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ABSTRACT.

The a c c o u n t  g i v e n  i n  t h i s  t h e s i s  o f  t h e  f i n i t e  c o l l i n e a -  

t i o n  g r o u p s  i n  p r o j e c t i v e  s p a c e s  o f  o ne ,  two and t h r e e  

d im e n s io n s  i s  d i v i d e d  i n t o  two main s e c t i o n s .  S e c t i o n  I  

i n d i c a t e s  some o f  th e  m ethods  a v a i l a b l e  f o r  d e t e r m i n i n g  th e  

o r d e r s  o f  th e  p r i m i t i v e  g r o u p s  i n  t h e s e  s p a c e s ,  w i t h  p a r t i c u l a r  

r e f e r e n c e  to  t h e  work done i n  one and two d im e n s io n s  by

H .F .  B l i c h f e l d t ,  and i n  t h r e e  d i m e n s i o n s  by G. B a g n e r a ,

S e c t i o n  I I  i s  an  i n v e s t i g a t i o n  o f  some o f  the  p r i m i t i v e  g r o u p s  

i n  t h r e e  d im e n s io n s  w hich  a r e  g e n e r a t e d  by b i a z i a l  h o m o g ra p h ie s .  

T h i s  l a t t e r  s e c t i o n  h a s  f o u r  main  p a r a g r a p h s ;  i n  p a r a g r a p h  I I  

t h e  g r o u p s  g e n e r a t e d  by b i a x i a l  h o m o g rap h ie s  w h ich  l e a v e  f i x e d  

a q u a d r i c  a r e  d e t e r m i n e d , a n d  we a r e  c o n c e rn e d  w i t h  t h o s e  

g ro u p s  w hich  a r e  i s o m o r p h ic  w i t h  sy m m etr ic  g r o u p s  i n  

p a r a g r a p h  I I I ;  t h e  m e th od s  u se d  i n  t h e s e  two p a r a g r a p h s  a r e  

my own. The g ro u p  o f  o r d e r  11520 which  l e a v e s  f i x e d  t h e  

K l e i n  60,^ c o n f i g u r a t i o n  i s  t h e  s u b j e c t  o f  p a r a g r a p h  IV, t h e  

o p e r a t i o n s  o f  t h i s  g roup  and some o f  i t s  s u b g r o u p s  a r e  fo u n d  

by  m ethods  b a s e d  on t h o s e  u s e d  by J ,  Todd t o  d e t e r m i n e  a s im p le  

g ro up  o f  o r d e r  25920 i n  f o u r  d i m e n s i o n s .  S i m i l a r  m ethods  a r e  

u s e d  i n  p a r a g r a p h  V t o  f i n d  t h e  o p e r a t i o n s  o f  a s im p le  g roup  

o f  o r d e r  25920 l e a v i n g  f i x e d  a c o n f i g u r a t i o n  o f  f o r t y - f i v e  

p o i n t s  and p l a n e s ;  t h e  c o n f i g u r a t i o n  h a s  b e en  d e s c r i b e d  by 

G, B a g n e r a ,  b u t  I  can  f i n d  no o t h e r  a c c o u n t  o f  t h e  g ro up  i n  

t h r e e  d i m e n s i o n s .



CONTENTS.

P a g e .

I n t r o d u c t i o n  , ,  . .  . .     . .  . .  1 .

S e c t i o n  I ,

i l .  D e f i n i t i o n s  and N o t a t i o n .  . .  , .  . .  , .  4 .

§ 11 ,  F i n i t e  Groups i n  S , ...................... . .  , ,  11 .

§111 .F i n i t e  Groups i n  ........................................................... 18 .

§IV, P r i m i t i v e  Groups i n  ,   £ 8 ,

S e c t i o n  I I ,

i l .  I n t r o d u c t i o n  and P r e l i m i n a r y  Work. , ,  , ,  36 .

§11 ,  Groups G e n e r a te d  By B i a x i a l  Hom ograph ies
Whose Axes a l l  l i e  on a  Q u a d r i c ......................  4 0 .

§ 1 1 1 . Groups I s o m o r p h ic  With  Sym m etr ic  Groups .  , ,  4 7 .

i l V ,  A P r i m i t i v e  Group L ea v in g  F i x e d  t h e  K l e i n  60,r
C o n f i g u r a t i o n ,  , .  . , .  , .  6 0 .

§Y, A S im ple  Group o f  O rd e r  £59£0 ,  , .  . .  , ,  8 9 ,

§YI,  The R em ain ing  Groups i n  S3 ,   117 .

R e f e r e n c e s  .............................................................................................  1 18 .



1 .

INTRODUCTION

The p rob lem  o f  th e  i n v e s t i g a t i o n  o f  f i n i t e  o o l l i n e a t i o n  

grou p s i s  n o t  new, f o r  a s  l o n g  ago a s  1876 F .  K l e i n  p rod u ced  

a p a p er  ( K l e i n  14 ) i n  w h ic h  he d e te r m in e d  t h e  l i n e a r  grou p s  

i n  two v a r i a b l e s .  The same r e s u l t s  w ere  l a t e r  o b t a in e d  by  

P .  Gordan ( 8 ) ,  0 .  Jord an  (1 2 )  and H. V a l e n t in e r  ( 1 9 ) .  In  

t h e s e  same p a p e r s ,  Jordan  and V a l e n t in e r  a l s o  enum erated  th e  

f i n i t e  g ro u p s  i n  t h r e e  v a r i a b l e s  and i n  1 8 7 9 ,  Jord an  p u b l i s h e d  

an o u t l i n e  o f  a  method w h ic h  c o u ld  be u s e d  to  d e te r m in e  th e  

o r d e r s  o f  th e  f i n i t e  p r i m i t i v e  g ro u p s  i n  any number o f  

v a r i a b l e s  (J o rd a n  1 2 ) .  He i l l u s t r a t e d  h i s  p r o c e s s  by a p p ly 

i n g  i t  to  l i n e a r  gro u p s  i n  fo u r  v a r i a b l e s ,  b u t  h i s  r e s u l t s  

w ere  o n ly  p a r t i a l l y  c o r r e c t  i n  t h a t  some g rou p s  w ere  o m i t t e d .

V a r io u s  m ethods h ave  b e e n  u s e d  to  d e te r m in e  p a r t i c u l a r  

c l a s s e s  o f  g ro u p s  w h ic h  o c c u r  i n  t h r e e  d im e n s io n s .

S .  G ou rsat (9 )  o b t a in e d  a l l  t h e  g rou p s  w h ic h  l e a v e  f i x e d  th e  

q u a d r ic

x t  -  y z  = 0 .

The same s e t  o f  g rou p s  w as th e  s u b j e c t  o f  a p ap er  by

G. B agn era  (1 )  4 i n  w h ic h  h e  d i s c u s s e d  a l l  th e  g rou p s  t h a t

f u l l  l i s t  o f  r e f e r e n c e s  w i l l  be  found  a t  th e  end o f  
S e c t i o n  I I .

There i s  a  d i f f e r e n c e  b e tw e e n  a l i n e a r  group and a 
o o l l i n e a t i o n  group: i f  T and T̂  a r e  two t r a n s f o r m a t io n s  su ch
t h a t  th e  m a tr ix  o f  one i s  a s c a l a r  m u l t i p l e  o f  th e  m a tr ix  o f
th e  o t h e r ,  th e n  i f  th e y  b e lo n g  to  a o o l l i n e a t i o n  group th e y  a r e  
co u n te d  a s  th e  same o p e r a t i o n ,  w h erea s  i f  t h e y  b e lo n g  to  a  
l i n e a r  g r o u p , th e n  th e y  a re  d i s t i n c t .
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a r i s e  i n  S3  su c h  t h a t  th e  v a r i a b l e s  a r e  i n  th e  f i e l d  o f  r e a l  

num bers. Four y e a r s  l a t e r  he a g a in  p ro d u ced  a  p ap er  

(B agnera  2 )  i n  w h ich  h e  d e te r m in e s  a l l  t h e  p r i m i t i v e  g rou p s  

i n  S3  w h ich  c o n t a i n  h o m o lo g ie s ,  w here a  hom ology  i n  S ^ is  an  

o p e r a t i o n  h a v in g  an i s o l a t e d  u n i t e d  p o i n t  and a l s o  leavesLug  

f i x e d  e v e r y  p o i n t  o f  a p r im e .

The f i r s t  c o m p le te  a c c o u n t  o f  th e  g ro u p s  i n  fo u r  v a r i a b l e s  

was p u b l i s h e d  by H .F .  B l i c h f e l d t  i n  1905  ( 4 ) .  H is  method  

c o n s i s t e d  o f  c o n s i d e r i n g  t h e  e f f e c t  t h a t  any p a r t i c u l a r  

i n v a r i a n t  subgroup w ou ld  h a v e  on th e  o r d e r  o f  a f i n i t e  g ro u p ,  

and by t h i s  means he a r r i v e d  a t  t h e  c o n c l u s i o n  t h a t  t h e r e  a r e  

i n  a l l  SO p r i m i t i v e  g rou p s  i n  t h r e e  d im e n s io n s .  (S ee  a l s o  

B l i c h f e l d t  (5 )  and M i l l e r ,  B l i c h f e l d t  and D ic k s o n  (1 5 )  )•

The work done on gro u p s  i n  s p a c e s  o f  d im e n s io n  g r e a t e r

th an  t h r e e  p r e s e n t s  a  p i c t u r e  w h ic h  i s  by no means c o m p le te .

S e v e r a l  p a p e r s  have  a p p ea red  d i s c u s s i n g  v a r i o u s  i s o l a t e d

grou p s  or  th e  c o n f i g u r a t i o n s  w h ich  a r e  i n v a r i a n t  under th e

o p e r a t i o n s  o f  a p a r t i c u l a r  group; f o r  i n s t a n c e  i n  Ŝ , th e

q u a r t ic  p r im a l  w i t h  45  n o d es  w h ic h  i s  l e f t  f i x e d  by a  s im p le  
2 5 -9 2 0

group o f  252-90 t r a n s f o r m a t io n s  was th e  s u b j e c t  o f  a  p ap er  by

H .F .  B aker (2), and th e  o p e r a t i o n s  o f  t h i s  group w ere  enumera

t e d  by J .  Todd i n  1947 ( 1 8 ) .  In  1914 H.H. M i t c h e l l  shewed  

t h a t  no p r i m i t i v e  group i n  a sp a c e  o f  d im e n s io n  h ig h e r  th a n  

t h r e e  c o u ld  c o n t a i n  h o m o lo g ie s  o f  p e r io d  g r e a t e r  th a n  2 , or  

two h o m o lo g ie s  o f  p e r i o d  2  w hose p r o d u c t  had p e r i o d  g r e a t e r
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t h a n  2 ( M i t c h e l l  1 7 ) .  He d e t e r m i n e s  t h e  o r d e r s  o f  a l l  t h e  

p r i m i t i v e  g ro u p s  i n  ( n >  2 ) w h ic h  c o n t a i n  h o m o lo g ie s  and 

t h e  d i s c u s s i o n  o f  t h e s e  g ro u p s  h a s  b een  c o n t i n u e d  more 

r e c e n t l y  by G.M. H a m i l l  ( 1 0 ) .  M i t c h e l l  a l s o  gave some 

r e s u l t s  f o r  t h e  g ro u p s  a r i s i n g  on  a  m o d u la r  l i n e  and d e r i v e d  

t h e  f i n i t e  p r o j e c t i v e  p l a n e  g r o u p s  by m ethods  w h ic h  c a n  be 

a p p l i e d  to  t h e  m o d u la r  p l a n e  ( M i t c h e l l  1 5 ) .

The o b j e c t  o f  t h i s  p a p e r  i s  t w o f o l d ;  f i r s t l y  to  p r e s e n t  

an  o u t l i n e  o f  some o f  t h e  m e th od s  a v a i l a b l e  f o r  d e t e r m i n i n g  

t h e  n a t u r e  o f  t h e  p r i m i t i v e  g r o u p s  i n  p r o j e c t i v e  s p a c e s  o f  

o n e ,  two and t h r e e  d i m e n s i o n s ,  and  s e c o n d l y  to  c o n s i d e r  a 

number o f  t h e  g r o u p s  i n  S3 w h ic h  a r e  g e n e r a t e d  by  b i a x i a l  

h o m o g r a p h ie s ,  where  a  b i a x i a l  homography i n  8 %̂̂+, i s  a n  

o p e r a t i o n  w h ic h  l e a v e s  f i x e d  e a c h  p o i n t  o f  two skew l i n e a r  

s u b s p a c e s  o f  d im e n s io n  n .  The s e co n d  s e c t i o n  a l s o  c o n s i d e r s  

t h e  g e n e r a t i o n  o f  t h e  s im p le  g roup  o f  o r d e r  25920 by  means o f  

t h e  h o m o lo g ie s  o f  p e r i o d  2  t h a t  i t  c o n t a i n s .
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SECTION I .

§ 1 ,  P r e l i m i n a r y  D e f i n i t i o n s  and N o t a t i o n .

The g r o u p s  w i t h  w hich  we s h a l l  be c o n c e rn e d  a r e  f i n i t e  

g r o u p s  o f  c o l l i n e a t i o n s  i n  a  p r o j e c t i v e  sp a c e  S ^ ,  i n  w hich  

a p o i n t  i s  d e t e r m i n e d  by t h e  r a t i o s  be tw ee n  a s e t  o f  ( n  + 1 ) 

c o o r d i n a t e s  . . . . . . . t he  b e l o n g i n g  t o  th e  f i e l d

o f  complex n u m b ers ,  A o o l l i n e a t i o n  _C i s  a t r a n s f o r m a t i o n  

o f  t h e s e  v a r i a b l e s  and may be  w r i t t e n  b r i e f l y  a s

x '  = Cx

where  x , x *  a r e  column v e c t o r s  and C i s  t h e  m a t r i x  o f  th e  

o o l l i n e a t i o n ;  o c c a s i o n a l l y  i t  i s  u s e f u l  t o  w r i t e  t h i s  i n  

a s l i g h t l y  d i f f e r e n t  way, f o r  exam ple  i n  two d im e n s io n s  t h e  

e x p r e s s i o n

C;( c„ x + c ^  y + 0 , 3  z,Ca, X 4 - 0 ^̂  y -F ĉ .̂  z ,o , ,  x + o^^ y 4 - C3 3  z) 

i s  e q u i v a l e n t  t o  s a y i n g  t h a t  C i s  t h e  o o l l i n e a t i o n  g i v e n  by

A ' 1  

V /

C,z

0 2. 2.  

Cji

S in c e  i t  i s  t h e  n r a t i o s  1®, f w h i c h  a r e  im p o r ta n i
%n. X^ Xk

t h e  o o l l i n e a t i o n  g i v e n  by  x^ = Ox i s  t h e  same a s  t h a t  g i v e n  

by x^ = A Cx where  A i s  any  n o n - z e r o  s c a l a r  q u a n t i t y .

Now i f  C b e l o n g s  t o  some g ro u p  ^  w hich  i s  o f  f i n i t e  o r d e r ,

C must  be o f  f i n i t e  p e r i o d ,  and t h e r e  i s  some p o s i t i v e ,  

n o n - z e r o  i n t e g e r  m su c h  t h a t  0 ^  i s  t h e  i d e n t i c a l  o p e r a t i o n .
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The d e te r m in a n t  o f  ^ i s  (c P , h en o e  lo F  -  1 and |c( i s  th u s  

some r o o t  o f  u n i t y .  Hence i t  i s  a lw a y s  p o s s i b l e  to  c h o o s e  

th e  m a tr ix  o f  £  to  h ave  u n i t  d e te r m in a n t  s im p ly  by  i n t r o d u c 

i n g  a s u i t a b l e  s c a l a r  m u l t i p l i e r .

F u r th e r  r e s t r i c t i o n s  may be fou nd  w h ic h  l i m i t  th e  

c o l l i n e a t i o n s  w h ich  c a n  o c c u r  i n  a  f i n i t e  g r o u p .  For  

c o n s id e r  th e  c a s e  o f  p la n e  c o l l i n e a t i o n s ;  t h e r e  a r e  j u s t  f i v e  

d i s t i n c t  t y p e s  t h a t  a r i s e .

1 .  The o o l l i n e a t i o n  £  h a s  t h r e e  d i s t i n c t ,  n o n - c o l l i n e a r  

u n i t e d  p o i n t s  and by c h o o s in g  t h e s e  p o i n t s  a s  th e  t r i a n g l e  

o f  r e f e r e n c e ,  £  t a k e s  th e  form

' 0 n \

b 

0

E. £  h a s  one i s o l a t e d  u n i t e d  p o i n t  and a l i n e  o f  u n i t e d  

p o i n t s  w h ich  d o e s  n o t  c o n t a i n  th e  i s o l a t e d  p o i n t ;  th e  

c a n o n i c a l  form o f  C i s

x^ -
h

0 0 ^
h

J' 0 b 0

z j 0 W \
2 . £  h a s  j u s t  two d i s t i n c t  u n i t e d  p o i n t s ;  t h i s  i s  a 

s p e c i a l i s a t i o n  o f  c a s e  1 . i n  w h ic h  two o f  th e  t h r e e  u n i t e d  

p o i n t s  c o i n c i d e  and b y  a s u i t a b l e  c h o i c e  o f  th e  t r i a n g l e  o f  

r e f e r e n c e  C t a k e s  t h e  form
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0 o'

b 1 

0  0  b /

4 .  In  t h i s  c a s e ,  w h ic h  i s  a f u r t h e r  s p e c i a l i s a t i o n  o f  1 . ,  

i n  w h ic h  a l l  t h r e e  u n i t e d  p o i n t s  a r e  c o i n c i d e n t ,  £  h a s  o n ly  

one u n i t e d  p o i n t  and may be e x p r e s s e d  i n  c a n o n i c a l  form as

X I = /a 1

a

0

A
1

a/

y

5 .  T h is  i s  a  s p e c i a l i s a t i o n  o f  2 .  i n  w h ich  th e  i s o l a t e d  

u n i t e d  p o i n t  l i e s  on th e  l i n e  o f  u n i t e d  p o i n t s ;  th e  

c a n o n i c a l  form o f  0  i s

A 1 - /a 0 4 h
0 a y

v l 0 a / 1 y
Of t h e s e  f i v e  c l a s s e s  o n ly  th e  c o l l i n e a t i o n s  i n  1 .  o r  

2 . c a n  be o f  f i n i t e  p e r i o d ,  so t h a t  g ro u p s  o f  f i n i t e  o r d e r  

i n  Si c o n t a i n  c o l l i n e a t i o n s  h a v in g  t h r e e  d i s t i n c t  n o n - c o l l i n e a r  

s e l f - c o r r e s p o n d i n g  p o i n t s  and c o l l i n e a t i o n s  h a v in g  a l i n e  o f  

u n i t e d  p o i n t s  and an i s o l a t e d  u n i t e d  p o i n t .  (The l a t t e r  

t r a n s f o r m a t io n  i s  a  p la n e  h o m o lo g y . )

I n  S, th e  o p e r a t i o n s  o f  a f i n i t e  group m ust have two

d i s t i n c t  s e l f - c o r r e s p o n d i n g  p o i n t s .  , • .
^ 0̂  finite

There a r e  fo u r  d i s t i n c t  t y p e s  o f  c o l l i n e a t i o n s ^  o c c u r r in g

i n  S3 * e i t h e r
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1 . a o o l l i n e a t i o n ,  0,  h a s  t h e  v e r t i c e s  o f  a t e t r a h e d r o n  

a s  u n i t e d  p o i n t s ;

or  E. £  h a s  a  l i n e  o f  u n i t e d  p o i n t s  and two i s o l a t e d  u n i t e d  

p o i n t s  w hose j o i n  i s  a l i n e  skew to  th e  i n v a r i a n t  l i n e ;

or  3 .  £  l e a v e s  f i x e d  e a c h  p o i n t  o f  a p la n e  and a p o i n t  n o t  

l y i n g  i n  t h a t  p la n e ;

o r  4 .  £  l e a v e s  f i x e d  e a c h  p o i n t  o f  two skew l i n e s .

The c o l l i n e a t i o n s  i n  3 .  and 4 .  a r e  known a s  h o m o lo g ie s  

and b i a x i a l  h om ograp hies  r e s p e c t i v e l y .

At t h i s  p o i n t ,  i t  i s  n e c e s s a r y  to  in t r o d u c e  th e  i d e a  o f  

a j l ï ïe r m it ia n  form , J .  T h is  i s  an e x p r e s s i o n  i n  t h e  Efn  f  1)  

v a r i a b l e s  z^x^ i  = 0 , 1 , . . . . ,  n fx,, i s  th e  com p lex  c o n j u g a te  

o f  XL ) w here

and J i s  zero  o n l y  f o r  x„ = x,= . . . . .  ^ x ^ = 0 ,  and i s

o t h e r w is e  s t r i c t l y  p o s i t i v e .  By in t r o d u c i n g  new v a r i a b l e s  

y-, i  = 0 , 1 , . . . . . , n ,  w here

7:.............................. ................

f o r  a s u i t a b l e  c h o i c e  o f  th e  , J may be r e d u c e d  to  th e  

form ^  y. y .  (S e e  M i l l e r ,  B l i c h f e l d t  and D ic k s o n  (1 5 )  p .E 0 8 . )L = 0   ̂ *'
I f  we now c o n s id e r  a group Ç  w h ic h  i s  o b t a in e d  from a  

group Ç by c o n s i d e r i n g  th e  group o f  th e  o p e r a t i o n s  £ ^ a r i s i n g  

from th e  e le m e n ts  £  o f  , w here
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and G i s  t h e  complex c o n j u g a t e  o f  t h e  m a t r i x  C, vm f i n d  t h a t  

t h e r e  i s  a H e r m i t i a n  fo rm  J  a s s o c i a t e d  w i t h  e v e r y  so  t h a t  

J  i s  i n v a r i a n t  u n d e r  e v e r y  o p e r a t i o n  of  f o r  suppose  'ly*

c o n t a i n s  t h e  e l e m e n t s  . . . . . , C^, and l e t  I  be  t h e  fo rm
IX.

1 = T  .
Then c o n s i d e r  t h e  fo rm

J =  +

= ............I i. —O J  L

= IL £  Cj(ZiZi) .
0=1  Î . - 0

T h is  i s  s t r i c t l y  p o s i t i v e  e x c e p t  f o r  t h e  c a s e  i n  w h ich  a l l  

t h e  t r a n s f o r m e d  v a r i a b l e s  a r e  z e r o ,  and so  J  i s  a H e r m i t i a n  

fo rm .  I n  a d d i t i o n  th e  t r a n s f o r m  o f  J  by a n  e l e m e n t  o f  

i s  g i v e n  by

Ç - ( J )  c % c X D + c ^ . c ^ ( i ) f ----------------------------------.
But cJ^.Cj i s  j u s t  a n o t h e r  e le m e n t  o f  th e  g ro u p  and so 

C i ( j ) = r  J  f o r  a l l  i  = 1 , 2 , , , , ,  , g .  Hence J  i s  an  i n v a r i a n t

H e r m i t i a n  fo rm  f o r  t h e  g r o u p . ( M i l l e r ,  B l i c h f e l d t  and

D ic k so n  ( 1 5 ) ,  p . 2 0 9 ) .

The l a s t  m ain  d e f i n i t i o n s  w h ich  must  be  g i v e n  i n  t h i s  

p a r a g r a p h  a r e  t h o s e  o f  an  i n t r a n s i t i v e  g ro u p ,  an  i m p r i m i t i v e  

g ro up  and a p r i m i t i v e  g roup  (See  B l i c h f e l d t  5 ) ,
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I f  t h e  ( n  -h 1) v a r i a b l e  o f  a  group  ^  o f  c o l l i n e a t i o n s  i n  

Sku may be s e p a r a t e d  i n t o  two o r  more s e t s  ( e i t h e r  d i r e c t l y  o r  

a f t e r  a  s u i t a b l e  change  o f  v a r i a b l e )  su ch  t h a t  u n d e r  each  

o p e r a t i o n  o f  ^  t h e  v a r i a b l e s  o f  any one s e t  a r e  t r a n s f o r m e d  

i n t o  l i n e a r  c o m b i n a t i o n s  o f  t h e  v a r i a b l e s  o f  t h e  same s e t ,  

t h e n  ^  i s  s a i d  to  be i n t r a n s i t i v e *  I f  s u c h  a  d i v i s i o n  i s  

n o t  p o s s i b l e  t h e n  ^  i s  t r a n s i t i v e .  I n  o t h e r  w o rd s  e v e r y  

o p e r a t i o n  o f  a n  i n t r a n s i t i v e  g roup  l e a v e s  f i x e d  e a c h  one o f  a 

s e t  o f  l i n e a r  s u b s p a c e s .  F o r  ex am ple ,  i f  a  g roup  i n  

i s  su c h  t h a t  e a c h  o f  i t s  o p e r a t i o n s  l e a v e s  a  g i v e n  p o i n t ,  0 , 

f i x e d  and a t  th e  same t im e  t r a n s f o r m s  e a c h  p o i n t  o f  a  p l a n e TT 

( n o t  c o n t a i n i n g  O) i n t o  a n o t h e r  p o i n t  o f / I  , t h e n  t h e  g roup  i s  

i n t r a n s i t i v e .

Our n e x t  d e f i n i t i o n  i s  t h a t  o f  an  i m p r i m i t i v e  g r o u p .

I f  i s  a  t r a n s i t i v e  g roup  su ch  t h a t  ( a f t e r  a  s u i t a b l e  c h o ic e  

o f  v a r i a b l e )  i t s  v a r i a b l e s  may be d i v i d e d  i n t o  two o r  more s e t s  

so t h a t  u n d e r  e ac h  o p e r a t i o n  o f  t h e  v a r i a b l e s  o f  any 

p a r t i c u l a r  s e t  a r e  t r a n s f o r m e d  i n t o  l i n e a r  c o m b i n a t i o n s  o f  

t h e  same o r  a  d i f f e r e n t  s e t ,  t h e n  i s  s a i d  to  be  i m p r i m i t i v e .  

T h is  may a l s o  be e x p r e s s e d  a l t e r n a t i v e l y ;  i s  i m p r i m i t i v e  

i f  e a c h  o f  i t s  o p e r a t i o n s  p e rm u te s  a  s e t  o f  l i n e a r  s u b s p a c e s  

among t h e m s e l v e s .  O th e rw is e  ly i s  p r i m i t i v e .

I t  w i l l  p e r h a p s  be h e l p f u l  to  l i s t  t h e  r e s t r i c t i o n s  t h a t  

t h e s e  d e f i n i t i o n s  p l a c e  on  th e  p r i m i t i v e  g r o u p s .  I n  S,, an  

i n t r a n s i t i v e  g roup  l e a v e s  f i x e d  e a c h  p o i n t  o f  a  p a i r  o f  p o i n t s ,



10.

w h i l e  an  ir a p r im it iv e  group l e a v e s  f i x e d  a p a i r  o f  p o i n t s ,  

each  o p e r a t i o n  i n  th e  group e i t h e r  h a v in g  t h e s e  p o i n t s  a s  

u n i t e d  p o i n t s  o r  i n t e r c h a n g i n g  them . In  , an i n t r a n s i t i v e  

group e i t h e r  l e a v e s  f i x e d  a p o i n t  and a  l i n e  n o t  p a s s i n g

th ro u g h  t h a t  p o i n t ,  o r  e l s e  ea ch  o p e r a t i o n  o f  th e  group h a s

th e  v e r t i c e s  o f  a  g i v e n  t r i a n g l e  a s  u n i t e d  p o i n t s ;  an  

im p r im i t iv e  group h a s  an i n v a r i a n t  t r i a n g l e .  For , i t  i s

s u f f i c i e n t  to  n o t e  t h a t  a p r i m i t i v e  group d o es  n o t  l e a v e  

f i x e d  e i t h e r  a  t e t r a h e d r o n ,  or  a  p a i r  o f  skew l i n e s ,  o r  a

p la n e  e r  p o i n t  n o t  l y i n g  i n  t h a t  p l a n e .



1 1 .

§ 1 1 .  D e t e r m in a t io n  o f  th e  F i n i t e  Groups i n  S,.

The m ethod g i v e n  h e r e  f o r  en u m e r a tin g  th e  f i n i t e  g ro u p s

o f  o o l l i n e a t i o n s  i n  S, i s  due to  H .F .  B l i c h f e l d t  ( s e e  B l i o h f e l d  

(5 )  o r  M i l l e r ,  B l i c h f e l d t  and D ic k s o n  (1 5 )  ) and i s  b a se d  on ar 

o r i g i n a l  method b y  F .  K l e i n  ( ( 1 4 )  p . 1 8 3 ) .  I t  c o n s i s t s  o f

s e t t i n g  u p ,a n  isom orp h ism  b e tw e e n  a o o l l i n e a t i o n  group i n  

S, and a group o f  r o t a t i o n s  i n  o r d in a r y  E u c l id e a n  s p a c e ;  

th e  prob lem  i s  th e n  r e d u c e d  to  t h a t  o f  d e te r m in in g  a l l  th e  

f i n i t e  r o t a t i o n a l  g r o u p s .

Suppose £  i s  a o o l l i n e a t i o n  b e lo n g in g  to  ^  w here  

 ̂ ^ I Sind ad -  bo = 1 ,  when th e  i n v a r i a n t  H e r m it ia n
i c  dj

form f o r  <y i s

J = XX -f y ÿ .

Then (a x  4 - b y ) (a x  b y )  + ( c x  -h dy ) ( c x  -f dÿ) =  y ÿ ) .

( g  i s  some n o n -z e r o  s c a l a r  q u a n t i t y . )

H ence aâ  4- cc  = f  = bb f- dd

and ab 4- cd = 0  = ba d o .

T hese  e q u a t io n s  may be s o lv e d  to  g i v e  

0  = -b  and d = a .

I f  now p and q a re  th e  p o s i t i v e  sq u a re  r o o t s  o f  aâ  and bb 

r e s p e c t i v e l y ,  p^f. q’' 1  and t h e r e  i s  a v  su ch  t h a t

p -  c o s  V, q -  s i n  v .

■K
= 1  so t h a t  h ,k  may beI n  a d d i t i o n a = 1 and b

P q
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— -  c o s  k  -  i  s i n  k .
%

F i n a l l y ,  by p u t t i n g  = u  and ^L_Z-3 = w , we may
2  &

e x p r e s s  C a s  th e  p r o d u c t  C,.CL.C„ w here

0 / =

Oz =

e"'" 0

0  e' 

cos T s in  v ’

( -s in  V cos V,
-LW ^

e
iW

0  e

D e f i n i n g  th e  fo u r  t r a n s f o r m a t io n s  w here

(?: / x i  =  /  a b ' 0  0  \  'X

Xÿy
-b

0 

. 0

a I 0

0 < â(
0  ' -b

y
X\ÿy

and 0 ^,0 ^and a r e  s i m i l a r l y  d e f i n e d ,  i t  i s  s e e n  t h a t

G* = 42%%.

Then i f  Z = x x  -  y ÿ  

y  = x ÿ  4 - x y

2  -  i f x y  -  x y )  ( i^  =  - 1 )

Cf,Cjand Of may be r e g a r d e d  a s  l i n e a r  t r a n s f o r m a t io n s  i n  th e  

r e a l  v a r i a b l e s  Z ,Y ,2  and a s  su c h  a r e  g i v e n  by
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dj; = ( Z ,y  c o s  Eu -  2 s i n  Eu, Y s i n  Eu H- 2  c o s  Eu)

^  (X COS Ev -f- Y 8 In  Ev, -X  s i n  Ev -f- Y c o s  E y ,2  )

4 :  c o s  Ew -  2 s i n  Ew, Y s i n  Ew -h 2  c o s  Ew) .

X, Y and 2 may b e  ta k e n  a s  c o o r d i n a t e s  i n  a r e a l  E u c l id e a n  

s p a c e  and 4*Cf,Cfare r o t a t i o n s  a b o u t  th e  X ,2  and X a x e s  

r e s p e c t i v e l y .  Each o p e r a t i o n  C o f  ^  i s  th u s  r e l a t e d  to  a 

u n iq u e  r o t a t i o n  C* b e lo n g in g  to  a group o f  r o t a t i o n s a s  

th e  c o r r e s p o n d e n c e  b e tw e e n  0 and 0  ̂ i s  ( 1 - 1 ) and a l s o  i s  su ch  

t h a t  i f  C, and g i v e  r i s e  to  o f  and CÎ th e n  0 ,.£^ g i v e s  r i s e  

to  Cf.Cf , th e  g rou p s  (y and ^  a r e  i s o m o r p h ic .  Hence Ty i s  

o f  f i n i t e  o r d e r  i f  and o n ly  i f  l ^ * i s  f i n i t e .

C l e a r l y  e a c h  o p e r a t i o n  0^o f  "lŷ  l e a v e s  f i x e d  th e  o r i g i n  

o f  c o o r d i n a t e s , 0 ,  I t  i s  t h e r e f o r e  c o n v e n ie n t  to  c o n s id e r  

th e  e f f e c t  o f  ^  on a sp h e r e  2 1  , c e n t r e  0 , r a t h e r  th a n  i t s  

e f f e c t  on  th e  w h o le  o f  s p a c e .  I f  A and a r e  d i a m e t r i c a l l y  

o p p o s i t e  p o i n t s  on 21 , a r o t a t i o n  th ro u g h  an a n g le  ^  ab ou t A 

i s  e q u i v a l e n t  to  a r o t a t i o n  -  O a b o u t  A^
X /oX

Any o p e r a t i o n  & o f  Ly p erm u tes  th e  a x e s  o f  r o t a t i o n  o f  

th e  e le m e n ts  o f  ^  among t h e m s e lv e s ;  0 * tr a n s fo r m s  an o p e r a t i o n  

Tf i n t o  4  a::id h e n c e  4  s e n d s  th e  a x i s  o f  _ r f in to  th e  a x i s

o f  ^  ^ N o w  su p p o se  th e  p o i n t s  i n  w h ic h  th e  a x i s  o f  

m e e ts  ^  a r e  T, and and l e t  t h e  p o i n t s  . . . .  ,T^ b e  a l l  

th e  tr a n s fo r m s  o f  T, by th e  o p e r a t i o n s  o f  Then s i n c e  4

and & ^ ^ ’̂ ha.ve th e  same p e r i o d ,  i f  T ^ is  o f  p e r i o d  m th e  

l i n e s  0T*0%, . . . . , O T f W i l l  a l l  be a x e s  o f  r o t a t i o n s  o f
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p e r io d  m b e lo n g in g  to'Cf ; th e  d i s t r i b u t i o n  o f  th e  s e t  

T„. . . .  ,T ea b o u t  any member o f  th e  s e t  w i l l  be th e  same a s  th e  

d i s t r i b u t i o n  ab ou t  any o t h e r  member.

C o n s id e r  th e  a r c s  o f  th e  g r e a t  c i r c l e s  j o i n i n g  T, to  

T(,T3 , . . . .  ,Tt (where t  i s  g r e a t e r  th a n  o n e ) .  S in c e  i s  o f  

f i n i t e  o r d e r  t h e r e  w i l l  be an a r c ,  s a y ,  w h ich  i s  l e s s  than  

o r  e q u a l  to  a l l  th e  o t h e r s .  Suppose 5]Ttis o f  arc  l e n g t h  I ,  

th e n  th e  number o f  a r c s  o f  t h i s  l e n g t h  r a d i a t i n g  from  T, w i l l  

be a m u l t i p l e  o f  m, s i n c e  r o t a t i o n s  ab ou t  T, tr a n s fo r m  each  

p o i n t  i n t o  (m -  1 ) f u r t h e r  p o i n t s  a t  d i s t a n c e  L from T̂ . 

However t h e r e  c a n n o t  be more th a n  f i v e  su ch  p o i n t s ;  f o r  i f  

t h e r e  a re  s i x  or  more th e  a n g le  0  b e tw e e n  two c o n s e c u t i v e  

a r c s  o f  l e n g t h  I  w i l l  be l e s s  th a n  or  e q u a l  t o T T /s ,  th u s

i f  th e  a rc  l e n g t h  b e tw e e n  T^and Tj i s  L̂ , we h ave  t h a t

c o s  ^  cos^L 4- s in ^ L  c o s  G  

c o s  1  ~h ■^sin II 

= ^( 1 4- CO8  l )

>  COS L

and as  0 <  t h i s  g i v e s  t h a t  I .  But th e  l e n g t h s

o f  th e  a r c s  r a d i a t i n g  from  T, are  th e  same a s  t h o s e  r a d i a t i n g  

from T^and so l l  ca n n o t  be l e s s  th a n  X. Hence t h e r e  a r e  a t  

m ost f i v e  p o i n t s  T^so t h a t  i s  o f  l e n g t h  1 .

For m = 3 , 4  o r  5 t h e r e  a re  j u s t  m p o i n t s  %, e a c h  a r ^  

m aking an a n g le  ETT/m w i t h  th e  a d j a c e n t  a r c s ;  as  t h i s  i s  

t r u e  f o r  a l l  th e  p o i n t s  T , , . . . . .  th e  sp h e r e  w i l l  be
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d i v i d e d  by a r e a  o f  l e n g t h  I  i n t o  a number o f  e q u a l ,  r e g u la r  

p o ly g o n s ,  and th e  Tc ( i  = 1 , 2 , . . . . , t )  a r e  t h e r e f o r e  th e  

v e r t i c e s  o f  a  r e g u l a r  p o ly h e d r o n  i n s c r i b e d  i n  2 T » and i s  

j u s t  th e  group o f  r o t a t i o n s  w h ic h  l e a v e  t h a t  p o ly h e d r o n  f i x e d .  

( I t  s h o u ld  b e  n o te d  t h a t  n o t  a l l  th e  n eed  b e  v e r t i c e s  o f  

t h e  same p o ly h e d r o n ;  i f  T ^ is  n o t  a v e r t e x  o f  th e  p o ly h e d r o n  

T„T2 , . . . . ! ï ^  th e n  a s  r o t a t i o n  a b o u t  OT^raust l e a v e  t h i s  p o ly h e d r o n  

f i x e d ,  OT^must b e  an a x i s  o f  symmetry f o r  T,, T ,̂. . . ,  0^ In  

a d d i t i o n ,  o f  p e r i o d  m a s  i t  i s  a tr a n s fo r m  o f  4  by  an

o p e r a t i o n  o f  Zy and so 3^m ust be a c e n t r a l  p o i n t  o f  one o f  th e  

f a c e s  o f  . . , T ^ )

I f  t h e r e  i s  no a x i s  o f  r o t a t i o n  f o r  w h ich  m i s  g r e a t e r  

th an  tw o , t h e n  e i t h e r  t h e r e  i s  j u s t  one o p e r a t i o n  o f  p e r io d  2  

and Z^^is i so m o r p h ic  w i t h  th e  c y c l i c  group o f  o r d e r  2 , or  

e l s e  t h e r e  a r e  a t  l e a s t  ir^o a x e s  o f  r o t a t i o n  o f  p e r io d  2 , s a y  

A,OÂ  and I f  th e  a c u t e  a n g le  b e tw e e n  t h e s e  two a x e s  i s  oC ,

a  r o t a t i o n  th ro u g h  I T  a b o u t one a x i s  f o l l o w e d  by a  r o t a t i o n  

th ro u g h  TT ab o u t th e  se c o n d  a x i s  i s  e q u i v a l e n t  to  a r o t a t i o n  

th ro u g h  ZoC ab o u t  an a x i s  p e r p e n d ic u la r  to  th e  p la n e  ApA%. 

T h e r e fo r e  a s  3- m ust be a m u l t i p l e  o f  TT and OA, ^  OÂ , oL 

m ust be e q u a l  to T T / 2 , Hence i f  t h e r e  a r e  no a x e s  o f  

r o t a t i o n s  o f  p e r io d  g r e a t e r  th a n  2  th e n  e i t h e r  t h e r e  i s  j u s t  

one a x i s ,  o r  e l s e  t h e r e  a r e  t h r e e  m u tu a l ly  p e r p e n d ic u la r  

a x e s ;  i n  th e  l a t t e r  c a s e  i s  iso m o r p h ic  w i t h  t h e  d ih e d r a l  

g r o u p ,C j ,  w h ich  i s  known a s  th e  'Four g ro u p * .
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The l a s t  c a s e  to  c o n s id e r  i s  t h a t  i n  w h ich  t  =  1 and 

m £ .  Here a g a in  e i t h e r  t h e r e  i s  j u s t  one a x i s  o f  r o t a t i o n  

and ^  i s  iso m o r p h ic  w i t h  a c y c l i c  group o f  o r d e r  m, or  e l s e  

any f u r t h e r  a x e s  l i e  i n  th e  p la n e  p e r p e n d ic u la r  to  th e  a x i s  

o f  p e r io d  m; c l e a r l y  i f  su c h  a x e s  e x i s t  th e y  must b e  o f  

p e r i o d  2 .  By c o n s i d e r i n g  th e  tr a n s fo r m  o f  e a c h  o p e r a t i o n  

o f  p e r io d  2  by t h a t  o f  p e r io d  m i t  ca n  be s e e n  t h a t  t h e r e  w i l l  

be j u s t  m a x e s  o f  p e r io d  2 .  Hence i n  t h e s e  l a s t  c a s e s  ^ * i s  

i so m o r p h ic  w i t h  e i t h e r  a c y c l i c  group € h ^ o r  a d ih e d r a l  groupG.^  

I f  i s  iso m o r p h ic  w i t h  a  c y c l i c  group o f  o r d e r  m, 

th e  c o r r e s p o n d in g  c o l l i n a t i o n  group ly  h a s  two i n v a r i a n t  

p o i n t s ,  w h ic h  a r e  th e  u n i t e d  p o i n t s  o f  th e  o p e r a t io n  o f  

p e r io d  m w h ich  g e n e r a t e s  th e  g r o u p .

In  th e  c a s e  i n  w h ich  i s  iso m o r p h ic  w i t h  a  d i h e d r a l  

groupGm, 'îy i s  g e n e r a t e d  by two o p e r a t i o n s  A and B w here  

A"^ 4  = (A,B)^ zz e .

I f  t h e  u n i t e d  p o i n t s  o f  A a r e  M and N and 

B(M) =  M*,  B(N)  -  Ni

we h a v e  t h a t

A(m') =  B A'^dvl') =  B g lM )

=  B(M)

^ m '

and s i m i l a r l y  A(N )̂ -

Thus B e i t h e r  in t e r c h a n g e s  t h e  u n i t e d  p o i n t s  o f  A or  e l s e  A 

and B h ave  th e  same u n i t e d  p o i n t s .  In  th e  l a t t e r  i n s t a n c e



1 7 .

t h e r e  w ou ld  be some o p e r a t i o n  £  i n  su c h  t h a t  A and B a r e  

b o th  pow ers o f  £  and Ty i s  s im p ly  a c y c l i c  g r o u p , so th e  

o p e r a t i o n s  o f  a d i h e d r a l  group a l l  l e a v e  f i x e d  a p a i r  o f  

p o i n t s  andZy i s  i m p r i m i t i v e .

The p r i m i t i v e  grou p s i n  S, a r e  th o s e  iso m o r p h ic  w i t h  th e  

r o t a t i o n a l  grou p s o f  th e  r e g u l a r  p o ly h e d r a .  There a r e  th r e e  

d i s t i n c t  grou p s o f  t h i s  t y p e .

1 .  A t e t r a h e d r a l  group ( t h e  n o t a t i o n  i s  ta k e n  from

B agn era  (1 )  ) w h ich  h a s  12 e le m e n ts  and i s  iso m o r p h ic  w i t h  

th e  a l t e r n a t i n g  group on 4 l e t t e r s ,  ; b e s i d e s  th e

i d e n t i t y  i t  c o n t a i n s  2  o p e r a t i o n s  o f  p e r io d  2  fo rm in g  a  

w h ich  i s  i n v a r i a n t  i n  and 8  o p e r a t i o n s  o f  p e r io d  2 .

2 .  The o c t a h e d r a l ,  group i s  iso m o r p h ic  w i t h  th e
^  24

sym m etric  group o f  d e g r e e  4 ,  . I t s ^ o p e r a t i o n s  are

t h o s e  o f  t o g e t h e r  w i t h  6  more o p e r a t i o n s  o f  p e r i o d  2

and 6  o f  p e r i o d  4 .

2 .  The i c o s a h e d r a l  group i s  iso m o r p h ic  w i t h  th e

a l t e r n a t i n g  group o f  d e g r e e  5 ,  (fig-; i t  c o n t a in s  th e  i d e n t i t y ,  

15 o p e r a t i o n s  o f  p e r io d  2 ,  20 o f  p e r io d  2 and 24 o f  p e r io d  5 .
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§11 1 .  F i n i t e  Groups i n  Two D i m e n s io n s .

The d e t e r m i n a t i o n  o f  t h e  f i n i t e  l i n e a r  g r o u p s  i n  t h r e e  

v a r i a b l e s  was c a r r i e d  o u t  b e f o r e  t h e  end o f  t h e  l a s t  c e n t u r y  

by  b o t h  J o r d a n  and  V a l e n t i n e r  ( J o r d a n  (13)  and  V a l e n t i n e r  

(19 ) b u t  t h e  method which  w i l l  be r e p r o d u c e d  i n  p a r t  h e r e  

i s  one due t o  B l i c h f e l d t .  (A f u l l  a c c o u n t  may be  f o u n d  i n  

e i t h e r  B l i c h f e l d t  (5 )  o r  M i l l e r ,  B l i c h f e l d t  and  D ic k so n  ( 1 5 ) . )

A p l a n e  i n t r a n s i t i v e  g rou p  e i t h e r  

( a )  l e a v e s  f i x e d  e a c h  v e r t e x  o f  a  t r i a n g l e  

or (b )  l e a v e s  f i x e d  a  p o i n t  a n d  a  l i n e  n o t  p a s s i n g  t h r o u g h  

t h a t  p o i n t .

I n  t h e  f i r s t  c a s e ,  e a c h  o p e r a t i o n  o f  t h e  g roup  may be 

w r i t t e n  i n  t h e  fo rm  ( x ,  ^  y ,  iTz) by  t a k i n g  t h e  i n v a r i a n t  

p o i n t s  a s  t h e  v e r t i c e s  o f  t h e  t r i a n g l e  o f  r e f e r e n c e ;  i n  t h e  

se c o n d  c a s e ,  by t a k i n g  t h e  i s o l a t e d  p o i n t  a n d  t h e  i n v a r i a n t  

l i n e  a s  a  v e r t e x  an d  o p p o s i t e  s i d e  o f  t h e  t r i a n g l e  o f  

r e f e r e n c e ,  e ac h  o p e r a t i o n  o f  t h e  g roup  can  be e x p r e s s e d  i n  

t h e  fo rm  ( x ,  ay  4 - b z ,  c y - f - d z ) .

The i m p r i m i t i v e  g ro u p s  i n  % , a l l  l e a v e  f i x e d  a  t r i a n g l e ,  

an d  t h e r e  a r e  a g a i n  two c a s e s  t o  c o n s i d e r ,  

e i t h e r  ( c )  t h e  o p e r a t i o n s  o f  t h e  g roup  pe rm ute  t h e  v e r t i c e s  

o f  t h e  t r i a n g l e  c y c l i c a l l y ,  

o r  (d)  t h e  o p e r a t i o n s  o f  t h e  g rou p  s u b j e c t  t h e  v e r t i c e s  t o  

a l l  t h e  s i x  p o s s i b l e  p e r m u t a t i o n s .

Hence by c h o o s i n g  t h e  i n v a r i a n t  t r i a n g l e  a s  t r i a n g l e  o f
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r e f e r e n c e ,  i t  i s  s e e n  t h a t  g ro u p s  i n  c l a s s  ( c )  a r e  g e n e r a t e d  

by a n  i n t r a n s i t i v e  g ro up  o f  c l a s s  ( a )  t o g e t h e r  w i t h  a n  

o p e r a t i o n  ( a y ,  b z ,  c x ) , v ;h i le  g ro u p s  i n  c l a s s  (d )  a r e  

g e n e r a t e d  by  a n  o p e r a t i o n  ( a '  x ,  b&3 , c^&) t o g e t h e r  w i t h  a  

g ro u p  o f  c l a s s  ( c ) .

The q u e s t i o n  now a r i s e s ,  i s  i t  p o s s i b l e  f o r  a n  i m p r i m i 

t i v e  g roup  t o  have  more t h a n  one i n v a r i a n t  t r i a n g l e ?

By c o n s i d e r i n g  t h e  t r a n s f o r m s  o f  t h e  t r i a n g l e

t  5  (ape -k by  4 - c ,z ) (8 p c 4 -b y  4- c g ) ( a ^  t- by  Ojz) =  0  

by t h e  o p e r a t i o n s  o f  a  g rou p  G  o f  c l a s s  ( c )  and  a  g ro u p  ©  

o f  c l a s s  (d )  i t  i s  found  t h a t  t t  i s  i d e n t i c a l  w i t h  t h e  

t r i a n g l e

t,  =  xyz  = 0

e x c e p t  i n  two c a s e s .  These  two e x c e p t i o n a l  g ro u p s  a r e

1 . a  g roup  Go g e n e r a t e d  by t h e  o p e r a t i o n s  

( x ,  y , ë è r z )  where  ^ ' ^ — 1  

a n d  ( y ,  z ,  x )

and  2 . a  g roup  © o  g e n e r a t e d  by 'Go an d  t h e  o p e r a t i o n  

( x ,  z ,  y ) .

Both  Go a n d  © L  h av e  f o u r  i n v a r i a n t  t r i a n g l e s ,

t  , 5  xyz  = 0

a n d  ^  ( x  4 - y  4 - a 2 ) ( x  ^ a y  -k a ^ ^ z ) ( x  4- <5b^y 4 - f ô 0 z )  i

where 8  =  l , S r , f o r  t ^ t ^ t ^ r e s p e o t i v e l y .  

I t  may now be p r o v e d  t h a t  any  p l a n e  g r o u p ,  %y , which  

h a s  a n  i n t r a n s i t i v e ,  i n v a r i a n t  s u b g r o u p ,  , must  i t s e l f  be
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i n t r a n s i t i v e  o r  i m p r i m i t i v e .  F o r  su pp o se  i s  o f  t y p e  (b)  

w i t h  a n  i n v a r i a n t  p o i n t ,  Z s a y .  l e t  S be any o p e r a t i o n  o f  

and  1 , 4 be o p e r a t i o n s  o f  ^  n o t  b e l o n g i n g  t o " ^  . Then 

S b e l o n g s  t o  s i n c e  i s  i n v a r i a n t  i n ' l y  ,

and  t h i s  i s  t r u e  f o r  a l l  T , so t h a t  t h e  o p e r a t i o n s  S, have  

j u s t  one i n v a r i a n t  p o i n t ,  X.

I f  T(X) =  j J  t h e n

S ( x f )  =z =  T

^ T ( X )

- z i

I t  f o l l o w s  t h a t  X̂  i s  a,n i n v a r i a n t  p o i n t  f o r  a l l  3 ,  an d  so X̂  

i s  c o i n c i d e n t  w i t h  X ; b u t  t h i s  means t h a t  X i s  a n  i n v a r i a n t  

p o i n t  f o r  a l l  T i n  , so t h a t  ^  c a n n o t  p o s s i b l y  be 

p r i m i t i v e •

I f  ^  i s  a  g roup  o f  t y p e  ( a )  t h e n  any  o p e r a t i o n  S o f  

h a s  t h r e e  i n v a r i a n t  p o i n t s ,  X,Y and  Z s a y .  As b e f o r e ,  i f  T 

i s  any  e le m e n t  o f  ^  n o t  b e l o n g i n g  t o ( y  , and  T(X) — X̂

T(Y) ^  Yt T(Z) -  z ' t h e n  S(x') =  x', S(Y^) ^  Y^ §.(z') ^  Ẑ  an d  t h e  

t r i a n g l e  i s  c o i n c i d e n t  w i t h  t h e  t r i a n g l e  XYZ and  i s  

i n v a r i a n t  f o r  a l l  T i n  , and  a g a i n  ' Q  i s  n o t  p r i m i t i v e .

With t h i s  r e s t r i c t i o n  on t h e  i n v a r i a n t  s u b g r o u p s  o f  a  

p r i m i t i v e  p l a n e  g r o u p ,  a l l  su c h  g ro u p s  must  be c o n t a i n e d  i n  

one o f  t h e  f o l l o w i n g  t h r e e  c l a s s e s :

1 .  P r i m i t i v e  s im p le  g r o u p s  ( t h a t  i s ,  p r i m i t i v e  g r o u p s  

w i t h  no i n v a r i a n t  s u b g r o u p s . )
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E. P r i m i t i v e  g ro u p s  w i t h  i m p r i m i t i v e  i n v a r i a n t  s u b g r o u p s .

3 .  P r i m i t i v e  g ro u p s  w i t h  p r i m i t i v e  i n v a r i a n t  s u b g r o u p s .

B l i c h f e l d t * s  method f o r  d e t e r m i n i n g  t h e  g ro u p s  i n  

c l a s s  1 . depends  on a  number o f  t h e o r e m s  shew in g  t h e  e f f e c t  

o f  t h e  p r e s e n c e  o f  a n  i n v a r i a n t  su b g ro u p  on a  g rou p  and  so 

r e s t r i c t i n g  t h e  p o s s i b l e  o r d e r s  o f  t h e  s im p le  g r o u p s .  He 

d ed u ce s  t h a t  t h e r e  a r e  j u s t  t h r e e  p r i m i t i v e  s im p le  g r o u p s ,  

l7o and  r7foo o f  o r d e r s  60 and  360 r e s p e c t i v e l y ,  which 

a r e  i s o m o r p h ic  w i t h  t h e  a l t e r n a t i n g  g ro u p s  on 5 and  6  l e t t e r s ,  

a n d  Qg which i s  i s o m o r p h ic  w i t h  t h e  sub g ro up  o f  o r d e r  168 

o f  t h e  sym m etr ic  g rou p  on 7 l e t t e r s ,  g e n e r a t e d  by  t h e  t h r e e  

c y c l e s  (1 2 3 4 5 6 7 ) ,  ( 1 4 2 ) ( 3 5 6 ) ,  ( 1 2 ) ( 3 5 ) .  (A f u l l e r  d e s c r i p 

t i o n  o f  t h e s e  g r o u p s w i l l  be f o u n d  a t  t h e  end o f  t h i s  

p a r a g r a p h . )

B e fo re  a t t e m p t i n g  t o  d e t e r m i n e  t h e  p r i m i t i v e  g ro u p s  

h a v i n g  i m p r i m i t i v e  i n v a r i a n t  s u b g r o u p s ,  i t  s h o u l d  be n o t e d  

t h a t  i f  t h e  su b g ro up  h a s  o n l y  one i n v a r i a n t  t r i a n g l e  t h e n  t h e  

m ain  g r o u p , ^  , c a n n o t  be p r i m i t i v e ;  t h i s  f o l l o w s  by 

r e a s o n i n g  s i m i l a r  t o  t h a t  u s e d  i n  i n v a r i a n t  i n t r a n s i t i v e  

s u b g r o u p s .  I t  may be assumed t h e r e f o r e  t h a t  t h e  i n v a r i a n t  

su b g ro u p  i s  e i t h e r  G )  o r  and l e a v e s  f i x e d  e ac h  o f  t h e

t r i a n g l e s  t ,  . i ^ t j  and  %. Each o p e r a t i o n  o f  *îy p e rm u te s  

t h e s e  f o u r  t r i a n g l e s  among t h e m s e l v e s ;  f o r  i f  T i s  an  e le m e n t  

o f  ' Ç  n o t  i n  t h e  i n v a r i a n t  s u b g r o u p ,  t h e n  T . H ^ h a s  o n l y  t h e  

g i v e n  t r i a n g l e s  a s  i n v a r i a n t  t r i a n g l e s *  i f  S b e l o n g s  t o  t h e



sulDgroup; ‘bu t  i f  f o r  i  «= 1 , 2 , 3 , 4 ,  t h e n

T Sf*(tl) =  T S ( t j

^ T ( t i )

=:t-.

and tLm nst  he one o f  t h e  f o u r  g i v e n  t r i a n g l e s .  We h a v e  

t h e r e f o r e  a s s o c i a t e d  a p e r m u t a t i o n  o f  t h e  f o u r  l e t t e r s  

t , , a nd  t^. w i t h  e v e r y  o p e r a t i o n  o f  and  Ç  i s  homomorphic 

w i t h  some s u b s t i t u t i o n  g r o u p ,  , on f o u r  l e t t e r s ,  i n  which  

t h e  i n v a r i a n t  su b g ro u p  i n  ^  c o r r e s p o n d s  t o  t h e  i d e n t i t y  

i n  K , ho one l e t t e r  c a n  be l e f t  f i x e d  by e v e r y  s u b s t i t u 

t i o n  i n  K ( o r  e l s e  t h e  c o r r e s p o n d i n g  t r i a n g l e  i s  i n v a r i a n t  

f o r ' ^  ) and  a l s o ,  no o p e r a t i o n  o f  can  i n t e r c h a n g e  two o f  

t h e  t r i a n g l e s  and  l e a v e  t h e  o t h e r  two f i x e d  ( a s  may be 

d i r e c t l y  v e r i f i e d . )  There a r e  t h u s  o n l y  t h r e e  p o s s i b l e  

fo rm s  f o r  K , These  a r e

K( : e ,  ( t , tJ  ( %tJ .

K i :  e ,  ( t , t j ( t i t v ) ,  (t , i^)(iÿbj,  ( t , t j ( 1* ) .

Kg : t h e  a l t e r n a t i n g  g r o u p ,  , g e n e r a t e d  by

( t , t j  and  (tJj^tJ, 

how t h e  g ro up  £ ) o  c o n t a i n s  a l l  t h e  t r a n s f o r m a t i o n s  

w h ich  l e a v e  f i x e d  e ac h  o f  t h e  f o u r  t r i a n g l e s .  F u r t h e r ,  i f  

a  g i v e n  t r a n s f o r m a t i o n  T p e rm u te s  t h e  t r i a n g l e s  i n  a  g i v e n  

way t h e n  any o p e r a t i o n  T ^ p e rm u t in g  them i n  t h e  same way may 

be e x p r e s s e d  a s  t '  -  X T ,  where  X b e lo n g s  to cD o ,  f o r  T^[f' must 

l e a v e  each  t r i a n g l e  f i x e d  and i s  t h u s  a n  o p e r a t i o n  b e l o n g i n g
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t o
—I

The t h r e e  o p e r a t i o n s  XJ, V, F  VH where

U ( % , y , 8 r z )

V: (x+-  y  -f z ,  X y -hfe z ,  x -M ^ y-f^Srz)

UVh"' : ( x - h  y  -f R)^z, x  + R r y  -i-Kr z ,  ftrx y  +  z)

c o r r e s p o n d  t o  ( \ t j t ^  , ( t , t j  ( 1^ tj  , ( t , t ^ ( t ^ ^  r e s p e c t i v e l y .

S in c e  a l l  t h e  r e q u i r e d  g ro u p s  c o n t a i n  a t  l e a s t  one e le m e n t  

c o r r e s p o n d i n g  t o  ( t , tJ  ( t^tJ , e v e r y  s u c h  g roup  must  c o n t a i n  

a n  e le m e n t  Z.V , where X b e l o n g s  t o  & .  H ence ,  i f  h a s  

a s  a  s u b g r o u p , t h e n  alvjays c o n t a i n s  t h e  e le m e n t  V. On 

t h e  o t h e r  h a n d ,  i f  h a s  C o  a s  a  s u b g r o u p ,  b u t  does  n o t  

c o n t a i n  © o  , t h e n  we c an  o n ly  s a y  t h a t  ^  c o n t a i n s  e i t h e r  

t h e  e le m e n t  V o r  t h e  e le m e n t  X.Y , where X does n o t  b e l o n g  t o

; how ever  i n  t h e  l a t t e r  c a s e ,  X must be an  o p e r a t i o n  o f

t h e  t y p e  3-ii where X , b e l o n g s  t o  C o  and  W: ( x , z  y ) ;  t h e n  

c o n t a i n s  X, and  hence  t h e  o p e r a t i o n  W.XJ b u t  (W, V T =  W an d  (y  

t h u s  c o n t a i n s  W,W'and h e n c e  V. So t h a t  i n  e a c h  c a s e ,  'Cf 

c o n t a i n s  V and a l s o  X; i n  o t h e r  w o rd s ,  t h e  i n v a r i a n t  su b g rou p  

i n  l y  i s  a lw ay s  .

I n  a n  e x a c t l y  s i m i l a r  way i t  c a n  be shewn t h a t  i f  ' Q  

c o n t a i n s  an  e le m e n t  c o r r e s p o n d i n g  t o  e i t h e r  ( t . t J ( t i j )  o r  (tj:^;^, 

t h e n  i t  c o n t a i n s  t h e  e le m e n t  2 X 2 ”̂  o r  U.

From t h i s  i n f o r m a t i o n  i t  c a n  be s e e n  t h a t  t h e  t h r e e  

g ro u p s  c o r r e s p o n d i n g  t o  K , , K t  and  K 3  a r e
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f]j, : o f  o r d e r  3 6 ,  g e n e r a t e d  by  CL and V.

o f  o r d e r  72,  g e n e r a t e d  by  (CL, V and  2 1 2 *

o f  o r d e r  216 ,  g e n e r a t e d  b y C  , V and  2 *

The l a s t  s t a g e  o f  B l l c h f e l d t ' s  d e t e r m i n a t i o n  shews t h a t  

c l a s s  3 . c o n t a i n s  no p l a n e  g ro u p s  t h a t  have  n o t  a l r e a d y  

o c c u r r e d ;  we have t h u s  j u s t  s i x  p r i m i t i v e  g r o u p s  i n  t h e  

p l a n e ,  1%  , Hbo , corvi P l / é ,  ►

The s im p le  g ro up  P3 6 0  c o n t a i n s  45 p l a n e  h o m o lo g ie s  

o f  p e r i o d  2 which g e n e r a t e  t h e  g r o u p . (T h i s  d e s c r i p t i o n ,  

a n d  t h o s e  o f  t h e  o t h e r  p l a n e  g r o u p s ,  i s  t a k e n  f ro m  

H a m i l l  ( 1 0 ) ,  p p .  2 1 - 4 9 . )  The f i x e d  p o i n t  o f  a  homology 

w i l l  be r e f e r r e d  t o  a s  i t s  c e n t r e ,  an d  t h e  i n v a r i a n t  l i n e  

a s  i t s  p o l a r  l i n e .  I n  / 3 6 0  , t h e  f o l l o w i n g  r e l a t i o n s

e x i s t  b e tw e e n  t h e  c e n t r e s  and  p o l a r  l i n e s .  Each p o l a r  l i n e

p a s s e s  t h r o u g h  j u s t  4 c e n t r e s ,  so t h a t  a  g i v e n  c e n t r e ,  P ,  i s  

j o i n e d  t o  12 o t h e r  c e n t r e s  by p o l a r  l i n e s ;  t h e  j o i n s  o f  P 

t o  t h e  r e m a in i n g  32 c e n t r e s  a r e  o f  two k i n d s ,  t h e r e  a r e

4 - l i n e s  p a s s i n g  t h r o u g h  P ,  where a  ^  - l i n e  c o n t a i n s

5 c e n t r e s  i n  a l l ,  and  8 K - l i n e s ,  e ac h  o f  which c o n t a i n s  2 

c e n t r e s  o t h e r  t h a n  P .  Thus we h a v e  45 ^  4 _ ^  - l i n e s

^ 5 X 8
and g =  120 K - l i n e s  i n  t h e  c o n f i g u r a t i o n  l e f t  f i x e d  by

( 3 6 0  • s u i t a b l e  c h o ic e  o f  t h e  t r a n g l e  o f  r e f e r e n c e

g i v e s  t h e  c o o r d i n a t e s  o f  t h e  45 c e n t r e s  a s

( 1 , 0 , 0 ) ,  ( 0 , 1 , i ^ ) ,  ( l , i o 4 ,  where o C ' ' o C  - 1  =: 0

(1 ,  — fô oC , f e ^ ) ,  (1 ,  i r  (1 -  ^ o L )   ̂ i t ^  ) t o g e t h e r  w i t h
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t h e  p o i n t s  o b t a i n e d  by c y c l i c  p e r m u t a t i o n  o f  t h e  c o o r d i n a t e s .  

T aken  i n  t h i s  fo rm ,  t h e  g ro up  h a s  a n  i n v a r i a n t  H e r m i t i a n

fo rm  J ,  where

J  = XX 4 - yy  4- z z ,  

and  t h e  p o l a r  l i n e  o f  a  c e n t r e  , ]  ) i s  t h e  l i n e

1 y 5 z -  0.

The o p e r a t i o n s  o f  , b e s i d e s  t h e  i d e n t i c a l  c o l l i n e a t i o n

an d  t h e  45 h o m o lo g i e s ,  a r e  90 c o l l i n e a t i o n s  o f  p e r i o d  4 ,

80 o f  p e r i o d  3 and  144 o f  p e r i o d  5.

fZ  i s  t h e  su b g ro u p  o f  Qinj which  i s  g e n e r a t e d  by 

t h e  15 h o m o lo g ie s  whose c e n t r e s  a r e  g i v e n  by p e r m u t a t i o n s  

o f  t h e  c o o r d i n a t e s  i n  ( 1 , 0 , 0 )  and  ( l , ± o ^ ,  ^c/.^). The 

c o n f i g u r a t i o n  l e f t  f i x e d  by  FL c o n t a i n s  10 ^  - l i n e s  and  

6 ^ - l i n e s ;  e ach  c e n t r e  l i e s  on 2 p o l a r  l i n e s ,  2 h - l i n e s  

an d  2 ^  - l i n e s .  I t s  o p e r a t i o n s  a r e  t h e  i d e n t i t y ,  15 

h o m o lo g ie s  o f  p e r i o d  2 ,  20 c o l l i n e a t i o n s  o f  p e r i o d  3 and  

24 o f  p e r i o d  5.

rjss , t h e  r e m a i n i n g  s im p le  group^ c o n t a i n s  21 i n v o l u t a r y  

h o m o lo g ie s  which  g e n e r a t e  t h e  g r o u p .  The 21 c e n t r e s  may be 

g i v e n  by c y c l i c  p e r m u t a t i o n s  o f  t h e  c o o r d i n a t e s  i n  ( 1 , 0 , 0 ) ,  

( 0 , 1 , - 1 ) ,  ( A ,  f  1 ,  ^ 1 )  where A - A - ^ 2 - 0 .  A g a in  i n  

t h i s  fo rm  (7é̂  h a s  a  H e r m i t i a n  i n v a r i a n t  J  where 

J  = XX 4- yy  z ^ ,  

and  t h e  p o l a r  l i n e  o f  a c e n t r e  ( ^  , Ï , J ) i s  t h e  l i n e  

Ç x  y  4-2 z = 0 .  The g ro u p  c o n f i g u r a t i o n  h a s  j u s t  two
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s o r t s  o f  l i n e s ,  p o l a r  l i n e s  a n d  28 K - l i n e s ;  e a c h  p o l a r  

l i n e  p a s s e s  t h r o u g h  4 c e n t r e s  an d  so e a c h  c e n t r e  l i e s  on 4 

p o l a r  l i n e s ,  a l s o  e a c h  c e n t r e  l i e s  on 4 K - l i n e s .  B e s i d e s  

t h e  i d e n t i t y  and  t h e  21 h o m o lo g i e s ,  I7ég c o n t a i n s  42 

o p e r a t i o n s  o f  p e r i o d  4 ,  56 o f  p e r i o d  3 and 48 o f  p e r i o d  7 .

The c o n f i g u r a t i o n  l e f t  f i x e d  by fl.é, i s  t h e  H e s s i a n

f i g u r e  o f  t h e  9 i n f l e x i o n s  o f  a  p l a n e  c u b ic  c u rv e  ; ^  FI,6

c o n t a i n s  9 i n v o l u t a r y  h o m o lo g ie s  whose c e n t r e s  a r e  t h e  

i n f l e x i o n a l  p o i n t s ,  b u t  t h e s e  do n o t  g e n e r a t e  t h e  g r o u p .

I t  a l s o  c o n t a i n s  12 h o m o lo g ie s  o f  p e r i o d  3 and  t h e i r  s q u a r e s  

which do g e n e r a t e  t h e  g r o u p .  By t a k i n g  t h r e e  o f  t h e i r  

c e n t r e s  a s  t h e  t r i a n g l e  o f  r e f e r e n c e  t h e  r e m a in d e r  have  

c o o r d i n a t e s

1. 1), ( er'-.i, 1), (1, 1, 1),

( i , er ,1), (1, i ) ,  (i,6b% gr),

(1 ,  l . f i r ) ,  ( 1 .  1 ,

and  once a g a i n ,  t h e  p o l a r  l i n e  o f  t h e  c e n t r e  ( ^  , T , J  ) i s  

t h e  l i n e  Ç x  4- y  4- "J z  =^0 and  t h e  H e r m i t i a n  i n v a r i a n t  i s  

(x5T 4- y y  Each c e n t r e  o f  a  homology o f  p e r i o d  3 l i e s

on 3 o f  t h e  p o l a r  l i n e s  o f  t h e  i n v o l u t a r y  h o m o lo g i e s ,  an d  e ach  

o f  t h e s e  9 p o l a r  l i n e s  c o n t a i n s  4 o f  t h e  above 12 c e n t r e s .

The o t h e r  l i n e s  i n  t h e  f i g u r e  a r e  e - l i n e s ,  e ac h  o f  which 

c o n t a i n s  2 c e n t r e s  o f  h o m o lo g ie s  o f  p e r i o d  3 ;  t h e r e  a r e  

12 e - l i n e s  an d  t h e y  a r e  t h e  p o l a r  l i n e s  o f  t h e  12 h o m o lo g ie s  

o f  p e r i o d  3 .  The r e m a i n i n g  o p e r a t i o n s  o f  Q r 6  a r e  t h e
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i d e n t i t y ,  8  c o l l i n e a t i o n s  o f  p e r i o d  3 ,  54 o f  p e r i o d  4 ,  72 

o f  p e r i o d  6  an d  a  f u r t h e r  s e t  o f  48 c o l l i n e a t i o n s  o f  p e r i o d  3 .

and  [ 3 6  n r e  b o t h  su b g ro u p s  i n  FZ( 6  ; l7 a 

c o n t a i n s  t h e  i d e n t i t y ,  9 h o m o lo g ie s  o f  p e r i o d  2 ,  t h e  f i r s t  

s e t  o f  8  c o l l i n e a t i o n s  o f  p e r i o d  3 t o g e t h e r  w i t h  t h e  54 

c o l l i n e a t i o n s  o f  p e r i o d  4 .  f]  ̂ c o n t a i n s  t h e  i d e n t i t y ,

9 i n v o l u t a r y  h o m o lo g ie s  and  8  c o l l i n e a t i o n s  o f  p e r i o d  3 ,  

t o g e t h e r  w i t h  18 o f  t h e  o p e r a t i o n s  o f  p e r i o d  4 .
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§IV. P r i m i t i v e  G-roups i n

The method u s e d  by  E , F .  E l i c h f e l d t  t o  o b t a i n  a l l  t h e  

f i n i t e  p r i m i t i v e  g ro u p s  i n  t h r e e  d im e n s io n s  i s  a n  e x t e n s i o n  

o f  t h a t  u s e d  f o r  t h e  p l a n e  g r o u p s .  ( B l i c h f e l d t  (4 )  o r  

B l i c h f e l d t  ( 5 ) . )  He l i s t s  30 d i s t i n c t  p r i m i t i v e  g r o u p s .

1 .  T here  a r e  IE p r i m i t i v e  g ro u p s  h a v i n g  i n v a r i a n t  

i n t r a n s i t i v e  s u b g r o u p s ;  o f f  t h e s e  t h e r e  a r e  3 o f  o r d e r  288,

3 o f  o r d e r  576 a n d  one e ac h  o f  o r d e r  144,  720,  1440 ,  3600 ,

1152 and  7200.

2 .  The p r i m i t i v e  g ro u p s  h a v i n g  a n  i n v a r i a n t  i m p r i m i t i v e  

su b g ro u p  a r e  9 i n  number;  2 o f  t h e s e  a r e  o f  o r d e r  960,  2 a r e  

o f  o r d e r  1920 and t h e  o t h e r  5 h ave  o r d e r s  80 ,  160,  320 ,

5760 and  11520 .

3 .  There  a r e  j u s t  6  s im p le  p r i m i t i v e  g r o u p s ,  2 o f  

o r d e r  60 and one e a c h  o f  o r d e r  3 60 ,  2520,  168 an d  25920.

4 .  The l a s t  t h r e e  g ro u p s  which  have  n o t  a p p e a r e d  i n  any  

o f  t h e  p r e v i o u s  c l a s s e s  a l l  c o n t a i n  p r i m i t i v e  g ro u p s  a s  

i n v a r i a n t  s u b g r o u p s ;  t h e y  a r e  o f  o r d e r s  1 2 0 , 1 2 0  and 720 .

A p a r t  f rom  B l i c h f e l d t ' s  a c c o u n t  o f  t h e  g ro u p s  i n  S3  

s p e c i a l  methods have  b e e n  u s e d  by v a r i o u s  p e o p le  t o  d e t e r m i n e  

c e r t a i n  c l a s s e s  o f  t h e s e  30 g ro u p s  ( r e f e r e n c e s  w i l l  be fo u n d  

i n  t h e  i n t r o d u c t i o n . ) B a g n e r a ' s  method f o r  o b t a i n i n g  a l l  t h e  

g ro u p s  g e n e r a t e d  by h o m o lo g ie s  ( o r  c o n t a i n i n g  h o m o lo g ie s )  i s  

p u r e l y  g e o m e t r i c a l ,  and  a s  some o f  h i s  r e s u l t s  w i l l  be need e d  

i n  t h e  n e x t  s e c t i o n  i t  w i l l  be u s e f u l  t o  r e p r o d u c e  p a r t  o f
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h i s  work h e r e  ( s e e  B a g n e ra  ( 2 ) . )

The f i r s t  s t e p  i s  t o  shew t h a t  i f  a  p r i m i t i v e  g r o u p ,  ^  , 

i n  S 3  c o n t a i n s  a  homology o f  p e r i o d  v) , t h e n  ^  i s  e i t h e r  

2  o r  3 .  Suppose c o n t a i n s  a  homology 0̂ , c e n t r e  0„ p o l a r  

p l a n e  I T  , and  p e r i o d  0  , and  t h a t  0 „ ( ^ , . . . .  , 0 j a r e  t h e  

t r a n s f o r m s  o f  0 , by  means o f  t h e  o p e r a t i o n s  o f  ^ , t h e n  

i f  i s  p r i m i t i v e ,  j must be g r e a t e r  t h a n  4 .  (O th e r w is e  ^  

l e a v e s  a  t e t r a h e d r o n  f i x e d . )  F u r t h e r  i f  A(0,) = 0 ^where A 

b e lo n g s  t o  and u n d e r  A t h e  p o i n t s  o f  TI7  go i n t o  t h e  p o i n t s  

o f  a  p l a n e  TT% , t h e n  O^and ITL a r e  t h e  c e n t r e  an d  p o l a r  

p l a n e  o f  a  homology O^of p e r i o d  where Où —A 0,4; 

f o r  A OAOJ - A  0,(0,)

=  A(0,)

= 0^

and i f  Q i s  a  p o i n t  o f  TT| and  A(Q) =  P t h e n  P l i e s  i n  Tk , 

so t h a t

A 0 , £ t P )  =  A 0 , (Q )

=  A(Q)

=  P f o r  a l l  p o i n t s  o f  T ïï .

Thus 0 L i s  a  homology,  c e n t r e  O^and p o l a r  p lane"HZ , and  

c l e a r l y  O^has t h e  same p e r i o d  a s  0 .  Hence a l l  t h e  p o i n t s  

Oc, i  =  l , 2 , . . . . , j ,  a r e  c e n t r e s  o f  h o m o lo g ie s  o f  p e r i o d  ^  .

I f  ^ ^  5 t h e n  t h e  two h o m o lo g ie s  0, which b o t h  l e a v e  

f i x e d  t h e  l i n e  QQj., in d u c e  on t h a t  l i n e  one o f  t h e  g ro u p s  

o b t a i n e d  i n  |  I I .  The o n ly  f i n i t e  g ro u p s  on a  l i n e  v;hich a r e
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g e n e r a t e d  "by two o p e r a t i o n s  o f  p e r i o d  g r e a t e r  t h a n  5 a r e  c y c l i c  

g r o u p s ,  and 0^must  t h e r e f o r e  l i e  i n  TT[ and T i c e  v e r s a .  

S i m i l a r l y  i t  can  he shevm t h a t  e ac h  0 : , - i  =  1 , 2 , l i e s  

i n  t h e  p o l a r  p l a n e  o f  e ac h  o f  t h e  o t h e r  h o m o lo g ie s  and  t h u s  

t h e r e  c an  he a t  most 4 d i s t i n c t  p o i n t s  O i , and  ^  i s  n o t  

p r i m i t i v e .

Eow l e t  u s  c o n s i d e r  ^^=-5. I t  may he assumed t h a t  n o t  

a l l  t h e  t r a n s f o r m s  o f  0 , l i e  i n  7T7, o r  e l s e  ^  i s  n o t  p r i m i t i v e  

a s  b e f o r e .  Suppose 0^ î s  a  c e n t r e  n o t  l y i n g  i n  TTi , t h e n  0, 

and  Oi g e n e r a t e  a n  on t h e  l i n e  0 ,0 .̂ 0 , and  0 %

h o t h  l e a v e  i n v a r i a n t  e ac h  p o i n t  o f  t h e  l i n e  ( T T i j T H ) , which  

i s  t h e  l i n e  o f  i n t e r s e c t i o n  o f  t h e  two p l a n e s  TTj an d  1 %  ; 

t h e r e f o r e  t h e  sp a ce  g roup  g e n e r a t e d  hy  0 , and  0 ^ l e a v e s  f i x e d  

e v e r y  p l a n e  p a s s i n g  t h r o u g h  QQ̂ , s i n c e  e v e r y  such  p l a n e  

c o n t a i n s  a  p o i n t  o f  (TH^T l^) .  I f  a l l  t h e  r e m a i n i n g  t r a n s 

fo rm s  o f  0 , l i e  on e i t h e r  QC^or (TI7,7TL c a n n o t  he p r i m i t i v e  

f o r  i t  h a s  a  p a i r  o f  i n v a r i a n t  l i n e s ;  l e t  u s  s u p p o s e ,  i f  

p o s s i b l e ,  t h a t  Dadoes n o t  l i e  on e i t h e r  o f  t h e s e  l i n e s  and  

c o n s i d e r  t h e  p l a n e  c r , c o n t a i n i n g  0,, O^and and  m e e t in g  

( TTi ) i n  a p o i n t  0 .̂ Q, 0  ̂and  O ^ a l l  l e a v e  CT f i x e d  and

must  t h e r e f o r e  

g e n e r a t e  a  p l a n e  

g roup  i n  i t .

T h i s  p l a n e  g roup  

w i l l  c o n t a i n  a n  

i n t r a n s i t i v e  

s u b g r o u p ,  h a v i n g
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o ' a s  i n v a r i a n t  p o i n t  and  0 ,0 ^ a s  a n  i n v a r i a n t  l i n e ,  which i s  

g e n e r a t e d  "by Oj and  0 2̂.* S u t  i t  may he s e e n  f ro m  § i n  t h a t  

t h e r e  i s  no p l a n e  p r i m i t i v e  o r  i m p r i m i t i v e  g roup  h a v i n g  

su c h  a  su bg rou p  and  t h e  o n l y  i n t r a n s i t i v e  g roup  i s  one 

l e a v i n g  f i x e d  j u s t  one  p o i n t  and  a  l i n e .  The o n ly  p o i n t  

an d  l i n e  i n  O' l e f t  f i x e d  hy  0, and  0^ a r e  0^ and Op2 . s o  t h e s e  

must  a l s o  he l e f t  f i x e d  hy Thus e i t h e r  O3  c o i n c i d e s  w i t h

o ' o r  e l s e  l i e s  on 0,0̂ . Both  t h e s e  a l t e r n a t i v e s  a r e  c o n t r a r y  

t o  o u r  i n i t i a l  a s s u m p t io n  an d  i t  i s  t h e r e f o r e  i m p o s s i b l e  

t o  f i n d  a  t r a n s f o r m  o f  0 , n o t  l y i n g  on e i t h e r  QCl o r  (TTj ,71^ ) 

i f  ^  =  5; hen ce  i n  t h i s  c a se  a l s o ,  i s  n o t  p r i m i t i v e .

I f  =  4 ,  t h e n  hy t h e  same r e a s o n i n g  a s  t h a t  u s e d  f o r  

=  5, ^  can  he shewn t o  he i m p r i m i t i v e  o r  i n t r a n s i t i v e .

On t h e  o t h e r  h a n d  t h e r e  a r e  p r i m i t i v e  g ro u p s  o f  f i n i t e  

o r d e r  c o n t a i n i n g  h o m o lo g ie s  o f  p e r i o d  2 o r  3 ;  f o r  su p po se  0,
■fô

i s  o f  p e r i o d  3 .  We may d i s c a r d  t h e  c a s e  i n  w h i c h ( i  =  l , 2 , . . . j  

O i l i e s  i n  II, and  a l s o  t h e  c a se  i n  which 0, and  0^ g e n e r a t e  

a n  on 0 ,0 ,̂f o r  a l l  i ,  f o r  h o t h  t h e s e  a s s u m p t io n s  l e a d

t o  a  n o n - p r i m i t i v e  g r o u p ^  . Suppose t h e r e f o r e  t h a t  0, 

and  O2  g e n e r a t e  a n  on 0 ,0 ,. Bow a  sp a c e  g roup  which

g e n e r a t e s  a  I Z t  on one l i n e  and  l e a v e s  f i x e d  e a c h  p o i n t  o f  

a s e co n d  l i n e  which i s  skew t o  t h e  f i r s t  i s  o f  o r d e r  4  x 2 = 8 . 

( T h i s  may he i l l u s t r a t e d  hy c o n s i d e r i n g  t h e  two o p e r a t i o n s  

S ; ( x , - y , z , t )  and  T : ( y , x , z , t )  which l e a v e  f i x e d  e ac h  p o i n t  o f  

X = 0 = y an d  g e n e r a t e  aa ' C l  on z = 0 = = t .  The o p e r a t i o n
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^T;  ( y , - x , z , t )  i s  o f  p e r i o d  2  on z =  0  = t  h u t  p e r i o d  4 i n  

sp a c e  and  t h e  g roup  i n  g e n e r a t e d  hy  S and  T c o n t a i n s  a  

h i a x i a l  homography ( - x , - y , z , t )  and i s  o f  o r d e r  8 ) Thus any 

sp a ce  g roup  g e n e r a t i n g  a  g roup  o f  o r d e r  n  which c o n t a i n s  a  

on one l i n e ,  a t  t h e  same t im e  l e a v i n g  e a c h  p o i n t  o f  

a  s e c o n d  l i n e  f i x e d ,  w i l l  he o f  o r d e r  2 n .  0 , an d  0 ^̂  l e a v e

f i x e d  e v e r y  p o i n t  o f  (TTi^TTl) and  in d u c e  a n  which

c o n t a i n s  a C l  on 0 ,0 ^ and  t h u s  t h e  g roup  g e n e r a t e d  i n  

hy 0 1 and  Oj. w i l l  he o f  o r d e r  24 .  I t  c o n t a i n s  t h e  i d e n t i t y ,  

4 h o m o lo g ie s  o f  p e r i o d  3 and  t h e i r  s q u a r e s ,  8  a x i a l  

h o m o g rap h ie s  o f  p e r i o d  6  ( an  a x i a l  homography h a s  2  i s o l a t e d  

u n i t e d  p o i n t s  and  a  l i n e  o f  u n i t e d  p o i n t s ) ,  6  a x i a l  

h o m o g rap h ie s  o f  p e r i o d  4 a n d  one i n v o l u t a r y  h i a x i a l  

homography h a v i n g  0 ,(\ and  (TTi y 1 1 % ) a s  a x e s .

I f  ^  i s  p r i m i t i v e  t h e n  t h e r e  must he a t  l e a s t  one 

t r a n s f o r m  o f  0 , n o t  Haying  on e i t h e r  pO^or (TT, yTÎI); i f  0  ̂

i s  such  a  p o i n t  t h e n  TIJ does n o t  c o n t a i n  e i t h e r  o r

(TT] /TT I) .  Oj, 0 :u and  O3  a l l  l e a v e  f i x e d  t h e  p l a n e  CF" which  

c o n t a i n s  0„ Oa_ a n d  O3  and  m ee ts  (7T];TTI ) i n  a  p o i n t  o' s a y .  

Bow t h e  o n ly  n o n - p r i m i t i v e  p l a n e  g ro u p s  c o n t a i n i n g  t h e  group  

g e n e r a t e d  i n  CF hy 0 , and  0 ^ a s  a su b g rou p  a r e  t h o s e  l e a v i n g  

f i x e d  0 „ Oi. and  0 *, h u t  t h e  g roup  g e n e r a t e d  hy Q, 0 ^ a n d  0  ̂

i n  cr does  n o t  have t h e s e  t h r e e  p o i n t s  a s  i n v a r i a n t  p o i n t s  

and  so must he p r i m i t i v e .  T h i s  g roup  c o n t a i n s  p l a n e  

h o m o lo g ie s  o f  p e r i o d  3 a n d  t h e r e f o r e  can  o n ly  he [7^6
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Tîien t h e  space  g roup  g e n e r a t e d  "by Oj, 0 % a n d  O3  c o n t a i n s  a  

homology o f  p e r i o d  3 ,  c e n t r e  0^= :  (TTi;T[%yTI% ) an d  p o l a r  p l a n e  CT 

a n d  i s  o f  o r d e r  648.  (Choose c o o r d i n a t e s  so t h a t  i s  t h e  

p l a n e  t  =  0 ,  O^the p o i n t  ( 0 , 0 , 0 , 1 )  and t h r e e  o f  t h e  h o m o lo g ie s  

o f  p e r i o d  3 whose c e n t r e s  l i e  i n  6 " a r e  g i v e n  "by

Oji ( x , y , z , t )

Oy ( f  y  z , x  y  +  Z , x  -f- y  4 - z , - ^  l ) t  )

A: ( x , œ r y , z , t  )

(The c o o r d i n a t e  s y s t e m  i s  t a k e n  f rom  H a m i l l  (10)  p . 39)

Then 0,A ( f ô x  -efô^y-^fô^z, ^ x  -f- y  4 - ^  z , x 4 - y  z , - ^ ( 2  êüV l ) t  )

i s  such  t h a t  ( 0 ,A^)^ i s  t h e  o p e r a t i o n  (fâr x ,  ^ y , ^ z , t  ) so

t h a t  O j A ^ i s  o f  p e r i o d  3 i n  CT and 9 i n  an d  i t s  cube i s

a  homology,  c e n t r e  O^and p o l a r  p l a n e  CT , an d  p e r i o d  3 .  I t  

f o l l o w s  t h a t  t h e  o r d e r  o f  t h e  g roup  g e n e r a t e d  i n  Sj by 0 ,, Oj. 

a n d  A i s  3 % 216 =  648 .  )

Bow f o r  t h e  g roup  l y  t o  be p r i m i t i v e  i t  must  c o n t a i n  a t  

l e a s t  one homology which  does  n o t  have  O^as a  f i x e d  p o i n t .

I n  a d d i t i o n  ^  c a n n o t  c o n t a i n  more t h a n  t h e  g i v e n  648 o p e r a 

t i o n s  which  l e a v e  O ^ f i x e d ,  f o r  su p po se  B does  n o t  b e l o n g  t o  

t h e  g roup  g e n e r a t e d  by  0,, 0^ and  Og, b u t  B l e a v e s  Oy_fixed.

Then B w i l l  a l s o  l e a v e  6 " f i x e d  ( f o r  i s  a  f i n i t e  g ro up )  

an d  a s  t h e  f 2 i6  g e n e r a t e d  i n  CT i s  n o t  c o n t a i n e d  i n  a  g roup  

o f  h i g h e r  o r d e r ,  B must be a  homology c e n t r e  O^and p o l a r  

p l a n e  (T . I f  B h a s  p e r i o d  g r e a t e r  t h a n  3 t h e n  ^  i s  

i m m e d ia te ly  n o t  p r i m i t i v e  and  i f  B i s  o f  p e r i o d  2, t h e



o p e r a t i o n  Ô B , which b e lo n g s  t o  o f  p e r i o d  6 , and  a g a i n

^  i s  e i t h e r  i n t r a n s i t i v e  o r  i m p r i m i t i v e .  We may t h e r e f o r e  

suppose  t h a t  O^is  a  homology w i th  p o l a r  p l a n e  TT^ and

0 5 ( 0 4 ) 0^ Then O^and O5 - g e n e r a t e  a n  on Qp^and a g roup

i n  S3  which l e a v e s  f i x e d  e v e r y  p o i n t  o f  (6 ",1 1 ?  ) ; t h i s  

g roup  t h e r e f o r e  c o n t a i n s  a n  i n v o l u t a r y  b i a x i a l  homography 

w i t h  a x e s  (Ô",TÎ? ) and  <%. T h i s  b i a x i a l  homography c l e a r l y

l e a v e s  O^and t h e  

p l a n e  f i x e d  and  so

must be one o f  t h e

648 o p e r a t i o n s  

g e n e r a t e d  by 0 , , ^  and  

O3 ; hence  t h e  p l a n e  

homology o f  p e r i o d  £ 

whose c e n t r e  and  

p o l a r  l i n e  a r e

0 ” =  (Oẑ Og-, 6 “ ) and  ( 6 ' j T I ^ )  r e s p e c t i v e l y  must be one o f  t h e  9  

i n v o l u t a r y  h o m o lo g ie s  c o n t a i n e d  i n  FI , 6  • T here  a r e  

t h e r e f o r e  o n ly  9 p o s s i b l e  p o s i t i o n s  f o r  0" and  9 l i n e s  

p a s s i n g  th r o u g h  O ^ l ik e  QPg. Each o f  t h e s e  9 l i n e s  w i l l  

c o n t a i n  3 c e n t r e s  o f  h o m o lo g ie s  o f  p e r i o d  2  o t h e r  t h a n  0 ^ 

and none o f  t h e s e  27 p o i n t s  w i l l  l i e  i n  Thus vie have

a  t o t a l  o f  40 ho m o lo g ie s  o f  p e r i o d  3 which g e n e r a t e  ,

a  s im p le  g roup  o f  o r d e r  25920,  which a p a r t  f rom i t s  s u b g r o u p s ,  

i s  t h e  o n ly  p r i m i t i v e  g roup  c o n t a i n i n g  h om o lo g ie s  o f  p e r i o d  3
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i n  S3  ; i t  does n o t  c o n t a i n  any h o m o lo g ie s  o f  p e r i o d  2 .

B agnera  p r o c e e d s  i n  a  s i m i l a r  way t o  o b t a i n  t h e  

p r i m i t i v e  g rou p s  c o n t a i n i n g  h o m o lo g ie s  o f  p e r i o d  2 , which 

a r e  t h e  g ro u ps  and  ^ 7 ^ 0 0  , o f  o r d e r s  11520 and

7200 r e s p e c t i v e l y ,  t o g e t h e r  w i t h  c e r t a i n  o f  t h e i r  s u b g r o u p s .
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SECTION I I .

§ 1 .  I t  i s  p ro p o s e d  t o  i n v e s t i g a t e  i n  t h i s  s e c t i o n  c e r t a i n  

o f  t h e  t h i r t y  p r i m i t i v e  g roups  t h a t  o c c u r  i n  ^  , where  t h e  

main em phas is  w i l l  be d n  t h o s e  g roups  which can  be g e n e r a t e d  

by b i a x i a l  h o m o g r a p h ie s .  I n  §11 .  we s h a l l  d e te r m in e  t h e  

g ro u p s  g e n e r a t e d  by b i a x i a l  hom ograph ies  whose a x es  a l l  l i e  

on a  g i v e n  q u a d r i c , and  i n  § 1 1 1 . we s h a l l  i n v e s t i g a t e  t h o s e  

g ro u p s  which a r e  s im p ly  i so m o rp h ic  w i th  sym m etr ic  g ro u p s  o f  

d e g re e  n .  The r e m a i n i n g  p a r a g r a p h s  w i l l  be c o n c e rn e d  w i th  

p a r t i c u l a r  g rou ps  and t h e i r  subg rou p s ,  such  a s  t h e  group  o f  

o r d e r  11520, , which l e a v e s  f i x e d  t h e  K l e i n

c o n f i g u r a t i o n ,  and  t h e  s im p le  g roup  o f  o r d e r  25920, 

which l e a v e s  f i x e d  a  c o n f i g u r a t i o n  o f  40 p o i n t s  and p l a n e s .

B e fo re  p r o c e e d i n g  t o  t h e  main work o f  t h i s  s e c t i o n ,  i t  

i s  n e c e s s a r y  t o  n o t e  some g e n e r a l  r e s u l t s  a b o u t  t h e  f i n i t e  

g ro u p s  g e n e r a t e d  by b i a x i a l  h o m o g ra p h ie s .

I f  A i s  a  b i a x i a l  homography o f  p e r i o d  V and  a x e s  a,a^

an d  u n d e r  A, t h e  t r a n s f o r m  o f  a l i n e  x  i s  a  l i n e  x^ , t h e n  i f

X i s  skew t o  b o t h  a  and  a so i s  x^ , and  t h e  f o u r  l i n e s  a , a '  ,

x , x '  a r e  a l l  g e n e r a t o r s  o f  one sy s tem  on a  g ,uad r ie .

I f  B i s  a second  b i a x i a l  homography, w i th  a x es  b and  b̂  , 

t h e n  i f  a  meets  b ,  a! meets  b' an d  i f  a  i s  skew t o  b t h e n  

a^ i s  skew t o  b ' .  F o r  suppose  a  meets  b i n  a  p o i n t  X b u t  

a  i s  skew t o  b , t h e n  i f  x  i s  t h e  t r a n s v e r s a l  f rom  X t o  

a  and b , t h e  o p e r a t i o n s  A and  B g e n e r a t e  a  g roup  on x
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c o n t a i n i n g  two o p e r a t i o n s  h a v in g  j u s t  one common u n i t e d  p o i n t  ; 

t h i s  l i n e  g roup  c a n n o t  t h e r e f o r e  be f i n i t e  and so t h e  space

group  g e n e r a t e d  by A and B i s  n o t  f i n i t e  e i t h e r .  By a

s i m i l a r  a rgum ent  i t  c an  be shewn t h a t  i f  a  and  b a r e  t h e  same 

l i n e ,  t h e n  and  b̂  a r e  a l s o  c o i n c i d e n t .

From t h i s  i t  c an  be s e e n  t h a t  i f  A and  B b e lo n g  t o  a  

f i n i t e  g ro u p ,  e i t h e r  a  and  a! meet b o th  o f  b and V  , o r  a 

m ee ts  b and i s  skew t o  V v h i l e  a  m ee ts  b̂  and i s  skew t o  b ,  

o r  a , a '  ,b,V a r e  a l l  skew.

I f  A and  B a r e  b o t h  o f  p e r i o d  2  and  A.B i s  a l s o  o f  

p e r i o d  2 ,  t h e n  e i t h e r  a,a^ , b ,b '  a r e  a l l  skew and l i e  on a 

q u a d r i c  o r  e l s e  a  and a meet b o th  o f  b and b  ̂ . F o r  i f

A(b)  = b, and  A(b'^ ) = b,"" and  a , a '  , b ,b /  a r e  a l l  skew, t h e n

a , a !  , b ,b ,  a r e  g e n e r a t o r s  o f  one sys tem  on a q u a d r i c ,  and  

a , a '  ,b '  ,b |  a r e  g e n e r a t o r s  o f  one sy s te m  on a n o t h e r  q_uadric; 

l e t  B be a p o i n t  o f  b such  t h a t  A(B) =- B, , t h e n

B, = A(B) = 2  s i n c e  (A.B T = e .

= & A (B )

-  B ( B , )

so t h a t  B, i s  a  p o i n t  o f  e i t h e r  b o r  b ' . However,  A does 

n o t  l e a v e  any  o f  t h e  p o i n t s  o f  b f i x e d ,  a s  b i s  skew t o  a  

and a \  so t h a t  b, = b' and t h e  l i n e s  a , a '  , b , b '  l i e  on a 

g u a d r i c .  On t h e  o t h e r  h a n d ,  i f  a  m ee ts  b t h e n  we laiow t h a t  

a! m eets  b'  ; l e t  t h e  p o i n t s  ( a , b ) ,  ( a ' , b ' )  be T ,Y ^ . Then 

a s  b e f o r e ,  i f  A(b) = b, , b, i s  c o i n c i d e n t  w i th  e i t h e r  b o r  b ' ;
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a s  A l e a v e s  Y f i x e d  and Y l i e s  on b ,  b, and  b must be 

c o i n c i d e n t .  But t h i s  i m p l i e s  t h a t  b a l s o  m ee ts  a! , a n d  so 

b' m eets  a ,  and hen ce  i f  A.B i s  o f  p e r i o d  2 and a,a^ , b , b '  a r e  

n o t  skew, t h e n  a , a '  meet b o t h  o f  b , b ' .

F i n a l l y  t h e r e  i s  a  th e o re m  r e s t r i c t i n g  t h e  p e r i o d  o f  

a b i a x i a l  homography c o n t a i n e d  i n  a  p r i m i t i v e  g ro u p .

(B agnera  (2)  ) No p r i m i t i v e  group  i n  S3  can  c o n t a i n  a 

b i a x i a l  homography o f  p e r i o d  ^  , i f  V i s  g r e a t e r  t h a n  f i v e .

F o r  suppose  A i s  a  b i a x i a l  homography o f  p e r i o d  V > 5,

w i t h  a x e s  a , a '  , c o n t a i n e d  i n  a  group  ly . I f  (y i s  t o  be 

p r i m i t i v e  t h e r e  must be a t  l e a s t  one o p e r a t i o n ,  S s a y ,  t h a t

does  n o t  l e a v e  t h e  p a i r  o f  l i n e s  a,a^ f i x e d .  I f  S ( a )  =  b

a n d  S ( a '  ) =  b'  ̂ t h e n  B = ' i s  a  b i a x i a l  homography o f

p e r i o d  V and  a x e s  b , b ' ; f o r  i f  B i s  a  p o i n t  o f  b and

S^(A) =  B, A i s  a  p o i n t  o f  a ,  and  we see  t h a t

B ( B ) =  S.A.S"' (B)

:z S. A (A)

=: S(A)

= B

and s i m i l a r l y ,  B l e a v e s  e ac h  p o i n t  o f  b' f i x e d ,  and  B i s  t h u s  

a  b i a x i a l  homography o f  p e r i o d  V on b , b '  a s  a x e s .  I f  

a , a  , b , b  a r e  a l l  skew, t h e r e  a r e  a t  l e a s t  two t r a n s v e r s a l s  

t o  t h e s e  f o u r  l i n e s ,  and t h e  g roup  c u t  on e i t h e r  o f  t h e  

t r a n s v e r s a l s  by A and  B c o n t a i n s  two o p e r a t i o n s  o f  p e r i o d  V> 5  

w i t h  d i s t i n c t  u n i t e d  p o i n t s ;  t h i s  g roup  i s  t h e r e f o r e  n o t
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f i n i t e  and  t h e  sp a ce  g roup  g e n e r a t e d  by A and B c a n n o t  be 

f i n i t e .  S in c e  S does  n o t  l e a v e  a , a '  f i x e d  we may assume t h a t  

a  and  b a r e  n o t  t h e  same l i n e ;  a l s o  a s  a , a ' , b , b '  c a n n o t  a l l  

be skew, l e t  u s  suppose  t h a t  a  m eets  b i n  a  p o i n t  Y, t h e n  a^ 

and V w i l l  meet i n  a p o i n t ,  Y  ̂ s a y .  I f  a  i s  skew t o  b ' ,

A and  B c u t  a  g roup  on t h e  l i n e  o f  i n t e r s e c t i o n  o f  t h e  two 

p l a n e s  ( a , b ) ,  ( a / , b ' )  which c o n t a i n s  two o p e r a t i o n s  o f  p e r i o d  

^ 5 w i th  d i s t i n c t  u n i t e d  p o i n t s ,  and  so a  must meet b  ̂

i n  a  p o i n t  Y, s a y ,  and s i m i l a r l y  a '  m ee ts  b i n  a p o i n t  Yf .

I f  T i s  a n o t h e r  o p e r a t i o n  i n  ^  su ch  t h a t  T ( a )  =. c and 

T ( a ' )  =  e '  , t h e  o p e r a t i o n  C =  T.A,T~* w i l l  be a  b i a x i a l  

homography w i th  a x e s  c , c '  and  p e r i o d  , and  by t h e  same 

a rgu m en t  a s  t h a t  u se d  a b o v e ,  c , c '  w i l l  meet b o t h  o f  a , a ' .

But

T.A.T""' = T .S ^ '  .S .A .3 ^ '  . S .T ^ '

and  so c , c '  a l s o  meet b , b ' j  t h a t  i s ,  a , a '  , b , b ' , c , c '  a r e  t h e  

s i x  edges  o f  a  t e t r a h e d r o n ,  and b , b '  , c , c '  a r e  t h e  o n l y  p o s s i b l e  

t r a n s f o r m s  o f  a , a '  by means o f  t h e  o p e r a t i o n s  o f  ^  t h u s

l e a v e s  f i x e d  a t e t r a h e d r o n  and can n o t  be p r i m i t i v e ,  i f  i t  

c o n t a i n s  a  b i a x i a l  homography o f  p e r i o d  ^ > 5 .
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§ 1 1 ,  G-roups G e n e ra te d  by  B i a x i a l  Homographies  whose Axes 
a l l  L ie  on a Q u a d r i c .

S in c e  we know t h a t  i f  A i s  a  b i a x i a l  homography w i t h  

a x e s  a , a '  and  x  i s  a  l i n e  skew t o  a , a /  , t h e n  a , a '  , x , A ( x )  a l l  

l i e  on a q u a d r i c ,  i t  i s  n a t u r a l  t o  i n v e s t i g a t e  t h e  p r i m i t i v e  

g ro u p s  which can  be g e n e r a t e d  by  b i a x i a l  h o m o g rap h ie s  whose 

a x e s  a l l  l i e  on t h e  same q u a d r i c .

I f  A i s  a  b i a x i a l  homography whose a x e s  a , a '  l i e  on a  

q u a d r i c  Q t h e n  A l e a v e s  f i x e d  e ach  l i n e  m e e t in g  a  a n d  a! ; 

t h a t  i s  t o  s a y  t h a t  i f  a , a '  b e lo n g  t o  t h e  A s y s te m  o f
lime

g e n e r a t o r s  on Q, A l e a v e s  f i x e d  e a c h ^ o f  t h e  ^  sy s tem ^  o f  

g e n e r a t o r s .  Thus any  g ro up  which i s  g e n e r a t e d  by a  s e t  o f  

b i a x i a l  h o m o g rap h ies  whose a x e s  a r e  a l l  A - g e n e r a t o r s  on Q 

must be i n t r a n s i t i v e .

I f  B i s  a  s eco nd  b i a x i a l  homography whose a x e s  b,b* l i e  

on Q and a r e  skew t o  a , a '  , t h e n  t h e  p r o d u c t  A.B i s  a l s o  a 

b i a x i a l  homography,  f o r  A.B h a s  two f i x e d  p o i n t s  on e v e r y  

^ - g e n e r a t o r .  A,B and  A.B c a n n o t  t h e r e f o r e  be o f  p e r i o d  

g r e a t e r  t h a n  f i v e .  Thus t h e  o n ly  p o s s i b i l i t y  f o r  t h e  g roup  

g e n e r a t e d  on t h e  ^ - g e n e r a t o r s  by t h e  h om o g rap h ie s  whose a x e s  

a r e  A - g e n e r a t o r s  i s  t h a t  i t  i s  one o f  t h e  e l e v e n  g r o u p s

^ l i ’ 2 , 3 , 4  o r  5 .  I n

f a c t  we s e e  t h a t  i f  t h e  g r o u p ,  Q \  , g e n e r a t e d  hy  t h e  

A -h o m o g rap h ie s  ( t h a t  i s ,  t h e  h o m o g rap h ie s  whose a x e s  a r e  

A - g e n e r a t o r s  on Q) i s  c o n t a i n e d  i n  a  g ro up  'ly , v/here 'Cj i s
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g e n e r a t e d  by b i a x i a l  h o m o g rap h ie s  l e a v i n g  Q f i x e d  and  ^  i s  

p r i m i t i v e ,  t h e n  c a n n o t  c u t  a  o r  a  on t h e

^ - g e n e r a t o r s . F o r  suppose  c u t s  a  on e a c h  p - - g e n e r a 

t o r ,  t h e n  t h e r e  w i l l  be tv/o p o i n t s  on e a c h  ^ - g e n e r a t o r  v/hich 

a r e  i n v a r i a n t  f o r  t h e  g ro up  ; h e n c e  l e a v e s  f i x e d  

e ach  o f  tv/o ^ - g e n e r a t o r s ,  and  t h e s e  two l i n e s  a r e  a l s o  l e f t  

f i x e d  b y ' ^ ,  t h e  g ro u p  g e n e r a t e d  by t h e  ^ h o m o g r a p h i e s  • But 

l y  i s  g e n e r a t e d  by t h e  A -  a n d  ^ - g e n o ^ ^ o r s , a n d  so l e a v e s  

t h e s e  tv/o A - g e n e r a t o r s  f i x e d  an d  c a n n o t  be p r i m i t i v e .  

S i m i l a r l y ,  i t  may be p ro v e d  t h a t  ^  i s  i m p r i m i t i v e  i f  

c u t s  a  on e v e r y  ^ - g e n e r a t o r .

I f  £  i s  a  b i a x i a l  homography whose a x e s  c ,c^  b e l o n g  t o  

t h e  ^ - s y s t e m  on Q, c , c /  b o t h  meet a  and  a! . By t a k i n g  t h e  

f o u r  p o i n t s  o f  i n t e r s e c t i o n  o f  a,,a! , c , c '  a s  t h e  v e r t i c e s  o f  

t h e  t e t r a h e d r o n  o f  r e f e r e n c e ,  i t  may be s e e n  t h a t

A.C -  £.A

r e g a r d l e s s  o f  t h e  p e r i o d s  o f  A and  G. Thus i s  s i m p ly  

t h e  d i r e c t  p r o d u c t  o f  ly ^  a n d  a n d  we h a v e  t h e  f o l l o w i n g

p o s s i b i l i t i e s  f o r  ^ :

Ç 5 6 0 0  : where c u t s  a n  on t h e ^ - g e n e r a t o r s  a n d

c u t s  a n  on t h e  X - g e n e r a t o r s .

^ \ o u t s  a n  on t h e  ^ - g e n e r a t o r s  i^h i le  c u t s

8 .U on t h e  X - g e n e r a t o r s .

' ^ 7 ^ *  'Ça c u t s  a n  ̂ 6 0  on t h e  ^ - g e n e r a t o r s  w h i l e  l y ^ c u t s

un on t h e  A - g e n e r a t o r s .
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: Ç ; ^ c u t s  an  on t h e  ^ - g e n e r a t o r s  w h i le  c u t s

a n  on t h e / \ - g e n e r a t o r s .

' Ç a  c u t s  an  on t h e  |0 . -gene  r a t  o r s  w h i l e

c u t s  a n  on t h e  A - g e n e r a t o r s .

c u t s  a n  on t h e  ^ g e n e r a t o r s  v /hile  c u t s

a n  on t h e  A - g e n e r a t o r s .

^ ( ,oQ C onta ins  Ç 7 J. 0  and us su b g rou p s  b u t

n o t  ^ i L f U û i  t h e  two g ro u ps  and  o c c u r  a s

su b g ro u p s  i n  b o t h  and •

Suppose t h e  v e r t i c e s  o f  t h e  t e t r a h e d r o n  o f  r e f e r e n c e  a r e  

t a k e n  a s  t h e  f o u r  p o i n t s  o f  i n t e r s e c t i o n  o f  a,a^ , c , c ' ,  t h e n

A and £  w i l l  assume t h e  form s A: ( 0^ x ,  x iy , z , t )

0 : ( X, y ,  ÎF z , t )  

where and  Ï  a r e  some r o o t s  o f  u n i t y  and  ^  ^  1 .

The p r o d u c t  o f  A w i t h  £  i s  g i v e n  by 

A .£ :  ( 0 6  X ,  oL't^ y ,  Ï  z , t  ) , 

and i t  f o l l o w s  t h a t

1 .  A .£f  c a n n o t  p o s s i b l y  be a homology.

2 . A .£f  i s  a  b i a x i a l  homography i f  and  o n ly  i f  

and  =  1 .

3 .  A.C_^ i s  an  a x i a l  homography e i t h e r  i f  aZ = ÎF and 

1  o r  i f  and 1 .

O th e rw ise  A .£ \  i s  a  g e n e r a l  c o l l i n e a t i o n  w i t h  j u s t  f o u r  

d i s t i n c t  u n i t e d  p o i n t s .  From 2 .  we see  t h a t  i f  A .£  i s  a 

b i a x i a l  homography t h e n  b o t h  A an d  £  a r e  o f  p e r i o d  2 .
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We a r e  n o w  i n  a  p o s i t i o n  t o  w r i t e  dovm. a l l  t h e  o p e r a t i o n s  

Ox t h e  g ro up s  * 'Çyoo » 'Çsyé > und

t a b l e s  w i l l  be fou n d  on t h e  n e x t  p a g e .  S in c e  c u t s  e i t h e r  

an  o r  an  o r  an  on e v e ry -y tc -g e n e ra to r , i t  i s

i s o m o r p h ic  w i th  A s  , o r  / l i f  , and  s i m i l a r l y  so i s  ; 

i t  i s  t h e r e f o r e  c o n v e n i e n t  t o  d e n o te  any o p e r a t i o n  o f  

b y X ( i j . . . . )  where ( i j . . . )  i s  t h e  c y c l e  t o  which t h e  o p e r a t i o n  

c o r r e s p o n d s  u n d e r  t h e  i so m orph ism ,  v/hile  t h e  o p e r a t i o n s  o f  

a r e  d e n o te d  by j u ( i j  . . . .  ) .

I n  t h e  t a b l e s ,  p i s  t h e  p e r i o d  o f  t h e  o p e r a t i o n  and  

u n d e r  t h e  column h e ad e d  a p p e a r s  t h e  number o f  t h a t  t y p e

o f  o p e r a t i o n  o c c u r r i n g  i n  •

F o o t n o t e . These s i x  g ro u p s  were d e te r m in e d  by d i f f e r e n t  
methods by G oursa t  (9)  a s  some o f  t h e  g roups  l e a v i n g  f i x e d  
t h e  q u a d r i c  x t  -  yz  0 ;  t h e  same s e t  o f  g roups  were a g a i n  
i n v e s t i g a t e d  by Bagnera  (1) u s i n g  y e t  a n o t h e r  m ethod.



The O p e r a t i o n s  o f  Ç 5 7 6  » Ç (Xifg and

p* D e s c r i p t i o n  o f  t h e  O p e r a t i o n .
^ 5 7 6

1 . I d e n t i t y 1 1 1

2 . B i a x i a l  homography. A ( i j  ) o r  ) 1 2 6 -

3 . B i a x i a l  homography. X ( i j k )  o r  f ^ ( i j k ) 16 16 16

2 . B i a x i a l  homography. X ( i j ) ( k L )  o r  ) ( k l ) 6 6 6

4 . B i a x i a l  homography. A ( i j k l )  o r  | u ( i j k t ) 1 2 6 -

2 . B i a x i a l  homography. X( i j  ) % ^ i ( l j ) 36 - -

6 . A ( i j )  X f ^ ( i j k ) 96 48 -

2 . B i a x i a l  homography. \ ( i j  ) X ^ ( i j  ) ( k l ) . 36 18 -

4 . A ( i j )  X ^  ( i j k l ) 72 - -

3 . A x i a l  homography. X ( i j k )  X ^ ( I j k ) 64 64 64

6 . A ( i j k )  X ^ ( i j  ) ( k l ) 48 48 48

1 2 . A ( i j k )  X ^ ( i j k l ) 96 48 -

2 . B i a x i a l  homography. A ( i j  ) ( k l )  X ^ ( i j  ) ( k l ) 9 9 9

4 . A ( i j ) ( k l )  x ^ ( i j k l ) 36 18 -

4 . A x i a l  homography. A ( i j k l )  X ^ ( i j k l ) 36 - -
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The O p e r a t i o n s  of 3 I3 OQ and

p« D e s c r i p t i o n  o f  t h e  O p e r a t i o n .

1 . I d e n t i t y 1 1

2 . B i a x i a l  homography. A ( i j ) ( k L )  o r ( u ( i j ) ( k L ) 30 18

3 . B i a x i a l  homography. A ( i jk )  o r  |A.(ijk) 40 28

5. B i a x i a l  homography. A(ijkLra) o r | u ( i j k L m ) 48 24

2 . B i a x i a l  homography. A ( i j  ) ( k l )  X ^ ( i j  ) ( k l ) 225 45

6 • \ ( i j ) ( k l )  % J ^ ( i j k ) 600 180

1 0 . X ( i j ) ( k l )  X ^ ( i j k l m ) 720 72

3 . A x i a l  homography. A ( i j k )  X ^ ( i j k ) 400 160

15 . X ( i j k )  x | u ( i j k l m ) 960 192

5 . A x i a l  homography. A ( i j k l m )  % |u ( i j k l m ) 576 -
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The O p e ra t io n s  of Ç

p* D e s c r i p t i o n  of  th e  O p e ra t io n .

1 . I d e n t i t y . 1

2 . B i a x i a l  homography. X ( i j ) 6

2 . B i a x i a l  homography. \ ( i j  ) ( k l ) 3

3 . B i a x i a l  homography. A ( i jk ) 8

4 . B i a x i a l  homography. A ( i j k l ) 6

2 . B i a x i a l  homography. f ^ ( i j ) ( k l ) 15

3 . B i a x i a l  homography. f ^ i j k ) 20

5 . B i a x i a l  homography. jui(ijklm) 24

2. B i a x i a l  homography. X ( i j )  X f ^ ( i j ) ( k l ) 90

6 . \ ( i j )  X f ^ ( i j k ) 120

10 . A ( i j )  X ^ ( i jk L m ) 144

2. B i a x i a l  homography. \ ( i j  ) ( k l )  X f ^ d j  ) ( k l 45

6. A ( i j ) ( k l )  X ^ ( i j k ) 60

10 . A ( i j ) ( k l )  X ^ ( i j k l m ) 72

6 . A ( i jk )  X | x ( i j ) ( k l ) 120

3 . A x i a l  homography. X ( i jk )  X ^L(i jk ) 160

1 5 . A ( i jk )  V /^ ( i jk l ra ) 192

4 . A ( i j k l )  X ^ ( i j ) ( k l ) 90

1 2 . A ( i jk L )  x ^ ( i j k ) 120

20 . A x i a l  homography. A ( i j k l )  x f ^ ( i j k l m ) 144
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C o l l i n e a t i o n  G-roups I so m orp h ic  w i th  Symmetric  G-roups.

The symmetr ic  group c o n t a i n s  a  s e t  o f  -J-n(n -  1) 

c y c l e s  o f  p e r i o d  2 , such  a s  ( i j )  where i  and j  a r e  any  two 

o f  t h e  numbers  1 , 2 , . . . , n ,  i  f  j  and  ( i j )  -  ( j l ) .  The 

s u b s e t  ( I n ) , ( 2 n ) ( n - l |  n)  i s  s u f f i c i e n t  t o  g e n e r a t e  Sk, 

and  t h e  f o l l o w i n g  r e l a t i o n s  e x i s t :

1 . ( i j ) ( i k )  = ( i j k )

2 . ( i j ) ( i k ) ( i j ) =  ( j k )

3 .  ( i j ) ( k l )  = ( k l ) ( l j )

where  i , j , k , L  a r e  any f o u r  d i f f e r e n t  numbers t a k e n  f rom  

1 , 2 , . # . . , n .

Suppose now t h a t  t h e r e  i s  an  isomorphism H b e tw ee n  a 

c o l l i n e a t i o n  g roup  i n  and t h e  symmetr ic  g roup  » i n  

w h ich  a  s e t  o f  (n -  1 ) b i a x i a l  hom ograph ies  A i  *Az> • • • • 

o f  p e r i o d  2  c o r r e s p o n d  t o  ( I n ) , ( 2 n ) , .  • . . ,  ( (n - l j  n)  ; t h e n  

t h e  w i l l  g e n e r a t e  ly and w i l l  be such  t h a t  Â .̂Aj i s  o f  

p e r i o d  3 f o r  i  ^  j  and  i , j . =  1 , 2 , . . . , n  -  1 ,  and A^.^.^.Aj i s  

o f  p e r i o d  2  f o r  i , j , k  a l l  d i f f e r e n t  and  i , j , k  = 1 , 2 , . . . , n  -  1 .

T here  a r e  j u s t  t h r e e  p o s s i b i l i t i e s  f o r  t h e  r e l a t i o n s  

b e tw e e n  t h e  a x es  aj. , a l  o f  A^ and a.j , a j  o f  A j ,

1 . a^ and  meet b o th  o f  aj ,aj .

2 . a^ m ee ts  aj and i s  skew t o  sfj , w h i le  a[ meets  

aj and  i s  skew t o  aj .

3 . a i , a (  ,a j  a r e  a l l  skew.
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Case 1 .  may be im m e d ia te ly  d i s c a r d e d ,  f o r  i f  a ^ , a [  meet 

b o t h  o f  aj ,a j  t h e n  i s  o f  p e r i o d  2 , n o t  p e r i o d  3 .

I n  b o t h  2 .  and  3 .  A^.Aj.A^ i s  a n o t h e r  i n v o l u t a r y  b i a x i a l

hom ography ,  f o r  suppose

A^( S j )  = X an d  A ^ ( a '  ) = x ' ,  

t h e n  i f  Xj i s  a  p o i n t  o f  a- and A;_ (Xj ) = X, X i s  a  p o i n t

o f  x ;  t h e n  we have t h a t

= A , (X j )

= x

an d  s i m i l a r l y ,  AvA^. Â  l e a v e s  each  p o i n t  o f  x'  f i x e d .  Thus 

^ . ^ . A l. i s  a n  i n v o l u t a r y  b i a x i a l  homography w i th  a x e s  x,xC 

A^.^.A^ w i l l  be d e n o te d  by Aij and i t s  a x es  by a^ , a y ,

I f  a^ ,a'i_ , a j  and  aj a r e  a l l  skew and 

A - ( a j  ) = b ,  A^ (a- ) = b'  

t h e n  aj, ,a'^ , a j , b  a r e  g e n e r a t o r s  o f  t h e  same sy s te m  on one 

ç [u a d r ic ,  v /hile  a^,,a[  ,a [  and b̂  a r e  g e n e r a t o r s  o f  t h e  same
jioirtt

s y s t e m  on a n o t h e r  o u a d r i c .  Suppose B i s  a/  o f  b such  t h a t  

Aj(B)  = C, 

t h e n  s i n c e  (A-.^ = e

C = Aj(B) ^ A-,A-A.Aj.A,(B)

= A;.A;.A-A; (A) (wliere A i s  a  p o i n t  o f  a-. )

” &L'^' Ai 

= A,A-.(B)

= A,(C)
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a n d  G i s  a  p o i n t  o f  e i t h e r  a^ o r  a^ ; t h a t  i s  t o  s a y  t h a t  

e i t h e r  a  ̂ ,aj ,a^ ,*b o r  aj ,a j  , a [  ,h  a r e  a l l  g e n e r a t o r s  o f  one 

s y s t e m  on a  p n a d r i c ; e i t h e r  s u p p o s i t i o n  l e a d s  t o  t h e  

c o n c l u s i o n  t h a t  a i ^ , a [ , a j , a j  ,h,h^ a l l  l i e  on a  q u a d r i c .

Hence i f  t h e  axes  o f  two b i a x i a l  hom ograph ies  o f  p e r i o d  2 

a r e  skew, and  t h e i r  p r o d u c t  i s  o f  p e r i o d  3 ,  t h e  a x e s  a l l  l i e  

on  a  q u a d r i c .

l e t  u s  c o n s i d e r  2 .  and  3 .  s e p a r a t e l y .

1 .  L e t  a,  meet a^ and be skew t o  a^ , w h i le  aJ m ee ts  

a^ a n d  i s  skew t o  a ^ . I f  t h e  b i a x i a l  h om ograph ies  

As • • • • *Ah^i such  t h a t  one a x i s  o f  each  m ee ts  b o t h

a, an d  a .̂ t h e n  t h e  group  can no t  be p r i m i t i v e .  V/e may 

t h e r e f o r e  assume t h a t  t h e  ( i  = 3 , 4 , . . . , n  -  1) have  b e en  

c h o s e n  so t h a t  i f  â  ̂ meets  a, i t  a l s o  m ee ts  b u t  i s  skew 

t o  a( a n d  a;%_ ; i t  f o l l o w s  t h a t  i f  a^ m ee ts  aj and  t h e n  

m ee ts  a ^  and i s  skew t o  a^ , f o r  i , j , k  a l l  d i f f e r e n t  

a n d  i , j , k  = l , 2 , . . . . , n  -  1 .  I n  a d d i t i o n ,  s i n c e  Aj .̂A, ,̂ 

i s  o f  p e r i o d  2 f o r  i  = 3 , 4 , . . . , n  -  1 ,  e i t h e r  ,a^ , a , 2 , a ^  

a r e  a l l  g e n e r a t o r s  o f  one sys tem  on a q u a d r i c  o r  e l s e  a ^ ,a ^  

meet b o t h  o f  a,^ ,a,^ ; h o w e v e r ,a s  a ,^  , a , , a %  a r e  copls.nar^ i f

a  L m ee ts  a,  and  a ,^  i t  a l s o  meets  a^^, t h u s  t h e  l a t t e r  

a l t e r n a t i v e  can n o t  h o l d  and a^ , a [  ,a,^ ,a [ ^  a r e  a l l  skew 

and  l i e  on a  q u a d r i c .

The g roup  g e n e r a t e d  by A, ,A z  s.nd A3  i s  i so m o rp h ic  w i t h  

b u t  i s  n o t  p r i m i t i v e .  F o r  suppose  t h e  p o i n t s
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a, X, T,

CLl. X,

of,

'3

X3 T

Z, «ZziZs,  ,T^ ,T 3  a r e  t h e  p o i n t s  

o f  i n t e r s e c t i o n  o f  a , , a l  , a '  

w i t h  a,'' ,a^ and a^ , ( s e e  d iag ra m )  

t h e n ,  a s  Z, l i e s  on a^ and a^ , i f  

A,fZ,)=X^» Xv- must l i e  on t h e  

t r a n s f o r m s  o f  a^ and a^ u n d e r  A, , 

t h a t  i s  to  say  t h a t  a , i  and  a! , 3 

meet i n  a p o i n t ,  X^ . 

and a , 3 meet i n  a  p o i n t ,  s a y .  NowS i m i l a r l y  a^^

Au*—i3*Aia — A*'Â 'Ai-Ai-AjAi Ai'AjiA « 
— A* Ai* A  Ai*A I

— A* A3 A a

= A%3
so t h a t  a ^ 3  .ai^ p a s s  th ro u g h  and r e s p e c t i v e l y ,  and the

cire
two t e t r a h e d r a  Z, Z^Z^ Z,. and T, T^T^Tv. s?îd each  l e f t  f i x e d  hy 

A, ,Aa. and A 3  and th e  group i som orph ic  w i t h  c a n n o t  he 

p r i m i t i v e .

I f  i s  to  he p r i m i t i v e  t h e r e  must  he a t  l e a s t  one 

h i a x i a l  homography w hich  does n o t  l e a v e  e i t h e r  Z,Z^ZaZ^u o r  

T, Tj. T3 f i x e d ,  and i t  may be assumed t h a t  none o f  t h e  

A ^ ( i = 4 , 6 \ . . . . , n  -  1) l e a v e  t h e s e  two t e t r a h e d r a  f i x e d .

Now a i , a [  ( i  = 4 , 5 , . . . , n  -  1) a r e  skew to  a,^ ,a '^  and 

t h e s e  f o u r  l i n e s  a l l  l i e  on a  q u a d r i c ,  s i m i l a r l y  8 c , , 8 , 3  ,

a l l  l i e  on a q u a d r i c  and t h e r e  a re  t h u s  two l i n e s  m e e t i n g  

e a c h  o f  a c , a [  , a . ,  ,a% . 8 , 3  ,a% ; h u t  th e  o n ly  l i n e s  m e e t i n g
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a,a , a , 3  .a 'g  a r e  and y ,  where  y  i s  t h e  l i n e  o f

i n t e r s e c t i o n  o f  th e  two p l a n e s  (a,^ ,a,^ ) and fa,L , a .U  ) ,  

t h e r e f o r e  a ; , a i  meet  and y ( f o r  a l l  i  =  4 , 5 , . . . , n  -  1 ) .

I f  a * , a ^  meet  X^T^ and y i n  ( s e e  d iag ram )  t h e n  as

a ^  m ee ts  X^T^ , y and a^

CLi#

and i s  skew to  a^,a^^ 

must  p a s s  t h r o u g h  e i t h e r  

o r  Bj and s i m i l a r l y  

a i  p a s s e s  t h r o u g h  e i t h e r  

B, o r  B ^ . I f  Ug- m ee ts  

aV i n  Bi t h e n  m ee ts  

a^ i n  B, , o t h e r w i s e  and Ag- would g e n e r a t e  a  group  on  X^IV 

c o n t a i n i n g  tv/o o p e r a t i o n s  w i t h  j u s t  one common u n i t e d  p o i n t  

w h ic h  would  t h e r e f o r e  no t  he f i n i t e ;  hence  e i t h e r  a -̂ and a'^ 

p a s s  t h r o u g h  B̂  ̂ and B, r e s p e c t i v e l y ,  o r  e l s e  t h e y  p a s s  th r o u g h  

Bj and B/  ̂ r e s p e c t i v e l y . I t  c an  now he s e e n  t h a t  i t  i s  

i m p o s s i b l e  to  choose  a  l i n e  a^ m e e t in g  X^T^:, y , a i  and a^ 

and skew to  a^ and a<-.

Thus n  c a n n o t  he g r e a t e r  t h a n  s i x ,  and t h e r e  a r e  a t  most  

f i v e  h i a x i a l  hom ograph ies  o f  p e r i o d  2 ,  g e n e r a t i n g  a  group 

w h ic h  i s  i so m o rp h ic  w i t h  '§6 •

Now suppose  a^ and a^  meet â  ̂ and a ^  i n  B, and Bz. 

r e s p e c t i v e l y ;  t h e n  A,^,A,g^A^^^ g e n e r a t e  a group on y c o n t a i n 

i n g  two o p e r a t i o n s  o f  p e r i o d  6 ,  A, ,̂ Â j. A^, Aiz»Au- As"* which  

h a v e  d i s t i n c t  u n i t e d  p o i n t s .  But  t h e r e  i s  no f i n i t e  group
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i n  S, o f  t h i s  type  and a ^ , a ^  must  t h e r e f o r e  meet  i n  Bî  .

S in c e  does n o t  l e a v e  e i t h e r  o f  t h e  t e t r a h e d r a  X , X ^ X j I ^  

T . I i T s T t f i x e d ,  th e  g roups  g e n e r a t e d  hy A, , A^,, A ; , A^ and 

Ai * A x » A j » A s -  8,re h o t h  p r i m i t i v e .

We may now enum era te  t h e  o p e r a t i o n s  o f  t h e  p r i m i t i v e  

g roup  ' ^ 7 0 ^ ,  i so m o rp h ic  w i t h  # We h ave  a l r e a d y  

I .  The i d e n t i c a l  c o l l i n e a t i o n .

I I *  15 h i a x i a l  hom ograph ies  o f  p e r i o d  2 ,  c o r r e s p o n d i n g  

to  th e  c y c l e s  c o n ju g a te  w i t h  ( 1 2 ) ,

A p r o d u c t  such  as  A , . ^  i s  o f  p e r i o d  3 and c o r r e s p o n d s  

to  (126)  u n d e r  H; i t  i s  an  a x i a l  homography and we have

I I I .  40 a x i a l  hom ographies  o f  p e r i o d  3 .

The a x e s  o f  A, and l i e  on a  q u a d r i c  and a r e  a l l  

skew; A,.A^^ i s  o f  p e r i o d  2 and c o r r e s p o n d s  to  (16) ( 2 3 ) .

Thus

IV .  45 h i a x i a l  homographies  o f  p e r i o d  2 .

The o p e r a t i o n  Ai-Az-As c o r r e s p o n d s  to (1236) and i s  o f  

p e r i o d  4 .  We have

V. 90 o p e r a t i o n s  o f  p e r i o d  4 c o r r e s p o n d i n g  to  t h e  c y c l e s  

c o n j u g a t e  w i t h  (12 3 4 ) .

A n o th e r  o p e r a t i o n  which  i s  th e  p r o d u c t  o f  t h r e e  h i a x i a l  

h o m o g ra p h ie s  o f  ty p e  I I  i s  A n  "Aa " A f  Under H t h i s  

c o r r e s p o n d s  to  (12) (346) and i s  o f  p e r i o d  6 .  v/e have  

VI 120 o p e r a t i o n s  o f  p e r i o d  6 c o r r e s p o n d i n g  to  th e  

C y c le s  c o n j u g a t e  w i t h  ( 1 2 ) ( 3 4 5 ) .
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Now t h e  p r o d u c t  A , . i s  a  h i a x i a l  homography o f  p e r i o d  E 

and t y p e  I V , so t h a t  A,. Â ,. i s  a l s o  a  h i a x i a l  homography

f o r  i t  i s  o f  p e r i o d  E. Hence

V I I .  15 h i a x i a l  hom ograph ies  o f  p e r i o d  E c o r r e s p o n d i n g  to 

t h e  c y c l e s  c o n j u g a t e  w i t h  f l E ) ( 3 4 ) ( 5 6 ) .

An o p e r a t i o n  such  a s  A„_^,A^.A^ i s  o f  p e r i o d  5 ,  f o r  

A, A;i,A A4 , c o r r e s p o n d s  to  (1E346) u n d e r  H, and we have

V I I I .  144 o p e r a t i o n s  o f  p e r i o d  5 .

A f u r t h e r  s e t  o f  o p e r a t i o n s  o f  p e r i o d  4 a r e  t h o s e  s i m i l a r  

to  A . A3.A . t  which  c o r r e s p o n d s  to ( IE)  (3456) u n d e r  H.

We have

IX .  90 o p e r a t i o n s  o f  p e r i o d  4 c o r r e s p o n d i n g  to  t h e  

c y c l e s  c o n j u g a t e  w i t h  ( I E ) ( 3 4 5 6 ) .

The o p e r a t i o n  A,3 .̂A,5 . A^s-  c o r r e s p o n d s  to  f l E 3 ) ( 4 5 6 )  and 

i s  o f  p e r i o d  3;  we have

X. 40 o p e r a t i o n s  o f  p e r i o d  3,  whose images u n d e r  H a r e  

t h e  s e t  o f  c y c l e s  c o n ju g a t e  w i t h  ( 1 E 3 ) ( 4 5 6 ) .

The l a s t  ty p e  o f  o p e r a t i o n  i n  "^yzois th e  s e t  s i m i l a r

to  A,AaA%A*Af; we have .

X I .  lEO o p e r a t i o n s  o f  p e r i o d  6 , c o r r e s p o n d i n g  to  t h e  

c y c l e s  c o n j u g a t e  w i t h  (1 2 34 5 6) .

The o p e r a t i o n s  i n  c l a s s  X a r e  h i a x i a l  h o m o g ra p h ie s ;  

f o r  c o n s i d e r  A^A^A,^.A,g , t h i s  may he r e g a r d e d  a s  t h e  p r o d u c t  

o f  two a x i a l  hom ograph ies  o f  p e r i o d  3 ,  A^Aj- and A, .̂ A,  ̂ where
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t h e  a x i s  and f i x e d  p o i n t s  o f  a r e  X*T* and b ' , b'̂  , [
hw* |sûin.(-i a-Ç XyT*.,

w h i l e  t h o s e  o f  Aĵ . are y and YIe may choose  the

te tr a h e d r o n  as the te tr a h e d r a  o f  r e f e r e n c e ,  and

th e n  Au..^ and A, ,̂ A,3 take the form 

A^A^: ( X, ©-y ,  ©^z,  t )

A,a. A,3 : (© X ,  y ,  z ,  ô ’- t  )

Â .&.A, .̂ A ,3 i s  t h e n  t h e  o p e r a t i o n  ( © x ,  © y ,  ©^z,  esH) and i s  

a  h i a x i a l  homography o f  p e r i o d  2 .

The group  g e n e r a t e d  hy A, ,A^,Aj ,A^ i s  a  p r i m i t i v e

sub g ro u p  o f  which  i s  i so m o rp h ic  w i t h  . I t  c o n t a i n s

a  su b g ro up  , i s o m o rp h ic  w i t h  <^5- , wh ich  i s  a l s o  p r i m i t i v e  

and w h ich  i s  g e n e r a t e d  hy  th e  15 h i a x i a l  hom o grap h ies  o f  

p e r i o d  E i n  'Çfio^^hich c o r r e s p o n d  to t h e  s e t  o f  c y c l e s  

c o n j u g a t e  w i t h  ( IE )  (24) in 'S^- ;  i t  i s  e a sy  to  show t h a t  ^ 6 0  

i s  p r i m i t i v e ,  f o r  i t  c o n t a i n s  t h e  o p e r a t i o n s  A,.Aj., A,.Ag 

and  A , . A ^ ,  o f  which  th e  f i r s t  two c o l l i n e a t i o n s  b e lo n g  to  th e  

g roup  g e n e r a t e d  hy A, ,Ai  and A3 and l e a v i n g  f i x e d  j u s t  t h e  

two t e t r a h e d r a  X,X^X^X^  and T, T^TsT^; h u t  Â . was c h o s e n  so 

t h a t  i t  does  n o t  l e a v e  e i t h e r  o f  t h e s e  t e t r a h e d r a  f i x e d ,  

and so A, ,A^ does n o t  l e a v e  them f i x e d  and th e  group 'Çéo 

i s  t h e r e f o r e  p r i m i t i v e .

The group g e n e r a t e d  hy th e  s e t  o f  a l l  t h e  h i a x i a l  

h o m o g ra p h ie s  o f  p e r i o d  E and ty p e  IV i n  f 2  s i m i l a r l y

p r i m i t i v e ;  i t  w i l l  he known a s  ' ^ 3 6 0  and i s  i s o m o rp h ic  w i t h  &  .
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Nov/ i t  i s  kiiov/ii t h a t  t h e  c y c l e s  c o n ju g a t e  w i th  

(12)  (34)  (56)  g e n e r a t e  '§b and so t h e  s e t  o f  " b ia x ia l  

h o m o g ra p h ie s  i n  ty p e  V II  g e n e r a t e  ; i n  f a c t  t h e  f i v e

o p e r a t i o n s  Bi., i  = 1 , . . . , 5 ,  v/here

— I ~ A i ' A v - f
S  2- “ A%Ai<̂  ' A sfi"
— 3 — AaA if" A
^  4- = Aw-A'3' Azâ"

Bg- = As'A(a-'Al^

a r e  s u f f i c i e n t  t o  g e n e r a t e  • The p r o d u c t  o f  any  tv/o

o f  t h e s e ,  say  , i s  an  o p e r a t i o n  o f  t y p e  X and p e r i o d  3 ,  

f o r

— ArAz3' A'tf'AzAi4.' Asf
—  A*'Ai'As A^s’-A»'̂ ’A iS’

~ Aix-A is-A'w-Aw-Ass’-A«
— Awj A#:Ai).' Asf-A'â"- AI

— AuA^’Aix- Asv Af Ais"

— A ^-'A^'A is.'A 'f >

so t h a t  t h e  #4ve o p e r a t i o n #  B^, i  = 1 , . . . , 5  i s  a  b i a x i a l  

homography o f  p e r i o d  3 .  But v/e a l r e a d y  knov/ t h a t  i f  t h e  

p r o d u c t  o f  tv/o b i a x i a l  h om o grap h ies ,  A and B , o f  p e r i o d  2 

i s  o f  p e r i o d  3 ,  t h e n  A.B i s  an  a x i a l  homography i f  e ac h  o f  

t h e  a x e s  o f  A meets  one o f  t h e  a x e s  o f  B , and  t h a t  A.B i s  

a b i a x i a l  homography o n ly  i f  t h e  a x es  o f  A and  B a r e  a l l  

skew an d  l y i n g  on a q u a d r i c . Hence t h e  b i a x i a l  h o m o grap h ies
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S l» i  = 5 a r e  such  t h a t  t h e  a x es  o f  any  ^v/o a r e  skew

a n d  l i e  on a  q u a d r i c .  I n  a d d i t i o n

A 3 , = As'Ai5-Aa.if Ai'Aa,v A<aô-AxA(4-Asjr. Aj-Aij-

— AaAlS'-A2.4-A#»A3’Ai3-'Ai5- Ai-Ao3‘A«'5'

= Ai^'A*«'AiS'-A-A'j^s'

—A#-)' A î-3' Ais"'A/> Â •A4-5■■

= Afti* Ass'-Ai-Â -s'- 

-  Ai'AsjT.

v/hich i s  a  b i a x i a l  homography o f  p e r i o d  2 , b e l o n g i n g  t o  

t y p e  IV; so e i t h e r  t h e  a x es  o f  Bj and  B,.B^.B, a r e  skew a n d  

l i e  on a  q u a d r i c  o r  e l s e  t h e y  have  f o u r  p o i n t s  o f  i n t e r s e c t i o n .  

The l a t t e r  a l t e r n a t i v e  can n o t  h o l d ,  f o r  by symmetry t h i s  

g i v e s  t h a t  t h e  a x e s  o f  meet t h e  a x e s  o f  b o t h  B 3

an d  B,,Bj^.B,, and so ^.Bj.B^.Bj — B̂ .B̂ .,B̂  = ArAi^'Aj^" » which  we 

know i s  n o t  t r u e .

Hence ^ 7 3 . 0  i s  a l s o  g e n e r a t e d  by a  s e t  o f  f i v e  b i a x i a l  

h o m o g rap h ie s  o f  p e r i o d  2 , v/hich a r e  such  t h a t  t h e  a x e s  o f  

a n y  tv/o a r e  skew and l i e  on a q u a d r i c  ,• w h i le  t h e  a x e s  o f  t h e  

two hom og raph ies  B^, ^.B^^Bj ( f o r  l , j , k  a l l  d i f f e r e n t ,  and  

i , j , k  = 1 , . . . , 5 )  a r e  a l s o  skew and l i e  on a  q u a d r i c .  C l e a r l y  

i t  i s  i m p o s s i b l e  t o  choose  s i x  such  o p e r a t i o n s ,  B^, g e n e r a t i n g  

a g roup  ^  i so m o rp h ic  w i th  , f o r  such  a g roup  would c o n t a i n  

more t h a n  f i v e  b i a x i a l  hom ograph ies  o f  t h e  s e t  A'>A^» • • • • »Ak-i > 

v/hich we have  s e e n  cann o t  o c c u r .
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The g roup  to c o n t a i n i n g  t h e  e l e m e n t s  o f  

w h ich  c o r r e s p o n d  t o  , where i s  g e n e r a t e d  hy  t h e

c y c l e s  (16523) and (125) ( 3 6 4 )̂  i s  a l s o  p r i m i t i v e ;  f o r  

c o n t a i n s  t h e  o p e r a t i o n s  , B,.Bg , B,.B^, c o r r e s p o n d i n g  t o  

t h e  c y c l e s  ( 1 2 5 ) ( 3 6 4 ) ,  ( 1 3 4 ) (2 6 5 )  and  ( 1 4 2 ) (3 5 6 )  r e s p e c t 

i v e l y ;  now B, ,B:)_ ,Bj a r e  such  t h a t  t h e  a x es  h, 

a r e  a l l  skew and l i e  on a  q u a d r i c  w h i le  h, ,hj  , h j  a l s o  

l i e  on a  q u a d r i c ,  and so t h e  group  g e n e r a t e d  hy B, ,B^ and  

B 3 l e a v e ^ f i x e d  two l i n e s ,  x  and x '  s a y ,  which meet e a c h  o f  

t h e  s i x  a x e s ,  and  c u t s  a n  on each  o f  t h e s e  l i n e s ;  h u t  

B«. c a n n o t  l e a v e  e i t h e r  o f  t h e s e  l i n e s  f i x e d ,  f o r  i f  i t  d i d ,  

t h e n  B , ,B ^ ,B g  an d  B^ would g e n e r a t e  a group on e i t h e r  x  

o r  X w hich ,  i f  i t  were f i n i t e ,  would he i s o m o r p h ic  w i t h  , 

a s  su c h  a  l i n e  g roup  does  n o t  e x is t^  B^ does n o t  l e a v e  e i t h e r  

X o r  x^ f i x e d  and  t h e  sp a ce  g roup  , c o n t a i n i n g  B,.B^ must

he p r i m i t i v e .

S i m i l a r l y  t h e  sp a ce  g roup  g e n e r a t e d  hy B , ,B ^ ,B ^

an d  B^ i s  p r i m i t i v e  and i s  i so m o rp h ic  w i th  .

A t a b l e  o f  o p e r a t i o n s  f o r  and  i t s  p r i m i t i v e

s u b g r o u p s  w i l l  he fo u n d  a t  t h e  end o f  t h i s  p a r a g r a p h .

3 .  We have  a l r e a d y  i n v e s t i g a t e d  th e  c a se  i n  which a  s e t  o f  

h i a x i a l  ho m ograph ies  A, , A ^ , . . .  ,A„.., , whose a x es  a r e  a l l  skew, 

a r e  su c h  t h a t  t h e  a x e s  o f  A- and  Ajji. a r e  a l s o  skew, and  we 

h a v e  s e e n  t h a t  t h e  A i  g e n e r a t e  a  p r i m i t i v e  g roup  i s o m o r p h ic  

w i t h  o n ly  i f  n  = 5 , 6 .  I t  r em a in s  t o  i n v e s t i g a t e  t h e



58.

c a s e  i n  v/hich t h e  a x es  o f  meet t h o s e  o f  .

IÎ0 V7 suppose  a, , a [  meet a^g , a ^  ; a^ ,a^ meet a , 3  , a ^ ^

an d  Uj , a 3  meet a,^ , a  . Then a s  a, ,a^ ; a ^ , a i  ,a ,^  ,a^^

a r e  a l l  skew and l i e  on a  q^uadric and  a , , a f  ,a^ ,a j  ,a,^ , a , 3  

a r e  a l s o  skew and l i e  on a  q .uadric ,  we have  two l i n e s , z , x '  

s a y ,  which  meet a l l  o f  a, , a |  , a j_ ,a i  , 8 ^ , a ,  , a ,^  ,a /^  ,a,^ , a  .

(We a r e  a ssu m ing  t h a t  n o t  a l l  t h e  a x e s  â  ̂, a [  , i  = l , . . . , n  -  1

l i e  on t h e  same q^uadr ie . )  S in ce  a la. f ^ i 3 13 l i e  on

a  q .uadric  w i t h  a^g , a ^ 3  , x  and  x'" w i l l  a l s o  meet a^g , 8 ^ 3  .

Then t h e  o n ly  p o s s i b l e  c o n f i g u r a t i o n  f o r  t h e  s i x  p a i r s  o f  

a x e s  and x , x '  i s  t h a t  x , x '  a r e  t h e  r e m a in i n g  two s i d e s  o f  

t h e  t h r e e  t e t r a h e d r a  form ed by a, ,a^ , 8 ^ 3  , 8 ^ 3  } a ^ , a ^  , 8 , 3  , 8 , 3

an d  a .  > 8 5  * ^l a Thus X and x  a r e  t h e  a x e s  f o r  o p e r a 

t i o n s  Aj.A^  ̂ »é^xéti3 > 

t h e s e

b i a x i a l  h o m o g rap h ie s  

a r e  o f  p e r i o d  2 , an d  

so

A'Ais — = Aa-A

T h is  g i v e s  t h a t

AiAi'As'AaAs'AjA»A 3  

027 Aa.A/‘A'AiA/'A3 

But t h i s  i s  n o t  s o ,  f o r  i s  an  o p e r a t i o n  c o r r e s p o n d i n g

t o  a  c y c l e  c o n ju g a te  v d th  (1224) and i s  o f  p e r i o d  4 .  Hence

t h e  a s s u m p t io n  t h a t  ,a^  meet aj/̂ , , a j^  i s  n o t  v a l i d .

a. cu.
la
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Thus t h e r e  a r e  j u s t  t h r e e  p r i m i t i v e  c o l l i n e a t i o n  g r o u p s  

w h ich  a r e  g e n e r a t e d  by b i a x i a l  h o m o g raph ies  o f  p e r i o d  2  and  

a r e  i s o m o r p h ic  w i t h  a  sym m etr ic  g roup

The O p e r a t i o n s  o f  ^ 7 0 0  and i t s  P r i m i t i v e  S u b g ro u p s .

Type p* Image u n d e r  H < 7 0̂ * ^ 3 6

I 1 (1) 1 1 1 1 1 1

I I 2 ( i j  ) 15 - 10 - - -

I I I 3 ( i j k ) 40 40 20 - 20 -

IV 2 ( i j  ) ( k l ) 45 45 15 15 15 15

V 4 ( i j k l ) 90 - 30 30 - -

. VI 6 ( i j ) ( k l m ) 120 - 20 - - -

■ V I I 2 ( i j  & l )  (mn) 15 - - 10 - -

V I I I 5 ( i j k l m ) 144 144 24 24 24 24

IX 4 ( i j ) (kLmn) 90 90 - - - -

X 3 ( i j k )  (Lmn) 40 40 - 20 - 20

XI 6 ( i j k l m n ) 120 - - 20 - -
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§IV. A P r i m i t i v e  OrouT) L eav ing  F i x e d  t h e  K l e i n  6 0 ,&
C o n f i / j u r a t i o n .

The iClein 60,g- c o n f i g u r a t i o n  c o n t a i n s  a s e t  o f  f i f t e e n  

p a i r s  o f  l i n e s ,  known a s  d i r e c t r i c e s .  (A f u l l  a c c o u n t  o f  

t h i s  c o n f i g u r a t i o n  may he fo u nd  i n  Hudson (11)  c h a p ,  I V ) .

These  t h i r t y  l i n e s  may he  d e n o te d  hy th e  symbols  [ i w h e r e

i  and  J a r e  any  two o f  t h e  num bers  1 , . . . . , 6  and [ i j ]  ^  [ j i ]  ; 

( i £ |  and [ j i ]  fo rm  one o f  t h e  f i f t e e n  p a i r s  and  t h e

f o l l o w i n g  r e l a t i o n s  e x i s t  b e tw e e n  th e  l i n e s .

1 . | i j ]  i s  skew t o  any l i n e  whose symbol c o n t a i n s  

e i t h e r  i  o r  j ,  i n c l u d i n g  | j i j  , and m ee ts  e a c h  o f  t h e  

r e m a i n i n g  tw e lv e  l i n e s .

TijJ . [ 3 i ]  , Q k ) , , [ ik]  , jk i ]  a r e  a l l  g e n e r a t o r s

o f  one s y s te m  on a q u a d r i c ,  and ClmJ, [ml], fmn] , [nn ij  , [in]^ [ n ( ]  

a r e  g e n e r a t o r s  o f  th e  o p p o s i t e  sy s te m  on t h e  same q u a d r i c .

3 ,  I f  t h r e e  p a i r s  o f  l i n e s  a r e  g e n e r a t o r s  o f  t h e  same 

sy s te m  on a q u a d r i c  t h e n  t h e y  fo rm  a s e t  su c h  t h a t  any p a i r  

h a r m o n i c a l l y  s e p a r a t e s  e ac h  o f  t h e  o t h e r  p a i r s .

4 ,  The f o u r  p o i n t s  o f  i n t e r s e c t i o n  o f  [ i j ] ,  [ j i ]  w i t h  

[k l l  Ilk] fo rm  a  t e t r a h e d r o n  o f  which  th e  r e m a in i n g  two 

e d g e s  a r e  [ m i j  andfnm) .

The s i x t y  p o i n t s  d e t e r m i n e d  by t h e  i n t e r s e c t i o n s  of  

t h e  d i r e c t r i c e s  w i l l  be known a s  v e r t i c e s ;  t h e y  form f i f t e e n  

t e t r a h e d r a  whose ed g es  a r e  t h e  d i r e c t r i c e s .  Twenty
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desmio s e t s  may be c h o s e n  from t h e  t e t r a h e d r a ;  two o f  t h e s e  

s e t s  w i l l  be  s a i d  to  be  a s s o c i a t e d  i f  t h e  t w e n t y - f o u r  e d g es  

o f  one s e t  a r e  a l s o  t h e  edges  o f  t h e  seco n d  s e t ;  f o r  e x am p le ,  

i f  t h e  t e t r a h e d r o n  w i t h  ed g es  [ i l ] ,  [ L i ] ,  [ j m ] , [mj] , [kn] , [nk]  

i s  d e n o t e d  by  j^it, jm, knj  , t h e n  t h e  t h r e e  t e t r a h e d r a  

[ i l ,  jm, k n j ,  [ i n ,  j [ , kmj , [im, j n ,  kl] form a  desm ic  s e t ,  

and  t h e  a s s o c i a t e d  s e t  i s  [ i l , km, j n ] ,  [ i n ,  k l ,  jm] , [im, k n ,  j l j  

A s u i t a b l e  c o o r d i n a t e  sy s te m  i s  s e t  o u t  on  page  5"^a. 

l e t  u s  now c o n s i d e r  t h e  g ro u p s  g e n e r a t e d  by  b i a x i a l  

h o m o g ra p h ie s  o f  p e r i o d  , h a v i n g  a p a i r  o f  d i r e c t r i c e s  a s  

a x e s .

1 ,  2 . The b i a x i a l  homography h a v i n g  th e  p a i r  o f

d i r e c t r i c e s  [ i  j ]  , [ j i ]  a s  a x e s  c a n  be d e n o te d  by

i j  ^ j i  , 

where  i j ^  = e .

Then, s i n c e  [ i j ]  , [ j i ]  h a r m o n i c a l l y  s e p a r a t e  [ jk ]  and [k j ]  ,

[ik] and [ki]  , we see  t h a t

i j . j k  = k i  

and i j . k l  = mn.

Hence t h e  g r o u p ,  ly , g e n e r a t e d  by t h e s e  h o m o g rap h ie s  i s  

s i m p ly  t h e  g roup  o f  o r d e r  16 c o n s i s t i n g  o f  t h e  i d e n t i t y  and 

t h e  g i v e n  s e t  o f  i n v o l u t a r y  b i a x i a l  h o m o g ra p h ie s ;  a s  e ac h  

p a i r  o f  d i r e c t r i c e s  i s  l e f t  f i x e d  by e v e r y  o p e r a t i o n  o f  t h e  

g r o u p , ^  c a n n o t  be p r i m i t i v e .
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^ - 5 , 5 . l e t  A be t h e  b i a x i a l  homography ( x , y , ^ z ,

^ ^ = 1 , w i t h  t h e  p a i r  o f  l i n e s  x - 0 = y ,  z = 0  = t a s  

a x e s .  Then t h e  t r a n s f o r m s  o f  t h e  p o i n t s  f 0 , l , i , 0 ) ,

( 0 , 1 , - i , 0 ) ,  ( 0 , 1 , 1 , 0 ) ,  ( 0 , 1 , - 1 , 0 )  by A and A  ̂ a r e  

( 0 , 1 , © i , 0 ) ,  ( 0 , 1 , - © i , 0 ) ,  ( 0 , 1 , © - , 0 ) ,  ( 0 , l , - e ^ , 0 ) ,

( 0 , 1 , e ^ i , 0 ) ,  ( 0 , 1 , -  f è ^ i , 0 ) ,  ( 0 , 1 , m \ o )  and  ( 0 , 1 , - ( 5 ^ , O) 

r e s p e c t i v e l y ,  and so t h e  g roup  g e n e r a t e d  by t h o s e  o f  t h e  s e t  

o f  f i f t e e n  b i a x i a l  ho m og rap h ie s  o f  p e r i o d  3 w h io h  l e a v e  t h e  

l i n e  X = 0  =• t  f i x e d ,  c u t  a  group  on  t h a t  l i n e  c o n t a i n i n g  a t  

l e a s t  t e n  o p e r a t i o n s  o f  p e r i o d  S .  S i m i l a r l y  i f  B i s  t h e  

b i a x i a l  homography o f  p e r i o d  3 h a v i n g  a s  a x e s  t h e  l i n e s  whose 

g e n e r a l  p o i n t s  a r e  ( 1 , ^  , |LL,i) and ( 1 , juv, -  ^ , i  ) ,  t h e n  t h e  

g roup  g e n e r a t e d  by  A and B c u t s  a  group  on x  = 0  = t  c o n t a i n 

i n g  a t  l e a s t  tv ;enty  o p e r a t i o n s  o f  p e r i o d  3 ,  t e n  o f  w h ich  h ave  

d i s t i n c t  u n i t e d  p o i n t s .  Hence i f  £  i s  t h e  b i a x i a l  homography 

o f  p e r i o d  3 h a v i n g  a s  a x e s  t h e  l i n e s  whose g e n e r a l  p o i n t s  a r e  

( 1 , jLL , i  |LL,i) and  ( 1 , | ^ , - i | ^ , - i  ) ,  t h e n  t h e  g roup  g e n e r a t e d  on  

X = 0 = t  by  A, B and £  c o n t a i n s  a t  l e a s t  tw e n ty - tw o  d i s t i n c t  

o p e r a t i o n s  o f  p e r i o d  3 and c a n n o t  t h e r e f o r e  be  f i n i t e .  Thus 

t h e  g roup  g e n e r a t e d  by t h e  s e t  o f  f i f t e e n  b i a x i a l  h o m o g ra p h ie s  

o f  p e r i o d  3  h a v i n g  th e  p a i r s  o f  d i r e c t r i c e s  a s  a x e s  c a n n o t  be 

f i n i t e .

I n  e x a c t l y  th e  same way i t  c a n  be s e e n  t h a t  i f  = 5 

t h e  g roup  g e n e r a t e d  by t h e  s e t  o f  b i a x i a l  h o m o g rap h ie s  i s  n o t  

f i n i t e .
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A* The two b i a x i a l  h om o grap h ies  o f  p e r i o d  4  whose 

a x e s  a r e  t h e  p a i r  o f  d i r e c t r i c e s  [ i  j ]  , [ j i ]  w i l l  be  d e n o te d  

by  i j  and j i ,  where  i j "  = j i  and i j ^  =r j i^  . i f  t h e  s e t  o f  

t h i r t y  b i a x i a l  ho m og raph ies  a r e  c h o s e n  i n  t h e  way i n d i c a t e d  on 

p a g e  8 8 , i t  c a n  be r e a d i l y  s e e n  t h a t  t h e  r e l a t i o n s  e x i s t i n g  

b e tw e e n  t h e  b i a x i a l  h o m o g rap h ie s  a r e

l a .  i j . j k  = j k . k i  = k i . i j .

l b .  i j . k i  = k i . k j  =  k j . i j .

2 . i j . k l  = k l . i j ,

3 .  i j ^ . j k ^  = j k ^ . i j ^  = i k f .

4 .  i j ^  . I k ^  = Lk  ̂ . i j ^  = mn^«

The r u l e s  f o r  d e t e r m i n i n g  0 ,  g i v e n  t h a t  A.B = E .Ç  = O.A 

fwhere  A.B i s  a  p r o d u c t  such  a s  i j . j k  o r  i j . k i )  a r e  t h a t

(a )  i f  t h e  r e p e a t e d  l e t t e r  i n  t h e  p r o d u c t  A.B o c c u p i e s  

t h e  seco n d  and t h i r d  p o s i t i o n s ,  a s  i n  i j . j k ,  t h e n  i n  b o t h  B . £  

an d  £ .A  t h e  seco nd  and t h i r d  l e t t e r s  a r e  t h e  same.

(b)  i f  t h e  r e p e a t e d  l e t t e r  i n  A.B o c c u r s  i n  t h e  f i r s t  and 

f o u r t h  p o s i t i o n s  a s  i n  i j . k i ,  t h e n  i n  B . £  t h e  f i r s t  and t h i r d  

l e t t e r s  a r e  th e  sam e, and i n  £ .A  th e  secon d  and f o u r t h  l e t t e r s  

a r e  t h e  same.

I n  b o t h  fa )  and fb)  t h e  l a s t  p o s i t i o n  i s  f i l l e d  w i t h  t h e  

r e m a i n i n g  l e t t e r  o f  th e  t r i o i , j , k .

These t h i r t y  b i a x i a l  h o m o g rap h ie s  o f  p e r i o d  4 a r e  

c o n t a i n e d  i n  t h e  group , t h e  group o f  maximum o r d e r
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l e a v i n g  t h e  Z l e i n  c o n f i g u r a t i o n  i n v a r i a n t  (H a m i l l  ( 1 0 )

p a g e  5 8 a ) ,  Hence th e  group  w h ich  t h e y  g e n e r a t e  i s

e i t h e r  c o i n c i d e n t  w i t h  ^ i / s 9.o o r  e l s e  i s  a  p r i m i t i v e

sub g ro u p  o f  'Ç // 5 3 LO ,

The o p e r a t i o n  i j  l e a v e s  f i x e d  e ac h  p o i n t  o f  [ i j ]  and

[ j i ]  . i n t e r c h a n g e s  t h e  p a i r  o f  l i n e s  [ ik ]  , [k i ]  w i t h  t h e

p a i r  [jk] , [k j]  and l e a v e s  f i x e d  e v e r y  o t h e r  d i r e c t r i x .

Thus t h e  e f f e c t  o f  i j  on any d i r e c t r i x  ( o t h e r  t h a n  [ i j ]

and [ j i j ]  i s  to  i n t e r c h a n g e  i  and j i n  t h e  symbol f o r  t h a t

d i r e c t r i x ,  and t h e r e  i s  t h u s  a  homomorphism, "Tf , b e tw ee n

and '5ù> * t h e  sym m etr ic  group o f  d e g re e  6 , i n  w h ic h  i j  and j i

b o t h  map o n to  t h e  c y c l e  ( i j ) .  The o r d e r  o f  i s

t h e r e f o r e  some i n t e g r a l  m u l t i p l e  o f  720.

B e f o r e  p r o c e e d i n g  to  en u m e ra te  th e  o p e r a t i o n s  o f  i t

m ust  be  r e m a rk e d  t h a t  each  d i r e c t r i x  c o n t a i n s  s i x  v e r t i c e s ,

and t h a t  t h e  j o i n  o f  a  v e r t e x  on [ i j ]  say  to  any v e r t e x  on

t h e  a s s o c i a t e d  d i r e c t r i x  [ j i ]  i s  e i t h e r  a d i r e c t r i x  o r  an
60 X 4e - l i n e  c o n t a i n i n g  j u s t  two v e r t i c e s ,  and t h e r e  a r e  — _— _ -  1 2 0  

e - l i n e s  i n  th e  c o n f i g u r a t i o n .  I f  t h e  j o i n  o f  two v e r t i c e s  

i s  n e i t h e r  a  d i r e c t r i x  n o r  an  e - l i n e  t h e n  i t  i s  a  M - l i n e  and 

c o n t a i n s  one f u r t h e r  v e r t e x .  The K - l i n e s  a r e  t h e  p e r s p e c t i v e  

l i n e s  o f  t h e  s e t s  o f  desmio t e t r a h e d r a  and t h e r e  a r e  t h u s  

20 X 16 = 320 K - l i n e s .

He have  a l r e a d y  46 o p e r a t i o n s  o f  ^  :
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I  The i d e n t i c a l  o p e r a t i o n ,

I I  The 30 b i a x i a l  h o m o g rap h ie s  o f  p e r i o d  4 ,  whose 

a x e s  a r e  t h e  p a i r s  o f  a s s o c i a t e d  d i r e c t r i c e s .

I I I  The 15 b i a x i a l  h o m o g rap h ies  o f  p e r i o d  2  d e n o te d  

by i j*  , which  a r e  t h e  s q u a r e s  o f  t h e  o p e r a t i o n s  

o f  ty p e  I I  and  a l s o  have  t h e  p a i r s  o f  d i r e c t r i c e s  

a s  a x e s .

I n  t h e  homomorphism, ^  , e ach  o p e r a t i o n  ij*" o f  

t y p e  I I I  l e a v e s  e ach  p a i r  o f  d i r e c t r i c e s  f i x e d  and  maps 

o n to  t h e  i d e n t i t y  i n  ; t h u s  t h e  o r d e r  o f  must be

a t  l e a s t  a s  g r e a t  a s  16 % 720 = 11520,  and  so i s

c o i n c i d e n t  w i th  ' ^ , , 5 - 2 0  •

The p r o d u c t  o f  any two b i a x i a l  h om o g rap h ie s  o f  p e r i o d  4 

whose a x e s  b e lo n g  t o  one sy s tem  o f  g e n e r a t o r s  on a  q u a d r i c  Q 

i s  a l s o  a  b i a x i a l  homography,  whose a x es  b e l o n g  t o  t h e  same 

s y s te m .  A t y p i c a l  o p e r a t i o n  i s  i j . j k ,  whose a x e s  l i e  on 

Qijfe and  which i s  o f  p e r i o d  3 ,  f o r

( i j . j k ) ^  -  i j . j k . i j . j k . i j . j k .

=: i j *  . i k . i j  . i k .  j k .

= j i . k j . i k . j k .

= j i . k j . j k . i j .

= e

how' t h e  a x e s  o f  Im, mn and n l  a l s o  l i e  on Q,cjk , and  t h e  

g rou p  c u t  on t h e s e  l i n e s  by i j , j k , k i  must be a n  , s i n c e  

i t  c o n t a i n s  s i x  o p e r a t i o n s  o f  p e r i o d  4 v h i c h  do n o t  a l l  h av e
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t h e  same u n i t e d  p o i n t s ;  t h e  group  g e n e r a t e d  by  i j , j k , k i , l m , m n  

and n l  i s  t h e r e f o r e  a  ^ 5 - 7 6  and t h u s  c o n t a i n s  16 b i a x i a l  

h o m o g rap h ie s  o f  p e r i o d  3 whose a x es  a l l  l i e  on  and w h ic h

a r e  a l l  t h e  same ty p e  a s  i j . j k .  C l e a r l y  none o f  t h e s e  15

o p e r a t i o n s  can  have  t h e i r  a x e s  l y i n g  on any o f  t h e  o t h e r  n i n e

q u a d r i c s  l i k e  , and so we have

IV 160 b i a x i a l  h o m o g rap h ie s  o f  p e r i o d  3 ,

There  i s  one f u r t h e r  o p e r a t i o n  w hich  i s  a  p r o d u c t  o f  

two b i a x i a l  h o m o g rap h ies  o f  p e r i o d  4 ;  a t y p i c a l  example i s  

i j . k l .  S in c e  i j  and k l  commute, i j . k l  i s  o f  p e r i o d  4 ,  and 

we may e a s i l y  s e e  t h a t  su ch  an  o p e r a t i o n  h a s  n o t  a r i s e n  

b e f o r e ;  f o r  from page  8 8 , we may t a k e  t h e  fo rm s  o f  i j  and 

k l  a s  i j : ( x , y , i 3 , i t ) and k l : ( x , i y , i z , t ) ,  t h e n  i j . k l : ( x , i y , - z , i t )  

i s  a n  a x i a l  homography h a v i n g  EmrJ a s  i t s  a x i s  and th e  

two v e r t i c e s  o f  [ i j , k l , m n j  n o t  l y i n g  on [mr] a s  i t s  i s o l a t e d  

u n i t e d  p o i n t s .

( i j . k l ) ^  = i j ^  .k l"  = j i . i k t  

and  so t h e  cube o f  i j . k l  i s  t h e  same ty p e  o f  o p e r a t i o n  a s  

i j . k l  and we h ave  two a x i a l  hom ograph ies  o f  p e r i o d  4 

a s s o c i a t e d  w i t h  fmnj and ( i j , k l , m n j .  By symmetry t h e r e  w i l l
^ y aixd

be two su ch  o p e r a t i o n s  a s s o c i a t e d  w i t h  e ach  d i r e c t r i x ^ a n y  one 

o f  t h e  t h r e e  t e t r a h e d r a  o f  which  t h a t  d i r e c t r i x  i s  an  e d g e .  

Hence

V 180 a x i a l  ho m ograph ies  o f  p e r i o d  4 .

There  a r e  f o u r  d i s t i n c t  t y p e s  o f  o p e r a t i o n s  w h ic h  a r e
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p r o d u c t s  o f  t h r e e  b i a x i a l  h om o g rap h ie s  o f  t y p e  I I ;  t y p i c a l  

o p e r a t i o n s  o f  t h e s e  t y p e s  a r e

i j * ' . j k .  

i  j * . k l . 

i j . k l . I m ,  

i j . i k . i l .  

i j . k l . m n .

Any o t h e r  p r o d u c t  o f  t h r e e  b i a x i a l  h o m og raph ies  o f  p e r i o d  4 

may be r e d u c e d  t o  one o f  t h e s e  f i v e  t y p e s  o r  t o  one i n v o l v i n g  

f e w e r  f a c t o r s .

A p r o d u c t  such  a s  i j ^ . j k .  i s  a  b i a x i a l  homography 

b e l o n g i n g  t o  t h e  c u t  on [Im] , (ml] and  [mn] by i j , j k , i k .

I t  i s  o f  p e r i o d  2 f o r

z i j ^ . j k . i j ^ . j k .

= k j . j k .

=e

U nder  f f  t h i s  o p e r a t i o n  maps on to  ( j k )  and  s o ,  s i n c e  t h e  o n l y  

o t h e r  o p e r a t i o n s  o f  p e r i o d  2 which we have a l r e a d y  h a d  map 

o n to  t h e  i d e n t i t y ,  i j ^  . j k  must be a  new o p e r a t i o n ;  i n  

f a c t  i t  i s  one of  t h e  r e m a i n i n g  s i x  o p e r a t i o n s  o f  p e r i o d  2 

i n  t h e  g e n e r a t e d  by i j , j k , k i .  T h ere  a r e  t h u s  t w e lv e  

d i s t i n c t  o p e r a t i o n s  o f  t h i s  ty p e  a r i s i n g  f rom  any s e t  o f  

b i a x i a l  h om o grap h ies  o f  p e r i o d  4 whose a x es  a l l  l i e  on one 

o f  t h e  t e n  q u a d r i c s  Qtjfe • C l e a r l y  a s  t h e  a x e s  o f  i j ^ . j k  

l i e  on Qûjk > t h e y  c a n n o t  l i e  on any o f  t h e  o t h e r  q u a d r i c s
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and t h e r e  a r e

VI 120 b i a x i a l  h o m o g rap h ies  o f  p e r i o d  2 .

The o p e r a t i o n  i . k L  i s  o f  p e r i o d  4 s i n c e  

( i j ^  . k i r  = i j *  . k l  . i j ^  ,kL

= k l"

an d  kl"" i s  o f  t y p e  I I I  and  p e r i o d  2 .  Under , I j ^ . k L

maps on to  ( k l )  and  i f  i t  h a s  a r i s e n  b e f o r e ,  i t  c an  o n ly

be a s  an  o p e r a t i o n  o f  ty p e  I I  which maps on to  t h e  same 

c y c l e ;  i n  o t h e r  w o rd s ,  i f  i j ^ . k L  i s  n o t  a  new o p e r a t i o n  

t h e n

e i t h e r  i . k l  = k l

o r  i . k l  = I k .

E i t h e r  o f  t h e s e  s u p p o s i t i o n s  l e a d s  t o  a  c o n t r a d i c t i o n  and 

we may t h e r e f o r e  assume t h a t  i j^  . k l  i s  a  new o p e r a t i o n ,

i . k l  can  o n ly  a r i s e  ( a s  an  o p e r a t i o n  o f  t h i s  t y p e )  a s  a  

p r o d u c t  o f  b i a x i a l  ho m og raph ies  vdiose a x es  p a s s  t h r o u g h  t h e  

v e r t i c e s  o f  [ i j , k l , n m j  and i t  may be e a s i l y  s e e n  t h a t  i t  

a r i s e s  i n  j u s t  two w a y s , i n  f a c t  

i j ^  . k l  = i j ^  .k l^  .Lk .

= mn^ . I k .

a n d  we have

V II  90 ^ ^ 15 X 12j  o p e r a t i o n s  o f  p e r i o d  4 .

The n e x t  p r o d u c t  t o  c o n s i d e r  i s  i j . k l . I m .  ITow 

( i j . k l . I m ) ^  = i  j . k l .  I r a . i j  , k l .  Lm.i j  . k l .  Im.

= j i .  ( k l  .Im)",

=j i ,
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an d  ( i j . k l . L m ) *  = j i . i j . k l . Lm.

= k l . Im.

Thus i j . k l .  Im i s  a n  o p e r a t i o n  v/hose cube i s  o f  p e r i o d  4 

an d  v/hose f o u r t h  power i s  o f  p e r i o d  3 ,  and  i j . k l . I m  must 

t h e r e f o r e  be o f  p e r i o d  I E ,  and  so i s  a  nev; o p e r a t i o n .  How 

we have  a l r e a d y  s e e n  t h a t  i j , j n , n i , k l , Im and mk g e n e r a t e  

a  , v/hich v/e know c o n t a i n s  96 o p e r a t i o n s  o f  t h e  t y p e

i j . k l . I m ;  a l s o  t h e  image o f  i j . k l . I m  u n d e r  9T i s  ( i j ) ( k m l )  

an d  so i t  i s  c l e a r  t h a t  i j . k l . I m  c a n n o t  a p p e a r  i n  any  o f  t h e  

o t h e r  n i n e  g ro u p s  o f  o r d e r  576 v/hich a r e  su b g ro u p s  o f  ' ^ , 1 5 - ^ 0  

Hence

V I I I  960 o p e r a t i o n s  o f  p e r i o d  12 ,  v/hose cubes  a r e  o f  

t y p e  I I  and f o u r t h  powers  o f  t y p e  IV.

S in c e  t h e  s q u a r e  o f  a n  o p e r a t i o n  l i k e  i j . k l . I m  i s  o f  

p e r i o d  6,  i t  c a n n o t  have  a r i s e n  b e f o r e .

I'Tov; ( i j . k l . I m ) ^  = i ^ . k l . l m . k l . l m .

= i j ^  .mk.kC. Im.

=mn^.km.Lm.

and  so t h i s  nev/ o p e r a t i o n  o f  p e r i o d  6 may be e x p r e s s e d  a s  a 

p r o d u c t  o f  f o u r  b i a x i a l  h o m o grap h ies  o f  t y p e  I I .  I t s  

image u n d e r  T f  i s  (klm) and t h e  o n ly  o p e r a t i o n s  o f  t h i s  t y p e  

h a v i n g  t h e  same image a r e  mn  ̂ .km. Im; mn^ .km.ml;  mn"*" .m k . lm ;  

mn  ̂ .mlc.ral^ and 32 s i m i l a r  o p e r a t i o n s  d e r i v e d  i n  t h e  same v/ay 

f ro m  mi^ .km. Lm; mj^.km.Lm; k n ^ . k l . k m ;  k i ' . k l . k m ;  k j ^ . k l . k m ;

In^ . I m . l k ;  l i  . I m . lk ;  tj^ . I m . l k .  From t h i s  we se e  t h a t  su c h



70 .

a n  o p e r a t i o n  a r i s e s  i n  j u s t  t h r e e  ways;  i n  f a c t  

mn  ̂ .km.Lm = kh^ .Lk.mlc -  I n  .mL.kL^ 

and we have  t h e r e f o r e

IX 480 ^ ^ 15 % 16 X 6 ^ o p e r a t i o n s  o f  p e r i o d  6 .

The o p e r a t i o n  i j . i k . i l  i s  a new o p e r a t i o n  o f  p e r i o d  8 ,

f o r

( i j  . i k . i l  r  = i j . i k . l l . l j . i k . i l .  

= i j ^ . k j . I j . i k . i l .  

= ij*” . I j  . k l . k l  . i k .

= m n ^ . j l . i k .

= j C  . i k * . j l . i k .

= I j . k i .

I j . k i  i s  o f  t y p e  7  and p e r i o d  4 and  t h e r e f o r e  i j . i k . i l  i s  o f  

p e r i o d  8 .  Under  , i j . i k . i l  maps o n to  t h e  c y c l e  ( i j k l )  

an d  can  o n ly  a r i s e  a s  a n  o p e r a t i o n  mapping o n to  t h e  same 

c y c l e .  Hence i j . i k . i l  c an  o n ly  a r i s e  a s  one o f  t h e  

o p e r a t i o n s

i j . i k . i l ;  i j . i k . l i ;  i j . k i . i l ;  i j . k i .  l i ;  

j i . i k . i l ;  j i . i k . l i ;  j i . k i . i l ;  j i . k i . l i .

o r  a s  one o f  t h e  t w e n t y - f o u r  o p e r a t i o n s  a r i s i n g  i n  t h e  same 

way f rom  j k . j l . j i ;  k l . k i . k j ;  t i . t j . l k .  Suppose A i s  a n  

o p e r a t i o n  o f  t y p e  IV t h e n  i f  

i j . A  = l j . i k . i l ;  A = i k . i l  and  i f

j i . A  = i j . i k . i l ;  A = i j ^ . i k . i l ,  so t h a t  we s e e  t h a t  t h e  

f i r s t  e i g h t  o p e r a t i o n s  l i s t e d  above a r e  a l l  d i s t i n c t ;  h e n c e
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t h e r e  a r e  a t  most t h r e e  o t h e r  o p e r a t i o n s  o f  t h i s  t y p e  eq.ual 

t o  i j . i k . i L ,  one f rom  e a c h  o f  t h e  s e t s  o f  e i g h t  o p e r a t i o n s  

d e r i v i n g  f rom  j k . j l . j i ;  k l . k i . k j ;  l i . l j . l k .  I n  f a c t  we 

f i n d  t h a t

1 . i j . i k . i l  = j k . i j . i l .

= j k . j l . i j .

2 . i j . i k . i t  c i j . k l . i k .

- k l  . i j . i k .

= k l . i k . j k .

3 .  i j . i k . i l  z i j . i l . k l .

= i l . j l . & l .

and  so e ach  o f  t h i s  t y p e  o f  o p e r a t i o n  a r i s e s  i n  f o u r  ways 

and  we have

X 720 30 X 16 X 6 ^ o p e r a t i o n s  o f  p e r i o d  8 .

The l a s t  d i s t i n c t  p r o d u c t  o f  t h r e e  " b i a x i a l  h o m o g rap h ie s  

o f  p e r i o d  4 i s  i j . k t . m n .

( i j . k l . m n ) ^  = i j ^  .k l^  .mn^

=  e

i j . k t . m n  i s  an  o p e r a t i o n  o f  p e r i o d  2  whose image u n d e r  T f  

i s  ( i j ) ( k l ) ( m n ) ; h e n ce  i t  i s  a  new o p e r a t i o n  a s  t h e  o n l y  o t h e r  

o p e r a t i o n s  o f  p e r i o d  2  t h a t  we have  e i t h e r  map o n to  t h e  

i d e n t i t y ,  o r  e l s e  on to  t h e  c y c l e s  o f  t h e  s e t  c o n j u g a t e  t o  

( i j ) .  T ak in g  i j , k l ,  mn a s  t h e  o p e r a t i o n s  ( x , y , i z , i t ) ,  

( x , i y , i z , t ) ,  ( x , i y , z , i t )  r e s p e c t i v e l y ,  we f i n d  t h a t  

i j . k t . m n  i s  t h e  homology ( x , - y , - z , - t ) ,  c e n t r e  X ( l ,  0 ,  0 ,  0)
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and p o l a r  p l a n e  z  = 0 .  The d i r e c t r i c e s  [ j i ]  $ [ I k ]  and  

[nm] a l l  p a s s  t h r o u g h  X v/h i le  [ i j ]  , [k l ]  and  [mnj a l l  l i e  

i n  X = 0 .  By symmetry t h e r e  i s  such  a  homology h a v i n g  any  

g i v e n  v e r t e x  o f  t h e  c o n f i g u r a t i o n  a s  c e n t r e ,  and  we h a v e  

XI 60 h o m o lo g ie s  o f  p e r i o d  2.

These  s i x t y  h o m o lo g ie s  a r e  t h e  s e t  o f  o p e r a t i o n s  u s e d  

i n  H a m i l l  (10)  c h a p .  IV t o  g e n e r a t e  , a n d  we h av e  a

f u r t h e r  p r o o f  t h a t  t h e  g roup  g e n e r a t e d  "by t h e  " b i a x i a l  

h o m o g ra p h ie s  o f  t y p e  I I  i s  i n  f a c t  l y .

YIe h ave  a l r e a d y  c o n s i d e r e d  one p r o d u c t  o f  f o u r  " b i a x i a l  

h o m o g r a p h i e s ,  which i s  t h e  sq.uare o f  an  o p e r a t i o n  o f  t y p e  

V I I I ;  any o t h e r  p r o d u c t  o f  f o u r  " b i a x i a l  h o m o g rap h ie s  may 

e i t h e r  "be r e d u c e d  t o  one i n v o l v i n g  f e w e r  f a c t o r s  o r  t o  one 

o f  t h e  f o l l o w i n g  f i v e  t y p e s ;

i j . i k  . I m . l n .  

i j . i k . i l . im .

1 . Ik .L m .

i j . k l . k m . k n .

A p r o d u c t  su c h  a s  i j . i k . I m . l n  i s  o f  p e r i o d  3 ,  f o r  

( i j . i k . l m . L n ) ^  = ( i j . i k f  . (Im.Ln)^

= e .

U n d e r  , i j . i k . I m . l n  maps on to  ( i j k ) ( l m n )  and  so h a s  n o t  

a r i s e n  "before .  A lso  i f  A and  B a r e  two o p e r a t i o n s  o f  

t y p e  IV such  t h a t
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A.B = i j . i k . L m . L n ,  

t h e n  A.B maps on to  ( i j k ) ( l m n )  u n d e r , and  so t h e  a x e s  o f  

A and  B must l i e  on Qcjfe h u t  b e lo n g  t o  o p p o s i t e  sy s te m s  o f  

g e n e r a t o r s  on Qijii . T here  a r e  64 o p e r a t i o n s  o f  t h i s  t y p e  

i n  t h e  ^ 5 - 7 6  g e n e r a t e d  hy i j , i k ,  I m. I n  and  none o f  t h e s e  

o p e r a t i o n s  a r e  c o n t a i n e d  i n  any  o f  t h e  o t h e r  n i n e  g ro u p s  

i n  Ç  (1 5 - 5 1 0  . Hence 

X II  640 o p e r a t i o n s  o f  p e r i o d  3 .

Any p r o d u c t  o f  f o u r  b i a x i a l  h om o grap h ie s  whose sym bols  

a l l  c o n t a i n  a  g i v e n  l e t t e r ,  such  a s  i j . i k . i L . i m  i s  o f  

p e r i o d  5, f o r

( i j . i k . i l .im)^ = i j . i k . i l . i m . i j . i k . i l . im.

= i j ^  . k j . I j . m j . i k . i l . im .

= i j ^  . L j . k l . m j . k l . i k . i m .

= i  j  ̂ . I j  . k  .mj . i k . i m .

= m n ^ . j l . m j . i k . i m .

- j ^  . i k ^  . j l  .mj . i k . i m .

-  t j . m j . k i . i m .  

= m j . tm . im .m k .

a n d  m j . lm . im .m k  i s  t h e  same ty p e  o f  o p e r a t i o n  a s  i j . i k . i l . i m .  

A lso  ( i j . i k . i l . i m ) ^  = i j . i k . i l . i m . m j . l m . i m . m k .

= i j . i k . i l  . i m ^ . i j  . l i . m k .

= i m ^ . j i . k i . l i . i j . l i . m k .

=ira^. j k . j l . l i . m k .

- i j ^  . j m ^ . j k . l i . i j . m k .
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= i j ^  . jm^. jm. j k . t i . i j  .

= i j^  .mj . j k . t i . i j  .

= j m .k j  . l l . j i  

= j m . k j . j i . j L .  

a n d  ( i j . i k . i l . i m ) ^  i s  t h e  same t y p e  o f  o p e r a t i o n  a s  

i j . i k . i l . i m .

F i n a l l y  ( i j . i k . i l . i m ) ^  = m j . l m . i m . m k , j m . k j . j i . j l .

= l j . i j . j k . k j . j i . j l .

= e .

and  we se e  t h a t  i j . i k . i l . i m  i s  a  new o p e r a t i o n  o f  p e r i o d  5 

whose powers  a r e  a l l  o f  t h e  same t y p e .  The image o f  

i j . i k . i l . i m  u n d e r  i s  ( i j k l m )  and c l e a r l y  a n  o p e r a t i o n  

o f  t h i s  t y p e  whose symbol i n v o l v e s  t h e  l e t t e r  n  c a n n o t  

p o s s i b l y  be t h e  same a s  i j . i k . i l . i m ;  a l s o  i f  i j . A  i s  a n  

o p e r a t i o n  o f  t h i s  t y p e ,  A must be o f  c l a s s  X  and  

i j . A  = i j . i k . i l . i m  o n ly  i f  A = i k . i l . im.

I f  how ever  j i . A  = i j . i k . i l . i m ,  t h e n  A = i j ^ . i k . i l . i m

and  A can  be shewn t o  be o f  p e r i o d  4 ,  and so A c a n n o t  b e l o n g

t o  t y p e  X. Hence t h e  o p e r a t i o n s

i j . i k . i l . i m  ■ j i . i k . i l . i m ,

i j . i k . i l . mi j j i . i k . i l . m i ÿ

i j . i k . i l . i m . j  j i . i k . l i . i m j

i j , i k . l i . m i f c  • j i . i k .  l i .m i ^

i j . k i . i l . i m , j  j i . k i . i l . i m ,

i j . k i . i l . m i , • j i . k i . i l . m i ÿ
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i j . k i . j i . k i . l i . i m;  

i j . k l . l i . m l ÿ  j i . k i . l i . m i .

a r e  a l l  d i s t i n c t  and a l l  map o n to  f i j k l m )  u n d e r  . T h is  

i m p l i e s  t h a t  a l l  t h e  images  o f  a l l  t h e  c y c l e s  c o n j u g a t e  

to  ( i j k l m )  b e l o n g  to  t h i s  t y p e  and  we have

X I I I  2204 ( =. 144 X 15) o p e r a t i o n s  o f  p e r i o d  5 .

S in c e  we would  n o r m a l ly  e x p e c t  f i v e  t im e s  a s  many 

o p e r a t i o n s  o f  ty p e  X I I I ,  e ach  su c h  o p e r a t i o n  m ust  a r i s e  i n  

f i v e  w a y s .  I n  f a c t  we f i n d  t h a t  t h e  o p e r a t i o n s  i j . i k . i l . i m ;  

j k . j l . j m . i j ;  k l . k m . i k . j k ;  l m . i l . j l . k l  and im . jm .k m . lm  a r e  

a l l  t h e  same o p e r a t i o n .

The n e x t  p r o d u c t  o f  f o u r  b i a x i a l  h o m o g rap h ie s  o f  t y p e  I I  

t h a t  h a s  to  be c o n s i d e r e d  i s  one such  a s  i j ^ . i k . j l .  T h is  

i s  o f  p e r i o d  2 ,  f o r

= k i . l j . i k . j l .

= e .

U nder  , i j ^ . i k . j l  maps o n to  f i k ) ( j l )  and t h e r e f o r e  i s  a  

new o p e r a t i o n  o f  p e r i o d  2 .  We may e a s i l y  s e e  t h a t  t h e  f o u r  

o p e r a t i o n s  i j ^ . i k . j l ;  i j ^ . l k . l j ;  i j ^ . k i . j l v  and i j ^ . k i . l j  

a r e  a l l  d i s t i n c t ;  t h e  o n l y  o t h e r  o p e r a t i o n s  o f  t h i s  ty p e  

w h ic h  map on to  ( i k ) ( j l )  a r e  t h e  tw e lv e  o p e r a t i o n s  d e r i v i n g  

f rom  i l ^ . i k . j l ;  k j ^ . i k . j l ;  k l ^ . i k . j l  i n  t h e  same way t h a t  

t h e  f o u r  o p e r a t i o n s  g i v e n  above d e r i v e  from i j  . i k . j t .
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I t  f o l l o w s  t h a t  i j * . i k , j L  c a n  a r i s e  i n  a t  m os t  t h r e e  o t h e r  

w a ys ;  i n  f a c t

1 .  i j ^ . i k . j l  = i j ^ . j l . i k ,

= i C  . I j . i k .

= i l  . i k . L j .

2 .  i j^ . i k . j l  = k j ^  . k i . j L .

3 .  i j ^ . i k . j l  = k j ^ . k i . j l .

=  kj^ . j l  . k i .

= kl^ • Lj . k i .

= k l ^ . k i . L j .

so t h a t  e a c h  o p e r a t i o n  o f  t h i s  ty p e  a r i s e s  i n  f o u r  d i s t i n c t

w a y s ;  h e n c e ,  r em em ber ing  t h a t  i k . j l  =- j l  . i k ,

XIV 180 1^  ^  ^  P.\ o p e r a t i o n s  o f  p e r i o d  E.
V 4 X E /

An o p e r a t i o n  o f  t h e  t y p e  i j ^  . i k .L m  i s  o f  p e r i o d  4 f o r

( i j ^  . i k . L m f  = i j^  . i k . l m . i j ^  . i k . l m ,

z: k i . t m . i k . l m .

= l m \

The image o f  ij"" . i k . l m  u n d e r  i s  ( i k ) ( l m ) ,  and so i f  

i  j^ . i k . l m  i s  n o t  a  new o p e r a t i o n ,  i t  m us t  h ave  a r i s e n  a s  a n  

o p e r a t i o n  o f  ty p e  V; b u t  t h e  o n l y  o p e r a t i o n s  o f  ty p e  V 

h a v i n g  t h i s  image a r e  i k . l m ;  k i . l m ;  i k . m l  and k i . m l  and t h e  

a s s u m p t i o n  t h a t  i j ^  . i k . l m  i s  e q u a l  to  any  one o f  t h e s e  l e a d s  

to  a  d i r e c t  c o n t r a d i c t i o n ,  and so i j ^  . i k . l m  i s  a  new
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o p e r a t i o n .  A g a in  i t  i s  one o f  t h e  576 o p e r a t i o n s  o f  th e  g roup  

g e n e r a t e d  by t h o s e  b i a x i a l  h o m o g ra p h ie s  o f  t y p e  I I  whose a x e s  

l i e  on . The f o u r  o p e r a t i o n s  d e r i v i n g  f rom  i . i k . l m  

a r e  i j ^ . i k . l m ;  i j ^ . i k . m l ;  i j ^ . k i . l m ;  i j ^ . k i . m l  and  t h e s e  

a r e  a l l  d i s t i n c t  and a l l  map o n to  ( i k ) ( l m )  u n d e r  ; t h e r e  

a r e  28 f u r t h e r  o p e r a t i o n s  o f  t h i s  t y p e  h a v in g  t h e  same image 

u n d e r 3 T  , d e r i v i n g  f rom  i n ^ . k i . m l ;  k j ^ . k i . m l ;  k n ^ . k i . m l ;  

m j ^ . m l . k i ;  m n ^ . m l .k i ;  I j ^ . m l . k i ;  I n ^ . m l . k i .  kow su p p o se  B 

i s  one o f  t h e  e i g h t  o p e r a t i o n s  mn^'.ml; mn^ . Im; m j^ .m l ;  m j^ . l m ;  

In’" .m l ;  I n ^ . lm ;  I j ^ . l m ;  Ij^ . m l , t h e n  t h e  a s s u m p t i o n  t h a t  

e i t h e r  B . k i  o r  B . i k  i s  t h e  same o p e r a t i o n  a s  i . i k . m l  l e a d s  to  

a  c o n t r a d i c t i o n ;  i t  f o l l o w s  t h a t  i j ^ . i k . m l  c a n  a r i s e  i n  a t  

m os t  t h r e e  more w a y s .  I n  f a c t  we f i n d  t h a t

1 .  i j ^ . i k . m l  = in^. jn"^  . i k . m l .

= i n " . i k ^ . m l ^ . i k . m l .  

c i n ’" . k i . Im.

2 .  i j ^ , i k . m l  = j k ^ . k i . m l .

5 .  i j ^ . i k . m l  = k n * . m l ^ , i k . m l .

=kn^ . i k . l m .

l ienee  e ach  o p e r a t i o n  o f  t h i s  ty p e  a r i s e s  i n  e x a c t l y  f o u r  

ways and we have

XV 360 15 ^  16 % G j  o p e r a t i o n s  o f  p e r i o d  4 .

The l a s t  d i s t i n c t  p r o d u c t  o f  f o u r  b i a x i a l  h o m o g rap h ie s  

i s  one o f  t h e  same ty p e  a s  i j . k l . k m . k n .
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( i j . k l . k m . k n ) ^  = i j . k l . k m . k n . i j . k l . k m . k n .

i  j^ . (îdLkrn.îoi)^ .

= i j ^ . k C  . m l . n l .k m .k n .  

cmn^ . n l  .mn.mn.km.

= ln .k m .

Thus ( I j . k L k m . k n f i s  o f  t y p e  V an d  p e r i o d  4 ,  so i j . k l . k m . k n  

i s  o f  p e r i o d  8;  i t  h a s  n o t  a r i s e n  b e f o r e  a s  i t s  image u n d e r^ T  

i s  ( l j ) ( k l m n )  and t h e  images  o f  t h e  o t h e r  o p e r a t i o n s  o f  

p e r i o d  8 ( t y p e  X) a l l  b e l o n g  t o  t h e  c o n j u g a t e  s e t  o f  ( i j k l ) .

I f  now A i s  a n  o p e r a t i o n  o f  t y p e  X so t h a t  i j . A  a n d  j i . A  

a r e  o f  t h e  same ty p e  a s  i j . k l . k m . k n ,  t h e n  i j . A  and  i j . k l . k m . k n  

a r e  t h e  same o n ly  i f  A = k l . k m . k n ,  and  

j i . A  % i j  . k l . k m . k n  o n ly  i f  

A =zij^ .k l^  .k m .k n .

-  kl^ .mn^ . k l . k m . k n .

= Ik .n m .k m .

= l k . k m . n k .

C l e a r l y  a l l  t h e  o p e r a t i o n s  o f  t h i s  t y p e  whose im ages  u n d e r  

a r e  ( i jX k lm n )  a r e  o f  t h e  fo rm  i j . A  o r  j i . A  and  s i n c e  ^  can  

a r i s e  i n  e x a c t l y  f o u r  ways, ( s e e  X page  7 1 . )  we have  t h a t  an  

o p e r a t i o n  such  a s  i j . k l . k m . k n  a r i s e n  i n  e i g h t  d i s t i n c t  \m y s .  

Thus

XVI. 720 go X 24 X 8 X 2 j  o p e r a t i o n s  o f  p e r i o d  8 .

F o u r  d i s t i n c t  p r o d u c t s  i n v o l v i n g  f i v e  b i a x i a l  h o m o g ra p h ie s  

o f  t y p e  I I  may be fo rm ed  which h ave  n o t  a r i s e n  b e f o r e ;  t h e y



79 .

a r e  t y p i f i e d  by

i j ^  . i k . l m . L n .

i j . i k . i l . i m . i n .  

ij*" . i k . i l . i m .  

i j . k l ^ . k m . l n .

A l l  o t h e r  p r o d u c t s  o f  f i v e  b i a x i a l  h o m o g ra p h ie s  may be 

e x p r e s s e d  a s  one o f  t h e  above o r  c an  be r e d u c e d  t o  a  p r o d u c t  

w i t h  l e s s  f a c t o r s .

An o p e r a t i o n  such  a s  i j ^ . i k . l m . I n  i s  o f  p e r i o d  6 ,

f o r

( i j ^  . i k . l m . I n ) ^  = ij^  . i k . l m .  I n . i j ^ . i k . l m . I n .

- k i . t m .  I n . i k . l m . I n  ,

= (Im. I n ) !

= n l  .m l .

and  ( i j^  . i k . l m . I n ) ^  = i j ^  . i k . l m . l n . n l . ml

= i j ^  . i k .

and  so t h e  s q u a r e  a n d  t h e  cube o f  i j ^ . i k . l m . I n  a r e  o f  

p e r i o d s  2 and  2 r e s p e c t i v e l y ,  and  i j ^ . i k . l m . I n  must  be  o f  

p e r i o d  6;  u n d e r  ° f f  i t  maps on to  ( i k ) ( l m n )  and  so h a s  n o t  

a r i s e n  b e f o r e .  I n  f a c t ,  t h i s  o p e r a t i o n  b e lo n g s  t o  t h e  

l a s t  t y p e  o f  c o l l i n e a t i o n  g e n e r a t e d  by b i a x i a l  h o m o g ra p h ie s  o f  

t y p e  I I  whose a x e s  a l l  l i e  on a  q u a d r i c  and  which

g e n e r a t e  a i n  ; c l e a r l y  su c h  an  o p e r a t i o n  c a n n o t

be g e n e r a t e d  by b i a x i a l  h o m o g rap h ie s  whose a x e s  do n o t  l i e  

on Qiifk and a s  t h e r e  a r e  96 such  d i s t i n c t  o p e r a t i o n s  i n  e a c h  

o f  t h e  t e n  c o n t a i n e d  i n  , we have



80.

XVII 960 o p e r a t i o n s  o f  p e r i o d  6 ,  whose s q u a r e s  a r e  o f  

t y p e  IV and  cu bes  o f  t y p e  VI .

An o p e r a t i o n  such  a s  i j . i k . i l . i m . i n  i s  a l s o  o f  p e r i o d  6,

f o r

( i j . i k . i l  . i m . i n ) ^  = i j . i k . i l . i m . i n . i j . i k . i l . i m . i n .

= i f  . k j . l j . m j . m j . i k . i l . i m . i n .

= i j^  . I j . k l . n j . m n . k l . i k . m n . i m .

= i j ^  . l j  . k l ’" . n j  .mn^ . i k . i m .

= j l . j n . i k . i m .

and ( i j . i k . i l . i m . i n /  ^ j l . j n . i k . i m . i j . i k . i l . i m . i n .

= j l  . j n . i k . i m ^ . j m . k m . l m . i n .

= im^ . j l . j n . k i .  j l . j m .k l  . i n .

-  im^ . jl^ . n l  . k i . jm .k l  . i n .

=kn^ . k l . n l c . i l . i n . j m .

- l k . k n . i l  . i n .  jm.

—l c n . n l . l n . i l .  jm.

- k n . i l . jm.

so t h a t  t h e  s q u a r e  an d  cube o f  i j . i k . i l . i m . i n  a r e  o f  types  X I I  

a n d .X I  r e s p e c t i v e l y  an d  I j . i k . i l . i m . i n  i s  i t s e l f  o f  

p e r i o d  6;  i t  i s  a  new o p e r a t i o n  a s  t h e  s q u a r e s  o f  t h e  o n l y  

o t h e r  o p e r a t i o n s  o f  p e r i o d  6 which  h av e  a l r e a d y  a r i s e n  a r e  

o f  t y p e  IV. ÏÏ0V7 t h e r e  a r e  22 p r o d u c t s  o f  f i v e  b i a x i a l  

h o m o g rap h ie s  whose symbols  a l l  i n v o l v e  i  and  which  map o n to  

( i j k l m n )  u n d e r ; we know a l r e a d y  t h a t  t h e  16 o p e r a t i o n s  

o f  t y p e  X I I I  which map o n to  ( ik lm n )  and  t h e  symbols  o f  whose
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f a c t o r s  a l l  i n v o l v e  t h e  l e t t e r  i  a r e  a l l  d i s t i n c t  

( s e e  p a g e 7 ^ ) j  h e n ce  i f  i j . A  i s  o f  t h e  same t y p e  a s  

i j . i k . i l . i m . i n .  and  i j . A  = i j . i k . i l . i m . i n ,  t h e n  

A = i k . i l . i m . i n ,  and  we have  16 d i s t i n c t  o p e r a t i o n s  o f  t h i s  

t y p e  a l l  mapping o n to  ( i j k l m n ) ;  t h u s  t h i s  c l a s s  c o n t a i n s  

a l l  t h e  o p e r a t i o n s  whose images  u n d e r  " f f  a r e  c o n j u g a t e  

t o  ( i j k l m n )  and  we have

Z 7 I I I  1920 ( =  16 X 120)  new o p e r a t i o n s  o f  p e r i o d  6 .

An o p e r a t i o n  su ch  a s  i j ^  . i k . i l . i m  i s  o f  p e r i o d  4

s i n c e

( i j ^  . i k . i l . i m ) ^  = i j ^  . i k . i l  . i m . i j ^  . i k . i l . i m ,

-  k i . l i . m i . i k . i l . im  .

= k l . k m . i l , im .

-  k m . l m . l m . i l .

=: Im^ . m k . i l  *
Im" .mlc . i l  i s  o f  t y p e  XIV an d  p e r i o d  2 so t h a t  i j ^ . i k . i l . i m  

i s  o f  p e r i o d  4 ;  i t s  image u n d e r  9Y i s  ( ik l ra )  and  so i t  i s  

a  new o p e r a t i o n .  We h av e  a l r e a d y ,  i n  c l a s s  X, e i g h t  

d i s t i n c t  o p e r a t i o n s  which a l l  have  ( i k lm )  a s  t h e i r  image 

u n d e r ^ f  , so t h e r e  c an  be a t  most  e i g h t  d i s t i n c t  o p e r a t i o n s  

o f  t h e  t y p e  i j ^ . i k . i l . i m  h a v i n g  t h e  same image;  b u t  we 

know t h a t  t h e r e  a r e  e i g h t  o p e r a t i o n s  o f  t y p e  X ( s e e  p a g e  7 o  ) 

which map on to  ( i k lm )  and a r e  d i s t i n c t  and  t h e  symbols  o f  

t h e  f a c t o r s  o f  t h e s e  o p e r a t i o n s  a l l  i n v o l v e  t h e  l e t t e r  i .  

Hence we have  e x a c t l y  e i g h t  d i s t i n c t  o p e r a t i o n s  o f  t h e  same
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t y p e  a s  I j ^ . I k . i l . i m  mapping o n to  ( i k lm )  u n d e r ' J f  . Thus

XIX 720 ( -  8 X 90) o p e r a t i o n s  o f  p e r i o d  4 whose images  

u n d e r  ^  a r e  c o n j u g a t e  t o  ( i j k l ) .

The l a s t  t y p i c a l  p r o d u c t  o f  f i v e  b i a x i a l  h o m o g ra p h ie s  

i s  i j . k l ^ . k m . l n .

( i j . k l ^ . k m . l n f  =  i  j .k l^  . k m . l n . i  j .k l^  . k m . I n .

= i j ^  .mlc.nl . k m . I n .

= i j ^ .

so t h a t  t h e  s q u a r e  o f  i j . k l ^ . k m . l n  i s  o f  t y p e  I I I  and  

p e r i o d  2 and  i j . k l ^ . k m . l n  i s  i t s e l f  o f  p e r i o d  4 ;  i t  i s  

a  new o p e r a t i o n  f o r  i t s  image u n d e r  W  i s  ( i j ) (A l) (m k)  

an d  none of  t h e  o t h e r  o p e r a t i o n s  o f  p e r i o d  4 have  t h i s  

t y p e  o f  im age .  I n  c l a s s  XI v/e have  f o u r  d i s t i n c t  o p e r a t i o n s  

w i t h  t h e  same image ( i j  ) ( f t l )  (mlc) u n d e r  and  t h e r e  can  

be a t  most tw e lv e  o p e r a t i o n s  o f  t h e  t y p e  i j . k l ^ . k m . l n  

h a v i n g  t h e  same image u n d e r  . S in c e  a n  o p e r a t i o n  su c h  

a s  k l ^ . k m . l n  c an  a r i s e  i n  f o u r  d i s t i n c t  ways ( a s  p r o d u c t s  

t h e  symbols  o f  whose f a c t o r s  do n o t  i n v o l v e  e i t h e r  i  o r  j , 

s e e  page  7 ^ )  we s e e  t h a t  o f  t h e  s i x t e e n  o p e r a t i o n s  o f  t h e  

t y p e  u n d e r  c o n s i d e r a t i o n  whose f i r s t  f a c t o r  i s  i j  and  whose 

image u n d e r  9T i s  ( i j ) ( n l ) ( m k ) , o n ly  f o u r  a r e  d i s t i n c t .

Hov/ sup p o se  t h a t  km.A i s  a n  o p e r a t i o n  such  t h a t

km.A = i j . k l ^ . k m . l n .  

t h e n  A =^mk.i j .k l^  .km. I n .

= i  j  .mC" . I n .
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and so A i s  n o t  o f  t y p e  Z I7  and  we s e e  t h a t  t h e  f o u r  d i s t i n c t  

p r o d u c t s  o f  t h i s  t y p e  whose f i r s t  f a c t o r  i s  km^ a n d  which  

map o n to  ( i j ) ( k m ) ( t n )  a r e  a l l  d i s t i n c t  f ro m  i j . k l ^ . k m . L n .  

S i m i l a r l y  t h e r e  a r e  f o u r  p r o d u c t s  o f  t h i s  t y p e  whose f i r s t  

f a c t o r  i s  I n  and  w hich  a r e  a l l  d i s t i n c t  f rom  i j . k l ^ . k m . l n .

We have  t h e r e f o r e  e x a c t l y  tw e lv e  d i s t i n c t  p r o d u c t s  o f  t h i s  

t y p e  mapping on to  ( i j f e r n ) ( I n )  and  t h u s

XX 180 ( = 15 X 12) new o p e r a t i o n s  o f  p e r i o d  4 ,  mapping  

o n to  t h e  s e t  c o n j u g a t e  t o  ( i j ) ( k l ) ( m n ) .

T h ere  i s  j u s t  one p r o d u c t  o f  s i x  b i a x i a l  h o m o g ra p h ie s  

w hich  c a n n o t  be r e d u c e d  t o  a  p r o d u c t  i n v o l v i n g  f e w e r  f a c t o r s .  

A t y p i c a l  example  i s  i j . j k ^ . k l . k m . k n  an d  i t  i s  a n o t h e r  

o p e r a t i o n  o f  p e r i o d  4 ,  f o r

( i  j . jk^ . k l . k m .k n ) ^  = 4 j . jk^ . k l . k m . k n . i j  . jk ^  . k l . k m . k n .

~ lk .m lc .n k .k l  .k m .k n .

= d m .In .k m .k n .

=4n.mn.mn.km.

= mil’ . n l . k m .

mn? . n l . k m  i s  o f  t y p e  XIV and p e r i o d  2 and  so i j . j k ^ . k l . k m . k n  

i s  o f  p e r i o d  4 .  I t  i s  a  new o p e r a t i o n  f o r  i t s  image 

u n d e r  i s  ( i j ) ( k l r a n ) .  I n  c l a s s  XVI v/e had  e i g h t  d i s t i n c t  

o p e r a t i o n s  mapping o n to  ( i j ) ( k l m n )  and  so i n  t h i s  new c l a s s  

we can  have  a t  most e i g h t  f u r t h e r  o p e r a t i o n s  w i t h  t h e  same 

im a g e .  But  we have  a l r e a d y  s e e n  (page ' JO)  t h a t  t h e  e i g h t  

o p e r a t i o n s
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k l . k m . k n ;  k l . k m . n k ;  k l . m k . k n ;  k l . m k . n k ;  I k .k m .k n ;  I k .k m .n k ;  

Ik.mk.kn*, I k .m k .n k ,  a r e  a i l  d i s t i n c t  and so t h e  e i g h t  

o p e r a t i o n s  i j . j k ^ . A  (where A_ i s  one o f  t h e  e i g h t  o p e r a t i o n s  

l i s t e d  a b o v e )  a r e  a l l  d i s t i n c t ,  and  u n d e r  ^  t h e y  a l l  map 

o n to  ( i j ) ( k l m n ) .  Hence t h e r e  a r e  e x a c t l y  e i g h t  d i s t i n c t  

o p e r a t i o n s  o f  t h i s  t y p e  mapping o n to  ( i j ) ( k l m n )  a n d  we have

XXI 720 ( =  8 X 90) new o p e r a t i o n s  o f  p e r i o d  4 .

A l l  t h e  p r o d u c t s  o f  s e v e n  b i a x i a l  h o m o g rap h ie s  o f  

t y p e  I I  may be r e d u c e d  t o  a  p r o d u c t  w i t h  f e w e r  f a c t o r s  

a n d  we se e  t h a t  t h e  g ro u p  g e n e r a t e d  by  t h i r t y

b i a x i a l  h o m o g rap h ie s  o f  p e r i o d  4 whose a x e s  a r e  t h e  p a i r s  

o f  a s s o c i a t e d  d i r e c t r i c e s  o f  t h e  K l e i n  60,5- c o n f i g u r â t  i o n ;  

c o n t a i n s  11520 o p e r a t i o n s  which  f a l l  i n t o  t w e n ty - o n e  d i s t i n c t  

c l a s s e s .

'Ç((5 'ao c o n t a i n s  a  number o f  p r i m i t i v e  s u b g ro u p s  which  

h av e  n o t  a l r e a d y  b e e n  c o n s i d e r e d  i n  t h i s  s e c t i o n ,  th o u g h  

t h e s e  a r e  n o t  a l l  g e n e r a t e d  by t h e  b i a x i a l  h o m o g ra p h ie s  

t h e y  c o n t a i n .

The g roup  o f  o p e r a t i o n s  i n  which  c o n s i s t s  o f  a l l

t h e  images  u n d e r  ^  o f  ( i j k l m ) ,  ( ikm j^ l ) ,  ( i l j m k ) ,  ( i m t k j )  

and  ( i )  i s  o f  o r d e r  80 and i s  loiown a s 'Ç g o -  I t  c o n t a i n s  

t h e  i n v o l u t a r y  b i a x i a l  h o m o g rap h ie s  o f  t y p e  I I I  t o g e t h e r  w i t h  

a  s e t  o f  64 o f  t h e  c o l l i n e a t i o n s  o f  t y p e  X I I I .  does  n o t  

l e a v e  any p a i r  o f  l i n e s  f i x e d ,  o r  a p o i n t  and  a p l a n e ,  o r  a  

t e t r a h e d r o n  and  so i t  i s  p r i m i t i v e ;  i t  i s  one g ro u p  l e a v i n g
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f i x e d  t h e  s e t  o f  f i v e  m u t u a l l y  skew p a i r s  o f  d i r e c t r i c e s  

[ a n ] ,  [ n a ]  f o r  a  = i , j , k , L , m ,  v/here any  o p e r a t i o n  o f go

which  l e a v e s  f i x e d  one o f  t h e s e  f i v e  p a i r s  o f  d i r e c t r i c e s  

a l s o  l e a v e s  f i x e d  e ac h  o f  t h e  o t h e r  f o u r  p a i r s .  i s  n o t

g e n e r a t e d  by b i a x i a l  h o m o g r a p h i e s .

Ç ^ i s  c o n t a i n e d  a s  an  i n v a r i a n t  su b g ro u p  i n  a  

g ro u p  I o f  o r d e r  160 ,  which  c o n t a i n s  a l l  t h e  o p e r a t i o n s

o f  'Ç((5 '3LO whose images  u n d e r  9T a r e  t h e  c y c l e s  o f  t h e  iCj- 

g e n e r a t e d  by ( i j k l m )  an d  ( i l ) ( k j ) .

To t h e  g roup  i n  o f  o r d e r  20 g e n e r a t e d  by t h e  

c y c l e s  ( i j k l m ) ,  ( i l ) ( k j ) ,  ( ik jm )  c o r r e s p o n d s  , o f

o r d e r  2 2 0 .  c o n t a i n s  o p e r a t i o n s  o f  t y p e s  I I I ,  V, X,

X I I I ,  XIV, XV an d  XIX.

As b o t h  'C i 6 (? and  'Çsao c o n t a i n  ' ^ s o  a s  a  su b g ro u p  

t h e  f o r m e r  two g ro u p s  must a l s o  be p r i m i t i v e .

The s im p le  g roup  o f  o r d e r  60 which i s  c o n t a i n e d

i n  " ^ 6  and  i s  g e n e r a t e d  by ( i j k l m )  and ( i k j )  i s  homomorphic 

w i t h  a  group  ' Ç 9 6 0 c o n t a i n e d  i n  . 'S^ c o n t a i n s  a

se c o n d  s im p le  su b g ro u p  o f  o r d e r  60 ,  (/Ir , which  i s  

g e n e r a t e d  by ( i j k l m )  and  ( i j m ) ( k n l )  and  i s  i s o m o r p h ic  w i t h  

c f l f  . The g roup  i n  c o r r e s p o n d i n g  t o  dAf i s  a g a i n

o f  o r d e r  960 and w i l l  be  knovn. a s  .

The two g ro u p s  and  'Sj- which  a r e  g e n e r a t e d  by 

( i j ) ;  ( i k ) ;  ( i l ) ;  ( im) and  ; ( i j ) ( k l ) ( m n )  r e s p e c t i v e l y  

a r e  i s o m o r p h i c ,  and  t h e  c o r r e s p o n d i n g  g r o u p s  i n  a r e
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^ i c j z o  and  » b o t h  o f  o r d e r  19 2 0 .

The g roup  , which  i s  homomorphic w i t h  , t h e

a l t e r n a t i n g  g roup  o f  d e g re e  6 c o n t a i n e d  in lS % , i s  t h e

l a s t  su b g ro u p  o f  ' ^ u s s i o  whose o p e r a t i o n s  w i l l  be fo u n d  

and  t a b u l a t e d .

a s  a  su b g ro u p  i n  e a c h  o f  >

8ud t h e s e  l a s t  f i v e  g ro u p s  a r e

t h e r e f o r e  p r i m i t i v e ;  Ç , 'ÇqGo ,

' 'CjsjGo a r e  g e n e r a t e d  by b i a x i a l  h o m o g r a p h ie s ,  >

' ^ 3 2 0  a n d  a r e  n o t  •

The o p e r a t i o n s  o f  "Çi(5^^oand i t s  e i g h t  p r i m i t i v e  s u b g ro u p s  

which  a r e  d i s c u s s e d  above  a r e  t a b u l a t e d  on page  87 .  The 

column h e a d e d  'n^  g i v e s  t h e  l e a s t  number o f  h o m o g ra p h ie s  

o f  t y p e  I I  r e q u i r e d  t o  g e n e r a t e  a n  o p e r a t i o n  o f  t h e  

r e q u i r e d  t y p e .

I n  c o n c l u s i o n ,  i t  w i l l  be n o t i c e d  t h a t  'Ç n S ’ao an d  

t h e  e i g h t  su b g ro u p s  a r e  t h o s e  g ro u p s  which a p p e a r  i n  

B l i c h f e l d t ' s  l i s t  ( s e e  page <3.6 ) a s  h a v i n g  a n  i n v a r i a n t ,  

i m p r i m i t i v e  su b g ro u p ;  t h e  i m p r i m i t i v e  g roup  i s  t h e  g ro up  

o f  o r d e r  16 g e n e r a t e d  by t h e  i n v o l u t a r y  b i a x i a l  h o m o g ra p h ie s  

i n  c l a s s  I I I ,  and  which i s  i n v a r i a n t  i n  a l l  t h e  n i n e  

p r i m i t i v e  g r o u p s .



The O pera tio n s o f "^K^ao and i t s  Subgroups,

Type. p n D e s c r i p t i o n , Image under Type o f  powers. C , „ f  'Niqio
^  /
Mqfeo

I 1 1 I d e n t i t y . e . 1 1 1 1 1 1 1 1 1

I I 4 2 i j . ( l j ) . 2%&- I I I .  ! 30 - 2 0 - - _ _

I I I a 2 I j * . e . 15 15 15 15 15 15 15 15 15
IV 3 2 i j . i k . ( i j k ) . ! 160 160 80 - - 80 -

V 4 2 i j  . k l . ( i j ) ( k l ) . 2%&- I I I . 180 180 60 60 60 6 u 2 0 2 0 -

VI 2 3 i j ' . i k . ( i k ) . 1 2 0 - 80 - - - - - -

VII 4 3 i j ^ . k L . ( k l ) . 2^^' I I I . 90 - 60 - - - - _ -
V III 1 2 3 I j . k l . k m . ( i j )  (k l m ) . 2&d' IX, z F & ' i i ,

4 th .  g t h .  Î
960 - 160 - - - - - -

IX 6 4 i j ' . i k . i l . ( I k l ) . 2 %d. g r a .  . 480 480 240 - - 240 _

X 8 3 i j . i k . i l . ( i j k l ) . 2 nd. y_ 1 720 - 240 240 - - 80 " -

XI 2 3 i j . k l . m n . ( i j ) ( k l ) ( m n ) . 60 - - 40 - - - - -

H I 3 4 i j . i k . I m . l n . ( i j k ) ( l m n ) . 64Ù 640 - 520 320 - - - -

XIII 5 4 i j . i k . i l . i m . ( i j k l m ) . 2304 2504 584' 584 384 584 64 64 64

XIV 2 4 i j ^ . i k . j l . ( i k ) ( j l ) . ! 180 180 60 60 60 60 2 0 2 0 -

XV 4 4 i j ' . i k . m l . ( ik )  ( m l ) . 2 °^ '  I I I . 560 560 1 2 0 1 2 0 1 2 0 1 2 0 4 0 40 _

XVI 8 4 i j . k l . k m . k n . t i j ) ( k l m n ) . 2** '  V. 720 720 _ _ _ _

XVII 6 5 i j ' . j k . I m . l n . { jk ) ( tm n ) . gild. g rd .  :
960 _ 160 - _ - _

XVIII 6 5 i j . i k . i l . i m . i n i i j k l m n ) . gnd. 3 ^^. XI. 1 1920 - - 520 - - _ _

XIX 4 5 i j ' . i k . i l . i m . ( i k l m ) . gnd. 720 - 240 240 - - 8 0 - _
XX 4 5 I j . k l ' . k m . l n . —  ( - 1  j )(km){ I n ) . 2°^ '  I I I . 180 - - 1 2 0 - - - - -

XXI 4 5 i j . j k '  .kl.km.ki . i i j ) ( k l m n ) . gnd. 1 720 720 - - - - - - -



N o t a t i o n  f o r  Case i n  w h ic h  \?= 4 .

i j

i k

i l

im

i n

j k

j l

jm

j ^

k l

km

nk

Im

n l

mn

( x ,  y ,  i z ,  i t ) .

( z  -  z ,  y -  t ,  X -h z ,  y -f t ) .

( x  +- i z ,  y -  i t ,  i z  4- z ,  - i y  4- t ) ,

( x  -  t ,  y  4- z ,  - y - f z ,  x - f t ) .

( x  4- i t ,  y  -h  i z ,  i y  -f- z ,  i x  -t  t ) ,

( x  4- i z ,  y  4- i t ,  i x  4-  z ,  i y  4- t ) .

( x  4- z ,  y  -  t ,  - X  +  z ,  y  +  t ) ,

( x  4- i t ,  y  -  i z ,  - i y  4- z ,  i x  -4- t )  . 

( x  4- t ,  y  4 - z ,  - y  4- z ,  - X  4- t ) .

( X ,  i y ,  i z ,  t ) .

( X  4- y ,  - X  4- y ,  Z -  t ,  Z 4- t ) .

( x  4- i y ,  i x  4- y ,  z  -  i t ,  - i z  4- t ) ,

( x  -  i y ,  - i x  4- y ,  z  -  i t ,  - i z  4- t )  . 

( x - y ,  X + y ,  z  -  t ,  z 4 - t ) ,

( X,  i y ,  z ,  i t ) .
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§V. The S im ple  Group 'Ça 5-<?;Lo .

I n  S e c t i o n  I  we shewed t h a t  t h e r e  i s  a  g ro u p  o f  25920

o p e r a t i o n s  i n  S3 w h ich  i s  s im p le  and i s  g e n e r a t e d  by 40

h o m o lo g ie s  o f  p e r i o d  3 ( s e e  page  31 ') ,  T h i s  g rou p  i s
/

i s o m o r p h ic  w i t h  th e  g roup  i n  S^ w h ich  l e a v e s  f i x e d  a q u a r t i c  

p r i m a l  h a v in g  45 n o d e s  and w h ich  h a s  b e e n  t h e  s u b j e c t  o f  

p a p e r s  by  b o t h  H .F ,  B aker  (3 )  and J .  Todd ( 1 8 ) .  I n  t h i s  

p a r a g r a p h  w i l l  be g e n e r a t e d  i n  two w ays :

( a )  by t h e  40 h o m o lo g ie s  i t  c o n t a i n s ,  

and (b)  by a s e t  o f  45 i n v o l u t a r y  b i a x i a l  h o m o g r a p h ie s .

A c o o r d i n a t e  s y s te m  may be s e t  up i n  w h ich  one o f  t h e  

40  h o m o lo g ie s  o f  p e r i o d  3,  s a y  0 , h a s  i t s  c e n t r e ,  0, a t  t h e

p o i n t  ( 0 , 0 , 0 , 1 ) and th e  p l a n e  t  — 0  a s  i t s  p o l a r  p l a n e ;

t h e r e  a r e  t h e n  1 2  c e n t r e s  o f  h o m o lo g ie s  l y i n g  i n  t h e  p o l a r  

p l a n e  o f  £  and t h e s e  may be t a k e n  a s  

Ac ( 1 , 0 , 0 , 0 ) ,  A , ( 0 ,  1 , 0 , 0 ) ,  A j 0 , 0 , 1 , 0 ) ,

Be ( G y ,1 , 1 , 0 ) ,  B, ( 1 , 6 & , 1 , 0 ) ,  B j l , 1 , ^ , 0 ) ,  ( 1)

Co ( f e " , l , l , 0 ) ,  C , ( 1 , ^ " , 1 , 0 ) ,  C ^ ( l , 1 , 6 5 ^ 0 ) ,

D o  ( 1 , 1 , 1 , 0 ) ,  D, ( l , m " m ; 0 ) ,  D ^ l , e ; g r " o ) ,

where  i f  i s  t h e  homology w i t h  c e n t r e  <^i t h e n  t h e  

p o l a r  p l a n e  o f  p a s s e s  t h r o u g h  and 0 , f o r

□7 — A, B, C o r  D, i ,  J ,  k  a l l  d i f f e r e n t  and i ,  J ,  k  = 0, 1

o r  2 .  ( T h i s  p a r t  o f  th e  n o t a t i o n  i s  a d a p t e d  from t h a t  

g i v e n  i n  H a m i l l  ( 1 0 ) ,  page 39 ,  f o r  th e  c e n t r e s  o f  t h e  

h o m o lo g i e s  o f  p e r i o d  3 g e n e r a t i n g  fZ, 6  •)
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The c e n t r e s  o f  t h e  9 i n v o l u t a r y  h o m o lo g ie s  i n  t h e  f% , 6  

g e n e r a t e d  i n  t  = 0 by A^, and C, have  c o o r d i n a t e s  

( 0 , 1 , - 1 , 0 ) .  ( 0 . l , - ® - , 0 ) ,  ( 0  , l . - e f . G ) ,

( - 1 , 0 . 1 , 0) ,  0, 1, 0) ,  ( - » % 0, 1 , 0) ,

( 1 , - 1 , 0 ,0 ), ( 1 ,-»:, 0 , 0 ), ( 1 ,-®', 0, 0).
Then t h e  r e m a i n i n g  27 h o m o lo g ie s  h av e  t h e i r  c e n t r e s  a t  

t h e  p o i n t s

P. -1, 0, 1,1)» Pz (-1 0. i.e^. P3 (-1, 0, I,®’)

Q, -1, 0, ^ \i) . Qi (-1 0, Q3 (-1, 0, sr)
R, -1, 0, ®,i). Rz (-1 0. © ,0), Rj (-1, 0. te- , ê )

n, 0, 1, -1,1), Uz ( 0 1, -1 ,^ , Ü3 ( 0, 1, -1, ©')

V, 0, 1, -Sr,l), Vz ( 0 1, - 0 ), Yj ( 0, 1, -er, sf)
w, 0, 1, - »'l). % ( 0 1, - , W3 ( 0, 1, - e t ©')

1, -1, 0.1). Xz { 1 -1» o,ŝ ). ( 1, -1, 0, m")
Y, 1, 0.1). Yz ( 1 -ero, er). Y3 ( 1, -t&. o,©4

2, 1, - 0.1). Zz ( 1 - 0.^), Z, ( 1,- 0,

and t h e  p o l a r  p l a n e  o f  the  homology c e n t r e  , 7  , 7  , r )  

i s  g i v e n  by

Ç x - i - t y  4- ^ z 4- r t = 0 .

The f o u r  p o i n t s  0 , 6̂ , , w i l l  be s e e n  t o  be c o l l i n e a r ,

f o r  yS one o f  t h e  l e t t e r s  P, Q, R, U, V, V/, X, Y, Z,

The c o n f i g u r a t i o n  form ed by th e  c e n t r e s  o f  t h e  40  

h o m o lo g ie s  c o n t a i n s  two s o r t s  o f  l i n e s ,  e - l i n e s  and a - l i n e s .  

Any c e n t r e ,  say  0 ,  i s  J o in e d  t o  t h e  12 c e n t r e s  i n  i t s  p o l a r  

p l a n e  by l i n e s  c o n t a i n i n g  no f u r t h e r  c e n t r e s ,  t h a t  i s  t o  s a y .



.91.

12 e - l i n e s  p a s s  t h r o u g h  e v e r y  c e n t r e ;  h e n ce  t h e r e  a r e  240 

e - l i n e s  i n  t h e  c o n f i g u r a t i o n .  The J o i n  o f  0 t o  any c e n t r e  

n o t  i n  t h e  p l a n e  t  = 0  i s  a l i n e  c o n t a i n i n g  e x a c t l y  f o u r  

c e n t r e s  and w i l l  be  known a s  a n  a - l i n e ;  th e  f i g u r e  t h u s  h a s  

90 a - l i n e s .  The l i n e  o f  i n t e r s e c t i o n  o f  the  p o l a r  p l a n e s  

o f  two h o m o lo g ie s  whose c e n t r e s  l i e  on a n  e - l i n e  i s  i t s e l f  an  

e - l i n e ;  two such  e - l i n e s  w i l l  be known a s  p o l a r  e - l i n e s .

The f o u r  c e n t r e s  d e t e r m i n e d  by a p a i r  o f  p o l a r  e - l i n e s  fo rm  a 

t e t r a h e d r o n  whose e d g e s  a r e  t h r e e  p a i r s  o f  p o l a r  e - l i n e s ;  

su c h  a t e t r a h e d r o n  w i l l  be c a l l e d  a  p o l a r  t e t r a h e d r o n .  The 

p o l a r  p l a n e s  o f  th e  h o m o lo g ie s  whose c e n t r e s  l i e  on an  a - l i n e  

a l l  p a s s  t h r o u g h  a se c o n d  a - l i n e ,  w h ic h  w i l l  be s a i d  t o  be 

p o l a r  to  th e  f i r s t .

T h e re  a r e  two t y p e s  o f  p l a n e s  i n  t h e  f i g u r e ,  J - p l a n e s  and 

t - p l a n e s .  A J - p l a n e  i s  s im p ly  one o f  th e  p o l a r  p l a n e s  o f  

t h e  g e n e r a t i n g  h o m o lo g ie s ,  and t h e r e  a r e  t h u s  40  o f  them; 

e a c h  J - p l a n e  c o n t a i n s  12 c e n t r e s ,  9 a - l i n e s  and 12 e - l i n e s .

The s e c o n d  ty p e  o f  p l a n e  i s  one c o n t a i n i n g  J u s t  5 c e n t r e s ,

4 e - l i n e s  and  an a - l i n e ,  and i s  a p l a n e  J o i n i n g  a g i v e n  

a - l i n e  t o  one o f  t h e  c e n t r e s  on t h e  p o l a r  a - l i n e ;  t h e r e  a r e  

360 t - p l a n e s ,

F o r  c o n v e n ie n c e  t h e  d e t a i l s  o f  t h e  c o n f i g u r a t i o n  w i l l  be 

sum m arised  i n  t h e  f o l l o w i n g  t a b l e .  The numbers  above t h e  

sh a d e d  p o r t i o n s  r e f e r  t o  th e  number o f  c e n t r e s ,  e - l i n e s  and  

a - l i n e s  l y i n g  i n  a g i v e n  sub c o n f i g u r a t i o n ,  w h i l e  t h o s e  be lo w
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t h e  sh a d ed  a r e a  r e f e r  to  th e  numbers  o f  any g i v e n  s u b c o n f i g 

u r a t i o n  p a s s i n g  th r o u g h  a g i v e n  c e n t r e ,  e - l i n e  o r  a - l i n e .  

(F o r  ex am p le ,  t h e r e  a r e  4 c e n t r e s  l y i n g  on an  a - l i n e ,  and 45 

t - p l a n e s  p a s s i n g  th r o u g h  a g i v e n  c e n t r e . )

I n c i d e n c e  T a b l e .

40
c e n t r e s

240 90
e - l i n e s  a - l i n e s

40  360
.1-p l a n e s  t - p l a n e s

40  c e n t r e s . 12

240 e - l i n e s .  

90 a - l i n e s .

12
9

12

9

4

1

4 0  J - p l a n e s ,  

360 t - p l a n e s .

12

45

4

4

( a )  Each o f  t h e  40 h o m o lo g ie s  i n  l e a v e s  f i x e d  t h e

f i g u r e  fo rm ed  by t h e  c e n t r e s ,  t r a n s f o r m i n g  any g i v e n  c e n t r e  

i n t o  i t s e l f  o r  one o f  t h e  o t h e r  c e n t r e s ;  we may t h e r e f o r e  

r e p r e s e n t  a homology a s  a p r o d u c t  o f  c y c l e s  o f  t h e  40  c e n t r e s .  

By s e l e c t i n g  t h e  c o l l i n e a t i o n  ( © x , y , z , t )  a s  th e  fo rm  f o r  Ao  

we f i n d  t h a t  t h e  f o l l o w i n g  18 h o m o lo g ie s  may be  r e p r e s e n t e d  

by th e  p r o d u c t s  o f  c y c l e s  g i v e n  b e lo w ;
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ào

A. =

h

B.

Ço

4

t 
4 

-■ 4
s. 4

0 . = {

4'
L  = {

^4'

B.C.D.

Bb C,D^ 

Bo C, D,

A .D .C ,

A.D, C, 

A.DaC, 

A.B.D.

A.B,D,

A.B, D,

A. C.B.

A. C.B,

a . g , b.  

B, B. P, 

OP, P, )

OP, P; )

CP^P, )

(B, C.D, ( B. C, D, (B, Q4R.)(

(B, C,D„ (BiC .D, (U, w, \  ) (

(E, C.D. ( C. D. (B, R , Q , ) (

(A, D.C; (A^D, C, (B, Y i W j (

(A, D.C, (A ,D ,C . ( Q , u ,  Z3 ) (

(A, 3, C. (AiD. Cl (P. Y3 ) (

( A B,D, (AxB, (B, v , z , ) (

(A, S,D. {Al B. D, ( R , Y i W  ) (

(A. B.D, (AiBiD. (B, H

(A, C,B, (AiC.Bi ( g , V,  Y, ) {

(A, C.B, ( Al C, B. (Q, Y i V i  ) (

(A C,B. (AiC.B, (B, X1 U3  ) (

( Q, Q x a , ( R,  R 1 R3 ( ü , B1 I& )(

A . R a Q j  ) 

A.B, Q I ) 

A . R ,  Q i )

AjQ.R, )

A ^ Q . A  )

A,,Q,R, )

B o W , \ )  

S.W, Y, )

E. W, Y, )

B^Q,R)

Ux4

B.R.Q.X

B,T, %

g^B, Z, 

B.W.Y, 

B.V, Z. 

B xY Æ

Y,

Q,Y,T, 

P, X,U, 

V, ViT,

B.Y3 W, )

BxT.Wj  

B. Yz '.' 3  )

P3 QiR,
:CiZ, Y,

(X.ZjYi
(X,ZiY,

u, liiV,
XiYiZ,

(X ,Y ,Z ,
( % % Z3

PaRjQ;
Ui ViV/i

(ü, 7,W,

B, Y, W, 
RauV X,

( R . v r x ,  
(RaV. X,

9 .3 U1 Z1

R1 X3 V,
(R,XiV,
{RaX.Va

Bs V.3 Yi 
9 . 2 ^ 1

( 9, ZiU, 
U a Z . Ü ,

Ba Ti Za 
9 i% a 4

( 9 , X i %
(Q ,X , % 1

R,Y,U, 
Qi’,ï, X,

(Q.WxX;
(QaW/Xa

BaZ.V, 
Riüi Y,

(R,U, Y;
(RaUaYa

QaVa Yi
Rz z ,  ' 4

(R,ZiW,
(RjZ.W,

Q&Y, V, 
BiUa X,

(p, U1 X3

( B, ü, Xa

Pa X.Ui
Ri'rf. Z,

( R, w, Zj
(RiWaZa

W, ÏJ1 Ï/ 3  

Y, YiY,
( X, XiX,
(Z .Z iZ a

c . z , v  ) 
D, XjtÇ,

Cl T, Zi )
(D,U,Xa

C.Z.V, ) 
D, X, U3

C iT iZ , )
( D.U, X.

C. Zi Vi ) 
D. X,U,

Cl V3  Z, )
(DiCiX,
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Ss s  (tCUiü, )(A,V, VfaKAaVAVjKB, Q ,Z , ) ( B iZ ,Q 3 ) ( £ r .Y 3 R a ) ( C iR 3 Y j  |  
l (D, P iX , ) ( D iX iP ,  ]|.

I 3 £  f( 07. V, ) ( A ,H, ü i  ) ( AiU, W, ) ( B.RiX, ) ( B, X^R, ) ( C.P, Z3  ) ( C. Z, P, ) |  
l  (D .Q ,Y i)(D ,  Y3 Q JJ .

Under t h i s  r e p r e s e n t a t i o n  we f i n d  t h a t  i f  K, L, M, N 

a r e  any f o u r  c e n t r e s  on an  a - l i n e  such  t h a t  K(L) =  M,

K(M) = N, g(N) =: L, t h e n

g . L  = L.M = M.K, 

g.M = M.N = N . g ,  

g .N  = N.L = L.K ,

M.L = L.N = N.M.

A lso  i f  g ,  L, M, n  a r e  any f o u r  h o m o lo g ie s  whose c e n t r e s  fo rm  

th e  v e r t i c e s  o f  a p o l a r  t e t r a h e d r o n ,  t h e n  g .g .M .N  i s  t h e  

i d e n t i c a l  c o l l i n e a t i o n .

V/e a r e  now i n  a p o s i t i o n  t o  be  a b l e  t o  e n u m e ra te  t h e  

o p e r a t i o n s  o f  S in c e  t h e  s q u a r e s  o f  t h e  40

g e n e r a t i n g  h o m o lo g ie s  a r e  a l s o  h o m o lo g ie s  o f  p e r i o d  3 we have  

a l r e a d y  81 o p e r a t i o n s  o f  t h e  g r o u p .

I .  The i d e n t i c a l  c o l l i n e a t i o n .

I I .  8  0 h o m o lo g ie s  o f  p e r i o d  3 .

T h e r e  a r e  tv/o d i s t i n c t  t y p e s  o f  p r o d u c t  a r i s i n g  f rom  an 

e - l i n e ,  and b o t h  t h e s e  a r e  o f  p e r i o d  3 ,  F o r  c o n s i d e r  t h e  

t y p i c a l  e - l i n e  OAp; 0  and  A^ have  b e e n  cho sen  t o  have  t h e  

fo rm s

0 : ( x , y , z , e r t )

A . : ( ® z , y , z , t ) .



Then O.Ap ; (erx ,y ,  z , © t ) end  (dôx,y, z , ) a r e

r e s p e c t i v e l y  a b i a x i a l  homography and an  a x i a l  homography 

o f  p e r i o d  3 ,  C l e a r l y  a l l  t h e  o p e r a t i o n s  g e n e r a t e d  by 0 

and A q must  be o f  one o f  t h e s e  two t y p e s ,  0 . A  ̂ h a s  t h e  

p a i r  o f  p o l a r  e - l i n e s  CÂ  and A.A^ a s  i t s  a x e s ,  and t h e r e  

w i l l  be  one o f  t h e s e  b i a x i a l  h o m o g rap h ie s  o f  p e r i o d  3 and 

i t s  s q u a r e  a s s o c i a t e d  i n  t h i s  way w i t h  e v e r y  p a i r  o f  p o l a r  

e - l i n e s .  Thus

I I I  240 b i a x i a l  h o m o g ra p h ie s  o f  p e r i o d  3 whose a x e s  a r e  

a p a i r  o f  p o l a r  e - l i n e s ,

,Ao h a s  i t s  two i s o l a t e d  u n i t e d  p o i n t s  a t  t h e  p o i n t s  0  and  

Ao and th e  l i n e  A, A^ a s  i t s  a x i s ;  s i n c e  ( 0^ ,A o f  i s  t h e  same 

ty p e  a s  &  ,Ag, we se e  t h a t  t h e r e  a r e  j u s t  two a x i a l  hom ogra

p h i e s  o f  p e r i o d  3 i n  h a v i n g  a g i v e n  e - l i n e  a s  a x i s

and i s o l a t e d  u n i t e d  p o i n t s  c o i n c i d i n g  w i t h  th e  c e n t r e s  on 

th e  p o l a r  e - l i n e .  Hence t h e r e  a r e  two o p e r a t i o n s  o f  t h i s  

ty p e  a s s o c i a t e d  w i t h  e v e r y  e - l i n e  i n  th e  c o n f i g u r a t i o n ,  and 

we have

IV 480 a x i a l  h o m o g ra p h ie s  o f  p e r i o d  3 ,

The h o m o lo g ie s  whose c e n t r e s  l i e  on a g i v e n  a - l i n e  

g e n e r a t e  a n  ^ , 5  ̂ ' on t h a t  l i n e  and l e a v e  e a c h  p o i n t  o f  t h e  

p o l a r  a - l i n e  f i x e d ;  t h e y  t h e r e f o r e  g e n e r a t e  a g ro u p  i n  S3  

c o n t a i n i n g ' 24 o p e r a t i o n s ,  he a l r e a d y  h av e  9 o f  t h e s e  

o p e r a t i o n s ,  t h e  i d e n t i t y  end t h e  4 h o m o lo g ie s  and  t h e i r  

s q u a r e s . whose c e n t r e s  l i e  on th e  g i v e n  a - l i n e ,  and t h e
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r e m a i n i n g  c o l l i n e a t i o n s  f a l l  i n t o  t h r e e  d i s t i n c t  c l a s s e s ,

F o r  c o n s i d e r  t h e  a - l i n e  AoBoCoDo, t h e n  ,B^ ; ,B^ ;

Da.Ao.Bç a r e  o p e r a t i o n s  o f  d i f f e r e n t  p e r i o d s  a r i s i n g  f rom  

p r o d u c t s  o f  Ao, Bo, Co, Do, and we s h a l l  s e e  t h a t  a l l  o t h e r  

p r o d u c t s  o f  t h e s e  f o u r  h o m o lo g ie s  f a l l  i n t o  one o f  t h e  c l a s s e s  

d e t e r m i n e d  by th e  g i v e n  p r o d u c t s .

A p.Bo i s  o f  p e r i o d  6  f o r  / p \ \I "3 A3/
A. .B. C„)(A,B^C,A^E, C j  ( D, ) (P, X, ) ( P )|[( Q.R, V. )|

I ( % R ,V .Z ,  Y, V/, ) T Q , V ,  Z, Y^H^ ) .  j

S in c e  A, .Bg l e a v e s  f i x e d  j u s t  th e  c e n t r e s  D e ,  U, , TJ^, and  0

and OU, i s  th e  a - l i n e  p o l a r  t o  AoBo, we s e e  t h a t  no p r o d u c t  o f

t h i s  ty p e  f rom  an  a - l i n e  o t h e r  t h a n  AçBo can  g i v e  r i s e  t o

t h i s  p a r t i c u l a r  o p e r a t i o n .  As ( A o i s  t h e  same ty p e

o f  o p e r a t i o n  a s  A@.Be t h e r e  w i l l  b e ,  by symmetry ,  8  o p e r a t i o n s

o f  t h i s  ty p e  a r i s i n g  from e a c h  a - l i n e .  I n  a d d i t i o n ,  s i n c e

t h i s  o p e r a t i o n  h a s  a l i n e  o f  u n i t e d  p o i n t s  and  i s  o f  p e r i o d  6 ,

i t  can o n ly  be  an a x i a l  hom ography .  Hence

V 720 ( — 8  % 90) a x i a l  h o m o g rap h ie s  o f  p e r i o d  6 .

The s q u a r e s  o f  o p e r a t i o n s  o f  ty p e  V have  a l r e a d y  o c c u r r e d ,

f o r

( Ao ^  -  Ao  " Do  #Ag , B  o 

~  A o  * — 0 * B o  

=  A o  . D o  

=  D „

The c u b es  o f  o p e r a t i o n s  o f  t y p e  V a r e  o f  p e r i o d  2 and  m ust  

t h e r e f o r e  be new o p e r a t i o n s .
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SO t h a t  Do,Ao,Bo i s  o f  p e r i o d  2 and l e a v e s  f i x e d  e a c h  p o i n t  

o f  AoBo and CU, , By symmetry t h e r e  w i l l  be a n  o p e r a t i o n

o f  t h i s  t y p e  a s s o c i a t e d  w i t h  e a c h  p a i r  o f  p o l a r  a - l i n e s ;

hence

VI 45 b i a x i a l  h o m o g ra p h ie s  o f  p e r i o d  2 ,  e a c h  h a v i n g  a 

p a i r  o f  p o l a r  a - l i n e s  a s  a x e s ,

The o p e r a t i o n  .B^ i s  o f  p e r i o d  4 and so h a s  n o t

o c c u r r e d  b e f o r e ,  f o r

A c  . S „ =  ) (B .D . ) ( A ,  C , A . C , ) ( B , D , B , D , ) ( P . Z , X  Q j ( E , Z . X y 5 , , ) )
I ( P; Ẑ  X, Qa ) ( R , Y, V,', ) ( R;; V; ) ( R 3 V, T, W, ) . J

I t  l e a v e s  f i x e d  e a c h  p o i n t  o f  OU, and  two p o i n t s  ( n o t  c e n t r e s )

o n  A^Bo, i n t e r c h a n g i n g  A^ w i t h  C ^ ,  Bo w i t h  Do, and so c a n n o t

a r i s e  a s  a s i m i l a r  p r o d u c t  o f  h o m o lo g ie s  whose c e n t r e s  l i e

on any a - l i n e  o t h e r  t h a n  AoB* , (A^ .B^)^ i s  th e  same ty p e

o f  o p e r a t i o n  and h a s  t h e  same e f f e c t  on A^Bo, so t h e r e  w i l l

be j u s t  f o u r  f u r t h e r  o p e r a t i o n s  o f  t h i s  c l a s s  a r i s i n g  f rom

p r o d u c t s  o f  Ag, Bo, Co, Dq, two o f  t h e s e  c o l l i n e a t i o n s  w i l l

i n t e r c h a n g e  Ao w i t h  Bo, Co w i t h  Do, and two w i l l  i n t e r c h a n g e

Ao w i t h  Do and Bq w i t h  Co. Hence e a c h  a - l i n e  g i v e s  r i s e

t o  6  d i s t i n c t  a x i a l  h o m o g ra p h ie s  o f  t h i s  t y p e ;  h e n ce

V II  540 ( =  6  X 90) a x i a l  h o m o g ra p h ie s  o f  p e r i o d  4 ,

Vie h ave  now o b t a i n e d  24 o p e r a t i o n s  o f  t h e  g ro u p

g e n e r a t e d  by A*, Bo, Co and Do and  so any f u r t h e r  p r o d u c t s  

o f  t h e s e  f o u r  h o m o lo g ie s  ( o r  p r o d u c t s  o f  any s e t  o f
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h o m o lo g ie s  whose c e n t r e s  l i e  on an  a - l i n e )  m ust  be c o n t a i n e d  

i n  one o f  th e  c l a s s e s  I - V I I .

The p r o d u c t s  we h av e  t o  c o n s i d e r  n e x t  a r e  t h o s e  of  

h o m o lo g ie s  whose c e n t r e s  a l l  l i e  i n  a  j - p l a n e .  The g roup  

g e n e r a t e d  by t h e  h o m o lo g ie s  whose c e n t r e s  l i e  i n  any 

j - p l a n e ,  say  t  = 0 , i s  o f  o r d e r  648 ,  and we h a v e  a l r e a d y  

th e  i d e n t i t y ,  26 h o m o lo g i e s ,  24 b i a x i a l  h o m o g ra p h ie s  

o f  t y p e  I I I ,  48 a x i a l  h o m o g rap h ie s  o f  typ e  IV, 90 o p e r a t i o n s  

o f  ty p e  V, 9 i n v o l u t a r y  b i a x i a l  h o m o lo g ie s  o f  t y p e  VI and 

54 a x i a l  h o m o g rap h ie s  o f  ty p e  V II  b e l o n g i n g  t o  t h i s  g r o u p ,  

so  t h e r e  a r e  o n ly  396 f u r t h e r  o p e r a t i o n s  t o  be f o u n d .

The o p e r a t i o n  .A ^ .B  ̂ p e r i o d  6 ,  f o r

A Î  -Ao . B , r  ((A.B.  C,A,B, C j(A^Bo C, )(D,D, ) (P ,  Y^U, V ^ X .Q J )

 ̂ (Z.ZiZj). J
I t  i s  n o t  o f  typ e  V f o r  i t  o n ly  l e a v e s  f i x e d  two c e n t r e s ,  

and 0, and so A f  ,A^ .B^ h a s  n o t  o c c u r r e d  b e f o r e .  S in c e  

( A ,Ao .Bo)^ i s  t h e  same ty p e  o f  o p e r a t i o n  a s  A )  ,A% ,Bo,  

l e a v i n g  f i x e d  t h e  same p a i r  o f  p o l a r  a - l i n e s  A^B* and OZ, and 

a l s o  h a v i n g  D, and 0  a s  f i x e d  p o i n t s ,  we s e e  t h a t  t h e r e  a r e  

j u s t  two o p e r a t i o n s  i n  o f  t h i s  c l a s s  h a v i n g  a g i v e n

p a i r  o f  p o l a r  c e n t r e s  a s  f i x e d  p o i n t s  and  l e a v i n g  f i x e d  a 

g i v e n  p a i r  o f  p o l a r  a - l i n e s  t h r o u g h  t h o s e  two c e n t r e s .

Hence e a c h  p a i r  o f  p o l a r  a - l i n e s  w i l l  be a s s o c i a t e d  t o  32 

su c h  o p e r a t i o n s ,  and we have

V I I I  1440 ( =r 32 % 45) o p e r a t i o n s  o f  p e r i o d  6 ,
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The sq u a r e #  and cube# o f  an  o p e r a t i o n  o f  t h i s  ty p e  have 

a l r e a d y  o c c u r r e d .

I n  a d d i t i o n  vve may s e e  t h a t  ,A^ l e a v e s  f i x e d  

j u s t  two j - p l a n e s ,  t h e  p l a n e s  t  -  0  and OZ,R,V/, ; t h e r e f o r e  

t h e r e  a r e  72 o p e r a t i o n s  o f  t y p e  V I I I  l e a v i n g  f i x e d  any 

g i v e n  j - p l a n e .

An o p e r a t i o n  su c h  a s  A ^ .A , .A ^  .B  ̂= o'^.A^ .B^, i s  a l s o  

o f  p e r i o d  6 , f o r

(A,B. C .) (A ,BiC ,AaB,  C J  ( D, )(P, %,P^Z,P,
( Q., Z , ) ( Q^R, V, Z^Y, h:, ) ( Q,R, )

( U ,

and t h i s  a l s o  on ly  l e a v e s  two c e n t r e s  f i x e d .  Do and 0 , b u t  

b e s i d e s  l e a v i n g  f i x e d  e a c h  o f  the  p a i r  o f  p o l a r  a - l i n e s  

AovBfl , OU, i t  i n t e r c h a n g e s  t h r e e  a - l i n e s  w i t h  t h e i r  p o l a r s ,

Q, w i t h  R^Z, , w i t h  R^Za and V, w i t h  R ,Z a .  O p e r a t i o n s

o f  ty p e  V I I I  have  o n ly  one f i x e d  p a i r  o f  p o l a r  a - l i n e s ,  and 

so Aa«A/ *Ao .Bg h a s  n o t  o c c u r r e d  b e f o r e .  A g a in  t h e r e  w i l l  

be 32 o f  t h e s e  o p e r a t i o n s  a s s o c i a t e d  w i t h  e a c h  p a i r  o f  p o l a r  

a - l i n e s  and  th u s

IX 1440 o p e r a t i o n s  o f  p e r i o d  6 .

The s q u a r e  and cube o f  A3. .A, .A"*̂  .B^ have  a l r e a d y  o c c u r r e d  

and t h e  o p e r a t i o n  a g a i n  l e a v e s  f i x e d  j u s t  two j - p l a n e s .

Hence t h e r e  a r e  72 o p e r a t i o n s  o f  t h i s  t y p e  l e a v i n g  f i x e d  any 

g i v e n  j - p l a n e .

An o p e r a t i o n  s u c h  a s  A, »Aa i s  o f  p e r i o d  1 2 , f o r
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A, . A„ - ( (  A, C. A, C J  ( A,C, ) ( B„D, ] ( % % )  ' ■)
-  (P, Y.VjX^P, Ï,T , T^V, X, ) (Q,R, U3% Q3Ra% W, QiR,U,W,l (

I  ;  ( Z , Z ; Z a ) .  J

and t h u s  c a n n o t  have  o c c u r r e d  b e f o r e .  I t  can  o n ly  a r i s e  a s  

a p r o d u c t  o f  h o m o lo g ie s  whose c e n t r e s  a r e  i n  t h e  p l a n e  t  = 0 , 

s i n c e  t h e  o n ly  c e n t r e  t h a t  i t  l e a v e s  f i x e d  i s  0 .  Now t h e  

f i f t h ,  s e v e n t h  and e l e v e n t h  pow ers  o f  t h i s  o p e r a t i o n  a l l  l e a v e  

f ix e d O a n d  th e  l i n e  C, D, , i n t e r c h a n g i n g  w i t h  C, and 

Bq w i t h  D, . w i l l  t h e r e f o r e  c o n t a i n  e i g h t j [ o p e r a t i o n s

e a c h  l e a v i n g  0  f i x e d ,  f o u r  o f  w h ich  i n t e r c h a n g e  A a. w i t h  Bo,

C, w i t h  D, , t h e  r e m a i n d e r  i n t e r c h a n g i n g  Â _ w i t h  D, , B^ w i t h  

C, . Thus e a c h  J - p l a n e  g i v e s  r i s e  t o  108 o p e r a t i o n s  o f  t h i s  

ty p e  w hich  c a n n o t  a r i s e  f rom  any o t h e r  J - p l a n e ,  Hence i n  

we have

X 4320 ( = 108 K 40) o p e r a t i o n s  o f  p e r i o d  1 2 ,

The r e m a i n i n g  powers  o f  o p e r a t i o n s  o f  t y p e  X h ave  a l r e a d y  

o c c u r r e d ,

The o p e r a t i o n  A^ . A o i s  a n o t h e r  new o p e r a t i o n  l e a v i n g  0 

f i x e d ,  f o r

AT . A c l o  C J ( A ,D ,  C J  (A^D.C, )(B„B,B, ) ( P, Z, X,P, Z.Z^P, Z.Ii,))
l( q, Rs % w, %̂R, Vf, ) ( U, V, V, Y , T ,  ), j

so  t h a t  A,’- .A^.B„ i s  o f  p e r i o d  9 and has  n o t  a r i s e n  b e f o r e .

The s e c o n d ,  f o u r t h ,  f i f t h ,  s e v e n t h  and e i g h t h  p ow ers  o f  

A t  .Ao.Bc a r e  th e  same t y p e  a s  A^ .Ao*B<, i t s e l f ,  b u t  o n ly  

t h e  f o u r t h  and s e v e n t h  pow ers  h ave  t h e  same e f f e c t  i n  t h e  

p o l a r  p l a n e  o f  0  a s  A t  .A®.Bo. Now At .A®-So l e a v e s  t h e



loi.
t r i a n g l e ^ B  B, f i x e d  and p e rm u te s  t h e  t r i a n g l e s A ,A , ,

C, C:i, ^D^D, Da i n  su c h  a  way t h a t  i f  i t  t r a n s f o r m s  A^ i n t o  

Dj , Dj i n t o  Ck and i n t o  A^, then^AiD; i s  a  p r o p e r  

t r i a n g l e ;  i n  a d d i t i o n ,  t h e  e f f e c t  o f  *Ao*Do t h e  p l a n e  

p o l a r  t o  0  i s  d e t e r m i n e d  by t h e  tvm c y c l e s  (B^B^B, ) and  

(AoD^Co). The o p e r a t i o n s  o f  t h i s  t y p e  whose e f f e c t s  i n  t h e  

p l a n e  t  = 0  a r e  d e t e r m i n e d  by t h e  c y c l e  (B^B^B, ) t o g e t h e r  

w i t h  one o f  t h e  c y c l e s  (A , ,D ^ C j ,  {A A C , ) ,  (A A  C, ) ,  (A^D, C*), 

(AqD, C, ) a r e  a l l  d i s t i n c t  f rom  Â  ̂ .À^.B., ,  and we s e e  t h a t  

t h e r e  a r e  a t  l e a s t  s i x  o p e r a t i o n s  o f  t h i s  ty p e  whose e f f e c t s  

i n  t h e  p l a n e  t  = 0  a r e  a l l  d i s t i n c t  and  w hich  l e a v e  one o f  

t h e  t r i a n g l e s  oLocLteL^ ( oC = A, B, C, D) f i x e d .  Thus t h e r e  

a r e  a t  l e a s t  35 o f  t h e s e  o p e r a t i o n s  i n  t h e  g rou p  g e n e r a t e d  

by h o m o lo g ie s  whose c e n t r e s  l i e  i n  t  =r o w hich  l e a v e  a g i v e n  

one o f  th e  f o u r  t r i a n g l e s  f i x e d .  Hence t h e r e  a r e  a t  l e a s t  

4 % 36 = 144 such  o p e r a t i o n s  a r i s i n g  f rom  a g i v e n  J - p l a n e ,

But  t h e r e  can  be no more t h a n  t h i s ,  f o r  we a l r e a d y  have  

504 o f  t h e  o p e r a t i o n s  o f  t h e  g ro u p  o f  o r d e r  648 l e a v i n g  f i x e d  

a J - p l a n e .  I n  a d d i t i o n ,  s i n c e  .A^.B^, o n ly  l e a v e s  one 

J - p l a n e  f i x e d ,  i t  c a n n o t  a r i s e  f rom  any o t h e r  J - p l a n e ,  h e n ce  

X I  5760 ( = 144 X 40)  o p e r a t i o n s  o f  p e r i o d  9 ,

T h e re  a r e  J u s t  f o u r  more d i f f e r e n t  t y p e s  o f  o p e r a t i o n  i n  

and  t y p i c a l  e x a m p le s  o f  t h e s e  a r e

£ 3  • È  • A o  *2 #'

0 . & . I 3 .
I g . O " .  A , . C / .
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P j  . 0 .  A, .B , = (■( A„ V, B ;0  Pi I (A, »T, Vf̂  B  ̂0 ,  ) ( A ^ U ,  B„ ) ( C„ Q, % Y, X, )1 
'  {( R, V. P,Ra ) ( Y, D;, ) ( D, ;C, V,P, q , ) ( Q^X, Z,R^Z^ )j.

P 3 . 0  ,A a .B , i s  t h u s  a new o p e r a t i o n  o f  p e r i o d  5 ,  I t  l e a v e s

f i x e d  e i g h t  n o n - p l a n a r  p e n t a g o n s  o f  w hich  Y ^ U , B ^ a n d

Ŵ Y, Dj a r e  su c h  t h a t  t h e  e d g e s  Â, Y, , Y^U, , U,Bq , B^Z^,

Z ^ A y  and D̂  l i  , Y , , Y, D̂  , Dj_ a r e  a l l  e - l i n e s ,  w h i l e

a l l  t h e  d i a g o n a l s  a r e  a - l i n e s .  Mow P 3 .O .A 0 .B ,  i s  c o m p l e t e l y

d e t e r m i n e d  by t h e  c y c l e  (A^Y^U.BoZ^) and so  t h e  number o f

su c h  o p e r a t i o n s  i n  ^ j L 6-ĉ ac> d e p e n d s  on t h e  number o f  p e n t a g o n s

su ch  a s  A^Y^U, B̂  Z  ̂ which  can  be fo rm ed  from t h e  4 0  c e n t r e s .

The p o i n t  Â  may be c h o se n  i n  40  ways and t h e r e  a r e  IE c e n t r e s

w h ich  a r e  p o l a r  t o  Â  , so  t h a t  may be c h o se n  i n  IE w a y s .

The t h i r d  v e r t e x  must  be J o i n e d  t o  A^ by an a - l i n e  and t o  Ŷ

by a n  e - l i n e ,  and  t h e r e  a r e  9 c e n t r e s  s a t i s f y i n g  t h e s e

c o n d i t i o n s .  I f  U, i s  c h o s e n ,  i t  i s  fo u n d  t h a t  t h e r e  a r e  6

c e n t r e s  which  a r e  J o i n e d  t o  and  Ŷ  by a - l i n e s  and  U, by

e - l i n e s .  The l a s t  v e r t e x  o f  t h e  p e n ta g o n  m ust  be p o l a r  t o

A^ and  t h e  f o u r t h  v e r t e x  and be J o i n e d  t o  Y^ and U, by a - l i n e s ,

and t h e r e  a r e  J u s t  Z c e n t r e s  s a t i s f y i n g  a l l  t h e s e  c o n d i t i o n s .
... . .. ,, 40  X IE X 9 X 6 X EWe s e e  t h a t  t h e r e  a r e  t h u s  -----------------------------------  such

5
p e n t a g o n s .  However P j .O .A o .B ,  i s  e q u a l l y  w e l l  d e t e r m i n e d

by t h e  c y c l e  ( Do V/ 3  Y,D^ ) and so  we have

X II  5 1 8 4 & É ^ .y . ...H ^ o p e r a t i o n s  o f  p e r i o d  5 .
V 10 '

A l l  th e  pow ers  o f  P 3 .O.AÛ.B, a r e  o f  ty p e  X I I .

The o p e r a t i o n  P, ,0*  ̂.Ao ,C<j i s  a new o p e r a t i o n  o f
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p e r i o d  4 ,  f o r

P 3  . 0  . A q p =r (A„Z^q, Z ,) (A ,C ,U^D, )(A,y,B„VY, ) ( B ,T ,Z ,B ; , ) ]  
( C , D . R , P , ) ( C i Z i W . q , ) ( D . q , V , Y ,  ) ( 0  P i Z , R , )

(P, V , W , R j ( U , U , Z , Y , ) j

so  P j . O ^ . A j . Ç o  l e a v e s  no c e n t r e s  f i z e d  and  c a n n o t  h ave  a r i s e n  

b e f o r e .  I t  l e a v e s  f i z e d  J u s t  tv^o n o n - p l a n a r  q u a d r i l a t e r a l s  

w h ich  a r e  su c h  t h a t  t h e i r  e i g h t  v e r t i c e s  a r e  th e  e i g h t  c e n t r e s  

l y i n g  on a p a i r  o f  p o l a r  a - l i n e s ; t h e s e  two q u a d r i l a t e r a l s  

a r e  B, and Bg V, IV3  . S in c e  P 3 .0^ . A^. C  ̂ i s  c o m p l e t e l y

d e t e r m i n e d  by th e  c y c l e  ( B, Y^Z^Ba) ,  t h e  number o f  s u c h  o p e r a 

t i o n s  i n  'Ça 5-cja.o d e p e n d s  on th e  number o f  su c h  q u a d r i l a t e r a l s

w h ich  can  be fo rm ed  f rom  t h e  40  c e n t r e s .  T h ere  a r e  i n  f a c t  
4 x 4  X 3 x 3  x 2_________ __________  such q u a d r i l a t e r a l s  w h ich  have  a g i v e n  p a i r

o f  p o l a r  a - l i n e s  a s  d i a g o n a l s .  As P ^ .O ^ .A ^ .C q i s  e q u a l l y  w e l l  

d e f i n e d  by t h e  c y c l e  (P^V, V/gR^) we have  

X I I I  3240 / 4 5 x 4 \ 4 X 3 X 3 X 2 \|=L- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - I o p e r a t i o n s  o fV 4 X 2  /
p e r i o d  4 .

(P^ . 0  ̂ . 6 0 . i s  a l s o  o f  ty p e  uCLII and t h e  s q u a r e  o f  an  

o p e r a t i o n  o f  t y p e  X I I I  i s  o f  p e r i o d  2 ,  b u t  su c h  an o p e r a t i o n  

h a s  n o t  p r e v i o u s l y  o c c u r r e d  a s  we f i n d  t h a t

( £ 3 . 0  . A o . C j  =  f(A„q, ) ( Z ^ Z „ ) ( A , u m ( C , D ,  )(A,B,  )(V,W,
-  j(  Y^B J  ( C.R, ) ( DaP, ) ( C.l.q ) ( Ŷ  )

1(0  Z , ) ( P i R ; ) ( P , W 3 ) ( V , R i ) ( U ,  X ,)(U,Y, )

and  so  ( P , .O ^ .A « . C , ) ^  d o e s  n o t  l e a v e  any c e n t r e s  f i x e d .  Me

may w r i t e  s u c h  a n  o p e r a t i o n  a s  a p r o d u c t  i n v o l v i n g  o n ly  f o u r

h o m o lo g i e s ,  f o r



1 0 4 .

(Pj .0" .Ao . Ç o f  = P 3 .0" .Ao .Ço .P ,  . o '  .Ao.Ço

= N  N  - i x . V o . o ' . A o . Ç o  

- N  . 0 ' . & . Ï 3 . â o . Ç o

.1 ,  I , . à . . Ç o

= £ 3 - ^ . - m . a , . â o . L . Ç o

= F , . P , . ^ . P , . Q 3 . P , . V ,

= Ç j .o . Ç , "  . Ç . ' S o . I ^

"Ê.J .O.Ro .V;«

P 3  , 0 ,R;j . V3  l e a v e s  f i z e d  e a c h  o f  t h e  s i z  a - l i n e s  A^P^ , A,Uj , 

OZ, , A^Bo, B^Y^ , B, Ra and i n t e r c h a n g e s  w i t h  R, and

w i t h  BqP, . l a  a d d i t i o n  i t  l e a v e s  f i z e d  J u s t  f o u r  

p o l a r  t e t r a h e d r a ,  C^R, Y, U3  , q.Y^lT , X,U, D*P,

where  t h e s e  a r e  s u c h  t h a t  t h e i r  s i z t e e n  v e r t i c e s  a r e  t h e  

c e n t r e s  l y i n g  on  two p a i r s  o f  p o l a r  a - l i n e s ,  e a c h  p a i r  o f  

a - l i n e s b e i n g  l e f t  f i z e d  by t h e  o p e r a t i o n .  T h e re  w i l l  be 

J u s t  one o p e r a t i o n  o f  t h i s  t y p e  l e a v i n g  f i z e d  e a c h  su c h  s e t  

o f  p o l a r  t e t r a h e d r a .  T h e re  a r e  45 p a i r s  o f  p o l a r  a - l i n e s  

and  J u s t  two c e n t r e s  a r e  s u f f i c i e n t  t o  d e t e r m i n e  t h e  

p a r t i c u l a r  p o l a r  t e t r a h e d r o n  t o  which  t h e y  b e l o n g ;  sup p o se  

we c o n s i d e r  t h e  p a i r  o f  p o l a r  a - l i n e s  R, . Then

t h e r e  a r e  f o u r  p o l a r  t e t r a h e d r a  h a v i n g  Co and  a c e n t r e  on 

R,Ca a s  v e r t i c e s  and so  t h e  t e t r a h e d r a  R , Y,Ug may be 

ch o sen  i n  45 x 4 w ay s .  T h ere  a r e  t h e n  t h r e e  p o l a r  t e t r a 

h e d r a  h a v in g  a s  one v e r t e z  and  a s e co n d  v e r t e z ,  d i s t i n c t
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f ro m  R,  ̂ l y i n g  on  R, , and th e  two t e t r a h e d r a  C^R, Y,Ug ,

may be c h o se n  i n  45 X 4 X 3 w a y s .  But we h av e  now 

u n i q u e l y  d e t e r m i n e d  t h e  o t h e r  two t e t r a h e d r a  i n  t h e  s e t ,  a s  

t h e  f o u r  unknown v e r t i c e s  must  l i e  on Y, and

and be d i s t i n c t  f rom C l e a r l y  t h i s  same s e t  o f

t e t r a h e d r a  may e q u a l l y  w e l l  b e  d e t e r m i n e d  i n  t h e  same way 

f rom  th e  p a i r  o f  p o l a r  a - l i n e s  Q^Y, , X , and so  we have  

XIV 270 —É-JL-5 ^  o p e r a t i o n s  o f  p e r i o d  2 ,

P g ,Ca i s  o f  p e r i o d  6  f o r

= :f (A .IL Y 3 U,X/N )(A, C,X,BoY,D, )(B,W,R^P, V , B j )
-  1 ( A : , Z ,  )  ( X g  Y ^ )  ( 0 ,  D ,  Q ^ V ,  X, q  3 ) ( C ^ U ,  U g  D ,  R ^ P ^  )  J

(OP, Z^Q,Z,R, ) J
and s i n c e  i t  l e a v e s  no c e n t r e  f i z e d ,  i t  i s  a  new o p e r a t i o n .

I t  l e a v e s  f i z e d  J u s t  one p o l a r  t e t r a h e d r o n ,  AaZ,XjYg, and

th e  p a i r s  o f  p o l a r  a - l i n e s  Â ^Û  , A^Z, j B* Xg, B^Y^ and

p e r m u te s  t h e  t e t r a h e d r a  U^AoY , X^V^B^R^^, h\Yg B, P̂  among

t h e m s e l v e s ,  where  t h e s e  t h r e e  p o l a r  t e t r a h e d r a  t o g e t h e r  w i t h

A.^Z, X3  Ya a g a i n  fo rm  a s e t  whose v e r t i c e s  l i e  on two p a i r s

o f  p o l a r  a - l i n e s .  The o p e r a t i o n  i s  d e t e r m i n e d  by t h e  f i z e d

t e t r a h e d r a  and t h e  method o f  p e r m u t a t i o n  o f  t h e  r e m a i n d e r

among t h e m s e l v e s  so  t h a t  th e  two p a i r s  o f  p o l a r  a - l i n e s  a r e

l e f t  f i z e d ,  Xe can  choose  one p a i r  o f  p o l a r  a - l i n e s  and

t h e  f i z e d  t e t r a h e d r o n  i n  45 X 4 X 4 w ays .  V/e may t h e n

choose  one v e r t e z  o f  th e  r e m a i n i n g  t h r e e  t e t r a h e d r a  and i t s
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t r a n s f o r m  u n d e r  .0^ . ^ o i n  5 3 w ays .  T h i s  w i l l

u n i q u e l y  d e t e r m i n e  t h e  o p e r a t i o n ,  and a l s o  t h e  r e m a i n i n g  p a i r  

o f  p o l a r  a - l i n e s  l e f t  f i z e d  by P ^  . 0 ‘̂ .A o .Ç o ,  and  s i n c e  t h e  

o p e r a t i o n  c o u ld  be  d e r i v e d  f rom  t h e  seco n d  p a i r  o f  a - l i n e s  

i n  th e  same way, we have

}ZV 2160 2 ^ o p e r a t i o n s  o f  p e r i o d  6 .

V/e have  now d e t e r m i n e d  t h e  25920 o p e r a t i o n s  i n  ;

a t a b l e  g i v i n g  t h e s e  o p e r a t i o n s  w i l l  be fo u n d  on page  1 (6 .

W  I n  Todd (18)  t h e r e  i s  an  a c c o u n t  o f  t h e  g e n e r a t i o n  o f  

t h e  s i m p le  g ro u p  i n  w h ich  i s  i s o m o r p h ic  w i t h  by

means o f  a s e t  o f  45 homologies ,  o f  p e r i o d  2 .  T hese  45 

h o m o lo g ie s  c o r r e s p o n d  t o  t h e  i n v o l u t a r y  b i a z i a l  h o m o g r a p h ie s  

o f  t y p e  VI i n  and  t h e  g roup  may t h e r e f o r e  be

g e n e r a t e d  by  t h i s  s e t  o f  o p e r a t i o n s .

The b i a z i a l  h o m o g ra p h ie s  may be r e p r e s e n t e d  by t h e  s e t s  

( i j . k l . m n ) ,  ( i j )  where  i ,  J ,  k ,  L , m, n  a r e  a l l  d i f f e r e n t  

and  c h o s e n  f rom  th e  num bers  1 , . . . , 6  and t h e  f o l l o w i n g  

r e l a t i o n s  e x i s t  b e tw e e n  them:

1 . ( i j )  -  ( j i )  and ( i j . k l . m n )  = ( k l . m n . i j )  =. ( m n . i j . k i ) .

2 .  I f  t h r e e  b i a z i a l  h o m o g ra p h ie s  A, B, C have  a z e s  

a ,  , b ,  b \  c ,  o '  t h e n

( a )  i f  a ,  b and c a r e  c o p l a n a r  and  c o n c u r r e n t ,  t h e n  so  

a r e  , b ' and  o ' ,
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(b )  i f  a ,  b and  c a r e  c o p l a n a r  b u t  n o t  c o n c u r r e n t ,  t h e n  

a \  b  ̂ , o '  a r e  c o n c u r r e n t  b u t  n o t  c o p l a n a r ,

3 .  ( a )  ( i j ) ( j k )  = ( j i c ) ( k i )  = ^ ( k i ) ( i j ) .

(b )  ( i j  ) ( i k .  j l  ,mn) = ( i k .  j t  .mn) ( J k . i l  .mn) = f( J k . i L  .mn))
I  ( i J ) J

( c )  ( i  L. Jm.kn) ( im .  J n . k l  j n  ( im .  J n . k l )  ( i n .  j l . k m )

= ( i n . j l . k m ) ( i L . J m . k n ) .

4 .  A l l  o t h e r  p r o d u c t s  o f  tvm b i a x i a l  h o m o g ra p h ie s  n o t  

c o v e r e d  by 3 .  a r e  o f  p e r i o d  2 ,

T h r e e  b i a x i a l  h o m o g ra p h ie s  s a t i s f y i n g  2 . ( a )  w i l l  be 

s a i d  t o  be c o n c u r r e n t  and c o p l a n a r ,  w h i l e  i f  t h e y  s a t i s f y

2 . ( b )  t h e y  w i l l  be  s a i d  t o  be e i t h e r  c o n c u r r e n t  and non-  

c o p l a n a r  o r  c o p l a n a r  and  n o n - c o n c u r r e n t .

I f  we c o n s i d e r  t h e  s e t  o f  b i a x i a l  h o m o g ra p h ie s  whose 

a x e s  a r e  t h e  p a i r s  o f  l i n e s  A.Bo Do and  U, A^B, C^D,

and X, 0- B^P, and  B .U .Q ^Z ,;  and

D0 X3 R 3 Z, and D, P, we f i n d  t h a t  t h e y  g e n e r a t e  a  * ^ 7 3 . 0

( s e e  page  4 7 . )  and may 'be d e n o te d  by t h e  sym bols  ( i j ) ,  ( i k ) ,

( i l ) ,  ( i m ) ,  ( i n ) .  The f o r t y - f i v e  b i a x i a l  h o m o g ra p h ie s  y i e l d  

t h i r t y - s i x  s e t s  o f  t h i s  t y p e  w h ich  g e n e r a t e  d i s t i n c t  

su b g r o u p s  o f  a l l  i s o m o r p h ic  w i t h  .

The s e t  o f  b i a x i a l  h o m o g ra p h ie s  

( i j ) ,  ( i k ) ,  ( J k ) ,

( i t . J m . k n ) ,  ( i m . J n . k l ) ,  ( i n . j l . k m ) ,

( i m . k n . j l ) ,  ( i l . k m . J n ) ,  ( i n . k l . J m ) ,
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i s  sucii t h a t  one a x i s  o f  e a c h  l i e s  i n  a J - p l a n e  and  t h e  

r e m a i n i n g  n i n e  a x e s  a l l  p a s s  t h r o u g h  t h e  c e n t r e  p o l a r  t o  t h e  

g i v e n  p l a n e .  I n  th e  a r r a y  g i v e n  a b o v e ,  t h e  tw e lv e  ro w s ,  

columns and d i a g o n a l s  g i v e  t h e  t w e lv e  s e t s  o f  c o n c u r r e n t ,  

c o p l a n a r  b i a x i a l  h o m o g r a p h ie s .

The f o u r  f a c e s  o f  a p o l a r  t e t r a h e d r o n  c o n t a i n  i n  a l l  t h e  

t h i r t y - s i x  a x e s  o f  e i g h t e e n  b i a x i a l  h o m o g r a p h ie s .  One s u c h  

s e t  c o n s i s t s  o f  th e  h o m o g r a p h ie s  whose sy m bo ls  a r e  ( i J ) ,

( i k ) ,  ( J k ) ,  d m ) ,  ( I n ) ,  (m n ) , ( i l ,  J m .k n ) ,  ( im .  J n . k l ) ,  

( i n . j l . k m ) ,  ( i l . J n . k m ) ,  ( i n . J m . k l ) ,  ( i m . j l . k n ) ,  ( i l . k n . J m ) ,  

( i m . k l . J n ) ,  ( i n . k m . j l ) ,  ( i l . k m . J n ) ,  ( i n . k l . J m ) ,  ( i m . k n . j l ) .  

From t h e s e  e i g h t e e n  h o m o g ra p h ie s  i t  i s  p o s s i b l e  t o  ch oo se  

t h r e e  s e t s  o f  s i x ,  s u c h  a s  ( i J ) ,  ( i k ) ,  ( J k ) ,  ( I m ) ,  ( I n ) ,

(m n) ,  so  t h a t  t h e i r  tw e lv e  a x e s  l i e  t h r e e  i n  e a c h  f a c e  and 

t h r e e  t h r o u g h  e a c h  v e r t e x  o f  t h e  g i v e n  p o l a r  t e t r a h e d r o n ;  

t h e  o t h e r  two su c h  s e t s  a r e  ( i t , J m . k n ) ,  ( i m . J n . k l ) ,  

( i n . j l . k m ) ,  ( i l . k n . J m ) ,  ( i m . k l . J n ) ,  ( i n . k m . j l )  and 

( i l . J n . k m ) ,  ( i n . J m . k l ) ,  ( i m . j l . k n  ) ,  ( i l . k m . J n ) ,  ( i n . k l . J m ) ,

( i m . k n .  J L ) .
I t  i s  p o s s i b l e  t o  ch oose  s e t s  o f  f i v e  b i a x i a l  hom ogra

p h i e s  whose t e n  a x e s  a r e  m u t u a l l y  skew; one su c h  s e t  i s  t h a t  

c o n s i s t i n g  o f  b i a x i a l  h o m o g ra p h ie s  whose a x e s  a r e  C^Do 

and U,U,Ü 3 0 ;  B.R.X^V^ and  B^P, W, Y, ; A, Z/Y^Z, and  A^P^Q^R^; 

CiQiWjZ, and C^P, V, Z^, D.Q.Y^Y^ and D^R^W, Z, , and  t h e s e
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h o m o g rap h ie s  may be d e n o te d  by  ( i j ) ,  ( k l ) ,  (mn),  ( i j . k l . m n ) ,  

( i j . m n . k l ) .  T h e re  a r e  t w e n t y - s e v e n  such  s e t s  and  t h e y  w i l l  

be  known a s  J o r d a n  s e t s  ( a f t e r  Todd ( 1 8 ) ,  page  528 ( i ) . ) .

Any p r o d u c t  o f  f i v e  b i a x i a l  h o m o g ra p h ie s  w h ich  a l l  b e lo n g  t o  

a J o r d a n  s e t  l e a v e s  f i x e d  e a c h  o f  th e  f o r t y  c e n t r e s  o f  t h e  

c o n f i g u r a t i o n ,  f o r

( i  j) ,(kl),(mn).( i j  .k l .mn) .(  i j  .m n .k l )  |^Ao]

= ( i jh ( k lL ( m n ) X  i j . k l . m n )

= ( i j ) . ( k l ) . ( m n )  |Boj

= [u,J

= ( i j )  [A o|

=[4o}

and s i m i l a r l y  f o r  a l l  t h e  r e m a i n i n g  c e n t r e s .  Hence any 

p r o d u c t  such  a s  ( i j l ( k l ) . ( m n ) , ( i j . k l . m n ) . ( i j . m n . k l )  i s  t h e  

i d e n t i c a l  o p e r a t i o n .

We a r e  now i n  a p o s i t i o n  t o  be  a b l e  t o  e n u m e r a te  th e  

o p e r a t i o n s  o f  a s  p r o d u c t s  o f  b i a x i a l  h o m o g ra p h ie s  o f

p e r i o d  2 ,  and an i n d i c a t i o n  o f  t h e  p r o c e s s  w i l l  be  g i v e n  

h e r e .

Any g ro u p  i s o m o r p h ic  w i t h  ^ 6  c o n t a i n s  t e n  d i f f e r e n t  

s e t s  o f  e l e m e n t s ,  e a c h  s e t  b e i n g  a c o n j u g a t e  s e t  w i t h i n  t h e  

g i v e n  g r o u p , and  c o r r e s p o n d i n g  t o  t h e  c o n j u g a t e  s e t s  o f  t h e  

c y c l e s  ( 1 2 ) ,  ( 1 2 3 ) ,  ( 1 2 3 4 ) ,  ( 1 2 3 4 5 ) ,  ( 1 2 3 4 5 6 ) ,  ( 1 2 ) ( 3 4 ) ,

( 1 2 ) ( 3 4 5 ) ,  ( 1 2 ) ( 3 4 5 6 ) ,  ( 1 2 3 ) ( 4 5 6 ) ,  ( 1 2 ) ( 3 4 ) ( 5 6 ) .  L e t  u s  

now c o n s i d e r  t h e  o p e r a t i o n  ( i  j  ).( kU-(mn) w hich  i s  a n  e l e m e n t
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o f  th e  l a s t  t y p e  i n  th e  g e n e r a t e d  by ( i j ) ,  ( i k ) ,  ( i t ) ,

( i m ) ,  ( i n ) .  S in c e  ( i j ) ,  ( k l )  and (mn) b e lo n g  t o  a J o r d a n  

s e t ,  we have  t h a t

( i  j  ).(kl) .(mn) = ( i  j  . k l .m n ) . (  i  j  .E in .k l )  

so  t h a t  t h i s  o p e r a t i o n  i s  a l s o  th e  p r o d u c t  o f  two b i a x i a l  

h o m o g rap h ie s  whose a x e s  a r e  skew b e l o n g i n g  t o  one o f  t h e  

r e m a in i n g  g r o u p s  o f  o r d e r  720 c o n t a i n e d  i n  ^o .s</o .o  .

S i m i l a r l y  t h e  o p e r a t i o n  ( i  j ](kl) (km) ( kn) a r i s e s  i n  

as  a p r o d u c t  o f  f e w e r  b i a x i a l  h o m o g r a p h ie s ,  f o r  

( i  j )Xkl) .(km),(kn)

= (mn).( i j . k l . m n ) . ( i j . m n , k t ) . ( k m ) , ( k n )

-  (mn).( i j  .k l ,mn).(  i j  .mn.kL).(mn) (km)

= ( i  j  . k t  .mn),( i  j  .m n .k l )  ( k m ) .

Hence th e  t h i r t y - s i x  g r o u p s  i n  i s o m o r p h i c  w i th * ^6

y i e l d  o n ly  e i g h t  d i s t i n c t  t y p e s  o f  o p e r a t i o n s  i n  .

I t  i s  fo u n d  t h a t  t h e  o p e r a t i o n s  o f  t y p e s  VI,  IV, X I I I ,  X I I ,  

XV, XIV, V I I I  and  I I I  c o r r e s p o n d  t o  t h e  c o n j u g a t e  s e t s  o f

( 1 2 ) ,  ( 1 2 3 ) ,  ( 1 2 3 4 ) ,  ( 1 2 3 4 5 ) ,  (1 2 3 4 5 6 ) ,  ( 1 2 ) ( 3 4 ) ,  ( 1 2 ) ( 3 4 5 ) ,  

( 1 2 3 ) ( 4 5 6 )  r e s p e c t i v e l y .

The n i n e  b i a x i a l  h o m o g ra p h ie s  w hich  a r e  s u c h  t h a t  one 

a x i s  o f  e a c h  l i e s  i n  a g i v e n  j - p l a n e 7 T ,  and  th e  o t h e r  a x e s  

a l l  p a s s  t h r o u g h  t h e  c e n t r e  p o l a r  t o  I T  y i e l d  two new t y p e s  

o f  o p e r a t i o n ,  A p r o d u c t  s u c h  a s  ( i j  ).( i k U  im ,  j n . k l )  i s  o f  

p e r i o d  6 and i s  n o t  o f  t y p e  XV o r  ty p e  V I I I  f o r
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[( i  j).( ikJ.( im .  j r i .k t j ]^

'  ( i  j).( ik).( im . J n . k l ).( i j )  ( ik) .(  im . J n . k l ).( i J  ),( ik) .(  im.  J n . k l )

= ( Jk),( J m . i n . k l K k m ,  J n . i l K  Jk),( i m . J n . k  I)

= {k m . i n .  J l ) , (  J m .k n . i l ) . (  im .  J n . k l )

= ( J m . k n . i l l.( im. J n . k l ).( im .  J n . k l )

- ( J m . k n . i l )  

so  t h a t  ( i J  I( ik) .(  im . J n . k l )  i s  o f  p e r i o d  6 .

A lso  |( i j ) , (  ik) ,(  im. J n . k D p

= ( i j  ).( ik)X i m . J n . k  l),( i J  ).( ik),( im ,  J n . k l )

- (  Jk),( J m . i n .k l ) , (  ik),( i m . J n . k  I)

Jk).( ik) ,(  J m . k n . i l ) . (  im ,  J n . k l )  

and  ( Jk),( ik) ,(  J m . k n . i l  )( i m . J n . k  I) l e a v e s  f i z e d  e a c h  p o i n t  o f  TT , 

f o r  c o n s i d e r  t h e  e f f e c t  o f  t h e  o p e r a t i o n  on  t h e  p o i n t  

^ ( i j )^{ ik ) ]  w h ic h  i s  t h e  p o i n t  o f  i n t e r s e c t i o n  o f  th e  a z e s  o f  

( i j )  and  ( i k )  l y i n g  i n  T T •

( Jk),( ik) ,(  J m . k n . i l ).(im .  J n . k l )  [ ( i J ) ,( i k )  j  .

= ( JkX( ik),(  J m . k n . i l )  ( J m . i n . k l )  ^(km. J n . i L ) j  

= ( j k ) . ( i k )  | l i k ) , ( j k )

- ( J k )  (̂ i k )  y ( i j ) j

-  ^ i j ) ^ (  i k ) |

and s i m i l a r l y  f o r  e v e r y  o t h e r  p o i n t  o f  I T .  Hence 

( i j ) , (  ik),( im ,  J n . k l )  and ( Jk),( ik),( J m . k n . i  I) ( iEi. J n . k l )  a r e  b o t h  

new o p e r a t i o n s  b e l o n g i n g  to  t y p e s  V and I I  r e s p e c t i v e l y .

The s e t  o f  t h i r t e e n  b i a z i a l  h o m o g ra p h ie s  w h ic h  a r e  a l l
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t h e  members o f  t h e  t i i r e e  J o r d a n  s e t s  c o n t a i n i n g  one p a r t i c u l a r  

homography y i e l d  one f u r t h e r  o p e r a t i o n .  Such a s e t  o f  

h o m o g ra p h ie s  i s

( i j ) ,  ( k l ) ,  (mn),  ( i j . k l . m n ) ,  ( i j . m n . k l ) ,

(km),  ( I n ) ,  ( i j . k m . i n ) ,  ( i j . l n . k m ) ,

( k n ) ,  d m ) ,  ( i j . k n . t m ) ,  ( i j . t m . k n ) .

Then ( k m l ( L n l ( k l l ( i j . k l . m n )  i s  an  o p e r a t i o n  o f  p e r i o d  4 whose 

s q u a r e  i s  o f  ty p e  VI,  f o r  

^(km),(Ln),(kL),( i j . k l . m n ) j ^

-  ( km).( ln) ,(kl) ,(  i  j  .k l .mn).(km) ( ln ) , ( k l ) . (  i  j  . k l .m n )

=̂ ( ln] .(m l),( i  j  , lm .kn) . (  ln ) . (k l) . (  i  j  . k l .m n )

—( m n ) . (  i j . m n . k L ) . ( k l ) . ( i j . k l . m n )
= ^ i j ) .

Thus (kn).( ln ) . (k l ) . (  i  j  .k l .E in)  i s  a n  o p e r a t i o n  o f  p e r i o d  4 n o t  

b e l o n g i n g  t o  ty p e  X I I I ,  and  i t  i s  f o u n d  t h a t  i t  b e l o n g s  

t o  ty p e  V I I .

The e i g h t e e n  b i a z i a l  h o m o g r a p h ie s  whose a z e s  a l l  l i e  i n

t h e  f a c e s  o f  a p o l a r  t e t r a h e d r o n  y i e l d  tvm new t y p e s  o f

o p e r a t i o n .  ( i j  ].( ik).( i n . k l . m n  ).( Im) i s  one o f  t h e s e  o p e r a t i o n s

and i s  o f  p e r i o d  9 f o r

|( i  j  ).( ik).( i n . k l  ,Ein).( lm)j^

=(( i  j  J.( ik).(  i n . k l .  jm] . (  L r nK i  j  ).( ik) ,(  i n . k l .  jm).( Lm),(  i  j  ),( i k ) , ( i n . k l . jm)]  
I  . d m )  J

= ( j k l (  j n . k l . i m ) . ( l n i ) . ( k n . i l . j m l d m l l  jk).( i n . k l .  jml(  Im)

=r(kn. j l  . im).(lm).( j n . i l  .km).( i n . k l . J m )

= (lm).( l n ) . ( k l .  Jm.in) .(  J n . i l . km]
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w hich  i s  o f  t y p e  I I  and p e r i o d  3 ;  h e n ce  o p e r a t i o n s  su c h  a s

( i  J ),( ili).( i n . k  I .  m) a r e  o f  p e r i o d  9 and t y p e  XI.

An o p e r a t i o n  o f  th e  s e c o n d  new t y p e  a r i s i n g  f rom  a  p o l a r

t e t r a h e d r o n  i s  o f  p e r i o d  6 .  A t y p i c a l  example  i s

( i j U i k ) , (  i l .  Jm.knJ.( i n .  J t  . k m U l m ) .

{( i J  U ik),( i t .  Jm.kn).( i n .  J L.km),(lmj|^

s:/( i J  j.( i k U  i l .  Jm.kn).( i n .  J l .k r n U  lm).( i J  U ik).( i  I ,  Jm .kn] ,  Î 
I  ( i n .  J l .km).(  l m ) J

-  ( Jkk( j l  . i m . k n K  J n . i l  .km).( ik) ,(  im . jL .kn) .(  i n .  Jm.k I)

-  ( Jk),( J l  . im.kn) .(  J n . k l  . im U  J n . i l . km),( i l . Jn.km).( im .  j l  .k n )

= ( j l . i m . k n l ( k l . i m . j n l (  J n . k l . i m ) , (  J n . i l  .km),( i l .  Jn.km),( im. j l  .kn )  

z ( j( .im.kn), ( Jn.i l .km).(  ii.  Jn.km).( im .  j l .kn) 

w h ich  i s  o f  ty p e  I I  and p e r i o d  3 ,  so  t h a t  e i t h e r  

( i  J),( ik),( i l . Jm.kn),( i n .  j l .k m ) . ( lm )  i s  o f  ty p e  I I I  o r  e l s e  i t  i s  

a new o p e r a t i o n  o f  p e r i o d  6 .

|{ i J \ {  ik).( i l . Jm.kn),( i n .  j (  .km),( lm)j

r  (( i j ) , (  i k ) . ( i l .  J m .k n ).(i n .  j l .km ).( lm) .(  j l . i m . k n ) . (  J n . i l . km)J 
I  ( i l . J n . k m l f i m . j l . k n )  I

= ((lm).( i J  ),( ik),( im .  J l .kn) ,(  i n .  Jm.kl) . (  J l  . im ,kn) . (  J n . i l . k m l )
I ( i l  .Jn.km).(  i m . j l . k n )  )

-  (lm).( i j ) . ( i k ) , ( i  I .  Jn.km).( j l . i m . k n ) . (  Jn . iL ,km ).(  i n .  J m .k l )

-  (lm).( i j K k l .  Jn . im).(  J l  .km.in) , (  J n . k l . i m ) , (  i n .  Jm .k  l).(k n . J m . i t  )

-  ( I m ) . ( k l .  Jn.im).(  k l . i n .  Jml( i n .  Jm.kl) .( lm).(mn) ( k n . J m . i l )

=: (Ion. Jn . iL ) . (m n) .( k n . J m . i l )

-  (mn).(kn.  J m . i l ) , ( k n . J m . i  I)

- (m n )  .
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( 1 j U  ik),( irn, J t . k n H  i n ,  Jm.kl] ,(  Im) t h u s  o f  p e r i o d  6 and 

o p e r a t i o n s  o f  t h i s  s o r t  b e lo n g  t o  ty p e  IX.

The l a s t  r e m a i n i n g  ty p e  o f  o p e r a t i o n  o f  i s  a g a i n

a  p r o d u c t  o f  f i v e  b i a x i a l  h o m o g r a p h i e s .  A t y p i c a l  exam ple  

i s  ( i l ) .{  i J  .E in .k l)  . ( i n . k m .  Jl) .(  in),{ i n . m l .  Jk) where  

( i l ) . (  i J  .Ein.kl).( i n . k m . j l )  i s  a  p r o d u c t  l e a v i n g  f i x e d  t h e  

p a i r  o f  a x e s  o f  (ml)  w h i l e  ( i n )  and ( i n . m l . J k )  b e l o n g  t o  one 

o f  th e  J o r d a n  s e t s  c o n t a i n i n g  ( m l ) .

The s q u a r e  o f  su c h  a n  o p e r a t i o n  b e l o n g s  t o  t y p e  V f o r  

( i l ) . (  i J  .mn.k l) . (  i n . k m .  j l) ,{  in) .(  i n . l m . J k )

-  ( I n )  ( i l ) . (  J n . i m . k l ) . (  i n . k m .  j l ) , (  i n . l m . J k )

=  ( l n l (  i  l) .(kl) .(  J n . i m , k l ) . (  i n . k m . j l )  

so  t h a t

|( i l  ).( i J  .m n . k l K  i n . k m .  jL ).( in).( i n . lm . J k ^ }

- f ( ln ) , (  i l ) . (  kl) ,(  J n , i m . k l ) , (  in .k E i .  jL) .(Ln)(  i l ) . ( k l ) . (  J n . i m . k l ) ,  I 
I  ( i n . k m . j l ) J

= ( in) ,(kn). (  j l . i m . k n ) . (  i l . k m .  Jn).( ik).( i l ) . (  J n . i m .k l ) , (  i n . k m .  J I)

= ( kn).( J l . k m . i n  ),( k l . i r n .  Jn).( i l ) . (  J n . i m . k l ) . (  i n . k m . j l  )

- ( k n ) . (  i l ) . (  i J  .km. ln).( i k . t m .  J n l (  Jn . iE i .k l ) . (  i n . k m . j l  )

= ( kn).( i l) .(km).(  i J .k E i ,  l n ) . ( i k .  Im. J n ) . ( i n . k m . j l )

- (k n ) , (  i l ) , (  km)X i J  ,km. ln),{ i n . k m .  J l ) . (  i l  .mn. Jk)

^ k n ) . (  il),(km).( Jn).( i J  .km.ln) . (  i l . m n . J k )

M mn).( km)i Jn).{ i l ) . (  i l . E i n . k J ).( i J  .km. In)

=( Jm),(Ein),( Jk),( i l ) . (  i l . E i n .  Jk),( i J  .km. In)

4  Jm).( i l . Jk.Em).( i  J .km. I n ) .
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( Jml( il. Jk .miiU i  J .kmjln) i s  o f  t y p e  V and  p e r i o d  6 and 

so  ( i L U  i J  . r n n .k l U  i n . k m .  jL ).( in) .(  i n ,  (jii .Jk) i s  o f  p e r i o d  12 

and i s  an o p e r a t i o n  o f  ty p e  X.

I n  t h e  t a b l e  o f  o p e r a t i o n s  o f  g i v e n  on  t h e

n e x t  p a g e ,  t h e  l a s t  column g i v e s  t h e  fo rm  o f  a t y p i c a l  

o p e r a t i o n  o f  a p a r t i c u l a r  t y p e  e x p r e s s e d  a s  a p r o d u c t  o f  

b i a x i a l  h o m o g ra p h ie s  o f  t y p e  V I .  I t  s h o u l d  be n o t e j  t h a t  

an  o p e r a t i o n  o f  t y p e  XV can be e x p r e s s e d  a s  a p r o d u c t  o f  

f o u r  b i a x i a l  h o m o g r a p h i e s , f o r  a t y p i c a l  o p e r a t i o n  o f  t h i s  

t y p e  i s  ( i  J U ik).(  i l ) . (  im),( i n )  and vve f i n d  t h a t  

( i  J).( ik).( i  l).( irn).( i n )  % ( i  J ).(k  l),( ik) .(mn).(im)

-  ( i  J) .{kl),(mn).(ik).( im) 

z ( i  J . k l  .mn),( i  j  .m n.k l) . (  ik) .(  i m ) .
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O p e r a t i o n s  o f  .

Type . p . n Type o f  pow ers N.

I 1 - 1 . ( i j ) ' "  .

I I 3 1 8 0 . ( i  j  ),( ik), (  i n . k (  . jm],( i l  .km. jn),

I I I 3 E 240 . ( i j ) i i k ) j l m ) , ( l n )  .

IV 5 3 4 8 0 . ( i j ) . ( i k ) .

V 6 E 720 . ( i j  ).(i k U i m .  j n . k l ) .

VI E 3 4 5 . ( i j ) .

VII 4 3 540 . ( k m ) , ( l n ) i k t  1( i j . k l . m n ) .

V I I I 6 3 g n d . j y ^  2 ^ d .y i _ 1 4 40 . ( i  j ) . ( k l ) . ( k m ) .

IX 6 4 S ^ d - v i , ,1440. [( i  j  ),( ik) ,(  i l  . jm .kn) ,(  i n . j l . k m )  
\  ( I m ) .
(( in).( ln ) , (k l ) , (  j n . i r a . k l ) . )
\  ( i n . k m . j l j j .

X IE 3 j ? î : ï i , = : ? h T g ; 4320 .

XI 9 4 3 ^ ^ - I I . 5 76 0 . ( i  j ) . ( i k ) . ( i n . k l . j m ) . (  I m ) .

X I I 5 4 5184 . ( i j ) . ( i k ) , ( i l ) , ( i m ) .

X I I I ■ 4 5 E^^ 'X IV . 5240 . ( i j K i k l ( i l ) .

XIV E 4 2 7 0 . ( i j ) . ( k l ) .

XV 6 6 E & Ü .I I I ,  3^^*.X] :v .
2160

( i  j),( ik) .(  i  l),( im) ( i n ) .
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ivi. The R em ain ing  P r i m i t i v e  Groups i n  3 , ,

The tw e lv e  g r o u p s  i n  S3  w h ic h  have  i n v a r i a n t  i n t r a n s i t i v e  

su b g r o u p s  have  b e e n  o b t a i n e d  i n  a t  l e a s t  two d i f f e r e n t  ways 

(B a g n e ra  (1 )  and G o u rs a t  (9)  ) and  a r e  fo u n d  t o  be t h e  s e t  o f  

g r o u p s  l e a v i n g  f i x e d  a  q u a d r i c ,  V/e h a v e  a l r e a d y  d i s c u s s e d  t h e  

g r o u p s  g e n e r a t e d  by b i a x i a l  h o m o g ra p h ie s  which  l e a v e  f i x e d  a 

q u a d r i c  and fo u n d  t h a t  t h e s e  a r e  s i x  i n  number;  i t  f o l l o w s  

t h a t  t h e  r e m a i n i n g  s i x  g r o u p s  w i t h  i n v a r i a n t ,  i n t r a n s i t i v e  

s u b g r o u p s  c a n n o t  be  g e n e r a t e d  by b i a x i a l  h o m o g ra p h ie s  and we w i l l  

n o t  t h e r e f o r e  i n v e s t i g a t e  them f u r t h e r .

T h e re  r e m a in  J u s t  two p r i m i t i v e  g r o u p s  i n  S3  wh ich  we have  

n o t  d i s c u s s e d  and w i l l  b r i e f l y  m e n t io n  h e r e  ; t h e s e  a r e  o f
isoin.OTf-f>Kic lO L th .

o r d e r s  168 and 2520 and a r e  b o t h ^ s i m p l e  s u b g r o u p s  o f  

i s  i s o m o r p h i c  w i t h  fJtg and  h a s  b e en  e x t e n s i v e l y  s t u d i e d  by 

V/.L. Edge ( 7 ) ;  i t  c o n t a i n s  a s e t  o f  tw e n ty - o n e  i n v o l u t a r y  

b i a x i a l ,  h o m o g ra p h ie s  w hich  g e n e r a t e  i t ,  i s  i s o m o r p h ic  w i t h

t h e  a l t e r n a t i n g  g roup  o f  d e g r e e  s e v e n ;  s e t s  o f  g e n e r a t o r s  f o r  

and l^ig-^oare g i v e n  i n  B l i c h f e l d t  (5 )  page  1 4 2 .

I n  c o n c l u s i o n ,  I  s h o u l d  l i k e  t o  e x p r e s s  my a p p r e c i a t i o n  of  

t h e  a s s i s t a n c e  and e n c o u ra g e m e n t  I  h ave  r e c e i v e d  f rom  my 

s u p e r v i s o r .  D r ,  E.M. H a r t l e y .
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