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A bstrac t.

The e ffe c ts  o f quadrupolar in te rac tio n s  on the thermodynamics, 

s ta t ic s  and dynamics o f l in e a r  molecules con sis tin g  o f two Lennard- 

Jones cen tres is  studied  fo r the liq u id  phase. This i s  i l lu s t r a te d  

by using n itrogen , ch lorine and carbon dioxide molecules as 

rep resen ta tiv e  o f the d iffe r in g  bond lengths th a t  can a r is e  in  these 

systems. The changes due to  the magnitude o f the quadrupole moment 

are  investiga ted  fo r the chlorine system. C alculations o f the 

s tru c tu re  o f two-Lennard-Jones cen tre  f lu id s  i s  a lso  c a rried  out 

using the RISM method.
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CHAPTER I .

In troduction .

The study of liq u id  systems by computer sim ulation is  a 

r e la t iv e ly  new technique. The Monte Carlo method was f i r s t  devised 

by M etropolis e t  a l ( l )  as a method of sampling the configurational 

phase space of the p a r t i t io n  function . The molecular dynamics method 

suggested by Alder and Wainwright(2) sampled the e n tire  phase space 

o f the  system by ca lcu la tin g  the dynamical t ra je c to r ie s  o f an ensemble 

o f p a r t ic le s  in te rac tin g  w ith a given c la s s ic a l  Hamiltonian. This 

technique allows both the s ta t i c  and dynam ic.properties of the ensemble 

to  be ca lcu la ted  and is  used in  the  p resen t work. A review of 

computer sim ulation techniques applied  to  simple sing le  p a r t ic le  f lu id s  

is  given by McDonald and Singer (3).

The molecular dynamics study o f f lu id s  o f l in e a r  molecules w ith 

Lennard-Jones in te rac tio n s  has been previously  undertaken in  depth by 

Singer, Taylor and S inger(4 ,5 ,6 ), fo r  th e ir  thermodynamic, s t a t i c  and 

dynamic p ro p ertie s . IVhile the  in te rac tio n  p o te n tia l used by Singer 

e t a l .  should reasonably accura tely  account fo r  the  repu lsive  and 

d ispersive  forces between molecules, no account is  taken o f the 

m ultipo lar forces a lso  known to  be present in  the in te rac tio n s  o f these 

m olecules, the  most s ig n if ic a n t o f which being th e ir  quadrupole moments.

The sp e c if ic  aim of the present work is  to  examine the e ffe c ts  o f 

add itional m ultipo lar in te rac tio n s on ensembles o f these lin e a r  molecules 

using the  molecular dynamics technique. Three p a r tic u la r  systems were 

chosen fo r investiga tion : n itrogen , ch lorine  and carbon dioxide,

representing  sm all, medium and large elongation molecules resp ec tiv e ly . 

The quadrupole moments o f n itrogen  and carbon dioxide are  w ell known, 

but fo r ch lorine no sa tis fa c to ry  sing le  value could be found. This 

enabled the study of the e ffe c ts  of v a ria tio n  in  magnitude of the 

quadrupole moment to  be undertaken with the chlorine  system, by choosing 

th ree  widely d iffe r in g  values of the  quadrupole moment. In th is  way
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the p resen t work stud ies the e ffe c ts  o f quadrupolar in te rac tio n s  

throughout the range o f possib le  elongations, and stud ies the e ffe c t 

o f quadrupole moment magnitude fo r a system of moderate elongation.

In  Chapter I I ,  the d e ta ils  o f the in te ra c tio n  p o te n tia l are 

discussed and the  molecular dynamics technique explained. The 

thermodynamic re s u lts  o f the  molecular dynamics ca lcu la tio n  a re  

presented in  Chapter I I I  together w ith a d iscussion  o f the a p p lic a b ility  

o f the p rin c ip le  o f corresponding s ta te s  to  quadrupolar f lu id s  

i l lu s t r a te d  by the use of thermodynamic p e rtu rb a tio n  theory applied  to 

a s im p lified  model o f these f lu id s . The s ta t i c  p ro p ertie s  ca lcu la ted  

from the molecular dynamics sim ulation are given in  Chapter IV, with 

p a r t ic u la r  reference to  th e ir  angular p ro p e rtie s .

A comparison o f the s ta t i c  re s u lts  o f Singer e t a l .  to  those 

ca lcu la ted  by in te g ra l equation methods, in  p a r t ic u la r  the RISM method 

developed by Chandler and Anderson (7) is  undertaken in  Chapter V. 

U nfortunately no adequate way o f representing  m ultipo lar in te rac tio n s  

in  these ca lcu la tions could be found, thus the  angular dependence of 

the p a ir  c o rre la tio n  function is  investigated  fo r hard-core and 

Lennard-Jones in te rac tin g  f lu id s  only.

The dynamical re s u lts  of the molecular dynamics c a lcu la tio n  are  

presented in  Chapter VI, showing the v a ria tio n  o f the au to -co rre la tio n  

functions w ith changes in  the system param eters. These re s u lts  a re  

fu rth e r  analysed in  Chapter VII using the memory function  formalism 

to  param etarize the decay constants o f the c o rre la tio n  functions. A 

comparison of the  memory function formalism and random frequency 

modulation theory is  a lso  made.

A review of the general trends found in  the p resen t work is  given 

in  Chapter V III, i l lu s t r a t in g  the e ffe c ts  of quadrupolar in te rac tio n s 

on ensembles of l in e a r  molecules in  the liq u id  phase.
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CHAPTER I I .

P art 1 -  The P a ir  P o te n tia l .

The P a ir  P o te n tia l used fo r  molecular dynamics c a lcu la tio n s  

chosen to  be a b a s ic  tw o-centre Lennard-Jones p o te n tia l ,  has already 

been in v es tig a ted  by B arojas, Levesque and Q uen trec(l), Cheung and 

Powles(2) fo r  n itro g en  systems and by Singer e t  a l . (3) fo r  f lu o rin e , 

ch lo rin e , bromine and carbon dioxide systems. To study the  e ffe c ts  

o f p o la r i ty  in  these systems, a d ipo le  or quadrupole in te ra c tio n  was 

added to  th is  b asic  p o te n tia l .

Lennard-Jones P a r t .

The b as ic  Lennard-Jones p o te n tia l  s i te s  were chosen

to  coincide w ith the nuc le i o f the molecule. This may be expressed

F I G U R E  ( E - 1)
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as an in term olecular p o te n tia l 

2 2

m=l n=l

where R .. = R. -  R ., R = |r | and L = 2 |s | .  R. i s  the coordinate 

of the centre o f mass of the i ^  molecule and is  i t s  bond 

o rien ta tio n  vecto r, viiere L is  the bond length o f the molecule.

Taking the binomial expansion o f th is  p o te n tia l ,  and neg lecting  terms 

beyond (L/R)^ gives fo r the repu lsive  R^^ p a rt

12 •

(f)Tj^(R) = 16c{(^) [l + RTl + RT2 + RT3j } (II-3 )

where

2
KTl = 3 ( |)  (7Cos%^ + 7Cos^02-1)

RT2 = -gi c |)  (1-16Cos^0j^-16Cos^02 * 288Cos^e Cos^02

+ 2(Cos02^Cos02+Sln0j^Sin02Cos(fj^2)

-  6 4 C o s 0 ^ C o s 0 2  ( C o s 0 ^ C o s 0 2  + ' S i n 0 ^ S i n 0 2 C o s 4> ^ 2 )  )

RT3 = | i  ( |)  (1-16Cos^0,-16Cos^02 + 48Cos'*0j  ̂ + 48Cos‘*02)

using the coordinate system shown in  Figure ( I I - l ) . This expansion 

has been previously  shown by Kohin(4) up to  the RT2 term, and 

extended to  the RT3 term by Goodings and Henkelman(5) who te s ted  

the convergence of the angular expansion fo r  the a -n itrogen  la t t ic e  

and found th a t  i t  was w ithin  2% o f the value ca lcu la ted  d ire c tly . 

Note -  the expansion w ill  be convergent only in  the region of space 

where R>L. The angular expansion o f the a tt ra c t iv e  R̂  teim gives

8 .



+ ATI + AT2 + AT3| } CH-4)

where

AT1 = | ( L ) ^  ( 4 C o s \ ^  4Cos202 - 1)

AT2 = I  ( |)  (l-lOCos^0^ -  lOCos^02 + 12OCos^0j^Cos^02

+ 2 (C o s 0 ,C o s 0 2  + S ln 0.  S in 0 2 C o s(|i. 2 )

-  4OCos0^Cos02 (Cos0^Cos02 + Sin0^Sin02Cos({)̂ 2))

4
AT3 = I  ( |)  (l-lOCos^0^ -  lOCos^02 + 2OCos‘*0^ + 2OCos‘*02)

This can be conpared w ith the a tt ra c t iv e  d ispersion  p o te n tia l  of 

DeBoer (6) ,  where the angular expansion i s  in  terms o f the anisotropy 

fa c to r  o f the p o la r iz a b ili ty . Although the Lennard-Jones a ttra c tiv e  

p o te n tia l makes no use o f any inform ation about the p o la r iz a b ili ty  

o f the  molecule, the angular expansions bear c lose  s im ila r ity . The 

convergence o f th is  angular expansion was te s te d , term by term, fo r 

a liq u id  ch lorine  configuration  using the ch lo rine  (LJ+HQ) p o te n tia l 

parameter given in  Table ( I I - 2 ) . The re s u lts  o f the convergence 

t e s t  are given in  Table ( I I - l ) . The spherica l harmonics o f the 

basic  2-centre Lennard-Jones p o ten tia l and the angular expansion are 

shown in  Figures (II-2 ) and (11-3) resp ec tiv e ly , fo r  th is  system.

This shows th a t the p o te n tia l i s  w ell reproduced by the expansion 

fo r large  R ( i . e .  R ^  3L). However, as R approaches L the convergence 

becomes progressively  worse, causing the repu lsive  in te rac tio n s  to  be 

poorly represented , th is  having a s ig n if ic a n t e f fe c t  on the p o sitio n  

and depth o f the p o ten tia l minimum.

IVhile the s i t in g  of the repulsive  cen tres a t  the nuc le i seems to  
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be a reasonable assumption in  terms of the e lec tro n  density  

d is tr ib u tio n s , the s i t in g  o f the d ispersive  cen tres in  the same 

positions seems a rb itra ry , since inform ation on the apparent centres 

o f p o la r iz a b ili ty  w ith in  the molecule i s  not a v a ila b le . I t  may be 

th a t  while the 2-cen tre  Lennard-Jones p o te n tia l adequately represen ts 

the repu lsive p o te n tia l , the d ispersive  p o te n tia l i s  not so w ell 

described in  terms o f interm olecular in te rac tions^

The e ffe c tiv e  ’angle averaged* 2-cen tre  Lennard-Jones p o te n tia l , 

Wiich corresponds to  the (000) harmonic in  the spherica l harmonic 

expansion o f the angular expansion o f the p o te n tia l is

/ /  [4>[f CR).+ dwidw. = 7^P(R )
1 6 tt j  j  j  j

^ 12 , 2 T 4
= 16e { ( |)  [1 + l l C f  + 65.733(|) J

^ 6 , 2  , 4
-  ( |)  [1 + 2 .5 ( |)  + 4.666(i) ] } (II-5 )

This shows the basic  dependence o f the p o te n tia l on the bond length 

L. Further expanding of the p o ten tia l in  the d ilu te  gas ensemble 

in  terms o f powers 1/kT, to  find  the e ffe c tiv e  teimerature-dependence 

as shown by H irsch fe ld er(7 ). The e ffec tiv e  p o te n tia l is

r n .  7 C6 ^ 2  ^  24 . 4  , 6  , 8
4 g ^ ( R )  = ? y ^ ( R )  [ 7 8 . 4 ( | )  + 1 6 4 2 . 6 ( | )  + 1 2 0 1 7 . 3 1 2 2 C^) ]

^ 18 , 4  , 6  , 8
-  2(2) [22.4(1} + 301.3(2) + 1092.317(2) ]

^ 12 , 4  . 6  , 8
+ ( |)  [6.4(2) + 38.0956(2) + 103.414(2) ] } . ( I I - 6)

The temperature dependent p a rt is  coiiroletely a function  of L, 

containing no iso tro p ic  p a rt unlike the simple angle averaged p o te n tia l.

12.



This expansion is  only v a lid  a t  large R such th a t  the d ifference  

between the maximum and minimum values of the p o te n tia l is  very much 

le ss  than kT. However, the expansion is  usefu l fo r  consideration  o f 

the thermodynamic p ro p erties  o f the system using e ffe c tiv e  p o ten tia l 

methods, w ith in  the framework o f thermodynamic p ertu rba tion  theory.

M iltip o lar P a r t .

The dipole or quadrupole was represented  by p o in t charges, s i te d  

a t  the diatomic nuc le i fo r d ipo les, w ith quadrupoles having an 

add itional s i t e  a t  the centre o f mass o f the molecule, such th a t

S q .z . CII-7)
i  ^ ^

Q = Z q.z.2 (11-8)
i  ^ ^

and

Z q- = 0 
Î  ^

idiere y i s  the dipole moment, Q-the quadrupole moment, q̂  ̂ i s  the i ^  

charge s i tu a te  a t  a d istance from the o rig in , o f a l in e a r  molecule, 

defined as in  Stogryn and Stogryn(8) . The charges in te ra c t  by 

Coulomb Law

The binomial angular expansion of th is  p o te n tia l gives the po in t 

dipole and quadrupole in te rac tio n s  which are given by

2
(j) (R) = \  CSin0^Sin02Cos(j)^2 “ 2Cos0^Cos02) CH-10)

K

13.



2
4)qq(R) = ̂  (1 - SCos^O^ - 5005^02 + 17Cos^0^Cos^02

+ 2Sin 0^Sin^02Cos^$22 ” 16Sin0.Sin02Cos0.Cos02Cos<|),2) (11-11)

using the coordinate system o f Figure ( I I - l ) .  Conparison between

the d isc re te  charge models o f d ipoles and quadrupoles and the

id ea lized  po in t d ipole and quadrupole in te ra c tio n s , has been made

by S tre e t t  and Gubbins(9); by studying the energies o f p a r tic u la r

configurations fo r the case L* = (L/a) = 0.5471, Q* = (Q/(ea^)^) = 2
3 1and L* = 0.5471 and y*=2=(y/(ea )^) vdiere e and a are the s i t e - s i t e

Lennard-Jones param eters. The agreement fo r  the quadrupolar

p o te n tia l  is  good, whereas fo r  dipoles i t  i s  only f a i r .  The fac to rs

involved in  the convergence o f the po in t-m ultipo lar in te rac tio n s  are

charge d en sity , s ize  of m ultipole moment and bond length .

For d ip o la r f lu id s  the d ire c t  summation method has been te s te d

fo r convergence o f the forces and energy w ith a system o f 256 n itrogen

m olecules, in  a liq u id  configuration . Comparison o f the con tribu tion

from successive ra d ia l  sh e lls  to  the forces and energy was used to
o

t e s t  convergence. The con tribu tion  a t  large  d istances (R ^  lOA) 

should be sm all. The e rro r  between summation over a l l  256 molecules 

in  the cube, and a c u t-o ff  sphere o f radius h a lf  side  o f the cube was 

found to  be approximately 8.5% in  the coulombic fo rces , as compared 

w ith 0.05% in  the Lennard-Jones forces and approximately 5% in  the 

coulomb ic  energy as compared to  1% in  the Lennard-Jones energy. The 

percentage e rro r  in  the energy and forces is  independent o f the 

magnitude of the dipole moment or e , although the absolute e rro r  is  a 

function of th e i r  magnitude. The energy and forces a lso  flu c tu a te  

which depends on the configuration of the molecules taken.

Thus, i f  the c r i te r io n  fo r  sa tis fa c to ry  convergence is  th a t the 

absolute e rro r  in  the to ta l  forces must be le ss  than approximately 1%;

14.
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then the coulonbic force must be le ss  than 151 o f  the to ta l  fo rce . 

S im ilar r e s tr ic t io n s  apply fo r  the coulombic energy. The percentage 

coulomb ic  energy and force v a ria tio n  w ith  increasing  dipole moment 

is  shown in  Figures (II-4 ) and (IX-5) resp ec tiv e ly . I t  can be seen 

th a t  the d ire c t summation o f the d isc re te  charge model requ ires the 

d ipole moment to  be re s t r ic te d  to  approximately 0.5 Debye, fo r 

s a tis fa c to ry  convergence o f the to ta l  fo rces. O verall the convergence 

behaves as R" fo r dipoles and R” fo r  quadrupoles, which is  a t  le a s t  

an order of magnitude b e t te r .  This can be seen from the spherica l 

harmonic expansion o f the poin t-d ipo le  and quadrupole p o te n tia ls  

where the only non-zero teims are

>(110) R"
(11- 12)
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• § 2 0 , w ÿ  :

The spherica l harmonies o f the quadrupolar in te ra c tio n  decay almost

as f a s t  as the basic  Lennard-Jones a t t r a c t iv e  term. The convergence

is  thus good, p a r t ic u la r ly  as the (220) ,  (221) and (222) harmonics

of the o r ien ta tio n a l ra d ia l d is tr ib u tio n  function  decay to  zero w ith in  
o

approximately lOA. Thus the spherica l harmonic expansion fo r the 

in te rn a l energy, mean square torques and forces are converged in  the 

same range.

A two dimensional molecular dynamics sim ulation o f the e ffe c ts  

o f coulomb ic  versus m ultipolar interm olecular p o te n tia l fo r  a f lu id  

was a lso  ca rr ied  out by O ccelli, Quantrec and B rot(lO ).

P o te n tia l Param eters.

The p o te n tia l parameters chosen fo r  the  b asic  2-cen tre  Lennard- 

Jones system were those o f Quantrec(1) fo r n itrogen , Je lin e k ,

Slutsky and Karo(11) fo r chlorine and Singer e t  a l . (3) fo r carbon 

dioxide. To th is  a dipole or quadrupole was added. In the case of 

d ipo les, the e rro r  in  the d isc re te  charge summation was lim ited  by 

using a dipole moment o f 0 .5  Debye. For the  quadrupole moment, the 

values given in  Stogryn and Stogryn (8) were used fo r n itrogen  and 

carbon dioxide, where the recoimiended value had been determined from 

a v a rie ty  o f methods which gave consisten t r e s u l t s . For chlorine 

the value given by Stogryn and Stogryn based only on a quantum 

mechanical c a lcu la tio n  d iffe red  markedly from an experimental 

determ ination by Jao e t  a l .  (12). Both these values were used, as 

w ell as a th ird  value taken to be the mean o f the o ther two. This 

enables the e ffe c ts  o f increasing quadrupole moment to be stud ied .
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The fu l l  l i s t  o f potential parameters i s  given in  Table (IX-2).

TABLE ÇII-2)

System L E /k a Lia y Q

(K) (A) (Debye) (10 ^®esu cm'

Ng(LJ) 1.0975 43.95 3.341 0.3285
Ng(LJ+Q) 1.0975 41.75 3.341 0.3285 - -1.52*
ClzCLJ) 2.02 205.5 3.32 0.608 - -
Cl2 (LJ+D) 2.02 205.5 3.32 0.608 0.5 -
Cl2 (LJ+LQ) 2.02 198.72 3.32 0.608 - +2.46®
Cl2(LJ4MQ) 2.02 190.13 3.331 0.6064 - +4.30
CI2 (LJ+HQ) 2.02 157.54 3.341 0.6046 - +6.14*
C02(LJ) 2.37 163.6 2.989 0.793 - -

C02(LJ+Q) 2.37 135.09 2.992 0.792 - -4 .3*

A -  from Stogryn and Stogryn(8) 

B -  from Jao e t  a l .(12)

For d ip o les , the change in  the thermodynamic q u a n titie s  o f the 

system was small and thus no compensating adjustment o f the Lennard- 

Jones parameters e and a was required . However in  a l l  but one 

quadrupolar case , i t  was found th a t e and a needed to  be reduced to  

condensate fo r  the increased cohesiveness o f the quadrupolar p o te n tia l . 

This was acconplished by f i t t i n g  e to  a known po in t on the phase 

diagram o f energy E, (ca lcu lated  using the 2-cen tre  Lennard-Jones 

p o te n tia l w ithout quadrupolar in te rac tio n s) and ad justing  the molar 

volume (e ffec tiv e  adjustment o f a) to obtain  the co rrec t p ressu re .

The adjusted p o ten tia ls  were then examined in  terms o f l a t t i c e  energies 

and second v i r i a l  c o e ff ic ie n ts .
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L attice  Energies.

The la t t ic e  energies were ca lcu la ted  fo r a -n itrogen  and carbon 

dioxide so lid s , on the b asis  o f a cubic (T^-Pa3) s tru c tu re  given by 

Schnepp and Jacobi (13). The summation over whole numbers o f u n it 

c e l ls  was ca rried  out to  (29,29,29) in  terms o f  the l a t t ic e  ind ices. 

This i s  s u f f ic ie n t  to  ensure convergence fo r  the .d iscre te  charge model, 

The re s u lts  are given in  Table ( I I - 3 ) .

a -n itrogen

Expt.
LJ only 
(LJ+Q) PQ 
(LJ+Q) DC

TABLE (X I-3).

L a ttice  Parameter â  
o

(A)

4.00
3.965
3.924
3.926

L attice  Energy

(Kcal/mole)

1.925
2.17
2.43
2.41

Carbon d iox ide .

Expt.?
U  only 
(W+Q) PQ 
(LJ+Q) DC

3.925
3.997
3.881
3.906

6.83
5.54
7.57
6.97

Reference (14)
? Reference (15)
PQ -  Evaluated using po in t quadrupole p o ten tia l 
DC - Evaluated using d isc re te  charge model.

For n itrogen  the agreement w ith the experimental values i s  reasonable 

fo r the Lennard-Jones p o te n tia l only, however the add ition  of the 

quadrupole moment makes the agreement worse. In th is  case the two 

quadrupole p o ten tia ls  give almost the same r e s u l t .  For carbon dioxide 

the reverse i s  tru e . The Lennard-Jones p o te n tia l only gives a poor

18.



l a t t i c e  energy, which on inclusion  of the quadrupolar term increases 

considerably to  give b e tte r  agreement. These re s u lts  suggest th a t 

the quadrupole moment i s  too large  in  th is  case. However i t  might 

be th a t  fu rth e r improvement could be made by including higher m ulti

p o la r terms and p o la r iz a b ili ty  in  the p o te n tia l . There i s  a lso  a 

marked d ifference  in  the re s u lts  of the two quadrupolar p o ten tia ls  fo r  

carbon dioxide. This is  possib le  due to  the divergence o f the po in t 

quadrupole p o te n tia l a t  small d is tan ces , which is  dependent on the 

magnitude of the bond length .

Second V ir ia l C o effic ien ts .

The second v i r i a l  c o effic ien ts  were ca lcu la ted  from

-2ttN. <» 2tt tt ÏÏ
B(T) == f C R ,0 2 ,0 2 » < l ) x 2 ^ ^ ^ 1 ^ ^ 2 ^ 1 ^ 2 ^ ‘̂ 1̂2 C H -1 4 )

where

f(R»0X»®2’^12  ̂ = “1 + exp[- CR>0x»®2’^12^^^^^ (11-15)

The evaluation  of these angular in teg ra ls  has been discussed by

Thonpson e t  a l .  (16). I t  was decided to  use 20-point Gauss-Legendre

quadrature fo r each o f the angular in te g ra ls , to  ensure equal weighting,

The in te g ra l in  R was evaluated by taking 6 ranges o f 20-point Gauss-

Legendre in te g ra tio n , arranged such th a t the in te rv a l became sh o rte s t
o

a t  the region o f maximum change in  the function . The range 0.0>2.0A 

was evaluated a n a ly tic a lly  as the function is  -1 .0  throughout. Thus 

the e rro r  in  the ca lcu la ted  second v i r ia l  c o e ff ic ie n t was not more than 

±1 .0 , when the number of in teg ra tio n  ranges was reduced.

The second v i r i a l  co effic ien ts  fo r n itrogen , chlorine and carbon 

dioxide are given in  Tables ( I I - 4 ) , (11-5) and ( I I - 6) respec tive ly .
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The re s u lts  are a lso  graphed in  Figures [11-6] to  [ I I - 9 ] .

The primary e ffe c t o f the  quadrupole moment i s  a lowering in  

magnitude of the v i r ia l  co e ffic ien ts  throughout the temperature 

range. This i s  shown in  the case o f ch lorine [W+LQ] fo r which 

the Lennard-Jones e and a are not reduced to  compensate fo r the 

quadrupole. The reduction of e and a decreases the expected e ffe c t 

from the quadrupole. A secondary e f fe c t  i s  th a t  the quadrupole 

s l ig h tly  increases the slope o f BCT), p a r t ic u la r ly  a t  low tem peratures.

The v a ria tio n  of the basic  2-cen tre  Lennard-Jones p o te n tia l second 

v i r i a l  c o e ff ic ie n t has been discussed by Sweet and S teele  [22], who 

tabu lated  the v a ria tio n  of the second v i r i a l  c o e ff ic ie n t w ith temp

e ra tu re  and bond length [an iso tropy]. The e ffe c t  o f increasing  

anisotropy, in  terms o f bond length and quadrupole moment has a lso  

been discussed by MacRury e t  a l .  [19], who found the same decrease 

in  magnitude o f the v i r i a l  co effic ien ts  w ith increasing  quadrupole 

moment. This lowing is  due to  the increased cohesive [negative] 

energy con tribu tion  o f the quadrupole. Using the angle averaged 

Lennard-Jones p o te n tia l o f equations [II-5 ] and [ I I - 6] as w ell as the 

angle averaged quadrupolar p o ten tia l of equation [11-45] i t  can be 

seen th a t the form of the to ta l  p o ten tia l is

* = CCD/KT + CQ)/(kT}^

where Q = f[q,L] [11-16]

From th is ,  the addition  of the quadrupolar terms w ill  increase the 

temperature and bond length  dependence of the to ta l  p o te n tia l , and thus 

w ill  have an e ffe c t on the slope of the second v i r i a l  c o e ff ic ie n t.
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The v i r i a l  c o e ffic ien ts  o f n itrogen , both fo r Quantrec's 

p o te n t ia l(1) and fo r the (U+Q) p o te n tia l seem poor, e sp ec ia lly  in  

comparison with the p o te n tia ls  o f Cheung and Powles(2,18) and MacRury 

e t  a l .  (19), although the add ition  of the quadrupolar term does 

improve agreement w ith the experimental values s l ig h tly .

The lack of experimental da ta  fo r  ch lorine  makes te s tin g  of the 

p o te n tia l d i f f ic u l t ,  although the second v i r i a l  c o e ff ic ien ts  seem 

reasonable. There i s  strong v a ria tio n  in  the co e ffic ien ts  w ith 

changes in  the s ize  o f the quadrupole moment.

The carbon dioxide p o te n tia l , based on the f i t t e d  p o te n tia l of 

Singer e t  a l . (3 ), was in  good agreement w ith  the experimental va lues, 

both fo r  the l a t t ic e  energy and the v i r i a l  c o e ff ic ie n ts . In both 

instances the add ition  of the quadrupolar teim increased agreement 

w ith experimental values.

I t  should be pointed out however th a t the parameters o f the 

basic  2-cen tre  Lennard-Jones p o ten tia ls  have been f i t t e d  to  

experimental da ta , and as such have been optimized in  the absence 

o f a quadrupole moment. Thus these parameters conpensate fo r  the 

lack o f a quadrupole. However, when a quadrupole moment is  

included in  the p o te n tia l , the Lennard-Jones parameters' must be 

adjusted so th a t  the p o ten tia l does not become too cohesive fo r the 

sim ulation of re a l  liq u id s .
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CHAPTER I I .

P art 2. Molecular Dynamics Simulation Method.

The molecular dynamics sim ulation method was conceived by Alder 

and W ainw ri^t(23), This work was then applied and extended by 

Rahman(24) and V erle t(25 ), to  simple one-centre Lennard-Jones p o ten tia ls . 

The technique was fu rth e r extended to  diatomic molecules by Beme and 

Harp(26). The basic  methods employed here remain the same.

The system consists o f a cube of side  L, determined by the required 

density  and contains N (108 or 256) molecules. In order to  represen t 

the f lu id  extending to  in f in i ty ,  the cube i s  surrounded by period ic  

images o f i t s e l f .  The in te rac tio n  p o te n tia l between molecules i  and 

j is

m?̂ 2 nj 2̂ 

3 3

m=l n=l oL im  ~jn*

where m and n denote the in te rac tio n  s i te s  o f the molecule. (m=l,3 - 

atom s i te s  : m=2 -  centre  of mass). The molecules are assumed to  be 

r ig id  such th a t [rj^ -r^g l = L, although i t  i s  no t a necessary requ ire

ment th a t  the in te ra c tio n  s i te s  are d is tr ib u te d  in  th is  manner. 

Throughout the ca lcu la tio n  of these in te rac tio n s  the 'minimum-image 

convention* was employed, so th a t a p a r t ic le  in  the primary cube is  only 

allowed to  in te ra c t  w ith the (N-1) other p a r t ic le s  in  the primary cube, 

or the nearest images o f these p a rtic le s  in  adjacent cubes. Thus 

each p a r t ic le  is  always a t  the centre of a cube, composed of primary 

cube molecules or neares t images. This convention must be applied 

on a molecular b a s is , ra th e r  than an atomic b asis  to  preserve molecular 

charge d is tr ib u tio n . The instantaneous p o te n tia l energy is  then given 

by
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(N-1) N
Z Z T

i= l j> i

the v i r i a l  by

f  = 2 E S + -Plr (11-19)
i= l j> i  m=l n=l ^Lim i j

where Ry = (Ir^ z -T j,!)

and are long range co rrec tion  terms. However fo r  ease of 

evaluation  the v i r ia l  sum (11-19) is  replaced by

(N-1) N 3 3 d j)( |r . - r .  I) N y.

’  ■ Â  j : .  j .  A  * A  h-fi * 'LR

( 11- 20)

where 5,. = Bond vecto r and F? = J (F., -F ., ) .1 m# H  <̂ x0
The force on each in te ra c tio n  s i t e  is  also  calcu lated

Equations of Motion.

The equations o f motion are solved fo r  each molecule over a 

very sho rt time step  At. The motion is  assumed to  be CLASSICAL. The 

centre o f mass and the bond vector o f the i ^  molecule are 

defined by

3 3
? i  = " ik  (H -zz)
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&  ° T ilT iS  CII-23)

These then obey the c la s s ic a l  equations o f motion

M.R. = Z F.-. (T ranslational) (11-24)

**  ̂ "̂î 1 F)
= ï f  ! i l -  ï f  ! i3  = ! i  (R otational) (11-25)

where = Z m̂ ,̂ and = (mj^^.mj^^)/(mj^^+nij^^).

For homonuclear diatomics ^ iz ”^ ’

T ran sla tio n .

The tra n s la tio n a l equation (11-24) i s  solved by expanding R  ̂

giving

3 2
R.(t+At) = 2R .(t)-R .(t-A t) + ( Z F .jA t^/M . (11-26)

-wi k“X

This i s  known as V e r le t 's  leap-frog  algorithm (25), which i s  a f i r s t  

order expansion o f R^. More accurate h igher order expansions may 

be used, but have the  disadvantage th a t they requ ire  the p a r t ic le  

coordinates to  be sto red  fo r a higher number o f previous configurations. 

Ihe problem is  exactly  analogous to  th a t  o f numerical in teg ra tio n  o f 

eq u id is tan tly  spaced p o in ts . V e rle t 's  algorithm  can be though o f as 

equivalent to  the trapezoid  ru le  in teg ra tio n . The accuracy of 

so lu tion  o f the equations o f motion is  determined by the s ize  of the 

in teg ra tio n  s tep  At.

R otation.

The ro ta tio n a l equation is  more involved and is  approximately 

solved in  a trigonom etric manner by a second order p red ic to r-co rrec to r 

type algorithm . The r ig id  molecule gives the condition |Jl| constant, 

implying
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(11-27)

thus the force component p a ra l le l  to  Z is  removed,

! i  = ' fà f)  - TÎT (11- 28)

giving

uJli -  u ( & , = F? -  F. " = p /
.1 -1 -vX m# X m# X (11-29)

Thus equation (11-25) fo r  the ro ta tio n a l motion, using (11-27) 

becomes

= f /  -  ul&.m#X m# X '^1' (11-30)

The algorithm  fo r  solving (11-30) was developed by Singer and 

Taylor (3 ). In th is  algorithm  the la s t  term of (11-30) which keeps 

the value o f |Jl^| constan t, is  replaced by an equivalent kinematic 

r e s t r ic t io n ,  as i t  is  d i f f ic u l t  to  evaluate \Z ^ \  accu ra te ly . The 

equation i s  solved by constrain ing  the tra je c to ry  to  the surface of 

a sphere; in stead  of on a tangen tia l plane which i s  the e ffe c t  o f 

solving (11-30) neg lecting  the la s t  term.

^4 (t)

f Z. (t+At)

0
Figure (11-10)
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In Figure (11-10) OA, OP and OX are vectors represen ting  

& ^(t-At), &^(t) and &^(t+At) resp ec tiv e ly . Thus the angles 

<502 are given by

60^ = Cos"^((&^(t).&^(t-At))/&^)

OB gives the p ro jec tion  of the vecto r &^(t-At) or OA on to  th e  plane 

tan g en tia l to  the vector &^(t) a t  |&^| = z

T
OB = a -(t-A t) -  £ .( t-A t) . (t_A t).& .(t)y

'^1 -1

Correcting BP = 5,tan60^ to  the length o f the arc  AP = 150^ without 

a lte r in g  i t s  d ire c tio n  gives CP which defines the shortened vector 

4?(t-A t)

c 5/Ô0-1 T
* i( t j" ^ i( t -A t)  = 2tan0. * <^?;iW-^iCt-At)) (11-33)

OZ = Ü?(t+At) i s  determined by

i?(t+A t) = 2 t-(t)-S ,?(t-A t) + p t.A tV u (11.34)
m# 1 «wl 1 «vX

The reverse of the £^(t-A t) corrected p ro jec tion  is  ca rried  out to  

give the re s u lta n t il^(t+At) using PZ = PX = 2,502

™ tan50? q
&.(t+At) = &.(t)  + —^ — . (& i(t+A t)-& .(t)) (11-35)

«wX O t /o  ^JL
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and

t&iCt)I _

t.( t+ A t) = — ^ -------- .i>Ct+At) (11-36)
|& i(t+At)|

This ro ta tio n a l algorithm , as pointed out by Singer, has the 

advantage th a t  deriva tives o f the fo rces, vdiich flu c tu a te  very rap id ly  

and thus are d i f f ic u l t  to  evaluate , are not needed. The s ta b i l i ty  o f

th is  algorithm  is  dependent on the  angles 50^ and (which are a

function  of |F*^|7y and At) being sm all.

Averages.

Having solved the equations of motion, averages and sub-averages 

of various thermodynamic q u an titie s  are ca lcu la ted , in  p a r tic u la r

N, N .  9 N
E = < |(  E ^) + Z $(%,,&,)> CII-37)

IN ^ = 2  +  2 = 1

T = + cii-38)

P = i  (N^kT -  ^  <Y>) CII-39)

where the v i r i a l  is  defined in  equation (11-19). The mean-square 

torque and force  are calcu lated  by Cheung^s method(27).

? N. N -
<F > =* ^  <( f  f / ) >  ‘ 01-40)

IN 2=1

< A  = ^  < 2 ( . % ^ L  (11-41)
^ i= l

The sp e c if ic  heat a t  constant volume is  a lso  calcu lated  from the 

flu c tu a tio n s  o f the averaged p o te n tia l, tra n s la tio n a l and ro ta tio n a l 

energ ies, by another of Cheung’s methods(28), which is  an extension
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of the work of Lebowitz e t a l. (29) for monatomic systems.

Cy = n^Rd -  N<(SQ )^>/npkV}  ̂ (11-42)

2 2 2where <(6Q) > = (<Q >-<Q> ) ,  the flu c tu a tio n  in  the Q energy. I t  is  

assumed th a t  <Q> = n^kT where n^ is  the number o f degrees o f freedom 

o f energy Q. I t  can be seen from Cheung’s paper th a t th is  i s  not an 

accurate means o f ca lcu la tin g  C^, bu t i t  does serve as a rough estim ate 

fo r the sp e c if ic  heat a t  the given sim ulation p o in t.

Long-Range c o rrec tio n s .

The long-range corrections are evaluated on the b asis  th a t the 

Lennard-Jones cen tre  d is tr ib u tio n  a t  long ranges is  uniform and can be 

approximated on an atomic basis giving

32irN? , , 9 . 3
* L J  V “  “   ̂ (11-43)

c c

64irNi ,  y' 9 „ 3
'* 'lJ  W ~   ̂ (11-44)

where i s  the c u t-o ff  applied to  the Lennard-Jones p o te n tia l . The 

quadrupole p o te n tia l was summed over the e n tire  molecular dynamics 

cube. The long-range quadrupolar corrections were calcu lated  

num erically assuming the o rien ta tio n s o f the molecules to have become 

angle-averaged. The energy correction  in  the quadrupolar case was 

found to  be approximately 1 Joule and the pressure co rrec tion  le s s  than 

1 atmosphere fo r  a system of 108 chlorine molecules. As th is  was le ss  

than the s t a t i s t i c a l  e rro r , these terms were neglected . This can also  

be seen from the angle-averaged quadrupolar p o te n tia l of S te ll  e t  a l .  (30),
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which is  very small a t  large  ranges. I t  i s  a lso  a function of 

and and is  temperature dependent.

General Aspects o f Sim ulation.

The molecules are moved over the time step  At, and the process 

repeated u n t i l  su f f ic ie n t  s t a t i s t i c s  fo r the various analyses has 

been accumulated. This is  ty p ic a lly  SOOOAt fo r  N=108 and 25GOAt 

fo r  N=256 molecules. In the systems s tud ied , due to  the large
r

an iso trop ic  fo rces , i t  was necessary to  keep At = 4.0 x lO” which 

is  comparatively sm all. This gave flu c tu a tio n s  in  the to ta l  energy 

o f approximately 5 in  10^-10^ Joules over 5 x lO^At fo r the most 

an iso trop ic  (h ighest quadrupolar) case, and was le ss  fo r  a l l  o ther 

cases. No d r i f t in g  in  the energy was observed.

For each sim ulation run the centre of mass p o sitio n s and bond 

vectors o f each molecule were w ritten  on magnetic tape a t  every At 

fo r subsequent an a ly sis .

P rio r to  the f in a l  run the system must be b r o u ^ t  to  equilibrium  

a t  the required  tenperature  and volume. This i s  done by sca ling  

the v e lo c it ie s , i f  necessary, a t  every 20At. The sca ling  is  

equivalent to  ad justing  the to ta l  energy of the system u n t i l  i t  

corresponds to  the required  temperature in  the e q u ilib ra ted  system.

The system is  taken to  be a t  equilibrium  when a) the tra n s la tio n a l 

and ro ta tio n a l tem peratures are w ithin 5 K o f each o th er, b) the 

tenperature is  c cn s is ta n tly  w ithin  5 K o f the sp ec ified  temperature 

and c) the flu c tu a tio n s  in  the pressure become le ss  than ± 100 

atmospheres.

Although these c r i t e r i a  are somevdiat a rb itra ry  they do serve 

w ell as a t e s t  o f equilibrium . Other methods where the system is  

only eq u ilib ra ted  fo r a b r ie f  in te rv a l (= SOOAt) so th a t the positions
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of the p a r t ic le s  have been su b s ta n tia lly  changed, must be regarded 

as u n sa tis fac to ry . This i s  because equilibrium  is  obtained only

when the flu c tu a tio n s in  the t ra n s la tio n a l, ro ta tio n a l and p o ten tia l

energies are small and there  is  no d r i f t  of energy between any p a ir

of energ ies. The to ta l  energy should a lso  correspond to  the required

tem perature.

I t  was found th a t th is  process o f tem perature scaling  needed to  

be ca rried  out fo r 7SOOAt fo r  N=108 molecules to  ensure the co rrec t 

equilibrium . A fter th is  period a fu r th e r  2SOOAt was needed fo r  the 

system to  s e t t l e  completely to equilibrium  a f te r  the temperature sca lin g , 

before the f in a l  production run was made.

The i n i t i a l  s ta r tin g  configuration was usua lly  a s im ila r liq u id  

configuation . I f  th is  was not availab le  a face-cen tred  cubic l a t t ic e  

was used, together w ith a rb ita ry  v e lo c ity  assignment, such th a t the 

n e t v e lo c ity  in  the system was zero. The lack of s tru c tu re  ( i . e .  

d ev ia tion  from the c ry s ta l la t t ic e )  was monitored by V e rle t’s order 

param eter(2S ).

An in d ica tio n  of the computer time used is  th a t on the U niversity  

o f London 0X37600 one At required 0.4 seconds fo r N=108 and 2.S seconds 

fo r N=2S6.

Sources o f E rro r .

Sources o f e rro r  in  the sim ulation are v aries  and not e a s ily  

q u a n tif ia b le . They are a) the e ffe c t o f the period ic  boundary 

conditions which introduces a r t i f i c i a l  p e rio d ic ity  and hence 

c o rre la tio n s , b) the minimum-image convention perhaps produces angle- 

averaging a t  the edges of the molecular dynamics c e l l ,  c) the f in i t e  

c u t-o ff  o f the p o te n tia l , d) the s ize  of the time step  t  and e) the 

s t a t i s t i c a l  averaging, however good, could always be b e tte r ,  given a 

la rg e r sample of molecules and a g rea ter number of time s tep s .
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These re s u l t  in. an approximate e rro r  in  the pressure of ±

50 atmospheres and in  the temperature of ± 2 K. The e rro r  is  

determined from studying the flu c tu a tio n s  in  these q u a n titie s  w ith 

the number of time steps o f sim ulation. The ’e r r o r ’ in  the sim ulation 

o f re a l liqu id s is  due to  the exact form of the p o ten tia l w ith i t s  

higher order terms is  unknown.

The sim ulation is  c la s s ic a l m echanical. This i s  ju s t i f ie d  by 

the smallness of the tra n s la tio n a l and ro ta tio n a l quantum steps fo r 

the masses of the molecules considered here . Fork on quantum 

corrected  molecular dynamics sim ulation is  being undertaken fo r  

systems o f ra re  gas atoms by Singer e t  a l , (31]. The quantum 

co rrec tio n  formulae show th a t the e ffe c tiv e  p o te n tia l is  v e lo c ity  

dependent. The ve lo c ity  d is tr ib u tio n  a lso  d if fe rs  from the 

c la s s ic a l  Maxwellian d is tr ib u tio n . I t  may be th a t  these e f fe c ts , 

p a r t ic u la r ly  on the dynamics of the system, are  not neg ligab le , even 

i f  they are sm all.
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CHAPTER I I I .

Thermodynamics.

1. In troduction .

The equilibrium  p roperties o f c la s s ic a l  f lu id s  can be expressed 

in  terms o f th e ir  p a r t i t io n  function , which is  the in teg ra l over the 

Hamiltonian o f the system fo r a given volume and temperature thus

QmCV.T) = / /  exp [-H(r'^,p^)/kT] d / d p ^ . . .  ( I I I - l )
NIh

This p a r t i t io n  function is  them re la te d  to  the  Helmholtz free  energy 

o f the system A by

Q^(V,T) = exp [-Aj^CV,T)AT] (III-2 )

Standard thermodynamic re la tio n sh ip s can now be used to  obtain  

q u a n titie s  such as the  energy, pressure or entropy o f the system.

However, the Hamiltonian contains both k in e tic  and p o ten tia l 

energy terms which a t equilibrium  allow the in te g ra l ( I I I - l )  to  be 

separated such th a t

QfjCV.T) = [2 W (t]^ /^  Z CV.T) (III-3 )
IN M:h ^

where Z^(V,T) i s  the configurational in teg ra l

Zĵ CV.T) = /  exp [-U ^(/)/kT ] d /  (III-4 )

and U^(r^) is  the p o te n tia l energy teim of the Hamiltonian.
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In the ideal gas lim it where U^(r^j = 0 then the configurational 

in te g ra l is  simply V^, This allows the p a r t i t io n  function to  be 

separated in to  "idea l"  and "excess" contribu tions

(^Cv.T) = C ni-5)

which enables the Helmholtz free  energy to  be s im ila rly  separated 

in to  ideal and excess terms

A = + A®̂  (III-6 )

where can then be expressed in  terms o f the configurational 

in te g ra l alone

A®̂  = -kT In  ---- } IIII -7 ;

A ll o ther thermodynamic q u an titie s  viiich can be obtained from 

the Helmholtz free  energy can now be w ritten  in  terms o f id ea l and 

excess q u a n titie s . Thus the thermodynamics o f a system w ith non

t r iv i a l  in te rac tio n s  between the p a rtic le s  is  dependent on the 

evaluation o f the configurational in te g ra l. Both methods o f computer 

sim ulation, Monte-Carlo and Molecular Dynamics may be regarded as 

methods of accurate evaluation of the associated  configurational 

averages.

The systems to  be investigated  were chosen to  be molecular 

liqu id s represented by two-centre Lennard-Jones p o te n tia ls , previously 

investigated  by Singer e t a l .  (1), to which an add itional quadrupole 

term has been added. This enables a b e tte r  rep resen ta tion  of the 

strongly  an iso trop ic  nature o f the interm olecular p o ten tia ls  to  be made, 

p a r tic u la r ly  in  the case o f Chlorine and Carbon Dioxide which are known 

to  have large quadrupole moments. As discussed in  Chapter I I ,  su itab le
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adjustments have been made to  the Lennard-Jones parameters a and e 

to  compensate fo r the inclusion  o f the quadrupole. I t  can then be 

expected th a t i f  o ther m ultipolar terms in  the p o te n tia l are sm all, 

then the two-centre Lennard-Jones and quadrupole should be a very 

adequate represen ta tion  of the to ta l  interm olecular p o te n tia l, 

p a r t ic u la r ly  when the quadrupole i s  d is tr ib u te d  in  the form o f frac tio n a l 

charges, giving a more strongly  angle-dependent p o te n tia l a t  small 

in te rac tio n  d istances,

2. Molecular Dynamics Simulation.

The methods o f ca lcu la ting  the thermodynamic q u a n titie s  from a 

sim ulation have been discussed in  Chapter I I .  In  p a r tic u la r  equations 

(11-37) to  (11-39) are used to evaluate the basic  q u a n titie s  of 

energy, temperature and pressure.

' In order to  study the fu l l  range o f ad justab le  parameters in  the 

in term olecular p o te n tia l , namely a , e, L and Q, th ree  molecules were 

chosen. Nitrogen, Chlorine and Carbon Dioxide represen ting  sm all, medium 

and large  values o f the bond length L w ithin physica lly  meaningful 

bounds. Reliable values fo r quandrupole moment o f Nitrogen and Carbon 

Dioxide are  ava ilab le  and have been used, while fo r Chlorine values 

range from small to  la rge . This gave an opportunity to study the 

e ffe c t o f changing quadrupole moment on a system w ith a moderate bond 

length . Three values o f the quadrupole moment were chosen fo r .Chlorine 

spanning the range o f physically  possible values. These values are 

given in  Chapter I I .

These systems were then investigated  by choosing two isochores 

along which a sim ulation was performed a t  th ree  w ell separated tempera

tu re s , the lowest o f which approximated zero pressure , and the highest 

1000 atmospheres pressure. This enables deriva tive  p roperties such 

as the sp ec ific  heat to  be calcu lated .
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These re su lts  have been tabu lated  using the usual reduced q u a n titie s  

T *  =  K T / e  :  p *  =

E* = E/N^e : p* = po^ / e

L* = L/a : Q* = Q/Cea^)I (111-8)

although care should be taken in  comparison w ith re s u lts  without 

quadrupoles as the parameter T* only re f le c ts  the con tribu tion  from 

the Lennard-Jones p a rt o f the  p o te n tia l and thus cannot be used as a 

guide to  the temperature o f the system or the re la tio n sh ip  o f the 

phase po in t to  the c r i t ic a l  and t r ip le  p o in ts . However, a lte ra t io n  

o f e w ill  give d iffe re n t values o f both T* and Q* enabling e to be 

regarded as a common fac to r in  a l l  terms o f the  p o te n tia l energy ' > - 

function.

The isochores have been chosen fo r easy con^arison w ith the work 

o f Singer e t  a l .  (1) in  the case o f Chlorine and Carbon Dioxide and 

Quentrec e t  a l .  (2) fo r  n itrogen . The v a ria tio n  o f  E* and p* as a 

function o f T* along each isochore is  given in  Table ( I I I - l ) .  As 

there  are only ty p ic a lly  th ree  points per isochore, only lin e a r  

dependence can be sa fe ly  deduced. The energy and pressure isochores 

have been p lo tte d  in  Figures ( I I I - l )  and (III-2 ) resp ec tiv e ly  fo r 

the Chlorine system with varying quadrupole moments, including the 

comparable isochores o f the Lennard-Jones only system taken from the 

re su lts  o f Singer e t a l .  (1). The basic behaviour o f the  systems, 

is  the same as the Lennard-Jones only system, w ith the slopes of the 

energy isochores (C^) increasing slowly w ith density . The quad

rupole moment is  seen to  increase the slope o f the  function as well 

as making the in te rcep t su b s ta n tia lly  more negative. The same e ffe c t 

i s  obzerved fo r the pressure isochores except th a t the e ffe c t i s  very 

much more pronounced as would be expected fo r  systems with increasing
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TABLE (.111-1)

P* E* = A+BT* P ' = a+bT*
A B a b

L* = 0.328 Q* = 0 .0  (N,) (2)
0.69b -20.718 3.740 -8.578 5.967
0.622 -18.294 3.418 -8.972 4.250

L* = 0.328 Q* = 0 .0  (.Nj) (33)
0.69b -20.925 3.81b -9.292 6.167
0.622 -18.277 3.411 -9.158 4.315

L* = 0.328 Q*- = 1.159 (N,)
0.700 -23.220 4.2b2 -11.518 b.899
0.626 -19.795 3.621 -10.157 4.477

L* = 0.608 Q* = 0 .0  (Olg) (1)
0.541 -15.671 3.956 -6.301 5.784
0.485 -13.700 3.522 -5.607 3.793

L* = 0.608 Q* = 0.739 (Q^)
0.541 -15.836 4.00b -6.040 5.658
0.485 ' -13.959 3.624. -5.730 3.838

L* = 0.608 Q” = 1.321 (Clg)
0.546 -17.842 4.570 -7.348 6.289
0.490 -15.582 4.050 -6.294 4.066
L" = 0.608 Q* = 2.073 (Cl^) •
0.551 -23.456 5.397 -10.013 6.474
0.494 -20.771 4.947 -9.377 4.854

L* = 0.793 Q* = 0 .0  (00^) (1)
0.459 -13.062 3.741 -4.436 4.282
0.393 -10.843 3.333 -3.791 2.591

L* = 0.793 Q* = 2.039 (Œlg)
0.423 -15.906 4.226 -5.355 3.233
0.381 -14.039 3.953 -4.492 2.386
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anisotropy, on the basis th a t the higher the anisotropy the g rea te r 

the e ffec tiv e  volume o f a molecule i s .  The magnitude of the quad

rupolar pertu rbation  is  comparable in  magnitude to  su b s tan tia l changes 

in  the bond length.

The values of the energy isochore in te rcep t (Eg) as a function of

density  are  p lo tted  in  Figure ( I I I -3 ) .  These no longer show the

commonality between systems exhib ited  by the Lennard-Jones only 

p o ten tia ls  of Singer e t a l .  (1), The quadrupole moment causes a

non-linear decrease in  Eg which i s  most c le a r ly  shown in  the case o f

ch lo rine , where v a ria tio n  with increasing quadrupole moment is  shown.

The values fo r  carbon dioxide (Q* = 2.039) and chlorine  (Q* = 2.073) 

which have approximately equal quadrupoles do not appear to  re ta in  the 

lin e a r  re la tio n sh ip  o f Eg as a function o f p* fo r  a  given Q*, previously  

observed fo r Q* = 0 .  This suggests th a t the changes in  quadrupolar 

systems are  a function o f Q* and L*, such th a t the two variab les are  

interdependent.

Sim ilar behaviour i s  exhibited by the in te rce p ts  o f the  pressure 

isochores Pg, i l lu s t r a te d  in  Figure ( I I I -4 ) . However, the behaviour 

o f the Lennard-Jones only n itrogen system, abstrac ted  from the ca lcu la tio n  

o f Quentrec e t a l^  (2) is  c le a r ly  anomolous, showning a p o s itiv e  gradient 

with density . I t  should a lso  be noted th a t the pressure ca lcu la tio n  

has a higher s t a t i s t i c a l  e rro r in  the molecular dynamics ca lcu la tio n  and 

thus these re s u lts  have a ra th e r higher s c a t te r .  This i s  a lso  evident 

from the crossing o f the chlorine (Q* = 0) and (Q* = 0.793) l in e s .

The trend  o f su b s tan tia l decrease in  Pg with increasing  quadrupole 

moment remains c le a r  and has the same proportion as fo r Eg.

The e ffe c t of the  quadrupole moment on the sp ec ific  heat o f the 

systems (C^) is  shown in  Figure ( I I1-5) where the reduced u n it equivalent 

(aE*/9T*)p* is  p lo tte d  against density  p* fo r various values o f the 

quadrupole moment. The quadrupole increases in  a strongly  non

lin e a r  manner, but does not s ig n if ic a n tly  a l t e r  the v a ria tio n  o f with
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p*, w ithin  the small range o f d e n sitie s  studied. The e ffe c t of 

increasing the quadrupole moment can be regarded as increasing the 

e ffe c tiv e  anisotropy o f the system, in  a manner sim ilar to  an increase 

in  bond length  a t  a given density . The curves fo r chlorine (Q* = 2.073) 

and carbon dioxide appear to  l i e  close to  the same lin e  d isp ite  

d iffe r in g  values o f the bond leng th , which suggests th a t the quadrupole, 

when la rg e , dominates bond length e ffe c ts .

The v a ria tio n  of (3P*/9T*)p* with p* is  i l lu s t r a te d  in  Figure 

( I I I -6 ) ,  which i s  s im ila r to  th a t .o f (9E*/9T*)p* except th a t the change 

w ith increasing  quadrupole moment is  an order o f magnitude sm aller.

This i s  probably because while the quadrupole increases the anisotropy 

o f the p o te n t ia l ,  there  is  a lso  a corresponding increase in  the 

cohesiveness which minimized, changes in  the pressure g rad ien t.

From the isochores, energy and density  isobars may be deduced, 

which a re  l in e a r  as there  are  only two isochores per system. Equations

fo r  the isobars a t  p*,= 0 are given in  Table ( I I I -2) including values 

fo r  non-quadrupolar systems (1 ,2 ). The energy isobars are  p lo tte d  in  

Figure (III-7 )  .and show strongly  non-linear decrease in  energy with 

increasing  quadrupole moment. The s h if t  to  higher T* is  due to the 

reduction in  e previously  discussed. The sp ec ific  heat (C^) also  

increases as a function o f quadrupolar streng th . The same type of 

q u a lita tiv e  behaviour can be seen in  the density  isobars i l lu s t r a te d  

in  Figure (1 II-8 ) , where the  in te rcep ts  becomes progressively  more 

negative as the grad ien t (9p*/9T*)^^* becomes la rg e r with increasing 

Q*. Equations fo r  the isobars a t  p* = 0 .5  are .given in  Table ( I I I -3 ) . 

Comparison w ith Table (111-2) shows th a t the behaviour with increasing 

p* is  q u a lita tiv e ly  the same as the Lennard-Jones only systems, in  th a t 

the magnitudes o f the constant terms and the gradients decrease w ith p*.

Throughout the study o f these thermodynamic q u a n titie s  the e ffe c t

o f the quadrupole moment has been co n sis tan tly  non-linear in  every-case

stud ied , such th a t the small quadrupole (Q* = 0.739) produced only a

marginal dev iation  from Lennard-Jones only behaviour, and must be 
___________________ _ 4 3 ---------------------------------------------------------------------------



TABLE ÇlII-2)

P*=0 E* = A+BT* p* = a+bT*
A B a b

L* = 0.32» Q* = 0 .0  (N.p*
-24.254 6.242 Ü.8b4 -.110

L* = 0.328 Q* = 0.0 #
-25.306 6.724 0.877 -.120

L* = 0.32» Q* = 1.159 (.N2J
-28.713 7.554 0.906 -.124

L* = 0.608 Q* 0 .0  (.Cl^)
t  -19.387 7.370 0.698 -.144
f  1-19.36) (y .38) (0.704) (-.150)

L* = 0.608 Q* = 0.739 (Ol^j
-19.107 7.073 0.681 -.131

L* = 0.608 Q* =1.321 (Clg)
-22.305 8.392 ' 0.718 -.147

L* = 0.608 Q* = 2.073 (Clg)
-30.769 10.122 0.780 -.148

L* = 0.793 Q* = 0 .0  (CO )̂
t  -16.998 7.54 0.619 -.155

(-17.46) , (7.95) (0.635) (-.170)

L* = 0.793 Q* = 2.039 (CÔ )
-25.834 10.221  0.731 -.186

* Extracted from da ta  o f Quantrec e t a l .  (2)
e Extracted from data o f Cheung and Powles (33)
t  Extracted from data of Singer e t a l .  (1) in  same range o f

density  values as quadrupolar cases,
 ̂ Overall f i t  to  data given by Singer e t a l . (1)

44.



TABLE (III-3 ).

P ' 0 . 5 E ' = A+BT’ p* = a+bT*
A B a t )

L’ = 0.328 Q* = 0 .0  (N ) *
-24.377 6.147 0.855 -.105

L+ = 0.328 Q* = 0 .0  (.N-J #
-25.180 6.495 0.877 -.114

L* = 0.328 Q* = 1.159 (N )
-28.410 7.241 0.902 -.116

L* = 0.608 Q’ = 0 .0  (Cl,)
t  -19.121 6.889 0.693 -.129
t  (-18.90) (6.73)

L* = 0.608 ()* = 0.739 (Cl,)
-18.964 6.702 0.680 -.120

L’ = 0.608 Q* = 1.321 (C ip
-21.946 7.868 0.711 -.132

L* = 0.608 Q* = 2.073 (Cl,)
-30.446 9.701 0.776 -.139

L* = 0 ./93  Q* = 0 .0  (00^)
t  -16.606 6.813 0.610 -.131
f  (-16.76) (6.90)

L* “ 0.793 Q* » 2.039 (COg)
-24.262 8.840 0.694 -.149

, # , t  and f  as fo r Table (III-2 )
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regarded as a very weak e ffe c t ,  whereas the la rg e r quadrupoles 

(Q*«1.2) produces s ig n if ic an t pertu rba tions, and in  the la rg e s t case 

(Q*=2.0) the quadrupole e ffe c ts  tend to  dominate over bond length 

e ffe c ts .  This behaviour cannot be f i t t e d  to  any simple power law
oC

from such as A = CQ* , which suggests th a t as the quadrupole increases, 

s ig n ifican t, changes occur in  the ra d ia l d is tr ib u tio n  function, p a r t

ic u la r ly  w ith regard to  types o f p refe rred  molecular configurations, such 

th a t fo r the la rg e r quadrupole systems, the thermodynamic re su lts  

cannot be regarded as pertu rbations to  the Lennard-Jones only systems.

No attem pt has been made to  f i t  the molecular dynamics re s u lts  

to  any thermodynamically consistan t equations o f s ta te  as the number 

o f ad ju stab le  parameters required would be too large  fo r the number 

o f av a ilab le  data po in ts .

3. Comparison w ith Real L iquids.

In  general the  calcu lated  p roperties o f the molecular dynamics 

sim ulation do not l i e  in  the v ac in ity  o f the experimental curves, as 

the  p o te n tia ls  used cannot be expected to  be a good represen ta tion  

in  a l l  phases, p a r tic u la r ly  those calcu lated  by matching to  the la t t ic e  

p ro p e rtie s . I t  is  therefo re  necessary to  scale the p roperties of the 

sim ulated f lu id  to  the same range of the  experimental ones to  

f a c i l i t a t e  a tru e  comparison between the f lu id s .

This is  accomplished using the p rin c ip le  o f Corresponding S tates (3), 

whereby any f lu id  Wiose in te rac tio n  p o ten tia l can be w ritten  as

u (r)  = eF(a/r) (IXI-9)

where e i s  an energy and a i s  a d istance and F denotes some functional

form o f the p o te n tia l , can be shown to  be equivalent to  a second f lu id

characterized  by the  parameters e* and a ’ a t  a corresponding volume

^/a^) and temperature (Te’/e ) .  Thus, fo r each configuration  in  the

f i r s t  assembly there  i s  a corresponding configuration in  the second

(assuming the same number o f p a r t ic le s ) , which enables the two p a r t i t io n  
___________________  _46.________________________________________________



functions given by equation ( I l l - i )  to  be re la te d

QCV,T) = (a7a)"*^^Q’ CVâ  W ,  T e '/e ) (.1X1-10)

As seen before, the thermodynamic p roperties  o f the ensemble can 

then be deduced from the p a r t i t io n  function. This gives fo r the 

configurational free  energy

A'(V,T) = (e /e ')A (V a 'W ,T e ’/e) -JNkT ln |o /o ' |  ( I I I - l l J

and s im ila rly  fo r the pressure

P'CV.T) = ( e / e ') ( u 'W ) P ( V a 'W ,T e 7 e J  (III-12)

Then i f . th e  equation of s ta te  o f the reference f lu id  is

4)(P,V,T) = 0 ' (111-13)

then th a t o f the conformai substance is

<fiePCe'/e)(.a/a'J^,V(a'/a)^,T(eVe)) = *'(P,V,TJ = 0  tIII-14 )

which is  an expression o f the p rincip le  o f corresponding s ta te s . 

This form o f dimensional analysis can only apply i f

1) the p a r t i t io n  function can be fac to rized  in to  a dynamic and a 

configurational p a rt.

2) the configurational in teg ra l may be tre a te d  by the methods of 

c la ss ic a l s ta t i s t i c a l  mechanics, and

3) the substances have s t r i c t ly  conformai p o te n tia ls .
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Unfortunately in  the case o f an iso trop ic  p o ten tia ls  the 

occupation o f configurational s i te s ,  which ac t as local minima, is  

dependent on the k inetic  energy ava ilab le , and thus condition 31 is  

not f u l f i l le d .  Further as seen in  Chapter I I  the angle averaged 

p o te n tia ls  themselves may be expressed as a Taylor se r ie s  in  powers 

o f (1/kT), which in  the case of the quadrupolar p a rt has no zero order 

term. However, the radi a l  d is tr ib u tio n  function may be regarded as 

unchanged fo r small changes in  the parameters e and a , enabling the 

p rin c ip le  o f corresponding s ta te s  to be applied.

The procedure to  fin d  a match to  the experimental data i s  as 

fo llow s. The experimental liquid-vapour coexistance l in e  i s  chosen, 

along which the pressures are nearly  always le ss  than 10 atm. and 

generally  le ss  than 1 atm. These pressures enable comparison with 

the m olecular dynamics zero pressure isobar, as the e rro r  in  the 

ca lcu la ted  pressures i s  approximately ± 100 atm. A poin t i s  then 

chosen in  the  middle o f the data range, and the  p rin c ip le  o f correspond

ing s ta te s  used to  produce agreement between calcu lated  and experimental 

a t  th a t p o in t, by su itab le  adjustment o f the parameters e and a. 

S p e c ifica lly  the  energy, temperature and density  were matched a t  th a t 

po in t to  give the appropriate scaling fac to rs f  = (eV e) and g = (o '/o ) .

The f u l l  in te rac tio n  p o ten tia l between two molecules may be w ritten  

as the sum of four Lennard-Jones in te rac tions and nine fra c tio n a l charge 

in te rac tio n s  representing the quadrupole, the in te rac tio n  between 

molecules i  and j being given by
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Hence on scaling the energies by a fac to r A

e Ac = £» ; c Ac  ̂ = C  ̂ and scaling  the d istances by a fac to r y

0 ya = o ' : £ -► yÆ = £i

Thus scaling  the energies and d istances produces a change in  the

quadrupole moment

Q = Z C.&Z = 
i

when calcu lated  from the frac tio n a l charge d is tr ib u tio n .

Throughout the comparisons with re a l liq u id s  the v ib ra tio n a l 

energies have been subtracted from the experimental energies by 

assuming an undisturbed harmonic o s c il la to r  giving

\ i t  '  SNqk0y(;exp[0yTj-l)-^ (111-15)

where the  values o f g and 0^ are given by Rosen(6) as

N?: g=l, 0„=3571: Cl«: g=l: 0 =810 and 00,: g=2: 0 =954.Ù V Zi V Z V
I t  should a lso  be remembered th a t the  comparisons are based on

a few points on two isochores and must not be expected to  agree

c lose ly  over the e n tire  range of experimental values. There was 

not enough data points to  evaluate and Kp fo r comparison

w ith the experimental values.

3-A. Nitrogen.

The experimental data for nitrogen is  taken from Rowlinson(4), 

and references c ited  th e re in , and Van Itte rb eek (S ). Results of the 

comparison are given in  Table (III-4 ) and Table ( I I I -5 ) .  Also 

included in  these tab les is  the data of Quantrec e t a l .  (2) to  which 

the p rin c ip le  of corresponding s ta te s  has a lso  been applied . Both 

se ts  of data are in  reasonable agreement with the experimental values, 

although the present quadrupolar sim ulation leads to  b e tte r  values 

o f the energy and molar volume, p a rtic u la rly  a t higher tem peratures.
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TAULE (I I i-4 ) .

T/K V ^/cm \ol"^ -h/kJmol"'^

Exp U LJ-K3 Exp U U-Kl

63.148 32.28 32.38 32.06 4.207 4.156 4.285
70 33.32 33.41 33.26 3.825 3.800 3.855
80 35.18 35.03 35.19 3.247 3.281 3.227
90 37.55 36.82 37.36 2.669 2.762 2.599

100 40.68 38.79 39.81 2.061 2.244 1.971
110 45.2 40.99 42.60 1.404 1.724 1.343
120 53.3 43.4b 45.81 .636 1.206 .715

table ( I I I - S )

T/K V (3P/3T)^/barK’ ^ V C8E/3T)vjji/Jinol“^K“^

Exp LJ LJ-K5 Exp LJ U+Q

63.148 23.5 22.8 26.4 35.6 31.0 35.5

70 20.7 21.0 23.5 33.0 30.3 33.8

80 16.6 18.3 18.8 29.9 29.2 31.1

90 13.1 15.2 13.5 27.8 27.9 28.0

100 9.8 ' 11.8 7.5 26.8 26.5 24.6

110 7.0 8.0 0.7 26.6 25.0 20.7

120 - 3.7 - - 23.3 16.1
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For the quadrupole gives b e tte r  agreement except a t  higher

tem peratures, but fo r py the quadrupolar case is  poor, the experimental

data being much b e tte r  represented by the Lennard-Jones only p o te n tia l .

However, care should be taken not to  place too much emphasis on these

comparisons as they are based on a few po in ts on ju s t  two isochores

fo r both systems. This does not allow the evaluation o f a , C or K™.
P P 1

Both systems were matched to  the experimental data a t  75° K, the 

corresponding s ta te s  parameters fo r the Lennard-Jones system of 

Quentrec being

(T'/T) = .8388 : (o '/o ) = .986362

e/k  = 36.86 : a = 3.295 x 10 ^^m

The quadrupolar case is  very sim ilar

(T»A) = .8279 : (a Va) = .989866

e/k  = 34.56 : a = 3.307 x ; Q = -1.355x10"^^
esu cm2

3-B. Chlorine.

For chlorine the experimental data was taken from Wagenbrath(7) 

and Gmelin(8) as presented by. Singer. The comparison is  given in  

Tables (III-6 ) and (111-7). The re su lts  o f the small quadrupolar 

system are s l ig h tly  worse than the Lennard-Jones systen o f Singer e t a l .  

This must be regarded as due to in su ffic ien t data po in ts as i t  is  against 

the trend with increasing quadrupole moment, th a t i s  increasing sp e c ific  

heats and 3^. In general i t  is  seen th a t the best comparison with the 

experimental values is ctose to  the ’medium' quadrupole case. The large 

quadrupole has the e ffec t o f giving too strong v a ria tio n  o f the thermo

dynamic q u a n titite s  with temperature and producing too large values
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TABLE

T/K V ^ /a ii\o l -E/kJmol ^

Exp LJ+SQ W 4D LJ+HO Exp LJ+SQ LJ+MQ LJ+HQ

1/3.1 41.29 41.26 40.5b 39.62 17.71 17.33 18.05 18.98

203.1 42.84 43.04 42.62 42.06 15.77 15.57 15.95 16.46

238.1 45.31 45.31 45.31 45.31 13.51 13.51 13.51 13.51

273.1 48.31 47.84 48.3b 49.10 11.24 11.45 11.07 10.56

293.1 bO.33 49.41 50.29 51.57 9.97 10.28 9.67 8.88

313.1 52.71 51.10 52.39 54.30 8.71 9.10 8.28 7.20

333.1 55.59 52.90 54.6b 57.33 7.44 7.92 6.88 5.52

TABLE CIII-7J.

Cy=(3E/9T)y /Jmol - V I

Exp LJ+SQ LJ4MQ LJ-*HQ Exp LJ+SQ LJ4M3 LJ+HQ

173.1 28.4 20.0 22.6 23.7 39.4 33.0 37.8 45.2

203.1 25.9 17.5 19.0 20.6 30.3 31.7 35.9 43.2

238.1 19.2 14.2 14.3 16.5 27.3 30.2 33.4 40.6

273.1 12.7 10.7 8.9 11.8 31.6 28.5 30.5 37.5

293.1 10.6 8.4 5.5 8.7 30.5 27.4* 28.7 35.5

313.1 9.4 6.0 1.8 5.2 26.6 26.3 26.7 33.3

333.1 7.9 3.5 - 1.4 27.4 25.1 24.6 30.8
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TABLE III1 -8J.

System iT '/ i) Ca'/a)

LJ+SQ .8/15 1.009849

LJ4MQ .8543 1.010940

U+LQ .8324 1.016781

Corresponding S ta tes Parameters

System e/k  oxlO ^^m QC ÎO ^^esu cm^)

U+SQ 1/3.18 3,353 2.34

LJ+MQ 162,43 3.356 4.06

U+LQ 131.13 3.3/6 5 .79 .
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fo r the  spec ific  heats. These systems were matched to  experiment 

a t  238.9 K and the corresponding s ta te s  parameters are  given in  

Table ( I I I -8 ) . The correspondence with those parameters obtained 

by Singer fo r the Lennard-Jones system are s tr ik in g ly  c lose to  those 

obtained here fo r the small quadrupole case. I t  seems th a t quadrupoles 

o f th is  s ize  are too small to  have a s ig n if ic an t e ffe c t on the thermo

dynamics of the liq u id . I t  should be remembered th a t the e ffe c t o f a 

quadrupole varies as roughly the square o f i t s  magnitude.

3-C. Carbon Dioxide.

In th is  case the PVT data comes from the equation o f  s ta te  o f 

A ltunin and Gadetski(9) and the heat cap ac itie s  and o ther data  is  

from Newitt e t a l .  (lO j, The comparisons are  given in  Table ( I I I -9) 

and Table (III-IO ) in  which the re s u lts  o f Singer e t  a l .  have been 

included fo r comparison. Here the e ffe c t o f th e  quadrupole moment 

is  most marked, bringing close agreement w ith the experimental data  

in  a l l  cases except fo r 3^, which is  the reverse o f the Lennard-Jones 

system. I t  must therefo re  be presumed th a t  the quadrupole plays a 

major ro le  in  determining the thermodynamics o f Carbon Dioxide. The 

system was matched to the experimental data a t  233° K giving

(T’/T) = .9784 : (a ’/d) = ,996363

e/k  = 132.18 : a = 2.978x10”^° : Q = -4.'22xlo"^^esu cm^

I t  should be noted th a t the renorm alization parameters (T'/T) and 

(d '/a j  are  both very close to un ity , ju s tify in g  the v a lid i ty  o f the 

transform ation in  th is  case.

4. Thermodynamic Perturbation Theory.

The use of the p rincip le  of corresponding s ta te s  in  the d e te r

mination o f the properties o f the associated re a l f lu id s  r e l ie s  on 

the th ree  conditions previously s ta ted . I t  was seen fo r angle-dependent
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TABLE (III-9 ).

T/K V ^/cm \oi“^ -E/kJmol"^

Exp LJ LJ4Q Exp LJ LJ4Q

2i8 37.55 38.79 3.7.50 9.73 9.61 9.86

233 39.46 40.44 39.46 8.59 8.59 8.59

253 42.72 43.03 42.42 6.99 7.14 6.89

273 47.35 46.19 45.86 5.27 5.61 5.19

293 — — 49.91 3,12 3.74 3.49

TABLE q i I - 1 0 ) .

T/K V O P /aT )^ /v V CaE/3Tj^/Jmol“-̂ K“^

Exp LJ LJ4Q Exp LJ LJ+Q

218 14.4 15.3 17.4 - 28.6 35.4

233 12.5 14.0 15.4 31.7 28.3 34.4

253 10.1 12.2 12.2 37.1 27.6 32.8

273 8.1 9.0 8.6 37.3 26.0 30.9

293 — 4.3 - 22.5 28.7
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p o te n tia ls , these conditions were only f u l f i l l e d  fo r  small changes 

in  the param eters. However, in  the cases of Nitrogen and Chlorine 

the sca ling , p a rtic u la rly  o f the energy is  not small.

As has been seen in  Chapter II  both the Lennard-Jones and the 

Quadrupolar n o ten tia ls  can be expressed as angle dependent p o ten tia ls  

which can then be angle-averaged to  give ’’e ffec tiv e"  sing le-cen tre  

temperature dependent p o te n tia ls . These p o te n tia ls  can then be used 

to  study the expected v a ria tio n  o f the thermodynamic q u a n titie s  of 

these systems using thermodynamic pertu rba tion  theory, and the way 

these q u a n titie s  change when the parameters o f the system are  scaled.

The sub ject o f thermodynamic pertu rba tion  theory has been 

extensively  reviewed, in  p a rtic u la r  by S m ith (ll) , Rowlinson(4), S tre e tt  

and Gubbins (12) and Barker and Henderson(13‘14). Here the X-expansion 

method o f Zwanzig(lS) and Barker and Henderson(16) w ill  be used. This 

r e l ie s  on rew riting  the in te rp a r tic le  p o ten tia l as the sum o f two terms; 

the f i r s t  a reference p o ten tia l u^ ( r ) , which charac terizes a system 

whose p ro p erties  have already been estab lished  and a perturbing 

p o te n tia l uĵ  ( r ) , giving

U(r) = (r) + Xu^(r) (III-17)

where the parameter X v aries  from 0 to  1 enabling the perturb ing  

p o ten tia l to  be gradually  switched on. The pertu rba tion  expansion 

o f the free  energy can be w ritten  as a Taylor se rie s  about X=0 (in  the 

thermodynamic lim it)

A = A„ + + ••• CIII-18)
X=0 3A X=0
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Now su b s titu tin g  equation (111-17) in to  the expression fo r the 

configurational in teg ra l equation ( I I I -4) then using equation ( I I I -7) 

the f i r s t  term in  the se rie s  is  found as

 ̂* , / . . . /  exnC-U/kT) .U ,. d r , . d r , . .  .dr.,
( |y) = ------------— n,—  -----  ̂ -------— (III-19)

N %N

This can be rew ritten  as the sum o f N(N-l)/2 id en tica l tenns giving

|/U (r , J [ N ( N - 1 ) / . . . /  e x p (-U /k T )d r.,...d rJd r ,d r ,
( |ç )  = ---------H . . : .4 ( I I I - 20)

where the d e fin itio n  o f the two n a r t ic le  d is tr ib u tio n  function is

= [N (N -D /.../  exp(-U/!(T)dr3 , . .d r^ ]  , . (111-21)

which is  simply re la te d  to  the rad ia l d is tr ib u tio n  function in  the 

thermodynamic lim it ( i .e .  N -► “) by

P ^ r^ 2 ) = p V c r i2 )  (111-22)

where p is  sing ly  the number density  of the system N/V. Thus the

f i r s t  term in  the expansion is

*^(’i2 ^ ^ fT 2 ^ ‘̂ T2 (III-23)

The second term in  the se rie s  is  derived in  a s im ila r manner, 

but re su lts  in  a much more complicated expression, which in  the 

thermodynamic lim it is  given by
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2
(kT) (2-^) = - ^  //p^(12)[u^(12)]^dr^dr2

9X ~ —

- / / /p ^  (123)u^(12)u^(23)dr^dr2dr3

- j  ////l>^C1234j-p (̂12)p (̂34)Ju^C12)u^C34)dr^dr2dr3dr4 

+ m  [ / / C 4 p - ^  “l(1 2 )d r ,d r 2 f , (III-24)

The required  derivatives are given in  both cases by the lim it X -+ 0,
\

a t  which g becomes the d is tr ib u tio n  function o f the  reference system 

gp-
The only reference system whose p roperties  have been very 

extensively  investigated  i s  the hard-sphere system. Thus pertu rba tion  

theory i s  dependent on re la tin g  the p roperties  o f the systen  o f in te re s t  

to  those o f an equivalent hard-sphere f lu id  with a pe rtu rba tion  applied 

to  i t .  Fortunately  nearly  a l l  interatom ic p o te n tia ls  can be expressed 

as the sum o f a steep ly  repulsive short range term and a long range 

a t t r a c t iv e  term th a t is  slowly varying. I t  is  then possib le  to  t r e a t  

the short range repu lsive  p a rt as a reference p o te n tia l , which may be 

re la te d  to  an equivalent hard sphere system. - This can be accomplished 

using the method o f Barker and Henderson(17), in  which the to ta l  in te r 

atomic p o te n tia l i s  w ritten  as

u (r)  = u^(r) + u^(r) (III-25)

where

u^(r) = u (r) : u^(r) = 0 . r  < 6

u^(r) = 0 : u^(r) = u (r) r  > 6 (111-26)
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where ô* can be chosen e ith e r  as the minimum or the f i r s t  zero of 

the p o te n tia l. The correspondence between the two systems is  then 

made using a Taylor se r ie s  exnansion, se ttin g

exp[-u(r)/kT] = 1-0 (d+ (r-d) / a - 6) exp [-U^ (d+ (r-d) /a) /kT]

+ 0Cd+(r-d)/a-6) • (III-27 j

where 0 (x) is  the Heaviside u n it step  function . S ubstitu tion  of 

th is  form in to  the configurational in te g ra l and then using equation 

( I I I -7) and expanding about a=0 gives

? ”  7
^o " ^-aZirNpkT d g^(d]{d-/[1-expC-UQ(z)/kT]dz} + 0(af) (III-28)

o

Thus the equivalent hard sphere system is  simply chosen by annuling 

the f i r s t  order term in  a , i . e .  choosing d such th a t

6
d = /  [l-exp(^u^(r)/kT )]dr (III-29)

o

This gives good re s u lts  fo r dense flu id s  but f a i l s  to  account fo r 

any density  dependence of the system, being a function of temperature 

only.

Density dependence o f the reference system was introduced by 

Weeks,, Chandler and Andersen(18) and independently by Gubbins e t a l .(1 9 ) , 

both of whom separate  the p o ten tia l using equation (III-25) but choose 

d iffe re n t separation  c r i te r io n , such th a t the d iv is io n  is  about the 

minimum of the p o te n tia l whose depth is  enabling purely

repu lsive  and a t t r a c t iv e  p o ten tia ls  to  be defined
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U„tr) = u (r) + r  <

U^Cr) = 0  : U^(r) = U(r) r  > (111-30)

The equivalent hard-sphere system may now be found by the expansion 

of exp[-u^(r)/kT] about th a t o f the hard sphere system, where the 

expansion parameter a can take a value between 0 and 1. Thus

exp[-u(r)/kT] = exp [ -u ^  (r)/kT]

■+ a{expf-u^(r)/kT ]-exp[-u^(r)/kT ]}  (111-31)

S ubstitu tio n  in to  the configurational in te g ra l and expansion about 

a=0 gives

A = -  jNpa/AfCr)yj^(r) dr + O(a^) ' (III-32)

where

A f(rj = exp[-u^(r)A T]-exp[-U jg(r)/kT] (III-33)

and

= exp£uj^Cr)/kT]gjjg(r) (111-34)

The diameter is  then found by annuling the f i r s t  order term in  a , as

before, giving a non-linear equation fo r d

/A f(r)yyg(r)d r = 0 (III-35)

The hard sphere diameter obtained from th is  i s  both density  and

temperature dependent.
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Tiie tnermodynamic p roperties o f  a system characterised  by a 

p o ten tia l u (r) are then approximately given by a hard-sphere f lu id  

whose diameter d is  chosen from equation (III-5 5 ) , and a pertu rbation  

term given to  f i r s t  order by equation (111-25), where the reference 

d is tr ib u tio n  function used is  the hard-sphere system.

I t  is  now possible  to  generalize the above to  the case o f non- 

spherica l molecules, the sim plest form o f which consists  o f an 

an iso trop ic  pertu rbation  to  a spherical core. Thus the X-expansion 

is  rew ritten  as

u(r,o)^,ü)2) = u^(r) + Xu^(r, 00̂ ,012) (III-36)

which may be tre a te d  in  exactly  the same manner as before to  give

( |^ )  = 2N p///gj^(r)u^(r,ü)^,o)2) (III-37)

The second order term i s  a lso  analogous to  equation (III-24) w ith the 

su b s titu tio n  o f u^(r,cD-,0)2) fo r u^(r) and th e 'a d d itio n  o f the in teg ra ls  

doĵ  and dw2 in  each case. The evaluation of these in te g ra ls  is  often  

c a rried  out by expanding the perturbing p o ten tia l in to  spherical 

harmonics

u .(r,iü ,,iü -) = 2: Z E " b 'm M  S, (8 ,$)S , (8 ' , * ' )  (III-38)
«,=0 Z ' O  m=0 ™

where 0 , 4) and 9 ' , # '  specify  the o rien ta tio n  of the two molecules 

r e la tiv e  to  a l in e ,  length r ,  jo in ing  th e ir  centres o f mass, and

= [(2JIH) (cos0) e “ ‘f (111-39)
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with the following re s tr ic tio n s  £ ,£ ' ^  0 , |m| £  m in(£,£’) .  is  

the associated  Legendre polynomial. S im plification  of the above 

procedure can be achieved by su itab le  choice of reference and 

perturb ing  p o ten tia ls  i . e .

u^(r) = /u(r,ü)^,üj2) ^ 1^ 2  ( I I I -40)

and

u^Cr,a3^,o)2) = U(r,w^,W2) -  U^(r)

which autom atically  se ts  the angle-average o f u^(r,w^,W2) to  zero, 

such th a t  the f i r s t  order term in  the expansion o f the  free  energy 

is  zero.

C-^) = |N p/gj^(r) [f/uj^(r,o)^,a)2)dü)^cfü2 lId r = 0 (111-41)

The second order term can a lso  be sim plified  and expressed as 

kl’ (■ -̂ )̂ = -jNp Z Z Z

(H I-42)

where 02^ is  the angle between r 2̂ ^23* M iltipo lar perturbations

such as dipole and quadrupole in te rac tions have no terms o f order 

ujQo(r) in  the  spherica l harmonic expansion of the p o te n tia l , and 

thus the second in te g ra l in  equation (111-42) vanishes. A sim ilar 

s im p lifica tio n  takes place fo r the th ird  order term in  the X-expansion(20), 

giving
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( k T ) ^  I— -  P ^ / ' ' ' / g o l l 2 3 ) U i ( f i 2 * W i ' W 2 ) u 2 l r 2 3 , W 2 , W 2 )
9X

+ (111-43)

This X-expansion technique may a lso  be used to  ca lcu la te  the rad ia l 

d is tr ib u tio n  function g(r,ü}^,o)2) -o r which the general r e s u l t  

corresponding to  equation (III-42) is

s(t22>^2, *^2  ̂ ~ ^^12  ̂”* ^ ^ 1 2 ’^1 *^2^^o ̂ ^12^

-(p/kT)/[u^(r^2>‘̂ l»‘̂ 33 + ^i (̂ 2̂3' 2̂ '^3^  ̂̂ o CHI-44)

For m ultipo lar p o ten tia ls  the in teg ra l in  equation ( I I I -44) vanishes.

This method has been used to  second order by Gubbins and Gray (21) to  

in v estig a te  sing le-cen tre  Lennard-Jones f lu id s  w ith weak quadrupole 

moments.

The above method is  only v a lid  fo r systems whose repu lsive  core 

in te rac tio n s  are  e ith e r  spherica l, or fo r systems in  which the bond 

length  o f the  molecule is  small compared w ith the atomic repulsive  

core diam eter, enabling a spherical molecular core approximation to 

be made. This would be v a lid  in  the cases of F luorine, Nitrogen and 

Methane fo r  example.

Systems which do not have approximately spherica l cores must be 

tre a te d  in  a d iffe re n t manner. This is  usually  accomplished by choosing 

a reference f lu id  which i t s e l f  has non-spherical cores o f approximately 

the same shape, such as systems o f hard e lip so ids or hard dumbells.

The p roperties of these systems have been estab lished  using computer 

sim ulation o r in te g ra l equation techniques, which are fu lly  discussed 

in  Chapter V. Pertu rbation  theory fo r the a t t ra c t iv e  p a rt o f the 

p o ten tia l may now be applied in  a sim ilar manner to  the above using the 

spherical harmonic expansion o f the rad ia l d is tr ib u tio n  function of the
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reference f lu id . This technique was developed by Sandler (22), and 

has been applied to  liq u id  chlorine using a hard-core in te rac tio n  s i t e  

reference f lu id  by T ildesley (23).

5. Simple Nfethod fo r Non-Spherical Molecules.

In order to  e s tab lish  the way in  which the p roperties o f molecular 

f lu id s  might be expected to  scale  on the app lica tion  o f the p rin c ip le  

o f corresponding s ta te s ,  a very simple model o f the theimodynamics of 

molecular f lu id s  is  being proposed. This consists  o f re la tin g  the 

p ro p erties  o f the system to a reference f lu id  o f hard dumbells whose 

p ro p erties  have been estab lished  by computer sim ulation.

The molecular f lu id s  studied, consis t o f two-Lennard-Jones centres 

together w ith a quadrupole moment represented by frac tio n a l charges.

In th is  case only the two Lennard-Jones centres provide strongly  

repu lsive  in te rac tio n s , which enables the molecular core to  be 

represented as a hard dumbell. However, the e ffe c tiv e  diameters of 

the atomic cores which make up the dumbell must be determined on an 

atom/atom in te rac tio n  b a s is . This is  done by ca lcu la tin g  the e ffe c tiv e  

s i t e  diameter using the Andersen, Weeks and Chandler (AWC) method < 

described e a r l ie r ,  following the method o f  app lica tion  o f V erlet and 

Weis (24) in  which the diameter d i s  given in  terms o f the Barker- 

Henderson diameter d ^  calcu lated  from equation (111-29) but using the 

AÎVC p o te n tia l separation  given by equation (III-3 0 ). Thus the diameter 

d is  w ritten  as

d = dg^Cl + T6) (III-45)

where the term 'US re s u lts  from the approximate so lu tion  of the non

lin e a r  equation ( I I I -3 5 ) . V erlet and Weis show th a t these terms can 

be expressed as
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s = /(r/dgpj - (r)d r  (.111-46)

where

6u (r) = d /d r exp[-u (r)/kT] (III-47)

and

and bave been derived from the Carnahan and S tir l in g  equation 

o f s t a t e (25) fo r hard sphere systems, by finding  the Taylor se rie s  expan

sion o f y^g fo r a given distance x = r /d  as a function  o f i t s  packing 

fra c tio n  n , thus

^ + o^/ZCx-l)^ + . . .  (111-48)

and the deriva tives are  given by

° 11-in)

= (2-7.Sn+in^-S.7865n^-l.sln5(l-n)''^ (III-49 )

In th is  case the packing frac tio n  used fo r the ca lcu la tio n  o f the

correction  term Y is  the generalized packing fra c tio n  p = pV^, where

V is  the volume o f the molecule m

= Cw/6) Id^ + l.SLd^ -  O .sT ) (111-50)

65.



The atomic s i t e  diameter calcu lated  in  th is  way is  then a function 

o f both density  and temperature.

The p roperties o f the equivalent hard-core reference system can 

now be calcu lated  from the equation o f s ta te  o f a hard dumbell f lu id  

estab lished  from conguter sim ulation by T ildesley  and S tree t (25) who 

expressed the equation of s ta te  in  the form

PV ,  i+(i+u&*+v&*3)n+(i+w&*+x%*3)n^-(i+y&*+ZA*^)rr'

where

and

Z* = L/d

U = 0.37836 

X = 1.80010

n = pVm

V = 1.07860

Y = 2.39803

W = 1.30376 

Z = 0.35700

The corresponding free  energy is  given by

^  (1- n ) %(1-n)
(III-52)

where

A = (U+Y)

C = KU-W+3Y)

B = (Z+V)

D = Ï (V-X+3Z)

The a ttra c tiv e  p a rt o f the p o ten tia l may now be calcu lated  using 

the angle averaged p o ten tia l discussed in  Chapter I I .  This allows the 

pertu rbation  to  be trea te d  as spherica lly  symmetric. The excess free  

energy can now be calcu lated  using equations (III-23) and (I II-2 4 ), fo r 

an e ffe c tiv e ly  spherical system, whose diameter d^^^ is  defined as 

equivalent to  the e ffec tiv e  volume o f the hard dumbell p a r t ic le . This
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is  achieved by finding the excluded volume o f the hard dumbell 

molecule ( i .e .  the volume o f a given dumbell p a r t ic le  in to  which no 

o ther dumbell p a r t ic le  o f the same size  can p e n e tra te ) . This 

excluded volume has been exactly  expressed by Isihara(26) as a 

complicated function of diameter and bond length . The diameter 

^sph ^hen given by

Here d^^^ is  a lso  a function o f  temperature and density , as the

atomic s i t e  diameter d is  involved in  the determ ination of Vex
Thermodynamic pertu rbation  theory fo r  p o te n tia ls  o f m ultirxjlar 

symmetry has been extensively discussed by S te l l  e t  a l .  (27,28,29), 

in  the  context of e ffec tiv e  angle-averaged m ultiixjlar p o te n tia ls , 

which is  in  keeping w ith the present treatm ent. They show th a t the 

free  energy of a system with quadrupolar in te rac tio n s , using the 

X-expansion method, may be w ritten  as

A = + A^ + (A  ̂ 2 ^ 3  ̂ (1II-53J

where

and

2

*3 ° /  8Hs(.p2’p 3 ’’̂ 23-’ ^Q ^‘*Î2*3
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ihe f i r s t  order term vanishes as the angle-average o f the 

quadrupole p o ten tia l is  zero. I f  the th ree  body term A  ̂ is  neglected 

then the contribution  to  the free  energy o f the system from the 

quadrupolar in te rac tio n s , to  second order can be expressed as the 

sum o f the A  ̂ and 2 term s. This corresponds to the use o f an 

effective 

given by

e ffe c tiv e  temperature dependent p o te n t ia l(27) (Uq^  ̂(r) + ,

(r) = — ---- 2 4 ?  (III-55)
^ 245(KTJ

which can a lso  be obtained by the average over a l l  angles o f  the 

square and - cube o f the quadrupolar p o ten tia l respec tive ly .

The quadrupolar contribu tion  to the free  energy can now be

sph = y  =

3
expressed in  terms o f the reduced variab les x = pd , : y = r /d

and t  = ^Fdg^^/Q^ as

A§ -  -  . (IU -56 ,
 ̂ 5 t^ . _

and

_ U t e i g w

245 t^

where l |^ (x j  represen ts the in te g ra l over the hard sphere rad ia l

d is tr ib u tio n  function fo r a p o ten tia l o f the form r

i f  Cx) = /  gHs(y,x)y^-"dy IIII-S 8)
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This in teg ra l may be evaluated fo r a l l  values o f n , g rea ter than 

3, as a polynomial in  x, by expanding the hard sphere ra d ia l d is t r ib u t

ion function in  powers of the d en sity (30)

s i r )  = exp(-U^g(.r)/kTj[l+pg^(r) + p ^ g ^ (r)+ ...]  . (111-59)

and using the following form

i f   ̂ Jnuim-i

J j u i  = /  % l y )  y ^ ‘ ”  d y  ( 1 1 1 - 6 0 )

where the numerical values o f g^ (y ), g2 (y) and g^ (yj can be found 

in  Kirkwood(30), N ijboer and Van Hove(31), and Ree, Keeler and 

McCarthy (32 ) .  This se rie s  is  rap id ly  convergent and was term inated

a t  m=3.

The Lennard-Jones p a rt o f the p o ten tia l is  a lso  tre a te d  by the 

X-expansion method fo r the a ttra c tiv e  p a rt using the e ffe c tiv e  angle- 

averaged p o ten tia ls  discussed in  Chapter I I .  Thus we have

A = Aq + A f  + A f  (111-61)

where as before

= iN p /g j^ (r )  U j^ (r )d r  C IH -62)

and

A ^  = -  N p /2k i'/g^(r) (r)] V  (H I-63)
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T T

This re s u lt  fo r A2 is  only v a lid  when 3 and higher body terms are 

neglected. I t  should be noted th a t the A  ̂ term does not vanish as 

in  the case o f po ten tia ls  w ith m ultipolar symmetry. This corresponds 

to  the use of an e ffec tiv e  temperature dependent p o ten tia l fo r the 

Lennard-Jones p a rt given by

i^LjCr) = + 2.5(^J ] }

9Cfio2 , 4  .,2 4  . 1 8  „ 12
- {(^J 178.4 -4 4 .8 (2 )  + 6 .4 ( 2 )  } (111-64)

where terms o f the  order o f (L /rj and g rea te r have been neglected.

This can then be used to  give the free  energy iii teims o f the
HSin te g ra ls  I^ (x j, where x in  th is  case, due to  the  AWC separation o f 

the p o te n tia l i s  given by the minimum of the p o te n tia l . Thus

(hJ ^ . 1,0 2yHSA ^  = 3 2 7 r e x z ^ [z ^ { l™ (x j + l l £ H ^ C x ) }

-  { i f  (X) + 2 . s r i f  IX)}] /  U I I - 6 5 )

Where x = pR^- : z = a /R .  : Z = L / R . .  A sim ilar expressionmin mm iillii
Ucan be w ritten  fo r A2 .

The to ta l  free  energy of the system is  now the sum o f a l l  these

contributions

A = A-d * ^ex

= Aid + A ^ B + A f  + A f + A Q +  (111-66)

where the ideal gas con tribu tion  A^^ is  given by
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= Nk'lXnp -  NkT -  3/zNklXn[27nnkT/h^] iII i -67)

iJie in te rn a l energy and pressure o f the system can now be obtained by 

appropriate d iffe re n tia tio n  o f the free  energy

"  = Ciii-68)

P = -  ' in i-5 9 )

hsThe polynomial expansion o± (x) enables an a ly tic  d if fe re n tia tio n  

o f the free  energy although the re su lta n t expressions are  ra th e r 

complicated.

The re s u lts  fo r n itrogen are shown in  Figures (111-9,10), fo r 

chlorine (Q*=0.739) in  Figures (1X1-11,12), ch lorine (Q*=1.321) in  

Figures ( I l l - l 3 , l4 ) ,  chlorine (Q*=2.073j in  Figures (111-15,16) and 

Carbon Dioxide in  Figures (1X1-17,18j.

I t  can be seen from these figures th a t the  slopes o f  the curves

i . e .  and 3;̂  are In very good agreement w ith the molecular dynamics 

ca lcu la tio n s , the PVT points o f which are also  shown. However, the 

v a ria tio n  o f energy with density , although changing in  the co rrec t 

d irec tio n  is  fa r  too large . The v a ria tio n  o f pressure w ith density  

also  shows inconsis tancies. Xn general though, given the grossness 

of the approximation to  the a ttra c tiv e  p a rt o f the p o te n tia l , the 

re s u lts  are remarkably good. Further terms added to  the p o te n tia l 

a re  divergent ra th e r  than convergent unless resummed in  the manner of 

a su itab le  Padé approxiraant, which is  beyond the scope o f the present 

work.

Ih is approximate method gives reasonable re su lts  over the whole 

range of bond lengths, whereas other pertu rbation  methods can only 

handle small bond length molecules such as n itrogen. This is  probably
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because other methods (21) re ly  on the ca lcu la tio n  o f an equivalent 

hard-sphere f lu id  whose diameter is  defined by d = <d> . However,

the ca lcu la tion  o f d i s  very d i f f ic u l t  and the p roperties  o f the 

re su lta n t hard-sphere reference system are generally  a poor represen ta- 

ta io n  o f the actual system. The method of Quirke e t a l .  (34) is  based 

on a spherica lly  averaged reference f lu id , and thus the e ffe c ts  o f 

shape o f the molecules can only be included through the pertu rba tion  

term. Sim ilar methods using an e ffe c tiv e  p o te n tia l to  find  a b e tte r  

spherica l reference f lu id (35) f a i l  fo r the same reasons. ITie method 

o f  Kohler e t  a l .  (36) using a hard dumbell reference f lu id  together 

with an e ffe c tiv e  p o ten tia l i s  s im ila r to  the p resen t work except in  . 

the method o f choosing the diameter o f the hard-dumbell f lu id  is  based 

on the  e ffe c tiv e  interm olecular p o ten tia l matched to  an e ffec tiv e  angle 

averaged hard-dumbell p o te n tia l. The co rrec t choice o f the diameter 

is  c ru c ia l to  determining the p roperties o f the  reference f lu id . The 

p resen t method based on s i t e - s l t e  diameters is  sim pler and more 

physical as i t  allows d ire c t correspondence between the system and 

the reference f lu id  to  be made. T ild es ley 's  method(23) amounts to a 

f u l l  so lu tion  o f the RISM equations fo r the associated  hard-dumbell 

f lu id  together w ith a softening of th is  f lu id , and cannot be regarded 

as a tru e  pertu rbation  theory. This method is  the same as the RISM(HTA) 

method of Chapter V,. but does not include the e ffe c ts  o f the  a tt ra c t iv e  

p a rts  o f the p o te n tia l. The change in  s tru c tu re  and thermodynamics 

due to  th is  have been calcu lated  in  Chapter V. The consistancy of, 

the present method is  due to  the use o f the hard dumbell reference f lu id  

which gives a b e tte r  represen ta tion  of the p roperties o f the system 

p a rtic u la r ly  as i t  is  based on s i t e - s i t e  density  dependent diam eters.

The e ffe c ts  o f a tt ra c t iv e  and m ultipolar in te rac tio n s can a lso  be 

included in  a simple way enabling the thermodynamics, but not the 

s tru c tu re  of these f lu id s  to  be determined.
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The sa lie n t fea tu re  o f the above ca lcu la tio n  is  the increasing 

n o n -lin earity  o f the v a ria tio n  of energy and pressure w ith temperature 

as a function of increasing quadrupole moment. This is  due to  the 

increasing significance o f the  temperature-dependent e ffec tiv e  

quadrupole p o te n tia l. I t  can then be deduced th a t the p rin c ip le  of

corresponding s ta te s  cannot be applied to  these f lu id s  except fo r 

small pertu rbations about a given po in t. Large scalings o f the 

p roperties o f strongly  quadrupolar f lu id s  cannot be v a lid  under the 

corresponding s ta te s  p rin c ip le .
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FIGURES.

CIII-1) E* vs. T* fo r L* = 0.608

Key: S = Q* = 0.739, M = Q* = 1.321, L = Q* = 2.073

Solid l in e  p* = 0 .5 5  : Dashed lin e  p* = 0.48 

(III-2 ) P* vs. T* fo r L* = 0.608 -  Key as fo r ( I I I - l )

ClII-3) E* v s. p*

Solid lin e s

N Q* = 1.159, L* = 0.328

S Q* = 0.739, L* = 0.608

M Q* = 1.321, L* = 0.608

L Q* = 2.073, L* = 0.608

C Q* = 2.039, L* = 0.793

Dashed Lines -  Results of Singer e t  a l . ( l )  fo r N^, Cl^ and COg

CIII-4)

( in -5 )

(III-6 )

Cin-7)

CIII-8)

CIII-9)

P* vs. p* -  Key as fo r (III-3 )

0E*/3T*)p* vs. p* -  Key as fo r (III-3 )

(3P*/3T*)p* vs. p* -  Key as fo r ( I I 1-3)

E*(p*=0) vs. T* -  Key fo r (III-3 ) 

p*(p*0) v s , T* -  Key as fo r (III-3 )

P(atm) vs. T(K) fo r N̂ CL* = 0.328, Q* = 1.159) 

Lines -  Theory from Equation (III-66)

Points -  MD sim ulation 

(III-IO ) U(J/mol) v s. T(K) fo r  (L* = 0.328, Q* = 1.159) 

Key as fo r  (111-9)

( I I I - l l )  P(atm) vs. T(K) fo r CI2CL* = 0.608, Q* = 0.739)

Key as fo r ( I I 1-9)

(III-12) U(J/mol) v s. T(K) fo r Cl^ (L* = 0.608, Q* = 0.739) 

Key as fo r  (III-9 )

(III-13) P(atm) v s. T(K) fo r  Cl^ (L* = 0.608, Q* = 1.321)

Key as fo r (III-9 )
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(111-14) U(J/mol) vs. T(K) fo r Cl^ (L* = 0.608, Q* = 1.321) 

Key as fo r ( I I 1-9)

(III-15) P(atm) vs. T(K) fo r Cl^ (L* = 0.608, Q* = 2.073)

Key as fo r (III-9 )

(III-16) U(J/mol) vs. T(K) fo r  Cl^ (L* = 0.608, Q* = 2.073)

Key as fo r  (III-9 )

(III-17) P(atm) vs. T(K) fo r CÔ  (L* = 0.793, Q* = 2.039)

Key as fo r ( I I1-9)

(III-18) U(J/mol) v s . T(K) fo r CÔ  (L* = 0.793, Q* = 2.039)

Key. as fo r (III-9 )
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ChAPi'ER IV.

S ta t ic s .

1. In troduction .

The ra d ia l  d is tr ib u tio n  function , otherwise known as the p a ir  

c o rre la tio n  function is  defined as the average number o f p a r tic le s  

n (r) situated, a t  a d istance between r  and ( r  + Ar) from a reference 

p a r t ic le  in  the l im i t 'o f  Ar going to zero

g (r) = &im [nCr+Arj/^r^pArl lIV-1)
Ar-O

where p i s  the  number density  o f the f lu id .

A lte rn a tiv e ly  the angular p a ir  co rre la tio n  function may be 

defined in  terms o f a canonical ensemble o f N p a r t ic le s  whose centre 

o f mass positio n s are  r^  = r^ ...r^^  and o rien ta tio n s  and

the p o te n tia l energy o f the system is  w ritten  U[r^,w^j. The p a ir  

c o rre la tio n  function  is  then

2 expCU/kT)dj:^...dr„do3 ...do)
gCri2,0)1,03.,) = — ii ------- / --------2---------------------  -— ----

 ̂  ̂ p (N-2):

where Q has the value 4ir fo r l in e a r  molecules. is  the 

configuration  in te g ra l given by

Zc = ^  /  expQJ/kTj dr^dw^ lV-3)

This angular function  gCr,co^,o)^) is  then simply re la te d  to  the angle 

independent function by

g (r) = <gCr,oi,,ajJ> (IV-4J

S i te - s i te  d is tr ib u tio n  functions may also  be defined analogously to 

equation (IV-1), or may be expressed in  terms o f the angular d is tr ib u tio n
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function using the appropriate  cen tre  o f mass to  s i t e  vectors r  on~Ca
each molecule

ga8(r) = < g (r-r^ i„  + IcZg'Wl'WjP»

where r^^^ is  the p o s itio n  o f s i t e  a on molecule 1 r e la tiv e  to  the 

cen tre  o f mass. ITie reverse process o f generating the o rien ta tio n a l 

spherica l harmonics o f the p a ir  c o rre la tio n  function from the product 

o f the s i t e - s i t e  d is tr ib u tio n  functions is  discussed in  Chapter V. 

Reviews o f the p ro p erties  o f p a ir  c o rre la tio n  functions are given by 

Gray and E g e ls ta ff , Gray and Gubbins (2).

The bulk phase thermodynamic p roperties  can now be obtained from 

the con figura tional in te g ra l by way o f the  Helmholtz free  energy

= -k T ln [Z j CIV-b)

This expression can then be d iffe re n tia te d  to  give the  configurational 

energy and p ressure  o f the  system

= Y  p N / d r < g ( r ,w ^ , w ^ ) U L r ,W j ^ .w 2i >  r i V - 7 j

3 A 2 9u^r ,£1)̂
P = -  W )  = pkT -  /  d r .r .< g lr ,w , ^ --------- > LlV-8)

Other p ro p erties  can a lso  be calcu lated  from the p a ir  co rre la tio n

function , such as the isotherm al com pressib ility  X = p ^CSp/aP)^ ^hich 

is  the f i r s t  term in  a se rie s  o f equations known as the com pressib ility  

heirarchy th a t have been derived from the canonical ensemble by 

Buckingham and Graham (3 J

pkTX = 1 + p/dr<g(r,w^,W2)-l>w^w2 (IV-9J
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These in te g ra ls  can be rew ritten  in  terms o f spherical hamnonics. 

This i s  accomplished by expanding the ind iv idual angle dependent 

function in to  a se rie^  o f harmonic func tions(.4 ,5 ,6 ,7 ,8 ). I f  the 

o rien ta tio n  o f a p a ir  o f l in e a r  molecules is  given by the Euler angles 

and üĵ  re sp ec tiv e ly , then any function o f th e i r  mutual o rien ta tio n  

can be expressed in  terms of a sum over th e ir  spherica l

harmonics.

where the normalized spherica l harmonic functions are  given by

d v - n )

using ordinary  Legendre polynomials the p ro p erties  o f which

are  well known* The spherica l harmonic functions are orthonormal

and the sign  o f the  norm alization fac to r gives the  re la tio n

Which may be used fo r s im n lifica tin n  o f exnressions. The molecules 

under consideration  in  the present work are l in e a r  and have a centre  

o f symmetry. This produces a type o f se lec tio n  ru le  fo r the indices 

o f the spherical harmonic functions : ^ and  ̂’ must be EVEN and 

I ml £  Minimum o f Using the orthonormal p ro p erties  both sides

o f equation [IV-10) may be m u ltip lied  by the complex conjugate o f the 

harmonic of any rank, and the re su lta n t expression in teg ra ted  over a l l  

angular space to  give
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” ll/4nj//X(r,w^,W2}Y%mlw^)Y*,_^^w2Jdw^dw2 (IV-i4)

In teg ra ls  w ith indices fo r lin e a r  molecules, which do not obey the

above 's e le c tio n  ru le ' w ill  be zero. I t  should be noted th a t  on 

changing from Euler angles to  the o rie n ta tio n  angles i l lu s t r a te d  in  

Figure [ I I - l )  o f  Chapter I I ,  a fa c to r  2ir is  needed due to  the contraction

= 2nd#^2

j  2lC T[ TT
^  /  dw^dw2 = 1/2 /  d(p^2 /  dG^^sinG  ̂/  d02Sin02 (.IV-ISJ

0 0 o

Equation [IV-14J can now be used as the formal d e fin itio n  o f the

ensemble average o f the  product w ith su itab le

norm alization from

l î̂TT^XoooU) = //X(r,a3^,üj2)cLüj^clu2 (.IV-16J

Thus the  harmonic expansion functions are  given by

1, z

This may then be used in  conjunction w ith equation (IV-lJ fo r the 

evaluation  o f the spherica l harmonics o f the p a ir  d is tr ib u tio n  function 

w ith in  a spherica l sh e ll o f thickness Ar from the computer sim ulation. 

The ensemble average in  equation [IV-17J may be rew ritten  in  terms o f 

the  o r ie n ta tio n a l ang les(8) shown in  Figure ( I I - IJ  to  give

and
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^000 = 1/4" 

Ï200 = -^ /s n s q ^ - i)

Y220 = 5/16TT(3q^-l)(3ql-l)

Y221 = -lS/8TT(qj^q2Pj^P2S)

Y 2 2 2  = l S / 32T T p l p l ( Z s l - l )

Y400 = 3/32wl3Sq4-30q2+3) (IV-18)

where

= CosG  ̂ : q^ = C0SG2

= sinGj^ : P2 = sin02

_ S = Coscf)̂ 2

Only terms up to  400 are used in  the p resen t work although fu rth e r 

terms in  th is  s e r ie s  are given by S tre e t t  and T ild es ley (8J who also  

discuss the  se r ie s  convergence.

Experimentally the s tru c tu re  o f a f lu id  i s  determined by X-ray or 

Neutron D iffrac tio n , from which the s tru c tu re  fa c to r  S[k) can be 

deduced. A general treatm ent o f th is  i s  given by S teele  and Pecora(lO), 

while a d e ta ile d  d iscussion  o f neutron d if f ra c tio n  from molecular f lu id s  

i s  given by Gubbins e t a l . [ l l j .  Here the discussion  w ill  be confined 

to  neutron d if f ra c tio n , as X-ray sc a tte rin g  methods are  le ss  sen sitiv e  

to  angular c o rre la tio n s  between molecules [12J , due to  the e lec tron  

density  d is tr ib u tio n  o f many molecules being nearly  spherica l.

In the s ta t i c  anproximation the d if fe re n t ia l  c ro ss-sec tio n  fo r 

a l l  nuc le i in  the sample do/d^ is  the sum of the coherent and incoherent 

p a rts  [Coherent sc a tte r in g  i s  usually  e la s t ic  giving r is e  to  d if f ra c tio n , 

while the  incoherent p a r t , due to  a number o f p rocesses, is  e s se n tia lly  

s tru c tu re le ss  and angle independent.
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where r .  = r .  - r . .  is  the d istance between a p a ir  o f sc a tte r in g
^ I C t J  P  IOC P

s i te s  (atomic nuclei) a and 3 on molecules i  and j  respec tive ly . The 

ind iv idual terms are

( |§ ) = 2  Z b b <exp(ik .r. . }> = N (2b SCk) (IV-20)
4“ con i j  ag G e -  - io ]8  a ^ a

where i s  the  coherent sc a tte r in g  length  o f nucleus a and the  bar

denotes the average sc a tte r in g  length . Values o f the sc a tte r in g

lengths and X-ray sc a tte r in g  amplitudes are  given by Bacon(13). The

frequency dependent s tru c tu re  fac to r S(k,w) can a lso  be obtained by

studying the  energy dependence o f  the  sca tte red  neutrons as a function
2

o f sc a tte r in g  angle giving. 3 o/BO&b « S(k,w). This can be performed 

using a pulsed neutron source (sp a lla tio n  source 1 and measuring the 

time o f f l ig h t  o f  the  neutrons. Returning to  the  frequency independent 

s tru c tu re  fac to r  S (k), the coherent term can be rew ritten  using

l i a j B  °  ? i j  *  ( I c i c  -  I c j g )

using the no ta tion  o f equation (IV-5), enabling separa tion  o f the 

s tru c tu re  fa c to r  in to  s e l f  ( in trà )  and d is t in c t  ( in te r)  terms

S in tra(k ) = ^
(Lb J a3 
ct ^
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S i n t e r ^  = 7 ^ ^  "®kp(ik.R. .)expU k. C r^.„-r^ .g j)>  (IV-23)

^ a ^

I t  can now be seen th a t S if te r  can be rew ritten  in  terms o f the 

s i t e - s i t e  d is tr ib u tio n  functions g^g(rj giving

Sinter^kJ = TSbT ^  V s  exp(ik.r) [g ^ g (rj- l]  (IV-24J
a “

This expression enables the s i t e - s i t e  d is tr ib u tio n  function to be 

determined by isotope su b s titu tio n  experiments, provided su itab le  

isotopes e x is t .  The intram olecular p a rt o f the s tru c tu re  fac to r can 

be s im p lified  by assumintr r ig id  lin e a r  m olecules, which is  exactly  

the case fo r the  molecules in  the sim ulation, to  give

1 2 s in (k .r^_ j
w < «  ■ ÿ  - A  - î o j -

The interm olecular term can a lso  be rew ritten  in  t^rms o f  •‘■he angular 

p a ir  d is tr ib u tio n  function g[r,w^,w2j g iv ing (11)

® inter*-k^ = p /d r  e x n ( ik .r )< [g ( .r ,ü ) j^ ,u 2 J - l ]

.FCk.u,JF*(k.üj.,)> (VI-26)1 “ üJ^j£jÜ2

where

F(k,c.p -  C ^ )  I exp(ik .r^^) (IV-27J

F(k,o)^J is  p roportional to  the  sc a tte rin g  amplitude o f molecule i  in  

o rie n ta tio n  o) .̂ However equation (IV-26) i s  not a simple fo u rie r
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transform  as in  the monatomic case. in  the lim it o f the s i t e - s i t e  

d istances becoming zero, the intram olecular con tribu tion  o f equation 

rIV-2 51 tends to  1. S im ilarly  the in teim olecular terms reduce to  a 

fo u rie r  transform  o f the cen tre  o f mass ra d ia l d is tr ib u tio n , to give 

fo r the  cen tre  o f mass [or monatomic) s tru c tu re  fac to r

= 1 + p /d r expl.ik.r)[gQ^Cr)-l] (IV-28)

The s tru c tu re  fa c to r  SQ^[k) can be shown to  be re la te d  to the iso 

thermal c o n p re ss ib ility  in  the small wavevector lim it

vio  ° k + p /d r[g Q j(r)-l]  = pkl'x CII-2y)

S im ilarly  a t  large  wavevectors the intram olecular term becomes 

dominant, thus in  the  lim it

iim  S(k) = s .  _ ( k )  = 2 b^/C2b (.IV-30)
k-4« a “ a “

I t  is  a lso  possib le  to  rew rite  the s tru c tu re  fac to r in  terms o f 

iso tro p ic  and an iso trop ic  contributions (11)

S(k) = S^^(k) + S^(k) CIV-31)

where S^[k) i s  the an iso tron ic  s tru c tu re  fac to r and S ( k )  is  the 

s tru c tu re  fa c to r  o f  the molecules in  the lim it o f free  ro ta tio n . I t  

has been shown by Gubbins e t  a l .  th a t S^^(k) is  given

Sfrlk) = SintraCk) + p<FCk,u^)>^ /  expCik.rJ (IV-32)
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where the angle average o f F(k,w) is  w ritten  as

1 s in (k ,r  . )
>w = (ir) I K (k.r -ga a ' cict''

I t  is  now possib le  to  examine an iso trop ic  e ffe c ts  in  the s tru c tu re  

fa c to r  by comparison w ith the iso tro p ic  (free  ro to r) model, to  obtain  

inform ation on the wavevector dependence o f any anisotropy.

Related p ro p erties  to  the neutron sc a tte r in g  spectra  are  the
2 2 mean square force <F > and the  mean square torque <t >. In  p a rtic u la r

the  mean square torque o f a molecule i s  involved in  the fourth  moments

o f the  I .R . , Raman and neutron sc a tte r in g  sp ec tra , as well as being a

moment o f  the  various angular au toco rre la tion  functions discussed in

Chapters VI and V II. The torque on a molecule is

T = U (IV-34)

where U is  the interm olecular p o ten tia l and is  the

angular gradient operator. The hyperv iria l re la tio n  may now be used

<T^> = <(V^U)^> = kT<V̂ U> (IV-35)

2
where is  the angular Laplacian. Thus the mean square torque may 

be w ritte n

<T^> = PkT /  (IV-36J

The angular Laplacian can be expressed as a d if f e re n t ia l  angular operator, 

which may be applied to  the spherical harmonic functions(14)
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enabling the mean square torque to  be expressed as

<T^> = -4wpkT &C&+1) /  d r (IV -38 )

The mean square force is  a fac to r  in  the c a lcu la tio n  o f isotope

separa tion  e f fe c ts ,  vapour p ressures and neutron sc a tte r in g  fo rth

moments. They are  a lso  important in  determining the f i r s t  order 
2

(in  "h ) quantum co rrec tion  to the free  energy o f a l in e a r  molecule. 

The theory o f th is  e ffe c t i s  fu lly  discussed by Powles and 

Rickayzan(21). I t  i s  a lso  extensively  used in  tran sp o rt theory 

models, some o f which are discussed in  Chapters VI and V II. The 

treatm ent follows th a t  o f the mean square torque in  the use o f the 

h y p e rv iria l re la tio n

<F^> = <(,VU)^> = kT<V^> IIV-39J

2
where V is  the  ra d ia l  Laplacian such th a t

/y 9U(r, fLÙ'y') 8^U(r,tlJ-|
V ^U (r,03 ,̂032) = ( | )  ------- 3^ ■■■■ +  2^  CIV-40)

3r

Thus the mean square force can be w ritten  as

<F^> = pkT /  dr<g(f,W i,W2)V^U(r,W i,W 2)>y^^^2 (IV -41 )

= 4wpkT Z /  ^  ^
3CX- ra

The mean square force and torque are re la te d  to  the average curvature 

o f the p o te n tia l near i t s  minimum. This enables average tra n s la tio n a l
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and rotational Einstein frequencies to be found

Ü).2 2 
t r  = ^/mkT (.IV-43J

from which the quasi-harmonic force constants = mŵ  ̂ and 
2

k ro t = ^‘̂ rot &lso be deduced.

2. Special Configuration D istrib u tio n  Functions.

In order to  examine the o r ie n ta tio n a l p ro p erties  o f the various 

d is tr ib u tio n  functions i t  is  usefu l to  f i r s t  look a t  se lec ted  specia l 

configura tional d is tr ib u tio n  functions to  determine whether any 

configurations are p a r t ic u la r ly  favoured. The configurations chosen 

fo r study are :

iipi

"P a ra lle l"

"Cross"

0^ = tt/ 2

0^ = ÏÏ/2

0^ = tt/ 2

®2 ° 0 ■ 

0^ = 'n’/2 

02 = TT/2

4^2"&fbitary 

*12 = 0 

*12 = .ir/2

Two o ther configurations were a lso  considered:

"Skew**

"Long"

0^  = tt/ 4  

0^  = 0

02 = tt/ 4  

0 2 = 0 . 4^2 -  a rb ita ry

but the p a ir  c o rre la tio n  functions o f these are  not p lo tte d  as they 

are not strong ly  favoured in  the f i r s t  nearest neighbour peak. In 

a l l  cases the  specia l configurational p a ir  d is tr ib u tio n  function is  

ca lcu la ted  fo r  an angular spread o f ± tt/ 1 2  about the given angles.

These specia l d is tr ib u tio n  functions have the same p ro p erties  as the 

normal p a ir  c o rre la tio n  functions, in  p a r tic u la r  in  the lim it of large 

d is tan ces , these functions w ill  a l l  tend to the bulk value o f 1. The 

configura tional p a ir  co rre la tio n  functions are p lo tte d  in  Figures (IV-IA)
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to (VI-5AJ and the corresponding potential energy curves are plotted in

Figures (IV-IBJ to  (IV-5BJ fo r  the same systems, which are

L* Q* P* T*

^2 0.328 1.159 0.700 1.61

0.608 0.739 0.541 1.14

CI2 0.608 1.321 0.546 1.21

Cl 2 0.608 2.073 0.551 1.50

C02 0.793 2.039 0.423 1.61

The v a ria tio n  o f these co rre la tio n  functions w ith temperature and 

density  i s  no t simple, although the po in ts shown are a t  high density , 

low temperature and w ill  thus show the most d is t in c t  s tru c tu re . These 

po in ts w ill  be used throughout to  i l lu s t r a te  the  e ffe c ts  o f p o la r ity  in  

these systems.

The r e la t iv e  s tru c tu re  o f the  specia l configuration  p a ir  

c o rre la tio n  functions i s  determined by four considerations; the depth 

o f the  minimum associated  w ith th a t configuration; the p o sitio n  o f the 

minimum; packing c o n stra in ts  and the energy d is tr ib u tio n  o f the 

molecules which is  re la te d  to  the temperature o f the system. V aria tion  

w ith temperature and density  w ill  then be determined by competition 

between these four fa c to rs .

The d istance o f c lo se s t approach is  allowed by the "Cross" 

configuration  following by the "P a ra lle l"  configuration , both o f which 

can be expected to  be dominant a t  small d istances (r % a ) . These two 

configurations are  a lso  strongly  favoured by the two-centre Lennard- 

Jones only p o te n tia l . However the in troduction  o f a quadrupole moment 

represented as fra c tio n a l charges w ill  increase the p o ten tia l energy of 

these two configurations considerably, p a r t ic u la r ly  fo r the "P a ra lle l"  

configuration . By co n trast the ’T '  configuration (r « a + L/2) w ill 

become lowered in  energy by the quadrupole, as w ill  the "Skew" configura

tio n . The "long" configuration  fo r geometrical reasons cannot be 
______________________ S&.________________________________________________ _________



presen t a t  d istances le ss  than (a + L) and is  increased in  p o ten tia l 

energy by the quadrupole. This configuration does not seem to  be 

s ig n if ic a n t e ith e r  fo r the Lennard-Jones only case reported  by Singer 

e t  a l . ,  o r in  the present work where i t s  f i r s t  peak heights are  

su b s ta n tia lly  lower.

In  the  case o f n itrogen  shown in  Figure (IV-1) the p o ten tia l 

energy contours fo r the d if fe re n t configurations are  c lo se ly  spread 

as a re  the  re la t iv e  depths o f the  minima, although the presence o f the 

quadrupole ensures th a t  the "T" configuration  is  the most favoured.

The re su lta n t d is tr ib u tio n  functions r e f le c t  th is  w ith the "Cross" 

and "P a ra lle l"  configurations occupied equally  a t  small d istances, but 

the "T" configuration  being the most highly populated w ith in  the f i r s t  

neares t neighbour sh e ll.  No strong o rie n ta tio n a l preference is  shown 

in  the second nearest neighbour s h e ll ,  w ith a l l  th ree  specia l 

d is tr ib u tio n  functions being approximately equal to  gQjC^J.

Chlorine, w ith th ree  d iffe re n t quadrupole moments shows the 

p rogressive changes in  s tru c tu re  due to  the m ultipole. These are 

i l lu s t r a te d  in  Figures (IV-2j fo r Q* = 0.739, (IV-3j fo r 0* = 1.321 and ( 

(IV-4) fo r 0* = 2.073, The e ffe c t o f the increased bond length can 

be seen to  spread out the positions o f the minima o f various configurations. 

The depth o f the  minima fo r the "Cross" and ’T ' configurations are  a t 

le a s t  an order o f magnitude g rea te r than th a t o f the angle-averaged 

cen tre  o f mass p o te n tia l . As the quadrupole increases in  magnitude 

the depth of the minimum of the  "Cross" configuration becomes sm aller, 

while th a t o f the ’T ’ configuration becomes very much la rg e r . The 

"P a ra lle l"  configuration  minimum not only becomes sm aller, but a t 

Q* = 2.073 a c tu a lly  ceases to  e x is t. The same is  tru e  o f the "long" 

and "skew" configuration  minima. The re su lta n t d is tr ib u tio n  functions 

c le a r ly  r e f le c t  these changes. At Q* = 0.739, " P a ra lle l" , "Cross" and 

"T" configurations have almost equal weight, w ith a shoulder on the 

small r  side  o f the f i r s t  peak o f g^^(r) probably caused by the high

99.



population o f "P a ra lle l"  and "Cross" configurations. As the quadrupole 

increases to  0* = 1.321 the  "T" configuration  has a higher occupancy 

a t  the  expense o f the "P a ra lle l"  and "Cross" configurations. This 

e ffe c t i s  then increased a t  Q* = 2.073 such th a t the "T" configuration 

is  completely dominant and o ther configurations can only be present i f  

packing c o n stra in ts  o f the "T" configuration  allow.

I t  i s  in te re s tin g  th a t a l l  th ree  quadrupole cases fo r c h lo r in e ,' 

show s ig n if ic a n t  o r ie n ta tio n a l dependence in  the second nearest neighbour 

s h e l l ,  suggesting th a t  strong ordering in  the f i r s t  sh e ll ,  o f whatever 

type, must lead to  some degree o f ordering in  the second sh e ll.

For carbon dioxide with both a long bond length  and a strong 

quadrupole moment, the "P a ra lle l" , "Long" and "Skew" configurations are 

not favoured. The "Cross" configuration  while no t strongly  favoured 

e n e rg e tica lly  allows the c lo se s t approach and is  thus dominant a t  very 

small d is tan ces . However again the "T" configuration  i s  most strongly  

occupied and must form a g rea t p a rt o f the o rie n ta tio n  o f the f i r s t  

n eares t neighbour sh e ll. These considerations do not seem to  be 

s ig n if ic a n t in  the second neares t neighbour sh e ll.

3. S i te - s i te  D istrib u tio n  Functions.

The s i t e - s i t e  d is tr ib u tio n  functions G^^(rj (centre o f mass),

G ^ (r)  (atom-atom) and CQ^^(rJ (centre o f mass-atom), calcu lated  

d ire c tly  from the sim ulation are  shown in  Figures (IV-6) to  (IV-10).

The v a r ia tio n  o f  these co rre la tio n  functions w ith changes in  teim erature, 

although not i l lu s t r a te d ,  are as expected, namely th a t the height of 

the f i r s t  peak decreases rap id ly  as the temperature is  increased; the 

r e s t  o f the  s tru c tu re  tending towards the bulk value o f 1. Sim ilar 

changes take place w ith changes in  density , i . e .  the f i r s t  peak height 

decreases w ith decreasing density  and the r e s t  o f the s tru c tu re  again 

tends towards the bulk value. However, the changes with density  are
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le ss  rap id  than the v a ria tio n  w ith tem perature. The po in ts  shown 

are the same as fo r the  specia l configurational functions, as these 

po in ts w ill  show the most s tru c tu re  being a t high density  and low 

tem perature. The shape o f Gĝ ^Cr) may be expected to  -be deteimined 

in  the same manner as fo r a monatomic liq u id . The ca lcu la tio n  o f th is ,  

and the v a ria tio n  w ith temperature and density  are  fu lly  discussed in  

Chapter V. Small deviations from th is  behaviour may occur i f  a 

p a r t ic u la r  configuration  i s  strong ly  occupied a t  a c e r ta in  d istance 

preventing o ther configurations being occupied by packing considerations.

G ^ ( r j  is  then a function of the magnitude o f G^^^Cr), the bond 

length  o f the system and the p a r tic u la r  types o f o rien ta tio n  p referred  

a t  a given d istance . is  a lso  determined by the same c r i t e r i a .

For n itrogen  w ith a small bond length , where only p a r t ia l ly  

hindered ro ta tio n  takes p lace, no strong o r ien ta tio n a l preferences are  

found except fo r the  "T" configuration. The f i r s t  peak o f G^^(r) 

i s  s i tu a te d  a t  a + JL consistan t w ith the 'T '  configuration . This 

leads to  G ^ (r)  having a weakly s p l i t  f i r s t  peak represen ting  atoms on 

e ith e r  end o f  'the ’T " . is  found to  be almost the  exact ,

average o f G^^Cr} and G ^C rj, w ith a peak a t  a + JL again consistan t 

w ith the "T" configuration .

Chlorine w ith  the  th ree  quadrupole moment values enables study of 

the changes in  the s i t e - s i t e  d is tr ib u tio n  functions from the case a t  

Q* = 0.739 where "P a ra lle l" , "Cross" and "T" configurations are  equally 

p re fe rred  to  the s itu a tio n  a t  Q* = 2.073 where the "T" configuration  is  

completely dominant. The e ffe c t of th is  tra n s it io n  i s  most c le a r ly  

seen in  GQ^^(r) where a shoulder on the small r  side o f  the  f i r s t  peak, 

probably due to  the high occupation o f "P a ra lle l"  and "Cross" configura

tions become a s p l i t  f i r s t  peak a t 0* = 2.073 w ith maxima a t  a and a + ^L, 

consistan t w ith the daninant "T" configuration. However G ^ (r)  shows 

very l i t t l e  change as the quadrupole moment increases. The s p l i t t in g
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of the f i r s t  peak in to  maxima a t  a and o+L remains the same although 

the magnitude o f the second is  s l ig h tly  increased and the p o sitio n  of 

the f i r s t  moved to  s l ig h tly  sm aller r .  The p rin c ip a l change in  

G ^ (r)  i s  probably in  the second n eares t neighbour sh e ll where the 

maximimum on the small r  side  o f the second peak o f G^^(r) a t  Q* = 0.739 

is  removed and becomes a maximum on the high r  side a t  Q* = 2.073.

This is  possib ly  the e ffe c t o f c lose packing o f the  "T" configurations 

in  the  f i r s t  sh e ll  preventing o ther configurations in  the second sh e ll. 

The e ffe c t o f the quadrupole on G^^(rj i t s e l f  i s  to  sharpen the fe a tu re s , 

i , e .  make the  maxima in  each sh e ll higher and narrower. This is  almost 

c e r ta in ly  due to  the increase in  "T" configurations to  the exclusion 

o f o thers in  the  case o f the f i r s t  nearest neighbour sh e ll.

Carbon Dioxide exh ib its  the  same fea tu res  as ch lorine  Q* = 2.073 

except th a t  the increased bond length allows G^^Cr) to  have the sm allest 

in te ra c tio n  d is tan ces , due to  the "T" configuration  again. The 

s tru c tu re  o f G^Cr) in  the second sh e ll i s  considerably reduced 

probably due to  atoms from one sh e ll overlapping in to  the  region of the 

nex t, causing can ce lla tio n  o f  e f fe c ts .

4. ‘ O rien ta tional Spherical Harmonics.

The o r ie n ta tio n a l spherica l harmonics o f the cen tre  o f mass p a ir  

c o rre la tio n  functions, vhich have been ca lcu la ted  d ire c tly  from the 

sim ulation data  using equations (IV-18), (IV-17J and (TV-lj, are 

i l lu s t r a te d  in  igures (IV-11) to  (TV-15) fo r the same systems as before. 

The positio n s o f the p rin c ip le  maxima, minima and zeros o f these 

functions, together w ith those of the s i t e - s i t e  d is tr ib u tio n  functions 

and the specia l configurational d is tr ib u tio n  functions discussed are 

given in  Tables (IV-1) to  (TV-5).

The usefulness o f the spherica l harmonic expansion is  expressed

by equation (TV-10), which allows a four va riab le  function to  be

rew ritten  in  terms o f a sing le  va riab le  and a se rie s  expansion. This

enables the expression of in te g ra l p roperties  o f the system, such as

the mean square force and torque as 9. summation, over harmonic functions 
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whose p ro p ertie s  are  well known. Further, i t  is  possib le  to  use the 

hamonic se rie s  fo r pe rtu rba tion  theory expansion o f an iso trop ic  

p o te n tia ls  where any angular symmetry can be used to  sim plify  the 

s e r ie s . The in te rp re ta tio n  o f indiv idual terms in  the harmonic s e r ie s , 

in  the absence of any o ther information can be m isleading. However, 

as a guide to  the re la tiv e  values o f the  harmonic expansion th a t might 

be expected from the various configurations, i t  is  possib le  to  use 

equations (TV-14) and (IV-18) to  ca lcu la te  the  expected values 

assuming th a t  the function X(r,w^,w2) is  u n ita ry  w ithin  the range 

@2 -  t t / 12, ©2 ± t t /12 e tc . and zero elsewhere. This is  equivalent 

to  the assumption th a t  a l l  the molecules are  aligned in  a sing le  ... 

configura tion . ‘ These values a re  given in  Table (TV-6) .  I t  is  a lso  

possib le  to  note the correspondence between a predominant configuration 

a t  a given d istance  and the values o f the harmonics a t  th a t d istance.

For the  case o f  the Lennard-Jones only f lu id s  discussed by Singer e t  a l .  

(15) the dominant configuration  a t  the minimum in te ra c tio n  d istance is  

the  "Cross" configuration  which can be seen to  lead to  values o f

^200^^  ̂ * -§000W  ^  §220W  = §400M  + §000^^^' ^ype o f
behaviour i s  a lso  exhib ited  by the "P a ra lle l"  configuration  as can be

seen from Table (IV-6) .  IVhere the  "T" configuration  is  dominant 

(e .g . a t  R* w 1.31 fo r Chlorine Q* = 2 .073).the values o f the correspond

ing harmonics lead  to  8220^^) -  which is  the opposite o f the

previous case. I t  is  worth noting th a t the contribu tions to  §221^̂  ̂

from the configurations discussed i s  minimal as can be seen from Table 

(TV-6) .  Also noteworthy is  the strong con tribu tion  to  g222^^^ f:rom 

the "Cross" configuration  and to  g^QQ(r) from the "Long" configuration. 

Further in te rp re ta tio n  is  not s t r i c t l y  ju s t i f ie d  by the availab le  data as 

many d if fe re n t configurations give r is e  to  sim ila r values o f the 

ind iv idual harmonics. Conversely not a l l  configurations con tribu te  

equally  to  a given harmonic as is  seen from Table (IV-6) .

103.



TABLE ÇIV-1)

P ositions and Magnitudes ( ) o£ the maxima, minima

and zeros o f the d is tr ib u tio n  functions a t  L* = 0.328, 

Q* = 1.159, p* = 0.700 and T* = 1.61 - N itrogen.

R* Maxima Minima Zeros

1.18 (3.06),2.18(1.323 1.68(0.49)

1 .30 (.33 ),2 .41 1 .1 1 (-.7 1 ),1 .9 7 (-.1 0 ) 1.20,1 .71,2 .15

1 .05 (.23 ),1 .79 ,2 .43 1.20(-1.60),2.11 1.10 ,1 .66 ,1 .85

^221 1.16(-.55)

^222^^) 1.20(-.15)

'"400*'’̂ ^
GrW

l.O S ( .l l)

1 .17(6.593,2.20(1.56)

1.50

l.S6(+.24)

1.26

GiiCr) 1.10(2.383,2.28(1.54) 1.56(0.36)

G+(r) 1.07(2.573,2.12(1.55) 1.56(.43)

G-.Cr) 1.23(2.883,2.36(1.41) 1.69(.46)

G._Cr) 1.39(1.983,2.12(2.71) 1.85(.09)
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TABLE (IV-6).

R elative con tribu tions to  X. . from various’ >636'm

configurations -  Assuming X (r,8^,02,#22) “ ^

Using C2qq=/5/2 • ^220 * ^221 -15/2 : ^222 •

T "P a ra lle l" "Cross" "Skew" "Long'

*200 -.058 -.073 -.073 0.17 .008

*220 -.123 .076 .076 .008 .016

*221 0 . 0 0 -.059 0

*222 .092 -.003 -.112 -.0002 -.012

*400 .056 .071 .071 -.017 -.183

Contributions from 11 and + same except when m/0.
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The spherical harmonics may be used to  fin d  various p roperties 

o f the. system. In  p a r tic u la r  the energy and pressure due to  a po in t 

quadrupole (see equation ( I I - l l J )  can be expressed in  terms o f spherical 

harmonics to give

Uqq ipQ f  [3/2 2̂20̂ *̂̂  ” ‘̂ 221^^  ̂  ̂ I/4g222^^^]  ̂ (IV-44)

Pqq = 5 /6 p V  7 [3/Z%22o(r) -  8221 * l/48222lfX] (IV-45)

From th is  the approximate frac tio n a l energy due to  the quadrupole 

can be ca lcu la ted  as well as the quadrupolar con tribu tion  to the 

p ressu re . These q u a n titie s  are given in  Table (IV-7). I t  is  

apparent th a t  the quadrupolar contribu tion  to  the pressure i s  always 

negative and a lso  th a t the quadrupolar con tribu tion  to  both the 

energy and pressure  vary in  a stron^y non-linear manner with the 

magnitude o f the  quadrupole moment. I t  i s  a lso  evident th a t the 

quadrupolar pressure  is  much slower varying w ith changes in  temperature 

than the  Lennard-Jones p a r t . The frac tio n a l quadrupolar energy, 

w ith in  the accuracy o f the in teg ra tio n , is  approximately constant with 

tem perature and density .

The convergence o f the harmonic se rie s  has been discussed by 

S tre e t t  and T ildesley(8) and found to  be slow fo r the case o f hard

d is tr ib u tio n  functions. For p roperties dependent on in teg ra tio n  

over the harmonics o f the p o ten tia l , the degree o f anisotropy

o f the p o te n tia l w il l  determine the ra te  o f convergence o f the summation. 

In the p resen t work only the f i r s t  s ix  terms have been considered. In 

general the  use o f the spherica l harmonic expansion of equation (IV-7j 

to  determine the energy o f the  system is  unsa tis fac to ry  due to  the 

numerical course graining o f the in teg ra tion  poin ts a t  small in te rac tio n  

d istances.
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TABLE (IV-7).

T‘ P* L* Q*

1.11 .700  .328 1.159 .1603 -.61
2.66 .1567 -.43
2.27 .626 .1485 -.35
3.60 .1838 -.26

1.14 .541 .608 .739 .0305 -.06
1.41 .0280 -.05
1.45 .485 .0264 -.04
1.74 .0274 -.03

1.21 _ .546 .608 1.321 .2129 -.47
1.55 .2106 -.41
1.55 .490 .2001 -.30
1.81 ' .1936 -.26

1.50 .551 .608 2.073 .6605 -1.84
1.85 .6885 -1.69
1.86 .494 .6817 -1.28
2.19 .7148 -1.15

1.61 .423 .793 2.038 .6471 -.82
2.14 .7441 -.71
1.83 .6938 -.59
2.39 .8756 -.50
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5. S tructu re  F actors.

To compare the  p resen t re s u lts  d ire c tly  w ith experiment i t  is  

necessary to  ca lcu la te  the s tru c tu re  fac to rs  which are defined by 

equations (IV-20), (TV-24) and (TV-25). For an iso tro p ic  homonuclear 

diatomic liq u id  the  atom-atom s tru c tu re  fac to r becomes

00

S(k) = l/2 [l+ s in (k ,J i) /(k ,J l)J  + p / d r [^ ^ C r ) - l ]  s in ( k ,r ) / ( k , r )  CIV-46)

whereas the cen tre  o f mass s tru c tu re  fac to r  is  given by equation

(IV-28) and the  an iso trop ic  s tru c tu re  fa c to r  by a combination of

equations (IV-31), (IV-32) and (IV-46). Due to  e rro rs  introduced by

the f in i t e  fo u r ie r  transform ing of the s i t e - s i t e  d is tr ib u tio n s  values
0_1

o f the  s tru c tu re  fac to rs  below k « lA have no v a lid i ty  due to  

tru n ca tio n  e f fe c ts .  The re su lta n t s tru c tu re  fac to rs  are  i l lu s t r a te d  

in  Figures (IV-16) to  (IV-19) fo r the same systems as before.

For n itrogen , shown in  Figure (IV-16) the  s tru c tu re  fac to r  can 

be compared w ith the neutron sca tte rin g  stud ies o f Dore and Clarke 

(16,17) as w ell as the molecular dynamics sim ulation o f Cheung and 

Powles (18) a lso  using a two-centre Lennard-Jones p o ten tia l w ith a 

po in t quadrupole. The present calcu lations are in  very good agreement 

w ith the re s u lts  o f  Dore e t  a l . ,  both in  peak height and p o sitio n , 

although the height o f the f i r s t  maximum of S(k) is  approximately 0.1 

too high. This i s  due to  the temperature d ifference ; the molecular 

dynamics being a t  66K while the neutron sc a tte r in g  experiment was 

c a rr ie d  out a t  77K. The f i r s t  peak height reported  here is  almost 

id e n tic a l to th a t o f Cheung and Powles. The second peak in  S (k ), in  

the m olecular dynamics ca lcu la tio n  has a sub-structu re  of a t r ip l e t  

which is  not observed in  the neutron sca tte rin g  study. The o rig in  of 

th is  e ffe c t i s  not c le a r , and is  not reported by Cheung and Powles and 

thus may be spurious. The re su lta n t an iso trop ic  s tru c tu re  fac to r 

(k) is  small a t  a l l  values o f the wavevector, and is  s im ila r in  shape
3,
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to  the quadruoolar con tribu tion  to  S^(k) pred icted  by Gubbins e t a l .  (11).

For ch lo rine  the s tru c tu re  fac to rs  are i l lu s t r a te d  in  Figures

(IV-17) to  (IV-19) fo r the th ree  values of the quadrupole moment.

Tables o f peak heights and p ositions fo r these systems are given in

Table (IV-8) to  show the e ffe c ts  o f changing quadrupole moment. I t

is  c le a r  th a t the general shape o f ^^^(k) remains constant as the

quadrupole is  increased, although the heights o f the peaks are increased

and the  s tru c tu re  extended to  la rg e r wavevectors. This re f le c ts  the

sim ila r changes in  • The atom-atom s tru c tu re  fac to r is

considerably changed by the v a ria tio n  o f the  quadrupole moment. At

Q* = 0.739 there  is  a weak shoulder on the large  k side  o f the f i r s t

peak, which i s  absent in  the 0* = 0 .0  calcu la tions o f Singer e t  a l .

As the quadrupole is  increased to  Q* = 1.321 the weak shoulder becomes

a s ig n if ic a n t strong fea tu re  u n t i l  a t  Q* = 2.073 the f i r s t  peak s p l i ts

by 0.61 w ith  the p rin c ip le  p a rt moved to  sm aller k by 0.1 A"^.

This e ffe c t i s  accompanied by a decrease in  the height o f the f i r s t
2

peak so th a t  the area  under k S(k) remains constant. Throughout 

these  changes the he ig h t, shape and p osition  o f the second peak and 

the large  wavevector s tru c tu re  does not change. The change in  the f i r s t  

peak s tru c tu re  i s  l ik e ly  to  be co rre la ted  to  the change in  shape of 

the second n eares t neighbour peak o f the atom-atom d is tr ib u tio n  function, 

which i t s e l f  i s  caused by packing considerations when the f i r s t  nearest 

neighbour sh e ll  becomes strong ly  o rien tated  in to  the 'T " configuration. 

These re s u lts  can be compared to  the neutron sc a tte rin g  data o f Clarke 

e t  a l .  (19) fo r  the  Bromine system which is  adjacent in  the periodic 

tab le  d iffe r in g  only in  mass from the chlorine system. The re su lts  fo r 

the Q* = 1.321 system are in  very good agreement w ith the experimental 

values fo r  the heights o f the peaks and the magnitude o f the shoulder 

on the f i r s t  peak. However, the positions of the peaks are system atically  

a t  too high wavevectors in  a l l  cases. This may well be due to the
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d ifference  in  the bond lengths (2.02 A and 1.60 A respectively) and 

the d ifference  in  atomic diameters (3.32 A fo r ch lorine and 3.538 A 

fo r bromine), although th e ir  ra tio n  is  approximately constant, being 

0,608 and 0.630 respec tive ly .

6. Mean Square Forces and Torques.

Values o f the mean square force and torque have been calcu lated  

d ire c tly  from the sim ulation using equations (11-40) and (11-41).

The re s u l ts  are  expressed as a function o f T* fo r a given p*, L* and 

Q* in  Table (IV-9). The actual values of the force and torque however 

are not reduced, but tabu lated  in  th e ir  co rrec t u n its .

The values o f the  mean square torque may be compared to  

experimental estim ates fo r  chlorine (p* % 0) obtained by G ill and 

S teele  (20) by Raman spectroscopy.

T*=1.00 <T^>xlO"^V T*=1.44 <T2>xlor40j2

Q* = 0.739 . 8.5 6.1

Q* = 1.321 8.8 6.1

Q* = 2.073 . 8.7

Expt. 9.4 7.1

The re s u lts  shown are  in  reasonable agreement w ith experiment. The 

values seem roughly independent o f quadrupole s tren g th , although the 

e ffe c tiv e  tenperatu re  corresponding to  a  given T* is  l ik e ly  to  be 

d if fe re n t due to  the adjustment o f the Lennard-Jones parameters.

From Table (IV-9) i t  can be seen th a t the in te rcep t values fo r 

the mean square force and torque are approximately constant with 

density  while the slopes are  s ig n if ic an tly  reduced a t  lower density . 

From these values the average tran s la tio n a l and ro ta tio n a l E inste in  

frequencies can be found using equation (IV-23) from which the
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TABLE (IV-9).

<F > = A + BT* <T^> = a + bT*

P* A B a b

Q* = 0.739, L* = 0.608
0.541 -7.008 18.83 -3.761 • 12.23
0.485 -7.092 15.13 -3.664 9.81

Q* = 1.321, L* = 0.608
0.546 -9.891 20.43 -4.565 13.40
0.490 -8.256 15.70 -5.010 11.11

Q* = 2.073, L* = 0.608
0.551 -8.047 16.01 -4.650 13.31

0* = 2.038, L* = 0 .793
0.423 -5.153 9.65 -3.718 9.87
0.381 -5.516 8.44 -3.692 • 8.40
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quasi-ham onic force constants can a lso  be deduced. The values of 

the mean square torques and forces may now be used to  estim ate the 

iso trope  separa tion  fac to rs  (14). However the p rin c ip le  use of the 

mean square torque and forces is  in  the deteim ination o f the moments 

o f the dynamical co rre la tio n  functions discussed in  Chapters VI and 

VII.

7. Conclusion.

The e ffe c t o f  the  quadrupole is  seen to  increase the well depth 

o f the p o te n tia l associated  with various configu ra tions, p a r tic u la r ly  

the ’T ’ configura tion , while making o ther configurations less  

favourable. Configurations th a t give r is e  to  small in te rac tio n  

d istances such as the "P a ra lle l"  and "Cross" types are su b s ta n tia lly  

increased in  energy. The re su lta n t d is tr ib u tio n  functions and 

s tru c tu re  fac to rs  r e f le c t  these changes in  p o te n tia l shape w ithin the 

co n stra in ts  o f packing considerations a t  a given density  and temperature. 

Agreement w ith experiment i s  seen to  be increased by these changes in  

comparison w ith the  two-centre Lennard-Jones only systems.
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FIGURES.

(IV-1 A) Special Configuration g(r)*s fo r a t  (T* = 1.61,

p* = 0.700, L* = 0.328, Q* = 1.159)

---------------------------  G(r)
o

---------------------------  g | | ( r )  -  Distances in  A

*— *— — (t)

---------------------------  g+(r)

(rV-lB) P o te n tia l Energy curves corresponding to  specia l configurations

fo r  N, a t  (T* = 1.61, p* = 0.700, L* = 0.700, Q* = 1.159)

----------------------------  *+(r)

 ----- -- —— - Distances in  A

-----------------------------* „ (r )

----------------------------- 't’- . ( r )

------------------------------ *-_(r)

(IV-2A) Special Configuration g ( r ) 's  -  Key as fo r  (IV-IA)

fo r  CI2 a t  (T* = 1 .1 4 , p* = 0.541, L* = 0.608, Q* = 0739)

(TV-2B) P o ten tia l Energy curves -  Key as fo r  (IV-IB) fo r  CI2 a t

(T* = 1.14, p* = 0.541, L* = 0.608, Q* = 0.739)

(IV-3A) Special Configuration g (r)*s -  Key as fo r  (IV-lA)

fo r CI2 a t (T* = 1.21, p* = 0.546, L* = 0.608, Q* = 1.321)

(IV-3B) P o ten tia l Energy Curves -  Key as fo r  (TV-IB) fo r CI2 a t

(T* = 1.21, p* = 0.546, L* = 0.608, Q* = 1.321)

(IV-4A) Special Configuration g(r)*s -  Key as fo r (IV-lA) fo r  Cl2 a t  

(T* = 1.50, p* = 0.551, L* = 0.608, Q* = 2.073)

(IV-4B) P o ten tia l Energy curves -  Key as fo r (IV-IB) fo r Cl2 a t

(T* = 1.50, p* = 0.551, L* = 0.608, Q* = 2.073)

(IV-5A) Special Configuration g ( r ) 's  -  Key as fo r (IV-lA) fo r CO2 a t 

(T* = 1.61, p* = 0.423, L*, = 0.793, Q* = 2.039)
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(IV-SB) P o ten tia l Energy curves -  Key as fo r  (IV-IB) fo r CD, a t

(T* = 1.61, p* = 0.423, L* = 0.793, Q» = 2.039)

(VI-6) S ite -S ite  G (r) 's  fo r N, a t

(T* = 1.61, p* = 0.700, L* = 0.328, Q* = 1.159)

-------------------------- -  Distances in  S

----------------------------------- G ^ ( r )

(IV-7) S ite -S ite  G (r) 's  -  Key as fo r  (IV-6) fo r  Cl- a t

(T* = 1 . 1 4 , p* = 0.541, L* = 0.608, Q* = 0.739)

(IV-8) S ite -S ite  G (r) 's  -  Key as fo r (IV-6) fo r  Cl- a t

(T* = 1.21, p* = 0.546, L* = 0.608, Q* =■ 1.321)

(IV-9) S ite -S ite  G (r) 's  -  Key as fo r  (IV-6) fo r  Cl^ a t  

(T* = 1.50, p* = 0.551, L* = 0.608, Q* = 2.073)

(IV-10) S ite -S ite  G (r) 's  -  Key as fo r  (IV-6) fo r  CO- a t

(T* = 1.61, p* = 0.423, L* = 0.793, Q* = 2.039).

(IV-11) Spherical Harmonics G ,,,^ ( r )  fo r a t

(T* = 1.61, p *  = 0.700, L* = 0 .3 2 8 , Q* = 1.159)

^000

------------------------------ G200W

GzzqĈ*) -  Distances in  A

G221W

GzzzCr)

CIV-12) Spherical Harmonics Gj ĵ ,̂^Cr) -  Key as fo r  (IV-11) fo r  Cl2 a t

(T* = 1.14, p* = 0.541, L* = 0.608, Q* = 0.739)

(rV-13) Spherical Harmonics G^^,^(r) -  Key as fo r  (IV-11) fo r  Cl2 a t

(T* = 1.21, p* = 0.546, L* = 0.608, Q* = 1.321)

(IV-14) Spherical Hamonics G^j^,j^(r) -  Key as fo r (IV-11) fo r  Cl2 a t

(T* = 1.50, p* = 0.551, L* = 0.608, Q* = 2.073)

(IV-15) Spherical Harmonics G^^,^(r) -  Key as fo r (IV-11) fo r CO2 a t

(T* = 1.61, p* = 0.423, L* = 0.793, Q* = 2.039)
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(IV-16) Structure Factors for at

CT* = 1.61, p* = .700, L* = 0.328, Q* = 1.159) 

-------------------- :------- S(k)
0-1

------------------------ — ^Q^Ck) -  Axis (A )

s^Ck)

CIV-17) S tructu re  Factors -  Key as fo r (IV-16) fo r Cl^ a t

(T* = 1.14, p* = 0.541, L* = 0.608, Q* = 0.739)

(IV-18) S tructu re  Factors -  Key as fo r (IV-16)•fo r  Cl2 a t

(T* = 1.21, p* = 0.546, L* = 0.608, Q* = 1.321)

(IV-19) S tructu re  Factors -  Key as fo r (IV-16) fo r  Cl2 a t

(T* = 1.50, p* = 0.551, L* = 0.608, Q* = 2.073)
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CHAPTER V. RISM Method.

(V-1) In troduction .

The p red ic tio n  of the s tru c tu ra l  p ro p erties  o f liq u id s  r e l ie s  

on the a b i l i ty  to  ca lcu la te  the ra d ia l  d is tr ib u tio n  function  g(r) fo r 

a given d ensity . Most methods fo r c a lcu la tin g  g(r) are  based on 

the O m stein-Zem ike (OZ) equation (1)

h ( l ,2 )  = c ( l ,2 )  + p/cC l,3)h(2 ,3)d3 (V-1)

■vdiere h ( l ,2 )  = g ( l ,2 ) - l  is  the p a ir  c o rre la tio n  function , c ( l ,2 )  i s  

the d ire c t  c o rre la tio n  function  and p i s  the number d en sity . This 

equation i s  derived from a fundamental property  o f g(r) given by

1 + p /h (l,2 )d 2  = KT(|Ô CV-2)
" T

This equation re la te s  the in te g ra l o f h (r) to  the com pressib ility  o f 

the liq u id . O m stein  and Zemike derived equation (V-2) from 

number density  f lu c tu a tio n  in  a given sub-volume o f the liq u id . 

Equation (V-2) can a lso  be shown as the same se r ie s  expansion in  

powers o f p on each s id e . The equation does not assume pairw ise 

a d d it iv ity . O m stein  and Zemike a lso  introduced the d ire c t 

c o rre la tio n  function  c ( r ) , defined by equation (V-1) which when 

in teg ra ted  over volume element d2 gives

[1 + p /h ( l,2 )d 2 ][ l-p /c ( l,2 )d 2 ]  = 1 (V-3)

which enables equation (V-2) to  have an a lte m a tiv e  form

135.



1 -  p /c (l,2 )d 2  = (V-4)

Another reason fo r the sign ificance  of g(r) is  th a t i t  derives 

from the sc a tte r in g  equation

XW  = p / [ g ( t ) ] -  l ]  e " d r (V-5)

where I(k) i s  the observed in te n s ity  o f sc a tte re d  ra d ia tio n , 

k = (47r/X)Sin(0/2) , X being the wavelength and 0 the sc a tte r in g  

angle. I^Ck) is  the in te n s ity  o f the rad ia tio n  before sc a tte r in g . 

This equation was f i r s t  given by Zemike and Prins (2 ). However, 

these equations do no t re la te  g(r) to  the in term olecular p o te n tia l 

({) ( r ) . Attempts to  e s ta b lish  th is  re la tio n sh ip  form the core o f the 

theo ries o f the s tru c tu re  o f l iq u id s . In teg ra l equation methods 

have been reviewed by Watts (3 ), and p ertu rb a tio n  theo ries by 

Smith (4 ). Further reviews are given by Andersen (5) , Gray (6) , 

E g e ls ta ff , Gray and Gubbins (7 ), Hansen and McDonald (8 ), S tre e t t  

and Gubbins (9) and Chandler (10). A usefu l review o f the graph- 

th e o re tic a l techniques which can be used fo r ju s t i f ic a t io n  o f the 

in te g ra l equation methods is  given by McDonald and O'Gorman (11).

(V-2) In teg ra l Equation Methods.

The b e s t known theory i s  th a t  o f Perçus-Yevick (PY) (12) which 

approximates the re la tio n sh ip  between g(r) and # (r) by se ttin g  c (r)  to

Cpy(r) = g ( r ) [ l  -  exp [30 ( r ) ] ]  (V-6)

where 3 = 1/kT, and solving by su b s titu tio n  in to  equation (V-1).

The re s u lts  from th is  approximate theory are in  q u a lita tiv e  agreement
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w ith those from computer sim ulations, bu t p red ic t the f i r s t  peak in  

g(r) to  be lower than a c tu a lly  found. A d iscussion  of the 

inadequacies o f the PY re s u lts  i s  given by V erle t and Weis (13) fo r 

hard sphere systems. For more r e a l i s t i c  atomic p o te n tia ls  w ith 

a t t ra c t iv e  t a i l s ,  and harsh repu lsive  sho rt range in te rac tio n s  the PY 

equations are only accurate a t  low d e n s itie s  where i t  includes a l l  

con tribu tions to  g(r) th a t are Zeroth and f i r s t  order in  d ensity .

At h igher d e n s itie s  the q u a lita tiv e  d escrip tio n  o f the e f fe c t  o f the 

a t t r a c t iv e  in te rac tio n s  i s  in c o rre c t, f a i l in g  to  move the peak of 

g(r) towards the a t t r a c t iv e  w ell o f the p o te n tia l .  The PY equations 

have a lso  been solved fo r  a system o f hard-core l in e a r  molecules by 

Chen and S teele  (14) who used spherica l harmonic expansions and 

truncated  the se r ie s  o f coupled equations a f te r  two term s. This 

y ie lded  reasonable r e s u lts  fo r  small bond lengths (L* = L/a _< 0.2) 

and low packing frac tio n s  (n = Trpa^/6 _< 0 .25 ). The method of Chen 

and S teele  was extended by Morrison (15) to  ch lo rine  systems using 

a two-centre Lennard-Jones s o f t  sphere p o te n tia l .

A second theory is  the hypem etted chain equation (HNC) which 

was developed from the exact c lu s te r  theory re la tio n sh ip  between 

c (r)  and g ( r ) , approximating the "bridge" diagrams to  zero (16,17). 

This led  to  the use o f the OZ equation (V-1) together w ith the 

following approximation fo r  c (r)

C^ç;(r) = g(r) -  1 -  m (g (r))  -  30(r) (V-7)

Although le s s  accurate than the PY equations fo r  high density  and 

sho rt range fo rces, fo r low density  and sho rt range repu lsive fo rces, 

i t  does include a l l  con tribu tions to  g(r) th a t  are zero or f i r s t  

order in  density . At low density , fo r long range fo rces , the HNC 

equation seems to  include the Debye-Hückel screening e ffe c t  fo r
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coulombic  fo rces . Due to  i t s  accuracy a t  low density  fo r sh o rt-  

range repu lsive  and long range fo rces, the HNC equation has been 

used by Rasaiah and Friedman (18) fo r  the c a lcu la tio n  o f g(r) in  

d ilu te  ion ic  so lu tio n s . The more dense case of a molten s a l t  near 

i t s  t r ip l e  po in t has a lso  been ca lcu la ted  from the HNC equation by 

Hansen and McDonald (19), w ith good agreement with the corresponding 

molecular dynamics r e s u l ts .

Another theory is  the Mean Spherical Approximation (MSA) which 

was formulated by Lebowitz and Perçus (20). I t  is  frequen tly  

applied  to  f lu id s  which in te ra c t  w ith a hard core p o te n tia l  and an

a ttr a c t iv e  t a i l .  This approximation uses the OZ equation (V-1) with

the exact condition

h (r) = -1 r  < d (V-8)

where d i s  the diameter o f the hard core p a r t ic le .  This is  'c lo sed '

by using the approximation

c (r)  = -30(r) r  > d (V-9)

This c losure  has the advantage th a t  i t  can be solved a n a ly tic a lly  

fo r  a number o f simple models. I t  can be demonstrated th a t  the PY 

equation fo r a system o f hard spheres is  a spec ia l case o f MSA, where 

0 (r) = 0 .  However, equation (V-9) does not give the co rrec t low 

density  lim it  o f c ( r ) . The two most important so lu tions o f the MSA

equation have been fo r p rim itive  model ion ic  so lu tions by Waisman and

Lebowitz (21) and fo r d ipo lar hard spheres by Wertheim (22).

MSA does however have a number of inadequacies. These are

1) the in co rrec t low density  l im it;  2) due to  i t s  PY lik e  approximation
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a t  high d e n s itie s  fo r  sho rt range p o te n tia ls , i t  p red ic ts  too low 

a value fo r the f i r s t  peak of g ( r ) ; 3) i t  only gives re s u lts  which

are q u a li ta t iv e ly  c o rre c t fo r coulombic p o te n tia ls  and 4) i t  

underestim ates the e ffe c ts  o f 0(r) a t  low tem peratures ( i . e .  the 

lowering o f the f i r s t  peak a t  high d e n s itie s  and the ra is in g  of the 

f i r s t  peak o f g(r) a t  low d e n s i t ie s ) .

(V-3) The P ertu rbation  Theory Methods.

For pertu rba tion  methods, the p a ir  p o te n tia l is  separated in to  

two components which are

0(r) = 0̂ (r)  + v (r) (V-10)

where 0̂ (r) is  the  p o te n tia l  o f the reference system (whose 

p ro p erties  are  known o r can be found) and where v (r) is  the pertu rba tion . 

How the separa tion  o f th is  p o te n tia l i s  achieved, and the magnitude 

of the p e rtu rb a tio n  te m  strong ly  influences the accuracy o f the 

so lu tio n .

For systems whose s tru c tu re  is  determined p rm a r i ly  by short 

range repu lsive  forces ( i . e .  high d ensity , weak a t t r a c t iv e  in te r 

actions o r high tem peratures), the reference system is  chosen to  

contain  a l l  sho rt range repu lsive  fo rces, such th a t

g(r) = g^(r) (V-11)

and im plies th a t zeroth  order p e rtu rba tion  theory is  adequate.

(The subscrip t o w ill  be used to  denote the functions o f the 

reference system.) The approximation given by equation (V-11) is  

known as the high tem perature approximat ion (HTA) proposed by Weeks, 

Chandler and Andersen (23,24) neg lects the e ffe c ts  of a tt ra c t iv e  

forces on the s tru c tu re  of liq u id s . The p a ir  p o te n tia l in  th is  

method i s  separated as
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*o(r) = (fCr) + e r < (V-12)

= 0 r  > (V-13)

v (r) = 0 (r) -  0^(r) (V-14)

where e is  the depth o f the minimum in  0 (r) and is  i t s  p o s itio n .

The B lip function  theory derived by Andersen, Weeks and Chandler 

(25) is  used to  fin d  the approximate ra d ia l  d is tr ib u tio n  function o f 

a system w ith repu lsive  forces only. I f  0^(r) i s  a purely  repu lsive  

p o te n t ia l ,  then g (r) i s  approximated by

g (l,2 )  = exp[ 30^(1 ,2)]Y ^(1 ,2) (V-15)

and

where the su b scrip t HS denotes the functions o f a hard sphere f lu id  

o f the same density  as. the  f lu id  under study, and diam eter d chosen 

such th a t

/<12Yjj2(l,2){exp[-e0R(l,2)]- exp[-3 0 ^ (1 ,2 )]}  = 0 (V-17)

where the in te g ra l i s  over a l l  r e la tiv e  p o sitio n s and o rien ta tio n s  

o f the two p a r t i c l e s . Other c r i t e r i a  may be used fo r  choosing the 

hard sphere diam eter, thus s ig n if ic a n tly  changing the ca lcu la ted  

thermodynamic p ro p e rtie s . This estim ation  o f the equivalent hard
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sphere diam eter has been more fu lly  d iscussed in  Chapter I I I .

Although th is  method is  exact in  the low density  l im it ,  i t  is  

however most successfu l fo r repu lsive  .force f lu id s  whose p o te n tia ls  

are not too so f t  or o r ie n ta tio n a lly  dependent. B lip function 

theory is  u sua lly  used as a p a r t  o f a p e rtu rb a tio n  theory describ ing  

both repu lsive  and a t t r a c t iv e  force p o te n tia ls . The method, together 

w ith a m odification to  deal w ith s o f te r  p o te n tia ls  is  fu l ly  discussed 

by Andersen, Chandler and Weeks (26).

HTA has been used fo r Lennard-Jones f lu id s  and has been shown 

to  give a reasonable rep resen ta tio n  down to the t r ip le  po in t 

temperature (13). HTA has a lso  been applied  to  molecular f lu id s  by 

S teele  and Sandler (27), who examined the o r ie n ta tio n a l p ro p ertie s  

o f the d is tr ib u tio n  functions.

In  order to  account fo r the a t t ra c t iv e  in te rac tio n s  the 'random 

phase approximation' (RPA) has been proposed fo r  a c la s s ic a l  e lec tron  

gas by Andersen and Chandler (28) who subsequently extended i t  to  

ion ic  so lu tions (29). This approximation is  equivalent to  rep lacing  

the d ire c t  c o rre la tio n  function  c (r) by

c (r)  = c^(r) -  3v(r) (V-18)

where v (r) i s  given by equation (V-14), leading to

g (r) = g^(r) + C(r) (V-19)

C(r) = — Ju(k) [x (k)]^ exp (ik .r) dk (V-20)(2^)3 o ~

where
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X (k) = 1 + ph (k) = 1+p/h (r)exp(ik .r)dr (V-21)

and

û(k) = ---------^ -----------  (V-22)
[ l  + Bpv(k)x„(k)]

or

Xj(k)
X ( k )  =  ------------^  r  (V-23)

£l + SpvCk^XgCk)]

In  the HTA approximation the Helmholtz free  energy is  given by

W  *do -  î8p^/gHTACr)^Cr)dr CV-24)

where A^^ is  the reference system co n trib u tio n . The RPA free  energy 

is  given by

“ ^do CV-2S)

a^pA “ /  dk [gpvMXgCk) -  Jln[l + epv(k)x^(k)]] (V-26)
( 2 tt)

For RPA to  be convergent fo r a l l  wave vectors

3pv(k)xQ(k) < 1  (V-27)

thus the pe rtu rb a tio n  must be weak or the density  low. RPA can, 

in side  the hard co re , p red ic t unphysical non-zero values o f g ( r ) . 

This is  because C(r) i s  u su a lly  non-zero in  th is  range.
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In order to  remove the non-zero e f fe c t ,  the optimized random 

phase approximation (ORPA) was proposed by Andersen and Chandler (30) 

in  the  context o f ion ic  so lu tio n  theory . ORPA was then generalised  

by Andersen, Chandler and Weeks (31) to  the study o f simple l iq u id s , 

including Lennard-Jones f lu id s . The method demands th a t  g ( r ) , and 

thus C(r) be zero w ith in  the hard core . This i s  accomplished by 

changing v (r) fo r  r  < d, which a l te r s  v(k) and u(k) fo r a l l  wavevectors, 

giving an optimized value of a ^ ^ .  v (r) fo r  r  < d is  chosen such th a t

S^fCr)  = -  (2/p^)i;(6App^)/«8v(r)] = 0 : r  < d (V-28)

This is  equivalent to demanding th a t

^  ̂  ̂ ^ (V-29)

where a ^ ^  i s  given by equation (V-26) . Thus ORPA is  any one of 

equations (V-23,18,19) o r equation (V-25) together w ith equation (V-29) 

ORPA can be shown to  reduce to  MSA when the exact g(r) (hard sphere) 

i s  replaced by i t s  PY coun terpart. ORPA has been applied  to  the 

ca lcu la tio n  of the s tru c tu ra l  and thermodynamic p ro p ertie s  o f p rim itive  

model ion ic  so lu tions (32) and Lennard-Jones f lu id s  (31*32) by 

Andersen, Chandler and Weeks who show th a t  ORPA is  accurate a t  high 

and moderate d e n s i t ie s , but no t a t  low d e n s i t ie s . ORPA underestim ates 

the e ffe c t  o f the p e rtu rb a tio n  p o te n tia l a t  high d e n s itie s  and 

although i t  p red ic ts  changes in  the r ig h t d ire c tio n , they are not large  

enough. At low d e n s itie s  i t  can e a s ily  p red ic t negative c o rre la tio n  

functions fo r  repu lsive  in te ra c tio n s , but again underestim ates the 

e ffe c ts  o f a t t r a c t iv e  in te ra c tio n s .
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In a fu r th e r  study o f optimized c lu s te r  theory by Andersen and 

Chandler (33), a formal c lu s te r  expansion fo r the s tru c tu re  o f a f lu id , 

and ideas about the trunca tion  o f the in f in i te  c lu s te r  s e r ie s  were 

p resen ted , which reduce to  p rac ticab le  approximate expressions. They 

suggested fo r  the p a ir  c o rre la tio n  function the exponential approximation 

(EXP) which is  given by

ggxp(r) = go(r)exp[C (r)J (V-30)

where C(r) is  given by equation (V-20). For the free  energy the 

ORPA+B2 approximation was suggested, and is  given by

^  ~ ^d ^RPA ^2 (V-31)

Wiere A ^^^  is  equivalent to  a ^ ^  given in  equation (V-26) w ith 

v(k) determined by the optim ization condition equation (V-29). The 

B2 term is  given by

h  °  JP ^/hoW .J[C C r)]^dr + |p ^ /g ^ (r) Z ' i j-  [C (r)]"  d r CV-32)
^ n=3 *

The accuracy o f  these approximations was investiga ted  (32) and found 

to  be in  very good agreement w ith computer sim ulation r e s u l ts ,  both 

fo r  Lennard-Jones f lu id s  and ion ic  so lu tio n s . The approximation is  

found to  be accurate a t  a l l  d e n s itie s  fo r  sho rt and long ranged 

p e rtu rb a tio n s , provided th a t  the a t t r a c t iv e  t a i l  o f the p a ir  p o ten tia l 

is  small in  majnitude ( i . e .  30(r) < 1.5 fo r  r  > d ) .  In  each o f the 

following th ree  lim its  ; low density , high density  and high tem perature, 

both ORPA+B2 and EXP approximations are asym ptotically  c o rre c t. For
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low density  and coulombic t a i l s ,  the EXP approximation gives Debye- 

Hückel screening. While fo r  Lennard-Jones f lu id s  a t  high d ensity ,

EXP p re d ic ts  only small co rrec tions o f  the  c o rre c t sign  to  HTA, These 

optim ized c lu s te r  approximations a re  reviewed in  d e ta i l  by Andersen, 

Chandler and Weeks (26).

(V-4) RISM THEORY.

In troduction .

The extension o f  optim ized c lu s te r  theory (33) to  m olecular f lu id s  

by Chandler and Andersen (34) gave r i s e  to  the  reference in te ra c tio n  

s i t e  model approximation (RISM). In  th is  model the molecule i s  composed 

o f  m r ig id ly  connected hard spheres. The a th  sphere has a diam eter of 

d^ and i s  loca ted  a t  the  a th  s i t e  whose p o s itio n  on the  j t h  molecule is  

given by

r?  
-1

R.  + (V-33)

viiere Rj is  the p o s itio n  o f the  o rig in  o f  the  j t h  molecule (o rien ta tio n

0 . ) ,  whose bond vecto r from the o rig in  to  the a th  s i t e  i s  &?. (See 
-J  -J
Figure. (V-1)). The p a ir  p o te n tia l  i s  then given by

ay

Figure (V-1)
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: ..............( l . j )  ■ Î  r  - „ ( l £ r î ] l )  (V-34)
a=l Y=1

where

(V-35)

u ^ ^ ( r )  being a hard sphere p o te n tia l  of diaiijeter d^^ and u^^(r) is

the p e rtu rb a tio n  p o te n tia l .  The r e s t r ic t io n  th a t the hard sphere

diameters should be add itive  ( i . e .  d = (d +d 1/ 2) need not hold.ay a y
The Helmholtz free  energy fo r  m olecular systems can be obtained 

from the canonical ensemble p a r t i t io n  function  Q by

A = -Aa/kTV = JinQ/V (V.36)

where

Q = - ^ w J d R V ex p H - 2 w (r„ )/k T ] (V-37)
'  ~ i< j= l

where

f4TT -  l in e a r  molecule . 
fd^2. — ÇI — \  2 (V“38)

8tt “ non -linear molecule

The f u l l  tw o-partic le  d is t r ib  u tio n  function g (R ,0 ,0 ') fo r 

molecular systems is  defined by

2 N N
^  g (R ,0 ,^ ') = < Z Z 6 (R .)6 (R .-R )6(0 .-0 )6 (0 .-0 ')>  (V-39)

j = 2  " I  ~  ~ i  ~  ~ j  -

( i / j )

The s i t e - s i t e  ra d ia l  d is tr ib u tio n  function g^^(r) is  defined by
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N N
g (r) = < Z  Z ô(r'^)6 (i^ -r)>  (V-40)

i= l j= l ~
( i f j )

2
= /dR dR' d^dt2’g(R-R’ ,S ,̂S '̂)

^ 6(R + f ) 6(R'+&Y(0') -r)  (V-41)

The ra d ia l  d is tr ib u tio n  functions are  then re la te d  to  the free  

energy by the following functional d e riv a tiv e  re la tio n sh ip s

the  c lu s te r  expansions o f Andersen and Chandler (33) used fo r simple 

f lu id s  are  extended to  molecular f lu id s  by su b s titu tin g  fo r the 

in te g ra tio n  over a p a r t ic le  by an in te g ra tio n  over p o s itio n  and 

o r ie n ta tio n . Thus

p/dr^ + (p/q)fdR^dÇL E (p /0 ) jd i (V-44)

(V-5) Theory o f Reference System.

To deteimine the p ro p erties  o f the reference system, in  which 

the p a ir  in te rac tio n s  are  given by

and a method s im ila r to  the PY equation fo r hard spheres was used. 

The d ire c t  c o rre la tio n  function c (r) is  defined by the OZ equation 

(V-1) where h (r) i s  given by
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h(r) = (V-46)

The p a ir  p o te n tia l is  in f in i te  i f  any p a ir  o f spheres of molecules 

1 and 2 overlap and is  otherwise zero. The PY closure fo r such a f lu id  

o f hard sphere molecules i s

Cpy(l,2) = 0  : No Overlap (approximate)

(V-47)

hpy(l,2) = -1 : Overlap (exact)

The so lu tio n  o f the OZ equation w ith PY closure fo r m olecular f lu id s  

involves angular expansions which rap id ly  becomes in tra c ta b le .

However, the RISM method co n sis ts  o f a g en era liza tio n  of the PY 

re la tio n sh ip  to  molecular f lu id s , in  which the d ire c t  c o rre la tio n  

function  is  the sum o f the s i t e - s i t e  functions. This can be tre a te d  

a n a ly tic a lly . This can be w ritte n

C refW  = C^(r) + A^(r) (V-48)

where

and

C (r) = 0 fo r r  > d (V-50)ay ay

Equation (V-50) is  implied by the PY approximation. However, from 

the expansion o f c (r)  i t  can be seen th a t Ac(r) is  not zero. The
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’T)est" choice fo r c (r) functions is  one fo r which C ^(r) % C (r)ay r e f  o
The so lu tio n  of the OZ equation Wien Ac(r) = 0 is  denoted by h ^ ( r ) . 

Thus

h g (l,2 ) = C ^(l,2) + (p /n)/d3  C^(l,3) hg(2,3) (V-51)

then

hp g f(l,2 ) = h o d .2) + O(A^) CV-52)

Neglecting the Ac term in  equation (V-5 2) i s  a poor approximation as 

i t  becomes impossible to  ensure the closure = -1 Wien

molecules 1 and 2 overlap. This leads to  the study o f the s i t e -  

s i t e  c o rre la tio n  functions defined by

h“Y fd ) = n 'V d ld 2 6 (^ + t“)5 (R 2 - t |-ÿ  h ^ g jd ,2 )  (V-53)

Wiere

h ^ ..fd .2 )  = c (1,2) + 2 p '^/d3....d(n+2)

xC o(l,3 ).C ^(3 ,4 ). . . .C^((n+2).2) (V-543

w ith given by equation (V-49). Equation (V-53) can be

shown to  give the following O m stein-Zem ike lik e  equation (34,35) 

in  terms o f the s i t e - s i t e  functions.

^refCr) = w*c*w(r) + pcû*c*h^^(r) (V-55)
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where * denotes a convolution and h (r) ,o)(r) and c (r)  are m atrices 
• r e fhaving elements h (r) (r) and c ( r ) . I t  is  usefu l to  note® ay ' ay ay
th a t  equation (V-1) fo r  spherica l molecules becomes

h (r) = c (r)  + pc*h(r) (V-5 6)

and

c*h(r) = / d r 'c ( | r - r ' l ) h ( r ’)

The Fourier transform  of equation (V-55) gives

h ref(k ) = oo(k)c(k) [l-poa(k)c(k)]'^û(k) + 0(Ac(k)) (V-57)

where M ^ denotes the m atrix inverse and 1 the u n it  m atrix . The

0) (k) function  is  the in te rn a l s tru c tu re  fa c to r  defined byay ^

û„^(k) = n'VcE, exp[ik.C<l?-Jlï)l (V-58)Ct I J.

= S -  (k| I) /k( I I ) (V-59)

I t  i s  now possib le  to  neg lec t terms w ithout producing

unphysical e f fe c ts ,  and so ob tain

°  (20" f̂dk[LCk)G(k)[i-p^Ck)2(k)]-lw(k)]

X exp(ik.r) (V-60)
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The ’b est cho ice’ fo r  c (r) function is  such th a tay
h ^ f  (r) = -1 fo r r  £  d (V-61)

Thus the RISM theory co n sis ts  o f equations (V-50,60,61). These 

equations have been shown by Ladanyi and Chandler (36) to  have the 

following lim itin g  p ro p erties  -

1) That the so lu tions o f the RISM equations give cusps and

d isc o n tin u itie s  a t  p rec ise ly  the same p o sitio n s as those of the

exact h ( r ) . ay
2) As the s i t e - s i t e  in tram olecular d istances h -»• «> the s i t e - s i t eay
c o rre la tio n  functions can be ca lcu la ted  as i f  the molecular f lu id  were 

a m ixture, vhere the in te ra c tio n  s i te s  are tre a te d  as independent 

p a r t ic le s .  The so lu tio n  in  th is  case i s  the same as the PY so lu tion  

fo r  m ixtures.

3) I f  fo r  any reason there  i s  only one e ffe c tiv e  in te ra c tio n  s i t e  

in  a molecule then the RISM equations reduce to  the PY equation.

In  passing , i t  i s  u sefu l to  note th a t  the con tribu tion  to  

h^^f (r) from the f i r s t  teim on the r ig h t  hand side  o f equation (V-55) 

i s

and

CV-63)
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where

C |r-r '|) = (V-64)

where

= I M I
(V-6) Theory o f P e rtu rb a tio n s .

Having fo u n ig ^ ^ £ (r ) , i t  i s  now possib le  to  ca lcu la te  the 

e ffe c t  o f the p e rtu rb a tio n  p o te n tia l  v^^(r) by means o f

p e rtu rb a tio n  theory. Applying HTA, the sim plest approximation gives

W  = \ e f  + (P /2 )  2 *  (V-67)
a ,Y '

where

(V-68)

Corrections to  th is  approximation must account fo r  the e ffe c ts  o f 

pertu rba tions on the s tru c tu re . The corrections are given by the 

rin g  diagram sum, which contain  p e rtu rb a tio n  and h^^£ bonds and are 

discussed by Andersen and Chandler (33). A ll rin g  diagrams involving 

n p e rtu rb a tio n  bonds are then w ritten  as one generalized rin g  defined 

by
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Fj.efCl.2) = (p/fl)6(^ -R 2) 6 (n^-fi2) + (p/!2) (1,2) (V-69)

This function  is  a g enera liza tion  o f the hypervex function
2

FrefCv) = p6 (r) + p . The generalized ring  involving n

p e rtu rb a tio n  bonds is

= (2nV )'V dld2....dC 2n)

X 2 2 . . . .  2 * (1,2)F r(2,3)
a.Y X,e T1.V

and i s  the general r in g  diagram con tribu ting  to  ORPA. Provided 

Fourier transform s o f (|)^^(1,2) e x is t ,  then fo r  example n=3

R^^) = (6V)’ ^(2Tr)‘® /d l....d6 /dk^dk ,dk ,

a!y  a! î  nîv *«Y(kl)*As(k2)*n,v(k3)

X F r e f(2 .3 )F r ef(4 ,5 )F re f(6 ,l)

X exp[ik^(r“-r |)  + ik ^ C rrll) + ":V-71)

These in te g ra ls  over configurations are performed by noting th a t  

r?  = R. + &?, thus
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(2TT)"YdnKijF^g^(mJ)exp[-iCk.r“ + k ' . r ï ) ]

= 6 (k+k’)r^^(k) (V-72)

Using equation (V-72) one obtains fo r  R

R^^  ̂ = [6 (2t t ) ^ - V *  Z 2 2 <1, (k)$ (k)* (k)
'  a.Y X.Ç n.v

= [6(2TT)^J'^/dk T r[ î(k )r(k )]3  (V-73)

Wiere Tr denotes the trace  of the re su lta n t m atrix . The summation 

o f a l l  the generalized rings (n > 2) now gives

^RING ° Ln—z

= - [ 2(27r )^ 'V d k { T r[ r (k ) î(k )J  + jm D et[l-r(k )J(k)]}  (V-74)

where Det denotes the determinant o f the m atrix . (N.B. For a 

d iagonalizable m atrix A, Tr£nA = JinDetA)

Now the ORPA free  energy is  given by

■\)RPA ° AiTA * “rin g  (V-75)

Thus from the functional de riva tive  re la tio n sh ip  given in  equation 

(V-43), the c o rre la tio n  functions are obtained
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* p"^C2Tr)'^/dk e x p [-ik .r]

X {r (k )4 (k )[ï-r (k )ô (k )]'lr (k )}  (V-76)ay

The optimized p ertu rba tion  used in  equations (V-75,76) i s  the 

so lu tio n  to  the v a ria tio n a l equation

= 0  fo r r  < (V-77)

which is  equivalent to  applying the exact r e s t r ic t io n

h (r) = -1 fo r  r  < d (V-78)ay ay  ̂ ^

This p e rtu rb a tio n  method fo r  molecular f lu id s ,  solved on a s i t e - s i t e  

b asis  may be applied  to  Monte Carlo and molecular dynamics 

generated reference s i t e - s i t e  d is tr ib u tio n  func tions. In the 

sp ec ia l case th a t  the RISM equations are used to  give , then

equations (V-76,77) can be shown to  y ie ld

h (r) = (2ïï)“^/dk exp(ik.r){ü)(k)c(k) [l-pü)(k)c(k)]"^ü)(k)} (V-79)
ex y ^  -N» -w ^  01 y

where the m atrix  elements o f the c (r) m atrix are defined byay

° " fo r  r  > d^^ (V-80)

and determined fo r  r  < d^^ by equation (V-78). Thus equations 

(V-78,79,80) form the so lu tio n  fo r  and when a l l  the

in te ra c tio n  s i te s  on a molecule are a t  the same po in t these equations 

reduce to  the MSA equations.
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(V-7) Treatment o f Soft Cores.

The molecular c o rre la tio n  function is  a function o f the 

Mayer c lu s te r  function , given by

f ( l ,2 )  = -1 + exp[-w (l,2)/kxl ' (V-81)

and fo r  hard core RISM systems by

= fdayCr) = -1 fo r  r  < d (V-82)

= 0 fo r  r  2  d

Wiere , the in d ire c t c o rre la tio n  function may be defined by

XayCr) = exp[-w ^^(r)/krn .g^^(r) (V-83)

Wiich gives

+ B- + (V-84)

I t  can a lso  be shown th a t

Thus fo r  hard core systems

XctyCr) = - C^^(r) fo r r  < d (V-86)

= g^yM  fo r  r  > d
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I t  can also be shown that y ^ y  (r) is  a continuous function (36) .

Then from equations (V-82) and (V-84) for a RISM flu id

h^^(r) = -1 fo r  r  < d (V-87)

= -1 + y (r) fo r  r  > d ̂ay —

h  ̂ (r) i s  discontinuous a t  r  = d . The magnitude o f the 
oty ay ®

d isco n tin u ity  i s  y (d ) .  As y (r) is  continuous, there  are no
ay ay 'ay

o ther d isc o n tin u itie s .

While y (r) i s  a continuous function , i t s  d e riv a tiv es are no t. 
ay

This can be demonstrated by d if fe re n tia t in g  the in te g ra ls  which

a ris e  from the c lu s te r  s e r ie s  expansion o f y ^ y (r) . I f  the function

i s  discontinuous a t  r  = d then the d eriva tive  w il l  be discontinuous
ay

a t

r  = Id ± L  I l < n < m  but q /  y (V-88)I an qy ' — — '  ̂ '

= * V '  l l n  < m bu t n a

In  c e r ta in  sp ec ia l cases i t  is  possib le  fo r  (i") to  have cusps 

located  a t  o ther p o sitio n s too .

The smoothing o f these d isc o n tin u itie s  and cusps i s  c a rr ie d  out 

by a method s im ila r to  the b lip -fu n c tio n  expansion (36). Let the 

subscrip t d denote the functions o f the RISM f lu id , which has the 

same L^^’s and density  as the system of in te re s t  fo r which w^^(r) 

i s  a continuous repulsive  p o te n tia l . The Mayer functions o f the 

RISM f lu id  are  then given by equation (V-82) where the s i t e - s i t e  

diameters are  chosen such th a t
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0 = /  drAf Cr) (V-89)
o

or equ ivalen tly

= -  /  d r  £^^(r) (V-90)

where

Af^^(r) = (-1 + exp|}-w(r)/kr]) - fdayCr)

= £„y(r) -  fdaY(r) (V-91)

A f u l le r  d iscussion  on the c r i t e r i a  fo r  choosing hard sphere 

diameters i s  given in  Chapter I I I .  A ’so f tn e ss ’ parameter Ç 

giving a measure o f the width o f  the b l ip  function Af^^(r) is  

roughly d^^ times the range of values over which Af^^(r) is  

non-zero, and may be estim ated by

Ç = ! dr|A f^^(r) | (V-92)

Due to  equation (V-89), th is  implies th a t fo r  any function  F(r)

/  d r Af (r)FCr) = 0 (5^) (V-93)
o ’

To study the e ffe c t  o f changing from fday(r) to  fday(r) + Af ( r ) ,ay
i t  is  usefu l to  separate  y (r) in to  two p a r ts ;  f i r s t  a smoothay
function  and second a function th a t  contains the cusps p resen t in  

yday(r), on assuming th a t they occur in  the positio n s given by
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equation (V-88)

yayW  = + y^p^(r) (V-94)

where (r) is  defined by

y W ( r )  = p

+ CV-95)

the S functions are  given by equation (V-65) and the constants 

\ q y  (^Gfined by

[2L (L +d )1

where

Now examining the p ro p erties  o f the smooth p a r t  y^^^ ( r ) , l e t

K ,^ , , ( r , r ' )  be the functional d e riv a tiv e  o f y^^^ (r) w ith respect ayqv ~ -  • 'a y  ^
to  f^ ^ (r-)

(r)
'^ayqv fM ') = [ { T ^ ]  07-97)

Using equation (V-91) and in te g ra tin g  equation (V-97) one obtains
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where (r ,r ')  i s  a continuous function. Then from equation

(V-93)

and

y„y(r) = y ^ ^ ( r )  + y^y^Cr) + O(ç^) (V-100)

with the r e s u l t  th a t

gayW  = [l+ f^^ (r)] [y ^ ^ ( r )  + y^y^ W j  + 0 (5^) (V-101)

Thus the p a ir  c o rre la tio n  functions of f lu id s  w ith smooth répulsive
2

forces can be ca lcu la ted  to  Ç o rd er.

CV-8) Method o f S o lu tion .

The RISM equations are solved by ap p lica tio n  o f the v a ria tio n a l 

method o r ig in a lly  presented by Chandler and Andersen (34) . The 

functional d e riv a tiv e  i s  defined such th a t  i t  s a t is f ie s  the

re la tio n

ay

d if fe re n tia t in g  equation (V-79) y ie ld s

X {Tr[pw(k)c(K)] + £nDet[l-pw(k)c(k)]} (V-103)
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The closure h (r) = -1 fo r r  < d can be expressed as oty Oty

6c ^ ( r ) ' 1  "  ^  fo r r  < d (V-104)
Q t y k  J J

with equations (V-103,104) forming a v a ria tio n a l method fo r solving 

the RISM equations. In p a r t ic u la r ,  a power se r ie s  approximation 

is  used fo r the c^y(v) functions inside  the hard core

c„y(r) = n(d^^-r) a f  [(r/d^^) - l ]  (V-105)

and n(x) i s  a step  function  given by

q(x) = 0  fo r  X < 0 (V-106)

= 1 fo r  X > 0

I rISm is  now a function  o f the power se r ie s  c o e ff ic ie n ts  a?^ 

and thus equation (V-104) becomes

which gives a system o f  n[jm(m+l)] coupled a lgebraic  equations. 

These are solved using a multidimensional Newton-Raphson technique. 

Following Lowden and Chandler (37) the expression fo r  was

replaced by
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 ̂ m 00 «
I r i s h  ^ P  ̂ i  ̂  ̂ ^ (lO]a,Y=l o ' '

- /  dk {Tr[po)(k)c(k) +
(2ir)-^ o ~

+ ilnDet [l-pw (k) c (k)] } (V-108)

This was found to  be num erically more s ta b le  a t  large  wavevectors. 

The fo u rie r  transform  o f a function  f ( r )  in  th ree - dimensions is  

simply

f(k) = ( 2 it)  ^  /  f (r)ex p £ ik .r]  d r (V-109)

which can be shown (38) to  be equivalent to

fCk) = 4?.(2w)"3 /  f ( r )  r^d r (V-110)

= —1-y /  [r.£ C r)]S in (k .r)  dr (V-111)
2ïï K o

The p reserva tion  o f area  across the transform , i . e .  P a rsev a l’s 

Id e n tity , must be maintained

J [ f ( r ) j7  d r = (2tt) ‘ ^ /  [f(k )]7  dk (V-1I2)

thus implying th a t  trapezo id  ru le  i s  the most accurate fo r 

p reserva tion  of a rea , as i t  does not attem pt to  in te rp o la te  the 

function .

The so lu tio n  is  obtained by requiring  the de riva tives of 

equation (V-107) to  be le ss  than a given to le rance .
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The molecular s tru c tu re  fac to r S (k), which is  d ire c tly  re la te d  

to  the sc a tte r in g  function yCK) of equation (V-5) is  defined by

m « m n N
S(k) = ( 2 b ) '  2 b b <jT 2 e x p [ i k . ( r f  rT)]> (V-113)

a=l “ a,Y=l “ Y ~

may be expressed in  terms o f the s i t e - s i t e  c o rre la tio n  functions by

m  ̂ 1 m
S(k) = ( 2 b ^ ) - l  2 b b [Oü fk) + ph (k)] (V-114)

a=l a,Y=l ' '  '

where b^ is  the coherent neutron sc a tte r in g  amplitude fo r type a 

n u c le i, and tab les  of b^ are given by the Neutron D iffrac tio n  

Commission (39). In  the id ea l gas lim it  ( i . e .  completely random 

stru c tu re ) equation (V-114) reduces to

m 9 1 m
S id e a l®  = ( 3 b o ) ' ^ b^b m (k) (V-115)

a=l ot,Y=l ' '

F in a lly  by applying the method o f Hsu, Chandler and Lowden (40) 

the spherica l harmonics o f the p a ir  c o rre la tio n  function  were 

ca lcu la ted . For these the  s i t e - s i t e  d istances were expressed in  

terms o f the o rie n ta tio n a l angles 0^, <̂-̂ 2 the d istance R

between the cen tres o f  mass as i l lu s t r a te d  in  Figure ( I I -  1 ) .  The 

s i t e - s i t e  d istances are  then

l î l ’ l P  ^ ^ 1 2  ^ fCR»0i»®21"^12^ (V-116)

The p ro b ab ility  o f a p a ir  o f molecules a t  a d istance R being in  a 

p a r t ic u la r  configuration  sp ec ified  by 0]^»02»^i2 estim ated as the 

product o f the s i t e - s i t e  p ro b ab ility  functions
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P^R»01»021’^12^ n (V-117)
ay '

This must be normalized by in te g ra tin g  over a l l  angles to  form a 

weighting function W(R,0£ ,02 ,(f)̂ 2^

P(R,0-| y)
WCR.0i .02 ,* i 2) =   _ 2n

(lÔTT ) /  /  /  P(R ,0£,0 2 ,4 2 2 ^ ^ 1 ^ 2 ^ 1 2

The angular ra d ia l  d is tr ib u tio n  function  is  then

G(R,02,022»422^ ” ^cc^P^^^P’®l*®21*^12^ (V-119)

where i s  the cen tre  o f mass s i t e  ra d ia l d is tr ib u tio n  function ,

i . e .  the p ro b ab ility  o f finding a p a ir  o f molecules separated by a 

d istance R. The spherica l harmonics are then simply obtained by 

in teg ra tin g  G(R,02 ,02 ,422  ̂ w ith  the appropriate haimonic

function  over a l l  angles as discussed in  Chapter IV giving

^   ̂ /  /  /  ^ M ’ni^®l’®2’^12^^^P’®l’®2» ^ 1 2 ^ ^ 1 ^ 2 ^ 1 2
0 0 0

CV-120)

Wiere i s  the spherica l harmonics o f m olecular o rien ta tio n

o f the centre-of-m ass ra d ia l  d is tr ib u tio n  function .
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RESULTS AND DISCUSSION.

(V-9) Hard Core Molecules.

The f i r s t  so lu tions to  the RISM equations were found by 

Lowden and Chandler (41) fo r diatomic molecules modeled . by two 

hard core in te ra c tio n  s i t e s .  Their method was then extended to  

m u lt i- s i te  m olecular liq u id s including th re e -s i te d  carbon 

d isu lph ide , f iv e -s i te d  carbon te tra c h lo rid e  and benzene w ith 

s ix  s i te s  (42,43).

In  order to  t e s t  the accuracy o f the so lu tio n  method, i t  was 

decided to  reproduce the re s u lts  o f Lowden and Chandler fo r  the 

th re e -s i te d  models o f carbon disulphide and carbon d ise len id e .

The c o e ff ic ie n ts  o f the o rd e r ' 4 polynomial rep resen ta tion  o f CojY(r) 

given in  equation (V-105) a t  the so lu tio n  were compared with the 

values given by Lowden (43) fo r  carbon d isulphide a t  high and low 

density  and carbon d ise len id e . (The parameters used were s t r i c t l y  

those o f Lowden fo r  proper comparison.) The ca lcu la ted  c o e ff ic ien ts  

and the so lu tio n  curves themselves were found to  be in  agreement.

Having v e r if ie d  the so lu tio n  method fo r  the RISM equations i t  

was decided to  in v es tig a te

1) The changes in  the p a ir  d is tr ib u tio n  functions w ith  v a ria tio n s  in  

density  and bond length  fo r  hard core systems;

2) Angular p ro p e rtie s  o f the  RISM so lu tions in  comparison w ith o ther 

theo ries such as PY and b lip -fu n c tio n  theo ries in  th e i r  angular 

expansions ;

3) The so lu tio n  fo r  r e a l i s t i c  so ft-co re  p o te n tia ls ;

4) The so lu tio n  fo r  r e a l i s t i c  so ft-co re  p o te n tia ls  w ith a tt ra c t iv e  

t a i l s .

I t  was found from the ca lcu la tions th a t the so lu tions to  the
3RISM equations were unstable a t  high d en sitie s  (p*=pd _> 0 .7 ) . The 

method often  produced negative s tru c tu re  fac to rs a t  very small wave

vectors fo r  high d e n s itie s , which prevented any fu rth e r  convergence
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towards a so lu tio n . I t  seems l ik e ly  th a t these negative s tru c tu re
^  _1

fac to rs  are produced by the m atrix inverse |£-po)(k)c(k)|" in  

equation (V-60) becoming badly behaved due to  domination by the 

second teim  in  the inverse. The method o f so lu tio n  is  a lso  lim ited  

to  bond lengths considerably g rea te r than the sm allest d istance Ar 

between in te g ra tio n  p o in ts . This being due to  the o sc illa tio n s  in  

the (k) function  becoming very rap id  fo r  very small bond leng th s,

and re su ltin g  in  the in te g ra ls  over the products o f the w (k)oty
functions becoming unstab le . This in s ta b i l i ty  makes i t  impossible 

to  fin d  a so lu tion  o f the RISM equations w ith in  a given to le ran ce , 

as the values o f I^^g^ flu c tu a te  g rea tly  w ith small changes in  the 

a?^ polynanial c o e ff ic ie n ts .

The density  and bond length  dependence was in v estig a ted  by 

solving the equations fo r  L*=0.2, 0.4 and 0 .6 , where L*=L/a and a 

i s  the diam eter o f the atom s i t e  o f the diatomic molecule, a t  a density  

o f 0.5p*(p*=pa^) and fo r  L*=0.6 a t  p*=0.2664. This choice o f density  

and bond length  allows comparison w ith the truncated  PY-equation method 

o f Chen and S teele  (14), and a lso  w ith the b lip -fu n c tio n  expansion o f 

S teele  and Sandler (27). Computer sim ulations o f these systems have 

been c a rr ie d  out by S tr e e t t  and T ildesley  (44) , by Monte Carlo methods. 

For comparison w ith the RISM re s u lts  the computer sim ulation r e s u l ts ,  

e ith e r  from Monte Carlo o r molecular dynamics methods w il l  be taken 

as exact r e s u l ts .  In  each case the RISM equations were solved fo r  a 

th re e - s i te  model, the ou ter two s i te s  being a t  the atomic n u c le i, and 

the th ird  s i t e  a t  the cen tre  o f mass.
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The minimum s i t e - s i t e  in te ra c tio n  d istances are then given

by

d22 = Cd^i -  CL/2) 2 ):

(V-121)

*^2 * ^22^

A comparison of the atom-atom s i t e  d is tr ib u tio n  function  fo r  a 

symmetric diatom ic, solved w ith and without an a u x ilia ry  s i t e  a t  

the cen tre  o f mass is  given by Chandler, Hsu and S tr e e t t  (45) . In

general the a u x ilia ry  s i t e  i s  shown to improve agreement w ith 

computer sim ulation re s u lts  and is  p a r t ic u la r ly  applicable fo r  the

hard core contact (r=d ) r e s u l ts .
olY

Considering f i r s t  the case o f L*=0.4, p*=0.5, the RISM so lu tions

are given in  Figure (V-2,3,4) which i l lu s t r a te  the s i t e - s i t e

d is tr ib u tio n  functions, the s tru c tu re  fa c to r  and the  spherica l harmonics

resp ec tiv e ly . Comparison o f the centre-of-m ass d is tr ib u tio n

function  w ith the computer sim ulation re s u lts  of S tre e t t  and

T ildesley  (44) show q u a lita tiv e  agreement. For the c a lcu la tio n  of

the s tru c tu re  fa c to r  the values of the coherent neutron sc a tte r in g
-4amplitude fo r each atom was taken to  be 0.5 x lO , so th a t the value
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of (0) was equal to the number of nuclei in the molecule, ;
as a form of normalization of the function. The spherical

harmonics for these hard core systems show spurious rapid oscillations 
particularly for the 221, 222 and 400 harmonics at distances less
than half a bond length above the hard core diameter. This

discrepancy is due to the inaccuracy of 20-point Gauss-Legendre 

quadrature for functions which are discontinuous within the range 
of integration. The discontinuity is introduced by the presence 

of the hard core which makes G(R,G^,0 2 ,̂ 2 2 ) discontinuous, being a 
function of a product involving the atom-atom distribution function.

These rap id  o s c i l la t io n s ,  thus a r is e  from inaccurate angular 

in te g ra tio n , and are  sm aller in  magnitude than the spherica l harmonics 

and thus should be d isregarded.

The main fea tu res o f the s i t e - s i t e  d is tr ib u tio n  functions 

ca lcu la ted  from the RISM equations, are c o rre c t, y ie ld in g  cusp-like  

fea tu res in  the p o sitio n s p red ic ted  by equations (V-87,88). The 

Fourier transform  o f  these produces a s tru c tu re  fa c to r  w ith a strong peak 

a t  1.72% rap id ly  decaying to  id ea l gas behaviour a t  la rge  wavevectors 

(see Figure (V-3)). The spherica l harmonics (Figure (V-4)) show 

some degree o f agreement w ith those ca lcu la ted  by S tre e t t  and T ildesley . 

However, the minimum approach d istances used by S tr e e t t  and T ildesley  

do not agree w ith  those used in  th is  work, although how th is  would 

a ffe c t  the spherica l harmonics is  not known. Despite th is  discrepancy 

there  i s  q u a lita tiv e  i f  not q u an tita tiv e  agreement fo r gOOO, in  the 

heigh t o f the f i r s t  peak and p o sitio n  o f the f i r s t  minimum.

There is  however only q u a lita tiv e  agreement fo r  g200 caused by a 

no ticeab le  in f le c tio n  in  the RISM curve a t  (a+L), although the r e s t  

of the curve is  in  very good agreement w ith th a t o f S tre e t t  and 

T ildesley . This e f fe c t  i s  re la te d  to  a d ifference  in  the re la tiv e  

p ro b a b ilit ie s  of J  configurations (0^ = n /2 , 0^ = 0 ) . The strong
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negative lobe of g200 fo r small separations a rise s  when there  is  

a strong p ro b ab ility  o f  0^ and 02 being approximately t t / 2 ,  as in  

the p a ra l le l  ( | |) (0^ = t t / 2 ,  02 =  t t / 2 ,  ~  0 )  or crossed (+)

( 0 ^  =  ï ï / 2 ,  02 =  t t / 2 ,  022 *  t t / 2 )  configu ra tions. g 2 0 0  w ill  be 

zero when p o s itiv e  and negative con tribu tions cancel, th is  occurring 

when <Cos 0> = 1 /3 . For the configura tion  the average over a l l  

molecules would give g200 = IgOOO. Unlike g200 curves from 

sim ulation d a ta , the g200 function p red ic ted  by the RISM equations 

ex h ib its  damped o s c i l la t io n s , and thus o r ie n ta tio n  in  the second 

n earest neighbour sphere and beyond.

For the g220 harmonic there  i s  very poor agreement caused by 

the lack of any negative lobe beginning a t  approximately 1.25R* where 

R* = R/a (1*25R* ** (a+L/2 )) . This e f fe c t  is  c h a ra c te r is t ic  o f a l l  

so lu tions to  the RISM equations. The strong i n i t i a l  p o s itiv e  lobe 

of g220 ind ica tes  02 ^ 02 " w/2 inplying 11 and + configurations 

dominate a t  small d is ta n c e s . For the J  configura tion  the g220 

function  values are a t  th e i r  low est. The RISM equations f a i l  to  

p red ic t a strong negative lobe fo r g220, being caused by an in a b i l i ty  

to  give a s u f f ic ie n tly  high p ro b ab ility  to  the "I” configuration  w ith in  

the f i r s t  n eares t neighbour s h e l l .

The so lu tio n  a t  0.6L*, 0.5p* ex h ib its  the same general fea tu re s . 

The increase in  bond length  causes a s h i f t  in  the cusp-like  fea tu res 

o f the s i t e - s i t e  d is tr ib u tio n  functions in  Figure (V-5). The 

con tact value of the atom-atom d is tr ib u tio n  function  is  increased by 

a fa c to r  o f about 40%, w ith shoulders appearing a t  (^22+^) and 

(d22+1.7L) a t  approximately 0.5L before the maximum of the peak of 

the cen tre -cen tre  d is tr ib u tio n  function . A weak cusp-like  fea tu re  

a lso  begins to  become apparent a t  (d22+0.5L). This re s u lts  in  the
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s tru c tu re  fa c to r  in  Figure (V-6) having a much le ss  pronounced 

f i r s t  peak a t  1.78A  ̂ although a second peak a t  3.87A~^ has emerged. 

There a lso  appears to  be a la rg e r  dev ia tion  from the idea l gas case 

fo r large wavevectors.

The spherica l harmonics a t  0.6L*, O.Sp* in  Figures (V-7) show 

stronger o r ie n ta tio n a l dependence than fo r  0.4L*, the harmonics being 

more s tru c tu red  p a r t ic u la r ly  a t  longer ranges. However, a t  th is  

longer bond length the so lu tions fo r  the RISM equations begin to  be 

q u a li ta t iv e ly  d if fe re n t to  the computer sim ulation re s u l ts  of S tre e t t  

and T ildesley .

For gOOO the Monte Carlo ca lcu la tio n s ex h ib it a strong shoulder 

on the small r  side  o f the f i r s t  n eares t neighbour peak being 

su b s ta n tia lly  smeared out on the large  r  s id e . These are  fea tu res 

which are no t reproduced e ith e r  in  the RISM ca lcu la tio n s nor the 

zero-order b lip  function  theory re s u lts  o f S teele  and Sandler (27).

Both of these are  in  su b s ta n tia l q u a lita tiv e  agreement although the 

RISM method p red ic ts  a s ig n if ic a n tly  lower f i r s t  peak.

A possib le  explanation o f  the d ifference  between the RISM and 

Nfonte Carlo re s u l ts  could be in  the minimum approach d istances given 

by S t r e e t t  and T ildesley  as 0.989a, 0.959a and 0.905a fo r  L*=0.2,0.4 

and 0 .6  resp ec tiv e ly  and shown as such in  the graphs o f th e i r  paper (44). 

However, these minimum approach d istances in  fa c t  correspond to  

elongations o f L* = 0.2958, 0.5668 and 0.8508 resp ec tiv e ly , which may 

w ell a l t e r  the packing o f the molecules and thus the ra d ia l d is tr ib u tio n  

fu n c tio n s .

The g200 harmonic a t  0.6L*, 0.5p* has the same negative lobe a t  

small d istances as in  the 0.4L*, 0.5p* case , but the in f le c tio n  in  the 

curve a t  (a+L) has become a p o sitiv e  lobe which slowly decays in
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o s c illa tio n s  through the second n eares t neighbour s h e l l .  I t  can 

be seen th a t these in f le c tio n s  and p o s itiv e  lobes appearing a t  

(a+L3 seem to  be a general fea tu re  o f the RISM c a lc u la tio n s , and 

are not reproduced by the Monte Carlo r e s u l t s .

The s l ig h t  negative lobe fo r  g220 a t  0.4L*, 0.5p* has become 

stronger a t  0.6L*, w ith the p o s itiv e  lobe a t  (a+L) being stronger, 

before o s c il la t in g  to  zero. The same c h a ra c te r is tic s  hold fo r 

g400, although the p o s itiv e  lobe a t  (a+L) is  much weaker fo r  the 

0.6L* case. The g221 harmonic is  unchanged in  shape, but is  s l ig h tly  

stro n g er, while the g222 function  again rap id ly  o s c i l la te s  spuriously  about 

ju s t below zero . This v a r ia tio n  of the RISM harmonic functions with 

increasing  bond length  shows increasing  o r ie n ta tio n a l dependence a t  

the la rg e r  bond leng th , which would be expected.

The c a lcu la tio n  o f the spherica l harmonics a t  p*=0.2664, L*==0.6 

enables a f u l l  comparison to  be made w ith the Monte Carlo method of 

S tr e e t t  and T ildesley  (44), the truncated  PY approximation o f Chen 

and S teele  (14) and the b lip  function  (HTA) ca lcu la tio n s o f S teele  

Sandler (27). The RISM ca lcu la ted  spherica l harmonics are  shown 

in  Figure (V-8), w h ils t the corresponding s i t e - s i t e  d is tr ib u tio n  

functions and the s tru c tu re  fa c to r  are  shown in  Figures (V-9,10) 

re sp ec tiv e ly . The re la tiv e  magnitudes o f the peak value fo r  various 

harmonics are given in  Table (V-1), which shows th a t the four methods 

give s im ila r  r e s u l ts .
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TABLE (V-1).
Heights o f 1 st peaks.

RISM MC(44) PY(14) b lip -function(27)

gooo 1.35 1.40 1.40 1.45

gZOO -0.65 -0.55 -0.55 -0.60

g220 +0.45 +0.40 +0.40 +0.40

g221 -0.10 -0.175 -0.175 -0.15

g222 - — — -0.05

g400 +0.35 — — +0.25

Despite the s im ila r re s u lts  achieved by these methods fo r  small 

separa tions , a t  la rg e r  d istances d iscrepancies between RISM and 

the o ther th ree  methods, which are q u a lita tiv e  in  n a tu re , appear, these 

d iscrepancies being -

1) The g200, g220 and g400 harmonics a l l  have an in f le c tio n  a t  

(a+L).

2) The in f le c tio n  causes s h if ts  to  s l ig h tly  la rg e r  separations and 

diminution o f the p o s itiv e  lobe of g200.

3) The negative lobe o f g220 does not e x is t ,  although there  i s  a

minima o f zero between two p o s itiv e  lobes.

These re s u lts  mean th a t  a l l  methods are in  almost q u a n tita tiv e  

agreement fo r  the o r ie n ta tio n a l p ro p erties  a t  small d is tan ces .

However, a t  la rg e r  separations the RISM equations p re d ic t S u b s tan tia lly  

d if fe re n t o rie n ta tio n a l dependence. I t  would be in s tru c tiv e  to  

analyse the re s u lts  o f the d iffe re n t methods in  terms o f spec ia l 

con figu ra tions, as the in a b i l i ty  to  p red ic t a negative lobe fo r  g220 

may be due to  the absence o f a p a r t ic u la r  configura tion . I t  i s

l ik e ly  th a t  th is  is  re la te d  to  the J  configura tion , vhich has the

co rrec t angular p ro p erties  to  produce such a d ifference  in  the harmonics 

This would mean that the RI94 method always se riously  underestim ates the 

p ro b ab ility  o f J  configurations occuring.
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(V-10) Leimard-Jones Repulsive Systems .

Having discussed the s t a t i c  p ro p erties  o f hard sphere l iq u id s , 

the RISM equations were then used to  look a t  so ft-sphere  l iq u id s , by 

comparison w ith the computer sim ulation re s u lts  o f Singer, Taylor 

and Singer (46) which w ill  be regarded as exact. The system chosen 

i n i t i a l l y  was th a t o f ch lo rin e , using the methods fo r  ca lcu la tin g  

the so lu tio n  already d iscussed . The parameters used were 

T*=1.0998, p*=0.54067, da^^ '^-^lZ l (reduced atom-atom hard sphere 

diameter) and L*=0.60241.

The p o te n tia l  separa tion  was c a rr ied  out by the Weeks, Chandler 

and Andersen method (23,24) discussed e a r l ie r  (see equations 

(V-12,13,14)) bu t on a s i t e - s i t e  b a s is . Thus the HTA repulsive  

p o te n tia l is  given by

= 4 #  -  (?) ] + c fo r r  < r ^ ^

(V-122)

-  0 fo r r  > r min

1/6  *  where r  . = 2 ' a . The s i t e - s i t e  diameters were then chosennun
according to  equations (V-89,90,91) w ith w(r) = cf)°^(r), i . e .

-  /  dr(-l+exp[-({)°^(r)/kTj) (V-123)
o

When ca lcu la tin g  the e f fe c t  o f the softening  o f the in te rac tio n s  

changes to  the minimum in te ra c tio n  distances o f the non-po ten tia l 

in te rac tio n s  ( i . e .  atom /centre and cen tre /cen tre) must be made so th a t 

no hard-core in te rac tio n s  are allowed to  be p resen t. This is  

accomplished by decreasing the cen tre /cen tre  and atom /centre minimum 

in te rac tio n s  d istances re sp ec tiv e ly , geom etrically
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d ^ 2  = (d ll -  (L/2)^)^ -  O.IA

^12 “ ^22 ■ O'lA

(V-124)

N on-additiv ity  o f diameters is  allowed as the RISM method does not 

requ ire  the s i t e - s i t e  hard sphere diameters to  be the same or even 

c o n s is te n t, compared w ith hard sphere c a lcu la tio n . Use of th is  was 

made by Hsu, Chandler and Lowden (40), who enlarged the cen tre /cen tre  

diameter in  diatomic to  sim ulate repu lsive  quadrupole in te ra c tio n s .

TABLE (V-2).

P ositions o f the maxima, minima and zeros o f d is tr ib u tio n  functions as 

T*=1.0998, p*=0.54067, L*=0.60241 without a t t r a c t iv e  p e rtu rb a tio n .

Maxima a t Minima a t Zeros a t

gAA(r) 1.04,1.525,2.07 1.42,1.745 —

gOOO(r) 1.29,2.29 1.76,2.81 -

g200(r) 1.52,2.69 1.17,2.18 1.40 ,1 .97 ,2 .45

g220(r) 1.085,1.54,2.05 1.33,1.76 1.24 ,1 .46 ,1 .57
1.90,2.25

g221(r) - 1.17 1.41

g222(r) - 1.00 1.25

g400(r) 1 .06 ,1 .26 ,1 .60 1.23,1.42 1.33,1.535,1.85

A ll d istances expressed in  reduced u n its  (R*=R/a)

The re s u lta n t s i t e - s i t e  d is tr ib u tio n  functions are shown in  

Figure (V-11) . These are in  q u a lita tiv e  agreement w ith the 

ca lcu la tio n s o f Singer e t  a l . ,  c o rrec tly  estim ating the heights o f the 

f i r s t  peaks o f the atom/atom and cen tre  o f mass ra d ia l  d is tr ib u tio n
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functions (gAA(r) and » However, the RISM gAA(r) does

not q u a n tita tiv e ly  reproduce the small maxima a t  (o+L), which is  thought 

to  correspond to  the d istance between the outer two, o f th ree  c o llin e a r  

atoms in  adjacent molecules (44). S im ilarly  the sim ulation data  shows 

a shoulder on the small r  side o f the f i r s t  peak o f which is

not p resen t in  the RISM coun terpart, although there  i s  a s l ig h t  change 

in  the curvature a t  approximately the same d is ta n c e . Comparing the 

spherica l haimonics ca lcu la ted  from the s i t e - s i t e  d is tr ib u tio n  functions 

of ch lorine  l ik e  systems o f hard spheres a t  0.6L*, O.Sp* w ith s o f t -  

spheres a t  0.60241L*, 0.54067p* (see Figure (V-12)) show close s im ila r ity . 

Despite th is  there  are s ig n if ic a n t d ifferences between the hard and 

s o f t  sphere systems which are th a t

a) The magnitude o f the negative lobe of g220 a t  (o+0.7L) i s  deeper 

fo r  the s o f t  sphere system. The magnitude o f the p o s itiv e  lobe of 

g220 a t  (a+L) and (a+2L) are  a lso  increased .

b) The magnitude o f the p o sitiv e  lobe o f g200 a t  (a+L) i s  increased 

as i s  the negative lobe a t  (a+2L) fo r  the s o f t  spheres. A ll o ther 

harmonics remain unchanged. This ind ica tes  an increase in  o rie n ta tio n a l 

dependence in  the second n eares t neighbour sh e ll  fo r  so ft-sp h e re s , 

although from th is  lim ited  inform ation o f the harmonics i t  i s  d i f f ic u l t  

to  p o stu la te  a reason fo r  the increase in  magnitude o f the p o s itiv e  lobes 

o f g200 and g220 a t  (a+L). The p ositions o f the maxima, minima and 

zeros o f the so f t-spheres d is tr ib u tio n  functions a t  0.60241L*,

0.54067p* are given in  Table (V-2).

Compared to  the molecular dynamics c a lcu la tio n s , the RISM 

equations again give a degree o f q u a lita tiv e  agreement, bu t they do 

not,however, give q u a n tita tiv e  agreement to  the computer sim ulation 

spherica l haimonics.

The p r in c ip le  d ifferences are

1) RISM does not p red ic t a shoulder on the le ft-hand  side  of gOOO, 

found by Singer e t  a l .  (46) and thought to  be caused by an increase
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in  J  configu ra tions, which are favoured a t  small d istances fo r high 

d e n s i t ie s .

2) g200 has a shoulder in f le c tio n  fea tu re  between the maxima a t 

(o+L) and the minima a t  (a+2L) .

3) The g220 harmonic is  very poorly represented; the maxima a t 

1.085R* is  too low by approximately 10%, the minima a t  (a+L/2) i s

too small by a fac to r  o f 2. The maxima a t  (a+L) is  w ell represented , 

however, the shoulder fea tu re  a t  approximately 2 .OR*, becomes a 

minima a t  1.90R* followed by a maximum a t  2,OR*, from which the RISM 

function  goes to  zero, w ithout reproducing the sim ulation minima 

a t  2.40R*.

4) The maxima o f g221 a t  1.51R* is  not reproduced, as is  the maxima o f 

g222 a t  1.17R*.

5) The f i r s t  peak heigh t o f g400 i s  too low by 20%.

This shows th a t  the RISM equations have two p r in c ip le  fa il in g s

in  the c a lcu la tio n  o f the angular p ro p erties  o f ra d ia l  d is tr ib u tio n

functions these being f i r s t l y  th a t the J  configura tion  i s  given too

low p ro b ab ility  w ith in  the le ft-h an d  side  o f the f i r s t  peak o f gOOO,

which is  shown by the gOOO and g200 haimonics. Secondly, the J

configu ra tion  a lso  has too low a p ro b ab ility  in  the middle o f the

f i r s t  peak o f gOOO, which is  shown by the weak negative lobe o f g220.

These findings are  re in fo rced  by repeating  the RISM ca lcu la tions

fo r  ch lorine  a t  a h igher temperature and lower d ensity , i . e .  T*=1.6789,

p*=0,48477, d_ = 0.99557 and L*=0.60241. The s i t e - s i t e  c o rre la tio n  
%

functions are  shown in  Figure (V-13) w ith the corresponding spherica l 

harmonics in  Figure (V-14). A tab le  of the d is tr ib u tio n  function 

maxima, minima and zeros i s  a lso  given in  Table (V-3).
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TABLE (V-3).

Positions o f maxima, minima and zeros o f d is tr ib u tio n  functions a t 

T*=1.6789, p*=048477, L*=0.60241 w ithout a t t r a c t iv e  p e rtu rb a tio n .

Maxima a t Minima a t Zeros a t

gAA 1.06,2.41 1.82,2.89 -

gooo 1.33,2.40 1.85,2.98 -

g200 1.56,2.89 1.21,2.27 1.45 ,2 .08 ,2 .63

g220 1.12,1 .56 ,2 .09 1.37,1.78 1 .28 ,1 .48 ,1 .68 ,
1.93,2.61

g221 - 1.19 1.77

g222 - 1.00 1.31

g400 1.07,1.62 1.45 1.34,1 .56 ,1 .89

The p rin c ip le  e ffe c ts  from an increase in  temperature and 

decrease in  density  are as expected

1) a decrease in  the magnitude o f the f i r s t  peaks of the d is tr ib u tio n  

functions ;

2) a lo ss  o f s tru c tu re  fo r d istances g rea te r than 1.5R* which re s u l t  

in  the s iz e  o f the maxima and minima being g rea tly  reduced;

3) the d is tr ib u tio n  functions decay to  zero w ith in  a sh o rte r  d istance;

4) the positio n s of the maxima and minima are sh if te d  to  s l ig h tly  

la rg e r  d istances (see Table (V-3)) :

However the d i f f ic u l t ie s  encountered w ith the RISM so lu tio n  a t  

lower density  s t i l l  p e r s i s t .  This does imply th a t the inaccuracies o f 

the RISM so lu tio n  are density  and temperature independent, and are a 

consequence of the RISM equations themselves. For comparison the zero- 

density  spherica l harmonics are shown in  Fig. (V-15). These do not
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p red ic t any angular s tru c tu re  beyond 1.5R*, but have the same 

s tru c tu re  as the RISM so lu tions fo r  sm aller d is tan ces , w ith 

approximately a th ird  g rea te r magnitude. This shows th a t  the 

RISM equations are  a f i r s t  order approximation to  the an iso trop ic  

s tru c tu re  o f the liq u id .

(V-11) Pertu rbations - Full Lennard-Jones system s.

The e ffe c ts  o f the Lennard-Jones a t t r a c t iv e  p o te n tia l  

p e rtu rb a tio n  was stud ied  by the methods discussed in  sec tio n  (V-6) 

and the RISM method was solved using equations (V-78,79,80) . The 

pertu rb a tio n  p o te n tia l ,  in  accordance w ith the Weeks, Chandler and 

Andersen p o te n tia l  separa tion , discussed in  the previous sec tio n  i s  

then given by

(V-125)
12

■ I cf) - (g 1

which i s  then used to  speci:fy C(r) outside the hard core by equation 

(V-79).

To compare the RISM so lu tio n  fo r  the repu lsive  only forces and

the so lu tio n  w ith  the a t t r a c t iv e  p e rtu rb a tio n , the RISM equations

were resolved fo r  the ch lo rin e -lik e  system a t  T*=1.0998, p*=0.54067,
*

da22=1.0121, and L* =0.60241. The d ifferences between the two so lu tions

are very s l ig h t  being charac terized  by small changes in  the magnitudes 

o f the p r in c ip le  maxima and minima o f the d is tr ib u tio n  functions, 

shown in  Table (V-4) .
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TABLE (V-4).

Positions and Magnitude o f p rin c ip le  fea tu res  o f d is tr ib u tio n  

functions, a t  T*=1.0998, p*=0.54067, da^2=1.0121 and L*=0.60241.

P osition  Soft-Sphere w ith Soft-Sphere only
(Magnitude) A ttrac tiv e  P ertu rbation

R*

gaa 1.04(2.161),1.525(1.004) 1.04(2.203),1.525(1.027)

^com  1.23(1.747) ,1.70(0.782) 1.23(1.735) ,1.73(0.796)

gOOO 1.29(1.915) ,1.74(0.602) 1.29(1.897) ,1.76(0.618)

g200 1 .17(-1 .032),1.52(0.548) 1 .17(-1 .004),1.52(0.539)

g220 1.085(0.809) ,1.33(-0.538) 1.085(0.782), ,1.33(-0.503)

g221 1.19(-0.222) 1.17(-0.215)

g222 1.00(-0.217) 1.00(-0.209)

g400 1.06(0.549),1.26(0.154) 1.06(0.528),1.26(0.161)
1.44(-0.251) 1.42(-0.266)

I t  can be seen from th is  tab le  th a t the magnitude o f the spherica l 

harmonics i s  increased s l ig h tly  although the positio n s o f the fea tu res 

remain unchanged. The same is  true  o f gOOO and g Q ^ >  w h ils t the 

f i r s t  peak of gAA is  s l ig h tly  reduced. The f u l l  c a lcu la tio n  was 

a lso  c a rr ied  out a t  the lower density  and h igher tem perature, i . e .  

T*=1.6789, p*=0.48477, and the d ifferences fo r  two so lu tions in  th is  

case are given in  Table (V-5). These can be seen to  be q u a li ta t iv e ly  

the same as befo re . The energy o f the system can be ca lcu la ted  from 

the s i t e - s i t e  d is tr ib u tio n  functions.

E = i  PN. z f  g y W - u (r) d r (V-126)
 ̂ ^  OY o
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TABLE (V-5).

P osition  and Magnitude o f p r in c ip le  fea tu res o f d is tr ib u tio n  

functions a t  T*=1.6789, p*=0.48477, d a ,j= 0 .99557 and L*=0.60241

P osition
(Magnitude)

R*

gaa

“coma
gOOO

g200

g220

g221

g222

g400

Soft-Sphere w ith 
A ttrac tiv e  P ertu rbation

1.06(1.688),1.81(0.866) 

1.27(1.598),1.85(0.839) 

1.33(1.752) ,1.83(0.717) 

1.21(-0.943) ,1.56(0.320) 

1.12(0.685) ,1 .3 7 (-0 .277) 

1.21(-0.163)

1.00(-0.147)

1 .07(0 .449),1 .4 5 (-0 .171)

Soft-Sphere only

1.06(1.692) ,1.82(0.872) 

1.27(1.576),1.86(0.846) 

1.33(1.731),1.85(0.734) 

1 .2 1 (-0 .910),1.56(0.290) 

1.12(0.654) ,1 .3 7 (-0 .246) 

1.19(-0.1S4)

1.00(-0.140)

1.07(0.426) ,1.45(-0.176)

the re s u lta n t values being given in  Table (V-6).

TABLE (V-6).

System
T*

P* L* RISM(HTA)
Soft-Sphere

Only

RISM(ORPA)
Soft-Sphere

w ith
Pertu rbation

-E/kJmol-1

MD

1.0998 0.54067 0.60241CC&2) 19.02 19.18 19.32^

1.6789 0.48477 O.6O24ICC&2) 12.62 12.83 13.31^

1.06 0.608 0.51327(F2) - .5.90 5.93^

1.3447 0.42320 0.78622CCO2) - 9.55 9 .8 c /

1.5246 0.70041 0.32924(N2) - 5.37 5.52^

^ Singer e t  a l . (46) Barojas e t  a l .  (47)
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The agreement w ith the molecular dynamics values a t  the se lec ted  

po in ts i s  very good fo r the RISM(HTA) c a lc u la tio n s . The agreement 

is  improved by the RISM(ORPA) values fo r  which the maximum e rro r  i s  

only 3.6% as compared w ith 5.2% fo r  the RISM(HTA) va lues. Another 

simple t e s t  o f the method i s  the c a lcu la tio n  o f the isotherm al 

co m p ressib ilitie s  Xj from

S(0) = (1 + pb^CO)) = pkTx^ (V-127)

where h^^CO) is  the zero wavevector value o f the Fourier transform  

fo r  the atom-atom p a ir  c o rre la tio n  function . Values fo r  the 

isotherm al com pressib ility  fo r the associated  hard sphere RISM f lu id s  ' 

are given in  Table (V-7). Also included in  the tab le  are  values o f 

the isotherm al com pressib ility  ca lcu la ted  from the cen tre  o f mass 

p a ir  c o rre la tio n  function  vhich corresponds to  the assumption

of an iso tro p ic  system. The values fo r  the hard sphere associated  

f lu id s  are  found to  be in  only f a i r  agreement w ith the molecular 

dynamics r e s tu ls .  The values o f x^^^ a lso  seem to  be a f a i r  agreement

TABLE (V-7).

System p* L* RISM RISM RISM RISM MD
T* (HTA) (ORPA) (HTA) (ORPA)

X ^/baP '^xlQ -^ XT/baflxlO'S

1.0998 0.S4067 0.60241(C&2) 2.9  4.9 2.7 5.7 4.9^

1.6789 0.48477 0.60241 ( « 2) 4.6 8.4 3.9 7.8 13.2^

1.06 0.608 0.51327(p2) -  26.5 -  8.1 8.5^

1.5246 0.70041 0.32924(^2) -  11&.8 - 14.3 16.3^

Singer e t  a l .  (46) ^ Barojas e t  a l .  (47)
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fo r  c h lo rin e -lik e  systems, however fo r more iso tro p ic  systems with 

sh o rte r bond lengths the agreement becomes very poor. The agreement 

fo r the con figu ra tional energy suggests th a t the RISM equations 

p red ic t the co rrec t s tru c tu re  o f gAA a t  small and medium distances 

( i . e .  w ith in  the range of the a t t r a c t iv e  p a r t  of the p o ten tia l)  while 

the isotherm al com pressib ility  r e s u lts  in d ica te  th a t the long-range 

s tru c tu re  ( i . e .  zero-wavevector) i s  only a f a i r  rep resen ta tion  of th a t  

ca lcu la ted  from molecular dynamics. For both the energy and p a r t ic u la r ly  

the isotherm al com pressib ility  the ORPA so lu tions can be seen to  be in  

considerably b e tte r  agreement w ith the molecular dynamics values than 

the HTA so lu tions throughout the temperature density  range. ' This 

shows th a t  the e ffe c ts  of the a t t ra c t iv e  p e rtu rb a tio n  can only be 

neglected a t  high density  and tem perature. However, w ith the add ition  

of an a t t r a c t iv e  p e rtu rb a tio n  there  is  l i t t l e  improvement in  the 

rep resen ta tio n  o f the angular p roperties o f the f lu id s ,  in  terms o f the 

values o f the sp h erica l harmonics. An in d ica tio n  o f the discrepancy 

w ith in  the RISyi(ORPA) so lu tio n  has been from the ca lcu la tio n  of the 

mean square torque, discussed by Thompson e t  a l .  (48) . This i s  given by

<T^> = -  4irp I  &(&+!) /    (V-128)
U 'm  o * ™

using a Barker-Henderson type diameter defined by equation (V-129) to  

give a minimum e ffe c tiv e  in te ra c tio n  d istance approximation fo r 

evaluating the in te g ra l equation (V-128). This i s  achieved by s e tt in g  

u^^,m(r) to  zero fo r  r  < <dg^> which is  given by

«3bH> = /  ^  /  /  /  [l-expC-g4.“^(r))]d0id02<i(>i2dr CV-129)
0 16tt 0 0 0
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where cj)^^(r) i s  given by equation (V-12). For f u l l  d iscussion  on 

th is  approximation to  the in te g ra l see Chapter I I I .  The re su lta n t 

values fo r  the mean square torques are  given in  Table (V-8). As 

pointed out in  Chapter I I I  these values become very u n re liab le  fo r  

long bond leng th s, and give generally  values which are too low fo r  

sh o rte r  bond len g th s . Bearing th is  in  mind, the values fo r  the 

ch lorine  and flu o rin e  systems seem reasonable, however the re su lts  

fo r  n itrogen  must be regarded as d isappoin ting .

TABLE (V-8).

System
Y* P* L* RISM(ORPA) MD

<T^>xlO"^^J^

1.0341 0.54067 0.60241 ( a  2) 4.5 7.15^

1.6789 0.48477 0.60241 ( a  2) 6.3 9.4^

2.31 0.522 0.54217(C&2) 6.5 -

1.06 0.608 0.51327(F2) 0.16 0.48^

1.3447 0.4230 0.78622(002) 155.3 10.5^

1.5246 0.70041 0.32924 (N2) 0.05 1.7^

Singer e t  a l .  (46) Thompson e t  a l .  (48)

Solutions to  the RISM equations were a lso  c a rr ied  out fo r 

n itrogen , f lu o rin e  and carbon dioxide systems as befo re , using s o f t -  

spheres w ith a t t r a c t iv e  p o te n tia l p e rtu rb a tio n . The s i t e - s i t e  

d is tr ib u tio n  functions o f n itrogen  a t  T*=1.5246, p*=0.70041, 

dai3=0.99947 and L* =0.32924, are shown in  Figure (V-16) w ith the 

associated  spherica l harmonics in  Figure (V-17). The RISM so lu tions 

are a poor rep resen ta tio n  o f the spherica l harmonics, when compared to  

the r e s u lts  o f Cheung and Powles (49,50) and those o f S tre e t t  and
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T ildesley  (51). In p a r t ic u la r  the f i r s t  minimum of g200 is  

overestim ated by a fa c to r  o f almost two, whereas the g220 and g400 

harmonics have no negative regions a t  a l l ,  and the o sc illa tio n s  o f 

g200 appear to  have very l i t t l e  damping towards large  d is ta n c e s . This

poor rep resen ta tio n  o f n itrogen  by the RISM method is  probably due 

to  two causes -

1) the bond length of n itrogen  is  too small fo r  very accurate 

so lu tio n  o f the RISM equations w ith in  the lim ita tio n s  o f memory s to re  

of the computer program used fo r  the ca lcu la tio n ;

2) the density  of p*=0.7 is  a lso  towards the upper lim its  fo r  which 

there  e x is ts  a so lu tio n  to the RISM equations. The accuracy o f the 

equations i s  a lso  reduced a t  very high d e n s i t ie s . I t  i s  in te re s tin g  

however th a t  desp ite  these defects the method s t i l l  y ie ld s  very 

reasonable values fo r  the configura tional energy and isotherm al 

com pressib ility . The positio n s of the maxima, minima and zeros

o f the d is tr ib u tio n  functions fo r  th is  system are given in  Table (V-9).

The corresponding so lu tions fo r  f lu o rin e  a t  T*=1.06, p*=0.608, 

da^2= l .01346 and L * 0 .51327 are shown in  Figures (V-18,19). The 

po sitio n s  of the various maxima, minima and zeros are  a lso  given in  

Table (V-10). The atom-atom s tru c tu re  fa c to r  i s  in  c lose agreement 

w ith th a t  ca lcu la ted  from molecular dynamics (46) except th a t  the main 

peak i s  sh if te d  to  a s l ig h t ly  la rg e r wavevector. However, w h ils t 

the agreement i s  good fo r  gQQ^> the RISM atom-atom d is tr ib u tio n  lacks 

a secondary peak a t  (o+L), bu t has a shoulder fea tu re  in s tea d . The 

spherica l harmonics show the same defic iencies discussed e a r l i e r ,  but 

are however in  almost q u a n tita tiv e  agreement except fo r  the magnitude 

of the negative lobe o f g220 a t  (a+L/2) which i s  underestim ated by a 

fa c to r  o f almost th ree . This fea tu re  and the deficiency of the 

secondary peak of gAA a t  (a+L) is  again due to  the in a b i l i ty  of the
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TABLE (V-9) .

Positions o f maxima, minima and zeros o f d is tr ib u tio n  functions a t

T*=1.5246 , p*=0.70041, L*=0.32924 w ith a t t ra c t iv e  p e rtu rb a tio n .

Maxima a t Minima a t Zeros a t

gAA 1.14,2.19 1.63,2.64 -

gOOO 1.18,2.20 1.59,2.64 -

g200 1.56,2.58 1.13,2.13 1 .39 ,1 .84 ,2 .39 ,2 .84

g220 1.11,1.59 1.43,2.46 1 .40 ,1 .46 ,2 .39 ,2 .57

g221 - 1.11 1.56

g222 - 1.05 1.36

g400 1.06,1 .62 ,2 .09 1.39,1.92 2.39

TABLE (V-10).

P ositions o f maxima, minima and zeros o f d is tr ib u tio n  functions a t

T*=1.06, Ip*=0.608, L*=0.51327 w ith a tt ra c t iv e  p e rtu rb a tio n .

Maxima a t Minima a t Zeros a t

gAA 1.05 ,2 .08 ,3 .13 1.69,2.66 -

gooo 1.24 ,2 .21 ,3 .19 1.66,2.69 -

g200 1.46,2.61 1.17,2 .11 ,3 .11 1 .36 ,1 .91 ,2 .39 ,2 .88 ,3 .38

g220 1 .10 ,1 .48 ,2 .04 ,
2.47,3.03

1.30,1 .73,2 .33
2.66

1 .23 ,1 .40 ,1 .63 ,1 .84 ,2 .26 ,
2 .26,2 .81,3 .33

g221 1.87 1.17,2.18 1.66 ,2 .04 ,2 .63

g222 - 1.01 1.23

g400 1.06,1 .51 ,2 .05 1.37,2.37 1 .29 ,1 .46 ,1 .85 ,2 .29 ,2 .52

RISM method to  p re d ic t J  configurations w ith su f f ic ie n tly  high 

p ro b ab ility  in  th is  region.
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F in a lly  the RISM equations were solved fo r carbon dioxide a t  

T*=1.3447, p*=0.42320, da^^^l.00441 and L*=0.78622. The p a ir  

d is tr ib u tio n  functions are shown in  Figure (V-20) w ith the spherica l 

harmonics in  Figure (V-21). The maxima, minima and zeros of the 

d is tr ib u tio n  functions are a lso  tabu lated  in  Table (V-11).

TABLE (V-11).

Positions o f the maxima, minima and zeros o f the d is tr ib u tio n  functions 

a t  T*=1.3447, p*=0.42320, L*=0.78622 w ith a t t r a c t iv e  p e rtu rb a tio n .

Maxima a t Minima a t Zeros a t

gAA 1.06,1 .75 ,2 .06 1.50,1 .88 ,2 .44 -

gooo 1.38,2.44 1.92,2.97 -

g200 1.69,2.67 1.21,2.16 1.50 ,1 .95 ,2 .49 ,2 .93

g220 1.08 ,1 .74 ,2 .75 1.43,2.42 1 .29 ,1 .64 ,2 .21 ,2 .64 ,3 .03

g221 1.64 1.21 1.51,2.00

g222 - 0.97 1.31

g400 1.05 ,1 .34 ,1 .79 1 .28 ,1 .58 ,2 .57 1 .44 ,1 .71 ,2 .42 ,2 .75

This so lu tio n  is  in  good, almost q u a n tita tiv e  agreement w ith the 

computer sim ulation re s u lts  o f Singer e t  a l . ,  however, again there  

are two s ig n if ic a n t fea tu res th a t  the RI34 method f a i l s  to  reproduce -

1) a shoulder on the small r  side  o f the f i r s t  peak o f g^Q^;

2) the magnitude of the negative lobe o f g220,which is  underestim ated 

by a fac to r  of two.

The agreement w ith the atom-atom d is tr ib u tio n  function is  however very 

good, the value fo r the configura tional energy being in  good agreement 

w ith the value from the molecular dynamics sim ulation . However i t  is  

s ig n if ic a n t th a t the shoulder on the small r  side  o f the f i r s t  peak of
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ĈOM’ a lso  shown by the zero-density  spherica l harmonics (see 

Figure (V-22)). The fea tu re  is  not so pronounced as in  the sim ulation 

r e s u l ts ,  but shows th is  shoulder to  be an a r t i f a c t  of the p o te n tia l 

i t s e l f ,  which the RISM method should reproduce.

(V-12) Conclusion.

The R I ^  method is  found to  be a good rep resen ta tio n , to  f i r s t  

o rder, o f the equilibrium  p ro p erties  o f molecular l iq u id s , giving very 

reasonable values fo r  the configura tional energy and isotherm al 

com pressib ility . However the RISM equations can be seen to  have two 

p r in c ip le  d e fic ien c ies  fo r  the angular p ro p e rtie s . These are:

1) a fa i lu re  to  p re d ic t the J-co n fig u ra tio n  w ith in  the f i r s t  

n eares t neighbour sh e ll  w ith s u f f ic ie n tly  high p ro b ab ility ;

2) sizeab le  o sc illa t io n s  occuring in  g200 a t  large  d istances.

This would in d ica te  th a t  f irs tly , the o r ie n ta tio n a l c o rre la tio n  is  being 

m aintained, and thus the RISM equations are not su f f ic ie n tly  angle 

averaged a t  large  d is tan ces , Secondly the RISM equations are only 

a f i r s t  order approximation to  the angular p ro p ertie s  o f molecular 

l iq u id s . I t  is  a lso  s ig n if ic a n t th a t these angular d e fic ienc ies  

appear to  be density  and temperature independent, suggesting th a t 

they are in p l i c i t  in  the RISM equations themselves. This may well 

a r is e  from a f a i lu re  of the s i t e - s i t e  formalism to  take account of 

excluded volume e f fe c ts .  However the inclusion  o f these e ffe c ts  with 

the RISM equations i s  l ik e ly  to  be long and conplicated , and would 

reduce the s im p lic ity  o f the approach.

The RISM(HTA) so lu tions are seen to  be in  good agreement w ith the 

corresponding computer sim ulation r e s u l ts ,  p a r t ic u la r ly  a t  high 

temperature and d ensity . They do n o t, however, p red ic t values fo r  the 

isotherm al com pressib ility , close to  the sim ulation values. This is
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probably due to  the fa i lu re  of the model to  account fo r long range 

a t t r a c t io n s .

The RISM(ORPA) improve the re s u lts  o f RISM(HTA) by accounting fo r 

the a t t r a c t iv e  in te rac tio n s  in  the f lu id  in  a simple manner. This 

re s u lts  in  improved values fo r  the isotherm al com pressib ility , and 

gives values fo r  the configura tional energy close to  the sim ulation 

re s u l ts .  However, the RISM (ORPA) so lu tions seem to  r e ta in  the 

d i f f ic u l t ie s  associated  w ith the ORPA method which was applied  to  

atomic f lu id s  discussed e a r l ie r .  RISM (ORPA) underestim ates the 

e ffe c ts  o f the a t t r a c t iv e  pertu rb a tio n  throughout a l l  d e n s itie s , 

while p red ic ting  changes in  the co rrec t d ire c tio n . Attempts were 

made to  use th is  method to  include the s i t e - s i t e  coulombic in te rac tio n s  

associated  w ith dipole and quadrupole moments in  the d isc re te  charge 

model discussed in  Chapter I I .  However, the s ize  of the p ertu rba tion  

associated  w ith the sm allest quadrupole moment was found to  be an 

order o f magnitude la rg e r  than the equations were able to  give so lu tions 

fo r , w ithout p red ic tin g  completely unphysical e ffe c ts  such as negative 

c o rre la tio n  functions. This fa i lu re  is  p a r t ic u la r ly  d isappointing 

in  view o f the lack o f o ther simple methods fo r  including the e ffe c ts  

o f th is  type o f in te ra c tio n . The methods based on spherica l harmonic 

foimalisms being u n sa tis fac to ry  in  the study o f large m ulticentre 

m olecules.

I t  should a lso  be noted th a t  the app lica tion  o f the so ft-spheres 

treatm ent only gives c o rre la tio n  functions accurate to  f i r s t  order in  

the ' so ftness ' parameter Ç. Thus values fo r the isotherm al 

com pressib ility  ca lcu la ted  a f te r  the app lica tion  o f the so ft-co re  

treatm ent were in  very poor agreement w ith the sim ulation re s u l ts .

A u sefu l extension o f these stud ies would be to  ca lcu la te  the 

improvement in  the so lu tions using the EXP approximation, discussed 

e a r l ie r ,  applied  to  the RISM method. This would probably improve the 

so lu tions fo r  Lennard-Jones f lu id s ,  although the magnitude of the
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pertu rb a tio n  fo r  d ipo la r and quadrupolar f lu id s  is  s t i l l  too large 

to  allow physical so lu tio n s .
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FIGURES.

(V-1) Diagram o f RISM molecule -  See Text.

(V-2) S i te - s i te  G(r)*s -

Hard Core RISM molecule a t  (L* = 0 . 4 ,  p* =0 .5 )

•--------------------  ^CM̂ ^̂
o

--------------------- G ^ (r)  -  Distances in  A

 ---- ----- -— '—  ^CMÂ )̂
(V-3) S tructu re  Factors

Hard Core RISM molecule a t  (L* = 0.4,  p* = 0.5)

-------------------—  S(k)

-----------------------  s .^ ^ ^ (k )  -  Axis CA-b

(V-4) Spherical Harmonics G^jg^,^(r)

Hard Core RISM molecule a t  (L* = 0 . 4 ,  p* = 0 . 5 )

   ^000^^^

^200 ̂ r)

 ------------ -------------^220^^) ” Distances in  A

   ^221^^)

; G222Cr)

--------------------------- G4Qo(r)

(V-5) S i te - s i te  G(r)*s -  Key as fo r  (V-2)

Hard Core RISM molecule a t  (L* = 0 . 6 ,  p* = 0 . 5 )

(V-6) S truc tu re  Factors -  Key as fo r  (V-3)

Hard Core RISM molecule a t (L* = 0.6,  p* =0 .5 )

(V-7) Spherical Harmonics Gj^j^,^(r) -  Key as fo r (V-4)

Hard Core RISM molecule a t  (L* = 0.6,  p* = 0.5)

(V-8) Spherical Haimonics G^^r^^r)- Key as fo r (V-4)

Hard Core RISM molecule a t  (L* = 0.6,  p* = 0.2664)

(V-9) S i te - s i te  G(r)*s -  Keys as fo r (V-2)

Hard Core RISM molecule a t (L* = 0 . 6 ,  p* = 0.2664)
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(V-10) structure Factors -  Key as for (V-3)

Hard Core RISM molecule a t (L* = 0 . 6 ,  p* = 0.2664)

(V-11) S i te - s i te  G( r ) ’s -  Key as fo r  (V-2)

Soft Core RISM molecule -  No a tt r a c t iv e  p e rtu rb a tio n  a t  

(T* = 1.10, p* = 0.541, L* = 0.602) -  Chlorine 

(V-12) Spherical Harmonics G^j^,j^(r) - Key as fo r  (V-4)

Soft Core RISM molecule -  No a tt r a c t iv e  p e rtu rb a tio n  a t  

(T* =1 .1 0 ,  p* = 0.541, L* = 0.602) -  Chlorine 

(V-13) S i te - s i te  G( r ) ' s  -  Key as fo r  (V-2)

Soft-Core RISM molecule -  No a tt r a c t iv e  p e rtu rb a tio n  a t  

(T* = 1.68, p* = 0.485, L* = 0.602) -  Chlorine 

(V-14) Spherical Harmonics G£j^,^(r) -  Key as fo r  (V-4)

Soft Core RISM molecule -  No a tt r a c t iv e  pertu rb a tio n  a t  

(T* = 1.68, p* = 0.485, L* = 0.602) -  Chlorine 

(V-15) Zero-Density Spherical Harmonics G^j^,^(r) -  Key as fo r  (V-4) a t

(T* = 1.68, L* = 0.602) -  Chlorine 

(V-16) S i te - s i te  G( r ) ' s  -  Key as fo r (V-2)

Soft-Core RISM molecule -  w ith a t t r a c t iv e  pertu rb a tio n  a t

(T* = 1.52, p* = 0.700, L* ,= 0.329) - Nitrogen 

(V-17) Spherical Haimonics Gj^^,^(r) -  Key as fo r  (V-4)

Soft Core RISM molecule -  w ith a t t r a c t iv e  p e rtu rb a tio n  a t

(T* = 1.52, p* = 0.700, L* = 0.329) -  Nitrogen 

(V-18) S i te - s i te  G(r)*s -  Key as fo r (V-2)

Soft Core RISM molecule -  w ith a t t r a c t iv e  p ertu rb a tio n  a t

(T* = 1.06, p*.= 0.608, L* = 0.513) -  Fluorine 

(V-19) Spherical Harmonics Gj^j^,^(r) -  Key as fo r  (V-4)

Soft Core RISM molecule -  w ith a t t r a c t iv e  pertu rb a tio n  a t

(T* = 1.06, p* = 0.608, L* = 0.513) -  Fluorine
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(V-20) S ite -s ite  G(r)'s -  Key as for (V-2)

Soft Core RISM molecule - w ith a t t r a c t iv e  p ertu rb a tio n  a t

(T* = 1.34, p* = 0.423, L* = 0.786) -  Carbon Dioxide 

(V-21) Spherical Haimonics G^^,^(r) -  Key as fo r  (V-4)

Soft Core RISM molecule -  w ith a t t r a c t iv e  p e rtu rb a tio n  a t

(T* = 1.34, p* = 0.423, L* = 0.786) -  Carbon Dioxide 

(V-22) Zero-Density Spherical Haimonics Gj^j^,^(r) -  Key as fo r (V-4) a t  

(T* = 1.34, L* = 0.786) -  Carbon Dioxide
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Fig. (V-13)

2,5

2 . 0

5

.0

0.5

0. 0

5

1,0

1.5

2.0

4 . 0 6.0 8 . 0 1 0 . 0 1 4 . 01 2 . 0

Fig. (V-14)

203.



2 .

2 .

1 .

0.

0.

5

1.

1 .

2.

2.
JU.O12.010.0

Fig. (V-14)

2.5

2.0

.5

.0

0.5

0.0

5

. 0

.5

2. 0

12.06 . 0 14.08.0

Fig. (V-IS)

204.



Fig. CV-16)
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CHAPTER VI. DYNAMICS.

(VI-1) In troduction .

C orrela tion  functions o f dynamical variab les have been 

ex tensively  investiga ted  due to  th e i r  d ire c t re la tio n sh ip  to  many 

experim entally observable p ro p erties  o f l iq u id s , e .g . l ig h t  s c a tte r in g , 

which is  determined by re lax a tio n  o f density  or p o la r iz a b i l i ty  

f lu c tu a tio n s ; sp e c tra l broadening which is  due to  the re lax a tio n  

o f excited  s ta te s  and tran sp o rt processes such as d iffu s io n , bulk 

v isc o s ity , theim al conductivity  and also  e le c tr ic a l  conductiv ity .

Both th e o re tic a l and experimental work has been discussed by 

Temperley, Rowlinson and Rushhrooke(l) and E g e ls ta ff  (2) . The 

re la tio n sh ip  between the experimental q u a n titie s  and th e o re tic a l 

c o rre la tio n  functions has been shown by Berne and Harp (3 ), Berne 

and Pecora(4) and reviewed by Williams (5). In add ition  an 

extensive review o f time-dependent p ro p erties  o f liq u id s  has a lso  

been given by Berne (6) ,  who w ith Haip were the f i r s t  to in v es tig a te  

the  dynamical p ro p erties  o f l in e a r  molecules by m olecular dynamics 

sim ulation(7).

Reviews o f the theory o f time co rre la tio n  functions have been 

given by ZwanzigCS) and l a t e r  by Gubbins(9) and Schofield(lO ).

Another usefu l d iscussion , w ith p a r t ic u la r  emphasis on tran sp o rt 

co e ffic ien ts  i s  given by Rice and Gray [11). A fu r th e r  in troduction  

to the theory o f time co rre la tio n  functions and tran sp o rt c o e ff ic ien ts  

is  given by Hansen and McDonald[12). A dditional treatm ents o f 

co rre la tio n  functions are given by S teele  [13), who also  discusses 

the sub jec t in  the context o f molecular ro ta t io n [14), C orrela tion

functions and flu c tu a tio n -d iss ip a tio n  theorem are reviewed by Kubo[15) 

and an in troductory  a r t i c le  on the s t a t i s t i c a l  theory o f ir re v s ib le  

processes i s  given by Weiss [16),
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Other recen t reviews o f dynamical p ro p ertie s  are given by 

Copley and Lovesey(17) on the experimental and th e o re tic a l p ro p ertie s  

o f monatcmic f lu id s  and by H aile , Gubbins and S tre e tt( lS )  concerned 

with the computer sim ulation aspec ts . The whole sub ject o f 

ro ta tio n a l motion was also  discussed a t the Faraday Symposium(19).

(VI-2) D efin ition  and Elementary P ro p e rtie s .

Assuming the c la s s ic a l  Hamiltonian to  have the fo m

&  = 1/2 p2../Mi + (VI-1)

where i s  the mass o f p a r t ic le  i  and cj)^({r^}) i s  the tra n s la tio n a l 

in v arian t p o te n tia l energy function . The time dependence o f  any 

dynamical q u an tity  A(t) = A (r^(t) ,n ^ (t))  which is  a function  o f the 

p o sitio n s and momenta o f the ensemble only, i s  given by the Poisson 

bracket expression(20) , w ritte n  as

= -  i< A (t)  (VI-2)

vtfiere âC is  the L iouv ille  operator

cvi-3)
■ %

now equation (VI-2) can be in teg ra ted  form ally to  give

A (r^(t) .p^ (t) ) = exp [ - i t ^ ( r ^ (0) ,p^(0) )] .A (r^(0) .p ^ (0) )

(VI-4)

I t  should be noted th a t equation (VI-4) i s  an operator expression 

and has meaning only i f  the exponential i s  expanded in  powers o f 

i ^  t .  Now the N -partic le  d is tr ib u tio n  function fo r an equilibrium  

ensemble is
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0% = C e " (VI-5)

where i s  time independent and C is  a constan t. Now i f  a 

small pe rtu rb a tio n  is  added to  the Hamiltonian Hq o f the 

equilibrium  ensemble to  give

H = + "ex t (VI-6)

then the d is tr ib u tio n  function w ill be perturbed by an amount

= (V I-7)

The response a t  time t  to  a pertu rba tion  applied  a t t  = -a  is  given 

by

t  dADu
Al^(t) = /  ( - ^ )  dt» (VI-8)

-«  t= t '

The time deriva tive  o f AÊ  i s  obtained by separating  the L iouv ille  

equation opera to r in to  two p a rts

cC. ” + A ^ (VI-9)

where i s  the operator defined by equation (VI-3) w ith the 

Hamiltonian given by Hq and s im ila rly  fo r  àjp w ith H = H^^^. However, 

equation (VI- 8) remains tru e  whether th is  is  done o r no t. Now 

since i s  independent o f time we obtain

d/dt]ADj^] = d / d t i y  (VI-10)

211.



Now using equations (VI-7) and (VI-9) we obtain

d /d t[A iy  (VI-11)

Assuming th a t the term is  neg ligab le , which is  ju s t i f ie d

only i f  ^  is  so small th a t a l in e a r  approximation is  v a lid , and 

noting th a t is  time- independent gives

d /d t[A I^  = i(^A n ^  + ^D ^) ' (VI-12)

Using equations (VI-3) and (VI-5) an expression can be obtained 

fo r i / ÿ ^  which is

= (D g/kT )^H ext (VI-13)

In most cases the p e rtu rba tion  Hext may be expressed as

Hext = - F ( t ) A ( / ( t ) ,p ^ ( t ) )  (VI-14)

where F(t) contains the time dependence, i f  any, o f the p e rtu ib a tio n , 

and thus equation (VI-13) becomes

= [D°F(t)/k-gÂ^ (VI-IS) ,

where A  ̂ i s  the  time deriva tive  o f A in  the equilibrium  ensemble, - 

in  the absence o f the perturb ing  Hamiltonian, Now equation (VI-12) 

can be in teg ra ted  to  give

A% (t) = i /  e x p | : - i ( t ' - t ) i ^ j A ^  d f  (VI-16)
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where the functions o f r  and p must be evaluated fo r  the 

equilibrium  ensemble. Using equation (VI-15) th is  can be 

rew ritten  as

= (D^AT)/ F ( t ') e x p [ - i ( t> - t i ^ A ^ d t ' (VI-17)
"CO

The operator in  equation (VI-17) causes a time s h i f t  in  the 

va riab le  o f  s ta r tin g  in  equilibrium  ensemble following i t s  

evolution fo r  an in te rv a l ( t ' - t )  giving

AE^(t) = (D^AT)/ F (t ')A  ( t ' - t ) d t '
—00

o 0 . .
= (D^/kT)/ F(t+T)A^(T)dT (VI-18)

Now the change in  a function B ( i r ( t ) ,p  ( t) )  a t  time t  due to  the 

p e rtu rb a tio n  is

<AB(t)> = /Ar^(t)Bdr (VI-19)

where dT denotes a volume element o f phase space. S ubstitu ting  

th is  in to  equation (VI-18) gives

0
<AB(t)>= /  F(t+T)G^(T)dx (VI-20)

and the co rre la tio n  function G ^ (r)  is

G ^ ( t)  = 1/kT/D^ B(0)A(T)dr (VI-21)

where A(r^(x) ,p^(x)) is  ca lcu la ted  a f te r  an in te rv a l x from the
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evaluation  of B(r^(0) ,p ^ (0 )) . The p ro b ab ility  d is tr ib u tio n  of 

r^  and p^ is  given by which thus governs the values o f B and 

the i n i t i a l  values of A in  the equilibrium  ensemble. This approach 

follows very c lo se ly  th a t given by S teele  [ l 3].

A lte rn a tiv e ly  the c o rre la tio n  function may be regarded as a 

time-average

T
<B(t+s)A(t)> = lim it 1/ t /  B (t+ s+ t')A (t+ t ')d t ' (VI-22)

X->oo o

where the average is  c a rr ied  out over a l l  possib le  s ta te s  o f the 

system a t  time t .

The p ro p erties  o f time c o rre la tio n  functions are d ire c tly  

re la te d  to  the  Hamiltonian governing the equation o f motion o f the 

system. The canonical ensemble c o rre la tio n  o f  v a riab les  A and B 

<A.B> fo r  which the Hamiltonian o f  the system is  c la s s ic a l , and thus 

symmetric w ith respect to  tim e, y ie ld s  the following p ro p ertie s  o f 

co rre la tio n  functions.

1) They are  s ta tio n a ry .

<A (0).B(t)> = <A (t^).B (t^+ t)> (VI-23)

2) They are symmetric (even) w ith respect to  time and thus a l l  

odd time deriv a tiv es a t  t =0 are zero

, ( 2n+l)
( ■T7nTiT <^C0) .B(t)>) = 0 fo r n O , l ,2 .....  (VI-24)

3) I f  A and B are  rea l o r Hermitean v a ria b le s , then i t  follows 

th a t the c o rre la tio n  function is  rea l and

1<A(0) .B(t)>[ < <A(0) .B(0)> > 0 (VI-25)
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4) I f  the Hamiltonian is  d iffe re n tia b le  then the c o rre la tio n  

functions w il l  have Taylor se r ie s  expansions about t=0

<A(0).B(t)> = 2 (VI-26)
SO

where

as = <A (0).^B(0)> (VI-27)

5) Applying the s ta tio n a ry  condition equation (VI-23) gives

where

.  _  <a(®^(0).b(® ^(0)> 
^  < A ( 0 ) . f e ( 0 J >

A (0) denoting the  Sth time deriva tive  o f A(t) a t  t O .  From 

th is  can be ob tained[10%.

^ + l^ ^ s  -  \ + 2 ^ \ + l  (VI-29)

and thus the radius of convergence o f the Taylor se r ie s  expansion 

is  given by a time t

T_ = lim 2s(2 s-l) A /A . (VI-30)
^ S-X» b b X

6) F in a lly , in  general

<A(0).B(t)> = <B(0).A(t)> (VI-31)
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from which is  obtained

<A(0).B(t)> = <BCt).A(0)> = <B(0).A(-t)> (VI-32)

A consequence o f th is  i s  th a t we can w rite

d/dt<A (t.)B (t„+ t)>  = <A (tJB (t„+t)>+ <A(t jB ( t„ + t)>  (VI-33)
O 0 0 0 0

and thus

<A.B(t)> = -<A,B(t)> (VI-34)

However, in  the case o f quantum dynamics, the Hamiltonian 

becomes unsymmetric w ith respect to  time rev e rsa l, and thus the 

lim itin g  p ro p erties  o f the co rre la tio n  functions in  th is  case are 

su b s ta n tia lly  a lte re d .

The c o rre la tio n  functions used throughout are  normalized 

and defined by

C^(t) =.<A(0).A(t)>/<A(0)2> (VI-35)

which is  com putationally evaluated by a method due to  Gosling(22), 

High accuracy and con tinu ity  o f the f i r s t  two deriva tives of the 

c o rre la tio n  functions are assured i f  they are evaluated fo r  every 

time step  in  such a way th a t each time step  has exactly  the same 

s t a t i s t i c a l  weighting in  the time average.
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(VI-3) Translational Motion.

In order to  study the tra n s la tio n a l motion, the centre  o f 

mass (COM) v e lo c ity  au to co rre la tio n  function (acf) C^(t) was 

evaluated

Cv(t) = <R. (0 ) .R̂  (t) >/<R(0). R(0) >

= (3kT/M)<R^(0).R^(t)> (VI-36)

The COM force acf is  given by the second deriva tive  o f C ^ ( t) , and was

not computed d ire c tly .

CpCt) “- d ^ /d A  (t) = <R.(0).R.(t)>/<R.CO).R.(0)> (VI-37)
ir V ^  X X X

U nfortunately s t r i c t  comparison w ith  the basic  2-cen tre  Lennard- 

Jones systems (2LJC) re s u lts  o f Singer e t  a l . (2 1 ).i s  not possib le  

fo r  the reasons discussed in  Chapter I I I .  However, as a guide o f 

com parability the reduced u n its  T* = kT/e, p* -  pa^, L* = L/a and 

Q* = Q/(ecr^)^ have been used together w ith the add itional u n its  

D* = D(M/e)^o”^, T* = (kTA^“ (x/a) fo r  tra n s la tio n a l motion and 

X* = (kT/I)  ̂ ( x / a )  fo r  ro ta tio n a l motion where M is  the to ta l  

m olecular mass and I i s  the molecular moment o f in e r t ia .

Caution should be used when looking a t  the c o rre la tio n  functions
—17beyond approximately 1. 2 x lO” seconds as the flu c tu a tio n s and 

s tru c tu re  beyond th is  are generally  le ss  than the s t a t i s t i c a l  

f lu c tu a tio n s  produced by averaging over a small number o f p a r t ic le s  

(108) fo r  a lim ited  number o f time steps (z 5000). This can be seen 

from s ig n if ic a n t d ifferences in  runs w ith 256 p a r t ic le s  a t  long tim es.

The e sse n tia l fea tu res o f the v a ria tio n  o f C^(t) w ith T*, p* and 

L* remain the same as th a t shown by Singer e t  a l .  (21) fo r  the basic
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2LJC systems. This is  i l lu s t r a te d  in  Figures (VI-1) to  (VI-7), 

from which the following general fea tu res are observed.

1) That fo r a l l  d e n sitie s  and tem peratures there  i s  a strong 

i n i t i a l  decay o f approximately gaussian shape.

2) For T* ~ 1 and p* = 0 the co rre la tio n  functions have a negative 

lobe, which is  seen to  increase in  magnitude w ith increasing  quad- 

rupole moment, followed by a long negative t a i l .

3) The depth o f the minimum is  weakly temperature dependent a t 

constant density . However, the minimum is  strong ly  dependent

on p*; decreasing as p* decreases. The minimum is  a lso  dependent 

on Q*, increasing  w ith Q*.

4) For any given values o f p*, T* and Q*, the magnitude o f  the 

minimum decreases w ith increasing  L*, such th a t fo r large  values o f 

L* the minimum disappears completely.

5) An in te re s tin g  secondary e ffe c t i s  th a t fo r  low p*, the i n i t i a l  

decay ra te  increases as T* increases , although the depth o f the 

minimum is  decreased.

However, fo r the d ipo la r systems no s ig n if ic a n t d ifferences 

can be seen from the basic  2UC systems of Singer e t  a l .  This i s  

due to  the  d ipo la r p e rtu rb a tio n  being small (of o rder 0 .5  Debye) 

and thus these systems w ill  not be discussed fu r th e r .

These fea tu res are reproduced fo r most liq u id  systems stud ied  

by molecular dynamics sim ulation methods. These e ffe c ts  are thought 

to  be due to  rap id  lo ss o f i n i t i a l  c o rre la tio n  w ith the negative lobe 

caused by "back-scattering" by a surrounding cage o f n eares t neighbour 

molecules, which i s  a type o f o sc illa to ry  motion. At lower d e n s itie s  

there  are fewer n eares t neighbours giving the p a r t ic le s  longer mean 

free  pa th s , and thus th e i r  momentum c o rre la tio n  decays a t  a slower 

ra te . This does not however mean th a t there  are no "back-scattering" 

events happening, but ra th e r  th a t these events have le ss  s t a t i s t i c a l  

s ig n ifican ce .
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The long negative t a i l  i s  u sua lly  explained as a foim of 

cooperative motion between the molecule and i t s  'cage ' o f  n eares t 

neighbours, such th a t the 'cage ' i t s e l f  has movement and thus 

c o rre la tio n  o f v e lo c ity  over much la rg e r  mean free  p a th s . The 

double minima s tru c tu re  shown in  the C^Ct) 's  computed by Singer e t  a l .  

fo r L* = 0.505, L* = 0,608 and L* = 0.632, was f i r s t  no ticed  in  

n itrogen  systems by Barojas e t  a l .  (23). The systems o f 2LJC liq u id s  

when perturbed by a quadrupolar in te ra c tio n  gradually  lose th is  

fea tu re  w ith increasing  quadrupole moment. The fea tu re  was 

in te rp re te d  as coming from the d if fe re n t co rre la tio n  lo ss ra te s  fo r 

motion p a ra l le l  and peipendicular to  the m olecular a x is . This is  

shown by evaluating the p a ra l le l  and perpendicular v e lo c ity  

c o rre la tio n  functions. These functions are more fu lly  discussed 

in  sec tio n  (V I-9).

These re s u lts  may also  be compared w ith the work on n itrogen , 

w ith and w ithout quadrupolar in te rac tio n s  by Cheung and Powles(24,25) 

and o th er sim ulations o f purely  model systems by S teele  and S tre e t t(2 7 ) , 

Sim ulation o f the 2LJC system by Quentrec(28) uses the same parameters 

as the p resen t sim ulation and is  thus most su itab le  fo r  comparative 

puiposes. However, the re s u lts  o f Cheung and Powles fo r  C^(t) are 

in  close agreement w ith those o f Quentrec.

The comparison shows th a t the strong double minima fea tu re  

observed by Quentrec has become a sing le  minimum o f  s l ig h tly  g rea te r 

depth, due to  the motion becoming more iso tro p ic  in  the quadrupolar 

case. The reasons fo r th is  change are probably th a t desp ite  the  

highly an iso tro p ic  nature  o f  the quadrupole p o te n tia l ,  the p o te n tia l 

i t s e l f  has become more cohesive. The e ffe c ts  o f th is  would be to  

increase 'lo c a l ' ( i . e .  nearest-neighbour) ordering in  the system, and 

thus increase the  cooperative motion e f fe c ts . This would mean th a t 

the molecules tend to  tra n s la te  as a loosely  bound complex ra th e r  

than indiv idual m olecules. In  th is  way the d ifferences in  iso tropy
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are minimized.

The re s u lts  a t  the lower density  p* = 0.626 show th a t the e ffe c t 

o f the quadrupole moment is  to  produce a negative lobe even a t high 

tem peratures, which is  not shown in  the 2UC system re s u l ts .  Thus 

the statem ent by Cheung and Powles(25) th a t " the  quadrupolar in te ra c tio n  

appears to  have l i t t l e  e ffe c t on tra n s la tio n a l motion", can only be 

v a lid  o f small quadrupolar p e rtu rb a tio n s . As the n itrogen  quadrupole 

i s  not sm all, the explanation may be th a t  the point-quadrupole 

p o te n tia l used by Cheung and Powles, while adequately represen ting  

the averaged in te ra c tio n  p o te n tia l ,  f a i l s  to  rep resen t close respu lsive  

s i t e - s i t e  in te rac tio n s  which w ill strong ly  influence the  dynamics o f 

the system. The d ifference  in  the two forms o f p o te n tia l used is  

a lso  d iscussed by S tr e e t t  and Tildesley(26) who conclude th a t there  

are s ig n if ic a n t d ifferences in  the ca lcu la ted  p o te n tia l fo r  the two 

models a t  small d is tan ces , fo r  some o rie n ta tio n s ,

. Comparison w ith the chlorine and carbon-dioxide l ik e  2LJC systems 

o f Singer e t  a l .  show the same general e f fe c ts ,  i . e .  the disappearance 

o f the  double negative lobe o f C^(t) and an increase in  the depth o f 

the  minima, as w ell as C^(t) and C^(t) becoming more l ik e  C^(t) w ith . 

increasing  quadrupole moment. Thus the motion o f the  system becomes 

more iso tro p ic . Again the point-quadrupole re s u lts  o f S teele  and 

S t r e e t t (27) show l i t t l e  d ifference  from the b asis  2UC re s u l ts  except 

a t  large  Q* % 2. These authors a lso  p o in t out th a t d ifferences e x is t  

in  the dynamical p ro p erties  o f point-quadrupole and d isc re te  charge 

models, but only fo r  large  values of Q*. This a lso  applies to  the 

n itrogen  case (Q* = 1.16) which may be regarded as having a medium 

quadrupole moment.

From the various C^(t) and C ^ (t) ; C^(t) the d iffu sion  constants

were ca lcu la ted  by
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Tt
D = (3kT/M)  ̂ C^(t)dt (VI-38)

using Trapezoid ru le  with T* = 600At. The re s u lts  are given in  

Table (V I-1). The accuracy is  reduced by flu c tu a tio n s  in  the 

c o rre la tio n  functions fo r T’ > 300At due to  s t a t i s t i c a l  no ise . 

Comparison o f c o rre la tio n  times evaluated up to  T' = 200At and 600At 

show d ifferences o f 20%, however, th is  could be due to  the p e rs is tan ce  

o f long negative t a i l s .

(VI-4) Force C orrela tion  Functions.

These co rre la tio n  functions evaluated from and defined by 

equation (VI-37) are i l lu s t r a te d  in  Figures (VI-8) to  (VI-10). The 

main fea tu res o f Cp(t) are very rap id  i n i t i a l  decay to a strong 

negative lobe. This i s  s im ila r to  a h ighly  damped o s c i l la to r  

behaviour. This shows th a t  the sign  o f the  forcé acting  on a 

molecules changes approximately twice as quickly as the sign  o f  the 

v e lo c ity . I f  the  motion o f the  molecule was p e rfe c tly  harmonic then 

the force and v e lo c ity  would change sign  w ith equal p e rio d ic ity , 

thus the observation th a t the force changes sign  twice as o ften  shows 

th a t  the molecule i s  undergoing highly  anhaimonic motion.

Force c o rre la tio n  times evaluated from

T»
Tp = /  C p(t)d t (VI-39)

. 0 ^

were found to  be zero w ith in  s t a t i s t i c a l  e r ro r , as would be expected 

fo r  a function th a t is  the second deriva tive  o f some o th er function . 

The s im ila r ity  between the curves shown fo r  n itrogen , ch lorine and - 

carbon dioxide is  s tr ik in g . The curves fo r  the d if fe re n t quadrupole 

moments in  ch lorine  were found to  be almost in d is tin g u ish ab le , as 

were the functions evaluated a t  the same density  but d if fe re n t
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tem peratures, fo r a l l  systems. Thus the force au to -co rre la tio n  

functions are found to  be h ighly  damped and o s c illa to ry , w ith l i t t l e  

v a ria tio n  in  shape, except w ith density . This i s  probably due to  

the change in  the g radients o f the  e ffe c tiv e  p o te n tia l w ell formed 

by the p a r t ic le s  neares t neighbours.

(VI-5) R otational Motion.

The ro ta tio n a l motion o f the system is  most u se fu lly  described 

in  terms o f the o r ie n ta tio n a l s e lf -c o r re la tio n  functions given as 

the Legendre polynomial expansion of the  vector product o f the 

m olecular o r ie n ta tio n  l^ ( t )  a t  time t ,  where l^ ( t )  is  the u n it 

vecto r along the molecular ax is . These are

C^Ct) = < l . ( 0 ) . l . ( t ) >  ' (VIt40)

C^(t) i s  re la te d  to  the broadening o f in fra -re d  adsorption hands in  

d ip o la r systems whereas [^ ( t)  is  re la te d  to  the corresponding Raman 

phenomena(6 ,19). P lo ts o f these functions are shown in  Figures

(VI-11) to  (VI-14). A ll these curves show the same fea tu re s .

1) I n i t i a l  gaussian l ik e  decay.

2) Exponential decay a f te r  a time roughly corresponding to  the 

minimum of the angular momentum co rre la tio n  function  discussed l a te r .  

The g rad ien t o f [^ ( t)  i s  le ss  co n sis ten t as the function  decays fa s te r  

and is  thus more a ffec ted  by s t a t i s t i c a l  f lu c tu a tio n s .

The c o rre la tio n  times are given by

T'
T = /  C ( t )d t  (VI-42)
“ 0
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where T’ = 600At, and extrapo lated  to  t  = °° by assuming an 

expontial t a i l  whose decay constant i s  approximated by least-sq u ares  

f i t t i n g  to  ln |C ^ ( t) | in  the range 200500At. The re s u lts  are 

given in  Table (VT-2). D irect comparison w ith the re s u lts  o f 

Quentrec(28) show th a t there  is  good agreement w ith the b asic  2LJC 

system r e s u l ts ,  the quadrupole causing a 10 to  20% increase in  

and and a sm aller decrease in  t  .L W

The same e ffe c ts  are observed fo r  the chlorine and carbon 

dioxide systems, whereby the quadrupole re s u lts  in  an increase in  

the o r ie n ta tio n a l co rre la tio n  times and a decrease in  the angular 

momentum c o rre la tio n  tim es. I t  i s  in te re s tin g  th a t  the  r a t io  

T1/T2 remains unchanged, which means th a t the quadrupole e ffe c ts  

and T2 equally . The simple explanation o f these e ffe c ts  is  

th a t the quadrupole p o te n tia l i s  more cohesive and thus m aintains 

o rien ta tio n s  fo r  longer periods, by l ib ra t io n  about the o r ie n ta tio n a l 

p o s itio n . Thus i t  i s  reasonable th a t the molecules are more strong ly  

bound to  th e i r  n ea res t neighbours in  p a r t ic u la r  o r ie n ta tio n s . This 

suggests th a t  the motion in  quadrupolar f lu id s  i s  on a more 

cooperative b asis  which the long range nature o f  the quadrupolar 

in te rac tio n s  must a lso  encourage.

The values o f the  re lax a tio n  time T2 fo r  2UC chlorine  systems 

were compared to  the experimental values by Singer e t  a l ,  who found 

th a t the values p red ic ted  by the molecular dynamics were co n sis tan tly  

too sm all. The values ca lcu la ted  fo r  quadrupolar systems are

T(K) Q* T2><10"^^s

227.5 0,739 0.89
230.5 1.321 1.15
236.1 2.073 1.97
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Comparison w ith Figure 5 o f reference (21) shows th a t  the quadrunole

does indeed improve agreement w ith experiment fo r  the two lower

values o f Q*, which seem to be equally  close to  the experimental

values, The re lax a tio n  time fo r Q* = 2.073 i s  however f a r  too high,

but the comparison may no t be s t r i c t l y  v a lid  as the large  quadrupole

may w ell be a s ig n if ic a n t pe rtu rb a tio n  to  the  equation o f s ta te  o f

the system. The d ifference  between the 2UC and quadrupolar

re lax a tio n  times would appear to  be very roughly proportional to  Q* .

A study o f the  c o rre la tio n  times fo r  m olecular re o r ie n ta tio n ,

ca lcu la ted  fo r various types of d iffu sion  models has been given by

Powles and Rickayzen(29), who p lo t the p red ic tions o f various models

as a function o f the  reduced variab les tÎ ,  To and t*. I t  can be1* I w
seen from Table (VI-2) th a t fo r a l l  systems, except n itrogen  a t high 

tem peratures, th a t the product i s  very close to  u n ity . The

same is  true  fo r  the product but w ith ra th e r  g re a te r  deviations

from u n ity . This shows th a t there  i s  l i t t l e  deviation  from the
\

Hubbard r e la t io n s (30) fo r «  1 i . e .

= Ln(n+l)]'^ (VI-43)

This corresponds to  the Debye l im it ,  which is  obtained fo r  h ighly  

viscous liq u id s . Deviation from th is  lim itin g  case shows increasing  

amounts o f  free  ro to r  l ik e  behaviour, w ith the stro n g est deviation  

being fo r  n itrogen  a t  high tenpera tu res , as would be expected. The 

ra t io  t ^ / t 2 , as found by Singer e t  a l . , i s  weakly dependent on T*, 

w ith values o f  the order o f 2,5 and approaches 3 a t  low T* and high p*, 

which is  as would be p red ic ted  fo r  systems whose ro ta tio n  is  becoming 

increasing ly  hindered. This shows th a t the behaviour o f the 

o r ien ta tio n a l c o rre la tio n  functions is  con^lex and strongly  dependent 

on the exact form o f the  p o te n tia l used.

226.



Comparison with the models discussed by Powles and Rickayzen, 

show th a t none re a lly  s a t is f a c to r i ly  represen ts a l l  aspects o f 

molecular ro ta tio n a l motion. Thus the p ertu rb a tio n  type treatm ent 

o f Snook and Watts (31,32), which they applied  to  tra n s la tio n a l motion 

would seem a much more v a lid  type o f approach then ra th e r  a r t i f i c i a l  

model ca lcu la tio n s .

(VI-6) Angular Momentum C orrela tion  Functions.

These co rre la tio n  functions are given by

where J .  ( t)  = y l. ( t ) x l .  ( t ) . The v a ria tio n  o f C (t) w ith density  

and tem perature is  shown in  Figures (VI-15) to  (VI-20), From 

these i t  i s  seen th a t

1) At a l l  d e n s itie s  and temperatures there  is  rap id  gaussian -like  

i n i t i a l  decay o f the c o rre la tio n  function .

2) For a l l  d e n s itie s  and tem peratures, w ith the exception o f 

n itrogen  a t  high temperature and/or low d ensity , the co rre la tio n  

functions have a negative lobe.

3) The magnitude o f the negative lobe increases w ith increasing  

quadrupole moment and is  strong ly  density  dependent, but v a ries  le ss  

strong ly  w ith tem perature.

4) The i n i t i a l  decay o f the function i s  density  dependent, but not 

s ig n if ic a n tly  temperature dependent.

5) The c o rre la tio n  functions do not ex h ib it any s ig n if ic a n t " t a i l "  

or long-tim e e ffe c ts .

6) The magnitude o f the negative lobes does no t increase w ith L*. 

The c o rre la tio n  times ca lcu la ted  from equation (IV-42) are

given in  Table (V I-2). They increase w ith decreasing density  but 

increase le ss  strong ly  w ith increasing tem perature. In comparison 

w ith the 2LJC re s u lts  o f Singer e t  a l . ,  the increasing  quadrupole

227.



moment can be seen to p rogressively  decrease ud to  40% fo r 

Q* = 2.073. For n itrogen  the quadrupole moment produces f a s te r  

i n i t i a l  decay, and a negative lobe a t  high d e n s itie s  and/or low 

tem peratures which was not p resen t in  the basic  2LJC system sim ulated 

by Quentrec(28).

The shape o f C^(t) is  a ttr ib u te d  to  q u a s i- lib ra tio n s  o f the 

molecule w ith in  the cage o f i t s  n eares t neighbours. The quadrupole 

moment increases the anisotropy o f the  molecule, which increased the 

sp e c if ic a tio n  o f e n e rg e tica lly  p re fe rred  o r ie n ta tio n s , about which 

the molecule w ill  tend to  l ib ra te  ra th e r  than ro ta te  through 

heightened ro ta tio n a l b a rr ie rs .

(VI-7) Torque C orrela tion  Functions.

The torque c o rre la tio n  functions are given by

Cp(t) -  <Tj^(0).T^(t)>/<T^(0).T.(0)> (VI-45)

where T \( t)  = yl ,̂ ( t ) x l ^ ( t ) . The c o rre la tio n  functions are 

i l lu s t r a te d  in  Figures (VI-21) to  (VI-24). They are s im ila r  to  the
I

tra n s la tio n a l  force c o rre la tio n  functions are are  charac terized  by

1) Very rap id  i n i t i a l  decay.

2) A deep negative lobe which i s  weakly dependent on ten p era tu re , 

density  and quadrupole moment. This shows th a t the torques ac ting  

on a molecule change approximately twice as rap id ly  as the angular 

momentum v ec to r, which as explained fo r  the force c o rre la tio n  functions, 

shows th a t  the motion i s  th a t o f a h ighly damped o s c i l la to r  which is  

a lso  strong ly  anhaimonic.

(VI-8) Q uasi-O scilla tion  and Lib ra tio n a l A nalysis.

Given th a t the tra n s la tio n a l force and torque c o rre la tio n  times 

are much sm aller than the c o rre la tio n  times fo r  the corresponding 

v e lo c it ie s , and th a t the strong negative lobes o f the c o rre la tio n
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functions in d ica te s  some type o f o sc illa to ry  behaviour, (even 

i f  strong ly  danped), then i t  was suggested by Singer e t  a l .  (21) 

th a t the c o rre la tio n  functions should be analysed in  terms o f th is  

o sc il la to ry  behaviour, ra th e r  than the physica lly  u n re a lis tic  

discrete-jum p or c o llis io n  models.

I f  a given c o rre la tio n  function C(t) changes sign fo r the 

f i r s t  time in  then 2 in  an estim ate o f the time between 

successive zeros of C (t) . Thus 4t^ i s  the period  o f o s c i l la t io n . 

Let T£ be the time a t  which the in te g ra l o f C(t) has reached i t s  

asynpto tic  value ( i . e .  co rre la tio n  has ceased; limC(t) =0) then the
t-K«

number o f o sc illa tio n s  before conplete lo ss o f  c o rre la tio n  is  

T_p/4T .̂ Successive displacements o f length Ax(x) can be regarded 

as a random walk, which taken to  x^ gives the d iffu sion  constant

2
D = <Ax (t£)>/2x£ fo r tra n s la tio n a l motion

2
= <A0 (x )>/2x£ for rotation, where AG

is  an angular displacem ent.

The airplitude o f o sc illa tio n  i s  defined as the in te rv a l x 

between successive zeros o f the function. For the n and (n+1) 

turn ing  po in ts o f  the v e lo c ity  th is  i s  given by

S (l;n )  = x(x=0;n+l) -x  (x=0;n) (VI-46)

which corresponds to a time interval o f 2Xq. Now using
2

<± > = RT/M, one obtains

<SCl;n)2> ^ 4 2^t/M = (VI-47)
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which is  the inean-sqv\c(,re in te rv a l between successive tu rn ing  p o in ts . 

The same may be applied  to  a complete cycle, between the n and 

(n+2) tu rn ing  p o in ts .

Ç(2;n) = x(x=0; n+2) -x  (k=0;n) (VI-48)

This can now be used to  estim ate the mean-square displacement per
2 2 2 cycle <C(2 ;n) > = <C(2) > where <Ax ( t£)> i s  modified to  correspond

to  the displacement in  %£, which i s  defined by ( r y 4T^) = m, being

the n ea res t in te g e r r a t io  to  (t£/Tq) .  Thus fo r m=l

<Ax^(xn> = <5C2;n)^> = <(Ç(l;n+l) + Ç(l-n))^> (VI-49)

= 2<Ç(1)^> + 2<Ç(l;n)Ç(l;n+l)>

I t  i s  found in  a l l  cases th a t m=0 o r 1 only, so th a t  the h igher 

order expressions given by Singer were not requ ired .

Rewriting equation (VI-49) to  is o la te  the co rre la tio n  term gives

-  <C( i; i )  CCi;2)> ■ 1 j 

< « i )  > <Ç(1) > J
(VI-50)

From th is  i t  can be seen th a t i f  <Ç(2)^> = 4<Ç(1)^> ( i . e .  Ç(2) = ^ Ç (l)) ,
2

then <C(1 ;1)Ç*1 ;2) >/<Ç(l) > = 1 , which corresponds to  a p a r t ic le
2

tra n s la tin g  w ith no forces ac ting  on i t ,  whereas i f  <^(2) > = 0 , then
’ 2.< ^ ( l ; l )^ (1 ;2) > /< ( l )  > = - 1 , which corresponds to  a p a r t ic le  re tu rn ing  

to exac tly  i t s  o rig in a l p o s itio n , which is  a s ta tio n a ry  o s c illa t io n  

about a p o in t. Thus the q u a s i-o sc illa tio n  analysis gives the degree 

o f asymmetry o f an o s c i l la t io n  about a p o in t; th a t  i s  the amount o f 

d iffu s io n  assoc ia ted  w ith each o s c i l la t io n , when the amplitude of 

o s c i l la t io n  i s  taken in to  account. However, the analysis cannot give 

any inform ation about t h e ,character o f the o s c illa t io n  ( i . e .  the degree
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o f  anham onic ity ).

The re s u lts  o f th is  q u a s i-o sc illa tio n  analysis are given in

Table (V I-III) , As in  the case of the d iffu sio n  constan ts , the

c o rre la tio n  functions were only stud ied  in  the range 0 h 200At,

which must neg lec t the presence o f any long range negative t a i l s  o f

C ^(t). This re s u lts  in  almost id e n tic a l values fo r t^, re f le c tin g
—1 7the c o rre la tio n  range considered (0.8 x lO” s ) .  The values fo r

are a lso  remarkably constant w ith v a ria tio n  o f tem perature and

show s l ig h t  decrease w ith increasing  quadrupole moment. The

s trongest e f fe c t  i s  the increase in  with decreasing density .

The values fo r  ch lo rin e , n itrogen  and carbon dioxide are a l l  o f the  ^

same order desp ite  widely d if fe r in g  bond leng ths, although th is

may ju s t  be fo r tu ito u s . The subsequent analysis re f le c ts  the

trunca tion  o f C^(t) a t 200At, but s t i l l  shows re la tio n sh ip  between 
‘ 2 2<Ç(1) > and <Ç(2) > w ith in  one complete quasi-cyc le . the  d ifference

2between them is  shown by the co rre la tio n  term <Ç(1 ; 1) Ç (l;2)>/<^(1) > 

which can be seen to  be remarkably co n sis tan t over the e n tire  range 

of cases considered. At high density  the c o rre la tio n  c o e ff ic ie n t 

becomes le s s  negative w ith tenperature but becomes more negative w ith 

quadrupole moment. However, a t  lower density  the trend  w ith changing 

quadrupole moment i s  reversed. This means th a t the e f fe c t  o f 

density  changes cannot be assessed from the p resen t small sample o f 

P.V.T. p o in ts .

For ro ta tio n , the angular momentum co rre la tio n  functions do not 

have long range negative t a i l s ,  and thus the trunca tion  a t  200At does 

not have any e ffe c t  as the asymptotic l im it has a lready been reached. 

The re s u lts  o f the l ib ra tio n a l  analysis are  given in  Table (VI-IV).

The v a ria tio n  o f obeys the same c r i te r io n  as in  the case of 

tra n s la tio n a l motion, although the v a ria tio n  is  stronger with
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quadrupole moment, but weaker w ith density . Again the values 

fo r ch lo rine , n itrogen  and carbon dioxide are a l l  o f the same order. 

The analysis in  terms o f the l ib ra tio n a l  co rre la tio n  c o e ff ic ie n t 

< r)(l;l)nC l;2)> /<n(l) > shows th a t the c o e ff ic ie n t becomes le ss  

negative w ith tem perature, but more negative w ith quadrupole moment. 

This trend  remains constant a t  both d e n s itie s  and i t  can be seen 

th a t the c o e ff ic ie n t becomes le s s  negative w ith decreasing density . 

Again the c o e ff ic ie n t shows l i t t l e  v a ria tio n  w ith bond length .

These values r e f le c t  the a b i l i ty  o f  the  molecule to  break from the 

surrounding p a r t ic le s ,  as a function o f  tem perature,density  and 

in te ra c tio n  p o te n tia l .

(VIt9) P a ra lle l  and Perpendicular T ransla tiona l Motion.

In o rder to  fu rth e r  study the tra n s la tio n a l motion o f the 

system, i t  i s  possib le  to  examine the v e lo c ity  c o rre la tio n  function  

p a ra l le l  and perpendicular to  the molecular ax is . This was 

o r ig in a lly  proposed by Quentrec(28) fo r  the case o f  n itrogen . These 

co rre la tio n s  are simply defined by

where A^^(t) = (R (t).Ji(t))^C t) andAj^(t) = RCtJ-A^^Ct)

These functions are  i l lu s t r a te d  in  Figures (VI-25) to (VT-28). 

Comparing these w ith those ca lcu la ted  fo r the corresponding 2LJC 

systems by Singer e t  a l .  (21), i t  can be seen th a t the e ffe c t o f the 

quadrupole moment i s  to  severely  reduce the tra n s la tio n a l anisotropy 

o f the  system. The values o f the d iffusion  constants fo r the 

co rre la tio n  functions tran scribed  a t  200At are given in  Table (V I-1),
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as w ell as th e ir  ra t io s

D ii/D i = I!  C ^ ^ ( t)d t] / [ /  C^Ct)dtJ (VI-53)
o o

These ra t io s  fo r  the systems i l lu s t r a te d  are 1.18, 1 .70, 1.23 

and 1,28 resp ec tiv e ly . On comparison w ith the re s u lts  o f Singer, 

i t  can be seen th a t  the only s im ila r value i s  th a t o f the low 

quadrupole moment ch lorine system. ' The o ther cases show very much 

le s s  tra n s la tio n a l anisotropy, p a r t ic u la r ly  fo r ch lo rine  and carbon 

dioxide where the two co rre la tio n  functions are  remarkably a lik e . 

These co rre la tio n  functions may now be analysed using the 

q u a s i-o sc il la tio n  method fo r  tra n s la tio n a l motion as befo re . The 

co rre la tio n  functions were again truncated  a t  200At, and then the 

subsequenty analysis can only apply to  one complete quasi-cyc le .

The re s u lts  o f  th is  analysis are  given in  Table (VI-V), The 

values fo r  are divided e i th e r  side  o f  those fo r C^(t) given 

e a r l ie r  in  Table (V I-III) w ith x^ < x^ < x^^ . The dev ia tion  o f 

these from x  ̂ decreases w ith increasing  quadrupole moment.

The values o f the c o rre la tio n  co e ffic ien ts  give the degree o f 

asymmetry o f  the o sc illa t io n s  about a p o in t. The le s s  negative 

values fo r  the perpendicular c o e ff ic ie n t in  the case o f n itrogen  

and low-quadrupole ch lorine  in d ica te  th a t the motion perpendicular 

to  the m olecular axis i s  s l ig h tly  le s s  symmetric than in  the 

p a ra l le l  d ire c tio n , although the d iffusion  constant ra t io s  in d ica te  

th a t d iffu sion  i s  strong ly  p refe rred  in  the p a ra l le l  d irec tio n . 

However, fo r high-quadrupole chlorine and carbon dioxide the p a ra l le l  

c o rre la tio n  c o e ff ic ie n t i s  s l ig h tly  le s s  negative , showing th a t the 

degree o f asymmetry i s  almost id en tica l in  each d ire c tio n , w ith a 

small preference towards the p a ra l le l  case. I t  should be remembered
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th a t  the c o rre la tio n  c o e ff ic ie n t only shows the degree o f 

asymmetry o f  the o s c i l la t io n , while the d iffu sio n  ra te  in  a given 

d irec tio n  is  a product o f the degree o f  asymmetry and the amplitude 

o f o s c i l la t io n ,  which i s  p roportional to  <?(2) > which in  a l l  cases 

i s  la rg e r  in  the p a ra l le l  d irec tio n , p a r t ic u la r ly  fo r  the low- 

quadrupole cases. Thus although the asymmetry can be g re a te r  in
/

the perpendicular d ire c tio n , d iffu sio n  i s  s t i l l  p re fe rred  along 

the p a ra l le l  ax is .

(VI-10) Conclusion.

The e f fe c t  o f a quadrupole moment on the in te rac tio n s  w ithin  

a molecular f lu id  i s  to increase the cohesiveness o f the p o te n tia l , 

p a r t ic u la r ly  w ith respec t to  c e r ta in  favoured configura tions. This 

leads to a form o f  dynamics in  which the molecules can tra n s la te  and 

ro ta te  while remaining c lu s te red  to  some n eares t neighbours, so 

forming a type o f cooperative motion. In th is  type o f  motion 

d ifferences in  m o b ilitie s  p a ra l le l  and perpendicular to  the m olecular 

ax is caused by the anisotropy o f  the bond vecto r are l ik e ly  to  be 

minimized as the p o ten tia l becomes increasing ly  cohesive. This 

can be seen in  the tra n s la tio n a l v e lo c ity  c o rre la tio n  functions where 

the negative double minimum associated  w ith strong ly  an iso trop ic  

tra n s la tio n a l  motion becomes a sing le  minimum w ith increasing  

quadrupole moment. This is  also  shown by the decrease in  d ifference  

between the p a ra l le l  and perpendicular c o rre la tio n  functions.

The o r ie n ta tio n a l c o rre la tio n  functions decay more slowly fo r  

quadrupolar systems th«yi the corresponding 2LJC systems, giving 

c o rre la tio n  times in  b e t te r  agreement w ith  the experimental values.

This again suggests th a t the molecules are more strong ly  bound to 

th e i r  n eares t neighbours. The increase in  depth o f  the angular momentum 

c o rre la tio n  function minimum ind icates th a t ro ta tio n a l o s c i lla t io n  

about given configurations has become more lik e ly .
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The e ffe c ts  o f a quadrupole on any c ro ss-c o rre la tio n  functions, 

between two or more p a r t ic le s ,  from th is  type o f cooperative motion 

i s  probably s ig n if ic a n t . This has not been in v es tig a ted , however, 

as they require  approximately an order o f magnitude more s t a t i s t i c s  

fo r th e i r  evaluation .
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CHAPTER VII.

Dynamics - A nalysis.

1. In troduction .

In order to  analyse the time dependent behaviour o f a system 

which obeys Hamilton's equations of motion

l i  : 2 i  = - 3 ^  i  = 1 .2 ...N  C V II -1 )
«W X "wX

i t  i s  f i r s t  necessary to study the time evolution o f the  d is tr ib u tio n  

function  f^ (n ^ ,r^ ,t)  (1 ,2 ). This function , when normalized gives 

the p ro b ab ility  o f finding a phase po in t in  volume element dp^dr^ 

about po in t (p^,r^) a t  time t  as f^(r)^ ,r^ ,t)dn^dr^ . I f  the system 

is  closed and there  are  no ex ternal forces ac tin g , then the dynamics 

o f the system vary a d ia b a tica lly  and must be conservative, which can 

be expressed as

^  + div j = 0 (VII-2)

where j i s  the cu rren t vector defined by

j = (f^p , f ^ n ^ , . . . f ^ r j  (VII-3)

Thus equation (VII-2) can be rew ritten  as

which i s  equivalent to
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4 ?  +  ̂ -Éi + '  i i )  + ^  M w r  - Pi  +-âFT - i P  '  "-1- -1 1 \,1 ^1

Here the l a s t  term can be shown to  be zero using Ham ilton's equations 

o f motion. Thus equation (VII-2) can be w ritte n  as

where the Poisson bracket is  given by

 ̂ • If  - I f  • ê  ^1 •'i'l 1

The so lu tio n  to  equation (VTI-6) can then be w ritten

^  Cvn-8)

where is  the L ionville  operator defined by

Equation (VII-6) may now be in teg ra ted  to  give

f^ (n ^ ,r^ ,( t)  = e x p [ i ,£ t] f^ (n ^ ,r^ ,t)  (V ll-io )

This equation is  then v a lid  fo r  any dynamical v a riab le  A (p^ ,r^ ,^^ t) 

whose time evolution is  governed by Hamilton's equations o f motion, 

and is  a function  o f the coordinates and momenta only.

The time dependence o f A (p^ ,r^ ,t) may now be studied by two 

d is t in c t  methods o f an a ly sis . These methods are both based on the

separation  o f the dynamics in to  a system atic p a rt and a s to ch as tic  p a r t .
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However the nature  o f the s to ch as tic  p a rt is  not equivalent in  the 

two methods. The d ifference  between the two methods can be shown 

by the use o f p ro jec tio n  operators.

2. Memory Function A nalysis.

The memory function equations were proposed by Mori(3,4) and 

Zwanzig(13) as a method o f rew riting  the equations o f motion of the 

system in  such a way th a t the system atic p a rts  are  separated from any 

s to c h a s tic a lly  varying p a rts  by the use o f p ro jec tio n  operators in  the 

following way.

Consider a H ilb ert space o f dynamical v a riab les  whose in v a rian t 

p a rts  are se t to  zero, in  which the inner product o f two v a riab les  F 

and G is  given by (F,G*), corresponding to  the  c o rre la tio n  function  

fo r  c la s s ic a l  systems, where the a s te r isk  denotes the Hermitdan 

conjugate. The time evolution o f the  system is  then given by the 

L iouv ille  equation (VII-10) fo r which i t  is  required  th a t  the 

L iouv ille  operator be Hermitian

CZf .G*) = (VII-11)

Now defin ing  a p a i r  o f l in e a r  Hermitian p ro jec tio n  operators and 

0^, s a tis fy in g  P^-K^=l, such th a t the p ro jec tio n  o f the vecto r G onto 

the A ax is i s  given by

PqG = (G,A*)CA,A*)"^.A ■ (VII-12)

Then the dynamical v a riab le  A(t) may be separated in to  components 

p ro jec ted  onto the  A axis and orthogonal to  i t  giving

A(t) = H^Ctj.A + A '( t)  CVII-13)
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where

HgCt) = (A(t),A*)(A,A*)'^ CVII-14)

A' Ct) = Q^A(t) ( v r i - i s )

S im ilarly  the quan tity  i^ A  may be separated '

Â = = iw^A + CVII-16)

where

q  = ij&A = n^Â CVII-X7)

i(Og = (A,A*)(A,A*)'^ = SgW ] (VII-18)

I t  now follows from equation (VII-11) th a t

(A,A*)u* = (A,A*)

(A,A*) H*Ct) = H^C-t)CA,A*) CVII-19)

where the  a s te r isk s  denote Heimitian conjugates. Thus the equation 

o f motion fo r  the  dynamical variab le  A(t)

^  A(t) = iX.A CVII-20)

may be transform ed by operating 0^ throughout and then using equations 

(VII-15), (VII-13) and (VII-17) to  obtain
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^ A ' ( t )  -  Qq i«6v '(t) = CVII-21)

This can now be in teg ra ted  to  give

t  Q
A'Ct) = /  CVII-22)

where

= exnQo^ (VII-23)

Now i t  can be shown th a t is  Hermitian in  the subspace ortho

gonal to  the  A subspace. D iffe re n tia tin g  equation (VII-14) and using 

equation (VII-16) gives

The second term can now be rearranged by noting th a t f^ is  orthogonal

to  A, and using equations (V II-13), (VII-19) and (VII-22) the expression

fo r  5, ( t)  becomes o

A t  .
=^(t) = -  /  <|,_J(s)H^(t-s)ds CVII-2S)

where

Equation (VII-25) may now be Laplace transformed to  give

E ( z )  =  L   (VII-27)
z-iüj^+({)^(z)'
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This analysis corresponds to  an exact equation o f motion fo r A (t) , 

in  which the time evolution is  determined by iw^ and the function  <f>̂ (t)

d ^^  A(t) = iw^ A(t) -  /  * i( t-s )A (s)d s  + f^ ( t)  (VII-28)
o

Thus f j ( t )  i s  a generalized random force ac ting  on A (t) , which by the 

o rthogonality  condition  is  s t a t i s t i c a l l y  independent o f the  v a riab le  

A(t)

( f ^ ( t ) ,A * ) = 0  CVII-29)

However, the  time evolution of the  va riab le  f ^ ( t )  w ill  a lso  be

governed by an equation o f motion s im ila r to  (V II-20), in  which the

L ionv ille  operator X» is  replaced by This may then i t s e l f

be separated in to  components along the f^ axis and orthogonal to  i t ,  

as before using the p ro jec tio n  operators 0^ and which s a t is fy  

Q^+P^=l. The analysis  then proceeds exactly  as before w ith A(t) 

replaced by f^ ( t ) . This process can then be repeated in d e f in ite ly , 

leading to  an expression fo r the in te r - re la t io n  o f successive c o rre la tio n  

functions

where

E.(t) = Cvii-31)
J J J J J

^(j+ l)  “ (VII-32)
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Using the Laplace transform  re la tio n sh ip  (VII-27) and making successive 

su b s titu tio n s , a continued f ra c tio n  form can be obtained fo r the 

c o rre la tio n  function , involving only H^(t) and 2 (n-&) constants Aj and 

ÜJ. to completely specify  a given (t)
J ^

= -------------- ,--------------- i -----------------------------------------  CVII-33)
Z-ill3n m s ï ï î

+1  ̂ * % 2

The continual f ra c tio n  form enables 5^(t) to  have complex s tru c tu re  

even when a very simple approximation is  used fo r  E ^^t), the  s tru c tu re  

o f the f ra c tio n  i t s e l f  p a r t ia l ly  determining the form o f 5 ^ ( t) .

However, the  basic  re la tio n  (111*25) i s  a transform ation ra th e r  than any 

s im p lif ica tio n  as the  function # (t)  must contain  a l l  the inform ation 

th a t was p resen t in  the  i n i t i a l  function f^C t). The functions # ( t)  

a re  known as "memory" functions. The basic  theory o f l in e a r  p ro jec tio n  

operators in  H ilb ert space is  discussed by Schmeidler(5) and W all(6) 

lias w ritte n  a usefu l te x t  on continued fra c tio n s .

3. Random Frequency Modulation A nalysis.

The theory o f the  analysis o f  s to ch astic  L iouv ille  equations was 

f i r s t  proposed by Kubo(7,8,9), in  the context o f  o s c i l la to rs  whose 

n a tu ra l frequency was modulated randomly by a c e r ta in  d isturbance. This 

theory was la te r  re-examined by Tolcuyama and Mori (10) w ith the 

p ro jec tio n  operator techniques used fo r the memory function  an a ly sis . 

Considering the dynamical variab le  A(t) whose tru e  dependence is  governed 

by the L iouv ille  equation (VII-20), the formal so lu tion  o f which is  

governed by the exponential operator expjjit] where M=i(^. This may be 

separated in to  components along and orthorgonal to  the A ax is , as before , 

by introducing the p ro jec tio n  operators P and 0 which s a t is fy  P+0=1, 

giving



exploit] = exp[Mt]p + exp|}'It]Q (VII-33)

= exp[OMtJ + exp[Mt]S(t) (VIX-34)

where

S (t)  = X-exn[-Mt]exn[i31t] (VXX-3S)

th is  enables equation (VXX-34) to  be rew ritten  w ith the  use o£ P and 

Q Riving

exp[Mt] = exnjnMt] + exp[Mt]PS(t) + exp[}Xt%QS(t) (VXX-36)

= exp[MtJPT(t) + V(t) (VXI-37)

where

T(t) = S (t)[X -Q i(t)]“^, (T(0) = 0} (VXX-38)

V(t) = exp[f»ft][X-QSCt)]“^, {V(0) = X} (VXX-39)

This may now be used to  ob tain  a new operator id e n tity  by su b s titu tin g  

equation (VII-37) in to  the term exp[Mt]Q in  equation (VII-33) and 

m ultip ly ing through by M to  give

f

^  exp|}lt] = exp[Mt]M

= exn[Mt]PM + exp[Mt]PT(t)OM + V(t)OM (VII-40)
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This may now be transformed in to  an equation o f motion fo r A(t) by 

operating on A(0) throughout to  obtain

^ A ( t )  = [ iu - î ( t ) ]  .A(t) + gCt) CVII-41)

where

î ( t )  = -CT(t)Qm,A*).CA,A*)‘ ^ CVII-42)

- = V(t)CMA (\T:I-43)

i u  i s  defined as in  the case o f memory functions as

iu  = (MA,A*)CA,A*)'^ (VII-44)

Now as the  p ro jec tio n  operators are  the same as those in  the memory 

function  case, such th a t  PQ = 0 , giving the analogue o f equation 

(V II-29), th a t  i s

(g ( t ) ,A * ) = 0  (VII-45)

thus g ( t)  i s  a randomly f lu c tu a tin g  fo rce , but whose d e f in itio n  is  

very d if fe re n t from f j ( t ) .  From equation (VII-41), using equation 

(VII-45) i t  is  simply shown th a t

[ iia - i( t)J  = (A(t),A*)(A(t),A*)"^ (VII-46)

where
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t
J (t)  = /  ¥(s)ds (VII-47)

Since ÎCO), i t  can be shown from equation (VII-46) th a t

'F(t) = (VII-48)

= [ ( I ( t )  ,Â*)-(Â(t) ,A*) (A(t) ,A*) (A(t) ,A *)-y  (A(t) ,A‘ ) '^

5 (gC t),g*)(A (t),A *)'^  (VII-49)

The time evolution o f defined by equation (VII-14), i s  now

obtained using equations (VII-41) and (VI-45) to  give

t
5g(t) = exp_̂  Jiiiit -  /  (t-s)T (s)d s] (VII-50)

o

where exp^ denotes a tim e-ordered exponential. Again th is  analysis 

leads to  a transform  type re la tio n  between H^(t) and Y (s). I t  should 

a lso  be noted th a t th is  type o f analysis i s  r e s t r ic te d  to  w ell behaved 

functions which are  always p o s itiv e . I t  can be seen from equation 

(VII-49) th a t i f  (A(t),A*)=0 then T (t) i s  in f in i te .  I t  is  also  

doubtful i f  th is  method o f analysis is  meaningful fo r  systems in  which 

S^(t) is  negative.

4. R elation between Analysis Methods.

I t  has been shown by ffori(lO) th a t the two methods o f analysis may 

be re la te d  by using the  p ro jec tio n  operator formalism. In  p a r t ic u la r  

the re la tio n  between the two types o f f lu c tu a tin g  force can be expressed 

as

f l ( t )  = g (t)  + Ag(t) (VII-51)

where
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t  T
Ag(t) = -  /  dTŸ(T) /  d5=oC s)fi(t-s) 0 / n - 52)

o

From th is  the re la tio n  between #^(t) and Y(t) is  given by

t  T
( t)  = TCt)H^(t) -  /  drVCr) /  dsH^(s)cj)^Ct-s) (VII-53)

which in  the c la s s ic a l  l im it can be sim p lified  using equation CV^II-25). 

I t  i s  evident th a t while f^Ct) and g (t)  a re  not equ ivalen t, nevertheless 

they both obey the  same lim itin g  cond itions.

5. Continued F raction Form.

In the case o f c la s s ic a l  motion, fo r  which iw O , i t  is  possib le  

to  e s ta b lish  re la tio n s  between successive memory functions and the  

d e riv a tiv es  o f  the corresponding c o rre la tio n  function a t t=0, by the 

d if fe re n tia t io n  and rearrangement o f equation (VII-30) giving

-  /  ^  H-Ct-s)] 6 ( j+ i)5 ( j+ i) (s )d s  CVII-54)

which in  the l im it o f t=0 reduces to

d^ _ _ .2
d t

Denoting the c o rre la tio n  function  by C(t) and i t s  if memory 

function by M ( t ) , the following t=0 re la tio n s  may be obtained

M (̂0) = = -  d h o ) /C (0 )  CVII-56)

M̂ CO) = Ag = -  C ^^(0)/d^(0 ) + C^h0)/C(0) CVII-57)
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.  6% = J}cV"(CO/CrVjo) + (0)] ' (VII-58)
[l -  F ^ (0 ) /c ^ ^ (0 ) )^ ]

M,CO)

where the Roman numeral supersc rip ts  denote d e riv a tiv e s . Using these

re la tio n s  and assuming su itab le  functional foims fo r  A1^(t), an a ly tic

expressions fo r C(t) may be obtained. In the l im it  o f sho rt memory,

M^Ct) i s  assumed to  be a 5-function , then by the continued fra c tio n

form, equation (V II-33), the Laplace transform  of the c o rre la tio n

function  i s  given by the r a t io  o f two polynomials P(z) and Q(z), where

the order o f P is  a t  le a s t  by one g rea te r than the order o f 0. The
2

polynomial c o e ff ic ien ts  are  determined from the v a riab les

C(z) = (VII-59)
P(z)

Taking the inverse transform  gives an an a ly tic  form fo r C (t) , in  teims 

o f a sum o f exponentials

n
C(t) = I  0 ( s . ) e x p ( s . t ) /P '( s . )  (VII-60)

i=& 1 1 ^

where

P '( s i )  = dP(s)
"ds (VTI-61)

s=Si

and the  polynomial P has n simple ro o ts . In the case n=l, the form 

o f C(t) s im p lifies  to

C(t) = exp [-Alt] (VII-62)

However i f  M i(t) is  supposed to  decay exponentially

Ml (t) = A^exp[-at]_ (VII-63)
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then th is  leads to the continued fraction expression for C(z)

C(z) = ------ 1 . ■ 0 /II-64)

7 . - 4 -z + a

wliich is  equivalent to  M2 ( t)  = a ô ( t) .  Thus the assumption o f an 

exponential form fo r M^(t) is  the same as assuming (t)  i s  a

5-function . Other functional forms a lso  exh ib it th is  property

M^(t) = A^Jl-(a^-a)Jexp[-at]<=>M^Cz) = A^ f (VII-65)
(z+a)

M ft)  = A^exp[-bt]Cos [atl<=>M (z) = Â  [ —^ ^ 4 — 0/ I I -66)n n  L. -I L J n' n

both o f which are  the  same as term inating the continued fra c tio n  

a f te r  two ex tra  terms w ith the 5-function  approximation. In  general 

where the  Laplace transform  o f M^(t) is  expressib le  as the r a t io  o f two 

polymonials, where y is  the  degree o f the denominator, then th is  is  

the same as extending the continued fra c tio n  to  (n+y) term s, 

truncated  w ith a 6-function . However the  Laplace transform  o f a

gaussian memory function involves the e rro r  function and so cannot 

e a s ily  provide any a n a ly tic  forms fo r the corresponding c o rre la tio n  

functions.

6. Time Ordered Exponentials.

The random frequency modulation analysis corresponds to  a 

generalized evolution equation fo r E ( t) , given E(0)=1 , defined by

^ H ( t )  = B(t)HCt) 0/II-67)

the solution o f th is  can be shown to be given bv
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t  t  "l
H(t) = 1 + /  dt^B(t^) + /  d t i  /  d t2B (t^)B (t2) +

o o 
t°o t  1 n~ 1

= I /  d t j  /  d t ^ . . . /  dtj^B(t^)B(t2) . . . B ( y (VII-68)
n=o o

However even when the B^t^) do not commute th is  may s t i l l  be rew ritten  

as

“  I t  t  t  r
E(t) = I ^  /  d t ,  /  d t - . . . /  dt„ B ( t - ) B ( tJ . . .B C tJ  

t=o "• o o o
(VII-69)

where denotes th a t the operators have been reordered in  

sequence o f decreasing time arguments as discussed by D yson(ll). This 

can be iv ritten  in  the usual no ta tion

H(t) = exp + [ /  B ( t ') d t '] (VII-70)

where the time ordering symbol means e x p lic i t ly :  F ir s t  expand the

exponenential then order operators chronologically  in  each term. An 

a lte rn a tiv e  method o f evaluation o f the time ordered exponential is  

given by Van Kampen(12) in  a f u l l  d iscussion  of these types o f 

s to ch as tic  d i f f e r e n t ia l  equations. The method is  to  subdivide the 

in te rv a l (0 ,t)  in to  N in te rv a ls  of length t/N  such th a t

to  = 0 ;  t^  = t/N ; t 2 = 2t/N; . . . . ;  t^  = t  

In  th is  case equation 0/II-70) may be in te rp re ted  as

N-X»
(VII-71)
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= + N ^ 2) } . . . { !  .  §  B C y }  (VII-72)

This provides a simple numerical method fo r the evaluation  o f the  time 

ordered exponential. However th is  time ordering does not f a c i l i t a t e  

obtain ing  an a ly tic  c o rre la tio n  functions fo r  sp e c if ic  simple forms of 

¥ ( t ) .  However where H(t) i s  w ell behaved, having a decay time 

and the corresponding frequency modulation function  W ( t ) , has a decay 

time T^, then approximate behaviour in  some specia l cases has been 

deduced by Mori e t  a l . (10). The two lim itin g  cases a re  f i r s t l y  the 

s t a t i c  case where t  < «  t^, thus

Y(t) =» ^ ^(o) (VII-73)

which leads to  gaussian decay o f 5 (t)

H(t) = exnfiflt -  (^)A^t^J (VII-74)

whereas, a t  the o ther extreme when

Y(t) « 2F6(t) (VII-73)

the constant r  being given by

r  = /  exn[-i£2t]  CVII-76)
o

then th is  gives exponential decay o f S(t)

5(t) » expfi^ît - Ft] . (VII-77)
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U nfortunately there  are  many o ther cases which do not s a t is fy  e ith e r  

o f these l im its , fo r  which approximate forms are not derivab le .

7. Gaussian Memory Function Decay.

Returning to  memory function  an a ly sis , the flu c tu a tin g  force 

f  j ( t)  corresponding to  each successive memory function  (t)  in  the 

heirachy can be seen to  obey an equation o f motion o f the form o f 

equation (VII-20) w ith a L iouv ille  operator ^hich is

u n ita ry  in  the subspace orthogonal to  the subspaces corresponding to

a l l  o ther f^ ( t)  |i^ j  | , Random frequency modulation analysis  may now
)

be app lied  d ire c tly  as before to  give

t
5 j ( t )  = exp + [iWjt -  /  (t-s)Y j ( s )d ^  (VII-78)

However, i f  5j ( t)  has gaussian decay them th is  corresponds to  the
2

s ta t i c  case t  < t  «  fo r  which Y .(t)'%  A. ,  as was discussed in  the -  c T 3 J
previous sec tio n . This then leads to  the separa tion  o f ( t)  in to  

gaussian and non-gaussian terms '

f . ( t)  = A? + AY. ( t)  ■ (VII-79)

I t  has been shown by Mori a t  a l .  (10) th a t  th is  can be used to  rew rite  

the argument o f the  time ordered exponential giving

5j ( t )  = exp + [iWjt -  . ^ j t ^  - v ( t) ] (VII-80)

where

v (t)  =■ /  ( t -s )  AYj(s)ds (VII-81)
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The function  i)(t) may now be expanded as a Taylor se r ie s  about t=o

v (t)  = ( C ^ /4 :)d  + . . .  (VII-82)

where the expansion c o e ff ic ien ts  a re  given by

j^n .2  = (VII-83)

2
The constants iw ., -A. and -.C  are  ju s t  equal to  the cumulants o f 

Sj ( t)  and can thus be evaluated. This method allows the magnitude 

o f the  dev ia tion  from gaussian decay fo r  a given memory function  to  be 

assessed. However as the method re l ie s  on finding  the numerical 

d e riv a tiv es  o f AYj (t)  generated from the memory function Hj ( t ) , i t  

i s  prone to  numerical inaccuracy.

8. Memory Function Heirarchy.

Using the t=o re la tio n s  given in  equations (VII-56) to  (V II-58), 

i t  is  possib le  to  ob tain  values fo r  the physical constants associated  

w ith the system, both fo r tra n s la tio n a l and ro ta tio n a l motion. These 

values may then be compared w ith those obtained by Detyna, Singer and 

S inger(14) fo r  systems o f two-centre Lennard-Jones diatom ics. In  th is  

way the  e ffe c ts  o f quadrupolar in te rac tio n s  on the dynamics of the 

system can be investigated .

For tra n s la tio n a l motion the  following re la tio n s  may be obtained 

fo r  the f i r s t  two memory functions, o f the cen tre  o f mass v e lo c ity  auto

c o rre la tio n  function  C^(t) by considering the appropriate  ensemble 

averages of the c o rre la tio n  function and i t s  de riv a tiv es a t  t=o. This 

r e s u lts  in

r^(0) = <F^>/3^&T (VII-84)

271.



-  w (VII-85)

2 ,2 
where <F > is  the mean square force  and <F > is  the second d e riv a tiv e

o f the mean square force .

In the ro ta tio n a l case, these re la tio n s  have been deduced by

Detyna e t  a l .  (14). For the angular momentum au to -co rre la tio n

function  C j(t) these are

>^(0) = <x2>
TTET CVII-86)

<T >
(VII-87)

2 *2 where <t > is  the mean square torque, <t > i s  the second d e riv a tiv e

of the mean square torque and I is  the moment o f in e r t ia  o f the

m olecule. The f i r s t  harmonic of the o r ie n ta tio n a l au to co rre la tio n

function  C^(t) gives

2kT CVII-88)

CVTI-89)

?^(0) = _<T^>

F i . i s n l l
<T >

(VII-90)

Sim ilar re la tio n s  are  obtained fo r the second harmonic o f the o rien ta tio n a l 

au ro -co rre la tio n  function  [^ ( t)

M̂ CO) = ^ CVII-91)
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M̂ CO) = ^  CVII-92)

r<T^> <T^> ^ 2kT ^ 32C2kT)2^

M^(0) ----------------
1 + 5(2kT)

(YII-93)

In the case o f the torque au to co rre la tio n  function  C ^^(t), the f i r s t  

memory function  a t  t=o is  given by

f ^ ( 0 )  = CVII-94)
<T >

However as Cp^[t) is  the normalized second d e riv a tiv e  o f C j( t) ,  then
TOi t  can be shown th a t  the memory function '( t )  is  equivalent to  

I&^^t) p lus a constant C j(0), which is  negative.

M^(t) = + Cj(0) CVII-95)

The numerical accuracy of those ro ta tio n a l constants ca lcu la ted  from 
T TOM^(P) and '( 0) can be expected to  be g rea te r as they involve lower

order d e riv a tiv es to  ob tain  the same inform ation.

The values o f <F^> and <F^> calcu la ted  from equations (VI 1-84) and
• 2

(VII-85) are  given in  Table (V EI-l). However the values fo r  <F > 

are  l ia b le  to  numerical inaccuracy, which in  some cases has given 

negative values which are unphysical and have been om itted. The values 

fo r  <F > a re  in  good agreement w ith those ca lcu la ted  d ire c tly , and 

given in  Chapter I I I .  <F > can be seen to  increase w ith increasing  

tem perature and/or decreasing density . There is  only a small increase 

in  <F > w ith increasing  quadrupole.moment in  the c h lo rin e -lik e  systems. 

This suggests th a t  quadrupolar in te rac tio n s  play a secondary ro le  in
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TABLE (V II-1).

T* P* 0* L* <F > <F >

N^xlo'ZO xlof

1.14 .541 .739 .608 14.6 100.0
1.45 .485 15.0 90.2
1.74 .485 20.4 165.4

1.21 .546 1.321 .608 15.2 62.7
1.55 22.0 183.1
1.55 .490 15.9 -

1.81 20.0 -

1.50 .551 2.073 .608 15.7 15.9
1.85 21.3 40.7
1.86 .494 16.2 76.1
2.19 20.5 -

1.61 .700 1.159 .328 1.2 2.5
2.66 1.8 16.4
2.27 .626 2.2 12.0
3.60 3.1 37.0

1.61 .423 2.039 .793 10.5 160.6
2.14 15.4 130.3
1.83 .381 10.1 140.6
2.39 14.6 208.6

1.13(R) .541 0.5D .608 15.2 91.0
1.39 20.4 238.3
1.42 .485 15.3 111.1

1.13 .541 . .739 .608 14.5 63.0
1.42 .551 2.073 .608 14.5 -
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determining the sing le  p a r t ic le  tra n s la tio n a l motion, although they 

can be expected to  be s ig n if ic a n t fo r c o lle c tiv e  tra n s la tio n s , where 

the quadrupole increases the cohesiveness o f the p o te n t ia l . The 

values o f <ÿ > increase strong ly  w ith increasing  tem perature, however 

numerical inaccuracy makes fu r th e r  c o rre la tio n s  w ith density  or 

quadrupole moment v a ria tio n  impossible.
2 *2For ro ta tio n a l motion the values o f < t  > and <% > ca lcu la ted  from

equations (V II-86) and (VII-87) a re  given in  Table (V II-2), Again 
2the values fo r  <x > are in  c lose agreement w ith those o f Chapter I I I .

Both <T > and <x > increase  w ith increasing  temperature and/or

increasing  density . In co n trast to  the  case of<l?>, there  is  a strong 
2 * 2increase  in  <x > and <x > w ith increasing  quadrupole moment. This i s

caused by increasing  anisotropy o f the quadrunolar p o te n tia l .

S im ilarly  <x^> and <x^> increase w ith increasing  bond leng th , the

e ffe c t o f which is  to  fu rth e r increase the  anisotropy, o f the p o te n tia l .

9. T ria l Memory Functions.

I t  i s  usefu l to  attem pt to  describe the molecular motion o f a

system by a few simple param eters, which may be given by the s ta t i c

p ro p erties  o f the  system. In the presen t case o f s in g le -p a r tic le

c o rre la tio n  functions the parameters are  re la te d  to  q u a n titie s  such as 
2 2<T > and <F >• These parameters together w ith the use o f the  memory 

function  heirarchy  can determine the shape o f a given c o rre la tio n  

function , w ith in  a c e r ta in  e rro r  which must correspond to  the e ffe c t 

o f any terms th a t  have been neglected.

Numerical ca lcu la tio n  o f the memory functions o f c o rre la tio n

functions has been c a rried  out using the method o f Detyna (14) and

described in  the Apnendix. The f i r s t  memory functions o f various 

tra n s la tio n a l v e lo c ity  au toco rre la tion  functions are  sho^vn in  Figures 

(lTI-1) to  (V II-5). I t  can be seen tlia t the i n i t i a l  decay o f the
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TABLE (VII-2).

T* 0* L* <T^>

xlO-40
<f2>

xlO-14

1.14
1.41 
1.45 
1.74

1.21
1.55
1.55 
1.81

1.50
1.85
1.86 
2.19

1.61 
2.66  
2.27
3.60

1.61
2.14 
1.83
2.39

1.13(R)
1.39
1.42

1.13
1.42

'.541

.485

.546

.490

.551

.494

.700

.626

.423

.381

.541

.485

.541

.551

.739 7608

1.321 .608

2.073 .608

1.159 .328

2.039 .793

0.5D

.739
2.073

.608

.608

.608

10.1
13.5
10.7
14.2

11.8
16.5
12.2  
15.4

15.2
19.9
15.3
19.0

.28

.48

.31

.51

12.1 
17.2
11.7 
16.1

10.4
13.9
10.4

10.1
14.7

44.2
70.6
51.4
82.3

56.2
91.7 
66.6  
88.1

74.7
117.0

77.6
107.7

.95
2.32
1.22
3.21

106.1 
201.9 
102.3
214.8

47.6
74.2 
52.1

46.5
68.5
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memory function is  considerably fa s te r  than th a t o f the c o rre la tio n  

function , however where the  c o rre la tio n  function has a long negative 

t a i l ,  the memor)̂  function a lso  has a slowly decaying p o s itiv e  t a i l .

As the memory function equation 0/II-25) may be considered as a type 

o f transform  re la tio n , then the memory function must contain  a l l  the 

inform ation w ith in  the c o rre la tio n  function . Thus although the 

memory function  may exh ib it considerably more rap id  decay, i t s  shape 

cannot be considered to  be any sim pler.

The ro ta tio n a l memory function fo r  the same systems are  i l lu s t r a te d  

in  Figures (VIX-6) to  (V II-15). The correspondence o f the f i r s t  

memory function  o f the o rien ta tio n a l c o rre la tio n  functions, w ith the 

angular momentum c o rre la tio n  function is  c le a r ly  shown. The numerical 

accuracy o f the  method i s  demonstrated by the spurious o sc illa t io n s  

o f  the o rie n ta tio n a l second memory functions, which can be seen to  

correspond to  the angular momentum f i r s t  memory function . Also 

i l lu s t r a te d  is  the  torque f i r s t  memory function from which the constant 

p a rt has been sub tracted . The i n i t i a l  decay is  approximately 

gaussian w ith a very small negative lobe a t  in term ediate times in  

some cases, the  magnitude o f which seems to  vary w ith the amount o f 

damning o f the o sc illa t io n s  o f the torque c o rre la tio n  function . The 

torque memory function  decays more rap id ly  than the angular momentum 

f i r s t  memory function . In the lim it  o f very rap id  decay the gaussian 

function may be approximated by a 5-function  fo r which the shape o f 

the  c o rre la tio n  function can be expressed a n a ly tic a lly  as discussed in  

Section (V II-5). However the ra te  o f decay of the torque memory 

function  is  s u f f ic ie n tly  fa s t  th a t simple t r i a l  functions may be used 

to  approximate i t s  shape, while the decay is  slow enough tlia t the 

rou tines used are  able to  ca lcu la te  the regenerated c o rre la tio n  functions 

w ith very l i t t l e  numerical e rro r . The method o f numerical regeneration 

o f functions from th e ir  memory functions, due to  Detyna(14), is  given in
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the  Appendix. Thus the torque memory function was chosen as the 

basis  function  fo r the heirarchy , a schematic rep resen ta tio n  o f which 

is  given in  Figure (VI1-16)

C j(t)

M^(t) ^  M^Ct) M^Ct) C^Ct)

M^Ct) -  M^Ct) -  f^Ct) ^  q ( t )

FIGURE (\TI-16)

I t  can be seen th a t ,  w ith the exception o f the torque, these  functions a t  

any given lev e l are  a l l  equivalent w ith in  a simple scale  fa c to r . In

the case o f the  torque, the add ition  o f the constant Cy(0) has a dramatic 

e ffe c t on the shape o f the  regenerated function . For tra n s la tio n  the 

heirarchy fo r the cen tre  o f mass v e lo c ity  is  equivalent to  th a t o f the 

angular momentum and is  i l lu s t r a te d  in  Figure (VII-17).

FIGURE (VII-17).

T ria l functions may now be used to  param eterize the normalized

basis  function  Mg(t). A number o f functional'form s were investiga ted
2by Detyna e t  a l .  (14), however in  the p resen t study, only the (E+t E) 

approximation has been used, which is  given by

(E + t^E) e x p (-t/r^ )  + a t  e x p (-t/x 2)

This enables the systems to  b e ‘param eterized in  terms o f simple

278.



functions, which correspond to the f ir s t  two terms o f an exponential

expansion o f the memory function . The success o f th is  approximation

fo r a given system is  found by using the form fo r M g(t), and

ca lcu la tin g  the re su lta n t e rro r  in  regeneration  o f  the h ierarchy  o f

functions, when the best f i t  parameters x , a and x_ are  used. The
1 ^

e rro r  is  ca lcu la ted  using

max - I
AC = 100 L !  d t l  (VII-96)

0

the re su lta n t C being averaged over the four c o rre la tio n  functions 

fo r  ro ta tio n a l motion

AĈ  = [AĈ  + AĈ  + AĈ  + ACjJ / 4  CVU-97)

The f i t t e d  parameters fo r  tra n s la tio n a l motion are given in  Table (YII-3) 

and fo r  ro ta tio n a l motion in  Table (VII-4) .

The re s u lts  o f the f i t t i n g  show th a t in  the tra n s la tio n a l case, 

th ere  is  very l i t t l e  v a ria tio n  in  the parameters w ith increase in  

tem perature only, anart from a small increase in  x^. The changing o f 

density  however has a marked e f fe c t ,  w ith x^ and X2 su b s ta n tia lly  reduced, 

as the density  is  decreased. The opposite e ffe c t i s  observed w ith 

increasing  quadrupole moment. Bond length changes alone do not seem to  

have any strong e ffe c t on the tra n s la tio n a l param eters. I t  should be 

remembered th a t these f i t t e d  parameters only deteimine the  secondary 

c h a ra c te r is t ic s  o f the regenerated c o rre la tio n  functions. The primary 

c h a ra c te r is tic s  are determined by the memory function  f i r s t  values, which 

as shpwn before a re  re la te d  to  <F^> and <F^>.

In the ro ta tio n a l case the re s u lts  a re  ra th e r  more complete.

Increase o f tem perature a t  constant density  produces a strong decrease
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TABLE CVII-3).

T* p* Q* L* T. T- a AC

xlO 'l^s x io 'l^ s  xl0"3

l.'4S .485 .739 .608 4.40 5.42 - .3 0  1.13

1.21 .546 1.321 .608 5.21 7.25 -.4 4  1.94
1.55 5.28 7.30 -.4 0  2.57

1.50 .551 2.073 .608 5.49 9.94 -.24  4.33
1.85 5.73 9.93 -.2 5  6.58
1.86 .494 4.68 6.58 -.4 5  1.35

2.27 .626 ■ 1.159 .328 4.76 6.82 , -.45  1.10
3.60 4.79 6.21 -.4 1  1.56

1.61 .423 2.039 .793 4.46 5.96 -.5 0  2.07
1.83 .381 7.94 4.11 -.49  1.09

1.42 .551 2.073 .608 5.70 13.33 -.11  6.16
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TABLE (VII-4).

T* P* 0* L* ^1
x lO 'l^s

'̂ 1
xlO-l^s

a

xio"^

A C r

1.14 .541 .739 .608 4.77 6.58 -.34 2.02
1.41 4.21 5.35 -.50 1.57
1.45 .485 4.45 5.48 -.40 1.82
1.74 4.04 4.79 -.5 0 1.69

1.21 .546 1.321 .608 4.29 5.73 -.50 1.32
1.55 4.12 5.42 -.5 0 1.63
1.55 .490 3.92 ■ 4.62 - .  50 1.11
1.81 4.05 4.77 -.50 1.63

1.50 .551 2.073 .608 4.29 6.59 -.5 0 1.62
1.85 3.65 5.66 -.5 0 1.35
1.86 .494 4.11 5.54 - .  50 1.32
2.19 3.96 5.17 - .  50 1.32

3.60 .626 1.159 .328 3.84 4.37 - .  50 1.82

1.61 .423 2.039 .793 3.29 4.75 - .  50 1.83
2.14 2.54 3.81 -.50 1.05
1.83 .381 3.34 4.45 - .  50 1.76
2.39 2.07 3.97 -.50 0.88

1.13 .541 0.5D .608 4.57 5.81 —. 50 1.54
1.42 .485 4.21 5.22 - .  50 1.26

1.13 .541 .739 .608 5.34 4.77 -1.25 1.22
1.42 .551 2.073 .608 4.59 7.13 -.50 1.96
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in  and t 2> as does a decrease in  density  a t  constant tem perature.

The v a ria tio n  w ith increasing quadrupole moment does not seem to be 

co n sis tan t fo r  the th ree  ch lo rin e -lik e  systems stud ied , and thus i t  

is  not possib le  to  id e n tify  any quadrupolar e f fe c ts . S im ilarly  the 

e ffe c ts  o f changing bond length  are  a lso  not d is tin g u ish ab le . The 

values o f a in  both cases are  remarkably constant and seem to  play 

l i t t l e  p a r t  in  determining the b est f i t .

An a lte rn a tiv e  gaussian approximation to  the  memory function  Mg(t) 

has a lso  been investiga ted . This form was suggested by M artin and 

Yip (15) and has been fu lly  discussed by Berne and Harp(16). In th is  

approximation the  basis  memory function is  simply given by

\ ( t )  = M jj(0)exp[-t^/T^ (VII-98)

where the decay time is  determined by requ iring  com patability  w ith 

the i n i t i a l  curvature such th a t

= Mn(0)/Mn(0) = -Mn+i(0) IVII-99)

In th is  case the values o f correspond to  M̂  (0) and (0), which have 

been ca lcu la ted  from the deriva tives o f M^(t) and M^(t) resp ec tiv e ly .

The accuracy o f x^ ca lcu la ted  in  th is  way is  not high, but s u f f ic ie n tly  

good to  give a reasonable estim ate o f the accuracy of the gaussian 

approximation.

I t  is  found th a t  in  many cases th is  approximation gives a good 

estim ate o f the i n i t i a l  curvature o f the regenerated c o rre la tio n  functions. 

However the approximation is  se rio u sly  d e fic ie n t a t  interm ediate times 

fa i l in g  to  adequately represen t the negative lobes of the momentum 

c o rre la tio n  functions. For comparison the gaussian c o rre la tio n  times 

x^ have been given in  Tables (VII-5) and (V II-6), together w ith th e ir  

respec tive  numerical e rro rs  ca lcu la ted  as before. I l lu s tr a t io n s

282.



TABLE (V II-S).

.TRANSLATIONAL.

T* p* Q* L* AĈ

xlQ-l^s

1.14 .541 .739 .608 5.76 3.61
1.45 .485 6.22 8.84
1.74 . .485 5.18 7.08

1.21 .546 1.321 .608 8.64 16.06
1.55 5.21 3.81
1.55 .490
1.81

1.50 .551 2.073 .608
1.85
1.86 .494 7.54 16.12
2.19

1.61 .700 1.159 .328 15.56 26.66
2.66 4.36 2.52
2.27 .626 6.61 12.29
3.60 4.03 2.61

1.61 .423 2.039 .793 3.63 3.18
2.14 5.50 12.71
1.83 .381 3.83 1.87
2.39 3.79 12.53

1.13(R) .541 0.5D .608 6.37 7.69
1.39 4.19 3.92
1.42 .485 5.50 1.32

1.13 .541 .739 .608 8.18 12.78
1.42 .551 2.073 .608
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TABLE (VII-6).

ROTATIONAL.

T* p* Q* L* T„ AC„Il l]
xlO'^'^S

1.14 .541 ,.739 .608
1.41 12.62 26.23
1.45 .485
1.74

1.21 .546 1.321 .608 2.70 6.37
1.55
1.55 .490 1.98 13.02
1.81 3.76 9.63

1.50 .551 2.073 .608 4.71 4.67
1.85 2.07 8.00
1.86 .494 3.39 2.27
2.19 2.93 4.93

1.61 .700 1.159 .328 3.56 8,90
2.66

2.27 .620 4.86 1.76
3.60 2 .1 1 ' 15.88

1.61 .423 2.039 .793
2.14 2.18 3.26
1.83 .381
2.39 1.63 7.70

1.13(R) .541 0.5D .608
1.39 4.75 5.09
1.42 .485 2.92 6.25

1.13 .541 ..739 .608 14.07 25.32
1.42 .551 2.073 .608 5.31 5.95
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of the accuracy of these f i t s  to  p a r t ic u la r  c o rre la tio n  functions 

are given in  Figures (VII-18) to  (VII-22) fo r  tra n s la tio n a l motion 

and Figures (VII-23) to  (VII-27) fo r ro ta tio n a l motion.

10. Binary C ollis ion  Approximation.

This approximation was suggested by Chandler (17,18), as a method 

o f estim ating  se lf -c o r re la tio n  functions o f hard sphere f lu id s ,  however 

the technique may be applied to  the s e lf -c o r re la tio n  functions o f any 

general system. As seen in  Section (VII-2) the time evolution o f a 

given memory/ function Sj (t) may be expressed as

5jCt) = (VII-100)

and as the ensemble average o f a dynamical v a riab le  A may be expressed as

then the  memory function  Mj (t)  is  given by

M .(t) = C\/II-102)

The averaged exponential operator can now be rew ritten  as a cummulant 

expansion using the technique o f Kubo (19)

»
<exp(Q y_^^ii,t)>^^ = exp[ Z K^t /nJ] (VII-103)

rliwhere i s  the n cumulant in  the s e r ie s , which must be convergent.

This expansion method can now be used to  study the dev iation  from
=  C0)
“J

se lf -c o r re la tio n  function then the above arguments apply as before giving

id ea l gas behaviour. Thus i f  Hj  ̂(t)  is  the  corresponding id ea l gas
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a corresponding expression to  equation (VII-103), where is  the n^^ 

cumulant,. The memory function o:̂  the non-ideal system may now be 

w ritten  as

E .( t)  = E p ^ W e x p rE  (K -K ^ °b t”/n n  (VII-104)
J 3 ■ ^jj=i n n

The idea l gas system is  one in  which successive c o llis io n s  between 

p a r t ic le s  are  completely uncorre la ted , and thus re p re se n ts . the  b inary  

c o ll is io n  l im it.

11. Approximate A nalytic C orrela tion  Functions.

Approximate an a ly tic  forms fo r  c o rre la tio n  functions may be

obtained using the continued fra c tio n  approximation. This is

accomplished by assuming a given form fo r  the basis  memory function ,

which has a Laplace transform  th a t can be w ritte n  in  terms o f powers
2of the  transform  v a riab le  z. Thus the (E+t D) fo m  used fo r  the t r i a l  

memory functions has an an a ly tic  Laplace transform .

(z+ T  + 2 a ( z + T  )
M_(z) = M-(0) { i ^  } (VII-105)
^  ^  (z+ tpC z+T ^r

The continued fraction approximation together w ith the  appropriate  

f i r s t  values in  the  heirarchy  are now used to  construct the Laplace 

transform  o f the c o rre la tio n  function as a r a t io  o f two polynomials.

The inverse tran s fo m  is  a standard form. I f  N(z) and D(z) are  

polynomials in  z, the order o f D bein<r a t  le a s t  one g rea te r than the 

order o f N then

C(z) = 0 }  CVII-106)

whose inverse transform  is

Z .t
N N (z .)e '^

« «  ■ - 5 % r
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where D has N simnle roots and

D '(zp  = CVII-108)
Z=Z^

The re s u lta n t exponential polynomial fo r C(t) may be expressed in  terms

o f  s ine  and cosine functions where complex roo ts are  p resen t.
2

The parameters used were obtained from the (E+t E) t r i a l  memory 

functions determined by the best f i t  proceedure described in  Section 

(V II-9). The e rro r  in  the regenerated functions compared w ith those 

ca lcu la ted  num erically is  ty p ic a lly  o f the order o f 0.3% w ith a 

maximum e rro r  in  any sing le  po in t always being le ss  than 1%. This is  

a v ind ica tion  o f the  accuracy o f the numerical methods o f regeneration  

pronosed by Detyna(14) and described in  the Appendix,

The re s u lta n t approximate c o rre la tio n  functions may be expressed 

in  the  follow ing forms, which fo r C^(t) and C2CC) is  given by,

AexpC-a) + 2exp(-3)£BCos(ü)^) + Csin(w^)] (VII-109)

and fo r C ^(t), C^q(t) and C^(t) as

2exp(-3) [BCo s((d̂ ) + Csin(w^)]

+ 2exp(-y)jpCos(wg) + Esin(o)g)] (VII-110)

The parameters ca lcu la ted  fo r C ^ (t) , CpQ(t), C^^t), C2 (t)  and C^(t) are  

given in  Tables(VII-7) to  (VII-11) resp ec tiv e ly . Only those cases fo r 

which the  re s u lta n t polynomial approximation could be reduced to  the 

s im p lified  foims above to  w ith in  1%. have been included. However, 

as can be seen from the tab les  th is  c r i t e r i a  elim inated only a very few 

cases indeed, most notably C^Q(t) fo r CO2 .
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From the ta b le s , the constants B,C,D and E are a functions of 

both temperature and density , while the decay and frequency c o e ff ic ien ts  

a, 3, Y» and cog are  to  a f i r s t  approximation, only a function o f 

density . The v a ria tio n  o f these parameters is  very co n sis ten t and 

regu la r fo r C^^t), [^ ( t)  and C ^(t), suggesting th a t the parameters 

might vary in  the form o f a simple one or two teim  polynomial, in  

temperature and density  fo r a given fixed  quadrupole moment and bond 

length .

The inverse co rre la tion , times a, 3 and y, and the  frequency 

c o e ff ic ie n ts  and ojg a l l  show the same type o f behaviour; a l l  

increasing  w ith increasing  T* and a lso  increasing  w ith increasing  p* 

fo r  a l l  the  c o rre la tio n  functions stud ied , as was the case fo r previous 

estim ates made e a r l ie r  in  th is  chapter. Thus in  general a c o rre la tio n  

function w ill  decay more ran id ly  w ith the period  o f the  damped 

o sc illa t io n s  becoming sm aller as the tem nerature and/or density  is  

increased. These gross e ffe c ts  can be simply p red ic ted  by mean k in e tic  

energy versus free  volume per p a r t ic le  arguments. The v a ria tio n  o f 

these c o e ff ic ien ts  w ith  bond length  and quadrunole moment fo r C ^ (t), 

CpqCt) and C^(t) i s  not sim ple, the c o e ff ic ien ts  3/oj^ and y/ojg being 

c lo se ly  in te r - re la te d , preventing -prediction o f the way these para

meters change ind iv idua lly . For C^Ct) and C^Ct), increases w ith 

increasing  quadrupole moment, while the  inverse c o rre la tio n  time 

decreases, which is  not co n sis tan t w ith the v a ria tio n  w ith T* and p*. 

This might be explained by supposing th a t as the quadrupole moment 

increases, giving a more cohesive p o te n tia l , the molecule is  bound in  

a p a r t ic u la r  o r ie n ta tio n  longer, although to  m aintain i t s  ro ta tio n a l 

energy i t  must o s c i l la te  about th a t p o sitio n  more rap id ly .

The co e ffic ien ts  B, C, D and E do not co n sis tan tly  vary w ith T*, 

p* or Q*, and are possib ly  subject to  s ig n if ic a n t changes fo r a very 

small chance in  c o rre la tio n  function shane. I t  can be seen th a t the
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p rin c ip le  cosine charac ter o f the o s c i l la t io n  i s  determined by B, with 

the parameters C, D and E ac ting  as co rrec tion  terms. The same 

c o e ffic ien ts  C and E tend to  have opposite sign , ac ting  as two 

in te r fe r r in g  sin e-waves which have ver)/ high damping.

12. Conclusion.

The analysis o f the c o rre la tio n  functions in  th is  chapter has

shown the same e ffe c ts  on molecular motion as was seen in  Chapter VI.

The use o f memory function analysis has enabled the  c o rre la tio n  function

to be analysed in  terms o f a r e la t iv e ly  few param eters, which can be

f i t t e d ,  together w ith moments o f the c o rre la tio n  function i t s e l f .  These
2moments can be expressed as time-independent q u a n titie s  such as <F >

2
and <x > which th e o re tic a lly  may be obtained by in te g ra tio n  over the 

spherica l harmonics o f the ra d ia l  d is tr ib u tio n  function  g ( r ) .  This 

time-independent function may then be approximately ca lcu la ted  from 

knowledge of  ̂ the in te ra c tio n  p o te n tia l , tem nerature and density  only 

by a number o f methods.

Random frequency modulation analysis i s  equivalent to  memory 

function a n a ly s is , however in  th is  case the c o rre la tio n  function  is  

analysed in  te rn s  o f  i t s  own cumulants. Again these cumulants are  

th e o re tic a lly  obtainable from the ra d ia l d is tr ib u tio n  function . This 

analysis can then be truncated  a f te r  s u f f ic ie n t  cumulants have been 

ca lcu la ted  fo r convergence. This method may a lso  be used to  te s t  

the gaussian charac ter o f ca lcu la ted  memory functions.

The two methods o f analysis are  equ ivalent. The memory function 

analysis  must assume the f in a l  memory function to  be a d e lta  function 

fo r  the method to  be completely estim able from the ra d ia l d is tr ib u tio n  

function , while the random frequency modulation analysis must assume 

th a t a l l  cumulants beyond the trunca tion  order are zero. The two 

methods should thus converge a t  the same ra te ,  having an equivalent 

amount o f information a t  anv «riven lev e l.
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APPENDIX (VllA).

Memory Function Numerical Solution Methods.

(VllA-1) Generation o f Memory functions.

The numerical methods fo r the so lu tion  o f the memory function 

equation given by (A-1) are due

t
f ( t )  = -  /  M (s)F(t-s) ds CA-1)

to  Detyna - ( 1 , 2 ) .  The so lu tio n  fo r  M(t) from any given F (t )  is  

found by d if fe re n tia t in g  equation (A-1) giving

t
F (t) = -F(0)M(t) -  /  f(t-s)M (s) ds (A-2)

Wiich can then be rearranged to  give 

, .. t
M(t) = -  [F (t) + /  M (s)f(t-s) ds] . (A-3)

o

In the t=0 l im it  equation (A-^ becomes

M(0) = -  I f g -  (A-4)

For a numerical so lu tio n  to  be obtainab le , F (t) is  assumed to  be 

continuous and s in g le  valued. The f i r s t  two deriva tives a re  a lso  

assumed to  be continuous, however odd deriva tives may posess a 

sing le  d isco n tin u ity  a t  t=0. Further A = F(0) must be known, before 

a so lu tio n  can be found. I f  F(t) is  an even function then a l l  odd 

order de riva tives a t  t=0 are  zero, thus A = 0.

Noting the id e n tity  (A-5) i t  is  now possib le  to
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^  F(t) = - F( t - s)  (A-5)

solve equation (A-3) assuming A = 0.

Let F (t) be an e q u id is tan tly  tabu la ted  function  of (N+1) po in ts 

a t  0 , At, 2A t , . . . . ,  NAt. Then the i th  value o f the memory function 

is  given by

Where the n o ta tio n

1 lAt b
/d m  = A t /  dm = / d s  
k kAt . a

is  used to  denote numerical in te g ra tio n  between po in ts k  and 1, 

over index m, in  such a way th a t  the e rro r  in  evaluating  the 

in te g ra l i s  minimized, i . e .  Trapezoid ru le  used fo r two po in ts 

and Simpson*s ru le  fo r h igher number o f .po in ts . The numerical 

second d e riv a tiv e  in  equation (A-6) can be evaluated using 

in te rp o la tio n  formulae or polynominal methods. Increased 

accuracy fo r  small t  can be obtained by noting th a t  F is  an even 

function  to  supply ex tra  p o in ts . . The in te g ra l sum in  equation 

(A-6) i s  evaluated over i  po in ts » • • • •

F^=0, and is  thus dependent on only the proceeding (i-1 ) values of 

M (t). The accuracy o f th is  method is  dependent on the spacing At 

o f the values o f F ( t ) , determining the accuracy o f the second 

deriva tive  and in te g ra l in  equation (A-6) . The d e ta ils  and 

re la tiv e  accuracy o f these methods i s  discussed by Hamming (3) and 

Margenau and Murphy (4).
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The method is  simply extended to  non-zero f i r s t  de riva tives 
of F ( t) .  Suppose

F(0) = -  0 FCO) CA-7)

then equation (A-1) becomes

t
F (t) = -  /  [mCs) + 05(s)] F ( t-s )  ds CA-8)

which on d if fe re n tia t io n  and rearrangement becomes

t  *
M(t) = -  ^  [F(t) + 6F (t) + /  M(s)FCt-s) ds] (A-9)

whose so lu tio n  is  as before w ith  the ad d itio n a l 0F(t) term added.

The so lu tio n  method can be fu r th e r  generalized to  equations 

o f the form

.  t
F (t) = -  6F (t) -  /  MCs)F(t-s) ds + B(t) (A-10)

Wiere B(t) i s  any sing le  valued continuous function  which i s  

d if fe re n tia b le . Again on d if fe re n tia t io n  and rearrangement 

equation (A-10) y ie ld s

M(t) " F W  + e f w  + /  MCs)fCt-s) ds -  Êct)] CA-11)
o

which i s  solved as before w ith the term (-Ê ( t) )  added.

(V IIA -li). Regeneration o f Relaxation Functions.

The method fo r regenerating F (t) from a sp ec ified  M(t) is  

a lso  due to  Detyna (1 ). This involves expanding equation (A-1) 

in to  a system of interdependent equations (A-12), (A-13), (A-14)
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and (A-15). For these equations to  be soluable the memory function 

M(t) and i t s  f i r s t  d e riv a tiv e  must be supplied together w ith values 

fo r F(0) and A = F(0) as before .

t
F (t) = /  FCt) d t + F(O) (A-12)

o

t
F (t) = -  /  F(t-s)M (s) ds (A-13)

o

t
F (t) = -  F(0)M(t) -  /  F(t-s)M (s) ds (A-14)

o

F (t) = -  M(t)F(0) -  f(0)M (t) -  /  F(t-s)M (s) ds (A-15)
o

From th is ,  noting th a t  F(0)M(t) = 0 fo r  even functions

FCO) = -  FCO)M(O)

FCO) = -  FCO)M(t)

(A-16)

The equations are  then solved as four simultaneous equations in  

four unknowns F ( t ) ,  F ( t ) ,  F (t) and F ( t) .

This i s  done using m atrix methods, and approximating the 

convolution in te g ra ls  over ( i - 1) p o in ts , as befo re , since the  values 

o f F ( i - l )  have been previously  ca lcu la ted . Now the value o f the 

in te g ra l between lim its  a and b of g(x) can be numerically, 

approximated by

/  g(x)dx = ^  (gy+g^ + TÜ ^ I 5Ü (A-1?)
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This form may now be used to  approximate the convolution in te g ra ls  

in  the range between the ( i - 1) and i  p o in ts , where h i s  the 

d istance  between po in ts in  th is  case taken to  be 1. Also f u l l  

use o f the equivalence is  made

i  i  ( i - 1) i

(A-18)

P u tting  At=l, th is  now gives

h  = "o + " (i-1 )) + h i - i ) )

+ ÏZÔ ("i + " (i-1 )) (A-19)

( i - 1)
"i °  " /  ‘̂ j" A i- j )  ■ * ^ " ( i-1 ) )

- W i " o + V i + V ( i - i )  + ^ ^ " ( i - i ) )

-  + "o"i

*  *^"(1-1) ^ " ( i - l )  * ^ " ( i-1 ) )  *̂ A-20)

(i-1 ) • • •
"i = - " o « i -  /  S - Y ( i - j )  -  :("i"o + " l" ( i - l ) )

-  * " i” o " ^ " ( i - i )  * ^ " ( i - i )  * ^ " ( i - i ) )

* “̂ " ( i - l )  * ^ ^ " ( i - 1) V ( i - l ) )  (A-Zl)
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"i -  ■ % ' V i '  /  " '^ " (i-1 ))

+ "i«o + ^ " ( i - i )  + V ( i - i ) ) CA-22)

where the values o f and are accu ra te ly  estim ated from the 

values o f the supplied memory function and i t s  f i r s t  d e riv a tiv e , 

by in te rp o la tio n  or polynomial methods o f reconstruction . 

C ollecting  up the terms these equations may now be rec as t in  

the foim

" i  °  " Y l"l " * l" i

" i  = «2 + * ^2" i  + *2" i

" i  = «3 + Y3"i " «3"i * ^3"i

" i  = «4 + (A-23)

vMch can be put in  m atrix form

3^ y2 ^2 0

$2 Ï2 ^2 ^

^ ^3 *̂3 ^3

’ " i '

“2

" i “3

. " i - - “4 -

or
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C.F = a (A-25)

whose so lu tio n  is  given by

F = C’ ^ .a  (A-26)

o r, i f  the determinant is  non-zero, applying Cramer's ru le

k \
" i  = W  (A-27)

where |C| is  the determinant o f the m atrix C, and is  the 

determinant formed by replacing  the  elements o f the r ^  column 

o f C by ( a ^ . . .  .

The method may again be generalized  to  regenerate F (t) from 

equations o f the type of (A-10). This i s  accomplished by the 

simple add ition  o f these terms in  equations (A-12) to  (A-15) to  give

F(t) = /  F (t) d t + F(0) (A-28)
o

t
F (t) = -  0F(t) -  /  M (s)F(t-s)ds + B(t) . (A-29)

o

t
F (t) = -  0F(t) -  F(0)M(t) -  /  M (s)f(t-s)d s +6(t) (A-30)

o

F(t) = -  eF (t) -  ft(t)F(0) -  tCO)M(t) -  /  M (s)F(t-s)ds + BCt)

CA-31)

which can simply be solved by the technique already ou tlined  w ith 

the following su b s titu tio n s
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a 2  =  « 2  + B i  ; ^ 3  "  ^ 3  *

= Y3 -  0 ; 6^ = 84 -  G (A-32)

In  th is  case B(t) is  any twice d iffe re n tia b le  continuous s in g le 

valued function.

The prime fa c to r  e ffe c tin g  the accuracy o f  the so lu tion  o f 

the generation and regeneration , is  the spacing o f the eq u id is tan t 

po in ts At, which should be as small as p o ss ib le . The s iz e  o f  At 

should be small enough to  allow accurate c a lcu la tio n  o f  the second 

deriva tives o f functions, which a lso  im plies th a t  fo r  th is  method 

the functions themselves should be w ell behaved.
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Figures.

(VII-1) Solid  l in e  C f t ) :  Broken l in e  4^(t) o f C ft)

-  H orizontal ax is -  Time in  seconds x 10” fo r L* = 0.608,

Q* =  0.739, p* = 0.541, T* = 1.14.

(VII-2) As fo r O /II-l) a t  L* = 0.608, Q* = 1.321, p* = 546, I* = 1.21.

(VII-3) As fo r  (VII-1) a t  L* = 0.608, Q* = 2.073, p* = 0.551, T* = 1.50

(VII-4) As fo r  (VII-1) a t  L* = 0.328, 0* = 1.159, p* = 0.700, T* = 1.61

(VII-5) As fo r  (VII-1) a t  L* = 0.793, Q* = 2.039, p* = 0.423, T* = 1.61

(VII-6) Solid  l in e  ( C . ( t ) : ■ H orizontal ax is -  Time in  seconds x 10”"^

C2(t)

Normalized *^(t) o f C. ( t)

— — — — " - — Normalized o f C. (t)

as L* = 0.608, Q* = 0.739, p* = 0.541, T* = 1.14 

(VII-7) As for (VII-6) a t  L* = 0.608, Q* = 1.321, p* = 0.546, T* = 1.21

(VII-8) As for (VII-6) a t  L* = 0.608, Q* = 2.073, p* = 0.551, T* = 1.50

(VII-9) As for (VII-6) a t  L* = 0.328, Q* = 1.159, p* = 0.700, T* = 1.61

(VII-10) As for (VII-6) a t  L* = 0.793, Q* = 2.039, p* = 0.423, T* = 1.61

(VII-11) Solid  l in e  C (t)  : Solid  l in e  Cj.(t) -  F aste r i n i t i a l  decay
—12H orizontal ax is -  Time in  seconds x lo"

----------------------------- * l ( t )  o f C^(t)

------------------------------<l>basis
a t  L* = 0.608, Q* = 0.739, p* = 0.541, T* = 1.14

(VII-12) As fo r  (VII-11) a t  L* = 0.608, Q* = 1.321, p* = 0.546, T* = 1.21

(VII-13) As fo r  (VII-11) a t  L* = 0.608, Q* = 2.073, p* = 0.551, T* = 1.50

(VII-14) As fo r  (VII-11) a t  L* = 0.328, Q* = 1.159, p* = 0.700, T* = 1.61

(VII-15) As fo r (VII-11) a t  L* = 0.793, Q* = 2.039, p* = 0.423, T* = 1.61

(VII-16) Memory Function Heirarchy fo r  R otational Motion - See Text.

(VEI-17) Memory Function Heirarchy fo r T ransla tiona l Motion -  See Text,
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(VII-18) Solid lin e  C ft)
—1 7Horizontal ax is -  Time in  seconds x lo~

Berne and Harp Gaussian I I  Memory function f i t  

Best f i t  to  ^

fo r  L* = 0.608, Q* = 0.739, p* = 0.541, T* = 1.14 

(VI1-19) As fo r  (VII-18) a t  L* = 0.608, Q* = 1.321, p* = 0.546, T* = 1.21

(VII-20) As fo r (VII-18) a t  L* = 0.608, Q* = 2.073, p* = 0.551, T* = 1.50

(VII-21) As fo r  (VII-18) a t  L* = 0.328, Q* = 1.159, p* = 0.700, T* = 1.61

(VII-22) As fo r  (VII-18) a t  L* = 0.793, Q* = 2.039, p* = 0.423, T* = 1.61

(VII-23) Solid  l in e s  C^(t) and C ( t)  -  C ( t)  has f a s te r  i n i t i a l  decay.

 —  Berne and Harp Gaussian I I  Ikmory function f i t

----------------------- Best f i t  to  - t / r ,  ,  - t / r .
M(t) = e + o t  e

fo r  L* = 0.608, Q* = 0.739, p* = 0.541, T* = 1.14

(VII-24) As fo r  (VII-23) a t  L* = 0.608, Q* = 1.321, p* = 0.546, T* = 1.21

(VII-25) As fo r  (VII-23) a t  L* = 0.608, Q* = 2 .0 7 3 , p* = 0.551, T* = 1.50

(VII-26) As fo r  (VII-23) a t  L* = 0.328, Q* = 1.159, p* = 0.700, T* = 1.61

(VII-27) As fo r  (VII-23) a t  L* = 0.793, Q* = 2.039, p* = 0.423, T* = 1.61

(VII-28) Solid  l in e  C |.(t); H orizontal Axis -  Time in  seconds x lo ”^^

--------------- :--------C^(t)

------------------------* i ( t )  o f  C„(t)

— —— — ————$ 2 of  C^(t)

fo r  L* = 0.608, Q* = 0.739, p* = 0.541, T* = 1.14 

(VII-29) As fo r  (VII-28) a t  L* = 0.328, Q* = 1.159, p* = 0.700, T* = 1.61

(VII-30) As fo r (VII-29) a t  L* = 0.793, Q* = 2.039, p* = 0.423, T* = 1.61
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Figure (VII-1)
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ajAMTR V III.

Conclusion.

In the p resen t study a large  number o f p ro p erties  o f the 

systems under in v es tig a tio n  have been ca lcu la ted . The quadrupolar 

in te rac tio n s  in  these systems has been shown to  make s ig n if ic a n t 

changes in  the thermodynamic, s t a t i c  and dynamical p ro p e rtie s .

In  Chapter I I I  the e ffe c t o f the  quadrupole on the thermodynamics 

was seen to  produce increases in  C  ̂ and fo r  a l l  values o f the  bond 

leng th , the comparison w ith the experimental data  being improved over 

the tw o-centre Lennard-Jones only p o te n tia l model, in  the cases of 

n itrogen  and carbon dioxide. The re s u lts  fo r  ch lo rine  suggest th a t  

a quadrupole moment between Q* = 1.3 and 0* = 2.0 would produce the 

b est agreement w ith experiment. The v a r ia tio n  o f the reduced thermo

dynamic q u a n titie s  showed th a t  the quadrupole produces a strong ly  

non-linear p e rtu rb a tio n  which ran id ly  increases as the  quadrunole 

becomes la rg e . No an a ly tic  form could be found to  describe th is  

e ffe c t s a t is f a c to r i ly .  The sca lin g  o f the thermodynamic v ariab les  

using the p rin c ip le  o f corresponding s ta te s  was a lso  discussed in  the 

context o f thermodynamic pertu rb a tio n  theory, using a simple model o f 

the in te ra c tio n  p o te n tia l . I t  was concluded th a t  fo r  quadrupolar 

f lu id s  only small changes in  the v a riab les  were co n sis ten t w ith  the 

concept o f equivalent f lu id s .

The s t a t i c  p ro p erties  o f these systems, in v estig a ted  in  Chanter 

IV, show q u a li ta t iv e ly  how the p a ir  d is tr ib u tio n  functions a re  a lte re d  

by changes in  bond length  and quadrupole moment. I t  is  seen th a t fo r 

a l l  values o f the  bond leng th , the e ffe c t o f the quadrupole is  to  

increase the incidence of the "T" configuration  a t  the  expense of the 

’’P a ra lle l"  and "Cross" configurations w ith in  the c o n stra in ts  o f packing 

considerations which reduce the e ffe c t a t  very large  bond leng ths. The
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re s u l ts  o f th is  are  in  the s i t e - s i t e  d is tr ib u tio n s  functions and the 

angular n a ir  harmonics. Comparison w ith experimental data  shows the 

shoulder on the r ig h t  hand side o f the f i r s t  maximum of S(k) fo r 

ch lorine  systems is  found to  be a function  of the quadrupole moment, 

going from weak, to  strong , to  a s n l i t  peak as the quadrupole increases. 

However the p o sitio n  and magnitude o f the f i r s t  peak o f the  atom-atom 

d is tr ib u tio n  function seems independent o f quadrupole s treng th .

The p ro p erties  o f the RISM method were studied  in  Chapter V both 

fo r hard-core and r e a l i s t i c  two-centre Lennard-Jones p o te n tia ls . 

U nfortunately i t  was not possib le  to  incorporate p o te n tia ls  o f m u lti

p o lar symmetry in to  th is  method. However in  the systems studied  the 

RISM equations proved to  give good f i r s t  order r e s u lts  fo r the  p ro p e rtie s , 

but was found to  have a system atic defect in  the d esc rip tio n  o f the 

angular dependence. This i s  probably due to  the neg lect o f higher 

order terms in  the method.

The dynamical p ro p erties  of the  quadrupolar systems, investiga ted  

in  Chapter VI, shows the e ffe c ts  o f the increased cohesiveness o f the  

p o te n tia l . This re s u lts  in  the onset o f a more cooperative type o f 

motion in  which the  molecules have a tendency to  remain in  a given 

configuration  during tra n s la tio n  and ro ta tio n  by o s c i l la t io n  about 

th a t  p o s itio n . This gives r i s e  to  increased o rie n ta tio n a l c o rre la tio n  

tim es, and decreases the d ifference  between tra n s la tio n  p a ra l le l  and 

perpendicular to  the bond vecto r.

The analysis o f  the  dynamical functions performed in  Chapter VII 

shows th a t the dynamics can be re la te d  to  the f i r s t  few moments o f the  

function , involving q u a n titie s  such as the mean square fo rce o r torque. 

These moments la rg e ly  determine the  behaviour o f the  function when used 

in  the context o f memory function analysis o r random frequency modulation 

theory. The moments can then in  p rin c ip le  be ca lcu la ted  d ire c tly  from 

the s ta t i c  p ro p erties  o f the  system fo r a given p o te n tia l , provided th a t
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i t  is  possib le  to  ca lcu la te  the  n a ir  c o rre la tio n  function  by some 

appropriate  intep,ral equation method such as RISM. Thus the p red ic tio n  

of the dynamical p ro p erties  o f a system a t  a given density  and 

temperature can be made w ith knowledge o f the in te ra c tio n  p o te n tia l 

a lone, provided th a t the p a ir  d is tr ib u tio n  function  can be ca lcu la ted  

w ith s u f f ic ie n t  accuracy.

In  general the presen t study shows th a t the e ffe c t o f the quadrupolar 

in te ra c tio n  is  to  increase the cohesiveness o f the p o te n tia l in  such a 

way th a t p a r t ic u la r  o rien ta tio n s  a re  strong ly  favoured. The p ro p e rtie s  

o f the systems a re  a d ire c t r e s u l t  o f  th is  e ffe c t which i s  v a lid  fo r  

a l l  values o f the bond length .
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