d ^  = ±x^f d g \=  èx® , and  b  = £x?-„ o r  U. t e n d s  t o  i n f i n i t y ,

o r  b t e n d s  t o  z e r o , .

( 4 )  d ^  and  d^ t e n d  t o  i n f i n i t y ,  and  b = ±x%,

( 5 ) , d ^  = é z ^ ,  dg t e n d s  t o  i n f i n i t y ,  and  b = ± x ^ ,

( 6 )  d^ and  d^ t e n d  t o  i n f i n i t y ,  an d  b t e n d s  t o  z e r o . ,

(7 ))d ^4 »  :tx^, dg t e n d s  t o  i n f i n i t y ,  an d  bo t e n d s ,  t o  z e r o .

I n  e v e r y  c a s e  - s u # ] a t i o n  o f  one o f  t h e  s e r i e s  w i l l  be

a t t e m p t e d : b y  u s i n g  t h e  f o l l o w i n g  th e o r e m .

n = l
oo / , a n  bn  

( - 1 )  X z ,
T

T h is  r e s u l t  waa o r i g i n a l l y  due t o  J a c o b i ,  ( i t in d a m e n ta  N ova, 

1829 ) .  . y  '

Now f ^ ( - l f x ^  = ' ^ ( - i f i ™  z ^ ' '  i - f ^ ( - l ) “ i® * ^z^“

n= -oo  n = l  n=-«>

+ ^ ( - i A ® “*'z^“

n = -k %
a(-n*ik y 

2L

6  & Ï  ■ '

by c h a n g in g  - n - k  i n t o  n  i n  t h e  se c o n d  a a f c t h l r d  o o r i a o .,



s e r i e s  : a n d  n+’k  i n t o  n  i n : t h e  t h i r d  s e r i e s .
e6 .  ; . _

H e n c e ,  V  ( - 1  aC k+ nT  - h (k + n )L

 ̂ -1  +- n = l  ^
k  #

( - i f  a ( k 4 . a r  /  2 b ( k - n f
n=o* ,

■ f f  ( f  ) / 2 p  ( l - x ^ ^  ),
= n = l  • ' V ' ' . ■ '. - ' - -■ -' ■ . .  • (2 )

k  1
y  jn 4 k ^ a { k - n )  y / ^ h ( k - n )

' ■ IX*̂ 0 ■

T h is  i s  t h e  fo rm  i n  w h ich  we s h a l l  u s e  th e  r e s u l t .
k

I n  p a r t i c u l a r ,  i f  k  = 0 , ^  7 ^ ^n^k^aÇk - n ) y /  k - n ) _ ^

' ■ n  = 0 ' ' ' ■ -f - ' : ■ - ' '

i f  k  = 1 , ^ b ( k - n )  ^  ^ ;

n - 0
k

an d  i f  k  = 1 ,

n=o

) (2 5*3 ) C ase  one o f  t h e  se c o n d  t r a n s f o r m a t i o n .

l e t  d ^ ,  d g ,  and b b te n d  t o  i n f i n i t y ,  i n  e q .  ( l )  

i 2 5*2 . ' T h e n . . s i n c e  l im  ^ ^ ^ x .n  =

"  b  1

/" " k in    ,

When p = 0 ,  t h i s  e q u a t i o n  becom es

I k f e  1
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and whemp = 1,
,^2nin4-l) .  1 f i  K - i]

n n=l
CO

= 1T (  )( )( 1-x^^ ) . .  .(3 )
' %=1 ( l - x } ( l - x ^ - “ / i )

( B a i l e y ,  "Some i d e n t i t i e s  i n  c o m b in a to ry  a n a l y s i s " ( P r o c • 

L ond .M aths .Soc  . ( 2  ) 49 . 1947 ) e q .  ( 1 , 3 ) ,  and ( l , 5 )  ) .

SDf p = 2 ,  no such' summation by J a c o b i ' s  th eo re m , i s  p o s s i b l e .

§ ( 2 5 ,4 )  Case tv/o o f  th e  second  t r a n s f o r m a t i o n .

. Betod and b e te n d  to  i n f i n i t y .  I n i  o r d e r  to  
1

sum :by J a c o b i ' s  theorem ,, we m ust t a k e  dg = Then e q .

( l ) §  2 5 , 2 , -becomes

k r — Œ 7 ^ — — -------- ------------------------

^  t  . • • ( 1 )

= o ,  y ^ < z k L n £ _ _  = i r r i+ x ^ ^ - ^  )( i - x ^ ~ ^  )(
■ b - V - )  - i

I . e .  y „ . A .._  = 1 r   1 . . . ( 2 )

( i d e n t i t i e s  o f  th e  R-R. Type" B a i l e y ,  P ro c  .Bond.M aths .Soc .1948 

e q u s .  ( 6 . 6 ) and ( 6 . 7 )  ) .

I f  p  = 1,
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n=o

. . . ( 3 )

§ ( 2 5 ,5 )  Qg.se t h r e e  o f  th e  second t r a n s f o r m a t i o n .

Le t  ' d^ = è x ^ ,  dg = ± x ^ , and bv te n d  to  i n f i n i t y

Then, i n  e q .  (1 )  S 2 5 ,2 ,  th e  "product becomes

I I ( 1 4 x ^ 9 + 2 n -r) (  ) # The o n ly  p o s s i b i l i t y
n = l  . . . . :

f o r  summation by J a c o b i ' s  th eo rem , i s  r  = s = p + 1 . But
- * {-) ^

t h e s e  v a lu e s  g iv e  a p r o d u c t  o f  th e  fo rm ;”f ( (l-x*^^ )
n = l

i n  t h e  d e n o m in a to r .  Hence th e  p r o c e s s  g iv e s  no r e s u l t  i n  t h i s

c a s e .  The same t h i n g  h ap pens  t h e n  .b = ix ^ , and a l s o  when

b b te n d s  to  z e r o ,

§ ( 2 5 ,6 )  Case f o u r  o f  th e  second t r a n s f o r m a t i o n .

L e t  d ^  and d^ te n d  t o  i n f i n i t y , ,  and l e t

b : =  i n  e g .  ( l )  § 2 5 .2 ,  Then
o ^ . ^ i < p + l ) )  2 Cp+n)n

x . 2 n ^  _____________

1

1 _ f  1
_ ^ 2 p + 2 n jl '

^ - 1  f  (xP-*^ f  „ _ 3_( l-x?n+P  )x^^‘*-*0-( 5 p - l )
OO

T T ( l - x ' ^  k. n ? l  . ^»n
n = l  . . . ( 1 )

I f  p = o ,  t h i s  g i v e s ,
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n=ç ,n ^ - ^ k ,2 n  ' ""Z
2p u t t i n g  X f o r  x  i n  t h i s  r e s u l t ,  we g e t ,

x ^  = . . . ( 2 )

■If P = 1 ,
- T T - L b ^r

  /; . (3)

§ ( 2 5 ,7 )   ̂ Case f i v e  o f  th e  second t r a n s f o r m a t i o n .

L e t td ^  ten d  to  i n f i n i t y , ,  d^ = dbx^, . and  b  = i x ^  

T h e n ,e q ,  ( l ) ,  §. 2 5 ,2  becomes

= ] T  X
• n = l  -

1
r

- ’ -  - -  ̂ ‘ ' • . . , ( 1 )  

Here p+-l = r y  and b o th  s i ^ s  m ust .be p o s i t i v e  o r  n e g a t iv e  

t o g e t h e r .  E i t h e r  q = -&(p+l) o r  q = 1 ,

I f l iq  = -K p*fl) , and r  = p+1 , and b o th  s ig n s  a r e  p o s i t i v e ,  

we h a v e ,  i> ’

- (1 - Ï ?  )  ^ t * < 3 p » l)n  (

.  2 ! " . : .    /

I f - P  * 0 , t h i s  g i v e s .
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2p u t t in g ^ x -  f o r  X, ^

. . . ( 3 )

I f f p  = 1 ,. we have

n=o '  X ,n :

H e x t , .. suppose t h a t t b o t h  s ig n s  a re  n e g a t iv e  t o g e t h e r  . 

I f f p  = o ,  t h i s  g iv e s  e q u a t i o n  (3 )  ag a in ^  and i f  p = 1 ,  

we g e t  e q u a t io n  (4 ) /   ̂ Nov/ l e t  q = 1 , r  = p t l ,  and . tak e  

b o th  s ig n s  p o s i t i v e .  I f  p = 1, t h i s  g iv e s  e q u a t i o n . (4 ) , .  

and i f  p = o b o th  s e r i e s  a r e  u n d e f in e d .

§ ( 2 5 ,8 )  Case s ix :  o f  th e  second  t r a n s f o r m a t i o n .
p f l

I f :  d^ = -X: : , dg t e n d s  to  i n f i n i t y ,  and 

bo t e n d s  t o  z e r o ,  t h e n ,  s i n c e '

l i m i d V P ^ / b : ) . .  ..d-gc5>*-“/ b )  ' .  b ? ]  =
b ^  V J

e q . ,  ( l )  § 2 5 , 2 ,  becomes

. ^ ( x P + I ) ,  ( i - x P - * t t ) ^ - i ) n x P » + é ( 5 n - l ) n
1 T \  XiSZl----------- :----   :----------- :

L —
n = l-  ’ -

. . . ( 1 )
I f  ID = 0 ,, t h i s  g i v e s .

■jK3n-H)n ^  f r d + x ^ - ^ )  . . . ( 2 )

I f  bp = l,dw e have



•166:

f -,-, ■ f r  .___ . . . ( 3 )

§ (35.8 . ) Qpse seven of the second transformation:
Ifid,^ and dg tend to in f in ity , and bo tends 

to zero,-then eq,  ( l) ;§  25#2 becomes
^ - f ^ ^ p ”- r - i ) f  = 1 X

^x,2m  ^

1 + -V ^  {x P + b -,,^ _ 4 l-b P « ® )x ^ C 5 u -* )4 2 p n (_ ^ ^  ’

Z _ - ' w y ; ’— ■ —  — —
n=l *

Ifi?p = 0 , .we get

V f ^ i X r i f L —  = ~ ff~  
f e  ■ « - 1  ( i V - i ) ( i - * ^ - ^

(Bailey, Some id e n titie s  in combinatory analysis, Broc.Bond, 
Maths. Soc. (2 )■ 49,(1947,), eq. 4,3 ), 
and i f  p = 1 ,

- - f f  . . . ( 3 )

(Loc , c i t . e q . 5 , 3  )

§ (26,1); The fourth transformation.
I ffa  = xf, where p is  a positive integer, 

the fourth transif(5rmation: (eq .(4), § 25*l) becomes.
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n=l (i^ P + H )(i_xP + V did 2 X
^ .^ P + 2

L t( 7 )

Here t h e r e  a re  t h r e e  f r e e  p a ra m e te rs ,  d ,d^  and f .  TheJL id
f o l l o w i n g  p o s s i b i l i t i e s  a r i s e n *

( 1 ) / d  ,  dg and f  a l l  t e n d  t o  i n f i n i t y .
1 ^

(2 ))d  = Jtx^V do snd  f  t e n d  t o  i n f i n i t y .
' , O

( 3 )  d^ = i x ^ f  dg = Xx , and f  t e n d s  to  i n f i n i t y , . ,  o r

f - = dbr^,. o r  

f f  t e n d s  t o  z e r o .

( 4 )  d^ and d t e n d  to  i n f i n i t y ,  and f  = ± x ^ .

( 5 ) /d ^  = ix?* f  dg t e n d s  t o  i n f i n i t y ,  and f i  = i x ^ .

( 6 ) / d .  and d te n d  t o  i n f i n i t y ,  and f  t e n d s  to  z e r o .

( ? ) ; d ^  = i x ^ ” , dg t e n d s  t o  i n f i n i t y ,  and f  t e n d s  t o  z e r o .

§. (26 *2 ) ; ' Case one o f  th e  t r a n s f  o rm a t lo n .

I f  d ^ ,  d^ and f  a l l  te n d #  to  i n f i n i t y ,  th e n  

when p = 0 we  h a v e ,

! . ,> * * )  . . . d )

% iën:p = 1 , . no summation by Jaco b in 's  th e o re m , i s  p o s s i b l e .  

When p = 2 , ,  we have

n=o - ^ f ï L  & /

( B a i l e y ,  "Some i d e n t i t i e s  È f i c o m b in a to ry  a n a ly s i s *  e q u s *

( ID #2 )and ( ID ,3 ) ) ,
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f o u r t h  .
(26i>5 ); Case two o f  th e  t r a n s f o r m t i o n .

l e t t d ^  and f r t e n d  to  i n f i n i t y , ,  and d .  =

ihi  eq . .  ( l ) / §  2 6 # 1 .Theny p u t t in g  x  fo r r x , i f  p = 0 ,  we have

- ' - < 1 - “ )   -

- ' . . . ( 1)
and i f  p = 2 ,, %

j f -{ u
n = l ( i _ ^ n y y

- . . . . ( 2 )

(26 *4) Case t h r e e  o f  th e  f o u r t h  t r a n s f o r m a t i o n .

I fC d ^  = i x ^  and d^ = é x ^ ,  e q .  ( l )  § 26*1,,

in v o lv e s  a  p r o d u c t  o f  th e  form  '

I n : t h i s  c a s e ,  th e  o n ly  p o s s i b i l i t y  f o r  sum m atiom by

J a c o b i  *è theo rem  i s  r  -= s = % (p + l) .  B u t ,  when r  and s have
^  —1

t h i s  v a l u e ,  a  p r o d u c t  o f  th e  form  I ] ( l - x ^ ~  ) a r i s e s  i n  th e
n = l -

d e n o m in a to r ,  and so  t h i s  p r o c e s s  g iv e s  no  r e s u l t .

( 2 6 , 5 ) . Case f o u r  o f  th e  f o u r t h  tra .n s  fo rm a t  io n s...
L e t  d^ and d^ te n d  t o  i n f i n i t y ,  and f  = 

i n  th e  f o u r t h  t r a n s f o r m a t i o n .  Then, i f  p = o , we have
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I f  p « 2 ,  ^

Od
=  T T  ) ( i - x^ ^ )  . . . m
‘ ^  ̂ ' ( l -g f - )  "  ■ ^

g . - f  o u r th  ft..
S (26 .16 ), Case f i v e  o f  th e  / / / / / /  t r a u s M r m a t l o u .

L e t t d ^  = d^ te n d  t o  i n f i n i t y ,  and

f  = . Then, p u t t i n g  x^ f o r  x: and t a k i n g  th e  p o s i t i v e

s i g n ,  i f  p = 0 , ^
4

= T T (  )( . . . ( 1 )
- n = l  - / -, 2n

IfT p  = 2 , .

k \ 4  k » ,n + l ( ^

= ) ( . . . ( 2 )  
• (l-x^“)

T ak ing  th e  n e g a t iv e  s i g n , '  i f  p = 0 ,

/  /  2  Y > 2  V /  2  Y ^
n=o'̂  k*",n;̂  ̂ x*",n'̂  jx ,n—1

= f r (  )( l-x^Gzi-e )( , , , ( 3 )
n = l ■ ( i - ^ a )

. i f p = 2 ,

^ < x ?  ), e  (x^ ) #  ,n+ l^ ^  - k * , i iX ,n^
CO

= 1 - ^ ^ .  )( 1 -x ^ ^ h  . . . { 4 }

^=1 ( i - x 5
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§ (26 ,7 ) : Case s i x  o f  th e  f o u r t h  t r a n s f o r m a t i o n .

I f  d .  and dp te n d  to  i n f i n i t y ,  and f;
^  {3jP+V f} oten d s to  z e r o , s in c e  l im   ̂ * ‘̂ x.2n = x. , ,

( f " x , n

e q . - ( l )  § 26 , 1 , . 'becomes

1  + - y “ . ,

6 i  )%*-,%

If::p = 0 ,
0 »  U _  ^ \

n=o

I f ' p  = 2 ,
oO j L /  OC>

. . . ( 3 )

n —o '

("Some i d e n t i t i e s  i n  c o m b in a to ry  a n a l y s i s "  e q u s .1 0 ,4 , .  and 

1 0 ,5 )

§ (2618 ) , Case sev en  o f  th e  f o u r t h  t r a n s f o r m a t i o n .

I f f d ^  t e n d s  t o  i n f i n i t y ,  d^ = andi

f  [ t e n d s  t o  z e r o ,  -^hen p = 0 ,

=  - f j - (  ) (
Z _ f v 2 V -  / - 2 i  ., n = l  /1 2n v

'  ■ ' I..(l)
a n d , .  when p = 2 , .



17,1

- - ■ ' . . . ( 2 )

§ ( 2 7 , 1  )y Anpther; tra n sfo rm a tio n s

Prom each i-gen era l tr sn sfo rm a tio n y  in v o lv in g !  

two i n f i n i t e -  b a s ic - - s e r ie s  , we can o b ta in : i d e n t i t i e s  of. 

th e  Rogers-Eamannj an t y p e .  For example , summing: both  

^  and ^  as i n f i n i t e  s e r ie s  ( o r / b y  l e t t i n g  R" tend.

to  i n f i n i t y  in  e i j . ( 2 ) ; §  2 4 ,3  } wqâhve
7 T( fn )F  ( f  n /^1^2 Z7T(fq/d]_e ) TT ( f  q/d^e )y _ ^
ÏÏ h q /  ^2 yJT ( f  q /e  ) IT ( f q /  d^d^e )7

$  f f / e , q / f / e ' , - q / f / e i  a , d . ,  dg ; fq /d ld p e a  
6 5j - - ^

L \ / f / e , V f / e , f q / a e , fq /d  ĵ e , f  q/d^e;

a e ,  , d^ , d̂ ;.: fq /d id ^ e a

L v/F, V F > f q / a e , f q /d ^ , f q /d ^ j

I f ' w e  p n ttx  f o r  q, a, f o r : f ,  b: f o r  l / e ,  c f o r  a , 

d f o r  d^, and e fo rrd ^ ,, e q u a t io n  one above becomes:

I I ( l-ax^O ( 1 -ax^ /d  e ) ( l-a ,x”b /d  ) ( 1-abx”/  e ) ^
l - a V y  4 )(  l - a x ”/,e  ) ( l-a b x “ )( l-ab x% ae J,

n = f  ^x,W' ' i  ®

= 1 4  X ) x . n - l ^ k . n ^ ® . . . ( 2 )

j_(x)^^j^(a'bx/o )x , )x,n® ®

l e t t c ,  d and e tend to  i n f i n i t y .  Then, s in c e  

c4c« (,n

.. . ( l )
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^“ ^(1-8,'bx*’' / !

■

I f f a  = 1 , t h i s  g iv e s

f e -  - ■ "  ’ '

N e x t , , l e t : c  and d te n d  to  i n f i n i t y ,  and e = V a x ,  th e n :  

n-l^- ) ( 1 V 53?«^  ) “ j ^ ^ x ÿ n v ^  ^ ^ -n * ’ J

.  1 ^ - f - < î î W i i l 2 L ! £ £ î i f ^ '  . . . ( 5 )

y

2I f  a  = 1, t h e n ,  p u t t i n g  x  f o r  x ,  we have 

= I I ( l-b x ^ ^ )  . . . ( 6 )

T

I f f  a = X, ^
~  (bx^ ) , ( l - b x 2 n + I ) ( - x )

. , ,  ■ ■ „xt.nr:l....------  x ^ n ,
( x ) _  _ ( - b x ) .

n = l  .

= f r (  i -b # + : -  ) ( )( 1-x"""" ) . . . ( ? )

F u r t h e r  s i m i l a r  r e s u l t s  a re  g iv e n  ,

( 1 )  by l e t t i n g  d tend  to  i n f i n i t y ,  or = - b /a x  and e = V a x ,

( 2 ) by l e t t i n g  d and e te n d  t o  i n f i n i t y ,  and c = - b / a x ,

( 3 )  by l e t t i n g  d and e tend to  i n f i n i t y ,  and o tend to  z e r o ,

( 4 )  by l e t t i n g  d = - ^ / a x ,  e t*end to  i n f i n i t y ,  and o ? tend t o  zero .
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§ (2 7 * 2 ) . L i s t  o f  r e s u l t s  f o r  o r d i n a r y  hynergeom etric-:

s e r i e s . .

S e v e r a l  o f  th e  r e s u l t s  o f ,§ 3 *2-9 *6, have n o t fb e e n i  

g iv e n  b e f o r e ,  h u t  th e y  a re  p e rh a p s  to o  t r i v i a l  t o  be o f  

i n t e r e s t !  The r e s u l t s  o f  § 10 *1—14,3  a r e  new, b u t t i i i i t h e  

fo rm  i n  which th e y  a r i s e  h e r e ,  th e y  a re  r a th e r g  cum brous.

In '.§  15#1-47 ,5 , ' s u b s t a n t i a l l y  th e  same r e s u l t s  a r i s e  

i n :  mo re  e l e g a n t  forms*. The m ost i n t e r e a t i n g / o f  th e s e  

r é s u l t é  a r e : —

( l ) ;  E f i . , l+ 4 a ,-  b, b+k, c , ,  o+t, d M  1
7 ,.6c.' 4 a ,  1 4 a -b , 'S + a-b , l4 a - c  ,*24a-e , l 4a -d  ; j

= ^ ( 142-8,- 2 b ) r( 14-2a-2c-)/ F fa+-4“d ,  2 b ,  2c I. 1 "I.-
- P C1+2 a )r ( 142a - 2b- 2 c ) .3 2 {^,l+2 a - 2 d ,  -^+a ; J

T h is  t r a n s f o r m s  a  w e l l r p o i s e d  y F g ( l )  i n t o  a  g F ^ ( l ) , .

(§ 16^ 1,eq ( 1 ) ) .

( 2 ) j  F  r a , l+ 4 a . ,  b ,  b + l / ? ,  b 4 2 /3 ,  c ,  c + V ^ ,  c 4 2 /3 ;  - ^ 1
- 8 7 ^ 4 a , l + a “b y 2 /3 + a —b , l /3 + a —by 14a—c ,2 / 3 4 a —c , l /3 4 a - c  5, J

=  i * ( l 4 3 a - 3 b  ) r ( l 4 3 p , - 5 c  ) .  F T a .  3 b ,  3 c  :  3 / 4 i l ,  
r U 4 ^ a ) P U + 3 a - 3 b - o a } , 3  2 [  3 / 2 , a , i ( l 4 3 a ) ;  J

T his  t r a n s fo r m s  a  w e l l - p o i s e d  g F y ( - l ) ;  i n t o  a .^ F ^ ( i - ) ,

(§ 16,l,eq.(2)/ )*
(3 ) ; F f a , 1+ f e , b , 4 ( 2 a-b .;) ,K  142a - b )  , 4 ( 2 +2a - b ) ,4 (3  +2 a-b:}} l ]

7 &a, l + a - b , l + 5-(2 a + b ) ,4 (3+ 2a t b ) , 4 ( 2 42a + b ) ,4 (1 + 2 a + b ) r  j .

— r ( l+ b ) P(142a 4 b ) p f S a - b ,  b ,^ 4 s —b j —1 1 ,
• fU + 2 a -b )P ( l4 2 b 7 7  3 ^  I 42a - 2 b ,  4 + a  ; j

T h is  t r a n s fo r m s  a s p e c i a l  w e l l - p o i s e d  y F g ( l ) . i n t o  a

w e l l - p o i s e d  g F ^ ( - l ) .  (§ 16*2),
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( 4 ) /  E T a j l+ è a ,  b , , -fr+b, c ,  i + e ,  d , - è l , i (  l-dlD;, i l
9 8L. ■in,l+a-b,'s4a-'b,.l+a-c,‘è+ai'-c,,l+a-d,14a+4N,4V4fe5, J

= c I + S a H ^ a - 2 b - 2 e p f i+ a -d , 2b, -  2o ,  -H|, 1 |
' ( 1 4 2 9 ,-2 1 0 l+2a*2c )jj. 4 3 f 44a, 14a-2d,2b42c-2a-N ; J,
This transform s a w e l l-p o is e d  ter m in a tin g  g F g ( l ) , i n t o  a

n e a r ly -p o is e d  ter m in a tin g  ( 1 ) .  ( |  1 6 , 5 i e q . ( l ) ;  )#

( 5 ) ; .  F r a ,l+ 4 a ,.  h , 5 + 1 /3 , 5 + 2 /3 , o ,  c + l /3 ,
11 10 i "Èn, 1+a—h,a4»h+2/3 ,a—h4l/3 , Ifa—c ,a-4:+2/3,

c+2/3, -n/3 , {J:-n )/3(2-n )/3 î; 1 1
a-c+l/3,l+a+N/,3,a+(-2+N)/3,a+(l4N.)/3f J,
= ( l-^ 3 a )^ ( l-0 a -3 b -3 ç )g  p 3 b , 3 c ,  -N; 3 / 4 T
. (l+3a-3b)jj(l+3a-^5c ) g ' 4  3 [  l+ 3 a /2 , (n 3 a ) /2 ,3 b + 3 o -3 a -K ; . CJ'

T his trsnsffrm m :, a w e l l-p o is e d  ter m in a tin g  ^^F^.(l)Ÿ in to  

a 4 F 2 ( 3 /4 )_  (§ I 6 . 5 , e q * ( 2 ) ,

( 6 ) ,  F ' U i l + i a ,  b , i(2 a -h )4 (l-f2 a -h O ,T (H + 2 a -h ),
■ 11 10 i ■ è a ,1 4 a -h , 144(2 a+b),T ( 3+2 a+h) ,  4(2+2 a 4 b ),

4(3+2a-b), a+M 1+h+N ), a+l+M b+N ), -SN, 4(1-n) j 1 1
% ( 1+2-a+b:), i (  1-b-N), -4( b+N ), 1+a+fa, a+&( 1+N )) h J

(l+2b)^(l+2a)^ FT2a-b,  ̂ b, 4+a-b,-N;>-1 1 ,
( l+b ( l+2a+t 4 3 [ l+2a.-2b, ’s+a, —N—2b; J
This tran sform s a w e l l-p o is e d  ter m in a tin g  ^^F'^ ( l )  , in to  a

n e a r ly -p o is e d  ter m in a tin g  ,^ F g(-lL  (§  1 6 , 6 )

( ? ) /  F f a , l 4 è a , ,  b , b+4, c ,^  c+ 4 , d , d+4>
11 101 »a , 1 +9, —b , 4+a —b , l+ a—c > "̂ +a —c , l  +a—d , T+a—d ,

e ,  - | N , , i ( l 7H ) ; , l  1  
l+a-e ,l+ a+ 4f,âr+ a+ tU  ; J

_ ( l-*Sa-2b-e )jj( l4 2 a -S c -e  )^l+2çi-2e )^(l+& a-2b-2c L  ^

- ( l+2a—e)jjj.( lt2a—2b:)jj( 1+2 a-2c )^l+2 a—2 b—2c —e )^

F f S a - e , l+ a -è sy  b ,  c ,  d ,  e ,
^ a -4 e  , i+ 2 a—e —b, l+ 2 a—e —c , l+ 2 a—e —d , l+ 2 a —2 e ,

4 + a,' l+2a-e+N ;
4 +a-e  , - n ;  - 1  J
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ffliis t r a n s f o r m s  a  v /e l l—p o is e d  i n t o  a  w e l l —p o is e d

t e r m i n a t i n g  {§ 1 7 , l )

( 8 )  P fa , ,1 4 4 a , t', ) ,%'(^42a-'b ) ,4(3+28-1) ) ,
11 » L  fe ,l+ a -b ,l+ 4 '(2 a + b ),i-(3 -(2 a 4 b ),-5 -(2 + 2 a -fb ),i'( l+ 2 a 4 ti) ,

a + 4 ( b + H ) ,i+ 4 < i+ w ) ,  - # ,  î< iT ïr ); i  1
l - K  bfH ) ,ir( l-b-IT ) ,  -H -a + 6 î , i<  1 + a #  ) ; J

P fS a -b ,  b , i + a - b ,  - w ; , - 1  1 ,
I: 142a“'2'b, T+a, l~2'b‘rM’5 j

=  ( 142 a )^ (a 4 it  )^(2b

. (20,413 )jj( l+a4Tt> )j^(^ )jjj-

T h is  t r a n s f o r m s  a  t e r m i n a t i n g  w e l l-p o ise d .  E ( l )  i n t o  a
11 X> .

n e a r l y ^ p o i s e d :  (5  1? *3 ) ,

( 9 ) /  E
11 13

ja,-t+xay h ,i(2 a -h 4 -l); ,4 t(2 a —h42 ) ,4 (%a-h43 )y l4 ^ (2 a -# j
t  ^ . , l + a - h , 4 : ( ^ a + h ^ ^  ) ; f t ( 2 a + l 3 4 2 ) , i ' ( 2 a 4 l 3 4 l ) , .  îC ^ a + h J ,

a f M  l4 h4 n  ) , &4&( h4E ) , - f e ,  * ( l - E l ; ,  1 ]
id -h -H ), l-i(l3+H),l+a4ii\r,44a4tor J J,
= P r 2 a - b ' , l + a - f b ,  b , t 4 a - b ,  . - H r  - l l
• (%a+b jj (̂h )g. 5 a - î h , '3T4a, l-^h-H; J

T his  t r a n s fo r m s  a  w e l l - p o i s e d  t e r m i n a t i n g  ( l ; |  i n t o  a;-

n e a r l y - p o i s e d  te r m in a t in g  ^ E ^ C -l) .  (§  1 7 ,4 )

( 2 - ï T ) / 3 r i T :
L l4 a —h—N /3 , a —h 4 (2 —ir) /o  , a —h4( l —U ) /3  ; J

= (3%)^ ,P 2(a .3b *M , -M; 3 / 4 1
. ( 3 b - 3 a j g  I 3 t / 2 , 4 ( l 4 ^ b ) ;  J

T his t r a n s fo r m s  a  n e a r l y - p o i s e d  ^E;^(l ), i n t o  a  s p e c i a l  ^ E g (^ )

( S , 1 7 . 5 , e q . ( 2 )  ) .

§ ( 2 7 ,3 )  L i s t  o f  r e s u l t s  f o r  b a s ic  s e r i e s

111 I  20 #5-24#3, m ost o f  th e  r e s u l t s  a r e  a l r e a d y  

knoTO#,The f o l lo w in g  a r e  o f  th e  g r e a t e s t  i n t e r e s t : -



17,6:

aq

, -g.^l/aq'^^, a*‘ , q ~ ^ ,  -q '

l / ^ ,  - V ^ ^ q ^ ' ^ / a , a q ^ - ^ , - a q ^ - f e
i ( l - H )  4 ( i - f ): _ _ 1 - #  4 ( 3 - k )  . i ( 3 - E ) .  2 2

a f y. f 1 * % f % g. a  q
i ( 5 - ] i )  i ( 3 - îr )  i - t î i :  i - #  i ( i - w )  _ i-( i-E )..:

?12 11
i

, - a q , a q , - a q ,aq. .,-a q ]

_ ( ! / ■ ) ; 1—  $
■ -®. , /  l-0 y „  /  1^0/ /q ,V/q / , a , v q  / a ,  a,; - q /a

, /  I-Mr 1 - 5 /  . ■y a q  , ,, -s/aq , ,q  _ / a  ;

&

T his t r a n s fo r m s ,  a  w e l l - p o i s e d  i n t o  a  w e l l - p o i s e d l

(B 21  *4, e q • (3 ) },

(2); Î 2 / — ^ /— a ,  q v /a ,—q v ,a ,
2 / .  . _ / .  . . 2 « (  ^./—  f— 2 / .  2 /  y 2 1+ÎT' Wv a, V/a,aq /h,aq //C,aqAc,aq ,aq -

( a q )

■ (aq /c)^ ^ ^ c ^
c , / a qZh, V a q / h , q"^

Vaq*, : V a q ,a q / I h

T h is  t r a n s f o r m s  a  w e l l - p o i s e d  iii'fco a  (§ £ l # 7 . e q ( 2 ) )  I

(3), i*
9 8
-q

= ( a q ) .

3 y — 3 y 
a , q  A a , - q  v a , b, bq, bq", q-®, q^*®,

Vs., Vb, aqVbiaqVb:,aq/b:,aq̂ '*®,aq̂ '*’®̂ ,aq̂ '*̂ }.̂  *' -
S ~ - / -  / (h ) _n

OjJ .

.3

4 ,0 ^  n -o  (q )q ,% (a q )q ,2 a (a )% ,,o /3

(§  2 1 .7  e q . ( 3 ) J .  

, - q V fq ^ , >/F, V f", Vqf^ 

Æ q 2 % - q 2 % q l + % n .

(4); ^
12^11

q
i " , /

q / f )  c /q ^  -q /q /' , q^^ J
1+ÎT K F 2-E

/



1?7

/ i
1-E ,

f 'J

-q
1-w

This transform s a w e l l - p o is e d  ±1 & w e l l —

p o is e d

q

A -

a,qVa,-q Va4 h, cq.
( B 21  #9, e q , (3  % X,

a .  a ,  h i i « «

\ / a ”, ' a q ^ /h ,  aq"^/c, a q / c , a q ^ / d , a q / d ; ^ -

E l W ] T ( # a /c .$ l _  Æ F/aq?h^ V a ^ h  j c . d ;, a q /d e l
lf (a q /c  ) T r(aq /d ) q £  a q /h : ^ /a q ,V ^  ; J

This transform s a w e l l - p o is e d  in t o  a 4^3 •

(B 22,4.eq.(2)
( 6 ) $

_ 9 6
3 / — ' 3 y— . -U ^a , q v / a , —q / a ,  h ,  hq, hq ,

, V a , aq^h, aq^ /h^aq/h ',aq^ /c , a q ^ /c , aq /c

2 4
c ,  c:q, cq  *a_^------

o 3 0

M a g ), m a n /b q  ).
n(aq/b') TT(sVc l  Z _(q lq ^ n U q Jq ^ 2n U ^ q ^  ,n /3

n:

n=o

12. 11 
<t L

2
a b ,q  8 j/h ,-q  a /h ,  he , a

(§  22#.4, e q . ( 3 )  } ,  

V q ,

a/h^ - a / F , a^ q^/h:^ aq^h, -aq^h:j a b q /^ ,

- a / F ,  a q , - a q , aqy^ , -a q /q ;. hfq'^ [ 
ih q /q , ahq , -a h q , a h /q , -a tV q  ; J

a^ , h  ̂ a/ÿ(»J -a /ÿ b T  -hq= TTCa b̂q )'H'(b^g) $
■ ir(a^b§q),Tr(bq) a , a  x/qb, - a V  qb;

This tran sform s a 'w e l l -p o is e d ^ ® ^ , in t o  a w e l l -

p o ise d (§ 2 2 . 5 . e q . ( 3 )  }.

a*̂  h ,  q^ a i/h , -q ^  a / F ,

aVF, - -a/F^q^a^/h,q^~^/h:, l" ^ /h .

/ :
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a, - a ,  à /q ,  - V q ,  aq , - a q ,a q /q ,-a q /q ,  q

ahq^, -ahq^ ^a-hq/q, -a h q /^ , abq, -ah q , a h /q , -a h /q ,  a^hq^"^^,

-ÎT. S 
q ; q X

I
5  4

a hg aX q /h f-a /q /h ^  q"^ 5 -q /h :

a ^  q /h >  a / q h ÿ  - a / q h ^  q * ^ / l »-ÎT,

This tran sform s a w e ll-p o is e d l  ĵ5^ ^ 5j ih t o  a n e a r ly —

p o is e d  3^ , ( g  2 3 * 2 . e q . ( 3 )  ) .

là c ,  Cq, d ,. dq,. 
aq^/h:, a q ^ /c , a q /c , aq / d , a q /d ,

HSi; 1 - iT ,. 3  2 E 4 3  
q. , q ^ ,a  a .
2+H. ItîT:. _  2 2 aq ,a q  ; ho d

j_ (aq )^ (a q /cd .)^
(a q /c  )^(aq/.d )^

5^4 Vaq/.hi^ c ,  d,̂  q”̂ }; q

q

§5“ 4 -

a q/hl',Xaq, - / â q , cd q / a  ;

This t r a n s fo m s  a w e l l-p o is e d  in to  a S aa lsch u tzian a

( §  2 3 # 3 . e q . ( 2 X

12 11
' 3 y -  3 ,a ,q  v a , —q V/a, f l̂  q 9

2
c q , c q . ,

/ F , . -Æ ,a q ^ /* ’4 a g ^ /« 4 a q /b V a q .® /c ,a q V n ,a /o >

aq
T\r

h S < S v ^

(a .)£ _ ^ ,(a q  )^3 g■ 2n /5

(§ 2 3 .3 . e q . ( 3 X  h
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( i l )  ■
$

12 11

-  _ g  _

q /c  , a q /b c d ,  c d / h ,  / a c Z h , V a c / b 7  
/ à / F ,  V a / b ,  a c ^ /b ,  c d ,  a q /c  d , q /  a/bc~, - q / a /  bc 7

-Èf
/ q a c / b , V q a c / b , d,  q ; qc
V q a /b c , V q a / b c , a q / b d , aq^^^/b ; ;

= ( a q /b  )3|j(aq/c )j;j-{aq/^^îj(aq/bcd.)jj ^

(aq aq / bd ( à q/bd ( aq / c d 12, 11
a , q > ^  - q /a ,  qb/cP y

Va*.

q /c  , / â c  , V a c7  V^qac  ̂ V q a F ,a c /b , d , q q/b. 
ac> q /iT c^ ,-g /a /c  , / q a / c , V qa7c> qb/c , a q /d , aq^*^;

where aq = c*^dq”^ .

12 11 "  

(1 2 ); g  T'- ^
12 11 

q L

This tran sform s a w e l l-p o is e d  ^1 another^

w e l l-o o is e d  1 2 4 . 2 )
" 2 / —  2 /■—- 2ae ,q  / a e , - q  Va e , e , b ,  bq, c>

Vaé ,  V â e ,q  a /e  ,aeq / b , ae g /  b , ae q / c , 

cq ,  . d ,  dq,  q“^ , q^"^i q*̂

ae q /c  , ae g ^ /d , ae q /d , ae ,aeq^"^;

(a q /b )^ (a q /c )^ (a q /d )^ (a q /b c d )T W
laq)^ (a(g /bc )^ (aq /bd  ;^ (aq /od  )

'N
'h E

; - ° ' ]  ■

V  a e q , b ,  c ,  d,  e ,  V  
V a q / e , a q /b , a q /c  , a q /d , a q /e , aq*"*"̂ ,

where: a^qe = bcdq"^.

This tran sform s a w e ll-p o is e d  in to  a

w e l l -p o is e d ;^ ® g . (§  2 4 . 3 . e q , ( 3 )  ) ,

A.



Art)endix: one .

R e l a t i o n s  be tw een  p r o d u c t s  o f  th e  t y r e  ( a ) ^ .

(a)]^ = a (a 4 l)(a * f2  ) » . . , ( a + n - l )

U ) .  T la tH j = ( a n .
R iT

( 2 ) )  ( a + n = T l i a v  and. in  g e n e r a l,(a + k n )jj  = ^^^(k+l)n
T a ^  . ■ - ■

( 3 ) ;  ( a - n ) ^  = ( - l P ( l - a ) ^ , ,  and i n  g e n e r a l ,

(a -k n .)^  -  _ .

( 4 ) ;  r ( a - n X ; = ( - i f __
T T a J  ■ ( 1-ajjj,

<‘ W
( g);  (a + n )-  = p J g  and im g e n e r a l ,

' ■ (a )n
(a+kn)g_^ =

(? ) /  (a -n )  -  ( a ) ^ ( - l ) .  ( i - â ) ^ ;̂  in  g e n e ra l

( a - k n n  = ( - l ) ”'^ ^ V (l-a )k n

(8 ) ;  ( a ^ n

( ? ) ;  (a+ n) = W g W 2 &
 ̂® ̂ n

(3D)) ( a - n ) „ ,o „  = ( a ) ^ ( l - a ) à , and in  g e n e r a l,.
. ( l - a - N ) ,

' - y  -

(1 1 )  (a + n )^ ^ ^ . = ( i 7 S -j ; i ) ^ ,  '

W -  = ( " b ( a + 0 ) ^ _ f ^

(^)kn.
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( 1 2 )/ ( a in )  = ^ , and i n  g e n e ra l

(a+kn)fl =  ̂ '[(k+% )n

( i 3 ) ,  (a-n}^^ , = ( - i f  ( a ) ^ ( l - a ) ^  , and i n  g e n e ra l

(a-kn)j£^,. = i g l > k

-  • i f ,;  X <  k

( 1 4 ) ,  (a )_ g , = ( - 1
I l l s t

( 15)■ ; ( a = (a /2 } ^ (4 (a 4 1  ) )^2 and in , g e n e r a l ,

(a )^ ^  = ( a /k )^ (  ( a + l ) /k  . . .  ( ( a+k-1 ) /k

A



•q,HT

A rrendix two.

R e la t io n s  between produ cts  o f  the tv re  ( a )

(a)^^n “ ( l - a ) ( l - a q ) ( l - a q ^ ) . . # • ( l “9,q^“ ^X.

( 1 ) ,  TT(a) = ( a ) .  ji«

( 2 ) ;  (aq^ ) ; = 2 a . and in - .g e n e r a l.

n .~  *  a . ( w i ) n

( 3 ) :  (aq  -  ( “8.)^q”^^'*^^^^(g/a)^^^,. and im  g e n e r a l,

d q - k : ' ) ,  ( q / a ) _
q , n - , . - ,   •

( y  a ) ( k - l ) n

(4 ) }  J W h :  =- ( q /a )  ^ . .
IT CaX • - , ,  , ■ -S'

( 5 ) .  ( a ) .  _  = .q ,E -n :
■ (q^‘ V 3 y - a ) V

( 6 )  (aq^’) ,  = ^ î l u S  , and in  g e n e r a l ,
■ (a->q’n

-  ■ S,0 n . 1 - 0 /  N \ n i
U  /a)q,2n;:®-

( 8 )  ( a q -^ l  = h & 0 W ± 2 w d ^

( 9 )  (aq^ ) = ^a.n

■ ■ X
( 3 0 ) :  (a A ) j j _ 2 „ .  = h M = i l l Ë ± ^ l _





Ar-pendix three_,_

Summation Theorems f o r  O rd in a ry  HT-oergeometrie S e r i e s .

( l ) /  The B inom ia l  th e o re m .

a

( 2 ) y S a a l s c h n t2 *s th e o re m .

F \ a . h , - n ;  I I  =

P T a ,-n ; 1 | =
2 IL c ;  J X c ) ^

n '  ' n
p r o v id e d  t h a t  to+d = a+h-n+1 .

(3}/G-anss*fe th eo re m .

E Ta/b? i l  =  f  (c  ) f ( c - a - b )
2 l [  c ; J  r ( c - a ) r ( c ^ b )

o r ,  i f  bb= - n ,

Vandermonde*s th eo rem .

F a , - n ;  l l
I L  c ;  J

( 4 )  Knmmer^s th e o re m .

E f a ,  b ;  - l l  = P (H -a -b ) f ( l< - ra )_
2 i f  1 + a -b ; J P( 1+ a jP ( Iti& a-b)

( 5 )  G a u s s 's  second  th eo re m .

W  A . . 1 - ; * ]  ■ I M M U l L - . ) )

( 7 )  B ix o n ls  th e o re m .

E 
3 2

fa , b ,  c ;  i]  } j  ̂   ̂445-0 ) f  ( l+&,-bn^
f  1 + a -b , 1+a-c ; J l \  I fa  ) f ( I f i a - b  ) f ( l+isn-c ) P ( I fa -b -c )

o r , i f  c = -n .

F la ,  b , - m  i l  = (l-l-a) (H -sa -b )^ .. 
3 2 f  1+ a-b , 1+a-fn; J ■ { 1+èaJ^( 1+a-b



APprsM-D/y t i+Rb ê .

■0  ) . E f a ,  l+ é a , - . b , c ; - i l  = F( 1 + a -b ) F( l+a--c ) 
- 4 3 f  t a ,  1+a-b , 1 + a -c } J  - f ( 1 + a v l + a . - b - c  )

or ,  i f 0 = - n ,

E f a , l + i a ,  b , -n ;  - i l  =
4 3 I ^ a , 1+a—b , l+a+ïiî J • ( l + a —bj

( 9 ) j  F r a ,l+ è a , b , c ,  d} i l  
-- 5 4 1  4  a , 1+ a-b , l+ -a-c , l+ a -d ; J

131

r
o r , Êf d = - n .

= r ( 1+a-b )T ( 1+a-c ) r( 1+a-d ) r{ 1+a—b -o -d  ) 
1+a—b—c ) r ( 1+3—b—d ) r ( 1+a—c —d )

E [ a , l + 4 a ,  b ,  c ,  -n ;  i l  
5 4 f  Aa,1+a—b  ̂1 + a -c , 1+a+n; J

= ( 1+a 1+a-b-o
' ( 1+a-b j (1+ a-c  JHi. , .

( D  ) B e n g a l i 's  th eo iem . If: l+2a = b+c+d+e-n,

^ f%,4t&a, b , c ,  d , e ,  -n? i l
7 61 - -&a, 1+a—b , 1 + a -c , 1+a-d , 1 + a -e , 1+a+n ; J

= ( ) -̂( 1+a-b-c 1+a-b-d l+a .-c-d
• ( 1+a-b ) ;( 1+a-c X ( 1+a-d ) (1 + a -b -c  -d  fAi- H ni h-

( 1 1 )  E ? f a , l+ ia , - n ;  i l  = ( b - a - l - n ) ( b - a L
3 2 L  i a ,  b j J  -------------- tt>J "

' _n i

( 12 )  E fa ,  b ,  -n ;  i l  = ^ ^ l + & a - b ) ^ , { - b  ) .̂ 
3 2 f  1+ a-b , 1+2b -n ;. J • ( 1+a-b -èa-bj^^-2b

( 13)/ E r a , l+ ia , ,  b , -n ;  i l  = (a-)^b)^( ^
- 4 3 f  t a ,  1+a-b , 1+2b-n j J • (  1+a-bJ^.(-2 b

( l ^ )  E la ,  1+ ta , b , -n ;  i l
4 3 f  t a ,  1+a—b ,242b —n 5 J

= (^ " ^ b - l)^ (t (a + l  )-b  j ^ i - b - l  )
• ( 1+a-b ) (M  a -1  )-b  -i2 b -l )Ht _ Xi. ni



APfEhJl>l)< i i i

(l5)v PTajl+éa,. ld , i(  14d),a-d,l+Sa-d+n, -n; 1 ( 
- 7 6 -Ja,  Ifa-'&d,a4'̂ { 1-d ) ,  Ifd .,d-a-n , 1+a+n; J

.  ( l+ a )^ (H g a -g d )„ ,
■ ( 1+a-d 1+2 a-d

(16)/ F f i a , i (  1+a), , t+a, -n; l l  = Ih L ijn
4 3 [ ib ;i(b + l),l+ a ; J (,b.);

( » )  - i ]  ■

v f ( . i :  ( l + a . ) - b - c  )
f ( 1+a—b—0 )

( 19 ) ; Watson ' fe th e  ore in', -

U f . ,  b , ^ c ; r l  = 
f  » ( l + a + b ) , 2 c ;  J

P 
3 2

' M  ) fc  /

'W hipple's theorem , i f J a + b  = 1 and e + f  = 2 c + l ,

P r a , b , c ;  l l  = TrFCejPCf)
» c , f ; i  J 2 ^ c - l{ i ( i (l i {  a+e) ) r(i(a+f) ) f ( i( f+ e ) ) f ( i ( b+f})



A rrendix' fo u r .

Summation theorem s f o r  B asic. S e r i e s .

( l )  ; Vandermonde * s A n alogu e.
( c /a

(c )'

( 2 ) ; Gauss' s A n alogu e.
E

$  f a , h ;  : c /a h l  = Tt ( c / a ) T f  ( c / h l  
 ̂ i f  c ; j  TT (c )ir(c/ah  j

o r , i f  "1)0= q

^  fa,q-^5 cq^/a] =
2 i [  C ; J (ojg.

( 3 ) , S a a ls c h u tz ' s A nalogue,
_ ( c / a  )^ (c /b  
' (c  )^ (c /a h j^  

1-Eprovid ed  th a t  cd = ahq

( 4 )  D ix o n 's  A nalogue.

a , - g / S ,  b , c 5 : q/aZbe
V a , a q / h , a q / c  r  J

o r ,  i f  c = q""̂ ;

( 5 ), $
- - 6 5

|8 ,q Æ ,-< Æ , b , c ,  d;
I V8/, V a , a q / h , a q / c , a q / d ;

q -''; q " + W b  
aq4+0 5

. aq/bcd

J> ^ ^  w y ) y  ( )  TT ( qq/ bg )
• 1T( a g / h ) F  ( aq / c ) ÎT ( aq / d j I" ( aq/bcd )

( 6 )  J a ck so n 's  theorem . I f  a^q = bcdeq

a ,q & ^ ,-g /T , ; b , c ,  d , e ,  ■ q“^; q |
V a, V a ,a q /b ,a q /c ,a q /d ,a q /e ,a q l+ N  ; J

= (fîn .)ti...(,a V .bc )l^ (qg /c(i L  f a q / h d l u  
■ (sq /^  ]^(aq /c (aq/d  (aq /b cd  )^
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