
M o ^ L e ^  CW-)

n A .

{ ^ O A  H  O O f i

1





ABS03UTB STOfiilABIlITY AMD IT S  APPLICATION TO 

PODRIER SERIES

A d i s s e r t a t i o n  p r e s e n t e d  b y  H i l d a  H o r l e y  f o r  t h e  d e g r e e  

o f  M.A. o f  t h e  U n i v e r s i t y  o f  L o n d o n ,



ProQuest Number: 10096350

All rights reserved

INFO R M A TIO N TO ALL U SER S  
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,

a note will indicate the deletion.

uest.

ProQuest 10096350

Published by ProQuest LLC(2016). Copyright of the Dissertation is held by the Author.

All rights reserved.
This work is protected against unauthorized copying under Title 17, United States Code.

Microform Edition ©  ProQuest LLC.

ProQuest LLC 
789 East Eisenhower Parkway 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346



\

1 .  I n t r o d u c t i o n .

The O b j e c t  o f  t h i s  d i s s e r t a t i o n  i s  t o  p r e s e n t  

r e s u l t s  on a b s o l u t e  s u r a m a b i l i t y  b y  t h e  m e t h o d s  o f  n a u s d o r f f ,  

G e s a r o ,  H o l d e r  a n d  A b e l  a n d  t o  show a s  f a r  a s  p o s s i b l e  t h e i r  

a p p l i c a t i o n  i n  t h e  t h e o r y  o f  F o u r i e r  S e r i e s .  u e s a r o  a n d  

h o l d e r  a b s o l u t e  s u m m a b i l i t y  a r e  t r e a t e d  a s  s p e c i a l  c a s e s  o f  

H a u s d o r f f  a b s o l u t e  s u m m a b i l i t y  b u t  t h e  m o re  e l e m e n t a r y  

o r i g i n a l  d e f i n i t i o n s  a r e  a l s o  g i v e n .

The i d e a  o f  a b s o l u t e  s u m m a b i l i t y  o f  a

s e r i e s  was f i r s t  i n t r o d u c e d  i n  1 9 1 1  b y  F e k e t e l ^ )  i n  t h e  

c a s e  w h e r e  c4 i s  a  p o s i t i v e  i n t e g e r .  The n e x t  d e v e l o p m e n t  

w as  i n  1 9 2 5  w hen  K o g b e t l i a n z ^ p r o p o s e d  a  d e f i n i t i o n  f o r  

a b s o l u t e  s u m m a b i l i t y  o f  o r d e r  oC vfhere  oC i s  a n y  r e a l  n u m b e r  

o t h e r  t h a n  a  n e g a t i v e  i n t e g e r ,  a n d  d e v e l o p e d  some o f  t h e  

p r o p e r t i e s  o f  a b s o l u t e l y  suramable  s e r i e s  g i v i n g  r e s u l t s  

a n a l a g o u s  t o  t h o s e  a l r e a d y  f o u n d  f o r  sum m able  s e r i e s  a n d  

some new r e s u l t s  on t h e  m u l t i p l i c a t i o n  o f  a b s o l u t e l y  

sum m able  s e r i e s .  W i t h i n  t h e  l a s t  f i f t e e n  y e a r s  t h e  s u b j e c t  

h a s  b e e n  d e v e l o p e d  b y  h o s a n q u e t i s ) ,  Chow^ ^ ^ , H y s l o p ^  ^ \  Wang^^^ 

a n d  o t h e r  w r i t e r s ,  p a r t i c u l a r l y  w i t h  r e g a r d  t o  i t s  u s e  i n  

t h e  s t u d y  o f  F o u r i e r  s e r i e s  a n d  p o w e r  s e r i e s .

( l )  F e k e t e   ̂ If..
( 2 |  K o g b e t l i a n z  , q .
( 3 )  B o s a n q u e t , j , z .  
( 4)  Chow , 3 .
( 5 )  H y s l o p ,
( 6 )  Wang  ̂ IX.



. 2

A b s o l u t e  A b e l  s u m m a b i l i t y  w as  f i r s t  i n t r o 

d u c e d  b y  W h i t t a k e r ^  ^ ) i n  a  p a p e r  p u b l i s h e d  i n  1 9 3 0  a n d  

w a s  i m m e d i a t e l y  a p p l i e d  t o  F o u r i e r  s e r i e s .  F r a s a d ^ ^ )

a d d e d  t h e o r e m s  o f  a  s i m i l a r  n a t u r e  i n  t h e  same y e a r  a n d  

F e k e t e  a n d  B o s a n q u e t ^  p r o c e e d e d  t o  i n v e s t i g a t e  t h e  

s u b j e c t ,  p r o d u c i n g  f u r t h e r  r e s u l t s  i n  1933  a n d  1 9 3 4 .

The r e l a t i o n s h i p  b e t w e e n  a b s o l u t e  C e s a r o  a n d  a b s o l u t e  

A b e l  s u m m a b i l i t y  w a s  g i v e n  b y  F e k e t e î ^ )  1 9 3 3  f o r  

C e s a r 0 s m i m i a b i l i t y  o f  p o s i t i v e  i n t e g r a l  o r d e r  a n d  w a s  

e x t e n d e d  b y  B o s a n q u e t ^  i n  1 9 3 6  t o  i n c l u d e  û e s à r o  

s u m m a b i l i t y  o f  o r d e r  oC w h e r e  oL i s  a n y  r e a l  n u m b e r  

g r e a t e r  t h a n  - 1 .

H a u s d o r f f  o r d i n a r y  s u m m a b i l i t y  w a s  i n t r o 

d u c e d  b y  H a u s d o r f f ^  i n  1 9 2 1 .  G a r a b e d i a n ^ ^ )  i n  1939 

g a v e  a n  E n g l i s h  v e r s i o n  o f  H a u s d o r f f ' s  p a p e r  w i t h  some
( 0 )

s l i g h t  m o d i f i c a t i o n s ,  a n d  i n  1 9 4 2  R o g o s i n a k i v   ̂ p r o d u c e d  

f u r t h e r  d e v e l o p m e n t s .  The p r e s e n t  w r i t e r  h a s  b e e n  u n a b l e  

t o  f i n d  a n y  p r i n t e d  d e f i n i t i o n  o f  H a u s d o r f f  a b s o l u t e  

s u m m a b i l i t y  b u t  h a s  made u s e  o f  a  p a p e r  p u b l i s h e d  b y  W i n n ( ^ )  

i n  1 9 3 2  i n  w h i c h  i s  u s e d  b y  i m p l i c a t i o n  a  d e f i n i t i o n  o f  

a b s o l u t e  s u m m a b i l i t y  o f  t h e  t r a n s f o r m  o f  a  s e q u e n c e  b y  a  

T - m a t r i x .

( 1 ) W h i t t a k e r  , (S.
( 2 ) P r a s a d  , 10.
( 3 )  F e k e t e  , S’.
( 4 )  B o s a n q u e t  •
( 5 ) B o s a n q u e t  , f > a. . 
{ 6)  H a u s d o r f f  , ^ ,
( 7 )  C a r a b e d i a n   ̂ G .
( 8 )  R o g o s i n s k i   ̂ 1 1 . 
( 9 )  Winn ,
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H o l d e r  a b s o l u t e  s u m m a b i l i t y  w a s  d e f i n e d  b y  

uhow^^') i n  1 9 3 9  a n d  t h e  é q u i v a l e noe o f  H d l d e r  a n d  C e s a r o  

a b s o l u t e  s u i m i i a b i l i t y  w a s  e s t a b l i s h e d  i n  t h e  same p a p e r .

( l )  Chow, n .
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2 .  P r e l i m i n a r y  d e f i n i t i o n s .

The d e f i n i t i o n  o f  l i n e a r  t r a n s f o r m a t i o n s  

g i v e n  a t  t h e  b e g i n n i n g  o f  t h i s  s e c t i o n  h o l d s  f o r  m a t r i c e s  

o f  r e a l  o r  c o m p l e x  t e r m s ,  b u t  f o r  t h e  p u r p o s e  o f  t h i s  

d i s s e r t a t i o n  o n l y  r e a l  t e r m s  w i l l  b e  c o n s i d e r e d .  S u p p o s e

t h a t  i s  t h e  s e q u e n c e  o f  p a r t i a l  sum s  o f  a  s e r i e s
oo  ̂ ’

a n d  f \  = i s  a  r o w - f i n i t e  t r i a n g u l a r  m a t r i x  ;
0 r* *1

t h e n  t h e  s e q u e n c e  , w h e r e  , i s  c a l l e d
^ ^ v^o

t h e  l i n e a r  t r a n s f o r m  o f  b y  t h e  m a t r i x  f \  • i f

S , w h e r e  S i s  f i n i t e ,  t h e  s e q u e n c e  { s - 3  i s
CO

s a i d  t o  b e  sum m ab le  t o  S b y  t h e  m a t r i x  A . I f  ^  S

i m p l i e s  w h e r e  t h e  l i m i t s  S a n d  S* a r e  f i n i t e  b u t

n o t  n e c e s s a r i l y  e q u a l ,  f \  i s  c a l l e d  a  K - m a t r i x ;  i f ,  i n  

a d d i t i o n ,  > O i m p l i e s  , A  i s  s a i d  t o  b e  e s s e n t i a l l y

r e g u l a r ,  a n d  i f  S i m p l i e s  s  , A i s  s a i d  t o  b e

r e g u l a r .  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  a  K - m a t r i x  

h a v e  b e e n  shown  ̂ t o  b e : -

( i )  %  j ^  M  w h e r e  M  i s  i n d e p e n d e n t  o f  r u
V- = Ô

a n d  m. = 0 ,  / ,  a , ............ ,

( 2 . 1 )  ( i l )  -LLw.. ^ ,a.,....... j ,w h e r e  i s  f i n i t e ,
•K. oO

>u
( i i i )  -(jLwv 2 .  ^  , w h e r e  JL i s  f i n i t e .

"K_— oO

F o r  a n  e s s e n t i a l l y  r e g u l a r  m a t r i x  we h a v e  t h e  a d d i t i o n a l  

c o n d i t i o n  -A = 0  a n d  f o r  a  r e g u l a r  m a t r i x  = 0  a n d  ^  -  I .

( 1 )  s e e  H a u s d o r f f  7 ,  w h e r e  r e f e r e n c e s  a r e  g i v e n .
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H a u s d o r f f  m e t h o d s  o f  s u m m a b i l i t y  a r e  d e f i n e d l l )  

b y  t h e  l i n e a r  t r a n s f o r m a t i o n

 j   ̂ o f  a  s e q u e n c e  ( s j  ,

w h e r e  A  d e n o t e s  t h e  d i f f e r e n c e  ,

a n d  ( ^ y j  -  i s  d e f i n e d  b y  i n d u c t i o n .

The m a t r i x  ( ^ kvJ w h e r e  i s  c a l l e d  a n

H - m a t r i x .  I f  i s  d e f i n e d  b y  y c ^  =  ')■

w h e r e  X ( y - )  i s  a  f u n c t i o n  o f  b o u n d e d  v a r i a t i o n  i n  [Oj  i j  ,
( o )  ^

i s  c a l l e d  a  m om ent  s e q u e n c e .  H a u s d o r f f  h a s  shown^ ' t h a t  

e v e r y  m om ent  s e q u e n c e  g i v e s  r i s e  t o  a  K - m a t r i x  a n d  t h a t  

e v e r y  H - m a t r i x  w h i c h  s a t i s f i e s  t h e  c o n d i t i o n s  ( 2 . 1 )  f o r  a  

K - m a t r i x  c a n  be  o b t a i n e d  f r o m  a  moment  s e q u e n c e .  A H a u s d o r f f  

m a t r i x  o f  t h i s  f o r m  i s  c a l l e d  a  C - m a t r i x .  A H a u s d o r f f

t r a n s f o r m  b y  a  G - m a t r i x  i s  e s s e n t i a l l y  r e g u l a r  i f

( ^ j  = 0  f a n d  r e g u l a r  i f  i n  a d d i t i o n

= I . The C e s a r o  a n d  H d l d e r  m e th o d s  o f  s u m m a b i l i t y  a r e  

s p e c i a l  c a s e s  o f  H a u s d o r f f  s u m m a b i l i t y ;  t h e y  w i l l  be  i n t r o 

d u c e d  l a t e r  f r o m  a  m o re  e l e m e n t a r y  s t a n d - p o i n t .

A ny  s e q u e n c e  i s  s a i d  t o  be t o t a l l y

m o n o t o n i e  i f  ^  O > 0 ,   ) . I n  t h e

H a u s d o r f f  t r a n s f o r m  b y  a  C - m a t r i x ,  w h e r e  i s  a  f u n c t i o n

o f  b o u n d e d  v a r i a t i o n  i n  [O, ( ]  , we c a n  w r i t e  X ( y )  X

( 1 )  R o g o s i n s k i  , l( , i n t r o d u c t i o n  t o  t h e  p a p e r .
( 2 )  H a u s d o r f f  , , t h e o r e m s  I  a n d  I I .
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w h e r e  cu -̂dL a r e  p o s i t i v e  a n d  i n c r e a s i n g .  T h u s
I I

= w h e r e  M  a n d  { > 4
o o

a r e  t o t a l l y  m o n o t o n i e  m om ent  s e q u e n c e s .

I n  t h e  c a s e  o f  a  H a u s d o r f f  t r a n s f o r m ,  t h e  

n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  a  K - m a t r i x  h a v e  b e e n  

shown b y  H a u s d o r f f ^  t o  r e d u c e  t o  t h e  c o n d i t i o n  ( 2 . 1 ) ( i ) : -

^ ( 3 ) 1^  j ^ v ) |  ^  M  vfhere  M  i s  i n d e p e n d e n t  o f
v*-o
a n d  ^ Ij ......................

I f  t h e  s e q u e n c e  i s  t o t a l l y  m o n o t o n i e ,  t h i s  c o n d i t i o n

i s  a u t o m a t i c a l l y  s a t i s f i e d ,  s i n c e= f ts) .
V s-O  V - O

T h u s ,  e v e r y  t o t a l l y  m o n o t o n i e  s e q u e n c e  g i v e s  r i s e  t o  a  

C - m a t r i x ,  a n d  h e n c e  m u s t  b e  a  m om ent  s e q u e n c e .

i f  f  and. " f
V = 0  '  Y = 0

a r e  two H a u s d o r f f  t r a n s f o r m s ,  we c a n  f o r m  t h e  p r o d u c t  

t r a n s f o r m  b j '  =• ^  j  s   ̂ I f  t h e  tv/o
VaO ^

g i v e n  t r a n s f o r m s  a r e  r e g u l a r ,  b y  t h e  f u n d a m e n t a l  d e f i n i t i o n  

o f  r e g u l a r i t y  t h e  p r o d u c t  t r a n s f o r m  w i l l  a l s o  be  r e g u l a r .  

P r o v i d e d  t h a t  y*.y 0 ,  ( v  = û y ,   ,j , we m ay  p u t  y x y  = __L
I t  K

i n  t h e  s e c o n d  t r a n s f o r m ,  o b t a i n i n g  -  ' 2L l y )  ^
K   ̂ V  = 0 ^

o r  ^  hy . T h i s  i s  c a l l e d  t h e  i n v e r s e

t r a n s f o r m .  J3y i n d u c t i o n  t h e  p r o d u c t  t r a n s f o r m  o f  a n y

( 1 ) H a u s d o r f f  a u ^  srf .
( 2 )  H a u s d o r f f  *7 >
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f i n i t e  n u m b e r  o f  t r a n s f o r m s  c a n  b e  f o u n d ;  i f  a l l  t h e  

o r i g i n a l  t r a n s f o r m s  a r e  r e g u l a r  t h e  p r o d u c t  m u s t  a l s o  b e  

r e g u l a r .

%
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3 .  A b s o l u t e  s u i n m a b i l i t y : d e f i n i t i o n s  a n d  some
ï E e ^ r e i ^ .

D e f i n i t i o n  1 . I f  v/e d e n o t e  b y  -v\^  t h e  d i f f e r e n c e
ûâ

1,2., -]> ^ 0 =- » 8,nd i f  t h e  s e r i e s  ^  i s

c o n v e r g e n t ,  t h e  s e q u e n c e  , o r  t h e  s e r i e s  5 ,  i s

s a i d  t o  b e  a b s o l u t e l y  sum m able  b y  t h e  m a t r i x  A

THEOREM 1 .  ^^^ I f  i s  a b s o l u t e l y  c o n v e r g e n t
O -K

a n d  i f  A  -  i s  a  K - m a t r , i x  a n d  %  ^  Q >
Va I/ #o

L 0  $ L ^ "Kv ) - K = . 0 , / ,  5-j............... ) , t h e n  i s  a l s o  a b s o l u t e l y

c o n v e r g e n t .  T h u s  i f  i s  o f  b o u n d e d  v a r i a t i o n ,  so  a l s o

i s  ^5*^1 when t h e  s t a t e d  c o n d i t i o n  h o l d s .

We h a v e

/ ^  =  Z  + ..............
 ̂ V= Û

=  Z C « - K . v  -  " ^ K - . , v j
C = 0 V  = i.

SO t h a t

L = O V c  Ù

a n d
N N

z  K - j  ^  i  t  M W
K*fO >N-*OC = 0

N

=  2  1^11 2 7  j
<-=0 usrf tK^W

-  i  i “ >l f  « . . .
1=0 Va i.

=  Z  '^N.Y Z  H W  ■

( 1 )  Winn j 14- . T h i s  p r o o f  i s  a n  a d a p t a t i o n  o f  t h e
p r o o f  g i v e n  b y  W i n n .
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HOW b y  t h e  d e f i n i t i o n  o f  a  K - m a t r i x ,  s i n c e  
V N V

>  I I —^  a  f i n i t e  l i m i t  a s  v - >  oo , 2 1  ^
1 = 0  V = 6   ̂ L « 6

f i n i t e  l i m i t  a s  N — oo .  ̂ The r e s u l t  i s  nov/ i m m e d i a t e .

The n e x t  t h e o r e m  i s  r e a l l y  a  s p e c i a l  c a s e

o f  T h e o re m  1 .

THSOREll 2 . I f  i s  a b s o l u t e l y  c o n v e r g e n t
K , ®

a n d  i f  f y )  i s  a  H a u s d o r f f  t r a n s f o r m

a n d  t h e  s e q u e n c e  •{X-k,} i s  t o t a l l y  m o n o t o n i e ,  t h e n
~ 0c

i s  a b s o l u t e l y  c o n v e r g e n t .

We h a v e

=  f t ; ,

I f  -XL ÿ  L ÿ  O , ,

i  ) -  C v ' j ^ ‘ - ' " > v ) )

 +

=  A - y  : /

>  0 ,

From  t h e  p r e v i o u s  t h e o r e m  a n d  t h e  r e s u l t  t h a t

i a  a  C - m a t r i x  we c a n  now d e d u c e  t h a t  i f  i s  a b s o l u t e l y
OÛ 0 -

c o n v e r g e n t  so  a l s o  i s  2  •



1 0 .

I n  v i e w  o f  t h e  f a c t  t h a t  a n y  H a u s d o r f f

t r a n s f o r m  b y  a  G - m a t r i x  c a n  be  e x p r e s s e d  a s  t h e  d i f f e r e n c e

o f  two t r a n s f o r m s  b j  — b j ‘ w h e r e  t j  = 51  Sv
v=0

a n d  b,^ = 2 ( 3 j A  a n d  a r e  t o t a l l y

m o n o t o n i e  moment  s e q u e n c e s ,  t h e  c o n d i t i o n  t h a t  s h o u l d

b e  t o t a l l y  m o n o t o n i e  i n  t h e  p r e v i o u s  t h e o r e m  c a n  be  d i s 

c a r d e d ^  f o r  a  0 - m a t r i x  t r a n s f o r m ,  a n d  t h e  t h e o r e m  r e s t a t e d : -
OO

THEOREM 2 *. I f  2 ^ * ^  i s  a b s o l u t e l y - c o n v e r g e n t
^  I V ^

a n d  i f  by^ = 2  fv ) A ^  ) S y  i s  a  H a u s d o r f f  t r a n s f o r m  b y

a  G - m a t r i x ,  t h e n  2  i s  a b s o l u t e l y  c o n v e r g e n t .
o
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4. Cesaro Suinmability and A bsolute Sum mability.

The d e f i n i t i o n s  f o r  C e s a r o  s u m m a b i l i t y  o f  

a n y  o r d e r  a r e  w e l l - k n o v / n ;  t h e y  w i l l  b e  q u o t e d  b r i e f l y ^

We d e n o t e  b y  f \ ^  t h e  c o e f f i c i e n t  o f  o c 2  i n  t h e  e x p a n s i o n  

o f  ( I - X . )  * f o r  I a n d  f o r  a n y  r e a l  oL , so  t h a t

 (oL-̂ k) =  Ao -  ( a l l  ,

A oLa n d  i f  o4 i s  a  n e g a t i v e  i n t e g e r  0  f o r  h_

L e t  = 2  A ^  -u. = T a '^'5 w h e r e  i s  t h e  y  ‘ t h^  V -v  V z__ V ^K -V  ^ V-C> Vsi)

p a r t i a l  sum o f  t h e  i n f i n i t e  s e r i e s  2 ' ^ - k. * 

c M  = - I , - a , - 3 , .................... a n d  0% a r e

A "
c a l l e d  t h e  n ’ t h  C e s a r o  sum a n d  t h e  n * t h  C e s a r o  mean o f  

o r d e r  o f  t h e  s e r i e s  I f  > S a s  oo ,

t h e  s e r i e s  i s  s a i d  t o  b e  sum m ab le  ( C jûGJ w i t h  sum S .

I f  we now p u t  — cr- , we s e e  t h a t  s u m m a b i l i t y* K N-l

cLJ i s  e q u i v a l e n t  t o  c o n v e r g e n c e  o f  t h e  s e r i e s  2 .
o

T h i s  s e r i e s  i s  c a l l e d  t h e  t r a n s f o r m  o f  o r d e r  oC. o f  t h e  

o r i g i n a l  s e r i e s .  S u m m a b i l i t y  o j  i s  t h u s  e q u i v a l e n t  

t o  c o n v e r g e n c e  o f  t h e  o r i g i n a l  s e r i e s .

A l t e r n a t i v e  a n d  e q u i v a l e n t  d e f i n i t i o n s  f o r  

C e s a r o  s u m m a b i l i t y  can  be  g i v e n  b y  r e f e r r i n g  t o  t h e  p r e c e d i n g  

s e c t i o n .  I f  we t a k e  jjl = _j___ -  I ) , i t  c a n  b e  shown

b y  i n d u c t i o n  t h a t  • T h u s  t h e

 ^   _____

( l )  s e e  Zygmund / F ,  . U s e f u l  r e l a t i o n s  be  tv/e en
t h e  f\;^ a n d  S t  a r e  g i v e n  h e r e .



1 2 .

H a u s d o r f f  t r a n s f o r m  = 2  ( y )  i s
V ® o

i d e n t i c a l  w i t h  cn_ . F o r  oL >  o , ^  O so

t h a t  Î 3  a  t o t a l l y  m o n o t o n i e  s e q u e n c e .  A l s o  t h e

t r a n s f o r m  s a t i s f i e s  t h e  c o n d i t i o n s  f o r  r e g u l a r i t y  f o r  oC ^  O

D e f i n i t i o n  2 . The s e r i e s  2 ^ ^ * ^  i s  s a i d  t o  be
o

sum m able  , t h a t  i s  a b s o l u t e l y  sum m ab le  oLj v /he re
o<a

oC > — / i f  t h e  s e r i e s  2  | j i s  c o n v e r g e n t .  I t
o '

f o l l o w s  d i r e c t l y  f r o m  t h i s  d e f i n i t i o n  t h a t  s u i m n a b i l i t y  j C j O j  

i s  e q u i v a l e n t  t o  a b s o l u t e : c o n v e r g e n c e . A l s o ,  a  s e r i e s  

w h i c h  i s  sum m able  j C j d j  i s  n e c e s s a r i l y  sum m ab le  d-J 

s i n c e  c o n v e r g e n c e  o f  t h e  s e r i e s  2  i m p l i e s  c o n v e r g e n c e

o f  t h e  s e r i e s  2 ^ ^  • The c o n v e r s e  i s  n o t  t r u e .

I f  d e n o t e  r e s p e c t i v e l y  t h e  n  ̂t h

C e s a r o  sum a n d  t h e  n * t h  C e s a r o  m ean  o f  o r d e r  oL o f  t h e

s e q u e n c e  , i t  i s  v/e 1 1 -known t h a t   ̂2.. ,

t Z  =■ > u ( j r T — H i ,  j .

S u m m a b i l i t y  I C j d j  i s  t h e r e f o r e  e q u i v a l e n t  t o  c o n v e r g e n c e
I

o f  th.e s e r i e s  2  j *

THEOREM 3 .  I f  2 i u . ^ i s  su m m a b le  jCj ob) w h e r e  

c d > ^ l  , t h e n  i t  i s  a l s o  sum m able  j Cj  oL-f-?j  f o r  a l l  £  O 

a n d  Z  -  2  11-1̂ 1.

We may w r i t e

= crv. = Z  •
V »e
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w h e r e

how

r - i

®->vv =

r- 

w

V  = 0 M y
F o r m i n g  t h e  i n v e r s e  t r a n s f o r m ,

A /"

s .  -  i » ) A ” ' |i± w,
Y * 0  > ^ V  /

A l s o

~  ?  [ y J ^  (/^v ) ~
A .

I f  we now f o r m  t h e  p r o d u c t  o f  t h e  l a s t  two t r a n s f o r m s ,  w e / h a v e
v  = o

M ' ‘̂  = Z G ) A " ‘V ^ ) o;^,  w h e r e  = _ A y  _  .
V  r  Ô A  6̂ "** ^r \ y

S i n c e  ^  t o t a l l y  m o n o t o n i e  s e q u e n c e ,

a n d  h e n c e  i t  f o l l o w s  f r o m  T h e o re m  2 t h a t  i f  i s

a b s o l u t e l y  c o n v e r g e n t  so  a l s o  i s  ) =  2 ^

t h a t  i s ,  i f  2 ^ x .  i s  suminable  j c ^  ocj i t  i s  summable  |c^<l-+^|

cL+T
K

f o r  T ^  0  . M o r e o v e r ,  s i n c e  2  ^  = | , i t  f o l l o w s
v = o

f r o m  t h e  p r o o f  o f  T h e o re m  1 . t h a t  

N , IN N

y s ^ s Q  L-»0 V e i .

H en c e

O



1 4 .

I f  we t a k e  t h e  v a l u e  C t h e  r e s u l t

t a k e s  t h e  f o r m : -  a  s e r i e s  w h i c h  i s  a b s o l u t e l y  c o n v e r g e n t  

i s  sum m able  |C^5*j f o r  e v e r y  S "^  0  •

The f o l l o w i n g  two c o m p l e m e n t a r y  t h e o r e m s  

v /e re  f i r s t  p r o v e d  b y  K o g b e t l i a n z  i n  h i s  p u b l i c a t i o n  o f  1 9 2 5 ^ ^ \  

The p r o o f s  g i v e n  h e r e  d e p e n d  on t h e  p r e c e d i n g  r e s u l t s  on 

t r a n s f o r m a t i o n  o f  s e q u e n c e s .

THEOREM 4 .  I f  - I  <eC^/3> a n d  i s

BunnTiable , t h e n  I s  aummable

THEOREM 5. I f  «C « A a n d  2  H i  i s

sum m able  j c ,  , t h e n  i s  s iunmable

P r o o f o f  T h e o re m  4 .  We c a n 7 / r i t e

( 4 . 1 )
^  =

Y = 0

1
/^ v  =

HOW, f o r m i n g  t h e i n v e r s e  t r a n s f o r m .

( 4 . 2 )
S k =

A l s o
Vv

( 4 . 3 ) = 2 ( v   ̂ ; W here
V = ô

II

/ * v  =

a n d

( 4 . 4 ) w h e r e
V a-O ^

III

f\

Y

( l )  K o g b e t l i a n z  ^  .
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i f  we now f o r m  t h e  p r o d u c t  o f  t h e  l a s t  t h r e e  t r a n s f o r m s ,  

we h a v e

< 4 . 5 )  H  = Z G j  j  H

w h e r e

= / * ■ /  /*v "_  =  A t
Mv'  Aj"*- A,''

We w i l l  w r i t e

/ - V  =   .
( y + i y  A / -* -  A /

We may a s s u m e  t h e  r e g u l a r i t y  o f  t h e  t r a n s f o r m s  o b t a i n e d

f r o m  t h e  s e q u e n c e s  \  I Cv-hi)^  ̂ 1 , J i v ± i i 2

’ \  A / ' "  J  \  A /  ^
t h e s e  a r e  t r a n s f o r m s  f r o m  C e s a r o  m e a n s  t o  H o l d e r  m e a n s  s a n d

( 1)

v i c e - v e r s a ,  a n d  w i l l  be  c o n s i d e r e d  m o re  f u l l y  i n  t h e  n e x t  

s e c t i o n .  S i n c e  t h e  p r o d u c t  o f  t h r e e  r e g u l a r  t r a n s f o r m s  

i s  i t s e l f  r e g u l a r ,  t h e  t r a n s f o r m  ( 4 . 5 )  i s  r e g u l a r .  S i n c e  

2  I i s  c o n v e r g e n t  b y  h y p o t h e s i s ,  t h e  r e s u l t  s t a t e d  

i n  t h e  t h e o r e m  ca n  now b e  i n f e r r e d  f r o m  T h e o rem  2 * .

P r o o f  o f  T h e o re m  5.  As i n  t h e  p r e v i o u s  t h e o r e m

we w r i t e

Z ( l ) j A  » w h e r e  H "  = _ J -----  ,

V

^  Sy , w h e r e  y x j  = ,
AyV « 0

( 4 . 1 )  H  = Z l i )  A ' "  ) Sy , w h e r e  y r /  = J - - -
v *0 ^  A ^

( 1 )  G a r a h e d l a n  (= ;
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HOW, f o r m i n g  t h e  i n v e r s e  t r a n s f o r m s ,Hi
a n d

U . V )  = Z  U J  A ' - ' , _ J  fc,  .
V eô

H e n c e ,  t a k i n g  t h e  p r o d u c t  o f  ( 4 . 1 ) ,  ( 4 . 6 )  a n d  ( 4 . 7 ) ^

‘ « • “ i  ,  ,  ,

=  ZC;) ■
W > v ' ' v

By w r i t i n g
_ h H _ _  = H ± i i l .  f t v  . A f *  ,

a ;  c v + - j '“ ^

we s e e  t h a t  f  ym^  \  i s  a  r e g u l a r  s e q u e n c e  a n d  ( 4 . 8 )

a  r e g u l a r  t r a n s f o r m .  S i n c e  2  1 |  i s  c o n v e r g e n t  i t  

f o l l o w s  f r o m  T h e o re m  2* t h a t  2  | i s  c o n v e r g e n t :

t h a t  i s ,  t h e  s e r i e s  2 ^ - ^ ^  i s  summ able
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5. H o l d e r  S u i m n a b i l i t y  a n d  A b s o l u t e  S u n m i a b i l i t y .

H^Jlder  m e a n s  o f  p o s i t i v e  i n t e g r a l  o r d e r  c a n  

be  d e f i n e d  b y  i n d u c t i o n  f r o m  t h e  s i m p l e  f o r m u l a e  W = s

3, ....... .)*
I oO

n ' t h  p a r t i a l  sum o f  t h e  s e r i e s  2 - t L ^  . f o r  m e a n s  o f  a n y

w h e r e  i s  t h e

o

o r d e r ,  i n t e g r a l  o r  n o n - i n t e g r a l ,  t h e  n e a t e s t  d e f i n i t i o n  i s  

b y  a  H a u s d o r f f  t r a n s f o r m .  We d e f i n e  2 ( 3 j

f o r  a l l  oC. . The two d e f i n i t i o n s  a r e  e q u i v a l e n t  w h e r e  oL 

i s  a  p o s i t i v e  i n t e g e r ;  f o r ,  s i n c e  f c )  I J  I ,

°  * 80 b y  u s i n g  t h e

r e s u l t s  on p r o d u c t s  b f  s e q u e n c e s  a n d  i n d u c t i o n  we o b t a i n

H :  -  H r .  « r  - .......................

~ 2 ( v)A  / L L - \ s ^ . T h e  t r a n s f o r m  i s  Icnown to  b e  r e g u l a r  when
Y . o  /  ^
oL > O . I f  S a s  ->L-^oô t h e  s e r i e s  i s

s a i d  t o  be  sum m able  ( H j d J  w i t h  sum s  . i t  i s  e v i d e n t  

f r o m  t h e  f i r s t  d e f i n i t i o n  t h a t  s u m m a b i l i t y  IJ i s  e q u i 

v a l e n t  t o  s u m m a b i l i t y  i j  a n d  i t  i s ,  i n  f a c t ,  a  w e l l -  

known r e s u l t  t h a t  s u m m a b i l i t y  i s  e q u i v a l e n t  t o

s u m m a b i l i t y  ûij f o r  a l l  . i f  we w r i t e

-  “H , v/e s e e  t h a t  s u m m a b i l i t y  i s  e q u i -

v a l e n t  t o  c o n v e r g e n c e  o f  t h e  s e r i e s  2
o

D e f i n i t i o n  5 . i f  t h e  s e r i e s  2  l ^ t j  i s  c o n v e r g e n t ,  

t h e  s e r i e s  2 - u . , ^ i s  s a i d  t o  b e  sum m able  i H j d j  t h a t  i s  _____

H a u s d o r f f  *1, '
( 2 )  Gcit*a b e d ia n  (9  ̂ "Theope-m
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a b s o l u t e l y  su m m ab le  ( H ^ d )  . A s e r i e s  w h i c h  i s  sum m ab le

s i n c e  c o n v e r g e n c e  o f  t h e  s e r i e s  i m p l i e s

c o n v e r g e n c e  o f  t h e  s e r i e s  2  .

I f  we c o m b in e  w i t h  t h e  H<Slder t r a n s f o r m

= z ( y )  A ' " V - I — iSy a n d  i t s  i n v e r s e
y »  '  (v+i  *■/

H * b h e  C e s a r o  t r a n s f o r m
r  = o '

, K

O" = A^ '^ /_L— 1 Sy a n d  i t s  i n v e r s e-  Hi
^  ■ 2 C j  A ' "  ( f ■ " "

"V-0
-K

( = • 1 )  / .

a n d

( 5 . 2 )  = È ( P )  à ^ " ' / _ a A - )  .
v =0 (,1 )

T h e s e  t r a n s f o r m s  a r e  known t o  be r e g u l a r  f o r  d ^ > - ~ l

TEE OREM 6 . I f  t h e  s e r i e s  i s  sum m ab le

|C jo l |  w h e r e  J L > - i  i t  i s  a l s o  su m m ab le  i H ^ d j  , a n d  

I 2)v i c e - v e r s a .

From t h e  r e g u l a r  t r a n s f o r m  ( 5 . 2 )  a n d  T h e o re m  

2 ’ we c a n  d e d u c e  t h a t  i f  2  i s  c o n v e r g e n t  so  a l s o  i s

2 1 M l  .
From  t h e  r e g u l a r  t r a n s f o r m  ( 5 . 1 )  a n d  t h e  same 

t h e o r e m  we c a n  d e d u c e  t h a t  i f  2 ( A ^ |  i s  c o n v e r g e n t  so  a l s o  

i s

The r e s u l t s  s t a t e d  f o l l o w  i m m e d i a t e l y .  

  T h e o re m  6 i s  o f  f u n d a m e n t a l  i m p o r t a n c e  i n  t h e

( 1 )  G a r a b e d i a n  6  , T h e o re m  1 8 .
( 2 )  A p r o o f  o f  t h i s  t h e o r e m  h a s  b e e n  g i v e n  b y  Chow, 3  ̂

f o r  t h e  c a s e  when k. i s  a  p o s i t i v e  i n t e g e r .
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s t u d y  o f  H o l d e r  s u m m a b i l i t y .  i n  c o n s e q u e n c e  o f  t h i s  

t h e o r e m ,  some r e s u l t s  on a b s o l u t e  b ô l d e r  s u m m a b i l i t y  c a n  

b e  d e d u c e d  f r o m  r e s u l t s  on  a b s o l u t e  C e s a r o  s u m m a b i l i t y ,  

a n d  v i c e - v e r s a ,  b y  r e s t a t i n g  ‘t h e  a p p r o p r i a t e  t h e o r e m s  a n d  

w i t h o u t  f u r t h e r  p r o o f .  T h i s  d o e s  a p p l y  t o  T h e o re m  3 o f

t h e  p r e c e d i n g  s e c t i o n  b u t  n o t  t o  T h e o re m  4 a n d  5 .  The

r e s u l t s  a n a l o g o u s  t o  T h e o re m  4 a n d  5 a r e  t r u e ,  b u t  i n d e p e n d e n t  

p r o o f  i s  n e c e s s a r y  a n d  w i l l  b e  g i v e n  i n  T h e o re m  7 a n d  8 .

THEOREM 7 .  i f  i s  sum m ab le  , t h e n

. 2  i s  s u im ia b le  f o r  a l l  oC a n d  6  .

THEOREM 8 .  I f  2 i s  su m m ab le  , t h e n

2 ^ - k. i s  sum m able  j H, ^ | f o r  a l l  <A a n d  a  .

P r o o f  o f  T h e o re m  7 . We c a n  w r i t e

( 5 . 1 )  ^ b e r e  ^
v « o  v + l

How,  f o r m i n g  t h e  i n v e r s e  t r a n s f o r m .

( 5 . 2 )  . . .

A l s o

( 5 . 3 )  H i  = ± G )  A " - '  w h e r e  y u j  -  _ L _  ,

a n d

( 5 . 4 )  w h e r e  y^;"  =
V *0 Vw-t '

so  t h a t  i s  t h e  H d l d e r  m ean  o f  o r d e r  o f  t h e  s e r i e : s

2 . ^ * ^  . I f  we now f o r m  t h e  p r o d u c t  o f  t h e  l a s t  t h r e e
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t r a n s f o r m s ,  we h a v e  

w h e r e

HI 'I .
/^.y  =. I ,

T h u s  i s  i d e n t i c a l  w i t h  t h e  H d l d e r  m ean  . I t

f o l l o w s  t h a t  i f  2  i s  a b s o l u t e l y  c o n v e r g e n t ,  

i s  c o n v e r g e n t :  t h a t  i s  2 k ^  i s  sum m able

P r o o f  o f  T h e o r em 8 ,  As  i n  t h e  p r e v i o u s  

t h e o r e m ,  we v / r i t e

, where /xj" = _JL_  
r=û  ̂ ^  /  • yqnri®'*

M  Sy , w h e r e

a n d
-K

^  =  — L—
v + r ”"

( 5 . 1 )  =  Z ( ^ )  A " "  (m / J  , w h e r e  = _ J .
^  ^  /  rr-r-/  7+T /*^

How, f o r m i n g  t h e  i n v e r s e  t r a n s f o r m s ,

( 5 . 5 )  ,
Ŷ O V'^Y /

( = • 5 )  .
I f  we now f o r m  t h e  p r o d u c t  t r a n s f o r m  o f  ( 5 . 1 ) ,  ( 5 . 5 )  a n d

( 5 . 6 )  we o b t a i n

( 5 . 7 )  ± ( ^ 1  A " " '  ( ^ v l  t v
^ V*0 '  /

w h e r e    = I  •

/ v "  /^v '"
S i n c e ,  b y  h y p o t h e s i s ,  %  I s  c o n v e r g e n t ,  i t

f o l l o w s  t h a t  Z i M l  i s  c o n v e r g e n t :  , t h a t  i s  i s

su m m a b le
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6.  A b e l  S u m m a b i l i t y  a n d  A b s o l u t e  S u m m a b i l i t y .

F o r  t h e  d e f i n i t i o n  o f  A b e l  s u m m a b i l i t y  o f  a

s e r i e s  ^   ̂^ \  v/e a s s o c i a t e  w i t h  t h i s  s e r i e s  t h e  f u n c t i o n

= 2  9 t h e  s e r i e s  b e i n g  a s s u m e d  c o n v e r g e n t  f o r
» . = 0

l>^l<  I • i f  ^ 6 9  e x i s t s  a n d  i s  f i n i t e  t h e
X  I ' O

s e r i e s  i s  s a i d  t o  be  su m m ab le  ( f \ )  . i n  v i e v /  o f  A b e l  * s

t h e o r e m  i t  i s  e v i d e n t  t h a t  e v e r y  c o n v e r g e n t  s e r i e s  i s  

s um m able  ( ^ )  .

( 1 )
D e f i n i t i o n  ' 4 . A s e r i e s  2 I® s a i d  t o  be

sum m able  | A |  o r  a b s o l u t e l y  su m m a b le  ( J \ )  i f  ^ (?v^

e x i s t s  a n d  i s  f i n i t e  a n d  i f ,  i n  a d d i t i o n ,  i s  a  f u n c t i o n

o f  b o u n d e d  v a r i a t i o n  i n  t h e  i n t e r v a l  ( O j ( J ,

S i n c e ,  b y  h y p o t h e s i s ,  t h e  s e r i e s  2 h a s  

r a d i u s  o f  c o n v e r g e n c e  ^  I , i s  c o n t i n u o u s  a n d  h a s

d e r i v a t i v e s  o f  a l l  o r d e r s  f o r  0  ^  ac c  / ; t h u s  i s

a b s o l u t e l y  c o n t i n u o u s  i n  [ ] 0 ,  I - e J  w h e r e  Q ^  z  <  I , a n dj = I
H e n c e  2 ^ > ^  i s  su m m ab le  / a |  i f  f  I |  d x

e x i s t s  a n d  i s  f i n i t e .  I t  c a n  e a s i l y  b e  shown t h a t  e v e r y  

a b s o l u t e l y  c o n v e r g e n t  s e r i e s  i s  sum m able  | A |  . F o r  i f  2^^- ,

i s  a b s o l u t e l y  c o n v e r g e n t ,
l-c l-e.

0

1

( 1 )  ' V / h i t t a k e r ,  IS.
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a n d  t h e  r i g h t  h a n d  s i d e  o f  t h i s  i n e q u a l i t y  i s  f i n i t e ,  

l e t t i n g  €1"^ O we s e e  t h a t  t h e  c o n d i t i o n  f o r  s u r a i n a b i l i t y  

/A (  i s  s a t i s f i e d .

The c o n n e c t i o n  b e t w e e n  s u i r m i a b i l i t y  a n d

a b s o l u t e  C e s k r o  s u m m a b i l i t y  ( o r  a b s o l u t e  H O l d e r  s u n i m a b i l i t y )

i s  an  i n t i m a t e  o n e .  I t  w i l l  be  p r o v e d  i n  t h e  n e x t  t h e o r e m  

t h a t  i f  a  s e r i e s  i s  su m m a b le  f o r  a n y  p o s i t i v e  - o r d e r

oC. , t h e n  i t  i s  a l s o  su m m a b le  | > t h e  sum b e i n g  t h e

same i n  e a c h  c a s e .  i t  c a n  be  shov/n b y  m e a n s  o f  a n  e x a m p l e  

t h a t  t h e  c o n v e r s e  i s  n o t  t r u e .  T h u s  s u m m a b i l i t y  | A |  

i n c l u d e s  s u m m a b i l i t y  f o r  a l l  , b u t  s u m m a b i l i t y

d o e s  n o t  i n c l u d e  s u m m a b i l i t y  | A |  . i n  o t h e r  w o r d s ,

A b e l  a b s o l u t e  s u m m a b i l i t y  i s  a p p l i c a b l e  t o  a  w i d e r  r a n g e  

o f  s e r i e s  t h a n  C e s a r o  a b s o l u t e  s u m m a b i l i t y .

THEOREM 9  ̂ \  I f  i s  sum m able  w h e re

aC > Û t h e n i t  i s  a l s o  sum m able  | A | .

We h a v e  t o  p r o v e  t h a t  i f  i s  c o n -
J  a

v e r g e n t  t h e n  \ j ^ x .  i s  f i n i t e .  how c o n v e r g e n c e  o f
oO c ^

^  i s  e q u i v a l e n t  t o  c o n v e r g e n c e  o f  t h e  s e r i e s

2 .  j 1 w h e r e  i s  t h e  C e s L r o  mean d e f i n e d  i n  ( 4 . 1 ) .

We h a v e ,  f o r  I y

i CO

( 1 )  B o s a n q u e t  ^  , f o o t n o t e  on p . 5 1 8 .  E e k e t e  p r e v i o u s l y
p r o v e d  t h e  r e s u l t  f o r  (A a  p o s i t i v e  i n t e g e r .
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j
=  0 ~ x . )  . ( j - ^ ) ~  ' Z .

x= I

= 0 — r i t T = c’- '  .
X C,

Thus J  l ^ ' c ^ j j c L x .  ^ J  2  j T A j
O 0 •

■ f  I C I  j ' o - . r - " "
I

(9d

= Z  1t Z ( .  - 1
' -k A *

= Z  ‘Z * '-
I

oo
I t  f o l l o w s  that  i f  ^  i s  convergent,  J' j^^Cx. j jdx

i s  f i n i t e ,  i s  of hounded v a r ia t io n  in (Oj f) and the

s e r i e s  i s  summable jflj .

The fo l lo w in g  example of a s e r i e s  summable

IAI but not suri'imable jC, '^ j  for  any i s  quoted in a paper
( 11by Fekete'  i t  i s  o r i g i n a l l y  due to Bohr. Suppose that

J  fx) = . Then can be expanded in  a power
oC> ^

s e r i e s  which i s  convergent for  • Since
Ô ^  j I

JLl ^  i j f I c f - a -  -  ■e.-'t-’' ,
S C . - . I - Û  - i  - i

oO
i t  f o l l o w s  th a t  i s  summable / a | • how suppose, i f

o
p o s s i b l e ,  th a t  i s  summable for  some p o s i t i v e

in te g r a l  va lue  o f ; there i s  no r e a l  r e s t r i c t i o n  here  

in assuming -t- to be an in te g e r .  We must have = o

as  o6 , and hence,  for  a l l  v a lu es  of ,

Y/here K  ̂ i s  a p o s i t i v e  constant .

Thus
k ' ,  a ' Z  ^ •’ _ _ _ _ _ _ _ -  ,

and hence O+'kXJ'*'^)............ C'+t:)

(1) kekete  , 5"
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<  K  K  = K ,
how, fo r  0   ̂ DC < I ^

■ ^ r k .  = j ( - . j

< Z W - "

< K Z A , " = .
c

= K ( i - n
<v

Since €, —> oO as  co , t h i s  in e q u a l i t y  i s  f a l s e

i f  %. i s  s u f f i c i e n t l y  c lo s e  to | . Thus our su p p o s i t io n

was not co r re c t  and i s  not summable and hence

not summable fo r  any

c
n,

, — JVi -  I
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7. The Absolute Summability of kou«rier S e r i e s .

Some of the preceding r e s u l t s  on Abel and 

Gesaro summability have in recent  years  been found u s e f u l  

in the study of Fourier s e r i e s .  A comprehensive account  

of  the research  which has been done and i s  s t i l l  being done 

in t h i s  f i e l d  would be a cons iderab le  undertaking,  but the 

theorems given in t h i s  s e c t io n  serve to i l l u s t r a t e  the power 

of  surnnability p ro ce s se s .

Here v/e w i l l  g ive  the terminology used in  

t h i s  s e c t i o n .  Suppose

( 7 . 1 )  4- U.X.J

i s  the Fourier s e r i e s  of a fu n c t io n  which has a f i n i t e

Lebesgue in t e g r a l  in ^Tr) and i s  of period  , the

c o e f f i c i e n t s   ̂ being found by the formulae
7T J

X  J  k(7 cL t  ̂ = ± j  ^ ( t )  c L t  ^

-TT

^   ̂ ^ ( t j  <L(r . %,et

-TT
U '

( 7 . 2 )  C (̂b) = ^ -

( 7 . 3 )  ^ ( t )  = J 1 %  -  - / ■ '
^  r c ^ jJ

Ô
the i n t e g r a l  e x i s t i n g  almost everywhere,

= 0 ( ^ 1  )

( 7 . 4 )  -  jL.  j  <p(y^) cUx. ,

0

 ̂ oi.-»
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m (tj and are thus analogous to Geskro sums and

Cesaro means of  order JL of  ^  ( t )  . Assuming the

e x i s t e n c e  of  ($ ( t )  , i t  can be shov/n tha t

{■'•5) ( t )  ^  ± .  ('(fc-'-j'*'' cL-u..
•<̂1» T(p) i

The p o is so n  s e r i e s  corresponding to the given Fourier  

s e r i e s  i s  def ined  by the equation
oO

k = ,
'7T

( 7 .6 )  -  _jL r  Yfej  . ? -     oLt ^
I — 2.>t. ->c.^

the i n f i n i t e  s e r i e s  being u n i fo r m ily  convergent in (pTÎ TrJ for  

0  ^ < I , Taking -̂jj(b) b. | in t h i s  ex p re s s io n ,  a l l  the

Fourier c o e f f i c i e n t s  except oLq van ish  and we have
I T  TT

( 7 .7 )  2-T = r _____ ___________ cUb̂=  f   d t  -  f   <
I I -  a^c<r» t  +•

re p la c in g  (pc-tj by t  and u s ing  the p e r i o d ic t  try" of .

The fo l lo w in g  theorem, published by Whittaker 

in 1933, i s  the e a r l i e s t  of  a s e r i e s  of three theorems 

g iv in g  t e s t s  for  summability Ifl j of Fourier s e r i e s .

(1)
THEOREM 10. The Fourier s e r i e s  ( 7 .1 )  i s  summable

1A j to S a t  the p o in t oc i f  j  e x i s t s  and i s

f i n i t e , where 0 < S' s  TT'
o

In other words, every Fourier

( l )  W h it ta k e r ,15.
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s e r i e s  vdiich converges in v i r tu e  of p i n i ' s  co n d it io n  i s  

summable |A I

Le t  Q = P j — s J Cĵ  i  -X  ̂ I J f

where P(^) i s  the  p o isson  s e r i e s .  (7 .  b).  Replacing ( ^ - e j  

by e  ,
x-̂ -ir
r cJ (W - fc) _____ 1 —  cL(r —  S

A.7T J  /_  2 ^  fc
3C- u

r  4- r  ( x - b  ) -------------Lr . __________ebb — 5

0 _ir

( x - ( r j  4-  - i -   C

y /  — 2- t̂-Cr4 t  i *

=  -JL { J t -  -  / -  ___ < L t  -  S  y
2 ir

o
re p la c in g  t  by -  b in the second i n t e g r a l .  Hence, u s ing

( 7 . 7 ) ,  IT
dLtr ,0 (^J  =  -L (  ( p b )  1- ' ^ ' ' ------------

“a I 2-t_ c_o-« fc -fc*0 I c_o-«
I f  O <. A.,c. I , t h e n

X , IT

O 0
IT

^  A  r  r  I p fc ^ '- j  co^fc -  I eb(
^  o / ( j ~ 2 - ^  CUO-# t fc I

( 7 . 8 )  ^  -J- f V 6 , ,
TT 

"o
v/here

V W . , t ; =  a. r I  Q -  2  -t_ fc fc D(,*ÿ '  j73
The in v e r s io n  of the order of in t e g r a t io n  i s  j u s t i f i e d  here  

by F u b i n i ’ s theorem s in ce  the in tegranci is  n o n -n e g a t iv e .

We proceed to show th a t ,  for  0  ^ / «

V ^  ^  when O < t   ̂ :k and V <:j  -c I  when 

^  ^ t  ^ T T  . We w r i te

fc-̂  = c-o^“‘ /  ^ _ I , so that  0 < fc, 2:3: ,
w + v y

and

X W  =  . . . . . .  Lz^^_ . . . . . . . . .
i — 2- ^  t  -fc
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Then, for  0   ̂  ̂ , and O  ̂ ^  I , the express ion

-  Ü + _________

0  2  f_<X t  + y|

i s  e s s e n t i a l l y  p o s i t i v e ,  s ince

<LCr̂  t  — 2-A , ^ ( l  2  I   2  ^

“ ^  ~^JC  ̂ J

^  0 .

I t  f o l lo w s  th a t ,  for  0  <• b ^ ,

0

= X /b\ J  — I 

<  I -
— 2 “̂ ,  CO"* t  fc -A.,*-

I — C.O-* fc,

COÛ ^

z z n z
A.

< . I f i  ^^Lô-VcGa«4k.*'-6 J..<̂ ^AJLXU.i-»-^by^ ^
^ JL

fc
I f  ^ b   ̂ 1C 9 X ^ p t j  i s  n e g a t i v e  when t c r f c / f c Æ | < * ^ > a n d

J  X ' f r t j  -  j  >('(Ctj| a-L

2
fc

<  Æ  , ( b y  J o r d a n ' s  I n e q u a l i t y ) .

F i n a l l y ,  i f  IT   ̂ t  s  I F  ,
^  A,

= -  _ [  x ' H < = ‘-^
0

= I -  x 6 ^ , ;  

<  I  .
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o u bst i tu  tirjg now in 8/ . ^  X  IT \

® j£  ̂ ^ TT
<  j  < - - p j  «Le .

Each of the in t e g r a l s  on the r ig h t  hand s ihe  i s  f i n i t e ,  the 

f i r s t  one by h y p o th e s is  and the second from the le b e sg u e -  

i n t e g r a b i l i t y  of  and hence of ; a l s o  the r ig h t

hand side i s  independent of -t, . fow, l e t t i n g   ̂ l~ o  ,

we see that  (  | Q ‘ j d  k  e x i s t s  and i s  f i n i t e .  Hence

(p tp-j i s  of bounded v a r i a t io n  in ipy^)  and the con d it io n  for  

abso lu te  Abel summability i s  s a t i s f i e d .  Thus the  Fourier  

s e r i e s  ( 7 .1 )  i s  summable j A j with sum S

D i n i ' s  con d it ion  i s  n o t ,  however, necessary  

for summability (A j , nor even fo r  a b so lu te  convergence.

An example w i l l  be g iven  l a t e r  of  a fun ct ion  whose Fourier  

s e r i e s  does not s a t i s f y  D i n i ' s  con d it ion  a t  the o r ig in  but 

i s  summable j f\ j  .

Here i t  may be observed that  summability  

i s  a l o c a l  property:  i t  depends on ly  on the behaviour of

the funct ion  in the immediate neighbourhood of the p o in t  under 

co n s id er a t io n .

The next two theorems g iv e  fur th er  t e s t s  fo r  

summability |A| . They are due to Prasad.
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 ̂1 ^THEOREM 11. The Fou r ie r  s e r i e s  ( /H i)  i s  summable

|AI to s a t  the po int  x.  i f  i s  a b s o lu t e ly  continuous

in (Qj where S > o .

As in the p rev ious  theorem, i f  v/e def ine

Q c^) = P/Dcj -  5 » then
i r

r r  Ç  ^ )  = (  (^ i t ) _______ _______________
Û 0 — t  -fc

= r fc r (tj  L-  d t , ( o  ^ T \  J
^  Cj ■" 2 Dt, CVM t  fc

= Q 4- > I say ;.

By reasoning s im ila r  to that  in the prev ious  theorem i t  can 

be proved that  i s  of bounded v a r i a t io n  in (Pjlj

x̂ fOv/ suppose tha t  0(tj  i s  a b s o l u t e l y  continuous in C^j^) ;

then i s  of bounded v a r i a t io n  in ■OjS') and the t o t a l  v a r 

ia t io n  of 0(t:J in i s  j0*(fcj(cLfc. Now

(7 .9 )  Q ,w  = j
Q ^ — 2-^ to-* fc f c " )

o  o

= Tpt.) —  ̂ )  3 so tKccfc

i w  = a  W

We can say immediately that  i s  a fu n ct ion

o f  bounded v a r i a t io n  in ( O^ l )  s in ce  j

i s  of bounded v a r ia t io n  in C^j i )  . Choose so that

C) <: 4̂., <L I • Then

=  I ' l / a F f r f
O_______ ___________ 0 0______________________

(1)  Prasad, lO
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A ,  F
< j  d i ^ j  0. j<p'Lt) 'i

0 o

= J  V, e ' , .  cLt,

ebb

where
A

V. (X, t  ) = r 2 j   j and t  l i e s  in
 ̂ J  / / fc — 31 Co* fc !

0

The in vers ion  of the order of  in te g r a t io n  i s  l e g i t i m a t e  here ,  

"by I 'u b in i 's  theorem. Since 0  ^ t   ̂ ^ ÎT , ___- 6 - ^  8_______
(̂ 1 "fc 2-fc. c-0.4 fc J

i s  e s s e n t i a l l y  p o s i t i v e .

Thus

V, = 3- -

i f

Hence _

j  ^ TT j  j .
o o

The in t e g r a l  on the r ig h t  i s  independent of  -t ,  and by

h y p o th e s is  i t  i s  f i n i t e .  By  l e t t i n g  v/e see that

\ d-k  <  oO and K W i-8 a fu n c t io n  of  bounded
-7?
v a r i a t io n  i n ( o , l /  . I t  f o l lo w s  that  ’ Q, t/cj and hence Ç 

i s  o f  bounded v a r i a t io n  in ( 0 , l j  and the cond it ion  for su im a b i l i ty  

of the Fourier s e r i e s  i s  s a t i s f i e d .

(1)
THEOREM 12. The Fourier s e r i e s  (7 .1 )  i s

summable (A|. a t  tiie p o in t  %. with sumo S i f  the in t e g r a l  

f  I I d t  e x i s t s  where O and $.,Cà) i s  given by
o -t

the equation  $ i ( p j  = j (p(y-) d^x._________ ,

( 1 }' Prasad,
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V/e w i l l  w r i t e

Then

CI — 2  -fc- C-Cr* (= -h 

f j -  2 A. cL(v* t  fc -N-*-; ’■

à W =  -   ,
f̂c* ( / — 2  -fc C.O-* tr -fc ^

a n d
fc ^ ..^-1 ■

<̂ fc yt è-fc I ~ 2 -fc. <L^ b fc .jc'-j ̂
U s i n g  t h e  n o t a t i o n  o f  t h e  p r e v i o u s  t h e o r e m ,  a n d  r e p l a c i n g

?  b y  i n  l i n e  ( 7 . 9 ) ,
> ' "t, 3[

I  jQ /- ') |d .-< .=  J  I j  9({b;a.fc j d . ^  ,

d i f f e r e n t i a t i o n  u n d e r  t h e  i n t e g r a l  s i g n  b e i n g  l e g i t i m a t e  s i n c e  

i s  a  c o n t i n u o u s  f u n c t i o n  o f  - t  a n d  t r f o rd fc ^
a n d  0  ^ fc. ^ -fc, < I . i n t e g r a t i n g  b y  p a r t s ,

0  O G o

«  f t -  j } -
w h e r e  f\ i s  a  c o n s t a n t .  By F u b i n i ' s  t h e o r e m  i t  i s  p e r m i s s i b l e  

t o  i n v e r t  t h e  o r d e r  o f  i n t e g r a t i o n  i n  t h e  r e p e a t e d  i n t e g r a l .  

He nc e  fc, ^  fc,

j  A  1  j l , c ^ J < ^ * =  I
^ Our  o b j e c t  now i s  t o  show t h a t  (  I id.fc <  K.

J I jeAt I fc‘
w h e r e  K i s  some p o s i t i v e  c o n s t a n t  a n d  O « t  ^ j r  . i f  we

w r i t e  bf =  3 . I -  , t h e n  0  a b , as II: ; t h u s  when

0  t: 5 6; , a n d  C ^ ^  ^ i s  e s s e n t i a l l y

p o s i t i v e .  F o r

Cl -
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-I, -- 1+ "\'y \ - l ;
l + V A  "'J

I ! -  ’̂ '’F  4- ‘t ± L h .Z ^ X J  ~ ^  ]
u+ J

2 ^
Ü- L

> h
u - ' / 1
0.

& t ^ C, s  X

\ A H  rL\. = [ - 
J { & bà^ I J  à A- à̂ fc

r .  à w A  
- Û

t= ^  C ( — -aL»»-
(̂ t -  2  fc , r.<vtJ b H. -fc,

HOW, s i n c e

A. ' i

(J-2fc,c<y*c+ t ,y = /  ( y - ^ ,

C I "■ fc-, 4- y  fc, <̂| — fc, i— lla -fc,

^ (̂ 1 -  fc, ^

i t  f o l l o w s  t h a t ,  f o r  O <, t  ^ ,

I I  ̂ S-A., (t-A.,Xl+A.,) 6-
J l à t à A /

 ̂ (L-t±ii . (Lz^^A . i t
0 - ' ^ / )  d 4- Vt"-

< Tr*-
A-t 0.

To o b t a i n  a  s i m i l a r  i n e q u a l i t y  f o r  fc, ^  b ^  - f  , l e t  

C.OÙ t  = / w h e r e  J X - /  ^  / . T h e n

rfc.4-__ I 4- 2  fc(fc'-fc
__________ __ ________ 2^<i i±_'#y— J
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Y  0  4- y V  C1 -  2 fc_ <L(y* e 

Th u s  — ^ Ô f o r  0  ^ fc < V a n d  _àlU_ c  f o r  y . -  *
^(rèfc

I n  t h i s  c a s e ,
fc
r  j' .j<L L ^

-  ̂ / it"  ̂fc f y  I è-t à fc )

■ T ' T -  i ] “ A - “
\  0 JZ-i y  /

= j j  .
C< -  2yco"i fc + Y»-j^

S i n c e  | - - 2 ^  b 4 - =  , 2 ù  - , i t  f o l l o w s  t h a t  
■' At , , 0 - b > V ______ ____ _

^ d r - A ^ i  ^  S  . _>
?  A, A J T

fc

i

< 2 )  % , ( w h e r e  X) i s  a  p o s i t i v e  c o n s t a n t )
^ tr

< D  u ."
fc*- , ( b y  J o r d a n ' s  i n e q u a l i t y ) .

L e t  K =. J DTr*J 9 T h e n ,  c o m b i n i n g  t h e s e  r e s u l t s

'*1 /  fc 5 l \
J  $  A +  + J  j  j j . L t i j d - t  J"  jd -A .

V/e h a v e
fc

<  A +- K I § j b l  j dLc

b y  h y p o t h e s i s  ( ^MÆlL e x i s t s  f o r  some ^ > ù  . i t4  b‘
f o l l o w s  t h a t  31_ dLt e x i s t s  a n d  h e n c e  t h a t  i s

o f  b o u n d e d  v a r i a t i o n  i n  ( Oj { J  , a n d  t h e  c o n d i t i o n  f o r  

s u m m a b i l i t y  f-Zi j o f  t h e  F o u r i e r  s e r i e s  i s  a g a i n  s a t i s f i e d .

The n e x t  g r o u p  o f  t h e o r e m s ,  due t o  B o s a n q u e t ,  

r e p r e s e n t s  a  s u b s t a n t i a l  d e v e l o p m e n t  i n  t h e  t h e o r y  o f  a b s o l u t e
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s u m r a a b i l i t y  a s  a p p l i e d  t o  F o u r i e r  s e r i e s .  They  a c t u a l l y

i n c l u d e  a s  s p e c i a l  c a s e s  t h e  t h r e e  p r e c e d i n g  t h e o r e m s .

'i'lIEORlilM 13 . I f  i s  o f  b o u n d e d  v a r i a t i o n

i n  (Q, ir) , t h e n  t h e  F o u r i e r  s e r i e s  o f  i s  summa b le

IC. $1 a t  t h e  p o i n t  x  w h e r e  ^ y ^ 0

( 2 )
THEOREM 1 4 .  i f  ol ^  O a n d  th e  F o u r i e r  s e r i e s

o f  i s  summab l e  | C , 2 |  a t  t h e  p o i n t  , t h e n  (p^(P)

i s  o f  b o u n d e d  v a r i a t i o n  i n  lOjlTj  wh er e  >  oi-K

C o m bi n i n g  t h e s e  two s t a t e m e n t s  we s e e  t h a t  i n  

o r d e r  t h a t  a  F o u r i e r  s e r i e s  be summable  | C |  a t  t h e  p o i n t  

X. i t  i s  n e c e s s a r y  a n d  s u f f i c i e n t  t h a t  s h o u l d  be  o f

b o u n d e d  v a r i a t i o n  i n  CPjTT  ̂ f  o r  some ob ? O . The p r o o f s  o f

t h e s e  t h e o r e m s  i n  t h e  g e n e r a l  c a s e  v/e r e  e s t a b l i s h e d  b y

B o s a n q u e t  i n  1 9 3 6 ,  a n d  a r e  h e r e  o m i t t e d .  i n  t h e  s p e c i a l  

c a s e  v/here ob = 0 t h e  t h e o r e m s  t a k e  t h e  s i m p l e r  f o r m : -

TTjECREM 13 I f  0 (P )  i s  o f  b o u n d e d  v a r i a t i o n

I n  CO,TT̂  , t h e n  t h e  F o u r i e r  s e r i e s  o f  - j i t )  i s  sum m able fCj s|

a t  th e  p o i n t  sc f o r  e v e r y  > Q .

( 4 ) , .

THEOREM 14 * I f  t h e  F o u r i e r  s e r i e s  o f  j f ty  i s

a b s o l u t e l y  c o n v e r g e n t  a t  t h e  p o i n t  ^  , t h e n  i s  o f

b o u n d e d  v a r i a t i o n i n  (Q/IfJ f o r  e v e r y  S ' >  O

1 ) B o s a n q u e t ^  2  .
. 2 )  B o s a n q u e t ,  2 . 
( 3 )  B o s a n q u e t )  i . 
f 4 '  - o o s p n q u e t ,  t  .
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The fo l lov /ing  lemma i s  required for the proofs  

of Theorem 13* and Theorem 14* : -

LSiiaiA 1. I f  oC  ̂ O and Cl>jp) i s  of bounded v a r i a t ion  in 

an in te r v a l  (0, J , then (!>aQ=) i s  a l s o  of bounded v a r ia t io n  in 

\P)VJ for  every 5 > 2 .

Since any fun ct ion  of bounded v a r ia t io n  may 

be expressed as the d i f f e r e n c e  of two p o s i t i v e  non-decreasing  

fu n ct ion s  i t  i s  s u f f i c i e n t  to consider the c a s e  when i s

p o s i t i v e  and non-decreasing.  Further i t  i s  s u f f i c i e n t  to 

suppose tha t  0  ̂ 2 < a  ̂ 1 ; the r e s u l t  for  the general

case w i l l  then fo l lo w  by induction .

C h o o s e  tr a n d  b + b  s o  t h a t

We s h a l l  shov/  t h a t  + ^  O

= T* b + i )   . t ( t -  ‘'u ^  P^(y-) (L-u.,

Then
T  b + i )  T ( f l - J . )  (  ( t  + k ,  -  (p^(i)  1 =  T  +  A

r c p + i ;  \  I
w h e r e  ^

' ' - 1 1  c k + k r  I

A p p l y i n g  t h e  s e c o n d  M ean  V a l u e  T h e o r e m  t o  t h e  f i r s t  o f  t h e s e  

i n t e g r a l s ,

Q  I  Ct+g/» J JL J4JL dLfcC

w h e r e  0  <  b
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-A-l JL , "UL dLw.

A l s o
t+k

1% > ( >+  L- u - F ' T f  cLit
{  ( f+ L .p

Hence

V ^  ' t - h K . j r  j
= ( )  Clry +  -u."ftcLAL -  [  IL -  -aJ *2Z L '^ - '* 'd .A t . l

1 4  —  4  1
4- (%_%; I  dLv.X  I t *  (b+M? J

The f i r s t  two o f  t h e s e  i n t e g r a l s  a r e  e q u a l  a n d  so c a n c e l  o u t .  

A l s o

^ ' a n d  ^  s i n c e

/6 -  .L- 1 -c. o a n d  O 6 uu % -j < t - <  ^ 4- h . Hence  t h e  i n t e g r a n d  

i n  t h e  l a s t  i n t e g r a l  i s  n o n - n e g a t i v e . I t  f o l l o w s  t h a t

T , t -  ^ o

T h u s  ^  ^  a n d  (p^Lp) i s  a  n o n - d e c r e a s i n g

b o u n d e d  f u n c t i o n .  The r e s u l t  s t a t e d  i n  t h e  lemma i s  

i m m e d i a t e l y  d e d u c i b l e .

H r o o f  o f  Theorem 1 5 *.

L e t  =■ OL̂<Lf>* fcx +  ^ o =4 : ^< »  )
Jk J

a n d  l e t  , X .  , d-  t:; d e n o t e  t h e  n * t h  G e s a r o  m e a n s

o f  o r d e r  d  o f  t h e  s e q u e n c e s  A,4- ............4- A ,

a n d  rj-(vv,t^ = 2  ^ ^ y J b . Then
TT

TT

"V

“ " f ( L e y a  >vfc dLt , b y  a  s u i t a b l e
0

c h a n g e  o f  v a r i a b l e  a n d  t h e  p e r i o d i i . i t y  Tof • T hus

^  ^ C ^ ( p )  +  ^  J  ^  y  Tv.tr c L ( f p }

= J ^ — c L ( p ( p )  .
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T a k i n g  t h e  G e s a r o  mean o f  o r d e r  ^  , i t  f o l l o v / s  t h a t

r V  = J L  T  { f l i i  cLq(b)\
h ;  I  4  J

= -  T j - / ?  a R .  U < ? C 4
J  A :  H r .  T  J

n

= J  •

o
We now p r o c e e d  t o  p r o v e  t h e  c o n v e r g e n c e  o f

oo a
t h e  s e r i e s  'T f o r  0 - c 6 < - l  a nd  t o  d e d u c e  f r o m  t h i s

I -p-
t h e  s u m m a b i l i t y  |C,,/3| o f  t h e  o r i g i n a l  F o u r i e r  s e r i e s .

We h a v e  tp

i  I f L  < f  r  
T  -  r  J

^ 6  I

We r e q u i r e  t o  show t h a t  t h e  i n t e g r a l  on t h e  r i g h t  i s  f i n i t e .  

T h i s  f o l l o w s  f r o m  t h e  f o l l o w i n g  i n e q u a l i t i e s ,  t r u e  f o r  | , 

Q  t  < 'tT  > C fi <̂  \ ? a n d  p r o v e d  a t  t h e  e n d  o f  t h e

t h e o r e m  : -

( 7 . 1 0 )

w h e r e  3  i s  p o s i t i v e  a n d  i n d e p e n d e n t  o f  -vv a n d  fc . Thus

-  » Cf'J oO a

t - 'Jd: J ^  r  \

= 0 (l! j - t  0(19
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u n i f o r m l y  f o r  O ^  k fT . J t  f o l l o w s  t h a t
OÛ JT

'>  i f i  = 0L>)  ■ .
r  ^  ir

s i n c e  i s  o f  b o u n d e d  v a r i a t i o n  J" j c L p t b j j c  ob

T h us  ^  c o n v e r g e s  t o  a  f i n i t e  l i m i t  a n d  t h e  F o u r i e r
r  ^

s e r i e s  i s  summable  • S i n c e  s u m m a b i l i t y

i m p l i e s  s u m m a b i l i t y  j Cj ^j  f o r  a l l  , t h e  c o m p l e t e

r e s u l t  s t a t e d  i n  t h e  e n u n c i a t i o n  o f  t h e  t h e o r e m  i s  t r u e .

I t  r e m a i n s  t o  p r o v e  t h e  i n e q u a l i t i e s  o f  ( 7 , l o ) .

how
f t  hh pi A- I 2 . V. J

PTJp-fc ' "M- _____ _ ( ^ O  >  > —I J
fc = o ^  /i

n

■/rn?
£  A C

K -fciO

S i n c e  f \ ^   ̂ d e c r e a s e s  s t e a d i l y  t o  z e r o  w hen , th e

i n f i n i t e  s e r i e s  c o n v e r g e s  f o r  tr 0 > b y  D i r  i e h l e t  * s t e s t ,

a n d  t h e  m o d u l u s  o f  i t s  sum d o e s  n o t  e x c e e d  ^  j

T h u s ,  w hen 0  < fc ^ TT ,

I f  k .  4 1 <  - A _
TTA !

$  _ L _
I T A ^

u s i n g  J o r d a n ' s  i n e q u a l i t y .  T h us

I  ^  7  A " '' 1i irA^ -t.» J

I  r A h f - / 0  -  -  Z  A r  e - j
I t a ^  1
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w h e r e  D, a n d  J)^ a r e  i n d e p e n d e n t  o f  -rv. a n d  t  • how f o r  

'Tv.b >  I ,   < I , so  t h a t

i tjj< (JD,+ VkJ fc"'*

$ (D,  +  D ^ j y . t .

To o b t a i n  t h e  i n e q u a l i t i e s  f o r  I v/e o b s e r v e  t h a t  ^  s  G

w h e n e v e r  O ^  G & ^  , so t h a t

I ^  K-JL . 2  fctr tr x  I ^
fc-o ^  p fr

^  ixtr
TT

T T

W r i t i n g  jB =• max we o b t a i n  t h e  c o m p l e t e  r e s u l t

s t a t e d  i n  ( 7 , l o ) .

P r o o f  o f  T h e o r e m  1 4 ' .

U s i n g  t h e  f o r m u l a  ( 7 . 5 )  w i t h  oC r e p l a c e d  b y  

( o l - l j  a n d  ^  r e p l a c e d  b y  1 ,
t-

^ J b )  = j  ,  H - l  0 - t  s T T ; .
o

T h u s  ' $ j p )  i s  a  L e b e s g u e  i n t e g r a l  i f  ol ^ I a n d  m u s t  be

a b s o l u t e l y  c o n t i n u o u s  i n  ( O / tfJ . A l s o  JL^ i s  a b s o l u t e l y

c o n t i n u o u s  i n  a n y  i n t e r v a l  w h i c h  d o e s  n o t  i n c l u d e  t h e  o r i g i n ,

f o r  oLxO . S i n c e  t h e  p r o d u c t  o f  two s u c h  f u n c t i o n s  i s  i t s e l f

a b s o l u t e l y  c o n t i n u o u s ,  i t  f o l l o w s  t h a t  = X Ù PtlL^
fc**-

i s  a b s o l u t e l y  c o n t i n u o u s  i n  w h e r e  € > 0  . We r e q u i r e
TT

t o  show t h a t  J  | c L ^  CA) j i s  f i n i t e  f o r  F > 0  ; a p p e a l i n g

t o  t h e  a b s o l u t e  c o n t i n u i t y  o f  <P (̂p) t h i s  i s  e q u i v a l e n t  t o  

p r o v i n g  t h a t  ^  | ^  j dufc <  oC • I n  v i e w  o f  lem m a 1,  i t  

i s  s u f f i c i e n t  t o  c o n s i d e r  t h e  c a s e  when O < S ' < - Î
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i t  i s  c o n v e n i e n t  h e r e  t o  r e p l a c e  t h e  v a r i a b l e
I

'VL i n  t h e  f o r m u l a  ( 7 . 4 )  b y  ^  , o b t a i n i n g  =

L e t  d e n o t e  oX ( ( i ( ; ^ e - u , j  cC-u. :
c "

t h a t  i s  t h e  f r a c t i o n a l  mean  o f  o r d e r  d  o f  . now

a n d

SO b y  a  s u i t a b l e  c h o i c e  o f  3 v/e can  o b t a i n
00

Ç i^ J  ^  Pi ^ cotj le t  w h e r e  ^ = <2 ^ c_0"* 7i_ac_4- b^-ôL*-x.ic..
1

S i n c e  2" c o n v e r g e s  a b s o l u t e l y ,

4>
^  /  5T

= ^ - A  ( i + r j  I c-ûrd (Tfct-w-yd-u.

•  Z A . ' L r W

A s s u m i n g  t h a t  t e r m - b y - t e r m  d i f f e r e n t i a t i o n  o f  t h i s  s e r i e s  i s  

v a l i d ,  i t  f o l l o v / s  t h a t

( 7 . 1 1 )  = 2  ^  y , b  & '.k ) .
’ !+•* I

Hence  i T  i r
= j  I 2 a . .  | < i f c

0 0

< f l l A j . - I K r k O R L  

:  '

I Û

Since^ ' l ' ^

I y i+r fc I ^  1̂ 1 } a n d
( 7 . 1 2 )

^  B,  ( s u
— I —■ Ç"

( l )  s e e  h o b s o n ,  T h e o r y  o f  f u n c t i o n s  o f  a  r e a l  v a r i a b l e , p . 5 6 5 ,  
f o r  d i s c u s s i o n  on i o u n g ’ s f u n c t i o n .
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v/here IB, and 3̂  ̂ are independent of and

=  > -  ( f T  f  !  j  y f0 V g ->T /  '
J -

< ->̂ Q J- -h T—I— 1

= 0 (J) +  O o j
oC

uniformly for s ince S':> û . lienee, s ince  % j 4̂ .1 ^ >
.T '
J i 'h; j dit- ^  ^  and t h e  r e s u l t  fo l lov /s .
o

i t  r e m a i n s  t o  j u s t i f y  t h e  d i f f e r e n t i a t i o n  i n

( 7 . 1 1 ) .  T h i s  i s  p e r m i s s i b l e  s i n c e ,  f r o m  t h e  c o n v e r g e n c e  o f

I a n d  t h e  s e c o n d  i n e q u a l i t y  o f  ( 7 , 1 2 )  t h e  d e r i v e d  s e r i e s

i s  u n i f o r m l y  c o n v e r g e n t  f o r  t  ^  fc > 0

i t  v /ould a p p e a r  f r o m  t h e  s t a t e m e n t s  o f  T h e o r e m s

13 a n d  14 t h a t  s u m m a b i l i t y  j c ^ / s j  o f  a  F o u r i e r  s e r i e s  d e p e n d s  

on t h e  b e h a v i o u r  o f  t h e  f u n c t i o n  t h r o u g h o u t  t h e  w h o l e  i n t e r v a l  

(/TT^irj . A c t u a l l y ,  f o r  ^ >  | t h i s  i s  n o t  t r u e ;  f o r  i t  c an  

be  shown t h a t ,  f o r  j , w h ic h  i s  th e  L e b e s g u e

i n t e g r a l  o f  a n  a b s o l u t e l y  i n t e g r a b l e  f u n c t i o n  i s  n e c e s s a r i l y  

o f  b o u n d e d  v a r i a t i o n  i n  a n y  i n t e r v a l  j  , so t h e  s u f f i c i e n t

c o n d i t i o n  f o r  s u m m a b i l i t y  v/here  y3> > j can  b e  r e d u c e d

t o  t h e  c o n d i t i o n  t h a t  s h o u l d  be  o f  b o u n d e d  v a r i a t i o n

i n  v /here  > d  i  a n d  I T  . T h u s ,  ,

s u m m a b i l i t y  i s  a  l o c a l  p r o p e r t y .  I t  h a s  b e e n  shown

b y  m e a n s  o f  an  ex am p le   ̂^  ̂ t h a t  s u i m r a b i l i t y  j I j o f  a  F o u r i e r  

s e r i e s  i s  n o t  a  l o c a l  p r o p e r t y  a n d  i t  may be i n f e r r e d  t h a t

( 1 )  B o s a n q u e t  a n d  K e s t e l m a n ^  (6.
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s u i m n a b i l i t y  v /here  i s  n o t  a  l o c a l  p r o p e r t y .

i t  h a s  b e e n  shown e a r l i e r  i n  t h i s  d i s s e r t a t i o n  

t h a t  s u m m a b i l i t y  | | f o r  a n y  S  ^ C> i m p l i e s  s u m m a b i l i t y  |A( .

From T h e o r e m s  13 a n d  14 v/e c a n  t h e r e f o r e  d e d u c e  t h a t  a

n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  f o r  t h e  s u m m a b i l i t y  j 

o f  a  F o u r i e r  s e r i e s  i s  t h a t  s h o u l d  be o f  b o u n d e d  v a r i a t i o n

i n  f o r  some ob^O . The q u e s t i o n  nov; a r i s e s  a s  t o  how

f a r  t h e  s u f f i c i e n t  c o n d i t i o n s  g i v e n  i n  T h e o r e m s  l U t o  12 a n d

t h e  d e d u c t i o n  f r o m  T he o r e m  13 a r e  n e c e s s a r y  f o r  s u i m n a b i l i t y  

jfVj > a n d  a l s o  how f a r  t h e  c o n d i t i o n s  a r e  i n d e p e n d e n t  o f  

e a c h  o t h e r .

i f  (p(p) i s  a b s o l u t e l y  c o n t i n u o u s  i n  (O, J w h e r e  

9 t h e n  b y  lem m a 1  ̂ 4^,(Pj i s  o f  b o u n d e d  v a r i a t i o n  i n  

(0 ^ ^ )  9 a l s o  'ey i s  o f  b o u n d e d  v a r i a t i o n  i n  . T h u s ,

i f  t h e  c o n d i t i o n s  f o r  P r a s a d ’ s f i r s t  t h e o r e m  a r e  s a t i s f i e d  

t h e  c o n d i t i o n s  f o r  B o s a n q u e t ’ s f i r s t  r e s u l t  a r e  n e c e s s a r i l y  

s a t i s f i e d :  t h a t  i s ,  P r a s a d ’ s r e s u l t  i s  i n c l u d e d  i n  B o s a n q u e t ’ s

r e s u l t .

I f  s a t i s f i e s  t h e  c o n d i t i o n  Ç / glfc^ ^
Jo

g i v e n  i n  T he o r e m  1 2 ,  v/e c a n  s ho w t h a t  i s  n e c e s s a r i l y  o f

b o u n d e d  v a r i a t i o n  i n  (Qj SJ . F o r ,  l e t
tr

V f r j  ^  r  w  d,^ ,
J fcx**0

Then j j  <  co a n d  w h i c h  i s  t h e  l e b e s g u e  i n t e g r a l

o f  a n  a b s o l u t e l y  i n t e g r a b l e  f u n c t i o n  i s  o f  b o u n d e d  v a r i a t i o n

i n  . By Lemma 1 , (P) an d  H .(p) =  2. Ti0J
fc L'

are  a l s o  o f  bounded v a r i a t i o n  in
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HOW

<Pjpj = A  r
0 ^

t*- L ->6 t '

e
• (fc

— 2- — ,it^ r  y  -Lx. rxl ,

A1 so
/ C '-» ̂  /

= ±  $1 (3 ; j I

= 4- Y,  ̂ ^  YLiPy •

Hence

^ J p )  = 2. yC^y — y- Y W  ^  ^  Y tO j •

I t  f o l l o w s  t h a t  <5̂ jlC9 i s  o f  h o u n d e d  v a r i a t i o n  i n  (O^S)

Thus  a  f u n c t i o n  v /h ic h  s a t i s f i e s  P r a s a d ' s  s e c o n d  c o n d i t i o n  f o r  

s u m m a b i l i t y  | A |  a l s o  s a t i s f i e s  t h e  c o n d i t i o n  g i v e n  i n  B o s a n q u e t ' s  

f i r s t  t h e o r e m .

i f  (Am  s a t i  s f  i e  s % i  t t a k e r  ' s c o n d i t i o n
r
r  cLfc <  oo f o r  s u m m a b i l i t y  , t h e n  i t  a l s o  s a t i s f i e s -
Û  ̂ p

P r a s a d ' s  c o n d i t i o n  ( l^,P)l_cLb <. oô . F o r ,  s i n c e

X  f  Au. ^  Ç L É ^ i L  cLm. ,

-6 "  4  -
—^  O cla B O ,

o
I f  we w r i t e

fc
dix. =  ^  <=u.& b —5» 0

Ô
Then

y
f  { ^ 1  d xx .  =  ,F j_

J  " L -  
e &
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T h u s ,  l e t t i n g  ^ b )  ,

d-LU = f  < l_ &-W_ — (_
-  -  J ^  F

0(.
OÔ

HOW

Hence

AO
o

I t  f o l l o w s  t h a t  I / h i t t a k e r ' s  r e s u l t  i s  i n c l u d e d  i n  P r a s a d ’ s 

' s e c o n d  r e s u l t .

i f  cp(^j s a t i s f i e s  t h e  c o n d i t i o n  ( 

we c a n  show t h a t  i s  o f  b o u n d e d  v a r i a t i o n  i n  ( O j ^ J ,

l e t  9{t9 d e n o t e  ( a n d  l e t  -= Ggy . Then ^ ( p )  w h ic h

i s  t i ie  L e b e s g u e  i n t e g r a l  o f  a n  a b s o l u t e l y  i n t e g r a b l e  f u n c t i o n  

i s  o f  b o u n d e d  v a r i a t i o n  i n  (Ô j^  , an d  b y  lem m a 1 t h e  mean v a l u e  

0^(pJ i s  a l s o  o f  b o u n d e d  v a r i a t i o n  i n  ( p ,S J  . H ov/

<P,(k) = _L r  <p(^)
-'ô

=. ^  I ^ S ( y J J  — &(y-)dxju

0-CtJ -  G/ey .

Hence  i s  o f  b o u n d e d  v a r i a t i o n  i n  ( 0 ; ^  a n d  v v h i t t a k e r  ’ s

r e s u l t  i s  i n c l u d e d  i n  B o s a n q u e t * s  f i r s t  t h e o r e m .
/ J  \

The f o l l o w i n g  e x a m p le   ̂ o f  a  F u n c t i o n  w hose

( l )
s e e  T i t c h m a r s h .  T h e o r y  o f  F u n c t i o n s ,  p . 4 0 9 ,  w h e r e  a  s i m i l a r  
e x a m p le  i s  u s e d  i n  t h e  c o m p a r i s o n  o f  c o n v e r g e n c e  t e s t s  f o r  
F o u r i e r  s e r i e s .
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F o u r i e r  s e r i e s  i s  summable  jAj a t  t h e  o r i g i n  b u t  f o r  v /Mch

F i n i  ' s c o n d i t i o n  i s  n o t  s a t i s f i e d  i l l u s t r a t e s  t h e  f a c t

t h a t  V /hit t a k e r  ' s  c o n d i t i o n  f o r  s u m m a b i l i t y  j A { i s  s u f f i c i e n t

b u t  n o t  n e c e s s a r y .  L e t

J  (xj =   ; ^ ^
I =*'1

= 0 ; -L |*.j 5: J ;

d W  = 0
a n d  c o n s i d e r  t h e  b e h a v i o u r  o f  t h e  F o u r i e r  s e r i e s  o f  a t

t h e  o r i g i n .  H e r e  -  I _ >fo ̂ tc^j^and ^ 0  , / -L ^  ^

so t h a t  c ^ iy  i s  o f  b o u n d e d  v a r i a t i o n  i n  (û,TrJ a n d ,  b y  T he or em 13*

t h e  F o u r i e r  s e r i e s  i s  sum m able | c j  a n d  h e n c e  su im nable {A/ . '

B u t  D i n i ' s  c o n d i t i o n  i s  n o t  s a t i s f i e d ;  f o r , i - A
T  T
r = I _ J -d . - ' U L  J  yF" <

^  -u.  J  d J L  AA-

F

-  j < - t c r ^ T l  -

- V ^  a  f i n i t e  l i m i t  a s  i 5 .

We now g i v e  an  ex a m p le  o f  a  f u n c t i o n  f o r  v /h ic h  t h e  F o u r i e r  

s e r i e s  i s  sum m able )/v| a t  t h e  o r i g i n  b u t  i s  n o t  a b s o l u t e l y

c o n t i n u o u s  i n  a n y  i n t e r v a l  . C o n s i d e r

J  ' ^ ( y j  *■ a i-ôL — X   ̂ 3L :jfc o /x / s  /Tp 

\  -f(^) = '
A t  L a,nd i t  i s  w e l l - k n o v / n  t h a t  < (̂Xy i s  n o t

o f  b o u n d e d  v a r i a t i o n  a n d  so  c a n n o t  b e  a b s o l u t e l y  c o n t i n u o u s  

i n  (P j • On t h e  o t h e r  h a n d

^  I ^  J  I C  F p
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so t h a t ,  b y  W h i t t a k e r ' s  t h e o r e m  t h e  s e r i e s  i s  summable  j f ^ j ,

Th us  t h e  c o n d i t i o n  g i v e n  i n  P r a s a d ' s  f i r s t  t h e o r e m  i s  s u f f i c i e n t

b u t  n o t  n e c e s s a r y  f o r  s u m m a b i l i t y  jfV|.

f i n a l l y ,  væ g i v e  a n  e x a m p le  o f  a  f u n c t i o n

w h i c h  d o e s  n o t  s a t i s f y  t h e  c o n d i t i o n  \ j_ d t r  06 b u t
-b b '

f o r  w h i c h  t h e  F o u r i e r  s e r i e s  i s  sum m able / A |  , C o n s i d e r  t h e

f u n c  t i  on

i-C ^ ) = 0  , - £ <  M  s  rr^

= 0  ,

a n d  c o n s i d e r  t h e  b e h a v i o u r o f  t h e  F o u r i e r  s e r i e s  a t  t h e  o r i g i n * -

H e r e  ^   ̂ — ___ ^____  . ( p  a n d

( f > ( ^ ) =  C  ,  -c -w u  i  I T j  5 0  t h a t  ( p ( ^ j  i s  o f  b o u n d e d  v a r i a t i o n  i n  

{ c , i r j  a n d  b y  Theorem 1 3 '  t h e  F o u r i e r  s e r i e s  i s  sum m able ( c j  

a n d  h e n c e  sum m able ( a /  . how

= _L
t

-   I_______

tr I fc-l
a n d  t h i s  f u n c t i o n  h a s  n o t  a  f i n i t e  X e b e s g u e  i n t e g r a l  i n  (p ,r ] )  

We c o n c l u d e ,  t h e n ,  t h a t  t h e  c o n d i t i o n  g i v e n  i n  P r a s a d ' s  

s e c o n d  t h e o r e m  i s  s u f f i c i e n t  b u t  n o t  n e c e s s a r y  f o r  

s u m m a b i l i t y  .
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I  am g r e a t l y  i n d e b t e d  t o  D r .  W. L. C. S a r g e n t  

f o r  v a l u a b l e  a d v i c e  a n d  h e l p f u l  c r i t i c i s m  i n  t h e  p r e p a r a t i o n  

o f  t h i s  d i s s e r t a t i o n .
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