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Abstract

Let D, be a central simple Q,-division algebra of index 2, with maximal Z,-order
A,. We give an explicit formula for the number of subalgebras of any given finite
index in the Z,-Lie algebra £:=sl(A,). From this we obtain a closed formula for
the zeta function (c(s):= >y, [£ 2 M|7°. The results are extended to the p-power
congruence subalgebras of £, and as an application we obtain the zeta functions of
the corresponding congruence subgroups of the uniform pro-p group SL?(AP).

————— S

1. Introduction

Let G be a finitely generated pro-p group, and for every n € N, let a,,(G) denote
the number of subgroups of index p” in G. The subgroup growth of G is determined
by the sequence a,(G), n € N. The group G is said to have polynomial subgroup
growth if there exists o € Ry such that for all n € N, we have a,(G) < p*”.

It is known that G has polynomial subgroup growth if and only if it is p-adic
analytic; see [1, corollary 8:34|. The aim of current research is to provide a more
detailed description of pro-p groups with “slow” polynomial growth. The present
paper forms a small detour from the author’s characterization of pro-p groups with
linear subgroup growth [8], which solves a problem posed by Shalev in [9].

Working in the context of Lie groups, it is natural to look for a link between
the subgroup growth of a p-adic analytic group and the subalgebra growth of an
associated Lie algebra. Indeed, every compact p-adic analytic group contains an
open uniform pro-p subgroup, and there is an equivalence between the category of
uniform pro-p groups and the category of powerful Z,-Lie algebras; see [1, chapter 9].
Suppose that G is a uniform pro-p group and let L = L denote the powerful Z,-Lie
algebra corresponding to G. Ilani [6] has shown that, if p > dim(L), then there is
an index-preserving isomorphism between the open subalgebra lattice of L and the
open subgroup lattice of G. In general, the subgroup growth of G and the subalgebra
growth of L have at least the same asymptotic behaviour; see [8]. We are thus led to
consider the subalgebra growth of Lie algebras over the p-adic integers Z,,.

Let L be a finite dimensional Z,-Lie algebra. For every n € Ny let a,(L) denote
the number of subalgebras of index p™ in L. The arithmetic sequence a,,(L), n € Ny,
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can be encoded in a generating function

o0
Cols)i= D an(@p™" = Y |L:M|™".
n=0 M<L with
|L:M|<oo

In the first instance, this is just a formal Dirichlet series; however, Grunewald, Segal
and Smith [5] have shown that (; (s) is in fact a rational function over Q of p~*. These
rational functions are surprisingly difficult to compute, even in small dimensions.
Essentially three explicit examples have been calculated; the resulting zeta functions
can be neatly expressed in terms of (,(s):= > po,p~"*, the local p-factor of the
Riemann zeta function.

(1) If L = Zg is abelian of dimension d, then

CL(8) = Cp(8)Cp(s = 1) -~ Gp(s —d + 1).

(2) If L = Zpx + Zpy + Zpz, with defining relations [X,y|=z and [x,z| =y, z]| =0,
is the so-called Heisenberg algebra, then

CL(5) = Cp(8)Cp(s — 1)Gp(25 — 2)(p(25 — 3)p(3s — 3) 7.
(3) If L = sly(Z,) and p > 2. then

CL(8) = Gp(8)Gp(s — 1)Gp(28 — 1)Gp(28 — 2)G(3s — 1) 7"

Examples (1) and (2) were calculated in [5], together with some more complicated
Dirichlet series counting ideals rather than subalgebras. Example (3) is due to Ilani
[7] and du Sautoy [2]. More recently, the zeta function of sly(Z,) has also been
calculated [4].

Our list of examples is beautiful, but rather short — much too short to provide a
reasonable starting point for a more general theory. The main purpose of this paper
is to investigate the subalgebra growth of the Z,-Lie algebra sl (A,), which affords
some interesting new features. As indicated above, our main motivation for studying
zeta functions of Z,-Lie algebras comes from the subject of subgroup growth, and
applications of our results in that area will be pointed out. More on zeta functions of
groups, and the connection with Z,-Lie algebras, can be found in [3].

Let D, be a central simple Q,-division algebra of index 2; recall that up to iso-
morphism there is precisely one such object. Let A, denote the (unique) maximal
Zy-order in D, and write P for the maximal ideal of A,. The set s[;(A,) of ele-
ments of reduced trace zero in A, forms a Z,-Lie algebra. For every m € N, let
sl (Ap) =5l (A,) NP™ denote the mth congruence subalgebra of sl;(A,).

THEOREM 1-1. LetD, be a central simple Q,-division algebra of index 2, with maximal
Zy-order Ay,. Consider the Z,-Lie algebra L :=sl;(A,).
(1) Suppose that p = 2. Then for every n € Ny we have

. ( ) B % (132n+1 _32(n+h)/2+1) @anz 0,
" Lg-2mt = 3. 20092 4 1) fp =, L
The zeta function of L is given by

Cels) = BR)Ca ()6 (25 — 1)Ga(2s — 2),



(2)
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where ®(T) = 1 + 6T + 6T% — 1213 € Z|T|. Moreover, for every m € Ny the zeta

Sunction of 2™ L = sI7™(As) is given by

Come(s) = Cgo(s) = 2051+ 3 279)Go (s — 2)Ga(25 — 1)Ca(25 — 2).
Suppose that p > 2. Then for every n € Ny we have
A(n)
an(L) = — —
RV TET

where

At PP — (p+ )™+ ifn =50,
n =
pn+2 —(p+ l)p(nﬂ)/2 +1 ifn=,1.

The zeta function of L is given by
Ce(s) = Cp(5)Cp(25 — 1)Gp(25 — 2),

and it satisfies the functional equation

Ce(8) [pmp1= =77 Ce(s).

More generally, for every m € Ny the zeta function of p™L = sli™(A,) is given by

G (8) = Ca,(8) = P (p, p %) (o5 — 2)Gp(25 — 1)Gp(25 — 2),
where IP(Tl,Tz) = T1T2(1 + T1 + Tsz) S Z|1—’17 Tzl

Remarks 1-2. 1f we exclude the case p = 2, then for every m € N the zeta function
of p™L = sli™(A,) varies uniformly in p and p~*. The corresponding formulae for
p = 2 are similar, but do not fit strictly into the general pattern. For the following
remarks let us focus on the case p > 2.

(1)

From [2, 7] it is easily seen that the sequence a,(slx(Z,)), n € Ny, grows
asymptotically like np™; in contrast to this, the sequence a,,(sl;(A,)). n € Ny,
only grows like p™. In other words the rate of growth “distinguishes” between
the split and the non-split form of p-adic Lie algebras of type A,. In [8] it
is shown that, up to commensurability, sl;(A,) is the only non-soluble Z,-Lie
algebra with linear subalgebra growth.

Again, from |2, 7] it follows that

an(sl2(Zy)) ptl

lim = .
n—oo  mp" 2(p—1)

In contrast to this, the sequence p~"a, (sl;(A,)), n € Ny, has two distinct limit
points, namely p* and p*. A general “explanation” of this phenomenon is given
in [8].

Suppose that L is a powertul Z,-Lie algebra and let G = G, denote the uniform
pro-p group corresponding to L. Ilani [6] has shown that, if p > dim(L), then
there is an index-preserving isomorphism between the open subalgebra lattice
of L and the open subgroup lattice of G.

In our case, still assuming p > 2, this means that for every m € Ny, the zeta
function of the uniform pro-p group SL{"(A,) is equal to the zeta function of
the powerful Z,-Lie algebra sl{"(A,). Hence Theorem 1-1 also determines the
zeta functions of the p-power congruence subgroups of SL5(A,).
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(4) There is an interesting connection between counting subalgebras in the Z,-

Lie algebra sly(Z,) and counting F,[[t]-subalgebras in the F,[¢]-Lie algebra
sly(F,[[t]); see [2].
Let E, be a central simple F,(t))-division algebra of index 2, with maximal
Fp|t]]-order X,. Then, still assuming p > 2 and translating our proof of
Theorem 1-1 word for word, it can be seen that the zeta function counting
F,[t]]-subalgebras in the F,[t]-Lie algebra sl,(X,) is equal to the (ordinary)
zeta function of sl;(Z,).

These comments suggest a number of interesting questions; we formulate two prob-
lems explicitly.

Problem 1-3. Investigate the subalgebra growth of Z,-Lie algebras, which are full
Z,-sublattices in central simple Q,-division algebras of higher index.

Problem 1-4. Let E, be a central simple F,(¢))-division algebra of index 2, with
maximal [Fp[[¢]-order X,,. Investigate and compare the subgroup growth of the pro-p
groups SL{(Z,) and SLy(F,[t]).

There is also some interest in zeta functions related to counting ideals instead of
subalgebras. Again, let L be a finite dimensional Z,-Lie algebra. For every n € N,
let a3 (L) denote the number of ideals of index p™ in L. Define

o0
Cils)= D an(Lyp™™ = > [L|™".
n=0 I<L with
|L:I|<o0
In a short addendum we prove that (7 (s) can be expressed in a rather concise form,
whenever Q, ® L is a simple p-adic Lie algebra. This generalizes [2, proposition 4-1].
As a “working example” we obtain:

ProprosiTioN 1-5. Suppose that p > 2 and let £ be as in Theorem 1-1. Then we have

- Cp(5)Gp(35)
< — + s — Dp P .
Cels) = (L+p77)Gp(39) 5 (25)

The paper is organized as follows. Section 2 deals with preliminary definitions and
not-so-standard notation. In Section 3 we prove Theorem 1-1. Section 4 is the short
addendum, already referred to above.

Notation. Throughout the paper p denotes a prime number. The p-adic numbers
are denoted by Q,, the p-adic integers by Z,. By convention, a Z,-Lie algebra is
torsion-free with respect to addition and finite dimensional. We write N for the set
of natural numbers, and N, :=NU {0}. Further notations are introduced in the text
as needed.

2. Preliminaries
There are two simple p-adic Lie algebras of type A;. One of these is the familiar
Lie algebra sl,(Q,), the other can be obtained as follows. Let
pi= —3, ifp=2,
p€{1,2,....,p— 1}, not a square modulo p, ifp > 2.
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Then the quaternion algebra

Dy :=Qp + Qpu+ Qv + Quuv,
defined by the multiplication rules

uw=p, Vv =p, uv=-vu,

is non-split; it is a central simple Q,-division algebra of index 2. The reduced norm
and reduced trace of x = ac + fu + yv + duv € D, are given by

N(x) =a® — pf* — (v* — pd*)p and T(x) = 2a.

The valuation of Q, extends uniquely to D, and the ring of integers A, of D, forms
the unique maximal Z,-order in D,. It can be described as

A =

{{O,%+%u,%v+%uv,%+%u+%v+%uv}+Z2+Z2u+Z2v+Z2uv ifp=2,
P

Ly + Zpu + Zpv + Zyuv itfp> 2.

The maximal ideal B of A, is generated by v, that is P = vA,,.

The set SL(ID,) of elements of reduced norm one in I, forms a compact p-adic
analytic group of dimension three, and coincides with SL;(A,):= SL(D,) N A,.
Let m € Nj. Then the mth congruence subgroup of SL(A,) is defined as
SLI(A,) = SLy(A,) N (1 +57).

In a similar way, the set sl{(D,) of elements of reduced trace zero in D,
forms a simple Q,-Lie algebra of dimension three and has a full Z,-sublattice
sli(A,) =5l (Dy) NA,. Writing i:= %u, ji= %V and k := %uv, we have

L(A) {0,j + K} + 271 + 275 + 2Z:k  if p = 2,
5 =
YT 2+ Z,) + 2,k ifp> 2
where
[i,j] = k, [i, k] = pj, [, k] = —pi. (2-1)

The mth congruence subalgebra of sl;(Ap) is sli*(Ap) == sl (A,) NP™, and it satisfies

[m

(Ap) {{O,ZL’“/ZJ(Hk)}+2“"/2‘“Zzi+2tm/2ﬁlzzj+2Lm/2J“ZQk if p=2,
sl (Bp) =

Pl i+ plm217, j + plm/2 7, k ifp>2.

Note that for p > 2 and m > 2 the Lie algebra sl{"(A,) is powerful; indeed it
corresponds to the uniform pro-p group SLT"(A,) via the exponential map.

3. Zeta functions counting subalgebras

In this section we derive explicit formulae for the subalgebra growth of the Z,-Lie
algebra L:=Z,i+ Z,j + Z,k. If p > 2, then L = sl (A,) is precisely the Lie algebra
we are interested in. If p = 2, then sl (Ay) is a subalgebra of index 4 in L and its zeta
function is closely related to the one of L.

For every x € L let v(x):= sup{k € N, | x € p*!L}. We write (L, +) to denote the
additive group of the Lie algebra L, and for every subgroup H of (L, +) we define
the lower level of H in L as

(H)=(,(H) = inf{k € N, | H D p"L}.



50 Bengamin KropscH

It will be convenient to consider the “defect zeta function”

Co(s) = dnlL)p™ 1= Gz (s) — Culs),

n=0
counting subgroups of (L, +) which are not closed under the Lie bracket. Let n € N,
and for every k € N, define
bin = b (L) :=#{M | M a subalgebra of L with {(M) = k and |L: M| = p"},
Chon = Cen(L) :=#{H | H a subgroup of (L, +) with ¢(H) = k and |L: H| = p"},
din = dpn (L) =i — b

Then clearly, we have
an(L) = an(Z}) — dn(L), and dp(L) =) din = Y din (3-1)
k=0 k=[n/3]
LevMA 3-1. Let n, k € Ny with n/2 < k < n. Then we have

p2n+3 _ (p + 1)pn+] +1
(p—1)>*(p+1)

an(Z2) =

and

(pS _ 1>(p2k—l _ ptik—n—Z)
(p—1)?
Proof. The first formula can be computed easily from example (1) in the Intro-
duction. For the second formula see [7, proposition 3-1], or adapt the proof of
Lemma 3-3 below.

Cknl(L) = Crm (Z;) =

Let H be a finite index subgroup of (L, +). For j € {1,2,3} define
sj(H):= min{k € Ny | [(HNp"L) + p*"'L: p"'L| > p’}.

Note that |L: H| = pE+s2(H*s5() and s5(H) = ((H).

A good basis for H is a triple (a;,a,a3) € L? such that

H =7Z,a, +Zyas + Zpya; and wv(a;) =s;(H) forall j € {1,2,3}. (GB)

Note that H has good bases. Moreover, if (a;,as,a;) is a good basis for H, then
H=7pa ©Zpas ® Zpas.

Let a,b € L\ {0}. Writing a = p*®(ai + 8j + k) and b = p*® (i + uj + vk) with
coefficients in Z,, we define

z(a, b) := det (ﬁ Z) y(a,b)izdet(i 7)7 #(a, b) == det (CAY ﬁ)

v

LeymMA 3-2. Let H be a finite index subgroup of (L,+), and write s;:=s;(H) for
Jj €{1,2}. Let (a,b,c) be a good basis for H.
(1) Suppose that s, + sy = £(H). Then H is a Lie subalgebra of L.
(2) Suppose that sy + ss < L(H) and p = 2. Then H is a Lie subalgebra of L if and
only if one of the following holds:
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(@) sy +s2 =4(H)—1, z(a,b) =2 1 and y(a,b) =, z(a,b) =, 0;
(b) sy +s2=4(H)—1andya,b) =, z(a,b) =, 1;
(¢) s1+s2=¥¢(H)—2, z(a,b) =2 0 and y(a,b) =, z(a,b) =, 1.
(3) Suppose that s, + ss < L(H) and p > 2. Then H is a Lie subalgebra of L if and
only if sy + sy = L(H) — 1, z(a,b) *,0 and y(a,b) =, z(a,b) =, 0.

Proof. Put a:= v(a), b:= v(b). As before we write a = p*(cd + fj + 7k) and b =
pP(Ai+pj+vk) with coefficients in Z,. Also put z:=x(a, b), y :=y(a,b) and 2 := z(a, b).
Then

a,b] = p***(—pai+ pyj + 2k).
We note that H is a Lie subalgebra of L if and only if [a,b]| € H.

(1) By assumption, we have a + b > {(H), so [a,b] € p**°L C H.

(2) Since H = Zya & Z,b & Z,c, the vectors (c, 3,7) and (A, i, v) are linearly
independent modulo p. In particular, at least one of z, y, 2 is not congruent to zero
modulo p.

Put k:=¢(H) — sy — sy = {(H) — (a + b) € N. The elements

p'a =p*"(ai + Bj + k),

p"b = p® (A + pj + vk)
generate the group H Np?**L modulo p™) L. So [a,b]| € H if and only if (—pz, py, 2)
is a Z,-linear combination of (¢, 3,7) and (A, pt, v) modulo p*. So [a,b] € H if and
only if

a B
—px® —pyt+ 22 =det | A v | =k 0. (3-2)
-pr py 2

Recall that p is not a square modulo p. For k = 1, this implies: [a,b] € H if and
only if z(a,b) #,0 and y(a,b) =, z(a,b) =, 0. For k > 2, the congruence (3-2) is never
satisfied.

(3) The argument is similar to case (2). Put k:=¢(H) — (a + b). Then |a,b] € H if
and only if —22% + 3y* + 2% =, 0, leading to conditions (a)—(c). We leave the reader
to fill in the details.

Levmma 3-3. Let a,k € Ny with a < (k—1)/2.
(1) Let M, be the set of all finite index subalgebras M of L with s((M) = a, so(M) =
k—1—a, ¢(M)=k. Then

9. 92(k—a)=3 ifp=2anda < (k- 1)/2’

4, = 3.2kt ifp=2anda=(k—1)/2,
] (p+ )p* k=93 fp>2anda < (k—1)/2,
ph! ifp>2anda=(k—1)/2.

(2) Suppose that p = 2 and let My be the set of all finite index subalgebras M of L
with si(M) = a, so(M) =k —2 —a, ¢(M) = k. Then

9 . 22(k—a)—3 : k—2)/2
2k ifa=(k—2)/2
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Proof. We prove the assertions for p > 2. The formulae stated in (1) and (2) for
p = 2 are obtained by a similar argument.

Suppose that p > 2. We write b:=k —1 —a and c¢:= k. Let 7| be the set of all triples
(a,b,c) € L? such that:

(i) (a,b,c)isa good basis for some finite index subgroup H of (L, +) with s (H) =
a, se(H) = b, s3(H) = ¢;
(ii) z(a,b)=,0, and y(a,b)=, 2(a,b) =, 0.
Simple counting yields
ty == #{(a+p°L,b+p°L)| (a,b,c) € T;}
= (p? — D)pPlema . (p? _ p)pHle b,
Let H be finite index subgroup of (L, +) with s(H) = a, so(H) = b and s3(H) = c.
Let 75 be the set of all good bases for H. Then counting yields
t, = #{(a+p°L,b+p°L) | (a,b,c) € T}
_ o= pplemem et (pf — pypPet= it a <D,
(p* — peme V(P —ppPet ifa=b;

and from Lemma 3-2 (3) we infer that

+ 1)p¥e—@=3  if q < b,
HM, :tl/tzz {(zz(c_a))f)., .
P : ifa =2.

Rewriting this in terms of k gives the formulae stated in (1) for p > 2.

LEMMA 3-4. Let n, k € Ny with k < n. Then we have

Clkon ifk<n/2
3. (2% — 2k ifp=2and k= (n+1)/2,
by = 22k—1 _ ok ifp=2and k= (n+2)/2,
' 0 ifp=2and k > (n+3)/2,
(P—l)fl(p%*l—pkfl) ifp>2andk = (n+1)/2,
0 ifp>2and k> (n+2)/2.

Proof. We prove the lemma for p > 2. The formulae stated for p = 2 are obtained
by a similar argument.

Suppose that p > 2. Let H be a subgroup of (L, +) with ¢(H) = k and |L: H| =
Write s;:=s;(H) for j € {1,2}. If k <n/2,then s, +s, =n — k> k ={((H),so H is
a subalgebra of L by Lemma 3-2. If k > (n +2)/2, then s, +ss =n — k< k — 2=
¢(H) — 2, s0 H is not a subalgebra of L by Lemma 3-2.

It remains to consider the case where k = (n + 1)/2. Lemma 3-3 shows that under
this assumption

Z;k;;?)/l(p + 1)p2k:—2j—3 if k = 07
bk,n = (kf‘%)/Q . o .
Sgme o+ )T Pl i k=, L
After summing, this simplifies to by, = (p — 1)~ Y(p =1 pk=1y,



Zela functions related to the pro-p group SLy(A,) 53
Lemma 3-5. Let n, k € Ny with k < n. Then we have

0 if k <n/2,
2. (2! -2y /2) ifp=2andk=(n+1)/2,
o, = 6 - ("H—' ) ifp=2and k= (n+2)/2,
R (22’“ L gikon-2) p=2and k> (n+3)/2,
p— 1)+ 1)t —p™I2)  ifp>2and k= (n+1)/2,
(p— ) 2(p* = )P = p* ) ifp > 2and k> (n+2)/2.

Proof. This follows from Lemmata 3-1 and 3-4 by direct calculation. Again, we
give full details only for p > 2.

Suppose that p > 2. The formulae for k < n/2 and k > (n + 2)/2 follow trivially
from the quoted lemmata, and for k = (n + 1)/2 we obtain

dk _ (pB _ 1)(p2k—1 _ka—n—Z) p2k—1 _pk—l
n

(p— 1) p—1
_ (@ =1 = (-)E*" -p"
(p—1)*
B (p+ 1)(pn+1 _p(n+1)/2)
- (p—1) '

LEMMA 3-6. Let n € N,,.

(1) Suppose that p = 2. Then we have

. 1(92n+3 Lont2 4 g g(nt+d)/2 o =,
dn(L) - : (22n+% n+2-'l- S(nf'%)/h) ) lf ol
F(2o03 — 2t 3. 20R2) i =, L

(2) Suppose that p > 2. Then we have d, (L) = D(n)/(p — 1)*(p + 1), where

D(n) _ p2n+3 _ (pZ +p+ 1) ntl 4 (p + 1) (n+2)/2 @fn =, O,
p2n+3 (Zp+ 1) nt+l 4 (p+ 1) (n+1)/2 an =, 1.

Proof. Using Lemma 3-5 and equation (3-1), the proof becomes purely computa-

tional. Again, we assume that p > 2 and leave the reader to check the p = 2 case.
Recall that d,,(L) = > _ s3] iene 1 n =2 0. we get

R 3 _ 1 . ) )
d(n)= 3 f—(pz’“* —piEny)

_ 2
k=(n+2)/2 p—1
_ »—1 <p2n+2 _ - P p3(n+2)/2>
(p—1*\ pp*—1) prE(pt — 1)
3 (pz +p+ 1)(p2n+1 *anrl) <p + 1)(p2n+1 _p(n+2)/2)
(p—1)2p+1) (p—1)p+1)
3 p2n+3 (p +p+ 1)pn+1 + (p+ 1) (n+2)/2

(p—12p+1)
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Ifn =1, we get

7 p+1 n n p . p3_1 2k — Sk—n—
do(L) = —— (p"' = p™ )+ YT S =)

P ! k=(n+3)/2 (p n 1)2
B (p2 _ 1)(pn+l _p(n+1)/2)
) (p—1)
PP 1 (PP pnts pnts _ pined)/2
(p—1) < P —1)  prEpP - 1) )

(p?‘ +p2 —p— 1)(pn+1 B p(n+1)/2)
(p—1)2p+1)
N (pQ +p+ 1)(p2n+l _pn+2) B (p+ 1)(p2n+1 _p(n+3)/2+|)
(p—1*p+1) (p—1*p+1)
_ P = @p ptt 4 (p o+ "
(p—1)>*p+1) '

Proof of Theorem 1-1. The proof is now purely computational.

First suppose that that p > 2. Then L = £ = sl,(A,). The formula for a,(L),
n € Ny, follows from Lemma 3:6 and equation (3-1). Next we compute the defect

~

zeta function (7 (s) = Y oo, d,p~ ™. From Lemma 3-6 we obtain
CZ(S) . (p _ 1)Z(p + 1) — Zp2k+3p—ks _ <p2 +p + 1) Zp2k+1p—2ks

k=0 k=0
o0 oo

+ (p + 1) Zpumz)/zpfzks _ (2p + 1) Zp2k+2p7(2k+l)s
k=0 k=0

+(p+1) ip(2k+2)/2p—(2k+l)s
k=0

=p-Q(p,p™);

where
O(p,T) = p*(1 —p*T) " + (p+ 1)(1 + T)(1 — pT*)~!
—(P*+p+ 1)+ 2p+1)pT) (1 —p*T?)~".
Furthermore we have
O(p,T) - (1 — pPT)(1 — pT2)(1 — pT?)
=p (1= @+ p)T* +p'T") +(p+ (L + D) (1 = p"T — p*T* + p'T?)
— (PP +p+1+@2p+1)pT) (1 = p*T — pT* + p°T*)
= (' =2 + )T+ (p' —p’ —p* + p)T”
= (p* = )*T + (p— 1)*(p + 1)pT™.
This shows that

CL(8) = Cz,3(s) = ¥ (P, p7")Gp(s — 2)Cp(25 — 1)Cp(25 — 2),
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where

‘I‘(Tl, Tz) = T1T2<1 + Tl + Tsz).
This simplifies to

CL(8) = Gp(8)Gp(s — 1)Gp(s — 2)
—p T (L +p+ p*5+1)cp(5 —2)(p(25 — 1)(p(25 — 2)
(L+p (L —p ) —p" (L +p+p*)(1 —p~°)
(1 —p=)(1 — p=5*2)(1 — p=27)(1 — p—25+2)
= (u(5)¢p(25 — 1)Gp(25 — 2),

and it is easy to check the functional equation. The last claim, about the congruence
subalgebras of L, follows from |2, theorem 2-1].

Now suppose that p = 2. Then £ = sl,(As) is a subalgebra of index 4 in L. So for
every n € Ny we have

an(L) = Qpsa(L) —#{M < L||L: M| =2""7* M & L}.
The subalgebra growth of L is calculated similarly as above; we obtain

R (727 =322 4 1) ifn =, 0,
@n(L) = L (= ontl 9(n+3)/2 i —
L(5-2m1 = 3. 20092 1 4) if p =y L.

If n € Ny and if M is a subalgebra of index 2"*? in L with M €& L, then clearly
51(M) =0 and s3(M) = n — s3(M) + 2; moreover Lemma 3-2 provides the restriction
n/2 < so(M) < (n+2)/2. Using Lemma 3-2 once again, it is therefore easy to show
that for every n € Ny,

,. 5-2"0 ifn =50
#{MKL||L:M|=2""* Md&L} = ’
{ : | ¢4 {3'2”+1 ifn=,1.
From this we obtained the desired formulae for a,,(£) and a straightforward computa-
tion gives the corresponding zeta function (. (s). The last claim, about the congruence
subalgebras of £, follows again from |2, theorem 2-1].

In conclusion we record the following formulae, which describe explicitly the coef-
ficients of the zeta functions associated to the p-power congruence subalgebras of
sli(A,); they can be computed easily from Theorem 1-1, and the resulting formulae
underline our second comment in Remarks 1-2.

ProrosiTion 3-7. Let I, be a central simple Q,-division algebra of index 2, with
maximal Zy-order A,. Suppose that p > 2, and let m € Ny. Then for every n € Ny we
have

A(m,n)
p—13p+1)

A

an (sli™(Ap)) =
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where
p2n+3 _ (p + 1)pn+1 +1 me 2 n,
((p* +p+ 1)p™ —p— 1)p™"!
A(m,n) = —(p+ 1)p(n+3m+2)/2 +1 ifm<nandm+n=0,
((2p+ 1)p™ —p—1)p"*!
— (p+ 1)ptnimEN/2 4 ifm<nandm+n=,1.

4. Addendum: zeta functions counting ideals

Throughout this section let L be a Z,-Lie algebra of dimension d. Suppose that M
is a subalgebra of L. The lower level £;, (M) was introduced in the previous section;
we now define the upper level of M in L,

ur(M):= sup{k € Ny | M C pkL}.
For every x € L let (x),, denote the ideal generated by x in L. For every k € N let
Ip(L):={I < L |ur(I) = k and |L: I| < co}. We observe:

Lemma 4-1. Let L be a Zy-Lie algebra of dimension d and let k € Ny. Then there
is a bijection To(L) — Zyp(L), given by I v+ p*I, and for every I € Ty(L) we have
|L:pFI| = p*?|L: 1.

From this almost trivial observation we obtain
G =D > LI =Gds) > LI (4-1)
k=0 I€T)(L) TETY(L)
In general, the sum on the right-hand side of (4:1) may still be rather complicated;
but there is a class of Z,-Lie algebras for which Z,(L) is finite, so that ({(s) takes a
particularly simple shape. We define the rigidity of L,
r(L):= sup{lr(I) —ur(I) | I < L with |L:I] < oo}.
From (4-1) it is easy to observe:
LeymMA 4-2. Let L be a Zy,-Lie algebra of dimension d and suppose that r:=r(L) is

Jinite. Then there exists a polynomial ® € Z|T| with non-negative coefficients and of
degree at most rd such that

CL(s) = @(p~*)Cp(ds).
In particular, for every n € {1,2,...,d} and all j € Ns,. we have
G ja(L) = a5 _yya(L)-

The next result states under which conditions r(L) is finite, so that Lemma 4-2
becomes applicable; compare with [2, proposition 4-1].

ProrosiTioN 4-3. Let L be a Z,-Lie algebra. Then r(L) is finite if and only if Q, ® L
is a simple p-adic Lie algebra.

Proof. “—". Assume that Q, ® L is a simple p-adic Lie algebra. Let K :=L \ pL.
For every n € N;, define U, :={x € K | £1,((x)1) < n}. Then {U,, | n € Ny} provides
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an open covering of the compact set K. Hence we find r € N;, such that every x € K
satisfies £, (X)) < r.

Next suppose that I is a finite index ideal of L and write m :=uy([) € Ny. Choose
y € I such thaty € p™L\ p™*'L, and put x:=p~™y € K. It follows that £ ({y)r) =
m+Lp((x)r) <Km+r, sol(I)—ur(I) < (m+7r)—m =r. This shows that (L) < r
is finite.
‘—”. Now assume that the p-adic Lie algebra L'¥:=Q, ® L is not simple and let
r € Ny. We have to find a finite index ideal I of L with £, (I) —ur(I) > r. Let J© be
a non-trivial proper ideal of L¢. Then J:=L N J© is a non-trivial ideal of infinite
index in L. Put m:=wuy(J)+r+1. Then I :=J +p™L is a finite index ideal of L with
KL(I)—UL(I):T"Fl > T,

¢

Example 4-4. Suppose that L = Z,i+ Z,j + Z,k as in the previous section. Then it
is easily checked that for every m € Ny we have r(p™L) = m + 1, and for m = 0 one
obtains Proposition 1-5.

In both situations, counting subalgebras and counting ideals, there is a probabil-
istic formula which relates the zeta functions of L and pL; see [2]. Moreover, if the
dimension of L is no larger than three, this formula provides a practical procedure for
calculating one of these zeta functions from the other. Du Sautoy has used this fact
to compute (7 (s) for £ = sl3"(Z,,), m € Ny; albeit there appears to be a mistake in [2,
lemma 4-6]. With some care it is possible to correct those formulae and in a similar
way we can calculate (Z(s) for £ = si™(A,), m € N,. Unfortunately, the resulting
formulae are not particularly illuminating.
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