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Abstract:
This paper constructs a game-theoretic model of electionsin alternative electoral systemswith three or
four candidates. Each electoral system specifies how the platforms of the candidates and their scores
give rise to an outcome. When geometrical analysis shows that two outcomes can compete against
each other for victory, apivot probability isassociated to that pair. Each voter is rational and picksthe
candidate that maximizes her expected utility, which results from the balancing of her preferences and
beliefs about the pivot-probabilities. Candidate positioning is endogenous and the result of a Nash

game. The possible equilibria are computed for plurality and runoff majority systems.
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0. Introduction

This paper deds with the comparative andyss of postiond equilibria under dternative
electord systems. Up to now, most dectora systems have been examined separately and in
different frameworks. | propose a unified mode of eections with sophisticated voting and
endogenous platform positioning with three and four parties

| assume drategic Nash choice of platforms by candidates, as most of the literature with
endogenous positioning.

The behavior of voters is a more controversd issue. Early literature consdered sincere
voting, but this assumption is unreasonable for many Stuations, and there is strong empirica
evidence for sophigticated voting (Riker,1973)). Recent literature therefore examined
sophigticated voting, and even drategic voting (Austen-Smith and Banks, 1988, Bedey and
Coate, 1997...). This paper takes an intermediate view, which was proposed by Myerson
and Weber (1993): voters are rational and therefore able of sophisticated voting, but are not
redly able to interact with each other. Therefore, they take into account the avalable
information regarding how strong the candidates are and try not to waste their vote on

unlikely winners: they maximize their expected utility.

The literature regarding mgority or plurdity eections is quite extensve. Negative results
have been emphasized: plurdity dections can lead to the eection of a less preferred

candidate (see for example Fishburn (1986), Wright and Riker (1989)).

! The electoral system has no impact when there are two candidates. They position at the median of the

spectrum: it is Black’s median voter theorem in the Downs-Hotdl ling framework.



The basic problem with a mgority system when there are three or more candidates is a
coordination problem: if the overal preferred candidate is percalved as having negligible
chances of being in contention for victory, then voters are likely to vote for their favorite
candidate among the two serious candidates. This is what often happens in the United
Kingdom for example, where voters avoid “wasting” their vote on the Liberd Democrats as
everybody expects ether the Conservative or Labour parties to win.

This means that beliefs play a key role in dections. This idea that beliefs about the
probabilities of close races between the pairs of candidates influences the behavior of the
voters as well as the poditioning of the candidates was modeled by Myerson and Weber
(1993). They, too, proved that when there are more than two candidates in a plurdity
systlem, any policy may win in equilibrium. The idea of the proof is that in such a strategic
voting set-up, a candidate can be deterred from deviating closer to the median postion,
because his credibility can be lower in such a configuration and exclude him from the race
for victory.

The literature regarding runoff systems is quite limited. Fishburn and Brams (1981) show
that a runoff dection is not dways adle to eect the srict Condorcet candidate
(corresponding to the candidate positioned the closest to the median). But their andysis

holds the positioning of the candidates fixed.?

Myerson and Weber (1993) only compare pluraity and gpprova voting sysems. The

present work extends their moddl. It proposes a geometric interpretation of their belief

% Piketty (1995) develops amodel of two successive el ections rather than a runoff system.



concept that can be applied to a broad range of commonly observed eectord systems, and
therefore enables me to compare them.

Informally stated, the idea of the modd is as follows. Each dectord system specifies how
the platforms and scores of the candidates give rise to an outcome. A pivot-probability is
asociated to apair of outcomes if geometricd andysis shows that they can compete against
each other for victory. Bdiefs about the pivot-probabilities are given exogenoudy. | mode
how the voters behavior depends on both their preferences and ther beiefs. Taking the
voters behavior into account, the parties position in order to maximize their chancesto bein
government. In each eectorad system, equilibria are computed under dl possble states of
beliefs.

| then illugtrate the modd by gpplying it to runoff mgority systems. | show that as single-
balot mgority sysems, runoff sysems with three or more paties dlow for the
implementation of extreme policies. Furthermore, in equilibrium, two candidates are
necessaily pogitioned symmetricaly with respect to the median.

The rest of the paper is organized as follows. Section 1 presents the setting of the eection.
Section 2 andyses the voters behavior. Section 3 andyses the candidates behavior and
presents the generdized concept of pogtiond equilibrium. Section 4 consders a mgority
system and obtains a result corresponding to Myerson and Weber’ s multiple equilibria result
in a plurdity eection. Section 5 congders a runoff mgority eection where candidates are
committed to their postions and illustrates voting behavior with the 2002 presidentid French
elections. Section 6 presents the main result. Section 7 informally extends the anadlysisto four

parties and shows how the results are modified. Section 8 concludes.



1. The Set-Up
The political space is represented by a one-dimensona [0, 100] segment. There are two
sets of agents: voters and candidates.
There are three candidates (denoted 1, 2 and 3). Denote by C the set of candidates and PC
the set of subsets of candidates.
The candidates can choose a position anywhere in the political space. They are electoralist
in the sense that they choose their podtions in order to maximize their chances of being in
power adone or with another party. The position chosen by candidate i is denoted x. Cdl X
the set [0,100° I R®. Denote by x positional vector (X, Xo, Xs), X T X.
The second st of agents is the set of voters. The voters ided points are uniformly
distributed over the set {0,1, ..., 100}, with 1/101 of the voters having each ided in this st.
This podition t of avoter’s bliss point is referred to as the voter’ stype.
The voters do not care which parties are in power, but only care about the implemented
policy. The utility of at-type voter if theimplemented policy iszis

U@ =-(z-1°
If policy z is proposed by some candidate i, this utility is sometimes denoted by u(t).
Note that given the voters preferences digtribution and single-peakedness, the median
voter’s bliss point is well-defined and equals 50.
The present paper focuses on eectora systems where each voter casts a ballot for exactly
one candidate, thet is, no abstention nor multiple votes are alowed®. Thiswill enable me to
propose a geometric anadysis. Indeed, if $ denotes the percentage score of candidate i, |

have

¥ Myerson and Weber (1993) study el ections under plurality, approval and Borda count.



stets=1
The st of dl possble results is a two-dimensond smplex, SS, that | represent in anormed
plane whose axes are 5 and $. Cdl s the vector (s;,S,S3). The set of points corresponding
to a constant score S of candidate i, {sT SS:§ =S} for some constant Swith O£ S£ 1,

isaline cdled aniso-s line

S« . S1+s2+s3=1
LT (a,b,c) = (s1,52,53)
iso-s line = v,"'=iso-S1Iine

—————— _,.;',.'; SRR =iso-s2 line
L (2=0.5)

Sy

L

©01) -~ (1,0,0)

Figure 1: The Score Simplex SSin a voting system with three candidates*

A simple outcome of an election, (W, 2), is an dement of PC x [0,100]: its firg
component is the subset W of candidates who are in power, and its second component is
the implemented policy z. Cdl O the st of dements of PC x [0,100] and PO the set of
subsets of O.

An outcomeisa st of equdly likely smple outcomes (one of them being selected later by a
coin toss), i.e. an dement of PO. Note that dl smple outcome singletons are outcomes,
selected with probability 1.

An electoral system ES with three candidates where voters cast a ballot for exactly one of
them is a mapping of 6 variables which maps any point (sx) T SSx X on a set of equally

likely outcomes. ES; SSx X ® PO: (sx) ® ES(sx)1 PO.



An dectord system is a mapping rather than a function because some (sx) can lead to two
or more tied outcomes (ties are broken by afair coin).

Let me cdl OS the dectord sysem mapping when x isgiven: " x OS(s) = ES(s,X).

The reciproca image of an outcome ki OS(s) by OS is called an outcome zone. Thusthe
outcome zone corresponding to an outcome k, for a given postioning of the candidates, is
the set of scores leading to this outcome k.

The outcome simplex of an electord system for a given poditioning of the candidates is the
score smplex divided in its different outcome zones.

Border assumptions.

1°) forany x T X, al outcome zones are convex sets of the score Smplex.

2°) the borders between two outcome zones are draight lines. They have one of the
following 9x directions: the three directions of the lines where the score of one paty is
congant (i.e. iso-s lines, i = 1,2,3) and their perpendiculars

Border assumptions regtrict the analysis to dectoral systems such that a change in the st of
parties in power happens when the score of some set of parties either reaches a threshold or
reaches the score of another set of parties.

Cdl PO(x) the set of possble outcomes (PO) under a given eectord system, given the
candidate pogitioning vector x. Cal PPO(x) the set of pairs of e ements of PO(X).

There is a close race between outcomes k and | wherek,] T PO(x), k * 1 if the distance
between point s in the outcome smplex and the frontier between OS*(k) and OS™(l)

corresponds to at most one vote.

*In order to emphasi ze the symmetry between the variables, the axes are positioned in a non-orthogonal

way. The coordinates of apoint are read as suggested.



As there is uncertainty on the redlization of the type of each voter, there is some uncertainty
about the scores that the candidates will obtain, even if the behavior of any type of voter is
known. Cdl § the expected percentage score of candidatei: S = E(s).

Following Myerson and Weber’s terminology, | denote the probability of a close race
between two outcomes k and | by pq and call it a pivot-probability.”

A set of beliefs given an dectord system ES and its corresponding PPO is any function p
mapping any positioning x of the candidates on a vector of pivot- probabilities between any
two outcomes:

p:X ® [0,1]M:x® p(X) with Sy propoPi(X) £ 1.

This means that (as in Myerson and Weber) the perception of the relative probabilities of
close races between dl pars of outcomes depends on the relative postioning of the
candidates. If a candidate i moves from x to x;’, the pivot probabilities p(x) are transformed
into p(xi,x’) (where (x;,%") denotes the postioning vector if i deviates from x to x’) ina
way described by the state of beliefs.

All voters are given such a set d beiefs exogeneoudy. These beiefs are not necessarily
common beliefs®

Connexity assumption: if two outcome zones OS*(k) and OS'(l) are not in contact for

some positioning x or if they are connected by a single point, then p,(x) = 0.

® | implicitly assume (as do Myerson and Weber) that the probability of three outcomes being in close
raceisinfinitesimal in comparison to the probability of atwo-outcometie.

® Myerson and Weber assume common beliefs. They also argue that beliefs should be in accordance
with the outcome they imply and introduce the so-called ordering condition. Our main results are true

with or without common beliefs and an adapted ordering condition.



The connexity asumption Smply assarts that there are enough voters so that one single
voter is not able to make the score vector “jump” from one outcome zone to ancther if there
isathird outcome zone between them.

Cdl CR(x) the set of pairs of outcomes such that there can be a close race (CR) between
them when the candidates hold position x.

By connexity and border assumptions, pi(x) can be drictly pogtive only if the frontier
between OS*(k) and OS’(l) is anon degenerated segment:

CR(X) = {(k,]) T PPO(x): the frontier between OS*(k) and OS™(l) is asegment}.

As do Myerson and Weber, | assume that dl possble pivot-probabilities are drictly

positive pa(x) >0" (k)T CR(X).

2. The Voters’ Behavior

When avoter has to decide how to vote, the positions of the candidates (the x vector) are
known.

Her behavior will then depend on two things. 1°) her preferences, and how far the
candidates are from her bliss point, as she likes to encourage candidates as close as possible
to her ideology, and 2°) her beliefs, as she does not want to spoil her balot.

The baance between these two eements depends on each voter's persona Stuation and
beliefs.

Modeling this balancing is the object of this section and relates to the concepts of expected
gain and prospective rating (following Myerson and Weber’' s terminology).

Let the candidate positioning vector be x and (k1) T CR(X). The expected gain of a type t
voter with beliefs p(x) for voting for candidate i regarding the close race between

outcomes k and |, denoted EG;(t), is constructed as follows:



1°) If the frontier between OS*(k) and OS’(l) isan iso-s line for some candidate i:

then one outcome, say k, corresponds to higher scores of candidate i, and the other to
lower scores of |, i.e. higher scores of any of the other candidates. Thus,

EGign(®) = Pa(ue®) - u(t)), EGjgn(®) = (1/2) pa(uh - ug) forj 1 i.”

2°) If the frontier between OS*(k) and OS™(1) is perpendicular to aniso-S:

voting for i is not decisve from the point of view of the race between k and |: EG(t) = 0.
Outcome k corresponds to a higher score for one of the other parties, say j, and lower

scores of the last party J', meaning that EGjiy(t) = pu (U - W); EG; aoin(t) = pa (U - Wo).

Voting for 2 favors outcome k Voting for 2 on average is neutral
Voting for 1 or 3 equally favors outcome | Voting for 3 favors k
Voting for 1 favors|
votg flor 2

votefor 2

Kk zl

................. ﬁ vote for 3 votefor 1
| i
votefor 3 votefor 1 ,

k|l

Figure 2: Expected gainsréativeto a close race between outcomesk and | according to the direction of

the border between outcome zonesOS™* (k) and OS(1)

The overadl expected gain for a type t voter of voting for i, cdled prospective rating of
candidate i and denoted PR(t), is the sum of the expected gains rdative to dl possble

close races: PR(t) = Sy crEGik(t).

Behavior of voters:

" The expected gain py(u, - uy) is obtained by voting for any of the two candidates other than i and is

therefore split between these two candidates: the “1/2” coefficient guaranteesthat Sy EG.(t) =0" t.



A. If her bdliefs are such that dl pivot-probabilities are O, the voter votes sncerdly. Ties(in
terms of utilities) are broken by afar cain.

B. If her beliefs are such that a least one pivot-probability is Srictly poditive, she votes for
the candidate who maximizes her prospective ratings. Ties (in terms of prospective ratings)

are broken by afair coin.

Thus, sincere voting is seen as the limit case when a voter believes her vote to change the
outcome with probability O (case A). Expected utility maximization voting happens when the
voter believes this probability to be postive, with the confrontation of her preferences and
beliefs expressed in the candidates prospective ratings® For those voters in B, because the
prospective rating is homogenous of degree 1 in p(x), the pivot probabilities for a given
postioning of the candidates can be normdized so as to sum to 1 (without loss of

gme’dlty) " XT X , S(k,I)T CR(x)ka(X) =1

Let me indst on the fact that no voter is playing a game, as the prospective ratings do not
depend on the behavior of the other voters (and does not even require them to know the

voters distribution). Voters do not interact directly with each other.

Once candidate positioning x and pivot probabilities p(x) are given, the prospective ratings
for dl voters are determined. The drategic behavior of the voters determines the expected

scores of the candidates, the expected possible outcomes and therefore the expected

8 The results are robust to suppressing case A, i.e. with at least one pivot probability positive.

® Further generalization could allow the votersto play a Nash game.

10



probability of being in power (done or with another candidate). These probabilities of

winning are endogenous and should not be confused with the exogenous pivot probabilities.

3. The strategies of the candidates - positional equilibrium concepts
The drategies and actions of the candidates, decided before the election takes place, are
examined here.
An dectord system has been sdected and is common knowledge. A dtate of beliefs is
exogenoudy given. Each candidate wants to maximize his utility.
| assume that being in power is a cake of sSze one, shared equaly by the winning candidates.
Therefore, if P; represents the probability of candidate i winning together with j - 1 other
candidates, j = 1, 2, 3and U; the utility of party i, | have:

Ui = Py + Po/2 + Py/3 (and SU; = 1).
A candidate's only drategic choice is the position he chooses. His choice depends on the
electord system, on the positions of the other candidates and on the state of beliefs.
Now, when optimally choosing his position, he takes the positions of the other candidates as
given and computes the probability of being in power in each possble stuation, which
depends on the pivot probabilities for each of his positions. This means thdt, in generd, the
pivot probabilities “out of equilibrium”, i.e. the p(y)’'s for pogtions y different from the
equilibrium x vector, are not negligible.
| now come to a generd definition of podtiond equilibrium for an dection involving three
candidates in an electoral system ES.
A gtuation is a positional equilibrium if there exists a s&t of beliefs function p(y) for each

voter such that

1



1°) each voters maximize her expected utility;
2°) the podtioning of the candidates x is a Nash equilibrium given the voters behaviors

under al positioning vectors.™

Note that our definition of postiona equilibrium is very wesk in the sense that | assume no
restriction on the gate of beliefs function. Beliefs can change with a change of candidates
positioning. Myerson and Weber (1993) do not impose ether any restriction that would link
beliefs across podtions. a candidate, condgdered as a very serious contender under some
postioning, might become a sure loser if she, or another candidate, rather picks a dightly
different platform. | too choose to be as permissve as posshble, since my concept is

aufficient to redly discriminate across voting systems (asillugtrated in a companion paper).

4. Application to a Majority System

This section applies the methodology of the second section to study a relative mgority
sysem and shows a very wdl established result, equivalent to Myerson and Weber
(1993)’ s theorem 3 for a plurdity dection in this generaized set-up.

A relative majority system is defined as an dectord sysem in which the party which
obtains the highest score, whatever its score, even if it is lower than hdf of the totd of the
votes, forms a government done and implements the policy corresponding to its position x;.

Thusthe relative majority system maps (x,s) on outcome ({i}, x)ifs 3 s,ijT C,jt i.

19 Fey (1997) argues that some voting equilibria proposed by Myerson and Weber (1993) are not stable.
The present paper does not suffer from this critique, which concerns non Duvergerian equilibria with

exogenous candidate positioning.



For any positioning of the candidates, the score smplex is divided in three outcome zones,

according to which party has the largest score.

00D 050,05 T0,0) >

Figure 3: The Outcome Simplex in arelative majority system with three parties

Denote by i the ({i}, %) outcome, i = 1,2,3.

The border between any two outcome zones OS™(i) and OS™(j) isthe segment {s S = S 3
S¢. Thus CR(X) = {(L2), (1,3), (23} "x T X and the possbly postive pivot-
probabilities are py2, P13 and Pes.

The expected gains are easy to condruct: as al the outcome zones borders are
perpendicular to an iso-score line, each p; affects only candidatesi and j: EGi ;)(t) = pij(u -
u), " i, 1t j, EGan® =0, " ikl it kit l kI Andl obtain the following prospective
retings: PR (1) = py[u(®) - u®] + pufu® - u®], " ikl it kit Lk L

This electord system corresponds to Myerson and Weber (1993) plurdity eection, and my

notations are chosen so asto coincide with thairs.

In this set-up, | have the equivaent to Myerson and Weber’ theorem 3:

Proposition 1: In a one round relative majority system, for any z gtrictly between 0

and 100, policy z can be implemented in positional equilibrium.

13



Propogtion 1 adso holds under common beliefs.

Proof of proposition 1: see the gppendix. The idea of the proof is smilar to Myerson and
Weber's theorem 3. The authors show ther result by condructing an example of an
equilibrium whaose winning policy is any z in the politica spectrum: 1 pogtions a z, 2 a& 50
and 3 at 100 - z/2. They condder a Stuation with the common belief that p;; = 1 while py,
and 3 ae negligible everybody beieves that 2 has no chance of winning the eection,
avoids wasting her vote for this “more moderate’” candidate and chooses between 1 and 3,
giving the victory to the more centrigt of them: candidate 1.

This gtuation is an equilibrium for the following reason. Candidate 3 considers adopting a
more centrist position to win the dection. But he can be dissuaded from doing o, if beliefs
in the dternaive configuration (where he is doser to the center) give him no credibility as a
serious contender: if he picks a centrd platform, the beliefs are p,, = 1 rather than p;3 = 1.
Myerson and Weber’s multiple equilibria result in a plurdity dection is easly interpreted in
relative mgority eection where there are three parties: the largest party, whatever its score,
even if it islower than hdf of the totd of the votes, gets the power.

| show in the gppendix that propodtion 1 ill holds if | add a codition proofness refinement
alaBernheim, Pdeg and Whington in the positioning game.

As dready mentioned, UK (at least before New Labour) isagood illustration of this result.

5. Application to Runoff Systems
A frequently observed eectord system is the double-bdlot sysem, or mgority runoff
sysem. There are severd versons of a mgority runoff system. This paper adopts the

following Imple ylized definition.

14



A runoff majority system is defined as an eectord system in which, a the firg bdlat,
voters cast a balot for one of the candidates. If one candidate commands an absolute
mgority of votes, he wins the eection. If no candidate receives more than hdf the votes,
there is a runoff eection between the first two candidates. The winner of the head-to-head
runoff wins the eection.

Modified definition of simple outcome: a smple outcome is a Smple outcome as defined
in section 1, indexed by its higtory: if k is an outcome as defined before, let k denote
“outcome k taking place after the first round” and k; “outcome k taking place after a second
round againg outcomei”.

| assume the voter’s utility is independent of whether the winning outcome is selected at the
first or a the second round: w(t) = U(t).

Now there are possbly two bdlots, the following question is raised: are the candidates
alowed to change their pogitions between the first and the second round? The answer to this
question influences the strategic behavior of both the voters and the parties. Here | consder
committed candidates: they do not modify their platforms after the first round.**

Now the éection is pssbly divided in two rounds, the andyds of the mapping and the
pivot-probabilities sesems more complicated. Neverthdess, the andlyss of the second round
(if thereis any) is very ample: as the candidates do not relocate, the pogtioning vector X is
gven. The voting behavior of the voters in the second round is trivid, as there are two
candidates. they vote for the candidate the closer to their ided point, who provides them

with the higher expected gain.

" The case of arunoff system with uncommitted parties could also be devel oped.

15



This means that if a second round opposes any two candidatesi and j, the candidate closer
to the median wins. This is expressed as follows, where d(x,y) denotes the Euclidian
distance between x and y on the [0,100] segment:

"i1j,ijT C,letivs(x) denote outcome j if d(x,50) < d(x,50); outcome j; if d(x,50) <
d(x;,50) and outcome {ij, ji} if d(%,50) = d(x;,50).

The runoff majority system mapping isthe fallowing:

T Gttty

ES(x,9 ' 11f §3 50%;

ESx,9) ' iv§ifSCES0%" K, S>S andS > S;;

ESx,9) ' {ivg,ivg'} if SSES0% " Kk, S >S5 =S;

ES(x,9) " {ivg,vg'jvg'} if S £E50%"k, S=S =S.

There are Sx outcome zones. three where one party i has more than 50%, leading to i, and

three where none of them has 50% and a runoff must take place:

\.5.0)

S
(0,0,1) (0.5,0,0.5) (1,0,0) i

Figure4: the outcome simplex under majority runoff system

The behavior of the voters in the first round decides the outcome: once the first round results

are given, the voters know what will happen in the second round.

16



CR(X) = {(1,1vs2(x)), (1,1vs3(X)), (2,1vs2(x)), (2,2vs3(X)), (3,1vs3(x)), (3,2vs3(x))} and
the pivot-probabilities are of the type Pivs, and Pusvse LK T C, i 1 j,i 1k, j 1 k.
Expected gains are constructed: pivot-probabilities of the type p v refer to iso-S borders:
EGig,ivs) = Puivs(U - Uvs) and EGiivs) = EGigiivs) = (U2)pi v (Uvs - U) While pug ivsc type
pivot-probabilities refer to the perpendicular direction: EGivsivsg = 0, EGkivskivs) =
Pivskivsi (Uvsk = Uvs) 8Nd EGj(ivsciivs) = Pivskivsi (Uvs = Uvsc). PRi(Y) = Sni crEGin(t), 1 = 1,2,3.
Here as in a plurdity eection, voters can encourage their second best to win againg their
worst choice. The mechanics are more complex though. Consider for example a voter who
prefers candidate 1 to 2 and 2 to 3, with 2 more moderate than 1 and 1 more moderate
than 3. Then that voter can encourage 3 to reach the second round so as to have him lose
agang 1 (while 2 would win againg 1).

Let me illugrate the voting behavior in a run-off dection with the 2002 presidentia dection
in France. How could LePen possibly obtain so many votes in the first round and so few in
the second round? Consider left-wing Jospin and right-wing Chirac as the most serious
contenders, together with (minor candidates and) far-right LePen as afoca underdog hated
by awide mgority of the population.

Assume Jospin (J), Chirac (C) and LePen (LP) positioned at 40, 60 and 90: x = (40, 60,
90).

The outcome smplex is

17



(0,0,1) (0.5,0,0.5) (1,0,0)

Figure5: the outcome simplex — France 2002

Given their positioning, a second round between LePen and Chirac or Jospin would lead to
Chirac or Jospin’s victory with certainty, while the outcome of a second round between
Chirac and Jospin is uncertain.

Assumeyou are a Chirac fan. Isit possible you vote for LePen in the first round? Yes, if you
believe Chirac will reach the second round anyway (i.€. pevsicvsLp IS the only positive pivot-
probability - normdized to 1). Since he is sure to win againg LePen, but much less so
againgt Jospin, LePen isthe candidate you should push in the first round.

Smilarily, it is possible for a Jospin fan to vote for LePen: If you believe peysy vs p iSthe only
positive pivot-probability, you should push LePen in order to have Jospin Vs. LePen in the
second round.

The actud results of the 2002 French presidentid edections can be explained in the
framework of this paper in, say, the following scenario:

The electorate was partitioned into three groups (uniformly distributed among the ideologica
gpace for smplicity) regarding their perceptions of the dection: Group 1 (50% of the

population) think they can influence the find outcome with probability 0. Group 2 (25%)

18



perceive that poysicvsip 1S the only postive pivot-probability. Group 3 (the remaining 25%)
perceive that peysyve p 1S the only pogtive pivot-probability.

In group 1 dAl people vote sincerely. In group 2 J and LP supporters vote for their preferred
candidate while C supporters vote for C. In group 3, C and LP supporters vote for C while
Jsupporters vote for LP. Aggregate votesin thefirst round lead to 50% > S > Sp > Si. In
the second round & » 85% > Sp » 15%. Thus a candidate like LePen can reach the
second round and then score less than 20%.

| am not suggesting that my modd explains all votes for LePen, but | do believe that it is
useful to note that the results can dso be explained in aframework where the god of voting
is to influence the outcome rather than to “communicate’ or to “protest”. The classc
explanation, in this vein, is that voters used the first round as an opportunity to protest

againg corruption around Chirac and mainstream politics.

6. The Result

Once the voters behavior is understood, the strategic positioning of the candidates can be
examined. Asinaplurdity dection, a drictly most extremist candidate cannot win, since he
is the worgt choice for an aisolute mgority in both rounds. The dynamics are different
though, as to be sdected for a second round is only useful for the more moderate of the two
candidetes. Neverthdess, the following result shows that here as in a plurdity dection,
adopting a moderate platiform does not guarantee winning, because of the manipulative

power of beliefs.
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Propodtion 2: In a maority runoff sysem equilibrium, any policy can be
implemented in equilibrium and at least two candidates are postioned
symmetrically with respect to the median.

Proposition 2 dso holds under common beliefs (and the following proof isidentica).

Proof of propostion 2:

Lemma 1: Under any gate of bdiefs, if x; £ X < X3 £ 50, then 3 wins with probability 1

Proof of lemma 1:

In such a Stuation the prospective ratings are as follows:.

PRy(f) = Praveo(th - Up) + Privss(Uh - Us) + Prusziavsa(l - ) + (U2)P2,2vs3(ll - W)

PRy(t) = (V2)p1,avso(We - W) + (V2)P1,1vsa(Us - Ur) + Prvsosavsa(le - We) + Pa,ovsa(e - Us);
PRs(t) = (V2)p1,1vse(Ue - Ur) + (1/2)P1,avsa(Ws - Un) + Prvsavsa(Us - W) + (U2)P2,avsa(lls - L)
+ Pus,ovsa(Us - Wp).

Then PRs(t) > PRy(t) and PRs(t) > PRy(t) for any t such that t > (X + X3)/2.

Thus 3 winswith probability 1.

Lemma 2: Assume X < X = Xa, With d(x;,50) > d(x,,50). Then 3 and 2 win with probability

Y,
Proof of lemma 2:

PRi(t) = Pravse(th - W) + Pr,avsa(Uh - W);

PRx(t) = (V2)Pp1, el - W) + (1/2)Pr,avea(Ue - Wh);

PRs(t) = (Y/2)pr,wvso(We - Wn) + (1/2)Pryavss(Uz - Wy).



Then PRs(t) = PRx(t) > PRy(t) for any t such that t > (X, + X2)/2, leading to a secound round
between 1 and 2 or 3 with equa probabilities, with 1 loang if more extremist, and winning

with probability ¥2 otherwise.

Lemma 3: If thereisa grictly most extremist candidate, he wins with probability O.

Proof of lemma 3:
Assume there is a gtrictly most extremist candidate, call him 1 and assume by symmetry that
X1 <50 and X1 < X2 £ X3, With X3 < 100 - X;.
Assumethat 1 win with a drictly postive probability.
Then by lemma 2, x; < %, < X3 and by lemma 1, 50 < xs.

Then one candidate among {2,3} wins with a probability strictly smdler than 1/2. But then
this candidete deviates to the other one, and will win with probability 1/2 by lemma 2. Thus

in equilibrium 1 must win with probability O.

Lemma4: A Stuaion with X; < X, = X3, with d(X;,50) < d(X»,50) is not an equilibrium.

Proof of lemma 4:

Assume it is an equilibrium. Then 1 wins with probability 1, otherwise he would deviate to
50 and win with probability 1 by lemma 1.

Therefore 2 and 3 are sure losers. But then 2 would deviate to 1 and win with probability 2

by lemma 2.

Proof of proposition 2:
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1) A gtuation with dl parties podtioned a the median is an equilibrium: dl prospective
ratings are 0 and dl parties win with probability 1/3, while if one party deviates it wins with
probability 0 by lemma 2.

2) A dtuation where two parties are postioned symmetricaly around 50 with the third party
a 50 isapogtiond equilibrium.

Consder that d(x;,50) = d(x,50) with % = 50, x £ X, and any date of bdiefs such that
P11vse(X1,%2,2) = Poave(Xa,X%2,2) @12 for any z, pussavse (2, X2, 50) @Lif z<50andz ! X,
and Povss vse (X1, 2, 50) @Lif z>50andzt x,.

PR; = 1/2.(prve + 1/2.p21ve )(U - Wp) + negligible terms > O for any t < 50;

PR; = 1/2.(prve + 1/2.p21ve )(U1 - Wp) + negligible terms < O for any t > 50;

PR; = 1/2.(p2avee + 1/2.p11ve2 )(We - Wy) + negligible terms > O for any t > 50;

PR; = 1/2.(p2avee + 1/2.p11ve2 ) (W - W) + negligible terms < O for any t < 50;

PRs = 1/4.(Pr1ve - P2avee )(We - Wy) + negligible terms @0 for any t;

Thus, 50%>S,=S5,>S;.

This gtuation isapaogtiona equilibrium, for dl parties can be prevented from deviating.
Indeed, candidate 1 is dissuaded as follows (a amilar argument appliesto 2): if 1 deviatesto
Z > 50 then his probability to win is 0 as 3 then wins with probability 1 by lemma 1. If 1
deviates to 50, then he wins with probability 1/2 by lemma 2. If he deviates to z < 50, the
belief that piys3 1ve2 @1 imply the prospective ratings become either PRy @0, PR, = W, - s +
negligible terms @- PR if 2 is more moderate than 1, or PR; @0, PR, = u; - W + negligible
terms @ PR; otherwise and 3 winsin the first round.

Candidate 3 can be deterred from moving by Smply prive (X1,%2,2) = Po.vee (X1,%2,2) @L/12

for any z, asthe prospective ratings are maintained.



Note that it is hot necessary that some party occupy the median position.
3) It is now sufficient to note that if no par of candidates is poditioned symmetricaly with
respect to the median, the most extremist candidate is a sure loser and wins with a drictly

positive probability by joining the most moderate party by lemma 2.

The gppendix shows that the result is robugt to the introduction of codlitionproofness.
Therefore, neither sngle nor double ballots mgority systems guarantee political moderation.
The equilibria look quite different though: while about any configuration of candidates is
possible under sngle ballot dections, an interesting symmetry occurs with two bdlots.
France is a naturd illudtration to propodtion 2. | observe no strong convergence, the two
serious contenders being usudly one moderate left-wing candidate and one moderate right-
wing candidate, with some power dternance over time and one smdler paty (typicaly
ather right-wing or far-right).

Note that if repodtioning by the candidates is alowed between the second and the third

rounds, a median voter result can easily be proven.

7. Extension to Four Candidates

The purpose of this section is to show informaly how the maost important results change with
the number of parties.

If there are four parties, the score Smplex is three-dimensiond. Outcome zones are three
dimension convex volumes. Outcomes are possibly in close race if they are connected by a
plane surface. Pivot probabilities, prospective ratings and equilibrium concepts are

congructed in away Smilar to the 3 party case (see the appendix).
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Condder first amgority sysem. The eectord mapping is constructed exactly asin the three
party case. Pivot-probabilities are Hlill of theform p;, " 11 j. And p;; only affects PR and
PR;. Unsurprisingly, Proposition 1 till holdsif there are 4 parties:

Propogstion 1 bis. In a magjority syssem with four candidates, any policy can be
implemented in equilibrium.

Proof: Similar to proposition 1 and Myerson and Weber’s corresponding result. Available

from the author. Thisresult easly generdizestoany n 3 3.

In a runoff system, the three candidate case can be consdered as very particular: since the
first round selects two parties, it equivaently getsrid of one party. Thisis no longer true with
four candidates.

The eectord mapping is congtructed exactly as in the three party case. Pivot-probabilities
are dill of theform pisj and pjisk " 1," J 2 i,k i, k? j. Pivot probability pi . affectsthe
prospective ratings relative to dl parties while pi.; i« only affects PR and PR

Proposition 2 bis: In a runoff system with 4 committed candidates, any policy can
win in equilibrium.

Proof: Similar to proposition 2. Available from the author. This result extends to any number
of parties and is robust to codlition-proofness.

The main implication of propostions 2 and 2bis is that runoff sysems are unable to
guarantee more moderation than a mgority system if candidates are not able to reposition
between rounds.

With regardsto my results, the hope of Piketty (1995) to alow for an efficient separation of

the communication and decision making purposes of voting by implementing a runoff eection
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seems to be vain: the firgt round can be decisve and therefore voting in the firgt round is

highly gtrategic (as shown in the example pages 17-18).

7. Conclusion and Discussion

This paper condructs a genera modd dlowing the study of a large range of dectord
systems with three and four parties. This spatial model, with endogenous positioning of the
candidates and sophisticated voters, enables to compare equilibria in a unified set-up
potentidly involving a wide range of eectora syssems. My basc modd develops a three
party set-up. The andysisis extended to afour party set-up in the gppendix.

The overdl results of the paper can be summarized as follows.

My result regarding a mgority system includes Myerson and Weber (1993)’s result of
multiple equilibria in a plurdity system. It is interpreted as a resut of inability for a mgority
system to guarantee any moderation of policy.

| modeled a runoff system and showed that such systems are not able to guarantee
moderate outcomes ether. All equilibria present an interesting symmetry.

In a companion paper | examine proportional systems and show how different codition
formation rules can be incorporated into the theoretica andysis. | show that they crucidly

affect the moderation capacity of a proportiona system.

The belief concept | usad is dso driving the postiona equilibrium concept in Myerson and
Weber (1993). It is centrd to the results and should be briefly discussed. It is wesk in the
folowing sense: the beiefs are dlowed to vary without redtriction with the change of

postioning of a paty. This is sometimes unredigtic and implies that bdiefs are very
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powerful. Nevertheess, this concept of beliefsis sufficient to discriminate across systems, as
my results attest. What makes the results change across systems is the structure of possible
beliefs themsdves.

In any case, | think that the concept of pivot-probability remains very naturd and rlevant in
this kind of set-up. Future research should try to explore further this belief concept and to
find an gppropriate way of imposing more structure on the Sate of bdief function, in order to
avoid caricatured beliefs.

This modd is a firg atempt to compare the mgor dectord sysemsin a unified set-up and
brings reditic new results. It is quite generd and could be used to study different versons of
these systems, or different systems, aslong as voters are assumed to cast a balot for exactly
one candidate or party.

A weskness of this paper certainly is the exogeneity of the number of parties. | neglect the
possbility of a correlation between the number of parties and the dectord system, which

should be taken into account when comparing voting systems.
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Appendix 1: Technical Proofs

Proof of propostion 1 (including coalition-pr oofness):
Firgt congder the postiona equilibrium case. For reasons of symmetry, | only construct an
example of an equilibrium whose outcome z is anywhere between 1 and 50: x = (z, 50, 100
- Z2/2). Condder a state of beliefs such that pi3(z,%2,100 - Z/2) » 1" Xo, P12(ZX2,Xs) » 1" X
and" x31 100 - z/2, and any pivot-probabilities otherwise. As pi3(x) » 1, party 1 wins.
Candidate 1 does not deviate, as he is the winner. 2 does not deviate sSnce p13(z,%,100 -
Z/2) » 1" X,. 3 does not deviate Since Pra(z,%e,X%s) » 1" X and ™ x3 1 100 - z/2.
Further more, this Stuation is coditionproof if the state of beliefsis dso such that:

P13(ZXe,X3) » 1" X1 50," X3 * 100-z2andx; * z (a1),

P12(ZXe,X3) » 1" X1 50, X3 =2 (82).

Indeed the only possible deviating codition is formed by 2 and 3 but 1°) adeviationto X' =

(z, % X3) if %1 z does not make 2 better off; 2°) a deviation to X' = (z,%,2) withx * 50
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does not make 3 better off; 3°) a deviation to X' = (z,z,2) is not sdf-enforcing ather: it
implies P = (1/3,2/3,1/3) and 2 deviates back to 50 and wins for sure (since all pvot-
probabilities are grictly positive).

Proof of coalition-proofnessin propostion 2:

This gtuation is possble in codition-proof equilibrium, for example if the beliefs dso stisy
P1,1vs3(X1,Z,2100-X1) = Ps1vs3(%1,2,100 - x;) @L/2 for any z, (3);

Prvss ve2 (X1, X1, 2) @1 for any zwith x, <z <100 - X, (ad);

Prssve (Z, X2, 50) @L if z <50 and Poyss 1vse (X1, 2, 50) @1 if z > 50.

Indeed, a sdlf-enforcing codition induding 1 or 2 requires him to win with a probability
grictly superior to 1/2.

Thus, for reasons of symmetry, | will consder any collective deviation by 2 and 3 leading to
P,>1/2and B >0, with X> 1 X, X31 X3 and x fixed and show that it is not sdf-
enforcing. By lemma 3, | must havex; £ X, £ 100- x; and x; £ X3 £ 100 - X;.

If X, =X »=X3, P, = 1/3for any candidate.

If X, =X, and X 3=100 - x;, P> =0 by (a3).

If X, =X 2<X3 <100 - X, then P; = 1 by (a4).

If X, =X'3<X, <100 - X3, 3mugt win with probability 3 1/2, since otherwise he deviates
further to X’ 3 and wins with probability 1/2 by lemma 2. This contradicts the condition that 2
wins with probability > 1/2.

If X, <X'2=X3 <100 - X3, then 2 and 3 win with probability 1/2 by lemma 2.

If x <X2<X3 <100 - X, or x =X3<X5, <100 - X;, the one who wins with

probability < 1/2 deviates to the other and wins with probability 1/2 by lemma 2.



| just showed that there is no self-enforcing deviation by 2 and 3, and can show a symmetric
result for 1 and 3. There is no collective deviation by 1 and 2 snce the Stuation is Pareto-

efficient for {1,2}: U, + U, = 1.

Appendix 2: The case of 4 Candidates

Formalization with four candidates:

Cdl C the st of candidates {1,2,34} and X the postioning vector of the candidates.
Congder the same world asin section 1.

If 5 denotes the percentage score of candidate i, | have s + $ + 3+ &, = 1 and the set of
al possibleresultsis athree dimensond smplex, SS. It can be represented by atetrahedron
within a three-dimensona non orthogond repere. Cal s the vector (s;,%,S3,%). The set of
points corresponding to a constant score S of candidate i, {s T SS: s =S} for some
condant SwithO £ S£ 1, isaplane surface, caled aniso-s plane.

An electoral system ES is a mapping of 8 variables which maps any point (sx) T SSx X
on asgt of equaly likely outcomes ES; SSx X ® GK: (x,9 ® ES(x,9)1 GK.

Convexity assumption: al outcome zones are convex sets.

Border assumption: the borders between two outcome zones are plane surfaces. They
have one of the following directions: the directions of the planes where the score of one
party is congtant (i.e. iso-s lines, i = 1,2,3), the planes perpendicular to two such directions

and the plane such that the sum of two scores sum up to a constant number.



Connexity assumption: if for some positioning x two outcome zones OS*(k) and OS™())
are not in contact, if they are connected by a single point, or a sngle segment, then pq(x) =
0.

Lemma: For any xI X and any (k)T PO(X), pu(X) can be srictly positive only if the frontier
between OS*(k) and OS*(l) is aplace surface,

CR(X) = {(k,]) T PPO(x): the frontier between OS*(k) and OS™(1) is a plane surface} .

The expected gain for a typet voter of voting for candidate i relative to the close race
between outcomes k and |, denoted EG;(t), is constructed as follows:

1°) If the frontier between OS*(k) and OS(l) isan iso-s surface plane for some candidate
I

then one outcome, say k, corresponds to higher scores of candidate i, and the other to
lower scores of i, i.e. higher scores of any of the other candidates. Thus, EG;y(t) = pra(U(t)
- U(1), EGien(t) = /3. pa(u - u) forj t .

2°) If the frontier between OS*(k) and OS™(1) is perpendicular to an iso-S; and an iso-Sy;
voting for i or his not decisive from the point of view of the race between k and I: EGi(t)
= EGnk(t) = 0. Outcome k corresponds to a higher score for one of the other parties, say
J, and lower scores of the last party j’, meaning that EG;(t) = pu (W - W); EG; ky(t) = P
(U - w).

2°) If the frontier between OS*(k) and OS*(l) isaplanewhere S + S, = a constant:

then one outcome, say k, corresponds to higher scores of candidate i and another
candidate, say g, and the other to higher scores of h, and some other candidate, say j. Thus,

EGi(kJ)(t) = EGg(kJ)(t) = 1/2pk|(l.k(t) - Ll(t)), EGh(kJ)(t) = Egi(k’|)(t) =1/2. pkl(u - Li() forj 1.
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Majority System:

The relative majority system mapping maps (x,z) on outcome (i, x) if s 2 s,i,j1 C,j1 i.
The border between any two outcome zones OS*(i) and OS™(j) is the plane surface {s S
=53 S}. Thus CR(X) = {(1,2), (1,3), (23), (14),(24),(34)} " x1 X and the possbly
positive pivot-probabilitiesarethep;’s, " ijT C,i t j.

As dl the outcomes zones borders are perpendicular to an iso-score place, each p; affects
only candidatesi and j: EG j(t) = pj(u - u), " ij,1 1 J, EGun®) =0," ikl it kit Il k!

[. And | obtain the following prospective ratings: PR(t) = S; p;[u(t) - u(®)], " 1," j* i.

Runoff system with committed parties

The andyss of the second round is very smple, as in section 5: if a second round opposes
any two candidates i and j, the candidate closer to the median wins.

The runoff majority system with committed parties mapping isthe following:

R O T T T R T L R W G T

ES(x,9 ' 11f §3 50%;

ESx,9) ' iv§if SES0%" Kk, §>S>S adS>S;

ESx,9 ' {ivg,ivg'} if SES0%" K, S>5 =§>S;;

ES(x,9) " {ivg,ivg'iva'} if SEB0%" K, S>S =5 =S;

ESx,9 ' {ivg,ivg' jv§'} If SCES0%" K, S=5 =§>S;

ESx,9) "' {ivg,ivg jvg’ive’ jvs' jve'} if S ES0%" Kk, §S=§ =5=S;

CR(X) = {(1,1vs2(x)), (1,1vs3(x)), (1,lvsA(x), (2,1v=2(X)), (2,2vs3(X)), (2,2vsA(X)),
(3,2vs3(x)), (3,2vs3(x)), (3,3vs4(X)), (4,4vsL(X)), (4,4vs2(X)), (4,4vs3(x))}. And therefore

the pivot probabilities are of the type Pivs, and Pusivso 1,K T C, i 1 j,i 1k, j 1 k.
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Expected gains are constructed: Pivot probabilities of the type p v refer to iso-S planes:
EGigi,i+) = PLi+i(U - Uvg) and EG,vs) = EGjgiivs) = EGig,ivs) = (L3)Piivs(Uvg - U) While
Pivsiivsk type pivot probabilities refer to the perpendicular direction: EGigivgivs) = EGiivsivsi
= 0, EGyivscivs) = Pivsiivs(Uvsc = Uvg) ad EGjgvscivs) = Puskivs(Uvg - Uvse). PR() =

ShT CREGih(t), i = 1,2,3,4.



