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A B s T R A C T .

The w r i t e r  has  a t t e m p t e d  t o  g iv e  a c r i t i c a l  s u r v e y  o f  th e  

t h e o r y  of p o l a r l s a b l e  d e fo rm a b le  m ed ia .  The s u b j e c t  i s  

t r e a t e d  m a in ly  from t h e  s t a n d p o i n t  o f  c l a s s i c a l  m a c ro s c o p ic  

e l e c t r o s t a t i c s .  Emphasis  has  been  l a i d  on th e  p r i n c i p l e s  

u n d e r l y i n g  t h e  s u b j ' e c t .

The two main p rob lem s a r e :

(a) To f i n d  th e  body f o r c e  and c o u p le  o f  e l e c t r i c a l  o r i g i n  

on p o l a r l s a b l e  d e fo rm a b le  m ed ia .

(b) To f i n d  th e  p o l a r i s a t i o n ,  f i e l d ,  s t r e s s  and  s t r a i n  a t  

any  p o i n t  o f  th e  medium due to  t h e  a c t i o n  o f  e x t e r n a l  f i e l d s  

and m e c h a n ic a l  s u r f a c e  t r a c t i o n s .

These problèmes have  become s u b j e c t s  o f  c o n t r o v e r s y  i n  

r e c e n t  y e a r s . The o l d e r  f o r m u l a t i o n  o f  t h e  t h e o r y  was i n  

two p a r t s :  ( i )  H e l m h o l t z ’ s e n e rg y  method f o r * f i n d i n g  th e

%ody f o r c e "  o f  e l e c t r i c a l  o r i g i n ;  ( i i )  V o i g t ' s  fo rm u la e  f o r  

th e  re la t ion  be tw een  s t r e s s ,  s t r a i n  and p o l a r i s a t i o n  i n  c r y s t a l s  

( p i e z o e l e c t r i c i t y ) . The r e c e n t  a c c o u n t s  g iv e  a u n i f i e d  vers ion  

o f  t h e  t h e o r y .  H e l m h o l t z ’ s method o f  d e r i v i n g  body f o r c e  o f  

e l e c t r i c a l  o r i g i n  has  been  c r i t i c i s e d  by S m i th -W h i te ,  who 

p ro p o s e s  th e  body f o r c e  fo rm u la  - ( F - V ) ^

I n  S e c t i o n  1 th e  w r i t e r  has  f o r m a l l y  s t a t e d  t h e  prob lem s 

to  be s o l v e d ,  and a l s o ,  t o  c l e a r  i d e a s ,  has  g iv e n  th e  s o l u t i o n  

o f  a n a a n a lo g o u s  p ro b lem  i n  g r a v i t a t i o n .

The w r i t e r  a g r e e s  w i t h  S m i th - W h i t e ’ s work ( S e c t i o n s  5 -  14) 

i n  g e n e r a l ,  i n c l u d i n g  h i s  c r i t i c i s m s  o f  th e  H e lm ho l tz  t h e o r y .



b u t  d i s a g r e e s  w i t h  him o v e r  th ?  q u e s t i o n  o f  " s e m i - c o n s e r v a t i v e "  

sys tem s  ( see  S e c t i o n  5 4 ) .

Brown ( S e c t i o n s  15 - 22) f i n d s  t h a t  th e  body f o r c e  

depends upon th e  shape o f  th e  volume e le m e n t  c o n s i d e r e d .

T h is  l e a d s  to  some u n u s u a l  s t r e s s  r e l a t i o n s  w?ith which  th e  

w r i t e r  d i s a g r e e s  ( see  S e c t i o n  3 5 ) .

A m a t h e m a t i c a l l y  s i m p l i f i e d  a c c o u n t  i s  g iv e n  o f  T o u p in ’ s 

d i s c u s s i o n  o f  th e  s t r e s s - s t r a i n  r e l a t i o n s  i n  p o l a r l s a b l e  

e l a s t i c  media ( S e c t i o n s  23 -  29') ; t h i s  i n c l u d e s  a 

g e n e r a l i s a t i o n  o f  V o i g t ’ s p i e z o e l e c t r i c  f o r m u l a e .

S e c t i o n s  33 - 36 g iv e  th e  w r i t e r ’ s c o n c l u s i o n s  on the  

work o f  H e lm h o l tz ,  S m i th -W h i te ,  Brown and T oup in .
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INTRODUCTION

A d i e l e c t r i c  body p l a c e d  i n  an e l e c t r i c  f i e l d  becomes 

p o l a r i s e d  and, as  a r e s u l t ,  e x p e r i e n c e s  f o r c e s  c a u s i n g ,  i n  

g e n e r a l ,  a s m a l l  d e f o r m a t i o n  o f  t h e  body. T h is  b e h a v io u r  

has  lo n g  b een  t h e  s u b j e c t  o f  s t u d y ;  i n  c r y s t a l  p h y s i c s  i t  

r e v e a l s  i t s e l f  as th e  p i e z o e l e c t r i c  e f f e c t ;  i n  a more g e n e r a l  

c o n t e x t  as th e  phenomenon o f  é l e c t r o s t r i c t i o n .

The f i r s t  a t t e m p t  to  o b t a i n  fo rm u lae  f o r  th e  e l e c t r i c  

body f o r c e s  and c o u p le s  and an a s s o c i a t e d  e n e r g y - d e n s i t y  was 

made by H e lm h o l t z .  The method i s  t h a t  g iv e n  by a lm o s t  a l l  

w r i t e r s  o f  t e x t s  on c l a s s i c a l  m a th e m a t i c a l  e l e c t r o s t a t i c s :

( see  e . g .  Abraham-Becker  (1 9 3 2 ) ,  J e a n s  (1 9 2 7 ) ,  S t r a t t o n  (1941), 

and 8mythe (1950) ) ,an e n e r g y - d e n s i t y  i s  o b t a i n e d  and 

fo rm u la e  f o r  the  body f o r c e  and coup le  deduced  by c o n s i d e r i n g  

a v i r t u a l  d e f o r m a t i o n  o f  t h e  d i e l e c t r i c .

The s u b j e c t  has  a r o u s e d  c o n s i d e r a b l e  c o n t r o v e r s y ,  o f  w h ic h  

a b r i e f  a c c o u n t  i s  g iv e n  i n  S e c t i o n  2; i n  th e  main i t  l i e s  

w i t h i n  th e  f i e l d  o f  c l a s s i c a l  m a c ro s c o p ic  e l e c t r o s t a t i c s .  

E a r l i e r  c r i t i c i s m s  o f  t h e  H e lm h o l tz  method were made by 

Larmor (1) •an d  L iv e n s  ( 2 ) .  More d e t a i l e d  c r i t i c i s m s  and 

a l t e r n a t i v e  t h e o r i e s  have been  advanced  i n  r e c e n t  y e a r s ,

n o t a b l y  by S m i th -W h i te ,  Brown, and T o up in ;  t h e s e  w r i t e r s  hqve
/

a l l  p o s t u l a t e d fo rm u la e  f o r  th e  e l e c t r i c  body f o r c e  and co u p le ,  

fo rm u la e  d i f f e r i n g ,  i n  g e n e r a l ,  f rom  t h o s e  o b t a i n e d  by th e  

H e lm ho l tz  m ethod .

I



I t  I s  o f  I n t e r e s t  t h a t  w r i t e r s  on c r y s t a l  p h y s i c s  

( see  e . g .  V o ig t  (18) ) have a lways p o s t u l a t e d  fo rm u lae  f o r  

body f o r c e s  and c o u p l e s ,  t h e i r  a p p ro a c h  to  t h i s  p rob lem  

d i f f e r i n g  s h a r p l y  from t h a t  o f  th e  w r i t e r s  o f  t e x t s  on 

c l a s s i c a l  e l e c t r o s t a t i c s ;  i n  some r e s p e c t s ,  hov/ever , t h e i r  

m a th e m a t i c a l  t r e a t m e n t  seems in c o m p l e t e .  I n  a much more 

e l a b o r a t e  a n a l y s i s  Toupin  o b t a i n s  V o i g t ’ s p i e z o e l e c t r i c  

fo rm u la e  as a s p e c i a l  c a s e  o f  a more g e n e r a l  r e s u l t ,  a 

c o n t r i b u t i o n  fo rm in g  an i m p o r t a n t  l i n k  be tw een  th e  s u b j e c t s  

o f  c r y s t a l  p h y s i c s  and c l a s s i c a l  e l e c t r o s t a t i c s .

The f o l l o v 7in g  a c c o u n t  i s  d i v i d e d  i n  f o u r  c h a p t e r s :  th e

f i r s t  ( S e c t i o n  1) ^ i v e s  a fo rm a l  s t a t e m e n t  o f  th e  p rob lem s 

and ,  as  a means o f  c le a r in ^ ^  i d e a s  a b o u t  body f o r c e  and s t r e s s  

s t r a i n  r e l a t i o n s ,  a d i s c u s s i o n  o f  an  an a lo g o u s  p rob lem  i n  

g r a v i t a t i o n ;  t h e  second  ( S e c t i o n s  2 -  29) g i v e s  a s t a t e m e n t  

o f  the  v a r i o u s  t h e o r i e s  p u t  f o rw a rd ;  th e  t h i r d  ( S e c t io n s  

30 and 31) d e a l s  w i t h  t h e  p o i n t s  o f  d i s a g r e e m e n t  be tw een  

t h e s e  t h e o r i e s ;  the  f o u r t h  ( S e c t i o n s  33 -  36) g iv e s  th e  

w r i t e r ’ s a t t e m p t  to  e v a l u a t e  the  s e v e r a l  t h e o r i e s  and th e  

c r i t i c i s m s  made by c o n te n d in g  w r i t e r s .

g



GliAPTER I

STATEMENT OP PROBLEM



1 . a n a lo g o u s  g r a v i t a t i o n a l  p r o b le m .

The b a s i c  p rob lem s t o  be r e s o l v e d  by any t h e o r y  o f  th e  

d e f o r m a t i o n  o f  a d i e l e c t r i c  body i n  an e l e c t r o s t a t i c  f i e l d  

a r e  s t a t e d  f o r m a l l y  be low .

P r o b lem I . F in d  the  s p a t i a l  d i s p l a c e m e n t ,  e l a s t i c  s t r e s s ,  

e l e c t r i c  f i e l d  and  p o l a r i s a t i o n  a t  e v e ry  p o i n t  o f  an e l a s t i c  

d i e l e c t r i c  body u n d e r  t h e  a c t i o n  o f  g iv e n  m e c h a n ic a l  s u r f a c e  

t r a c t i o n s  and g iv e n  e x t e r n a l  f i e l d s .

P rob lem  I I . F in d  th e  s p a t i a l  d i s p l a c e m e n t ,  e l a s t i c  s t r e s s ,  

e l e c t r i c  f i e l d  and  p o l a r i s a t i o n  a t  e v e r y  p o i n t  o f  an  e l a s t i c  

d i e l e c t r i c  body when t h e  d i s p l a c e m e n t s  o f  p o i n t s  on th e  

s u r f a c e  o f  th e  body a r e  p r e s c r i b e d  and t h e  body i s  u n d e r  t h e  

a c t i o n  o f  g iv e n  e x t e r n a l  f i e l d s .

The s u b j e c t  has  a r o u s e d  some c o n t r o v e r s y  c o n c e r n in g

fo rm u la e  f o r  t h e  body f o r c e  and th e  s t r e s s - s t r a i n  r e l a t i o n .

The p o i n t s  a t  i s s u e  a r e  o f t e n  f a r  f rom c l e a r  ( in d e e d  some

w r i t e r s  l e a v e  c o n s i d e r a b l e  d o u b t  as  t o  w h e th e r  th e y  are,

s e e k in g  a fo rm u la  f o r  th e  s t r e s s - s t r a i n  r e l a t i o n ^  o r  a f o rm u la

f o r  t h e  body f o r c e ) ; a c c o r d i n g l y ,  i t  w i l l  be as w e l l  to

c l e a r  ou r  i d e a s  by c o n s i d e r i n g  a s i m p l e r  p rob lem  a n a lo g o u s

to  P rob lem  I  i n  which th e  d i e l e c t r i c  body i n  an e l e c t r i c

f i e l d  i s  r e p l a c e d  by a g r a v i t a t i n g  e l a s t i c  body i n  a

g r a v i t a t i o n a l  f i e l d .  A d e fo rm a b le  g r a v i t a t i n g  body

(o ccu p y in g  a r e g i o n  v bounded by th e  s u r f a c e  S) i s  s u b j e c t e d  

to  m e c h a n ic a l  s u r f a c e  t r a c t i o n s  P and an  e x t e r n a l  

g r a v i t a t i o n a l  f i e l d  G. The r e s u l t a n t  g r a v i t a t i o n a l  f i e l d



i s  G -  G o CrçWHere G 5 i s  t h e  f i e l d  p roduced  by t h e

g r a v i t a t i n g  body i t s e l f . *  We t a k e  th e  i n i t i a l  s t a t e  of  t h e  

body t o  be t h a t  which i s  assumes v/hen ^ O = G© A t y p i c a l  

p a r t i c l e  P h as  c o o r d i n a t e s  ( x , y , z )  i n  t h e  i n i t i a l  s t a t e ;  

th e  e f f e c t  o f  i n t r o d u c i n g  th e  s u r f a c e  t r a c t i o n s  and e x t e r n a l  

g r a v i t a t i o n a l  f i e l d  i s  to  g iv e  t h i s  p a r t i c l e  a d i s p l a c e m e n t  

u ( x , y , z ) ,  where we su ppose  u v e ry  s m a l l .  Our p ro b lem  i s  t o  

f i n d  u and t h e  e l a s t i c  s t r e s s  a t  P a s  f u n c t i o n s  of  ( x , y , z ) .

The s o l u t i o n  i s  o b t a i n e d  i n  s t a g e s :

1. Body F o r c e . We p o s t u l a t e  t h a t  th e  body f o r c e  p e r  

u n i t  volume i s

f  = (  S ' / (1 .1 )

where G i s  th e  t o t a l  g r a v i t a t i o n a l  f i e l d .  T h i s  p o s t u l a t e ,  

i s  an  i n d u c t i o n  f rom  e x p e r i e n c e  of ’’mass p a r t i c l e s ” i n  

g r a v i t a t i o n a l  f i e l d s  (a p o i n t  em phas ised  by K e l io g  

’’P o t e n t i a l  T h eo ry ” 1 9 2 9 ) .

2 .  S t r e s s  T e n s o r . At a p o i n t  P i n  t h e  body we

c o n s i d e r  an  i n f i n i t e s i m a l  t e t r a h e d r o n  w i th  v e r t e x  P and w i t h

t h r e e  f a c e s  p a r a l l e l  t o  th e  c o o r d i n a t e  p l a n e s .  We assume

* I t  may be n o te d  t h a t  t h e  i n t e g r a l  e x p r e s s i o n  f o r  G 5 
a t  a p o i n t  i n s i d e  th e  g r a v i t a t i n g  body c o n v e rg e s  t o  a u n iq u e  
v a l u e .  E s s e n t i a l l y  t h i s  i s  b ecau se  we a r e  d e a l i n g  w i th  
g r a v i t a t i o n a l  f o r c e s  which v a r y  a s  Vi/hen we come t o  d e a l
w i t h  d i e l e c t r i c s  we f i n d  t h a t  t h e  f o r c e s  v a r y  a s  and
th e  c o r r e s p o n d i n g  Cauchy-Riemann volume i n t e g r a l  i s  n o t  
s t r i c t l y  c o n v e r g e n t ;  t h u s ,  f o r  exam ple ,  e x c i s i n g  th e  u s u a l  
p i l l - b o x  and n e e d le  c a v i t i e s  a b o u t  th e  f i e l d  p o i n t  P w i t h i n  
t h e  d i e l e c t r i c ,  d i f f e r e n t  r e s u l t s  a r e  i n  g e n e r a l  o b t a i n e d  f o r  
t h e  f i e l d  a t  P of  t h e  ' r e m a in in g  d i e l e c t r i c  m a t t e r .



t h a t  t h e  e l a s t i c  s t r e s s e s  e x e r t e d  by t h e  r e s t  o f  t h e  body a r e

g iv e n  by T^, ,

a c t in ^ ;  on PYZ, px^,, PXY", 

XYZ r e s p e c t i v e l y .  These  

s t r e s s e s  must  b a l a n c e  th e  

body f o r c e  i f  t h e  t e t r a 

h e d r o n  i s  i n  e q u i l i b r i u m .

We have th e n

- i p y z  Tx.  ^ l y  + A P ^ y T n  -t- ' / f  = o  ;  . . . ( 1 . 2 )

where V i s  t h e  volume of  th e  t e t r a h e d r o n .  I t  f o l l o w s  

im m e d ia te ly  t h a t  i f  n th e  ou tw ard  normal to  XYZ h as  d i r e c t i o n

c o s i n e s  ( 6/; ) t h e n

J n  -h ^

or  Tn = i l  ( t i i L i -  +- . . . ( 1 . 3 )

The a b s en ce  o f  f  f rom  t h i s  r e l a t i o n  i s  a r e s u l t  of t h e  

l i m i t i n g  p r o c e s s  by which  i t  i s  d e r i v e d  f rom ( l . S ) .

By c o n s i d e r i n g  th e  e q u i l i b r i u m  of  a n  e l e m e n t a r y  

p a r a l l e l e p i p e d  v;e a r r i v e  a t  t h e  u s u a l  e q u i l i b r i u m  e q u a t i o n

. . . ( 1.4  )

* The ou tw ard  normal t o  PliY i s  i n  o p p o s i t e  d i r e c t i o n
to  Ox and u s i n g  th e  norm al  c o n v e n t i o n  of  e l a s t i c i t y  t h e  
f o r c e  i s  - 6,  i  -  t  ay_ -  t  3tJi



f o r  i n t e r n a l  p o i n t s ;  a t  a p o i n t  on th e  s u r f a c e  S we o b t a i n  

t  L j  A.J •=. ft I , . . ( 1 . 5 )

A c o n s i d e r a t i o n  of  moments shows t h a t

t i j  ^ t j  i  . . . ( 1 . 3 )

We n o te  t h a t  i n  th e  p ro b lem  o f  th e  d i e l e c t r i c  body t h e  s t r e s s  

t e n s o r  t i j  i s  n o t  sy m m e tr ic ;  f u r t h e r ,  t h e  fo rm u la  

c o r r e s p o n d i n g  t o  ( 1 . 5 )  i s  r a t h e r  more c o m p l i c a t e d .  These 

p o i n t s  a r e  e l a b o r a t e d  l a t e r .

5 .  S t r e s s - S t r a i n  R e l a t i o n . To make our  p rob lem  

s o l u b l e  we need a r e l a t i o n  be tw een  th e  s t r e s s  and t h e  s t r a i n  

a t  a p o i n t .

I f  u i s  t h e  d i s p l a c e m e n t  v e c t o r  o f  each  p o i n t ,  t h e n  a

m easu re  o f  t h e  s t r a i n  i s  g i v e n  by th e  t e n s o r

We can  p r o c e e d  e i t h e r  by th e  Cauchy method or  th e  G reen  

method. A c c o rd in g  to  t h e  fo rm e r ,  th e  s t r e s s e s  a r e  l i n e a r  

f u n c t i o n s  of  t h e  s t r a i n s ,  i . e .

t i j  -  ci jK^i  -i- c y  l o)

where th e  e l a s t i c  c o e f f i c i e n t s  a r e  i n d e p e n d e n t .

G r e e n ’s en e rg y  method l e a d s  t o  e q u a t i o n s  c o n n e c t i n g  t h e

e l a s t i c  c o e f f i c i e n t s  and h en ce  i n  e f f e c t  t o  a r e d u c t i o n  i n

t h e i r  number. I n  t h i s  method we assume t h a t  v/hen th e

d i s p l a c e m e n t  u i s  i n c r e a s e d  by th e  work done by t h e



e x t e r n a l  body f o r c e s  and s u r f a c e  t r a c t i o n s  i s  e q u a l  to  t h e  

i n c r e a s e  i n  t h e  e l a s t i c  en e rg y  and t h e  s e l f - , ; r a v i t a t i o n a  1 

e n e rg y .

For  an  a r b i t r a r y  r e g i o n  T' o f  t h e  body bounded by a 

S u r f a c e  5

^  f  t F  ^  =  J  H - h j
^  T'

where W i s  th e  e l a s t i c  en e rg y  p e r  u n i t  m ass .  Now

SO t h a t

^  (  4  1  -  J  i ^ . f s  c i v  j  ( s e e  c,o-3) ) .
T /  r

t h u s

S  ^  ^  .£7  f"  j  -f cLv,

As mass i s  c o n s e rv e d  i n  a v i r t u a l  d i s p l a c e m e n t  

a l s o  by ( 1 .4 )

f i  -  L,

so t h a t  u s i n g  G r e e n ’s Theorem we o b t a i n

J" Jv /  Sjf  . £T cfs '  — 1  H  
r  t

+  f  t i j  S ( u l j j ) d v  =  1  t i j  ■
^  r



Thus
ç  s  W  — ^  ̂  ̂̂   ̂ ^ •

W r i t i n g

e„ -  e , , ecij> -  e« , 633 -  ea , <R «<J3 •  e*  ̂ > Ji '  «5 ;

ér# ■* ^/  } a *  ” Ty , frj3 -  T'a > f y j  “ Ty ; t j /  “ ”̂ 5  > t u  =T"t /

t h i s  becomes
^  § w  -  T) S e /  -h r ^ s b i i  f  T j S e a  T T y S e y  f T y

whence ^  ~ 'f'I
^  e i

For i n f i n i t e s i m a l  d i s p l a c e m e n t s

^  (  I -  e , ~  -  e i )  ^  ^ 0  (  I - a )  )

where / \  = f" (  v- (3 .

I f  W i s  a q u a d r a t i c  f u n c t i o n  i n  th e  s t r a i n s
/  /  /

Ia /  =- Co f"  C c 0 t f - C l y  i
/  . /w i t h o u t  l o s s  o f  g e n e r a l i t y  we may t a k e  Cg-  - cj  y .

Then by ( 1 . 7 )
T i  -  5 ^ 0  ( i ~ a )  Cc/ T c / j  ej)

y

= .3^0 c /  -  aa)  t  e j  _

/  /
As Cij »cj i  t h e r e  i s  a r e d u c t i o n  i n  t h e  number of  e l a s t i c  

c o e f f i c i e n t s .  I n  a c a s e  i n  which  th e  s t r e s s  v a n i s h e d  w i t h  

th e  s t r a i n  we would have  c /  - O  and t h e  above  e q u a t i o n

vjould become

r i  =  ^  c q  g j  = C y  U  •



As CiJ = g f  t h i s  would imply t h a t  Cij  =: cj L so  t h a t  t h e

number o f  e l a s t i c  c o e f f i c i e n t s  w ould  be r e d u c e d  from 56 t o

2 1 .

4 .  C onc lus i o n . We have e s t a b l i s h e d  th e  r e l a t i o n s

f  =
V- -Ft *= O ;---- ------------------------  ^^3

6 tj  * (o j  f- ------ ( c )

where t h e  a r e  n o t  i n d e p e n d e n t .  I f  we assume t h a t

th e  body i s  i n i t i a l l y  homogeneous t h e n  th e  c o e f f i c i e n t s

^ w i l l  be s p a t i a l l y  c o n s t a n t .

From (0)

t i j i j  -  (cLjKJt  /

so  t h a t  (B ) becomes

^  f" K'-t J j J  i -  'Ft. ^ O  - ( o )

T his  r e p r e s e n t s  a s y s te m  o f  s e c o n d - o r d e r  d i f f e r e n t i a l  

e q u a t i o n s  i n  t h e  u l  . These  can  be s o l v e d  s u b j e c t  to  g i v e n  

bo u n d a ry  c o n d i t i o n s .  The s o l u t i o n  o f  (D) can  t h e n  be

s u b s t i t u t e d  i n  (C ) . -  Thus,  i n  t h e o r y ,  we have  s o l v e d  

P ro b le m  2 .

A s i m i l a r  p r o c e d u r e  l e a d s  t o  t h e  s o l u t i o n  of  P rob lem  1. 

With  a p r o s p e c t  o f  f o r m u l a t i n g  a s i m i l a r  t h e o r y  f o r  t h e  

e l a s t i c  d i e l e c t r i c ,  t h e  f o l l o w i n g  p o i n t s , a l t h o u g h  o b v i o u s ,  

s h o u l d  be n o te d :

( a ) t h e  body f o r c e  f  i s  p o s t u l a t e d  t o  be  g i v e n  by 

th e  e x p l i c i t  e x p r e s s i o n  £  -

9



( b ) th e  d e d u c t i o n  of  th e  s t r e s s - s t r a i n  r e l a t i o n s  f rom  

an  e n e rg y  p r i n c i p l e  i s  d e s i r a b l e  bec au se  t h i s  method l e a d s  to  

a c o n s i d e r a b l e  r e d u c t i o n  i n  th e  number of  t h e  e l a s t i c  

c o e f f i c i e n t s  r e q u i r e d .

(c ) t h e  e q u a t i o n s  F I = ^ ^ j  ^

g iv e  t h e  components  f [ o f  t h e  g r a v i t a t i o n a l  body f o r c e  i n  

te rm s  of  t h e  s t r a i n s  and e l a s t i c  c o e f f i c i e n t s .  These  

e l a s t i c  c o e f f i c i e n t s  w i l l  v a r y  a c c o r d i n g  t o  t h e  m a t e r i a l  

i n v o l v e d .  Our p ro b le m  i s  c o m p le t e ly  s o l v e d  v/hen, knowing 

t h e  f 1 and th e  e l a s t i c  c o e f f i c i e n t s ,  we a r e  a b l e  t o  s o l v e  

t h e s e  e q u a t i o n s  t o  o b t a i n  th e  s t r a i n s ;  t h u s ,  f o r  the p ro b le m  

t o  be s o l u b l e ,  i t  i s  n e c e s s a r y  t o  h a v e  th e  r e l a t i o n  j f  * 

g i v i n g  f  i n  te rm s  o f  t h e  g r a v i t a t i o n a l  f i e l d .

10
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2 . GENERAL HISTORICAL SURVEY.

The u s u a l  t e x t - h o o k  t h e o r y  o f  body f o r c e  a c t i n g  i n  

d i e l e c t r i c s  i s  t h a t  due to  H e lm h o l t z ;  i n  t h i s  t h e o r y  th e  

body f o r c e  i s  d e r i v e d  from e n e rg y  c o n s i d e r a t i o n s  ( see  

e . g .  Abraham and B ecker  ( 1 9 3 2 ) ,  J e a n s  (1 9 2 7 ) ,  S t r a t t o n  

(1941) and Smythe (1950) ) .

C r i t i c i s m s  o f  H e l m h o l t z ’ s t h e o r y  have  been  made by 

Larmor (1) and L iv e n s  ( 2 ) ;  however i t  i s  s t i l l  s u p p o r t e d  

by a u t h o r i t a t i v e  o p i n i o n :  f o r  exam ple ,  i n  r e p l y i n g  to

L i v e n s ’ c r i t i c i s m s ,  S t r a t t o n  (3,  p .  146) a s s e r t s  "T here  

a p p e a r s  to  be l i t t l e  r e a s o n  to  d o u b t  t h a t  t h e  e n e rg y  

method o f  K ortew eg and  H e lm h o l tz  i s  f u n d a m e n t a l l y  s o u n d ."

F u r t h e r  p a p e r s  c r i t i c i s i n g  H e l m h o l t z ’ s t h e o r y  have 

a p p e a r e d  i n  r e c e n t  y e a r s ;  t h e s e  c l a im  to  show t h a t  t h e  

H e lm h o l tz  method i s  i n c o r r e c t  and p u t  fo rv ja rd  a l t e r n a t i v e  

t h e o r i e s . The p u rp o s e  o f  t h i s  d i s s e r t a t i o n  i s  to  g iv e  

a c r i t i c a l  a c c o u n t  o f  t h e s e  p a p e r s ,  o f  w h ich  th e  p r i n c i p a l  

a r e  th o s e  l i s t e d  be low .

1 9 4 9 . Smi th -W h i te  (4) S m i th -W h i te  c r i t i c i s e s  th e  

H e lm h o l tz  method o f  d e r i v i n g  f o r c e s  o f  e l e c t r i c a l  o r i g i n  

i n  d i e l e c t r i c s .  He p ro p o s e s  t h e  L iv e n s  fo rm u la e

F  =■ and  ^  -  -^/\E t o  r e p l a c e  th e

H e lm h o l tz  f o r m u l a e .

1951 -  1 9 5 2 . Cade ( 5 ) ,  ( 6) Cade i n  t u r n  c r i t i c i s e s
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S m i t h - W h i t e ' s t h e o r y .

Smith-Wh i t e  ( 7 ) ,  (8 ) r e p l i e s  to  t h e s e  c r i t i c i s m s .

1951. Brown (9) Brown r e j e c t s  th e  H e lm h o l tz  method 

and  d e v e lo p s  h i s  own t h e o r y  b a s e d  on th e  fo rm u la e

F  ̂ (f- and ^ EA K  . He d e r i v e s

g e n e r a l  s t r e s s - s t r a i n  r e l a t i o n s .

1 9 5 1 . S m i th -W h i te  (10) p u b l i s h e s  a u s e f u l  a c c o u n t  o f  

an  e l e m e n t a r y  n o n - c o n s e r v a t i v e  e l e c t r i c a l  s y s t e m .  T h is  

c o n t a i n s  th e  e s s e n t i a l s  o f  S m i t h - W h i t e ’ s work i n  a 

p a r t i c u l a r l y  s im p le  fo rm .

1 9 5 1 . S m i th -W h i te  (11) makes no m e n t io n  o f  Brown ( 9 ) .

He c l a im s  to  show t h a t  t h e  H e lm h o l tz  method i s  wrong

by a p p l y i n g  i t  to  a s y s te m  o f  d i s c r e t e  c h a rg e s  and  d i p o l e s ;  

he p o i n t s  o u t  t h a t  f o r  a d i e l e c t r i c  body immersed i n  an  

i n c o m p r e s s i b l e  d i e l e c t r i c  f l u i d ,  t h e  H e lm h o l tz  t h e o r y  

g i v e s  th e  same t o t a l  f o r c e  and c o u p le  as  h i s  own. He 

d i s c u s s e s  th e  f o r m u l a t i o n  o f  th e  f i r s t  law o f  th e rm o 

dynamics i n  a sy s te m  i n v o l v i n g  d i e l e c t r i c s .

1 9 5 2 . Cade (12) g i v e s  a m o d i f i e d  v e r s i o n  o f  t h e  

S m i th -W h i te  t h e o r y  (he a p p e a r s  t o  be unaware o f  t h e  work 

o f  Brown (9) a t  t h i s  t im e)  and a t t e m p ts '  a co m p a r iso n  o f  

th e  H e lm ho l tz  and  S m ith -W h i te  t h e o r i e s  w i t h  h i s  own by 

r e f e r e n c e  t o  known e x p e r i m e n t a l  d a t a  on f o r c e s  and 

c o u p le s  on d i e l e c t r i c  b o d ie s  i n  d i e l e c t r i c  f l u i d s . He 

does n o t  i n c l u d e  th e  h y d r o s t a t i c  p r e s s u r e  i n  h i s

12:



cal .d i l a t i o n s  and  ( i n  t h e  p r e s e n t  w r i t e r ' s  o p in io n )  

condemns S m i th -W h i te  w ro n g ly  as  a r e s u l t  o f  t h i s .

1 9 5 3 . Cade (13) T h is  c o n s i s t s  o f  C a d e ' s  c a l c u l a t i o n s  

( u s i n g  th e  H e lm h o l tz  method) o f  t h e  t o t a l  f o r c e  and 

c o u p le  a c t i n g  on a d i e l e c t r i c  body immersed i n  a d i e l e c t r i c  

f l u i d .  He a p p e a r s  to  abandon h i s  m o d i f i e d  v e r s i o n  o f  

S m i t h - W h i t e ' s t h e o r y  i n  f a v o u r  o f  t h a t  o f  Brown and 

r e p e a t s  h i s  e a r l i e r  c r i t i c i s m  o f  S m i t h - W h i t e ' s t h e o r y .

1 9 5 3 . Brown (14) g i v e s  a condensed  v e r s i o n  o f  h i s  

1951 p a p e r  (9) and adds to  i t  n o t h i n g  o f  b a s i c  i m p o r t a n c e .  

1 9 5 6 . T oup in  (15) g i v e s  an  a c c o u n t  o f  th e  s t r e s s - s t r a i n  

r e l a t i o n s h i p s  i n  an  e l a s t i c  d i e l e c t r i c .  No m e n t io n  i s  

made o f  t h e  Helm lio l tz  fo rm u la e  and t h e  L iv e n s  fo rm u la e  

f o r  body f o r c e  a r e  u s e d  w i t h o u t  d i s c u s s i o n .

^ I t  i s  c l e a r  f rom Smith-V%hite (11, p .  I l l )  t h a t  
th e  H e lm h o l tz  and S m ith -W h i te  t h e o r i e s  b o t h  g iv e  th e  
same r e s u l t  f o r  t h e  r e s u l t a n t  f o r c e  and  c o u p l e .
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3 .  EZLmOLTZ : THEORY OF BODY FORGE IN FLUID DIELECTRICS.

The H e lm h o l tz  t h e o r y  d e r i v e s  t h e  body f o r c e  of  

e l e c t r i c a l  o r i g i n  from e n e rg y  c o n s i d e r a t i o n s .  T h i s  i s  

t h e  method g i v e n  i n  most t e x t b o o k s .

As an example o f  t h i s  method we f i n d  t h e  body 

f o r c e  a c t i n g  on a f l u i d  d i e l e c t r i c .

The s y s te m  c o n s i d e r e d  i s  a f i x e d d i s t r i b u t i o n  o f  

c h a rg e  i n  a v o lu m e W a c t i n g  on a d i e l e c t r i c  f l u i d  

occu p y in g  a volume bounded by a s u r f a c e  S .

ectfic

We suppose  t h a t  f o r  t h e  f l u i d  ^  Ê. ? where  K.

may be a f u n c t i o n  o f  p o s i t i o n  and d e n s i t y  ^

L e t  t h e  l i q u i d  i n  ^  un d e rg o  a s m a l l  d e f o r m a t i o n  

s p e c i f i e d  by , where  v a r i e s  f rom  p o i n t  t o  p o i n t  

i n  . L e t  us a l s o  suppose  f o r  s i m p l i c i t y  t h a t  t h e  

normal component o f ^  v a n i s h e s  on t h e  bo u n d ary  o f  , 

The e l e c t r i c a l  e n e rg y  o f  t h e  sy s tem  i s

t LeUc  = ^  y  -
I t  can  be shown ( s e e  A ppend ix  A - / 5 )  t h a t  t h e  v a r i a t i o n

lnU^(f^ f o l l o w i n g  t h e  d e f o r m a t i o n  i s

S U e t c c  =  ^  i  e .

The Helmholtz method r e s t s  on t h e  a s s u m p t io n  t h a t  

t h e  work done by t h e  body f o r c e s  e q u a l s  t h e  d e c r e a s e

i n  t h e  e n e rg y  o f  t h e  sy s tem .  We t h e n  have

14



X  f  X  %o,clv  = -  
^  —

I f  AK be t h e  in c re m e n t  i n  K " f o l l o w i n g  t h e  d e f o r m a t i o n "  

we have

^  = %K -h 2J1  =- ^  p

From t h e  a n a l y s i s  i n  (Appendix 8'^lS)

O — y) —
^  ^  ^ y (o c

A c c o r d in g l y

s a :  = -  2 ^  =  -  ^ U <  P l i i i f i )  j
-pjtK ”̂ 6

whence

S  U g / e c  = t :  r ( ^ < ^ ) À v i - ^  ( g y f A

As t h e  normal component o f 5 a  v a n i s h e s  on t h e  

b oundary  o f  v̂ j , i t  f o l l o w s  from Green* s th e o re m  t h a t

so .O S ,  ^

r  Ù A 3  { i t i f t )  civ -  — C f  2 _  ^  Sléneiév
X  ^  "3^ - J x -v  H  ^

Thus

S U g / e c  -  ^  J  | ^ e ^ 3 A  _  2  W  Sk«f Wv/
9 ,x , (  ^

'  < 3 .2 )

Comparing (3*1) and ( 3 . 2 )  i t  f o l l o w s  t h a t

«  __L e - » 7 «  4 - - i -  ^ / g - . î  PK ^
81T Sir  ̂ t  — y .

 ̂ . . .  (3 . 3 )
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S m i th -W h i te  c l a im s  t h a t  t h e  body f o r c e  jF i n  t h e  

g e n e r a l  c a s e  i s  g i v e n  by

. . .  < 3 . 0 ,

W r i t i n g  K -  / ^ ( k. b e i n g  t h e  e l e c t r i c

s u s c e p t i b i l i t y )  5 we have £  -  so t h a t  (3 A )  becomes

f  =  f k  V ( E ^ )  ;

and (3 . 3 ) becomes

F " ' )  =  - i  ;

t h u s

p C O _ ^  ^  ^  V  ( l ^ £ ^ )  - r  ^  V
— — <x (X 3 ^

k B - )  =  X  y  .

. . .  ( 3 . ^ )

whence i t  c a n  be s e e n  t h a t ,  ev e n  i n  t h e  s im p le  c a s e  o f  

t h e  g e n e r a l  f l u i d  d i e l e c t r i c ,  t h e  methods o f  H e lm h o l t z  

and S m i th -W h i te  l e a d  t o  d i f f e r e n t  r e s u l t s  f o r  t h e  body f o r c e .

o



IIBLI-g-IOLTZ ; TiiSORY OF BODY FORCE IH SOLID DIELECTRICS.

S tr a t to n  (3 ,  l 4 l - l 4 6 )  and Pockels (16) fo l lo w  the  

energy method of Helmholtz in obtaining the body force  in  

so l id  d i e l e c t r i c s .

The c o n f i g u r a t i o n  c o n s i d e r e d  i s  t h a t  o f  § 3 ? t h e

volume b e i n g  o c c u p ie d  by a s o l i d  e l a s t i c  d i e l e c t r i c

b o d y .  I t  i s  sup p o sed  t h a t  i n  t h e  un s t r a i n e d  s t a t e  t h e  

d i e l e c t r i c  body i s  homogeneous and i s o t r o p i c  as  r e g a r d s  i t s  

e l e c t r i c  and e l a s t i c  p r o p e r t i e s .  As t h e  change  i n  t h e  

d i e l e c t r i c  p r o p e r t i e s  depends  on t h e  s t r a i n  co m p o n en ts ,  t h e  

body w i l l  i n  g e n e r a l  become e l e c t r i c a l l y  a n i s o t r o p i c  

f o l l o w i n g  t h e  d e f o r m a t i o n .

S t r a t t o n  t a k e s  t h e  e l e c t r i c a l  e n e rg y  d e n s i t y  

i n  a n  a n i s o t r o p i c  l i n e a r  medium t o  be

^ M . o  .  .

He c a l c u l a t e s  t h e  v a r i a t i o n  ( c o r r e s p o n d i n g  t o  a

f u r t h e r  d e f o r m a t i o n  ) i n  two s t a g e s :  t h e  f i r s t

c o n t r i b u t i o n  ^ i s  t h a t  a r i s i n g  f rom  t h e  v a r i a t i o n  ±ni 

t h e  p a r a m e t e r s  KlJ 5 t h e  second  i s  t h a t  due s im p ly  

t o  t h e  m a t e r i a l  d i s p l a c e m e n t  %u • I t  i s  shown ( s e e  

A p pend ix  A-f6 ) t h a t

S u '  -  —  r  .
... Gt.l)

He assum es  t h a t  t h e  change  i n  t h e  KiJ due t o  s t r a i n  must be 

l i n e a r  f u n c t i o n s  o f  t h e  v a r i a t i o n  i n  t h e  s t r a i n  co m p o n e n ts ;  

t h u s ,  f o r  s m a l l  ( s e c o n d a r y )  d e f o r m a t i o n s  he w r i t e s

17



s  K i j  =  c  i j  (c.g S e ;

so that _  _ . .

■
As *= t and i t  fo l lo w s  that

c ; j « - t  -  .  c ; j - t K  . __

The d i e l e c t r i c  has been assumed to be i n i t i a l l y  

i s o t r o p i c .  This requires  that the tensorcjj^-tbe  

i s o t r o p ic  ; the general i so tr o p ic  tensor s a t i s f y i n g  (U-.2) 

( see  Spain: Tensor A nalys is  p . 98) i s

= X ^  /B (S (K  ;

where , yS are con stan ts .

Putting X -   ̂ we obtain  Stratton* s formula

 ̂ ^  . . .  ( 4 . 3 )

The a d d i t io n a l  con tr ib u t ion  due simply to  the m ater ia l

displacement S3  i s

^ f  r  £ ^ V J < \  S u  c /v  ;
oT)* V

however as the body i s  i n i t i a l l y  homogeneous ^ V  

so that  t h i s  con tr ib u t ion  van ishes .  A deformation of  the  

d i e l e c t r i c  a l s o  causes a v a r ia t io n  in  the e l a s t i c  energy  

with the usual n o ta t io n

(See e . g .  S o k o ln ik o f f ,  Mathematical Theory of  E l a s t i c i t y ,  

p. 85.-)

* S tr a t t o n  does not assume t h i s  in  h is  treatm ent,  but i t  
w i l l  make the argument simpler i f  we do.

18



t h e n  ^ 11 ^  e S c ,/ f -  C î e u

C' /̂^cL ^  ^ 33) ^  ^33 ^71ôî("eM S^ , il f - e  513^^43 - r - S e 3 i ^ ^

(Note : S t r a t t o n  d e f i n e s  e<:/ ( ( ^ 4 ) )  a s  :J  * ^JCj 9x1  ’
i n  t h e  f o l l o w i n g  d i s c u s s i o n  th e  more u s u a l  n o t a t i o n

/ / 9 6 t i  , 3 w /  \
^‘J A ( T7j  ~ T t iJ  a d o p t e d . )

S t r a t t o n  t h e n  e q u a t e s  t h e  sum w i t h

th e  work done by th e  body f o r c e  j f  and s u r f a c e  f o r c e  JJ :

^  S3  ĉ N/ J" n . S3  =■ S^(UeUc. •
Vai . . .  (i+.5)

Now, i f  tcj  d e n o te s  t h e  s t r e s s  t e n s o r ,

J  £  el  ̂ i- f  n , %CL els' - ~J tijjJ %ui Uy/ -t~
lél ^

+ ̂  tij nj ~ J  ^ û j ^ c /v  = f  (-y Seijdv.

• • • (4-. 6)
The v a r i a t i o n s  i n  t h e  s t r a i n  components  a r e

a r b i t a r y ; h e n c e ,  on e q u a t i n g  c o e f f i c i e n t s  o f  c o r r e s p o n d in g  terms

in  (4-. 5) and (4-.Ô) we have
= -  ( ? i , e i i  f  S i ? > n Z r t )  - t  ^  ^3̂ )̂

tnn = - ( ' ^ i  e a  f- -^ £; (< ^  -7 j

6 , 3  =  -  (^7), H i

t , n  =  — —  ~~ £ ) ^ A )
A

6-4) -  — <Uà '+' _ü iZ L lfL _£^£:3 ,

t j ,  -  ^  hhz i±«  £ ,£ 5  . • • •  (^'"'7)
S t r a t t o n  t h e n  s t a t e s  t h a t ,  i f  t h e  body f o r c e  i s  o f

e l e c t r i c a l  o r i g i n  o n l y ,  t h e  d iv e rg e n c e  of  t h e  e l a s t i c  

s t r e s s e s  v a n i s h e s ;  i n  t h i s  way he o b t a i n s  t h e  r e s u l t  ^

- ÿ  . . .  ( w )
19



with analogous expressions for and •

I f  and c o t r l  E" = o then we can

write  (4-.8 ) in  the form

f  .  . ___ ( , , . 9 )

Pockels (16) does not take the e l a s t i c  energy in to  

account and der ives  (4-.9) from the equation

e(tc)  “  J  -t- /  / 7 .  W  c/ s' )

where i s  the v a r ia t io n  in  the e l e c t r i c  energy

a lone ̂  Stratton (3 ,  p. 14-9) d iscu sses  the a p p l ica t io n s  of  

t h i s  force  formula to the problem of f inding  the s p a t ia l  

displacement at any point of the d i e l e c t r i c  body. He uses  

the formula

£  -I- (^,t vu. Ü: i- .
. . .  \ 4". 10 )

(This i s  a standard formula of ordinary e l a s t i c i t y ,  for the  

case of an i so tro p ic  body.)

S tra t to n  says: "The body forces  are given by (4*.9)

To these  must be added when the occasion  demands a force  

to  account for a volume charge and a g r a v i ta t io n a l

force

Previous to Smith-White i t  seems that the only  

published c r i t i c i s m s  of the Helmholtz theory were by 

Larmor (1) and Livens (2 ) .  Larmor objected to  the  

in te g r a t io n  of  the energy density  by p a rts ,  a process in  

which an in te g r a l  over a f i n i t e  region i s  replaced by an 

in t e g r a l  over a l l  space.

go



L iv e n s  p ro p o sed  t h a t  a l t e r n a t i v e  fo rm u la  

f o r  t h e  body f o r c e  and a t t e m p t e d  t o  show t h a t  t h e  e n e rg y  

method was wrong by a p p l y i n g  i t  t o  t h e  c a s e  where  t h e  

r e l a t i o n  b e tw een  D and £  i s  n o n - l i n e a r .

J e a n s ,  8m ythe ,  Abraham -Becker  and S t r a t t o n  have  a l l  

i g n o r e d  o r  d i s m i s s e d  t h e s e  c r i t i c i s m s .  S t r a t t o n  (194-1) 

s t a t e s  "T h e re  a p p e a r s  t o  be l i t t l e  r e a s o n  t o  doub t  t h a t  

t h e  e n e rg y  method o f  Kortev/eg and H e lm h o l tz  i s  

f u n d a m e n t a l l y  s o u n d ."  The d e v e lo p m e n ts  i n  t h i s  s u b j e c t  

s i n c e  194-9 which  a r e  s e t  o u t  i n  t h e  r e s t  o f  t h i s  

d i s s e r t a t i o n  w i l l  show t h a t  t h e  a n a l y s e s  g i v e n  by 

S t r a t t o n  and P o c k e l s  a r e  open t o  g r a v e  d o u b t .
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5 .  SMITH-WHITE: SIMPLE DIELECTRIC MODEL.

S m i t h - W h i t e  (iO) p o i n t s  o u t  t h e  e r r o r  i n  t h e  l i e lm l io l t z  

t h e o r y  by  c o n s i d e r i n g  a s i m p l e " n o n - c o n s e r v a t i v e " e l e c t r i c a l  

s y s t e m .  He shows t h a t  f o r  suc h  a s y s t e m  t h e r e  i s  a 

d i s c r e p a n c y  b e t w e e n  th e  known f o r c e  and t h e  f o r c e  o b t a i n e d  

by t h e  H e l m h o l t z  me thod ;  l a t e r  he  shows t h a t  t h e  same 

d i s c r e p a n c y  a r i s e s  i n  th e  a n a l y s i s  f o r  a c o n t i n u o u s  d i e l e c t r i c  

medium.

k d i e l e c t r i c  body B i n  t h e  n e i g h b o u r h o o d  o f  a 

s y s t e m  o f  c h a r g e s  5  v j i l l  become p o l a r i s e d  and we can  

r e g a r d  i t  a s  a volume d i s t r i b u t i o n  o f  e l e c t r i c  moment.  I n  

c o n s t r u c t i n g  an; a n a l o g o u s  e l e m e n t a r y  s y s t e m  ^  i s  r e d u c e d  

t o  a s i n g l e  p o i n t  c h a r g e  and  /S t o  a p a i r  o f  e l e m e n t a r y  

d i p o l e s ;  i n  o r d e r  t h a t  t h e s e  d i p o l e s  r e f l e c t  th e  b e h a v i o u r  

o f  t h e  s i m p l e s t  d i e l e c t r i c  m a t e r i a l s  we s u p p o s e  them " l i n e a r l y  

i n d u c t i v e " ,  i . e . ,  we s u p p o s e  t h e  s t r e n g t h  o f  e a c h  p r o p o r t i o n a l  

t o  t h e  s t r e n g t h  o f  t h e  f i e l d  i n  w h i c h  i t  l i e s .  The 

c o e f f i c i e n t s  o f  t h i s  p r o p o r t i o n a l i t y  c o r r e s p o n d  to  t h e  

d i e l e c t r i c  s u s c e p t i b i l i t y  i n  t h e  o r d i n a r y  c a s e .  We a l s o  

s u p p o s e  t h e s e  c o e f f i c i e n t s  t o  v a r y  w i t h  the  s e p a r a t i o n  o f  

t h e  d i p o l e s ,  a d ep e n d e n c e  w h i c h  r o u g h l y  r e f l e c t s  t h e  p o s s i b l e  

d e p e n d e n c e ,  i n  t h e  o r d i n a r y  c a s e ,  o f  t h e  d i e l e c t r i c  

s u s c e p t i b i l i t y / c o n  t h e  m a t e r i a l  d e n s i t y  o f  t h e  d i e l e c t r i c .

The a c t u a l  e l e m e n t a r y  s y s t e m  c o n s i d e r e d  c o n s i s t s  o f  

a p o i n t  c h a r g e  e, and two d i p o l e s  and  , a l l  l y i n g

a l o n g  a l i n e  oX ; t h e  n o t a t i o n  w i l l  be c l e a r  f ro m t h e  f i g u r e .
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t _______________________ c __________________________________̂e
  OC -------->

  .X,  >

-----------------------------------------------------------  J U --------------------->

L e t  ^  be t h e  e l e c t r i o  p o t e n t i a l  a t  € and  l e t  E",  ̂

be t h e  e l e c t r i c  i n t e n s i t i e s  a t  j>i ; r e s p e c t i v e l y .  W r i t e

p t  = ^ 1 ^ 1  ) P A  ^ ) . . . ( 5 - 1 )

r,  = X ,  -  JC ; Cl = X*  -  J S =  JC^ — X;  . . . .  (5-2 ) 

H e r e  v/e s u p p o s e  t h a t   ̂ a r e  f u n c t i o n s  o f  S’.

We hav e

6  =  - Z L  -

^  — — - "f" f  ̂  -  , . . . ( 5 - 3 )
0**

S u b s t i t u t i n g  ( 5 - 3 )  i n  ( 5 - 1 ) ,  we g e t

o ,  =  e  . . . ( 5 - 4 )

D r »  ^

/ ’•I “  ^  4 -  A.  ̂I ^ y

D

Q _  / — h- ^  I ^<4 * • • (5 -5  )where

If F ) F i  ) F ^  are the mechanical forces acting on 
reckoned positive in the direction from O to X , then
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. . . (5 -6  )

F =  pi ^  ^  « Pc?

r /  V

f ,  =  p, ^  6 p ,  PA

r , ^  s ^

Fa ^  -  4  € p *  _

s  ^

SO t h a t  F "i" ^  ! 't Fd.

S u b s t i t u t i n g  f ro m  ( 5 - 4 )  i n  ( 5 - 6 )

c  =- Y- - f  ^

£? r /  Z?r<^  "

P"j ^

D r , ®  O s ^ r , ^ r ^
<4^ . . . ( 5 - 7 )

Y- k A/^«a € T 3 — o  ^  3 ^ /  ./. 3 ^ 4  ? 

o « £ * -  / / ( « c f  s V »  s V . * ( ->
^  O —'

/ x  -
D r /  Z3s^r , '»Ci^

y  < -- ^  - y - - d i l  - y - A ^  
“  ^  r , * < r ^  s^r ,*^

I t  w i l l  be shown t l i a t  t h e  f o r c e s  i n  ( 5 - 7 )  c a n n o t  i n  g e n e r a l  

be  d e r i v e d  f r o m  a n  e n e r g y  p r i n c i p l e  so  t h a t  t h e  s y s t e m  

c o n s i d e r e d  i s ,  i n  g e n e r a l ,  " n o n - c o n s e r v a t i v e " .  I n  a 

d i f f e r e n t i a l  d i s p l a c e m e n t  o f  t h e  s y s t e m  a l o n g  OX t h e  w o rk  

done by t h e s e  f o r c e s  i s

<i W  ^ F dx. -f- Ff 4.X1 -t- Fa. dxA.
• •• \ 5  — o j

=  F, d r i  f  Fa

a s  F -t F, i- Fa  O
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The e x p r e s s i o n  ( 5 - 8 )  i n  v/hich Fj and a r e  g i v e n  by ( 5 - 7 ) ,  

i s  a p e r f e c t  d i f f e r e n t i a l  i f ,  and o n l y  i f  pj, and  a r e  

c o n s t a n t s .  We show t h i s  a s  f o l l o w s :

U s i n g  p r i m e s  t o  d e n o t e  d e r i v a t i v e s  w i t h  r e s p e c t  t o  S 

and  w r i t i n g

D o ^ s  ^ ^

^  H- ( ^ '  . . . ( 5 - 9 )
D ^

B  =
y

a s i m p l e  c a l c u l a t i o n  shows t h a t

3 r ,  r /  r j  r,^Csi^ •

The r i g h t  h a n d  s i d e  o f  ( 5 - 1 0 )  v a n i s h e s  i f  j a r e

c o n s t a n t s .  C o n v e r s e l y ,  i f  t h e  r i g h t  h a n d  s i d e  o f  ( 5 - 1 0 )  

v a n i s h e s  i d e n t i c a l l y  i n  a domain  o f  v a l u e s  of  0  , 

and we p u t  ^  = , we s e e  t h a t

C'a “s v  L  J
i s  i d e n t i c a l l y  z e r o  i n  ^  and  S  . A c c o r d i n g l y ,  6  4^.

m us t  v a n i s h  i d e n t i c a l l y ;  by ( 5 - 9 ) ,  a s  1 5 ^ 0  , i t  f o l l o w s  

t h a t  O ; s u b s t i t u t i n g  t h i s  r e s u l t  i n  t h e

e x p r e s s i o n s  f o r  /?/ an d  4<j we s e e  t h a t  Pif s  o  ^

V/e now a p p l y  t h e  H e lm i i o l t z  method t o  th e  above s i m p l e  

s y s t e m ,  d e r i v i n g  t h e  f o r c e s  f r o m  t h e  e n e r g y  f u n c t i o n  

LL V/e h a v e
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a
r,I \  D C  DS^C^ Q DsV,*^y

=r 'P i, e

3 D  r , ' ^  3 D  / a

. . .  (5 -11 )

The H e l m h o l t z  f o r c e s  on t h e  d i p o l e s  a r e  g i v e n  by

. . . ( 5 - 1 2 )a ) _  _  9 M .

3 0  ^  3  r*
c a l c u l a t i n g  t h e s e  d e r i v a t i v e s  and co m pa r ing  w i t h  (5 -7)  i t

;

f o l l o w s  t h a t

-  F a  =

. . . (5 -13)

4 r,*  ̂ <5 Ta? •
V/e s e e  t h a t  t h e r e  i s  a d i s c r e p a n c y  betvveen th e  a c t u a l  f o r c e s

F  and t h e  H e l m h o l t z  f o r c e s  w h ic h  i s  o f  amount

^  -  e ^ 4 /  ^  4 4  ^  E> . . .  (5 -14 )

3  rA  3 Ta^ 0 ^ '
From (5- 3 ) a n d  (5 -9)  we s e e  t h a t  

A  -  i -  ^  i  ^ 3

T h i s  s i m p l e  example shows e x a c t l y  wher e  t h e  H e lm i io l t z  t h e o r y

i s  w ro n g :  t h e  f o r c e s  c a n n o t  be d e r i v e d  f ro m an  e n e r g y

p r i n c i p l e .

We have  a l r e a d y  shown t h a t  t h e  f o r m u l a  g i v e n  by 

H e l m h o l t z *3 e n e r g y  method f o r  t h e  f o r c e  p e r  u n i t  volume i n  

a l i q u i d  d i e l e c t r i c  i s
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p  (^) = —X  Ed Y  k
‘ 3  3  V V y  _)

w h e r e  i-t~ Ifïï k  i s  t h e  d i e l e c t r i c  c o n s t a n t  and  i s  t h e

d e n s i t y  o f  t h e  f l u i d .  The c o r r e s p o n d i n g  f o r m u l a  g i v e n  by 

d m i t h - W h i t e  *s t h e o r y  i s

P =r (P -V  ) £  •=* JL V  ft
éi

We now show t h a t  t h e  d i f f e r e n c e

p c O - F  -  i

c o r r e s p o n d s  e x a c t l y  w i t h  t h a t  g i v e n  by (5-15 ) •

I n  a c o n t i n u o u s  i s o t r o p i c  medium t h e  d i p o l e  e l e m e n t  i s

w h e r e  i s  a n  e l e m e n t  o f  vo lu me .  I f  t o  a l l o w  f o r

d i l a t i o n  o f  t h e  medium we u se  Ço , t o  d e n o t e ,  r e s p e c t i v e l y ,

u n d e f o r m e d  or  i n i t i a l  d e n s i t y  and volume of  a n  e l e m e n t ,

t h e n  çodiJ'o -  so  t h a t

«

We may a c c o r d i n g l y  S u p p o s e  t o  c o r E e s p o n d  w i t h

t h e  c o e f f i c i e n t  3  o f  t h e  e l e m e n t a r y  s y s t e m :  s i m i l a r l y  t h e  

d e n s i t y  c o r r e s p o n d s  w i t h  "s'  i n  t h e  e l e m e n t a r y  s y s t e m  and 

c o r r e s p o n d s  w i t h  ~  where  So i s  a n  I n i t i a l  v a l u e  o f  S'.

s . 4 2 _  ^  ( c 6 i )

d s  ( c i ^  )

c o r r e s p o n d s  w i t h  ^  ^  6 ® ^ ^ /  s . cLi>\) —  f  j < \

a  ( ^ . )  '  ”

S u b s t i t u t i n g  ( 5 - 1 5 )  f o r  t h e  r i g h t  han d  s i d e  o f  ( 5 - 1 3 )  and
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n o t i n g  t h a t

7v/ =  -  2 2 '  ^ 4 l ^  - ,
d s  -3 x *

we h a v e
p  CO_ p  =. J -   L 31^*_

' ' ^ 9x, <

=  - X  £ xa- 3C,) _3_ a )  \
3 .  g j L  ^ 3 x . /

=  - X  So ^  / g *  3:)

=. ~ d  2 .  (  £'^So  2 2  )
ÔI- 3pc- ^ ' ^ s '  ^

and t h i s  c o r r e s p o n d s  w i t h

r  à  C  ^
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6 .  __ INTRODUCTION TO GENERAL THEORY OF DISCRETE
charge s  and DIPOLES. --------------------------------------- ------------

Smi til-Will t e  d i s c u s s e s  a d i s c r e t e  s y s t e m  o f  c h a r g e s  and

d i p o l e s  i n  showing  t h e  H e l m h o l t z  t h e o r y  t o  be v;rong.  The

t h e o r y  f o r  su c h  a s y s t e m  i s  a l s o  o f  v a l u e  i n  i n d i c a t i n g  how

t o  d e a l  w i t h  c e r t a i n  d i f f i c u l t i e s  o f  a n  a n a l y t i c a l  n a t u r e

whici i  o c c u r  i n  t h e  c a s e  o f  c o n t i n u o u s  d i s t r i b u t i o n s .

A d i p o l e  o f  moment ^   ̂ t S  i s  c o n c e i v e d  a s  a l i m i t i n g

c a s e  o f  two equa l ,  and  o p p o s i t e  c h a r g e s  -  e  and - f-e

s e p a r a t e d  by a s m a l l  v e c t o r  ^  . The e l e c t r i c  p o t e n t i a l

a t  f  a s s o c i a t e d  w i t h  a d i p o l e  ^  a t  Q i s

^ ' V where  f  ^ Q.P

and  7  o p e r a t e s  on t h e  c o o r d i n a t e s  of  Q The

c o r r e s p o n d i n g  e l e c t r i c  f i e l d  i s  E »  —- V ^  ,

I f  a d i p o l e  £  l i e s  i n  a f i e l d  E i t  e x p e r i e n c e s  a 

m e c h a n i c a l  f o r c e

P  *  ) . . . ( 6 - 1 )

an d  a m e c h a n i c a l  c o u p l e

Q  *  • . . . ( 6 - 2 )

The f u n c t i o n s  ^  and  F  a r e  mere m a t h e m a t i c a l

a u x i l i a r i e s  c o n v e n i e n t  f o r  t h e  e x p r e s s i o n  o f  t h e  o b s e r v e d

f o r c e  F and c o u p l e  G.

One e s s e n t i a l  d i f f e r e n c e  b e t w e e n  a p o i n t  c h a r g e  an d  a

p o i n t  d i p o l e  n e e d s  e m p h a s i s :  t h e  c h a rg e  a t  a p o i n t  c a n  be  

a l t e r e d  o n l y  by b r i n g i n g  up a d d i t i o n a l  c h a r g e ,  w h e r e a s  a 

d i p o l e  2. c a n  be v a r i e d  m e r e l y  by a l t e r i n g  t h e  v e c t o r  

s e p a r a t i o n  s .  T h i s  n o n - c o n s e r v a t i o n  of  d i p o l e  moment i s
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o f  f u n d a m e n t a l  i m p o r t a n c e  i n  S m i t h - W h i t e * s  w o rk ;  i n  

c o n s i d e r i n g  s y s t e m s  of  c h a r g e s  and d i p o l e s  we s h a l l  a d m i t  

t h e  p o s s i b i l i t y  o f  v a r y i n g  t h e  d i p o l e  s t r e n g t h  a t  any 

p o i n t  w i t h o u t  b r i n g i n g  up,  o r  r e m o v i n g ,  a c t u a l  d i p o l e s .  

C o n s i d e r  a s y s t e m  of  c h a r g e s  4, ,  - -  - ;6<vat  p o i n t s

Ft) > Fn. and  o f  d i p o l e s  £ t f    ; a t  p o i n t s

W r i t e  PiPj  •  ^ rcj

and Qi  *  S l j  • Le t  be t h e  e l e c t r i c

p o t e n t i a l  a t  Pi due  t o  a l l  e l e m e n t s  o t h e r  t h a n  Cl 

and l e t  be t h e  e l e c t r i c  f i e l d  a t  Q ( due t o  a l l

t h e  e l e m e n t s  o t h e r  t h a n

F o r  a c h a r g e  e t h e  p o t e n t i a l  i s  ^ a t

r e l a t i v e  p o s i t i o n  £  and the  f i e l d  i s  E « a t

r e l a t i v e  p o s i t i o n  r ;  t h e  c o r r e s p o n d i n g  q u a n t i t i e s  f o r  a 

d i p o l e  o f  s t r e n g t h  n a r e

^  —j / r 3 ; a t  r e l a t i v e  p o s i t i o n  - r  and

f  = - A  ^
5 a t  r e l a t i v e  p o s i t i o n  s_.

For  t h e  s y s t e m  of  n c h a r g e s  and m d i p o l e s  we h a v e

-  f  %  -  /

e -  .  S  ' - i r j i  -  z ' J i  -f- 3

I n  t h e  suir i iaat ions j  r u n s  t h r o u g h  1,  • • • > n o r  1,  . .  . ,  m 

a c c o r d i n g  a s  t h e  sum i s  o v e r  t h e  c h a r g e  o r  d i p o l e s  and
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^7 i n d i c a t e s  a sum i n  wliicli one v a l u e  j ■ 1 i s  m i s s i n g *

We now pr o v e  G r e e n ' s  R e c i p r o c a l  Theorem e x t e n d e d  t o  a 

s y s t e m  o f  c h a r g e s  and  d i p o l e s ;  i . e . ,  we p r o v e  t h a t

^   ̂ . . . ( Ô - 5 )
I I  I L

where  c / ; - " - - - - an d  -  —  a r e  a s e c o n d  s e t

o f  c h a r g e s  and d i p o l e s  s i t u a t e d  a t  th e  same p o i n t s

P i )    jPfy.}  /Q/n and and  a r e  t h e

p o t e n t i a l  and f i e l d  c o r r e s p o n d i n g  t o  t h e  (f>l and i of

( L- S ) and  (6-4-  )• By ( ) and ( 6 - ^  )

d -  Z  f l U t L  -  i  J  • • • ( 6 0 )
P  S j  t  3  F  5J

whe re  2  i s  a sui i imation i n  whic h  i  r u n s  t h r o u g h  1,  n
' Lj

a n d  j  r u n s  through 1,  m and S  i s  a summat ion  i n

w h i c h  t h e  p a i r  i , j  r u n s  through a l l  t h e  p e r m u t a t i o n s  two 

a t  a t i m e  o f  1,  n o r  1,  . . . ,  m a s  t h e  c a s e  may b e .

E x a m i n i n g  t h i s  e x p r e s s i o n  i t  w i l l  be s e e n  t h a t  a n  

i n t e r c h a n g e  o f  t h e  dashed and u n d a s h e d  l e t t e r s  does n o t  

a l t e r  an y  one of i t s  four t e r m s .  The r e l a t i o n  {U^S)  

t h e n  f o l l o v / s .
/

S u p p o s i n g  t h a t  *  0.1 ( i  1,  . . . ,  n)
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we h a v e

P IL e)  . . . . ( 6 - 7 )

V/e now o b t a i n  c e r t a i n  work f o r m u l a e  a s  f o l l o w s :  

i f  a c h a r g e  e i n  a n  e l e c t r i c  f i e l d  E be g i v e n  a

d i f f e r e n t i a l  d i s p l a c e m e n t  A  y. t h e n  t h e  work done by t h e

m e c h a n i c a l  f o r c e  w hich  a c t s  on i t  i s

F . A k. =  e E . a  - e V ^ . A ü  » — e A</ . . . . ( 6 - 8 )

S i m i l a r l y  i f  a d i p o l e  £  i n  a n  e l e c t r i c a l  f i e l d  E be g i v e n  

a d i f f e r e n t i a l  d i s p l a c e m e n t  A u  t h e  work  done by t h e

m e c h a n i c a l  f o r c e  ( 6 - 1 )  w h i c h  a c t s  on i t  i s

F. A u  * A ü  = T g . V C g . A u )

-  -  C p . v ) f • . • • ( 0- 9 )
The i n e r t i e n t s  and a r e  t h o s e  c o r r e s p o n d i n g  t o

i n c r e m e n t a r y  ch a n g e s  i n  t h e  c o o r d i n a t e s  o f  e and  p ,  

r e s p e c t i v e l y .
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7 . SHITLI-WiIITE: GENERAL V/QRK FORIvIULA.

We c o n s i d e r  a v a r i a t i o n  o f  t h e  e l e c t r i c a l  s y s t e m  of

c h a r g e s  ------------ , er \  and d i p o l e s  ----  / /̂»v a t  p o i n t s

Pfj  ̂ Pf\ and Q , ; -----------------------r e s p e c t i v e l y .  The v a r i a t i o n

c o n s i s t s  o f  an  i n f i n i t e s i m a l  d i s p l a c e m e n t  o f  t h e  c h a r g e s  

and d i p o l e s  and a l s o  a n  i n f i n i t e s i m a l  change i n

a c c o r d a n c e  w i t h  t h e  e x p l a n a t i o n  g i v e n  i n  fC , i n  t h e

d i p o l e  moments . Thus t h e  i n d e p e n d e n t  v a r i a b l e s  a r e  t h e  

? n  c a r t e s i a n  c o o r d i n a t e s  of  t h e  c h a r g e s  Ci , t h e  3m 

c a r t e s i a n  c o o r d i n a t e s  of  th e  d i p o l e s  and t h e  3m r e c t 

a n g u l a r  components  o f  t h e  v e c t o r s  . The f o l l o w i n g  

n o t a t i o n  f o r  d i f f e r e n t i a l s  w i l l  be u s e d :

A  d e n o t e s  a t o t a l  d i f f e r e n t i a l  w i t h  r e s p e c t  t o  a l l  

i n d e p e n d e n t  v a r i a b l e s ;

d e n o t e s  a p a r t i a l  d i f f e r e n t i a l  w i t h  r e s p e c t  t o  t h e  

s p a t i a l  c o o r d i n a t e s  o f  t h e  c h a r g e s  and  d i p o l e s ;

A'^ a p a r t i a l  d i f f e r e n t i a l  w i t h  r e s p e c t  t o  t h e  

c om ponen ts  o f  t h e  v e c t o r s  ;

A*'*' a p a r t i a l  d i f f e r e n t i a l  w i t h  r e s p e c t  t o  t h e  

c o o r d i n a t e s  o f  t h e  c h a r g e  ;

a p a r t i a l  d i f f e r e n t i a l  w i t h  r e s p e c t  t o  t h e  

c o o r d i n a t e s  of •

Then,  s y m b o l i c a l l y ,
A  =  A '  f* A "  ; . . . ( 7 - 1 )

33



C o n s i d e r  t h e  f u n c t i o n

V ^ 3  f  t  •

I f  we w r i t e  e /  » and  i n  ( 6 - 6  ) and

d i v i d e  by two we h a v e

V /  =  2  f i l l  -  r  f i  f j l y  -f- Z  A i - A i  

-  3 H
C < .  . s

•  •  •  ( 7 -  5 )

• • • ( 7 -4  )

w h e r e  2  i s  a suji iniation i n  which  i  r u n s  t h r o u g h  i ,  . . . ,  n
û j  ^

and j r u n s  t h r o u g h  i ,  . . .  , m and o  i s  a sum mat ion  i n  

w h ic h  t h e  p a i r  i , j  r u n s  t h r o u g h  a l l  c o m b i n a t i o n s ,  two a t  

a t i m e  o f  1,  , n o r  1.  . . . ,  m a s  t h e  c a s e  may b e .  I n

( 7 ^ 14̂  t h e  c o o r d i n a t e s  of  êi  a r e  i n v o l v e d  o n l y  i n  t h e  

t e r m s  g -  _  g" g  Aj  - S i j  ,  ^

s o  t h a t  V  ~ A  •

S i m i l a r l y  i n  ( 7 ~ ^ )  t h e  c o o r d i n a t e s  o f  a r e  i n v o l v e d  

o n l y  i n  t h e  t e r m s

-  f i  - 2  j j _ £ j £  ■+' f  \ . Z  J E l  -  .g;.- 3 2  <■

’  O'c*

= -  f i  ’ E  i  )

whence  A  V  — -;p t ' ^  •—*"

T h u s ,  by ( 7 - 5 )  - A ' \ <  =  "  ^  «1 A*"
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i t  f o l l o w s  f r o m  ( 6- g  ) and ( 6-=} ) t h a t - A ' V  i s  t h e  t o t a l  

w ork  done i n  t h e  d i s p l a c e m e n t  by a l l  t h e  m e c h a n i c a l  f o r c e s  

a c t i n g  on t h e  c h a r g e  and d i p o l e s  i n  t h e  s y s t e m .  A l s o ,

f  A" -  p â  = f -  ( E ‘- £ )  -  (4 ' - ^ ) . e  J

i t  f o l l o w s  f ro m  (-4-7  ) t h a t ,  f o r  a d i f f e r e n t i a l  v a r i a t i o n  o f  

t h e  co m ponen ts  o f  t h e  ,

= ^ Z ( .|£i. A "Et -  £ i . ) -  ^  Z Ù‘'gi -f f * . A'yei)

Thus

a s A "  A'l- ^  ^  .

I t  f o l l o w s  f ro m  t h e  above t h a t ,  i f  AVV d e n o t e s  t h e  work 

done  by t h e  m e c h a n i c a l  f o r c e s  a c t i n g  on t h e  c h a r g e s  and 

d i p o l e s ,

A i V  =  — A  V — . . . . ( 7 - 5 )

T h i s  i s  t h e  f u n d a m e n t a l  vjork f o r m u l a . I t s  i m p o r t a nde l i e s  

i n  i t s  g e n e r a l i t y .  S m i t h - ’/ f t i i te  c l a i m s  t h a t  i t  g i v e s  a 

means o f  d e t e r m i n i n g  w h e t h e r  c e r t a i n  e l e c t r i c a l  s y s t e m s  a r e  

o r  a r e  n o t  m e c h a n i c a l l y  c o n s e r v a t i v e .  We s h a l l  be m a i n l y  

c o n c e r n e d  w i t h  l i n e a r  i s o t r o p i c  s y s t e m s  i n  w h ich  c a s e

F t  and  t h e  c o u p l e  jg- w i l l  v a n i s h .  F o r

s u c h  s y s t e m s  t h e n  AW  i n  (7 -5  ) g i v e s  t h e  t o t a l  work done



i n  t h e  d i s p l a c e m e n t .

I n t r o d u c i n g  t h e  f u n c t i o n

U  ^  Z  } . . .  ( 7 - 6 )

we f i n d  f r o m  (7-6  )

A W  -  -  A. IX ■+■ Z ( ^ i  . A E i -
. . . (7-7 )

;
which  i s  a n o t h e r  fo rm of  t h e  f u n d a m e n t a l  work f o r m u l a .
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8.  SmU^VIHITE: INDUCTIVE SZ3TEl.i3.

V/e c a l l  a s y s t e m  o f  p o i n t  c h a r g e s  and p o i n t  d i p o l e s  

a n  i n d u c t i v e  s y s t e m  i f  t h e  d i p o l e  moments de pe nd  upon

and a r e  d e t e r m i n e d  by t h e  m a g n i t u d e  o f  t h e  c n a r g e s

 an d  t h e  configuration of  t h e  p o i n t s

/’/ J -  J j Q f j  Sys tems i n  vmich  t h e  d i p o l e

moments a r e  a l l  c o n s t a n t  v e c t o r s  and  s y s t e m s  o f  c h a r g e  o n l y  

may be r e g a r d e d  as  s p e c i a l  cases.
Thus ,  f o r  a s y s t e m  of  c h a r g e s  on ly  CL- V ; by ( 7 - 5  ) 

A V V = " A b C j S o  t h a t  t h e  s y s t e m  is mechanically 
c o n s e r v a t i v e  and U i s  i t s  m e c h a n i c a l  p o t e n t i a l  e n e r g y  

f u n c t i o n .

F o r  a system o f  c h a r g e s  and d i p o l e s  i n  Vvhich t h e  

components of t h e  d i p o l e  moments a r e  f i x e d  ûtW«=» — ; 

a c c o r d i n g l y ,  t h i s  s y s t e m  a l s o  i s  m e c h a n i c a l l y  c o n s e r v a t i v e  

and V i s  i t s  mechanical p o t e n t i a l  e n e r g y  f u n c t i o n .

V/e now c o n s i d e r  a l i n e a r  i n d u c t i v e  s y s t e m  i n  which  

t h e  d i p o l e  moments a r e  d e t e r m i n e d  by

^ *3 i S ’t J • • • ( 8 - 1  )

v;here t h e  a r e  c o n s t a n t s  o r ,  more g e n e r a l l y ,  de p e n d

upon  t h e  c o n f i g u r a t i o n  o f  t h e  p o i n t s  —- jFn 

R e p l a c i n g  t h e  i n  ( g - /  ) by t h e  e x p r e s s i o n s  i n  ( 6 -  Y" )

we o b t a i n  5m l i n e a r  e q u a t i o n s  d e t e r m i n i n g  t h e  5m c om po nen ts  

o f  t h e  v e c t o r s  .

I t  f o l l o w s  f r o m  (g— | ) t h a t , i n  a n  i n f i n i t e s i m a l
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cl ispiaoeir iei i t  of  t l ie oil u r g e s  a n a  d i p o l e s ,

A  E ^  E . S  E ^

=  A E  — E  . A E  '— E ^ A ^  =■ — E * ^ A ^ ;

by ( 7*7 ) t h e  c o r r e s p o n d i n g  work done by t h e  m e c h a n i c a l  

f o r c e s  a c t i n g  on t h e  e l e m e n t s  o f  t h e  s y s t e m  i s

/ k W  •  ^  (A  ^  A  ^  L . • • • ( 8 - 2

When t h e  c o e f f i c i e n t s  a r e  a l l  c o n s t a n t s ,

A  W  = — ; t h e  s y s t e m  i s  m e c h a n i c a l l y  c o n s e r v a t i v e  and

t h e  f u n c t i o n  U i s  i t s  m e c h a n i c a l  p o t e n t i a l  e n e r g y  f u n c t i o n .

When t h e  c o e f f i c i e n t s  Til a r e  n o t  c o n s t a n t s  a new 

s i t u a t i o n  a r i s e s . C o n s i d e r  a l i n e a r  i n d u c t i v e  s y s t e m  i n  

w h ich  t h e s e  c o e f f i c i e n t s  dep en d  on t h e  d i p o l e  c o n f i g u r a t i o n  

o n l y ,  b e i n g  i n d e p e n d e n t  o f  t h e  p o s i t i o n s  o f

P i )  ) P/\ . T h i s  i s  t h e  a n a l o g u e  i n  t h e  d i s c r e t e  c a s e  o f

t h e  d i e l e c t r i c  s u s c e p t i b i l i t y  v a r y i n g  w i t h  t h e  d e n s i t y .

We have  shown i n  d e t a i l  f o r  a s p e c i a l  c a s e ( ' ^ e } 5 }  t h a t  s u c h  

a s y s t e m  i s  m e c h a n i c a l l y  c o n s e r v a t i v e  i f  and o n l y  i f  t h e  

c o e f f i c i e n t s  a r e  a l l  c o n s t a n t s .  The same r e s u l t  h o l d s  

more g e n e r a l l y :  i f  t h e  c o e f f i c i e n t s  v a r y  w i t h . t h e

c o n f i g u r a t i o n  o f  0/ ;  -  - — t h e  s y s t e m  i s  n o t  i n  g e n e r a l

m e c h a n i c a l l y  c o n s e r v a t i v e .  However ,  f o r  a d i s p l a c e m e n t  o f  

t h e  c h a r g e s  o n l y ,  t h e  . c o n f i g u r a t i o n  of  t h e  d i p o l e s  r e m a i n i n g

f i x e d ,  (&-< ) becomes A W * —AU. ; i n  t h i s  s p e c i a l  c a s e ,

t h e r e f o r e ,  t h e  s y s t e m  m e c h a n i c a l l y  c o n s e r v a t i v e , t h e
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me chu n i  c a l  p o t e n t i a l  e n e r g y  f u n c t i o n  b e i n g  U. (Sii i i tb-  

V/hi te d e s c r i b e s  su c h  a s y s t e m  a s  s e m i - c o n s e r v a t i v e  ; he 

u s e s  t h e  same terj i i  t o  d e s c r i b e  a n a l o g o u s  c o n t i n u o u s  

s y s t e m s  . )

3 9



9.  SMITH-WHITE: INTRODUCTION TO CONTINUPUS THEORY.

T h e r e  i s  no d i f f i c u l t y  i n  d é f i n i  p o t e n t i a l  <ji and

f i e l d  £  a t  a p o i n t  o u t s i d e  a d i e l e c t r i c  body .  F o r  an 

i n t e r i o r  p o i n t  Q t h e  f o r m u l a  g i v i n g  t h e  p o t e n t i a l  i s

= 1  f . >

t h e  i n t e g r a l  b e i n ^  a b s o l u t e l y  c o n v e r g e n t  ( f o r  a l l

r e a s o n a b l e  d i s t r i b u t i o n s ) .  I t  can  be shown t h a t  an 

i n t e g r a l  o f  t h i s  ty pe  i s  a b s o l u t e l y  c o n v e r g e n t  i f  th e  

i n t e g r a n d  i s  o f  o r d e r  l e s s  t h a n  ^ ^  (o( > 0  ̂ as  

r  -f O . However ,  i f  we a t t e m p t  t o  c a l c u l a t e

t h e  f i e l d  a t  Q, f ro m  t h e  f o r m u l a

l a  ** /  ^ j  ol\/ } • • •  ( 9 . 1 )

th e  i n t e g r a l  i s  f o u n d  to  be " s e m i - c o n v e r g e n t " ,  i . e .  i f  

^  VrvaJ d e n o t e s  a s e q u e n c e  o f  s i m i l a r  c a v i t i e s  s i m i l a r l y  

s i t u a t e d  a b o u t  Q t h e  l i n e a r  d i m e n s i o n s  o f  ^  t e n d i n g  

to  z e r o  as  m ^ t h e n

r  f  e )  £  J J v  y
^  IT S

w i l l , i n  g e n e r a l ,  d e p e n d  on t h e  s h a p e  o f

T h i s  d i f f i c u l t y  h a s  b e e n  d i s c u s s e d  by L i v e n s  and  

Smith-ViThite . S m i t h - W h i t e  a r g u e s  as  follow^s :

I n  e l e c t r o s t a t i c  t h e o r y  we o r d i n a r i l y  c o n t e m p l a t e  

t h e  f o l l o v / i n g  k i n d s  o f  e l e c t r i c a l  d i s t r i b u t i o n s :
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(1) d i s c r e t e  d i s t r i b u t i o n s  o f  p o i n t  c h a r g e s  J

(2) c o n t i n u o u s  d i s t r : b u t i o n s  o f  e l e c t r i c i t y  d e f i n e d  

by a ch a rg e  d e n s i t y  € ;

(3 ) d i s c r e t e  d i s t r i b u t i o n s  o f  p o i n t  e l e c t r i c  d i p o l e s ;

(4) c o n t i n u o u s  d i s t r i b u t i o n s  o f  e l e c t r i c  p o l a r i t y  

d e f i n e d  by a moment d e n s i t y  P

Now the  p r i m i t i v e  e l e c t r o s t a t i c  law p r e s c r i b e s  th e  

m e c h a n i c a l  a c t i o n  on each e l em e n t  o f  type  (1) b u t  does 

n o t  a p p l y  d i r e c t l y  to  ^ i v e  the  m e c h a n i c a l  a c t i o n  on th e  

e l e m e n t s  i n  any o t h e r  k i n d  o f  d i s t r i b u t i o n .  I t  i s  e a s y  

t o  i n f e r  the e x t e n s i o n s  o f  Coulomb* s Lav; which  e n a b l e  us  

t o  s p e c i f y  t h i s  a c t i o n  on the  e l e m e n t s  o f  d i s t r i b u t i o n s  

(2) and ( 3 ) .  Thi s  however  i n v o l v e s  an e x t e n s i o n  o f  the  

p r i m i t i v e  h y p o t h e s i s  ; a s i m i l a r  p o i n t  i s  em p h as i s ed  by 

K e l l o g  (1929) i n  c o n n e c t i o n  w i t h  th e  a p p l i c a t i o n  of  

Nev;ton’ s law o f  g r a v i t a t i o n  to  c o n t i n u o u s  d i s t r i b u t i o n s  o f  

m a t t e r .  On t h e  o t h e r  hand  i f  we t r y  to  w r i t e  down th e  

m e c h a n i c a l  f o r c e  v/hich a c t s  on an e l em e nt  o f  the  

d i s t r i b u t i o n  (4) by an i n t e g r a t i o n  over  th e  d i s t r i b u t i o n  

o f  a c o n t r i b u t i o n  from each of  t h e  o t h e r  e l e m e n ts  we f i n d  

t h a t  t h e  i n t e g r a l  which  p r e s e n t s  i t s e l f  i s  " s e m i - c o n v e r g e n t " .

I f  a t h e o r y  o f  e l e c t r i c a l  d i s t r i b u t i o n s  o f  ty p e  (4) 

i s  to  be i n  l i n e  w i t h  t h e  t h e o r i e s  o f  t h e  o t h e r  t h r e e  

t y p e s  of  d i s t r i b u t i o n  i t  must  be d e v e l o p e d  f rom a
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h y p o t h e s i s  c o n c e r n l  ^  t h e  r re ch ' a a ic a l  a c t i o n  on t h e  

o l o T s n t s  o f  the  d i s t r i b u t i o n .  T h a t  would a p p e a r  th e  

o b v i o u s  p r o c e d u r e  f o r  f l n d i n ^  s u c h  a h y p o t h e s i s  f a l l s .  

T h e r e  I s  howevei '  a n o t h e r  c o u r s e  open to  us  and t h i s  ca n  

be r e g a r d e d  as  a u n i f o r m  p r o c e d u r e  f o r  a l l  f o u r  t y p e s  o f  

d i s t r i b u t i o n .  We b c ^ l n  by n o t l n ^  t h a t  t h e  m e c h a n i c a l  

a c t i o n  on th e  e l e m e n t s  I n  ( l ) . ( 2 ) ,  (3) may be s p e c i f i e d

i n  an a l t e r n a t i v e  m a t h e m a t i c a l l y  e q u i v a l e n t  way by f i r s t  

I n t r o d u c i n g  t h e  p o t e n t i a l  f u n c t i o n  ^  , d e f i n i n g  t h e

e l e c t r i c  f i e l d  as  Es=. '-V(^ . a n t  t h e n  s p e c i f y i n g

f o r  [1] t h a t  th e  f o r c e  a c t l n ^  on c h a rg e  € I s  e § ;

f o r  \2) t h a t  th e  f o r c e  d e n s i t y  a c t l n ^  a t  a p l a c e  where 

th e  c h a r g e  d e n s i t y  I s  € i s  (L  ̂ ; and f o r  (3) t h a t

th e  f o r c e  and  c o u p l e  a c t i n g  on a d i p o l e  o f  s t r e n g t h  ^  

a r e  r e s p e c t i v e l y  and

I n  l i n e  wi th  t h e  s p e c i f i c a t i o n s  f o r  d i s t r i b u t i o n s  

(].) . ( 2 ) ,  (3) we ca n  s p e c i f y  t h e  m e c h a n i c a l  a c t i o n  on an

e l e m e n t  o f  d i s t r i b u t i o n  ( 4 ) .  Suppose  t h e  d i s t r i b u t i o n  

o c c u p i e s  a volume V . D e f i n e  th e  p o t e n t i a l  by

^  • . . .  ( 9 .2 )

T h i s  I n t e g r a l  i s  a b s o l u t e l y  c o n v e r g e n t  i n s i d e  t h e  

d i s t r i b u t i o n .  We t h a n  d e f i n e  t h e  e l e c t r i c  f i e l d  by

£  = "“V ^  . We t h e n  a s s e r t  t h a t  t h e  f o r c e  d e n s i t y

a c t i n g  on an e l e m e n t  o f  t h e  d i s t r i b u t i o n  i s  g i v e n  by

f  ‘  ( £ - ^ ) £  . . . ( 0 . 3 )
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and th e  c o u p l e  d e n s i t y  on I t  I s  g i v e n  by

k  "  I a E  . . . .  ( 9 .4 )

A ls o  a t  a s u r f a c e  S  o f  V we can show ( s e e  App. A-<%) 

t h a t  the  l i m i t i n g  form o f  (9.3.) g i v e s  a s u r f a c e  t r a c t i o n  on 5

2"  ~ .E. • ( ^  CL . • • ( 9 . 5 )

S m i t h - W h i te  r e g a r d s  t h e  r e l a t i o n s  ( 9 . 2 ) ,  ( 9 . 3 ) ,  ( 9 .4 )  as

c o m p r i s i n g  th e  a p p r o p r i a t e  e x t e n s i o n  o f  Coulomb’ s Law r e q u i r e d  

f o r  a m a t h e m a t i c a l  t h e o r y  o f  d i s t r i b u t i o n  o f  p o l a r i s a t i o n .

The v a l u e  o f  t h i s  h y p o t h e s i s  f o r  th e  p h y s i c s  o f  d i e l e c t r i c s  

I s  t o  be j u d g e d  by a co m p a r i s o n  o f  I t s  c o n s e q u e n c e s  w i t h  

t h e  b e h a v i o u r  o f  a c t u a l  b o d i e s .

Smith-V^hl te a r g u e s  f u r t h e r  t h a t  i f  we d e v e l o p  i n  d e t a i l  

th e  t h e o r y  o f  p o i n t  d i p o l e  d i s t r i b u t i o n s  and compare i t  v ; l t h  

th e  t h e o r y  o f  c o n t i n u o u s  d i s t r i b u t i o n s  o f  p o l a r i t y  b a s e d  on 

(9 .3 )  and  (9 .4 )  we s e e  t h a t  t h e  two t h e o r i e s  a r e  m a t h e m a t i c a l l y  

s i m i l a r ;  t h a t  th e  s u b t l e  d i f f i c u l t i e s  i n  t h e  f o r m u l a t i o n  o f  

th e  t h e o r y  o f  c o n t i n u o u s  moment d i s t r i b u t i o n s  a r e  o f  no r e a l  

c o n s e q u e n c e  f o r  p h y s i c s ;  and t h a t  i f  we r e f e r  t o  s u c h  

d i s t r i b u t i o n s  as  a m a t t e r  o f  m a t h e m a t i c a l  c o n v e n i e n c e  t h e n  vje 

must  be s u r e  o n l y  t h a t  ou r  t h e o r y  i s  p r o p e r l y  p a r a l l e l  to  t h e  

t h e o r y  o f  d i s c r e t e  d i s t r i b u t i o n s .

L i v e n s  ( "Theory  o f  E l e c t r i c i t y "  p. 66,  e't s e q . )  a l s o  

d i s c u s s e s  t h e  s e m i - c o n v e r g e n c e  o f  t h e  i n t e g r a l  ( 9 . 1 )  a t  

i n t e r i o r  p o i n t s  o f  a d i e l e c t r i c ;  t h e  a rgum en t  p r o c e e d s  as 

f o l l o w s .

43



The I n t e g r a l  ( 9 .2 )  i s  a b s o l u t e l y  c o n v e r g e n t ;  by 

G r e e n ’ s theo rem

<j, -
V  f 3  V  ̂  ̂ r e s p e c t  to  t h e

=  j  d<vç^yv- J  dv'

=  J  I .  ^  _  J' c/v' ^
r  ^

c o o r d i n a t e s  of  th e  
d i p o l e s )

where t h e  s u r f a c e  i n t e g r a l  i s  e x t e n d e d  o v e r  t h e  s u r f a c e  o f  

t h e  d i e l e c t r i c  ( i n c l u d i n g  t h e  w a l l s  o f  th e  c a v i t y  round  the  

p o i n t  a  ) and t h e  volume i n t e g r a l  o v e r  t h e  volume o f  th e  body .

He t h e n  p o i n t s  o u t  t h a t  th e  p o t e n t i a l  o f  t h i s  p o l a r i s e d  

body i s  t h e  same as  t h e  p o t e n t i a l  o f  the  c h a r g e  d i s t r i b u t i o n  

s p e c i f i e d  as

(1) a volume d e n s i t y  €  ̂ = —c/»VjP t h r o u g h o u t  th e  body.

(2) a s u r f a c e  d e n s i t y  cr^ =- Prv o v e r  t h e  s u r f a c e  o f

t h e  body and t h e  c a v i t y .

The volume d i s t r i b u t i o n   ̂ and t h e  s u r f a c e  

d i s t r i b u t i o n  <r  ̂ o v e r  t h e  a c t u a l  s u r f a c e  o f  t h e  body g i v e  

d e f i n i t e  c o n t r i b u t i o n s  to  t h e  f i e l d  a t  61 b u t  t h e  

d i s t r i b u t i o n  o v e r  th e  w a l l s  o f  th e  c a v i t y  g i v e s  a f i e l d

d e p e n d i n g  on the  sh a p e  o f  t h e  c a v i t y .  L i v e n s  a r g u e s  t h a t  

t h i s  l a t t e r  component  o f  t h e  f i e l d  i s  a p u r e l y  l o c a l  p a r t
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d e p e n d i n g  on th e  m o l e c u l a r  c o n f i g u r a t i o n  r o u n d  t h e  p o i n t  Q. ; 

s i n c e  we do n o t  know th e  m o l e c u l a r  c o n f i g u r a t i o n ,  w h i c h  may 

be c h a n g i n g  r a p i d l y ,  we c a n n o t  know what  t h i s  l o c a l  p a r t  

amounts  t o .

L i v e n s  a d o p t s  t h e  a r b i t r a r y  c o u r s e  o f  s i m p l y  n e g l e c t i n g  

t h i s  l o c a ]  m o l e c u l a r  p a r t  o f  th e  f i e l d .  He sa ys  t h a t  t h i s  

i s  " m e r e l y  f o l l o w i n g  a u s u a l  method  i n  p h y s i c s  and i n v o l v e s  

b u t  a s i m p l e  e x t e n s i o n  o f  t h e  i d e a s  u n d e r l y i n g  t h e  Young- 

P o i s s o n  p r i n c i p l e  o f  th e  m u tu a l  c o m p e n s a t i o n  o f  m o l e c u l a r  

f o r c i v e s  employed i n  t h e i r  t h e o r y  o f  c a p i l l a r y  a c t i o n s .  I t  

r e q u i r e s  t h a t  s u c h  l o c a l  f o r c i v e s  s h a l l  s e t  up a p u r e l y  l o c a l  

p h y s i c a l  d i s t u r b a n c e  o f  t h e  m o l e c u l a r  c o n f i g u r a t i o n  i n  the  

m a t e r i a l  u n t i l  i t  i s  t h e r e b y  b a l a n c e d .  A n o t h e r  example  o f  

t h i s  p r i n c i p l e  i s  p r o v i d e d  i n  t h e  o r d i n a r y  t h e o r y  o f  e l a s t i c i t y  

where  i n  a d d i t i o n  t o  th e  l o c a l  s t r a i n  f o r c e s  i n  an e l a s t i c  

medium t h e r e  a r e  t h e  c o m p a r a t i v e l y  v e r y  p o w e r f u l  c o h e s i v e  

f o r c e s ,  w hi ch  a r e  hov/ever  p resumed  t o  form an e q u i l i b r a t i n g  

s y s t e m  and n o t  to  a f f e c t  t h e  phenomena as  a w h o l e . "  I t  i s  

f o r t u n a t e ,  r e ma rk s  L i v e n s ,  t h a t  we c a n  i n  t h i s  way e l i m i n a t e  

t h e  i n f l u e n c e  o f  t h e  n e i g h b o u r i n g  e l e m e n t s .

Both  L i v e n s  and S m i t h - W h i t e  e f f e c t i v e l y  s a y  :

(1) t h e  i n t e g r a l  f o r  ^  i . e .  J i s  a b s o l u t e l y  

c o n v e r g e n t  .

(2 ) d e f i n e  ^  as  -

(3 ) by hy p o t h e s i s  t h e  f o r c e  p e r  u n i t  volume i s
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10 .  S HITJi-WIIITE; THE GENERAL WORK FORÏ.ULA.

C o n s i d e r  an  e l e c t r i c a l  sy s t em  c o n s i s t i n g  o f  a 

c o n t i n u o u s  c h a r g e  d i s t r i b u t i o n  w i t h  d e n s i t y  c i n  V/ and 

a c o n t i n u o u s  moment d i s t r i b u t i o n  w i t h  d e n s i t y  P i n  

I t  i s  u s e f u l  t o  t h i n k  o f  t h e  e l e c t r i c  moment as  " a t t a c h e d ” 

t o  a medium; t h e  f o r m u l a e  o f  t h e  p r c e d i n g  s e c t i o n  a p p l y  t o  

t h i s  s i t u a t i o n .  The f o r c e  and c o u p l e  a c t i n g  on t h e  moment 

d i s t r i b u t i o n  a r e  su p p o s e d  t o  be t r a n s f e r r e d  t o  t h e  medium, 

t h i s  l a s t  b e i n g  t h e  m a t e r i a l  s u b s t a n c e  o f  a c o n t i n u o u s  

d i e l e c t r i c  body .  F or  t h e  c h a r g e  d i s t r i b u t i o n  t h e  n o t i o n  

o f  such a "medium of  r e f e r e n c e "  i s  u n n e c e s s a r y ;  or  we may 

sa y  t h a t  t h e  medium i s  t h e  " c o n t i n u o u s  e l e c t r i c i t y "  i t s e l f .

A v a r i a t i o n  o f  t h e  e l e c t r i c a l  sy s t em  c o n s i s t s  o f  

moving t h e  c h a r g e  i n  and d e f o r m i n g  t h e  r e f e r e n c e  medium 

i n  Vi . At  t h e  same t i m e  t h e  e l e c t r i c  moment a s s o c i a t e d  

w i t h  t h e  p a r t s  o f  t h e  medium may a l t e r .  An i n f i n i t e s i m a l  

v a r i a t i o n  would be d e t e r m i n e d  by s p e c i f y i n g  t h e  d i s p l a c e m e n t  

v e c t o r  S a  i n  Vi and and t h e  i n c r e m e n t  i n  

At t h e  same t i m e  t h e  medium i n  e x p e r i e n c e s  t h e  

i n f  i n i t e s i m a l  r o t a t i o n - e f  S ©  . (See Appendix  5 - ^ . )  The 

work done by t h e  f o r c e s  and c o u p l e s  a c t i n g  on t h e  s y s t e m  

i s

A W  = d v  + S E S j i c i v  - f - f ^ S & d v ,
"  (10. 1)

where
F = j  £  - C ^ - V ) £

£ a E  " '
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L et  ni  be t h e  d i r e c t i o n  c o s i n e s  o f  t h e  o u t w ar d  nor mal  

t o  S j  or  5"^ ; by G r e e n ’ s Theorem

J  d V ^ J e  cl\/.
V, "  V,

- f  ^  ( e d S u H ) d \ /  -h (  4  E.  ( ( ^ n )  olv
V, ^ V - /

^ - f  ( se e  App. g- ,
S, V/,

and

j F . S a d v  '  J  [ ( P . U ) B j , i u d v

S i n c e  V \ £ »  O

J  f  -  f A  ( • f . s r „ , ) d „ - f  r . s
%) 5x.< 9x.(

-  /  P . £ -  +* J  £ •  % f ‘̂ v ' - / £ .  A p o l v
Xt ^6

(See App. B - l i )  -

Also J  ^ S Q c l v  a  m J
ŷ L ^  *
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Wr i t e

■ i f  L . e d v  ,
V ,

Then

A V = +  Aï̂ Uo(

" a  /  C f  S £  s j ’ )<<>' -  ^  X  f . e _  .
Xi s *

Hence ,  f rom  ( / © - / ) ,

A w  +  a V  f  £ .

- a  ( l - % e - £ - k z ) ‘i ' ' + f ^ £ ■ g ^ . n ^ . c * . ^  ,
*  Vi  5 *

As shown i n  App.  A-/3^, t h e  r i g h t  hand s i d e  o f  t h i s  

e q u a t i o n  v a n i s h e s ;  a c c o r d i n g l y

AW = “A V - r £. A oc/\/ .
Ê /' t I • • • (  1 0 . 2 )

W r i t i n g  ^  ^  J  e d  c i v   ̂ we have

AV = AW ~ i  S  (X.- "P M •
Xi 4*

As shown i n  App.  gff, g-i3 .

L '^ I  -p E  kX =  1 -  p  M  «ot + Aj-1
L  3jc< -*

sL CX.SfAti) -t- a

-  ^  (■ P. « - 4 .,  J  f -  C f . A  £  4 .^  )  ,
'3xe(
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so t h a t

J \ y  =. A w  T  r  — (  £■ - . L  ^ P. £ _  r\>S>A«'dd
d  -9Xo( ^  1  ”  -

~ t f  ( ^ . ^ E  - h B . A ^ ) d v  

=  A a  -  y - / ( ^ - A E  +  £ . A ^ ) c / v -  .

As ^  i n  t h e  i n i t i a l  s t a t e ,  i t  f o l l o w s  t h a t

A  W  =  - A  ^  - r
\4  " . . o  (10 .3 )
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11.  SMITH-WHITE : APPLICATION OF THE WORK FORMULA.

I n  t h e  t h e o r y  o f  d i e l e c t r i c s  we assume t h a t  i s  

d e t e r m i n e d  by ^  . The r e l a t i o n  b e t w e e n  £  and  £  de pe nds  

upon t h e  p h y s i c a l  s t a t e  o f  t h e  s u b s t a n c e  o f  t h e  d i e l e c t r i c  

i n c l u d i n g  t h e  c o n d i t i o n  o f  s t r a i n  r e c k o n e d  f rom some 

s t a n d a r d  c o n f i g u r a t i o n .

The s i m p l e s t  r e l a t i o n  i s  £

I f  t h e  s u b s t a n c e  o f  t h e  d i e l e c t r i c  i s  n o t  homogeneous 

t h e n  k  v a r i e s  f rom p l a c e  t o  p l a c e  i n  i t ;  a g a i n ,  i f  t h e  

s u b s t a n c e  be d e f o r m a b l e  t h e  v a l u e  o f  k  f o r  a p a r t i c u l a r  

e l e m e n t  o f  t h e  m a t e r i a l  may depend  on i t s  d e f o r m a t i o n  

f rom some s t a n d a r d  s t a t e .  We s h a l l  su p p o s e  t h a t ,  i n  

l i q u i d  d i e l e c t r i c s , A: de p e n d s  on t h e  d e n s i t y  ^  o n l y .

We ha ve  ^  k ^  j

whence ^ k  ^  ^  )

and  - e .  à £  -  C^k)

Now
A (T k )  -  u ' A k  -f- k  a :t  =• - h  k  a j ~ j

as  I t o  t h e  f i r s t  o r d e r .

A l s o  ^ A T  by ( g - / /

whence

A  ( V J k )  -  +  l<) A V

= -  f A )  ^  .

A c c o r d i n g l y  f  ■ (  V J
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and f o r m u l a  ( / o  - S  ) becomes

A W  -  - A M  i- ( k - \  l A f  d v  .

. . .  ( 1 1 . 1 ) ■

I f ,  i n  t h e  d i e l e c t r i c ,  ^  =■ «.£ where  «. i s  c o n s t a n t  

t h r o u g h o u t  t h e n  -d U/ = — I n  t h i s  c a s e  t h e  

s y s t e m  i s  m e c h a n i c a l l y  c o n s e r v a t i v e  and U  i s  i t s  p o t e n t i a l  

e n e r g y  f u n c t i o n .  The same r e s u l t  h o l d s  i f  t h e  d i e l e c t r i c  

i s  h e l d  r i g i d .  I n  g e n e r a l ,  ho w ev e r ,  A k / ^  —ACL 

and t h e  s y s t e m  i s  o n l y  " s e m i - c o n s e r v a t i v e "  ( c f . S e c t i o n  8 ) .

S m i t h - W h i t e  s a y s :  "The r e c o g n i t i o n  o f  s u c h  non-

c o n s e r v a t i v e  s y s t e m s  i s  a new f e a t u r e  i n  e l e c t r o s t a t i c s .

To make s u c h  s y s t e m s  a c c e p t a b l e  f rom t h e  p h y s i c a l  p o i n t  o f  

view we must  show how t o  f i t  them i n t o  a w i d e r  p h y s i c a l  

scheme i n  w h ic h  p h y s i c a l  e n e r g y  i s  c o n s e r v e d .  T h i s  o f f e r s  

no d i f f i c u l t y  any  more t h a n  i t  does  i n  o r d i n a r y  m e c h a n i c s ,  

where  we a r e  q u i t e  f a m i l i a r  w i t h  t h e  f a c t  t h a t  r e a l  

m e c h a n i c a l  s y s t e m s  a r e  n e v e r  c o m p l e t e l y  c o n s e r v a t i v e ,  b u t  

a r e  a l w a y s ,  t o  a g r e a t e r  o r  l e s s  d e g r e e ,  d i s s i p a t i v e . "
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12 .  SMITH-V/HITE : THE CONSERVATION OF ENERGY.

D i e l e c t r i c  i n  a volume i s  u n d e r  t h e  e l e c t r i c  

i n f l u e n c e  o f  a c h a r g e  d i s t r i b u t i o n  i n  volume %

I t  i s  h e l d  i n  e q u i l i b r i u m  by e x t e r n a l  m e c h a n i c a l  

s u r f a c e  f o r c e s  £7 a c t i n g  on i t s  b o u n d a r y  . I n s i d e  

t h e  d i e l e c t r i c  t h e  m e c h a n i c a l  f o r c e  and c o u p l e  o f  e l e c t r i c a l  

o r i g i n  i . e . j F = - ^ . 7 ) £ a n d ^  i s  b a l a n c e d  by t h e  m e c h a n i c a l

s t r e s s  i n  t h e  s u b s t a n c e .  The s t a t i c a l  c o n d i t i o n s  f o r  t h i s

i n t e r n a l  e q u i l i b r i u m  a r e  w r i t t e n  most  c o n c i s e l y  i n  t e n s o r  

n o t a t i o n .  L e t  Fc , be t h e  componen ts  o f  F and i n  

d i r e c t i o n s  oXi , and i f  t h e  a x e s  OX/, , ox^he  r i g h t  

hand ed  w r i t e  ^ /  e t c .  Then  t h e  c o u p l e  ^

i s  r e p r e s e n t e d  by t h e  a n t i - s y m m e t r i c  t e n s o r  Gij . L e t  

6 t j  be t h e  m e c h a n i c a l  s t r e s s  t e n s o r  a t  any p o i n t  

i n  t h e  d i e l e c t r i c .  The e q u i l i b r i u m  e q u a t i o n s  a r e

. . .  (12. 1) 

. . .  (12. 2)
t i j  -  t jL  t- (?<J

T h r e e  f o r c e s  a c t  a t  t h e  b o u n d a r y  5<% :

( i )  t h e  f o r c e  T g i v e n  by T  a  ^  2 -  ( Æ f —f - ^  A: j

( i i )  t h e  e x t e r n a l  f o r c e  JJ m e n t i o n e d  above  ;

( i i i )  a f o r c e  due t o  t h e  m e c h a n i c a l  s t r e s s  i n s i d e

I f  1%, m  a r e  t h e  components  o f  T  , ^  and i f  nl a r e  t h e

d i r e c t i o n  c o s i n e s  o f  a normal  t o  5^ ou t war d  f rom ,

t h e  c o n d i t i o n  o f  e q u i l i b r i u m  o f  a n  e l e m e n t  <L̂  o f  g i v e s

-  " j ‘ ‘J  r - i n ^ i  -  o  . . . , ( 1 2 . 3 )



The s o l e  p u r p o s e  o f  t h e  c h a r g e  d i s t r i b u t i o n  i n  v) , i s  t o  

p r o v i d e  t h e  s o u r c e  o f  t h e  e x t e r n a l  i n f l u e n c e  i n  t h e  

d i e l e c t r i c .  We a r e  n o t  c r n c e r n e d  t o  examine  t h e  i n t e r n a l  

e q u i l i b r i u m  o f  t h e  c h a r g e  d i s t r i b u t i o n  i n  t h e  way 

a n a l a g o u s  t o  t h a t  f o r  t h e  d i e l e c t r i c .  I t  i s  s u f f i c i e n t  

t o  su p p o s e  t h a t  t h e  c h a r g e  i s  m a i n t a i n e d  i n  p o s i t i o n  by some 

" e x t e r n a l  a g e nc y"  w hich  p r o v i d e s  a f o r c e ,  on e a c h  volume 

e l e m e n t  t h e  c h a r g e ,  j u s t  s u f f i c i e n t  t o  b a l a n c e  t h e

e l e c t r i c  f o r c e ^  e £  .

F o r  t h e  e l e c t r i c a l  e n e r g y  o f  t h e  s y s t e m  we t a k e  t h e  

q u a n t i t y

/  =r r  .
8rrJ  .Srr̂

^  . . .  (12.40

T h i s  i s  n o t  now a m e c h a n i c a l  p o t e n t i a l  e n e r g y  f u n c t i o n  b u t  

i s  e n e r g y  i n  a p h y s i c a l  s e n s e .  Only  i n  a s p e c i a l  c a s e  i s  

V a m e c h a n i c a l  p o t e n t i a l  e n e r g y  f u n c t i o n .  T h i s  c h o i c e  

f o r  t h e  e n e r g y  o f  an e l e c t r i c a l  s y s t e m  amounts  t o  a d e f i n i t e
SIC

phy-ejial a s s u m p t i o n ,  and i s  j u s t i f i e d  by i t s  c o n s e q u e n c e s .  

T h e r e  i s  no o t h e r  o b v i o u s  c h o i c e  f o r  t h e  e l e c t r i c a l  e n e r g y  

o f  a s y s t e m .

We may now f o r m u l a t e  t h e  p h y s i c a l  e q u a t i o n  o f  e n e r g y ,

e x p r e s s i n g  t h e  f i r s t  law o f  t h e r m o d y n a m i c s , i n  a v a r i a t i o n

o f  t h e  p h y s i c a l  s y s t e m  c o n s i s t i n g  o f  a d i e l e c t r i c  u n d e r  t h e

i n f l u e n c e  o f  e l e c t r i c  c h a r g e .  We su p p o s e  t h a t  t h e  v a r i a t i o n

c o n s i s t s  o f  a movement o f  t h e  c h a r g e ,  a d e f o r m a t i o n  o f  t h e

d i e l e c t r i c  and a n  a b s o r p t i o n  or  e m i s s i o n  o f  h e a t  by t h e

d i e l e c t r i c  s u b s t a n c e .  An i n f i n i t e s i m a l  v a r i a t i o n  i s
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s p e c i f i e d  by t h e  d i s p l a c e m e n t  v e c t o r S a  d e f i n e d  i n  v, and 

I f  A c  be t h e  h e a t  a b s o r b e d  by t h e  d i e l e c t r i c ,  t h i s  i s  

a c c o u n t e d  f o r  by

( i )  a n  i n c r e a s e  o f  t h e  " i n t e r n a l  e n e rg y "  o f  t h e  

d i e l e c t r i c  ;

( i i )  An i n c r e a s e  A V  of  t h e  e l e c t r i c a l  e n e r g y  o f  t h e

sySGo. :

( i i i )  t h e  work J  FfnA, JLv done a g a i n s t  t h e  e x t e r n a l

V

a g e n c y  h o l d i n g  t h e  c h a r g e  ;

( i v )  t h e  work —J  H done a g a i n s t  t h e  e x t e r n a l

f o r c e s  h o l d i n g  t h e  d i e l e c t r i c  b o u n d a r y .

So

A X  A V  -h J  f S i ^ c i v  -  j  #
V,

Now s e t
. . .  (12 .5 )

. . .  (1 2 . 6 ) 

. . .  (12 .7 )

( l o i  -  <3̂   ̂ (( /<P " 6 j J (  1̂  7  ̂ J

^  = (  ^ocfi
9xo(

=r 2 3 cXy3 ^€<X/0  ^  ^ o c / 3 ^ ^ ^ / 5  " F  f "  J

Then
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The second and th ird  terms vanish and the l a s t  term 

becomes ~

'  ■ »  ESo(fiSt«ca “  ,

From ( 12. 3 ) using Green's theorem and (12 .1 )

~~ f  ~  J  'Pi3 ‘̂̂ yS J
s *  ^

: f  T a î u .g  d ^  ~  C J 3 -  (  t o e d v

4  i ^

• J  cis' - /  î E f L ^ î u c e d v  -  J  U / i  J v
Vi, Xi

T  T p i i ^ f i c L ^  -P J" F , f i < > i d v  - t f  Gi^$o( - J  Z i ^ . $ e c c ^ J l \ y

^  <̂4 Xt 4

' f  T S u d ^  - p f f S t A d v  " t  f  c i v  — (  Z i t i B ^ f ^ K a d v .

Si, d  Xt X»

Hence frorji (10 .1 )  and (12 .5 )

A û  =  A X  ■ ^ A v ' t - A v V — J  c3 c(B^eoia d v  
X»

*  A l  -  r d v  — J " £ -  A ^ d v  )
%* X»

. . .  (12 . 8 )
by ( 1 0 .2 ) .  This r e s u l t  a p p l ie s  to  any p iece  of  ^ e l e c t r i c  

substance whatever i t s  dimensions. We in fe r  the elementary
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r e l a t i o n

where  t  i s  t h e  i n t e r n a l  e n e r g y  p er  u n i t  volume and 

Ac^ i s  t h e  h e a t  a b s o r b e d  p e r  u n i t  volume a t  any p l a c e  

i n  t h e  d i e l e c t r i c .

I n  a f l u i d  w  êy <3 ^ i j   ̂ where  cJ i s  t h e

h y d r o s t a t i c  p r e s s u r e  and Stj* *= /or  O as  c » J  or  

Then
- - C O  A T  J

so ( 1 2 . 9 )  becomes

A  <^ = A l ,  i -  < ^ A F ~ ~ E , A ^  , . . .  ( 1 2 .1 0 )
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13.  SMITH-WHITE : ELECTROSTATIC STRESS.

The body f o r c e  £  ^  and body c o u p l e

-  E may be e x p r e s s e d  i n  an  a l t e r n a t i v e  way by

u s i n g  a n  e l e c t r o s t a t i c  s t r e s s  t e n s o r .  T h i s  i s  a n a l o g o u s  

t o  e x p r e s s i n g  a v e c t o r  f i e l d  C  by a s c a l a r  p o t e n t i a l  ^  .

I n  g e n e r a l  i f  we a r e  g i v e n  a s ec  nd o r d e r  t e n s o r  s i j

'  ' V  -  '  . . . ( 1 3 . 1 ,

Then t h e  Fi a r e  t h e  componen ts  o f  a v e c t o r  £  and t h e  

G-ij a r e  c o n n e c t e d  w i t h  a v e c t o r  ^  by t h e  r e l a t i o n s  

(>/ -  e t c .  U s in g  a "m e c h a n c a l "  t e r m i n o l o g y

we c a l l  Stj a s t r e s s  t e n s o r ,  £  i s  t h e  body f o r c e  and

£  t h e  body c o u p l e .  L e t  ~ •

We n o t e  t h a t  t h e  m e c h a n i c a l  f o r c e  on a volume ha s  components

r  F: d\/ =■ r  dv (not. Siti ~  f  St  .
.  V  9X 0, i  S

A l s o  t h e  moment w i t h  r e s p e c t  t o  t h e  o r i g i n  has  componen ts

^Sjo( — XJ
^xo(

V

r C^L £j ~~ “  J ~

= y  ^  2 .  (  X  L sjc< ~  x j  s U )  f -  j  J  d

^  f  n o ,  ( x i  -  X J  =  /  U i  S J  - X J  S l ) d ^  .

F o r  a c h a r g e d  d i e l e c t r i c  we have  t h a t  t h e  body  f o r c e  i s

F = ^ _ ( £  +  C f - ^ ) £  ,
5Y . . .  ( 13 *



and t h e  body c o u p l e  i s

k  °  —a L
. . .  (13. 3 )

We may e x p r e s s  t h i s  F by means o f  a n e l e c t r o s t a t i c  s t r e s s  

t e n s o r  a s  f o l l o w s

F. = e. Fi. i- Foe £ £ i

But ÿ  -  4-7T«

• Fc = £ 1  -f Fo( = £ i  l £ l  -r -Ô c- ^«( 3Ei
i f " ( b  -3xo<  4-77- 9 x « <

T -t- 2 .  (P o (E i^  -  £ £ x
4-77 -aar»» '  4 .1 7  9 x 1 -

-  J_ _2_ (OotETi
4 -7F  ^ x o c  ^

where

" b  ________ _______________________

A • • • ( 13 • ^)
A l s o

.  / " . C j - O ' ^ - c

Thus t h e  m e c h a n i c a l  f i e l d  g i v e n  by (13*2)  and ( 1 3 . 3 )  may 

be d e r i v e d  f rom t h e  t e n s o r  

s-.j. -  e- t  OJ -  i r
4-7T

T h i s  i s  t h e  Max>;ell s t r e s s  t e n s o r  a s  g i v e n  by 

L i v e n s  ( 2 .  1926)

F o r  t h e  c a s e  i n  w h i c h  D = K £  t h e  s t r e s s  ( 1 3 . 4 )  i s

58  . . .  ( 1 3 . 6 )



I n  t h e  l i t e r a t u r e  t h e  d i s c u s s i o n  i s  u s u a l l y  

r e s t r i c t e d  to  t h i s  c a s 6^#*# i n s t e a d  o f  (1 3 .5 )  t h e  

e l e c t r o s t a t i c  s t r e s s  i s  f o u n d  to  be e i t h e r

n - i  = A  ( E l  E j  -V ^  “ dj . . .  ( 1 5 .6 )

w h ic h  c o r r e s p o n d s  t o  t h e  body f o r c e

j F J   ̂ V K -  . ( 1 3 . 7 )

or

n ,  -  . . .  <13. 8)

w h i c h  c o r r e s p o n d s  t o  t h e  body f o r c e

= € e  -  VK  4 - J _  V f E ^ p ^ )  . . .  ( 1 3 .9 )
STT 3(17 3 ^ /  -
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l 4 .  SHITII-.JIIITB; FLUID DIELECTRIC.

C o n s i d e r  a f l u i d  d i e l e c t r i c  i n  e q u i l i b r i u m  i n  a n  

e l e c t r i c  f i e l d .

S m i t h - W h i t e * s  e q u a t i o n  o f  e q u i l i b r i u m  i s

vs - I 2 ... ( I k . l )

where  O  i s  t h e  h y d r o s t a t i c  p r e s s u r e  d e v e l o p e d  i n  t h e  

f l u i d .

The H e l m h o l t z  e q u a t i o n  o f  e q u i l i b r i u m  w i l l  be

^  -L

i n  t h e s e  f o r m u l a e  k  and  ^ r e f e r  t o  t h e  a c t u a l  de fo rm ed  

s t a t e  o f  t h e  d i e l e c t r i c  i n  t h e  e x i s t i n g  f i e l d .

F o r  a f l u i d  which  i s  o r i g i n a l l y  homogeneous and  i n  

w h i c h  k and  ^ a r e  f u n c t i o n s  o f  t h e  p r e s s u r e  o n l y  t h e  

e q u a t i o n s  ( 1 ^ . 1 )  and ( 1 ^ . 2 )  may be i n t e g r a t e d ,  g i v i n g

J
r  ^  i - L

J  a. ^

r e s p e c t i v e l y  . I f ,  i n  a d d i t i o n ,  t h e  f l u i d  be e f f e c t i v e l y  

i m c o m p r e s s i b l e , we have

and

. . .  ( l l t . W

c j
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I f  k  i s  n o t  p r o p o r t i o n a l  t o  ^  t h e  H e l m h o l t z  t n e o r y  and 

t n e  Li\i icii-Wiiite t h e o r y  g i v e  u i i i e r e n t  va.xues i o r  t he pr e s s u r e  

in_ t h e  d i e l e c t r i c  f l u i d

Su p p o s e  we have  a s o l i d  body immersed i n  a homogeneous 

i x u i d ,  t h e  s y s t e m  b e i n g  h e l d  i n  e q u i l i b r i u m  by a s u i t a b l e  

m e c h a n i c a l  c o n s t r a i n i n g  f o r c e  and c o u p l e  a p p l i e d  t o  t h e  

body.  The f l u i d  d e v e l o p s  t h e  p r e s s u r e  ^  • The f o r c e

e x e r t e d  d i r e c t l y  by t h e  e l e c t r i c  f i e l d  on t h e  body has  

componen ts

Ç  a o t  ï  )
s*

where  S ij i s  t h e  t e n s o r  ( 13. 5 ) and t h e  i n t e g r a t i o n  i s  o v e r  

t h e  s u r f a c e  o f  t h e  body .  The r e a c t i o n  o f  t h e  p r e s s u r e  i n  

t h e  f l u i d  h a s  componen ts

Ç oj (\ c d ^ — J  C) rwi d  ^  •

The r e s u l t a n t  f o r c e  a c t i n g  on t h e  b o d y ,  w h i c h  must  be 

b a l a n c e d  by t h e  c o n s t r a i n t ,  ha s  componen ts

s  . . .  ( 1 ^ . 5 )

On t h e  u s u a l  H e l m h o l t z  t h e o r y  t h i s  f o r c e  h a s  componen ts

• . .  ( ll)- • b )

How f r o m  ( 1 3 . 5 )  and ( 1 ^ . 3 )  or ( 1 3 . 8 )  and ( 1 ^ . ^ )
Scj — cJ S y  =■ ^  y  —' w o  /

/Mij -  =  n%j -  S y  /
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s o  t h a t  ( 1 4 . 5 )  and 0-4 .6 )  r e d u c e  t o  t h e  same e x p r e s s i o n

I
Thus t h e  tv;o t h e o r i e s  g i v e  t h e  same n e t  f o r c e  a c t i n g  on

o
th e  s o l i d .  I n  a homogeneous f l u i d  t h e  s t r e s s  /q y  i s  

s e l f - e q u i l i b r a t i n g  i . e .  i t  c o r r e s p o n d s  t o  no body  f o r c e .

Then  t h e  i n t e g r a l  ( 1 4 .7 )  may be  t a k e n  o v e r  any s u r f a c e  

S  i n  t h e  f l u i d  vfnich e n c l o s e s  t h e  bod y .

From (Ü.3.6) t h e  f o r c e  components  ( 1 4 .7 )  a r e  t h o s e  o f  

t h e  v e c t o r

J £  (  ( E  a )  ^  o ' ^
Ih T /  . . .  ( 1 4 . 8 )

where  £} i s  t h e  u n i t  o u t w a r d  nor m al  on S  . T h i s  i s  

t h e  u s u a l  e x p r e s s i o n  f o r  t h e  f o r c e  a c t i n g  on a body  

immersed  i n  a f l u i d .
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15 .  BROWN: ÜUTLINi^ 01' BODY

FORONS.

Suppose  we w i s h  t o  c a l c u l a t e  t h e  F o rc e  on a body o f

iria5; n e t i c a l l y  p o l a r i s e d  m a t t e r  T  which  i s  p a r t  o f  a l a r g e r

p h y s i c a l  body S and whic h  i s  t h e r e f o r e  i n  d i r e c t  c o n t a c t  w i t h

t h e  p a r t  o f  t h e  body n o t  i n c l u d e d  i n  7^ ).  I n  t h i s  c a s e

a " f o r c e "  can  be f o r m a l l y  c a l c u l a t e d  by i n t e g r a t i n g  o ver  7"

and o v e r  7^^t h e  f o r m u l a  f o r  t h e  m a g n e t i c  f o r c e  e x e r t e d  by a

d i p o l e  o f  moment on a d i p o l e  o f  moment ^  w i t h

t h e  m a c r o s c o p i c  m a g n e t i s a t i o n  (m a g n e t i c  moment p e r  u n i t

volujne ) and<Hhe e l e m e n t  o f  v o l um e .  The " l o n g  r a n g e " f o r c e "

e x e r t e d  by  7 ^ o n  7  i s d e f i n e d  a s  t h e  f o r c e  f o r m a l l y

c a l c u l a t ed by t h i s  m e t h o d .

I n  c a l c u l a t i n g  t h e  f o r c e  on a m a g n e t i s e d  body he f i r s t

c a l c u l a t e s  t h e  f o r c e  and t o r q u e  e x e r t e d  on a w ho le

m a g n e t i s e d  body ( t h e  " t e s t  body"  ) by s o u r c e s  o f  f i e l d

e n t i r e l y  o u t s i d e  i t .

He n e x t  e v a l u a t e s  t h e  l o n g  r a n g e  p a r t  o f  t h e  m a g n e t i c

f o r c e  and  t o r q u e  e x e r t e d  on m a t t e r  i n  a n  a r b i t r a r y  volume 7*

o f  a m a g n e t i z e d  body by a l l  s o u r c e s  o u t s i d e  i n c l u d i n g  t h e

r e s t  o f  t h e  body .  To do t h i s  he  f i r s t  c a l c u l a t e s  t h e

m a g n e t i c  f o r c e  and t o r q u e  e x e r t e d  by

a l l  s o u r c e s  o u t s i d e  a c l o s e d  s u r f a c e

on a l l  t h e  p o l a r i s e d  m a t t e r  i n s i d e  a

c l o s e d  s u r f a c e  % c o m p l e t e l y  s u r r o u n d e d  
by and 4 h e n  s e p a r a t e d  f ro m  i t  by a d i s t a n c e  m o l e c u l a r l y

l a r g e  ( F i g . 1 ) ;  he  t h e n  f i n d s  t h e  l i m i t i n g  v a l u e s  o f  t h i s
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f o r c e  and t o r q u e  as  f / and  ^  a r e  b r o u g h t  t o g e t h e r  to  

t h e  l i m i t i n g  s u r f a c e  S

Brown s a y s :  "The f o r c e  an d  t o r q u e  c a l c u l a t e d  i n  t h i s

manner  a r e  r e l i a b l e  e s t i m a t e s  o f  p h y s i c a l l y  s i g n i f i c a n t  

q u a n t i t i e s  o n l y  b e f o r e  t h e  l i m i t i n g  p r o c e s s  i s  c a r r i e d  o u t .  

When t h e  d i s t a n c e  b e t w e e n  S, and  becomes o f  a

m o l e c u l a r  o r  a t o m i c  o r d e r  o f  m a g n i t u d e  t h e  c o n t i n u o u s  d i p o l e  

d e n s i t i e s  c e a s e  to  g i v e  r e l i a b l e  r e s u l t s .  The e r r o r s  

c o r r e s p o n d  t o  f o r c e s  wli ich f a l l  o f f  w i t h  d i s t a n c e  f a s t e r  

t h a n  do d i p o l e  f o r c e s ;  b e c a u s e  o f  t h i s  s h o r t  r a n g e  c h a r a c t e r  

t h e y  ca n  be t a k e n  i n t o  a c c o u n t  m a c r o s c o p i c a l l y  as  s t r e s s e s .

I n  a d d i t i o n  t h e r e  a r e  o t h e r  s h o r t  r a n g e  f o r c e s  t h a t  a c t  

a c r o s s  t h e  s u r f a c e  S . I n  a m a c r o s c o p i c  t h e o r y  t h e r e  i s  

no p o s s i b i l i t y  o f  s e p a r a t i n g  t h e s e  two c o n t r i b u t i o n s  to  t h e  

s t r e s s .  However ,  t h e  r e s u l t a n t  s t r e s s  components  mus t  

obey  c e r t a i n  laws t h a t  can  be d ed u c e d  by  m a c r o s c o p i c  t h e o r y  

a l o n e ."
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16.  BROWN: INN FORONo ON a WHO IN BODY.

The m a g n e t i c  moment of th e  m a t t e r  i n  a volume e l e m e n t  

cIt  o f  t h e  t e s t  body i s  B^^Ty/here i s  t h e  m a g n e t i s a t i o n  i n  

^ 7  Le t  t h e  m a g n e t i c  f i e l d  of  th e  s o u r c e s  e x t e r n a l  t o  t h e  

body be h s , Then t h e  f o r c e s  e x e r t e d  on th e  volume e l e m e n t  

by t h e  s o u r c e s  of  t h e  e x t e r n a l  f i e l d  i s  dr

t h e r e  i s  a l s o  a c o u p l e  Hoclrso t h a t  t h e  t o r q u e  a b o u t  an  

a r b i t r a r y  o r i g i n  O w i t h  r e s p e c t  t o  which th e  p o s i t i o n  v e c t o r  

o f  i s  i s

^  i : (V .v ) / /oJ  -f- d r .

The t o t a l  f o r c e  and t o r q u e  e x e r t e d  by e x t e r n a l  s o u r c e s  a r e  

f o u n d  by i n t e g r a t i n g  t h e s e  e x p r e s s i o n s  over  t h e  voluiae T  

o c c u p i e d  by t h e  body.  I t  i s  known t h a t  th e  f o r c e  e x e r t e d  

by e x t e r n a l  s o u r c e s  on a s m a l l  body i s  (CJ V)HocIt pu t  v/hen dr  

i s  p a r t  of  a l a r g e r  body t h i s  i s  n o t  c a p a b l e  of  d e m o n s t r a t i o n .  

The u l t i m a t e  t e s t  f o r  t h e s e  f o r m u l a e  i s  t h e i r  a g r e e m e n t  w i t h  

e x p e r i m e n t .

Brown g i v e s  two u s e f u l  g e n e r a l  f o r m u l a e  n o t  u s u a l l y  

g i v e n  i n  t e x t b o o k s  %
J ( n . u ) y  d s  -  f (V .  u ) y  =  f ( u  ■ v ) y  d . T  ,  ^

and
J ( û  . ^ ) £ A ) L d d  -  /(\7 . u ) £ ^ y

A p p l y i n g  t h e s e  f o r m u l a e  t o  t h e  m a g n e t i c  c a s e  we o b t a i n

f(M.V)Hdr  ̂ J  (-V.n) HÀr -h
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f  -v) h]

The f i r s t  of  t h e s e  r e l a t i o n s  i m p l i e s  t h a t  t h e  t o t a l  

f o r c e  acting": on a moment d i s t r i b u t i o n  i s  e q u i v a l e n t  t o  t h e  

t o t a l  f o r c e  a c t i n g  on th e  e q u i v a l e n t  P o i s s o n  c h a r g e  

d i s t r i b u t i o n  of  volume a e n s l t y  -  and s u r f a c e  d e n s i t y  ff- 2  

( I t  may be n o t e d  t h a t  M a r z i a n i  (21)  d e v o t e s  two p a p e r s  t o  

p r o v i n g  t h i s  r e s u l t  by a r o u n d a b o u t  en e r g y  method and un der  

t h e  r e s t r i c t i v e  a s s u m p t i o n  t h a t  t h e  d i e l e c t r i c  i s  r i g i d .  

T h i s  seems r a t h e r  p o i n t l e s s  i n  v iew of  t h e  f a c t  t h a t  a 

s i m p l e  a p p l i c a t i o n  o f ( l o . l )  g i v e s  t h e  r e q u i r e d  r e s u l t . )
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17.  BROWN: /INN LONO RANliB BüROjj.8 UN BART OB A BODY.

Let  S  be a s u r f a c e  e n t i r e l y  

i n s i d e  a p o l a r i s e d  body e n c l o s i n g  

a volume * Let  S /  and ^  be 

s u r f a c e s  drawn o u t s i d e  and i n s i d e  

5 ” e n c l o s i n g  volumes and 7;?

which l i e  e n t i r e l y  w i t h i n  t h e  p o l a r i s e d  body.  To f i n d  t h e  

m a g n e t i c  f o r c e  f  e x e r t e d  on ^  by a l l  s o u r c e s  o u t s i d e  ^ 

Brown f i r s t  c a l c u l a t e s  t h e  m a g n e t i c  f o r c e  ^ o n  due

t o  a l l  s o u r c e s  o u t s i d e  ; f  w i l l  t h e n  be t h e  l i m i t  o f  

a s  He d i v i d e s  t h e  m a g n e t i c  f i e l d  i n  two p a r t s :

(1)  do  i s  t h e  f i e l d  due t o  s o u r c e s  o u t s i d e  5 /  ;

(2)  df^ i s  t h e  f i e l d  ( c a l c u l a t e d  i n s i d e  ) a r i s i n g  

f ro m  a l l  s o u r c e s  i n s i d e  •

The t o t a l  f i e l d  i n s i d e  i s
j j  = ^  O 7- .

Then
f= = Lfnx f ( ^ . v ) d o c L r  

S u b s t i t u t i n g  f o r  f rom  ( /7- /  ) i n  ( /7-o? ),

F = Lira Ç (H \/) H d-T -t Î )

( 1 7 .2

(17.3)

where

FI -  — L//r\ J  ti/éi j
5//5^-^5 7^

and

(M.S7)H cLt  * y ( d ' ^ ) î L  ^ 7 "
5/; 5^ ^ 5  '7“̂ IT
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Brown e v a l u a t e s  F i n  t h e  f o l l o w i n g  v;ay. By ( /&-/  ̂ ),

=  ‘. 2 ^ s  I

( 1 7 . 4 )

^  if «a dlik J  ^

where  ~ r e f e r s  t o  a d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o

c o o r d i n a t e s  o f  p o i n t s  i n  T̂ i .

The f i e l d  i n s i d e  5̂ i due t o  s o u r c e s  i n s i d e  5/ w i l l  be

t h e  sa le a s  th e  f i e l d  due t o  t h e  e q u i v a l e n t  P o i s s o n  volume 

and s u r f a c e  c h a r g e s  of  d e n s i t i e s  -  V/.M/ andJÜJ.ü and i s  

g i v e n  by

ü w  =■ f  r _kn c/s', +  r  ( 1 7 . 5 )
C ni- r ,  n l  )  ^

whe r e  i s  a u n i t  v e c t o r  p o i n t i n g  f ro m  s u r f a c e  or  volume

e l e m e n t  / t o  t h e  r e l e v a n t  f i e l d  p o i n t  i n  T<si and i s

t h e  c o r r e s p o n d i n g  m u t u a l  d i s t a n c e .  S u b s t i t u t i n g  f o r

f rom ( ) i n  ( /7-V- ) v;e o b t a i n  t h e  l i m i t  of  a do u b le

i n t e g r a l  w h ic h ,  s i n c e  L,q =- , ca n  be w r i t t e n  a s

'—  Lira [  f  Ha/ ( 1 7 . 6 )
L ^S, r, J

( i . e .  t h e  Coulomb f o r c e s  b e twe en  t h e  p o l e  d i s t r i b u t i o n s  1 

and 2 obey t h e  lav; o f  a c t i o n  and r e a c t i o n .  )

I f  t h e  two e x p r e s s i o n s  ( i7-4- ) snd  ( ij-G ) a r e  added 

and d i v i d e d  by 2 ,  t h e  volume te rm s  v a n i s h  i n  t h e  l i m i t  b u t  

t h e  s u r f a c e  t e rm s  do n o t  f o r  Hisi i s  a l wa ys  e v a l u a t e d  i n s i d e  

Si w h e r e a s  H<u i s  e v a l u a t e d  o u t s i d e  5^ . The l i m i t
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f ,  -  X

where di  i s  t h e  f i e l d  due to  s o u r c e s  c o n t a i n e d  i n  7“  ̂ t h e

symbols  -t and — i n a i c a t i n g  v a l u e s  j u s t  o u t s i d e  and j u s t  i n 

s i d e  5 . The d i s c o n t i n u i t y  i n  i i‘ a c r o s s  t h e  s u r f a c e  5

a f f e c t s  t h e  norma 1 component  o n l y  and i s

o f  amount  k-ir tx.n = Vw .

T h e r e f o r e
-  H," = -̂TT o_ fia , ( 1 7 . 8 )

and

= ô 7̂  / a . ( 1 7 . 9 )

The t o t a l  l o n g  r a n g e  f o r c e  e x e r t e d  on t h e  m a t t e r  i n  T"

( i . e .  t h e  f o r c e  e x e r t e d  by a l l  s o u r c e s  o u t s i d e  T  ) i s

t h u s  g i v e n  by

f  = J . ( 1 7 . 1 0 )

T h is  may be e x p r e s s e d  i n  t e rm s  o f  _6 by s e t t i n g

j j  s: 6 — dir M i n  (/7-/o ): we o b t a i n

f  -  -h n ^ (V A M )]c iT  _ ( 1 7 . 1 1 )

B e c a u se  o f  t h e  n a t u r e  of  t h e  l a s t  t e r m  i n  ( i~j-io) t h e  l o n g  

r a n g e  f o r c e  ’♦cannot  be e x p r e s s e d  as  s i m p l y  so much p e r  u n i t  

volume;  i t  depends  a l s o  on t h e  shape of  t h e  volume 

c o n s i d e r e d ” .
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1 8 . BKOV;i!: 8TRE88B8.

Brown h as  t o  m o d i f y  t h e  p r o c e d u r e s  of  s t a n d a r d

e l a s t i c i t y  t h e o r y  t o  accommodate h i s  f o r c e  f o rm u l a  (/7-/o )

I n  t h e  s t a n d a r d  t h e o r y  o f  e l a s t i c i t y  ( see  e . g .  Love (22)  ) 

i t  i s  assumed t h a t  t h e  m e c h a n i c a l  s t r e s s  t e n s o r  i s

s y i m u e t r i c a l .  T h i s  i s  no t  t r u e  i n  the  m a g n e t i c  c a s e  where

vie hav e  a c o u p l e  d e n s i t y  H . Both Smi th -V/hi te  and Brown 

a g r e e  t h a t  t h e  c o r r e s p o n d i n g  m e c h a n i c a l  s t r e s s  t e n s o r  i s  no t  

s y i m u e t r i c a l .  The u s u a l  r e l a t i o n  ^<5 = 

must  be r e p l a c e d  by

Brown a l s o  h a s  t o  make a f u r t h e r  m o d i f i c a t i o n  of  t h e  s t r e s s

t e n s o r  on a c c o u n t  o f  t n e  s u r f a c e  f o r c e s  i n  h i s  f o r c e  f o r m u l a .

V/e c o n s i d e r  t h e  e q u i l i b r i u m  of  a s m a l l  t e t r a h e d r o n  

w i t h  t h r e e  o f  i t s  f a c e s  as  t h e  c o o r d i n a t e  p l a n e s  of  t h e

r e c t a n g u l a r  a xe s  Ox, oyj Oz t h e  f o u r t h  f a c e  h a v i n g  a normal

w i t h  d i r e c t i o n  c o s i n e s  6 /x • I n  t h e  o r d i n a r y  c a s e  we

m e r e l y  have  e x t e r n a l  f o r c e s

( e . g .  g r a v i t a t i o n a l  f o r c e s )  which

can  be e x p r e s s e d  as  so much p e r

u n i t  vo lume.  R e s o l v i n g  a l o n g  

Ox:v/e h a v e ,  w i t h  a s t a n d a r d  

n o t a t i o n ,

6"// cL î Y- Ff c i v   ̂ j

where  ̂ p  ; i t  f o l l o v / s  f ro m  th e  u s u a l  l i m i t i n g

p r o c e s s  t h a t  t ~ tn  t-f- 6/^ m y ,

s i n c e ,  i n  t h e  l i m i t ,  F, t e n d s  t o  z e r o .  Thus i n  t h e  o r d i n a r y

c a s e  t h e  body f o r c e  does  n o t  a p p e a r  i n  t h e  s t r e s s  t e n s o r
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b e c a u s e  i t  i s  a s s o c i a t e d  w i t h  t h e  voiuine o f  t h e  e l e m e n t .

Brown h a s  s u r f a c e  f o r c e s  as  w e l l  a s  body f o r c e s ;  i n  t h i s  case,  

r e s o l v i n g  a l o n g  Ox, we h ave  

( t , Cv )  —

(c fI y— ^ J  ~1~ -f-' 1 c L ^  ̂  Y Fi <LV ,

The u s u a l  l i m i t i n g  p r o c e s s  y i e l d s  t h e  r e l a t i o n

-i- -t t  ,n rrx -h (r,i r\ . . . , ( 1 8 . * ? )

T hi s  g i v e s  t h e  t r a c t i o n  a c r o s s  a p l a n e  w i t h  normal  

(V -= i n  t e r m s  of  t h e  t r a c t i o n  a c r o s s  c o o r d i n a t e

p l a n e s .  I n  t h e  same way i t  can be shov/n t h a t

i  Y C ^  T̂r ^  -F a  )

^3 ^3/ L Y- ■ f ' — n. j

where ^1(^0 r e f e r s  t o  t h e  i ' t h  component  o f  the  t r a c t i o n .

S u b s t i t u t i n g  H =- 6 — #rM i n  ( /S-/  ) g i v e s

^43 — ^3^ -  Td? A 8  )/

s i n c e  ^  /\ M « O

T h e J  fo rm  of  e q u a t i o n  ( ) i s

h  Cvj -  [ér„ -  i -  ^

•h t !éi m. ~i— tTj3 A

. . . ( 1 8 . 2 ^

Brown t h e n  de duc es  h i s  e q u a t i o n  of  m o t i o n .  He c o n s i d e r s  

a r e c t a n g u l a r  volume e l e m e n t  v/ i th  s i d e s  p a r a l l e l  t o  t h e  

c o o r d i n a t e  p l a n e s ;  by t h e  u s u a l  p r o c e d u r e  he shows t h a t

( g  + ^  rr\
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S u b s t i t u t i n g ^  H ^ A i n  (18-3)  we have

(  t i l  —  ' t T t  ( n î ^  t  h i ) ^ ,  I  f  t u t j i i  r  <:<d(3

+ ^Ql V)_^ -tJlA  ̂ f̂ i  ̂ Ç n  . . . . ( l S - 3 ' )

Here  ( Fî Fa.̂ F̂  ) I s  th e  m e c h a n i c a l  body f o r c e  p e r  u n i t

mass ( e . g .  ^ . r a v i t y )  , ( ^  ' ^  / s  ) i s  t h e  a c c e l e r a t i o n  and

^  i s  t h e  mass d e n s i t y .  At  a f r e e  s u r f a c e ,  ;

more g e n e r a l l y ,  t h e  v a l u e s  of t h e s e  q u a n t i t i e s  a t  a

b ou n d in g  s u r f a c e  of  a body a r e  e q u a l  to  t h e  t r a c t i o n s  

a p p l i e d  to  the  s u r f a c e  f rom o u t s i d e .

Grown a l s o  d i s c u s s e s  v/hat happens  i f  th e  l o n g  r an ge  

f o r c e s  a r e  computed by a s s o c i a t i n g  w i t h  each  volume 

e l e m e n t  the  P o i s s o n  e q u i v a l e n t  c h a rg e  — S7, and w i t h

e a c h  s u r f a c e  e l e m e n t  t h e  e q u i v a l e n t  ch a r g e  n d J  cL̂  .

(See S e c t i o n  1 3 . )  L a t e r ,  v/hen d i s c u s s i n ^ ^  t h e  work done i n  

a d i s p l a c e m e n t ,  Brown sa ys  "When o n ly  f o r c e s  and t o r q u e s  

a r e  b e i n g  computed ,  t h e  a l t e r n a t i v e  i n t e r p r e t a t i o n  i n  

t e rms  o f  p o l a r i s a t i o n  c h a r g e  d e n s i t y  was t r e a t e d  v/i t h  

c o n s i d e r a b l e  t o l e r a n c e  b e c a u s e  i t  l e d  to  r e s u l t s  e q u i v a l e n t  

to  t h o s e  o b t a i n e d  by t h e  d i p o l e  method.  Here  i t  i s  

n e c e s s a r y  to  be l e s s  t o l e r a n t . "

Brown' s  b a s i c  p o i n t  o f  view i s  t h a t  t h e  f o r c e s  a c t  

on t h e  d i p o l e s  and n o t  on t h e  e q u i v a l e n t  c h a r g e s ;  

a c c o r d i n g l y  o n l y  t h e  e q u a t i o n s  c o r r e s p o n d i n g  t o  th e  f o r c e  

a c t i n g  on t h e  d i p o l e s  a r e  s e t  down h e r e .
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19 .  BRQV/R: FLUIDS.

Brown d e f i n e s  a f l u i d  a s  a m a t e r i a l  i n c a p a b l e  i n  

e o u i l i b r i u m  of  e x e r t i n g  t a n g e n t i a l  t r a c t i o n s  on a s o l i d  

s u r f a c e  w i t h  v/hich i t  i s  i n  c o n t a c t  o r  o f  h a v i n g  such 

t r a c t i o n s  e x e r t e d  on i t s e l f .

C o n s i d e r i n g  a s u r f a c e  normal  t o  a c o o r d i n a t e  a x i s ,

Brown de du c es  t n a t   ̂ , e t c . ,  so t h a t  by

( / ^ - /  ), A d  =" O /  i . e .  M must  be p a r a l l e l  t o  Ü  

F o r  an a r b i t r a r i l y  o r i e n t e d  s u r f a c e  i t  f o l l o w s  f ro m ( iS-ol) 

t h a t ,  e s ( b e  a l o n g

/̂Cv) = r ^rf)J L ti^nxi- tizn. = /

=  t e n  L 'f' £ à , i ^  - t  r n  -f- â é i î  a  ^  j

&3 (y)  = <^3/^ n\ -f- [ti3-h  ̂ / i f

These  r e l a t i o n s h o l d  f o r  a n  a r b i t r a r y  d i r e c t i o n  (  C,mj/x^ ;

c o n s e q u e n t l y
t„  y Q? Tb / -  )

^  — ^3/ * ^ 0

à'// -r ^ 7 ) - ^  ■*" t"33 7̂  /73^ ^ . . . ( 1 9 . 1 )

=r — p !  (  SOi^)

Thus t h e  v e c t o r  f o r c e  p e r  u n i t  a r e a  e x e r t e d  a c r o s s

t  ( \> )  = -  (  I>l -f<̂ Tr  />V f i  . . . . ( 1 9 . 3 )

The e q u a t i o n  of  m o t i o n  ( '<ï-3 ) r e d u c e s  t o

— V/>' - t - ( ! d  v ) d  +- ^ E .  ;  ; . . ( 1 9 . 3 )
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where  F ( Fi t h e  body f o r c e  p e r  u n i t  mass  and

£. -  J i s  t h e  a c c e l e r a t i o n .

AS M i s  i n  t h e  same d i r e c t i o n  as  _H we have

m   ̂ ^  !L • Also

(j^'V)tL ^ — ^rcK,cL^^j61

a s  Va ^  -  O y f u r t h e r  ^

so  t h a t  ( j ^ ' ^ ) t L  ~  y\^rcL(ihi

A c c o r d i n g l y ,  t h e  e q u a t i o n  of  m o t i o n  i s

~Vp> r  m (vh) V- g  f  = f f  . . . . ( /9-4^
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20 .  BROWN:__ NQBILIBRIUM RNlATIONB IN FuUiJJS.

Brown assumes  t h e  f l u i d ,  t o  be i n  e q u i l i b r i u m  i n  a 

c o n s e r v a t i v e  f i e l d  o f  f o r c e  so  t h a t

_p = - j r c L c I v  , f  = 0  /  , . . ( 2 0 . 1 )

where  V i s  t h e  p o t e n t i a l  of  t h e  m e c h a n i c a l  body f o r c e s .

By ( /7-V") t h e  e q u i l i b r i u m  e q u a t i o n  i s

- ^ r U p l  +  M j r U H  . . . . ( 2 0 . 2 )

P u t t i n g  Z -  ^  ̂ / . . . ( 2 0 . y )

t h i s  becomes ,
ay a c L Z  = -  ^ ,

V e c t o r  m u l t i p l i c a t i o n  by W g i v e s

^rcLcl HAjrc^d.^  = -  Vjra.<i ^Ajra.el H

S c a l a r  m u l t i p l i c a t i o n  by j ro-d-Z t h e n  g i v e s  

j r c i d ^ '  ^  j r a c / .  £  A j ^  $

Thus
9 Z

*9^
Bjc

'BX-

9 Z 3 Z

a V
^ 9 -

9-9-

9 P -

—  o

I . e .
o

. .  . ( 2 0 .4  )

. . . ( 20 . 5  )

9  -3 )

Thus t h e r e  mu s t  be a f u n c t i o n a l  r e l a t i o n  c o n n e c t i n g  H 

and ^ I f  t h i s  r e l a t i o n  be 
= z C  ^ . . .  (2 0 . 6  )
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t h e n

c t z  d H  -h d p
a r t

However by (<io~^), d Z  -  ~  F\ dH V d ^  ̂ . . . ( 2 0 . 7 )

(where d  r e p r e s e n t s  t h e  change on moving f rom £  

t o  S  djZ ) . Compar ing t h e s e  e x p r e s s i o n s  f o r  d z

M = -  —  ; ^  . . .  ( 2 0 . 8 )

I t  f o l l o w s  f rom and ( c3o-3 ) t h a t  t h e  normal  p r e s s u r e

a c r o s s  a s u r f a c e  w i t h  normal  J\  i s

p-u = p l - t^ T r M ,^  J . . . ( 2 0 . 9 )
where

P' '  ~Z  - t V  .  - z  +  f  | 5  .

Brown p o i n t s  o u t  t h e  s i m i l a r i t y  o f  t h e s e  e q u a t i o n s  t o  

t h o s e  o b t a i n e d  by the rmodynamic  r e a s o n i n g .

lie a l s o  r e m a rk s  t h a t  t h e  p r e s e n c e  of  p o l a r i s a t i o n  

n e c e s s i t a t e s  some c a r e  i n  t h e  t r e a t m e n t  o f  p r e s s u r e .

I n  o r d i n a r y  h y d ro d y n a m ic s  a f l u i d ,  d e f i n e d  as  a s u b s t a n c e  

c a p a b l e  o f  e x e r t i n g  o n l y  normal  t r a c t i o n s  a c r o s s  a 

b ound in g  s u r f a c e  i s  found  t o  e x e r t  t h e  same normal  t r a c t i o n  

a c r o s s  d i f f e r e n t l y  o r i e n t e d  s u r f a c e s ;  i n  t h e  p r e s e n c e  of  

p o l a r i s a t i o n  t h i s  i s  no l o n g e r  t r u e .  By ( ^ o - ? )  t h e  

p r e s s u r e  a c r o s s  a s u r f a c e  normal  t o  t h e  p o l a r i s a t i o n  

v e c t o r  e x c e e d s  t h a t  a c r o s s  a s u r f a c e  t a n g e n t i a l  t o  i t  

by
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2 1 .  BKOV/N: ELLOTRQSTRIGTIQN.

(1)  C o m p r e s s i b l e  F l u i d .

I n  t i l l s  s e c t i o n  we t - ive  Brown’s d i s c u s s i o n  o f  t h e  

b e h a v i o u r  o f  a d i e l e c t r i c  f l u i d  unde r  t h e  i n f l u e n c e  o f  an  

e l e c t r i c  f i e l d .  The g e n e r a l  f l u i d  e q u i l i b r i u m  e q u a t i o n s  

d ed uc ed  i n  B e c t i o n  2 0 v / i l l  be used w i t h  ^  and 

r e p l a c e d  by jC and £  r e s p e c t i v e l y .

Brown assuii ies t h a t  t h e  p o l a r i s a t i o n  i s  p r o p o r t i o n a l  

t o  t h e  f i e l d  i n t e n s i t y ,  uhe s u s c e p t i b i l i t y  b e i n g  a f u n c t i o n  

o f  t h e  d e n s i t y  ^ !

f  '  k ( p ) i  -  ' . . . ( 8 1 . 1 )

By (<4 0 -«)
P  - — 9  Z ( ^ , Ç>)  ̂ . . . ( 2 1 . 2 )

i n t e g r a t i n g  ) i t  f o l l o w s  t h a t

- z  = ^  X c q ;  . . . ( 2 1 . 3 )

Then,

V = - 2 1  = J - k ' (()£*■ +. W‘( n )  J . . . ( 2 1 . 4 )

p t  =  - z  - ( V  -

The p r e s s u r e  a t  z e r o  f i e l d  i n t e n s i t y  and a t  d e n s i t y  ^  i s

p ( £ )  — ~  ^  )  J  . . . ( 2 1 . 6 )

a c c o r d i n g l y  yJCp) c a n  be e v a l u a t e d  f r o m  t h e  p r e s s u r e -  

d e n s i t y  r e l a t i o n  a t  z e r o  f i e l d .

We now s u p p o s e  t h a t  V  i s  c o n s t a n t :  V ■* V© s a y j
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t h i s  w i l l  be t h e  c a s e  i n  t h e  a b s e n c e  of  n o n - e l e c t r i c a l  

f o r c e s  such  a s  g r a v i t y .  ( ) t h e n  y i e l d s  t h e  f o l l o w i n g

r e l a t i o n  be tv/een  t h e  d e n s i t i e s  a t  two p o i n t s  where t h e  

f i e l d  i n t e n s i t i e s  a r e  £o  Gnd :

^  k (^i)  ■“  f^o)j =* — • • • ( 2 1 .7  )

D i f f e r e n t i a t i n g  ( ^ / - ^  )

F ‘ ^ 0  ^  ~ i  p "  ^ 0  > . . .  ( 2 1 . 8 )

whence

-  V - h ^ o )  -  - j "  ,  . . .  ( 2 1 . 9 )

e» e
so t h a t  (<^/-7 ) becomes

L h e l  = ^  [ e f  ( I q , )  -
e  . . . ( S I .  10)

8 ^

T h i s  i s  e q u a t i o n  (14 c )  o f  Abraham- Becke r  (17)  i f  

i s  i d e n t i f i e d  w/ith t h e  q u a n t i t y  p  a p p e a r i n g  i n  t h e i r  

a n a l y s i s .

The p r e s s u r e  a c r o s s  a s u r f a c e  w i t h  no rmal  ni a t  a 

p o i n t  w h e r e  t h e  f i e l d  i n t e n s i t y  i s  ^  d i f f e r s  f r o m  t h e  

p r e s s u r e  w hich  would o b t a i n  w i t h  t h e  same d e n s i t y  

d i s t r i b u t i o n b u t  w i t h  z e r o  f i e l d  by a n  amount 

p v  -  p ( p )  -  p   ̂ +<i7r p£- — p ( ( )

~ à  [  •
As

A .  K e L  ^
4 -ir
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we n a v e

p v  ~  ^  ^  I ~

-h 0 < ( ^ ) -  I  ̂ * • • • ( 2 1 . 1 3 )

T h i s  i s  e q u a t i o n  (15 a ) o f  Abraham -Be cke r  ( 1 7 ) ^ p . l 0 1 ,  

w i t h  t h e  same i n t e r p r e t a t i o n  of  p  a s  b e f o r e :  t h e

Abraham-Becker  ’’h y d r o s t a t i c  p r e s s u r e ” i s  t h e  p r e s s u r e  t h a t  

would O b t a i n  f o r  t h e  same d e n s i t y  d i s t r i b u t i o n  i f  t h e  

f i e l d  i n t e n s i t y  were z e r o .

( 2 ) I n c o m p r e s s i b l e  F l u i d .

I n  B r o w n ’s d i s c u s s i o n  o f  an  i n c o m p r e s s i b l e  f l u i d  

t h e  m e c l i a n i c a l  b o d y - f o r c e  p o t e n t i a l  a p p e a r s  a s  t h e  

i n d e p e n d e n t  v a r i a b l e .  C o n s i d e r i n g  t h e  e l e c t r i c  c a s e ,  i t  

f o l l o w s  f ro m  (<0-<^) t h a t  i s  a f u n c t i o n  o f  F and  V s u c h

,  - V  *  e. •d £   ̂ B V  ^

F o r  an  i n c o m p r e s s i b l e  f l u i d , ^  = const,  =  ̂ so  t h a t

p  / = ^  V/ Y" f  , where  £  ' ( € )  ^ P  )

•a-nd

t h u s  P d e p e n d s  on £  o n l y  and n o t  on t h e  m e c h a n i c a l  f o r c e s .

F o r  a l i n e a r  i n c o m p r e s s i b l e  f l u i d  p   ̂ k   ̂

w he re  k i s  i n d e p e n d e n t  o f  E" and o f  t h e  m e c h a n i c a l  f o r c e s ;  

i n  t h i s  c a s e

n l  » V  t  k̂ ^̂  f" Const,^

S O t h a t  i n  t h e  a b s e n c e  o f  m e c h a n i c a l  body f o r c e s
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“  p  À   ̂ Where i s  t h e  p r e s s u r e  a t
a p o i n t  wher  E O ,

Thus ,  Tor such a f l u i d ,

p V  -  p o  F  J i  Y

-  ^  Y- ( !<^ l)  Enf’J
 ( 2 1 .1 3 )
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22 . GROWN : STRESS-STRAIN RELATI O NS FOR A P-LARISABLE
ELASTIC SOLID.

Grown d e r i v e s  th e  s t r e s s - s t r a i n  r e l a t i o n s  f o r  a 

p o l a r l s a h l e  e l a s t i c  s o l i d  by an e n e r g y  method.  T h i s  i s  

a g é n é r a l i s a t l o n  o f  th e  u s u a l  p r o c e d u r e  f o l l o w e d  i n  

c l a s s i c a l  e l a s t i c i t y .  Brown p o i n t s  o u t  t h a t  he now 

a p p e a l s  to  an e n e r g y  a r gum en t  to  d e r i v e  s i m p l e  and 

p l a u s i b l e  f o r m u l a e  d e s c r i b i n g  t h e  p r o p e r t i e s  o f  s p e c i a l  

c l a s s e s  o f  m a t t e r ;  i n  t h e  I lo lml iol tz  t h e o r y ,  on the  o t h e r  

h and ,  ( see  S e c t i o n s  2 and 3) an e n e r g y  method was u s e d  to  

d e r i v e  t h e  body f o r c e .

Brown computes  t h e  vcork done by l o n g - r a n g e  f o r c e s  

and t r a c t i o n s  f o r  a s m a l l  d e f o r m a t i o n  o f  an e l a s t i c  

d i e l e c t r i c  body which  a t  t h e  i n s t a n t  u n d e r  c o n s i d e r a t i o n  

o c c u p i e s  a volume 7" ; c e r t a i n  t e rms  c a n  be i d e h t i f l e d  

as  r e p r e s e n t i n g  the  i n c r e a s e  i n  a p o t e n t i a l  e n e r g y  o f  

known fo rm;  f o r  i s o t h e r m a l  o r  a d i a b a t i c  changes  i t  can 

be shown, by the rmodynamic a rgu me nt s  a p p l i e d  to  r e v e r s i b l e  

p r o c e s s e s ,  t h a t  th e  r e m a i n i n g  t erms r e p r e s e n t  t h e  i n c r e m e n t  

i n  a the rmodynamic p o t e n t i a l .  The u s e  o f  t h i s  th e rm o 

dynamic p o t e n t i a l  w i l l  s i m p l i f y  th e  m a g n e t o e l a s t i c  r e l a t i o n s ,  

i n  t h e  same way as  the  u s e  o f  t h e  e l a s t i c  e n e r g y  s i m p l i f i e s  

t h e  s t r e s s - s t r a i n  r e l a t i o n s  i n  c l a s s i c a l  e l a s t i c i t y .

C o n s i d e r  a magnet  o f  moment £2 i n  an e x t e r n a l  f i e l d  

Ho • I f  t h e  magnet  i s  g i v e n  a s m a l l  d i s p l a c e m e n t  and
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r o t a t e d  th r o u g h  a s m a l l  a n g le  S @  t h e n

d m  =  - f  D m  > • • •  ( 2 2 . 1 )

where  cL i s  t h e  change o f  m w i t h  r e s p e c t  to  axes  t h a t

t r a n s l a t e  b u t  do n o t  r o t a t e  w i t h  m and D i s  th e  change 

i n  /)} v/1 th  r e s p e c t  to axes  t h a t  t r a n s l a t e  and r o t a t e

v; i th  m . Then,

^ • dfjo f" d m  . H Q

-  S}. [ ( i u . v )  Ho] . Ho +  Dm. Ho • • •  ( 2 2 . 2 )

= S u . [ { m . y ) H o ]  - H Î ^ A ' 3 -t!» + Hc-Dm  .

(The i n t e r c h a n g e  o f  rri and Soc i n  t h e  f i r s t  t e rm  i s  

p e r m i s s i b l e  b e c a u s e  CL4.nL Ho ~ O .)  The f i r s t  tvvo

te rms  g i v e  th e  work done by t h e  f o r c e  (m. V )H o and th e  

c o u p l e  [[1a do * B e s i d e s  t h e s e  t h e r e  i s  a t e rm  H<i,Drn 

due to  i n t e r n a l  ci ianges i n  th e  m a g n e t .  I f  t h e  magnet  i s  

to  be t r e a t e d  as  a c o n s e r v a t i v e  d y n a m i c a l  s y s t e m  i t  i s  

n e c e s s a r y  t o  I n t r o d u c e ,  b e s i d e s  t h e  e x t e r n a l  c o o r d i n a t e s  

n e c e s s a r y  f o r  a p e rm a n en t  magne t ,  a d d i t i o n a l  i n t e r n a l  

c o o r d i n a t e s  -  th e  components  o f  m  i n  axes  a t t a c h e d  to  

th e  magnet  -  and to  i n c l u d e  a t e rm  Pm  i n  th e

d i f f e r e n t i a l  e x p r e s s i o n  f o r  v/ork do ne .

F o r  t h e  m a g n e t i c  body u n d e r  c o n s i d e r a t i o n ,  o c c u p y i n g  

t h e  volume 7  ̂ , /n. i s  to  be r e p l a c e d  by £ 1  d'r = 

where  d m  i s  th e  mass o f  the  e l e m e n t  o f  volume cIt' .
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Yv e assume t h a t  che o n l y  body f o r c e  I s  o f  m a g n e t i c  o r i g i n ;  

t h u s ,  f o r  exa mp le ,  we e x c l u d e  a g r a v i t a t i o n a l  body f o r c e .  

The work done by l o n g - r a n ^ e  m a g n e t i c  f o r c e s  e x e r t e d  by 

s o u r c e s  o u t s i d e  T" i s

/
_ . . . ( 2 2 3 ’

^  • [(ÙJ .VjHoJdr  -h A He] d r  - r f E - D

The work done by the  s u r f a c e  t r a c t i o n s  i s  

Ç ^ J  I  r  t i i S  c{_̂  -r ài S u ^ J  cL^

(  t i t  t  -  ^Tr f  g ^ S t c / m  f  t , )  Sc(, n..^

~  i M . / ^ ( t / ( +- - în-Aîf) , ,  f   j

—  ci 7r ^  Mn, • £ f j -  d  ̂

Th us ,  by ( i s  .3)

S l v V  =  X “  £ r / r f . 7 ) i ^ J ^ { r -
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A l s o ,

è e.ii = â e j o j  = ^

h &  -  £  CurL ^  =■ (^'^i)'i-('^^£)jl j

(Scia) , /  = Sit S ©3

(Sc i , ) , ^  =  -  S ® 3  ,

and f r o m  ( I8%l)
^ a 3  — ^3^ ® ^ d J i

I n  t e rms  o f  t h e s e  q u a n t i t i e s  th e  l a s t  I n t e g r a l  i n

( 2 2 . 4 )  becomes

)J  ^  ( t „ - t  f - ( t i ^ t  ti^i NAH-S©j<<lT (22.

Thus

S  kC\ Y-  ̂ J '  ^  ^  ^

- j r ^ F  n..îjA cl ̂  -f~ J  I^C(r«-r  ̂«« "̂ (̂ W  ̂<"-î /)

. . .  ( 2 2 . 6 )

J  do- D e '  — X ̂ S _ < ^ . y }  hJ + S®.(ciAtl i ) jF  

' r i . l jK  <ii  4~ X ̂  (tu-r -#---•

d  (t ,^  t  i  a l] % ei^ +----------  J  cIt  j
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where jj,i = H -  ifo i s  th e  p a r t  o f  th e  m a g n e t i c  i n t e n s i t y  

due to  the  m a g n e t i s a t i c n  i n  7" .

^ e t
Urx -  ^  )

t h e n   -4 b^Qc-n)  T w . t l e  . o j ,

§ M /n - —X ~ ’̂ 9" J r \£  a.%>Aci'^
(2 2 .7 )

■" f  [  S 0 . - t  L ( n . v ) E j i

F i n a l l y ,

^  IV .̂  +  & U c  =  % Urr. 1- J  a . D clnA
( 2 2 . 8 )

-/- T f  ( h„-h ^Tt-Mp-) Se„-f-  —  ■ r g / j ' S e i j  V—  /  ^

A s i m i l a r  p r o c e d u r e  b a s e d  on t h e  fi e q u a t i o n s  l e a d s  to

g i V n  -r S i Y c  -  s  a l  - 4

a \ 1  \ î - r  ( 2 2 . 8 ’ )
I j  Cbii-  ''' ' '̂S /J^ ^ «   ( t i3  ^

where  “  “ 1  £  d - 3 i d .T  ,
T

S e t

d f "  s .  ^  . ci_g 4" V  ^   +-(% ;)ĉ Æw + X  ' ' ^ (2 2 .  9)

   -4 ( t  t r ^ l ) d a  - h  - - — ^
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where ^  I s  th e  s p e c i f i c  volume.  I n  a

r e v e r s i b l e  i s o  t h e rm a l  o r  a d i a b a t i c  change  F and

must  be p e r f e c t  d i f f e r e n t i a l s  o f  q u a n t i t i e s  F  ?

d e t e r m i n e d  by th e  m a g n e t i s a t i o n  and  s t r a i n s  i n  th e  b o d y .

The r e l a t i . n  b e t w een  t h e s e  f u n c t i o n s  i s

F i - p  -
yr ' . . .  (2 2 . 10 )

I f  F ( o r  & ) i s  u s e d  i n  p l a c e  o f  as  i n d e p e n d e n t

v a r i a b l e  th  e f une t  i  on

F -  Ü - a '  /  ( o r  E -  F ' -  ± . m ' ) j  . . .  (2 2 .1 1 )

i s  more c o n v e n i e n t . In  t h e  f o r m u l a e  f o r  e{Z and <iẐ

the f i r s t  t e rms  i n  (22 . 9 )  and ( 2 2 . 9 ’ ) a r e  r e p l a c e d  by

— DjJf and XÜ? * r e s p e c t i v e l y .  (Note t h a t

and a r e  e q u a l ,  as  £}! H i s  a

s c a l a r . )  F o r  a f l u i d  th e  f u n c t i o n  Z  r e d u c e s  to  t h a t  o f

S e c t i o n  I S :  i n  t h i s  c a s e

= 6"j /  s=. o  ^

6« v - j i r  = - p '  ■>

and M i s  a l o n g  so t h a t

n ' .  OH ^ a !  t i - ^ d  J
H

whence .

—  p ' V  ( d t n  +  d u s a

. . .  (22 . 12)

=  —  m ' 4 h — p ' d ' ^  •
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Brown p o i n t s  o u t  t h a t  th e  c h o i c e  o f  H , J0 or

o(, as  th e  v a r i a b l e  to  be u s e d  i s  a m a t t e r

o f  c o n v e n i e n c e  o n l y .  Wo i n t e r p r e t a t i o n  of  any o f  t h e s e  

as an e f f e c t i v e  f i e l d  i n t e n s i t y  i s  e i t h e r  j u s t i f i e d  by 

th e  a n a l y s i s  o r  n e c e s s a r y  f o r  t h e  d e r i v a t i o n  o f  u s e f u l  

r e s u l t s .

Brown the n  a p p l i e s  t h e s e  f o r m u l a e  to  th e  c a s e  o f  an 

e l a s t i c  s o l i d .  F o r  r e v e r s i b l e  b e h a v i o u r  th e  t h e r m o - 

dynamic p o t e n t i a l  p  may be t a k e n  to  be a s i n g l e  v a l u e d  

f u n c t i o n  o f  th e  n i n e  v a r i a b l e s

) e« ; (2jrf ;  «/3 •

I f  i t  i s  SO e x p r e s s e d  th e  o t h e r  n i n e  v a r i a b l e s  a r e  g i v e n  by

hfi =  I f  . J ................  , V
3  A/, 9 t t i

\ . . .  (2 2 .1 3)
V ( t ^ i -  t ^ t )  = â f

F o r  many m a t e r i a l s  i t  i s  s u f f i c i e n t  to  e x p r e s s  P  as  a 

power  s e r i e s  i n  a l l  n i n e  v a r i a b l e s  and to  n e g l e c t  t e rms  o f  

h i g h e r  o r d e r  t h a n  t h e  s e c o n d .  T h i s  p r o c e d u r e  l e a d s  to

f o r m u l a e  f o r  Ht ) Pot) j à’n f  HI j t  un-t̂ si f e t c  .

I n  t h e  c a s e  o f  c r y s t a l s ,  r e l a t i o n s  among t h e  

c o e f f i c i e n t s  o f  t h e  power  s e r i e s  a r e  d e t e r m i n e d  by 

c r y s t a l  sytTimetry. The r e l a t i o n s  a r e  t h o s e  worked o u t  

i n  d e t a i l  by V o i g t  ( 1 8 ) .  V o i g t  h i m s e l f  d e v e l o p e d  h i s
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t h e o r y  by a c a l c u l a t i o n  o f  e l e c t r i c  work In  t h e  a b s e n c e  

o f  s t r a i n  and o f  s t r a i n  v;ork i n  th e  a b s e n c e  o f  

p o l a r i s a t i o n ;  he assumed t h a t  t h e  I n c r e m e n t a l  work 

was t h e  sum o f  t h e s e  e x p r e s s i o n s  and t h a t  the I n t e r a c t i o n  

c o u l d  be s u f f i c i e n t l y  t a k e n  I n t o  a c c o u n t  by m e r e l y  

I n s e r t i n g  p r o d u c t  t e rms  i n  the  the rmodynamic  p o t e n t i a l .

I n  t h e  l i g h t  o f  Brown’ s work t h i s  p r o c e d u r e  seems to  be 

i n c o r r e c t .  The form o f  t h e  r e l e v a n t  e q u a t i o n s  s u g g e s t s  

t h a t  i n  many c a s e s  however  th e  d i f f e r e n c e s  a f f e c t  o n l y  

s e co nd  o r d e r  t e rms  i n  th e  f i n a l  f o r m u l a e  and a r e  t h e r e f o r e  

n o t  s i g n i f i c a n t  o v e r  t h e  r a n g e  to  which  V o i g t ’ s t h e o r y  

a p o l l e s .  N e v e r t h e l e s s  th e  d i f f e r e n c e  o f  i n t e r p r e t a t i o n  

i s  i m p o r t a n t  I n  p r i n c i p l e  and t h e r e  may be c a s e s  i n  

wh ic h  t h e  d i s c r e p a n c i e s  a r e  s i g n i f i c a n t .
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23.  TOUPIN; IATHEMATIGS OF FINITE DEFORMATIONS.

T o u p i n  ( 15) u s e s  g e n e r a l  c u r v i l i n e a r  c o o r d i n a t e s  

t h r o u g h o u t .  I n  t h i s  a c c o u n t  o f  T o u p i n ’ s work o n l y  

r e c t a n g u l a r  c a r t e s i a n  c o o r d i n a t e s  w i l l  be u s e d ;  t h i s  

w i l l  s i m p l i f y  t h e  m a t h e m a t i c s  c o n s i d e r a b l y .

T o u p i n  u s e s  two c o o r d i n a t e  s y s t e m s , one t o  d e s c r i b e  

t h e  i n i t i a l  s t a t e  and one t o  d e s c r i b e  t h e  f i n a l  s t a t e  o f  

t h e  medium. We s h a l l  use  o n l y  one r e c t a n g u l a r  c a r t e s i a n  

sy s t e m  b u t  w i l l  d e n o t e  i n i t i a l  s t a t e  v a l u e s  by and

f i n a l  s t a t e  v a l u e s  by

The d e f o r m a t i o n  w i l l  be s p e c i f i e d  by t h e  r e l a t i o n

^  ■ . . .  ( 23. 1)

S e t

X*-; A ;

s 1

I f  T  (X)X.) i s  a t e n s o r  ( i . e .  a  q u a n t i t y

s u b j e c t  t o  t h e  t r a n s f o r m a t i o n  law ^

• • • » • 1 • • •
a j c ‘ )

and i f  X and X  a r e r e l a t e d  by ( 23. I )  t h e n  t h e

d e r i v a t i v e  o f  .. w i t h  r e s p e c t  t o  X ^  i s

d e f i n e d  as

89



T  -fl  = £L1''-  -h i z h '  ■ • • •  ( 2 3 .2 )
a  X ® 3  X J

The d e r i v a t i v e  w i t h  r e s p e c t  to  JC.'̂  i s  d e f i n e d  as

^  3 T l : ;  ^  9 7 - h :
->J 3 x J  “ s T ®  ' . . .  ( 2 3 .3 )

M u l t i p l y i n g  (2 3 .3 )  by , we have

T ? :: ;  i j  -  7 - : : : :  . 4 ,  +  r î v ; , ,  ^  ^

i - ' £ j  - 1 c  + T : )C = Tf;; ; .

whence
A
t • • • ; a  “ J  )J ^ ) 8  /

s i m i l a r l y

T  -  T  I 0 ^ j j
G o n s l d e r  t h e  two p o i n t s  an d  Mx^  o f  th e

medium i n  t h e  i n i t i a l  s t a t e  C o  I n  t h e  f i n a l  s t a t e  C

t h e  same two p a r t i c l e s  w i l l  have  c o o r d i n a t e s  jc  ̂ and  .jà

S i n c e  we r e f e r  t o  t h e  same p a r t i c l e s  t h e  c o o r d i n a t e s

w i l l  be r e l a t e d  by ( 2 3 . 1 ) .  Thus
c / x  '■ = c/ fl

The s q u a r e  o f  t h e  i n i t i a l  d i s t a n c e  be t w e e n  t h e  two

p a r t i c l e s  i s  g i v e n  by

c^So* *  %aii cLx'  ̂c lX^  -  c i j  d.Jc'-MjcH j  . . .  ( 2 3 . 4 )

where  ^  ̂ fl y ®  .
c ; j  =  X ; c  ; j

• • • ( 23 • 5 )
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The s q u a r e  o f  t h e  d i s t a n c e  b e t we en  t h e  p a r t i c l e s  

In th e  f i n a l  c o n f i g u r a t i o n  i s

-  Slj  > . . .  ( 2 3 .6 )

where

C/ ta  = %\j  6 • . . .  ( 2 3 .7 )

U.^ =

i s  g i v e n  by

/

9  _ 9  X'^
3 / G 9X®

B ‘v'^ _y_ Sfl-ô
9 X  ®

thus
P j Y  

a x ®

9  

3  X

^ ' " 3  ■ *- ;  . . .  ( 2 3 . 6 )

a l s o
9 u . ^  _  9  X

g

and

x l c  = S 4 C  -  à ± u
’ . . .  ( 2 3 . 9 )

Prom ( 2 3 . 5 )  and ( 2 3 .7 )

C 4 Q  = )  f  < <i s  9- S J e ^

“ S a b  ( ^ ( ^ 8 ) 4  +- 0 ^  - i - S i j ‘̂ dj  a  >

and
^  y  — f  L J 'p /̂cL i ^  ) j  . • (23 ,10 )
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I f  So f o r  o i l  c u r  VMS i n  Cc? t h e n  t h e  d i s t a n c e

be tw e en  n e i g h b  u r i n g  p o i n t s  i n  i s  unchanged  b -  t h e

d e f o r m a t i o n .  The d i f f e r e n c e  ois^ c a n  be

t a k e n  a s  a measure  o f  s t r a i n  i n  f i n i t e  d e f o r m a t i o n s .  We

w i l l  show t h a t  i t  i s  d i r e c t l y  r e l a t e d  t o  t h e  u s u a l  s t r a i n  

measure  f o r  i n f i n i t e s i m a l  d e f o r m a t i o n s .

The d i f f e r e n c e  c is^  ^ <4.s^  ca n  be

e x p r e s s e d  i n  t e  ms o f  e i t h e r  i n i t i a l  c o o r d i n a t e s  or

f i n a l  c o o r d i n a t e s ^ .  ^

'—c i s ^  ^ C Q — c L c L x

= ( i j  -  ^ ij '  )  d x r ^  ,

W r i t e

G — & 4 5  ^

Sdj  — ^ t y  ^  Q. ^  y  )

t h e n ,

G/4-8 — ^  A ^  i -  %'tj ,

^ %ij  ~  Ci j  '  Kl U

N e g l e c t i n g  p r o d u c t s  o f  " d i s p l a c e m e n t  g r a d i e n t s "  we 

o b t a i n  t h e  " i n f i n i t e s i m a l "  s t r a i n s  o f  c l a s s i c a l  t h e o r y
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24 .  TOUPIInI: STATIC I^CGnüi.ICAL A^UILIBHIUM OF GOIJTIIFJOUS
MADIA.

C o n s i d e r  a d i e l e c t r i c  i n  a re^:^ion w i t h  b o u n d a r y  

& . vVe assume t h a t  th e  medium i s  i n  s t a t i c  e q u i l i b r i u m  

w i t h  a s e t  of  m e c h a n i c a l  s u r f a c e  t r a c t i o n s  and an-

e x t e r n a l  f i e l d  . The e x t e r n a l  f i e l d  w i l l  g i v e  r i s e  t o

an  e x t r i n s i c  body f o r c e  d e n s i t y  and an  e x t r i n s i c
o

moment d e n s i t y  (Pij .

The components  of  t h e  r e s u l t a n t  f o r c e  a r e  g i v e n  by

The p a r t i c l e s  o f  t h e  medium a l s o  e x e r t  f o r c e s  on ea ch  

o t h e r :  f o r  example t h e  c o h e s i v e  f o r c e s  wnich b i n d  t h e

medium i n t o  a n  e l a s t i c  s o l i d  a r e  o f  t h i s  t y p e .  F u r t h e r  

i f  t h e  d i e l e c t r i c  i s  p o l a r i s e d  t h e  s e l f - f i e l d  of  the  

d i e l e c t r i c  w i l l  e x e r t  a f o r c e  on a p o l a r i s e d  p a r t i c l e ,  

T oup in  makes t h e  f o l l o w i n g  s t r e s s  h y p o t h e s i s :

Le t  i /"  be an  a r b i t r a r y  r e g u l a r  

r e g i o n  o f  s p a c e .  T h i s  r e g i o n  

may be e n t i r e l y  or  p a r t i a l l y  

c o n t a i n e d  i n  \ /  or  i t s  i n t e r 

s e c t i o n  w i t h  V may be z e r o .

The' f o r c e s  o f  i n t e r a c t i o n  

b e t w e e n  p a r t i c l e s  c o n t a i n e d  i n  and V -  V" a r e  e q u i 

p o l l e n t  t o  a s y s t e m  o f  s t r e s s  v e c t o r s  d i s t r i b u t e d  o v e r  t h e  

s u r f a c e  o f  t h e  r e g i o n  XT. Let  b d e n o t e  t h e  s u r f a c e  o f  t/,
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ï l i e  s t r e s s  v e c t o r  f i e l d  i s  a f u n c t i o n  d e p e n d i n g  o n l y  on 

t h e  p o s i t i o n  on tl ie s u r f a c e  of  i) and on t h e  d i r e c t i o n  of

t h e  noi-üial t o  b . n e t  d e n o t e  t h e  f i e l d  o f  s t r e s s

v e c t o r s .  Then *= where  a r e  t h e

components  of  t h e  u n i t  ou tward  normal  t o  t h e  s u r f a c e  b

a t  t h e  p o i n t  x** . The r e s u l t a n t  f o r c e  e x e r t e d  by t h e  

p a r t i c l e s  i n  t h e  r e g i o n  on t h e  p a r t i c l e s  i n  iT i s

g i v e n  by

’/n,t = f  n i ) cL^ , . . . ( 2 4 - 2 )

The t o t a l  f o r c e  on t h e  p a r t i c l e s  c o n t a i n e d  i n  t h e  

r e g i o n  i s  t h e  sum of  t h e  r e s u l t a n t  e x t r i n s i c  f o r c e  

( 2 4 -1 )  and t h e  r e s u l t a n t  i n t e r p a r t i c l e  f o r c e  ( 2 4 - 2 ) .  The 

t o t a l  on t h e  a r b i t r a r y  r e g i o n

^  J  -h J  F o d V  ,
\>r\V . .  . (24-5  )b l>r\S

I f  t h e  medium i s  i n  s t a t i c  m e c l i a n i c a l  

e q u i l i b r i u m  t h i s  t o t a l  f o r c e  

v a n i s h e s  f o r  a n  a r b i t r a r i l y  c h o s en  

r e g i o n  'U* , A p p l y i n g  t h i s  c o n d i t i o n

of  e q u i l i b r i u m  t o  a t e t r a h e d r o n  w i t h  a v e r t e x  which  i s  

n o t  a p o i n t  o f  S  and p r o c e e d i n g  i n  t h e  u s u a l  way we ca n  

d e m o n s t r a t e  t h e  e x i s t e n c e  o f  a s t r e s s  t e n s o r  f i e l d

t  V  u } s u c h  t h a t

t  '’ ' W  •
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We may a l s o  a p p l y  t h e  c o n d i t i o n  of  v a n i s h i n g  t o t a l  f o r c e  

t o  a p i l l  box r e g i o n  whici i  c o n t a i n s  p o i n t s  of  t h e  s u r f a c e  B . 

I n  t h e  u s u a l  way v;e o b t a i n

^  , . . . ( 2 4 - 5 )

where  ^ t  ^  p where  t  ^

and t " ” a r e  t h e  l i i a i t i n g  v a l u e s  of  t h e  s t r e s s

t e n s o r  a s  t h e  s u r f a c e  3  i s  a p p r o a c h e d  f ro m  t h e  e x t e r i o r  

and i n t e r i o r  of  t h e  d i e l e c t r i c  r e s p e c t i v e l y .  The 

r e s u l t a n t  moment a b o u t  t h e  o r i g i n  e x e r t e d  on t h e  d i e l e c t r i c  

by t h e  s u r f a c e  t r a c t i o n s  and e x t e r n a l  e l e c t r i c  f i e l d  i s  

g i v e n  by

V  * 8 • • • (24—Ô )

✓

The i n t e r p a r t i c l e  i n t e r a c t i o n  g i v e s  r i s e  t o  a 

r e s u l t a n t  moment on t h e  r e g i o n  "LX which i s  g i v e n  by

. . . ( 2 4 - 7

The t o t a l  moment on t h e  r e g i o n  i s  g i v e n  by

=  f  -r^ n^)d^ -hj pf -
X>nS 1^4 V

. . . ( 2 4 - 8 )

i - j  a - Z U v  f  .

i>/\V
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I f  t h e  medium i s  i n  s t a t i c  m e ch an ic a  1 e q u i l i b r i u m

t h i s  t o t a l  moment on t h e  a r b i t r a r y  r e g i o n  must  v a n i s h .

From t h e s e  i n t e g r a l  forms  o f  t h e  c o n d i t i o n s  o f  e q u i l i b r i u m

i t  f o l l o w s  t h a t
t  b  y- F.*- = 0  JL t  V/- 5

t 'gy  = 0  UC e E-- V - 8  . . . ( 2 4 - 9 )

t j  L -  e W  +  = 0  3CÊ V - 5

 ̂ " O  ^  6  E - V - Ô  . . . ( 2 4 - 1 0 )

where  E  d e n o t e s  a l l  E u c l i d e a n  s p a c e .
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25 . TOUPIN: THE FIE..D IN n DliLnECThlC.

If* we c o n s i d e r  a volume d i s t r i b u t i o n  of  d i e l e c t r i c  

w i t h  p o l a r i s a t i o n  d e n s i t y  X. i n  a volume and

a volume d i s t r i b u t i o n  of  c h a r g e ,  d e n s i t y  G. , i n  a 

volume , t h e n  t h e  e l e c t r i c  p o t e n t i a l  j> i s  g i v e n  by

T o u p in  d e f i n e s  a s  th e  n e g a t i v e  g r a d i e n t  of  ^

T o u o i n ’s £̂ Ai i s  t h e  same a s  S m i t h - W h i te  ^s E  ( see  S e c t i o n  9

, . * . ( 2 5 - i )

He s p l i t s  up t h i s  f i e l d  i n t o  two p a r t s  a s  f o l l o w s :

s e t

f  i J s  
i ,  r .  '

t h e n  ^/V] “  £  MS "P" P  o ^

where  = — 7  ^  MS )

go  -  - V  J2^o .

£o i s  t h e  f i e l d  a r i s i n g  f ro m  s o u r c e s  o u t s i d e  t h e  d i e l e c t r i c
e.xtrir\SiC ^

and i s  c a l l e d  t h e  e x t r e m e f i e l d .  £ . ms i s  t h e  f i e l d  

a r i s i n g  f rom t h e  d i e l e c t r i c  i t s e l f  and i s  c a l l e d  t h e  

Ivlaxwell s e l f  f i e l d .

L o r e n t z  h a s  c a l c u l a t e d  t h e  e l e c t r o s t a t i c  f i e l d  o f  a n  

a r r a y  o f  p o i n t  d i p o l e s  a r r a n g e d  on a u n i f o r m  s p a c e  l a t t i c e  

(23 p p .  305 3 0 8 ) ;  he h a s  shov/n t h a t  t h e  s e l f  e l e c t r i c

f i e l d  o f  a l a t t i c e  h a v i n g  c u b i c  symraetry when e v a l u a t e d
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a t  a l a t t i c e  p o i n t  i s  g i v e n  by

E = £. i- E
3 . . .  (25-ii:'

w h a t e v e r  th e  synuaet ry vje s h a l l  w r i t e  £ 5  i n  t h e  fo rm

. . . ( 3 5 - 3 )

where  i s  t e rm e d  t h e  L o r e n t z  l o c a l  f i e l d .  From

( 2 5 we s e e  t h a t  when t h e  J ü t t i c e  i s  c u b i c a l l y  s y m m e t r i c a l  

t h e n  E ^ P  ̂ .

I f  a c u b i c  l a t t i c e  i s  de formed  homo ge neo us l y  and t h e  

de f o rm ed  l a t t i c e  h a s  lower  symmetry t h a n  c u b i c ,  t h e n  t h e  

l o c a l  f i e l d  w i l l  have  a v a l u e  which  d i f f e r s  f ro m
3

Hence t h e  l o c a l  f i e l d  i s  a f u n c t i o n  o f  t h e  l a t t i c e  

d e f o r m a t i o n . Th i s  r e s u l t  l e n d s  s u p p o r t  t o  t h e  f o l l o w i n g  

h y p o t h e s i s .

I n  t h e  co n t in u u m  t h e o r y  Toupin  s e t s  down as  a 

p r i m i t i v e  a s s u m p t i o n  t h a t

e ' s = ^  . . . . ( 2 5 - 4 )

T hat  i s  t h e  e l e c t r o s t a t i c  s e l f  f i e l d  of  a p o l a r i s e d  and 

de fo rm ed  c o n t i n u o u s  e l a s t i c  d i e l e c t r i c  i s  t h e  sum o f  t h e  

l iaxv;e l l  e l e c t r o s t a t i c  s e l f  f i e l d  and a l o c a l  f i e l d  which 

i s  a s t a t e  f u n c t i o n  o f  t h e  d i s p l a c e m e n t  g r a d i e n t s  and 

p o l a r i s a t i o n  d e n s i t y .

The l a t t i c e  model  d e s c r i b e d  makes t h i s  a s s u m p t i o n  v e r y  

p l a u s i b l e .  Toupin  assumes t h a t  t h e  r e l a t i o n  (25- ^  h o l d s  

n o t  o n l y  i n  d i e l e c t r i c s  h a v i n g  a c r y s t a l  s t r u c t u r e  b u t  a l s o
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i n  e l a s t i c  d i e l e c t r i c s  such  as  r u b b e r  o r  p l a s t i c .

Toun in  t a k e s  a volume d i s t r i b u t i o n  of  d i p o l e s  as  a 

model  o f  an  e l a s t i c  d i e l e c t r i c . Each d i n o l e  c o n s i s t s  of  

two e q u a l  e l e c t r i c  c h a r g e s  o f  o p c o s i t e  s i g n  s e p a r a t e d  a l o n g  

a l i n e  p a r a l l e l  to  t h e  p o l a r i s a t i o n  v e c t o r .  I f  t h i s  d i n o l e  

i s  i n  s t a t i c  meci ianica  1 e q u i l i b r i u m ,  t h e  f o r c e s  v/hich a c t  

on e i t h e r  c h a rg e  must  in ve a z e r o  r e s u l t a n t .  The e l e c t r i c a l  

f o r c e  which  a c t s  on a c n a r g e  z  p l a c e d  i n  an  e l e c t r o s t a t i c  

f i e l d  £  i s  e 6 . The e l e c t r o s t a t i c  f i e l d  which  a c t s

on t h e  c h a r g e  i n  a d i p o l e  i n  a n  e l a s t i c  d i e l e c t r i c  h a s  t h r e e  

d i s t i n c t  componen ts :

(1)  t h e  Llaxwell  s e l f  e l e c t r i c  f i e l d  § ^

(2) t h e  L o r e n t z  l o c a l  f i e l d  j

(5)  t h e  e x t e r n a l  f i e l d  £<> .

I n  a d d i t i o n  t o  t h e  r e s u l t a n t  e l e c t r o s t a t i c  f o r c e  o t h e r  

f o r c e s  a c t  on t h e  c h a r g e d  p a r t i c l e .  These a r e  t h e  

m o l e c u l a r  f o r c e s  vvhich a r e  made up o f  t h e  Coulomb a t t r a c t i o n  

b e t w e en  t h e  c h a r g e s  o f  t h e  p a r t i c l e ,  d y n am ic a l  f o r c e s  and 

o t h e r  non c l a s s i c a l  o r  quantum f o r c e s .  Let  e j F  d e n o t e  

t h e  r e s u l t a n t  o f  t h e s e  m o l e c u l a r  f o r c e s . Then a t  s t a t i c  

e q u i l i b r i u m  a p p l y i n g  t h e  Newton ian  lav\  ̂ of  f o r c e  b a l a n c e

«  C F ‘ ^  E- t  -e- c i  )  .  o  .
« • — i  ___ 2

S e t  f   ̂ where  w i l l  be t e rme d  t h e
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e f f e c t i v e  l o c a l  f i e l d .  Toup in  assiuiies t h a t  th e  e f f e c t i v e  

l o c a l  f i e l d  a t  a p o i n t  i n  an e l a s t i c  d i e l e c t r i c  i s  a f u n c t i o n  

o f  t h e  d i s p l a c e m e n t  g r a d i e n t s  A and p o l a r i s a t i o n  

d e n s i t y  a t  t n a t  p o i n t .  Thus we have

f ' - )  F  E.' f -  = o  . . . . ( 2 5 - 6 )

T o u r i n  c a l l s  ( 2 5 - 6 )  t h e  e q u a t i o n  of  i n t r a m o l e c u l a r  f o r c e  

b a l a n c e .  The t o t a l  l laxv/el l  f i e l d  i s  j u s t

E ^  -f- K o j  80 t h a t  (25-& ) can  be

w r i t t e n  i n  t h e  fo rm

E -  O . . . . ( 2 5 - 7 )
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2 6.  TOUPIN; EQUILIBRIUM RELATIONS.

Toupin  assumes  t h a t  t h e  s t r e s s  t e n s o r  i n  a p o l a r i s e d  

e l a s t i c  d i e l e c t r i c  h as  D e  form

6  MS ;  . . . ( 2 6 . 1 )

wliere ^  i s  t h e  L i v e n s - S m i t h - W h i t e  t e n s o r

t / fÊ0t L >J Sk * * —
5 MS “  MS ^  ^MS y . . . ( 2 6 . 2 )

( t h i s  c o r r e s p o n d s  to a f o r c e  d e n s i t y  (JT- & MS )
L \j

and where c ^  i s  a s t a t e  f u n c t i o n  c a l l e d  t h e  l o c a l
iJ

s t r e s s .  We n o t e  t h a t  t h e  s t r e s s  t e n s o r  S 
does  n o t  v a n i s h  a t  p o i n t s  o u t s i d e  th e  d i e l e c t r i c .  The 

r e s u l t a n t  e l e c t r o s t a t i c  f o r c e  on any r e g i o n  vi/hich l i e s  

e n t i r e l y  o u t s i d e  t h e  d i e l e c t r i c  i s  z e r o .  The l o c a l  s t r e s s  

i s  a s s i g n e d  the v a l u e  z e r o  o u t s i d e  t h e  d i e l e c t r i c .

Toupin  u s e s  t h e  L i v e n s - S m i t h - V r h i t e  f o r m u l a e  f o r  th e  

f o r c e  and c o u p l e  d e n s i t y  due  to  the  e x t e r n a l  f i e l d  Eo

F o = C— - ^ ) ^ o  > . . . ( 2 6 . 3 )

. . . ( 2 6 . 4 )

We have  S ' i  . j =MS JJ

A l s o ,  ( s ee  App . A - ^ 7  )

2fr ‘ . . . ( 2 Ô . 5 )

S u b s t i t u t i n g  t h e s e  v a l u e s  i n  ) ,  ( c) 4-" / ) we
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o b t a i n  t h e  f o l l o w i n g  r e l a t i o n s

^  ' . . . ( 2 0 . 6 )

-  ( r b  s ; i  -  4 -

4- E d  P  ̂ -  £ o  P-  ̂ -  O y)
. . . (2 6 .? )

F L -f ^  iMS . . . (2Ô.8)

We may w r i t e  t h e s e  i n  th e  form
/-*J -j. P.  ̂ O^i.,J ^ M , J " V . . . (25.9)

0  ̂ . . .  (26.10)

. . . (26.11 )

S u b s t i t u t i n g  [ à i - S  ) i n  th e  boundary  c o n d i t i o n  (c^4--f ) 

we h a v e

— (r'b'n: - t -  - L - (  p j  n . ^ f  a ' -  f  n O  ^ . . .  (36.12)

v;here 6 " ^ ^  i s  t h e  l i m i t i n g  v a l u e  of  t h e  l o c a l  s t r e s s  

as  th e  b ound ar y  of  the  d i e l e c t r i c  i s  a p p r o a c h e d  f rom t h e  

i n t e r i o r .

We a l s o  have  t h e  f o l l o w i n g  e q u a t i o n s

V. e «  .  u .  ,
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. . .  (2 6 . l 4  )

F i n a l l y  i n  a u d i t i o n  to  th e  above é q u a t i o n s  ) y- ( 4—W )

two s e t s  of  c o n s t i t u t i v e  r e l a t i o n s  c h a r a c t e r i s t i c  of  t h e  

m a t e r i a l  must  be g i v e n .  These a r e

c  j F  ̂ . . . ( 8 6 . 1 5 )

ë V  =  . . . ( 8 6 . 1 6 )

The form of  t h e s e  c o n s t i t u t i v e  r e l a t i o n s  f o r  t h e  l o c a l  

s t r e s s  and e f f e c t i v e  l o c a l  f i e l d  i s  r e s t r i c t e d  by c e r t a i n  

symmetry p r o p e r t i e s  of  the  m a t e r i a l .
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27 . TOUPIN: VIRTUAL WORK FOR THE nLAUTIG DIElEGTHia .

I n  c l a s s i c a l  i n f i n i t e s i m a l  e l a s t i c i t y  t h e o r y  t h e r e  

a r e  two methods  of  d e r i v i n g  s t r e s s - s t r a i n  r e l a t i o n s ;

(1)  Gauchy *s m e t h o d . V/e assume t n a t  t h e  components  of  t h e  

s t r e s s  t e n s o r  a r e  some g e n e r a l  f u n c t i o n s  o f  th e  s t r a i n s  

e . g .  t  ij  ST [ e/c( where i s  some

f o u r t h  o r d e r  t e n s o r .

(2)  Green^ s  m e t h o d . We use t h e  method o f  v i r t u a l  work and 

d e r i v e  t h e  s t r e s s e s  i n  t e rm s  o f  t h e  d e r i v a t i v e s  o f  an  e n e r g y  

f u n c t i o n  w i t h  r e s p e c t  t o  the  s t r a i n s :

9 k /
-

G r e e n e s  method i s  a s p e c i a l  ca se  o f  Gauchy *s me thod .

Toupi n  g e n e r a l i s e s  G r e e n ’s method t o  i n c l u d e  th e  ca s e  o f  an  

e l a s t i c  d i e l e c t r i c .  The n a t u r a l  s t a t e  o f  an  e l a s t i c  

d i e l e c t r i c  i s  t h e  e q u i l i b r i u m  s t a t e  which  t h e  m a t e r i a l  

as sumes  i n  t h e  a b s e n c e  o f  a p p l i e d  s u r f a c e  t r a c t i o n s  and
A Ie x t e r n a l  e l e c t r i c  f i e l d . I f  A and X  a r e  t h e  

r e c t a n g u l a r  c a r t e s i a n  c o o r d i n a t e s  of  t h e  same p a r t i c l e  i n  

t h e  n a t u r a l  and deformed s t a t e s ,  t h e n

(  X . . . .  ( 2 7 -1 )

As r a n g e s  over  t h e  r e g i o n  Vo o c c u p i e d  by t h e  body i n

i t s  n a t u r a l  s t a t e  t h e n  t h e  c o r r e s p o n d e n c e  (2 7 -1 )  c o n s t i t u t e s  

a c o n t i n u o u s  mapping  of  t h e  r e g i o n  Vo on to  t h e  r e g i o n  V 

o c c u p i e d  by t h e  body i n  i t s  deformed and p o l a r i s e d  s t a t e .
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Let  Bo and 5  d e n o t e  the  boundary  of  th e  d i e l e c t r i c  i n  

t i ie n a t u r a l  and deformed s t a t e s  r e s p e c t i v e l y .  The t o t a l  

mass o f  t h e  body i s  g i v e n  by

M = f  Û d ^  . . .  (27-3 )
V

L et  ~ ole t  . . . . ( 2 7 - 3 )

The law of  c o n s e r v a t i o n  of  mass may be s t a t e d  i n  t h e  form

 ̂ . . .  ( 2 7 -4 )

where  i s  t h e  d e n s i t y  i n  t h e  n a t u r a l  s t a t e .

I f .  i s  t h e  p o l a r i s a t i o n  per  u n i t  mass t h e n

P <• = Ç P ' W  . . .  (27-5 )

where  £  i s  t h e  p o l a r i s a t i o n  p e r  u n i t  v o lu m e. I ^ t  S  

d e n o t e  th e  s t o r e d  e n e r g y  f u n c t i o n  o f  d e f o r m a t i o n  and 

p o l a r i s a t i o n  ( i . e .  t h e  s t o r e d  e ne rg y  f o r  u n i t  m a s s ) .

Then 22 i s  a s t a t e  f u n c t i o n

S  = £  ( ) I’ " )  . . . . ( 2 7 - Ô )

T o u p i n ’s e q u a t i o n  of  v i r t u a l  work f o r  the  e l a s t i c  d i e l e c t r i c  

i s

S v i i p ' - t j

. . . (27-7 )

+  y  +  /  F g  S " p ' D v  = 0
6  V V

* There  i s  a m i s p r i n t  i n  T o u p i n ' s  o r i g i n a l  p a p e r ;  
h i t  +■ " I gn  s h o u l d  be — i f  h i s  e q u a t i o n  (£7e l l ' i  
i s  t o  h o l d .
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r o a p i r f s  e x o l a n a t i o n  o f  t i l l s  e q u a t i o n  I s  as fol lovvs :

’'The l a s t  t i . r ee  I n t e g r a l s  i n  t h i s  v a r i a t i o n a l  

e x p r e s s i o n  r e p r e s e n t  r e s p e c t i v e l y  the  work done by the 

a n p l i e d  s u r f a c e  t r a c t i o n s  i f  the  ^ e n e r a l  p o i n t  on the  

boundar y  o f  tiic d i e l e c t r i c  i s  d i s p l a c e d  f rom i t s  

e q u i l i b r i u m  n o s i t i o n  by a s m a l l  amount , the  work

done by the  body f o r c e  i f  th e  g e n e r a l  p o i n t  i n  the  

d i e l e c t r i c  i s  d i s p l a c e d  f rom i t s  e q u . i l i b r i u m  p o s i t i o n  by 

a sm a l l  .amount S and t h e  work done by th e  e x t e r n a l

f i e l d  i n  i n c r e a s i n g  th e  p o l a r i s a t i o n  a t  the  ^ e n c r a i  p o i n t  

by a s m a l l  amount  ̂ f rom i t s  e q u i l i b r i u m  v a l u e .  The

sum of  t h e s e  t h r e e  v i r t u a l  work terms i s  s e t  e q u a l  to  t h e  

v a r i a t i o n  i n  p o t e n t i a l  e n e rg y  o f  the  e l a s t i c  d i e l e c t r i c .

Th i s  p o t e n t i a l  en e rg y  i s  v / r i t t e n  as the  sum o f  t h r e e  

p a r t s  which  a r e  e n c l o s e d  i n  t h e  l a r g e  b r a c k e t s  i n  ( 2 7 - 7 ) .

The f i r s t  o f  t h e s e  te rms r e p r e s e n t s  the  v a r i a t i o n  i n  th e  

s t o r e d  e n e rg y  o f  d e f o r m a t i o n  and p o l a r i s a t i o n . Th i s  t e rm 

i s  q u i t e  an a lo g o u s  to  th e  s t o r e d  e l a s t i c  en e rg y  o f  

e l a s t i c i t y  t h e o r y .  The secon d  t e rm  i s  th e  v a r i a t i o n  i n  

t h e  p o t e n t i a l  e n e rg y  o f  th e  s e l f  e l e c t r i c  f i e l d .  The t h i r d  

t e rm i n  t h e  b r a c k e t  r e p r e s e n t s  an i n t e r a c t i o n  e n e r g y  be twe en  

th e  s e l f  f i e l d  and  a p o l a r i s e d  p a r t i c l e  o f  the  d i e l e c t r i c .  

The I n d e p e n d e n t  v a r i a t i o n s  o f  the  f i e l d  v a r i a b l e s  a r e  now 

l i s  t e d .
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: c  ^ X . ' -  +  , . . . ( 2 7 - 3 )

h '  _  . . . ( 2 7 - 9 )

i> ^  ^  ; . . . ( 2 7 - 1 0 )

where K

The t o t a l  v a r i a t i o n  i n  l a r g e  b r a c k e t s  (37-7 ; means t h e  

r e s u l t a n t  f i r s t - o r d e r  change i n  th e  v a l u e s  of  t h e s e  i n t e g r a l s  

under  t h e  r e p l a c e m e n t s  (2 7-3)  (2 7-9 )  ( 2 7 - 1 0 ) . ’' Toupin  

p e r fo rm s  th e  v a r i a t i o n  and o b t a i n s  (27-  ? ) i n  t h e  fo rm

i  I   ̂ -s-2 ) K l j - f

~P [  (  ^ 7 i s  ~  ^ tiis ~  P-^ )  j  J  W  J A /fl c / s ' , ,

if-TT

i -

® '* . . . ( 2 7 - 1 1

-h f  (l>0 ^  )  f  T s i h j  -h V - F / 7  ^ / ^ c

4-

4 ^

- F /  ^  f  ^  -h S i i s ) j  ^ ' ^ ‘- j T d V o  = O ,

where  /V^ a r e  t h e  components  of  t h e  ou tward  u n i t  normal  t o  

th e  s u r f a c e  o f  t h e  undeformed d i e l e c t r i c .  The r a t i o  o f

^  There i s  a m i s p r i n t  i n  t h e  o r i g i n a l  Toupin  p a p e r ;  
a — s i g n  i s  m i s s i n g .
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t h e  n ia gn i tu a es  of  th e  s u r f a c e  e l e m e n t s  i s  g i v e n  by

^ % S c  = . " ' ( 2 7 - 1 3 )

Toupin  o b t a i n s  t h e  f o l l o w i n g  f i e l d  e q u a t i o n s

. . .  (27-15)

-  4- F mS J
. . . ( 3 7 - 1 4 )

—  ^  k-Tr V .P  =  O  .

. . . (27-15 )

The bound ary  c o n d i t i o n  i s  g i v e n  by

3% ; A . . . ( 2 7 - 1 3 )

■+■ A / ô  “  ^  '

I n  S e c t i o n  36 th e  w r i t e r  h as  g i v e n  a s m p l e r  method o f  

d e r i v i n g  t h e s e  e x p r e s s i o n s .

Us ing  t h e  i d e n t i t i e s

and t h e  r e l a t i o n

A i  T  x^. I

be t we en  t h e  components of  t h e  u n i t  normals  t o  t h e  de formed  

and undeformed d i e l e c t r i c ,  th e  f o l l o w i n g  e q u a t i o n s  can  be 

o b t a i n e d :

108



\ j 4-  » 0   ̂ . . . ( 2 7 - 1 7 )

_

9
f - "  ^  ;  . . . ( 2 7 - 1 8 )

- -f" 41)- V. j f  * 0  ,̂ . . . ( 2 7 - 1 9 )

—  p  2 ^ . 1 / ’ +  1  ^ MS J n j  -f / 7 ‘ - 0  .

Toupin  i d e n t i f i e s  t h e  l o c a l  s t r e s s  and e f f e c t i v e  l o c a l  f i e l d  

a s  t h e  e x p r e s s i o n s

ê j  =  -  2 ^
^ gyp /L  . . . ( 2 7 - 2 2 )

The s e t  of  e q u i l i b r i u i a  c o n d i t i o n s  o b t a i n e d  above 

t h e n  becomes i d e n t i c a l  w i t h  t h e  s e t  o b t a i n e d  i n  S e c t i o n  2 6 .

Toupin  shows t h a t  t h e  moment e q u a t i o n  (26-10)  i s  

s a t i s f i e d  i d e n t i c a l l y  i f  t h e  s t o r e d  e ne rg y  f u n c t i o n  i s  

i n v a r i a n t  under  a r i g i d  r o t a t i o n  of  the  de formed  and 

p o l a r i s e d  d i e l e c t r i c .  H is  p r o o f  i s  based on a "^resul t  f rom 

t h e  t h e o r y  of  i n v a r i a n t  f u n c t i o n s  of  s e v e r a l  v e c t o r s .

Let  F  ̂ be a f u n c t i o n  of  the

components  ^ F which i s  i n v a r i a n t  under

t h e  s u b s t i t u t i o n s

^  R j  ' ' f

10 9



where J i s  an a r b i t r a r y  r o t a t i o n ,  i . e .

^  K ~ and c l e t  / i j  = / ,

An i n f i n i t e s i m a l  r o t a t i o n  has  th e  form
i ' ‘

^  J  = %j  f "  J  where 0  V i s  an

a r b i t r a r y  an t i sy i i m ie t r io  t e n s o r .  S i n c e

F  ( v , ‘ j  V „ ' )  ‘  F ( X )  v i ,  -  j  v {

we hav e  a s  n e c e s s a r y  c o n d i t i o n s

d P  = . 2 Z I  c< /? !  - o

-f

Hence f o r  d i f f e r e n t i a l s  6 ^  a b o u t  the  v a l u e s

t h e  above c o n d i t i o n  i s

I f  e V =  O

where 6  y  i s  an  a r b i t r a r y  a n t i s y m m e t r i c  t e n s o r .  Th is

c o n d i t i o n  i m p l i e s  t h a t  t h e  c o e f f i c i e n t s  of  ElJ i n  t h i s

e x p r e s s i o n  a r e  t h e  components  of  a symmetr ic  t e n s o r . V/e
Cl "'  f<]use t h e  n o t a t i o n  T  t o  d e n o t e  th e  a n t i s y m m e t r i c

p a r t  o f  a t e n s o r .  Thus we o b t a i n  the  n e c e s s a r y  c o n d i t i o n s

^  = 0  . . . ( 2 7 - 3 3 )
"dVpC^

I t  can be shown t h a t  t h e  c o n d i t i o n s  (27 -23)  a r e  s u f f i c i e n t  

t o  e n s u r e  t h e  i n v a r i a n c e  o f  F  under  f i n i t e  r o t a t i o n s .  I f  

t h e  deformed  and p o l a r i s e d  s t a t e  of  t h e  e l a s t i c  d i e l e c t r i c
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i s  r o t a t e d  r i g i d l y  i n  spa ce  the  d i s p l a c e m e n t  d e r i v a t i v e s  

and p o l a r i s a t i o n  v e c t o r  onange t o  new v a l u e s  g i v e n  by

p û  R i j  P'  ̂ .

Hence i f  we assume t h a t  the  s t o r e d  en e rg y  f u n c t i o n  of  

d e f o r m a t i o n  and p o l a r i s a t i o n  i s  i n v a r i a n t  under  a r i g i d  

r o t a t i o n  o f  t h e  de formed and p o l a r i s e d  s t a t e  i t  f o l l o w s  

f rom t h e  above th e o re m  t h a t

:c d fl -p .  0

M u l t i p l y i n g  t h i s  e q u a t i o n  by ^  and u s i n g  (2 7-21)  and 

(27-2 2)  i t . m a y  be put  i n  t h e  form

up - - O  ,

T his  e q u a t i o n  embodies  t h e  p h y s i c a l  i d e a  t h a t  t h e  

moment e x e r t e d  by t h e  l o c a l  s t r e s s e s  i s  b a l a n c e d  by t h e  

moment e x e r t e d  by th e  l o c a l  f i e l d  E ^  a c t i n g  on t h e  

p o l a r i s e d  p a r t i c l e .  (2 7-24)  i s  i d e n t i c a l l y  s a t i s f i e d  

w h e th e r  we a r e  i n  an  e q u i l i b r i u m  s t a t e  or n o t .  I f  we 

use  t h e  e q u i l i b r i u m  c o n d i t i o n  (a^ - r /  ) E ^  -f- E ^  —C 

t h e n  th e  moment e q u a t i o n  (26-10)  i s  s a t i s f i e d  i d e n t i c a l l y .

Toupin  h a s  t h u s  shown t h a t  t h e  v a r i a t i o n a l  p r i n c i p l e  

(27-7 ) g i v e s  th e  same f i e l d  e q u a t i o n s  and boundary 

c o n d i t i o n s  as  were o b t a i n e d  f rom e q u i l i b r i u m  

c o n s i d e r a t i o n s .  The i m p o r ta n c e  o f  t h i s  en e rg y  f u n c t i o n
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method i s  t h a t  i t  imposes  c o n s i d e r a b l e  r e s t r i c t i o n s  on t h e  

c o n s t i t u t i v e  r e l a t i o n s  f o r  e f f e c t i v e  l o c a l  f i e l d  and l o c a l  

s t r e s s ,  Toupin  c o n c l u d e s :

”As i n  e l a s t i c i t y  t n e o r y ,  iu i s  p r o b a b l e  t h a t  f o r  

many e l a s t i c  d i e l e c t r i c s  th e  r e s t r i c t i o n s  imposed on t h e  

c o n s t i t u t i v e  r e l a t i o n s  by u s i n g  (27-2 1)  and (27-22)  

i n s t e a d  o f  t h e  Gauchy forms (26-15)  and (26-16)  a r e  

d e s i r a b l e  and a r e  a c t u a l l y  borne o u t  by e x p e r i m e n t . "
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28.  TOUPI N : POLYNOMIAL APPROXIMATION^ FOR THE
STORED UNTilRGY FUNCTION.

Toupin  c o n s i d e r s  th e  f o l l o w i n g  p o l y n o m i a l  form f o r

the energy  func t i o n

Ç c î  = O  f  h P‘ p„ 7 s -p

. . .  { 2 6 . 1 )

i ^ a c o E  ^  A a c o E P  __ __
~F H ( ,  £ a a  ^ o j )  P e  +  ^ 7  ^ c q  P  e  P  p- y

w h e r e  f f l g  =" g — S a 8  l a  the  t e n s o r  T a e a s u r e  o f  s t r a i n ,

~p̂  *  sc ' jp Pl and H I j ^ y  j 7 )

a r e  i n d e p e n d e n t  o f  t h e  E ^ q and pf̂  . Toupin c a l l s  th e  
A j3 * * *

t e n s o r s  H p  " m a t e r i a l  d e s c r i p t o r s " ;  i n  s e v e r a l

i m p o r t a n t  c a s e s ,  many o f  t h e s e  v a n i s h  i d e n t i c a l l y  owing to  

the m a t e r i a l  s ymme t r y . F o r  example ,  i f  th e  n a t u r a l  s t a t e

oi s  i s o t r o p i c  th e n  the  t e n s o r s  Hp  must  be i s o t r o p i c  s
A HC “IS / /̂3C O ̂  T?

t h a t  t h e  t erms  and

v a n i s h .

T o u p i n ’ s g e n e r a l  e x p r e s s i o n s  f o r  l o c a l  s t r e s s  and 

l o c a l  f i e l d  have  been  shown to  be

t j J  = g ^

•aXjA • • •  (28 .2 )

= _  a r
h------------------ -----  /

3  Fc *'* (28 .3 )
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S e t
J

X ;C

^  ) a

9  F / , a  _
>a A

3 x  j c

h 5 )  = h
3 x ‘-̂ q

O f  ^^  -, A

3 p[
Us I ig (2C . 1 ) i n  (28 .2 ) and (28 .3 ) v.'e ha ve

4 =  f j  ,  hI n 'J +  F a

+  P c  f  « r - . s - v y

+ -  Fo Po - F  a  F c  ‘i

+  F .  ^  ^ c o  E/V

+  P a  P a  M 9  + -  « H ? * ' ^

Ê i_ =  ~  [_Pb -P ^ s  •+■ E^Q^-yc.

A 6 C O  —  , H A a c o E "  I
+  ^ t t s  F y c y g P c X ^ O  +• E f y Q E c o ^ ) £

^ Q C- O  ̂F -sr / 7 • • • ( go o o )
• F  oj  W 7  ^  P t Q  B : c  D  ^  )  f ^ J  *

I t  follovi/s f rom (28 .4)  t h a t  i f  th e  l o c a l  s t r e s s  i s  

to  v a n i s h  i n  the  n a t u r a l  s t a t e  we must  have H q *■ O 

S i m i l a r l y  from (28 .5)  we must  have H o  * ^ i f  the
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e f f e c t i v e  l o c a l  f i e l d  i s  to v a n i s h  i n  th e  n a t u r a l  s t a t e .

The r e l a t i o n s  (21.4)  and (28.3)  a r e  q u i t e  g e n e r a l  

and h o l d  f o r  f i n i t e  as w e l l  as i n f i n i t e s i m a l  d e f o r m a t i o n s .

1 ri the  r  e s t  o f  t h i  s s e c t !  on w e w i l l  d e a l  o n l  y w i  t h  

i n f i n i t e s i m a l  d e f o r m a t i o n s .  I t  w i l l  be e a s i e r  i n  t h i s

c a s e  to  work w i t h  t h e  U ("J r a t h e r  t l ian the

as s t r a i n  v a r i a b l e s .  The e x p r e s s i o n s  (23 .4 )  and (23.6)  

r i l l  nov' be e x p r e s s e d  i n  t o r  us o f  t h e  and Pt,

where tl:e v a r i a b l e s  J  a r e  r e g a r d e d  as i n f  i n i  teslmals.

V'e have t h e  f o l l o w i n g  r e l a t i o n s

- h  (  -I- J

/ v d  4 -  -h ^ < 4  h ; K  p 1  j

% =  S i p  -p %K.Pi

S u b s t i t u t i n g  t h e s e  ap p r o x im a te  expressi d n s  f o r  

^ A Q  ; and i n  (28 .4 )  and ( 2 8 . S)

we have

£o t-v  =r j  n T  Pi Px -p /'I
e

-+ P'l ?'ji d- eK4 -p / 'I
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4  ô?  ̂ / p  -h  àl H Lf.  ̂ f- <3 F 4 Ft;  ̂ P g

-h  K.Jt P [  "P '3^5 '^  PU

f  F ; ^  F f  -h ^  f 2  F f  • • •  ( ^ 8 . G)

-h  ^  P r i,. - h  Si H 1 e .n J i p f f /

po ^ 2 =  ~  [ s m d ' ^  p (  i -  ô l H ^  P i i  P  S lH f^ ^ '. i^ P ! l

-h ^ €k̂  f L J  ^
. . . ( 2 8 . 7 )

wnere S i e  i j  = ' - ^ i - J - p  ^ j j l  .V
For  i n f i n i t e s l i n a l  d i s p l a c e m e n t s  we a l s o  have 

(^®/^ = / f- -G ; he nce  t h i s  f a c t o r  .iiay be c l e a r e d

fro'ii the  e x p r e s s i o n  f o r  the  s t r e s s  by m u l t i p l y i n g  ea ch  te rm 

on t h e  r i g h t  which  dues  n o t  a l r e a d y  c o n t a i n  a d i s p l a c e m e n t  

g r a d i e n t  by t h e  f a c t o r  ( /  — ^Kiç) • Toupin  p o i n t s  o u t  

t h a t  even f o r  i n f i n i t e s i m a l  d i s p l a c e m e n t  g r a d i e n t s  the  

components  of  th e  l o c a l  s t r e s s  and e f f e c t i v e  l o c a l  f i e l d  

do n o t  i n  g e n e r a l  r e d u c e  to  p o l y n o m i a l s  i n  th e  symmetr ic  

p a r t  o f  t h e  d i s p l a c e m e n t  g r a d i e n t s  o n l y ,  as i s  somet imes 

a s s u m e d .

I f  th e  e q u a t i o n s  a r e  c o m p l e t e l y  l i n e a r i s e d  by d r o p p i n g  

a l l  te rms i n v o l v i n g  s q u a r e s  o f  t h e  p o l a r i s a t i o n  o r  a
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p r o d u c b o f  a p o l a r i s a t i o n  component  and a d i s p l a c e m e n t  

g r a d i e n t  we o b t a i n  the  l i n e a r  r e l a t i o n s

=  4- /’k j  ... {28.3}

• • \ Cu Oh • i

At s t a t i c  e q u i l i b r i u m  Vî e have f rom (25 .3 )

f i -  f  M -  ;

where El tA t he  t o t a l  Maxwell  f i e l d  a t  a p o i n t  i n s i d e

the d i e l e c t r i c .  Th i s  i s  t h e  f i e l d  which  o cc u rs  i n  V o i ^ t ' s 

r e l a t i o n s  (IS) . Also  t h e  t o t a l  s t r e s s  t  which i s  

a lways symmet r ic  i f  v;e n e g l e c t  the  Maxv;ell s t r e s s  t e n s o r  

(a l e g i t i m a t e  a p o r o x i m a t i o n  i n  t h i s  l i n e a r i s e d  t h e o r y  s i n c e  

i t  a lways  i n v o l v e s  t h e  s q u a r e  of  the f i e l d  o r  p o l a r i s a t i o n )  

must  be assumed to  be th e  s t r e s s  t e n s o r  r e f e r r e d  to i n  

Voi£^t ' s  t h e o r y  s i n c e  t h e  c o n c e p t  o f  a l o c a l  s t r e s s  i s  n o t  

i n t r o d u c e d .  Prom ( 2 8 . S) and (28 .9)  i t  f o l l o w s  that^ a t  

s t a t i c e q u i l i b r i u m ,  . .

t ‘J  ^  1 - J . . .  (28 .10)

e K ^
J

(28 .11)

U K4.
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The l i n e a r  r e l a t i o n s  (28.10)  and (28.11)  a r e  i d e n t i c a l  i n  

form w i t h  th e  p i e z o e l e c t r i c  r e l a t i o n s  o ro no se d  by V u i ^ t .

For  a d i e l e c t r i c  whose n a t u r a l  s t a t e  i s  i s o t r o p i c  

the m a t e r i a l  d e s c r i p t o r s  n p must  be i s o t r o p i c

t e n s o r s .  The most g e n e r a l  forms a l lo w e d  b^ i s o t r o p i c  

symmetry a r e  as f o l l o w s

(Q =• a . ,  S  p  y

^

S-J +  q.3 (%i^ b p )  /

= Ci Lf. ^ LJ ^ K .̂ 5 «1 n

. . .  (28.12)

Cl 6 ^  ("Sim. -f- i j 'n

-hcKj C'^i^ i- %in U m )  ■h'blx

+  S j \ (  -f" Ŝ t>e.
0

I t  can be shown from (28.12)  t h a t  n in e  s c a l a r  

m a t e r i a l  d e s c r i p t o r s  ( ^ ; ^ ;  ai  47 ) a r e  n e c e s s a r y  to

d e t e r m i n e  t h e  s p e c i a l  form o f  th e  s t o r e d  energy  f u n c t i o n

(28.1)  i n  the  i s o t r o p i c  c a s e .  I f  the  d i e l e c t r i c  i s  a l s o  

homogeneous t h e s e  n i ne  d e s c r i p t o r s  w i l l  be s p a t i a l l y  

c o n s t a n t .  I t  i s  a p p r o p r i a t e  to c a l l  t h e s e  s c a l a r s  

m a t e r i a l  c o n s t a n t s . S u b s t i t u t i n g  (28.12)  ino (28 .6)  and 

(28.7)  we o b t a i n
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f -  rat*. — ‘̂ n )  <̂ î K (^O^J ^^J

- h  f  ÿ y i\ +  ^  i ~ ‘̂ 5 ^ ( f ’ 0  1 c L !  ■+■
^ . . .  (28 .13)

[ ( < K i i -  ^4.a) /- *^6 —Cl/— J z’/  /^j

- f - ^  (<M-t 3^ .3  f -  ^ ’̂ y)  ^ jx -^{  ^K ^ A a +  Apgû<

—  (I?0 ^  2  ( d i i -  CLt  0 / ( K  )  '+' ^ ( • ^ l - l - ' ^ i )  a ' lK  ^ 'k , ,
^  . . .  (28 .14)

The c o n s t i t u t i v e  r e l a t i o n s  f o r  i s o t r o p i c  m a t e r i a l s  may be 

f u r t h e r  s p e c i a l i s e d  by d r o p p i n g  a l l  t h e  terms vfnich 

c o n t a i n  a p r o d u c t  o f  a d i s p l a c e m e n t  g r a d i e n t  and  a 

component  o f  p o l a r i s a t i o n .  We t h e n  have

6 ^  à  <Ikk ^ { j  -f~

H- P i  I’ j  ; . . .  (28 .15)

Then,  usings t h e  e q u i l i b r i u m  c o n d i t i o n  t  « o  ,

we can w r i t e  th e  l o c a l  s t r e s s  i n  t h i s  a p p r o x i m a t i o n  i n  the  

form

»  iKK ^ i j  +  fli f r i  +- y
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where t h e  a r e  m a t e r i a l  c o n s t a n t s .  Thi s  f o rm u l a

i s  i d e n t i c a l  w i t h  the  s t r e s s - s t r a i n  f i e l d  r e l a t i o n  

d e r i v e d  by S t r a t t o n  (3,  pp. 140-146)  .
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2 9. TOÏÏPIN: NOTE ON PRESENTATION.

I n  t h i s  t r e a t m e n t  o f  T o u p i n ’ s work ( S e c t i o n s  23 -  28) 

the  w r i t e r  has  t r i e d  to  g i v e  as s i m p l i f i e d  a p r e s e n t a t i o n  

as i s  c o n s i s t e n t  w i t h  e x p l a i n i n g  th e  b a s i c  i d e a s .  Tl.ie 

main emphas i s  has  been  l a i d  on two f e a t u r e s  i n  T o u p i n ' s  

work:  f i r s t l y  on the  d e r i v a t i o n  of  c o n s t i t u t i v e  r e l a t i o n s

be tw een  s t r e s s ,  s t r a i n ,  f i e l d  and p o l a r i s a t i o n  by u se  o f  

an e ne rg y  f u n c t i o n , and s e c o u d l y  on p o l y n o m i a l  

a p p r o x i m a t i o n s  to  t h i s  e ne rg y  f u n c t i o n .

The f o l l o w i n g  s i m p l i f i c a t i o n s  have  been made:

(1) I n  S e c t i o n  3 o f  h i s  p a p e r  Toupln  d i s c u s s e s  two p o i n t  

t e n s o r  f i e l d s :  t h i s  d i s c u s s i o n  i s  n o t  p a r t i c u l a r l y  

r e l e v a n t  to  t h e  r e s t  o f  h i s  p a p e r  and has  been  o m i t t e d .

(See a l s o  S e c t i o n  3 6 . )

(2) R e c t a n g u l a r  c a r t e s i a n  c o o r d i n a t e s  have been u s e d  

t h r o u g h o u t ;  t h i s  g r e a t l y  s i m p l i f i e s  t h e  p r e s e n t a t i o n .

I n  t h i s  way t h e  t h e o r y  h as  been  p r e s e n t e d  w i t h o u t  u s i n g  

p a r a l l e l  d i s p l a c e m e n t  t e n s o r s  and C h r i s  t o f f e l  s y m b o l s , 

and the  amount o f  t e n s o r  a n a l y s i s  has  bee n  r e d u c e d  to  a 

minimum.

(3) I n  S e c t i o n s  11 and 13 of  h i s  p a p e r  Toupin  deduces  

t h a t  the  s t o r e d  e n e rg y  f u n c t i o n  I s  a f u n c t i o n  o f  a 

c e r t a i n  number o f  v a r i a b l e s .  I n  th e  c a s e  o f  a homogeneous 

i s o t r o p i c  d i e l e c t r i c  th e  e n e r g y  f u n c t i o n  I s  a f u n c t i o n  o f  

s i x  s c a l a r  i n v a r i a n t s ;  I n  th e  a n i s o t r o p i c  c a s e ,  th e
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number o f  I n v a r i a n t s  depends  upon th e  m a t e r i a l  symmetry.  

D i s c u s s i o n  of  t h e s e  p roblems  has  been o m i t t e d  b e c a u s e  

t h e s e  s e c t i o n s  a r e  n o t  n e c e s s a r y  f o r  o b t a i n i n g  T o u p l n ' s  . 

r e s u l t s ,  u s i n ^  p o ly n o m i a l  a p p r o x i m a t i o n s  to  t h e  s t o r e d  

e n e r g y  f u n c t i o n .

T o u p l n ’ s r e s u l t s  f o r  t h e s e  p o l y n o m i a l  a p p r o x i m a t i o n s  

have  been  g i v e n  i n  f u l l  and form one o f  th e  main f e a t u r e s  

o f  h i s  work.
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30 ; SMITH-V/KITiil: CRITICISMS UF THh KORThV/hG-KMlivIIQLTZ 
THhOHY.

Tne a u t h o r s  of  many s t a n d a r d  t e x t s  uo n o t  g i v e  a 

s a t i s f a c t o r y  d e r i v a t i o n  of  a fo rmu la  f o r  t h e  en e rg y  i n  a 

d i e l e c t r i c  s y stej i i .

For  example ,  Je an s  and Abraham-Becher  assuiae t h a t  

th e  r e s u l t s  which  a r e  o b t a i n e d  by c o n s i d e r i n g  a p a r a l l e l  

p l a t e  c o n d e n s e r  h o l d  q u i t e  g e n e r a l l y .  I n  t h i s  v;ay i t  i s  

found t h a t  the  e x p r e s s i o n  ^  D. E" r e p r e s e n t s  th e  

e n e r g y  d e n s i t y  of  t h e  sy s t em .

S t r a t t o n  (?)  does  a t t e m p t  a r i g o r o u s  d e r i v a t i o n  

of  a fo rm u l a  f o r  th e  e n e r g y .  He deduces  two e x p r e s s i o n s  

f o r  the e n e rg y  d e n s i t y  of  a d i e l e c t r i c  s y s t e m .  These two 

e x p r e s s i o n s  a r e  n o t  t h e  same i n  g e n e r a l ,  b u t  no comment i s  

made on t h i s  f a c t .

The f i r s t  e x p r e s s i o n  i s  o b t a i n e d  by the  f o l l o w i n g  

a r g u m e n t . ’̂  C o n s i d e r  a d i e l e c t r i c  oc cupyi ng  a volume -v^ 

and suppos e  we g r a d u a l l y  a c c u m u l a t e  a c h a rg e  

d i s t r i b u t i o n  of  f i n a l  d e n s i t y  2 , i n  a volume v, . To

i n c r e a s e  th e  c h a rg e  d e n s i t y  by Se i n  t h e  e l e m e n t  c/v/

th e  work done i s  ^  d v  and th e  t o t a l  work done i n

i n c r e a s i n g  th e  c h a r g e  d e n s i t y  by S e i n  V, i s

^  S e  t i v '  . . . .  ( 3 0 . 1

The i n c r e a s e  i n  c h a rg e  i n s i d e  n// w i l l  i n c r e a s e  th e

e l e c t r i c a l  p o t e n t i a l  by w i t h  t h e  c o n s e q u e n t  i n c r e a s e
F o r  s i m p l i c i t y ,  c e r t a i n  d e t a i l s  have been o m i t t e d  f rom 

th e  a r g u m e n t .
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of  e n e r g y  o f  t h e  charge  € c{v i n  d v  by an amount

C . Thus t h e  t o t a l  i n c r e m e n t  of  en e rg y  i s

/- , , . . . ( 3 0 . 2 )
j  e d v

I t  i s  now a rg ued  t h a t  t h e  work done i s  e q u a l  t o  the  

in c r e m e n t  of  e n e r g y ,  so t h a t  each i s  e q u a l  to

^  /  f e  < /% * )  .

I n t e g r a t i n g ,  i t  f o l l o w s  t h a t  the  e n e r g y  of  t h e  

s y s t e m  i s

^  "  t  S . . . . ( 5 0 . 3 )

The e r r o r  i n  t h e  above a rg um en t  i s  o b v io u s  i f  we 

r e f e r  t o  (App. A-/ÔI). I t  i s  n o t  t r u e  t h a t

i n  g e n e r a l .

In  th e  n e x t  p a r a g r a p h  (? ,  p.  1 0 7 ) ,  S t r a t t o n  d e r i v e s  

a n o t h e r  f o r m ul a  f o r  t h e  e n e r g y  d e n s i t y .  He a r g u e s  a s  

f o l l o w s .  C o r r e s p o n d i n g  t o  t h e  i n c r e a s e  of  c h a rg e  d e n s i t y  

i n  V, , t h e  work done i s  g i v e n  by ( 5 0 . 1 ) .  T h i s  i s  

t a k e n  t o  be t h e  i n c r e m e n t  o f  e l e c t r o s t a t i c  e n e r g y ;  t r a n s 

f o rm i n g  t h i s  by (App. ) t h e  i n c r e m e n t  of  e n e r g y  i s

o b t a i n e d  a s  T F.  & P  J  v .
tD- i  -  -  ■’
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th u s  th e  t o t a l  e n e r g y  i s

^  /  cl^ / -  f .  . . . . ( 3 0 . 4 )
^7r o  -  —  '

i f  we assiuiie t h a t  a t  eacn p o i n t  of  the  d i e l e c t r i c  _D

depends  on jF i n  such a way t h a t  E. i s  a p e r f e c t

d i f f e r e n t i a l .

The two f o r m u l a e  ( ? 0 . ? )  and ( 3 0 . 4 )  a r e  n o t  t h e  same 

i n  g e n e r a l .  T h i s  fol lov^s f rom t h e  f a c t  t h a t  J'

i s  n o t ,  i n  g e n e r a l ,  e q u a l  t o  S  ^ '

I t  w i l l  be s e e n  t n a t  t h e r e  i s  a l a c k  o f  p r e c i s i o n  

i n  t h e  d e r i v a t i o n  o f  e n e r g y  f o r m u l a e  i n  many s t a n d a r d  

a u t h o r s .  However,  be t h i s  a s  i t  may, t h e  main  f e a t u r e  of  

8 m i t h - W h i t e  *s c r i t i c i s m  of  t h e  H e l i i l io l t z  method i s  i m p l i c i t  

i n  h i s  d e r i v a t i o n  of  t h e  g e n e r a l  work f o r m u l a e

(10.2)  A W  = —Z\V — y  Z- d V

and

( 1 0 . 3 )

Where

J

AW -  -A M .  .

V = JL JL ^

and ^

I t  h as  be e n  shown i n  S e c t i o n  11 t h a t  U and V a r e  

o n ly  s u i t a b l e  as  m e c h a n i c a l  p o t e n t i a l  e n e r g y  f u n c t i o n s  i n  

c e r t a i n  s p e c i a l  c a s e s ;  i n  g e n e r a l  t h e y  c a n n o t  be used 

a s  s u c h .  Th i s  i s  an  i m p o r t a n t  c r i t i c i s m  which c a h n o t  be
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i g n o r e d .  I t  i n d i c a t e s  t h a t  a r e f o r m u l a t i o n  of  t h e  t h e o r y  

o f  p o l a r i s a u l e  b o d ie s  i s  n e c e s s a r y .
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31 .  CADE; CRITICISM OF SMITH-WHITE’S THEORY.

Cade (5) c l a im s  to  have d i s c o v e r e d  a f u n d am e n ta l  e r r o r  

i n  Smith-Y\fhit e  ’ s t h e o r y .

He h o l d s  t h a t  Smith-Y^hite  ' s fu n d am e n ta l  f o r c e  fo rm u l a

f  -  ( I  v ) E  j . . .  (51.1 )

where E ^  ̂ . . . ( 3 1 . 2 )

does  n o t  t a k e  i n t o  a c c o u n t  th e  f a c t  t h a t  a volume e l e m e n t  a t  

t h e  f i e l d  p o i n t  c o n s i d e r e d  p r o v i d e s  a c o n t r i b u t i o n  to  the  

f i e l d  o f  the  same o r d e r  as  £  so t h a t ,  i n  f i n d i n g  th e  f o r c e  

on the  e l e m e n t ,  t h i s  c o n t r i b u t i o n  must  be s u b t r a c t e d .

He p r o c e e d s  t o  i n v e s t i g a t e  th e  m a t t e r  as  f o l l o w s :

"We c o n s i d e r  a s m a l l  e l e m e n t  o f  d i e l e c t r i c  and r e g a r d  t h i s  

and th e  r e s t  o f  the  d i e l e c t r i c  as  tvm p o l a r i s e d  b o d i e s .

T h e i r  p o l a r i s a t i o n s  may be r e p l a c e d  by P o i s s o n ’ s e q u i v a l e n t  

char&e d i s t r i b u t i o n s .  I t  f o l l o w s  t h a t  the  f i e l d  s t r e n g t h  

a c t i n g  on th e  e l e m e n t  d i f f e r s  f rom E  t h r o u g h  th e  removal  o f

a volume ch a rge  o f  d e n s i t y  -  div P b e l o n g i n g  to  t h e  e l e m e n t

and th e  a d d i t i o n  o f  a s u r f a c e  d i s t r i b u t i o n  of  d e n s i t y  Pn. on

t h e  w a l l  of  t h e  c a v i t y  o c c u p i e d  by t h e  e l e m e n t ,  the  s u f f i x  

d e n o t i n g  t h e  component  o f  JP normal  to  th e  w a l l  and d i r e c t e d  

i n t o  t h e  c a v i t y .  I n  a d d i t i o n  to  th e  f o r c e  g i v e n  by (31 .1 )  

one t h e r e f o r e  has

(a) The f o r c e  due to  the  c h a rg e s  on th e  w a l l  o f  th e  c a v i t y  

a c t i n g  upon t h e  c h a rg e s  on t h e  s u r f a c e  o f  th e  e l e m e n t .

(b) The f o r c e s  due to  t h e  same c h a rg e s  a c t i n g  upon the  

volume c h a r g e  o f  t h e  e l e m e n t .
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(c)  The e f f e c t  of  t h e  a d d i t i o n a l  e l e c t r i c  i n t e n s i t y  due to  

t h e  removed ch a rg e  upon t n e  s u r f a c e  c h a rg e  of  t h e

e l e m e n t .

(dj  The e f f e c t  o f  t h i s  e l e c t r i c  i n t e n s i t y  unon th e  volume 

charge  o f  t h e  e l em e n t  .

I t  w i l l  e a s i l y  be s e e n  t h a t  (d)  i s  z e r o  and t h a t  ( b ) and ( c ) 

c a n c e l  so t h a t  a l l  t h a t  r e m a i n s  i s  (a ) which  i s  in. g e n e r a l  

no t  z e r o .

The a c c e p t a n c e  of  (3/-/)then a c c o r d i n g  t o  Cade i s  wrong.  

Cade r emark s  t h a t  t h e  j_,i v e ns -  Smi t h  -  ,Vh i  t  e coup le  d e n s i t y  i n  

a d i e l e c t r i c  i . e .  5  “ i s  u n a f f e cte d  by t h e

p r e s e n t  c r i t i c i s m  f o r  i t  can  be r e a d i l y  s e e n  t h a t  the  

a d d i t i o n a l  f i e l d  s t r e n g t h  a c t i n g  on a voliune e l emen t  w i l l  

be a m u l t i p l e  of  P

S m i t h - W h i t e ’s e n e r g y  t h e o r y  i s  u n a f f e c t e d  by t h e s e  

c r i t i c i s m s .  The e f f e c t i v e  e x t r a  f o r c e s  a r e  due t o  s u r f a c e  

c h a r g e s  e x i s t i n g  a s  e q u a l  and o p p o s i t e  a d j a c e n t  l a y e r s  and 

so t h e  work done by them i s  z e r o .
(ii-Ù

Cade t h e n  goes  on t o  say  t h a t  t h e  f o r c e ^ v / i l l  not  i n  

g e n e r a l  y i e l d  t h e  c o r r e c t  r e s u l t  f o r  th e  m e c h a n i c a l  f o r c e  on 

a r e g i o n  of  d i e l e c t r i c ;  a l t h o u g h  i t  w i l l  i n  t h e  s p e c i a l  c a s e  

where  t h e  r e g i o n  c o n t a i n s  t h e  whole  of  the  d i e l e c t r i c  and t h e  

d i e l e c t r i c  i s  r i g i d ,  f o r  t h e n  t h e  a d d i t i o n a l  f o r c e s  c a n c e l .

He p o i n t s  ou t  t h a t  i n  t h i s  c a s e  t h e  Livens-Smith-YYhi te  t h e o r y  

g i v e s  t h e  same r e s u l t  a s  t h e  Ma xwei l -He lm hol tz  t h e o r y  ( see
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E c c t i o n  10) so t h a t  our  i o r m e r  i d e a s  of  t h e  m e c h a n i c a l  

a c t i o n  a r e  u n a f f e c t e d .

Emith-Ydi i te  (7 ) i n  a r e p l y  em pha s i s es  t n a t  the  

e q u a t i o n s  and ^3 j  a r e  h y p o t h e s e s  which

w i l l  u l t i m a t e l y  be t e s t e d  by e x p e r i m e n t . n i s o  t h a t  t h e y  

a r e  i n  l i n e  v ; i th  t h e  t h e o r y  of  u i s c r e t e  d i s t r i b u t i o n s  o f  

d i p o l e  moment.  (Smith-VYhite d e a l s  w i t h  t h i s  p o i n t  more 

f u l l y  i n  (1 1 ) ;  f o r  an  ac c o u n t  of  t h i s  se e  S e c t i o n  9)

Cade (6)  i n  a r e p l y  t h i n k s  t h a t  t h i s  h y p o t h e s i s  o f  

S m i t h - V / h i t e ’s c o n f l i c t s  w i t h  known e l e c t r i c a l  n r i n c i p l e s .

He p o i n t s  ou t  t h a t  when we w r i t e  dovm the  e l e c t r i c  i n t e n s i t y  

a t  a p o i n t  i n  a d i e l e c t r i c  i n  t e rms  of  a n  i n t e g r a l  over  t h e  

d o u b l e t  d i s t r i b u t i o n  t h e  i n t e g r a l  f rom  t h e  s t r i c t  

m a t h e m a t i c a l  v i e w p o i n t  i s  non c o n v e r g e n t  b u t  t h e  d i f f i c u l t y  

i s  overcome f rom a p h y s i c a l  s t a n d p o i n t  by s p e c i f y i n g  t h a t  

a c a v i t y  s u r r o u n d i n g  t h e  p o i n t  which i s  i n  due c o u r s e  a l l o w e d  

t o  become i n c r e a s i n g l y  s m a l l  s h a l l  have a c e r t a i n  s h a p e .  I t . i s  

w e l l  known t h a t  f o r  t u b u l a r  and d i s c  shaped  c a v i t i e s  we 

o b t a i n  f i e l d  i n t e n s i t i e s  o f  and E  . He goes on

t o  say  t h a t  t h e  d i f f i c u l t y  of  non c o n ve rg e nc e  t h e r e f o r e  does  

n o t  p r e v e n t  us f rom f i n d i n g  th e  f o r c e  6n an  e l e m e n t  of  

d i e l e c t r i c  b u t  m e r e l y  demands t h a t  we s p e c i f y  t h e  shape  o f  

t h e  e l e m e n t .  He p o i n t s  ou t  t h a t  t h i s  s i t u a t i o n ,  e x c e p t  f o r  

t h e  a n a l o g o u s  one i n  magne t i sm,  i s  p r o b a b l y  u n iq ue  i n  

t h e o r e t i c a l  p h y s i c s .
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I n  (Jade’s o p i n i o n ,  a c a l c u l a t i o n  of  the  f o r c e  d e n s i t y  

w i l l  l e a d  t o  t h e  t e r m  ( j  > Sf t o g e t h e r  w i t h  an e x t r a

t e r m ,  so t h a t  8mith-V/hi te  ’ s h y p o t h e s i s  t h a t  

a l o n e  i s  t h e  f o r c e , c o n f l i c t s  w i t n  e s t a b l i s h e d  e l e c t r i c a l  

p r i n c i p l e s .

Hjriith-Y/hite (d)  i n  r e p l y  c o n s i d e r s  t h a t  the  a c t i o n  of  

a r i iecnanical  f o r c e  on a body i s  e i t i i e r  s p e c i f i e d  by th e  

f o r c e  a c t i n g  a t  a s i n g l e  p o i n t  of  t h e  body  ̂ or  i t  may be 

d i s t r i b u t e d  t h r o u g h o u t  th e  volume of  t h e  b o d y . Though i t  

would be p o s s i b l e  t o  c o n t e m p l a t e  more g e n e r a l  k inds  of  

d i s t r i b u t i o n s  i t  i s  u s u a l l y  s u f f i c i e n t  t o  c o n s i d e r  o n l y  

d i s t r i b u t i o n s  v/hich ca n  be s p e c i f i e d  by a f o r c e  d e n s i t y  

f u n c t i o n .  The f u n c t i o n  i s  t h e n  d e f i n e d  t h r o u g h o u t  t h e  

r e g i o n  o c c u p i e d  by t h e  body.  Such a s p e c i f i c a t i o n  of  

c o n t i n u o u s l y  d i s t r i b u t e d  f o r c e  i s  p o s s i b l e  o n ly  i f  t h e  

f o r c e  a c t i n g  on an e l e m e n t  o f  t h e  body i s  p r o p o r t i o n a l  to  

t h e  volume b e i n g  i n d e p e n d e n t  of  th e  shape o f  t h e  e l e m e n t , 

The n o t i o n  of  f o r c e  d e n s i t y  i s  m e a n i n g l e s s  i n  any o t h e r  

c a s e  •
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CHAPTER IV

C O N C L U S I O N S



3 2.  GENERAL DISCUSSION.

The w r i t e r  t h i n k s  t h a t  the  t r e a t m e n t  o f  Problems I ,  I I ,  

o f  S o c t i o n  1 s i iuuld  f o l l o w  t l i a t  of  th e  an a lo g o u s  p rob lem i n  

g r a v i t a t i o n  g i v e n  i n  th e  same s e c t i o n .

The e s s e n t i a l  f e a t u r e s  o f  such a t r e a t m e n t  a r e :

A. We pos t u l a te  t h a t

(1) The body f o r c e  d e n s i t y  i s  g i v e n  by F .

(2) The s u r f a c e  f o r c e  i s  g i v e n  by T * .

( I t  i s  shown i n  Appendix A-A^ t h a t  t h i s  i s  a l i m i t i n g

form of  the  f o rm u l a  F . ^  )Æ » )

(3) Tlie body c o u p l e  d e n s i t y  i s  g i v e n  by P ^  E

E. An e n e r g y  method i n v o l v i n g  b o t h  e l e c t r i c  and

e l a s t i c  e n e r g y  i s  u se d  t o  o b t a i n  t h e  s t r e s s - s t r a i n  r e l a t i o n s .

(Toupin ( see  S e c t i o n s  27,  28) g i v e s  a g e n e r a l  d e r i v a t i o n  o f  

t h e s e  r e l a t i o n s .  Brown ( s ee  S e c t i o n  22) shows t h a t  t h e y  w i l l  

I n v o l v e  t h e  f i e l d  and  p o l a r i s a r i c n ,  so t h a t  i t  i s  n o t  p e r 

m i s s i b l e  to  t a k e  o ver  t h e  s t r e s s - s t r a i n  r e l a t i o n s  t h a t  a p p l y  

i n  t h e  ab s en c e  o f  an e l e c t r i c  f i e l d . )

I t  w i l l  be s e e n  t h a t  an a rg um e n t  b a s e d  on e n e r g y  c o n 

s i d e r a t i o n s  i s  o m i t t e d  f rom (A) and f i n d s  i t s  p r o p e r  p l a c e  

i n  ( B ) .
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3 3 .  HELMHOLTZ : CONCLUSION.

V'.'hen d i s c u s s i n g  a system of  c h a r g e s , most  t e x tb o o k s  g iv e  

the  e x p l i c i t  fo rm ul a  f o r  th e  law of f o r c e  between ch a r g e s  and 

then  p ro c e e d  to  deduce th e  mutual  p o t e n t i a l  ene rgy  of  the  

cl larges  .

The Helmhol tz  t h e o r y  f o r  p o l a r i s a b l e  b o d i e s  r e v e r s e s  t h i s  

o r d e r  and deduces  the  law of f o r c e  from an e x p r e s s i o n  supposed 

to r e p r e s e n t  the  en erg y  o f  the  sys ter t . . I t  i s  n o t  c l e a r  why 

Korteweg and Halmliol tz s h o u l d  have u se d  t h i s  p r o c e d u r e , 

p a r t i c u l a r l y  when Maxwell h i m s e l f  had s u g g e s t e d  t h a t  the  

s o l u t i o n  o f  an ana logous  problem i n  magnet i sm was to be 

o b t a i n e d  by assuming the  e x p r e s s i o n  f o r  the  f o r c e

d e n s i t y .

I t  i s  d i f f i c u l t  to  d e c i d e  from S t r a t t o n ’ s t r e a t m e n t  o f  

the  Helmhol tz  t h e o r y  ( see  S e c t i o n s  3.  4) w he the r  he i s  

a t t e m p t i n g  to d e r i v e  a fo rmula  f o r  the  ( e l e c t r i c )  b o d y - f o r c e  

o r  8 r e l a t i o n  between th e  s t r e s s  and s t r a i n  i n  a p o l a r i s e d  

medium. The main s t e p s  i n  h i s  d i s c u s s i o n  a r e  as f o l l o w s ;

(1) lie s t a t e s  t h a t  he i n t e n d s  to  d e r i v e  a formula  f o r  

the  body- f o r c e  i n  de fo rm a b le  s o l i d  d i e l e c t r i c s .

(2) For  an i n f i n i t e s i m a l  d e f o r m a t i o n  o f  the  medium he 

r i t e s

% ( e l e c t r i c  ene rgy  -f e l a s t i c  energy} «  work done by b o d y - f  orce.

(3) This  e q u a l i t y  i s  u s e d  to  o b t a i n  the  formula  (4 - 7 ) .

(4) He th e n  s t a t e s  " i f  the  b o d y - f o r c e  i s  o f  e l e c t r i c a l
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o r i g i n  o n l y ,  th e  d i v e r g e n c e  of  the  e l a s t i c  s t r e s s e s  v a n i s h e s ” .

(5) Under t h i s  l a s t  a s s u m p t i o n  he deduces  t h e  fo rm ul a  

( 4 - 9 )  f o r  t h e  b o d y - f o r ce .

(6) L a t e r  ( S t r a t t o n  3,  p .  149) ,  v/hen d i s c u s s i n g  e l e c t r o -

s t r i c t r b n ,  he uses  t h e  fo rmula
(4  -  1 0 )  f  - r  <dY -  O

where i s  g i v e n  by (4 -  8 ) .  (Here he h a s  i m p l i c i t l y  assumed

t h a t  t h e  s t r e s s - s t r a i n  r e l a t i o n s  a r e  u n a l t e r e d  by th e  

p o l a r i s a t i o n  of  t h e  medium).

The w r i t e r ’s v iew (see Section 32 ,B ) i s  t h a t ,  i n  u s i n g  t h e  

e q u a t i o n  i n  (2 ) ,  S t r a t t o n  i s  d e r i v i n g  a s t r e s s - s t r a i n - f i e l d  

r e l a t i o n  (and no t  a fo rmula  f o r  body f o r c e ) ;  i n d e e d , Toupin 

shows t h a t ,  i f  c e r t a i n  a p p r o x i m a t i o n s  a r e  made, t h e  r e l a t i o n  

(4 -  7)  can be o b t a i n e d  as  a s p e c i a l  ca se  of  h i s  own more 

g e n e r a l  r e s u l t s .

S t r a t t o n ’s arguiaent  i s  an e l a b o r a t i o n  of  t h e  o r i g i n a l  

H e lm ho l tz  t h e o r y ;  a t y p i c a l  a c c o u n t  of  th e  l a t t e r  i s  t h a t  

g i v e n  by P o c k e l s  ( ] ^ ), v;ho p ro ce e d s  a s  f o l l o w s :

(1) He s t a t e s  t h a t  he i n t e n d s  to  d e r i v e  a fo rmul a  f o r  t h e  

body f o r c e  i n  de fo rm ab le  s o l i d  d i e l e c t r i c s .

(2) For  an  i n f i n i t e s i m a l  d e f o r m a t i o n  of  the  sy s t em he 

w r i t e s

S ( e l e c t r i c  en e rg y )  = work done by body f o r c e .

(3) Th i s  e q u a l i t y  i s  used t o  o b t a i n  t h e  fo rmula  ( 4 - 8 )  

and i t s  s p e c i a l  case  ( 4 - 9 ) .

(4) I n  a p p l y i n g  t h i s  t h e o r y  to  i s o t r o p i c  s o l i d  b o d ie s

(16, P . 362) he uses  an  e q u a t i o n  s i m i l a r  t o  (4 -  10) ;  he assumes

t h a t  t h e  s t r e s s - s t r a i n  r e l a t i o n s  a r e  u n a l t e r e d  by p o l a r i s a t i o n .
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I t  i s  i n t e r e s t i n g  t o  note  t h a t ,  i n  h i s  a c c o u n t  of  V o i g t ’s 

e m p i r i c a l  t h e o r y  of  p i e z o - e l e c t r i c i t y  (16, p . 37 4 ) ,  th e  

dependence of  the  s t r e s s - s t r a i n  r e l a t i o n s  on the  f i e l d  a p n e a r s  

e x p l i c i t l y ;  however ,  Po ck e l s  o f f e r s  no comment on t h  s 

d i f f e r e n c e .  In the  same c o n n e c t i o n  i t  jway be no ted  t h a t  the  

l ie lml iol tz  t h e o r y  l a c k s  any c l e a r  e x n e r l m e n t a l  s u p p o r t  : most

of  t h e  exper i i f i ente rs  ment ioned i n  th e  a r t i c l e  "’E l e c t r o s t r i c t i o n ” 

i n  The I n t e r n a t i o n a l  C r i t i c a l  Tab l es  (19) have based t h e i r  

work on t h e  He lmhol tz  t h e o r y  ; i t  i s  e v i d e n t  f rom t h i s  a r t i c l e  

t n a t  t n e  re  i s  no gencm'al agreement  between t h e o r y  and 

e x p e r i m e n t .  un th e  o t h e r  nand,  V o i g t ’s t h e o r y  of  p i e z o 

e l e c t r i c i t y  ( o b t a i n e d  by Toupin as  a s p e c i a l  case  of  h i s  own 

more g e n e r a l  t h e o r y )  has met w i t h  complete  e x p e r i m e n t a l  

v e r i f i c a t i o n ;  i n d e e d ,  the  main r e s u l t s  have now found an 

i m p o r t a n t  p l a c e  i n  e l e c t r l e a l - e n g i n e e r i n g  p r a c t i c e . However,  

i t  i s  f a i r  t o  p o i n t  ou t  t h a t ,  i n  é l e c t r o s t r i c t i o n ,  t h e  e f f e c t s  

i n v o lv e d  a r e  e x t r e m e ly  s m a l l  and c o r r e s p o n d i n g l y  d i f f i c u l t  of  

measur eiaerit .

S m i t h - W h i t e ’s c r i t i c i s m s  g i v e n  i n  Section ̂ 30., lodge  

t h e o r e t i c a l  o b j e c t i o n s  o g u i n s t  th e  He lmhol tz  t h e o r y .

The above f a c t s  l end  s u p p o r t  t o  T o u p i n ’s work: i n  th e

f i r s t  p l a c e  i t  g i v e s  a u n i f i e d  view of  t h e  problem,  of 

de fo rm ab le  d i e l e c t r i c s ,  wnereas  th e  He lmhol tz  t h e o ry  -  as  i t  

s t a n d s  -  does no t  cover  p i e z o - e l e c t r i c  phenomena; i n  th e  

second p l a c e ,  i t  i n c l u d e s  V o i g t ’s r e s u l t s  and i n  t h i s  r e s p e c t  

i s  amply v e r i f i e d  by e x p e r i m e n t a l  e v i d e n c e .
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3^ .  SMITH-WHITE : GONGLUSIOH

The e a r l y  c r i t i c i s m s  o f  Larmor and L iv en s  seem t o  have 

made l i t t l e  i m p r e s s i o n  on t h e  a u t h o r s  of  m a t h e m a t i c a l  

t e x t s  on E l e c t r i c i t y .  S t r a t t o n  (3) i s  t h e  on ly  a u t h o r  t o  

ment ion  Larmor and L iv en s  i n  t h i s  c o n n e c t i o n :  he says

"These c r i t i c i s m s  however do not  app ea r  t o  be w e l l  founded" 

and "There a p p e a r s  t o  be l i t t l e  r e a s o n  t o  doubt  t h a t  t h e  

energy  met od of  Korteweg and Helm hol tz  i s  f u n d a m e n t a l l y  

sound"

Smi th -Wh i te ’s c r i t i c i s m  of  t h e  Helmhol tz  t h e o r y  has  

been g iv e n  i n  S e c t i o n  30.  I t  was t h e r e  shown t h a t  n e i t h e r

of  t h e  f u n c t i o n s  U nor V i s  s u i t a b l e  i n  g e n e r a l  as  a 

m e c h a n i c a l  p o t e n t i a l  energ- '  f u n c t i o n .  T h i s  shows t h a t  

t h e  He lm ho l tz  method of  d e r i v i n g  t h e  body f o r c e  i s  

f u n d a m e n t a l l y  unsound.

The w r i t e r  a g r e e s  w i t h  S m i t h - W h i t e ' s  c o n c l u s i o n s  i n  

t h e  main bu t  t h i n k s  t h a t  h i s  use o f  t h e  t e rm  "semi 

c o n s e r v a t i v e "  t o  d e s c r i b e  a sys tem c o n t a i n i n g  p o l a r i s a b l e  

m a t t e r  c a u s e s  c o n f u s i o n .  As Brown remarks  i n  c o n n e c t i o n  

w i t h  (22.2) i f  a magnet i s  t o  be t r e a t e d  as  a c o n s e r v a t i v e  

dynamica l  sys tem i t  i s  n e c e s s a r y  t o  i n t r o d u c e ,  b e s i d e s  

t h e  e x t e r n a l  c o o r d i n a t e s  n e c e s s a r y  f o r  a permanent  magnet ,  

a d d i t i o n a l  i n t e r n a l  c o o r d i n a t e s ,  t h e  components o f  m  i n  

axes  a t t a c h e d  t o  t h e  magnet ,  and t o  i n c l u d e  a term^

i n  t h e  d i f f e r e n t i a l  e x p r e s s i o n  f o r  work done.



I n  f i n e ,  work i s  done i n  deforming  t h e  d i p o l o  as  w e l l  as  

i n  d i s p l a c i n g  i t .  T h i s  can  be i l l u s t r a t e d  by t h e  

f o l l o w i n g  “du m be l l” model .

Vie c o n s i d e r  two c h a r g e s  - c andr^^ whose v e c t o r  

s e p a r a t i o n  i s  and w r i t e  ^  . Suppose t h a t

t h e s e  c h a r g e s  a r e  g i v e n  t h e  r e s p e c t i v e  i n f i n i t e s i m a l  

d i s p l a c e m e n t s  ^  and S. • The c o r r e s p o n d i n g  work

done by t h e  f i e l d  i s  on -  ^

and £ (  ̂  )  on

fe so t h a t  t h e  n e t  work done by t h e  f i e l d

i s  e £ .  i s  € A.

= _£. f  . . .  (31+.1)

s i n c e  Sjk = (LT* ^  ) E. and  ̂i l  ^  •

We see t h a t  i n  a d d i t i o n  t o  t h e  work done by t h e  body f o r c e

j_£ t h e r e  i s  a c o n t r i b u t i o n  v/hich a r i s e s  from

t h e  d e f o r m a t i o n  o f  t h e  d i p o l e .

I f  we have a sys tem of  such d i p o l e s  t h e  work done 
£

by t h i s  f i e l d / \ i s

£  I E .  .

For  t h e  sys tem of  c h a r g e s  and d i p o l e s  of  S e c t i o n  7 t h e  

t o t a l  work done i n  a v i r t u a l  d i s p l a c e m e n t  i s

2  [ c ^ . v ) e ] . ±  ,

( 7 . 5) shows t h a t  t h i s  sum i s  eq u a l  t o  — A \ /

136



Smi th-Whi te  s t a t e s  t h a t  t h e  im por ta nce  of  ( 7 ^ 0  

’’s p r i n g s  from t h e  g e n e r a l i t y  o f  t h e  c i r c u m s t a n c e s  to  which 

i t  a p p l i e s ” .

I n  S e c t i o n  7 however Smi th -Whi te  a p p e a r s  t o  i n c l u d e

only  t e rms  of  t h e  ty p e  C  • S when c o n s i d e r i n g  th e

work done on t h e  d i p o l e s  by t h e  f i e l d .  I t  i s  c l e a r  from

(3^-1)  t h a t  i t  i s  n e c e s s a r y  t o  i n c l u d e  t e rms  o f  t h e  ty pe

E- t o  show t h a t  t h e  sys tem i s  c o n s e r v a t i v e .  T h i s  i s

no more t h a n  sa y \n g  t h a t ,  i n  g e n e r a l ,  a de for mabl e  body

has an energy due t o  d e f o r m a t i o n  as  w e l l  a s  an ene rgy  due

t o  p o s i t i o n  i n  a f i e l d  o f  f o r c e .

From t h i s  p o i n t  o f  view t h e  s i g n i f i c a n c e  o f  t h e  example

g i v e n  i n  S e c t i o n  5 becomes more c l e a r .  Smith -Whi te  showed

t h a t ,  i n  g e n e r a l ,  t h e  e x p r e s s i o n
F d x  -f- Ff *(xf Fôt cl = Ft ci Tf i- À j

i s  no t  a p e r f e c t  d i f f e r e n t i a l .  I n  t h e  l i g h t  of  (34-.1) t h i s

i s  on ly  t o  be e x p e c t e d :  we o b t a i n  a p e r f e c t  d i f f e r e n t i a l
r d x  " f  F f d j C f  f -  F ^ c lx s^  ^ t d p t  -t- j

( se e  7 . 5) )  by add ing  t h e  work done i n  t h e  i n t e r n a l

d e f o r m a t i o n  o f  t h e  d i p o l e s ,  so t h a t  t h e  sys tem i s

c o n s e r v a t i v e .  T h i s  c r i t i c i s m  does not  i n v a l i d a t e  t h e

u s e f u l n e s s  of  Smi th -Whi te  *s funda m e nt a l  work fo rm ul ae

(1 0 .2 )  and (1 0 .3 )  i n  showing t h a t  n e i t h e r  K. nor  V  i s

s u i t a b l e  as  a p o t e n t i a l  f u n c t i o n  from which t h e  body f o r c e

Cf-V)_£ and body c ou p l e  a E  can  be der ived#

Smith-White* s u s e f u l  d i s c u s s i o n  o f  t h e  ’’e f f e c t i v e  f i e l d ”

i n  a d i e l e c t r i c  has  been  g i v e n  i n  S e c t i o n  9* He i n s i s t s

t h a t  t h e  t h e o r y  o f  c o n t i n u o u s  d i s t r i b u t i o n s  shou ld  r u n
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p a r a l l e l  to  t h a t  of  d i s c r e t e  d i s t r i b u t i o n s .  For  a d i s c r e t e  

d i s t r i b u t i o n  of  d i p o l e s  he f i n d s  t h a t  t h e r e  a r e  two 

a l t e r n a t i v e  p r o c e d u r e s  f o r  o b t a i n i n g  E  : e i t h e r  E.

be d e f i n e d  d i r e c t l y  or i t  can  be d e f i n e d  as  t h e  g r a d i e n t  of  

^  I n  t h e  case  of  a c o n t i n u o u s  d i s t r i b u t i - n t h e  f i r s t

p r o c e d u r e  b r e a k s  down bu t  t h e  second method i s  s t i l l  

a v a i l a b l e  as can  be e x p r e s s e d  as  a co n v e r g e n t  i n t e g r a l .

Smi th -Whi te  has  shown ( s ee  S e c t i o n  l 4 )  t h a t ,  f o r  a 

s o l i d  body immersed i n  an i n c o m p r e s s i b l e  f l u i d  d i e l e c t r i c ,  

h i s  own t h e o r y  g i v e s  t h e  same f o r c e  and c ou p l e  as  t h e  Max\'/ell 

t h e o r y .  Cade (12) has  t r i e d  t o  compare t h e  He lmhol tz  and 

Smi th -Whi te  t h e o r i e s  w i t h  known e x p e r i m e n t a l  measurements  

of  t h e  c o u p l e s  on e l l i p s o i d s  i n  d i e l e c t r i c  f l u i d s .  He has 

l e f t  ou t  o f  ac c o u n t  t h e  e f f e c t  of  t h e  h y d r o s t a t i c  p r e s s u r e  in 

h i s  t r e a t m e n t  o f  Smith-Whi te* s t h e o r y  and t h e r e b y  e r r o n e o u s l y  

co n c lu d e s  t h a t  c a l c u l a t i o n s  ba sed  on t h e  Smi th -Whi te  t h e o r y  

a r e  i n  sh a rp  d i s a g re e m e n t  w i t h  t h e  e x p e r i m e n t a l  e v i d e n c e .

I t  must be r e p e a t e d  t h a t  i n  t h e  s p e c i a l  ca se  o f  an  

i n c o m p r e s s i b l e  f l u i d  d i e l e c t r i c  t h e  fo rmul ae  o b t a i n e d  by 

S m i t h - W h i t e ’ s t h e o r y  and t h o s e  g i v e n  by Helm hol tz  r ed u ce  

t o  t h e  fo rm u la e  o b t a i n e d  e a r l i e r  by M axivell,

can
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35. BROm : CONCLUSION.

C o n s id er  a d i e l e c t r i c  body under  th e  i n f l u e n c e  of  

ch a rge  c o n t a i n e d  i n  a. s e p a r a t e  volume!/ , .

Brown (see Sect ion  17) obtains the "long-range” force on a 

part T  of the volume as

(17. 9) p  ̂ f z i
— r  S

On t h e  o t h e r  hand,  Smi th -Whi te  p o s t u l a t e s  t h a t  t h e  body

force density at an in ter ior  point of a d ie l e c tr ic  i s

f  -  ( l -v ) i  ,

and that the surface force at an actual  surface of the 

d ie l e c t r i c  i s
r  = ^Trn. Prf̂  .

(Smi th-Whi te  r e g a r d s  t h e  s u r f a c e  f o r c e  T = A as

be in g  a l i m i t i n g  ca se  of  t h e  volume f o r c e  £  .

(See App A -  )

Thus the force given by Brown’ s formula (17*9) i s  the 

same as that given by the Smith-White formulae provided 

the volume i s  the whole of the d i e l e c t r ic  and not just  

part of i t .  Disagreement a r ise s  when T  represents only 

part of  the volume . The writer i s  of the opinion

that in  th i s  case the reasoning used by Brown in obtaining
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(17*9) contains a f law: he conceives  of the volume 'T

as being i s o la te d  in empty space ( e . g . ,  he says

"the d isc o n t in u i ty  in  Hi across the surface S a f f e c t s  the

normal components only and i s  of amount 4 - ^ c ) and

thereby introduces what we might c a l l  a conceptual

d isc o n t in u i ty  in the d i e l e c t r i c  and, in  consequence, in

the vector  £  .

This conceptual d isc o n t in u i ty  g ives  r i s e  to  the

surface in te g r a l  d  ^  in  (17.9)* I f  the

surfaces  S, and appearing in  S e c t io n  17 are e n t i r e ly

in s id e  the d i e l e c t r i c  body then in  r e a l i t y  -  i l T  in

(17. 0 ) and the surface term S 3: • ^

-  n vanishes .  Thus

the body force i s  per unit volume at an

in te r io r  point of a d i e l e c t r i c  ; Brown's formula

should only be applied to  the whole volume Xq

Using ( 17. 9) Brown cannot use a body-force d en s ity

alone but must include in  the force of e l e c t r i c a l  o r ig in

on an element of d i e l e c t r i c  a term invo lv ing  a surface

in te g r a l  over the boundary surface of  the element. This i s

the reason for the unusual s t r e s s - r e l a t io n s

(18 .2)  à i ( v )  = [ t v  t R f y \  +“ 6/3 a  )

( \ ) )  -  +- L ^ 1 r f ) ] i r \  ' h ^ ^ 3  r i j

t s  Cv ) ^ 3/-^ ^
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The contr ibutions > ^7 t -  ( n ^  — M l ? ^  j

a v i s e  from the surface force  Mr  ̂ n. .

As pointed out above, t h i s  "surface force" vanishes in the

in te r io r  of the d i e l e c t r i c ;  making t h i s  co r rec t io n  (18 .2)

reduce to  the usual s t r e s s - r e l a t i o n s  
t , ^ V )  =  - h  C /4  i -  ^

. . .  (35 .1)
the corresponding equations of  motion being

t n , {  ■+■ f c /4 ,< 4  i -  t i i j i  - I -  [ ( M . V ) ! j J i i - F ,  •  ^

. . .  (35 .2 )

For a f lu id  d i e l e c t r i c  the pressure w i l l  be the same in  a l l  

d ir e c t io n s  at an in te r io r  point; but at any point on the 

actua l  surface of the f l u i d  the force  exerted w i l l  depend 

on the lo c a l  o r ie n ta t io n  of t h i s  surface .

( ) i s  correct  at a r e a l  surface of  the f l u i d  but

i s  not correct  at an in te r io r  point of the f l u i d ;  in  the  

l a t t e r  case i t  must be replaced by the r e la t io n  

pM -  ~ p ' H

Brown obtains what the writer opines to be the  

correct  equilibrium r e la t io n
( 2 0 . 2 )  ^ r c d p '  f  ^ p j r < ^ d V ^ O j

for a f l u i d  d i e l e c t r i c  ; putting V/ •  O t h i s  i s  formally  

the same as the equation  

( / H - - / )

obtained by Smith-White.

Brown's deductions from (ao-o). ) are u sefu l  : he shows

that there e x i s t s  a fu n ct io n a l  r e la t io n  between ^ , H
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and ^ and p r o v e s  t h a t

/vj — 3  ZL V = —

 ̂ '  . . .  ( 35 . 3 )

(Later he shows that these  r e s u l t s  are s p e c ia l  cases of  

the formulae (21 -  I 3 ).)

Brown a p p l ie s  the r e la t io n s  (35*3) to the case o f  a 

compressible f lu id  under the a c t io n  of an e l e c t r i c  f i e l d  

and i s  thereby a', l e  to throw considerable  l i g h t  on the  

Helmholtz theory of é l e c t r o s t r i c t i o n .  From the equations

£  = > 

p  =r -  3 % (  ̂ j
- i €

he deduces that

p ' -  t  [ ' ' < ( > - v ' e > - c v V

, /  7 ^ V ( 3 5 A )

where i s  the pressure at zero f i e l d .

Further r e s u l t s  obtained by Brown (see  S e c t io n  21) 

make i t  c lea r  that the p ressure -d e n s i ty  r e la t io n  appearing  

in  the account of  é l e c t r o s t r i c t i o n  by Abraham-Becker (17) 

i s  that corresponding to  zero f i e l d .

From (35*^)

'  A '  C Î 7  J

L k - (  +- ,
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whence
^ r o - d p '  - A ^ r A c i F ' ^  = -

f  3 ~ ^ 7 i - y  -  f  ^

. . y  ' '3 5 .5 )

^rcA-dpC^)  -  ^  [^rcAcl  -  F ' ^ p j r U k ]  _

According to  Smith-White the equilibrium equation i s

^r(xd.  A  ^ =• O

. . .  (35 .6)

In t h i s  case i t  would fo l low  from (35#5) that

^ r U p C ç ) -  t  ( 3 5 . 7 )

This i s  the Helmlioltz equation of equilibrium. Thus i t  

i s  seen th a t ,  for a f lu id  d i e l e c t r i c ,  the Helmlioltz 

formula (35*7) i s  equivalent to  the Smith-White formula 

(35 .6)  ; the term ^  ^ ^  in the

former i s  the body force  obtained by Helmlioltz.

Brown's proof of the ex is te n c e  of a thermodynamic 

p o te n t ia l  funct ion  has been given in  S ec t io n  22. E ar l ier  

in the present s e c t io n  i t  has been pointed out that the  

s tr e s s  r e la t io n s  (y^-^ ) used by Brown should be replaced  

by the simpler r e la t io n s  ( 3 5 # D ; making the appropriate  

changes in  the argument in  S ec t io n  22, the f i n a l  r e s u l t  

obtained ( c f .  ( 22- 13)) i s
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5 6 ,  TüUPIN: CUNUnUSION.

T hat  Toupin  h a s  g i v e n  t h e  mos t  g e n e r a l  a c c o u n t  t o  

d a t e  o f  t h e  s t r e s s - s t r a i n  r e l a t i o n s  i n  d e f o r m a b l e  d i e l e c t r i c s  

w i l l  be c l e a r  f ro m t h e  f o l l o w i n g  commen t s :

(1)  I t  i n c l u d e s  f i n i t e  d e f o r m a t i o n s ,  i n f i n i t e s i m a l  

d e f o r m a t i o n s  b e i n g  c o n s i d e r e d  as  s p e c i a l  c a s e s .  (Var ious  

e a r l i e r  a t t e m p t s  have b ee n  made t o  g e n e r a l i s e  V o i g t ' s  t h e o r y  

of  p i e z o e l e c t r i c i t y ;  t h e s e ,  l i k e  t h e  o r i g i n a l  t h e o r y ,  a r e  

based  on a c o n s i d e r a t i o n  of  i n f i n i t e s i m a l  d e f o r m a t i o n s .  

T o u p i n ' s  g e n e r a l i s a t i o n  o f  V o i g t ' s  t h e o r y  r e p r e s e n t s  t h e  

most  s i g n i f i c a n t  ad v a n ce  s i n c e  i t  i n c l u d e s  t h e  c a s e  of  

f i n i t e  d e f o r m a t i o n s . )

(S ) The f a c t  t h a t  t h e  p o l a r i s a t i o n  of  a d i e l e c t r i c  

de pe nds  on t h e  s t r a i n  as  v\/ell a s  on t h e  f i e l d  ( e . g . ,  a 

q u a r t z  c r y s t a l  can  be p o l a r i s e d  i n  t h e  a b s e n c e  o f  a n  

e x t e r n a l  f i e l d  by s u b j e c t i n g  i t  t o  m e ch an i cs  1 p r e s s u r e )  

i s  a f u n d a m e n t a l  p o s t u l a t e  i n  t h e  t h e o r y .

(3)  I n i t i a l  and f i n a l  s t a t e s  of  t h e  medium a r e  e x p r e s s e d  

i n  t e rm s  o f  a r b i t r a r y  s e t s  of  c u r v i l i n e a r  c o o r d i n a t e s  ; i n  

c o n s e q u e n c e ,  a p p l i c a t i o n  of  T o u p i n ' s  r e s u l t s  t o  p a r t i c u l a r  

c o n f i g u r a t i o n s  i s  o f t e n  f a c i l i t a t e d .  (As n o t e d  i n  § 5 3 ,  

r e c t a n g u l a r  c a r t e s i a n  c o o r d i n a t e s  have  b ee n  used 

t h r o u g h o u t  t h e  w r i t e r ’s, p r e s e n t a t i o n  o f  T o u p i n ' s  work ;  

t h e  c o n s e q u e n t  l o s s  of  g e n e r a l i t y  i s  o u tw e i g h e d  by t h e  

s i m p l i f i c a t i o n  of  t h e  a r g u m e n t .  )
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T o u p in  i n t r o d u c e s  t w o - p o i n t  t e n s o r  f i e l d s  a t  t h e

b e g i n n i n g  o f  h i s  Vv'ork ( l b ,  pp .  8 5 4 - 8 5 3 ) .  Tne v / r i t e r  i s

o f  th e  o p i n i o n  t h a t  t h i s  a n a l y t i c a l  t o o l  i s  of  i n t e r e s t

bu t  i s  n o t  n e c e s s a r y  f o r  a co m ple te  d i s c u s s i o n  o f  th e

d e f o r m a t i o n  of  an  e l a s t i c  d i e l e c t r i c :  t w o - p o i n t  t e n s o r s

may be o f  use  when t h e y  a r e  f u n c t i o n s  of  two i n d e p e n d e n t

s e t s  of  p o i n t s ;  h o w e v e r ,  i n  th e  p r e s e n t  c a s e ,  d e s c r i b e d

by Toupi n  (15,  p . 858)  as  one i n  w h i c h ; " . . . .  t h e  a rgum e nt  
 ̂ Lp o i n t s  /  and «  a r e  n o t  i n a e p e n a e n t  b u t  a r e  f u n c t i o n a l l y  

r e l a t e d  by t h e  mapping ®  ̂ t h e  p r e s e n t a t i o n

i s  s i m p l i f i e d  by a v o i d i n g  t h e i r  u s e .

The L iv en s  f o r m u l a e  f o r  body f o r c e  and c o u p l e  a r e  

used v / i t h o u t  d i s c u s s i o n  by Toup in .  (No m e n t i o n  i s  made 

o f  t h e  H e l m h o l t z  f o r m u l a  f o r  body f o r c e . )  Toupi n  f o l l o w s  

t h e  same a p p r o a c h  a s  8 m i t h -W h i t e  and Brown i n  p o s t u l a t i n g  

t h e  body f o r c e  d i r e c t l y  and t h e n  u s i n g  a n  e n e r g y  method 

t o  d e r i v e  t h e  s t r e s s - s t r a i n  r e l a t i o n s .

The main f e a t u r e  of  T o u p i n ' s  work i s  h i s  d e r i v a t i o n  

o f  c o n s t i t u t i v e  r e l a t i o n s  be tw e en  s t r e s s ,  s t r a i n ,  f i e l d  and 

p o l a r i s a t i o n  by use  o f  a n  e n e r g y  p r i n c i p l e .  Th i s  i s  an  

e x t e n s i o n  of  t h e  method used i n  o r d i n a r y  e l a s t i c i t y ,  b u t  

h e r e  t h e  e l a s t i c  e n e r g y  depends  on t h e  p o l a r i s a t i o n  as  

V'/ell a s  t h e  s t r a i n .
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I t  i s  p o s s i b l e  t o  s i m p l i f y  T o u p i n ' s  d e r i v a t i o n  of

(o)7-/| ) f rom (<47-7 ) a s  foliov^/s:

F i t s t l y ,  two of  t h e  i n t e g r a l s  i n  (47-7 ) can  be combined:

—  J  ^ M S  I  f
Zff £  /

[ à r S  t  i

J  £ ms . O d v  -i- A  1  1
-  ■“  V

By i ivpend ix  r̂Tvve ha v e  t h a t  £  , ù < d v  O j  ( s m c t  e =<p
£

E  E  e  . . .  (3 6 -1)

I t  i s  now n e c e s s a r y  t o  c a l c u l a t e  t h e  v a r i a t i o n  o f  

one i n t e g r a l  o n l y ,  i n s t e a d  o f  two a s  i n  T o u p i n ' s  t r e a t m e n t .  

S e c o n d l y ,  T oup in  c o n s i d e r s  t h r e e  i n d e p e n d e n t  v a r i a t i o n s  

( 2 7 -8 )  aO-’ y

( 87- 9 )  Pi ^ j

( 2 7 -1 0 )  $2̂ 9  ̂ ^

and d ed u c es  l i a x w e l l ' s  l aw z ( i v ( £ m s  ■h‘*'!t_P') — 0  a s  a

s i d e  r e s u l t  o f  h i s  a r g u m e n t .  (The method i s  s i m i l a r  t o  

Pa l a t i n i ' s  d e r i v a t i o n  (20)  o f  E i n s t e i n ' s  f i e l d . e q u a t i o n s . )

A c o n s i d e r a b l e  s i m p l i f i c a t i o n  i s  a t t a i n e d  i f  v;e f o l l o w  

t h e  u s u a l  c o u r s e  o f  a s su m in g  M a x w e l l ' s  l aw .  I n  t h i s  way.
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a s  shown by Srai th-V/hi te  ( see  § / o  ), a v a r i a t i o n  o f  ( 37“'! )

y i e l d s  tJie r e s u l t

à W  — E.  ^  ^  c/\/

A p p l y i n g  t h i s  f o rm u l a  t o  a s y s t e m  of  d i p o l e s  o n l y ,  we 

o b t a i n  ( i n  8 m i t h -V v h i t e ' s  n o t a t i o n )  th e  r e l a t i o n

J  F . w. c^v/ -I- S  "

= / h i d  -  I f .  ;
^  '4a

v/here f  ^ ( Î . ' ^ ) ê  and  J  =- f -  ( è r  ~~ £ ~ )  £i

and i s  t h e  c h a r g e  i n  £  f o l l o w i n g  t h e  d i s p l a c e m e n t  b u t

r e f e r r e d  t o  axes  t h a t  h a v e  t h e  same o r i e n t a t i o n  t h r o u g h o u t  

and do n o t  p a r t a k e  o f  t h e  r o t a t i o n  5 0 .

I n  T o u p i n ' s  n o t a t i o n  t h i s  f o r m u l a  becomes

^  ^  ^  1  f  MS . 1  = / £ f ^ S ' V f c / v /

■h f  +  y  -  s  7 1  )  •
J  S  t JJ  / J  ̂ J

Now

V 3*‘«
a s  d v
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sx 'ifl ^  -’ ^ 3 f /

=r - /  £  + -  J -  m  9 f

6 \ /  3x" f l  / ' ' J

-  f  g ' ^  P /  d v  ^
V/ 9 P /

> t h a t  (S.I-I1)  S' r̂ypi'fus to

( p i t  + ^ T j i j - h  n , j

+ f  f  -  1 1  f -  E l , ,  i -  e; 
/  ( L

4- 

£

1

/ - e  — 4 / ^ 'g L^Tjlt ĵ-pnifs'xids' = 0
 ̂ '3x)/<} J •

A c c o r d i n g l y ,

( 2 7 - 1 7 )  /  ^  M  / I  ) )  j  + -  ^  ÿ j  - t - ^ o l j j P j = 0

1 4 9



7 7 -a .O  ) -  P  ^  X'-^- a  n ;  i -  f_  2 % ’ ]  n )  t -  11 i  =  O

T o u p i n ' s  o t h e r  e q u a t i o n  ( 2 7 -1 9 )  i s  of  c o u r s e  t h e  

Maxwel l  law i i i i p l i c i t l y  assumed i n  t h e  above d e r i v a t i o n .

Toupin  ( see  ) h a s  examined p o l y n o m i a l

a p p r o x i m a t i o n s  t o  t h e  s t o r e d  e n e r g y  f u n c t i o n .  By 

a p p r o a c h i n g  t h e  s u b j e c t  f rom th e  f i n i t e  d e f o r m a t i o n  p o i n t  

o f  v iew h e  i s  a b l e  t o  g i v e  g e n e r a l  e x p r e s s i o n s  ( 4 ? - é  ) and 

( 5 3 - 7  ) f o r  l o c a l  s t r e s s  and l o c a l  f i e l d  r e s p e c t i v e l y .

), (55-^ ) a r e  o b t a i n e d  as  s p e c i a l  c a s e s  o f  t h e s e

r e s u l t s  and r e p r e s e n t  a g e n e r a l i s a t i o n  of  V o i g t ' s  f o r m u l a e .

I t  s h o u l d  be no ted  t h a t  even  f o r  i n f i n i t e s i m a l  d i s p l a c e m e n t s ,  

and a r e  n o t  f u n c t i o n s  o f  p o l a r i s a t i o n  and t h e

s y mine t r i e  p a r t  o f  t h e  s t r a i n  t e n s o r  a l o n e  b u t  may a l s o  

uepend  on t h e  a n t i s y m m e t r i c  p a r t  o f  t h e  s t r a i n  t e n s o r  .
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AfPEimiX A: ELECTROSTATICS.

1 .  FORMAL TRANS RC'RMATICNS

C o n s i d e r  a c h a rg e  d i s t r i b u t i o n  d e n s i t y  C i n  a volume 

7/ w i t h  s u r f a c e  and a d i p o l e  moment d i s t r i b u t i o n  o f

d e n s i t y  £. i n  volume w i t h  s u r f a c e  5^  . The

e l e c t r o s t a t i c  p o t e n t i a l  ^  i s  g i v e n  by

6  = f  t d v  y_ f  £  .V P- t ]  c i v  . . .  (A - 1)~  4  i r j

T ra n s  fo rm in g  (A - l )  by G r e e n ' s  the o re m

 ̂ J  e ^  -h J  -  <i<vZ dv r  { G d f !  . . • ■ (A -  2)
V, P r P ’

To have

D  = £ - h  4 ^ 2  J> . . .  (A -  3)

and
« ( , ✓ £ =  j  i n

 ̂ o  e l sev /h ere  

F o r  any volume V bounded by s u r f a c e  S

(A - '  4)

f  Pa  9  s' = f  2  4 v  *  hirj  e d v  -  Q ^  . . .  (A -  5)
S  V V

where 6. i s  th e  t o t a l  c h a r g e  c o n t a i n e d  i n  y  .

C o n s i d e r  a se con d  d i s t r i b u t i o n  o f  c h a r g e  w i t h  d e n s i t y
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qJ i n  V/ and moment w i t h  d e n s i t y  i n  . F o r

t h i s  d i s t r i b u t i o n ,  l e t  £ ;  2 ^  be th e  f u n c t i o n s

c o r r e s p o n d i n g  to  th e  o f  th e  f i r s t  d i s t r i b u t i o n .

The i d e n t i t y

^  2 . ' )  ~  2 -̂ <j> )

g i v e s
li-Tt ff “ ■ c i !\P ( d  2 /  ~P 2' -  E

A p p l y i n g  G r e e n ' s  the o re m  to  each  o f  t h e  t h r e e  components  o f  

sp a c e  s e p a r a t e d  by t h e  s u r f a c e s  S, and and a d d i n g ,

we have

J  , 1 ^ r  j ,  ,  . . .  _ e)

where  s i g n i f i e s  an i n t e g r a t i o n  o v e r  th e  whole o f  s p a c e .

I n  (A -  6) w r i t e  €  ̂ ^  ^   ̂ ^ — t h e n

r  ^  d d v  =- f  D . £  d v  . . . .  (A - 7 )

(fl-7) ^
S u b t r a c t i n g ^ f r o m  (A -  6)

f j o ! -  D) . g d y /  . . . . ( A  - 8 )

F o r  a d i f f e r e n t i a l  v a r i a t i o n  € e ^  -9 2  ^  j

t h i s  g i v e s

4  ^ E. i O dv  . . . .  (A -  9)

I n t e r c h a n g e  d a s h e d  and  u n d a s h e d  l e t t e r s  i n  (A -  6) and 

s u b t r a c t  th e  new r e s u l t  f rom i t .  So
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f  ( t ' < p - e l )  d v  = -̂ Tr i ( D ‘. £  -  o . ^ t )  d v

. .  • (a -  10}
V, - ' ' '  «  '£

*  r  ( p ^ E  — p  E ^ f f )

F o r  a d i f f e r e n t i a l  v a r i a t i o n  C <2 -f- §  e j  _P )

and O - )  O -f- ^ 2  t h i s  g i v e s

^  C<j) %e ^ ' i d ) d v  1  (^g. %_D -D_. %g)d \ y  . . .  (A -  12)
V ,

=  /  T r .  - f . S i )  c ^ v  .
. . .  (a — 13)

I f  t h e  b o u n d a r i e s  5 |  and move d u r i n g  th e

d e f o r m a t i o n  th e  more g e n e r a l  r e s u l t

J  C c 5 ^ — - J "  H c j , Aot̂ Ko,
V,

. . .  (A -  1 3 ' )  
[ ( f  . -  f .  ^ 2 y  ~ i  £ .  r\c^o( <d$‘ J
%» ^

can be p r o v e d  as  f o l l o w s .

Suppose  f o r  s i m p l i c i t y  o f  a rg ume n t  t h a t  t h e  b o u n d a r i e s  o f

S; and ^  a r e  g i v e n  an  i n f i n i t e s i m a l  d i s p l a c e m e n t  S jL and

move u n i f o r m l y  ou tw ar ds  to  5 /  and 5̂  ̂ e n c l o s i n g  volumes v /

and ^ 4^ .
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L e t  th e  new d i s t r i b u t i o n  be o f  c h a r g e  d e n s i t y  ^ ^  i n  v /  

and d i p o l e  d e n s i t y  £  i n  A p p l y i n g  G r e e n ’ s th e or e m

to ea ch  o f  t h e  f i v e  components  o f  s p a c e  s e p a r a t e d  by 

; ^5 v/6 have

r  - tv  I  > . . .  _ 6 , ,
- ,

and

. . .  (A -  6")

S u b t r a c t  (A -  6 ' )  f rom (A -  6” ) ,  t h e n

v/ /̂ X,

=r (  r ‘. e  À v  -  C £i.  p dv =  r  Z ' - ^ d v  - f  z . g ' d v .
i  i ~  '  i '  i

T h i s  g i v e s

r  ( À % t - - e ^ f ) d v  i - j  ( I ^  d v
V ,  V / - V ,

= s  (^I.£ -i.S£)civ  4- r

S i n c e  £ u  i s  an  i n f i n i t e s i m a l  d i s p l a c e m e n t  t h i s  can  be 

w r i t t e n  i n  t h e  form

J" (^^Sé  ̂ ^  J  n̂ ĉccî
J (£.ii - f . s s K . . .  (A -  13 '  )

d é
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I f  i n  (a -  10) we t a k e  ^  and w r i t e

D •  K e   ̂ J2' =■ k 'b£ we have

S  e C j , -  ■ . . .  (A -  14}

F o r  a d i f f e r e n t i a l  v a r i a t i o n  K . -5» K & K t h i s  g i v e s

^   ̂ ^  ^  ^  éi K. ô V
«2.

4-7r g .  . . .  (A -  15)

More g e n e r a l l y  i f  O i  -■ /Cy <=J where  i s

symm et r ic  t h e n

V/ . . .  (A -  16)

The i d e n t i t y

2 .  V ^ ^  < h v  c  ej f . )  -  j  4 ' ^ Z  J
g i v e s

=- oitvCcffX") ^  ^  .

I n t e g r a t i n g  o v e r  \Z<̂  ̂ and a p p l y i n g  G r e e n ’ s th eo rem 

y  £  .£ J \ /  — J  <j> Pé\ cl $  — cj> ci i\d£ ol V/ .

Now d e f i n e  f u n c t i o n s  M. and \ /  by

^  " - ^ S  é<fdy/  1 . . .  (A -  17)

V  * ^  J  S p .2  4 \/ .
V, ^
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Then by (A -  7)

U -  ^  S  2 . £ d vSir ^

f ( E ^  ) .  £  d
Sir -g

Î 1T ^
/  i  j  Z £ d v  .

and
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^  “  a  - i - ^ J  j F ^ d é  . . .
V V,

(A -  19)

= A  r  £p d v .Sir . . .  (A -  20)



APPENDIX Aj_ _.gLEGTR08TATICS .

2 .  SDRFACE FORCE AT THE BOUNDARY OF A DIELECTRIC.

At  th e  s u r f a c e  o f  v/ê  we show t h a t  t h e  l i m i t i n g

form o f  _F g i v e s  a s u r f a c e  t r a c t i o n  on

I  ‘  i  £■■ ( s . - r - i - )  a J
where rv i s  t h e  u n i t  normal  ou tw ard  f rom and

a r e  t h e  e l e c t r i c  f i e l d s  j u s t  o u t s i d e  and j u s t  i n s i d e  ^

C o n s i d e r  a d i e l e c t r i c  medium o f  s e m i - i n f i n i t e  e x t e n t  

bounded by a p l a n e  s u r f a c e ,  t a k e  t h i s  s u r f a c e  to  be 

and sup pos e  t h e  d i e l e c t r i c  o c c u p i e s  th e  s pa ce  ic^ < 0 .

The t a n g e n t i a l  components  o f  B a r e  c o n t i n u o u s  a c r o s s  the  

boundin<_ s u r f a c e ,  b u t  th e  normal  component  i s  d i s c o n t i n u o u s .  

We ima gin e  t h e  s u r f a c e  d i s c o n t i n u i t y  i n  £  t o  be r e p l a c e d  

by a t h i n  l a y e r  i n  w h ic h  £  changes  r a p i d l y  b u t  c o n t i n u o u s l y  

and r e g a r d  t h e  d i s c o n t i n u i t y  as  b e i n g  g e n e r a t e d  when t h i s  

l a y e r  becomes I n f i n i t e l y  t h i n . As t h e  l i m i t  i s  a p p r o a c h e d  

becomes i n f i n i t e  b u t  th e  o t h e r  d e r i v a t i v e s  r e m a in  

f i n i t e .  The t r a c t i o n  7% a c t i n g  on t h e  s u r f a c e  

d i s c o n t i n u i t y  may now be o b t a i n e d  by i n t e g r a t i n g  th e  volume 

f o r c e  t h r o u g h o u t  t h e  l a y e r  c o v e r i n g  u n i t  a r e a  on th e  p l a n e  

^ 3  »  O  • The components  o f  f o r c e  a r e

F<X = P/3 9_£a

and t h e  volume o f  i n t e g r a t i o n  t e n d s  to  z e r o  as  we a p p r o a c h
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t h e  li iTil t  so . t h a t  t h e  o n l y  c o n t r i b u t i o n  to  t h e  t r a c t i o n  i s  due 

to  p j  .Thus  7”; *701 and

The r e l a t i o n  di\/ £  —— 4/>(^fv2  ̂ r e d u c e s  e f f e c t i v e l y  to

1 £ ?  ^  -  4 T  H a
c>JC3

rience

i  ^  r  P3 9 Pj c^-^3 ^  J  •̂ cjTT

As t h e  normal  component  o f  t h e  v e c t o r  ^  E  -f- 

i s  c o n t i n u o u s  i t  f o l l o w s  t h a t  i f  we d i s t i n g u i s h  th e  e l e c t r i c  

f i e l d  i n  Xj < O and  X 3 > o  by t h e  s i g n s  — and"P

r e s p e c t i v e l y  t h e n  57T ^ 3+ ^3 — ̂ ^

and so T "3 ^ 'àC ^ 2  (  ^ 3 -f- —' ^  •

F i n a l l y  s i n c e  E -  i s  a v e c t o r  p e r p e n d i c u l a r  to  t h e

p l a n e  PC3 =-0 we may e x p r e s s  t h i s  r e s u l t  i n  t h e  fo rm

X  -  t  . . .  U - . 1 ,

> 5 ^  ; . . .  u  -  22)

where rh i s  th e  u n i t  normal  f ro m t h e  — to  t h e  -h s i d e .

T h i s  f o r m u l a  a p p l i e s  g e n e r a l l y  t o  any f r e e  s u r f a c e  bou n d in g  a 

d i e l e c t r i c  medium i f  t h e  — s i g n  r e f e r s  t o  t h e  medium and
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th e  -f- s i g n  t o  o u t s i d e  t h e  medium.

U l t i m a t e l y  o f  c o u r s e  t h i s  f o r m u l a  r e s t s  on th e  same 

f o o t i n g  as  F = . V  )  2  and G = Jf a E. i . e .  i t  i s

a h y p o t h e s i s ,  t h e  e x t e n s i o n  o f  Coulomb’ s law a p p r o p r i a t e  to  

t h e  s u r f a c e  d i s c o n t i n u i t y  o f  t h e  p o l a r i s a t i o n  a c r o s s  

I t  has  been shown i n  S e c t i o n  13 t h a t  t h e  f o r c e  

F -  • V 3 ê  can be r e p r e s e n t e d  by th e  s t r e s s  t e n s o r

Stj g i v e n  i n  (13 - 4 ) ;  i t  w i l l  be o f  i n t e r e s t  to  show t h a t  

t h e  d i s c o n t i n u i t y  i n  S*Lj /vj a c r o s s  t h e  b o u n d a r y  o f  t h e  

d i e l e c t r i c  i s  t h e  s u r f a c e  f o r c e  (A - 2 2 ) ,  i . e .

T a k in g  t h e  same s y s t e m  o f  c o o r d i n a t e s  as  b e f o r e  we have

/>/ *■ 0 
ss 0

<̂ 3 * /

We have

J S i j J n j  H s / a J n j  (A -  23)

-- L S a i ]  . . .  (A -  24)

£  =  £ s «  J ' ^ 3  . . .  (A -  25)

4.1)

. • S/3 — S/3 »- O . . .  (a - 26)

S ^ r  — ^iis '^ o  . . .  (A -  27)
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V tt

V-TT-

=  ( " e f  -  t  ^ r )  • • •  -  28)

h-'P-

-  .  . . . 3-  .
S'))-

Prom (A -  2 6 ) ,  (A -  27) and  (A -  28) i n  (A - 2 3 ) ,  (A -  24) 

and (A -  25)

L  l  1 /  /

£  s a j  ]  >\j ‘  °

[  s z j J  ' \ ]  - ^ T r P t  ■

S i n c e  a J  =- Cô Oy i)  we can w r i t e  t h i s  as

£ s i j  ]  n. j  =  p)"^ n .L  =  ^ 7 "  f p -  a j  )

T his  i s  a t e n s o r  e q u a t i o n ,  t h e r e f o r e  i f  t r u e  f o r  one^ t h e n  

t r u e  f o r  a l l  c o o r d i n a t e  s y s t e m s .
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APPEïIDIX B: ELASTICIl'Y

The r e s u l t s  ^ I v e n  h e r e  a r e  f o r  i n f i n i t e s i m a l  d i s p l a c e -  

,l ient  s f rom the  un de fo rm ed  s t a t e .

T a k i n g  a f i x e d  r e c t a n g u l a r  s y s t e m  o f  a x e s ,  i f  

a r e  the  c o o r d i n a t e s  o f  a p a r t i c l e  w h ich  o r i g i n a l l y  o c c u p i e d  

t he  p o s i t i o n  . th e n  th e  d e f o r m a t i o n  i s  s p e c i f i e d

by t h e  r e l a t i o n

X L = JtL ( / / : ) )  (.Ü -  1)

L e t  — A t
. . .  ( B  -  2 )

The v e c t o r  U ^ i v e s  th e  d i s p l a c e m e n t  o f  ea c h  p o i n t .

C o n s i d e r  two n e i g h b o u r i n g  p o i n t s  F and Q, o f  a

m a t e r i a l  body w i t h  p o s i t i o n  v e c t o r s  

^  and jT f-  ^  which  a r e  g i v e n  th e  

i n f i n i t e s i m a l  d i s p l a c e m e n t s  jX and 

^  f- &K, r e s p e c t i v e l y .  ¥ e  have

%c^ =  ( I f -  ^  )  ü .  .

Then

S U. t

% X J  /  _L  Y- E jl' - f  V (
V 3 jC j S jcL « x j  a j f i /

r?

*  <?y S x j  f  £ © ^ S _ r J . ^  ,

3)
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v j h e r e

^ )  . . .  (B -  4)

"  %  '  “  ^ i )  . . .  (D - £)

and &  ZM ^  Ck . r [  u, . . . (E -  6)

®  has  components  and

(9 ,  *  ' h ô a i s  e t c .  . . .  ( 3 - 7 )

The se co nd  t e rm  I n  (E - 3) r e p r e s e n t s  a r i g i d  body r o t a t i o n ,

w h ic h  does  n o t  a l t e r  t h e  r e l a t i ve p o s i t i o n s  o f  ea c h  p o i n t ;  

th e  f i r s t  t e rm  g i v e s  a measure  o f  th e  r e l a t i v e  movement o f  

n e a r b y  p o i n t s .  The f u n c t i o n s  (2ij a r e  known as t h e  s t r a i n s  

and g i v e  a m easur e  o f  t h e  a c t u a l  s t r e t c h i n g  and t w i s t i n g  o f  

th e  m a t e r i a l .

C o n s i d e r  a s e c o n d a r y  d e f o r m a t i o n  5m. o f  th e  m a t e r i a l .  

L e t  (j> be a f u n c t i o n  o f  p o s i t i o n  i n  th e  medium and sup pose  

t h a t  depends  a l s o  on t h e  d e f o r m a t i o n .  Deno te  by  th e

d i f f e r e n t i a l  o f  (j) a t  a f i x e d  p o i n t  i n  s p a c e  and by A ^  th e

d i f f e r e n t i a l  o f  (ji " f o l l o w i n g  th e  d i s p l a c e m e n t "  .

Then
S J  .  -  S m ,  ^  ^  (g _ y

*

F o r  a v e c t o r  f u n c t i o n  E  l e t  A  ^  d e n o t e  i t s  

d i f f e r e n t i a l  " f o l l o w i n g  th e  d i s p l a c e m e n t "  and r e f e r r e d  t o  axes  

w h ic h  p a r t a k e  o f  t h e  i n f i n i t e s i m a l  r o t a t i o n  . Then

a p p l y i n g  (B -  8) to  e a c h  o f  t h e  components  o f  ^  and
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a l l o w i n g  f o r  t h e  r o t a t i o n  we f i n d

-i -Ae  . . .  (a _ 9)
'̂ DCoi

C o n s i d e r  now a d i s t r i b u t i o n  of  a q u a n t i t y  Q ( e . g . c h a r g e )  

t h r o u g h o u t  a d e f o r m a b l e  medium. L e t  P be th e  d e n s i t y  o f  

t h e  d i s t r i b u t i o n  and l e t  p  be t h e  " d e n s i t y "  r e c k o n e d  p e r  

u n i t  volume o f  th e  un def or m ed  s t a t e .  Then

f  '  ^
v/here

z r  =
a ) . . .  (B - 10)

F o r  d e f o r m a t i o n s  from, t h e  un de fo rm ed  s t a t e  ^

and
A  T  =

'3aco<'

So

. . . (B -  11)

?
~3Xoi ZtC

. . .  (B -  12)

= - 2 . C -p A  p

F o r  t h e  d e n s i t y  _P o f  d i s t r i b u t i o n  o f  a v e c t o r  q u a n t i t y  l e t  

d e n o t e  a d i f f e r e n t i a l  r e f e r r e d  t o  axes  w h ic h  p a r t a k e  o f  

t h e  r o t a t i o n  . Then c o r r e s p o n d i n g  to  (B -  12) we have
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c p  ^ C z  A f  ^  A  f .
-  . . .  (B -  15)

F o r  a q u a n t i t y  ^ whose d e n s i t y  p e r  u n i t  mass does n o t  

change ( e . g .  c h a r g e )  (B - 12) g i v e s

S e  = -Ê-
'2>x,x . . .  (B -  14)

and (B -  8) ^ i v e s

A  ^ »  -  e  s C ^ )
'5x<x . . .  (H -  15)
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