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ABSTRACT

We d e v e lo p  a t h e o r y  o f  c o u n t e r f a c t u a l i t y  and o t h e r  m o d a l i t i e s  w h ich  

p r o v id e s  an e x p l a n a t i o n  o f  how s p e a k e rs  may be a b le  to  d e c id e  ( i n  o t h e r  

th a n  th e  c o m p le t e l y  t r i v i a l  c a s e s )  as to  w h e th e r  a p a r t i c u l a r  

c o u n t e r f a c t u a l  o r  modal s e n te n c e  i s  t r u e  o r  f a l s e .  We p r o v id e  an 

e x p l i c a t i o n  o f th e  a b i l i t y  w h ic h  n a t i v e  s p e a k e rs  have to  e v a lu a t e  

p a r t i c u l a r  c o u n t e r f a c t u a l s  o r  modal s e n te n c e s  i n  g iv e n  s i t u a t i o n s  o f 

use .
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A CONSTRUCTIVE THEORY 

OF COUNTERFACTUALITY AND 

OTHER MODALITIES

I t  i s  o f t e n  m a in ta in e d  t h a t  m o d a l i t é s  a re  to  be a n a ly s e d  i n  te rras o f  c e r t a i n  

r e l a t i o n s  be tw een  p o s s ib le  w o r ld s ,  o r  i n  te rm s  o f  f u n c t i o n s  t h a t  ta ke  

p o s s ib l e  w o r ld s  as a rg u m e n ts  and r e t u r n  p o s s ib le  w o r ld s  as r e s u l t s .  F o r  

e x a m p le ,  K r ip k e  s e m a n t ic s  f o r  th e  modal l o g i c  o f  ' n e c e s s a r i l y '  and 

' p o s s i b l y '  a p p e a ls  to  a r e l a t i o n  o f  " a c c e s s i b i l i t y ”  be tw een  p o s s ib le  

w o r l d s .  S t a l n a k e r  a n a ly s e s  c o u n t e r f a c t u a l s  w i t h  th e  h e lp  o f  a f u n c t i o n  

w h ic h  f ro m  a w o r ld  w and a p r o p o s i t i o n  P y i e l d s  th e  n e a r e s t  w o r ld  to  w i n  

w h ic h  P i s  t r u e ;  D av id  L e w is  a c c o u n ts  f o r  t h i s  c o n s t r u c t i o n  w i t h  th e  h e lp  

o f  a t e r n a r y  r e l a t i o n  o f  " c o m p a r a t i v e  s i m i l a r i t y "  be tw een  p o s s ib le  w o r ld s .

Our o b j e c t i v e  has been to  d e v e lo p  an a p p ro a c h  to  c o u n t e r f a c t u a l s  and 

m oda ls  w h ic h  m ig h t  p r o v id e  an a c c o u n t  o f  how sp e a k e rs  may be a b le  t o  

d e c id e  ( i n  o t h e r  th a n  th e  c o m p le t e l y  t r i v i a l  c a s e s )  as to  w h e th e r  a 

p a r t i c u l a r  c o u n t e r f a c t u a l  o r  modal s e n te n c e  i s  t r u e  o r  f a l s e .  Our t h e o r i e s  

d i f f e r  f ro m  th o s e  o f  th e  above a u th o r s  i n  p r o v i d i n g  an e x p l i c a t i o n  o f  th e  

a b i l i t y  w h ic h  n a t i v e  s p e a k e rs  have to  e v a lu a t e  p a r t i c u l a r  c o u n t e r f a c t u a l s  

and o t h e r  m odal s e n te n c e s  i n  g iv e n  s i t u a t i o n s  o f  u s e .

As one consequence  o f  t h i s ,  i n  th e  t h e o r i e s  d e v e lo p e d  h e re ,  th e  p r im a r y  

r e l a t i o n s  ( o f  " a c c e s s i b i l i t y "  and " c o m p a r a t i v e  s i m i l a r i t y " )  w i l l  n o t  co nn ec t 

i n d i v i d u a l  p o s s ib l e  w o r ld s  b u t  r a t h e r  " s t a t e s  o f  a f f a i r s " ,  " s i t u a t i o n s "  o r  

" i d e n t i f i a b l e  p o r t i o n s  o f  such w o r l d s " .
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COUNTERFACTUALS -  GOODMAN,

STALNAKER AND LEWIS

I n  h i s  ' F a c t ,  F i c t i o n  and F o r e c a s t '  N e ls o n  Goodman p roposed  t h a t  a 

c o u n t e r f a c t u a l

( 1 )  ' I f  i t  had been th e  case t h a t  P th e n  i t  w ou ld  have 

been th e  case t h a t  Q'

i s  t r u e  e x a c t l y  when Q i s  d e r i v a b le  f rom  P t o g e t h e r  w i t h  a " s u i t a b l e "  s e t  of 

s e n te n c e s  S. But wha t a re  th ese  " s u i t a b l e  s e n te n c e s "  w h ic h  a re  n e a n t  to  be 

t a k e n  i n  c o n d u c t i o n  w i t h  th e  a n te c e d e n t  as a b a s i s  f o r  i n f e r r i r ^  th e  

c o n s e q u e n t?  A compact b u t  l u c i d  a rg um en t ( i n  w h ic h  he i n t r o d u c e s  a s e r i e s  of 

r e s t r i c t i o n s  on the  m em bersh ip  o f  t h i s  c l a s s )  le a d s  Goodman to  th e  f o l l o w i n g  

t e n t a t i v e  r u l e  :

. . . .  a c o u n t e r f a c t u a l  i s  t r u e  i f  and o n l y  i f  t h e r e  i s  some 

s e t  S o f  t r u e  s e n te n c e s  such t h a t  S i s  c o m p a t ib le  w i t h  Q 

( t h e  c o n s e q u e n t )  and w i t h  ~Q and such t h a t  S u  { P} i s  s e l f 

c o m p a t ib le  (P t h e  a n t e c e d e n t )  and le a d s  by law  to  Q; w h i l e  

t h e r e  i s  no s e t  S' c o m p a t ib le  w i t h  Q and w i t h  ~Q, and such 

t h a t  S' u  {P} i s  s e l f - c o m p a t i b l e  and le a d s  by law  to  ~Q.

U n f o r t u n a t e l y  th e  r e q u i r e m e n t  o f  s e l f - c o m p a t i b i l i t y  i s  to o  weak ; i t  m ig h t  be 

th e  case t h a t  S c o n t a i n s  t r u e  s e n te n c e s  w h ic h  th ou gh  c o m p a t ib le  w i t h  P w ou ld  

n e v e r t h e le s s  n o t  be t r u e  i f  P was t r u e .  C o n s e q u e n t ly ,  th e  s ta te d  c r i t e r i o n  

w o u ld  d e te rm in e  as t r u e  many c o n d i t i o n a l s  w h ic h  we w o u ld  i n t u i t i v e l y  r e g a rd
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as f a l s e .  To e x c lu d e  such s e n te n c e s  from  th e  s e t  o f  r e l e v a n t  c o n d i t i o n s  

Goodman in t r o d u c e s  a s t r o n g e r  c r i t e r i o n :  S m ust be ' c o t e n a b le '  w i t h  P.

Bu t t h i s  r e q u i r e m e n t  i s  a d i s a s t r o u s  one .  In  o r d e r  to  d e te rm in e  v d ie th e r  o r  

n o t  S i s  c o te n a b le  w i t h  P , we have to  d e te rm in e  w h e th e r  o r  n o t  th e  

c o u n t e r f a c t u a l  ' I f  P were t r u e ,  th e n  S w ou ld  no t be t r u e '  i s  i t s e l f  t r u e .

But t h i s  means t h a t  c o t e n a b i l i t y  i s  d e f in e d  i n  te rm s  o f  c o u n t e r f a c t u a l s  

w h ic h  a re  d e f in e d  i n  te rras o f  c o t e n a b i l i t y ;  w h ic h  i n  t u r n  re n d e rs  th e  

a c c o u n t  c i r c u l a r  -  a c i r c u l a r i t y  w h ich  seems i r r e v o c a b l e  as th e r e  does no t 

a p p e a r  to  be a s im p le  a l t e r n a t i v e  c h a r a c t e r i s a t i o n  o f c o t e n a b i l i t y  w h ich  

does n o t  make some d i r e c t  o r  i n d i r e c t  r e f e r e n c e  to  c o u n t e r f a c t u a l  

c o n s t r u c t i o n s .  Goodman h im s e l f  th o u g h t  t h a t  th e  o n l y  p o s s i b l e  way to  escape 

f r o m  t h i s  c i r c u l a r i t y  w o u ld  be to  a c c o u n t  f o r  th e  t r u t h - c o n d i t i o n s  of 

c o u n t e r f a c t u a l s  i n  te rm s  o f  u n d e r l y in g  n a t u r a l  la w s ;  and to  d e v e lo p  a t h e o ry  

o f  l a w l i k e n e s s  w h ich  w ou ld  i n c l u d e  a s o l u t i o n  o f  h i s  s o - c a l l e d  p r o j e c t i o n  

p ro b le m .  U n f o r t u n a t e l y ,  as Goodman h im s e l f  e m p h a s is e s ,  t h i s  w ou ld  d e s t r o y  

h i s  o r i g i n a l  c l a im  to  e x p l i c a t e  th e  c o n c e p t  o f  law  by r e f e r e n c e  to  

c o u n t e r f a c t u a l s . Worse s t i l l ,  i t  now a pp ea rs  t h a t  th e  p r o j e c t i o n  p ro b le m ,  

w h ic h  Goodman s u b s e q u e n t l y  came to  see as th e  k e r n e l  o f  th e  p ro b le m  o f  

l a w l i k e n e s s ,  can i n  i t s  t u r n  o n l y  be s o lv e d  i f  we a p p e a l  to  c e r t a i n  

c o u n t e r f a c t u a l s .

Bob S t a l n a k e r  and D a v id  L e w is  have each d e v e lo p e d  t h e o r i e s  w h ic h ,  

a l t h o u g h  th e y  do n o t  s o lv e  c o m p le t e l y  th e  p ro b le m  o f  t r u t h - c o n d i t i o n s , say 

enough a b o u t  i t  to  c l a r i f y  to  a l a r g e  e x t e n t  th e  l o g i c  o f  c o n d i t i o n a l s .  

S t a l n a k e r  supposes t h a t  th e  c i r c u m s ta n c e s  i n  w h ich  we use a c o n d i t i o n a l

( 1 )  d e te rm in e  a f u n c t i o n  ( f ,  s a y )  w h ic h  maps se n te n c e s  on to  a l t e r n a t i v e  

s i t u a t i o n s  i n  w h ic h  th e  s e n te n c e s  a re  t r u e .  The c o n d i t i o n a l  ( 1 )  i s  t r u e  i n
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th e  s i t u a t i o n  g iv e n ,  e x a c t l y  when i n  th e  a n te c e d e n t  s i t u a t i o n  d e te rm in e d  by 

th e  f u n c t i o n  th e  c o n s e q u e n t i s  t r u e .  Very  l i t t l e  i s  s a id  i n  S t a l n a k e r ' s  

f i r s t  s ta te m e n t  of h i s  t h e o r y  a b o u t  how th e  f u n c t i o n  f  i s  d e te r m in e d .  In  

t h i s  r e s p e c t  th e  t h e o r y  o f  L e w is  i s  a c o n s id e r a b le  im p ro v e m e n t .  T h is  th e o ry  

r e s t s  upon th e  id e a  t h a t  when we e v a lu a t e  ( 1 )  i n  th e  g iv e n  s i t u a t i o n  S we 

a r e  le d  to  c o n s id e r  j u s t  th ose  a l t e r n a t i v e  s i t u a t i o n s  o r  s i t u a t i o n  i n  w h ich  

th e  a n te c e d e n t  i s  t r u e  w h i l e  y e t  as many a s p e c ts  o f S a re  r e t a in e d  as 

p o s s i b l e  .

L i k e  Goodman's n o t i o n  o f  c o t e n a b i l i t y  t h i s  id e a  d e r i v e s  d i r e c t l y  f rom  th e  

i n c o n t r o v e r t i b l e  i n t u i t i o n  t h a t ,  i n  s c i e n t i f i c  as w e l l  as o r d in a r y  

d i s c o u r s e ,  th e  t r u t h - c o n d i t i o n s  o f c o u n t e r f a c t u a l s  i n v o l v e  a c e t e r i s  p a r ib u s  

r i d e r :  h e re  th e  c e t e r a  p a r i a  a re  w ha t th e  s i t u a t i o n  o f  e v a l u a t i o n  and th e  

r e l e v a n t  a l t e r n a t i v e s  have i n  common. L e w is  d e te rm in e s  th e  s i t u a t i o n s  

r e l e v a n t  to  th e  e v a l u a t i o n  o f  ( 1 )  i n  S i n  te rm s  o f  a r e l a t i o n  o f  

c o m p a r a t iv e  s i m i l a r i t y :  th e  r e l e v a n t  s i t u a t i o n s  a r e ,  r o u g h ly  s p e a k in g ,  

th o s e  w h ic h  a re  as s i m i l a r  to  S as p o s s ib l e  g iv e n  th e  t r u t h  o f  th e  

a n t e c e d e n t .

A p a r t  f ro m  b e in g  c o n c e p t u a l l y  more s a t i s f y i n g  th a n  S t a l n a k e r ' s  t h e o r y ,

L e w is '  t h e o r y  a ls o  has th e  l a u d a b le  a d va n ta g e  o f  a l l o w i n g  f o r  th e  d i s t i n c t i o n  

b e tw e e n  ( 1 )  and

( 2 )  I f  i t  had been th e  case t h a t  P i t  m ig h t  have 

been  th e  case t h a t  Q.

I n  S t a l n a k e r ' s  o r i g i n a l  t h e o r y  t h e r e  i s  no room f o r  t h i s  d i s t i n c t i o n  s in c e
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th e  f u n c t i o n  f  a lw a ys  d e te rm in e s  a u n iq u e  a l t e r n a t i v e .  L e w is ,  h o w e ve r ,  

r e f r a i n s  f ro m  assum ing  t h a t  th e  ( c e t e r i s  p a r ib u s )  p ro b le m  a d m its  o f a u n iq u e  

s o l u t i o n .  In  o t h e r  w o rd s ,  g iv e n  S and P, t h e r e  may be s e v e r a l  s i t u a t i o n s  i n  

w h ic h  P h o ld s  and w h ich  a re  e q u a l l y  s i m i l a r  to  S. I f  i n  some o f  th e s e  Q i s

t r u e  and i n  some o th e r s  Q i s  f a l s e  th e n  b o th  ( 1 )  and

( 3 )  I f  i t  had been th e  case t h a t  P th e n  i t  w ou ld  have 

been th e  case t h a t  ~Q

a re  f a l s e  b u t  ( 2 )  i s  t r u e .

I t  has been o b s e rv e d  i n  th e  m ea n t im e , i n  p a r t i c u l a r  by S t a ln a k e r  h im s e l f ,  

t h a t  th e  d i f f e r e n c e  be tw een  L e w is '  t h e o r y  and h i s  own a c c o u n t ,  becomes much

n a r r o w e r  i f  one a l l o w s  t h a t  th e  f u n c t i o n  f  may n o t  a lw ays  be f u l l y

d e te rm in e d  by th e  c o n t e x t  o f  u t t e r a n c e .  I t  w o u ld  seem t h a t  i n  case f ( S ,  P) 

i s  n o t  d e te rm in e d  ( 1 )  w o u ld  a u t o m a t i c a l l y  be w i t h o u t  t r u t h - v a l u e .  However, 

i n  c e r t a i n  such cases i t  i s  s t i l l  p o s s ib l e  to  a t t r i b u t e  a t r u t h - v a l u e  to  

( 1 ) ,  v i z  when f o r  a l l  f u n c t i o n s  f  c o m p a t ib le  w i t h  th e  c o n t e x t ,  Q has th e  

same t r u t h - v a l u e .  I f  on th e  o t h e r  hand Q i s  t r u e  i n  some o f  th ese  w h i le  

f a l s e  i n  some o th e r s  th e n  b o th  ( 1 )  and ( 3 )  w o u ld  be re g a rd e d  as t r u t h -  

v a l u e l e s s .  T h is  s t i l l  does n o t  seem f u l l y  s a t i s f a c t o r y  -  i n  some cases o f 

t h i s  k in d  ( 3 ) ,  s a y ,  w o u ld  i n t u i t i v e l y  seem f a l s e  r a t h e r  th a n  u n d e te r m in e d ,  

and ( 2 )  t r u e .

The c o n c e p t  o f  c o m p a r a t iv e  s i m i l a r i t y  does n o t  lea d  to  a u n iq u e  c o n c e p t  o f  

v a l i d i t y  f o r  s e n te n c e s  c o n t a i n i n g  c o u n t e r f a c t u a l  c o n d i t i o n a l s .  But as w i t h  

th e  n o t i o n  o f  an a c c e s s i b i l i t y  r e l a t i o n  be tw een  p o s s ib le  w o r ld s  i n  modal
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l o g i c ,  i t  p r o v id e s  us w i t h  a f a m i l y  o f  c l e a r l y  a r t i c u l a b l e  c o n c e p ts  of 

v a l i d i t y ,  d i s t i n g u i s h e d  from  each o t h e r  by th e  s e ts  o f c o n d i t i o n s  t h a t  a re  

imposed  upon th e  a l t e r n a t i v e n e s s  r e l a t i o n .  L e w is '  book [ 2 4 ] ,  as w e l l  as h i s  

s u b s e q u e n t  w r i t i n g s  [ 2 3 ] ,  [ 2 5 ] ,  show how f r u i t f u l  h i s  th e o ry  i s  i n  t h i s  

r e g a r d  .

P e rhaps  th e  s i n g l e  most c o n v in c in g  a s p e c t  o f  L e w is '  t h e o r y  (and S t a l n a k e r ' s  

f o r  t h a t  m a t t e r ) i s  th e  t r e a t m e n t  o f  th e  s o - c a l l e d  'p a ra d o x e s  o f  

c o n d i t i o n a l s ' .  These i n f e r e n c e  p a t t e r n s  were marked as v a l i d  by e a r l i e r  

t h e o r i e s  d e s p i t e  th e  f a c t  t h a t  t h e r e  a re  o b v io u s  c o u n te r - e x a m p le s .  For 

e x a m p le ,  c o n s id e r  th e  f o l l o w i n g  p a t t e r n :

P o -  Q

(P & R )o - .  Q

In  th e  f o l l o w i n g  exam p les  i t  i s  s u r e l y  p o s s ib l e  to  h o ld  ( 4 )  t r u e  and ( 4 ' )

f a l s e .  I n  p a r t i c u l a r ,  one c o u ld  c l a im  t h a t  i f  th e  USA dumped i t s  weapons

t h e r e  w o u ld  be war b u t  t h i s  w o u ld  be a v o id e d  i f  th e  o t h e r  n a t i o n s  f o l lo w e d  

s u i t .

( 4 )  I f  th e  USA th re w  a l l  i t s  weapons i n t o  th e  sea 

to m o r ro w  t h e r e  w o u ld  be w a r .

( 4 ' )  I f  th e  USA th re w  a l l  i t s  weapons i n t o  th e  sea

to m o r ro w  and th e  o t h e r  n a t i o n s  d id  so a ls o  t h e r e

w o u ld  be w a r .
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L ew is  e x p la i n s  the  p o s s i b i l i t y  o f  such c o u n te r - e x a m p le s  by o b s e r v in g  t h a t  some 

w o r ld s  where  the  USA d is p o s e s  o f i t s  weapons a re  more s i m i l a r  to  th e  

a c t u a l  w o r ld  th a n  th ose  where a l l  th e  n a t i o n s  do so .

COMPARATIVE S IM ILARITY 

AND POSSIBLE WORLDS

B r o a d ly  s p e a k in g  t h e r e  a re  two ty p e s  o f  o b j e c t i o n  to  th e  t h e o ry  o f Dav id  

L e w is .  F i r s t l y ,  t h e r e  a re  th o s e  who r e j e c t  th e  v e ry  c o n c e p t  o f  ' p o s s ib l e  

w o r l d '  as L e w is  uses i t ;  and th e n  t h e r e  a re  th o s e  p h i lo s o p h e r s  who, w h i l e  

n o t  to o  d i s t u r b e d  by th e  use o f  p o s s ib l e  w o r ld s  as such , ca n n o t  a s s ig n  a 

c l e a r  m eaning  to  th e  r e l a t i o n  o f  c o m p a r a t iv e  s i m i l a r i t y .  P l a i n l y ,  f o r  one 

who r e j e c t s  p o s s ib l e  w o r ld s  a l t o g e t h e r  t h e r e  i s  n o t  even a f ra m e w o rk  w i t h i n  

w h ic h  th e  second o b j e c t i o n  c o u ld  be p h ra s e d .

1 b e l i e v e  t h a t  t h e r e  i s  a r a t h e r  d e e p e r  c o n n e c t i o n  be tw een  th e  n o t i o n  o f  a 

p o s s i b l e  w o r ld  and th e  c o m p a r a t iv e  s i m i l a r i t y  r e l a t i o n  th a n  t h i s  way o f  

s t a t i n g  th e  d ic h o to m y  s u g g e s ts .  C a r e f u l  r e f l e c t i o n  on th e  c o n c e p t  o f 

p o s s i b l e  w o r ld  i t s e l f ,  and on i t s  r o l e  i n  th e  a n a l y s i s  o f  c o u n t e r f a c t u a l  

s e n te n c e s ,  w i l l  a ls o  le a d  to  a b e t t e r  u n d e r s ta n d in g  o f  th e  s i m i l a r i t y  

r e l a t i o n .  In d e e d ,  i t  w i l l  le a d  us back  to  a p e r s p e c t i v e  o f  c o u n t e r f a c t u a l s  

t h a t  i n  some ways re s e m b le s  th e  o r i g i n a l  i n t u i t i o n s  o f Goodman w h ich  le d  

h im  to  th e  n o t i o n  o f  c o t e n a b i l i t y .

Im a g in e  a s i t u a t i o n  i n  w h ic h  1 h o ld  a s t a n d a r d ,  d ry  match s u r ro u n d e d  by a i r  

w i t h  th e  u s u a l  p e r c e n ta g e  o f  o x y g e n .  Assume f u r t h e r  t h a t  th e  match has no t



Page 8

been s c r a tc h e d  o r  i g n i t e d .  I  ta k e  i t ,  t h a t  i n  such c i r c u m s ta n c e s ,  t h e r e  

w o u ld  be a lm o s t  u n i v e r s a l  c o n s e n t  to  ( 5 )  as opposed to  ( 6 ) .

( 5 )  I f  th e  match had been s c r a t c h e d ,  i t  w ou ld  have

l i g h t e d

( 6 )  I f  th e  m atch  had been s c r a t c h e d ,  i t  w ou ld  no t 

( c o u ld  n o t )  have been d r y .

The q u e s t i o n  i s :  why does e v e ry o n e  h o ld  c o n s t a n t  th e  d ry n e s s  and c o n c lu d e

t h a t  th e  m atch w ou ld  have l i g h t e d ?  L e w is  a p p a r e n t l y  does no t p r o v id e  us w i t h

an answ er to  t h i s  q u e s t i o n .  F o r  he does n o t  t e l l  us enough a b o u t  w ha t i t  

i s  f o r  one p o s s ib l e  w o r ld  to  be c l o s e r  th a n  a second to  th e  a c t u a l  w o r l d .

A c t u a l l y ,  i t  i s  d i f f i c u l t  to  be more e x p l i c i t  on t h i s  p o i n t  th a n  L e w is  has

p e r m i t t e d  h im s e l f  to  b e .  The d i f f i c u l t y  r e l a t e s  to  th e  range  o f

a p p l i c a b i l i t y  o f  th e  t h e o r y :  i t  i s  to  be e x p e c te d  t h a t  a g e n e ra l  th e o ry  o f

t h e  l o g i c  o f  c o u n t e r f a c t u a l  c o n d i t i o n a l s  s h o u ld  r e f r a i n  f rom  g r e a t e r  

e x p l i c i t n e s s  -  as any f u r t h e r  s p e c i f i c a t i o n  o f  th e  c o m p a ra t iv e  s i m i l a r i t y  

r e l a t i o n  w ou ld  a lm o s t  c e r t a i n l y  r e s t r i c t  i t s  range  o f  a p p l i c a b i l i t y .  

N o n e t h e le s s ,  i t  does seem im p o r t a n t  to  e n q u i r e  how we a c t u a l l y  i n t e r p r e t  th e  

r e l a t i o n  i n  p a r t i c u l a r  cases such as th e  one c o n s id e r e d .  In d e e d ,  a l i t t l e  

r e f l e c t i o n  on t h i s  q u e s t i o n  c a n n o t  f a i l  to  le a d  one to  th e  f o l l o w i n g

o b s e r v a t i o n s .  In  th o s e  s i t u a t i o n s  w here  we a re  a b le  to  say so m e th in g  more

d e f i n i t e  a b o u t  th e  c o m p a r a t iv e  s i m i l a r i t y  r e l a t i o n  ou r  s ta te m e n ts  w i l l  have 

th e  f o l l o w i n g  fo rm  : g i v e n  t h a t  o u r  w o r ld  i s  such and such , a w o r ld  w i t h  

c e r t a i n  c h a r a c t e r i s t i c s  w i l l  be c l o s e r  to  ou r  w o r ld  th a n  a w o r ld  w i t h  

c e r t a i n  o t h e r  c h a r a c t e r i s t i c s .  T h a t  i s ,  any p o s i t i v e  a s s e r t i o n  o f  t h i s  s o r t
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c la im s  so m e th in g  a b o u t  th e  r e l a t i v e  c lo s e n e s s  o f g ro u p s  o f w o r ld s  o f 

v a r i o u s  t y p e s .  F u r th e r m o r e ,  i t  seems re a s o n a b le  to  h o ld  t h a t ,  w here  a 

s p e a k e r  has a d e f i n i t e  o p in i o n  a bo u t  th e  t r u t h - v a l u e  o f  a ( n o n - t r i v i a l ) 

c o u n t e r f a c t u a l  i n  a s p e c i f i c  s i t u a t i o n  o f  u s e , t h i s  i n t u i t i o n  i s  based 

on c o m p a r a t iv e  s i m i l a r i t y  ju d g e m e n ts  o f  t h i s  v e ry  s o r t ;  ju d g e m e n ts ,  t h a t  i s ,  

w h ic h  a lw a ys  i n v o l v e  ' i d e n t i f i a b l e  c l u s t e r s  o f  w o r l d s ' .

T h is  s u g g e s ts  t h a t  th e  r e l a t i o n  o f  c o m p a r a t iv e  s i m i l a r i t y  t h a t  f i g u r e s  i n  

th e  t h e o r y  o f  L e w is  i s  n o t  i t s e l f  to  be re g a rd e d  as s u i - g e n e r i s  b u t  r a t h e r  as 

i f  i t  were d e f i n a b le  i n  te rm s  o f  a c o n c e p t u a l l y  more fu n d a m e n ta l  r e l a t i o n ;  

one w h ic h  does n o t  co n n e c t  i n d i v i d u a l  p o s s ib l e  w o r l d s ,  b u t  r a t h e r  s e ts  of 

th em , o r  p e rha ps  d e f i n i t i o n s  o f  th e s e  s e t s  ( i e  p a r t i a l  d e s c r i p t i o n s  o f 

p o s s i b l e  w o r l d s )  o r  even ' p o r t i o n s  o f  w o r l d s ' .

The te rm s  ' p a r t i a l  d e s c r i p t i o n '  and ' p o r t i o n '  a re  a l i t t l e  va gu e .  Uhat 

e x a c t l y  do we have i n  m ind? The p a r t i a l - d e s c r i p t i o n  i n t e r p r e t a t i o n  i s  

r a t h e r  c l o s e l y  r e l a t e d  to  an id e a  o f  H i n t i k k a ' s .  In  h i s  s o - c a l l e d  " S u r fa c e  

S e m a n t ic s "  th e  i n t e r p r e t a t i o n  o f a s e n te n c e  S r e l a t e s  to  w ha t can happen i n  

a s t e p - b y - s t e p  i n v e s t i g a t i o n  o f  a w o r ld  i n  v b ic h  S i s  t r u e .  A s u r fa c e  

m ode l s p e c i f i e s  a l l  th e  d i f f e r e n t  k in d s  o f  i n d i v i d u a l s  w h ic h  one can f i n d  

i n  th e  k in d  o f  p o s s ib l e  w o r ld  one i s  c h a r a c t e r i s i n g .  P re s u m a b ly ,  t h i s  i s  

t o  be seen i n  c o n t r a s t  to  th e  n o rm a l a p p ro a ch  where  we c h a r a c t e r i s e  th e  

d i f f e r e n t  m ode ls  i n  w h ic h  e x p r e s s io n s  may o r  may n o t  be t r u e  i n  such g l o b a l  

te rm s  as q u a n t i f i c a t i o n  o v e r  i t s  dom ain  o f  i n d i v i d u a l s .  The ' p o r t i o n '  

i n t e r p r e t a t i o n  i s  c l o s e l y  l i n k e d  to  some r e c e n t  work o f  B a n v is e  and P e r ry

[ 4 ] ,  [ 5 ] .  They i n t r o d u c e  th e  n o t i o n  o f  a ' s i t u a t i o n ' ,  where  a s i t u a t i o n

c o n s i s t s  o f  c e r t a i n  o b je c t s  and c e r t a i n  p r o p e r t i e s  and r e l a t i o n s  w h ic h  h o ld
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b e tw een  them. S i t u a t i o n s  a re  p a r t  o f th e  a c t u a l  w o r ld ;  e v e n ts  and scenes 

a re  exam ples  o f s i t u a t i o n s .  A c c o rd in g  to  th ese  a u th o rs  i t  i s  s i t u a t i o n s  

t h a t  we p e r c e iv e  and t a l k  a b o u t  -  s t a te m e n ts  d e s ig n a t e  s i t u a t i o n s .  As th e  

a u th o r s  p o i n t  o u t  t h i s  c o n c e p t io n  i s  n o t  new n o r  u n p r o b le m a t i c .  But t h e i r  

p r e s e n t a t i o n  i s  r a t h e r  c o n v i n c i n g .  C e r t a i n l y ,  th e  id e a  o f a s i t u a t i o n  

le a d s  one to  a v ie w  o f  s e m a n t ic s  t h a t  i s  r a d i c a l l y  d i f f e r e n t  f rom  t h a t  

d e v e lo p e d  i n  p o s s ib l e  w o r ld  t h e o r i e s  and one t h a t  may w e l l  c o n t r i b u t e  to  th e  

s o l u t i o n  o f some o f  th e  p ro b le m s  c o nce rn ed  w i t h  i n t e n s i o n a l i t y .

I n  c a r r y i n g  o u t  o u r  a n a l y s i s  we s h a l l  p r i m a r i l y  be g u id e d  by th e  f i r s t  

i n t e r p r e t a t i o n .  H ow ever, a l l  o f  w ha t i s  i n v o l v e d  can be u n d e rs to o d  i n  te rm s 

o f  ' p o r t i o n s '  r a t h e r  th a n  ' p a r t i a l  d e s c r i p t i o n s ' .  In  f a c t ,  we ta k e  th e  v ie w

t h a t  p a r t i a l  d e s c r i p t i o n s  d e l i n e a t e  such  p o r t i o n s  o r  s i t u a t i o n s .

COMPARATIVE

PLAU SIB IL ITY

As 1 have s a id  th e  p o i n t  o f  t h i s  a p p ro a ch  i s  t h a t  i t  o b v ia t e s  th e  need 

f o r  such d u b io u s  e n t i t i e s  as p o s s ib l e  w o r ld s  and a c o m p a ra t iv e  s i m i l a r i t y  

r e l a t i o n  be tw een  them . I t  w i l l  h e lp  u s ,  h o w e v e r ,  i n  o u r  e x p l a n a t i o n  o f  wha t 

f o r m a l  c h a r a c t e r i s t i c s  th e  c o m p a ra t iv e  s i m i l a r i t y  r e l a t i o n  be tw een  p a r t i a l  

d e s c r i p t i o n s  s h o u ld  h a v e ,  to  b e g in  by assum ing  t h a t ,  p o s s ib le  w o r ld s  and a 

c o m p a r a t iv e  s i m i l a r i t y  r e l a t i o n  i n  L e w is '  s e n s e ,  i s  g iv e n ,  and ask  w ha t 

c o n n e c t i o n  t h e r e  o u g h t  to  be be tw een  t h i s  r e l a t i o n  and an a n a lo g o u s  

r e l a t i o n  be tw een  th e  s o - c a l l e d  p a r t i a l  d e s c r i p t i o n s  o r  d e f i n a b le  p o r t i o n s  

o f  w o r ld s .
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C o n s id e r  th e  f o l l o w i n g  ' m i g h t '  c o u n t e r f a c t u a l .

( 7 )  Had H e a le y  become th e  l a s t  L a b o u r  l e a d e r  th e n  

th e  p a r t y  m ig h t  have won th e  l a s t  e l e c t i o n .

A c c o r d in g  to  L e w is  t h i s  i s  t r u e  i n  so f a r  as i t  i s  p o s s ib le  to  match any 

w o r ld  i n  w h ich  H e a le y  won and L a b o u r  l o s t ,  by a w o r ld  w h ich  i s  a t  l e a s t  as 

s i m i l a r  to  th e  a c t u a l  w o r l d ,  b u t  w here  b o th  H ea ley  and L a b o u r  were  

v i c t o r i o u s .  Not a l l  w o r ld s  w tie re  H e a le y  and L a b o u r  won w i l l  do , o f  c o u rs e ;  

some such w o r ld s  a re  so b i z a r r e  t h a t  th e y  m us t be c o n s id e re d  v a s t l y  more 

d i s s i m i l a r  f ro m  th e  a c t u a l  w o r ld  th a n  some o th e r s  w here  H ea ley  won and 

L a b o u r  l o s t .  But as a r u l e  th e s e  b i z a r r e  a s p e c ts  have n o th in g  to  do w i t h  

L a b o u r  l e a d e r s h i p ,  t r a d e  u n io n s ,  o r  p o l i t i c s ;  th e y  a re  i r r e l e v a n t  to  th e  

c o n d i t i o n a l  i n  q u e s t i o n .

But w ha t does i t  mean to  say t h a t  a w o r ld  i n  w h ic h  H ea ley  and L a b o u r  won i s  

a t  l e a s t  as s i m i l a r  as one i n  w h ic h  H e a le y  won b u t  L a b o u r  l o s t ?  To 

a n s w e r  t h i s  q u e s t i o n  we m ust ta k e  th e  t a l k  o f  ' p o s s i b l e  w o r l d s '  as no more 

t h a n  a m e ta p h o r ;  w ha t th e n  i s  t h i s  l a s t  c l a im  a m e ta p h o r  f o r ?  C o n s id e r  th e  

d e s c r i p t i o n s  :

( 8 )  ' I s  a w o r ld  i n  w h ic h  H e a le y  won th e  Lab ou r

l e a d e r s h i p  and L a b o u r  were  v i c t o r i o u s  a t  th e  

l a s t  g e n e r a l  e l e c t i o n ' .
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( 9 )  ' I s  a w o r ld  i n  w h ic h  H e a le y  won th e  l e a d e r s h ip  

b u t  L a b o u r  l o s t  th e  e l e c t i o n ' .

Each o f  th ese  d e s c r i p t i o n s  can be e la b o r a t e d  i n  i n n u n e r a b le  ways; t h e r e  i s  

no end to  th e  v a r i o u s  d e t a i l s  -  m ost o f w h ic h  a re  i r r e v e l a n t  to  the  

c o n d i t i o n a l  u n d e r  c o n s i d e r a t i o n  -  t h a t  we c o u ld  c o n s i s t e n t l y  add to  them. 

Now ( 8 )  i s  a t  l e a s t  as c lo s e  to  th e  a c t u a l  w o r l d  as (9 )  i n  so f a r  as i t  

i s  p o s s ib l e  to  match any c o n s i s t e n t  e l a b o r a t i o n  ( 9 ' )  o f  ( 9 )  by a c o n s i s t e n t  

e l a b o r a t i o n  ( 8 ' )  o f  ( 8 )  w h ic h  a g a in  i s  a t  l e a s t  as c lo s e  to  th e  a c t u a l

w o r l d . A d m i t t e d l y ,  t h i s  p r i n c i p l e  lo o k s  c i r c u l a r .  I t  does n o t  e x p l a i n

th e  ' a t  l e a s t  as c lo s e  a s '  r e l a t i o n  i n  o t h e r  t e rm s ;  i t  o n l y  s t a t e s  a 

r e g u l a r i t y  t h a t  th e  n o t i o n  m ust obey . Y e t ,  1 hope , th e  i n t u i t i o n  beh in d  

th e  p r i n c i p l e  i s  c l e a r :  no m a t t e r  how we e x te n d  th e  d e s c r i p t i o n  (9 )  (so as 

t o  e v e n t u a l l y  a r r i v e  a t  a c o m p le te  w o r ld  d e s c r i p t i o n )  th e  s u c c e s s iv e  s te p s  

i n  th e  p ro c e s s  can a lw a y s  be m atched by s u c c e s s iv e  e la b o r a t i o n s  o f ( 8 )  i n  

such  a m anne r,  t h a t  a t  each s t a g e ,  i f  th e  e l a b o r a t i o n  o f ( 9 )  i s  t r u e  o f  a

c e r t a i n  w o r l d ,  th e n  the  e l a b o r a t i o n  o f  ( 8 )  i s  t r u e  o f  some second w o r ld  a t

l e a s t  as s i m i l a r  to  th e  a c t u a l  w o r ld  as th e  f i r s t .  M o re o v e r ,  and t h i s  i s  

i m p o r t a n t ,  i n  c o n c r e t e  exam ples  such as th e  one u n d e r  c o n s i d e r a t i o n ,  ou r  

r e c o g n i t i o n  t h a t  a w o r ld  w here  H e a le y  and L a b o u r  were  v i c t o r i o u s  i s  a t  

l e a s t  as s i m i l a r  as some o t h e r  where  H e a le y  won and L a b o u r  l o s t  i s  based on

p r e c i s e l y  t h i s  i n t u i t i o n :  t h a t  w h a te v e r  f u r t h e r  r e f i n e m e n t s  a re  demanded o f

o u r  p r e s e n t a t i o n s  o f  th e s e  v a r i o u s  w o r l d s ,  we can a lw ays  c o u n t e r  an 

e l a b o r a t i o n  ( 9 ' )  o f  ( 9 )  by an e l a b o r a t i o n  ( 8 ' )  o f  ( 8 ) ,  w h ich  i s  o f  th e  same

d e g re e  o f  d e t a i l  as ( 9 ' ) ,  and w h ic h  i s  a t  l e a s t  as c lo s e  to  o u r  w o r l d  as

t h a t  d e s c r ib e d  by th e  e l a b o r a t i o n  o f  ( 9 ) .  Of c o u r s e ,  ' t o  d e s c r ib e  a w o r l d  

w h ic h  i s  a t  l e a s t  as c lo s e  to  o u r s . . . '  m ust i t s e l f  be u n d e rs to o d  i n  te rm s
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o f  m a tc h in g  s t i l l  more d e t a i l e d  e l a b o r a t i o n s  o f  ( 9 )  by more d e t a i l e d

e l a b o r a t i o n s  o f  ( 8 ) .  We s h a l l  r e f e r  to  t h i s  as ou r  m a in  p r i n c i p l e .

How does th e  id e a  o f d e g re e  o f d e t a i l  t h a t  we have i m p l i c i t l y  i n t r o d u c e d  

h e r e  g e t  r e a l i z e d  i n  o u r  n o t i o n  o f  a p a r t i a l  d e s c r i p t i o n  o f  a p o s s ib l e  

w o r ld ?  H i n t i k k a  has s u p p l i e d  us w i t h  one e x p l i c a t i o n  o f  th e  terra w h ich  

w o rks  o n l y  f o r  f i r s t  o r d e r  la n g u a g e s .  He o b se rve d  t h a t  th e  s e n te n c e s  of 

any  f i r s t - o r d e r  p r e d i c a t e  la n g u a g e  can be n a t u r a l l y  o rd e re d  i n  te rm s  o f  th e  

c o m p le x i t y  o f  t h e i r  q u a n t i f i e r  s t r u c t u r e :  th e  g r e a t e r  t h a t  c o m p le x i t y  th e  

g r e a t e r  th e  v a r i e t y  o f  p r o p o s i t i o n s  e x p r e s s i b l e .  1 have a l r e a d y  n o te d  t h a t

t h i s  i n t e r p r e t a t i o n  o f  th e  n o t i o n  o f  d e t a i l  ( th o u g h  p e r f e c t l y  p r e c i s e ) ,  i s

l i m i t e d  i n  i t s  a p p l i c a b i l i t y ,  even  s o ,  i t  w i l l  e n a b le  us to  g iv e  a fo r m a l  

s ta te m e n t  o f  th e  c o n s t r a i n t s  on c o m p a r a t iv e  s i m i l a r i t y  t h a t  we have 

d is c u s s e d  i n f o r m a l l y .

The n o t i o n  o f  c o m p a r a t iv e  s i m i l a r i t y  has been c r i t i c i s e d  as to o  vague to  

s e rv e  as a b a s is  f o r  an a c c o u n t  o f  m eaning w i t h  c l e a r  a p p l i c a t i o n s  to  

s i t u a t i o n s  o f  a c t u a l  u s e .  C o n s id e r  th e  p h ra s e  'u  i s  a t  l e a s t  as s i m i l a r  ( t o  

w) as v ' .  We a re  p rom p ted  to  ask  ' b u t  s i m i l a r  i n  w ha t respec ts? ' I f  we 

l o o k  a t  c o u n t e r f a c t u a l s  w h ic h  p e o p le  a c t u a l l y  use we c a n n o t  h e lp  b u t  

c o n c lu d e  w ha t r e s p e c t s  a re  im p o r t a n t .  In d e e d ,  i t  i s  c l e a r  t h a t  th e  c o n t e n t  

o f  th e  a n te c e d e n t  and th e  c o n s e q u e n t  o f  th e  c o u n t e r f a c t u a l  p la y  an im p o r t a n t  

r o l e  i n  d e te r m in in g  w ha t th e s e  r e l e v a n t  r e s p e c t s  a c t u a l l y  a r e .  I t  i s  

q u e s t i o n a b le  w h e th e r  t h e r e  can be an o b j e c t i v e  n o t i o n  o f  c o m p a ra t iv e  

s i m i l a r i t y  w h ic h  i s  in d e p e n d e n t  o f  th e  c o u n t e r f a c t u a l  w h ic h  i t  i s  supposed 

t o  h e lp  e v a lu a t e ;  and th e  te rm  ' s i m i l a r i t y '  a p p ea rs  r a t h e r  as a m isnom er  

i n  t h i s  c o n t e x t .  I n s te a d  o f  ' a t  l e a s t  as s i m i l a r  a s '  and 'm o re  s i m i l a r
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t h a n '  I  s h a l l ,  t h e r e f o r e ,  use th e  te rm s  ' a t  l e a s t  a s '  (and 'm o r e ' )  

' p l a u s i b l e ' ,  to  d e n o te  th e  in te n d e d  r e l a t i o n s  between  p a r t i a l  d e s c r i p t i o n s  

o r  s i t u a t i o n s .  T h is  te rm  has i t s  own d is a d v a n t a g e s .  I t  seems to  s u g g e s t  a 

p u r e l y  e p i s t e m ic  r e l a t i o n ,  w he reas  1 do n o t  w an t t o  p r e c lu d e  a 

m e t a p h y s i c a l  i n t e r p r e t a t i o n .  But a t  l e a s t  the  word ' p l a u s i b l e '  does no t 

im p l y  th e  f a l s e  u n i f o r m i t y  w h ich  ' s i m i l a r '  app ea rs  to  c o n n o te .  For re a son s  

o f  c o n v e n ie n c e  and e x p o s i t i o n  1 s h a l l  use th e  l a t t e r  te rm  to  r e f e r  to  th e  

c o m p a r a t iv e  s i m i l a r i t y  r e l a t i o n  be tw een  w o r ld s  -  t h i s  m a tc h in g  L e w is '  own 

t e r m i n o l o g y  i n  th e  s t r i c t  sense o f  th e  w o rd .

What th e n  has become o f  th e  r e l a t i o n  o f  c o m p a r a t iv e  s i m i l a r i t y  be tw een  th e  

w o r ld s  th e m s e lv e s ?  B e fo re  we can a d d re s s  t h i s  q u e s t i o n  we must g e t  c l e a r  

a b o u t  th e  n a tu r e  o f  ' p o s s i b l e  w o r l d s '  w i t h i n  th e  p re s e n t  c o n t e x t .  Here we 

a r e  to  v ie w  ' p o s s i b l e  w o r l d s '  as m a x im a l l y  c o n s i s t e n t  s e ts  o f  p a r t i a l  

d e s c r i p t i o n s ;  th e y  r e p r e s e n t  th e  b e s t  d e s c r i p t i o n s  o f  th e  w o r ld s  a v a i l a b l e  

i n  th e  u n d e r l y i n g  la n g u a g e  o f  th e  p a r t i a l  d e s c r i p t i o n s .

A c c o r d in g  to  o u r  o r i g i n a l  i n s i g h t  d e c i s io n s  o f c o m p a ra t iv e  s i m i l a r i t y  

b e tw e e n  p o s s ib l e  w o r ld s  a re  to  be t a k e n  w i t h  r e s p e c t  to  p a r t i a l  d e s c r i p t i o n s  

o f  such w o r l d s :  one p o s s ib l e  w o r ld  s h o u ld  be c o n s id e re d  a t  l e a s t  as s i m i l a r  

as a se c o n d ,  to  th e  a c t u a l  w o r l d ,  i f  we can r e c o g n is e  t h i s  on th e  b a s is  

o f  some f i n i t e  p a r t i a l  d e s c r i p t i o n s  o f  th e s e  w o r ld s .  More p r e c i s e l y ,  one 

p o s s i b l e  w o r ld  i s  to  be c o n s id e r e d  " a t  l e a s t  as s i m i l a r "  as a second to  th e  

a c t u a l  w o r ld  j u s t  i n  case n o " m a t t e r  w h ic h  d e g re e  o f  d e t a i l  we choose we can 

f i n d  p a r t i a l  d e s c r i p t i o n s  o f  th e  w o r l d s ,  o f  a t  l e a s t  t h i s  s p e c i f i e d  d eg re e  

o f  d e t a i l ,  such t h a t  th e  d e s c r i p t i o n  o f  th e  f i r s t  i s  a t  l e a s t  as p l a u s i b l e  

as th e  d e s c r i p t i o n  o f  th e  s e c o n d ,  w i t h  r e s p e c t  to  th e  a c t u a l  w o r l d .
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We began o u r  d i s c u s s io n  w i t h  an i n f o r m a l  c o n n e c t io n  be tw een  th e s e  two 

r e l a t i o n s  -  a p a r t i a l  d e s c r i p t i o n  a i s  a t  l e a s t  as p l a u s i b l e  ( f ro m  th e  

p e r s p e c t i v e  o f w) as a d e s c r i p t i o n  b i f  and o n l y  i f  no m a t t e r  w h ich  w o r ld  v we

choose  ( o f  w h ic h  b i s  a c o r r e c t  d e s c r i p t i o n )  we can match i t  by a w o r ld  u ( o f

w h ic h  a i s  a c o r r e c t  d e s c r i p t i o n )  and w h ich  i s  a t  l e a s t  as s i m i l a r  as v to  w. 

F o r t u n a t e l y ,  t h i s  p r i n c i p l e  i s  a f o r m a l  consequence  o f  ou r  th e o ry  w here  th e  

r e l a t i o n  o f  r e l a t i v e  p l a u s i b i l i t y  i s  ta k e n  as s u i - g e n e r i s .  F u r th e r m o r e ,  th e

s ta n d a r d  p r o p e r t i e s  o f  a r e l a t i o n  o f  c o m p a r a t iv e  s i m i l a r i t y  ( t r a n s i t i v i t y  and

c o n n e c te d n e s s )  f o l l o w  from  th e  c o r r e s p o n d in g  p r o p e r t i e s  f o r  th e  r e l a t i o n  

b e tw e en  th e  p a r t i a l  d e s c r i p t i o n s .

I f  you a re  c o n t e n t  to  re m a in  w i t h  th e  o r i g i n a l  r e l a t i o n  be tw een  th e  w o r ld s  as 

p r i m i t i v e  th e n  th e  l a t t e r  p r i n c i p l e  can be used as a d e f i n i t i o n  o f  th e  

r e l a t i o n  o f  c o m p a r a t iv e  p l a u s i b i l i t y  b e tw een  th e  p a r t i a l  d e s c r i p t i o n s .  Our 

m a in  p r i n c i p l e  i s  a d i r e c t  consequence  o f  such a d e f i n i t i o n .  In d e e d ,  

a l l  o t h e r  p r o p e r t i e s  o f  o u r  r e l a t i o n  o f  c o m p a r a t iv e  p l a u s i b i l i t y  f o l l o w

f ro m  th e  c o r r e s p o n d in g  p r o p e r t i e s  o f  th e  r e l a t i o n  o f  c o m p a ra t iv e

s i m i l a r i t y .  The two t h e o r i e s  a re  e q u i v a l e n t .  T h is  i s  r a t h e r  s a t i s f a c t o r y

s in c e  i t  e n a b le s  one to  choose th e  t h e o r y  one f i n d s  th e

p h i l o s o p h i c a l l y / s e m a n t i c a l l y  more a c c e p ta b le  w i t h o u t  a f f e c t i n g  th e  

u n d e r l y i n g  l o g i c  o f  c o n d i t i o n a l s .

So f a r  i n  t h i s  s e c t i o n  we have s a id  n o t h in g  a bo u t  th e  r o l e  o f  th e  a c t u a l  

w o r l d .  In  th e  p r e v io u s  s e c t i o n  we h i n t e d  a t  th e  f o l l o w i n g :  i f  we a re  a b le  

t o  r e c o g n is e  t h a t  a i s  a t  l e a s t  as p l a u s i b l e  as b ,  f ro m  th e  p e r s p e c t i v e  

o f  th e  a c t u a l  w o r l d ,  th e n  we m us t be a b le  to  a c h ie v e  t h i s  r e c o g n i t i o n  on
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th e  b a s is  o f  some f i n i t e / p a r t i a l  d e s c r i p t i o n  o f th e  a c t u a l  w o r l d .  We c o u ld  

b u i l d  such a c o n d i t i o n  i n t o  ou r  t h e o r y  o f  c o m p a ra t iv e  p l a u s i b i l i t y ,  h o w eve r ,  

t h i s  o b s e r v a t i o n  p o i n t s  to  a t h r e e  p la c e  r e l a t i o n  be tw een  p a r t i a l  

d e s c r i p t i o n s  as p la y i n g  th e  fu n d a m e n ta l  r o l e  i n  ou r  a n a l y s i s  of 

c o u n t e r f a c t u a l s  : one p a r t i a l  d e s c r i p t i o n  i s  c o n s id e re d  a t  l e a s t  as 

p l a u s i b l e  as a se c o n d ,  f ro m  th e  p e r s p e c t i v e  o f  a t h i r d  (w h ic h  r e p r e s e n t s  

o u r  d e s c r i p t i o n  o f  th e  a c t u a l  w o r l d ) .  U n f o r t u n a t e l y ,  t h in g s  a re  not q u i t e  

as s t r a i g h t f o r w a r d  as t h i s  s in c e  one such r e l a t i o n  w i l l  no t d o .  I n t u i t i v e l y ,  

i t  need n o t  be d e f i n i t e  e i t h e r  t h a t  a i s  a t  l e a s t  as p l a u s i b l e  as c o r  c 

s t r i c t l y  more p l a u s i b l e  th a n  a .  The i n f o r m a t i o n  c o n ta in e d  i n  ou r  p a r t i a l  

w o r l d  d e s c r i p t i o n  may be i n s u f f i c i e n t  to  d e c id e  th e  m a t t e r  one way o r  th e  

o t h e r .  T h is  p r e v e n ts  us from  d e f i n i n g  th e  s t r i c t  r e l a t i o n  (a  i s  s t r i c t l y  

more p l a u s i b l e  th a n  c g iv e n  b )  i n  te rm s  o f  th e  n o n - s t r i c t  (a  i s  a t  l e a s t  as 

p l a u s i b l e  as c g iv e n  b ) .  The two r e l a t i o n s  a re  no t so s im p ly  

i n t e r d e f i n a b l e  .

H ow eve r,  e v e n t u a l l y  m a t t e r s  o u g h t  to  be d e c id e d  one way o r  th e  o t h e r :  t h e r e  

o u g h t  , g iv e n  some p a r t i a l  d e s c r i p t i o n s  a and c ,  to  be some d e g re e  o f  

d e t a i l ,  such t h a t  f o r  e v e ry  p a r t i a l  d e s c r i p t i o n  b o f  a t  l e a s t  t h i s  s p e c i f i e d  

d e g re e  o f  d e t a i l ,  e i t h e r  a i s  s t r i c t l y  more p l a u s i b l e  th a n  c ( w i t h  r e s p e c t  

t o  b )  o r  c i s  a t  l e a s t  as p l a u s i b l e  as a ( w i t h  r e s p e c t  to  b ) .  I n  o t h e r  

w o rd s ,  f o r  p a r t i a l  d e s c r i p t i o n s  o f  th e  a c t u a l  w o r ld  o f  s u f f i c i e n t  d e g re e  o f 

d e t a i l ,  th e  two r e l a t i o n s  become i n t e r d e f i n a b l e . Such a p r i n c i p l e  i s  

c e r t a i n l y  i n  k e e p in g  w i t h  th e  s p i r i t  o f th e  p r e s e n t  a n a ly s i s  and i n  

p a r t i c u l a r  w i t h  th e  m ain  p r i n c i p l e  w h ic h  g ove rn s  ou r  r e l a t i o n s  o f 

r e l a t i v e  p l a u s i b i l i t y .
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Our n o t i o n  o f r e l a t i v e  p l a u s i b i l i t y  seems c l o s e l y  a l l i e d  to  th e  Goodman 

n o t i o n  o f  " c o t e n a b i l i t y " .  1 b e l i e v e  th e  i n t u i t i o n s  beh in d  Goodman's n o t i o n  

can  be c a p tu re d  as f o l l o w s :  P i s  c o te n a b le  w i t h  Q j u s t  i n  case P & Q i s  

a t  l e a s t  as p l a u s i b l e  as P & ~Q. T h is  i s  to  be seen i n  c o n t r a s t  to  th e  L e w is  

a c c o u n t  o f  c o t e n a b i l i t y .  H is  e x p o s i t i o n  i s  g iv e n  i n  te rm s o f  p r o p o s i t i o n s  

w h ic h  a re  s e ts  o f  p o s s ib l e  w o r ld s  and where  th e  r e l a t i o n  o f  c o m p a ra t iv e  

s i m i l a r i t y  c o n n e c ts  i n d i v i d u a l  w o r l d s ; t h i s  seems f a r  removed from  th e  

o r i g i n a l  i n t u i t i o n s  o f  N e ls o n  Goodman.

In  summary, o u r  c o n c e p t  o f  c o m p a r a t iv e  p l a u s i b i l i t y  owes much to  th e  th e o ry  

o f  L e w is ,  th e  o n l y  p r i n c i p a l  d i f f e r e n c e  b e in g  t h a t  we ta k e  th e  b a s ic  

r e l a t i o n  o f  c o m p a r is o n  to  be a r e l a t i o n  be tw een  p a r t i a l  d e s c r i p t i o n s  of 

p o s s i b l e  w o r ld s  r a t h e r  th a n  be tw een  th e  w o r ld s  th e m s e lv e s .  So a l t h o u g h  our  

t h e o r y  much re s e m b le s  L e w is '  i n  a p p e a ra n c e  i t  c o n s t i t u t e s  a r e t u r n  to  th e  

o r i g i n a l  Goodman a c c o u n t  to  w h ic h  th e  L e w is - S t a l n a k e r  th e o ry  was meant to  be 

an a n t i d o t e .

TRUTH CONDITIONS

FOR COUNTERFACTUALS

How m ig h t  we use t h i s  id e a  o f  c o m p a r a t iv e  p l a u s i b i l i t y  to  p ro v id e  th e  t r u t h  

c o n d i t i o n s  f o r  c o u n t e r f a c t u a l s  ? A c c o r d in g  to  Goodman we s e le c t  th o s e  

p r o p o s i t i o n s  " c o t e n a b l e "  w i t h  th e  a n te c e d e n t  and \d i ic h  t o g e t h e r  w i t h  th e  

l a t t e r  e n a b le  us to  d e r i v e  ( i n  some a p p r o p r i a t e  s e n s e )  th e  c o n s e q u e n t .

U s in g  t h i s  a c c o u n t  f o r  i n s p i r a t i o n  we s u g g e s t  th e  f o l l o w i n g  a n a l y s i s  f o r  

c o u n t e r f a c t u a l s .
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We t h i n k  o f  a number o f a l t e r n a t i v e  c i r c u m s ta n c e s  i n  w h ich  th e  a n te c e d e n t  

c o u ld  be ( o r  c o u ld  have been as th e  case maybe) t r u e .  3ome o f  th ese  ( i n  

m os t cases o n l y  p a r t i a l l y  s p e c i f i e d )  we may re g a rd  as more p l a u s i b l e  th a n  

c e r t a i n  o t h e r s .  Supppose f o r  i n s t a n c e  t h a t  o f th e  c i r c u m s ta n c e s  

s ^ , . . . . ,  s^ c o n s id e r e d ,  each o f  s ^ , . . . . ,  s ^ ,  k < n i s  more

p l a u s i b l e  th a n  each o f   i f  each o f  th e  s ^ ,  i  ^  k ,  t o g e t h e r

w i t h  th e  a n te c e d e n t ,  im p ly  th e  co n se q u e n t  th e n  we may re g a rd  th e  

c o n d i t i o n a l  as t r u e ;  i f  one o f th e  s^ i m p l i e s  th e  n e g a t io n  o f  th e  

a n te c e d e n t  th e n  we may c e r t a i n l y  r e g a r d  th e  c o n d i t i o n a l  as f a l s e .  I f  

n e i t h e r  o f  th e s e  cases a p p ly  we m ust p a r t i t i o n  th e  a n te c e d e n t  s i t u a t i o n s  

more f i n e l y  and r e p e a t  th e  p ro c e s s .

Such a d e c i s i o n  p ro c e s s  f o r  c o u n t e r f a c t u a l s  y i e l d s  wha t m ig h t  be c a l l e d  a 

DECISION TREE f o r  the  c o u n t e r f a c t u a l . We s h a l l  say t h a t  a p a r t i a l  

d e s c r i p t i o n  b " e n t a i l s "  a c o u n t e r f a c t u a l  Ao-»B  i f  t h e r e  e x i s t s  a d e c i s i o n  

t r e e  f o r  th e  a n te c e d e n t  A w here  each o f  th e  m ost p l a u s i b l e  b ra nch es  ( w i t h  

r e s p e c t  to  b )  ' e n t a i l s '  B. U n f o r t u n a t e l y ,  we c a n n o t  assume t h a t  b " r e f u t e s "  

a c o u n t e r f a c t u a l  j u s t  i n  case i t  i s  f a l s e  t h a t  b e n t a i l s  i t .  The p a r t i a l  

d e s c r i p t i o n  b may n o t  c o n t a i n  s u f f i c i e n t  " i n f o r m a t i o n "  to  d e c id e  th e  n a t t e r  

one way o r  th e  o t h e r .  To combat t h i s  p ro b le m  we s h a l l  say t h a t  a p a r t i a l  

d e s c r i p t i o n  b " r e f u t e s "  a c o u n t e r a c t u a l  Acj—>B i f  and o n l y  i f  t h e r e  e x i s t s  a 

d e c i s i o n  t r e e  f o r  th e  a n te c e d e n t  A w here  one o f the  most p l a u s i b l e  b ra nch es  

( w i t h  r e s p e c t  to  b )  e n t a i l s  th e  n e g a t io n  o f  th e  co nse qu en t  B. Each such 

d e c i s i o n  t r e e  -  th e  most p l a u s i b l e  b ra n c h e s  -  y i e l d s  a

c l a s s  o f  p o s s ib l e  w o r ld s  w h ic h  g e n e ra te s  a ' s p h e r e '  o f  w o r ld s  ( i n  th e  sense 

o f  L e w is )  th ro u g h  o u t  w h ic h  th e  coastcyuent i s  t r u e  p r o v i d i n g  th e
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i s  t r u e ;  on th e  o t h e r  h an d ,  each such s p h e re  can be used to  c o n s t r u c t  a 

d e c i s i o n  t r e e  f o r  th e  c o n d i t i o n a l  i n  q u e s t i o n .  The two a p p ro a c h e s  a re  

f o r m a l l y  e q u i v a l e n t .

The r e l a t i o n s h i p  be tw een  o u r  t r u t h  c o n d i t i o n s  and th e  app roach  o f  Goodman 

s h o u ld  a ls o  be c l e a r .  Each b ra n ch  i n  a d e c i s i o n  p ro c e s s  f o r  th e  c o n d i t i o n a l  

g u a ra n te e s  a d e r i v a t i o n  o f  th e  c o n s e q u e n t  f rom  th e  a n te c e d e n t ;  f u r t h e r m o r e  

each such b ra n ch  i s  " c o t e n a b l e "  w i t h  th e  a n te c e d e n t  a c c o r d in g  to  cxir g lo s s  

on th e  Goodman n o t i o n  o f  c o t e n a b i l i t y .  The re  i s  one more p a r t  t h a t  i s  

c e n t r a l  to  Goodman's a c c o u n t  : t h e r e  m ust not be a s i m i l a r  d e r i v a t i o n  f o r  th e  

n e g a t io n  o f  th e  a n t e c e d e n t .  We need to  e s t a b l i s h  t h a t  i f  a c o u n t e r f a c t u a l  

i s  t r u e  w i t h  r e s p e c t  to  one such d e c i s i o n  t r e e  i t  i s  t r u e  f o r  a l l  

" a p p r o p r i a t e "  such  d e c i s i o n  t r e e s .  F o r t u n a t e l y ,  t h i s  i s  a ls o  a f o r m a l  

conse qu en ce  o f o u r  t h e o r y .

1 m us t s t r e s s  t h a t  t h i s  i s  no t o f f e r e d  as a c o m p le te  s o l u t i o n  to  Goodman's 

p ro b le m .  1 do n o t  b e l i e v e  t h a t  t h i s  can be a c h ie v e d  i n  such a g e n e r a l  

s e t t i n g  as t h i s  d i s c u s s i o n  p re s u p p o s e s .  In  o r d e r  to  say so m e th in g  more 

s u b s t a n t i a l  a b o u t  th e  e x t e n s io n  o f  th e  p l a u s i b i l i t y  r e l a t i o n  one m us t,  i t  

seems, r e s t r i c t  o n e 's  a t t e n t i o n  to  p a r t i c u l a r  lan gu ag e s  (eg th e  l a n g auge o f a 

p a r t i c u l a r  b ra n c h  o f  p h y s i c s )  a n d / o r  s p e c i f i c  c o n t e x t s  o f  u s e .

RELATIVE

PO SSIBIL ITY

K r ip k e  s e m a n t ic s  f o r  modal l o g i c  p re s u p p o s e s  a r e l a t i o n  o f  " a c c e s s i b i l i t y "
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b e tw een  p o s s ib le  w o r ld s .  A s e n te n c e  i s  n e c e s s a r i l y  t r u e  j u s t  i n  case i t  i s  

t r u e  i n  a l l  " a c c e s s i b l e "  w o r l d s ;  a s e n te n c e  i s  p o s s i b l y  t r u e  i f  and o n l y  i f

i t  i s  t r u e  i n  some such a c c e s s ib l e  w o r l d .  Our c r i t i q u e  o f L e w is '  t h e o r y  o f

c o u n t e r f a c t u a l s  has i t s  o b v io u s  c o u n t e r p a r t  h e r e .

We d e v e lo p  an a p p ro a c h  to  modal l o g i c  w h ic h  p r o v id e s  some a c c o u n t  o f  how we

may d e c id e  th e  t r u t h - v a l u e  o f  s e n te n c e s  i n v o l v i n g  modal n o t i o n s .  In  th e

a p p ro a c h  we a d v o c a te  th e  p r im a r y  r e l a t i o n  o f  a c c e s s i b i l i t y  w i l l  o p e ra te  

b e tw e en  p a r t i a l  d e s c r i p t i o n s  o f  p o s s ib l e  w o r ld s .  The n e a r e s t  app roach  to  

o u rs  i s  due to  H i n t i k k a .  I t  d e p lo y s  th e  n o t i o n s  o f a model s e t  and o f  a 

r e l a t i o n  o f  a c c e s s i b i l i t y  w h ic h  o p e ra te s  be tw een  such s e t s .  The a c t u a l  

d e t a i l s  o f  H i n t i k k a ' s  d e ve lo p m e n t  a r e ,  h o w e v e r ,  v e r y  d i f f e r e n t  to  o u r s .  We

s u g g e s t  t h a t  one d e s c r i p t i o n  i s  " A c c e s s i b l e "  f ro m  th e  p e r s p e c t i v e  o f  a

second e x a c t l y  when th e  f i r s t  i s  jud g e d  to  be " p o s s i b l e "  f ro m  th e

p e r s p e c t i v e  o f  th e  s e con d ;  i n  o t h e r  w o rd s ,  o u r  r e l a t i o n  o f  a c c e s s i b i l i t y  i s

t o  be i d e n t i f i e d  w i t h  some n o t i o n  o f  R e l a t i v e  P o s s i b i l i t y . T h is  i s  o f  

c o u rs e  n o t  a p a r t i c u l a r l y  s u r p r i s i n g  i n t e r p r e t a t i o n .  But i t  i s  n o t  

i n s t a n t l y  c l e a r  w h ic h  p r i n c i p l e s  g o v e rn in g  th e  r e l a t i o n  a re  im p l ie d  by i t .  

We a re  i n t e r e s t e d  i n  th o s e  a s p e c ts  o f  p o s s i b i l i t y  w h ic h  a re  i n  some sense 

R e c o g n is a b le . T h is  new d im e n s io n  to  th e  n o t i o n  o f  p o s s i b i l i t y  i s  

i n t r o d u c e d  because we a re  i n t e r e s t e d  i n  d e v e lo p in g  a th e o ry  o f  r e l a t i v e  

p o s s i b i l i t y  w h ic h  i s  c lo s e  to  th e  a c t u a l  use o f  such modal n o t i o n s  i n  

n a t u r a l  la n g u a g e .

So w ha t i s  i n v o l v e d  i n  t h i s  p ro c e s s  o f  r e c o g n i t i o n ?  One o b s e r v a t i o n  

seems f a i r l y  c r u c i a l .  L e t  a be an a r b i t r a r y  d e s c r i p t i o n .  From th e  

p e r s p e c t i v e  o f  a we may be u n a b le  to  r e c o g n is e  t h a t  a second
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d e s c r i p t i o n  i s  p o s s ib l e  o r  to  r e c o g n is e  t h a t  i t  i s  im p o s s ib le ;  t h e r e  

may n o t  be s u f f i c i e n t  i n f o r m a t i o n  a v a i l a b l e  ( i n  a )  to  d e c id e  th e  m a t t e r .

I t  i s ,  t h e r e f o r e ,  n o t  i n t u i t i v e l y  re a s o n a b le  to  d e f i n e  th e  i m p o s s i b i l i t y  o f 

one p a r t i a l  d e s c r i p t i o n  ( f ro m  th e  p e r s p e c t i v e  o f  a n o t h e r )  as th e  n e g a t io n  

o f  i t s  p o s s i b i l i t y .  F o r  t h i s  rea son  we in t r o d u c e  two r e l a t i o n s  -  a 

p o s i t i v e  one and a n e g a t i v e  o ne . The p o s i t i v e  one i n d i c a t e s  t h a t  we a re  

a b le  to  r e c o g n is e  t h a t  a second d e s c r i p t i o n  i s  p o s s ib le  f rom  th e  

p e r s p e c t i v e  o f  th e  f i r s t ;  th e  n e g a t i v e  one i n f o r m s  us t h a t  we a re  a b le  to  

r e c o g n is e  t h a t  a second d e s c r i p t i o n  i s  im p o s s ib le  f ro m  th e  p e r s p e c t i v e  

o f  th e  f i r s t .

A l t h o u g h  th e  two com ponen ts  o f  o u r  r e l a t i o n  o f  r e l a t i v e  p o s s i b i l i t y  a re  no t 

l o g i c a l l y  i n t e r d e f i n a b l e , one c e r t a i n l y  e x c lu d e s  th e  o t h e r .  T h is  i s ,  

h o w e v e r ,  n o t  th e  o n l y  r e l a t i o n s h i p  w h ic h  h o ld s  be tw een  th e  p o s i t i v e  and 

n e g a t i v e  com ponen ts  o f  ou r  r e l a t i o n .  The word r e c o g n i t i o n  i n v o l v e s  some 

com m itm ent to  th e  b e l i e f  t h a t  th e  p ro c e s s  i n v o l v e d  i n  d e c id in g  be tw een  th e  

p o s i t i v e  and n e g a t i v e  com ponen ts  o f  o u r  r e l a t i o n  m ust e v e n t u a l l y  t e r m i n a t e .  

We can c a p tu r e  t h i s  i n t u i t i o n  as f o l l o w s .  L e t  b be some d e s c r i p t i o n ,  th e n  

t h e r e  e x i s t s  some d e g re e  o f  d e t a i l  such  t h a t  f o r  each d e s c r i p t i o n  a, o f  a t  

l e a s t  t h i s  s p e c i f i e d  d e g re e ,  we can e i t h e r  r e c o g n is e  b to  be p o s s ib le  

f ro m  th e  p e r s p e c t i v e  o f  a o r  we can r e c o g n is e  b as im p o s s ib le  f rom  th e  

p e r s p e c t i v e  o f  a .  T h is  p r i n c i p l e  i s  a d i r e c t  consequence  o f  r e s t r i c t i n g  ou r  

a t t e n t i o n  to  th o s e  a s p e c ts  o f  p o s s i b i l i t y / i m p o s s i b i l i t y  w h ich  a re  d e c id a b le  

o r  r e c o g n i s a b le .

Suppose t h a t  we have been a b le  to  d e c id e  t h a t  b i s  p o s s ib le  ( i m p o s s i b l e )  

g iv e n  th e  i n f o r m a t i o n  c o n ta in e d  i n  a .  To have ta k e n  t h i s  d e c i s i o n  we m ust
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have reached  a p o i n t  i n  o u r  d e l i b e r a t i o n s  where f u r t h e r  r e f i n e m e n t s  o f  th e  

i n f o r m a t i o n  c o n ta in e d  i n  a seemed i r r e l e v a n t  to  th e  ou tcom e. In  o t h e r  w o rd s ,  

th e  v e r y  f a c t  t h a t  we can r e c o g n is e  t h a t  b i s  p o s s ib le  ( im p o s s i b l e )  

f r o m  th e  v i e w p o in t  o f  a must mean t h a t  we a re  a b le  to  r e c o g n is e  t h a t  b 

i s  p o s s ib le  ( im p o s s i b l e )  f ro m  th e  p e r s p e c t i v e  o f  a l l  r e f i n e m e n t s  o f  th e  

i n f o r m a t i o n  c o n ta in e d  i n  a .  On th e  o t h e r  h an d ,  suppose t h a t  we a re  a b le  to  

r e c o g n is e  t h a t  b i s  p o s s ib l e  ( im p o s s i b l e )  f ro m  th e  p e r s p e c t i v e  o f  each 

o f  th e  r e f i n e m e n t s  o f  a o f  some s p e c i f i e d  deg re e  o f d e t a i l ;  t h e n  we must 

a l r e a d y  be a b le  to  r e c o g n is e  t h a t  b i s  p o s s ib le  ( im p o s s i b l e )  f rom  th e  

p e r s p e c t i v e  o f  a i t s e l f .

F i n a l l y  c o n s id e r  th e  r e l a t i o n s h i p  be tw een  th e  i n c l u s i o n  r e l a t i o n  be tw een  

p a r t i a l  d e s c r i p t i o n s  and o u r  r e l a t i o n  o f  r e l a t i v e  p o s s i b i l i t y .  P re s u m a b ly ,  

i f  some d e s c r i p t i o n  ' r e f i n e s '  a second th e n  o b v i o u s l y  th e  second can be 

r e c o g n is e d  as p o s s ib l e  f ro m  th e  p e r s p e c t i v e  o f  th e  f i r s t  -  a t  l e a s t  

t h i s  w i l l  be t r u e  p ro v id e d  t h a t  th e  second d e s c r i p t i o n  can be re c o g n is e d  as 

a r e f i n e m e n t  o f  th e  f i r s t .

T h is  c o n c lu d e s  o u r  b r i e f  s u rv e y  o f  wha t we have i n  mind by th e  c o n c e p t  o f  

r e l a t i v e  p o s s i b i l i t y .  T h is  a c c o u n t  s h o u ld  be s u f f i c i e n t  f o r  th e  r e a d e r  to  

f o l l o w  th e  t r u t h - t h e o r y  f o r  modal s e n te n c e s  w t i ic h  we s h a l l  s h o r t l y  p r e s e n t .

We can r e c o v e r  a r e l a t i o n  o f  " a c c e s s i b i l i t y "  be tw een  p o s s ib le  w o r ld s  as a 

d e r i v e d  r e l a t i o n .  B r i e f l y ,  a p o s s ib l e  w o r ld  v  i s  to  be c o n s id e re d  

A c c e s s ib l e  f ro m  th e  p e r s p e c t i v e  o f  a second u e x a c t l y  when t h e r e  e x i s t s  

some d e g re e  o f  d e t a i l  such t h a t  a l l  chosen  p a r t i a l  d e s c r i p t i o n s  o f  v o f  a t  

l e a s t  t h i s  s p e c i f i e d  deg re e  o f  d e t a i l ,  can be 'm a tc h e d '  by a p a r t i a l
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d e s c r i p t i o n  o f  u -  m atched  i n  th e  sense t h a t  i t  re n d e rs  th e  p a r t i a l

d e s c r i p t i o n  o f v p o s s i b l e .

The o b v io u s  p r o p e r t i e s  o f  th e  d e r iv e d  r e l a t i o n  f o l l o w  d i r e c t l y  f ro m  th e

c o r r e s p o n d in g  p r o p e r t i e s  o f  th e  p r i m i t i v e  r e l a t i o n .  So, i n  p a r t i c u l a r ,  i f

t h e  p o s i t i v e  r e l a t i o n  o f  r e l a t i v e  p o s s i b i l i t y  i s  r e f l e x i v e  th e n  so i s  th e  

d e r i v e d  r e l a t i o n  o f a c c e s s i b i l i t y ;  i f  th e  p o s i t i v e  r e l a t i o n  o f r e l a t i v e  

p o s s i b i l i t y  i s  t r a n s i t i v e  th e n  so i s  th e  d e r iv e d  r e l a t i o n  o f  a c c e s s i b i l i t y ;  

a n d ,  f i n a l l y ,  i f  th e  n e g a t i v e  r e l a t i o n  o f r e l a t i v e  p o s s i b i l i t y  i s  s y m iæ t r ic  

th e n  so i s  th e  d e r iv e d  r e l a t i o n  o f  a c c e s s i b i l i t y .  Under such a d e f i n i t i o n  

o f  a c c e s s i b i l i t y  a p a r t i a l  d e s c r i p t i o n  b i s  deemed to  be p o s s ib le  from  th e  

p e r s p e c t i v e  o f  a second d e s c r i p t i o n  a i f  and o n l y  i f  e v e ry  w o r ld  v ,  o f  

w h ic h  b i s  a c o r r e c t  d e s c r i p t i o n  can be matched by a w o r ld  u o f  w h ic h  a i s  

a c o r r e c t  d e s c r i p t i o n  -  h e re  'm a tc h e d '  means v  i s  a c c e s s ib le  from  u.

A l t e r n a t i v e l y ,  we can use t h i s  c o n n e c t io n  be tw een  th e  two r e l a t i o n s  as a

d e f i n i t i o n  o f  r e l a t i v e  p o s s i b i l i t y  i n  a t h e o r y  w here  a c c e s s i b i l i t y  i s

ta k e n  as p r i m i t i v e .  Under c e r t a i n  n a t u r a l  c o n s t r a i n t s  on th e  r e l a t i o n  o f

a c c e s s i b i l i t y  th e  two t h e o r i e s  a re  e q u i v a l e n t  i n  t h a t  th e  p r o p e r t i e s  o f th e

d e r i v e d  r e l a t i o n  o f  relative p o s s i b i l i t y  f o r m a l l y  f o l l o w .  F u r th e r m o r e ,

u n d e r  th e s e  c o n s t r a i n t s  r e f l e x i v i t y ,  t r a n s i v i t y  and th e  s y m m e tr ic  p r o p e r t y

f o r  a c c e s s i b i l i t y  y i e l d  th e  a n a lo g o u s  p r o p e r t i e s  f o r  r e l a t i v e  p o s s i b i l i t y ,  
f

TRUTH THEORY FOR 

MODAL SENTENCES

To m o t i v a t e  ou r  a p p ro a c h  to  th e  t r u t h  th e o ry  o f  modal s e n te n c e s  we fo c u s  o u r
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a t t e n t i o n  on a c o n t e x t  w here  th e  n o t i o n  o f  a p o s s ib le  w o r ld  seems v e ry  

n a t u r a l .  Suppose t h a t  we a re  d e l i b e r a t i n g  abo u t th e  f u t u r e .  F o r  e x a m p le ,  

im a g in e  t h a t  we a re  t r y i n g  to  d e c id e  w h e th e r  o r  no t i t  i s  p o s s ib l e  f o r  

o u r  u n i v e r s i t y  to  g e t ,  i n  th e  n e x t  academ ic  y e a r ,  e x a c t l y  th e  number o f

s t u d e n t s  r e q u i r e d  to  s ta y  s o l v e n t .  As p a r t  o f  o u r  backg ro un d  know ledge  we

have i n f o r m a t i o n  a b o u t  th e  u n i v e r s i t y  e n t r y  s y s te m : th e  number o f  p o in t s  

r e q u i r e d  f o r  e n t r y  and th e  g e n e r a l  p o l i c y  o f  th e  e n t r y  c o m m it te e .  We 

p e rh a p s  a ls o  have a c c e s s  to  i n f o r m a t i o n  c o n c e rn in g  th e  numbers a p p ly in g  i n

th e  p a s t ,  t h e i r  academ ic  s ta n d a r d s  e t c .  To e v a lu a t e  th e  t r u t h  o f  th e

s e n te n c e  " I t  i s  p o s s ib l e  f o r  us to  o b t a i n  th e  r e q u i r e d  number o f  s t u d e n t s "  we 

need to  c o n s id e r  th e  v a r i o u s  p o s s ib l e  c o n t i n u a t i o n s  o f  th e  p re s e n t  s t a t e  of 

a f f a i r s .  These c o n t i n u a t i o n s  w i l l  o f  c o u rs e  o n l y  be p a r t i a l l y  d e f i n e d .  I f

i n  one o f  th ese  p o s s ib l e  c o n t i n u a t i o n s  we g e t  th e  r e q u i r e d  number o f 

s t u d e n t s  th e n  we mark o u r  s e n te n c e  as t r u e .  I f  i n  a l l  such p o s s ib le  

c o n t i n u a t i o n s  we d o n ' t  g e t  the  r e q u i r e d  number we m ust mark th e  s e n te n c e  

f a l s e .  I f ,  h o w e v e r ,  n e i t h e r  o f  th e s e  s i t u a t i o n s  a r i s e s  we need to  r e f i n e  

o u r  c h a r a c t e r i s a t i o n s  o f  th e  ' p o s s i b l e  f u t u r e s '  a l i t t l e  more and r e p e a t  th e  

above  s t r a t e g y .  We m ay, f o r  e x a m p le ,  need to  c o n s id e r  th e  e f f e c t  o f  th e  

D e a n 's  power to  lo w e r  th e  e n t r y  r e q u i r e m e n t  by one p o i n t  on th e  s c a le :  w i l l  

we g e t  to o  many s t u d e n t s ?  M ig h t  such a d e c i s i o n  have o t h e r  u n f o r t u n a t e  

c o nse qu en ces  ?

I n  g e n e r a l ,  o u r  d e l i b e r a t i o n  p ro c e s s  f o r  modal s e n te n c e s  has th e  f o l l o w i n g  

f o r m .  We f i r s t  c o n s id e r  th e  v a r i o u s  p o s s ib l e  a l t e r n a t i v e s  to  th e  a c t u a l  

w o r l d  -  o r  r a t h e r  th e  d e s c r i p t i o n  o f  i t  a v a i l a b l e .  These a l t e r n a t i v e s  w i l l ,  

o f  c o u r s e ,  th e m s e lv e s  be o n l y  p a r t i a l l y  d e s c r ib e d .  I f  one such e n t a i l s  th e  

t r u t h  o f  th e  s e n te n c e  A th e n  we may mark th e  s e n te n c e  ' I t  i s  p o s s ib l e  t h a t  A'
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as t r u e ;  i f  th e y  a l l  e n t a i l  th e  n e g a t io n  o f A th e n  we mark th e  s e n te n c e  ' I t  

i s  im p o s s ib le  t h a t  A' as t r u e .  I t  may t u r n  o u t ,  h o w e v e r ,  t h a t  th ese  v a r i o u s  

p o s s i b i l i t i e s  a re  to o  c r u d e l y  d e f in e d  to  a r b i t r a t e  i n  th e  m a t t e r .  Our 

t a c t i c  must th e n  be to  r e f i n e  o u r  d e s c r i p t i o n  o f  these  v a r i o u s  a l t e r n a t i v e s :  

we c o n s id e r  a l t e r n a t i v e s  w h ich  a re  r e f i n e m e n t s  o f th ose  a l r e a d y  o b ta in e d  and 

w h ic h  a re  p o s s ib l e  a l t e r n a t i v e s  to  th e  a c t u a l  w o r l d .

Our a p p ro a c h  i s  l i n k e d  to  th e  K r ip k e  a c c o u n t  i n  as much as th e  two t h e o r i e s  

a r e  i n  a g re e m e n t .  C o n s e q u e n t ly  e v e ry  n o t i o n  o f  v a l i d i t y  y ie ld e d  by K r i p k e ' s  

a p p ro a c h  i s  matched by an e x t e n s i o n a l l y  e q u i v a l e n t  n o t i o n  y i e l d e d  by o u r s .  

F o r  e x a m p le ,  v a l i d i t y  r e l a t i v e  to  a l l  c o n t e x t s  w here  th e  r e l a t i o n  o f 

r e l a t i v e  p o s s i b i l i t y  i s  r e f l e x i v e  c o r re s p o n d s  to  a l l  m odels i n  w h ich  th e  

r e l a t i o n  o f a c c e s s i b i l i t y  be tw een  p a r t i a l  d e s c r i p t i o n s  i s  r e f l e x i v e .
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2. SITUATIONS, PARTIAL

DESCRIPTIONS AND

POSSIBLE WORLDS

I n  o u r  i n t r o d u c t i o n  we have a rg ue d  t h a t  p o s s ib le  w o r ld s  a re  no t th e  

a p p r o p r i a t e  o b j e c t s  on w h ic h  to  base t h e o r i e s  o f c o u n t e r f a c t u a l i t y  and 

m o d a l i t y ;  we have a rgued  t h a t  th e  r e l a t i o n s  o f c o m p a ra t iv e  s i m i l a r i t y  and 

a c c e s s i b i l i t y  must o p e ra te  be tw een  o b j e c t s  w h ich  a re  n n re  l i k e  " p o r t i o n s "  o r  

p a r t i a l  d e s c r i p t i o n s  o f p o s s ib l e  w o r l d s .  The t im e  has come to  be a l i t t l e  

more p r e c is e  a b o u t  th e  n a tu r e  o f  these  e n t i t i e s .

Our n o t i o n  o f  a p a r t i a l  d e s c r i p t i o n  i s  due to  H i n t i k k a  and i s  based upon 

h i s  c o n c e p ts  o f model s e t  and D i s t r i b u t i v e  N orm al F o rm . Our c o n c e p t  o f  

" p o r t i o n "  i s  more r e c e n t  i n  o r i g i n  and s tems f ro m  th e  work o f  B a rw is e  and 

P e r r y  on " s i t u a t i o n s " .  The H i n t i k k a  a c c o u n t  i s  more l i n g u i s t i c  i n  n a t u r e  -  

p o r t i o n s  o f  p o s s ib l e  w o r ld s  a re  d e l i n e a t e d  by p a r t i a l  d e s c r i p t i o n s  o f those  

w o r ld s  i n  some u n d e r l y in g  d e s c r i p t i o n  la n g u a g e .  On th e  o t h e r  han d , 

' s i t u a t i o n s '  a r e  a c t u a l  chunks o f  th e  w o r ld  -  s i t u a t i o n s  a re  c o l l e c t i o n s  o r  

a r r a n g e m e n ts  o f  o b j e c t s  and p r o p e r t i e s  i n  th e  w o r l d .

Our a l t e r n a t i v e  o n t o l o g ie s  a re  o b v i o u s l y  c l o s e l y  r e l a t e d  t l io u g h  th e  n o t i o n  of 

' s i t u a t i o n '  seems th e  more f u n d a m e n ta l .  F o r  t h i s  rea son  we c o n s id e r  th e  

n o t i o n  o f  ' s i t u a t i o n '  f i r s t .  We th e n  p r o v id e  an a c c o u n t  o f  D i s t r i b u t i v e  

N orm al Form f o r  f i r s t - o r d e r  l o g i c .  F i n a l l y ,  we d e v e lo p  a more a b s t r a c t  

f ra m e w o rk  w h ic h  m a in t a in s  th e  m ain  s t r u c t u r a l  p r o p e r t i e s  o f  th e  two 

a p p r o a c h e s .
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SITUATIONS

A s i t u a t i o n  i s  a c l e a r l y  r e c o g n is a b le  chunk o f  th e  w o r l d .  The w o r ld  

c o n s i s t s  o f  o b je c t s  h a v in g  p r o p e r t i e s  and s ta n d in g  i n  r e l a t i o n  one to  

a n o t h e r ;  s i t u a t i o n s  a re  com p lexes  o f  o b j e c t s ,  p r o p e r t i e s  and r e l a t i o n s .  

E v e n ts  a re  s i t u a t i o n s  i n  t im e  and scenes a re  v i s u a l l y  p e r c e iv e d  s i t u a t i o n s .

More p r e c i s e l y ,  a s i t u a t i o n  in d u c e s  a f u n c t i o n  ( p a r t i a l )

f  ; U(R x a " )  ->  { 1 , 0 }  
n n

w here  A i s  the  s e t  o f  o b j e c t s  and R = U R^ . . . .  i s  th e  s e t

o f  r e l a t i o n s  (R^ i s  th e  s e t  o f  p r e d i c a t e s ;  R^ i s  th e  s e t  o f

b i n a r y  r e l a t i o n s  e t c ) .  So a s i t u a t i o n  t e l l s  u s :  ( 1 )  o f  an o b je c t  a and

p r o p e r t y  p w h e th e r  o r  n o t  a has p, ( 2 ) o f  a p a i r  < a^ , a^> o f

o b j e c t s  and a b in a r y  r e l a t i o n  r ,  w h e th e r  o r  n o t  a^ s ta n d s  i n  r e l a t i o n  r

t o  a^ e t c .  Our f o r m a l  n o t i o n  o f  s i t u a t i o n  w i l l  d i f f e r  s l i g h t l y

f ro m  t h i s  b u t  n o t h in g  we s h a l l  now say w i l l  be a f f e c t e d  by t h i s  change .

N o t i c e  t h a t  s i t u a t i o n s  in d u c e  p a r t i a l  f u n c t i o n s  and so n o t  a l l  t u p l e s  o f

o b j e c t s  and r e l a t i o n s  w i l l  be d e c id e d ,  one way o r  th e  o t h e r ,  i n  a l l

s i t u a t i o n s .  I t  w ou ld  o f  c o u rs e  be wrong to  i d e n t i f y  s i t u a t i o n s  w i t h  such

p a r t i a l  f u n c t i o n s  j u s t  as i t  w ou ld  be wrong to  i d e n t i f y  p o s s ib le  w o r ld s  w i t h

t o t a l  f u n c t i o n s ,  f ro m  U(R x  A ^ )  ->  { 1 , 0 } .
n n

A c c o r d in g  to  t h i s  i n t e r p r e t a t i o n  o u r  r e l a t i o n s  o f  c o m p a ra t iv e  p l a u s i b i l i t y
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(and a c c e s s i b i l i t y )  w i l l  o p e ra te  be tw een  s i t u a t i o n s :  one s i t u a t i o n  i s  a t  

l e a s t  as p l a u s i b l e  as a second e x a c t l y  when we can "m a tc h "  any " r e f i n e m e n t "  

o f  the  f i r s t  by a " r e f i n e m e n t "  o f  th e  second w h ich  m a in t a in s  th e  r e l a t i o n  o f 

r e l a t i v e  p l a u s i b i l i t y .  We need to  be more e x p l i c i t  abou t the  te rm s  " r e f i n e m e n t "  

and " m a tc h " .

One c l e a r  n o t i o n  o f  r e f i n e m e n t  r e f e r s  to  th e  amount o f  i n f o r m a t i o n  a 

s i t u a t i o n  c o n t a i n s .  One s i t u a t i o n  may t e l l  us more abo u t c e r t a i n  o b je c t s  

th a n  a n o th e r  s i t u a t i o n  d o e s .  In d e e d ,  i t  may in f o r m  us abou t o b je c t s  -  t h e i r  

p r o p e r t i e s  and t h e i r  r e l a t i o n s h i p s  one to  a n o th e r  -  o f  w h ic h  th e  o t h e r  

s i t u a t i o n  makes no r e f e r e n c e .  Under t h i s  n o t i o n  o f  r e f in e m e n t  one s i t u a t i o n  

r e f i n e s  o r  e x te n d s  a n o th e r  e x a c t l y  when th e  f i r s t  a g ree s  w i t h  the  s e c o n d ,  on 

a l l  p o i n t s  i n  th e  seconds d o m a in ,  b u t  p o s s i b l y  t e l l s  us more e i t h e r  abou t 

o b j e c t s  a l r e a d y  r e f e r r e d  to  by th e  s e c o n d ,  o r  a b o u t  o b je c t s  o f  w h ich  th e  

second makes no r e f e r e n c e  w h a te v e r .  In  o t h e r  w o rd s ,  th e  p a r t i a l  f u n c t i o n  

r e p r e s e n t i n g  one s i t u a t i o n  e x te n d s  th e  p a r t i a l  f u n c t i o n  r e p r e s e n t i n g  th e  

o t h e r .

The second te rm  o f  o u r  p a i r  i s  a l i t t l e  more e l u s i v e .  Im ag ine  t h a t  we a re  

engaged i n  d e l i b e r a t i o n s  c o n c e rn in g  th e  c o m p a ra t iv e  p l a u s i b i l i t y  o f  v a r i o u s  

s i t u a t i o n s .  A p p a r e n t l y ,  we need to  "m a tc h "  any r e f in e m e n t  o f  one s i t u a t i o n  

by a r e f i n e m e n t  o f  th e  s e c o n d .  To be r e a l i s t i c ,  each such s ta g e  o f  th e  

d e l i b e r a t i o n  p ro c e s s  must o n l y  r e f e r  to  a f i n i t e  number o f  p o s s ib le  

r e f i n e m e n t s  o f  the  v a r i o u s  s i t u a t i o n s  u n d e r  c o n s i d e r a t i o n .  T h is  

r e q u i r e m e n t  i s  f o r c e d  upon us by th e  demands t h a t  we must be a b le  to  

r e c o g n is e  t h a t  each r e f i n e m e n t  o f  one s i t u a t i o n  can be matched by a 

r e f i n e m e n t  o f  th e  s e c o n d .  Of c o u r s e ,  su b s e q u e n t  s ta g e s  i n  th e
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d e l i b e r a t i o n  p ro c e s s  may r e f e r  to  r e f i n e m e n t s  o f  th e  n ew ly  s e le c te d  

s i t u a t i o n s ;  we o n l y  i n s i s t  t h a t  th e r e  a re  c l e a r l y  marked s ta g e s  i n  th e  

d e l i b e r a t i o n  p ro c e s s  and t h a t  each s ta g e  o n l y  c o n t a in s  a f i n i t e  number o f 

s i t u a t i o n s .  We do n o t ,  f o r  e x a m p le ,  impose any u pper  bound on th e  number 

o f  p o s s ib le  s ta g e s .  To s u m m ar ise ,  we demand o n l y  t h a t  th e  c la s s  o f 

p o s s ib l e  s i t u a t i o n s  be d i v i d e d  i n t o  s ta g e s ,  where  each s ta ge  c o n ta in s  o n ly  

a f i n i t e  number o f  s i t u a t i o n s ,  and where s i t u a t i o n s  i n  s u b se qu en t  s ta g e s  

r e f i n e  th ose  i n  e a r l i e r  s ta g e s .

M a tc h in g  s i t u a t i o n s  must be chosen  f ro m  th e  same s t a g e .  T h is  assuiœs t h a t  

s i t u a t i o n s  f ro m  th e  same s ta g e  c o n t a i n  co m p a rab le  amounts  o f  i n f o r m a t i o n .

We seem to  have r e a s o n a b ly  c l e a r  i n t u i t i o n s  c o n c e rn in g  th e  amount o f  d e t a i l  

a s i t u a t i o n  c o n t a in s  -  o r  a t  l e a s t  c l e a r  i n t u i t i o n s  a bo u t  one s i t u a t i o n  

c o n t a i n i n g  a t  l e a s t  as much d e t a i l  as a s e c o n d .  These i n t u i t i o n s  have 

s o m e th in g  to  do w i t h  the  number o f  t u p l e s ,  made up from  o b je c t s  and 

r e l a t i o n s ,  w h ic h  th e  s i t u a t i o n  d e c id e s .  We s h a l l  assume t h a t  ou r  s ta g e s  

r e f l e c t  such i n t u i t i o n s  i n  t h a t  s i t u a t i o n s  from  th e  same s ta g e  c o n t a i n  

c o m p a ra b le  amounts o f  d e t a i l .
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DISTRIBUTIVE

NORMAL FORMS

Our n e x t  i n t e r p r e t a t i o n  i s  due to  H i n t i k k a  and co nce rn s  th e  n o t i o n  of 

" D i s t r i b u t i v e  Norm al f o r m " .  These d i s t r i b u t i v e  no rm a l fo rm s  a re  

g e n e r a l i s a t i o n s  o f th e  " c o m p le t e "  n o rm a l fo rm s  o f  p r o p o s i t i o n a l  l o g i c .  F o r  

p e d a g o g ic a l  re a s o n s  we c o n s id e r  th e se  f i r s t .

Each c o n s i s t e n t  f o rm u la  P o f  p r o p o s i t i o n a l  l o g i c  has a c o m p le te  d i s j u n c t i v e  

n o rm a l  fo rm  w h ic h  i s  a d i s j u n c t i o n  o f  c e r t a i n  c o n ju n c t i o n s  c a l l e d  (by  

H i n t i k k a )  c o n s t i t u e n t s . Suppose P c o n t a i n s  a to m ic  fo rm u la e  P ^ ,  . . . ,  P ^ .

A c o n s t i t u e n t  o f  P i s  a c o n j u c t i o n  o f  th e  fo rm

i e  th e  i ^ ^  e le m e n t  o f  th e  c o n j u n c t i o n  i s  e i t h e r  P^ o r  ~'F. .

C l e a r l y ,  any c o n s i s t e n t  fo rm u la e  o f  th e  p r o p o s i t i o n a l  c a l c u l u s  can be 

e x p re s s e d  as '3̂ d i s j u n c t i o n  o f such c o n s t i t u e n t s .

We have i n t r o d u c e d  th e s e  c o m p le te  n o rm a l fo rm s  o f  p r o p o s i t i o n a l  l o g i c  p a r t l y  

as a means o f  i n t r o d u c i n g  some n o t a t i o n .  L e t  S = { P ^ , . . . ,  P^} be 

a ny  s e t  o f  w e l l - f o r m e d  fo rm u la e  o f  th e  p r o p o s i t i o n a l  ( o r  p r e d i c a t e  

c a l c u l u s ) .  Then th e  s e t

G(S) = & . . .  & : Q. = P. o r  Q. = ~ P . , 1 < i  < k }

i s  th e  " s e t  o f  c o n s t i t u e n t s  g e n e ra te d  by S " .



Page 3i

F o r  m onad ic  l o g i c  th e  a n a l y s i s  i s  a l i t t l e  more i n v o l v e d  . I n  m onad ic  

l o g i c  a c o n s t i t u e n t  depends upon th e  p r e d i c a t e s  w h ic h  o c c u r  i n  i t ;  so l e t  

P ^ x ,  P^x be some such  p r e d i c a t e s .  An a r b i t r a r y  c o n s t i t u e n t

o f  m onad ic  l o g i c  i s  o f  th e  fo rm

J x A ^  & ~ 3 x A ^  & I x A ^  & . . .  & ~ ] x A ^ k

k
w here  th e  A^ a re  th e  2 d i s t i n c t  e le m e n ts  o f  G ( { P ^ x ,  . . . ,  P ^ x } ) .  

So th e  c o n s t i t u e n t s  o f  m onad ic  l o g i c  a re  th e  e le m e n ts  o f  th e  s e t

G ( {3 x A  : A [G ( { P ^ x ,  . . . ,  P ^ x } ) } ) .

T h is  n o t a t i o n  i s  an im p ro v e m e n t on H i n t i k k a ' s  b u t  i t  s t i l l  te n d s  to  o b s c u re  

some s im p le  i d e a s .  H o p e f u l l y ,  an exam ple  w i l l  i l l u m i n a t e  any f u r t h e r  

d a r k  c o r n e r s .  Suppose t h a t  we have o n l y  two p r e d i c a t e s  P^ and P ^ .

The f o l l o w i n g  a re  two p o s s ib l e  c o n s t i t u e n t s  o f  m onad ic  f i r s t - o r d e r  l o g i c  

( w i t h  r e s p e c t  to  P^x  and P ^ x ) :

( i )  ] x ( P ^ x  & Pgx) & 3 x ( P ^ x  & - P ^ x )  & ~ jx ( ~ P ^ x  & Pgx) & ~ 3 x (~ P ^x  & - p ^ x )

( i i )  ] x ( P ^ x  & P ^ x )  & ~ 3 x (P ^ x  & ~P ^x )  & ~ 3 x (~ P ^ x  & P ^ x )  & ~ J x (~ P ^ x  & - p ^ x )

I n  a l l  t h e r e  a re  s i x t e e n  such c o n s t i t u e n t s  w h ic h  can be d e s c r ib e d  u s in g  

P^ and P^ ( p l u s  q u a n t i f i e r s  and p r o p o s i t i o n a l  c o n n e c t i v e s ) .

The c o n s t i t u e n t s  o f  f i r s t - o r d e r  l o g i c  a re  more c o m p l ic a te d  and depend on
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t h r e e  f a c t o r s  :

( P I )  th e  s e t  o f  a l l  r e l a t i o n s  and p r e d i c a t e s  w h ich  o c c u r  i n  th e  

w e l l - f o r m e d  fo r m u la ;

(P 2 )  th e  s e t  o f a l l  f r e e  i n d i v i d u a l  sym bols w i i ic h  o c c u r  i n  th e  

f o r m u la  ;

(P 3 )  th e  m ax im a l l e n g t h  o f  sequences o f  n e s te d  q u a n t i f i e r s  i n  th e  

f o r m u l a .

The p a ra m e te r  (P 3 )  w i l l  be c a l l e d  th e  DEPTH o f  th e  f o r m u la .  T h is  w i l l

p l a y  th e  r o l e  o f  th e  "d e g re e  o f  d e t a i l "  f o r  th e  c o n s t i t u e n t s .

The a to m ic  fo rm u la e  w h ic h  can be fo rm ed f ro m  th e  s e t  PI and P2

(=  { a ^ ,  . . . ,  a ^ }  s a y )  can be p a r t i t i o n e d  i n t o  two c l a s s e s :  th ose  t h a t

i n v o l v e  a^ and th o s e  t h a t  do n o t .  L e t  B ^ ( a ^ ,  . . . ,  a ^ )  be

th o s e  a to m ic  fo rm u la e  w h ic h  i n v o l v e  a, (1 < i  < n )  ( a t  l e a s t  one
k — —

o c c u r r e n c e )  and A . ( a , ,  . . . ,  a, , ) ,  (1  < i  < m) be th ose  t h a t  do n o t .1 i  k— 1 — —

We p ro cee d  to  th e  d e f i n i t i o n  o f  a c o n s t i t u e n t  f o r  f i r s t - o r d e r  l o g i c  i n  two 

s t a g e s .  F i r s t  we i n t r o d u c e  th e  n o t i o n  o f  an ATTRIBUTIVE CONSTITUENT ( a -  

c o n s t i t u e n t )  w i t h  f i x e d  p a ra m e te r  s e t s  ( P I ) ,  (P 2 )  (= { a ^ ,  . . . ,  a ^ } )  

and d e p th  d .  L e t
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d e n o te  the  s e t  o f  a - c o n s t i t u e n t s  o f d e p th  d; t h i s  i s  d e f in e d  r e c u r s i v e l y  i n  

d- 1
te rm s  o f  S as f o l l o w s :

S ^ ( a ^ ,  a ^ )  = {B & A : B6G ( { B . ( a ^ ,  a ^ )  : 1 < i  < n } )

and

A £ G ( ( 3 x C  : C£ G(s ‘‘ ' h a ^ ,  a ^ ,  x ) ) } ) } .

We a re  now i n  a p o s i t i o n  to  d e f i n e  th e  s e t  o f C o n s t i t u e n t s  o f  f i r s t - o r d e r  

l o g i c .  The s e t  o f  C o n s t i t u e n t s  o f  f i r s t - o r d e r  l o g i c  o f  d e p th  d ,  p a ra m e te rs  

P I and P2 (=  { a ^ ,  . . . ,  a ^ } )  i s  the  s e t :

C ^ (a  , . . . ,  a ) = {A & B : A e C ( { A . ( a ,  . . . ,  a ) : 1 < i  < m}) 
J. k l i  k— i  — —

and

B ( S ^ ( a ^ ,  a ^ ) ) .

By way o f  example  suppose R i s  a s i n g l e  b in a r y  r e l a t i o n  and a ^ , a^  

i n d i v i d u a l  s y m b o ls .  Then a t y p i c a l  e le m e n t  o f  S ^ ( a ^ ,  a ^ )  has 

th e  fo rm :

R ( a ^ ,  a ^ )  & a ^ )  & " R C a ^ ,  a ^ )

More v a r i e t y  i s  o b ta in e d  by a l l o w i n g  one l e v e l  o f  q u a n t i f i e n t  i o n j  e le m e n ts  

o f  S ^ ( a ^ ,  a ^ )  have th e  fo rm :
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R ( a ^ ,  a ^ )  & R(a2> ^ 2 )  & R(a2> a ^ )

&

H x { R ( a ^ ,  x )  & R(a2> x )  & R ( x ,  x )  & R ( x ,  a ^ )  & R ( x ,  a^,)}

&

~3 x { R ( a ^ ,  x )  & R(a2> x )  & R ( x ,  x )  & R ( x ,  a ^ )  & R ( x ,  8 2 ) }

&

3 x { ~ R ( a ^ ,  x )  & R ( a 2 ,  x )  & R ( x ,  x )  & R ( x ,  a ^ )  & R ( x ,  82 ) }

&

~3 x { R ( a ^ ,  x )  & ~R( 82 ,  x )  & R ( x ,  x )  & R ( x ,  a )  & R ( x ,  8 2 ) }

&

~3x { ~ R ( a ^ ,  x )  & ~R(a2» x )  & ~ R( x ,  x )  & ~R( x^,  a )  & ~R( x ,  8 2 ) }

The e x i s t e n t i a l  w e l l - f o r m e d  fo rm u la e  fo rm  th e  e le m e n ts  o f  S ^ (a ^ ,  8 2 , x ) ; 

t h e r e  a re  t h i r t y - t w o  i n  t o t a l .

A t y p i c a l  e le m e n t  o f  C ^ (a ^ ,  a ^ )  has th e  fo rm  R (a ^ ,  a ^ )  & D where  D 

i s  i n  S ^ ( a ^ ,  a ^ ) .

An im p o r t a n t  r e s u l t  o f  H i n t i k k a ' s  ( a t  l e a s t  f o r  u s )  i s  th e  f o l l o w i n g :  each 

f o r m u la  F w i t h  f i x e d  p a ra m e te rs  PI -  P3 i s  e q u i v a l e n t  to  a d i s j u n c t i o n  o f 

c o n s t i t u e n t s  w i t h  th e  same f i x e d  p a r a m e te r s .  M o re o v e r ,  each c o n s t i t u e n t  

w i t h  d e p th  d and c e r t a i n  g iv e n  p a ra m e te rs  (P I  -  P2 ) can be c o n v e r te d  i n t o  a 

d i s j u n c t i o n  o f  c o n s t i t u e n t s  w i t h  th e  same p a ra m e te rs  (P I  -  P2) b u t  w i t h  

g r e a t e r  d e p th  (d  +  e f o r  e = 1 , 2 , . . . ) .

Suppose t h a t  we a re  d e a l i n g  w i t h  an i n t e r p r e t e d  lan gu ag e  : th e  i n d i v i d u a l
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s ym bo ls  a re  i n t e r p r e t e d  as o b je c t s  and th e  r e l a t i o n  sym bols  a re  i n t e r p r e t e d  

as a c t u a l  r e l a t i o n s  be tw een  such o b j e c t s .  The a t t r i b u t i v e  c o n s t i t u e n t s  th e n  

d e s c r ib e  k in d s  o f  i n d i v i d u a l s  -  th e y  can be c o n s id e re d  as com p lex  

a t t r i b u t e s  o f  th e  i n d i v i d u a l  r e f e r r e d  to  by a ^ .  They may be s a id  to  l i s t  

a l l  th e  d i f f e r e n t  k in d s  o f  i n d i v i d u a l s  t h a t  can be s p e c i f i e d  by means o f ( i )  

a g iv e n  f i x e d  s e t  o f  p r e d i c a t e s  and r e l a t i o n s  ( P I ) ;  ( i i )  th e  ' r e f e r e n c e  p o i n t ' 

i n d i v i d u a l s  s p e c i f i e d  by a ^ ,  . . . ,  a ^ ;  ( i i i )  a t  most d l a y e r s  o f 

q u a n t i f i e r s ;  ( i v )  p r o p o s i t i o n a l  c o n n e c t i v e s .  The c o n s t i t u e n t s  d e s c r ib e  

d i f f e r e n t  k in d s  o f  s i t u a t i o n s  -  H i n t i k k a  says d i f f e r e n t  k in d s  o f  

' w o r l d s '  b u t  we s h a l l  c a s t  some d o u b t  on t h i s  i d e n t i f i c a t i o n .  

f

POSSIBLE

WORLDS

The r e a d e r  m ig h t  f e e l  t h a t  much o f  w ha t has been s a id  i s  b e s id e  th e  p o i n t .  

S u r e l y ,  s i t u a t i o n s  a re  j u s t  c o l l e c t i o n s  o f  p o s s ib l e  w o r ld s  ( t h o s e  p o r t i o n s  

w h ic h  each member o f  th e  g iv e n  c o l l e c t i o n  has i n  common) and p a r t i a l  

d e s c r i p t i o n s  r e p r e s e n t  th e  b e s t  d e s c r i p t i o n  o f  th e  w o r ld  a v a i l a b l e  i n  th e  

d e s c r i p t i o n  la n g u a g e .  In  o t h e r  w o rd s ,  th e  n o t i o n  o f  p o s s ib le  w o r ld s  can  be 

t a k e n  as fu n d a m e n ta l  and s i t u a t i o n s  and p a r t i a l  d e s c r i p t i o n s  can th e n  be 

t a k e n  as d e r i v e d  n o t i o n s .

We have a l r e a d y  seen one re a s o n  why t h i s  r e d u c t i o n  o f  s i t u a t i o n s  ( p a r t  i a l  

d e s c r i p t i o n s )  to  p o s s ib l e  w o r ld s  m ig h t  be m is l e a d in g .  I t  w i l l  n o t  h u r t  to
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s p e l l  o u t  th e  m ain  p o i n t  o f  th e  a n a l y s i s  once m ore . In  ou r  p roposed

a n a l y s i s  o f c o u n t e r f  a c t u a l i t y  we a p p e a le d  to  some n o t i o n  o f c o m p a ra t iv e

p l a u s i b i l i t y ;  t h i s  was i d e n t i f i e d  w i t h  a r e l a t i o n  whose dom ain  c o n s i s t s  o f

p o r t i o n s  o f  p o s s ib l e  w o r ld s .  We c la im e d  t h a t  i t  was c o u n t e r - i n t u i t i v e  to

g iv e  an a c c o u n t  o f  th e  t r u t h - c o n d i t i o n s  f o r  n o n - t r i v i a l  c o u n t  e r f a c t u a l s , i n

a c t u a l  s i t u a t i o n s  o f u s e ,  w i t h  a n o t i o n  o f  c o m p a ra t iv e  s i m i l a r i t y  w h ich

i
c o n n e c te d  i n d i v i d u a l  p o s s ib l e  w o r l d s .  T h is  a t  l e a s t  p o i n t s  to  s i t u a t i o n s /  

p a r t i a l  d e s c r i p t i o n s  as b e in g  th e  fu n d a m e n ta l  o b je c t s  i n  ou r  th e o ry  -  and 

p o s s i b l e  w o r ld s  b e in g  th e  d e r iv e d  n o t i o n .

A second a rg um en t i s  due to  B a rw is e  and P e r r y .  Suppose we i d e n t i f y  a

s i t u a t i o n  w i t h  the  s e t  o f w o r ld s  o f  w h ic h  i t  i s  a p a r t ;  suppose a s i t u a t i o n

s i s  i d e n t i f i e d  w i t h  a s e t  o f w o r ld s  W . In  each w o r l d  w6W
s --------  s

R (a ^ ,  . . . ,  a ^ )  V ~ R (a ^ ,  . . . ,  a ^ )  i s  t r u e ;  b u t  th e n

R (a ^ ,  . . . ,  a ^ )  V ~ R (a ^ ,  . . . ,  a ^ ) i s  t r u e  a t  s . T h is  im p l ie s

t h a t  R (a ^ ,  . . . ,  a ^ )  i s  t r u e  a t  s o r  ~ R (a ^ ,  . . . ,  a ^ )  i s  t r u e

a t  s -  b u t  t h i s  c a nn o t  be r i g h t  s in c e  s i t u a t i o n s  o n l y  p a r t i a l l y  s p e c i f y

s t a t e s  o f  a f f a i r s .

We s h a l l  n o t  i d e n t i f y  s i t u a t i o n s  w i t h  s e ts  o f  w o r ld s ;  and we s h a l l  n o t  v ie w  

p a r t i a l  d e s c r i p t i o n s  as d e s c r i b i n g  s e t s  o f  such w o r ld s  b u t  r a t h e r  as 

d e l i n e a t i n g  s i t u a t i o n s . Our n o t i o n  o f  s i t u a t i o n  w i l l  be ta k e n  as fu n d a m e n ta l  

and p o s s ib le  w o r ld s  d e s c r ib e d  i n  te rm s  o f  i t .
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CONSTRUCTIVE

ALGEBRAS

In  t h i s  s e c t i o n  we p r o v id e  a more fo rm a l  f ram e w o rk  i n  w h ich  to  d e v e lo p  our  

t h e o r i e s  o f  c o u n t e r f a c t u a l i t y  and m o d a l i t y .  A c o n v e n ie n t  f ram e w o rk  w i l l  be 

t h a t  o f B o o le an  A lg e b r a s .  L e t  B = <B, u , A , 0 ,  1, *>  be a B o o le an  a lg e b r a :  

U, n  , 0 ) 1 , *  a re  r e s p e c t i v e l y  th e  u n i o n , i n t e r s e c t i o n ,  z e r o ,  i d e n t i t y  and 

c o m p le m e n ta t io n  o p e r a t i o n s  o f  th e  a lg e b r a .  We s h a l l  f i r s t  show how 

s i t u a t i o n s  and p a r t i a l  d e s c r i p t i o n s  fo rm  exam ples  o f B o o le an  a lg e b r a s .  We

th e n  show how the  n o t i o n  o f  " d e g re e  o f  d e t a i l "  can be f o r m a l i s e d  w i t h i n  

t h i s  c o n t e x t .

W o rk in g  w i t h  t o t a l  f u n c t i o n s  i s  c e r t a i n l y  more c o n v e n ie n t  th a n  w o rk in g  w i t h

p a r t i a l  f u n c t i o n s  b u t  th e  o b v io u s  way o f  a c h ie v in g  t h i s  -  i d e n t i f y i n g  

s i t u a t i o n s  w i t h  a c la s s  o f p o s s ib l e  w o r ld s  -  has a l r e a d y  been r e j e c t e d .

T h e re  i s ,  h o w e v e r ,  a d i f f e r e n t  r o u t e ,  e s s e n t i a l l y  due to  S c o t t  [ 3 5 ] .  We f i r s t  

i n t r o d u c e  two new e le m e n ts  i n t o  o u r  codom a in  (= { 1 , 0 } ) .  These e le m e n ts  

c o r re s p o n d  to  where the  f u n c t i o n  i s  n o t  d e f in e d  o r  u n d e rd e te rm in e d  ( i )  and to 

w he re  th e  fu n c t io n  i s  o v e r d e f i n e d  o r  o v e r d e te rm in e d  (T )  • L e t  th e  s e t

BOOL = { i ,  1, 0 ,  T}

be th e  codom a in  o f  s i t u a t i o n s  so t h a t  s i t u a t i o n s  now in d u c e  t o t a l  f u n c t i o n s

f  : (UR x A ^ )  ->  BOOL, 
n n
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The s e t  o f  BOOL can  be g iv e n  th e  s t r u c t u r e  o f  a B o o le an  a lg e b r a  i n  a r a t h e r  

n a t u r a l  way as f o l l o w s :  T r i 0  = 0,  T r » l  = l , T u O  = T,  T u 1 = T ,  i *  =

T * = i ,  O n  i  = i ,  0 u 1 = T, 0 *  = 1, 1* = 0 ; 1 n 1 = i , = =

T u 1 = Or» 1 = 1 , O u  i  = 0 . We can r e p r e s e n t  t h i s  p i c t o r i a l l y  as 

f o l l o w s  :

/ \

0 1 

\ /

1

The s e t  o f  f u n c t i o n s  ( w h ic h  we s h a l l  m i s l e a d i n g l y  r e f e r  to  as S IT)

S IT  = U(R x A ^ )  -> BOOL 
n n

i n h e r i t s  the  s t r u c t u r e  o f  a B o o le an  a lg e b r a  from  BOOL. We d e f i n e  th e  u n io n ,  

i n t e r s e c t i o n ,  z e r o ,  i d e n t i t y  and c o m p le m e n ta t io n  o p e r a t i o n s  f o r  SIT as f o l l o w s

f  A g = \ x . { f ( x )  n  g ( x ) }

f  U g = \ x . { f ( x )  u g ( x ) }

f  *  = \ x ' { f ( x ) } *

0 = V X* i

1 = X X 'T

I n t u i t i v e l y ,  th e  ' u n i o n '  o f  two s i t u a t i o n s  i s  th e  s i t u a t i o n  w h ich  r e s u l t s  

f r o m  g r a f t i n g  one s i t u a t i o n  s m o o th ly  o n to  th e  o t h e r .  Of c o u r s e ,  th e s e



Page 39

s i t u a t i o n s  do no t have to  be a d ja c e n t  ( t e m p o r a l l y  i n  th e  case o f e v e n t s ;

s p a t i a l l y  i n  the  case o f s c e n e s )  bu t when th ey  a re  c e r t a i n  c o m p l i c a t i o n s  may

a r i s e .  In  p a r t i c u l a r ,  th e  s i t u a t i o n s  may be s p a t i a l l y  i n c o m p a t ib le  a t

c e r t a i n  p o in t s  ( c e r t a i n  e le m e n ts  o f U(R x A ^ ) ) ;  one s i t u a t i o n
n n

may y i e l d  th e  v a lu e  1 and th e  o t h e r  0 .  The ' u n i o n '  s i t u a t i o n  i s  

o v e r d e te rm in e d  a t  t h i s  p o i n t  ( c o n t r a d i c t o r y  i n f o r m a t i o n  i s  a v a i l a b l e )  and 

t h i s  i s  i n d i c a t e d  by th e  v a lu e  T.

The i n t e r s e c t i o n  o p e r a t i o n  on s i t u a t i o n s  a ls o  r e q u i r e s  some e x p l a n a t i o n :  th e  

i n t e r s e c t i o n  o f two s i t u a t i o n s  i s  th e  s i t u a t i o n  vdrich has e x a c t l y  th ose  

f e a t u r e s  common to  b o th .  I f  th e  two s i t u a t i o n s  d i f f e r  a t  some p o i n t  th e n  

th e  new s i t u a t i o n  ( t h e  i n t e r s e c t i o n )  i s  u n d e f in e d  ( i )  a t  t h i s  p o i n t .  The 

com p lem en t o p e r a t i o n  r e q u i r e s  no e x p l a n a t i o n .  The z e ro  e le m e n t  i s  th e  

f u n c t i o n  w h ich  i s  u n d e f in e d  e v e ry w h e re ;  th e  i d e n t i t y  e le m e n t i s  th e  f u n c t i o n  

w h ic h  i s  o v e r d e f i n e d  e v e ry w h e re .

A second example i s  p r o v id e d  by any f i r s t  o r d e r  la n g u a g e .  C o n s id e r  some 

f i r s t  o r d e r  lan gu ag e  L w i t h  f i x e d  p a ra m e te r  s e t s  o f  i n d i v i d u a l  c o n s ta n t s  and 

r e l a t i o n  s y m b o ls .  L e t  h  be th e  p r o v a b i l i t y  p r e d i c a t e  f o r  any c o m p le te  

a x i o m a t i s a t i o n  o f f i r s t  o r d e r  l o g i c .  We d e f i n e  an e q u iv a le n c e  r e l a t i o n  on L 

as f o l l o w s  :

[P ]  = {Q6L : K- P <->  Q}

I t  i s  w e l l  known t h a t  th ese  e q u iv a le n c e  c la s s e s  fo rm  a B o o le a n  a lg e b r a  ( t h e  

L in de nb a um  A lg e b r a )
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whe

LIND = < L ^_ ,  u , r> , 0 ,  1>

re  i s  th e  s e t  o f d e f in e d  e q u iv a le n c e  c la s s e s  and

[P i  n  [Q] = [P i  Q]

[P i  u [Q l = [P 4 Ql

[ P ] *  = [~P]

0 = [P & ~P]

1 = [P V  ~ P ] .

A second component i n  o u r  a n a l y s i s  c o n c e rn s  th e  ph rase  "d e g re e  o f  d e t a i l " .  

We can summ arise  o u r  c o n s t r a i n t s ,  i n  th e  c o n t e x t  o f  B o o le a n  a lg e b r a s ,  as 

f o l l o w s .  We have i n s i s t e d  t h a t  the  c l a s s  o f  s i t u a t i o n s  be d iv id e d  i n t o  

s ta g e s  where each s ta g e  i s  d i v i d e d  i n t o  a f i n i t e  number o f  s i t u a t i o n s ;  

s i t u a t i o n s  i n  su b s e q u e n t  s ta g e s  r e f i n e  th o se  i n  e a r l i e r  s ta g e s  and 

s i t u a t i o n s  i n  th e  same s ta g e  c o n t a i n  e q u a l  am ounts  o f  i n f o r m a t i o n .  I n  th e  

case o f  H i n t i k k a  Norm al Forms th e  number o f  n e s te d  q u a n t i f i e r s  p r o v id e s  a 

m easure  o f  the  deg re e  o f  d e t a i l  o f  a p a r t i a l  d e s c r i p t i o n .

D e f i n i t i o n  L e t  B be a B o o le a n  a lg e b r a .  A m easure f o r  B i s  any 

f u n c t i o n

d : B ->  GO

such  t h a t
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( i )  = {aeB : d ( a )  n }  i s  a f i n i t e  s u b a lg e b ra  o f B

( i i )  I f  a i s  an atom i n  B and b i s  an atom i n  B
n + i  n

th e n  a d e c id e s  b , i e ,  a < b v a < b * .

T h is  d e f i n i t i o n  r e q u i r e s  a word o f  e x p l a n a t i o n .  An e le m e n t a o f  an a lg e b r a  

i s  an atom i f  ~ (a  = 0 ) and i f  b i s A t h e  a lg e b r a  w i t h  b < a th e n  b = 0 o r  

b = a ;  an a lg e b r a  i s  a to m ic  p r o v id e d  t h a t  c o r r e s p o n d in g  to  e v e ry  e le m e n t 

~ ( b  = 0 ) t h e r e  i s  an atom a ^  b -  th e  atoms p la y  th e  r o l e  c o n s t i t u e n t s  

p la y e d  i n  o u r  e x a m p le .  N o t ic e  t h a t  c o n d i t i o n  ( i i )  makes sense s in c e  B
n

i s  f i n i t e  and f i n i t e  a lg e b r a s  a re  a t o m ic .  We s h a l l  r e f e r  to  th e  s e t  o f

a tom s o f  B as T ; T = U t  . We s h a l l  c a l l  a lg e b r a s  f o r  w h ich  such measures 
n n n

e x i s t  c o n s t r u c t i v e . E ve ry  f i n i t e  a lg e b r a  B i s  t r i v i a l l y  c o n s t r u c t i v e  -  p u t

The a lg e b r a  LIND a f f o r d s  us a n o n - t r i v i a l  exam ple  o f  a c o n s t r u c t i v e  a lg e b r a

D^ = { [ P ]  : P i s  e q u i v a l e n t  (m odu lo  ) to  a

d i s j u n c t i o n  o f  w f f s  i n  d i s t r i b u t i v e  

n o rm a l  fo rm  o f  d e p th  a t  most n }

The r e s u l t  w h ic h  s t a t e s  t h a t  e v e ry  c o n s t i t u e n t  o f  d e p th  d can be seen as a 

d i s j u n c t i o n  o f  c o n s t i t u e n t s  o f d e p th  d +  e (e  = 1 , 2 , . . . , )  g u a ra n te e s  

c la u s e  ( 2 ) o f  th e  d e f i n i t i o n .

I n  th e  case o f S IT  we have a l r e a d y  i n d i c a t e d  how th e  n o t i o n  "d e g re e  o f
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d e t a i l "  i s  to  be i n t e r p r e t e d .  One o f  th e  consequences o f th e  c o n s t r a i n t s  we 

im posed  amounts to  th e  c o n d i t i o n  t h a t  th e  c la s s  o f s i t u a t i o n s  be a t  

m ost d en u rae ra b ly  i n f i n i t e .

Theorem An a lg e b r a  i s  c o n s t r u c t i v e  i f  and o n l y  i f  i t  i s  a t  most 

d e n u m e ra b ly  i n f i n i t e .

P ro o f

I f  i t  i s  c o n s t r u c t i v e  i t  i s  o b v io u s l y  a t  most denum srab le  

i n f i n i t e .

C o n v e r s e ly ,  i f  B i s  f i n i t e  i t  i s  c o n s t r u c t i v e .  I f  B i s

d e n u ra e ra b ly  i n f i n i t e  choose an e n u m e ra t io n  {b  } . „  o f  B
n n_>0

w i t h  1 as th e  i n i t i a l  e le m e n t  -  assume 0 i s  a b s e n t  f rom  th e  

e n u m e r a t io n .  L e t  B^ = { 0 ,  1} and B^^^ th e  a lg e b r a  

g e n e ra te d  by T^ g  { b ^ ^ ^ } .

I n  o r d e r  to  compare o u r  a p p ro a c h  to  th o s e  based upon p o s s ib le  w o r ld s  we need

t o  d e c id e  how p o s s ib l e  w o r ld s  a re  to  be r e p re s e n te d  i n  o u r  t h e o r y .

C o n s id e r  o u r  two exam ple  a lg e b r a s  LIND and S IT .  L e t  u be any p o s s ib le  w o r ld

and D^ be th e  s e t  o f e le m e n ts  b o f  LIND w h ic h  r e p r e s e n t  th e  s e n te n c e s  o f L

t h a t  a re  t r u e  i n  u. I t  f o l l o w s  t h a t  D i s  an u l t r a f i l t e r  o f  L IN D .
u

C o n v e r s e ly ,  e v e ry  u l t r a f i l t e r  D o f  L IND  d e te rm in e s  a c la s s  o f  p o s s ib le

w o r ld s  where f o r  each u i n  th e  c la s s  s a t i s f i e s  D = D -  e v e ry  c o n s i s t e n t
u

s e t  o f  s e n te n c e s  d e te rm in e s  a t  l e a s t  one w o r ld  i n  w h ich  e v e ry  s e n te n c e  i n  

th e  s e t  i s  t r u e .  Indeed  we c o u l d ,  w i t h  Carnap , i d e n t i f y  th e  s e t  o f  p o s s ib l e  

w o r ld s  w i t h  th e  s e t  o f  u l t r a f i l t e r s  o f  LIND; b u t  t h i s  i d e n t i f i c a t i o n  has
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been c r i t i c i s e d  enough : i t  w ou ld  r e n d e r  th e  n o t i o n  o f  p o s s ib le  w o r ld s  

i n t o l e r a b l y  l i n g u i s t i c  i n  n a t u r e .  But even i f  we r e j e c t  t h i s  i d e n t i f i c a t i o n  

i t  rem a ins  t r u e  t h a t  th e  u l t r a f i l t e r s  of. LIND r e p r e s e n t  th e  t o t a l i t i e s  o f 

i n f o r m a t i o n  t h a t  can be e x p re s s e d  a b o u t  p o s s ib le  w o r ld s  i n  th e  language  

w h ic h  LIND r e p r e s e n t s .

I n  th e  case o f  SIT e v e r y  p o s s ib l e  w o r ld  u d e te rm in e s  a c la s s  o f s i t u a t i o n s

S -  th o s e  s i t u a t i o n s  w h ic h  u c o n s id e r e d  as a f u n c t i o n  U(R x A ^ )  ->  
u n n

{ 1 ,  0 } ,  e x te n d s .  d e te rm in e s  a c l a s s  o f  u l t r a f i l t e r s  i n  S IT .

On th e  o t h e r  hand e v e ry  u l t r a f i l t e r  S i n  S IT  d e te rm in e s  a c la s s  o f  p o s s ib le

w o r ld s  -  th o s e  w o r ld s  u such t h a t  S C S.
u —

I n  fo r m a l  c o n t e x t s  th e r e  i s  no o b j e c t i o n  to  u s in g  u l t r a f i l t e r s  as 'p s e u d o 

w o r l d s '  and t h i s  i s  what I  s h a l l  do h e r e .  In  f a c t  to  make e x p l i c i t  t h a t  

t h e y  a re  o n l y  s t a n d - i n s  f o r  p o s s ib le  w o r ld s  I  s h a l l  r e f e r  to  them as 'p o s s ib l e -  

w o r l d s ' .

I  s h a l l  a ls o  f r e q u e n t l y  w r i t e  u&b in s t e a d  o f  bbu where  b fB  and u i s  an

u l t r a f i l t e r  i n  B. T h is  i s  p u r e l y  f o r  n o t a t i o n a l  c o n v e n ie n c e  and s h o u ld

cause  no c o n f u s i o n .  Let U(B) denote the ultrafilters of B.

I t  w i l l  be n e c e s s a ry  i n  th e  s e q u e l  to  a p p ro x im a te  u l t r a f i l t e r s  w by e v e r  

more d e t a i l e d  p a r t i a l  d e s c r i p t i o n s .  To t h i s  end we i n t r o d u c e  th e  f o l l o w i n g  

n o t i o n .

D e f i n i t i o n  L e t  B be a c o n s t r u c t i v e  a lg e b r a  w i t h  measure d .  A

sequence  o f  e le m e n ts  f rom  B, {s  } , „ w here  s t  B ,
n n >0 n n
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i s  c a l l e d  an u l t r a f i l t e r  sequence  ( u f - s e q u e n c e )  i f f  f o r

each n , s i s  an atom i n  B and s , < s . A 
n n n+1 — n

s e t  D C B i s  g e n e ra te d  by a u f - s e q u e n c e  {s }  ̂ ^
—   n n_>0

e x a c t l y  when ( V n ) ( D n  B = { b tB  : s < b} ) .
n n n —

Our n e x t  r e s u l t  r e l a t e s  th e s e  u f - s e q u e n c e s  to  th e  u l t r a f i l t e r s  o f  a 

c o n s t r u c t i v e  a lg e b r a .  In  f a c t  we p ro v e  t h a t  each u l t r a f i l t e r  u c o r re s p o n d s  

to  a u n iq u e  u f - s e q u e n c e  w h ich  g e n e ra te s  i t .  The s u c c e s s iv e  members s
n

o f  t h i s  sequence may be re g a rd e d  as r e p r e s e n t i n g  e v e r  more d e t a i l e d  

d e s c r i p t i o n s  o f  u, w h ic h  a p p ro x im a te  u i n  th e  sense t h a t  f o r  any f i n i t e  

d e s c r i p t i o n  b w h ic h  i s  e n t a i l e d  by u t h e r e  i s  an n such t h a t  b i s  e n t a i l e d  

by s ^ .  We s h a l l  make c o n s t a n t  use o f  th e  e x is t e n c e  o f  th ese  u n iqu e  

a p p r o x im a t i o n  sequences f o r  p o s s i b l e - w o r l d s .

Theorem L e t  B be a c o n s t r u c t i v e  a lg e b r a  w i t h  measure d .  Then th e  

u l t r a f i l t e r s  o f  B a re  e x a c t l y  th o s e  s e t s  g e n e ra te d  by th e  

u l t r a f i l t e r  s e qu en ces .

P ro o f

L e t  w be an u l t r a f i l t e r  i n  B. L e t  0 = B n  w and
n n

w = /I (b  : b tO  } -  t h i s  i s  d e f in e d  as w i s  
n n n

f i n i t e .  M o ro v e r ,  w^ ^  0 as 0^  i s  n on -em p ty  and w i s

an u l t r a f i l t e r  i n  B. We c l a im  t h a t  w i s  an atom i n  B .
n n

Suppose i t  i s  n o t ;  t h e n  t h e r e  e x i s t s  a b&B^, ~ (b  = 0 )  and

b < w . By d e f i n i t i o n  ~ (bew  ) and so ~ ( b € w ) . S in ce  w 
n n

i s  an u l t r a f i l t e r  b * tw  and as b * 6 B we have b*&B n  w and
n n

so b *  > w w h ic h  c o n t r a d i c t s  b < w -  one c a nn o t  have 
— n n
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b < w < b * .  M o re o v e r  any bcO s a t i s f i e s  
n — n

w < b and so w ' g e n e r a t e s '  0 . I t  f o l l o w s  t h a t  
n — n n

w i s  g e n e ra te d  by th e  sequence {w } .
n n_>ü

L e t  w be g e n e ra te d  by an u l t r a f i l t e r  sequ en ce :  assume

w = 0 w here  0 i s  g e n e ra te d  by w
n = 0 n n n

( 0  = {b tB  : w < b } ) and where  {w } _n n n — n n>U

i s  a u f - s e q u e n c e .  O b v io u s ly  0 i s  an u l t r a f i l t e r  i n  B ;
n n

i t  f o l l o w s  t h a t  w i s  an u l t r a f i l t e r  i n  B s in c e  each b£B o c c u rs  i n

some B and so w < b o r  w < b * .
n n — n —

We s h a l l  f o l l o w  th e  c o n v e n t io n  used i n  t h i s  p ro o f  o f  d e n o t in g  th e  u f -

sequence  o f  a u l t r a f i l t e r  f o r  w by {w } .
n n_>U

T h is  c o m p le te s  o u r  d i s c u s s i o n  o f th e  b a s ic  t o o l s  f o r  o u r  t h e o r y .  We s h a l l  

use th e  a b s t r a c t  f ra m e w o rk  d e v e lo p e d  i n  t h i s  s e c t i o n  i n  c h a p te r s  t h r e e  and 

f o u r  to  p ro v id e  a s e m a n t ic  t h e o r y  f o r  c o u n t e r f a c t u a l i t y  and m o d a l i t y .  The 

r e a d e r  i s  u rged  to  chose e i t h e r  o f  th e  i n t e r p r e t a t i o n s  o f f e r e d  h e re  i n  o r d e r  

t o  make th e  d i s c u s s io n  w h ic h  f o l l o w s  more c o n c r e t e .  We s h a l l  c e r t a i n l y  

f o l l o w  o u r  own a d v i c e .  We s h a l l  t a l k  more o f t e n  th a n  n o t  o f  p a r t i a l  

d e s c r i p t i o n s  b u t  w i t h  th e  u n d e r s ta n d in g  t h a t  such d e s c r i p t i o n s  d e l i n e a t e  

s i t u a t i o n s  n o t  s e t s  o f  p o s s ib l e  w o r l d s .
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3. COUNTERPACTUALS WITHOUT

POSSIBLE WORLDS

In  t h i s  c h a p te r  we p re s e n t  o u r  t h e o r y  o f  c o u n t e r f a c t u a l i t y .  I t  i s  i n  t h r e e  

p a r t s .  The f i r s t  d e a ls  w i t h  a t h e o r y  o f  c o m p a ra t iv e  p l a u s i b i l i t y .  As you 

w i l l  r e c a l l  t h i s  r e l a t i o n  o f  c o m p a r a t iv e  p l a u s i b i l i t y  i s  to  o p e ra te  be tw een  

p a r t i a l  d e s c r i p t i o n s  r a t h e r  th a n  be tw een  p o s s ib le  w o r ld s .  We s h a l l ,  i n  

f a c t ,  d e v e lo p  an a x io m a t i c  t h e o r y  o f  c o m p a r a t iv e  p l a u s i b i l i t y .  T h is  n o t i o n  

i s  th e n  used i n  th e  second p a r t  to  p r o v id e  th e  t r u t h - c o n d i t i o n s  f o r  

c o u n t e r f a c t u a l  s e n te n c e s ;  th e  t r u t h - c o n d i t i o n s  f o r  c o u n t e r f a c t u a l  

c o n d i t i o n a l s  a re  based on th e  c o n c e p t  of a d e c i s i o n  t r e e  w here  a d e c i s i o n  

t r e e  i s  a f o r m a l  c o u n t e r p a r t  o f  th e  i n t u i t i v e  d e c i s i o n  p ro c e s s  f o r  

c o n d i t i o n a l s  d e v e lo p e d  i n  o u r  i n t r o d u c t o r y  c h a p t e r .  Our th e o ry  t h e n ,  

a p p e a ls  to  two fu n d a m e n ta l  i d e a s :  a c o n c e p t  o f  c o m p a r a t iv e  p l a u s i b i l i t y  and 

th e  n o t i o n  o f  a d e c i s i o n  t r e e .  The f i n a l  p a r t  o f  th e  c h a p te r  e x p lo r e s  th e  

r e l a t i o n s h i p s  be tw een  th e  t h e o r y  d e v e lo p e d  h e re  and th o s e  o f  o t h e r  a u t h o r s .  

I n  p a r t i c u l a r ,  th e  r e l a t i o n s h i p s  be tw een  o u r  t h e o r y  and th ose  o f  D av id  

L e w is  and N e ls o n  Goodman a re  e x p lo r e d .  G iven  t h a t  ou r  m o t i v a t i o n  was 

l a r g e l y  drawn f ro m  th e  i n t u i t i o n s  u n d e r l y in g  Goodman's d is c u s s io n  o f  

c o u n t e r f a c t u a l  c o n d i t i o n a l s ,  and t h a t  o u r  fo r m a l  t h e o r y  has been i n s p i r e d  

by th e  w ork  o f  D a v id  L e w is ,  we w o u ld  e x p e c t  th e s e  r e l a t i o n s h i p s  to  be 

r a t h e r  c l o s e .
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COMPARATIVE

PLAU SIBIL ITY

Our a n a l y s i s  of  c o u n t e r f  a c t u a l s  i s  to  be based upon a r e l a t i o n  of  c o m p a r a t i v e  

p l a u s i b i l i t y  on p a r t i a l  d e s c r i p t i o n s .  To g a i n  i n s p i r a t i o n  abou t  the  e x ac t  

n a t u r e  o f  t h i s  r e l a t i o n  we a r e  to  be g u i d e d  by t h e  p r i n c i p l e  w h i c h  i n f o r m e d  

o u r  o r i g i n a l  d i s c u s s i o n :  a p a r t i a l  d e s c r i p t i o n  a i s  a t  l e a s t  as p l a u s i b l e  as a 

d e s c r i p t i o n  b j u s t  i n  case we can match r e f i n e m e n t s  o f  b by r e f i n e m e n t s  o f  a 

( o f  e q u a l  deg re e  o f  d e t a i l ) ,  and w h i c h  p r e s e r v e  t h e  r e l a t i o n .

To a i d  o u r  p r e s e n t a t i o n  o f  the  ax ioms  we i n t r o d u c e  th e  n o t a t i o n

a 3  b where  a ,  b^B, weU(B)

t o  mean t h a t  a i s  a t  l e a s t  as p l a u s i b l e  as b f r o m  th e  p e r s p e c t i v e  o f  w,

Our f i r s t  ax iom  j u s t  s t a t e s  t h a t  3  i s  a t r a n s i t i v e  r e l a t i o n

( B l )  a 3  b & b i 3 c => a 3  c

I  t a k e  t h i s  ax iom to  be r e a s o n a b l y  s e l f  e v i d e n t  : i f  a i s  a t  l e a s t  as 

p l a u s i b l e  as b and b i s  a t  l e a s t  as p l a u s i b l e  as c t h e n  a i s  a t  l e a s t  as 

p l a u s i b l e  as c .

Our second ax iom  i s  a p r i n c i p l e  o f  l i n e a r i t y :  e i t h e r  a i s  a t  l e a s t  as
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p l a u s i b l e  as b o r  b i s  a t  l e a s t  as p l a u s i b l e  as a,

(B 2 )  a □ b V b a a

T h i s  c o n d i t i o n  s t a n d s  o r  f a l l s  w i t h  the  c o r r e s p o n d i n g  r e l a t i o n  of  

c o m p a r a t i v e  s i m i l a r i t y  on p o s s i b l e - w o r l d s ; a l i t t l e  r e f l e c t i o n  on our  

i n f o r m a l  p r i n c i p l e  s h o u ld  c o n v i n c e  the  r e a d e r  o f  t h i s .  I f  th e  r e l a t i o n  o f  

c o m p a r a t i v e  s i m i l a r i t y  on p o s s i b l e - w o r l d s  i s  c o n n e c t e d ,  and we make e v e r  

more d e t a i l e d  r e f i n e m e n t s  o f  th e  p a r t i a l  d e s c r i p t i o n s ,  t h e n  the  d e c i s i o n  

must  be made one way o r  t he  o t h e r .  T h i s  remark  w i l l  e v e n t u a l l y  be shown 

t o  be a f o r m a l  consequ en ce  o f  ou r  t h e o r y .  I n  any case th e  a d d i t i o n  o f  (B2 )  

g r e a t l y  s i m p l i f i e s  th e  t e c h n i c a l  d e v e lo p m e n t  o f  th e  t h e o r y  -  a l t h o u g h  t h i s  

i n  i t s e l f  w o u ld  not  be a s u f f i c i e n t  r e a s o n  f o r  i t s  i n c l u s i o n .  I  tend  to 

a g r e e  w i t h  D. L ew is  t h a t  l i n e a r i t y  i s  an e s s e n t i a l  p a r t  o f  ou r  u n d e r 

s t a n d i n g  o f  the  n o t i o n  o f  c o m p a r a t i v e  s i m i l a r i t y .

P r i n c i p l e  (B 3 )  i s  r e l a t e d  to  L e w i s ' s  c o n d i t i o n  o f  c e n t e r i n g .  I f  haw and a, 

b a re  d i s j o i n t  t h e n  b s h o u ld  be s t r i c t l y  more p l a u s i b l e  t h a n  a (where  b i s  

s t r i c t l y  more p l a u s i b l e  t h a n  a j u s t  i n  case i t  i s  f a l s e  t h a t  a i s  a t  l e a s t  

as p l a u s i b l e  as b ) .

(B 3 )  ( b 3w & a o b = 0 )  => b n a

where  b j  a ~ ( a  3  b ) .

Once a g a i n  t h i s  c o n d i t i o n  i s  s t r o n g l y  r e l a t e d  to  t h e  c o r r e s p o n d i n g  

p r i n c i p l e  f o r  p o s s i b l e  w o r l d s  ( i e  c e n t e r i n g ) .  I  d o ,  h ow ev e r ,  b e l i e v e  th e
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p r i n c i p l e  (B3 )  to  be more o b v i o u s  t h a n  i t s  a na lo gue  f o r  p o s s i b l e  w o r l d s .

Our n e x t  two ax ioms a re  v e r y  c l o s e l y  r e l a t e d  to  our  i n f o r m a l  p r i n c i p l e :  a 

i s  a t  l e a s t  as p l a u s i b l e  as b e x a c t l y  when we can match r e f i n e m e n t s  o f  b 

by r e f i n e m e n t s  of  a ,  w h ich  a re  o f  e q u a l  deg re e  of  d e t a i l ,  and wh ich  p r e s e r v e  

t h e  r e l a t i o n  o f  c o m p a r a t i v e  p l a u s i b i l i t y .

( B 4 )  a 3  b & a '  > a => a '  {5 b

( B 5 )  a 3  b & a 3  b '  <=> a 3  b u  b '

To o b s e rv e  t h i s  r e l a t i o n s h i p  we i n d i c a t e  t h a t  (B 4 )  and (B5 )  a r e  v a l i d  u n d e r  th e  

i n t e r p r e t a t i o n  o f  □  i n d u c e d  by o u r  i n f o r m a l  p r i n c i p l e .  Suppose t h a t  

a 3  b .  Then s i n c e  any r e f i n e m e n t  o f  a i s  a r e f i n e m e n t  o f  a '  w i t h  a '  _> a, 

we have a '  3  b .  S i m i l a r l y ,  ( B 5 )  i s  v a l i d  u n d e r  t h i s  i n t e r p r e t a t i o n :  we 

need to  o b s e rv e  o n l y  t h a t  a r e f i n e m e n t  o f  b w  b ' ,  o f  s u f f i c i e n t  deg ree  o f  

d e t a i l , i s  a r e f i n e m e n t  o f  b o r  a r e f i n e m e n t  o f  b ' ; and c o n v e r s e l y  any 

r e f i n e m e n t  o f  b i s  a r e f i n e m e n t  o f  b u  b ' .  We s h a l l  s h o r t l y  make these  

a rg u m e n t s  more p r e c i s e .

N o t i c e  t h a t  the  c o n v e rs e  o f  ( B 4 )  a c t u a l l y  f o l l o w s  f r om  ( B l )  -  ( B 5 ) .

( B 6 ) a ( j  a '  3  b => a 3  b v  a ' ^ b

To see t h i s  suppose a l ,  a '  3  b .  By ( B 2 )  a 3 a '  o r  a '  3  a .

W i t h o u t  l o s s  o f  g e n e r a l i t y  suppose th e  f o r m e r .  S in ce  a 3  a ,  by (B5 )  

a 3 a Lj a ' .  By ( B l )  we have a 3  b .
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Our next ax iom  r e l a t e s  to th e  p o s s i b i l i t y  t h a t  one of  our  p a r t i a l  d e s c r i p t i o n s  

d e s c r i b e s  no p o s s i b l e  s i t u a t i o n s  -  o r  r a t h e r  one of  ou r  p a r t i a l  d e s c r i p t i o n s  

c o n t a i n s  c o n t r a d i c t o r y  i n f o r m a t i o n .

(B 7 )  a 3  b => b = 0 v ~ ( a = 0 )

T h i s  seems v e r y  p l a u s i b l e ;  i t  s t a t e s  t h a t  i f  a i s  a t  l e a s t  as p l a u s i b l e  as b,  

and a i s  c o n t r a d i c t o r y ,  t h e n  b must  be c o n t r a d i c t o r y  a l s o .  N o t i c e  t h a t ,  

f r o m  (B 7 )  (and ( B 2 ) ) ,  t h e  f o l l o w i n g  u s e f u l  p r i n c i p l e  f o l l o w s :

b = 0 => a 3  b

We s h a l l  make use o f  t h i s  l a t e r .

To make some o f  o u r  i n f o r m a l  rem arks  more p r e c i s e  we need to  do th e  same f o r

o u r  i n f o r m a l  p r i n c i p l e .  We have to  e x e r c i s e  some c a r e  h e re  bec ause ,

p r e s u m a b l y ,  th e  r e f i n e m e n t s  we a re  i n t e r e s t e d  i n ,  when we c l a i m  t h a t  we can

matc h  any r e f i n e m e n t  of  b by a c o r r e s p o n d i n g  r e f i n e m e n t  of  t h e  d e s c r i p t i o n  a,

have to  be o f  a r a t h e r  s p e c i a l  t y p e .  They o u g h t  to  be th e  " b e s t

a p p r o x i m a t i o n s "  ( t o  th e  p o s s i b l e - w o r l d s )  we can g e t ,  a t  t h e  deg re e  o f  d e t a i l

s p e c i f i e d .  O t h e r w i s e ,  we have no g u a r a n t e e  t h a t  t he  r e f i n e m e n t  o f  a c o n t a i n s

t h e  same "amount  o f  i n f o r m a t i o n "  as th e  r e f i n e m e n t  o f  b .  R e c a l l  t h a t  T, i s  t h e
k

s e t  o f  a toms o f  B, . These a toms r e p r e s e n t  th e  b e s t  i n f o r m a t i o n  a v a i l a b l e  
k

a t  th e  deg re e  k .  T h i s  b r i n g s  us to  a second m o d i f i c a t i o n  o f  our  p r i n c i p l e .

S u r e l y ,  once we a r e  i n  a p o s i t i o n  to  r e c o g n i s e  t h a t  a 3  b w i l l  be

v e r i f i e d  w i t h i n  a f i n i t e  t i m e ,  t h e n  we may r e g a r d  i t  as a l r e a d y  v e r i f i e d .  On
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t h e  o t h e r  hand ,  g i v e n  o u r  u n d e r s t a n d i n g  o f  th es e  r e l a t i o n s  o f  r e l a t i v e  

p l a u s i b i l i t y ,  i f  we a re  a b l e  to r e c o g n i s e  t h a t  a 3  b t h e n  s u r e l y  we must  

have a c h i e v e d  t h i s  v i a  some such v e r i f i c a t i o n  p r o c e s s .  W i th  th ese  rem arks  i n  

mind we can s t a t e  the  f o r m a l  v e r s i o n  o f  o u r  p r i n c i p l e .

( B8 ) a 3  b

<=>

{ ( b  = 0)  V (a  f  0 & ( 3 k ) ( V m > k ) ( V b ' < b ,  b'e T ) ( 3 a ' < a ,  a ' e T  ) ( a '  3  b ' ) ) }
— — m — ra —

The q u a l i f i c a t i o n s  b = 0,  a 51̂ 0 , w h i c h  o c c u r ,  a r e  to  a l l o w  f o r  t h e  p o s s i b i l i t y  

o f  c o n t r a d i c t o r y  s t a t e m e n t s .

A t  l a s t  we a r e  i n  a p o s i t i o n  to p ro v e  t h a t  (B8 ) i s  f o r m a l l y  e q u i v a l e n t  to ou r  

p r i n c i p l e s  ( B A ) ,  ( B 5 )  and ( B 7 ) .

Theorem The T h e o r i e s  based upon ax io m  s y s te m s  ( B l ) ,  ( B 2 ) ,  ( B 3 ) ,  ( B 8 ) 

and ( B l )  t h r o u g h  to  (B 7 )  a r e  e q u i v a l e n t .

P r o o f

Assume ( B l )  -  ( B 7 ) . Assume a ^  b .  We can  assume by (B 7 )  t h a t

~ ( b  = 0 )  and ~( a = 0 ) .  L e t  k 2  d ( a ) ,  d ( b )  and suppose b'_< b w i t h

b c T  . By ( B 5 )  a 3 b ' .  L e t  a , ,  . . . ,  a be t h e  
k — 1 m

a to m s  i n  T such t h a t  a = a u , . . .  u  a . By ( B 6 ) 
k 1 m

a t  l e a s t  one o f  th es e  a,  s a t i s f i e s  a .  3 b . C o n v e r s e l y ,
1 1 —

assume th e  r i g h t  hand s i d e  o f  ( B 8 ) .  L e t  b ^ ,  . . . ,  b^  be th e

atom s  o f  T^ ( w h e re  k  i s  l a r g e r  t h a n  th e  g u a r a n t e e d  number f o r

r i g h t  hand s i d e  t o  h o l d  and a l s o  l a r g e r  t h a n  d ( a )  and d ( b ) )  such t h a t
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b = b U . . .  U b . By h y p o t h e s i s  f o r  each b, , 1 < i  < m,
1 m --------  i  — —

t h e r e  e x i s t s  such t h a t  a^ 3 By (BA)

f o r  1 < i  < m ,  a 3 b and by ( B 5 )  a □ b .

Assume ( B l )  -  ( B 3 )  and ( B 8 ) . (B 7 )  f o l l o w s  i m m e d i a t e l y  f r om

( B 8 ) .  We t a c k l e  ( B A ) .  I f  b = 0 t h e  r e s u l t  i s  i m m e d i a t e .

Assume a ^  b and b ^ 0; s i n c e  b ^ 0 by ( B 8 ) a f  0 .

Then by ( B 8 ) t h e r e  e x i s t s  a k such t h a t  f o r  each m > k ,  b '  < b ,  b e T
—  —  I

t h e r e  e x i s t s  a ' ^ T  , a '  < a w i t h  a '  j  b ' .  But n o t i c e  t h a tm — —

a '  ^  a i m p l i e s  a '  _< a u  c f o r  any c and so by ( B 8 ) a u c ^  b .

F o r  ( B 5 )  t h e  cases where  b o r  b '  = 0  a r e  t r i v i a l .  F i r s t  assume

a 3 b and a 3  b ' .  L e t  k be l a r g e  enough to  d e c i d e  b

and b '  ( i e  k 2  d ( b ) ,  d ( b ' ) )  and b i g g e r  t h a n  th e  numbers g u a r a n t e e d

by th e  a p p l i c a t i o n  o f  ( B 8 ) t o  a 3 b and a 3 b ' .  L e t

c < b u  b '  and c t T ,  . Then c < b o r  c < b ' .  W i t h o u t  l o s s  of

g e n e r a l i t y  assume th e  f o r m e r .  Then a p p l i c a t i o n  o f  ( B 8 ) to

a 3  b g u a r a n t e e s  an a '  < a ,  a ' e T ,  w i t h  a '  3 c .  Then

( B 8 ) g i v e s  a j  b u  b ' .  C o n v e r s e l y  assume a □ b u b ' .  L e t

c 2  ^ w i t h  c t T ^ ,  were  k i s  g r e a t e r  t h a n  th e  number g u a r a n t e e d

by a p p l i c a t i o n  o f  ( B 8 ) t o  a a b u b ' .  Then s i n c e  c 2  ^ b '

t h e r e  e x i s t s  a '  ^  a '6 T^  w i t h  a ' j  c .  I t  f o l l o w s  by ( B 8 )

t h a t  a 3 b .  S i m i l a r l y  a o  b ' .

T h i s  r e s u l t  c o n f i r m s  o u r  o r i g i n a l  i n t u i t i o n s ;  i t  f u r t h e r  i n f o r m s  us t h a t  we 

m i g h t  have t a k e n  th e  p r i n c i p l e  ( B 8 )  i t s e l f  as f u n d a m e n t a l .  I  c a n n o t  see t h a t  

i t  m a t t e r s  much w h ic h  we do e x c e p t  t h a t  ( B A ) ,  ( B 5 )  make no m e n t i o n  o f  th e  

m easure  f u n c t i o n  and so may be somewhat more a c c e p t a b l e  i f  o n l y  f o r  re a son s
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o f  p a r s i m o n y .

So f a r  i n  t h i s  d i s c u s s i o n  o f  c o m p a r a t i v e  p l a u s i b i l i t y  we have p a i d  l i t t l e  o r  

no a t t e n t i o n  to  th e  r o l e  o f  the  a c t u a l  w o r l d .  In  p a r t i c u l a r  we m i g h t  ask i f  

t h e  r e c o g n i t i o n  t h a t  < a , b> b e l o n g s  to  th e  e x t e n s i o n  o f  3  can be 

a c h i e v e d  o n l y  on th e  b a s i s  o f  some f i n i t e  p a r t i a l  d e s c r i p t i o n  o f  w. One must  

a d d r e s s  t h i s  q u e s t i o n  w i t h  some c a r e  f o r  th e  answ er  i v i l l  l a r g e l y  depend upon 

t h e  n o t i o n  o f  c o m p a r a t i v e  p l a u s i b i l i t y  i n  q u e s t i o n .  I f  one i s  i n t e r e s t e d  i n  a 

more m e t a p h y s i c a l  n o t i o n  o f  c o m p a r a t i v e  p l a u s i b i l i t y  t h e  answ er  to  our  

q u e s t i o n  i s  p r o b a b l y  n o .  But i t  s h o u l d  be c l e a r  by now t h a t  t h i s  i s  n o t  our  

p r i m a r y  I n t e r e s t ;  we a r e  more i n t e r e s t e d  i n  a n o t i o n  w h ich  w i l l  b r i n g  us 

c l o s e r  to  th e  d i s c u s s i o n  o f  c o u n t e r f a c t u a l s  g i v e n  by Goodman. I n  w h ic h  case 

i t  i s  u n r e a l i s t i c  t o  i n s i s t  t h a t  d e c i s i o n s  o f  c o m p a r a t i v e  p l a u s i b i l i t y  a re  to 

be t a k e n  f r o m  t h e  p e r s p e c t i v e  o f  a c o m p le t e  d e s c r i p t i o n  o f  th e  a c t u a l  w o r l d .

To m i t i g a t e  m a t t e r s  we b e g i n  by i n t r o d u c i n g  th e  f o l l o w i n g  d e f i n i t i o n * .

a 3  c <=> f  (Vw3 b ) ( a  3  c ) .  
— de I —

Our  b e l i e f s  a bo u t  th e  r o l e  o f  th e  a c t u a l  w o r l d  can t h e n  be f o r c e d  by t h e  

a d d i t i o n  o f  a new ax iom

w
( B 9 )  a D b <=> ( 3 n ) ( a  3 "  b ) .

I n  w o r d s :  i f  we a r e  a b le  to  r e c o g n i s e  t h a t  a i s  a t  l e a s t  as p l a u s i b l e  as b 

f r o m  th e  p e r s p e c t i v e  o f  w, t h e n  we must  be a b le  to  a c h i e v e  t h i s  r e c o g n i t i o n  on
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t h e  b a s i s  of  some f i n i t e  p a r t i a l  d e s c r i p t i o n  o f  w.

I d e n t i c a l  c o n s i d e r a t i o n s  a p p l y  to  the  s t r i c t  r e l a t i o n s  and lead to  th e  

f o l l o w i n g  d e f i n i t i o n  and axiom' .

a g e  ( V w 9 b ) ( a 3 c )

(1310) a 3  c <=> ( ] n ) ( a  zP  c ),

T h i s  may seem r a t h e r  u n s a t i s f a c t o r y  f o r  p r i n c i p l e s  (B9 )  and ( B I O )  l o o k  r a t h e r  

c i r c u l a r ;  ( B 9 ) ,  f o r  e x a m p le ,  can be r e p h r a s e d  i n  t h e  f o l l o w i n g  way:

a 3  b <=> ( 3 n ) ( V v 3 w ) ( a 3  b ) .
— n —

T h i s  i s  no t  t o o  s e r i o u s  an o b j e c t i o n ,  h o w e v e r ,  f o r  (B 9 )  o n l y  s t a t e s  a 

r e g u l a r i t y  t h a t  any n o t i o n  o f  c o m p a r a t i v e  p l a u s i b i l i t y  must  obey.  The 

i n t u i t i o n  b e h in d  th e  p r i n c i p l e  i s  c l e a r  eno ug h :  we a r e  a b l e  t o  r e c o g n i s e  t h a t  

a i s  a t  l e a s t  as p l a u s i b l e  as b g i v e n  w e x a c t l y  when t h e r e  i s  a p a r t i a l  

d e s c r i p t i o n  o f  w o f  s u f f i c i e n t  d e t a i l  to  d e c i d e  th e  m a t t e r .

A B o o le an  Frame w i l l  be a c o n s t r u c t i v e  a l g e b r a  B ( t o g e t h e r  w i t h  a 

measur e  d )  and a r e l a t i o n  o f  r e l a t i v e  p l a u s i b i l i t y  w h i c h  s a t i s f i e s  ( B l )  -  

( B I O ) .
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COMPARATIVE PL AUSIB IL IT Y

-  TERNARY RELATIONS

T h e r e  may, h o w e v e r ,  be some f o r c e  to the  o b j e c t i o n  o f  c i r c u l a r i t y  i n  ax io ms  

( B 9 )  and ( B I O ) .  I f  a n y t h i n g  i t  i n d i c a t e s  t h a t  we s h o u l d  t r y  to  d e v e lo p  th e  

t h e o r y  d i r e c t l y  i n  te rm s  o f  a r e l a t i o n  w h ich  makes no m e n t i o n  o f  p o s s i b l e - w o r l d s

Let the n o t a t i o n

i n d i c a t e  t h a t  a i s  a t  l e a s t  as p l a u s i b l e  as c g i v e n  th e  i n f o r m a t i o n  b ( a b o u t  

t h e  a c t u a l  w o r l d ) .  Of c o u r s e ,  t h e  i n f o r m a t i o n  c o n t a i n e d  i n  any p a r t i a l  

d e s c r i p t i o n  b may n o t  be s u f f i c i e n t  to  e n a b le  us to  d e c i d e  b e tw een  a 3  c

and c ^  a ;  we c a n n o t  j u s t  d e f i n e  th e  s t r i c t  r e l a t i o n  a 3  c i n  te rm s  o f

t h e  n e g a t i o n  o f  a 3  c . I t  seems n e c e s s a r y ,  t h e r e f o r e ,  t o  d e v e lo p  t h e  

t h e o r y  i t  t e rm s  two r e l a t i o n s  o f  r e l a t i v e  p l a u s i b i l i t y .  The r e l a t i o n  3  i s  to  

c o n s i s t  o f  a l l  t r i p l e s  <a ,  b ,  c> f o r  vd i ich  i t  i s  d e f i n i t e  t h a t  a i s  s t r i c t l y  

more  p l a u s i b l e  t h a n  c g i v e n  b;  w h i l e  □  i s  to  c o n s i s t  o f  t h o s e  t r i p l e s  f o r  

w h i c h  i t  i s  o n l y  d e f i n i t e  t h a t  a i s  a t  l e a s t  as p l a u s i b l e  as c g i v e n  b .

We c o l l e c t  t o g e t h e r  t he  p r o p e r t i e s  o f  t h e s e  r e l a t i o n s  i n  t h e  f o l l o w i n g  ax iom 

sys  tern.
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AXIOMS F o r  3  , J

( P I )

( P 2 )

( P 3 )

( P 4 )

( P 5 )

( P 6 )

( P 7 )

( P8 )

( P 9 )

% b. b \ , c ,  c ' 6 B and i n  ( P I )

b
J  c & C D d => b j  a 3  d

b
□  c &

b'
a g e <=>

bub'
a g e

b
g  c & a '  > a => a '  g  c

& b , 
a Z) c <=> b

a g  c u  c

b
□ c & b .C 3  d =>

b j
a Ü d

b
ZJ c & b'  

a 3  c <=>
b u b '

3 3 c

b
□  c & a '  > a => / ba □  c

b
D C & <=>

b
a □ c u c

^  b = 0 => b
b
3  a

3 k ) ( V b t T ^ ) ( a  D c; V
b

c 3  a V a

b
3  c =>

b
a 3 c & ~■(c a  a )

= 0 & a 0 => a
b

0
D C &

0
a :] c .

( P I  2 )

where  i n  ( P I G )  a = c <=>^ ^ (a  d c & c j  a )
de I  — —

Most  o f  t he  ax io m s  a re  d i r e c t  a n a lo g u e s  o f  th e  ax ioms  o f  ( P I ) ,  ( P 5 ) 

c o r r e s p o n d  to  ( B l ) ;  ( P 3 ) ,  ( P 7 )  c o r r e s p o n d  to  ( B 4 ) ;  ( P 4 ) ,  ( P 8 ) to  (B 5 )  and (P9)  

t o  ( B 3 ) .  Ax iom (P 2 )  (and (P6 ) )  i n c o r p o r a t e s  two b a s i c  i n s i g h t s .  I f  we a r e  i n  

a p o s i t i o n  to  r e c o g n i s e  t h a t  a ^  c t h e n  we must  be i n  a p o s i t i o n  to
y /

r e c o g n i s e  a g e  f o r  a l l  e x t e n s i o n s  b ' o f  b . T h i s  i s  t h e  p r i n c i p l e  

i n c o r p o r a t e d  i n  (P2 )  f r o m  r i g h t  to  l e f t .  The c o n v e rs e  embodies  th e  i d e a  t h a t
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i f  we a re  i n  a p o s i t i o n  to  r e c o g n i s e  t h a t  th e  r e l a t i o n  w i l l  be v e r i f i e d  w i t h i n  

a f i n i t e  t i m e ,  t h e n  we may r e g a r d  i t  as a l r e a d y  v e r i f i e d .  I n  f a c t ,  i f  

( j k ) ( V b ' 2 b ) ( d ( b ' ) > k ) ( a  g  c ) t h e n  u s in g  (P2 )  we can e s t a b l i s h  t h a t  

a 3  c .  P r i n c i p l e  ( P I O )  c o r r e s p o n d s  to  ( B 2 ) .  Because 71 , 3 a r e  not  

i n t e r d e f i n a b l e  we c a n n o t  s i m p l i f y  t h i s  ax iom to

( 3 k ) ( V b 6 T  ) ( a  g  c v c g  a ) .

The o n l y  r e l a t i o n s h i p  be tween  3  , 3  i s  g i v e n  by ( P H )  and t h i s  i s  no t  

s u f f i c i e n t  to  g u a r a n t e e  th e  e q u i v a l e n c e  between  the  above and ( P I O ) .  One more 

o b s e r v a t i o n  a b o u t  ( P I O )  seems to  be i n  o r d e r .  I m p l i c i t l y ,  i t  makes r e f e r e n c e  

t o  p o s s i b l e - w o r l d s  t h r o u g h  th e  s e t s  T ^ .  T he re  seems no o b v i o u s  way o f  

r e m o v i n g  t h i s  r e f e r e n c e ;  we need to  q u a n t i f y  w i t h  r e s p e c t  to  f i n i t e  s e t s  f rom 

t h e  a l g e b r a .  Ax iom ,  ( B 7 )  c o r r e s p o n d s  to  ( P 1 2 ) .  Axiom (PI  2 )  may a p p e a r  

q u i t e  s t r a n g e ;  i t  embod ies  th e  p r i n c i p l e  t h a t  f rom a c o n t r a d i c t i o n  a n y t h i n g  

f o l l o w s .

As an a f t e r t h o u g h t ,  one m ig h t  e n q u i r e  w l i e t h e r  o r  no t  so m e th in g  l i k e  t he  

f o l l o w i n g  p r i n c i p l e  i s  v a l i d .

a .? c <=> ( 3 k ) ( V m > k ) ( V c ' < c ,  c t T  ) G a ' < a ,  a ' e T  ) ( a '  j  c ' )
— — — m — m —

A f t e r  a l l  t h i s  i s  t he  a n a lo g u e  o f  o u r  o r i g i n a l  g u i d i n g  p r i n c i p l e .  I t  i s  a t  

l e a s t  as s t r o n g  as ou r  o r i g i n a l  p r i n c i p l e ;  one d i r e c t i o n  i s  s t r a i g h t f o r w a r d  

and th e  o t h e r  f o l l o w s  f r om  an easy  a p p l i c a t i o n  o f  K o n i g ' s  lemma. R a t h e r  t h a n  

d i s c u s s  t he  p r o o f  o f  t h i s  rem ark  I  w i s h  to  c o n s i d e r  t h e  p r i n c i p l e  i t s e l f .  I  

b e l i e v e  i t  to  be i n t u i t i v e l y  u n s o u n d .  I  have no o b j e c t i o n  to  th e  i n f e r e n c e  

f r o m  r i g h t  to  l e f t ;  t h i s  much f o l l o w s  f r o m  o u r  t h e o r y  and i n  p a r t i c u l a r  (P 3 )
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and ( P 4 ) .  I t  i s  the  c o n v e r s e  I  f i n d  c o n t r o v e r s i a l .  Suppose f o r  a rg u m e n t s  

s ake  t h a t  a = b .  The r e a s on  why we a r e  p re p a re d  to  a s s e r t  a 3 c i s  c l e a r :  

no m a t t e r  how we e x te n d  c ( t o  c '  s a y )  and a ( t o  a '  s a y )  we can f i n d  an e x t e n s i o n  

o f  a ( a '  i t s e l f ) w h i c h  p r e s e r v e s  the  r e l a t i o n .  But t h e  c o n v e rs e  c l a i m s  

m o r e .  A c c o r d i n g  to  i t  we must  be a b le  to  f i n d ,  f o r  each e x t e n s i o n  c '  o f  c ,  an 

e x t e n s i o n  a '  of  a w h ic h  w i l l  m a i n t a i n  t he  r e l a t i o n  f o r  a l l  e x t e n s i o n s  a ' '  of  

a .  T h i s  f o l l o w s  f r o m  ( P 2 ) .  T h i s  seems i n t u i t i v e l y  u nso u n d .

The n e x t  few  r e s u l t s  p ro v e  t h a t  the  two t h e o r i e s  a re  i n  c o m p le t e  a g r e e m e n t .

The one based t o t a l l y  on p a r t i a l  d e s c r i p t i o n s  ( ( P I )  -  (P I  3 ) )  seems th e  n o r e  

s a t i s f a c t o r y .  I f  o u r  o r i g i n a l  c l a i m  t h a t  we can n e v e r  command more t h a n  a 

p a r t i a l  d e s c r i p t i o n  o f  any p o s s i b l e  w o r l d  i s  c o r r e c t ,  t h e n  p r e s u m a b l y  t h i s  

a p p l i e s  to  t he  a c t u a l  w o r l d .  The awkwardness o f  t h i s  t h e o r y  c o u n t s  a g a i n s t  i t  

i n  t h a t  we r e q u i r e  a more e l a b o r a t e  ax iom s y s t e m .  F o r  t e c h n i c a l  c o n v e n i e n c e ,  

t h e r e f o r e ,  I  s h a l l  m o s t l y  use th e  sys te m  based upon ( B l )  -  ( B I O ) .

Theorem L e t  3 s a t i s f y  ( B l )  -  ( B I O ) .  Then d e f i n e .

a 3 c <=> ( V w 3 b ) ( a ï c )

a 3 c <=> ( V w i b ) ( a  3 c )

t h e n  th ese  r e l a t i o n s  s a t i s f y  a x io m s  ( P I )  -  ( P 1 3 )

P r o o f

( P I )  and (P 5 )  f o l l o w  f r om  ( B l ) ;  ( P 3 )  f r o m  ( B 4 )  and (P7 )  f r o m  

( B 5 ) ;  ( P 4 )  f o l l o w s  f r o m  ( B 5 )  and (P8 ) f r o m  ( B 6 ) and ( B 4 ) .  F o r
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a x io m  (P9 )  assume a A b = 0 t h e n  we need to  show a 3 b i . e .  

(Vw3a ) ( a  3  b ) bu t  t h i s  f o l l o w s  i m m e d i a t e l y  f r o m  p r i n c i p l e  ( B 3 ) .  

L e t s  t u r n  o u r  a t t e n t i o n  to  (P2 )  ( ( P 6 ) ) .  T h i s  f o l l o w s  i m m e d i a t e l y  

f r o m  the  o b s e r v a t i o n  t h a t  f o r  e v e r y  w, w3b u b ' i f f  W3b o r  w i b ' .  

F o r  ( P I O )  we b e g i n  w i t h  (B2 )  f o r  each w, a 3 b v b 3 a .

Hence Vw(a 3 b v b a a  v b =  a ) .  By ( B 9 )  and
W W W

( B I O )  we have ( V w ) ( S n ) ( a  3 ^  b v b o" a v b a ) .
w w v;

Hence by K o n i g ' s  lemma ( 3 n ) ( V w ) ( a  3 ^  b v b a v b hP a ) .

Ax iom ( P l l )  f o l l o w s  by th e  d e f i n i t i o n s  and th e  o b s e r v a t i o n  t h a t

a c i m p l i e s  ( V w ? b ) ( a  3 c ) & ( V w ) b ) ( ~ ( c  3 a ) ) .  (P I  2 )

f o l l o w s  d i r e c t l y  f r o m  ( B 7 ) .  (FT 3 )  f o l l o w s  by d e f i n i t i o n .

Theorem L e t  3 be the  r e l a t i o n ,  d e r i v e d  f r o m  a t h e o r y  based on 

a x io m s  ( P i )  -  ( P 1 3 ) ,  and w h i c h  i s  d e f i n e d  by

w
a 3 b <=> ( 3 n ) ( a  3^  b ) .

Then 3 s a t i s f i e s  ( B l )  -  ( B I O ) .

P r o o f

Once a g a i n  much, i f  no t  a l l ,  i s  t e d i o u s  b u t  s t r a i g h t f o r w a r d .  ( B l )

f o l l o w s  f r o m  ( P I )  & ( P 2 ) ;  ( B 4 )  f r o m  ( P 3 ) ,  and ( B 5 )  f r o m  (P 4 )  & ( P 2 )
w w

F o r  (B2 )  we need to  show ( 3 n ) ( a  3.^ b )  v ( 3 n ) ( b  a ) .
w w

Bu t  ( P I O )  i m p l i e s  ( 3 n ) ( V w ) ( a  b v b 3 ^  a ) .
w w

Hence ( V w ) ( 3 n ( a  3 ^ b )  v 5 n ( b  9 ^  n ) ) .  So ( B 2 )

h o l d s .  Assume a A  b = 0 and w ^ a . W e  know f r o m  (P9)  t h a t
Wk

a 3 b .  Hence,  s i n c e  ( 3 k ) ( w ^  ^  a )  y we have ( 3 k )  ( a  Ü b )
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by ( P 6 ) .  Hence (B 3 )  i s  t r u e .  We now need to  ch eck  (B9 )  and 

( B I O ) .  Assume a 3  b .  Then by d e f i n i t i o n  we have ~ ( b  3 a )

i e  ( V k ) ( ~ ( b  j P  a ) ) .  By ( P I O )  ( 9 k )  ( a  at b v

" k  " k
b 3  a V b = a ) .  The second and t h i r d

w
p o s s i b i l i t i e s  a re  r u l e d  out  by ( P2 ) and the  f a c t  t h a t  ( V k ) ( ~ ( b  3 a ) )

^ k  w
Hence ( 3 k ) ( a  □ b ) .  C o n v e r s e l y ,  assume ( 3k ) ( a  a  b ) .

w " k
Suppose b 2  a . Then by d e f i n i t i o n  ( 3 k ) ( b  □ a ) .  Hence

w
by ( P 2 )  ( 3 k ) ( V m 2 k ) ( b  3™ a ) .  So f o r  k  l a r g e  enough we have ( t h i s  t i m e  

w w
by ( P 6 ) )  ( Vm^k ) ( b 3™ a & a b ) and t h i s  c anno t

be ( b y  P l l ) .  Thus ( B I O )  h o l d s  -  (B9 )  i s  j u s t  a d e f i n i t i o n .  (B7)

f o l l o w s  f r o m  ( P 1 2 ) .

As a bon us ,  th e  way t h e  t h r e e  p l a c e  r e l a t i o n s  a r e  d e f i n e d  i n  t h e  o r i g i n a l  

t h e o r y ,  i s  a f o r m a l  cons equense  o f  ( P I )  t h r o u g h  (P I  3 ) .

Theorem F o r  a ,  b ,  c i n  B we h a v e :

( 1 )  a 3  c <=> ( V w 5 b ) ( a  3 c )

( 2 )  a j  c <=> (Vw3b ) ( a  3  c )

whe re  3 i s  d e r i v e d  r e l a t i o n  o f  th e  t h e o r y  ( P I )  -  (P 1 3 )

P r o o f

Assume a g e  t h e n  th e  r i g h t  hand s i d e  f o l l o w s  f r o m  ( P 2 )  and th e
w

d e f i n i t i o n  a a  c <=> ( 3 n ) ( a  c ) .  C o n v e r s e l y ,

assume r i g h t  hand s i d e .  By d e f i n i t i o n  and K o n i g ' s  lemma
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' "k h
( 3 k ) ( V w 9 b ) ( a  J  c ) .  ( P 2 )  g i v e s  i m m e d i a t e l y  t h a t  a a  c .

For b=0 use (P13). Part (2) is proven similarly

TRUTH CONDITIONS FOR

COUNTERFACTUAL SENTENCES

We s h a l l  p r o v i d e  t h e  t r u t h  c o n d i t i o n s  f o r  a s i m p l e  p r e p o s i t i o n a l  l a n gu ag e  

c o n t a i n i n g  c o u n t e r f  a c t u a l  o p e r a t o r s .  L e t  L be any c o u n t a b l e  l a n g u a g e ,  t h e n  

I 04 i s  the  s m a l l e s t  s u p e r s e t  o f  L t h a t  i s  c l o s e d  u n d e r  t h e  t r u t h  f u n c t i o n a l  

c o n n e c t i v e s  & and th e  c o u n t e r f a c t u a l  o p e r a t o r c h  , The o t h e r  l o g i c a l

c o n n e c t i v e s  v ,  - > ,  <=> and th e  i n t e n s  i o n a l  <>4 ( i f  -  t h e n  i t  m i g h t  be t h e  case

t h a t  -  ) a r e  g i v e n  by d e f i n i t i o n  i n  t h e  no rm a l  way.

Our t r u t h  c o n d i t i o n s  a r e  g i v e n  i n  a r a t h e r  u n o r t h o d o x  way.  B r i e f l y ,  we d e f i n e  

tw o  s e m a n t i c  r e l a t i o n s  b 1= P and b H P by  ( s i m u l t a n e o u s )  i n d u c t i o n  on 

P.  I n t u i t i v e l y ,  b ^  P e x p r e s s e s  th e  f a c t  t h a t  b c o n t a i n s  s u f f i c i e n t  

i n f o r m a t i o n  to  a s s e r t  P; and b P e x p r e s s e s  th e  f a c t  t h a t  b c o n t a i n s  enough

i n f o r m a t i o n  to  r e f u t e  P .  T h e re  i s  o f  c o u r s e  no re a s o n  to  e x p e c t  th e s e

r e l a t i o n s  t o  be i n t e r d e f i n a b l e . We may n o t  have s u f f i c i e n t  i n f o r m a t i o n  to  

d e c i d e  th e  m a t t e r  one way o r  t h e  o t h e r  s o ,  i n  p a r t i c u l a r ,  we c a n n o t  i n f e r  t h a t  

b H P h o l d s  f r o m  th e  f a c t  t h a t  b |= P does not  h o l d ;  we c a nn o t  d e f i n e  

b 4 P as ~ ( b  F P ) .

We a r e  g o i n g  to  g i v e  th e  t r u t h - c o n d i t i o n s  f o r  Lg_^ i n  t e rm s  o f  some B o o l e a n  

f r a m e  B. You w i l l  r e c a l l  t h a t  o u r  a l g e b r a s  can be t h o u g h t  o f  as i n d u c e d  by 

some u n d e r l y i n g  d e s c r i p t i o n  l an gu ag e  DL. What e x a c t l y  i s  t h e  r e l a t i o n s h i p
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b e tw e en  L ,  and DL? P r e s u m a b l y  L C DL. A BOOLEAN MODEL M = < B, f>

c o n s i s t s  o f  a B o o le an  f ram e B t o g e t h e r  w i t h  a f u n c t i o n  f : L  -> B. T h i s  

f u n c t i o n  m i g h t  be seen as j u s t  r e f l e c t i n g  t h i s  i n c l u s i o n .  We m i g h t ,  h o w e v e r ,  

demand more t h a n  t h i s  namely  t h a t  L ( o r  ) and DL a c t u a l l y  c o i n c i d e .  T h i s  i s  

much more p r o b l e m a t i c .  To a rgue  f o r  t h i s  v i e w  i s  to  t a k e  wha t  m i g h t  be 

d e s c r i b e d  as a ' N o m i n a l i s t  p o s i t i o n ' .  We a r e  demanding t h a t  any d i s t i n c t i o n s  

t h a t  we a r e  a b l e  to  draw be tw een  d i f f e r e n t  j x ) s s i b l e  s i t u a t i o n s  can be 

a r t i c u l a t e d  i n  th e  o b j e c t  l a n g u a g e .  But s u r e l y  t h i s  i s  no t  t h e  o n l y  p o s s i b l e  

and p e r h a p s  not  even the  most  p l a u s i b l e  v i e w .  We m i g h t  w e l l  have th e  c a p a c i t y  

t o  draw f i n e r  s i t u a t i o n a l  d i s t i n c t i o n s  tha-a th o s e  e x p r e s s i b l e  i n  t h e  o b j e c t  

la n g u a g e  .

We p r o v i d e  t h e  t r u t h - c o n d i  t  i o n s  f o r  L^^ g r a d u a l l y .  I n i t i a l l y  we c o n s i d e r  

s i m p l e  c o u n t e r f a c t u a l s , nam e ly  t h o s e  whose a n t e c e d e n t s  and c o n s e q u e n t s  a r e  

n o t  t h e m s e l v e s  c o u n t e r f a c t u a l s . L e t  L '  be th e  s m a l l e s t  s u p e r s e t  o f  L 

w h i c h  i s  c l o s e d  u n d e r  t he  t r u t h - f u n c t i o n a l  c o n n e c t i v e s  and l e t  L ^  ( 1 ) be t h e  

s m a l l e s t  s u p e r s e t  o f  L '  w h i c h  c o n t a i n s  Po-> Q f o r  P ,  Q i n  L ' .  The re a s o n  f o r  

t h i s  i s  e n t i r e l y  p e d a g o g i c a l .  In  o r d e r  to  p r o v i d e  t h e  t r u t h - c o n d i t i o n s  

f o r  more co m p le x  c o u n t e r f a c t u a l s  we need to  a s s o c i a t e  w i t h  each s i m p l e  

c o u n t e r f a c t u a l  an e le m e n t  o f  the  a l g e b r a .  The f a c t  t h a t  we a r e  a b le  to  do 

t h i s  w i l l  f o l l o w  f r o m  o u r  t r u t h - c o n d i t i o n s  f o r  s i m p l e  c o u n t e r f a c t u a l  

cond i  t  i o n s .

L e t  M = < B , f >  be a Bo o le a n  m o d e l .  We d e f i n e  b h  P and b 4 P where  b i s  i n  B 

and P i s  i n  L ^  ( 1 ) .  The d e f i n i t i o n  i s  by ( s i m u l t a n e o u s )  i n d u c t i o n  on P .
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( i )  b H P i f f  b < f ( ? )  ; P i n  L

b =1 P i f f  b < f  ( P ) * ;  P i n  L .

( l i )  b P & Q i f f  b 1= P and b h Q

b =( P 6. Q i f f  b =1 P o r  b H Q.

( l i i )  b h - p  i f f  b =i P

b ^  - p  i f f  b H P.

T h i s  c o m p le t e s  th e  t r u t h  c o n d i t i o n s  f o r  L ' .  B e f o r e  we g i v e  t h e  c l a u s e  f o r  t h e  

c o u n t e r f a c t u a l  we i n d i c a t e  how to  e x te n d  th e  f u n c t i o n  f  to  L ' :

f ( P  & Q) = f ( P ) f ( Q )

f ( ~ P )  = f ( P ) * .

Lemma F o r  each b i n  B and P i n  L '  t h e  f o l l o w i n g  h o l d s .

( 1 )  b ^  P and b '  £  b i m p l i e s  b ' |= P

( 2 )  b P and b '  ^  b i m p l i e s  b '  ^  P

The r e s u l t  f o l l o w s  by a s i m p l e  i n d u c t i v e  a r g u m e n t .  The n e x t  r e s u l t  l i n k s  t h e  

f u n c t i o n  f  w i t h  t he  r e l a t i o n s  j=,
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Lemma L e t  P & L ' .  Then t h e r e  e x i s t s  an n such t h a t  f o r  each b t T
m

m > n ,

( 1 )  b f= P i f f  b < f  (P)

( 2 )  b H P i f f  b < f  ( P ) *

P r o o f

F i r s t  d e f i n e  d : L '  ->  U) by r e c u r s i o n  as f o l l o w s :

( 1 )  d ( P )  = d ( f ( P ) )  f o r  P t L

( 2 )  d (~ P )  = d ( P )

( 3 )  d(P&Q) = r a a x (d (P ) ,  d ( Q ) )

N o t i c e  t h a t  d ( P )  2  d ( f ( P ) ) .  The number  d ( P )  i s  th e  number we 

w a n t ;  we p ro v e  t h i s  by i n d u c t i o n  on P.

The case P6 L i s  t r i v i a l  as i n d e e d  i s  t h e  case f o r  n e g a t i o n .  We

c o n c e n t r a t e  on th e  c o n j u c t i o n .  Suppose b |= Q & R. T h i s  i s

e q u i v a l e n t  to  b H Q and b }= R. Choose b such t h a t

in 2  & R) '  Then b h Q and b h  R i s  e q u i v a l e n t  to

b _< f ( Q )  and b £  f ( R )  -  b y  i n d u c t i o n  h y p o t h e s i s .  Next  suppose

b =1 Q & R. T h i s  i s  e q u i v a l e n t  t o b = | Q o r b = f R .  Once a g a i n  l e t

bCTjn  , m  2  & R ) . T h i s  i s  t h e n  e q u i v a l e n t  to  b 2  f ( Q ) *

o r  b < f ( R ) * .  But  b i s  an atom i n  T w he re  
— n
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n 2  d(Q & R) 2  d ( Q ) ,  d (R )  2  d ( f ( Q ) ) ,  d ( f ( R ) ) ;  hence  b 2  f ( Q ) *  

o r  b 2  f ( R ) *  i s  e q u i v a l e n t  to  b < f ( Q ) * u  f ( R ) * .

We s i i a l l  r e f e r  to  d (P )  as the  Degree o f  P.

Theorem F o r  each P i n  L '  we h a v e :  ( 3 k ) ( V t t T ^ ) ( t  h P v t  4  P ) .

P r o o f

Put k = d ( P ) .

S i n c e  k  2  d ( f ( P ) )  we know t h a t  f o r  any t t T ^ ,  t  2  f ( P )  

o r  t  2  f ( P ) * *  B y  t he  p r e v i o u s  theo re m  t  t= P o r  t  4 P

To p r o v i d e  th e  t r u t h  c o n d i t i o n s  f o r  th e  c o u n t e r f a c t u a l  i t s e l f  o u r  s t r a t e g y  

w i l l  be to  g i v e  an a c c o u n t  o f  o u r  i n f o r m a l  p r o c e d u r e  f o r  t h e  a s s es s m en t  o f  

c o u n t e r f a c t u a l s . I f  you r e c a l l  i t  was o f  th e  f o l l o w i n g  f o r m .  F i r s t  we mus t  

t h i n k  o f  a number  o f  a l t e r n a t i v e  c i r c u m s t a n c e s  i n  w h ic h  t h e  a n t e c e d e n t  c o u l d  

be ( w o u l d  be )  t r u e .  Next we s e l e c t  t h e  most p l a u s i b l e  b ra n c h e s  ( w i t h  

r e s p e c t  to  o u r  r e l a t i o n s  o f  r e l a t i v e  p l a u s i b l i t y ) .  We t h e n  ch eck  t o  see 

i f  t h e s e  most  p l a u s i b l e  a l t e r n a t i v e s ,  t o g e t h e r  w i t h  t h e  a n t e c e d e n t ,  i m p l y  t h e  

c o n s e q u e n t ;  o t h e r w i s e  we p a r t i t i o n  t h e  a n t e c e d e n t  s i t u a t i o n s  more f i n e l y .  L e t  

M be a B o o le a n  model  and l e t  P ç L ' . A P - d e c i s i o n  t r e e  p, i s  any f i n i t e  t r e e  

p ,  l a b e l l e d  w i t h  e l e m e n t s  f rom  B w i t h  f ( P )  a t  t h e  v e r t e x ,  and w h ic h  s a t i s f i e s  

t h e  f o l l o w i n g  c o n d i t i o n s .

( i )  F o r  each b ra nch  t  o f  p, t  0 ( t h e  i n t e r s e c t i o n  o f  th e

e l e m e n t s  o f  t  -  w he re  i t  i s  c l e a r  we s h a l l  o f t e n  j u s t  w r i t e  t  

r a t h e r  t h a n  t ) .
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( i i )  I f  a i s  a node o f  p w i t h  im m e d ia t e  a n c e s t o r s  a ^ , a
m

t h e n  a u . . . . u a = 
1 m

a and a ^ A a ^  = 0 , i  f  j .

L e t  b t B .  We s h a l l  c a l l  p a <b,  P > - d e c i s i o n  t r e e  i f  p i s  a P - d e c i s i o n  t r e e  

w h i c h  s a t i s f i e s  c o n d i t i o n  ( i l l )  b e l o w .  Where P i s  u n i m p o r t a n t  we s h a l l  r e f e r  

t o  a b - d e c i s i o n  t r e e .

( i l l )  L e t  B (p )  d e n o t e  t h e  b r a n c h e s  o f  p. Then s,  t t B ( p )  i m p l i e s

b b b
S 3  t  V t j S  V t = S

The s e t  o f  "m o s t  p l a u s i b l e "  b r a n c h e s  o f  p, w i t h  r e s p e c t  to  b,  

i s  t he  s e t  N p ( b )  = ( s e B ( p )  : V t e B ( p ) ,  s 3 t } .

The n o t i o n  o f  a - <  b , P > - d e c i s i o n  t r e e  i s  meant  to  be a p r e c i s e  c o u n t e r p a r t  o f  

t h e  i n f o r m a l  a c c o u n t ;  t h e  v a r i o u s  l a y e r s  i n  t h e  d e c i s i o n  t r e e  a re  meant to  

r e f l e c t  t h e  f i n e r  and f i n e r  p a r t i t i o n s  o f  th e  a n t e c e d e n t .  I  ta k e  i t  t h a t  when 

we r e f i n e  t he  a n t e c e d e n t  we w i s h  to  do t h i s  i n  a c o n s i s t e n t  way:  we i n d u c e  t h e  

f i n e r  p a r t i t i o n s  by th e  a d d i t i o n  o f  i n f o r m a t i o n  w h i c h  i s  n e i t h e r  c o n t r a d i c t e d  

n o r  e n t a i l e d  by t h a t  a l r e a d y  a c c u m u l a t e d .  T h i s  i s  th e  c o n t e n t  o f  c o n d i t i o n

( i ) .  The second c o n d i t i o n  i s  i n c l u d e d  to  e n s u r e  t h a t  o u r  r e f i n e m e n t s  a r e  

g e n u i n e  p a r t i t i o n s  o f  t h e  a n t e c e d e n t ,  i e ,  we do not  l o s e  any a n t e c e d e n t  

s i t u a t i o n s .  C o n d i t i o n  ( i i i )  i s  somewhat l e s s  o b v i o u s ;  i t  i s  i n c l u d e d  to  

e n s u r e  t h a t  b c o n t a i n s  s u f f i c i e n t  i n f o r m a t i o n  to  dec idecnthe most  p l a u s i b l e  

b r a n c h e s .  We s h a l l  s h o r t l y  say a l i t t l e  more a b o u t  t h i s  c o n d i t i o n .
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T h i s  b r i n g s  us to  th e  c l a u s e  i n  t he  t r u t h  c o n d i t i o n s  f o r  t h e  c o u n t e r f a c t u a l  

c o n d i t i o n a l .  The i d e a  s h o u l d  be o b v i o u s  by now: a c o u n t e r f a c t u a l  i s  t r u e  j u s t  

i n  case t h e r e  i s  a d e c i s i o n  t r e e  w i i i ch  g u a r a n t e e s  i t  to  be .

( i v )  b h P*^"' Q i f f  t h e r e  e x i s t s  a <b,  P > - d e c i s i o n  t r e e  p, w he re

each b ra nc h  c d e c i d e s  Q and where  f o r  each

b r a n c h  c i n  N ^ ( b ) ,  c Q

b 4 PÛ-T Q i f f  t h e r e  e x i s t s  a <b ,  P > - d e c i s i o n  t r e e  p, where  

each  b ra n c h  c d e c i d e s  Q and f o r  some

b r a n c h  c i n  N ^ ( b ) ,  c =f Q

whe re  i n  ( i v )  a b ra n c h  c d e c i d e s  Q i f  and o n l y  i f  c H Q o r  c 4  Q.

The t r u t h - c o n d i  t  i o n s  f o r  P (> ^ Q ,  th e  ' m i g h t '  c o n d i t i o n a l ,  can be deduced f rom

t h e  d e f i n i t i o n  ?Cr^ Q ~ ( P o ^  ~Q) .

Theorem L e t  B be a B o o le an  f r a m e .  Then f o r  any b ^  0 ,  b '  ^  0 i n  B

w i t h  b '  < b we h a v e :

( 1 )  b 1= PtH Q i m p l i e s  b '  1= Po4 Q

( 2 ) b 4 Po-1 Q i m p l i e s  b '  4 P&^ Q

P r o o f

L e t  p be a t r e e  w h ic h  g u a r a n t e e s  t h e  t r u t h  o f  b h  Pn^ Q . C la im  

N ( b ' )  C  N ( b ) .  L e t  seN ( b ' ) .  Then f o r  each t e B ( p ) ,
p — p p
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s 2  t .  Suppose s ^ N p ( b ) .  Then by t h e  f o l l o w i n g  lemma

t h e r e  i s  some L t % ( p ) ,  t  j  s .  B y ( P 6 ) t 3  s and so we

have a c o n t r a d i c t i o n  (by  P l l ) .  On the  o t h e r  hand (P 2 )  y i e l d s

N ( b )  C N ( b ' ) .  Hence N ( b )  = N ( b ' ) .  ( 1 )  and
p -  p P P

( 2 ) now f o l l o w . a

Lemma For  each d e c i s i o n  t r e e  p

N ^ ( b )  = /1{A : Ü ^ A C B(P)  : x t B ( l ' )  -  A & yc-A => y ^  x}

P r o o f

Le t  N “  {A • Q ^ A C B ( p )  and x t B ( p )  -  A and yCA => y Z  x } .

F i r s t  c l a i m  K ^ ( b ) e N .  Now N ^ ( b )  C B ( p ) ,  and i f  ~ ( x L N ^ ( b ) )

and y e i M b )  t h e n  y ^  x and ~( x g  y ) .  By

c o n d i t  i o n  ( i i i )  i n  o u r  de f i n i t  i o n  o f  de c i s i o n  t r e  es y z  x .

Hence N ( b ) € N .  Hence HN g  N ( b ) .  C o n v e r s e l y ,  i f  zcN ( b )
* P p

t h e n  i t  AtN and z / A  we know t h a t  y ZJ z f o r  each y^A.  But % z  v

2^ h p ( b )  -  c o n t r a d i c t i o n .  Hence N = 0 . But t h i s  

i s  i m p o s s i b l e ,  s i n c e  N p ( b ) i N .

T h i s  l a s t  th e o re m  i s  i n  k e e p in g  w i t h  o u r  i n t u i t i v e  u n d e r s t a n d i n g  o f  t h e  

r e l a t i o n s  h  and =\ : th e  r e l a t i o n s  s h o u l d  be p r e s e r v e d  u n d e r  p o s s i b l e  i n c r e a s e s  

i n  i n f o r m a t i o n .  Once a d e c i s i o n  c o n c e r n i n g  a c o u n t  e r f  a c t u a l  has  been t a k e n  

f u r t h e r  r e f i n e m e n t s  w i l l  n o t  a l t e r  m a t t e r s .  But how can we be s u re  t h a t  th e  

t r u t h  v a l u e  o f  a c o u n t e r f  a c t u a l  i s  i n d e p e n d e n t  o f  t h e  p a r t i c u l a r  way t h a t  we 

p a r t i t i o n  t h e  a n t e c e d e n t ?  The f o l l o w i n g  r e s u l t  s h o u l d  r e l i e v e  any a n x i e t y  

o v e r  t h i s  m a t t e r .

Theorem F o r  any Bo o le a n  f rame B, w i t h  b ^  0 i n  B, we h a v e :
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( 1 )  b (= Pth4 Q i f f  f o r  each <b,  P > - d e c i s i o n  t r e e  p,

( w h e re  each b ra nch  d e c i d e s  Q) ,  

each  c t N p ( b )  s a t i s f i e s  c |= Q.

( 2 )  b 4  P04 Q i f f  f o r  each < b , P > - d e c i s i o n  t r e e  p,

( w h e re  each b ra nch  d e c i d e s  Q) some 

c 6 N ^ ( b )  s a t i s f i e s  c 4  Q*

P r o o f

A l i t t l e  n o t a t i o n  w i l l  f a c i l i t a t e  the  p r e s e n t a t i o n  o f  th e

p r o o f .  Suppose A C B ( p )  -  some s e t  o f  b ra nc h es  i n  p. F o r

exam ple  A = { a^ ,  . . . . ,  a ^ } .  L e t  â j  be th e  l a s t

e l e m e n t  on t h e  b ra nch  a .  and l e t  Â = â , u  . . . . u â  .
1 i n

Suppose c o n t r a r y  to  t h e  theo re m  b \= Poy Q and f o r  some 

< b ,  P > - d e c i s i o n  t r e e  q, ( w h e r e  each b b ra n c h  d e c i d e s  Q) some 

c ^ C N ^ ( b )  s a t i s f i e s  ~ ( c ^  Q) ( a n d ,  t h e r e f o r e ,  

c 4  Q as each b ra nc h  d e c i d e s  Q) .  We s h a l l  deduce a
q

c o n t r a d i c t  i o n

L e t  p be t h e  d e c i s i o n  t r e e  w h i c h  g u a r a n t e e s  t h e  t r u t h  o f  

b Po-> Q.
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F i r s t  n o t i c e

( i )  N ^ ( b )  □ B ( p )  -  N ^ ( b )  and

( i i )  e 3 B ( q )  -  { c  } .  q — q

P r e s u m a b l y ,  â Q f o r  each aeN ( b ) .  Now e i t h e r  some such â
P

s a t i s f i e s  â n e  ^ 0 o r  & N ( b )  = 0;
q q p

i f  t h e r e  i s  such an aeN ( b )  such t h a t  â O c 0
P q

t h e n  Û rv h  Q & ~Q. But t h i s  i s  a c o n t r a d i c t i o n

( s i n c e  a s i m p l e  i n d u c t i v e  a rg u m e n t  shows t h a t  i f  b M Q & ~Q t h e n

b = 0 i n  B ) . Hence & n  N ( b )  = 0 .  So £ < B ( p )  -  N ( b )  -
q p q — p

as £  f ( P )  and f ( P )  = B ( p ) .  S i m i l a r l y ,  N ^ ( b )  < B ( q )  -  { c ^ } .

So,  by ( i )  and ( P 8 ) ,  N ^ ( b )  3  a n d ,  by ( i i )  and ( P 4 ) ,

6 3  N ( b ) .  T h i s  i s  a c o n t r a d i c t i o n  by ( P l l ) .  
q — p

Theorem F o r  any b o o l e a n  f ram e  B w i t h  b t B ,  i f  b M PCM- Q and b =f Po-» Q

t h e n  b = 0.

P r o o f

By th e  th eo re m  i f  b f  0 t h e n  any d e c i s i o n  t r e e  p f o r  P m us t

have  some c&N ( b )  such t h a t  c P and c 4  P. T h i s  ca nno t  
P

be ( i n d u c t i o n  o f  P 6 L ' )  u n l e s s  c = 0 .  But  t h e n ,  by t h e  

d e f i n i t i o n  ( i )  o f  d e c i s i o n  t r e e s ,  t h i s  c a n n o t  b e .  Hence b = 0

The r e a d e r  can p e r h a p s  now see the  n e c e s s i t y  f o r  c o n d i t i o n  ( i i i )  i n  o u r
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d e f i n i t i o n  o f  d e c i s i o n  t r e e s :  i t  e n s u re s  t h a t  a d e c i s i o n  c o n c e r n i n g  th e  t r u t h  

o r  f a l s i t y  o f  a c o u n t e r f a c t u a l  does not  need to be w i t h d r a w n  i n  th e  l i g h t  o f  

new i n f o r m a t i o n .

We can c o n n e c t  o u r  a c c o u n t  w i t h  t h a t  o f  Goodman. On h i s  v i e w  ( r o u g h l y )  P t »  Q 

i s  backed by an a rg um en t  o r  d e r i v a t i o n  P,  P^ , . . . .  p h  Q, whe re  

P* a r e  " c o t e n a b l e "  w i t h  P and where  t h e r e  i s  no such d e r i v a t i o n  f o r  

~Q. Our n o t i o n  o f  c o m p a r a t i v e  p l a u s i b i l i t y  i s  o b v i o u s l y  c l o s e l y  a l l i e d  to  

Goodman 's  n o t i o n  o f  c o t e n a b i l i t y ; i n d e e d  i f  we t r a n s l a t e  Goodman 's  c r i t e r i a  

i n t o  t h e  te rm s  o f  c o m p a r a t i v e  p l a u s i b i l i t y  we a s s e r t  P i s  " c o t e n a b l e "  w i t h  Q 

j u s t  i n  case P & Q i s  a t  l e a s t  as p l a u s i b l e  as P & ~Q. I f  t h i s  i s  a c o r r e c t  

i n t e r p r e t a t i o n  o f  Goodman 's n o t i o n  o f  c o t e n a b i l i  Cy t h e n  o u r  t r u t h  c o n d i t i o n s  

p r o v i d e  t he  a p p r o p r i a t e  d e r i v a t i o n  o f  th e  c o n s e q u e n t  f r om  th e  a n t e c e d e n t :  t h e  

m os t  p l a u s i b l e  b r a n c h e s  a r e  c o t e n a b l e  w i t h  th e  a n t e c e d e n t  and i m p l y  t h e  

c o n s e q u e n t .  The p r e v i o u s  th eo rem p r o v i d e s  t h e  second h a l f  o f  Goodman's 

c r i t e r i a  i n  t h a t  i t  e n s u re s  t h a t  no such d e r i v a t i o n  f o r  t h e  n e g a t i o n  o f  t he  

c o n s e q u e n t  can e x i s t .  T h i s  i s  o f  c o u r s e  no t  a t o t a l  s o l u t i o n  to  Goodman 's 

p r o b l e m ,  b u t  i t  i s  th e  b e s t  we can do i n  such a g e n e r a l  f r a m e w o rk .

Our  d i s c u s s i o n  h i g h l i g h t s  a p r o b l e m  w l i i c h  has p la y e d  a c e n t r a l  p a r t  i n  t h e  

t h e o r i s i n g  a b o u t  c o u n t e r f a c t u a l s  ; and n o t  j u s t  a bou t  c o u n t e r f a c t u a l s  b u t  a b o u t  

c o n d i t i o n a l s  i n  g e n e r a l ;  i n d e e d  i t  c r o p s  up a t  a l m o s t  e v e r y  p o i n t  i n  t h e  

p h i l o s o p h y  o f  l a n g u a g e .  The p ro b le m  c o n c e r n s  th e  r e l a t i o n s h i p  b e tw een  t h e  

t r u t h - c o n d i t i o n s  o f  s e n t e n c e s  and th e  means t h a t  we have a v a i l a b l e  f o r  

v e r i f y i n g  them .  Do t h e  e v a l u a t i o n  p r o c e d u r e s  we have j u s t  d e s c r i b e d  c a p t u r e  

t h e  t r u t h - c o n d i t i o n s  o f  c o u n t e r f a c t u a l s  e x h a u s t i v e l y ,  o r  s h o u l d  t h e y  r a t h e r  be 

s e en  as m o d e l l i n g  t h e  a c c e s s i b l e  means o f  a s s e s s i n g  t r u t h ?
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Q u e s t i o n s  o f  t h i s  s o r t  a re  n o t o r i o u s l y  d i f f i c u l t .  I t  i s  o f  c o u r s e  a lw a y s

d a n g e r o u s  to  c l a i m  t h a t  no more of  i n t e r e s t  can be s a id  a b o u t  a c e r t a i n

q u e s t i o n  bu t  n e v e r t h e l e s s  some such q u e s t i o n s  do seem u n a n s w e r a b l e .  I n d e e d ,  

t h e  i n s i g h t  t h a t  t h e r e  r e a l l y  i s  no r ea s on  to  e xpe c t  such q u e s t i o n s  to  be 

c o n c l u s i v e l y  answered i s  i t s e l f  a v a l u a b l e  change o f  a t t i t u d e  i n  la n gu ag e  

t h e o r y ;  j u s t  as i t  was a h e l p f u l  change o f  a t t i t u d e  when p e o p le  gave up th e  

i d e a  t h a t  a s e m a n t i c  a n a l y s i s  w ou ld  be i n a d e q u a t e  u n l e s s  i t  a t t r i b u t e s  to t h e  

s e n t e n c e  a n a l y s e d  a t r u t h - v a l u e  i n  a l l  c i r c u m s t a n c e s  o r  c o n t e x t s  o f  u s e .  The 

r e a s o n  why we s h o u l d  no t  a u t o m a t i c a l l y  e x p e c t  t h e r e  to  be answ ers  to  such 

q u e s t i o n s  i s  t h i s :  as l o n g  as t h e r e  i s  a f a i r  measure  o f  ag ree m e n t  i n  t h e

means o f  v e r i f i c a t i o n  ( f o r  p r o p o s i t i o n  o f  a c e r t a i n  t y p e )  t h a t  u s e rs  have i n

common, so t h a t  t h e y  come i n  th e  m a j o r i t y  o f  cases  to  t h e  same c o n c l u s i o n  

r e g a r d i n g  t h e  t r u t h - v a l u e  o f  such a p r o p o s i t i o n  when th e y  a p p l y  t h e  means of  

e v a l u a t i o n ,  t h a t  each has a t  h i s  d i s p o s a l ,  t h e  s e n t e n c e s  i n  q u e s t i o n  w i l l  

s e r v e  a d e q u a t e l y  as v e h i c l e s  o f  c o m m u n i c a t i o n .  The q u e s t i o n  w h e t h e r  t he  

m e th od s  o f  e v a l u a t i o n  used do t h e m s e l v e s  c o n s t i t u t e  th e  t r u t h - c o n d i t i o n s  f o r  

t h e s e  s e n t e n c e s  need n e v e r  be s e t t l e d ;  t h e r e  may be a gap i n  t r u t h - c o n d i t i o n s  

h e r e  j u s t  as t r u t h - g a p s  a r i s e  i n  so many a r e a s  o f  l a n g u a g e .  I t  i s  a lw a y s  

p o s s i b l e  to  a d o p t  t r u t h - c o n d i  t i o n s  u i i i c h  t r a n s c e n d  th e  p r o c e d u r e s  o f  

e v a l u a t i o n  t h a t  we r e c o g n i s e  as t i e d  t o  t h e  s e n t e n c e  ty pe  i n  i t s  a c t u a l  u s e .  

T h i s  i s  p e r f e c t l y  a c c e p t a b l e  as l o n g  as t h e s e  new t r u t h - c o n d i t i o n s  do n o t  

s i g n i f i c a n t l y  c o n f l i c t  w i t h  t h e  p r o c e d u r e s  i n  a l l  th o s e  cases where  t h e  l a t t e r  

y i e l d  a d e f i n i t e  r e s u l t ;  as  l o n g ,  t h a t  i s ,  as th e  i m p o s i t i o n  o f  t r u t h -  

c o n d i  t i o n s  r e s p e c t  th e  i n s t a n c e s  whe re  t r u t h - c o n d i  t i o n s  a r e  d e c i d a b l e .  I n d e e d ,  

i n  many i n s t a n c e s ,  t h e r e  may be v a l i d  t h e o r e t i c a l  o r  t e c h n i c a l  r e a s o n s  f o r  such 

i m p o s i t i o n s .  We s h o u l d ,  h o w e v e r ,  be f u l l y  awa re  o f  wha t  i t  i s  t h a t  we a r e
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d o i n g .  We a r e  r e f o r m i n g  o l d  ( o r  even i n t r o d u c i n g  new) v e r n a c u l a r  and not  

m e r e l y  s p e l l i n g  o u t  what  was a l r e a d y  t h e r e  to  be d i s c o v e r e d .

On th e  f a c e  o f  i t  o u r  r e l a t i o n s  [=, 4 a d m i t  t r u t h - v a l u e  gaps f o r  as we have 

p r e v i o u s l y  s t a t e d  i t  may not  be t he  case t h a t  e i t h e r  b (= P o r  b 4  P f o r  some 

p a r t i c u l a r  d e s c r i p t i o n  b .  We may not  know enough to  d e c i d e  th e  m a t t e r .  

N e v e r t h e l e s s ,  we may rea ch  some p o i n t  where  f o r  a p a r t i c u l a r  P we may be a b l e  

t o  choose  one way o r  the  o t h e r .  In  o t h e r  w o rd s ,  f o r  a d e s c r i p t i o n  b ,  o f  

s u f f i c i e n t  d e g re e  o f  d e t a i l , e i t h e r  b e n t a i l s  P o r  b e n t a i l s  ~P .

Theorem Fo r  any model  M i f  f ( P )  /= 0

t h e n

( 3 k ) ( V b t T ^ ) ( b  h  Pt>-> Q V b 4 P ^  Q)

P r o o f

C o n s i d e r  the  d e c i s i o n  t r e e  p w i t h  f ( P )  a t  t h e  v e r t e x  and i t s

a n c e s t o r s  th ose  a toms t  o f  B ( n  > d ( Q ) ,  d ( P ) )  such t h a t
n —

t  £  f ( P ) .  By ( P I O )  we can  choose k  l a r g e  enough to  " d e c i d e "  

m o d u lo  J ,  U th e  b ra n c h e s  o f  p i e  f o r  each p a i r  o f  b ra n c h e s  of  

p ,  X,  y say ,  and f o r  each b i n  T^

b b b
X 3 y V y 3 X V x = y

But  t h e n  f o r  each beT, and each x6N ( b )  e i t h e r  x  h Q o r
k  p

X 4  Q. Hence b Q o r  b 4 Pt>-^ Q»
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We s h a l l  r e f e r  to  the  k u n c o v e re d  i n  t h i s  r e s u l t  as t h e  deg re e  o f  Po-^ Q 

and w r i t e  d(Po~> Q) = k .

D e s p i t e  t h i s  r e s u l t ,  o u r  t h e o r y  o f  c o u n t e r f  a c t u a l s  may w e l l  a p p e a r  as a s q u a re  

r e f u s a l  to  a c c e p t  such t r a n s c e n d e n t a l  t r u t h - c o n d i t i o n s .  I f  a n y t h i n g ,  t h e  v e r y  

f a c t  t h a t ,  a c c o r d i n g  to  o u r  t h e o r y ,  any c o u n t  e r f  a c t u a l  can a p p a r e n t l y  be 

d e c i d e d  w i t h i n  a f i n i t e  amount o f  t im e  s t r e n g t h e n s  t h i s  v i e w .  T h i s  i s  t o  be

s e en  i n  c o n t r a s t  to  th e  s e m a n t i c  a n a l y s i s  o f f e r e d  by L ew is  and S t a l n a k e r .

T h i s ,  h o w e v e r ,  i s  no t  t he  o n l y  p o s s i b l e  i n t e r p r e t a t i o n  o f  o u r  t h e o r y .

The t r u t h  o f  a c o u n t e r f a c t u a l  i s  s a i d ,  by t h e  p r e s e n t  t h e o r y ,  to  c o n s i s t  i n  

t h e  e x i s t e n c e  o f  a c e r t a i n  d e c i s i o n  t r e e .  U n l i k e  p o s s i b l e  w o r l d s  th e

r e l e v a n t  p o r t i o n  of  th e  t r e e  can be k n o w a c o m p l e t e l y  by t h e  l an guage  u s e r ;  and

t h i s  i s ,  o f  c o u r s e ,  p a r t  o f  th e  m o t i v a t i o n  b e h in d  th e  p r e s e n t  t h e o r y . D e s p i t e  

t h i s  f a c t ,  th e  s t a t e m e n t  t h a t  th e  p a r t i t i o n  t r e e  has th e  r e q u i r e d  p r o p e r t y  may 

w e l l  t r a n s c e n d  what i s  d i r e c t l y  v e r i f i a b l e .  The main  p ro b le m  c o n c e r n s  th e  

c o n s i s t e n c y  ch ec k s  i n v o l v e d  i n  th e  c o n s t r u c t i o n  o f  th e  d e c i s i o n  t r e e .  So f a r  

i t  has been i m p l i c i t  l y  assumed t h a t  th ese  v e r i f i c a t i o n s  o f  c o n s i s t e n c y  a r e  

i n s t a n t a n e o u s .  A much more r e a l i s t i c  a p p ro a c h  w o u ld  r e q u i r e  th ese

v e r i f i c a t i o n s  to  be c a r r i e d  o u t  as p a r t  o f  t h e  p a r t i t i o n  p r o c e s s  i t s e l f .  The

i m p o r t a n t  o b s e r v a t i o n  h e re  c o n c e rn s  th e  t e r m i n a t i o n  o f  such a v e r i f i c a t i o n  

p r o c e s s :  i f  DL c o n t a i n s  p r e d i c a t e  l o g i c  t h e n  such a p r o c e s s  can not  i n  

g e n e r a l  be c o m p le t e d  w i t h i n  a f i n i t e  number  o f  s t e p s .

A t  l o n g  l a s t  we can p r o v i d e  t h e  p ro m is e d  e x t e n s i o n  o f  t h e  f u n c t i o n  f  t o  t h e

w h o le  o f  L ^ ( l ) .
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Theorem L e t  M be some B o o le a n  m o d e l .  Then f  can be e x te n d e d  to  a

f u n c t i o n  f  : L ^  ( 1 ) ->  B such t h a t  f o r  each b iT  ,
^  d(Pf>» Q) '

i f  f ( P )  /= 0 , t h e n

( I )  b < f ( P ( » Q )  i f f  b b Po^Q

( 2 )  b < f  ( P ^  q f  i f f  b 4  Po-Q

( I f  f ( P )  = 0 p u t  f ( P o ^ Q )  = 1)

P r o o f

and b

L e t  k = d ( Pet Q ) . L e t  b , b be t h e  a toms o f  B, .
1 m k

L e t  b , b be t h e  a toms such t h a t  b.  k  Po^Q, 1 < i  < ni n  i  — —

, , ,   b t h e  a toms such t h a t  b .  4  P«>^Q n+1 < i < m.
n+1 m J

L e t  f ( P r ^  Q) = b L, . . . u b . I f  t h e r e  a r e  no a toms such 
1 n

t h a t  b^ h Q t h e n  o f  c o u r s e  f(PO-> Q) i s  pu t  e q u a l  to  0 .

T h i s  r e s u l t  can be s t r e n g t h e n e d  a l i t t l e  s i n c e  any b&T^ f o r  k  >_ d(Po-*Q) 

s a t i s f i e s  th e  above c o n d i t i o n s .  To see t h i s  j u s t  n o t i c e  t h a t  

b < b < f ( P o ^ Q )  i f f  b < b .  Po-7Q e t c .

T h i s  r e s u l t  i s  t he  key  t o  th e  t r e a t m e n t  o f  more comp lex  c o u n t e r f a c t u a l s  -  

t h o s e  w h i c h  have a n t e c e d e n t s  a n d / o r  c o n s e q u e n t s  w h ich  a r e  t h e m s e l v e s  

c o u n t e r f a c t u a l s .  Our d e f i n i t i o n  o f  a mode l  p r o v i d e s  a f u n c t i o n  f  : L ->  B ; we 

we re  t h e n  a b l e  t o  g i v e  a t r u t h  t h e o r y  f o r  s e n t e n c e s  i n  L ^  w h i c h  i n v o l v e s  o n l y  

one l e v e l  o f  c o n t e r f a c t u a l  c o n d i t i o n a l s .  Our th eo re m  g u a r a n t e e s  th e
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A
e x i s t e n c e  o f  a f u n c t i o n  f  : L ( 1 ) ->  B . In  i t s  t u r n  t h i s  e n a b l e s  us  t o

p r o v i d e  t r u t h  c o n d i t i o n s  f o r  s e n t e n c e s  i n  L qj:) w h i c h  i n v o l v e  two l e v e l s  o f

c o u n t e r f  a c t u a l s  -  L q- ^ ( 2 ) .  So f a r  we have s a id  l i t t l e  a b o u t  th e  p ro b le m  o f

c o u n t e r f  a c t u a l s  i n  ( I )  w h i c h  have i m p o s s i b l e  a n t e c e d e n t s  ( i n  te rm s  o f  th e

model  f ( P )  = 0 w he re  P i s  th e  a n t e c e d e n t  o f  t h e  c o n d i t i o n a l ) .  Lew is  a rg ue s

f o r  t h e  t r u t h  o f  such c o u n t e r f  a c t u a l s ,  and to  f a c i l i t a t e  c o m p a r i s o n  w i t h  h i s

t h e o r y  we have f o l l o w e d  s u i t  by p u t t i n g  f ( P a ^ Q )  = 1 f o r  f ( P )  = 0 .  P ro c e e d in g

i n  t h i s  way we can d e f i n e  a sequence o f  f u n c t i o n s  { f  } . _ w he re
n n>0

w he re  f ^  : Ljyjy(n) ->  B, L q̂ ( O )  = L and L ^ ^ ( n  +  1) i s  o b t a i n e d  f rom  L ^ ( n )  

as  f o l l o w s .  F i r s t  c l o s e  Lg_^(n) u n d e r  t h e  t r u t h - f u n c t i o n a l  o p e r a t o r s  (& , ~)  to  

o b t a i n  L ( n ) .  L ( ^ ( n + 1 )  i s  t he  s m a l l e s t  s u p e r s e t  o f  L ' q̂  ( n )  c o n t a i n i n g  P&» Q

f o r  P, Q t L ^ ^ ( n ) . L e t  L q_* = L o ^ ( n ) .  We can d e f i n e

f ^  : L o ^  - >  B

by f ^  = f  whe re  i n  th e  o b v i o u s  sense f  C  f
 ̂ n=0 n n — n+1

( f  , i s  an e x t e n s i o n  o f  f  ) .  We s h a l l  w r i t e  f  f o r  f  to a v o i d  
n+ I n

cumbersome n o t a t i o n .

Our l a s t  r e s u l t  i s  bound to  p ro v o k e  c e r t a i n  m i s g i v i n g s .  I t  a s c e r t a i n s  t h a t  

each  c o u n t e r f a c t u a l  s e n t e n c e  P " c o i n c i d e s "  w i t h  an e l e m e n t  b^ o f  th e  

B o o l e a n  f r a m e .  But i n  t he  case whe re  t h e  f rame  r e p r e s e n t s  t h e  l a n gu ag e  DL i n
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w h i c h  the  p o s s i b l e  s i t u a t i o n s  a re  d e s c r i b e d  t h i s  means t h a t  P i s  e q u i v a l e n t

w i t h  th e  D L - s e n t e n c e s  w l i i c h  c o r r e s p o n d  to  t h e  e le m e n t  bp.

Have we t h e n  not  reduced  th e  c o u n t e r f a c t u a l  c o n c e p t  to  a p u r e l y  e x t e n s i o n a l  

one? Of c o u r s e ,  w h e t h e r  t h i s  i s  so o r  no t  depends upon th e  l a n gu ag e  DL. Our 

o r i g i n a l  d i s c u s s i o n  o f  t he  d e c i s i o n  p r o c e s s  f o r  c o u n t e r f a c t u a l s  may w e l l  have 

s u g g e s t e d  t h a t  we i nd ee d  t h i n k  o f  DL as p u r e l y  e x t e n s i o n a l .  But i s  t h i s  a 

r e a s o n a b l e  a s s u m p t i o n ?  In  a n a r r o w  sense we m i g h t  be a s k i n g  w h e t h e r  o r  n o t  DL 

c o n t a i n s  such a p p a r e n t l y  i n t e n t i o n a l  d e v i c e s  such as th e  c o u n t e r f a c t u a l  i t s e l f  

o r  o t h e r  modal  t e rm s  o r  c o n s t r u c t i o n s .  I f  s o , 1 b e l i e v e  i t  t o  be i n  k e e p in g  

w i t h  th e  s p i r i t  o f  t h e  p r e s e n t  a n a l y s i s  to  assuma t h a t  DL does c o n t a i n  some 

s uch  d e v i c e s ,  b u t  f o r  t he  sake o f  a r g u  ment we s h a l l  n o t  make such an 

a s s u m p t i o n ,  f o r  t h e r e  i s  s t i l l  a n o t h e r  sense i n  w h ic h  DL may not  be p u r e l y  

e x t e n s i o n a l .  The b a s i c  p r e d i c a t e s  o f  L may c o n t a i n  c e r t a i n  i n t e n s i o n a l  

n o t i o n s .  F o r  among th e s e  p r e d i c a t e s  t h e r e  m i g h t  be such p r e d i c a t e s  as 

' s o l u b l e '  o r  ' s o l i d '  w h i c h ,  a c c o r d i n g  to  some a t  l e a s t ,  a r e  e s s e n t i a l l y  

c o u n t e r f a c t u a l  i n  m e a n in g .  To say t h a t  x i s  s o l u b l e ,  f o r  example  i s  t o  a s s e r t  

a b a t t e r y  o f  c o u n t e r f  a c t u a l s  such a ' I f  x we re  svbme rged i t  w ou ld  d i s s o l v e ' ,  

e t c .  1 f i n d  i t  r a t h e r  d i f f i c u l t  to  a s s e s s  t h i s  t h e o r y  o f  d i s p o s i t i o n a l  

p r e d i c a t e s .  I t  m i g h t  be a rg ue d  f o r  i n s t a n c e  t h a t  th e  meaning o f  such 

p r e d i c a t e s  i s  bound up w i t h  th e  f u n d a m e n t a l  n a t u r e  o f  s u b s t a n c e .  I n  w h ic h  

case  such c o u n t e r f  a c t u a l s  as ' I f  a w e re  s.ùme rged i t  w ou ld  d i s s o l v e '  w o u l d  be 

d e r i v a b l e  f r o m  s t a t r a e n t s  such as ' a  i s  s o l u b l e ' .  L e t  us ,  h o w e v e r ,  assume 

f o r  th e  moment t h a t  DL m us t  c o n t a i n  some such p r e d i c a t e s .  The r e s u l t  o f  th e

th e o r e m  m i g h t  s t i l l  a p p e a r  r a t h e r  s u r p r i s i n g .  Fo r  i t  c l a i m s  t h a t  a l l

c o u n t e r f a c t u a l s  a r e  e l i m i n a b l e  e x c e p t  th o s e  w h i c h  a r e  c o n c e a l e d  b e n e a t h  t h e

f a c a d e s  o f  some o f  t h e  p r i m i t i v e  p r e d i c a t e s  of  th e  d e s c r i p t i o n  l a n g u a g e .
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T h e r e  a r e ,  h o w e v e r ,  o t h e r  r easons  why t h i s  r e d u c t i o n  o f  c o u n t e r f  a c t  u a l s  to  

c o m p l i c a t e d  e x t e n s i o n a l  c o n s t r u c t i o n s  i s  l a r g e l y  i l l u s o r y .  I n  t h e  f i r s t  p l a c e  

t h e  r e d u c t i o n  depends on a p a r t i c u l a r  c h o i c e  o f  th e  r e l a t i o n  □ .  T h i s  

r e l a t i o n  h ow eve r  may w e l l  be s a id  to  i n c o r p o r a t e  much, i f  no t  a l l ,  t h a t  has 

a l w a y s  been c o n s i d e r e d  i n t r a c t a b l e  i n  c o u n t e r f a c t u a l  c o n s t r u c t i o n s .  What f o r  

exam p le  makes a s i t u a t i o n  i n  w h ic h  1 s t r i k e  th e  match and i n  w h ic h  t h e r e  i s  

j u s t  as much o xyge n  as t h e r e  i s  i n  th e  a c t u a l  w o r l d  n e a r e r  to  th e  a c t u a l

w o r l d  t h a n  a s i t u a t i o n  i n  w i i i c h  1 s t r i k e  t h e  match and i n  w h ich  t h e r e  i s

i n s u f f i c i e n t  oxygen  f o r  i g n i t i o n ?  T h i s ,  you m i g h t  s a y ,  i s  Goodman's 

c o t e n a b i l i t y  p ro b l e m  a l l  o v e r  a g a i n .  T h i s  i s ,  o f  c o u r s e ,  a c r i t i c i s m  w h ic h  

a f f e c t s  n o t  o n l y  t h i s  a n a l y s i s  b u t  t h o s e  o f  L e w i s  and S t a l n a k e r .  I n d e e d ,  1 

do not  t h i n k  such ' c i r c u l a r i t y '  can be a v o i d e d  i n  any a n a l y s i s  a t  such l e v e l  

o f  g e n e r a l i t y  as t h e  p r e s e n t  o ne .  1 b e l i e v e  i t  p o s s i b l e  to  say s o m e th in g  no r e  

d e f i n i t e  a b o u t  t h e  r e l a t i o n  3  w i t h i n  th e  n a r r o w e r  c o n t e x t  o f  p a r t i c u l a r  

l a n g u a g e s  i n  w l i i c h  th e  c o u n t e r f  a c t u a l  c o n s t r u c t i o n  i n t e r a c t s  w i t h  o t h e r  t h a n  

j u s t  t r u t h - f u n c t i o n a l  o p e r a t o r s .  But t h i s  i s  a t o p i c  f o r  a n o t h e r  o c c a s i o n .

A second i n t e n s i o n a l  component  i n  o u r  a n a l y s i s  m i g h t  a r i s e  by c o n s i d e r a t i o n  o f

t h e  B o o le a n  r e l a t i o n  So f a r  we have s a i d  n e x t  t o  n o t h i n g  a b o u t  t h e s e

r e l a t i o n s .  When b^ and b^ r e p r e s e n t  ( e q u i v a l e n c e  c l a s s e s  o f )

s e n t e n c e s  o f  DL t h e n  b, < b« i s  to  mean b ,  e n t a i l s  b _ .  But
1 — z 1 Z

" e n t a i l s "  i n  wt iat  sense p r e c i s e l y ?  The o n l y  n o t i o n  o f  e n t a i l m e n t  w h ich  i s  

b o t h  r e l e v a n t  and w h i c h  we can c l e a r l y  a r t i c u l a t e  i s  D L ' s  n o t i o n  o f  l o g i c a l  

c o n s e q u e n c e .  How ever ,  i t  i s  by no means c l e a r  t h a t  t h i s  i s  t h e  c o r r e c t  n o t i o n  

o f  " e n t a i l s " .  Indeed  t h e r e  seems good r e a s o n  to  i n c l u d e  i n  t h e  e x t e n s i o n  o f  ^  

p a i r s  o f  t h e  f o rm  < b ^ ,  b^> w he re  b^ f o l l o w s  f r om  b^ w i t h  th e
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l i e l  p o f  c e r t a i n  n a t u r a l  l a w s .  Fo r  s u r e l y  when we c o n s i d e r  t h e  v a r i o u s  

a l t e r n a t i v e  s i t u a t i o n s  i n  w l i i c h  a g i v e n  h y p o t h e s i s  c o u l d  have been t r u e  we 

s u r e l y  l e a v e  o u t  a l l  t hose  a l t e r n a t i v e s  w h ic h  a re  p h y s i c a l l y  i m p o s s i b l e ,  and 

e q u a l l y  we i g n o r e  wlien c o n t e m p l a t i n g  how f u r t h e r  d e t a i l s  o f  an a l r e a d y  

p a r t i a l l y  d e s c r i b e d  s i t u a t i o n  c o u l d  be f i l l e d  i n ,  th os e  a d d i t i o n a l  

s p e c i f i c a t i o n s  o f  d e t a i l  w h i c h  w o u ld  r e n d e r  the  e x i s t i n g  s p e c i f i c a t i o n s  

p h y s i c a l l y  ( t h o u g h  not  l o g i c a l l y )  i n c o h e r e n t .  I f  we o p t  f o r  such an 

i n t e r p r e t a t i o n  o f  ^  we t h e r e b y  i n t r o d u c e  a f u r t h e r  i n t e n s i o n a l  component  i n t o  

o u r  a n a l y s i s .

We t h u s  f i n d  o u r s e l v e s  i n  th e  f o l l o w i n g  s i t u a t i o n .  Once we s e t t l e  on a 

p a r t i c u l a r  i n t e r p r e t a t i o n  o f  3 and _> we t h e r e b y  a s s e n t ,  a c c o r d i n g  to  ray 

t h e o r y ,  to  an e q u i v a l e n c e  between  c o u n t e r f  a c t u a l  c o n d i t i o n a l s  and 

c o r r e s p o n d i n g  c o n s t r u c t i o n s  w h ic h  c o n t a i n  o n l y  e x t e n s i o n a l  o p e r a t o r s .  T h i s  

s t i l l  does not  a u t o m a t i c a l l y  make t h e  c o u n t e r f a c t u a l  c o n d i t i o n a l  i n t o  an 

e x t e n s i o n a l  c o n s t r u c t i o n .  I n  th e  f i r s t  p l a c e ,  i t  i s  p l a u s i b l e  t h a t  th e  e x a c t  

e* t e n s i o n s  o f  2_ and ^  a r e  not  f u l l y  d e t e r m i n e d  by t h e  meaning o f  th e  

c o u n t e r f a c t u a l  c o n d i t i o n a l .  I f  t h i s  i s  in d ee d  so t h e n  i t  w i l l  be i m p o s s i b l e  

t o  p i n p o i n t  any p a r t i c u l a r  e x t e n s i o n a l  s e n t e n c e  to  w h ic h  a g i v e n  

c o u n t e r f a c t u a l  i s  e q u i v a l e n t .  S e c o n d l y ,  t h e  q u e s t i o n  f o r  t h e  c o r r e c t  

i n t e r p r e t a t i o n  o f  _< and i s  c o m p l i c a t e d  by i t s  a p p a r e n t l y  p r e s u p p o s i n g  a 

p r e v i o u s  u n d e r s t a n d i n g  o f  c e r t a i n  c o u n t e r f a c t u a l s  o r  c o g n a t e  c o n s t r u c t i o n s  

s u c h  as l a w l i k e  g e n e r a l i s a t i o n s .  I t  i s  an i n t e r e s t i n g  p ro b le m  w h e t h e r  

s o m e t h i n g  more s p e c i f i c  c o u l d  be s a i d  c o n c e r n i n g  w h i c h  c o u n t e r f  a c t u a l s  s l i o u l d  

be f e d  i n t o  t h e  c h a r a c t e r i s a t i o n s  o f  3  and _>. G iv e n  t h a t  t h i s  im p a c t  has been 

s p e l l e d  o u t  we w o u ld  t h e n  be fa c e d  w i t h  th e  p o t e n t i a l l y  q u i t e  i n t e r e s t i n g  

p r o b l e m  o f  w l i e t h e r  t h e  a n a l y s i s  o f  c o u n t e r f  a c t u a l s  so p ro du ced  i s  c o h e r e n t :  i s
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t h e r e  a f u n c t i o n  T f r om  c o n d i t i o n a l  s e n t e n c e s  to e x t e n s i o n a l  s e n t e n c e s  so t h a t  

when we d e t e r m i n e  the  r e l a t i o n s  3  and _> i n  te rm s o f  t h e  T - c o u n t e r p a  r t  s 

r e l e v a n t  to  t h o s e  r e l a t i o n s  t h e n  th e  a n a l y s i s  d e t e r m i n e s  as th e  e x t e n s i o n a l  

e q u i v a l e n t s  of  c o u n t e r f a c t u a l s  p r e c i s e l y  t h e i r  v a l u e s  u n d e r  T.

We have h e r e  an example  o f  a c o n s t r u c t i o n  w h ich  w ou ld  be e x t e n s i o n a l  on th e  

a s s u m p t i o n  t h a t  a l l  th e  comp on en ts  o f  o u r  t h e o r y  a r e  f u l l y  d e f i n e d  but  whose 

i n t e n s i o n a l i t y  r e s i d e s  p r e c i s e l y  t h e r e i n  t h a t  not  a l l  t h e  compon en ts  a r e  f u l l y  

d e f i n e d ,  so t h a t  a number  o f  d i f f e r e n t  n o n - e q u i v a l e n t ,  e x t e n s i o n a l  s e n te n c e s  

may be d i f f e r e n t  p a r a p h r a s e s  f o r  th e  same s e n t e n c e  i n  w l i i c h  t h e  c o n s t r u c t i o n  

f i g u r e s .

COMPARATIVE PL AUSIB IL ITY

AND COMPARATIVE SIMILARITY

As s t a t e d  a t  the  o u t s e t  o f  o u r  d i s c u s s i o n  we have o p te d  to  t a k e  t h e  r e l a t i o n  

o f  c o m p a r a t i v e  p l a u s i b i l i t y  on p a r t i a l  d e s c r i p t i o n s  o f  p o s s i b l e - w o r l d s  as 

p r i m i t i v e ;  t h e  r e l a t i o n  o f  c o m p a r a t i v e  s i m i l a r i t y  on p o s s i b l e - w o r l d s  i s  t h e n  

t a k e n  as t h e  d e r i v e d  r e l a t i o n .  But how e x a c t l y  a r e  we to  d e f i n e  i t ?  I t  w i l l  

be h e l p f u l  a t  t h i s  p o i n t  to  r e c a l l  t h a t  c o r r e s p o n d i n g  to  e v e r y  p o s s i b l e - w o r l d  

t h e r e  i s  a u n iq u e  ( w i t h  r e s p e c t  to  a g i v e n  B o o le a n  f r a m e )  a p p r o x i m a t i o n  

s e q u en c e  w h i c h  g e n e r a t e s  i t ;  t h e  s u c c e s s i v e  members o f  t h i s  sequence  m y  be 

r e g a r d e d  as r e p r e s e n t i n g  e v e r  more d e t a i l e d  d e s c r i p t i o n s  o f  t h e  p o s s i b l e - w o r l d s  

W i t h  t h i s  i n  mind th e  f o l l o w i n g  d e f i n i t i o n  seems c o r r e c t
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u ^  V <=> ( V k ) ( 3 m ,  n > k ) ( u  a  v ) .
— der  — n — m

The c o n t e n t  o f  the  d e f i n i t i o n  i s  r e a s o n a b l y  easy  to g r a s p :  f o r  e v e r y  d e g re e  o f  

d e t a i l  ch os e n  we can f i n d  p a r t i a l  d e s c r i p t i o n s  of  u and v ,  o f  a t  l e a s t  the  

c h o s e n  d e g re e  o f  d e t a i l ,  w h ic h  s a t i s f y  th e  o r i g i n a l  r e l a t i o n  o f  r e l a t i v e  

p l a u s i b i l i t y .  The u s u a l  d e f i n i t i o n  o f  t h e  s t r i c t  ~ ( v  ^  u )  l e a d s  to  th e  

f o l l o w i n g  e q u i v a l e n c e

u V <=> ( 3k )  (Vm, n > k ) ( u  ^ v ) .
— m n

T h i s  may be re a s o n  f o r  some c o n c e r n .  Under  t h i s  d e f i n i t i o n  to e s t a b l i s h  t h a t  

u > V I t  i s  s u f f i c i e n t  to  e s t a b l i s h  t h a t  f o r  a l l  f i n i t e  l e v e l s  o f  

d e s c r i p t i o n  u i s  c l o s e r  to  w t h a n  v .  But s u r e l y  i t  i s  p o s s i b l e  f o r  one w o r l d

t o  be c l o s e r  t h a n  a second ( t o  the  a c t u a l  w o r l d ) ,  a t  a l l  f i n i t e  l e v e l s  o f

d e s c r i p t i o n ,  and y e t  no t  be so i n  th e  l i m i t .  I  b e l i e v e  t h i s  o b j e c t i o n  w o u ld

be more t e l l i n g  i f  ou r  n o t i o n  o f  c o m p a r a t i v e  s i m i l a r i t y  was,  l i k e  t h a t  o f

L e w i s ,  a p u r e l y  m e t a p h y s i c a l  one;  b u t  o u r s  i s  c l e a r l y  n o t .  Our d e v e lo p m e n t  has  

been m o t i v a t e d  by a d e s i r e  to  come c l o s e r  to  t h e  way we e v a l u a t e

c o u n t e r f a c t u a l s  ; and i t  i s  e x a c t l y  t h i s  c o n s t r a i n t  on o u r  t h e o r y  w h i c h  demands

t h a t  d e c i s i o n s  c o n c e r n i n g  c o m p a r a t i v e  s i m i l a r i t y  be based on f i n i t e  amoun ts  o f  

i n f o r m a t i o n  a b o u t  t he  w o r l d s  i n  q u e s t i o n .

Theorem L e t  u,  v ,  z ^ w f U (B )  f o r  some B o o le a n  f ram e  B. The d e r i v e d  

r e l a t i o n  j< s a t i s f i e s :

( L I )  u ^ z  & z ^ v  => u ^ v

( L 2 )  u ^ v  V v ^ u
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( L 3 )  ~ (u  = v )  => u V

P r o o f

Assume u ^  z and z ^  v .  Choose some k .  By u z

t h e r e  e x i s t s  m, n > k w i t h  u 3 z . Choose k '  > m, n .
— n — m — ’

By z ^  V t h e r e  e x i s t s  r ,  ra' > k '  such t h a t  z , Ï  v .
~  m — r

Now s i n c e  z , < z (m'  > m) i t  f o l l o w s  f rom  (B 5 )  t h a t
m — ra —

u 3 z , ( a s  u 3 z ) .  By th e
n — m n — m

t r a n s i t i v i t y  o f  3 we have u 3 v and so by
— n — r

d e f i n i t i o n  u ^  v .  So ^  i s  t r a n s i t i v e .  Fo r  ( L 2 )

assume ~ ( u  ^ v ) .  By d e f i n i t i o n  ( 3 k ) ( V m ,  n > k ) ( ~ ( u  3 v ) ) .
— n — m

By l i n e a r i t y  o f  j  we have ( 4 k )  (Vm , n > k ) ( v  j  u ) .
— — m — n

But  t h e n  o b v i o u s l y ,  v ^  u -  f o r  e v e r y  k '  ch os e n  e n s u re  th e  m, n

r e q u i r e d  a r e  l a r g e r  t h a n  th e  k f o r  w h ic h  v 3  u , f o r
ra — n

m, n k .  F o r  ( L 3 )  assume ~ ( u  = v ) .  L e t  k  be l a r g e  enough so t h a t

u, r \  V, = 0 .  S i n c e  f o r  each m, n > k ,  u A v  = 0
k k — m n

we have by ( B 3 )  u 3 v . Hence u % v .  
m — n

These p r o p e r t i e s  a re  e x a c t l y  t h o s e  w h i c h  a r e  deemed n e c e s s a r y  by L ew is  f o r  any 

su ch  r e l a t i o n  o f  c o m p a r a t i v e  s i m i l a r i t y .  We s h a l l  say more a b o u t  such 

r e l a t i o n s  a l i t t l e  l a t e r .

We can t h u s  c h a r a c t e r i s e  t he  r e l a t i o n  o f  r e l a t i v e  s i m i l a r i t y  i n  te rm s  o f  t h e  

r e l a t i o n  o f  r e l a t i v e  p l a u s i b i l i t y  b u t  can we c h a r a c t e r i s e  t h e  l a t t e r  i n  te rm s  

o f  th e  f o r m e r ?  A c c o r d i n g  to  o u r  i n f o r m a l  d i s c u s s i o n  we were  i n c l i n e d  to  a s s e r t  

t h a t  a i s  a t  l e a s t  as p l a u s i b l e  as b ,  e x a c t l y  when we can match any w o r l d  v ,  

o f  w h i c h  b i s  a c o r r e c t  d e s c r i p t i o n ,  by a w o r l d  i n  w h i c h  a i s  a c o r r e c t
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d e s c r i p t i o n  and w h ich  i s  a t  l e a s t  as s i m i l a r  as v .  The f o l l o w i n g  r e s u l t  

g u a r a n t e e s  t h a t  t h i s  I n t u i t i o n  i s  p r e s e r v e d  i n  our  t h e o r y .

Theorem F o r  each a ,  b 6 B

a J  b <=> ( V v 3 b ) ( 3 u 9 a ) ( u  ^  v )

P r o o f

The cases w l ie re  b = 0 and a = 0 i s  s t r a i g h t f o r w a r d  -  use B7 and B8.

So assume a ,4 0 and b ^ 0 .  Assume a ^  b .

L e t  v 3 b .  Choose k 2  d ( a ) ,  d ( b ) .  By ( B 5 )  a 3  v ^  s i n c e

V < b .  By ( B 6 )  we can f i n d  an a tom u, < a o f  B, such
k — k — k

w
t h a t  u- 3 V . To see t h i s  no t  i c e  t h a t  a = u , u . . .  u u 

K — k I n

f o r  a toms B^.  A p p l y i n g  ( B 5 )  and ( B 6 ) ,  once a g a i n ,

we can f i n d  an a tom u, , , o f  B, , , , u, , , < u, such
k+ 1 k+ 1 k+ 1 — k

t h a t  u ^^^  2  P r o c e e d i n g  i n  t h i s  way we can

c o n s t r u c t  a sequence  u, > u, u, . such t h a t
k  — k+1 — k+2

L e t  u t " k + i '  V i  > 0-

C l e a r l y  u ^  v .  C o n v e r s e l y  assume ~ ( a  M b ) .  L e t

k 2  d ( a ) ,  d ( b ) .  By ( B 5 )  t h e r e  e x i s t s  v ^  j< b ,  v ^  an atom i n

B^ ,  such t h a t  ~ ( a  ^  v ^ ) .  By r e p e a t e d  a p p l i c a t i o n  o f

( B 5 )  we can c o n s t r u c t  a sequ en ce  v, > v, v, , _ > . . .  .
k  — k+1 — k+2 —

such  t h a t  V, i s  an a tom i n  B, and ~( a 3 v, , . )
k+1 k+1 — k+1

f o r  i  > 0.  L e t  v j v ,  , i  > 0 .  By ( B 4 )  we have f o r  each u9a 
— k+1 —

and each m > k ,  i  > 0, ~ ( u  3 v  ) .  I t  f o l l o w s
— — m — k+1

t h a t  f o r  each u9a t h e r e  e x i s t s  a k  such t h a t  (Vm, n > k ) ( ~ ( u  3 v  ) ;— m — n

hence  f o r  each u 9a ,  ~ ( u  3 v ) .  T h i s  i m p l i e s  t h a t
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( 3 v 3 b ) ( V u 5 a ) ( v  ^  u ) .

T h i s  s t a t e  o f  a f f a i r s  i s  q u i t e  s a t i s f a c t o r y .  I t  l e a d s  one t o  b e l i e v e  t h a t  th e

f o r m a l i z a t i o n  chosen has c a p t u r e d  the  a p p r o p r i a t e  i n t u i t i o n s .  The 

r e l a t i o n s h i p  e l a b o r a t e d  i n  th e  th eo rem i s  th e  r e l a t i o n s h i p  w h i c h  g u id e d  our  

i n t u i t i o n s  i n  the  d e v lo p m e n t  o f  p r i n c i p l e  ( B 8 ) ;  i f  you r e c a l l  (B8 )  emerged as 

t h e  outcome o f  o u r  i n f o r m a l  i n v e s t i g a t i o n  i n t o  th e  r e l a t i o n s h i p  b e tw een  t h e  

r e l a t i o n s  o f  c o m p a r a t i v e  p l a u s i b i l i t y  and c o m p a r a t i v e  s i m i l a r i t y .  The f o r m a l  

t h e o r y ,  w t i i c h  i s  the  r e s u l t  o f  th es e  i n f o r m a l  i n s i g h t s ,  has e x a c t l y  t h i s  

r e l a t i o n s h i p  as a f o r m a l  c o n s e q u e n c e .

We have t a k e  the  f i r s t  s te p  t o w a r d s  a c o m p a r i s o n  be tw een  ou r  t h e o r y  and t h a t

based on c o m p a r a t i v e  s i m i l a r i t y .  We o u g h t  now to  go f u r t h e r  and r e l a t e  th e

t  r u t h - c o n d i  t  i o n s  . To do th e  we need some n o t i o n s  f r om  t h e  w r i t i r ^ s  o f  D. Lew is ,

A n o n -e m p ty  s e t  U U ( B ) ,  i s  c a l l e d  a w - s p h e r e  j u s t  i n  case ueU and

V u i m p l i e s  véU.  Lew is  has shown t h a t  t h e  t o t a l i t y  o f  w -s p h e r e s

f o r m s  a n e s t e d  sy s te m  o f  s e t s  w i t h  t h e  s i n g l e t o n  s e t  {w}  a t  th e  c e n t r e ;  t h e

s m a l l e r  t he  s p h e r e  c o n t a i n i n g  t h e  w o r l d  t he  more s i m i l a r  t h e  w o r l d  i s  t o  w.
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Theorem F o r  any B o o le an  model  M th e  f o l l o w i n g  h o l d :

(Al )  [p & Q] = [P] n  [Q]

( A 2 )  [~ P ]  = U(B)  -  [ p ]

( A 3 )  [ PD-9 Q ] = (w f U (B )  : e i t h e r  [P ]  i s  empty o r

U / I  [P ]  C [Q]  f o r  some w - s p h e r e  

w i t h  U / I  [P ]  n o n - e m p t y }

whe re  [P ]  = (wcU(B)  : f ( P ) f w }

P r o o f

C lau s e  ( A 3 )  i s  the  o n l y  n o n - t r i v i a l  c a s e ;  t h e  r e s t  f o l l o w  d i r e c t l y

f r o m  th e  o b v i o u s  p r o p e r t i e s  o f  f  : f  (P & Q) = f  (P )  n  f  (Q)

and f  (~P)  = f  ( P ) * .  So we c o n c e n t r a t e  on ( A 3 ) .  The v a cuous  case

i s  e a s y :  f  ( P )  = 0 j u s t  i n  case [ P ]  i s  em p ty .  More g e n e r a l l y

assume w t ( P o —> Q ] .  By d e f i n i t i o n  f  (Pen» Q)cw and so t h e r e  e x i s t s  an

n such t h a t  w < f ( P o ^  Q) .  Hence t h e r e  e x i s t s  an n ( choose  
n —

n > d ( P i ^  Q)) such t h a t  w f= P0-3 Q. Hence,  t h e r e  e x i s t s  a <w ,
— n n

P>—d e c i s i o n  t r e e  p such t h a t  f o r  each c & N ^ ( w ^ ) ,  c f= Q. I n

f a c t  we can e n s u re  t h a t  th e  t r e e  i s  d e c o r a t e d  w i t h  a toms T w he re
r

r  2  d ( Q ) ;  hence £ M Q i f f  £ _< f ( Q )  f o r  each b ra nch  c c

N (w ) .  F u r t h e r m o r e  ( see  l a s t  s e c t i o n  f o r  n o t a t i o n ) .
P n

N (w ) B ( p )  -  N (w ) ;  
D n P n

and so by ( B I O )
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N (w ) n B ( p )  -  N (w ) .  
p n p n

By th e  r e l a t i o n s h i p  between  ^  and ^ - ( a  3  b <=>

( j u s a ) ( V v 3b ) ( u  ^ v )  ) t h e r e  i s  some u b N  ( w  ) such
P n

t h a t  u V f o r  each v^BCp)  -  N (w ) .  C l e a r l y
p n

U = { v3U(B)  : V ^  u }  i s  a w - s p h e r e . Cla im

U M  (P ]  C { V : N ^ ( w ^ ) 3  v }  -  o t h e r w i s e  t h e r e  i s  v i  U [P ]  and

~ ( v 3N (w ) )  and so v ^  u and u ^  v wh ich
p n —

i s  a c o n t r a d i t i o n . F u r t h e r m o r e ,  f o r  each c 6N (w ) ,  c < f ( Q )
p n —

and so {u  : N ( w ^ ) 3 u }  C [ Q ] .  I t  f o l l o w s  t h a t  U n  [P ]  C [ Q j .

C o n v e r s e l y ,  suppose U n  [P ]  C (Q] f o r  some w - s p h e r e  U. S in c e  

U A  [P ]  C [Q] A  [P ]  and [P ]  r\ [~Q]  C  ( [ P ]  -  U) i t  f o l l o w s  t h a t

f  (P )  A  f  (Q)  3 f  (P )  n  f  ( ~ P ) .  T h i s  f o l l o w s  because U i s  a

w - s p h e r e  and so f o r  some u t U ,  u ^  v f o r  each v E [ P ]  -  U; and 

hence th e  c l a i m  f o l l o w s  by th e  r e l a t i o n s h i p  between  ^  and

and the  d e f i n i t i o n  o f  [ ] .

B u i l d  a P - d e c i s i o n  t r e e  p as f o l l o w s .  Put f ( P )  a t  t h e  v e r t e x  and as

a n c e s t o r s  p l a c e  a l l  th e  a toms t  i n  T w i t h  t  < f ( P )  and where
m —

m 2  d ( P ) ,  d ( Q ) .  Choose n l a r g e  enough so t h a t  f o r  each p a i r  s,
W W W

t t B ( p )  e i t h e r  s 3^  t  o r  t  j T  s o r  s t ;  and (by  BI O )
w

l a r g e  enough so t h a t  f ( P )  O  f ( Q )  3  ̂ f ( P )  A  f ( ~ Q ) .  Now suppose

tCN (w ) .  Then t  < f ( P )  A f ( Q )  f o r  o t h e r w i s e  t  < f ( P ) A  f ( ~ Q ) .  
p n — —

But  t h e r e  i s  a u 3 f ( P )  a  f ( Q )  w i t h  u3s ,  f o r  some s C B(p )  and u ^  v

f o r  each v 3 t .  T h i s  c o n t r a d i c t s  t ( N  (w ) .  But  t h e n  each
p n
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t t N ^ ( w ^ )  s a t i s f i e s  t  f ( Q )  and hence because o f  th e  c h o i c e  

o f  m, t  Q.

The p r o o f  o f  t h i s  r e s u l t  i s  q u i t e  i n t e r e s t i n g  i n  i t s  own r i g h t .  I t  d i s p l a y s  a 

c o r r e s p o n d e n c e  between  d e c i s i o n  t r e e s  and s p h e re s  of  p o s s i b l e  w o r l d s .  The 

more you r e f i n e  the  d e c i s i o n  t r e e  the  s m a l l e r  th e  c o r r e s p o n d i n g  s p h e r e .  T h i s  

seems i n t u i t i v e l y  c o r r e c t :  the  more i n f o r m a t i o n  you have a b o u t  t h e  a l t e r n a t i v e  

w o r l d s  the  s m a l l e r  the  s p h e re  o f  p o s s i b l e  w o r l d s  u n d e r  s c r u t i n y .

POSSIBLE WORLDS AND

COMPARATIVE SIMILARITY

You may f i n d  a l l  t h i s  r a t h e r  u n c o n v i n c i n g ;  you may a l o n g  w i t h  L e w is  b e l i e v e  

t h a t  t h e r e  a r e  p o s s i b l e  w o r l d s  o t h e r  t h a n  t h e  one we i n h a b i t  and m o r e o v e r  t h a t  

a r e l a t i o n  o f  s i m i l a r i t y  be tw een  such a l t e r n a t i v e  w o r l d s  p r o v i d e s  th e  c o r r e c t  

a n a l y s i s  o f  c o u n t e r f a c t u a l s . R a t h e r  t h a n  e n t e r  i n t o  t h i s  d i s p u t e  

I  w i l l  i n s t e a d  d i s c u s s  some r e l a t i o n s h i p s  between  t h e  two t h e o r i e s .  I n  any 

c a s e ,  I  have s a i d  enough a b o u t  wliy I  b e l i e v e  t h e  L e w is  t h e o r y  t o  be 

u n s a t i s f a c t o r y .

We s h a l l  show t h a t  t he  two n o t i o n s  o f  v a l i d i t y  c o i n c i d e :  f o r  e v e r y  s e n t e n c e  

P o f  L { ^  , P i s  v a l i d  w i t h  r e s p e c t  to  a l l  B o o le a n  mode ls  e x a c t l y  when i t  i s  

v a l i d  w i t h  r e s p e c t  to  a l l  L e w is  m o d e l s .  To j u s t i f y  t h i s  rem ark  we f i r s t  rem ind  

t h e  r e a d e r  o f  t h e  b a s i c  f r a m e w o rk  o f  L e w i s .  We s h a l l  use t h e  f o r m u l a t i o n  

based upon h i s  r e l a t i o n s  o f  c o m p a r a t i v e  s i m i l a r i t y  and i n t r o d u c e  t h e  n o t i o n  o f
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a n e s t e d  sy s te m  o f  s p he re s  as a d e r i v e d  c o n c e p t .  L ew is  has t a u g h t  us t h a t  th e  

two f o r u m a t i o n s  a re  e n t i r e l y  e q u i v a l e n t .

Fo r  p o s s i b l e  w o r l d s  u, v ,  w we I n t r o d u c e  th e  n o t a t i o n

u

t o  mean u i s  a t  l e a s t  as s i m i l a r  as v t o  w. A s t r u c t u r e  L = <W, < >, whe re  W 

i s  a n o n -e m p ty  s e t  ( o f  p o s s i b l e  w o r l d s )  and ^  is  a r e l a t i o n  ( o f  c o m p a r a t i v e  

s i m i l a r i t y )  w h i c h  s a t i s f i e s  ( L I ) ,  ( L 2 ) ,  ( L 3 )  we c a l l  a LEWIS FRAME.

How e x a c t l y  a r e  we to  r e c o v e r  t he  s t r u c t u r e  o f  a B o o le a n  f ram e  f r om  t h a t  o f  a 

L e w i s  f r am e?

A c c o r d i n g  to  o u r  o r i g i n a l  i n t u i t i o n s  we s h o u l d  r e g a r d  a p a r t i a l  d e s c r i p t i o n  a 

as  a t  l e a s t  as p l a u s i b l e  as a p a r t i a l  d e s c r i p t i o n  b j u s t  i n  case f o r  any 

p o s s i b l e  w o r l d  v i n  b t h e r e  e x i s t s  a p o s s i b l e  w o r l d  u i n  a w h ic h  i s  a t  l e a s t  

a s  s i m i l a r  as v to  th e  a c t u a l  w o r l d .  I  t a k e  i t  t h a t  p r o p o s i t i o n s  ( o r  s e t s  o f  

p o s s i b l e  w o r l d s )  a r e ,  i n  t h i s  c o n t e x t  a t  l e a s t ,  to  p l a y  t h e  r o l e  o f  p a r t i a l  

d e s c r i p t i o n s .  The above t h e n  s u g g e s t  th e  f o l l o w i n g  d e f i n i t i o n

a D b ( V v t  b ) ( 3  u e a ) ( u  ^  v ) .

We s h a l l  use a ,  b ,  c e t c  to  r e f e r  to  p r o p o s i t i o n s

Theorem The r e l a t i o n  5  so d e f i n e d  s a t i s f i e s  th e  a x io m s  ( B I )  

( B 7 )  o f  a B o o le an  f r a m e .
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P r o o f

F o r  ( B l )  assume a 3 b and b ^  c .  Then f o r  each zee 

we can f i n d  v t b  such t h a t  v ^  z .  But we can f i n d  u t a  such

u ^  V so by ( L I )  u ^  z .

I n  (B2 )  assume ~ ( a  ^  b ) .  By d e f i n i t i o n  and ( L 2 )  t h e r e  

e x i s t s  u t b  such t h a t  u v f o r  each v&a.  I t  f o l l o w s  t h a t  

b ^  a .  F o r  (B 3 )  we have to  show t h a t  wLb and a A  b = 0 

i m p l i e s  b j  a i e  ( £ u C b ) ( V v e , b ) ( u  ^  v ) .  We choose u = w.

S i n c e  web and a a  b = 0 i t  f o l l o w s  t h a t  ~(w = v )  f o r  each v t b .  By (L3

w V f o r  each v t b .  ( B 4 )  f o l l o w s  i m m e d i a t e l y  s i n c e  v 6a

i m p l i e s  u t a  u a '  -  hence  a ^  b i m p l i e s  a u  3 b .

( B 5 )  f r o m  r i g h t  to  l e f t  i s  a l s o  t r i v i a l  s i n c e  v t b  i m p l i e s  v t b  u b ' .

C o n v e r s e l y ,  v 6 b u b ' i m p l i e s  v t b  o r  v E b '  and so ( B 5 ) ,  f rom  r i g h t  to  

l e f t ,  f o l l o w s .  Axiom ( B 7 )  i s  t r i v i a l l y  t r u e .

The c l o s e s t  L e w is  comes to  o u r  r e l a t i o n  o f  r e l a t i v e  p l a u s i b i l i t y  i s  t h e  

r e l a t i o n  he r e f e r s  to  as a r e l a t i o n  o f  " c o m p a r a t i v e  p o s s i b i l i t y " .  We s h a l l  

f o l l o w  L e w is  and w r i t e

t o  mean t h a t  the  p r o p o s i t i o n  a i s  a t  l e a s t  as p o s s i b l e ,  a t  th e  w o r l d  w, as th e  

p r o p o s i t i o n  b .  The s t r i c t  r e l a t i o n  i s  d e f i n e d  i n  t h e  n o rm a l  way by

a >■ b <=> ~ ( b  % a )
w w
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These r e l a t i o n s  a r e  meant to  s a t i s f y  th e  f o l l o w i n g  f i v e  c o n d i t i o n s .

( C l )  a ^  b & b ^ c  => a ^  c
w '  w  ̂ w

( C 2 )  a b V h \  a
w  ̂w

( C 3 )  ( V b e j ) ( a  V b )  <=> a ^  U  J
w w

( C 4 )  w t b  <=> ( V a ) ( b  a )

( C 5 )  ( V b i J ) ( { u }  >, b )  => { u )  t  U  J
w w

w he re  J i s  a s e t  o f  p r o p o s i t i o n s  and I J j  = ( J { b  : b € J } .

We know f r o m  L e w is  t h a t  ax ioms ( C l )  -  (C5 )  a r e  e q u i v a l e n t  to  ( L I )  -  ( L 3 ) .  

N o t i c e  a l s o  t h a t  ax ioms  ( B l )  -  ( B 3 ) ,  r e s t r i c t e d  to  s i n g l e t o n  p r o p o s i t i o n s ,  a r e  

j u s t  ( L I )  -  ( L 3 ) .  I t  f o l l o w s  t h a t ,  where  p r o p o s i t i o n s  a r e  to  be r e p r e s e n t e d  

as  s e t s  o f  p o s s i b l e  w o r l d s ,  t h e  t h r e e  ax io m  s e t s  ( L I )  -  ( L 3 ) ,  ( B l )  -  ( B 7 ) ,

( C l )  -  (C5 )  a r e  e q u i v a l e n t .  Of c o u r s e ,  i n  c o n t e x t s  where  p r o p o s i t i o n s  a r e  to  

be t h o u g h t  o f  as p a r t i a l  d e s c r i p t i o n s  o f  p o s s i b l e  w o r l d s ,  c e r t a i n  o f  t h e

a x io m s  i n  ( C l )  -  (C5 )  a r e  r a t h e r  o b s c u r e .  What,  f o r  e x a m p le ,  a r e  we t o  make

o f  ( C 3 )  i n  such c o n t e x t s ?

D e s p i t e  a l l  th e s e  o b v i o u s  e q u i v a l e n c e s  th e  r e l a t i o n  do n o t  s a t i s f y  

a l l  t h e  a x io m s  o f  a B o o le a n  f r a m e ;  ( B 9 )  and ( B I O )  a r e  n o t  even o b v i o u s l y  

e x p r e s s i b l e  i n  such a g e n e r a l  c o n t e x t .  These ax ioms c r u c i a l l y  r e l y  on

p r o p o s i t i o n s  as b e i n g  p a r t i a l  d e s c r i p t i o n s  r a t h e r  t h a n  s e t s  o f

p o s s i b l e  w o r l d s .  To o b t a i n  a s t r u c t u r e  w h ic h  has th e s e  a d d i t i o n a l  p r o p e r t i e s  

we need to  be more d e v i o u s  i n  o u r  c o n s t r u c t i o n .  We need to  use t h e  n o t i o n  o f  

a L e w i s  mode l  r a t h e r  t h a n  j u s t  th e  i d e a  o f  a L e w is  f r a m e .
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A Lew is  mode l  N c o n s i s t s  o f  a L ew is  f ram e L = <w, < > t o g e t h e r  w i t h  a 

f u n c t i o n  [ ] : L ^  ->  P(W) ( t h e  power  s e t  of  W) w h i c h  s a t i s f i e s  ( A l ) ,  ( A 2 )  and

( A 3 ) .

To o b t a i n  a B o o le a n  f rame f r om  a L ew is  model  N we p rocee d  much th e  same as 

b e f o r e .  The m a j o r  change c o n c e rn s  th e  a c t u a l  B o o le a n  a l g e b r a .  I n s t e a d  o f  

u s i n g  t h e  f u l l  power  s e t  o f  W we s e l e c t  j u s t  th ose  p r o p o s i t i o n s  w h ic h  can be 

e x p r e s s e d  i n  L^y^ . More e x a c t l y ,  l e t  B = { [ P ]  : P s L ^  } and th e  o p e r a t i o n s  o f  

t h e  a l g e b r a  be the  u s u a l  s e t - t h e o r e t i c  ones.  S in c e  B i s  d enum erab le  we know 

f r o m  a p r e v i o u s  r e s u l t  t h a t  B i s  c o n s t r u c t i v e  w i t h  some measure  d .  The 

u l t r a f i l t e r s  o f  B do not  n e c e s s a r i l y  exhausfc t h e  u l t r a f i l t e r s  i n  t h e  f u l l  power  

s e t  a l g e b r a  P(W).  F u r t h e r m o r e ,  we have a j  b d e f i n e d  o n l y  f o r  weW; we need 

t o  e x t e n d  the  d e f i n i t i o n  to  U(B)  -  u l t r a f i l t e r s  o f  B. P r e s u m a b l y ,  a j  b i s  

t r u e  j u s t  i n  case a b h o l d s  f o r  each p o s s i b l e  w o r l d  w i n  X:

a 5  b ( V w t X ) ( a  ^  c )

whe re  X = Q  { [  P ) : ( P j t X }  and a ,  b t B .

Theorem The s t r u c t u r e  B = <B, a  » so d e f i n e d ,  s a t i s f i e s  th e  ax ioms

o f  a B o o le a n  f r a m e .

P r o o f

( B l ) ,  ( B 4 )  and (B 5 )  f o l l o w  f r o m  th e  c o r r e s p o n d i n g  p r o p e r t i e s  f o r

3 . F o r  th e  r e s t  we need a c o u p le  o f  p r e l i m . i n 3 . r y  observations. 
L e w i s  has shown t h a t  t h e r e  i s  some s e n t e n c e  ' a  □ b '  o f  L ^ ^  such t h a t
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w e f a q b ]  i f f  a a  b

( I n  f a c t  a a  b i s  j u s t  ( a v b o - ^  a v b )  O (avb  a ->  a ) .  The a n t e c e d e n t  

o f  th e  m a t e r i a l  c o n d i t i o n a l  i s  t h e r e  to  a l l o w  f o r  i m p o s s i b l e  

a n t e c e d e n t s ) .  Next  o b s e rv e  t h a t  i f  X n  [P ]  i s  non -e m p ty  t h e n  

X [P ]  -  t h i s  much i s  c l e a r  s i n c e  X i s  an u l t r a f i l t e r  i n  B and so 

X c o n t a i n s  [ P ]  o r  [~ P ]  bu t  n o t  b o t h .  But t h e n  ( j w e X ) ( a  ^  b )

<=> ( 3 w t X ) ( w d [ a  J  b ] )  <=> X A [a 3  b ]  n o n -e m p ty  <=> X C [a  3_ t)]

A y
<=> ( V w l X ) ( a  ^  b ) .  The same a p p l i e s  to  t h e  s t r i c t  r e l a t i o n :  

(■ 3 w t^ ) (b  J  a )  <=> (Vw€%)(b  3 a ) )  w he re  b 3  a ~( a ^  b ) .

We r e t u r n  to  th e  a u d i t  o f  o u r  p r o p e r t i e s .  ( B 2 )  f o l l o w s  i m m e d i a t e l y

g i v e n  the  above o b s e r v a t i o n .  F o r  (B 3 )  suppose a a  b = 0 i n  B and

a t X .  Then p r e s u m a b l y  a a  b = 0 i n  P(W).  M o r e o v e r ,  u^X i m p l i e s  u 6a

and so ~ ( u  = v )  f o r  each v t b ;  and so by ( B 3 )  f o r  3 we have

a 3 b .  But t h e n  we have (3 u C X ) ( a 3  b ) .  Which i s  s u f f i c i e n t  

X
t o  g u a r a n t e e  a b b .  N e x t ,  we e x t a b l i s h  (B9 )  ( ( B I O )  i s  s i m i l a r ) .

N o t i c e  t h a t  a 3  b <=> (Vw6 X ) ( a  3  b )  <=> X C [a 2  b ] .

But  t h e  l a t t e r  i s  e q u i v a l e n t  to  [a  4  b ] € X .  L e t  X , X „ ,  . . . .  be— 1 z
t h e  u f - s e q u e n c e  o f  X;  t h e n  t h e r e  e x i s t s  k  such t h a t  X ^  [a  J  b ]  i . e

[ a  J_ b ) 4 X  <=> ( 3 k ) ( X ^ ( :  [a 3 b ] )

(The measure  i s  o b t a i n e d  f r o m  some e n u m e r a t i o n  o f  B ) . Hence

a 3 b <=> (3 k )  (X  Ç  [a 2  b ] ) ;  which is  e q u iv a le n t  to
X

( 3 k ) ( V w t X ,  ) ( a  S b )  i e  ( 3 k ) ( a  :  b ) .
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F o r  p u r p o s e s  o f  i d e n t i f i c a t i o n  we r e f e r  to  t h i s  d e r i v e d  B o o le a n  f ram e  as B „
N

whe re  N i s  the  L e w is  model  f r om  whence i t  came. In  f a c t  we can o b t a i n  a

B o o l e a n  model  f r o m  N, = <B^,  f>  whe re  f  : L -> B i s  j u s t  f ( P )  = [ P ] .

Our  n e x t  r e s u l t  i n f o r m s  us t h a t  the  two models  a r e  e q u i v a l e n t .  The p r o o f  i s  

a l m o s t  i d e n t i c a l  to  t he  c o r r e s p o n d i n g  p r o o f  i n  t he  p r e v i o u s  s e c t i o n  and so we 

o m i t  i t .

Theorem L e t  N be a L e w is  model  and t h e  c o r r e s p o n d i n g  B o o le a n  m o d e l .

Then f o r  each P6Lp.^^{w:  f ( P ) t w }  = [ P ] .

Wliat i n f o r m a t i o n  does t h i s  r e s u l t  g i v e  us a b o u t  t h e  u n d e r l y i n g  n o t i o n s  of

v a l i d i t y ?  L e t  V a l  be th e  s e t  o f  a l l  s e n t e n c e s  P i n  L such t h a t  f o rD

each B o o le a n  model  f ( P )  = 1; and l e t  V a l ^  be t h e  s e t  o f  P such t h a t  f o r  

each  L e w is  model  [P ]  = W. T h i s  r e s u l t ,  t o g e t h e r  w i t h  t h a t  o f  t h e  p r e v i o u s  

s e c t i o n ,  g i v e s  us th e  V a l ^  = V a l ^ ;  o r  i n  w o r d s ,  v a l i d i t y  i n  L e w i s  

m o d e l s  c o r r e s p o n d s  e x a c t l y  to  v a l i d i t y  i n  B o o le a n  m o d e l s .  The e q u i v a l e n c e  o f  

t h e  two t h e o r i e s  a l l o w s  one to  choose t h e  t h e o r y  w h i c h  one f i n d s  t h e  

p h i l o s o p h i c a l l y / s e m a n t i c a l l y  more a c c e p t a b l e  w i t h o u t  a f f e c t i n g  t h e  u n d e r l y i n g  

c o n c e p t  o f  v a l i d i t y .

The t h e o r y  based on B oo lean  models  i s  c l e a r l y  m o t i v a t e d  by more p r a g m a t i c  

c o n s i d e r a t i o n s  t h a n  th e  a c c o u n t  o f  L e w i s .  I t  t r i e s  to  r e l a t e  to  t h e  way we 

m i g h t  a c t u a l l y  e v a l u a t e  c o u n t e r f a c t u a l s  w he re a s  L e w is  i s  m o t i v a t e d  by more 

m e t a p h y s i c a l  c o n s i d e r a t i o n s .
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4.  RELATIVE PO SSIBIL ITY

AND

MODAL LOGIC

I n  t h i s  c h a p t e r  we d e v e lo p  an a pp ro ach  to  modal  l o g i c  a n a lo g o u s  to t h a t  

d e v e lo p e d  f o r  c o u n t e r f a c t u a l i t y . Our t h e o r y  has much i n  common w i t h  t h a t  o f  

K r i p k e  b u t ,  as e x p l a i n e d  i n  the  f i r s t  c h a p t e r ,  o u r  a im has been to  d e v e lo p  a 

t h e o r y  o f  m o d a l i t y  w h i c h  p r o v i d e s  an e x p l i c a t i o n  o f  th e  n a t i v e  s p e a k e r s '  

a b i l i t y  to  e v a l u a t e  s e n t e n c e s  c o n t a i n i n g  modal  o p e r a t o r s  i n  g i v e n  s i t u a t i o n s

o f  u s e .  As i n  the  case o f  c o u n t e r f a c t u a l i t y  th e  p r i m a r y  r e l a t i o n  of

a c c e s s i b i l i t y  w i l l  n o t  c o n n e c t  i n d i v i d u a l  p o s s i b l e  w o r l d s  b u t  r a t h e r  

i d e n t i f i a b l e  p o r t i o n s  o f  such w o r l d s .

We f i r s t  p r o v i d e  an a x i o m a t i c  t h e o r y  o f  R e l a t i v e  P o s s i b i l i t y . Once t h i s

much has been a c h i e v e d  we use t h i s  n o t i o n  to  p r o v i d e  th e  t r u t h  c o n d i t i o n s  f o r

a l a n g u a g e  i n v o l v i n g  t h e  modal  o p e r a t o r s  o f  p o s s i b i l i t y  and n e c e s s i t y .  T h i s

a c c o u n t  i s  based on the  i n f o r m a l  n o t i o n  o f  a d e c i s i o n  p r o c e s s  f o r  modal

s e n t e n c e s  s k e t c h e d  i n  c h a p t e r  o ne .  The f i n a l  s e c t i o n s  of  t h i s  c h a p t e r  r e l a t e

o u r  t h e o r y  to  t h a t  o f  K r i p k e .

RELATIVE

PO SSIB IL ITY

Our r e l a t i o n  of  " c o m p a r a t i v e  p o s s i b i l i t y "  i s  to  o p e r a t e  be tween  p a r t i a l  

d e s c r i p t i o n s  o f  p o s s i b l e  w o r l d s .  We a r e  i n t e r e s t e d  i n  th e  r e l a t i o n  b e tw een
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p a r t i a l  d e s c r i p t i o n s  w h ic h  a s s e r t s  t h a t  one such d e s c r i p t i o n  c o n t a i n s  

s u f f i c i e n t  i n f o r m a t i o n  to c o n c l u d e  t h a t  t he  o t h e r  i s  p o s s i b l e .  Of c o u r s e ,  we 

may not  a lw a y s  be a b l e  to  a s s e r t  e i t h e r  t h a t  some p a r t i a l  d e s c r i p t i o n  i s  

p o s s i b l e  r e l a t i v e  to  a n o t h e r  o r  t h a t  i t  i s  i m p o s s i b l e  f rom th e  p e r s p e c t i v e  

o f  the  o t h e r ;  t h e r e  may not  be s u f f i c i e n t  i n f o r m a t i o n  to  d e c i d e  the  m a t t e r .

I t  i s ,  t h e r e f o r e ,  no t  s e n s i b l e  to  d e f i n e  the  i m p o s s i b i l i t y  o f  one p a r t i a l  

d e s c r i p t i o n  ( f r o m  the  p e r s p e c t i v e  o f  s e c o n d )  as the  n e g a t i o n  of  i t s  b e in g  

p o s s i b l e .  The two n o t i o n s  canno t  be so e a s i l y  i n t e r d e f i n a b l e . To do j u s t i c e  

t o  t h i s  c o m p l i c a t i o n  we s e p a r a t e  our  r e l a t i o n  of  r e l a t i v e  p o s s i b i l i t y  i n t o  a 

p o s i t i v e  and a n e g a t i v e  ' c o m p o n e n t ' .

We s h a l l  use the  n o t a t i o n

aR^b

t o  i n d i c a t e  t h a t  a c o n t a i n s  s u f f i c i e n t  i n f o r m a t i o n  to  c o n c lu d e  t h a t  b i s  

p o s s i b l e  and the  n o t a t i o n

aR b

t o  conv e y  the  f a c t  t h a t  a c o n t a i n s  s u f f i c i e n t  i n f o r m a t i o n  to  c o n c l u d e  t h a t  b i s  

i m p o s s i b l e  .

Our p r e v i o u s  p o i n t  can now be e x p r e s s e d  by s a y i n g  t h a t  a may n o t  c o n t a i n

+ —
eno ug h  i n f o r m a t i o n  to  deduce e i t h e r  aR b o r  aR b .  However ,  p a r t i a l  

d e s c r i p t i o n s  o f  s u f f i c i e n t  deg re e  o f  d e t a i l  s h o u l d  d e c i d e  t h e  m a t t e r  one way 

o r  t h e  o t h e r .  I t  i s  t h i s  o b s e r v a t i o n  w h i c h  l e a d s  to  o u r  f i r s t  p r i n c i p l e .
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( A l )  ( V b ) ( 3 n ) ( V a c T ^ ) ( a R + b  o r  aR b ) .

—

The r e l a t i o n s  R , R a r e  meant to  r e f l e c t  our  a b i l i t y  to  d e c i d e  on

m a t t e r s  o f  r e l a t i v e  p o s s i b i l i t y .  I t  i s  w i t h  t h i s  u n d e r s t a n d i n g  t h a t  we a r e  to

i n t e r p r e t  the  ax iom ( A l ) ,  and u nd e r  t h i s  r e a d i n g  i t  i s  s u r e l y  s o u n d .

N e x t ,  c o n s i d e r  the  n o t i o n  o f  e n t a i l m e n t  i n  ou r  u n d e r l y i n g  d e s c r i p t i o n  l an guage  

P r e s u m a b l y ,  t h i s  i s  s u f f i c i e n t  to  g u a r a n t e e  r e l a t i v e  p o s s i b i l i t y :  i f  a 

e n t a i l s  b t h e n  b s h o u l d  be deemed p o s s i b l e  f rom the  p e r s p e c t i v e  o f  a.  We p u t  

m a t t e r s  more f o r m a l l y  as f o l l o w s .

( A 2 )  a ^ 0 & a < b => aR^b

Now l e t  a be some p a r t i a l  d e s c r i p t i o n .  I f  e i t h e r  b i s  p o s s i b l e  f r o m  th e  

p e r s p e c t i v e  o f  a o r  c i s  p o s s i b l e  f r om  th e  same p e r s p e c t i v e  t h e n ,  I  t a k e  i t  

t h a t  th e  j o i n  o f  th e  i n f o r m a t i o n  i n  b and c (b  u  c )  i s  a l s o  p o s s i b l e ;  on th e  

o t h e r  h a n d ,  p r e s u m a b l y  b u c i s  i m p o s s i b l e  f r om  th e  s t a n d p o i n t  o f  a i f  b and c 

b o t h  a r e .  We summar ise  th ese  rem arks  as f o l l o w s .

F o r  a 0 :

+ +  +

{ (aR b o r  aR c )  => aR b u c

(aR  b & aR c )  => aR b u c

We now e xam in e  th e  s t a b i l i t y  o f  o u r  r e l a t i o n  u n d e r  any i n c r e a s e s  i n  t h e  

i n f o r m a t i o n  c o n t e n t  o f  th e  r e l a t i o n ' s  componen ts .  The f i r s t  te rm o f  o u r
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r e l a t i o n  r e l a t e s  to the  e n v i r o n m e n t  o r  backg ro und  i n f o r m a t i o n  f r om  w h i c h  we 

e v a l u a t e  t he  p o s s i b i l i t y  o f  the  s e c o n d .  I f  we i n c r e a s e  th e  i n f o r m a t i o n  

c o n t e n t  o f  t h i s  te rm  t h e n  a n y t h i n g  p r e v i o u s l y  p o s s i b l e  ( o r  i m p o s s i b l e )  rem a ins  

s o .  T h i s  j u s t i f i e s  p r i n c i p l e  ( A 4 )  f r o m  l e f t  to r i g h t  -  t h e  f a c t  t h a t  b i s  

p o s s i b l e ,  o r  i m p o s s i b l e ,  r e l a t i v e  to  a g u a r a n t e e s  t h a t  b i s  p o s s i b l e ,  o r  

i m p o s s i b l e ,  r e l a t i v e  to  any d e s c r i p t i o n  t h a t  e x t e n d s  a .  On th e  o t h e r  h a n d ,  i f  

we a re  a b le  to  r e c o g n i s e  t h a t  b i s  p o s s i b l e  f r om  th e  p e r s p e c t i v e  o f  each 

e x t e n s i o n  o f  a ( o f  some s p e c i f i e d  d e g re e  o f  d e t a i l ) ,  t h en  t h i s  o u g h t  to be 

s u f f i c i e n t  f o r  us to r e c o g n i s e  t h a t  b i s  p o s s i b l e  f r om  th e  p e r s p e c t i v e  o f  a 

1 t s e l f .

Fo r  a f ’ 0 :

( A 4 )

aR^b <=> (3 k ) (V m  > k ) ( V d  < a ) ( d t T  - >  dR^b )
— — m

a R ' b  <=> 0 k ) ( V m  > k ) ( V d  < a ) ( d £ T  ->  dR b ) .
— — m

I f  we comb ine  A l  and A4 we o b t a i n  a s l i g h t l y  more u s e f u l  fo rm  o f  A l  n a m e l y :

( A l ' )  ( V b ) ( b  f  0 ) ( 3 n ) ( ¥ m  > n ) ( ¥ a £ T  ) ( a R ^  o r  aR b ) .
— m

—

T h i s  i m p l i e s  t h a t ,  once we have d e c i d e d  b e tw e en  aR b and aR b ,  one way o r  

t h e  o t h e r  t h e r e ,  i s  no g o in g  b a c k .  I n  t h e  d i s c u s s i o n  w h ic h  f o l l o w s  i t  i s  t h i s  

f o r m  o f  Al  we s h a l l  more o f t e n  r e f e r  t o .

+  -
A second c o n n e c t i o n  e x i s t s  be tween  R and R : i f  a g u a r a n t e e s  the  

i m p o s s i b i l i t y  o f  b t h e n  i t  i s  s u r e l y  f a l s e  t h a t  b i s  p o s s i b l e  g i v e n  a .
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( A 5 )  a f  0 & aR~b => ~ ( a R \ )

We r e q u i r e  two more p r i n c i p l e  to  c o m p le t e  ou r  d e s c r i p t i o n  o f  r e l a t i v e  

p o s s i b i l i t y .  P r o v i d e d  t h a t  a p a r t i a l  d e s c r i p t i o n  a i s  no t  c o n t r a d i c t o r y  t h e n ,  

f r o m  th e  p e r s p e c t i v e  o f  a ,  no c o n t r a d i c t i o n  i s  p o s s i b l e .

( A 6 )  a /  0 => aR 0

The n e x t  p r i n c i p l e  j u s t  encodes the  i d e a  t h a t  a c o n t r a d i c t o r y  s t a t e m e n t  

r e n d e r s  e v e r y t h i n g  b o t h  p o s s i b l e  and i m p o s s i b l e .  C o n t r a d i c t o r y  s t a t e m e n t s  

c o n t a i n  t o o  much i n f o r m a t i o n .

F o r  each b^B

OR b

We summ ar i se  t h i s  d i s c u s s i o n  i n  the  fo rm  o f  t h e  c o n c e p t  o f  a B o o le a n  

f r a m e  ( f o r  moda l  l o g i c ) .  T h i s  c o n s i s t s  o f  a c o n s t r u c t i v e  a l g e b r a  B ( w i t h  

m easu re  d )  t o g e t h e r  w i t h  r e l a t i o n s  o f  r e l a t i v e  p o s s i b i l i t y  and i m p o s s i b i l i t y  

s a t i s f y i n g  A l  t h r o u g h  to  A 7 . A l t h o u g h  t h i s  n o t i o n  seems f a r  removed f r o m  t h e  

r e l a t i o n  o f  a c c e s s i b i l i t y  b e tw een  p o s s i b l e  w o r l d s  i n t r o d u c e d  by  K r i p k e  t h e  

tw o  t h e o r i e s  w i l l  t u r n  o u t  to  be e q u i v a l e n t  -  a t  l e a s t  w i t h  r e s p e c t  to  t h e  

l a n g u a g e  o f  p r o p o s i t i o n a l  modal  l o g i c .
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RELATIVE POSSIBIL ITY

AND ACCESSIBIL ITY

We have a rg ued  t h a t  such r e l a t i o n s  be tween  p a r t i a l  d e s c r i p t i o n s  s h o u l d  be th e

p r i m a r y  ones i n  ou r  a n a l y s i s  o f  m o d a l i t y .  But what  i s  t h e  c o n n e c t i o n  be tw een

s uch  r e l a t i o n s  and the  r e l a t i o n  of  a c c e s s i b i l i t y  be tween  p o s s i b l e - w o r l d s ? From 

4“ —

o u r  r e l a t i o n s  R and R we can d e f i n e  a r e l a t i o n  o f  a c c e s s i b i l i t y  

b e tw e e n  p o s s i b l e - w o r l d s .  We a c h i e v e  t h i s  i n  two s t a g e s .  I n i t i a l l y ,  we 

i n t r o d u c e  a r e l a t i o n

wRb

b e tw e en  p o s s i b l e - w o r l d s  and p a r t i a l  d e s c r i p t i o n s .  The above i s  to  c onvey  t h e  

i n f o r m a t i o n  t h a t  b i s  e n t e r t a i n a b l e  o r  p o s s i b l e  f r o m  t h e  p e r s p e c t i v e  

o f  t h e  w o r l d  w. The i d e a  beh in d  o u r  d e f i n i t i o n  i s  s i m p l e  e nough :  b i s  

p o s s i b l e  f r om  th e  p e r s p e c t i v e  o f  w j u s t  i n  case we can r e c o g n i s e  t h i s  on t h e  

b a s i s  o f  some f i n i t e  i n f o r m a t i o n  a bo u t  w. I n  o t h e r  w o r d s :

( M l )  wRb <= > j  - G n ) ( w  R \ )  
d e f  n

I f  we can d e c i d e  t h a t  wRb t h e n  we must  do t h i s  on t h e  b a s i s  o f  some f i n i t e  

p a r t i a l  d e s c r i p t i o n  o f  w, and c o n v e r s e l y ,  i f  we can f i n d  some p a r t i a l  

d e s c r i p t i o n  o f  w f o r  w h ic h  th e  r e l a t i o n  h o l d s  t h e n  t h i s  i s  s u f f i c i e n t  to  

g u a r a n t e e  the  r e l a t i o n  h o l d s  f o r  t he  p o s s i b l e - w o r l d  i t s e l f  (A4 g u a r a n t e e s  

t h i s ) .

S i n c e  we a r e  no l o n g e r  p la g u e d  by l a c k  o f  i n f o r m a t i o n  c o n c e r n i n g ,  t h e  p o i n t  o f
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p e r s p e c t i v e  we, can i n t r o d u c e  the  r e l a t i o n  o f  n e c e s s i t y  by d e f i n i t i o n  

P r e s u m a b l y ,  b i s  n e c e s s a r y , f rom  th e  s t a n c e  of  w, e x a c t l y  when the  

n e g a t i o n  o f  b i s  i m p o s s i b l e .

(M2)  wSb <= >j  ^ ~ (w Rb* )  
de r

Theorem The f o l l o w i n g  p r o p e r t i e s  f o l l o w  f r om  th e  ax ioms  A l  -  Ay .

(M3)  b3w i m p l i e s  wRb

(MA) wR(b u  c )  i f f  wRb o r  wRc

(M5)  wSb i f f  ( 3 k ) ( w ^ R " b * )

(M6 )  wSl

P r o o f

M3. Le t  b )w.  Then ( 3 n ) ( w  < b ) .  By A2

( 3 n ) ( w  R ^ b ) .  
n

MA. The d i r e c t i o n  f r om  r i g h t  to  l e f t  f o l l o w s  f r om  A3 and A4.

F o r  the  o p p o s i t e  d i r e c t i o n  assume wR(b u  c ) .  Assume a l s o  ~wRb

and ~wRc; by  d e f i n i t i o n  we have ( V m ) (~ (w  R ^ b ) )  and
m

( V m ) ( ~ ( w  R^c ) ) .  By A4 and A l  (3k.) (Vm > k ) ( w  R b and
m — m

w r“ c ) .  By A3 ( 3 k ) (V m  > k ) ( w  R~b u c ) .  By A5
ra — m

( 3 k ) ( V m  > k ) ( ~ ( w  R^b u c ) ) .  A p p l i c a t i o n  o f  A4 t o  o u r  o r i g i n a l
— m

a s s u m p t i o n  y i e l d s  a c o n t r a d i c t i o n  -  f o r  by t h e  a s s u m p t i o n

( 3 k ) ( w ^ R ^ ( b  u c ) ) .

M5. Assume wSb; by  d e f i n i t i o n  ( ¥ k ) ~ ( w ^ R ^ b * ) .  By

A l  ( 3 k ) ( w ^ R  b * ) .  C o n v e r s e l y ,  ( 3 k ) ( w ^ R  b * )  i m p l i e s ,

by A4 ( 3 k ) ( ¥ m  > k ) ( w  R” b * ) .  By A5 and A4 ( ¥ k ) ( ~ ( w . R + b * ) ) .
— m K

M6. T h i s  f o l l o w s  f r om  M5 and A6.
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Theorem For  each a ,  b In  B we h a v e :

( 1 )  aR^b i f f  ( V u 3 a ) ( u R b )

( 2 )  aR b i f f  ( V u 3 a ) ( u S b * )

P r o o f

Use A4 and K o n i g ' s  lemma t o g e t h e r  w i t h  the  d e f i n i t i o n  and M5. 

Pe rha ps  we o u g h t  to  be a l i t t l e  more e x p l i c i t ,  a t  l e a s t  f o r  ( 1 )  

Assume aR b . L e t  uaa.  Then ( ] k ) ( u ^  _< a ) .  By A4 

( 3 k ) ( u ^ R ^ b ) .  C o n v e r s e l y ,  assume ( V u 3a ) ( u R b ) .  Then 

( ¥ u 3 a ) ( 3 k ) ( u ^ R ^ b ) .  By K o n i g ' s  lemma ( 3 k )  ( ¥ u i> a ) ( u ^ R ^ b ) .

A4 y i e l d s  the  r e s u l t .  F o r  a = 0 t h e  r e s u l t  f o l l o w s  f r o m  A7 .

On th e  o t h e r  h an d ,  we c o u l d  t a k e  the  r e l a t i o n  wRb, be tw een  p o s s i b l e -

w o r l d s  and p a r t i a l  d e s c r i p t i o n s ,  as s u i - g e n e r i s .  Our o r i g i n a l  r e l a t i o n s  c o u l d

t h e n  be g le a n e d  f r om  th e  f o l l o w i n g  d e f i n i t i o n s .

(M7)  aR^b <=>^2 ^ (Vw aa )( w R b)

(M 8)  aR b <=>,  .  ( V w 3 a ) ( w S b * )  
d e f

The f o l l o w i n g  r e s u l t  i n f o r m s  us t h a t  Ml t h r o u g h  M8 a r e  s u f f i c i e n t  to  r e c o v e r  

t h e  o r i g i n a l  p o s t u l a t e s .
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Theorem The p o s t u l a t e s  M l ,  M3, M4, M5 and M6 t o g e t h e r  w i t h  d e f i n i t i o n s  

M2, M7 and M8 g u a r a n t e e  the  t r u t h  o f  th e  ax iom s e t  A.

P r o o f

A 1 » By d e f i n i t i o n  wRb o r  wSb*.  Hence by Ml and M5

( V w ) ( 3 n ) ( w ^R ^ b  o r  w^R b ) .  By K o n i g ' s  lemma

( 3 n ) ( V w ) ( w  R^b o r  w R b )  s i n c e  f o r  each 
n n

a€T  t h e r e  i s  w, a tw  such t h a t  a = w . 
n n

A 2 » Assume 0 < a ^  b .  Then waa i m p l i e s  wab and so by M3 wRb; and 

hence  by d e f i n i t i o n  a R ^ b .

A 3 . F o l l o w s  i m m e d i a t e l y  f rom  M4 -  f o r  t h e  second p a r t  n o t i c e

t h a t  M4 can be r e p h r a s e d  as (wSb and wSc) i f f  wSb u  c .

A 4 . F o l l o w s  f r om  th e  d e f i n i t i o n s  M7, Ml and k o n i g ' s  lemma.

The second h a l f  f o l l o w s  f r om  M8 and M5 and K o n i g '  lemma.

A 5 . T h i s  f o l l o w s  f r om  a p p l i c a t i o n  o f  M8 f o l l o w e d  by M2 and

f i n a l l y  M7.

A 6 . F o l l o w s  f r om  M8 and M6.

A 7 . F o l l o w s  f r om  M7 and M8 -  f o r  a = 0 t h e  r i g h t  hand s i d e  i s

v a c c o u s l y  t r u e .

The u p s h o t  o f  a l l  t h i s  i s  c l e a r  e nough :  we c o u l d  have t a k e n  t h e  r e l a t i o n

- j -  —

R as p r i m i t i v e  and t r e a t  t he  r e l a t i o n s  R and R as d e r i v e d .  From

a t e c h n i c a l  p o i n t  of  v i e w  i t  makes no d i f f e r e n c e  w h ic h  we choose as p r i m i t i v e ,  

^  —*

R o r  (R and R ) ,  s i n c e  th e  two s ys te m s  a r e  e q u i v a l e n t .  I t  s h o u l d  be 

c l e a r ,  h o w e v e r ,  t h a t  o u r  o r i g i n a l  c h o i c e ,  n am e ly  t h e  sys tem based on R^ 

and R , i s  to  be p r e f e r r e d  i f  we a r e  i n t e r e s t e d  i n  more p r a c t i c a l
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c o n s i d e r a t i o n s  r e l a t i n g  to  o u r  assessm en t  o f  s e n t e n c e s  c o n t a i n i n g  modal  

o p e r a t o r s  i n  a c t u a l  s i t u a t i o n s  of  u s e .

-p  —

I n d e e d ,  once we have a do p te d  R and R , and th e  r e l a t i o n s  R and S as 

d e f i n e d  i n  te rm s  o f  them, we a r e  i n  a much b e t t e r  p o s i t i o n  to  i n t r o d u c e  a 

r e l a t i o n  o f  a c c e s s i b i l i t y  be tween  p o s s i b l e - w o r l d s .  I n t u i t i v e l y ,  v s h o u l d  be 

" a c c e s s i b l e "  f r o m  w j u s t  i n  case we can d e c i d e  t h i s  on t h e  b a s i s  o f  some 

f i n i t e  p a r t i a l  d e s c r i p t i o n  o f  v .  T h i s  c o n s t r a i n t  i s  c l e a r l y  i n  k e e p in g  w i t h  

o u r  o v e r a l l  a im ,  n a m e ly ,  to  g i v e  some more p r a g m a t i c  a c c o u n t  o f  o u r  use of 

t h e  a c c e s s i b i l i t y  r e l a t i o n  be tween  p o s s i b l e - w o r l d s .  We can p u t  t h i s  i n s i g h t  

i n  a more d i r e c t  way as f o l l o w s .  The w o r l d  v i s  to  be c o n s i d e r e d  "a c c e s s i b l e ** 

f r o m  w I f  and o n l y  i f  we can f i n d  some d e g re e  of  d e t a i l  such t h a t  e v e r y  

d e s c r i p t i o n  of  v ,  o f  a t  l e a s t  t h i s  d e g re e  o f  d e t a i l ,  i s  deemed to  be p o s s i b l e  

f r o m  th e  p e r s p e c t i v e  o f  w. T h i s  l e a d s  to  t h e  f o l l o w i n g  d e f i n i t i o n .

w rv  <=>,  ^ ( 3 k ) (V m  > k ) ( w R v  )
de I  — m

—

But wha t  i s  the  e x a c t  c o n n e c t i o n  between  R , R and r  so d e f i n e d ?

I n t u i t i v e l y ,  a p a r t i a l  d e s c r i p t i o n  b ,  s h o u l d  be p o s s i b l e  g i v e n  a i f  and o n l y

i f ,  no m a t t e r  w h ic h  w o r l d  we choose i n  a ( i . e .  o f  w h ic h  a i s  a c o r r e c t  

d e s c r i p t i o n )  (w s a y ) ,  we can match i t  by a w o r l d  i n b ( v  s a y )  w h i c h  i s  a c c e s s i b l e  

f r o m  w; s i m i l a r l y ,  b s h o u l d  be i m p o s s i b l e  f r om  a i f f  any w o r l d  a c c e s s i b l e  f r om

a w o r l d  w i n  a i s  i n  b * .  F o r t u n a t e l y ,  th e s e  c o n n e c t i o n s  a r e  a f o r m a l

c o n s e q u e n c e  o f  o u r  t h e o r y .
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Theorem For  a ,  b i n  B we h a v e :

( 1 )  s r \  i f f  ( V w 3 a ) ( 3 v 3 b ) ( w r v )

( 2 )  aR b i f f  ( V w 3 a ) ( w r v  i m p l i e s  V3b * )

P r o o f

We d e r i v e  1 and 2 as c o r o l l a r i e s  t o :  wRb i f f  ( 3 v 9 b ) ( w r v ) .  The

a c t u a l  d e r i v a t i o n  o f  1 and 2 t h e n  f o l l o w s ,  and so we c o n c e n t r a t e  on

t h e  p r o o f  o f  t h i s  e q u i v a l e n c e .  S in ce  wSl <=> ~(wRO) we may s a f e l y

assume t h a t  b ^ 0 .  Assume wRb and b ^  0 .  Choose m > d ( b ) .

L e t  t  , . .  . , t  be the  a toms o f  T such t h a t  b = t , u . . .  u t ,  . 
I k  m I k

By (M4)  wRt^ f o r  some i ,  1 ^ i  ^  k .  By a second a p p l i c a t i o n

o f  (M4)  we can f i n d  a t  _< t   ̂ i n  T^^^  w i t h  wRt .  By r e p e a t i n g

t h i s  p r o c e s s  we can c o n s t r u c t  a p o s s i b l e  w o r l d  v ( w i t h  b i n  v )  such

t h a t  w rv .  C o n v e r s e l y ,  i f  th e  r i g h t  hand s i d e  h o l d s ,  t h e n

( 3 V 3 b ) ( 3 k ) ( V m  > k ) ( w R v  ) .  By (M4)  wRb.
— m

What o f  t h e  p r o p e r t i e s  o f  r e l a t i o n  r? I s  i t  r e f l e x i v e ,  t r a n s i t i v e  o r  wha t?  

W e l l ,  as one m ig h t  e x p e c t ,  much depends upon th e  a t t r i b u t e s  o f  t h e  r e l a t i o n s  

R+. R - .

Theorem The r e l a t i o n  r  i s  r e f l e x i v e .  M o r e o v e r ,  i f  R^ i s

t r a n s i t i v e  so i s  r ,  and i f  R i s  s y m m e t r i c  t h e n  r  i s  s y m m e t r i c

P r o o f

We f i r s t  p ro v e  r  i s  r e f l e x i v e .  O b v i o u s l y ,  ( V k ) ( w € w )  and so
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by M3 ( V k ) (w R w ^ )  and hence by d e f i n i t i o n  wrw. Next  suppose

t h a t  R i s  t r a n s i t i v e .  By d e f i n i t i o n ,  wrv and v r u  i m p l i e s

( 3 k )  (Ym 2  k ) ( 3 n ) ( w  R v ) and ( 3 k )  (Ym > k ) ( 3 n ) ( v  R^u ) .
n m — n m

Choose the  maximum o f  th ese  g u a r a n t e e d  k ' s .  Then by ( A 4 )

( 3 k ) ( Y m  > k ) ( 3 n { w  R v & v R u } ) .  A c t u a l l y ,
— n m n m ’

by ( A 4 ) ,  we can choose n 2  t h i s  k and o b t a i n

( 3 k )  (Ym > k ) ( 3 n ) ( w  R^v & v r"**u ) .
— n n n m

Hence ,  by t l ie  a s s u m p t i o n  ( j k )  ( Ym > k ) ( 3 n ( w  r"^u ) ) .
— n m

Assume t h a t  R i s  s y m m e t r i c .  By d e f i n i t i o n  wrv i m p l i e s  ( 3 k )  (Ym > k '

(wRv ) .  By (M2)  t h i s  i s  e q u i v a l e n t  to  ( 3 k ) (Y m  > k ) ( ~ ( w S v  * ) ) .  
m — m

By (M5)  we o b t a i n  ( ] k ) ( Y m  > k ) ( ~ ( 3 n ) ( w  R v ) ) .  By th e
— n m

s y m m e t r i c  n a t u r e  of  R we have ( 3 k )  (Ym > k ) ( ~ ( 3 n ) ( v  R w ) ) .
— m n

Hen ce,  ( 3 k ) ( V m  > k ) ( Y n ) ( ~ ( v  R w ) ) .  T h i s  i m p l i e s  
— m n

( V n ) ( 3 k ) ( V m  > k ) ( ~ ( v  R w ) ) .  By ( A l )  ( Y n ) ( 3 k ) ( Y r a  > k ) ( v  R^w )
— m n — m n

i e  ( Y n ) ( 3 k ) ( v ^ R ^ w ^ ) .  But t h i s  g i v e s  v rw .

This result has some consequences .  I f  we r e s t r i c t  o u r  sys tem

t o  th e  l o g i c  based on A1-A6 t h e n  we o b t a i n  th e  modal  l o g i c  T. I f  we add th e

^  — 
t r a n s i t i v i t y  o f  R we o b t a i n  S4 and i f  we add t h e  symmetry  o f  R we

o b t a i n  S5.

TRUTH CONDITIONS

FOR MODAL LOGIC

Modal  p r e p o s i t i o n a l  c a l c u l u s  (PML) i s  o b t a i n e d  f r om  t h e  p r e p o s i t i o n a l  c a l c u l u s
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by the  a d d i t i o n  of  th e  modal  o p e r a t o r  M to read ' i t  i s  p o s s i b l e  t h a t ' .  Our 

t  r u t h - c o n d  i  t  i o n s  w i l l  be g i v e n  i n  te rm s  o f  a r e l a t i o n  b e tw een  th e  e le m e n t s  of  

a moda l  f r am e  B and s e n t e n c e s  of  th e  l anguage  o f  th e  p r e p o s i t i o n a l  modal  

c a l c u l u s .  The r e l a t i o n

b P

i s  to  be u n d e r s t o o d  as e x p r e s s i n g  th e  f a c t  t h a t  b c o n t a i n s  s u f f i c i e n t  

i n f o r m a t i o n  to j u s t i f y  the  a s s e r t i o n  o f  P and

b P

i s  used to  i n d i c a t e  t h a t  b j u s t i f i e s  t he  r e f u t a t i o n  o r  d e n i a l  o f  P. The 

r e a s o n  t h a t  b o t h  th ese  r e l a t i o n s  a re  r e q u i r e d  s h o u l d  be o b v i o u s :  t h e r e  i s  no 

r e a s o n  to e x p e c t  t h a t  b ={ P be d e f i n a b l e  i n  t e n n s  o f  th e  n e g a t i o n  of  b ^  P f  o r  

one may be u n a b l e  b o t h  to  a s s e r t  P and to  r e f u t e  i t ;  t h e r e  may j u s t  be t o o  l i t t l e  

i n f o r m a t i o n  a t  h and .

A Model  f o r  PML w i l l  c o n s i s t  o f  a B o o le a n  Frame 0  = (B,  R )

t o g e t h e r  w i t h  a f u n c t i o n  f  : L ->  B where  L i s  some de num erab le  l a n g u a g e  (PML

i s  o b t a i n e d  f r o m  L by  c l o s i n g  u n d e r  M and th e  t r u t h - f u n c t i o n a l  c o n n e c t i v e s ) .

T h i s  l a s t  f u n c t i o n  j u s t  r e f l e c t s  the  i n c l u s i o n  o f  L i n  t he  u n d e r l y i n g  l a n g u a g e  

o f  th e  a l g e b r a .  A t  t h i s  p o i n t  we a r e  mak ing  no f u r t h e r  a s s u m p t i o n s  a bo u t  th e  

l a n g u a g e  DL. I n  p a r t i c u l a r ,  we a r e  not  assum ing  t h a t  th e  who le  of  PML i s  

i n c l u d e d  i n  t h e  l a n g u a g e  o f  B o r  i n d e e d  t h a t  t h e  l an gu ag e  o f  B c o n t a i n s  any 

m oda l  o p e r a t o r s .
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To b e g i n  w i t h  we g i v e  o n l y  t he  t r u t h - c o n d i  t i o n s  f o r  t h e  p r e p o s i t i o n a l  p a r t  of  

PML. More p r e c i s e l y ,  we p r o v i d e  th e  t r u t h - c o n d i t i o n s . f o r  L '  w h i c h  i s  t h e  

s m a l l e s t  s u p e r s e t  o f  L c l o s e d  u n d e r  th e  l o g i c a l  o p e r a t o r s  &, ~ .  The re a s o n  

f o r  t h i s  w i l l  become c l e a r e r  as we p r o c e e d .

F o r  b^B and PEL'  we d e f i n e  |=, by ( s i m u l t a n e o u s )  i n d u c t i o n  on P.

( 1 )  b M P i f f  b < f ( P )  " I

f f o r  PEL

b 4 P i f f  b < f ( P ) *

( 2 )  b (= ~P i f f  b =1 P

b H ~P i f f  b 1= P

( 3 )  b M P & Q i f f  b P and b 1= Q

b H P & Q  i f f  b = ( P o r  b = ( Q

We can e x te n d  the  f u n c t i o n  f  to  t h e  who le  o f  L '  i n  t h e  most o b v i o u s  way:

f ( P  & Q) = f ( P )  n  f ( Q )  

f ( ~ P )  = f ( P ) * .

I t  i s  our o b j e c t i v e  to extend  the f u n c t i o n  f  to the whole of PML and as

a f i r s t  s tep we r e l a t e  f  to our t r u t h - c o n d i t i o n s .
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Theorem L e t  P E L ' .  The re  e x i s t s  an n such t h a t  f o r  each b t T ^  , m > n •

( 1 )  b H P i f f  b < f ( P )

( 2 )  b 4  P i f f  b < f ( P ) * ^

P r o o f

By i n d u c t i o n  on P.

F o r  PEL t h e  r e s u l t  i s  a u t o m a t i c .  Suppose P = ~Q. Then 

b f= ~Q i f f  b H Q i f f  b < f ( Q ) *  i f f  b < f  (~Q) and

b 4  ~Q I f f  b 1= Q i f f  b < f ( Q )  i f f  b < f ( ~ Q ) * .

Suppose P N Q & R. Then choose th e  number demanded f o r  P to  be any

number  l a r g e r  t h a n  th o s e  demanded f o r  b o t h  Q and R. Then

b h Q & R i f f  b M Q and b h  R. by i n d u c t i o n  t h i s  i s  e q u i v a l e n t  to  

b < f ( Q )  and b < f ( R )  i e  b ^  f ( Q )  A f ( R ) .  Now suppose b 4 Q & R.

T h i s  i s  t r u e  e x a c t l y  when b 4  Q o r  b 4  R i e  (by  i n d u c t i o n )  b < f ( Q ) *

o r  b 2  f ( R ) * '  I n d u c t i v e l y ,  i t  i s  easy  t o  see t h a t  th e  number  

r e q u i r e d  f o r  Q i s  a t  l e a s t  as b i g  as d ( f ( Q ) ) ;  and s i m i l a r l y  f o r  R. 

Hence b < f ( Q ) *  o r  b < f ( R ) *  i s  e q u i v a l e n t  to  b ^  f ( Q ) * u  f ( R ) * .

L e t  d ( P )  be th e  number  g u a r a n t e e d  by t h i s  r e s u l t .  We s h a l l  c a l l  i t  t h e  

D eg re e  o f  P .
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Theorem For  any P e L ' :

( 3 k ) ( V t e T ^ ) ( t  /= P V t  4 P)

P r o o f

F o l l o w s  f r om  the  p r e v i o u s  theo re m  g i v e n  th e  o b s e r v a t i o n  t h a t

d ( P )  > d ( f ( P ) ) .

To c o m p le t e  o u r  t r u t h —c o n d i t i o n s  f o r  PML we mus t  s u p p l y  t h e  c l a u s e ( s )  f o r  th e  

m od al  o p e r a t o r  i t s e l f .  To do t h i s  we a p p e a l  to  o u r  i n f o r m a l  p r o c e d u r e  f o r  th e  

e v a l u a t i o n  o f  modal  s e n t e n c e s .  T h i s  had th e  f o l l o w i n g  f o r m .  Suppose t h a t  th e  

p a r t i a l  d e s c r i p t i o n  b r e p r e s e n t s  o u r  know ledge  a b o u t  t h e  a c t u a l  w o r l d .  We 

f i r s t  c o n s i d e r  a l l  t h e  p o s s i b l e  a l t e r n a t i v e s  to  b ( a t  some l e v e l  o f  d e t a i l )  

and w h i c h  t h e m s e l v e s  may o n l y  be p a r t i a l l y  s p e c i f i e d .  I f  one such p a r t i a l  

d e s c r i p t i o n  e n t a i l s  th e  s e n t e n c e  P t h e n  we mark  t h e  s e n t e n c e  ' I t  i s  p o s s i b l e  

t h a t  P ' t r u e ;  i f  t h e y  a l l  r e f u t e  P t h e n  we mark  t h e  s e n t e n c e  ' I t  i s  i m p o s s i b l e  

t h a t  P '  t r u e .  Chances a r e ,  n e i t h e r  o f  t h e s e  cases  w i l l  a r i s e ,  and so we need 

t o  c o n s i d e r  more p r e c i s e l y  d e s c r i b e d  p o s s i b l e  a l t e r n a t i v e s  to  P and r e p e a t  t h e  

p r o c e s s .  Of c o u r s e ,  a t  each l e v e l  o f  r e f i n e m e n t  we need to  e n s u re  t h a t  we have 

n o t  i g n o r e d  any p o s s i b l e  a l t e r n a t i v e s  and so we must  be a b le  to  d e c i d e  t h a t  

any  o f  t h e  s i t u a t i o n s  not  c o n s i d e r e d  i s  i m p o s s i b l e  r e l a t i v e  to  t h e  i n f o r m a t i o n  

a l r e a d y  a c c u m u l a t e d  ( c f  ( i )  b e l o w ) .  I n  o t h e r  w o r d s ,  we must  be a b l e  to  

r e c o g n i s e  w h i c h  s i t u a t i o n s  a re  p o s s i b l e ,  r e l a t i v e  t o  t h e  c u r r e n t  body o f  

i n f o r m a t i o n ,  and a l s o  to  r e c o g n i s e  t h a t  th es e  a r e  a l l  t h e  p o s s i b l e  

o n e s .  The f o l l o w i n g  n o t i o n  seems to  c a p t u r e  o u r  i n t u i t i o n s  r e g a r d i n g  such 

a d e c i s i o n  p r o c e s s .
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A b-DECISION TREE i s  any f i n i t e  t r e e  l a b e l l e d  w i t h  e l e m e n t s  f r om  B ( b  a t  

t h e  v e r t e x )  such t h a t :

( i )  I f ,  a t  any l e v e l  i n  t he  t r e e ,  b has a n c e s t o r s  

a p  . . . . , a^  t h e n  bR a^ , 1 £  i  _< k  and 

bR ( a ^ U  . . . . tJ a ^ J * .  M o r e o v e r ,  a^ f  0 ,

1 < i  < k .

( 1 1 )  I f  a ( n o t  t he  v e r t e x )  has a n c e s t o r s  a ^ a ^  

t h e n  a = a  ̂ U . . . .  U a^  and n  a^  = 0,  i  f  j .

We can now i n t r o d u c e  th e  t r u t h - c o n d i t i o n s  f o r  t h e  modal  o p e r a t o r  u s i n g  t h i s  

n o t i o n  o f  a d e c i s i o n  t r e e .

( 4 )  b MP i f f  t h e r e  e x i s t s  a b - d e c i s i o n  t r e e  where  each l e a f

d e c i d e s  P and some l e a f  c s a t i s f i e s  c {= P.

b H MP i f f  t h e r e  e x i s t s  a b - d e c i s i o n  t r e e  where  each

l e a f  c d e c i d e s  P and s a t i s f i e s  c ^ P*

Our  f i r s t  r e s u l t  e s t a b l i s h e s  th e  s t a b i l i t y  o f  o u r  t r u t h - c o n d i t i o n s  u n d e r  

i n c r e a s e s  i n  th e  b a c k g ro u n d  i n f o r m a t i o n .

Theorem F o r  b ,  b '  f  0 we have

( I )  b M MP & b '  < b => b '  t= MP
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( 2 )  b 4 M P  & b '  < b => b '  4  MP

P r o o f

F o l l o w s  f r om  th e  d e f i n i t i o n s  g i v e n  t h a t  bR^c & bR c i m p l i e s  

( f o r  b,  b '  /= 0 ) ,  by A4, b 'R ^ c  & b 'R ~ c  by A4.

We n e x t  e s t a b l i s h  t h a t  our  d e c i s i o n  c o n c e r n i n g  th e  t r u t h - v a l u e  o f  modal  

s e n t e n c e s  does not depend upon the  p a r t i c u l a r  way t h a t  we choose to p a r t i t i o n  

t h e  a l t e r n a t i v e  s i t u a t i o n s .  We s h a l l  e s t a b l i s h  t h a t ,  p r o v i d e d  d e c i s i o n  t r e e s

c o n t a i n  s u f f i c i e n t  i n f o r m a t i o n ,  t h e y  w i l l  a g r e e  on the  t r u t h  v a lu e  of  the

s e n t e n c e  i n  q u e s t i o n .

Theorem ( a )  F o r  any P i n  PML i f  b l =  P and b = I P  t h e n  b = 0.

( b )  F o r  each b&B, b ^ 0,  and P i n  PML we have

( 1 )  b M MP i f f  f o r  each b - d e c i s i o n  t r e e  P,  f o r  wh ich

each l e a f  c d e c i d e s  P ,  t h e r e  e x i s t s

some l e a f  c such t h a t  c |= P.

( 2 )  b 4MP i f f  f o r  each b - d e c i s i o n  t r e e ,  P f o r  wh ich

each l e a f  c d e c i d e s  P ,  each l e a f  c

s a t i s f i e s  c H P.

P r o o f

We p ro v e  ( a )  and ( b )  by s i m u l t a n e o u s  i n d u c t i o n  on P .  A c t u a l l y ,  t h e

o n l y  d i f f i c u l t  c l a u s e  f o r  ( a )  i s  th e  case where  P = MQ and t h i s

f o l l o w s  by ( b ) .  We c o n c e n t r a t e  on t he  p r o o f  o f  ( b ) .
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Suppose P i s  a b - d e c i s i o n  t r e e  such t h a t  f o r  each l e a f  ( say  a ^ ,

a 2 Ckc sake o f  a r g u m e n t )  4  P and 4 P. I j s t  q

be a b - d e c i s i o n  t r e e  such f o r  some l e a f  d ,  d H P- C la im  t h a t

d n  a^ ^ 0 o r  d A a^  ^ 0 .  S in c e  b R ~ ( a ^ u  a ^ ) *

we have ( V u 3 b ) ( V v ) ( u r v  - >  v ; ( a ^  u a ^ ) ) .  But

bR d <=> (Vu3 b )  (3 V3d ) ( u r v  ) .  So d a  ( a ^ u  a ^ )  /= 0 .

Hence d n  a^ ^ 0 ( sa y  ) .  But t h e n  d o a ^ j ^  P & ~P — 

c o n t r a d i c t i o n  as t h i s  w ou ld  r e q u i r e  d A  a^ = 0 by th e  i n d u c t i o n  

a s s u m p t i o n  o f  th e  p r e v i o u s  t h e o re m .

Theorem For  each P i n  PML

( 3 k ) ( V b t T , ) ( d ( b )  > k ) ( b  h  P o r  b 4  P) 
k —

P r o o f

By i n d u c t i o n  on P.  We c o n c e n t r a t e  on th e  case MP -  we have a l r e a d y

done the  r e s t .  L e t  t ^ ,  . . . . ,  t ^  be t h e  a toms o f  T ^ ,

w he re  r  b i g  enough ( b y  i n d u c t i o n )  so t h a t  f o r  each t ^ ,

t ^  1= P o r  t ^  = ( P .  Choose b t T ^  whe re  s l a r g e  enough

so t h a t  bR t ,  o r  bR t .  f o r  each i ,  1 < i  < k .
1 1  —  —

Then c o n s i d e r  th e  t r e e  w i t h  b a t  th e  v e r t e x  and th o s e  t . ,

( 1  < j  < k )  such t h a t  bR t . ,  as a n t e c e d e n t s  -  suppose  
— — ]

t ^ , ................, t ^ ,  n _< k  a r e  th e  a p p r o p r i a t e  a tom s.  By ( A 3 )

bR ( t   ̂ U . . . .  u  t ^ ) * .  S i n c e  t _ 6 T ^  we know

t ^  M P o r  t ^  4  P. I f  each t ^  on th e  t r e e  s a t i s f i e s
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4  P t h e n  b 4  MP; i f  one s a t i s f i e s  t . }= P t h e n  b h MP.

We s h a l l  r e f e r  to  th e  (minimum s u c h )  k g u a ra n t e e d  by t h e  l a s t  r e s u l t  as t h e  

d e g r e e  o f  P ( w r i t t e n  d ( P ) ) .

Theorem L e t  M be some Boo lean  M o d e l .  Then f  can be e x te n d e d  f r om  L ' t o  

t h e  who le  o f  PML such t h a t  f o r  each b t T ^ w i t h  m ^  d ( M P ) ;

( 1 )  b M MP i f f  b < f  (P)

( 2 )  b 4  MP i f f  b < f ( P ) *

P r o o f

L e t  b , . . . . ,  b be the  a toms o f  B such t h a t  
I n  m

b h  MP wl iere ra = d (M P) .  Put f ( M P )  = b U . . . .  u  b . 
i  I n

I f  t h e r e  a re  no a toms such t h a t  b. MP p u t  f (M P )  = 0 .  The 

r e s u l t  i s  now c l e a r .

A c c o r d i n g  to  t h e  l a s t  r e s u l t  we a r e  a b le  to  a s s o c i a t e  w i t h  each e le m e n t  o f  o u r  

Mod a l  l a n g u a g e  an e le m e n t  o f  th e  a l g e b r a .  T h i s  i s  no t  to  g a y  t h a t  we have 

e l i m i n a t e d  a l l  i n t e n s i o n a l i t y  f r o m  o u r  a n a l y s i s .  The l an gu ag e  u n d e r l y i n g  o u r  

a l g e b r a  may c o n t a i n  modal  o p e r a t o r s  and so i t s  n o t i o n  o f  e n t a i l m e n t  w i l l  n o t  

n e c e s s a r i l y  be a p u r e l y  e x t e n s i o n a l  o ne .  A second p l a c e  where  some
I

i n t e n s i o n a l i t y  may r e s i d e  i s  i n  t h e  r e l a t i o n s  }= and 4  s i n c e  these  i n v o l v e  t h e  

—

n o t i o n s  R and R . I n  o r d e r  to  d e t e r m i n e  the  e x a c t  e le m e n t  o f  B, t h a t

a g i v e n  e l e m e n t  of  o u r  l an guage  i s  e q u i v a l e n t  t o ,  we i n v o l v e  o u r s e l v e s  i n  a

p r o c e s s  o f  d e l i b e r a t i o n  w h ic h  a p p e a l s  to  some i n t e n s i o n a l  n o t i o n s .  We s h o u l d

n o t ,  t h e r e f o r e ,  be l u l l e d  i n t o  a f a l s e  sense of  e x t e n s i o n a l i t y . These p o i n t s
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have been made i n  more d e t a i l  i n  our  d i s c u s s i o n  of  t he  c o u n t  e r f  a c t u a l  

c o n d i  t i o n a l .

KRIPKE MODELS

AND VALIDITY

I n  t h i s  s e c t i o n  we compare ou r  a p p ro a c h  to  th e  more t r a d i t i o n a l  one based on 

p o s s i b l e  w o r l d s .  Our a p p ro a c h  i s  l i n k e d  to  t h e  K r i p k e  a c c o u n t  i n  as much as 

t h e  two t h e o r i e s  a re  i n  a g r e e m e n t .  C o n s e q u e n t l y ,  e v e r y  n o t i o n  o f  v a l i d i t y  

y i e l d e d  by K r i p k e ' s  a p p ro a c h  i s  matched by an e x t e n s i o n a l l y  e q u i v a l e n t  n o t i o n  

y i e l d e d  by o u r s .

To c a r r y  o u t  the  c o m p a r i s o n  we need to  i n t r o d u c e  th e  n o t i o n  o f  a K r i p k e  

Mod e l  w h i c h  c o n s i s t s  o f  a n o n -e m p ty  s e t  o f  p o s s i b l e  w o r l d s  W, a r e l a t i o n  

o f  " a c c e s s i b i l i t y "  on W ( w h i c h  i s  a t  l e a s t  r e f l e x i v e )  and a f u n c t i o n  

f  : L ->  P(W) ( t h e  power  s e t  o f  W) . Le t  K = <W, r ,  f >  be such a m o d e l .  We 

e x t e n d  t h e  f u n c t i o n  f  to  a f u n c t i o n  [ ]  : PML ->  P(W) t o  p ro du c e  t h e  

t r u t h - c o n d i t i o n s  o f  PML.

[P & Q] = [P ]  o  [Q]  k l

[~ P ]  = W -  [P ]  k2

[MP] = {wtW : ( 3 u t W ) ( w r u  & u £ [ P ] ) }  k3
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We s h a l l  show t h a t  the  u n d e r l y i n g  l o g i c s  o f  t he  two s y s te m s  a r e  i d e n t i c a l .  

L e t  V a l ^  be t h e  s e t  o f  a l l  s e n t e n c e s  of  PML t r u e  i n  a l l  p o s s i b l e  w o r l d s ,  

t h r o u g h o u t  a l l  K r i p k e  m o d e l s ;  l e t  V a l  be th e  s e t  o f  a l l  s e n t e n c e s  P such
D

t h a t  f o r  a l l  B o o le a n  models  f ( P )  = 1. We s h a l l  p ro v e

t h a t  i s ,  t he  two c l a s s e s  o f  u n i v e r s a l l y  v a l i d  s e n t e n c e s  c o i n c i d e

As a f i r s t  s t e p  we p ro v e  t h a t  V a l ^  C  V a l ^ .  Suppose t h a t
K —  B

-p  —
M = <B, R , R , f>  i s  a s u p p l i e d  B o o le a n  m o d e l .  We c o n s t r u c t  a 

d e r i v e d  K r i p k e  Model  K^ = ( U ( B ) ,  r ,  g )  i n  t h e  f o l l o w i n g  m a n n e r :  t h e  s e t  

U (B )  i s  the  s e t  o f  u l t r a f i l t e r s  o f  B, r  i s  th e  d e r i v e d  r e l a t i o n  o f  

a c c e s s i b i l i t y  and th e  f u n c t i o n  g : L ->  P ( U ( B ) )  i s  g i v e n  by g ( P )  = { u t f ( P ) }

Theorem L e t  M be a Bo o le a n  model  and K^  t h e  d e r i v e d  K r i p k e  m o d e l .  

Then f o r  each Q i n  PML

w e [ Q ]  <=> ( 3 n ) ( w ^  M Q)

P r o o f

By i n d u c t i o n  Q. We c o n s i d e r  t h e  case where  Q = MZ. Then 

w ê [ M Z ]  i f f  ( 9 v ) ( w r v  & v E [ Z ] ) .

L e t  w r v .

( 3 k )  (Vm > k ) C 3 n ) ( w  R^v ) and v t [ Z ] .
— n m

By i n d u c t i o n  v E[Z ]  i m p l i e s  ( 3 t ) ( v ^  f= Z ) .  Choose k  l a r g e r  t h a n  t y i ( z )  

Hence ( 9 k ) ( 3 n ) ( w ^ R ^ v ^  & v ^  H Z ) .



Page 116

So l e t  p be the  t r e e  w i t h  w^ ( n  g u a ra n t e e d  a b o v e )  a t  t h e  v e r t e x

and a l l  a toms t ^ ,  t ^  o f   ̂ ( g u a r a n t e e d  a b o v e ) ,

+ k
su ch  t h a t  w^R t ^  as a n c e s t o r s .  Observe t h a t  we can

ch oo se  n as l a r g e  as we l i k e  (by  A 4 ) ;  a n d ,  i n  p a r t i c u l a r ,  l a r g e

—

enoug h  so t h a t  w R t ,  o r  w R t  . f o r  each 
n 1 n 1

+
a tom t .  i n  T , . . . S in c e  w R v, and

1 d ( v ^ y  n k

V f= Z,  ( 3 n ) ( w  ^  M Z ) .
k n

C o n v e r s e l y ,  suppose Q n ) ( w  (= M Z ) . Then f o r  such an n t h e r e
n

e x i s t s  a d e c i s i o n  t r e e  p w i t h  v e r t e x  w and a l e a f  c on p such
n ^

t h a t  c Z .  M o r e o v e r ,  w^R^c .  Hence,  by t h e  e s t a b l i s h e d

r e l a t i o n s h i p  be tw een  R^ and r ,  t h e r e  e x i s t s  some V 3 c  such t h a t

w r v .  But V3C i m p l i e s  ( 3 n ) ( v  < c )  and so v H Z
n — n

w h i c h  » by i n d u c t i o n ,  i m p l i e s  v e [ Z ] .  Hence t h e r e

e x i s t s  v t [ Z ]  su ch  t h a t  w r v .  Hence w 6 [M Z ] .

C o r o l l a r y  V a l „ C  V a l „ .  -------------------  K. — D

T h i s  s u p p l i e s  h a l f  o f  o u r  e q u i v a l e n c e  p r o o f ;  t h e  o t h e r  d i r e c t i o n  r e q u i r e s  t h e  

c o n s t r u c t i o n  o f  a Bo o le a n  model  f r o m  a p r o v i d e d  K r i p k e  model  K = <w, r ,  g> .

-f- —
The d e r i v e d  B o o le a n  model  i s  th e  s t r u c t u r e  = <B^,  R , R , f >

w h e re  B = PML/Z i s  the  s e t  o f  e q u i v a l e n c e  o f  c l a s s e s  PML i n d u c e d  by 
M

t h e  f o l l o w i n g  r e l a t i o n :

p :  Q <=> [p]  = [ Ql -
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+ _
The r e l a t i o n s  R and R a r e  g i v e n  i n  th e  f o l l o w i n g  way

[ PJR [QJ i f f  ( Vwé[ PJ(3 u ) ( u 6 [ QJ and w r u ) )

and IPJR“ [QJ i f f  ( V w ^ [ PJ (w ru  -  > u£(W -  [ QJ ) ) .

The f u n c t i o n  f  i s  d e f i n e d  as f ( Q )  = g ( Q ) .  We f i r s t  e s t a b l i s h  t h a t  t h i s  

s t r u c t u r e  s a t i s f i e s  th e  ax ioms ( A l )  -  ( A 6 ) .

Theorem The s t r u c t u r e  <PML/T,  R^, R > s a t i s f i e s  th e  

a x io m s  o f  a Boo lean  f r a m e .

P r o o f

S in c e  PML/Z i s  denuraerab le  i t  i s  a c o n s t r u c t i v e  a l g e b r a .

Ax iom ( A l )  f o l l o w s  i m m e d i a t e l y ,  s i n c e  a t  some p o i n t  i n  th e  

e n u m e r a t i o n  Mx i s  d e c i d e d .  Axiom ( A 2 )  f o l l o w s  s i n c e  r  i s  r e f l e x i v e  

w he re as  ( A 3 )  f o l l o w s  f r om  th e  d e f i n i t i o n s  o f  R^ and R .

( A 4 )  i s  c l e a r  s i n c e  any e x t e n s i o n  o f  [ P ]  m a i n t a i n s  th e  r e l a t i o n ;  and 

i f  a l l  e x t e n s i o n s  s a t i s f y  the  r e l a t i o n s  [ P ]  must  a l s o .  Axiom ( A 5 )  

i s  a d i r e c t  consequ en ce  o f  t h e  d e f i n i t i o n s ;  ( A 6 )  i s  v a c u o u s l y  

t r u e .

The f o l l o w i n g  r e s u l t  shows t h a t  the  t r u t h - c o n d i t i o n s  a g r e e  f o r  t h e  two m o d e l s .  

Because th e  p r o o f  i s  i d e n t i c a l  t o  t h e  a n a lo g o u s  one f o r  B o o le a n  models  we 

o m i t  i t .
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Theorem L e t  K be a K r i p k e  model  and th e  d e r i v e d  B o o le a n  model  

Then f o r  each Q i n  PML we h a v e :

w^ [ Q]  i f f  Ü k )  (w^ {= Q)

C o r o l l a r y  V a l ^  C Va l  . ----------------------------- M — K

We have shown t h a t  V a l ^  = V a l ^ .  In  o t h e r  w o r d s ,  f o r  PML, th e  two 

n o t i o n s  o f  v a l i d i t y  c o i n c i d e .  T h i s  i s  r a t h e r  s a t i s f a c t o r y .  I t  g i v e s  some 

c r e d i b i l i t y  to th e  c l a i m  t h a t  we have u nc o v e red  th e  a p p r o p r i a t e  n o t i o n s  of  

r e l a t i v e  p o s s i b i l i t y .

We have o n l y  c o n s i d e r e d  th e  case where  no o t h e r  r e s t r i c t i o n s  a r e  imposed upon

r  o t h e r  t h a n  r e f l e x i v i t y .  What abou t  th e  r e m a i n i n g  cas es ?  The f o l l o w i n g

—

r e s u l t  f o l l o w s  f r om  the  d e f i n i t i o n s  o f  R , R i n  te rm s  o f  r .

Theorem I f  r  i s  t r a n s i t i v e  t h e n  so i s  R^ and 

i f  r  i s  s y m m e t r i c  t h e n  so i t  R .

We s h o u l d  s t r e s s  once more t h a t  o u r  o b j e c t i v e  has been to  g i v e  an a c c o u n t  o f  

c e r t a i n  a s p e c t s  o f  modal  n o t i o n s  i n  a c t u a l  s i t u a t i o n s  o f  u s e .  T h i s  i s  e x a c t l y  

w ha t  we have t r i e d  to  r e f l e c t  i n  ou r  f o r m u l a t i o n  of  th e  t r u t h - c o n d i t i o n s .
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5.  BOOLEAN ALGEBRAS, 

MODALITY, AND 

COUNTERFACTUALITY

The l i t e r a t u r e  on modal  and i n t e n s i o n a l  l o g i c  c o n t a i n s  an a p p ro ac h  to  m o d a l i t y  

w h i c h  d e p l o y s  B o o le an  a l g e b r a s  w i t h  an a d d i t i o n a l  o p e r a t o r .  As exam ples  we 

m i g h t  c i t e  the  s o - c a l l e d  n e ig h b o u r h o o d  s e m a n t i c s  o f  S c o t t  and Lemmon as w e l l  

as  th e  s e m a n t i c s  f o r  m o d a l i t y  based on Bo o le an  a l g e b r a s  due o r i g i n a l l y  to  

M c k i n s e y .  In  such a p p ro a c h e s  th e  s e m a n t i c s  o f  an  i n t e n s i o n a l  la n gu ag e  i s  g i v e n  

w i t h  r e s p e c t  to  a Bo o le an  a l g e b r a  with an a d d i t i o n a l  o p e r a t o r  w h ich  

c o r r e s p o n d s  to  t h e  i n t e n s i o n a l  c o n s t r u c t  of  t he  l a n g u a g e .

Our a p p ro a c h  to  t h e  s e m a n t i c s  o f  c o u n t e r f a c t u a l i t y  and m o d a l i t y  has made much 

use o f  t h e  n o t i o n  o f  a B o o le an  a l g e b r a  b u t  i n  a way t h a t  i s  q u i t e  d i f f e r e n t

t o  th e  above a c c o u n t s .  I n s t e a d  o f  an a d d i t i o n a l  o p e r a t o r  o r  f u n c t i o n  we added

c e r t a i n  r e l a t i o n s  w h ic h  c o n n e c t  e l e m e n t s  o f  t h e  a l g e b r a .  W h a t ^ i f  a n y ^ i s  t h e  

r e l a t i o n s h i p  be tw een  th e s e  two a p p ro a c h e s ?  I n  t h i s  c h a p t e r  we p r o v i d e  some 

a ns w e rs  to  t h i s  q u e s t i o n .  I n  t h e  case o f  t h e  c o u n t e r f a c t u a l  c o n d i t i o n a l  t h e r e  

i s  a c t u a l l y  no a c c o u n t  ( t h a t  1 know o f )  based on B o o le a n  a l g e b r a s  w i t h  an

o p e r a t o r  c o r r e s p o n d i n g  to  th e  c o n d i t i o n a l  i t s e l f .  I n  t h i s  c h a p t e r  we s u g g e s t

o n e .  The a n a l y s i s  we s h a l l  o f f e r  a r i s e s  v e r y  n a t u  r a l l y  f r o m  o u r  o r i g i n a l  

a c c o u n t  and i n d e e d  r e f l e c t s  c e r t a i n  i n t u i t i o n s  a b o u t  c o u n t e r f a c t u a l s  w h i c h  we 

have  so f a r  n o t  d i s s c u s s e d .
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BOOLEAN ALGEBRAS

AND MODAL LOGIC

F o l l o w i n g  Hughes and C r e s s w e l l  [1 7 ]  we add to a Bo o le a n  a l g e b r a  

B = < B , u , o >  *  , 0 ,1  > a monad ic  o p e r a t o r  0 w i t h  t he  f o l l o w i n g  

a d d i t i o n a l  p o s t u l a t e s :

( F I )  I f  bi B t h e n  @bcB

( F 2 )  I f  b lB  t h e n  b< @b

( F 3 )  I f  b , c t B  t h e n  @(buc)  = Obu@c

( FA)  00=0

We s h a l l  i n  a d d i t i o n  assume, t h r o u g h o u t  t h i s  c h a p t e r ,  t h a t  B i s  c o n s t r u c t i v e .  

We s h a l l  c a l l  any a l g e b r a  w h ic h  s a t i s f i e s  th e s e  c o n d i t i o n s  a Moda l  a l g e b r a .

We have a l r e a d y  gone some way t o w a r d s  t h e  i n t r o d u c t i o n  o f  Modal  a l g e b r a s  

i n t o  o u r  t h e o r y  o f  m o d a l i t y .  I n  t h e  p r e v i o u s  c h a p t e r  we a s c e r t a i n e d  t h a t  

t o  each s e n t e n c e  o f  t he  l a n g u a g e  o f  p ro po s  i t i o n a l  l o g i c  t h e r e  c o r r e p o n d s  

an e l e m e n t  o f  t h e  a l g e b r a .  I n t u i t i v e l y ,  t h e  e le m e n t  w h i c h  c o r r e s p o n d s  to  

a s e n t e n c e  o f  t h e  f o rm  MP i s  th e  " m i n i m a l "  e l e m e n t  (m o du lo  <)  of B 

w h i c h  r e n d e r s  P ( o r  r a t h e r  t h a t  e le m e n t  o f  t h e  a l g e b r a  w h i c h  c o r r e s p o n d s  to  

P)  p o s s i b l e  .

We can be more sys tema t ic  a bo u t  t h i s .  L e t  B be a B o o le a n  f ram e  f o r  Modal  l o g i c  

We c o n s t r u c t  a Moda l  a l g e b r a  as f o l l o w s .  The c a r r i e r  o f  t h e  a l g e b r a  i s  B b u t
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we augment  B by the  a d d i t i o n  o f  the  o p e r a t o r  0 d e f i n e d  by

f o r  each b fB

0b = t h e  u n iq u e  a such t h a t

-f" *  —
aR b and a R b •

We need to  c h e c k  t h a t ,  f o r  each b i n  B, such an e le m e n t  e x i s t s  and i s  u n iq u e  

The e x i s t e n c e  f o l l o w s  f r o m  th e  ax iom w h i c h  s t a t e s  t h a t  f o r  each b&B

( 3 n ) ( V a & T  ) ( aR^b o r  aR b ) .  
n

T h i s  ax io m  p r o v i d e s  us w i t h  the  f o l l o w i n g  way o f  c o n s t r u c t i n g  th e  r e q u i r e d

0 b .  L e t  n be th e  i n t e g e r  p r o v i d e d  f o r  b .  L e t  be t h e  e l e m e n t s

o f  T ; and l e t  t , , . . ,  t  be t h o s e  a toms such t h a t  t . R  b f o r  
n 1 m j

l < i < m  and t_, be th o s e  such t h a t  t . R  b f o r  m < i<k .
-  -  i  1 -

Put  a = t  ,u. . .ut  .
1 m

The p r o p e r t y  A4 g i v e s  th e  r e s u l t .  We need to  be a l i t t l e  c a r e f u l  h e r e .

I f  t h e r e  a r e  no a toms t  such t h a t  tR'^b t h e n  we p u t  a=0.  By A7 a R ^ b .

A l s o ,  by  s u p p o s i t i o n  and A4 IR b . So t h i n g s  work  o u t  h e r e  a l s o .

—

The u n i q u e n e s s  i s  a l s o  c l e a r ;  i f  cR b and c*R b t h e n  

c < a ;  f o r  o t h e r w i s e  c n a * ^ 0  and so by t h e  p r o p e r t y  A3

-f. —
c n a * R  b and cn a*R  b w h i c h  i s  a c o n t r a d i c t i o n .  S i m i l a r l y ,  a<c and so c= a .

The orem L e t  B be a B o o le a n  f r am e  f o r  modal  l o g i c .  Then i f
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0 i s  i n t r o d u c e d  as a monad i c  o p e r a t o r  on B by th e  

d e f i n i t i o n

0 b = t h e  u n iq u e  a such t h a t

+  — 
aR b and a*R b

t h e n  0b s a t i s f i e s  the  ax ioms  o f  a Modal  a l g e b r a .

P r o o f

Ax iom FA f o l l o w s  s i n c e  OR^O by A7 and 1R 0 by A6.

Hence 00=0 .  Axiom F2 i s  a l i t t l e  more d e l i c a t e .

N o t i c e  t h a t  bR^ b and so b < 0 b - f o r  o t h e r w i s e  

b n ( 0 b )  /O and so b n ( 0 b )  R^b and b n ( 0 b )  R b 

w h i c h  i s  a c o n t r a d i c t i o n .

Ax iom  F3 f o l l o w s  f r om  A3 ,  A4 and A7 as  f o l l o w s  : f i r s t  o b s e rv e  

0d=O impl ies  d=0 by  F2 and so we may s a f e l y  assume t h a t  0 b , 0 c ^ O .  

By d e f i n i t o n  0bR^b and 0cR^c and so by A3 and 

A4 0bu 0cR ^bu c .

S i m i l a r l y ,  ( 0 b u 0 c ) * R  b u c .  Hence,  by u n i q u n e s s  0 ( b u c ) =

0 b u 0 c .

Ax iom F I  i s  a u t o m a t i c .

Theorem F o r  each a i n  B,

[ 1 ]  a<0b i f f  a R \

[ 2 ]  a < ( 0 b ) *  i f f  aR"b



Page 123

P r o o f

The cases where  a = 0 f o l l o w  f r om  A7.

The d i r e c t i o n  f rom  l e f t  to  r i g h t  f o l l o w s  f r om  A4 d i r e c t l y .  

The o t h e r  d i r e c t i o n  f o l l o w s  because i f  a ^ ( 0 b ) *  /= 0 t h e n  

by A4 a A ( 0 b ) * R  b and a a  ( 0 b ) * R  b w h ic h  i s  a c o n t r a d i c t i o n  

Hence a ^  0 b . S i m i l a r l y ,  [ 2 ]  can be e s t a b l i s h e d .

We have shown how to  c o n s t r u c t ,  f o r  each B o o le a n  f rame  an e q u i v a l e n t  modal  

a l g e b r a .  We now. show how we can c o n s t r u c t  B o o le a n  f r am es f r om  such Modal  

a l g e b r a s .

L e t  B = <B,u, n ,* , 0 , 1 ,0> be a Modal  a l g e b r a .  We t h e n  d e f i n e  

wRb <=> w )0 b

We need to  c h e c k  t h a t  t h i s  d e f i n i t i o n  s a t i s f i e s  M3,M4,M5 and M6.

M3 f o l l o w s  f r o m  F2 and M4 f o l l o w s  f r om  F 3.  F o r  M5 we p ro ceed  as f o l l o w s .

By d e f i n i t i o n  wSb<=>-(wRb )<=>w4(0b  ) . Hence

w S b < = X 3 n ) ( w  < ( 0 ( b  ) w h i c h  i s  e q u i v a l e n t  to  ( 3 n ) ( w  R" b ) -  
n — n

by the  d e f i n i t i o n  o f  R' i n  te rm s  o f  R. M6 f o l l o w s  because 00=0 by  F4 .

I n  summary we h a v e :

The orem L e t  B = < B , u , n , * , O , l , 0 >  be a Moda l  a l g e b r a .  Then R d e f i n e d  ' 

by

wRb<=>w>0b 

s a t i s f i e s  t he  ax ioms M3,M4,M5 and M6.
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Theorem L e t  B - < B , u , ^ , 0 , 1 , 0> be a modal  a l g e b r a .  L e t  R,

R ,R be the  d e r i v e d  r e l a t i o n s .  Then 0b I s  

t h e  u n iq u e  a i n  B such t h a t  aR^b and a*R b .

P r o o f

By d e f i n i t i o n  aR^b <=> a<0b and aR b <=> a ^ ( 0 b  ) * .  

Hence 0bR^b and ( 0 b ) * R  b .

So f a r  we have been s u c c e s f u l  i n  r e l a t i n g  B o o le a n  f r am es and Modal  a l g e b r a s

b u t  we have s a i d  n o t h i n g ,  i n  t h e  c o n t e x t  o f  TricÂ&l a l g e b r a s ,  a b o u t

t h e  t r u t h  c o n d i t i o n s  f o r  PML, th e  l an gu ag e  o f  p r o p o s i t i o n s !  modal  l o g i c .

L e t  B be a moda l  a l g e b r a .  We f i r s t  i n t r o d u c e  th e  n o t i o n  o f  a v a l u a t i o n  

f u n c t i o n .  T h i s  i s  j u s t  a f u n c t i o n

h:PML->B

s uch  t h a t

h (P & Q ) = h ( P ) n h ( Q )  

h ( - P )  = h ( P ) *  

h (MP)  = 0 h ( P ) .

I s  t h e r e  any i n t u i t i v e l y  c l e a r  i n t e r p r e t a t i o n  f o r  t h i s  a c c o u n t  o f  M o d a l i t y .  

A c c o r d i n g  to  t h e  I n t e r p r e t a t i o n  o f f e r e d  0 h ( P )  i s  t h a t  e le m e n t  o f  b w h i c h  

r e n d e r s  h ( P )  p o s s i b l e ; a n d  i s  t h e  m i n i m a l  one t h a t  does i n  t h e  sense t h a t  any 

o t h e r  e l e m e n t  w h i c h  s a t i s i f i e s  aR ^h (P )  a l s o  s a t i s f i e s  a <0h ( P) .  I n  o t h e r  

words^  i t  r e p r e s e n t s  t h e  m i n i m a l  amount o f  i n f o r m a t i o n  n e c e s s a r y  f o r  us to
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d e c i d e  t h a t  P i s  p o s s i b l e .  To put  m a t t e r s  r a t h e r  d i f f e r e n t l y ,  @h(P) r e p r e s e n t s  

t h e  " j o i n "  o f  the  i n f o r m a t i o n  s u f f i c i e n t  to r e n d e r  P p o s s i b l e  -  o r  t h e  s e t  of  

a l l  s i t u a t i o n s  i n  w h i c h  P i s  p o s s i b l e .  T h i s  does a p p e a r  to  be q u i t e  an 

a t t r a c t i v e  a c c o u n t  and i s  much i n  k e e p in g  w i t h  t he  s p i r i t  o f  th e  t h e o r y  

d e v e lo p e d  i n  th e  p r e v i o u s  c h a p t e r .  I f  you r e c a l l  th e  pu rpose  o f  t h a t  t h e o r y  

was to  p r o v i d e  some a c c o u n t  o f  how we may d e c i d e  t h e  t r u t h - v a l u e  o f  s e n t e n c e s ,  

w h i c h  i n v o l v e  th e  modal  n o t i o n s  o f  p o s s i b i l i t y  and n e c e s s i t y ,  i n  g i v e n  

s i t u a t i o n s  o f  u s e .  The a c c o u n t  o f f e r e d  h e r e  i s  c o m p le m en ta r y  to  t h a t  t h e o r y .

I n  t he  a c c o u n t  o f  moda l  l o g i c  d e v e lo p e d  i n  t h e  p r e v i o u s  c h a p t e r  we 

i n t r o d u c e d  a f u n c t i o n  f : P M L -> B  where  B was some B o o l e a n  f r a m e .  C a l l  t h i s  

f u n c t i o n  t he  DERIVED f u n c t i o n .  We now e s t a b l i s h  t h a t  f  and h a g r e e  -  p r o v i d e d ,  

t h a t  i s ,  t h e y  a g r e e  on the  a t o m i c  s e n t e n c e s  o f  PML.

Theorem L e t  M=<B , f>  be a Bo o le a n  model  f o r  PML. L e t  0 be th e

d e r i v e d  m onad ic  o p e r a t o r .  We d e f i n e  a v a l u a t i o n  f u n c t i o n  

f o r  PML as  f o l l o w s :

h ( P )  = f ( P )  f o r  P a t o m i c

h(P&Q) = h ( P ) n h ( Q )

h ( ~ P )  = h ( P ) *

h(MP)  = 0 h ( P ) .

Then f o r  each P i n  PML, f ( P )  = h ( P ) .

P r o o f

We e s t a b l i s h  t he  r e s u l t  by i n d u c t i o n  on P .  The o n l y  n o n - t r i v a l
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case  i s  where  P=MQ. I t  i s  s u f f i c i e n t  to  show t h a t

f (MQ)  = t h e  u n iq u e  b i n  B such t h a t  

bR '^ f (Q )  and b * R " f ( Q ) .

The r e s t  w i l l  t h e n  f o l l o w  by th e  i n d u c t i o n  h y p o t h e s i s .

F i r s t  c l a i m  t h a t  b f= MQ i m p l i e s  b R ^ f ( Q )  and b =j Q i m p l i e s

bR f ( Q ) .  Assume b h MQ. Then t h e r e  e x i s t s  a d e c i s i o n  t r e e

p w i t h  branches which a re  atoms i n  T  where m>d(Q) and w i t h  some
m

b r a n c h  t  w h ic h  i s  an atom w h i c h  s a t i s f i e s  bR^ t  and t  NQ.

But by the  c h o i c e  o f  m, t < f ( Q ) .  Hence by A3 b R ^ f ( Q ) .  The 

second h a l f  o f  the  c l a i m  can be e s t a b l i s h e d  s i m i l a r l y  -  

o b s e r v e  t h a t  bR ( t ^  . . . .  t % ; *  f o r  th e  b ra nc h es

of P , : , .

Now l e t  t  , . . . t  be t he  e l e m e n t s  o f  T , where  n i s  
i  r  n

g r e a t e r  t h a n  d(MQ),  such t h a t  t ^  H M Q ^ l < i < r .  From t h e  c l a i m

t ^ R ^ f ( Q ) ,  hence by A4 f ( M Q ) R ^ f ( Q ) .  N o t e ,  i n  t h i s

r e g a r d ,  t h a t  i f  t h e r e  a re  no such a toms such t h a t  t R ^ f ( Q )

t h e n  th e  r e s u l t  i s  a u t o m a t i c  by A7 i f  we p u t  f ( M Q )= 0 .

I n  a s i m i l a r  manner  we can  show f (M Q )* R  f ( Q ) .

The f o l l o w i n g  r e s u l t  can be e s t a b l i s h e d  i n  a s i m i l a r  m anne r .  T h i s  t im e  we s t a r t  

w i t h  a Moda l  a l g e b r a ,

Theorem L e t  B be a modal  a l g e b r a  and B' t h e  d e r i v e d  B o o le a n  f r a m e .

F u t h e r m o r e ,  l e t  h be some v a l u a t i o n  f u n c t i o n  f o r  B and l e t  

f  be i t s  r e s t r i c t i o n  to  t h e  a t o m i c  e l e m e n t s  o f  PML. I f  f  i s
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e x t e n d e d  to  the  who le  o f  PML, as th e  d e r i v e d  f u n c t i o n ,  t h e n  

h and f  a g r e e  on th e  who le  of  PML.

COUNTERFACTUALS AND

BOOLEAN ALGEBRAS

We now t u r n  o u r  a t t e n t i o n  to  the  c o u n t e r f a c t u a l  c o n d i t i o n a l .  As f a r  as 1 know 

t h e r e  i s  no t r e a t m e n t  f o r  c o u n t e r f a c t u a l s  based on Bo o le an  a l g e b r a s  w i t h  

a d d i t i o n a l  o p e r a t o r s .  In  t h i s  s e c t i o n  we p ro po se  one .  We s h a l l  add to  B o o le a n  

a l g e b r a s  a b i n a r y  o p e r a t o r  whose i n t e r p r e t a t i o n  i s  based on ou r  n o t i o n  o f  

c o m p a r a t i v e  p l a u s i b i l i t y .  The o p e r a t o r  0 i s  to  be u n d e r s t o o d  as f o l l o w s :  

0 ( a , b )  i s  to  be t h a t  e l e m e n t  o f  B w h i c h  c o n t a i n s  j u s t  enough i n f o r m a t i o n  

f o r  us to  d e c i d e  t h a t  a i s  a t  l e a s t  as p l a u s i b l e  as b .  We i n t r o d u c e  

0 as a p r i m i t i v e  o p e r a t o r  w i t h  t he  f o l l o w i n g  p o s t u l a t e s :

AXIOMS FOR ^0 ^

( E l ) 0 ( a , , b ) n O ( b , c )  < 0 ( a , c )

( E 2 ) 0 ( a , , b ) u  0 ( b , a )  = 1

( E 3 ) c<b and anb = 0 ==> c < 0 ( a .

( E 4 ) 0 (a , , b )  < 0 ( a u a ' , b )

( E 5 ) 0 (a , , b ) n O ( a , b ' )  = 0 ( a , b u b ' )

( E 6 ) a=0 & b^O => 0 (a , , b ) = 0 .

We s h a l l  c a l l  an a l g e b r a  w h i c h  s a t i s f i e s  E l  -  E7 a GOUNTERFAGTUAL ALGEBRA 

( C F - A l g e b r a  f o r  s h o r t ) .
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So f a r  so goo d .  But how e x a c t l y  do such a l g e b r a s  a r i s e ?  Our main  i n s i g h t  

a r i s e s  f r o m  the  a c t u a l  t r u t h  c o n d i t i o n s  f o r  th e  c o u n t e r f a c t u a l  c o n d i t i o n a l  ■ 

o r  r a t h e r  f r om  a c e r t a i n  consequ en ce  o f  them. In  c h a p t e r  t h r e e  we 

a s c e r t a i n e d  t h a t  to  each e le m e n t  of  the  re  c o r r e s p o n d s  an e le m e n t  o f  th e  

a l g e b r a .  In  o t h e r  w o rd s ,  we d e f i n e d  a f u n c t i o n  (wha t  we s h a l l  c a l l  t h e  

DERIVED f u n c t i o n )  f r o m  i n t o  B. I t  i s  t h i s  o b s e r v a t i o n  wh ich  p r o v i d e s  

t h e  c l u e  t o  t he  d e f i n i t i o n  of  t he  o p e r a t o r  0 .  The c o n s t r u c t i o n  of  

t h e  d e r i v e d  f u n c t i o n  l e a d s  to  the  f o l l o w i n g  t e n t a t i v e  d e f i n i t i o n :  

f o r  a ,bGB d e f i n e

0 ( a , b ) = t h e  u n iq u e  c such t h a t

c, - , c *3
agb & b ]  d

We e s t a b l i s h  the  e x i s t e n c e  and th e  u n i q u e n e s s  o f  such a p ro po sed

e l e m e n t .  F i r s t  r e c a l l  t h a t  one o f  o u r  ax io ms  f o r  B o o le a n  f r am es  ( f o r  th e

c o u n t e r f a c t u a l )  s t a t e s :

3 k ( V t 6 T ^ ) ( a ] b v b 3 a j b = a ) .

L e t  c = t ^ . . . u t  whe re  azi^b and t  .t T, f o r  
r  m ~ 1 k

K i < r a  and where  k  i s  the  s m a l l e s t  i n t e g e r  g u a ra n t e e d  by t h e  f o r e m e n t i o n e d

a x i o m .  C l e a r l y  c s a t i s f i e s  the  r e q u i r e m e n t .  I f  t h e r e  a r e  no t s u c h  t h a t

t  c la%b t h e n  p u t  c = 0 .  Then by P13,  a » b .  By s u p p o s t i o n  and P6^ b aa .

Hence t h i n g s  w o rk  o u t  h e r e  a l s o .  U n iq ue ne s s  i s  a l s o  c l e a r  and i s  p r o v e n

as f o l l o w s :  i f  a»b and b a a  t h e n  e i t h e r  d_<c o r  d n c * 7̂ 0 . I n
*  *

t h e  l a t t e r  case a ^ 2 ^  b & b a -  c o n t r a d i c t i o n .  So d ^c  

and s i m i l a r l y  c^d  and t h e r e f o r e  c = d .
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We have t h u s  e s t a b l i s h e d  th e  e x i s t e n c e  o f  the  r e q u i r e d  e le m e n t  o f  B; we now 

need to  p ro v e  t h a t  th e  e le m e n t  so d e f i n e d  s a t i s f i e s  th e  ax ioms  E1 -E7 .

Theorem The o p e r a t o r  ' o '  so d e f i n e d  s a t i s f i e s  t he  ax ioms E1 -E7 .

P r o o f

We f i r s t  e s t a b l i s h  E l .  L e t  b = 0 ( a , c )  and g = 0 ( c , d ) .

We may assume t h a t  b , g j k ) .  By d e f i n i t i o n  

b 2
a?c and c f d . Suppose t h a t  e = 0 ( a , d ) .

By t h e  a x io m s  f o rg w e  have a ^ g ^ d .  C la im  bag <e.

*
Suppose o t h e r w i s e .  Then x= bngae fO ,  i n  w h ic h  case 

a 3d and d ï a - c o n t r a d i c t i o n . Hence bng<e.

Ax io m E2 f o l l o w s  i m m e d i a t e l y  f r om  th e  way t h a t  ' 0 '  

was c o n s t r u c t e d .

Fo r  ax iom E3 assume c<b  and anb =0 .  By ax iom B3

c *
b ] a .  Then c < 0 ( a , b )  .

Ax iom E4 f o l l o w s  d i r e c t l y  f r om  P3 : l e t  e = 0 ( a , b )  

t h e n  a 2b and so by P3 a u a ' f b .  Hence e < 0 ( a u a ' , b ) .

Ax iom E5 demands a l i t t l e  more w o r k .  L e t  b = 0 ( a , c )  and 

e = 0 ( a , c ' ) .  (We may assume b , e f O  f o r  o t h e r w i s e , t h e  r e s u l t  f o l l o w s

by P13.  S i m i l a r l y ,  we can  assume b , e ^ l ) .

b r b *  j  e , - , e *
Then aac & c a a and a ^c  & c ]  a.

Hence by t h e  p r o p e r t i e s  P2 ,P 6 ,P 4  and P3

bne , , , b * u e *
a 3 cue and cuc  j j  a l e

a .  I t  f o l l o w s  t h a t  b/ie = 0 ( a , c u c ' ) .

Ax io m E6 f o l l o w s  f r o m  P I 2 .
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Theorem For each  b in  B,

[ 1 ]  b ^ O ( a , c )  <=>aac

[ 2 ]  b < 0 ( a , c ) * < = > c ] a

P r o o f

We p ro ve  [ 1 ]  as [ 2 ]  i s  s i m i l a r .  I f  b_<0(a ,c )  t h e n  by t h e  p r o p e r t y  

P2 ,a % c .  C o n v e r s e l y ,  i f  a ^c  t h e n  s i n c e  and

a we have b < 0 ( a , c ) .

We n e x t  show how to  r e c o v e r  th e  s t r u c t u r e  o f  a B o o le a n  f rame f rom 

su ch  a C F - A l g e b r a .  To do t h i s  we h a v e ,  o f  c o u r s e ,  to  i n t r o d u c e  a n o t i o n  

o f  c o m p a r a t i v e  p l a u s i b i l i t y .  We i n f a c t  r e c o v e r  t h e  s t r u c t u r e  o f  a Bo o le an  

f r a m e  w i t h  the  a i d  o f  th e  f o l l o w i n g  d e f i n i t i o n :

( E 7 )  aab <=> w ^ O ( a , b )

We f i r s t  e s t a b l i s h  t h a t  ax ioms  E1-E6 ( t o g e t h e r  w i t h  d e f i n t i o n  E7) g i v e  us th e  

s t r u c t u r e  o f  a B o o le a n  f r a m e .

Theorem I f  B i s  a CF a l g e b r a  and d e f i n e d  i n  te rras o f  0 as i n

E7 t h e n  " t h e  s t r u c t u r e  w i t h  b u t  w i t h o u t  0"  i s  a B o o le a n  Frame.
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P r o o f

Ax ioms B 1 , B 2 , B 4 , B 5 , B 7  f o l l o w  d i r e c t l y  f r om  E 1 , E 2 , E 4 , E 5 ,  and

E6 d i r e c t l y .  Axiom B3 r e q u i r e s  a l i t t l e  more w o r k .  O b v i o u s l y  b tw

i m p l i e s  t h a t  t h e r e  e x i s t s  some n such t h a t  w <b .  By E3
n —

*  *
3 n ( w ^ 0 ( a , b )  ) i e  0 ( a , b ) 6  w. By d e f i n i t i o n  t h i s  g i v e s

b a a .  Ax ioms B9 and BIO f o l l o w  because aSb <=> 0 ( a , b ) 6 w  wh ich

i s  e q u i v a l e n t  to  ! n ( w  < 0 ( a , b ) ) .
n —

Theorem L e t  B be a C F - a l g e b r a  and ' V '  d e f in e d  i n  te rm s of 0 as 

i n  E7. Then

0 ( a , b )  = t h e  u n iq u e  c i n  B such t h a t

c, , , c *a.ab and ba&.

P r o o f

By d e f i n i t i o n  E7 and th e  d e f i n i t i o n  o f  i n  te rm s  o f

a : b < = > c < 0 ( a , b )  a l s o ,  b a  a<=>(Vw3c * ) ( - ( a i b ) )

< = > c * < 0 ( a , b ) * .  Hence,  a ^ ^ f ’ ^ ^ b  and b ^ j ^ ^ a .  U n iqueness  i s

d d*
e s t a b l i s h e d  as f o l l o w s :  suppose aqb and b 3 a t h e n  by t h e  

p r o p e r t i e s  o f  !  , 3  ( g u a r a n t e e d  by t h e  way t h e y  a r e  d e f i n e d  

i n  t e rm s  o f  a t o g e t h e r  w i t h  t h e  d e r i v e d  p r o p e r t i e s  o f  a )  * 

i f  d q O ( a , b ) * f O  t h e n  and ’ ^ ^ * a -

c o n t r a d i c t i o n . Hence,  d ^ O ( a , b )  and s i m i l a r l y ,  0 ( a , b ) < d .

We have t h u s  e s t a b l i s h e d  t h a t  g i v e n  any C F - A lg e b r a  we can  c o n s t r u c t  a
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B o o le a n  f ram e ; and c o n v e r s e l y ,  g i v e n  any Bo o le an  f rame we can c o n s t r u c t  

a C F - a l g e b r a .  Our o b j e c t i v e  now i s  to  compare th ese  s t r u c t u r e s  w i t h  

r e s p e c t  to  o u r  l a n g u a g e  . I n  o r d e r  to  do t h i s  we must  f i r s t  d e f i n e  

t h e  n o t i o n  o f  a VALUATION f u n c t i o n  f rom  L^^ i n t o  a C F - A l g e b r a .

A VALUATION i s  any f u n c t i o n  h : L ^ - > B  w h ic h  s a t i s f i e s :

h (A&B)  = h ( A ) o h ( B )  

*
h ( ~ A )  = h ( A )

h (A o> B )  =

1 i f  h (a )= O g

0 ( h ( A & ~ B ) , h ( A & B ) ) o t h e r w i s e

So i n  p a r t i c u l a r ,  h a s s i g n s  to  t h e  c o u n t e r f  a c t u a l  Ao-?B an e le m e n t  of  the  

a l g e b r a .  But  w h ic h  e le m e n t  e x a c t l y ?  C e n e r a l l y ,  w he ne ve r  a s t a t e m e n t  A<>^B 

i s  u t t e r e d  th e  s p e a k e r  has i n  mind a c e r t a i n  s e t  o f  s t a t e m e n t s  w h ic h  

e n t a i l  t h e  m a t e r i a l  c o n d i t i o n a l  ' i f  A t h e n  B ' . One i n t e r p r e t a t i o n  o f  th e  

v a l u a t i o n  f u n c t i o n  h i s  t h a t  i t  a s s i g n s  to  each such c o n d i t i o n a l  t h e  e le m e n t  

o f  th e  a l g e b r a  w h i c h  c o r r e s p o n d s  to  t h i s  s e t  o f  s t a t e m e n t s .  A c c o r d i n g  to  our  

o r i g i n a l  i n t u i t i o n s  h a s s i g n s  t o  AO-tB t h e  e le m e n t  o f  B w h ic h  c o n t a i n s  j u s t  

en ough  i n f o r m a t i o n  to  j udge  t h a t  h (A&B)  i s  s t r i c t l y  more p l a u s i b l e  t h a n  h (A &-B )  

T h i s  i s  q u i t e  an i n t e r e s t i n g  i n t e r p r e t a t i o n  and seems r a t h e r  c l o s e  to  th o s e  

t h e o r i e s  o f  c o u n t e r f a c t u a l  c o n d i t i o n a l s  w h i c h  L e w is  r e f e r s  to  as 

M e t a l i n g u i s t i c  t h e o r i e s ;  such a t h e o r y  a t t e m p t s  to  s p e l l  o u t  th o s e  p a r t s
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o f  th e  a n t e c e d e n t  and th e  c o n s e q u e n t  t h a t  were o r i g i n a l l y  l e f t  i m p l i c i t

T h i s  l e a d s  us to  a second a s p e c t  o f  t h i s  a c c o u n t  w h ic h  i s  r a t h e r  

i n t e r e s t i n g .  The e le m e n t  o f  6  c o r r e s p o n d i n g  to  Am  B 

depends  on b o t h  th e  a n t e c e d e n t  A and c o n s e q u e n t  B. The f o l l o w i n g  

e x am p le s  p r o v i d e  good e v i d e n c e  f o r  t h i s .

( 1 )  I f  1 were  th e  P o p e ,1  w o u ld  have a l l o w e d  th e  use

o f  th e  p i l l  i n  I n d i a

( 2 )  I f  1 were  t he  Pope , 1 w o u ld  have d re s s e d  

more h u m b ly .

P r e s u m a b l y ,  i n  th e  f i r s t  s t a t e m e n t ,  we m us t  assume t h a t  I n d i a  re m a in s  

p o o r  i n  r e s o u c e s  and g r e a t l y  o v e r p o p u l a t e d .  I n  t h e  second we need 

t o  assume n o t h i n g  o f  t h e  s o r t .

A second p a i r  o f  exam ples  a re  r a t h e r  w e l l  known:

( 3 )  I f  New Y o r k  were  i n  G e o r g i a ,  t h e n  New Y o rk  w o u ld

be i n  t h e  S o u th

( 4 )  I f  New Y o rk  were  i n  G e o r g i a ,  t h e n  G e o r g i a  

w o u l d  be i n  th e  N o r t h .

C l e a r l y ,  i n  ( 3 )  " G e o r g i a  i s  i n  th e  Sou th  "  mus t  r e m a in  t r u e

and i n  ( 4 )  "New Y o r k  i s  i n  th e  N o r t h "  m u s t  r e t a i n  i t s  t r u t h - v a l u e .

The i d e a  t h a t , i n  o r d e r  t o  e v a l u a t e  a c o u n t e r f a c t u a l  c o n d i t i o n a l , we c o n s i d e r



Page 134

t h a t  s e t  o f  s e n t e n c e s  w h ic h  a r e  c o t e n a b l e  w i t h  th e  a n t e c e n d e n t  and th e  

c o n s e q u e n t  and w h ic h  t o g e t h e r  w i t h  t he  l a t t e r  e n t a i l  ( i n  some a p p r o p r i a t e  

s e n s e )  t h e  f o r m e r  i s , o f  c o u r s e ,  due to  Goodman. I t  i s  e x a c t l y  t h i s  i n t u i t i o n  

w h i c h  l i e s  a t  th e  h e a r t  of  the  a c c o u n t  g i v e n  h e r e ;  t h e  e le m e n t  o f  t h e  B o o le a n  

a l g e b r a  s e l e c t e d  c o n t a i n s  j u s t  enough i n f o r m a t i o n  to  d e c i d e  th e  t r u t h  o f  t h e  

c o r r e s p o n d i n g  m a t e r i a l  c o n d i t i o n a l  w h i l e  b e in g  c o t e n a b l e  w i t h  t h e  a n t e c d e n t  

and c o n s e q u e n t .  T h i s  seems q u i t e  s a t i s f a c t o r y .  I n  f a c t ,  as we s h a l l  now see,  

t h i s  a p p ro a c h  to  c o u n t e r f a c t u a l  t r u t h  i s  i m p l i c i t  i n  ou r  o r i g i n a l  a p p r o a c h .

Theorem L e t  B be a c o u n t e r f a c t u a l  a l g e b r a .  L e t  h be a v a l u a t i o n .  L e t  

B '  be th e  d e r i v e d  B o o le a n  f r a m e .  L e t  f  be th e  r e s t r i c t i o n  o f  

h to  t h e  a t o m i c  s e n t e n c e s  o f  L^,^ . Then th e  DERIVED f u n c t i o n  

f  and th e  v a l u a t i o n  h a g re e  on th e  who le  o f  L ^ .

P r o o f

By i n d u c t i o n  on A. We c o n c e n t r a t e  on th e  case A = PM Q. F i r s t  

r e c a l l  t h a t  0 ( a , b )  i s  t h e  u n iq u e  c ( B  such t h a t

*
aab and b □ a

N ex t  c l a i m  f o r  f ( P ) ^ 0  t h a t  f ( P ^ y Q )  i s  t h e  u n iqu e  b such t h a t

f ( P & Q ) a f ( P & - Q )  and 
*

f ( P & - Q )  3  f (P&Q)



Page 135

L e t  f ( P t H Q )  = t  î.1 . . . . u t ^ ,  t   ̂ T ^ ,  where  1" i s  l a r g e r  t h a n

t h e  deg re e  of  Po-^Q f o r  l_<i<k.  We d i s t i n g u i s h  the  case where

f ( P # Q ) f O .  F o r  t . t T ^  w i t h  r 2 d (P o a Q ) ,  t X f ( P o - î Q )

i f f  t ^  f= Po-?Q w h ic h  i m p l i e s  by th e  lemma, f ( P & Q ) j  f ( P & - Q ) .

So by P6 f ( P A Q ) f ( ^ ^ ^ 0 ) f ( P & ~ Q ) .  I f  f  (PjvQ)=0 t h e n  by PI 3 

f  ( P & Q ) ^ ^ ^ ^ ^ f  (P&~Q).  I n  a s i m i l a r  manner ,  u s i n g  p a r t  

o f  the  lemma we can p ro v e  t h a t  f ( P & ~ Q ) ^ f ( P & Q )  -  t h i s

t i m e  one has to  d i s t i n g u i s h  t he  case where  f (Pa^Q)*=0 and a p p ea l  to

PI 3. Hence,  f  (Po-y Q)=0(  f  (P& ~ Q ) , f  (P&Q) ) * .

The i n d u c t i o n  h y p o t h e s i s  now y i e l d s  th e  r e s u l t .

Lemma F o r  b ^ 0 we have :

[ 1 ]  I f  b f= P ^ Q  t h e n  f ( P & Q ) a  f ( P & ~ Q )

[ 2 ]  I f  b H Po^Q t h e n  f ( P & - Q ) j f ( p & Q ) .

P r o o f

We e s t a b l i s h  [ I ] ; [ 2 ]  i s  e n t i r e l y  s i m i l a r .

L e t  b h P* *̂>Q and suppose p i s  a d e c i s i o n  t r e e  w h ich

g u a r a n t e e s  t h i s :  assume p i s  d e c o r a t e d  w i t h  e le m e n t s  of

T w he re  m i s  a t  l e a s t  as b i g  as t h e  d e g re e  o f  P&Q. 
m

Then

N p ( b ) jB ( p ) - N p ( b )

M o r e o v e r ,  each t t N ^ ( b )  s a t i s f i e s  t  pP&Q.

S i n c e  we can e n s u re  d ( t )  2  d(P&Q) we know t < f ( P & Q ) .

H en c e ,  N ( b ) < f ( P & Q ) .  I t  f o l l o w s  f r om  t h e  p r o p e r t y  
P -
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P7 t h a t  f ( P & Q ) a B ( p ) - N ^ ( b ) .  On th e  o t h e r  h and ,  

i f  t  f=P&-Q t h e n  t 6 B ( p ) - N ^ ( b ) .  M o r e o v e r ,

t  ^ P& -Q  i f f  t < f ( P & - Q )  and so f ( P & - Q ) < B ( p ) - N ^ ( b ) .  

Hence ,  by th e  p r o p e r t i e y  P 4 , f ( P & Q ) j f ( P & - Q ) .

We have t h u s  e s t a b l i s h e d  one h a l f  o f  the  e q u i v a l e n c e ,  b u t  what  i f  we s t a r t  

w i t h  Bo o le an  Frames r a t h e r  t h a n  C F - A lg e b r a s ?  The f o l l o w i n g  r e s u l t  has an 

a l m o s t  i d e n t i c a l  p r o o f  and e s t a b l i s h e s  th e  o t h e r  h a l f  o f  th e  e q u i v a l e n c e .

Thoerem L e t  M=<B, f>  be a B o o le an  model  f o r  L ^ ,  L e t  B' be the  

d e r i v e d  C F - A lg e b r a  and h a v a l u a t i o n  f u n c t i o n  f o r  L q_̂

( w i t h  r e s p e c t  to  B ' ) w h i c h  a g re e s  w i t h  f  on t h e  a t o m i c  

s e n t e n c e s  o f  L ^ .  Then h a g ree s  w i t h  f  ( t h e  d e r i v e d  f u n c t i o n )  

on  t h e  who le  o f  L . .

I  b e l i e v e  t h a t  th e  i n t u i t i o n s  w h i c h  l e d  to  o u r  o r i g i n a l  app ro ach  to 

c o u n t e r f a c t u a l i t y  a r e  enhanced by th e  a c c o u n t  d e v e lo p e d  i n  t h i s  c h a p t e r :  

t h e  i n t e r p r e t a t i o n  o f  0 ( a , b ) ,  and th e  c o n s e q u e n t  i n t e r p r e t a t i o n  o f  t h e  

c o u n t e r f a c t u a l  c o n d i t i o n a l ,  seem t o  g e t  a t  th e  i n t u i t i o n s  w h ic h  l i e  a t  t h e  

h e a r t  o f  t h e  Goodman a c c o u n t .
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I n  the  p r e v i o u s  c h a p t e r s  we were  much co nce rn ed  w i t h  th e  q u e s t i o n  of  

w h e t h e r  o r  no t  we had reduce d  c e r t a i n  a s p e c t s  of  i n t e n s i o n a l  

l o g i c  to  p u r e l y  e x t e n s i o n a l  n o t i o n s .  As you w i l l  r e c a l l ,  th e  

c o n c e r n  a ro s e  because we were a b le  to  a s s o c i a t e  w i t h  each s e n t e n c e  of t he  

i n t e n s i o n a l  l an gu ag e  u n d e r  s t u d y  a c o r r e s p o n d i n g  e le m e n t  of  t h e  B oo lean  

a l g e b r a .  T h i s  o b s e r v a t i o n ,  i n  c o n j u n c t i o n  w i t h  the  f a c t  t h a t  our  a l g e b r a  

c o u l d  be seen as a r i s i n g  f r om  some u n d e r l y i n g  d e s c r i p t i o n  lan guage  DL, 

was the  cause f o r  the  c o n c e r n .  On the  f a c e  of  i t  t h e n ,  th e  c o n s t r u c t i o n s  

we have c a r r i e d  o u t  i n  t h i s  c h a p t e r  s h o u ld  be cause f o r  some m i l d  n e u r o s i s .  

How were we a b l e  to  p l a c a t e  m a t t e r s  p r e v i o u s l y ?  The a n x i e t y  was a consequ en ce  

o f  the  a s s u m p t i o n  t h a t  the  l an gu ag e  DL was i t s e l f  a p u r e l y  e x t e n s i o n a l

l a n g u a g e .  But as we have a l r e a d y  p o i n t e d  o u t ,  b o t h  i n  th e  case of  the

c o u n t e r f a c t u a l  c o n d i t i o n a l  and t he  modal  o p e r a t o r  o f  p o s s i b i l i t y ,  t h i s  i s  

n o t  p e rh a p s  the  most  p l a u s i b l e  v i e w .  I t  i s  i n  k e e p in g  w i t h  the  s p i r i t  

o f  t he  p r e s e n t  s t u d y  to  a l l o w  DL to  make r e f e r e n c e  to c e r t a i n  i n t e n s i o n a l  

n o t i o n s  -  even p e rha ps  to  c o n s t r u c t i o n s  n o t  t h e m s e l v e s  a v a i l a b l e  

i n  the  o b j e c t  l a n g u a g e .

I n  p r e v i o u s  c h a p t e r s  we d e v e lo p e d  t h e o r i e s  o f  c o u n t e r f a c t u a l i t y  and o t h e r  

m o d a l i t i e s  w h ic h  were an a t t e m p t  to  g i v e  an a c c o u n t  o f  how s p e a k e r s  m i g h t

d e c i d e ,  i n  o t h e r  t h a n  the  c o m p l e t e l y  t r i v i a l  c a s es ,  as to  w h e t h e r  a

p a r t i c u l a r  c o u n t e r f a c t u a l  o r  modal  s e n t e n c e  was t r u e  o r  f a l s e .  I n  t h i s  

c h a p t e r  we have o f f e r e d  a s u p p le m e n t  to  t h i s  t h e o r y :  a s u p p le m e n t  w h ic h  adds 

t o  t h e  a c c o u n t s  i n  te rm s  o f  d e c i s i o n  t r e e s  o r  p ro c e s s e s  an e x t e n s i o n  wh ich  

i s o l a t e s  th o s e  a s p e c t s  o f  th e  t h e o r y  w h i c h  r e s u l t  f r o m  t h e  d e c i s i o n  

p r o c e s s e s .  I n  t h e  case o f  the  c o u n t e r f a c t u a l  c o n d i t i o n a l  th e  d e c i s i o n  

t r e e s  y i e l d  a s e t  o f  c o n d i t i o n s  o r  s i t u a t i o n s  w h ic h  r e n d e r  t h e  c o n d i t i o n a l
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t r u e  o r  f a l s e .  The t h e o r y  d e v e lo p e d  h e re  c o n c e n t r a t e s  on th e  " m i n i m a l "  s e t  of  

su c l i  c o n d i t i o n s  o r  s i t u a t i o n s  vd i ich a re  s u f f i c i e n t  to g u a r a n t e e  the  t r u t h  of  

t h e  c o n d i  t i o n a l .
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THE AXIOM SYSTEM B

( B l )
w , 

a 3  b & b 3 c =>
w

a 3  c

( B 2 )
w , 

a ]  b V b
w
a a

( B 3 ) ( b t w & a rv b = 0 ) ==> b 3  a

whe re , w 
b 3 a

<=>def
' ( a  3 b ) .

( B 4 )
w , 

a 3  b =>
/ w , 

a u  a 3  b

( B 5 )
w , 

a 3 b & a a  b '  <=>
w , , , 

a 3 b u  b

( B 6 ) a u  a ' 1  b => a 2  b V a '  3  b

( B 7 )
w , 

a 3 b => b = 0 V ~ (a = 0 )

(B 8 )
w , 

a 3  b

<=>

{(  b = 0 )v

( a  f  0 & (g k ) (V m >k ) (V b '<b ,  b ' t T  ) ( 3 a ' < a ,  a'(_T ) ( a '  3  b ' ) ) )

( B 9 )  a 3 b <=> ( 3 n ) ( a  ^  b ) .

where

a g e  ( V w 3 b ) (a  a c )
w

( B I O )  a a  c <=> ( 3 n ) ( a  3 ^  c )

w he re

3 3 c <= >de f  C^wgb) (a  3  c )
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THE AXIOM SYSTEM P

Fo r  b ^ 0
D

( P I )  a 3 c & c a d  => a a d

(P 2 )  a .1 c & a a c <=> a

( P3 ) a a c => a u  a '  .] c

(P 4 )  a j c  & a j  c '  <=> a 3 c j  c '

(P 5 )  a 3  c & 0 3  d => a 3  d

( P 6 ) a , i  c & a 3  c <=> a c

(P 7 )  a 3  c => a u a '  3 c

( P 8 ) a g e  & a ^  e '  <=> a g  e u e '

( P 9 )  a n b  = 0 = > a ? b

( P I O )  ( 3k ) ( V b i T ^ ) ( a 3  e v e 3  a v a = e )

( P l l )  a g e  => a 3  c & ~( c ^  a )

( P 1 2 )  a 3 c = >  c = 0 V ~ (a  = 0)

( P 1 3 )  a 3  b & a 3  b

w he re  i n  ( P I O )  a ^ e  ( a g e  & e g  a )
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( A l )  (Vb)

( A 2 )  a _< b i m p l i e s  aR b

( 3 n ) ( V a t T  ) (aR^b o r  aR b)  
n

+

( A 3 )

/-aR^b o r  aR^c i m p l i e s  aR^b u c

( A 4 )

aR b & aR c i m p l i e s  aR b u  c 

^ a R \  i f f  ( j k ) ( \ / m  > k ) ( V d  < a ) ( d t T ^  ->  d p \ )

a R ' b  i f f  ( 3 k )  (Vm > k ) ( V d  < a ) ( d 6 T  ->  dR b )  

+.
( A 5 )  aR b i m p l i e s  ~ ( a R  b )

( A 6 )  a 0 i m p l i e s  aR 0

( A 7 )  OR b and OR b
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THE AXIOM SYSTEM M

( M l )  wRb <=> ( 3 n ) ( w ^ R ^ b )

(M2 )  wSb <=> ~( w Rb*)

(M3)  b^w i m p l i e s  wRb

(M4)  wR(b u  c )  i f f  wRb o r  wRc

(M5)  wSb i f f  ( 3 k ) ( w ^ R “ b * )

( M6) wS1

whe re

(M7)  aR^b <=>.  ,  ( d w ) a ) ( w R b )
de I

(M8)  aR b (Vw ^a) (w Sb  )
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AXIOM SYSTEM F

( F I )  I f  b tB  t h e n  0b tB

( F 2 )  I f  b6B t h e n  b<0b

( F 3 )  I f  b j C t B  t h e n  0(buc)=@bu0c

( F 4 )  00=0

AXIOM SYSTEM E

( E l )  0 ( a , b ) n 0 ( b , c ) < 0 ( a , c )

( E 2 )  0 ( a , b ) u 0 ( b , a )  =1

( E 3 )  c<b and anb=0 = > c < 0 ( a , b ) *

( E 4 )  0 ( a , b ) < 0 ( a u a ' , b )

( E 5 )  0 ( a ,b ) A 0 ( a ,b ' ) = 0 ( a ,b u b ' )  

( E 6 )  a = 0 & b ^ 0 = > 0 ( a , b ) = 0 .
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