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- a r t ic le s .  F ie ld s , and Riprid Bodies in  tha Formulation o f  R e la tiv ity
Theo r ie s

(abstract o f  T hesis by J# E. Hogarth)

llie  p a r t ic le  th eories o f  h e e le r  and Feynman (electrodynam ics) and 

ofhitehead (g r a v ita tio n ), are studied,and the re la tion sh ip s to th e ir  f i e ld  

counterparts arc examined. An invariant d istan ce  and su ita b le  covariant 

p o te n tia ls  are defined in  Riciüannian space-tim e, and by th is  means the 

th eories are gen era lized , in  p a r ticu la r  to the de S it te r  apace-tiino 

constant curvature. I t  i s  sl'own that the gononxlization  has an in te r e st in g  

s ig n if ica n ce  w ith respect to the stea d y -s ta te  theory o f  cosmology.

The electroc^namic g en era liza tio n  c o n s is ts  o f  fin d in g  a covariant vector  

p o te n tia l in  de S i t t e r  space from which Maxwell's equations can be derived.

I t  i s  shown that in  the fla t-a p a ce  theory o f  Wheeler and Poynman rad iation  

damping i s  indeterm inate, but that in  de S it te r  space and in  conjunction  

w ith stea d y -s ta te  cosmology the ir r e v e r s ib i l i ty  o f rad iation  i s  c lo s e ly  re

la te d  to  the phenomenon o f the crea tio n  o f  m t te r .

In de S it te r  space W iiitehead's theory i s  shown to y ie ld  the Schwarzachild 

so lu tio n  o f  the general theory o f  r e la t iv i ty  with a cosm ological constant.

A c lo se  re la tion sh ip  between ûhitéhead's theory end Ü10 general theory o f  

r e la t iv i ty  in  suggested* W hit^ ead 's theory i s  i^own to be compatible 

w ith steady s ta te  cosmology.

Also included in  the th e s is  i s  a rep rin t o f  "The R d a t iv i s t i c  R igid  Rod", 

a paper w r itten  jo in t ly  with ITof. v.H. McCrea* This paper i s  presented in  

the th e s is  as supporting m aterial*
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G E N E R A L  I N T R O D U C T I O N



2.

P h y s ic a l  th e o r ie s  can g e n e ra lly  be d iv id e d  in to  two c l a s s e s ,  

one based  p r im a r ily  on th e  concep t o f a f i e l d ,  and th e  o th e r  on t h a t  

o f a p a r t i c l e .  Pew th e o r ie s  a re  com plete ly  f r e e  o f e i t h e r  c o n c e p t, 

b u t u su a lly  one o r o th e r  p red o m in a te s . P ure  f i e l d  t h e o r i s t s  w i l l  

d e s c r ib e  a p a r t i c l e  as a s in g u la r i t y  in  th e  f i e l d  o r as a q u a n tiz a t io n  

o f a f i e l d  v a r ia b le .  On th e  o th e r  hand th o se  p r e f e r r in g  to  th in k  of 

p a r t i c l e s  a s  th e  only fundam ental p h y s ic a l  e n t i t y  w i l l  d e s c r ib e  a 

f i e l d  as b e in g  a secondary  q u a n ti ty  d e r iv e d  from  th e  b eh av io u r of 

p a r t i c l e s  and v /ith  no deg rees o f freedom  o f i t s  own.

A c l a s s i c a l  f i e l d  th e o ry  c o n s i s t s  of a s e t  of fundam ental 

p a r t i a l  d i f f e r e n t i a l  eq u a tio n s  to  be s a t i s f i e d  by th e  f i e l d  v a r i a b le s ,  

w h ile  th e  b a s ic  law s of a p a r t i c l e  theo ry  sim ply  r e l a t e  th e  m otions 

of p a r t i c l e s .  A lthough th e  l a t t e r  approach  n e c e s s i t a te s  th e  concep t 

of a c t io n  a t  a d i s ta n c e ,  i t  i s  u su a l to  d e fin e  a d ju n c t f i e l d s  in  

term s of th e  p a r t i c l e s  and t h e i r  m o tio n s , and to  de te rm ine  from  th e  

b a s ic  laws th e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  s a t i s f i e d  by th e se  

f i e l d s .  The pu re  f i e l d  and th e  a d ju n c t - f i e ld  e q u a tio n s  may be 

s im i l a r  o r  even i d e n t i c a l  in  s t r u c t u r e ,  b u t th e  d i f f e r e n c e s  th a t  

e x i s t  betw een the  two k inds of th e o ry  need not sim p ly  be s u p e rf lu o u s  

ones o f fa n c y . P o s s ib le  r e a l  d i f f e r e n c e s  t h a t  seem to  fav o u r p a r t i c l e  

or a d ju n c t f i e l d  th e o r ie s  a re  th e  fo llo w in g :

(a) ' P u re  c l a s s i c a l  f i e l d  th e o r ie s  in v a r ia b le  en co u n te r 

d i f f i c u l t i e s  w ith  r e s p e c t  to  th e  s t r u c tu r e  and s e l f  a c t io n  of 

p a r t i c l e s  (o r  p a r t i c l e  l i k e  e n t i t i e s ) .  Such d i f f i c u l t i e s  a re  

g e n e ra l ly  excluded  from  p a r t i c l e  th e o r ie s  a t  th e  o u t s e t .



(b) A d ju n c t-f i e  Id  e q u a tio n s  a re  u s u a l ly  d e riv e d  from  th e  

law s of a p a r t i c l e  th eo ry  by a p ro c e ss  of p a r t i a l  d i f f e r e n t i a t i o n .  

3h is means t h a t  th e  number of a r b i t r a r y  boundary c o n d it io n s  which 

m ust be in^.osed in  th e  s o lu t io n  of a p a r t i c u l a r  problem  i s  few er 

th an  f o r  th e  pu re  f i e l d  c o u n te rp a r t .

(c) A lthough f i e l d  th e o r ie s  m ust e v e n tu a lly  adm it th e  concep t 

o f a p a r t i c l e  in  some form o r o th e r ,  s o lu t io n s  to  th e  f i e l d  e q u a tio n s  

may e x i s t  which b ear no r e l a t i o n s h ip  to  th e se  p a r t i c l e s .  Such 

s o lu t io n s  a re  excluded  from an a d ju n c t f i e l d  th e o ry .

The f i r s t  s u c c e s s fu l  f i e l d  th eo ry  was t h a t  of M axwell, and a 

h a l f  a cen tu ry  l a t e r  th e  p a r t i c l e  m echanics o f Newton was su p e rced ed , 

in  p r in c ip le  though no t in  p r a c t i c e ,  by E in s te in 's  f i e l d  th e o ry  of 

G eneral R e la t i v i t y .  I t  was in  t h i s  s e t t i n g  o f f i e l d  p h y s ic s  t h a t  

quantum th eo ry  was b o rn .

L ess w e ll  known than  th e  works o f Maxwell and E in s te in  a re  

th e  e lec tro d y n am ics  of Schwarzs c h i ld  ( 1903) ,  T etrode (1922) and 

Pokker (1929, 1932) and th e  g r a v i t a t i o n a l  th eo ry  of A.N. Vfhitehead 

(1922) ,  b o th  o f which a re  based  on th e  fundam ental concep t of a 

p a r t i c l e  and use a L o re n tz  in v a r ia n t  v a r i a t i o n a l  p r in c ip le  to  

r e l a t e  the  m otions o f p a r t i c l e s .  Both c la im  a t  l e a s t  equal s t a tu s  

w ith  t h e i r  f i e l d  c o u n te rp a r ts  in  th e  d e s c r ip t io n  o f n a tu re .

More re c e n t ly  th e  e lec tro d y n am ics*  o f S c h w a rzsch ild , T etrode 

and P okker has been exam ined and f u r t h e r  developed  by W heeler and

H
H e re a f te r  t h i s  th eo ry  w i l l  be r e f e r r e d  to  as W heeler and 
Feynman e le c tro d y n a m ic s .
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F e y n m a n , w h i l e  an a lm ost f o rg o t te n  i n t e r e s t  in  W hitehead 's  

Theory of R e la t iv i ty ^ ^ )  has been re v iv e d  by th e  work of J .L .  Synge.

A lthough a lm ost u n iv e r s a l ly  s u c c e s s fu l  as a c l a s s i c a l  f i e l d  

tl ie o ry , M axw ellian e lec tro d y n am ics  has f a i l e d  to  g iv e  e i t h e r  a 

com p lete ly  s a t i s f a c to r y  model f o r  an e le c t r o n  o r  a s u i t a b le  

d e s c r ip t io n  of th e  mechanism o f r a d i a t i o n .  In  th e  th eo ry  o f L o re n tz ,

an e le c t ro n  i s  o f f i n i t e  s i z e  and r a d i a te s  when s u b je c te d  to  a non

un i f  o m  a c c e le r a t io n  because o f th e  m utua l in te r a c t io n  o f i t s  p a r ts ^

This th e o ry  is  unab le  to  e x p la in  th e  s t a b i l i t y  o f  such an e x p lo s iv e

s e l f - a c t i n g  s t r u c tu r e .

One modern v iew  w ith  r e s p e c t  to  p a r t i c l e s  is  t h a t  they  have 

no p la c e  in  a c l a s s i c a l  th e o ry . Quantum e le c tro d y n a m ic s h o w e v e r ,  

has no t y e t  p roved  i t s e l f  cap ab le  of p ro v id in g  a s u c c e s s fu l  e le c t r o n  

th e o ry .

W heeler and Feynman e lec tro d y n am ics  d e n ie s  s e l f  a c t io n  and 

a tte m p ts  to  e x p la in  r a d i a t i o n  in  an e n t i r e l y  d i f f e r e n t  way. Here 

JVMxwell's e q u a tio n s  a re  d e r iv a b le  a d ju n c t - f i e ld  e q u a tio n s . The 

unique f e a tu r e  o f th e  th e o iy  i s  c o n ta in e d  in  th e  f a c t  t h a t  th e  

Ivexw ellian f i e l d  of a p a r t i c l e  is  no lo n g e r  th e  u su a l r e ta rd e d  

f i e l d  b u t  a com bination  of advanced and r e ta rd e d  f i e l d s .  ( However 

c o n tra ry  to  our n o tio n s  o f cause and e f f e c t ,  th e  in tro d u c tio n  o f 

advanced e f f e c t s  p re s e n ts  no d i f f i c u l t i e s  in  a d e te r m in is t ic  -theory.) 

M axw ell's e q u a tio n s  do no t deny th e  e x is te n c e  o f advanced f ie ld s}  

thqy a re  u s u a l ly  e lim in a te d  in  th e  c l a s s i c a l  th eo ry  by means o f 

a p p ro p r ia te  boundary c o n d it io n s .  No such  boundary c o n d it io n s  a re  

n ecessa ry  in  a p a r t i c l e  th e o ry , th e  n a tu re  o f  th e  f i e l d  b e in g
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com plete ly  p r e s c r ib e d  by th e  th e o ry . In  Feynman and W heeler 

e lec tro d y n am ics  r a d i a t i o n  and r a d i a t i o n  damping r e s u l t  from  advanced 

f i e l d s .

The d i f f i c u l t i e s  a s s o c ia te d  v /ith  G enera l R e la t i v i t y  a re  o f a 

more g e n e ra l  n a tu re .  A p a r t i c l e  i s  d e sc r ib e d  as a s in g u la r i t y  in  th e  

m e tr ic  f i e l d  and ( a t  l e a s t )  f o r  a s in g le  p a r t i c l e  a t  r e s t  th e  s t r e s s -  

energy-momentum te n s o r  f i e l d  v a n ish e s  a t  a l l  p o in ts  n o t on th e  w orld  

l i n e  o f th e  p a r t i c l e .  A lthough no such id e a l  p a r t i c l e  has been 

found to  e x i s t ,  th e  S chw arzsch ild  s o lu t io n  s a t i s f i e s  th e  re q u ire d  

c o n d it io n s  e x cep t on a narrow  tube  su rro u n d in g  th e  w orld  l i n e  o f  th e  

p a r t i c l e .  Ihe i n i t i a l  trem endous su c c e ss  o f th e  th e o ry  was due in  

la r g e  p a r t  to  th e  e x is te n c e  of t h i s  s o lu t io n  of th e  f i e l d  

e q u a tio n s . A f te r  n e a r ly  f o r t y  y e a rs  s in c e  i t s  c o n c e p tio n . G enera l 

R e la t iv i ty  s t i l l  f a i l s  to  throw  much l i g h t  on as sim ple  a con

f ig u r a t io n  as t h a t  o f two p a r t i c l e s .  C e r ta in ly  no s o lu t io n  has 

been found f o r  th e  two body problem  f o r  which th e  f i e l d  e q u a tio n s  

a re  s a t i s f i e d  ex cep t a long  two w orld  l i n e s .

The d i f f i c u l t i e s  a re  tw o fo ld . F i r s t l y  G enera l R e la t i v i t y  

may be d e sc r ib e d  as a c lo se d  th e o iy . The m e t r ic a l  s t r u c tu r e  o f 

th e  continuum  depends on th e  d i s t r i b u t i o n  o f m ass, b u t th e  

d i s t r i b u t i o n  of m ass i s  a fu n c t io n  of th e  m e tr ic  and i t s  d e r iv a t iv e s .

In  g e n e r a l # th e r e  i s  no means o f e n try  to  t h i s  c lo se d  lo o p  to  

g a in  u s e fu l  in fo rm a tio n  abou t th e  u n iv e rs e . In  th e  case  of th e  

S chw arzsch ild  s o lu t io n  th i s  was acccm plished  by assum ing ce^4i^n^ * O  

symmetry and boundary c o n d it io n s .  I n  more co m plica ted  problems., ]
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how ever, symmetry c o n d itio n s  a re  no t a v a i la b le  in  advance.

The e x is te n c e  o f  th e  second d i f f i c u l t y  i s  more p ro b le m a tic a l ,  b u t 

i t  shou ld  no t be overlooked . %  way o f i l l u s t r a t i o n  suppose an 

e x ac t s o lu t io n  of th e  tw o -p a r t ic le  problem  had been found f o r  

which th e  energy-momentum te n s o r  d id  no t v an ish  in  the  su rro u n d in g  

sp ace . What would be th e  s ig n i f ic a n c e  of t h i s  te n s o r  f i e l d ^

One answ er would be t h a t  i t  r e p re s e n te d  th e  energy o f g r a v i t a t i o n a l  

r a d i a t i o n .  But would t h i s  s o lu t io n  n e c e s s a r i ly  be un ique?  S u re ly  

o th e r  s o lu t io n s  would e x i s t  w ith  d i f f e r e n t  d i s t r ib u t i o n s  o f co n tin u o u s 

m a t te r .  Which s o lu t io n ,  i f  any , would be fundam enta l to  th e  two -  

body problem . S ince  the  th e o iy  i s  n o n - l in e a r  one canno t sim ply  

s u b t r a c t  u n re la te d  f i e l d s  as in  th e  case  o f M axw ellian e le c t r o 

dynam ics.

There a re  s tro n g  argum ents in  fa v o u r  o f a more p r im i t iv e  

r e p r e s e n ta t io n  of m a tte r  th a n  t h a t  o f th e  energy-momentum te n s o r ,  

E in s te in  h im s e lf  has s t a t e d  t h a t  " the  energy te n s o r  can be re g a rd e d  

only as a p ro v is io n a l  means of r e p r e s e n t in g  m a t te r .  In  r e a l i t y  

m a t te r  c o n s i s t s  o f . . . .  p a r t i c l e s .

In  a r e l a t i v i s t i c  p a r t i c l e  th e o iy  o f g r a v i t a t io n  m a tte r  i s  

r e p re s e n te d  as a s e t  o f  w orld  l i n e s ,  b u t i t  would no t b e  u n n a tu ra l 

to  en co u n te r th e  f i e l d  e q u a tio n s  o f G eneral R e la t i v i t y  as a d ju n c t -  

f i e l d  e q u a tio n s . F o r i f  th e  th e o iy  i s  b a sed  on a v a r i a t i o n a l  

p r in c ip le  and a sym m etric second  o rd e r  te n s o r  p o t e n t i a l  then  th e  

f i n a l  s t r u c tu r e  i s  t h a t  of a Riem annian m an ifo ld  w ith  s i n g u l a r i t i e s  

a long  th e  w orld l i n e s  o f p a r t i c l e s .  But th e  th eo ry  of G eneral
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R e la t iv i ty  i s  e s s e n t i a l l y  th e  th eo ry  of Riem annian geom etry.

A p a r t i c l e  th e o ry , in  i t s  b a s ic  fo rm , i s  g e n e ra l ly  devoid  of 

c o n se rv a tio n  law s. This i s  on inconven ience  and i s  th e  main reaso n  

f o r  in tro d u c in g  a d ju n c t f i e l d s .  Now a p a r t i c l e  th e o ry  th a t  c o n s tru c ts  

an a d ju n c t Riem annian m an ifo ld  a u to m a tic a lly  c o n s tru c ts  a sym m etric 

second ran k  te n s o r  f i e l d  whose d iv e rg en ce  i s  everyw here z e ro . The 

th e o ry  m ust then  in t e r p r e t  t h i s  c o n se rv a tio n  law  and a t ta c h  a m eaning 

to  th e  te n s o r .  The problem  of i n t e r p r e t a t i o n  is  c o n s id e ia b ly  s im p li 

f i e d  in  th e  case  of a th eo ry  f o r  w hich th e  co n serv ed  te n s o r  v a n ish es  

( a t  l e a s t )  in  th e  p re sen c e  o f a s in g le  p a r t i c l e  a t  rest."* ' Such a 

th e o ry  i s  t h a t  o f A.N. W hitehead , a lth o u g h  n e i th e r  "Whitehead h im s e lf  

nor th o se  who have s tu d ie d  h is  work seem to  have a t ta c h e d  any 

im portance to  o r  even to  liave g iven  re c o g n it io n  to  t h i s  ready  made 

c o n se rv a tio n  law .

The p re s e n t  work i s  a s tu d y  o f and an e x te n s io n  to  th e  e l e c t r o 

dynamics of W neeler and Feynman and th e  r e l a t i v i s t i c  g r a v i ta t io n  

of V'/hitehead, The aim o f the  e x te n s io n  i s  to  in c o rp o ra te  in to  

th e s e  th e o r ie s  some o f th e  f e a tu r e s  o f S teady S ta te  Cosmolo©^.

Ivlost of th e  m a th em a tica l theorem s re q u ire d  a re  d e riv e d  in  

C hapter 2, C hapter 3 and 4 ; each of which b e g in s  w ith  f u r th e r  

in tro d u c to ry  rem a rk s , a re  devo ted  r e s p e c t iv e ly  to  e lec tro d y n am ics  

and g r a v i t a t i o n ,  and the  g e n e ra l  co sm o lo g ica l a sp e c ts  of th e  

th e o r ie s  a re  d isc u sse d  in  C hapter 3*

E xcept o f co u rse  on th e  w orld  l i n e  o r tube of th e  p a r t i c l e .
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M A T H E M A T I C A L  P R E L I M I N A R I E S



9 .
2 .1 . THEORY OF DISTRIBUTIONS AND ASSOCIATED THEQREgvIS 

In tro d u c tio n

The use in  m athem atica l p h y sic s  of th e  s o -c a l le d  D irac  6 - fu n c tio n , 

d e fin e d  by th e  eq u a tio n s

6(x) = 0 ,  ' (x /  0) (2 .101)

. CO
j

L' - 0 0

6(x) dx = 1. (2 .102)

has long been accep ted  by p h y s ic is ts  as a u se fu l  means of d esc id b in g  

s i n g u l a r i t i e s ,  a lth o u g h  u n t i l  r e c e n tly  i t s  m athem atica l meaning rem ained 

obscure and even a p p a re n tly  n o n se n s ic a l.

C e r ta in ly  th e  q u a n tity

6(x)

i s  no fu n c tio n  a t  a l l ,  f o r  i f  i t  were the  v /e ll d e fin ed  p r o p e r t ie s  o f

fu n c tio n s  would demand th a t  i f  (2 .101) were s a t i s f i e d  then  th e  r i g h t

hand s id e  o f (2 .102) would be zero . However by assum ing c e r t a in  

a r b i t r a r y  seoondsry  p r o p e r t i e s  o f  a w e ll behaved fu n c t io n ,  f ,  as f o r  

example
d f V ô f

— ! y )dy  = i dy.
dx j a j a

<'b -, b fb
1 f '( x ) g ( x ) d x  = f ( x )g (x )  -  f ( x ) g '( x ) d x
j a J  a ]a

b 1— q I d dx
f  [?^(x)J dx = I f (p )  ~  d{S ; (çi(b) = d , fS(a) = c)

to  app ly  f o r  th e  6 - fu n c tio n , a fo rm alism  has been worked ou t which has 

proved very  f r u i t f u l  in  p h y s ic s , e s p e c ia l ly  when coupled w ith  some 

degree  of g eo m e trica l i n tu i t io n  as to  th e  "shape" of th e  6 -fu n c tio n .

M athem atica lly  such a system  is  q u ite  u n s a t is f a c to r y ,  and even 

f o r  one p r im a r ily  in te r e s t e d  in  p h y s ic a l  r e s u l t s ,  th e re  i s  always th e
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doubt as to  i t s  d eg ree  of s e l f - c o n s is te n c y ,  and hence u n c e r ta in ty

w ith  r e s p e c t  to  i t s  v a l id i ty  in  new a p p lic a t io n s .

I t  Was no t u n t i l  re c e n t y e a rs  th a t  th e  5 - fu n c tio n  tech n iq u e  was p u t 

on a f irm  ax iom atic  fo u n d a tio n  by L. Schw artz in  what i s  c a l le d  th e  

Theory of D is t r ib u t io n s .  As t h i s  th eo ry  i s  r e l a t i v e ly  nev/, i t  i s  con

s id e re d  w orthw hile  to  in c lu d e  here  a b r i e f  o u t l in e  of i t s  fo u n d a tio n s  

in  so  f a r  as they  a re  re q u ire d  f o r  the  theorem s which fo llo w .

E lem entary The013  ̂ of D is t r ib u t io n s ”

The g re a t  advance made by Schwartz was to  d e fin e  a l in e a r  continuous 

o p e ra tio n  on a p a r t i c u l a r  c la s s  of fu n c tio n s  which a ss ig n s  a number to  

each such  fu n c t io n . Such an o p e ra tio n  he c a l le d  a D is t r ib u t io n .  The 

most r e s t r i c t e d  fu n c tio n s  to  which a d i s t r ib u t io n  is  a p p lic a b le  a re  

c a l le d  t e s t in g  fu n c tio n s  (d es ig m ted  here  by ÿ ) , th e  most im p o rtan t 

p ro p e r t ie s  of vdiich a re  th a t  tliey a re  i n f i n i t e l y  d i f f e r e n t i a b l e  and 

m ust v an ish  id e n t i c a l ly  o u ts id e  some bounded re g io n ,

A d i s t r ib u t io n  F can always be d e fin e d  by an in te g r a b le  fu n c t io n , 

f ( x ) ,  by th e  e q u a tio n

p fe )  =
00

f (x )  0 (x ) dx ( 2. 103)
-00

the  e s s e n t ia l  p ro p e r t ie s  of l i n e a r i t y

T(u + |3 ÿg) = 0̂ ^W l) + P ^ ( 9̂ 2) (2. 104)

and of con tin u ity

lim  T(ÿ^) = 0 i f  lim  = O’, being a sequence of
n ^ CO n-^oo t e s t in g  fu n ction s)

of a d i s t r ib u t io n  T b e in g  e v id e n t in  (2 .1 0 3 ). D is t r ib u t io n s  a re  in

f a c t  designed  as an e x te n s io n  to  tlie theory  o f fu n c t io n s , a l l  in te g ra b le

fu n c tio n s  be ing  in c lu d ed  in  th e  sense of (2.103)» This in c lu s io n ,

*  ^The in a te r ia l  in  th i s  s e c t io n  i s  in  essence  taken  from Friedm an’s 
notee^^ a lth o u g h  w itli c o n s id e ra b le  s h i f t  of emphasis to  s u i t  our 
p re s e n t  p u rp o ses.
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b e s id e  b e ing  co n v en ien t, i s  a check on th e  s e lf -c o n s is te n c y  of the- th eo ry .

The converse  of (2 ,103) is  n o t t r u e .  I t  i s  no t g e n e ra lly  p o s s ib le  

to  f in d  a fu n c tio n  t (x )  such  t h a t

T(çS) = j t(x )ç i(x ) dx ( 2. 105)t(^x)ÿLx) dx *
00

However i t  i s  conven ien t to  use eq u a tio n  (2*103). The q u a n tity  t ( x )  i s  

then c a l le d  a sym bolic fu n c tio n  and has no meaning excep t as co n ta in e d  

in  (2. 103) .  A c a lc u lu s  w i l l  be d e fin e d  f o r  T, and th is  c a lc u lu s  and

( 2. 103) w i l l  impose a "ca lcu lu s"  on t .  By th i s  means th e  sym bolic 

fu n c tio n  t  w i l l  be used to  d e sc r ib e  the  d i s t r ib u t io n  T,

The r u le s  of m an ip u la tio n  f o r  t  v / i l l  be found to  be i d e n t i c a l  to  

many of th o se  a p p lic a b le  to  th e  b e s t  behaved of fu n c t io n s ,  a f a c t  which 

i s  not s u r p r is in g  s in c e  such fu n c tio n s  a re  in c lu d e d  in  th e  th eo iy  by

(2 . 103) .  Thus from th e  m an ip u la tiv e  p o in t o f viev/ we a re  le d  back to  

th e  scheme a lread y  used in  the ô - fu n c tio n  te c h n iq u e , b u t on th e  f i im e r  

foundation  of b e in g  in  correspondence  w ith  a s e l f - c o n s i s t e n t  l i n e a r  

o p e ra to r  th e o iy .

The emphasis in  vdiat fo llow s v / i l l  be  d ire c te d  tow ards t r a c in g  out 

a few of th e  th re a d s  of th i s  correspondence .

CHANGE OF VARIABLE

We may c o n s id e r  an e x p re ss io n  such as

I  t ( x )  (6(y)dy ; (y = y (x ) )  ( 2. 106)

p rov ided  we a t ta c h  a d e f in i te  meaning to  i t .  F o r an in te g ra b le  fu n c tio n  

f  ( x ) , we wouüLd liave

^  f  (x) p (y )dy  = f ( x )  ÿ(y  (x )) ^  dx

the  r ig h t  hand s id e  of which d e f in e s  a d i s t r ib u t io n  on , where

3S L im its  of -oo and + co v / i l l  h e r e a f t e r  be  assumed u n le s s  o therw ise  
s t a t e d .
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t ( x )  = çS ™ .
CüC

We s h a l l  th e re fo re  c o n s id e r  (2 .106) to  be a sym bolic r e p re s e n ta t io n  

of th e  q u a n tity

lt(x )

w hich , by (2 .105) is  an ex p ress io n  f o r  th e  d i s t r ib u t io n

Thus, by co n v en tio n , we may make any w ell-behaved  s in g le -v a lu e d  

s u b s t i tu t io n  we w ish in  the  in te g ra n d  o f th e  r i g h t  hand s id e  o f (2 .1 0 3 )i 

p rov ided  th e  re v e rse  s u b s t i tu t io n  and (2 .105) a re  used to  a t ta c h  a meaning 

to  the  new e x p re ss io n . Or we may s t a r t  w ith  any sym bolic e x p re ss io n  we 

ivish p ro v id ed  by s ta n d a rd  s u b s t i tu t io n s  v/e a r r iv e  a t  (2 .105) and p ro v id ed  

th e  meaning we a t ta c h  to  th e  o r ig in a l  ex p re ss io n  i s  th a t  co n ta in ed  in  

( 2. 105) a f t e r  s u b s t i tu t io n s  have been made. In th e  l a t t e r  case  we m ust 

of course  make c e r ta in  th a t  th e  <j> in  (2 .105) a c q u ire d  by th i s  means i s  

a s u i ta b le  t e s t i n g  fu n c tio n  in  o rd er t h a t  th e  o r ig in a l  ex p re ss io n s  have 

meaning a t  a l l .

DIFFERENTIATION

The d e r iv a t iv e  o f a d i s t r ib u t io n  is  d e fin e d  in  a manner s im ila r  to  

t h a t  f o r  a fu n c t io n , (bu t w ith  a n o tic e a b le  change o f s ig n ) :

T 'W  = i m  (2 .107)
o h

Now s in c e  T d e fin e s  a l in e a r  con tinuous o p e ra tio n , we have 

T 'W  = T

= T ( - ÿ '( x ) )



2. 1.  23.

o r  T '(p )  = - T ( ç i ')  (2. 108)

aga in  using  th e  p ro p e rty  of l i n e a r i t y .

A lso , i f  f ( x )  i s  a d i f f e r e n t i a b le  fu n c tio n , then  usin g  in te g r a t io n  

by p a r t s

dx = _ ( f  & d x
dx j  dx

s in c e  c6 v an ish es  a t  i n f i n i t y ,  o r , u sin g  ( 2. IO3) and ( 2. 108)

/ N r d f  P ' ( 0) = ~  çi dx
J dx

Hence th e  o rd in a ry  d e r iv a t iv e  o f  a d i f f e r e n t i a b l e  fu n c tio n  i s  th e  

same w hether i t  i s  co n sid ered  as a fu n c tio n  o r as a d i s t r ib u t io n .  By 

a converse  argum ent, in te g r a t io n  by p a r ts  i s  always v a l id  in  ( 2. 103) 

i f  we l e t  t ’ be th e  sym bolic fu n c tio n  f o r  T*.

We se e  by (2 ,108) th a t  a d i s t r ib u t io n  may be d i f f e r e n t i a t e d  as 

o f te n  as d e s ir e d ,  s in c e  ÿ can be d i f f e r e n t i a t e d  i n f i n i t e l y  o f te n . In  

p a r t i c u l a r  any n o n -d i f fe r e n t ia b le  b u t in te g ra b le  fu n c tio n  adm its an 

i n f i n i t e  number o f d e r iv a tiv e s  as a d i s t r ib u t io n .

EXTENSim TO MORE THAN ONE VARIABLE

The above th eo ry  i s  e a s i ly  ex tended  to  ary  number of independent 

v a r ia b le s .

S ym bolica lly  we w r i te  

T(p(%l, X2> . . . »  Xn)) = I y . .  j t ( x 2 ,  xg, . . . ,  x„)ç5(x2 , xg, xh)dX2

. . .  dxn (2. 109)

ihe  p a r t i a l  d e r iv a t iv e

è J E i û
5 x i

i s  d e fin e d  by

l E i É )  = lim s B  ( g , i io )
ô x i  h - 5 .0  h
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from  which i t  i s  e a s i ly  deduced t h a t

3 T ( r t  _ _ ,  (2 .U 1 )
Ô X i  Xj_

The d i s t r ib u t io n  (2 .109) a s s ig n s  a number to  each fu n c tio n  ç6. 

vfe may however have a p a r t i a l  d i s t r ib u t io n

TX2 . . .  %  (ç iU i x „ ))  (m < rn )

= | . . .   ̂ t(x]_ . . .  % )^(xi . . .  Xjj)dxi ••• (2.112)

which a s s ig n s  f o r  each fu n c tio n  ÿ a new fu n c tio n  0 of n-m v a r ia b le s

Q ( ^ + 1  • • •  • • •  ^  ( ^ (^ l  %n)) ( 2. 113)

The p a r t i a l  d e r iv a t iv e  ( 2. I l l )  holds f o r  (2. I I 3) i f

m

For
i  ^  m 

th e  o rd in ary  d e f in i t io n

 ̂ ^ (% + l^  •• •  ^i+h^ • • •  *n)  •" • • •

h o h

of course  a p p l ie s ,  and i t  i s  easy to  see  th a t

• • •  %i(ÿ(^% • • •  ) /  3  9̂ ,
■■■■■.... s  Tv . • .  / ' ' ' ‘ ’ I 3 i  ^  m (2. 114)

9 % i ^ V

Theorem I  -  D i f f e r e n t ia t io n  under an i n te g r a l  s ig n .

The form ula ( 2. I I 4) c le a r ly  amounts to  p e im itt in g  d i f f e r e n t i a t i o n  

under th e  in te g r a l  s ig n  of ( 2.112) by th e  o rd in ary  r u l e  f o r  in te g r a l s  of 

fu n c t io n s . That such a r u le  a p p lie s  f o r  more g e n e ra l sym bolic ex p ress io n s 

d e riv e d  from (2 .112) by changes of v a r ia b le s  i s  not a t  a l l  o b v io u s .*

3€ Although no p roo f i s  g iven  by Friedm an.
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To i l l u s t r a t e  and prove th i s  theorem , we w i l l  use only two 

independen t v a r i a b le s ,  x and y . The e x p re ss io n

a
a x

\ t ( y (x ,  2))  i  (x , z)dz (2. 115)

has a d e f in i t e  meaning acco rd ing  to  our conven tion  w ith  r e s p e c t  

to  s u b s t i tu t io n .  E x p ress in g  the  fu n c t io n a l  dependence of y on x and z by 

f ( x ,  y ,  z) = 0

and n o tin g  th a t '

a  X a y  d y  d z

^  y  ÔX a  z 9y

we see  th a t  ( 2. 115) i s  e q u iv a le n t to

= 1

~  V.t(y) * (x , z (x , y ) )  ~  dy. 
cyX \ d y

(2. 116)

o r
!)t(y ) ÿ (x , y) dy

where çi(x, y ) = * (x , z (x , y ) )

T h e re fo re , using  ( 2.114)

%
a X I

X , z ))  ilr(x, z)dz

î>ty(çs(x, y ) )

Ô x

y 3 ilr)  f â i
V a x A  z X

y

'a_z
3  X

'Ô z \  f' 3
( 2. 117)

3*
1 .8 .  S o k o ln ik o ff , "Advanced C a lc u lu s" , § 33» Problem  3#
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I t  v â l l  now be shov/n th a t  d i r e c t  d i f f e r e n t i a t i o n  under the  i n te g r a l  

s ig n  in  ( 2. 115) coupled  w ith  an in te g ra t io n  by p a r t s  i s  a le g i t im a te  

p rocedure  in  t h a t  i t  y ie ld s  the  e q u a lity  ( 2, 117) .

Thus

j t ( y )  * (x , z) dz
3  X

= 1 1 ' (y) * (x , z) ~ ~  dy + Ct(y) / ~  dy
J Ô X 6 y  3 (  9 x  /g » y

= -  ^ t ' ( y )  z) ~  dy + 'jt(y )  dy , u sing  (2 .116)

= ^ t (y )  -^ 2  | £  dy + \ t ( y )  * dy

+ .^ t(y ) ( |1 ) ^  | | d y

(by a p a r t i a l  i n te g r a t i o n ) ,  which is  the  same as ( 2. I I 7) .

In  e f f e c t  th is  theorem  in d ic a te s  a second v a l id  use f o r  p a r t i a l  

in te g r a t io n .

0 - d is t r ib u t io n

A d i s t r ib u t io n  6 may be d e fin e d  by

6(9̂ ) = ^ ( 0) (2 .118)

Now th i s  d i s t r ib u t io n  belongs to  a c la s s  f o r  which an ex te n s io n  

to  th e  c la s s  o f  fu n c tio n s  which can be o p e ra ted  on i s  p e rm is s ib le .

This e x te n s io n  is  made in  th e  fo llow ing  way:

I f  t (^) = 0

f o r  every ÿ whicli v an ish es w ith in  a c e r t a in  bounded reg io n  A, then  T 

d e f in e s  a d i s t r ib u t io n  on any fu n c tio n  which i s  d i f f e r e n t i a b l e  w ith in  

and on th e  boundary o f A, b u t which need no t v an ish  anywhere. This
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ex te n s io n  i s  e v id e n tly  no t in c o n s is te n t  w ith  th e  p reced in g  d is c u s s io n .

D enoting by cr any fu n c tio n  to  which ô may be a p p lie d , i t  fo llow s 

th a t  s in c e  th e  d e r iv a t iv e s  o f cr need only e x i s t  in  th e  neighbourhood 

of th e  o r ig in ,  cr may be m u ltiv a lu e d . To cover t h i s  case  we d e fin e

ô(o') = S cr(o)

where 2 in d ic a te s  summation over th e  v a rio u s  zeroes of cr.

Sym bolically

ô(a-) = [o (x jT (x )d x  (2. 119)

where the  l im i t s  im plied  in  (2 .119) a re  any which in c lu d e  th e  o r ig in ,

th e  upper and low er l im i t s  b e in g  p o s i t iv e  and n e g a tiv e  r e s p e c t iv e ly .

( i t  is  understood  th a t  w r it in g  l im i t s  dovm In  th e  re v e rse  o rd er i s  

e q u iv a le n t to  a change o f s ig n  f o r  the whole ex p ress io n .)

DIFPERMTIATICN

H e a v is id e ’s u n i t  s te p - fu n c t io n  is  an in te g ra b le  fu n c tio n  and 

d e fin e s  a d i s t r ib u t io n  by

H(^) = h (x ) <j>(x)dx
-CO

00
s  [ si(x)dx 

.) o

I t  fo llo w s th a t

H'(s6) = -  H(î4')

00
= -  \ 0 ’ (x)dx

 ̂o

= 9 ( 0 ) ,  by p a r t i a l  i n t é g r â t iorv s in c e  ÿ (  co) = 0  

Thus H* = Ô ( 2. 121)

A nother im p o rtan t p ro p e rty  o f th e  ô-d is  t r i b u t  ion i s  re q u ire d .



2.1. 18. 
N oting  t h a t

|ô '( x )  X çj(x)dx = -  |6 ( x )  H  ^  ÿ ( x ^ dx

= -  [ 5(x) |j6(x) + X ÿ (x )j dx

= -  j ô ( x )  9)(x)dx

we may w r i te  sy m b o lica lly

X 6 ' (x )  = -  ô (x ) .

More g e n e ra l ly ,  by the  same m ethod, i t  can be sho;vn th a t

X ô^(x) = -  n 8^-1( x ) .  (2.122)

MULTI-DIMEN8IQNAL Ô-DISTRIBUTICNS 

In  more than  one dim ension

ô(^(x||^, ••»» ^ ) ) ■- 0(C , C, «>•» C)

~ j* * * j  ^ » • • • %n)9̂ (^1 • • • ^^)

• • •  dx^

i s  th e  p ro d u c t of n canm uting p a r t i a l  d i s t r ib u t i o n s ,  f o r  

&xn (*"* ***» ^ n ) ) * • • ) )

= 9(0» 0 » • • •» 0 )

5s 6 (ÿ  (x q ,  X2» • • • >  X #))

Sym bolically

ô(x-j^, • • • ,  Xj )̂ =: ô (x ^ )  ^ (^2^ *** ^(Xq) .

C onsider th e  d i s t r ib u t io n

ô(çS (x ,y ,z)) = ç i(0 ,0 ,0 ) = | j )  6 (x ,y ,z ) î6 (x ,y ,z )d x  dy dz . (2. 123)

T ra n s fe r r in g  to  g e n e ra liz e d  c o o rd in a te s , u , v ,  w, in  th e  u su a l m anner, 

we o b ta in

&(ÿ) =5 I j j  ô |x (u ,v ,w ) »y(u,v,w ) ,z (u ,v ,w ) j  ÿ J  du dv dw

v/here J  i s  th e  Jaco b ian  of th e  t ra n s fo m a tio n *
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Now i f  th e  o r ig in  in  the o r ig in a l  system  has c o o rd in a te s  

Ug, Vq, Wq in  the  new, we may w rite

ô(çS) = î^(x = 0 , y = 0 , z = 0)

= ^ ( u  = Up, V = Vq, w = Wq)

s  jĵ  ô(u-Uq, v-Vq, w-Wc)^(u,v,w)du dv dw.

Thus, sy m b o lica lly

5(u-Uo, V-Vg; W-Wq)
— 6 (%,y ,z ) # ( 2. 1231)

J

This e q u a l i ty  sim ply means th a t  th e  u su a l c o o rd in a te  tra n s fo im a tio n s  

a re  j u s t i f i e d  in  sym bolic equations p rov ided  th a t  th e  above p r e s c r ip t io n  

i s  used to  tran sfo rm  th e  sym bolic fu n c tio n .

More g e n e ra lly  i t  fo llo w s  th a t  i f  x ’̂  a re  C a rte s ian  c o o rd in a te s  

(o r in  Riemannian sp a c e , lo c a l  c a r t e s ia n s ) ,  and i f  x^^ i s  a g iven 

p o in t  (which ic  Riemannian space must be th e  o r ig in  of th e  lo c a l  

C a r te s ia n s ) , then  i f  y^^ i s  th e  same p o in t  in  any o th e r  c o o rd in a te  

sy stem , we may w rite

6 (x l  -  x y ) ô ( x 2  -  Xg2) . . .  ô(xf> -  Xo")

6 (y i -  y o^ )5 (y^  -  y o h  • • •  &(y" -  yo") , .

j f

where g is  th e  d e te rm in an t o f th e  second o rd er c o v a r ia n t m e tr ic  

te n s o r  (% ^) which i s  the  u n i t  te n s o r  ( a t  x^^) in  th e  x c o o rd in a te  

system .

C lea rly  6(y^ -  y o ^)^(y^  -  yo^) • • •  &(y^ -  yo^) regarded

as a s c a l a r  d e n s ity .

The fo m u la  (2 .124) b reak s  down i f  g^ i s  s in g u la r .  However
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re tu rn in g  to  eq u a tio n  ( 2. 123) we may v /r ite  in  s p h e r ic a l  p o la r  

c o o rd in a te s  ( r ,  8, 9 ) c e n tre d  a t  the  o r ig in  of th e  x ,y ,z  c o o rd in a te  

system ,

^ (?) -  •S(x=G, y=0 , z=0)

= -^(r=0)

=  j  6( r )  f ( r ,e ,ç ! . ) d r  

= s in  6r 2 d r  dS dçi

But ô(^) = | j [ ô ( x ,y , z )  § ’{ x , y , z )  dx dy dz

= J  J ô |^ x ( r ,e ,^ )  ,y  (r,0,çS) , z ( r , e , 9 ) I £ r ^  s in 0  d r  d0 à<f> 

o b ta in in g  f o r  th is  s p e c ia l  case

= ô(x) ô(y) ô(z) ( 2. 123)

A nother u se fu l id e n t i ty  fo llo w s from th e  same tra n s fo rm a tio n  

of c o o rd in a te s . C onsider th e  d i s t r ib u t io n  d e fin ed  by

T(ilf) = ô ( t2  -  (x2+y2+g2)) * (x ,y , z , t ) d t  dx dy dz (2 ,1 2 5 l)

T ra n s fe rr in g  to  s p h e r ic a l  p o la r  c o o rd in a te s ,

,00 %  ̂ 2tj: œ
T(\!f) = I I j f 0 ( t^ - r 2 ) h ( r ) \ l f ( r ,e ,9 , t ) r 2 s in 0  dtdÿdOdr

-CO o* o -00

Here th e  H eav iside  s te p  fu n c tio n  h ( r )  i s  in s e r te d  to  r e s t r i c t  th e

range of v a lu es  of r  to  p o s i t iv e  numbers. To e v a lu a te  t h i s

d i s t r i b u t i o n ,  th e  s u b s t i tu t io n  i s  made

t^  m 2?2 = Ü

y ie ld in g
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T{*) .  i”  (’  f  r  ‘ («)
-00 'o !o '-r2 2 (u+i ^ ) V 2

< f ■ 5 (u )h (r )  l^ ^ % 2 g inBdudÿdedr (2.1252)
J- 0 0  I O / 0  ' 00

œ  ,2% h ( r )
= y ) —

-C O  ' o / o ^

-  2 (u+i^ )1 /2

i|f(r,0 ,ç6 ,r) + ^ r ( r ,6 ,ÿ ,- r )  |r s in 8 d ÿ d 0 d r  (2.1233)

S im ila r ly  i t  may be shov/n th a t

M6 ( t+ r)  + 6 ( t - r )  I i ( x , y , z , t )  dtdxdydz
I 2 r

(2.1234)

00 Æ /2 t̂ /00

-  CO ' o o -00

ô ( t+ r ) + ô ( t - r )
h ( r )
- - — i|f(]^ )^ )^ )t)rs in 0  d td0d0dr

00 /2% b(r)

-  00 o  ̂ o
ijf(r,e,çS ,r) + ij /( r ,3 ,0 ,- r ) r  s in 0  dÿdOdr

which is the same as (2.1233)* %  thus id e n t i fy in g  (2 .1231) and

( 2 , 1234) th e re  o b ta in s

0 ( t2  _ (x^+y2+z2)) = h ( r )
2 r

6 ( t+ r)  + ô ( t - r ) (2 .1233)

I t  i s  worth no ting  th a t  in  (2 .1232) the q u an tity

 t _____

(u + ï^ )l/^

i s  not by i t s e l f  a s u i ta b le  t e s t in g  fu n c t io n ,  but t h a t  th e  combined 

q u a n tity
ij;

(u+r^)^/^

i s  such a fu n c tio n . N oting t h a t  the f a c to r  r^  came from the 

Jaco b ian  of the co o rd in a te  t ra n s fo rm a tio n , i t  i s  easy to  see
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t h a t  th e  i d e n t i ty  (2 .1233) does no t have a two d im ensional 

analogue. That i s , a s i m i l a r  r e l a t io n s h ip  in  th e  two v a r ia b le s  t  and

ô (t^ -x ^ )  = — --  1 ^ ( t4 v ) + ô ( t -x ) l
2x L J

i s  devoid  of meaning in  th e  th eo ry  o f d is t r ib u t io n s ,a l th o u g h  

w ith o u t due c a u tio n  to  no te  i t s  lack  of meaning i t  could have been 

d e riv e d  in  a manner s im ila r  to  t h a t  f o r  (2*1233). T his sim ple 

example i s  an i l l u s t r a t i o n  of th e  f a c t  th a t  a lthough  th e  techniques 

developed  from th e  axioms o f th e  Theory o f D is t r ib u tio n s  correspond  

a lm ost id e n t ic a l ly  w ith  those  o r ig in a l ly  used w ith  re s p e c t  to  th e  

D irac  ô - f u n c tio n , in  th e  foriiier c a se , p i t f a l l s  a re  c le a r ly  m a ile d , 

w h ile  in  th e  l a t t e r  c a se , where sym bolic fu n c tio n s  a re  t r e a te d  as 

though they  were o rd in ary  fu n c t io n s , such i s  n o t always th e  c a se .

Theorem I I  -  A 5 -fu n c tio n  I d e n t i ty

We now e s ta b l is h  th e  theorem " th a t  i f  x , y ,  and z a re  c a r te s ia n  

c o o rd in a te s , and t  an independent v a r ia b le ,  then

--------- --------------------—2 — \ ô ( t ^  -  (x2 + y 2  + 25^))
^ t^  3x2  0 y 2  d z ^  f

== 4.9S 6(:K) 6(jr) f>(;s) &(-b) (&.]L2(5)

T ra n s fe rr in g  to  s p h e r ic a l  p o la r  c o o rd in a te s , ( r ,  0, ÿ) in  th e  

u su a l way, and using  (2.1253) th e  l e f t  hand s id e  o f (2 .126) becomes

H
The p h y s ic a l  s ig n if ic a n c e  o f t h i s  theorem  in  p a r t i c l e  e l e c t r o 
dynamics and th e  n e c e s s i ty  o f a m athem atica l p ro o f  of i t  a re  
d isc u sse d  in  S ec tio n  2*1.
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± l  .  .1  . 1  ^  - ? . ]  « ï l  (6 ( t - r )  .  5 ( t .r ) )
r ^ Ô r  d r j  2r

h ( r )
2 r

J L  - L
2p2 Ô r

( ô ( t - r )  + 6 ( t+ r ) )  ( rô ( r )  -  h ( r ) )

+ r  h ( r )  ( -  ô * ( t - r )  + 6 * (t+ r))^  ., u sing  (2.121)

( ô ' ' ( t - r )  + ô : '( t + r ) )
2 r

 i  1(6 ( t - r )  + ô ( t+ r ) j  / ÊirZ  ^ ô ^ (r) ^
2 r V, \ r  r  /

+ ( ô ( r )  -  ( -  6 ' ( t - r )  + 6 '( t + r ) )

- t / - - — + 6 ( r A  ( -  ô ' ( t - r )  + ô '( t + r ) )
\  r  /

+ h ( r )  (ô ’ ’ ( t - r )  + ô ' * ( t + r ) ) |

"" ()(:?) r

Jk
2r

-  6*( t - r )  + Ô’ ( t+ r ) J  

6 ( t - r )  + ô ( t + r ) J  ô ' ( r )

23.

= ( -  6>( t )  + 6 ' ( t ) )  + (Ô (t- r )  + ô ( t+ r ) )  u sin g  (2 .122)
r  . 2r^

= ~  6 ( t)  0 ( r )

= ô(x) ô(y) ô(a) ô ( t)  by (2.125)» and th e  theorem i s  p roved .
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(Use has been made here  of the  f a c t  t h a t  

6 ( t  -  r ) ô ( r )  = ô ( t )  ô (r)  

which fo l lo w s  d i r e c t l y  from ( 2 . 1231) .

I t  i s  worth n o ting  here  t h a t  w hile  the  u se rs*  of t h i s  theorem 

d id  no t produce a p roof of i t ,  Friedman does in  e f f e c t  prove i t  

by so lv in g  the  wave equation

a  2 at 2 2
I ——-  - - - - -   ------ --- : I w = 5(z) ôfy) 6(z) Ô(tl.
V d t 2  5 y 2  a  /

The p rocedure  req u ire d  f o r  so lv in g  t h i s  eq'uation i s  much more 

lengthy  and e la b o ra te  and r e q u i r e s  more concep ts  rha^ f o r  the  

simple p ro o f  g iven  above.

X
Feynman and Wheeler.
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2 .2 .  A DEPETIIION ÎF  SPASIAL DISIiJîCE IN' HISMAMTIA2Î 
(1-3) RPA0B-T.ttii3

I n t ro d u c t io n

Various a ttem p ts  have been made s u i t a b ly  to  d e f in e  s p a t i a l  d i s 

tance  in  Riemannian sp a ce - t im e , i n  g e n e ra l  each d e f i n i t i o n  be ing  

c o n s tru c te d  to  se rv e  some p a r t i c u l a r  purpose. One im portan t example 

i s  th e  d i s ta n c e  (a) o f Kermack, McCrea and V /hittaker.

A d e f i n i t i o n  is  g iven here  of a d is ta n c e  (D) from a g e n e ra l  

p o in t  to a t im e - l ik e  (world) l in e  a long e i t h e r  of th e  two n u l l  

geodesics  t h a t  i n t e r s e c t  th e  p o in t  and l in e ^  D has the  s p e c ia l  

p ro p e r ty  t h a t  f o r  a g iven  world l i n e  i t  is  an in v a r i a n t  f 'm o t io n  of 

th e  c o o rd in a te s  of the  g e n e ra l  p o in t ;  and i s  th e r e f o re  a s u i t a b le  

q u a n ti ty  from which to  c o n s t r u c t  a p o t e n t i a l  theo ry , Although D and 

A a re  p h y s ic a l ly  d i s t i n c t ,  they v / i l l  be shovm to  be m athem atica lly  

e q u iv a le n t .

In  h i s  Theory of R e l a t i v i t y ,  ̂ Whitehead defined  a C a r te s ia n

s c a l a r  to  p rov id e  f o r  th e  law of d im in ish ing  e f f e c t s  in  h is  g r a v i 

t a t i o n a l  p o t e n t i a l .  This same s c a l a r  appears in  th e  e le c tro m ag n e tic  

p o t e n t i a l s  (^) o f  L ienard -W iechert ,  I t  w i l l  be sho^vn th a t  t h i s  s c a l a r ,  

d e f in ed  in  f l a t  sp a c e - t im e ,  is  a p a r t i c u l a r  case  of D,

D e f in i t io n  of S p a t ia l  D is ta n ce  in  Riemannian S p ace-tim e .

R e fe r r in g  to  F igu re  (2 ,2 l )  l e t  X be a g e n e ra l  p o in t  (w ith  

c o o rd in a te s  and P  th e  re q u ire d  n u l l  geodesic  jo in in g  t h i s  p o in t  

to  a g iven  t im e - l ik e  l i n e  L, and m eeting L a t  Xq (%o^)  ̂ and l e t  Vq̂  

be th e  u n i t  v e lo c i ty  4 - v e c to r  of L a t  Xg, At any p o in t  (and in  

p a r t i c u l a r  a t  X) on P  o th e r  than the  v e c to r  formed by L ev i-  

G iv i ta  p a r a l l e l  t r a n s p o r t  of a long P  ^vill  be d e s ig n a ted  by v* .̂
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f

r

F ig .  2.21

PITow co n s id e r  a param eter  u , de fined  along I by the  d i f f e r e n t i a l

equations o f th e  geodesic
dpf^

pP = 0 (2. 201)

pM =
du

■where p<-̂  i s  the  ta n g e n t  v e c to r

(2. 202)

along P ; yM- being  c o o rd in a te s  on P  •
Because o f  th e  homogeneity of (2 .2 0 1 )  ̂ th e  param eter  u i s  thereby 

defined  to  w ith in  a l i n e a r  t r a n s f o m a t io n .  I f  we sp e c ify  the  va lu e  

of u a t  X by u(X) and a t  by u(Xq) , then

U = u(x) -  u(Xo) (2 . 2021)
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i s  de term ined to  v d th in  a c o n s tan t  f a c t o r ,  and the  v e c to r  f i e l d  along P

iP' = upn ( 2. 203)

i s  com pletely  s p e c i f i e d  ty  cho ice  of X, L and 1 ' , th e  undetermined 

c o n s tan t  f a c t o r  in  U being c a n c e l le d  by the  same f a c to r  appearing  in  

th e  d i f f e r e n t i a l  of u in  (2 .2 0 2 ) .

Y/e now d e f in e  the  d is ta n c e  from X to  Xq (a long P ) by

D = (2.204)

S ince  bo th  Pj  ̂ and -p  move along H by p a r a l l e l  t r a n s p o r t ,  i t  is  

im m ate r ia l  a t  which p o in t  on ^  th e  in v a r ia n t

P^v^^

i s  formed, (H e re a f te r  th e  v e c to rs  and vP v / i l l  r e f e r  to  th e  p o in t  

Xj w h ile  a s u b s c r ip t  o v d l l  r e l a t e  any q u a n ti ty  to  X q ) .

Now f o r  a given L, D i s  a doub le-va lued  in v a r ia n t  fu n c t io n  of 

I f  v/e l e t  n a n d   ̂ g r e s p e c t iv e ly  sp e c i fy  th e  a p p ro p r ia te  

geodes ic s  on the  p a s t  and f u tu r e  h a lves  o f the  n u l l  s u r fa c e  through 

X, and name th e  magnitudes of the  d is ta n c e s  a s s o c ia te d  w ith  th e se  

geodesics  and Dg, then  and Dg a re  each s in g le  valued fu n c t io n s  

of xM-.

I f  we adopt a t  Xq l o c a l  C a r te s ia n  c o o rd in a te s  o r ie n te d  so th a t  

th e  t im e - l ik e  a x is  i s  tan g en t to  L , then  Vq^  = 1 ,  Vq  ̂ = 0 ( i  = 1 , 2 , 3 )  ̂

and
) dy ^

D = Po^ = U = u —2_
du

f o r  t h i s  choice  of c o o rd in a te s .  I t  follov/s t h a t  w ith  re fe re n c e
p  ,

t o  ' p, ( s in c e  d y p  i s  then  p o s i t i v e ) ,  th e  s c a l a r

Fp vfi
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i s  alï^ays p o s i t i v e ,  vdiile i t  i s  n eg a tive  f o r  T g. vfe w i l l  th e re fo re  

d e f in e

i -  = h ( 5 l
Dr D

(2. 205)

1 -h(-D)
%  D

in s te a d  of ( 2. 204) .

CatiPAEISON WITH A.

I f ,  again  ad op ting  o r ie n te d  l o c a l  c a r t e s ia n  a t  Xp, we choose the  

s c a le  of u a t  Xq s o  t h a t

d Up = d yp^

then f o r  t h i s  p a r t i c u l a r  choice

D = U.

Also f o r  a p o in t  X in f in i t e s im a l l y  c lo se  to  X^, so t h a t

xP -  Xp̂  ̂ = d ypM

we have

D = d Up = d

These r e s u l t s  a re  e x ac tly  th e  requirem ents s e t  down by Kermack; 

LicCrea, and W hittake r  f o r  th e  d e f i n i t i o n  of A. Thus A and D a re  

m athem atica lly  e q u iv a le n t .  However in  app ly ing  D to  p h y s ic a l  problems 

L is  to  be th e  v/orld l i n e  and x̂ *̂- th e  c o o rd in a te s  of a " so u rce” o r  

" e m i t t e r ”, w hile  xP- a re  e i t h e r  the  c o o rd in a te s  of a " r e c e p to r” o r  

simply co o rd in a te s  in teims of which a p o t e n t i a l  f i e l d  due to  a 

"source"  is  d e f in e d .  The r o le s  of X and Xq a re  e x a c t ly  the re v e r se  

of t h i s  in  the p h y s ic a l  d e f i n i t i o n  of A.

D m  TERMS OF CARTESIAN TENSORS

We now c o n s id e r  th e  s p e c i a l  form which equa tion  (2 .20 l )  tak e s



2.2 .

in  f l a t  space-tim e and using  C a r te s ia n  c o o rd in a te s .  The m e tr ic  

te n s o r  i s  then  denoted by 

'Hmn =

' O

(2. 206)

In  C a r te s ia n  te n s o r s  a p o s s ib le  choice  of U is  

U = -  Xq^  = xXq^

using  the  notation"

ab^  ̂ = ai  ̂ -  bM- 

A lso , f o r  C a r te s ia n  te n so rs

Thus ( 2. 204) becomes

D = ^ x x ^ ^ .  —^̂oN ( 2. 207)

PI
But h e re  —^ i s  c o n s ta n t  a long | 

dy^

dy xx^
and ( 2. 208)

dy^ ‘ xXq^

Therefore (2.207) becomes

D = xXq ( 2. 209)

which is  the  form(^) used f o r  the L ienard  -  W iechert p o t e n t i a l s .

Again, r e tu rn in g  to  (2 .2 0 7 ) ,  we note  t h a t  i f  X and Xq l i e  on
n
> then

xXq^ = r  ( 2. 210)

where

r  = j^ (x x p l)2  ^ (xXq2)2 + (xX q-5 )2Ji/2  _

A lso , i f  T i s  a rc  le n g th  a long L, we have
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where

im ing

where here

d x /

° " dr “ dx. 4

dx

à r j \ dr  

( 2. 210) and ( 2 . 211) in  (2 ,209) we have

-  1/2

Dr = P ( r  -  ë)

^ dx .2 dx 3
2 ” 0 

+  X X q  --------   +  X X q

o ■ <̂ 0̂^

3
dx.

( 2. 211)

( 2. 212)

The re ta rd e d  d is ta n c e  (2.212) i s  th e  same as t h a t  used by lïhitehead* 

to  "express the  g r a v i t a t i o n a l  law of fad ing  i n t e n s i t y " .
I

E qu iva len t D e f in i t io n  of D is tan ce  in  Riemannian Space-Time Using 
5 - fu n c t io n s .

In o rder  to  employ 5 - fu n c t io n s  to  de fine  D, our n o ta t io n  i s  

extended in  th e  f o l lo m n g  manner:

Again r e f e r r i n g  to  P ig .  ( 2 . 2 l ) ,  a g en e ra l  p o in t  on L i s  denoted 

by X, and i t s  co o rd in a te s  by X ^(r) .  Also an a r b i t r a r y  zero i s  

assumed f o r  r  between the  i n te r s e c t i o n s  of L v/ith t ^  and ^  g ,  so 

t h a t  a t  n g has some p o s i t i v e  v a lu e  and a t  P  ^  some n eg a tiv e  

v a lu e .  The geodesic  jo in in g  X and X i s  d e s igna ted  by y ( in  g e n e ra l  

not a n u l l  g e o d e s ic ) ,  c o o rd in a te s  along y by y ^ ,  and geodesic  a rc  

len g th  from X to  X

^ See Ref, ( 3 ) ,  Ch. IV. equa tions  ( 7) ,  (8) ,  ( I 3) and ( I 3 ) .
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X  /X
ds = V (^nn d y n )V 2  (2.213)

‘x
a long  Y

by S, (Here i s  the  m e tr ic  t e n s o r  of th e  space and j- in d ic a te s  

geodes ic  l i n e  i n t e g r a t i o n . )  We purpose ly  avoid  the  use of an 

i n d i c a t o r  h e re ,  so t h a t  may be e i t h e r  p o s i t iv e  o r  n e g a t iv e ,  be in g  

n eg a tiv e  f o r  p o in ts  X be tveen  P p  and P g and p o s i t iv e  f o r  X o u ts id e  

th e se  b o und arie s .

Now in  C a r te s ian  co o rd in a te s  in  f l a t  sp a ce - t im e ,

= xXM xX|_̂

—  (S2) = 2XxM --ti (2 .214)
dr

T here fo re  in  t h i s  case  we have the  fo llo w in g  i d e n t i t y :

6(^2) d-r
00 

-  ' CO 

00

-  CO

ô(xX^ xX|^)dT

/  O CO

= j  5(xx^ xX|^)dr + j  6(xX^  ̂ xXp)d
-C O  O

S  -C O d(xXM- xX,|)
( 6(xX(^ xXn)  O)

/  CO . ^  2 X x P
dr

00 d(xxl^ xX )
+ /  ^(xXl^ XX ) ---------- —^ ( f  )  O)

-  «  - ' ■^2 xx^
dr

‘“ CO OP
N oting t h a t  f  ô(x)dx  = -  y  ô(x)dx

^00 . -  CO

^ B earing  in  mind th a t  th e  l i m i t s  need only in c lude  th e  zeroes of th e  
ô - fu n c t io n  argument, the  l im i t s  i  co a re  e q u iv a le n t  to  a lthough  no t 
i d e n t i c a l  w ith  those  d e r iv e d  from th e  s u b s t i t u t i o n .
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and t h a t  xX^ = -

and a ls o  t h a t  3^ = 0 when X^ = Xq̂  

we then  have

/  00 /

32

j 6 (s 2) “ j ------------- I + / ------------- j ( 2. 2141)
-CO VXXQ̂ ^̂ Vg% -

v/here the  s u b s c r ip t s  Pp and P  g i n d ic a te  on which geodesics  th e  

b rac k e te d  q u a n t i t i e s  a re  e v a lu a ted .  Using (2.209) th i s  l a s t  e q u a tio n  

becomes

1“  Ô(s2)dr = i  / i -  + i _ \  ( 2. 215)
-•^co ; 2 ( Dr Ds j

R e c a l l in g  t h a t  by convention  th e  p o in t  r  = 0 l i e s  on a s p a c e - l ik e  

s u r f a c e  th rough  X, i t  i s  a l s o  c l e a r  th a t

( °  6 ( s 2 ) a ,  = - 1 -
2 U p-00

ô (s2 )d r  = - - -  
)o 2%o

I t  w i l l  now be shown th a t  these  l a s t  th re e  eq u a tio n s  v/hich were 

■written dô \,vn f o r  f l a t  s p a c e - t l i i e , e q u a l ly  w e l l  apply in  g e n e ra l  

Riemannian sp ace -t im e .

A THEORSIvî ON GEODESICS

'We adopt th e  convention here  t h a t  c o o rd in a te s  a long a g e n e ra l  

geodesic  y a re  d e s ig n a ted  by yU, and u i s  a pa ram ete r  a long y 

s a t i s f y i n g  (2 .2 0 1 ) .  To avoid  con fu s ion , however, v/e use q^ and QP- 

in s te a d  o f  p^ and to  i n d ic a t e  tlie co rre spo nd ing  tangen t v e c to rs

when y i s  no t n e c e s s a r i ly  n u l l .  That i s
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n dyP
çT = along ydu.

= UqM = j^u(x) -  u(x) 

I t  w i l l  now be e s t a b l i s h e d  t h a t

~  ( s 2) = -  2 ^  - g ;  ( 2. 218)Or ^  d r

F i r s t  we n o t ic e  t h a t  th e re  a re  s e v e r a l  e q u iv a le n t  e x p re ss io n s  

f o r  s2 , o th e r  than th a t  g iven  by (2 ,2 1 3 ) .  For

Y
S = M s m n  dy« )V 2

X

= /  ( f  du
X

But f o r  a g iven  y , q̂  ̂ q^ i s  a c o n s tan t  s c a l a r ,  and th e re fo re

= ( f  ^  (2.219)

^  dy ^ dy ̂
= U j  ^  ----------- du (2.220)

X du du

Now consider . two ne ighbouring  p o in ts  X and X’ on L, 

s e p a ra te d  by th e  v e c to r  A X^ and a rc  le n g th  Ar. Then in d ic a t in g  

q u a n t i t i e s  on X X’ by dashes

S o .  S '2  -  S2
•"— (s ) = l im  —————— ( 2 . 221)
^  ^ Ar o Ar

Using th e  form ula (2 .220) f o r  we note t h a t  s in c e  u is  

a r b i t r a r y  to  th e  e x te n t  of a c o n s ta n t  f a c t o r  and an a d d i t iv e  con

s t a n t ,  we may a d ju s t  th ese  f a c t o r s  so  t h a t  u has th e  same va lue
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a t  X f o r  bo th  y  and y '  and a ls o  so  t h a t  •

U' = U.

Thus

2 i f  Ïdu (2.222)

Now i f  AyN i s  th e  v e c to r

ytN -  y|i

where y ’N i s  th e  p o in t  on y* v/ith the same v a lue  of u as f o r  yN

on y ,  we have to  th e  f i r s t  power in  Ay^
dy d y ’^ d.ŷ  ̂ dy^
" I "  " d û  i ü ” 1 Ü

a  /  dy" dy" ^

= I T -  (  %  %  )  ®

.  i® 3 5  S !  Î î !  (2.223)
3 y^ du du du du

Now equa tion  (2,201) (w ith  p(̂  ̂ r e p la c e d  by q^) i s  e q u iv a le n t  to

S&nn d /  dy"

d  y^ du du du \  du

Hence (2*223) may be r e - w r i t t e n

dy^ '̂ dy * ^ dy^ dy^

^ mn du"" " “du “ du du

2 4  - (Sru ~X~. Ay^) (2. 224)du ■ du

Thus by ( 2 .2 2 0 ) ,  (2 .222) and (2.2241
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X
S '2  _ S2 = 2U /  g -  (grn ^  Ay^)du

dy^ r* 
= 2U grn - -  Ay^

du

X

X

= -  2 A X^

D iv id ing  through by At and ta k in g  th e  l i m i t  in (2*221) we o b ta in  

(2.218)-*

Using (2 .218) we f i n d ,  fo l lo m n g  the  same argument as f o r  

f l a t  space , ( (2 .218) be in g  a g e n e r a l i z a t io n  of (2 .2 1 4 ) ) :

Ô(s2)d T =
-00

.00
{ ô(S^) d'y = —

/  O

f l / L ) 1

y ^ ^ 4
2 Dr

' R

/1 /2 1

2 %

An im p ortan t c o ro l l a r y  fo llow s from (2 .2 1 8 ) .  I f  we h o ld  X 

f ix e d  and l e t  X v a ry , we see  t h a t

o r ,  using  (2 .219)

Q") = 2 ^

o t  again

(2.225)

(2. 226)

(2.227)

(2.228)

v\here jp. r e p re s e n ts  a b so lu te  d i f f e r e n t i a t i o n  w ith  r e s p e c t  to  the  

c o o rd in a te s  x̂ .̂

I f  we d i f f e r e n t i a t e  b o th  s id e s  o f  (2 .228) once more we o b ta in
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t , ; .  f  -  S . l „ ^  ‘i* ♦ f  f  (’* » ”  % .  ^  *>'•

cu rv a tu re  te n s o r )

np

because  of the  skevz-symmetry of th e  f i r s t  two in d ic e s  o f the  c u rv a tu re  

te n s o r .  Hence th e  f i r s t  term on th e  l e f t  hand s id e  of (2,229) i s  

symmetric in  p and n. C lea r ly  th e  second te im  has the same symmetry 

and thus we have

S . | .  "  « n | ,

Di f f e r e n t i a t i o n  of Adjunct F ie ld  Q u a n t i t ie s

The puiq)ose of t h i s  s e c t io n  has been to  d e f in e  a s u i t a b l e  s p a t i a l  

d is ta n c e  in  Riemannian sp ace - t im e  in  terms of which l a t e r  to  d e f in e  

a p o t e n t i a l  theo ry . Once such a theory  has been s e t  up in  p r i n c i p l e ,  

i t  i s  e s s e n t i a l  t o  determ ine th e  d i f f e r e n t i a l  eq u a tio n s  which a re  

s a t i s f i e d  by th e  p o t e n t i a l s  in v o led . The f i e l d s  d e r iv e d  from tiiese 

iD otentials  a re  c a l le d  ad.iunct f i e l d s .

Tv;o e q u iv a le n t  d e f in t io n s  of D have been g iv e n ,  one of which i s  

d e sc r ib e d  .in teims of th e  ô - f u n c t io n s .  The o th e r  q u a n t i t i e s  a v a i l a b l e

f o r  use in  c o n s t r u c t in g  a v e c to r  or te n s o r  p o t e n t i a l  a re  th e  v e c to rs  

pU and v^ , which a re  d e f in e d  only in  t e m s  o f  p a i a l l e l  t r a n s f e r .

To i l l u s t r a t e  the  p rocedu re  to  be fo llo w ed  l a t e r ,  we s h a l l  

co n s id e r  a p o t e n t i a l  V d e f in e d  in  a given space  and in  terms o f  a
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g iven ( s in g le )  world l i n e  L by

V = ——
%

METHOD I .

C lea r ly  f o r  g iven L , V is  a fu n c t io n  of th e  c o o rd in a te s  of th e  

p o in t  X a t  v/hich the  p o t e n t i a l  i s  be in g  co n s id e red . This fu n c t io n a l  

dependence on xN however vd.ll in  p r a c t i c e  not be e x p l i c i t ^  th e  

q u a n ti ty  v^ f o r  a g iven c o o rd in a te  frame and g iven  L i s  a f u n c t io n  

of th e  end p o in ts  X and Xq v /ith  the  dependence of Xq on X be ing  con

ta in e d  in th e  equ ation s  of th e  n u l l  s u r f a c e  througli X and those  of 

th e  l i n e  L. We th e r e f o re  v /r i te

Ô V  f a  V \  p v  \  0T . .

6 \  Ô xf-/ \  ̂6  . H r  0 ^
{ x Y j

(Here ( )^^j in d ic a te s  t h a t  th e  q u a n ti ty  x i s  h e ld  c o n s ta n t ) .

A g e n e ra l  f o m u la  f o r
Ô r

is  d e r iv e d  in  th e  f  ollov/ing manner:
n p'

Consider two neighbouring  n u l l  geodesics  ' and ‘ ' w i th  end

p o in t s  X, Xq , and X’ , Xq’ r e s p e c t iv e ly .  L et XX’ be s e p a ra te d  by th e  

v e c to r  AxN and by AXq̂ ,  as shown in F igure  2*22.
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F ig . 2.22.

Then th e  th eo re n  on n u l l  Geodesios in  (8) e s t a b l i s h e s  t h a t

or
Po^ Vo"" = Fn '

Nov/ i f  io cji:\jon c u d i th r .t  only one component (say  i s  non

z e ro , we have d iv id in g  th rough  by Ax^

or ta k in g  lim its* ,

II
Po ^o^ — -  = Pm ( 2. 2311)

Emi l s  -  ____________________ (2. 232)
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In s te a d  of (2 .231) we have
n

- ? J f  l i t  (2 .232)

This f o m u la  holds f o r  any fu n c t io n  V d e fined  a t  X in  t e m s  of 

P and L*

LîETHOD I I
.. o

V = ± -  = 2 ' 0 (s2 )d f  (2.233)
%  - C O

Since = -  2 Q, vP (2.234)

i t  fo llow s t h a t

V = 2 d (s2 )  ( r  o) -
-  CO 2Q̂ v*̂

and, u s in g  ( 2 .H i )

=  /  ô (s2) _ _ i _ ) d ( s 2 )
S  a P  - C O  d x ',1 ^

which i s  e q u iv a le n t  to  ( 2. 23I ) .

The r i g h t  hand s id e  of (2.233) may, however be  d i f f e r e n t i a t e d  

d i r e c t l y  in  accordance w ith  Theorem I  of S e c tio n  2 .1 ,  Using

( 2. 227) and ( 2. 234) th e r e  o b ta in s

i  ' C   ̂“

= -2 /  6'(s2) ^ 5) - i -  dr
- C O  Q jjV "

= 2 3 °  6(82) dr
- C O



2.2 . 40.

by p a r t i a l  i n t e g r a t i o n ,

I= /  6 (s2) /  - i f  d(S^) ( f  (  O)
- m  * \  0 ,v"  '

Q n ^

1 ^  /  Qu ̂ (S2=0)

d  (Onv")
(2 .235)

A comparison of (2 .235) w ith  (2 .232) y i e ld s

d  è

On th e  s u r f a c e  (2. 236) seems to  be a m eaning less  e q u a t io n ,  f o r  th e  

l e f t  hand s id e  does not appear to  be a c o v a r ia n t  v e c to r ,  be in g  th e  

o rd in ary  d e r iv a t iv e  of a v e c to r .  However the pa ram eter  r  does not 

in v o lv e  th e  c o o rd in a te  th e  v e c to r  be ing  a f u n c t io n  of the

f i v e  independent v a r i a b le s  and r .  The d i f f e r e n t i a t i o n  w ith  

r e s p e c t  to  t  does not involve  the i n f i t e s i m a l  d isp lacem en ts  which 

r e q u i r e  th e  use of C h r i s to f f e l  symbols in  o rd er  to  m a in ta in  the  

t e n s o r  c h a r a c te r  o f  d e r iv a t iv e s .

The d e r iv a t io n  r e s u l t i n g  in  equa tion  (2 .227) j (2 .230) and

( 2 . 236) i l l u s t r â t ®  th e  power of the  tech n iqu es  r e s u l t i n g  from th e  

th eo iy  of d i s t r i b u t i o n s ,  b u t  as y e t  i t  has not been found p o s s ib le  

to  use th e se  r e s u l t s  o r  to  o b ta in  o thers by means o f  which to  d e r iv e  

a d ju n c t - f i e l d  equa tions  in g e n e ra l  Riemannian space . I n s t e a d ,  in  

th e  next s e c t io n  use i s  made of Method I  to  e s t a b l i s h  f i e l d  e q u a tio n s  

in  a p a r t i c u l a r  type of sp a c e - t im e ,  u t i l i z i n g  as th e  method im p l ie s ,  

a p a r t i c u l a r  c o o rd in a te  system .

( 2. 236)
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I n tro d u c t io n

The n o ta t io n  f o r  t h i s  s e c t io n  i s  c a r r i e d  over from th e  l a s t .

Vfe aga in  c o n s id e r  a world l i n e  L and a g e n e ra l  p o in t  X(x^), i s

a n u l l  l i n e  through X i n t e r s e c t i n g  L a t  Xq(x^^) and i s  the  

velocity}" v e c to r  of L a t  X^. v^ is  the v e c to r  formed a t  X by p a r a l l e l  

t r a n s f e r  o f the  v e c to r  Vq̂  from Xq along to  X.

The q u a n t i t i e s  a v a i la b le  in  terms of which to  d e f in e  a te n s o r  

p o t e n t i a l  a t  X ^ in  terms of L and  ̂ a re  the v e c to r s  and v^ and 

the  s c a l a r  D. The purpose o f the  p re s e n t  s e c t io n  i s  to  e v a lu a te  

the  c o v a r ia n t  d e r iv a t iv e s  of th e se  q u a n t i t i e s  in  de S i t t e r  space 

tim e, to  make a v a i la b le  a d ju n c t - f i e l d  eq u a tio n s  f o r  any p o t e n t i a l  

d e f in e d  in  term s of them. In p a r t i c u l a r  we wish to  d ev ise  a v e c to r  

p o t e n t i a l  such t h a t  i f  a skew-symmetric te n s o r  i s  d e f in ed  by

then  the  d ivergence  of th e  correspond ing  c o n t r a v a r i a n t  te n s o r

( 2. 302)

van ish es  a t  any p o in t  X no t on L. (The pmrpose of t h i s  scheme i s '  

of course  to  in c o rp o ra te  M axwell's eq u a tion s  in to  a de S i t t e r  space 

p a r t i c l e  e le c tro d y n am ics ) .

U n t i l  near the  end of the  s e c t io n  p o in ts  on L a re  excluded , and 
the  r e s u l t s  a re  to  app ly  using  e i t h e r  or P 3 .
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The m ath em atica l  o p e ra t io n s  in t h i s  s e c t io n  w i l l  be c a r r i e d  ou t 

w ith  e x p l i c i t  r e fe re n c e  to  th e  m e tr ic

dS  ̂ = dt^ -  ((dx^)^ + (dx^)^ + (dx^)^) exp 23.it (2-303)

b u t  the  f i n a l  r e s u l t s  v / i l l  be expressed  in  te n s o r  fo m -  (Here k' 

i s  the  c o n s ta n t  param eter  of t h i s  space o f  co n s tan t  c u r v a tu r e ) -

The C h r i s t o f f e l  symbols of th e  second k ind  f o r  th e  m e t r ic

( 2 . 303) a re .g iv e n  by

(  4  ',
) / =: k exp act ( i  = 1 ,  2, 3) ( 2- 304)F 4

]  = k ( 2. 305)

a l l  o th e rs  be ing  zero .

The c a l c u l a t i o n s  of the  c o v a r ia n t  d e r iv a t iv e s  of D, and 

v^ i s  a ve ry  lengtliy  p ro c e s s ,  and only s u f f i c i e n t  d e t a i l  i s  

in c lu d ed  here  to  i l l u s t r a t e  the  method, A l i s t  o f the  q u a n t i t i e s  

used and the  r e s u l t s  o b ta in  i s  to  be found in  (2.35^) t o  (2-359) n ear 

the  end of the  s e c t io n -  

N ull Surface

L e t t in g  y^ aga in  be c o o rd in a te s  along H  , th e  d i f f e r e n t i a l  

equa tion s  s a t i s f i e d  by y^ a re  

1 dy^  ̂ dy"
T = m g^ --------— = 0 ( 2. 306)

du du

d%f (  1 m nand ---- + J I P p"  = 0
du  ̂ m n
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n dyU
where =  , o r e q u iv a le n t ly

du

a /  d T \  a  T ,

—  I — - 1 --------   = 0 ( 2. 307)du I  dy"
VTith r e s p e c t  to  th e  m e t r ic  (2 .3 0 3 ) ,  (2 .306) becomes

—P  = 5. . - 4  exp 21cy  ̂ ( i , j ,  = 1 ,2 ,3 )  (2 .308)
du /  _ du. du

where Ô. . i s  th e  o rd in a ry  ' K roneeker d e l t a ,  and the  f i r s t  i n t e g r a l  

of ( 2 . 307)? f o r  n = i ,  i s

- - -  exp 2ky^  = a ^ ,  wHere a^  i s  a c o n s ta n t .  (2 .309)
du

P u t t in g  Ô. . a^a*^ = A^, (2 .308) reduces toX J

- - -  = A e x p ( - kÿ^) ( 2. 310)

w ith  the  s o lu t io n

exp k y ^  -  e x p k 'to  = k Au 

(where y^  = t ^  when u = O)

or exp k :t  -  exp k t ^  = kAU by (2 .2021). (2. 3I I )

Using ( 2. 310) in  (2 .309) we ob ta in

- - -  = - -  exp ( - ky^) (2 . 312)
dy^ A

o r  upon in te g r a t in g

y i _ X o ^  = (exp ( -k to )  -  exp(-ky^) ) (2 .313)
kA
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Thus i f  X and l i e  on a common n u l l  g .eodesics then

c i  r

44.

kA
e x p ( - k tn ) -  exp(Hkt) ( 2. 314)

m ust be s a t i s f i e d .

S q uaring  b o th  s id e s  of ( 2. 3I 4) and summing th rough  i ,  we have

r ^  = e x p (-k t^ )  -  e x p ( -k t) '^  ^

where r ^  = z (x^ -  x^^)^  = 6j ĵ(x%Q=^) (xXg^).
i

3 (jao tion  (2 . 315) may be w r i t t e n

( 2. 315)

( 2 . 316)

+ 1 
k

exp (4c to )  -  eDQ)(-kt) ( 2. 317)

where now we must d i s t in g u i s h  between p a s t  and f u tu r e  n u l l  l i n e s  

th rough  X, the  p o s i t i v e  s ig n  in (2 .317) r e f e r r i n g  to  and the  

n e g a t iv e  s ig n  to  P g .  By av o id in g  the  use of ( 2 . 3I 7) in  what 

f o l lo w s ,  we avoid  the  immediate need of d i s t in g u i s h in g  between 

P -p and P  g.

E v a lu a t io n  o f  th e  v e c to r s  and «

By ( 2. 311)
exp k t  -  exp k tg  

kU

S u b s t i t u t i n g  t h i s  va lue  of A in  ( 2 . 3I 0 ) a t  X and Xq, th e r e  o b ta in s

Up^ =

Up 4
O

exp k t  -  exp k to  

k

exp k t  -  exp ktQ 

k

1
exp (-kt)‘

exp ( - k t . )
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Also s u b s t i t u t i n g  in  (2 .312) and u s ing  ( 2 . 313) ,  we have 

Up^ = (xx .^ )  ejç) k ( t „  -  t )

. J
U p f  = (xXq^) exp k ( t  -  t J ,

Also n o tin g  t h a t

v/e have in  summary

)4 1 -  exp k ( to  - t )

4  exp k ( t - t o )  -  1
— Pri

4  k
1̂ 0 = Eq = (2. 318)

= (x%o^) exp k ( tg  -  t )

Eo^ 
^ - iOt -

P a r a l l e l  t r a n s f e r

(xXq^) exp k ( t  -  tg )
E i  = -(xxo i)  exp k ( t + t j

The d i f f e r e n t i a l  e q u a tio n s  of th e  v e c to r

which v e c t o r  i s  ob ta in ed  by p a r a l l e l  t r a n s fe r* 'o f  v^^ o t  t o  X 

along n  , a re

dvU (  / m n
-i- ) V V* T) -rV  p  = 0 .

du

Using ( 2. 304) and (2 .305)?  th e se  reduce to  

— + k v^p^ exp 2ky^ =
du

0

+ k (v^p^^ + v ^ ^ )  = 0
du

(2.319)

J
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Now ü y  exp 2ky^ = -  v^p^ = -(v^p,, -  v ^ ,  ) .

V

I t  i s  conven ien t to  use t h i s  l a s t  e q u a t io n  in the  f i r s t  of (2 .3 1 9 ) ,  

s in c e  v^p^ i s  c o n s ta n t  a long ( , Thus

- A
du

— + kv% , = Icv^p 
u 4

o r ,  u s in g  ( 2*310) 

dv^
 + k exp(-ky^) = k v^p
du P"

th e  s o lu t io n  of which i s

v^  = B exp(-ky'^) + -----  exp ky^
24

where B i s  a c o n s ta n t  of i n t e g r a t i o n .  N oting  t h a t

when y^  = t^

we are* ab le  to  e l im in a te  th e  c o n s ta n t  B. 4 1so , e l im in a t in g  A by 

( 2 . 311) ,  we have f o r  th e  p o in t  X,

,4 k v^p,
= (v_^ + —---- ^ )  exp k(tQ  — t ) .

kv4P'.
( 2. 320)

Now we a re  ab le  to  use ( 2.320) v/ith (2 . 3IO) to  ( 2 . 3I 3) in  the  

l a s t  of ( 2. 319) to  o b ta in  the  fo llov/ing  d i f f e r e n t i a l  eq u a tio n  f o r  v^:

dv^ P^^u
— 7- + kv + ——— +
djA 24r.2

th e  s o lu t io n  of whicli i s

v^ = 0^ e x p ( - k y ^ ) ----
2k4^

L—Y q exp  k tg  -  — exp 2kt^^ 
4 24^

P

exp(-2ky^) ■= 0

P /a 2l
— Vq exp k t^  -  - - - -  exp 2kt,

e x p ( -  2ky4) 
_  _
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v/iiere is  a c o n s ta n t  of i n t e g r a t io n .  E lim in a t in g  by no ting  

th a t *

= VqÎ vtien y^  = tg, 

and a ls o  e l im in a t in g  a^  and 4 by ( 2. 313) and (2.311) r e s p e c t iv e ly ,

we f in d  t h a t  a t  X 
i Icv ^

V = I^Vq^ -  k(xxp^) (vq^  + ------ - )  ^ e x p  k ( t g - t ) . (2 .321)

The form ulae (2 .320) and (2 .321) h o ld , of c o u rse ,  f o r  any v e c to r  

formed a t  X by p a r a l l e l  t r a n s f e r  a long P from Xq. In p a r t i c u l a r  

i f  we form the  a c c e l e r a t i o n  v e c to r

dr  ̂m n \
( 2 . 322;

o r ,  u s ing  ( 2. 304) and ( 2. 303)

1 dv ^
fo  = - - - -  -  kg i jd r o ( j

= —- -  + k I -  1
dr L

1 = 1 .2 .3
1 .2 .3

(2. 323)

( s in c e  v^ i s  a u n i t  v e c to r )  

and u sing  (2.305)

i  dVn^ i  .
fp  = *“—— + 2k v^ V , 

dr o o ( 2 . 324.)

then  upon p a r a l l e l  t r a n s f e r  to  X v;e have

k f ^ .
+ [fj* -  + I  exp k ( t p - t )

\  2 /

= 1 ^ 0 ^  "  k(xX(3^)(fo^ + — ^ )  je j®  k ( t o - t )
kfPp,

( 2. 325)

( 2. 326)
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Formula f o r  d is ta n c e  

v/e have d e fin ed

D = P /

= .

Using ( 2. 318) we aee t h a t

exp k ( t - t o )  -  1 r i  i N / X
D = -------------------------- v^ -  (xx:^ ) exp k ( t+ t^ ) .  (2.327)

Also i f  we d e f in e  th e  s c a l a r  X by

X 5 P^f^  ( 2. 3271)

then
exp k ( t - t  ) -  1 , i  i

X =  — f^  -  Ô f*Q (xXg ) exp k ( t+ tg )  ( 2. 32^,

D e r iv a t iv e s

Y/e now p roceed  to  de te rm ine  the  a b so lu te  d e r iv a t i v e s  o f  

some of th e  q u a n t i t i e s  e v a lu a te d  in  the  p reced ing  s e c t i o n .  O rd inary  

d e r iv a t i v e s  of a q u a n ti ty  (say  z) a re  found a cc o rd in g  to  th e  form ula

( 2. 232) .

I f  z i s  a component of a t e n s o r ,  then  o f  course  the  a p p ro p r ia te  

q u a n t i t i e s  w i l l  be added to  t h i s  o rd inary  d e r iv a t iv e  to  o b ta in  th e  

a b so lu te  d e r iv a t iv e .



2«3* 4-9 •

DIîFERfflTIATIQN OP DISTANCE

We seek  h e re  a c o v a r ia n t  e x p re s s io n  f o r

d xP

in  terms of the  v e c to r s  v ^ , f ^ ,  and th e  s c a la r s  D and X. N oting 

the  e x p l i c i t  form ula (2 .32?) f o r  D, and u sing  (2 .3 2 9 ) ,  we have:

P,
= Vg exp k ( t - t o )  -  —  exp k f t - t ^ )

O t  T\
^  „  4 __________^ \ / „  4 \2

D

exp k (v .bo )  -  1 d v p  i  .
---------------------- — - k ô p j  ( x x ^ )  exp k ( t - t o )

d r D

i  , P, dVgi  ̂ p .
-  k Vo (x;Xo^)vo^ - -  exp k f t+ tg )  -  &ij (xx^ ) - ^  exp k ( t+ to )

+ ^ 0^ ( V g t  -jj exp k ( t+ to )  (2 .3291 '

p, ;A 
D

"d b  ^  ̂ 2k v ^ ^ (x x g t exp k (t+ to )J

■*■ ^ [ "  ^ k ( t - t o )  + ëj_j 2kv^^ Vq^  (x%o^) k ( t + t ^ ) j

-  k 6j^j Vo^(%%o^) ®^P k ( t+ tp )  -  v j ^  exp k ( t - t o )  (2 .330)

The f i r s t  two terms of ( 2 . 330) a re  d e rived  from the  t h i r d  and th e

l a s t  two o f  ( 2. 3291) u s ing  (2 . 323) and (2 .3 0 8 ) .  Now, u s ing  (2 .3 2 7 ) ,

( 2 . 330) reduces to

1 -  = -(t- _ _ k Vq^  P,
0>t D D

+ vj*- exp k ( t - t p )  -  k 6 i j  v^ j^ (x x ^ )  exp k ( t+ tg )
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With th e  h e lp  of (2 .3 1 8 ) ,  ( 2 . 320) and ( 2. 327) t h i s  f i n a l l y  becomes 

P 2
 =  ( X - l )  +  V i +  —  D  P ,  ( 2 . 3 3 1 )
3 t  D 2 ^

By a s i m i l a r  procedure  i t  can be shown t h a t

4P T)
- — -  ~  —  (X-l) + v^ + — D P; (2 . 332)
9 x 4  D 2

o r ,  combining ( 2. 33I )  and (2 .332)

Ô) D  P  I lr 2
 .7 = —  ( X - l )  + V + - -  D P  . ( 2 .3 3 3 )
0 /  D ^ 2 M

DIPP2EffiNTIATI0N OP

We r e q u i r e  here  th e  a b so lu te  d e r iv a t iv e  

d  /  m )

N oting t h a t  = 0 , and u s in g  (2 .318) and (2.329)

= (1  -  exp k ( to ~ t )
14

V̂ tPi ^

= exp k ( t Q - t ) -------------- ^  ^4  k ^ tg - t ) )

D 2

using  ( 2. 318) .
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Also, noting (2.304)

P •
P^, =-Vo'^ exp k ( t  - t )  + k exp 2kt

ii  D

v^PjL kPi
 ----------+ -----( l  + exp k (tQ -t))  -  kpj_

D 2

lApi k2 ,

=    P ^ .  (2.335)
D 2 ^

again using ( 2 . 3 2 0 ) and (2.318).

Furthermore noting (2.305)

-(t exp k(tj^-t) -  (xXp^)k exp k ( tg - t )
14  D

+ (xXo^)l?V|3^ - -  P^ exp k ( to - t )
D

2
= -     (xxÿy^xp k ( t ^ - t ) -  k(xXg^)exp k ( t^ - t )+  kP^

= -  I - ~  -  - -  P %  (2.336)
D 2

i  v^Pj y.2 i
Sim ilarly  P^ = 6 ----     f  P i . (2.337)

| j  j  iJ 2

Equations (2.334) to (2.337) ore equivalent to

P® = 6 » ------- 2 _ p%p (2.338)
■\n n D n
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DIWaRSMmTICK OF

I t  i s  convenien t h e re  to  ex p re ss  as the  sum of two v e c to r s .  

We have in  (2 .320)

v^' = —  Fexp k ( t ^ - t )  -  1 + kD + v^^  exp k ( t g - t )
9 Lw ^

 ----------- + kD + v^4 exp k ( tQ - t )

u s ing  (2 , 318) ,  and we a l s o  have in  (2 , 321) ,  

k^D
v^ = -  - - -  (xXg^) exp k ( t g - t )  + -  k(xXp^)Vp^ exp k ( t ^ - t )

k^D . r  . • 3
= "   L J

a l s o  u s ing  (2 . 3I 8) .

Hence we may w r i t e

v^ =  P^ + m^
2

where m^ = kD + v^^  exp k ( t  - t )

and m = 4
o exp k ( t ^ - t ) .

( 2. 339)

(2 . 340)

( 2. 341)

\{ q  now proceed  to f in d  the  c o v a r ia n t  d e r iv a t iv e s

p _ ^ ) ^orm = — —— + J 1 m
In <5 x  ( n  cr(j 

by u s in g  (2 .3 2 9 ) ,  (2 .304)and  ( 2 . 305) .  N oting  (2 .333) we have
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n4
t 4

= k
P. ^2
~~(k—l )  + Vi + —-  D P, 
D ^  2 ^

+ k -(t exp k ( t p - t )  -  k exp k ( t g - t )

dVo^ P,
+ ------------- exp k ( t  - t )

dr D °

^ I 1 + exp k ( t o - t ) l  4- —i  exp k ( t  - t )  
2 U ^ D DD

+ k ^ 4  

D D

k2

2
^ 4 ^ "  k exp k ( t p - t )

u s in g  ( 2. 523) ,  ( 2. 325) and (2 .3271)

" 4  + k'^D -  - -  P  'P 
D 2D ^  D ^

-  + + k^D -  - -  p S

using  ( 2. 320) and ( 2. 3I 8) .
• P •

Also = knA +
tJ D dr D

s • k v 4  + k
D

exp k (t^ " t) + 6j lon^

km^P._ 2  + ôi lon^
D D J

D

P-i 1
-  kv ^ + kv ^v_^ iexp k ( t  - t )  j o o o j  ̂ o ^

u s in g  ( 2. 323) ,  ( 2 . 324) ,  ( 2 . 326) and (2 .327 1 ) .

+ ------ P ^ .  + k^D _ - -  P ^
D 20 D

f^P j k'^X



2*3* 34*

using  (2 , 340) ,  (2 . 341) and ( 2, 318) .

The o th e r  d e r iv a t iv e s  can be  l ik e w ise  de te rm ined , and we f in d

t h a t
fPp 1̂ 2̂  2

“ I'n = ---  + ------ k ^ D -------------------------î ^ P „  • (2 .342)
1“ D 2D " D "

I t  fo l lo w s  from ( 2 . 339) ,  ( 2. 338) ,  (2 . 333) and ( 2 . 342) t h a t

.  — :  ,  D -  ü !  A .  * -  I * " . ) .  (2.343)
D . 2 2D 2

DIPPEEaMTIi.TION CP X

V/e re q u i re  the  d e r iv a t iv e s  of th e  s c a l a r  \ ,  as g iven  by the  

e x p re ss io n  (2 .3 2 8 ) .  But f i r s t  we d e f in e  the  s u p e r - a c c e le r a t io n

v e c to r  s^  by

" 0^ =  " 5;  + 1^  ( 2. 3^ )

o r ,  by ( 2 , 304) and ( 2 . 3O3)

S q̂  = + k ô y  VQ^f^ü exp 2kto (2. 343)

d f  ^
and s ^ i  = - - 2 -  + k (v ^^f^^  + f^Ar^^) . (2 .346)

Now s in c e  v^^v^ = 1

and s in c e  fç ^  i s  the  a b so lu te  d e r iv a t iv e  o f  v^^ w ith  r e s p e c t  t o

the  p a ram ete r  r ,  we have

5 lA f = 0 . ( 2 . 347)
P U

Hence, using  (2 . 3O3) ,  ( 2 . 343) becomes

sj*- = ~ 2 _  + ( 2 . 348)
dr
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Yfe a l s o  d e f in e  a s c a l a r  cr by 

0- =
p

5 (2 .349)

Nov/, using  ( 2 . 328) and (2 .3 2 9 ) ,

= f o ^  exp k ( t - t j  -  V^4 .A f ^ 4  ^^p k ( t - t ^ )

df ^  P
+ Po, — - -  -  k ô i i  fo^(xXo^) k ( t+ to )  

^  dr D

-  k ô y  fo^(xXo^)vQ^ ~  exp k ( t+ tp )

d f  1 p.
-  6 . .  - - - -  “  (xxpj) exp k ( t+ to )

dr -u
P

+ p" k ( t+ to )

P P
= d“ ^ k ( t - t ^ )  -  E  f ^ 4  g j^  k ( t - t g )

P
-  k 6i j  fg ^ (x x ^ j)  exp k ( t+ tg )  + Vg^f^4

P
+  k  ~  S i j ( - ' ^ X o ^ ) ’̂ o ‘  ̂ ® :^P k ( t + t g )

u sing  ( 2. 318) ,  ( 2. 346) ,  ( 2. 348) and (2.349)

P ,  k 2
=  cr +  f ,  +  - -  X P ,

D ^  2 ^

using  ( 2 . 325) ,  ( 2. 3271) and ( 2 . 3I 8) .

S i in i la r ly th e  o th e r  d e r iv a t iv e s  can be e v a lu a te d  and we f in d  t h a t

• + (2 .350)
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DIV3RGSNCN OF

F i n a l l y  v/e seek to  e v a lu a te  the d ivergence

fM- .

We note from (2 .3 2 5 ) ,  (2 .326) and (2 ,318) t h a t  the v e c to r  of f ^  

may he exp ressed  as

fM ^ _ k£ X (2 .351)
2

where

= kX + fg ^  exp k ( t g - t )  (2 .352)

-  k (x x g i)  f^ 4 |e x p  k ( t g - t )  (2.353)

Now ( i g  n^)
I U y  g d  xU

from ( 2. 303)

4  d n ^  
3k n + ,7

o  xH-

, P, c  
3'kn^ + k - - -  + k f. + — 4 P,

D ^ 2

-  k fp ^  exp k ( t g - t )  + k fp ^  ^  Vp^ exp k ( t p - t )

d f  ^  P 1 • P* )
+ —  -----  exp k ( tQ - t )  + k n ^ exp k(t^^-t)

££s_ E i  exp k ( t p - t )  -  3 k fp 4  exp k ( t p - t )+
dr D

P* d f
+ k Vp^fp^ - -  exp k ( t p - t )  -  (xxpi) ----------- -

D d^ D

X exp k ( t g - t )  .
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Here v/e have once ag a in  used (2 . 329) .  Now using  (2.34-6), (2 .3 4 8 ) ,  

(2 . 349) ,  ( 2. 3271) ,  ( 2. 318) ,  ( 2. 352) and (2 . 353) ,  and no ting  t h a t

= 0 ( 2. 3531)

the  above redu ces  to

( 2. 354)

We can now d e r iv e  the  d ivergence  of f^  from (2 .3 5 1 ) ,  (2 .3 5 0 ) ,  ( 2 . 338) 

and ( 2 . 354) ,  g iv in g

f^, .. = 2 k \  + -  ,t ( 2 . 355)
D

Summary of Formulae

For convenience a l i s t  of form ulae f o r  t h i s  s e c t io n  a re  now 

va?i t  ten  dovm.

BASIC FOHviULAE

! | ï  . j  “  I  i f p "
n)

U = u(X) -  u(Zo) 

pM = u  pM 

=  0

= 0 d e f in e s  s c a l a r  u.

M
dXpM

Vq^ = ------  is  v e lo c i t y  v e c to r  on L,
dr

( 2. 356)

dr 

dfoM

dr
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V®„P" = 0
/

0
1̂
V

Î

i n  F" = 0
\

i „ p "  = j/n

D = pMv
M

X  = PMf^

<r=pMs^

=

mM = vM + k^D
~2

pM-

n^ = fM + k?X
~

p^

S m^/D

■VM = vM/D

equations  of p a r a l l e l  t r a n s f e r

fo llow s from the f i r s t  th re e  equations

= 0 fo llow s from the  p rev ious  equa tion ( 2. 356)

M
pn

[ in

i £ \ i _
&IV4i

è  x”

1 ! m _ Ü 2
O x "

COVARIANT DERIVATIVES

The fo llow ing  a re  the  l i s t  o f c o v a r ia n t  d e r iv a t iv e s  ev a lu a ted

in  t h i s  s e c t io n

^ D  P
= -Q (k - l )  + + g -  D Pp

( 2. 357)
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V̂ Py

m' n

n

D

D

A

n

 5. ^ t - -  pMp^ + ôb k %
2D n ' n

m
■̂ in

A y
___2 + Ô® î^- D k

&
“  I ^ n  + "  ( v %  -  î^ v „ )D n

.n
in 2 k \  + -  

D

( 2. 357)

C0R0LLARI3S

The fo llov /ing  e q u a l i t i e s  can be derived  from (2.356) and (2.357) 

by a s t r a ig h tfo rv /a rd  tlicugh sometimes leng thy  p rocess  of s u b s t i tu t io n .

g
m n / l )  

ID)•bin

2k2
D~

A - # " '

1̂ 4 v2
VM" =  pM + - -  vM

|n 2 D

M ^  = Ô™
jicr

%  V n ^ k - 1 )

d2 d3

( 2. 358)

( 2. 359)
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To ob ta in  the  corresponding  formulae f o r  f l a t  sp ace ,

= Njun) » we simply have to  pu t  

k = 0»
1C

I t  i s  i n t e r e s t i n g  to  no te  t h a t  in de S i t t e r  sp ace , the  te n s o r  

and i t s  d ivergence  a re  given by the  same form ulae as a re  (o r 

in  f l a t  sp ace - t im e .

In  view of (2,359) the  v e c to r

i s  seen  to  be a s u i t a b l e  q u a n ti ty  f o r  use in  d e f in in g  an e l e c t r o 

m agnetic  p o t e n t i a l  in de S i t t e r  space .

Formulae f o r  Ivî  c o n ta in in g  k i m p l i c i t l y

I t  i s  w e ll  knov/n (and easy to  show, using  the  m e tr ic  (2 .303)) 

t h a t  de S i t t e r  space i s  of c o n s ta n t  c u rv a tu re ,  s a t i s fy in g ^ ^ )

^rsrnn ” ( 2 . 3 6 o )

vdiere R i s  the  c o v a r ia n t  cu rv a tu re  t e n s o r .  I t  fo l low s immediately 2rsfnn

t h a t  we may w i t e

= “ DP n  ( 2. 361)

Hence from ( 2, 336) 

r
^ i f  J  A rsm ji^^ ')  (2, 362)

This i s  a v e c to r  which makes no e :q p lic i t  r e fe re n c e  to  the type 

of sp ace , a lthough  of course the  theorems (2 , 339) apply only f o r
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de S i t t e r  space and f o r  f l a t  space .

Other a l t e r n a t i v e s  to  ( 2. 362) a re  con ta ined  in  th e  fo llow ing  

de S i t t e r  4 -space  i d e n t i t i e s .

I Ersmn
31

RDPn

4!

= 57

where R, and a re  r e s p e c t iv e ly  the  R icc i  t e n s o r ,  the

c u rv a tu re  in v a r ia n t  and the  E in s te in  te n s o r .

S i n g u la r i t i e s

The fo rego ing  has ap p lied  e q u a lly  w e l l  f o r  e i t h e r  or Pg , 

and f o r  a l l  p o in ts  excluding  those  on L. We now d i s t in g u i s h  between 

the  r e ta rd e d  and the advanced, and a t  th e  same time inc lude  p o in ts  on 

L in th e  work, by w r i t in g

= — = - -  h(D) = lif^h(D) ( 2. 363)
%  D

kA . = — = — — h ( —D) = — MFh(—D) (2. 364)
(s) D

= i  (M ^ + M/^ ) ( 2. 363)
2 (R) (8)

h(D) h(-D)
The q u a n t i t i e s  and — do not r e p re s e n t  o rd in a iy  fu n c t io n s

D D
f o r  D equal to  z e ro ,  bu t they do r e p re s e n t  symbolic fu n c t io n s  of 

fo u r-d im e n s io n a l  d i s t r i b u t i o n s .
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R efe rr in g  only to  ( 2*363) ,we have then

(R) |o*

.cr , / ^ A  ,.JLcr ^ ^ W= # 7  h(D) -  #
Xcr

_ on / j _ M _ 3 R M
^  S micr 3 ^

-  g*^g™ [h(D) I'#(T

-  ûo- ( 2. 366)

Now th e  f i r s t  t e m  on the  r i g h t  hand s id e  o f  (2 , 366) van ishes 

by v i r t u e  o f  (2 .3 5 9 ) ,  and using  (2.121)

3 r

Ov̂ k S(d) : ^ - % ^ ^ 6 ( D ) D ^ J  

( 6 - ( d) D , ^ D , ^ +  Ô(D)D,^^)

-  g ^ g ° "  \  (S '(D)D ,n + 6(D)D,nP (2.367)

The d e r iv a t iv e s  of Ivl̂  ana D can he w r i t t e n  down from (2*537) >

( 2. 538) and ( 2. 539) ,  and the r i g h t  hand s id e  of (2, 367) ev a lu a ted .

However the  v/ork can he co n s id e rab ly  reduced by a n t i c i p a t i o n  of th e  

answer.
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à common f a c t o r
6(D)

d2

i s  to  be taken from the e n t i r e  r i g h t  hand s id e  o f  (2 , 367) ,  th e  

teim s co n ta in in g  ô ’ (d) having been s u i t a b ly  a d ju s te d  by means of 

( 2 . 122) .  We have then

i r \n
(R) r>2

(2.368)

v/hero i s  a v e c to r  to  be determ ined.

Now s in ce  the  r i g h t  hand s id e  of (2 . 368) van ishes f o r  any X 

not on L, we employ l o c a l  C a r te s ian  co o rd ina te s  v/ith o r ig in  a t  the  

p o in t  Xg on L, and o r ie n te d  in such a way th a t

Vo" = 1

For t h i s  c o o rd in a te  system , in  the  neighbourhood of X ,

D = P^vt^ = P4 = ( - P ,  p i ) V 2

= u

4
)dyl\2  j  dy2 \2  I 2

du
M î c r . (  y-'-!

du / y du /

1 /2

= ( (x ^ )^  + (x^)^ + (x ^ )^ j

u s ing  the  t h i r d  and f o u r th  equa tion  of (2 . 356) and the  f a c t  t h a t  he re

x i  = U
du
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Thus in  the neighbourhhod of X^, D p lays  the  r o l e  of r  i n .

( 2. 125) ,  and we have

4^  = ô (x^ )ô (x2)ô(x^) (2 . 369)

I f  we use (2 . 369) in  (2 . 368) ,  we see  t h a t  we need only 

e v a lu a te  a t  Xg ( i . e .  f o r  D = O). This i s  a cons iderab le

s i m p l i f i c a t i o n ,  and we f in d  t h a t

Z^(Xo) = v /  

and ( 2. 368) becomes

= 47tô(x^)ô(x2)ô(x^)v^. (2. 370)
'"(R)

Im plied in (2.370) is  the  c o n d it io n  t h a t  XXg l i e s  on a n u l l  

geod es ic .  Hence when

x^ = 0

we a ls o  have
4X = 0.

This c o n d it io n  can be e x p l i c i t l y  con ta ined  in (2.370) in  the 

fo l lo w in g  way. L e t t in g  be c o o rd in a te s  along L, then (2.370) 

i s  e q u iv a le n t  to

= 47t6(xhxbô(x2-X ^)ô(x^-X ^) ( /  ô (x ^ -x tc l  x t
(I )̂ '-00

Now s in c e  v ^  = 1 a t  X^, th e re fo re  o o

= 4 x  T  ô ( x ^ - X ^ ) ô ( x ^ - X ^ ) ô ( x ^ - X ^ ) ô ( x ^ - x t v ^ ô l r  
' (R) /-CD
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or, in a general coordinate frame

® ô(xl-X^)ô(x2-x2)ô(x3-x3)ô(x^-X^) n ,  ,

-CO fg ’

by (2 .1 2 4 ) .

This same r e s u l t  can be shown to  hold  f o r  the  advanced f i e l d .

That i s

Thus, using ( 2 . 365) ,  and de fin in g

V  = 4 l n ' \ / p  ( 2. 372)

V/e f i n a l l y  have the  fo llow ing  g en e ra l  r e s u l t  f o r  de S i t t e r  space

I" - œ  j t
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C H A P T E R  I I I

E L E C T R O D Y N A M I C S
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3 .1 .  INTRODUCTION

The work in t h i s  ch ap te r  (rvolves from two j o i n t  papers P )  ) 

by J .A . Y/heeler and R.P. Feynman in "vvhich a theo ry  of e lectrodynam ics 

( o r ig in a l ly  a sc r ib e d  to  Schv/arzschild , T e trod e , and Fokker) i s  

reviewed and developed. The b a s ic  p r in c ip le s  of th i s  theo ry  a re  as 

fo llow s s

(a) I t  i s  s e t  in  the  Minkov/ski space-tim e  of s p e c ia l  r e l a t i v i t y  

and is  L oren tz  in v a r i a n t .

(b) I t  i s  a theo ry  of d i r e c t  i n t e r p a r t i c l e  a c t io n  a t  a d i s t a n c e ,  

a c t io n  ta k in g  p lac e  between charged p a r t i c l e s  a long th e  n u l l  l i n e s  

jo in in g  them.

(c) I t  i s  governed by a s in g le  v a r i a t i o n a l  p r in c ip le .

(d) There i s  no a c t io n  of any p a r t i c l e  on i t s e l f .

(e) P a s t  and f u tu r e  are  sym m etrical in  every r e s p e c t ,  a c t io n

b e in g  defined  i d e n t i c a l l y  w ith  r e s p e c t  to  e i t h e r  branch of a n u l l  

cone.

The c h ie f  claim s of the  au th o rs  f o r  th i s  th e o r y 'a r e :

(f)  Equations of motion d e r iv a b le  from the  b a s ic  v a r i a t i o n a l  

p r i n c i p l e  a re  i d e n t i c a l  in  form w ith  those  of L oren tz .

(g) A skew-symmetric second rank te n s o r  f i e l d  ( c a l le d  an

ad ju n c t  f i e l d )  ob ta ined  in  the  d e r iv a t io n  of the equations o f 

motion (co rrespond ing  to  th e  k^xw ellian  f i e l d  of th e  Lorentz 

eq u a tions)  can be shown to  s a t i s f y  Maxwell’s equ a tio ns .

(h) This t e n s o r  f i e l d  i s  equal to  one h a l f  th e  sum of the  

r e ta rd e d  and advanced f i e l d s  o b ta ined  by L ie n a rd -# ie d h e r t  f o r  

kiajcwell’s th eo ry .
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( i )  P rov ided  one f u r t h e r  assumes th e  u n iverse  to  co n ta in  a 

s u f f i c i e n t  number of p a r t i c l e s  to  be a "p e r fe c t  absorber","^ then 

t h i s  f i e l d  a t  the  same time is  equal to  tlie f u l l  r e ta rd e d  L ie n a rd -  

W lechert f i e l d  of experience  p lu s  an a d d i t io n a l  f i e l d  claim ed by 

D irac  c o r r e c t ly  to  account f o r  tlie phenomenon of r a d i a t i v e  damping.

Accordingly then the  p a r t i c l e  t h e 0137 of V/heeler and Feynman 

cla im s equal s t a t u s  v/ith the  f i e l d  theory  of Iviaxv/ell in  the  c l a s s i 

c a l  d e s c r ip t io n  of n a tu re ,  and in  a d d it io n  co n ta in s  th e  fo llow ing  

advantages:

( j )  (Adjunct) f i e l d  equations and equations of motion are  bo th  

d e r iv e d  from a s in g le  v a r i a t i o n a l  p r i n c ip le .

(k) A ll  f i e l d s  a re  a s c r ib e d  to  and d e r iv a b le  from th e  motions 

of charged p a r t i c l e s .  In  Maxwell’s f i e l d  theory  f r e e  space s o lu t io n s  

e x i s t  which a re  not in  f a c t  a p a r t  of our observab le  experience .

(1) By being ab le  to  account f o r  r a d i a t i v e  damping w ithou t 

s e l f  a c t io n ,  the s t r u c t u r a l  d i f f i c u l t i e s  encountered by Lorentz 

in r e q u i r in g  an e le c t r o n  of f i n i t e  s i z e  are  com pletely  avoided.

The theo ry  of \'i/heeler and Feynman, hov/ever, i s  s u b je c t  to  a 

number o f  c r i t i c i s m s :

(m) The au tho rs  do not co .rrec tly  prove ( g ) , as claim ed. Their 

p roo f depends on an equ ation  named by them D i r a c 's  i d e n t i t y ,  which 

Was in f a c t  v / r i t te n  down by D irac  as a c o r o l l a r y  to  Maxwell’s 

e q u a t io n s .  Thus Maxwell’s equations  a re  used to  prove Maxwell’s 

equa tions!

^  A p e r f e c t  abso rber  i s  de fined  by the a u th o rs  to  be such t h a t  a
t e s t  (charged) p a r t i c l e  p laced  "ou ts ide"  the  abso rber  s u f f e r s  no 
e lec trod ynam ica l  im petus.

** Which equa tio ns  a re ,  of cou rse , a p h y s ic a l  assumption r a t h e r  than 
a m athem atical id e n t i f y .
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(n) The concept of a " p e r fe c t  absorber"  i s  a r t i f i c i a l  and 

u n r e a l i s t i c .

(o) The b a s ic  theory  i s  too  tirae-sym m etrica l, and the  

asymmetry in  c o n ten tio n  ( i )  i s  not adequate ly  accounted f o r .

In  t h i s  s e c t io n  a b r i e f  o u t l in e  i s  given of th e  p a r t i c l e  

e lec trodynam ics of \vheeler and Feynman, con ta in ing  a d e ta i l e d  

account of (m) and a c o r r e c t  p roo f of ( g ) . The equations of 

p la n e ta ry  motion are  d e r iv e d ,  and shown to  have an i n t e r e s t i n g  

s ig n i f ic a n c e  in  the  S p e c ia l  Theory of R e l a t i v i t y .  Following t h i s  

i s  an ex tens ion  of the  theoi^'^ to  the  de S i t t e r  Space of Constant 

C urva ture . I t  w i l l  be shown t h a t  in  de S i t t e r  space , w ith  a 

S te a d y -S ta te  Cosmology d i s t r i b u t i o n  of mass, th e  theory  i s  no 

lo n g e r  sym m etrical in time and a new approach to  th e  problem of 

r a d i a t i v e  r e a c t io n  and advanced effecfe  i s  o b ta in ab le .
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3* 2. WHEELER AND PEYNIvIAN ELECTRODÏNAMICS

N o ta tio n

Ohe v a rio u s  p a r t i c l e s  a re  l a b e l l e d  by th e  l e t t e r s  a ,  b ,  . . .  

and t h e i r  masses and charges in  e . g . s .  e . s .  u n i ts  by e^ , e tcu r e s 

p e c t iv e ly .  A t o s t  p a r t i c l e ,  c f  v a n ish in g  mass and charge i s  r e p re se n te d  

by th e  l e t t e r  g .

The background space i s  Minkowski, w ith  m e t r ic  t e n s o r

* _ /
'mn

so  t h a t  p a r t i c l e ”a" has a t  a given in s t a n t  th e  C a r te s ia n  c o o rd in a te s

= -  a i  ( i  = 1 , 2 , 3)

a ^  = ^4  = c t  (v e lo c i ty  of l i g h t  X time)

and th e  l a b e l l i n g  l e t t e r  "a" is  a ls o  used to  designa te  a rc  le n g th  

along th e  p a r t i c l e ’s world l i n e .

Again as in  Section 2 .2 ,  i f  and yM- a re  v e c to r s ,  th e  v e c to r

xU-yP w i l l  be r e p re se n te d  f o r  s im p lic i ty  by xyF .̂

Fundamentals

The s in g le  p o s tu la t e  of t h i s  e lectrodynam ics i s  t h a t  the  world 

l i n e  o f each p a r t i c l e  (say a) confoims w ith  the  fo llo w in g  p r i n c i p l e  

o f  l e a s t  a c t io n :

Var f (Djnn da“ d a " )l / 2  + — [Fr(a)àa^
j

= 0 (3. 201) 

where th e  i n t e g r a l s  in  ( 3 . 201) a re  formed along th e  world l i n e  o f  a .

* The components of t h i s  m e tr ic  te n so r  a re  of opposite  s ig n  to  
t h a t  used by Vi/heeler and Feynman, hence th e re  w i l l  be a 
d isc repancy  in  sign  between some of the formula given by them 
and as w r i t t e n  down h e re .
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The e lec tro m ag n e tic  p o t e n t i a l  is  g iven  by

f
Fj,(a) = Z Gb \ 8(ab ab^^)dbp (3.202)

1)^0 ] -

v7e may a ls o  d e f in e  a p o t e n t i a l  f i e l d  (due to  a l l  p a r t i c l e s )

F (x) = Z I 5(ab a 'tf  )db (3. 203)
a l l  b ] ^

c a l c u l a t i n g  the v a r i a t i o n  on the  l e f t  hand s id e  of ( 3 . 201) 

and equa tin g  i t  to  ze ro , the fo llow ing  equations of motion a re  

e s ta b l i s h e d :
d̂ â .  ̂ eg da*̂
—- — = ----   F ( a ) ------ ( 3. 204)
da2 Ogc^ da

w ith
D F^ S F ^

^mn = "  V y  ( 3. 205)

Equations (3 .204) a re  i d e n t i c a l  in  form w ith  the  Lorentz 

equ a tio ns  of motion f o r  an e le c t ro n .  In th e  theory of L oren tz  the  

^mn f i e l d  q u a n t i t ie s  which s a t i s f y  Maxwell’s eq u a tio n s . Ydieeler 

and Feynman seek  to  show t h a t  the  ad ju nc t  f i e l d

Pmn(^)

as g iven  by (3 .203) and (3 .203) a ls o  s a t i s f y  Maxwell’s e q u a t io n s ,  

w ith  the  c u r re n t  f o u r - v e c to r  a t  th e  p o in t  x^ de fined  by

j^ ( x )  = Z fô(x  b i ) 6 (xbg)6(xb%)6(xb, ) d l^  . (3.206)
a l l  b /

The one s e t  o f  Maxwell’s equations

^ F n n (x )  ^^î’n r(^ )  ^  ^ .

^  Ô x"

fo llow s immediately from the d e f i n i t i o n  g iven  in ( 3 . 203) .
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Before d is c u s s in g  the  o th e r  s e t ,  namely 

>pmn
-  (x) = j^ (x )  ( 3. 208)

we note  t h a t  i f  v/e w r i te

= %  j ô(xb|^xblJ)dh^ ( 3 . 209)

and denote the  correspond ing  second rank skew symmetric te n s o r  by

then s in c e  T^^(x) /  = 2 (x) j i s  l i n e a r  in  the  p a r t i c l e s ,
\  "b /

i t  fo l lo w s  t h a t  i f  Fnn^^^ (^) s a t i s f i e s  Maxwell’s equations (which

a re  them selves l i n e a r ) ,  so a lso  does Fnn(^)* r e q u ire d  then

t o  prove th a t  .
e i fn n (b ) (x )
— — — —— = (x) (3. 210)

3  x^

or e q u iv a le n t ly ,  by (3 *205) and (3 . 206)

'5 d % ^^^^(x )  f
-    4%e-h Ô(xb. ) Ô (xbp) 6(xb?) Ô (xb, ) %dtP ( 3. 212)

a x n  3:0 /

MiETHOD OF PROOF GIVEN AND CORRECTED PROOF

Using ( 3. 209) in  (3 .2 1 2 ) ,  i t  fo llow s t h a t  s u f f i c i e n t  c o n d it io n s  

f o r  th e  p ro o f  of (3 . 212) a re :

- à -  ( ô(xb.,xb^)db^ = 0 (3 . 213)
t x "  j  ^

and

 È —  ( 6(xb,,xbti) db“  = 471; fÔ(xbn ) Ô(xb„) 6 (xbz) 6(xb, ) dtf" (3*214)
^ x n ^ x "  ; . ^ J .



3.2.

I t  i s  next assumed”  th a t

73.

/

Sx" J
and

Ô(xb^xh^)db^ = j — I ô(xb^x dbn ( 3. 215)

—— I0 (xb, ,xb^) db^ = i —— — —
2 x„3 x“ J , I" j a x^à x"

Ô(xb^xb^) dbm ( 3. 2I 6)

Ihe leg i t im ac y  of (3 , 215) and (3 .216) i s  not an obvious 

c o ro l lo ry  of g e n e ra l ly  p re s c r ib e d  p ro p e r t i e s  of 6 - fu n c t io n s .  A 

p ro o f  of th e  v a l i d i t y  o f (3.215) and ( 3 .216) is  con ta in ed  in  Theorem I  

of S e c tio n  2 ,1  of t h i s  p re s e n t  work.

Again i f  we use (3 .215) and ( 3.216) in  ( 3 , 213) and (3 . 214) 

r e s p e c t iv e ly ,  ( 3 . 212) can be shown to  be t r u e  by prov ing  th a t

3  ,_ —'

I ?
/

6(xb xbM) db" = 0 (3 . 217)

n 5(xb^xb^^) = 5 (xb^) 5 (xbg) 5 (xb^) 5 (xb^) (3. 218)

E quation  ( 3.218) i s  named by Wheeler and Feynman "D irac’s 

I d e n t i t y " ,  and a r e fe re n c e  is  g iven. Such an i d e n t i t y  does not 

appear e x p l i c i t l y  in  th e  r e f e r e n c e ,  b u t  i s  im plied  by D irac  in  th e  

fo llow ing  manner:

D irac  accepts  tlie r i g h t  hand s id e  of equation  (3*209) as th e  

c o r r e c t  exp ress io n  f o r  the e loc tro iiiagnetic  p o t e n t i a l  of an e le c t ro n ,  

and the  r i g l i t  hand s id e  of (3 . 212) as a s u i t a b le  e x p re ss io n  f o r  th e

Ey 'Wheeler and Feynman,
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c u r re n t  due to  an e le c t r o n .  Then on the  p h y s ic a l  assum ption of 

Maxwell’s e q u a t io n s ,  th e  v a l i d i t y  of (3 ,212) and a ls o  of ( 3 .213) 

and (3 . 214) is  im plied .

Such an argument does not c o n s t i tu t e  a m athem atical p ro o f ,  

a lthough  i t  was e v id e n tly  accep ted  by Wheeler and Feynman as such 

f o r  the  e s tab l ish m en t  of (3 . 218) .

A m athem atica l p roo f  of (3.218) i s  con ta ined  in Theorem I I  

of S e c tio n  2 .1  of t h i s  v/ork, -

I t  is  i n t e r e s t i n g  to  note t h a t  w hile  th e  j u s t i f i c a t i o n  given 

by Yheeler and Feynman f o r  ( 3 .218) equally  w e l l  a p p lie s  to  (3 .2 1 7 ) ,  

they do o f f e r  a s e p a ra te  p ro o f  of (3 .2 1 7 ) .  I t  i s  worthwhile 

examining t h i s  p ro o f ,  f o r  i t  i l l u s t r a t e s  a dangerous l i b e r t y  in  

th e  use of th e  ô - f unc tion  tech n iq u e . Their p roo f i s  as fo llo w s:

.00 3r 
;
-  00 

00

3 x^
db"

db^
J ô ‘ (xb,,xb^) 2x b _  db

^  /y, I

= -  /  :? b
— CO

I 00 
6(xb xb^^) \

db

by p a r t i a l  in te g r a t io n
-  00

=  0

(5 . 219)

This p ro o f  seemingly uses only w e ll  e s ta b l i s h e d  techn iques  

j u s t i f i e d  by the  Theory of D is t r ib u t io n .  Before d is c u s s in g  i t  

f u r t h e r ,  we apply s im i la r  techniques to  th e  l e f t  hand s id e  of 

(3. 218) t o  o b ta in
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™ A “: n l  = ~ ~  I 5'(xb,^xb^")2xb^
3  Xĵ  Ô X n L

= 6 ” (xb^xb^)4xb^xb^ + 86' (xb  ̂xb^) (3 . 220)

= 0 by (2.122)

vhich  is  obviously  f a l s e ,  in  view of (5 . 218) ,

The arguments in  (5.219) and (3.220) only apply f o r  ^points not 

on th e  world l i n e  of b. For th e  q uan ti ty  

j  ô(xb^xb^)db 

i s  e q u iv a le n t  to

^  6 (xb^xb^) d (xb^xb^) = ■' Ô(xb xb^)d(xb, xb^)

J

9  (xbj^xb^)

3 b

U ______

db^

This i s  a 6 - d i s t r ib u t i o n  th e r e fo re  o p e ra t in g  on the  fu n c t io n

of th e  v a r i a b le

(3 .221)

In  terms of t h i s  s in g le  v a r i a b le ,  however, th e  q u an ti ty  (5.221) 

i s  only a s u i t a b l e  t e s t i n g  fu n c t io n  i f  i t  i s  bounded and possesses  

d e r iv a t iv e s  when

xb xb^ = 0 
H"

See S e c tio n  2 .1 .
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This c o n d it io n  is  c le a r ly  not s a t i s f i e d  f o r  

xh^ = 0

o r ,  in o th e r  words, when the  p o in t  X l i e s  on th e  world l i n e  o f  b.

The d i f f i c u l t y  i s  removed by using^ a im ensional d i s t r i 

b u t io n  in  th e  v a r ia b le s  

(xb^xb^")

and x^ ( i  = 1 , 2, 3)

or in  terms of

xb^xb^

and r  ( r  = (-xb^xb^)^/^)

and using  (2 .125).

The requirem ent t h a t

r  0

f o r  th e  e x p re ss io n

j  Ô(xb^xb^)db ( 3 . 222^

to  have meaning can be s t a t e d  p re v is e ly  by in c lu s io n  of th e  

H eaviside  s t^ p fu n c t io n ,  vfe th e re fo re  w rite

( &(xb xb^^)h(r)db
/  ^

in s te a d  o f  (3 .2 2 2 ) .  ( i t  should be noted th a t  h ( r )  i s  an i n v a r i a n t ,  

i n  s p i t e  of the  f a c t  t h a t  r  i s  n o t ) .

I t  i s  now an easy m a t te r  to  prove ( 3.217)* F i r s t l y  we n o t ic e  

t h a t  i f  wo choose c o o rd in a te s  so th a t

db^
db

= 0
db

As i s  done in  Theorem I I  of S ec tio n  2 and in  the  proof of 2.575
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then

ô (xh^‘-xb^)h (r)

77,

= IÔ(xb^xb^) - - - -  d(xb^xb ) .
j 2 r M-

Now s in c e  i s  an in te g ro b le  fu n c t io n  of the  v a r ia b le s  x^ , th e

q u a n ti ty

Ô(xb^xb^)- - - -  
2 r

is  th e  symbolic fu n c t io n  of a d i s t r i b u t i o n  f o r  a l l  va lues  of the  

v a r ia b le s  xb^xb^ and x^.

We have th e ,  in  the  same co o rd in a te  frame,

w /

S x "  /
Ô(xb^xb^) h (r ) db"

= jÔ’ (xb^xb )2  xb^ h (r )d b "
/  ^

+ I Ô (xb^^xb ) ô (r)  db'^
/ ^ o x ^

The f i r s t  term on the  r i g h t  hand s id e  of t h i s  l a s t  equ ation  i s

equal to  zero  by v i r t u e  of (3 ,2 1 9 ) .  The second term is  a lso  ze ro ,

s in c e  r  i s  a fu n c t io n  of x^ only , and thus (3*217) i s  proved.

E lec tro m agne tic  P o t e n t i a l s

I t  was shown in S ec tio n  2 .2  (eq ua tions  2*2141 sod 2.215) t h a t  

tlie  p o t e n t i a l  (3.209) may be expressed  in  the  fo llow ing  e q u iv a len t  

forms :

Fn^^^(x) = e-  ̂ I 6(xb^xb^)db^ (3*209)
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%  i /  \  I  '^ ^ y a b

2 1 '  db I j db, ,
xbF —-  I 1 bx^ —Ü /

®  %  V a, /

( 3. 223)

s

®b

2

M  ' ^ a ]
+

“ 7  ' ” 4

(3. 224)

= |% ^ ^ ^ ( x ) j j +  i  Fj.j^^^(x)g say (3.2241)

vhere  D i s  the  d is ta n c e  from th e  p o in t  x to  the  world l i n e  of h 

as g iven by (2 .205)?  and v^ i s  the  u n i t  v e lo c i ty  4 -v e c to r  of th e  

p a r t i c l e  b .
db^

I t  i s  c l e a r  th a t  f o r  a p a r t i c l e  b a t  r e s t  - — = 0 ?
db

= % = r  (3.225)

where r  = (xb jbx^)^ /^ .

Vheeler and Feynman f u r t h e r  show the  advanced and re ta rd e d  

p o te n t ia l s  due to  a f ix e d  l i n e a r  conductor ( a t  r e s t )  to  be equal.

This i s  not a s u r p r i s in g  r e s u l t ,  f o r  a t  each f ix e d  p o in t  in  th e  

conductor th e re  i s  a c o n s tan t  c u rre n t  v e c to r .  The advanced and 

r e ta rd e d  p o t e n t i a l s  of each in d iv id u a l  moving charged p a r t i c l e  

are  not e q u a l ,  s in c e  the  p a r t i c l e s  move, b u t  the  c o n f ig u ra t io n  as a 

whole i s  s t a t i o n a r y ,  and th e  sum of th e  advanced p o t e n t i a l s  of a l l  

th e  p a r t i c l e s  of th e  conductor i s  equal to  the  sum of t h e i r  r e ta rd e d  

p o t e n t i a l s .  At each in s t a n t  a t  the  p o in t  o f  o b se rv a tio n  the  advanced 

f i e l d  of each p a r t i c u l a r  p a r t i c l e  i s  equal to  the re ta rd ed  f i e l d  of
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sonie otiaer par u ic le ,

A d is c u s s io n  of the  s ig n i f ic a n c e  of advanced p o t e n t i a l s  in  

more complex cases  i s - r e s e r v e d  f o r  S ec tio n  3. 4 ,

G eneral Tensor Form ulation  of Theory.

Although Wheeler and Feynman expressed F okker’s e l e c t r o 

dynamics in  terms of C a r te s ian  t e n s o r s ,  i t  is  easy ( i n  view of 

S e c tio n  2.2) to  w r i te  down the corresponding  equations in  terms 

of g e n e ra l  te n s o r s  in  f l a t  space . The fundamental p r in c ip le  i s  

con ta in ed  in

= 0 (3 . 226)V a r f  [(gj5in aa“ da“) V 2  + ------- j j '^ (a )da^
- I  0^0 I

where h ere  aU a re  g en e ra l  c o o rd in a te s ,  i s  the m e t r ic  te n s o r ,  ' 

and u sing  (2. 2141) and ( 2. 213)

P (a) = 2 [ ô ( s 2)ab™
j

z J - ï ' i ( 3 . 227)
b ;6  2

Here v^ i s  th e  v e lo c i ty  4- v e c to r  of p a r t i c l e  ’Td" and D th e  d is ta n c e  

from " to  the  world l i n e  of "b".

The eq u a tio n s  of motion r e s u l t i n g  from (3.226) w i l l  be

Pnn(«) (3-228)
6a mgC ha

where here  the  symbol Ô re p re se n ts  a b so lu te  d i f f e r e n t i a t i o n ,  and

Fmn
■m '  n (3 .229
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as b e fo re .

Y/e v / i l l  a ls o  have ( in  a d d i t io n  to  ( j .  207))

( 6 (xb^) Ô (xbg) Ô(xb^) Ô(xb^)dtP
F ^"(x) = Z I ----------- ----------------------------------  (3*230)

\n  a l l  b J , /Y

in s te a d  of (3-2D8) and (3.2 0 6 ) .  (Use i s  made here  of (2J24))*

The te n so r  equations (3.228) and (3*230) a re  v a l i d  deductions 

from (3 . 226) in  a p a r t i c u l a r  frame (C a rte s ian  c o o rd in a te s ) ,  and 

hence ho ld  in  any c o o rd in a te  frame.
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• 3.3 PLANETARY MOTION

In  t h i s  s e c t io n  the  equations of motion (us in g  Wheeler and 

Feynman e lec trodynam ics) a re  found fo r  a charged t e s t  p a r t i c l e  moving 

in  th e  f i e l d  of a s in g le  s t a t i o n a r y  charged p a r t i c l e .

As has been shov/n, (equa tions  ( 3. 224) and ( 3 . 225) ) ,  i f  a s in g le  

p a r t i c l e  (b) is  a t  r e s t  in  a G a lilean  frame of r e f e re n c e ,  i t s  advanced 

and r e t a r d e d  p o t e n t i a l s  a t  any p o in t  a re  equa l, and th e  t o t a l  

p o t e n t i a l s  a re  given by

"  “ ?  j  (3.301)

F ^ ^ ^ ( x )  = 0 , ( i  = 1 , 2 , 3) j

where r  =

The e q u a tio n  of motion for a t e s t  p a r t i c l e  ^ as given by (3.228)

a re

/ . î î e  - S '  (3 . 30s
d^^ mgc^ \  9 xP xP /  dg

I t  w i l l  be assumed t h a t  the  motion takes p lace  in  th e  p lane

= 0 .

Now re p la c in g  the  l e f t  hand s id e  of t h i s  l a s t  equation  by 

— I -Yp. j J and transfo rm in g  to  p o l a r  co o rd ina te s  in  the p lane  of th e

m otion , c en tred  a t  b^

r  = + 5^2) 1/ 2  ̂ 8 = to n -1  , t  = ,
gx c
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we have f r a a  ( 3. 30I)  and (3 . 302)

82.

d^ r / d6 \2 ege^ d t
== ; - 2  -  . (3 . 303)

^ ^'-2 a e , ^ 0 (3 .304)

(3.305)

— — I r  —
r  dg ( dg ,

p2 S h  _ %%__
dg2 n^cr2

v/e may v/rite
d t  Y

dg c

where y = i 1 -  W + r ^ / - - j  C /c ^
i /I dtl ^it; ( _

1 /2

(3 . 306)

( 3. 307)
L  /  ! dt I ' d t '

s in c e  dg^ = c^dt^  -  dr^  -  r^d0^.

The param ete r  g may he e l im in a te d  f ro n  equations (3 . 303) to  (3 .303) 

w ith  the  h e lp  of ( 3*306) ,  y i e ld in g  re s p e c t iv e ly

+ & ) _  = 0 ' (3.308)
d t  \  d t  / V d t  / m^

- -  ( r r 2  ~  '1 = 0  ( 3. 309)
d t  [ a t  /

r.igc2 (y -  1) + U(r) = B. (3-310)

Here
e. e^

U(r) = - - - §
r

and eq u a tio n  ( 3 . 3IO) is  a f i r s t  i n t e g r a l  of (3*305)? th e  q u an ti ty  B 

be ing  a s u i t a b l e  chosen c o n s ta n t  of in te g ra t io n .
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We need go no f u r t h e r .  These ore i d e n t i c a l l y  (se e  McGrea,^^^^ 

R e la t i v i t y  P h y s ic s , e q u a t io n s  (6l )  and ( 62)) the  d i f f e r e n t i a l  equa tion s  

in S p e c ia l  R e l a t i v i t y  f o r  the  g e n e ra l  c e n t r a l  o r b i t ,  where the  fo rc e  

is  d e r iv a b le  from the  p o t e n t i a l  U ( r ) .

This i s  an i n t e r e s t i n g  r e s u l t ,  because from the p o in t  of view 

of S p e c ia l  R e l a t i v i t y ,  equations ( 3 , 308) to  (3 . 3IO) were d e rived  from 

a L oren tz  in v a r i a n t  energy-momenturn t e n s o r  and a p o t e n t i a l  energy . 

s p e c i f i e d  only in a s in g le  frame. From the p re s e n t  p o in t  of view the , 

same eq u a tio ns  have been developed as a p a r t i c u l a r  r e s u l t  from the  more 

g e n e ra l  L oren tz  in v a r i a n t  e lec trodynam ics con ta ined  in  equa tion

(3 . 226) .
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3.4 . ABSORBER THEORY OF RADIATION 

In tro d u c tio n

I t  i s  a w ell knov/n p h y s ica l  f a c t  t h a t  when a charged p a r t i c l e  

i s  a c c e le ra te d  i t  s u f fe r s  a seemingly i n t r i n s i c  damping fo rce  given 

a t  n o n - r e l a t i v i s i t c  v e lo c i t i e s  by the follow ing expression

2(charge)^(tir.ie  r a te  of charge of a c c e le ra tio n )
Damping fo rce  = -------------------------------------------------------------------------- ( 3. 40I)

3 (v e lo c i t 3̂ of l ig h t ) ^

A r o l a t i v i s t i c a l l y  in v a r ia n t  g e n e ra l iz a t io n  of th i s  formula has been 

proposed by D irac . Here force  is rep resen ted  by a skew-symmetric te n so r

(m u lt ip lied  by the charge of the  p a r t i c l e ) .  The tensor proposed by 

Dirac to  describe  the  damping force  a c t in g  a charge p a r t i c l e  (say a) 

i s  given by

Fan («) = s  (“ ) J (3.402)^  ( a ) , . ^  „  («)
damping

th a t  i s ,  by one h a l f  the  d if fe re n c e  of th e  re ta rd e d  and advanced 

Ivhxwellion f i e ld s  of th e  p a r t i c l e  i t s e l f ,  as evaluated  a t  i t s  

own p o s i t io n .  This d if fe ren c e  i s  ev iden tly  f i n i t e ,  although the 

in d iv idua l  te rn s  a re  not.

In l/heeler and Feynman electrodynam ics, the t o t a l  fo rce

te n so r  a c t in g  on a p a r t i c l e  i s  given by

Fnn(«) = ^ ^nn (^) + (^) ) W3)
b /a  ^ \  R 8 /

(See equations (3. 22A1)? (3* 228) ,  and 0.229)).

To correspond to the re ta rd e d  f i e ld s  of experience and to  

include  r a d ia t io n  damping as given by ( 3*402) ,  we would req u ire  

in s tead  of (3 *403) the  fo llow ing  formula*.
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(b)
^ ■'''nn

b /a  R

1 /  (a) (o) ^
(a) + 1 P,,n ( a ) - F n n  (a) j  (3.404)

\  R S '

fe-

Wheeler and Peynnon, in t h e i r  "Absorber Theory of R ad ia tio n" , 

a ttem pt to  show th a t  in  a universe with a s u f f i c i e n t  number of charged 

p a r t i c l e s  equation ( 3.404) is  a n a tu ra l  consequence of the  time 

symmetrical id e n t i ty  ( 3. 403)* Thus the second term on the r ig h t  hand 

s id e  of (3. 404) does not rep re se n t  any s e l f  a c t io n  or i n t r i n s i c  

fo rc e ,  but i s  e s s e n t ia l ly  the  r e s u l t  of summing th e  advanced f i e l d s  

of a l l  the  o ther  p a r t i c l e s  of the  universe which have been a c c e le ra te d  

by the  re ta rd ed  f i e l d  of p a r t i c l e  a.

A m ajor d i f f i c u l t y  in  the  Wheeler and Feynman p re se n ta t io n  is  th a t  

equation  (3. 403) is  in every v/ay symmetrical v/ith r e s p e c t  to  time, while 

the damping fo rces  ( 3. 401) and (3. 402) have a u n id ire c t io n a l  a spec t  

which c o r re c t ly  lead  to  the i r r e v e r s i b i l i t y  of 'r a d ia t io n .  In t h e i r  

d e r iv a t io n s  of r a d ia t iv e  r e a c t io n  the authors e i t h e r  a r b i t r a r i l y  omit 

c e r ta in  e f f e c ts  or d esc r ib e  the i r r e v e r s i b i l i t y  of r a d ia t io n  as a 

s t a t i s t i c a l  e f f e c t  due to  unnamed i n i t i a l  conditions which are 

unsyiïinetrical in time. No in d ic a t io n  is  given as to  how these  i n i t i a l  

cond itions permanently a f f e c t  the  time symmetry of r a d ia t io n  damping; 

in  f a c t  such an e f f e c t  conceptually  seems to  be most u n l ik e ly ,  p a r t i 

c u la r ly  in  a universe  where o ther independent (e .g .  g r a v i ta t io n a l )  

fo rces  e x i s t .  I t  i s  i n t e r e s t i n g  to  note th a t  throughout t h e i r  

arguments th e  authors f req u en tly  make use of forces*  which are  

independent of the  e lec trom agnetic  f i e l d .

* In s p i t e  of the claim th a t  "All of m e c h a n i c s . i s  contained in  
( th e i r )  s in g le  v a r i a t i o n a l  p r in c ip le . "
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Four d e r iv a t io n s  (v/ith increas ing  g e n e ra l i ty )  are  given of 

r a d ia t iv e  r e a c t io n ,  two of which (the  f i r s t  and l a s t )  w i l l  be 

c r i t i c a l l y  examined here .

D eriva tion  I

Hi is  i s  the  s im p les t  d e r iv a t io n ,  and considers  a s in g le  

a cce le ra ted  charged p a r t i c l e  "a" (ca l le d  the source) and an i n f i n i t e  

number of o ther  charged p a r t i c l e s ,  e s s e n t ia l ly  a t  r e s t  with re sp e c t  

to  "a" , separa ted  by la rg e  d is tan ces  and uniformly d i s t r ib u te d .  The 

p a r t i c l e s  o ther  than "a" comprise th e  absorber. The technique here 

i s  to  c a lc u la te  the  re ta rd ed  f i e l d  due to  ' ' a "  a t  each of these  

p a r t i c l e s ,  to  determine the r e s u l ta n t  a c c e le ra t io n  of each p a r t i c l e ,  

and then to de rive  th e  r e s u l ta n t  advance f i e ld  a t  "a" due to  these  

a cc e le ra te d  charg es . This advanced f i e l d  a r r iv e s  a t  "a" sim ultaneously  

with i t s  a c c e le r a t io n ,  and c o n s t i tu te s  the  r a d ia t iv e  re a c t io n .

I f  the  ordinarj^ c l a s s i c a l  j - v e c to r  a c c e le ra t io n  of "a" is  

denoted by f ,  then the  r a d ia t iv e  rea c t io n  fo rce  in  th e  d i r e c t io n  of 

f  due to  the  presence of a s in g le  p a r t i c l e  "b" a t  d is ta n c e  ( 3-space)

r  from a is  found to  be given by

I f  th e re  are N p a r t i c l e s  pe r  un it  volume, then the number in

a sp h e r ic a l  s h e l l  of th ick n ess  dr w i l l  be

4tiN r^ d r

For the  p a r t i c l e s  in t h i s  s h e l l ,  the f a c to r

s in ^ (f» £)
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has the average value of 2/3* Thus the t o t a l  fo rce  of r e a c t io n  

would be the  in te g r a l  (over r )  of the quantity

2 .
(2f °a /^  j  d r

Uheeler and Feynman p o in t  out th a t  th i s  d e r iv a t io n  i s  in c o rre c t  in 

th a t  i t  y ie ld s  a re a c t iv e  fo rc e  "which is  in phase v/ith and p ro p o r t io n a l  

to  the  a c c e le r a t io n ,  and inc reases  without l im i t  with the th ickness  

of the  absorber. The reason f o r  th is  i s  th a t  in te ra c t io n s  between 

th e  p a r t i c l e s  of the  absorber themselves have not been taken in to  

account. To account f o r  t h i s ,  the a c c e le ra t io n  is  analysed in to  

i t s  F o u r ie r  compouents, and each frequency is  considered s e p a ra te ly .  

This perm its  a usage of the  wave theory of the  propogation of 

e lec trom agnetic  d istu rbunces (s ince  the  f i e ld s  s a t i s f y  Maxwell’s 

equations) through an ion ized  medium. I t  i s  found then t h a t  p ro 

vided some sm all f a c to r  of abso rp tion  is  included the  in te g ra l  

re p re se n t in g  th e  r a d ia t iv e  re a c t io n  converges to  a l im i t  which is  

independent of N, and th a t  the l im i t  involves a phase s h i f t  and a 

f a c to r  p ro p o r t io n a l  to  the frequency of the a c c e le ra t io n  in such a 

way th a t  the  r a d ia t iv e  r e a c t io n  is  given by (3. 4OI).

The most im portant c r i t i c i s m  claimed in  the p re sen t  work f o r  

t h i s  simple d e r iv a t io n  is  the  a r b i t r a r in e s s  of considering  only the  

re ta rd e d  f i e l d  of the source and th e  advanced f i e l d  of the  absorber.

I f  th e  same c a lc u la t io n  were c a r r ie d  out using the advanced f i e l d  

of th e  source and the sim ultaneous re ta rd ed  f i e l d  of the  ab so rber , 

then we should a r r iv e  a t  the same value fo r  r a d ia t iv e  r e a c t io n ,
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but with a change in s ign . The sun of these  two e f f e c ts  would of 

course provide fo r  zero r a d ia t iv e  re a c t io n  ( a t  l e a s t  on th e  av e rag e ) , 

v/hich is  what i s  to  be expected from a completely t in e -sy n n ie tr ic a l  

theo ry . In  e f f e c t  th e  authors have ignored the ex is tence  of an 

absorber along the p a s tn u l l  cone of the source.

D eriva tion  IV

This i s  a genera l d e r iv a t io n ,  and depends on the conception 

of a p e r f e c t  absorber defined  by the f a c t  th a t  beyond i t  th e  e l e c t r o 

magnetic f i e l d  due to the t o t a l i t y  of p a r t i c l e s  in  the universe  van

ish e s ,  That i s ,  ou tside  the  absorber we have

1 1 (^)
£ Ô Fnn (x) + S i  Pnn (%) = 0 (3.405)

a l l  b R a l l  b S

Since the  two terms on the  l e f t  hand s id e  of (3*405) rep re se n t

re s p e c t iv e ly  outgoing and incoming waves, they cannot cancel each

o ther  by d e s t ru c t iv e  in te r fe re n c e ,  b u t  must in d iv id u a lly  vanish .

I t  fo llow s th a t

( t )  (b)
2 i  (x) -  (x)) = 0 ou tside  th e  absorber (3-436)

a l l  b 2 R S

Now, s in ce  the  divergence of the l e f t  hand s ide  of ( 3. 406) vanishes

everyv/here, i t  follows from (3. 406) th a t

1 /  Cb) ( t )  A
2 j f ^ m n  (^)  "  ^  ( x ) j  = 0 everyv/here (3 -4 0 7 )

a l l  b \  ' R S y

For p a r t i c l e  "a" we have then
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(a) /  (b) (b)
" bJb 2 g s  (°)

(b) /  (a) (a)

-  ^ ^nn

2 1 /
a i l  b 2 R  g

 ̂ ^(a)  + 1  (3-408)b/a  R

by v i r tu e  of (3 ,4 0 7 ).

I t  is  thus th a t  Wheeler and Feynman claim  the equivalence of 

(3 ,403) and (3,404) f o r  a com pletely absorbing u n iverse ,

Hiis d e r iv a tio n  of the  Absorber Theory of R adiation  possesses 

the  a t t r a c t iv e n e s s  of g e n e ra li ty  and apparent m athem atical s im p lic ity . 

However i t  co n ta in s  c e r ta in  in h e re n t d i f f i c u l t i e s .

F i r s t l y  we note th a t  the  d e f in i t io n  contained  in ( 3 .405) of a 

p e r fe c t  abso rber o r e lec trom agnetic  sh ie ld  does not a p tly  d esc rib e  

th e  un iverse  as a whole. The absorber must c o n s is t  of o rd inaiy  

p a r t i c le s  and as such must be surrounded by a fu r th e r  ab so rber, and 

so on ad in fin itu m , leav in g  noAvhere fo r  (3.405) to .b e  s a t i s f i e d .  

Equation ( 3 .405) can only be used to  describe  th e  p a r t ic u la r  

cose where i t  is  assumed th a t  a l l  p a r t ic le s  are  a t  r e s t  except as 

a ffe c te d  by a lo c a lis e d  d is tu rb an c e . Equation (3,405) then im plies 

th a t  th is  d is tu rb an ce  rem ains lo c a liz e d  in  th a t  i t  vanishes f o r  a l l  

tim e o u ts id e  some reg ion  con ta in ing  s u f f ic ie n t  p o r t id le s  to  c o n s t i tu te  

an abso rber. I t  i s  thus claim ed here th a t equation  (3,407) is  more
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general than (3. 405) and as such should be regarded as the  absorber 

p o s tu la te .  But i t  is  agreed th a t  tlie use of ( 3.405) c o n s t i tu te s  

a powerful argument in  favour of looking upon (3 .40?) as a n a tu ra l  

consequence of a su f f ic ie n c y  of charged p a r t i c l e s  in the  un iverse ,

A more c o n tro v e r s ia l  aspec t of th i s  d e r iv a tio n  ( iv )  is  the 

p h y sica l  s ig n if ic a n c e  of the two te rn s  on the r i g h t  hand s ide  of 

equation (3, 408) .  I t  was noted by the  au thors th a t  equation (3.40?)' 

eq u a lly  w ell leads to  a r e s u l t  d i f f e r e n t  in  form bu t equ iva len t to

( 3 . 408) ,  namely

(b) , /  (o) (a) ^
Pnn(a) = 2 (^) -  ;  (a )  -  (a) (3-409)

b /a  S ^ \  R S /

The p h y s ic a l  s ig n i f ic a n c e  of the  two equations i s  sa id  to  be

made c le a r  by considering  the  p a r t i c l e  "a" to  be d is tu rb ed  by a non-

e l  ectromag ne t i c  fo rc e .  Then the f i r s t  te rn  on the  r i g h t  hand s ide

of ( 3. 408) i s  taken to  be zero , w hile  the second term rep re sen ts

r a d i a t i v e  re a c t io n .  Under s im i la r  cond itions the f i r s t  t e rn  on the

r i g h t  hand s ide  of (3 . 409) i s  not ze ro , b u t  i s  j u s t  twice the  second

terra (and of opposite  s i g n ) . This is  because the  p a r t i c l e s  of the

absorber were exc ited  by the re ta rd ed  f i e l d  of "a", and t h e i r

advanced f i e l d s  converge on "a" to  give the  req u ired  r e s u l t .

Thus while the  two equations a re  m athem atically  e q u iv a len t ,

( 3 . 408) i s  to  have the  p h ysica l  s ig n if ic a n c e  of n a tu ra l ly  

se p a ra t in g  out r a d ia t iv e  r e a c t io n  from o th e r  e lectrom agnetic  fo rce s .

I t  i s  s t a te d  th a t  unsymmetrical i n i t i a l  conditions a re  re sp o n s ib le  

f o r  being ab le  (on a s t a t i s t i c a l  b a s is )  to  neg lec t the f i r s t  term 

on the  r i g h t  hand s ide  of (3 . 408) in  e s tim ating  r a d ia t iv e  re a c t io n .
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This i s  not a s t ro n g  argument, and in p a r t i c u l a r  i t  is  d i f f i c u l t  

to  see  how i n i t i a l  e lectrom agnetic  conditions a f f e c t  the r a d ia t io n  

re a c t io n  s u f fe re d  by a p a r t i c l e  which has been s t im u la ted  by an 

independent fo rce .

In t h i s , as in  th e  e a r l i e r  d e r iv a t io n s , the  authors in e f f e c t  

omit to  take in to  account th e  ex is tence  of an absorber (Ap) ly in g  

along the  p a s t  n u l l  cone of the  source. For in the absence of such

an absorber the  f i r s t  term on the r ig h t  hand side  of (3 , 408) auto

m a t ic a l ly  vanishes in the  c a lc u la t io n  of r a d ia t iv e  re a c t io n .  We w i l l  

now put forward arguments which in d ic a te  th a t  the presence of Ap may be 

neg lec ted  provided i t  i s  a o i  & ’’p e r f e c t  absorber*I

P e r fe c t  and Im perfect Absorbers and the I r r e v e r s i b i l i t y  of R adia tion  

We denote r e s p e c t iv e ly  by Ap and Ap th e  t o t a l i t y  of p a r t i c l e s  

ly in g  on the  fu tu re  (c^) and p a s t  (op) branches of the  n u l l  cone 

cen tred  on p a r t i c l e  "a" ( the  sou rce) . As b e fo re ,  we consider  a l l  

p a r t i c l e s  to  be a t  r e s t  except as d is tu rb ed  by the source. We define  

Ap to  c o n s t i tu t e  a p e r f e c t  absorber i f  (3*40?) holds in the  absence of 

Under such circum stances (3. 408) becomes

T / (a) (a) \
Fnn(«) = l / m n  ^  M  ~ Pan ^ M j  (3 .U 0P)

Because of ( 3. 407) we would a lso  have

(b) (a )
I  (x) = - P ^ n  (x) (3.41:F)
4p S S

In  view of the f i r s t  th re e  de riv a tions  of Wheeler and Feyman i t  
i s  ev iden t th a t  such a d e f in i t io n  is  s e l f - c o n s i s t e n t  and re q u ire s  
only a s u f f i c i e n t  number of p a r t i c l e s  w ith  a la rg e  s c a le  uniform ity  
of d i s t r ib u t io n .
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hold ing  in  and

92.

(b) (a)
2 Pan (x) = P (x) (3.W-2P)

. ÜJ, S R

in any reg ion  in  Op between a and Ap.

S im ila r i ly  Ap i s  defined  to  be a p e r f e c t  absorber i f  (3.407)

holds in  the  absence of Ap. Then in s tead  of (3 .410F), (3.41 IF)

and (3 . 412F) we would have

/ N T /  (a) (a) \
= -  2 ( ^  (®) -  ^ ( a ) )  ( 3. 4IOP)

( b) ,  (a) ,
2 Fan (^) = -  Fa„ (%) in  Op (3.411?)
^  R R

(b) (a)
2 F ^  (x) = P (x) between a and A .
Ap R S F

The l e f t  hand s ides  of equations (3. 4IO) to  (3.412) w i l l  be c a l le d

the  response to  the  stim ulus of the source.

We now d e fin e  an im perfect absorber of the f i r s t  kind to  be one

whose response is  sane f a c to r  ( l e s s  than un ity ) times the  response

of a p e r f e c t  absorber fo r  the same s t im u lus . We name these  f a c to r s

f  and p r e s p e c t iv e ly  f o r  Ap and Ap. With only a s in g le  im perfect

absorber of the  f i r s t  kind equation (3*407) would not be s a t i s f i e d

and the  r i g h t  hand s ide  of equations (3 . 4IO) to  (3 *412) would be

m u lt ip l ie d  by the  ap p ro p r ia te  f a c to r  f o r  p.

I t  is  c le a r  from equations (3 . 4IO) to  (3*412) th a t  th e  type

of absorber under considera tion  q u a l i t a t iv e ly  produces no new f i e l ( ^
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bu t only changes th e  magnitude and/or s ign  of the  f i e ld s  due to  the 

source . I t  i s  reasonable to  expect such a lso  to  be the  case i f  bo th  

Ap and ^  e x i s t  s im ultaneously . In t h i s  case i f  we re p re se n t  the 

s tim ulus of the  source by un ity  the  stim ulus ap p lied  to  Ap and Ap 

w i l l  r e s p e c t iv e ly  be

1 - Op
and

1 - Op
where ap is  the  response of Ap and ap i s  t h a t  of Ap. We have then

U p  =  p ( l  -  a p )
^  (3 .U 3 )

ap = f ( l  — Op)

In  te  m s  of th i s  n o ta t io n ,  equation (3.407) ev iden tly  req u ire s

th a t

Op + ap = 1 (3*414)

We consider  th ree  p o s s i b i l i t i e s :

(a)  p = f  = 1 (Both Ap and Ap are  p e r f e c t  a b so rb e rs ) .  Here equations

(3. 413) a re  i n d e t e m in a t e , and lead  only to

Up' + op = 1

which i s  the  same as (3*414). This is  tiie case  of the  Wheeler 

and Feynman d e r iv a t io n s ,  vhere i t  was assumed on the  b a s is  of 

i n i t i a l  con d it ions  th a t

Op = 0 (3 .4141)

a p  =  1

I t  w i l l  be seen t h a t  (3 . 414I )  is  obtained unambiguously in

(b).
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(b) p < l ,  f  = l ,  (Ap only i s  a p e r f e c t  absorber)»  Equations

( 3. 413) now have the unique so lu t io n

Cp = C

ap = 1

which is  compatible w ith ( 3 .4 I4 ) . We thus have the remarkable

r e s u l t  t h a t  the  response of the p e r f e c t  absorber Ap i s  the same

as i f  the im perfec t absorber Ap were n o n -ex is te n t ,  while the 

response of the l a t t e r  is  zero.

(c) PC  1, f  <  1. Here (3. 4I 3) have a unique s o lu t io n  which 

is  not compatible w ith  (3 ,414).

We have

i i L z J l
1 -  f  p

p ( l  -  f) 

1 -  fp

This r e s u l t  i s  usefu l in studying  the case where Ap only 

approximates to a p e r f e c t  absorber. We w r i te
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where A 1,

ob ta in ing

95.

a.F (l-A)S S

ap (l-^)A  A

1 AOp + ap = 1 — ———— — A
A+^-A^

We see then th a t  the response of Ap is  very nearly  th a t  of a p e r f e c t  

absorber in  the  absence of Ap, while the response of Ap i s  very sm all ,  

and th a t  (3.414) is  approximately s a t i s f i e d .  These r e s u l t s  s t i l l  hold 

i f  Ap approximates to  a p e r f e c t  absorber, p rovided  only th a t  the  

approximation of Ap to  a p e r f e c t  absorber i s  of a h igher  degree than 

t h a t  of Ap. That is

ap %  1

Op 0

provided  A <T ^

even though ^ c  %

A weakness in the foregoing arguments i s  contained  in  the  

f a c t  th a t  i t  is  unreasonable to  expect the response of an im perfect 

absorber to  be of the  same f o m  as i t s  stimulus* I t  may however 

be assumed from symmetry cond itions  th a t  th e  response to  a p o in t  

source is  e q u iv a len t  to  a d is tu rb an ce  emanating from the  same po in t, 

We th e re fo re  de fine  an im perfec t absorber of the second kind to  be 

one whose response to  the  non-zero stim ulus
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i s  equal to

v te re  and are d i f f e r e n t .  I f  àp i s  such an abso iher ,  then B^n

is  to  rep la ce  Fj-^ on the  r ig h t  hand s ide  (only) of equations ( j.Z^lOP)  ̂

(3 . 4IIP ) and (3 .U 2 P ) .

Consider again  the case of a p e r f e c t  absorber an im perfect 

absorber of the  second kind Ap and a source "a". Denoting the 

response of Ap by  ̂ then in view of equation  (3*411P) sBd the

l a s t  paragraph the  stim ulus app lied  to  Ap i s  given by

and s in ce  the response of Ap i s  the same as i t s  s th n u lu s ,  the  stim ulus 

app lied  to  Ap i s  (using  3. 4IIP )

s

wiiich is  the same as i t s  response , and th e re fo re  must van ish . We 

conclude then th a t  the  response (and stim ulus) of Ap is  zero a lso  in  

t h i s  genera l case , and th a t  the equation

% n (^ )  “ ^ ^mn (&) + -  ^^mn “ ^mn (3. 408/
b /a  h \  R S /

derived  by \Vheeler and Feynman from (3.40?) and ( 3, ^ 3) has the

p hysica l  s ig n i f ic a n c e  of having ra d ia t iv e  re a c t io n  c o r re c t ly  rep resen ted

by th e  second term on the  r ig h t  hand s id e ,  provided Ap only i s  a

p e r f e c t  absorber. We thus claim th a t  the  i r r e v e r s i b i l i t y  of r a d ia t io n

i s  a r e s u l t  of a change (from im perfec tion  to  p e rfe c t io n )  in  the

p ro p e r t ie s  of the  absorber as i t  p rogresses from p a s t  to  fu tu re .
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I t  w i l l  be shovm in  the next s e c t io n ,  a f t e r  g e n e ra l iz in g  the 

electrodynam ics of Y/heeler and Feynman to  the  de S i t t e r  Space of 

constant c u rv a tu re ,  t h a t  w ith  a S teady-S ta te  Cosmology d i s t r ib u t io n  

of mass and charge Ap and Ap appear to  have the req u ired  d if fe ren c e  

in t h e i r  p ro p e r t ie s .
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3 .5 . ZZTSNSION OF \/HEELSR Am FFmiAl'T PARTIOLZ 

ELECTRODyNAmCS TO THE DE SITTER SPACE-TUviE 
OF CONSTANT CURVATURE

In tro d u c tio n

A n a tu ra l  ex tension  of the electrodynam ics contained in equation 

(3. 201) to  genera l Riemannian space is  obtained by w r i t in g  as the  

fundamental p h y s ic a l  p r in c ip le

Var = 0 (3. 501) ̂+ ~ ~ 2 j
a /

where now the comprise the  m e tr ic  te n so r  of the  Riemannian space, 

â  ̂ a re  general coo rd in a te s ,  and Fr is  some (as y e t  unspecified) co

v a r ia n t  v e c to r  p o te n t i a l  f i e l d .

I t  is  e a s i ly  sho'^vn th a t  the  equations of m o t i o n r e s u l t i n g  

from (3 . 501) a re

“ 2 “ 2

/ \ b  -F n (x )
■where F„_(x) =    (3. 502)

™ 5 x "  d x “

and da2 = da“ da". (3. 503)

To complete t h i s  genera lized  theory  we req u ire  only a 

d e f in i t i o n  of the  vec to r

P r(x )

The p ro p e r t ie s  th a t  w i l l  be demanded of th i s  v ec to r  f i e l d  a re  

as fo llo w s:

(a) In the sp e c ia l  case of f l a t  space-tim e i t  must reduce 

to  t h a t  given by the time-symmetrical def in t io n  (3. 227) .
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( t )  I t  must be determ ined by the  world l i n e s  of th e  v a r io u s  

charged p a r t i c l e s .

(c) In  o rd e r  to  m a in ta in  the  P r in c ip l e  of S u p e rp o s i t io n  we w i l l  

r e q u i r e  t h a t  the p o t e n t i a l  due to  a group of p a r t i c l e s  i s  eq ua l  t o  

the  sum of the  p o t e n t i a l s  of the  in d iv id u a l  p a r t i c l e s .  We v /r ite

? r ( a )  = 2 F f j a j  ( 3 - 5 0 4 )
h/a

(b)
F r (% )  = S F r  (%) ( 3 - 5 0 5 )

a l l  b

E quation  (3-504) ensues the  p ro p e r ty  of Omission of S e lf  A ction  in

( 5 . 501) .

We add to  the fo reg o in g  l i s t  the  t e n t a t i v e ” requ irem en t t h a t  

in a d d i t io n  to  the  one s e t  o f Maxwell’s eq uations  which a re  d e r iv a b le

from ( 3 . 502) :

^mn,r **■ ■^nr,m *** ^rm,n ~  ̂ (5*506)

(d) The skew symmetric t e n s o r  defined  by ( 3.502) must s a t i s f y

the second s e t  of M axw ell 's  g e n e ra l iz e d  equa tions

= k . % f  (3 .507)

where the c u r r e n t  f o u r - v e c to r  i s  g iven by

fô(xbi)Ô(xb2)ô(xb3)ô(xb,)db®  
f i x )  = E e ^ l   --------i ~ — 2 . ----------  (3 . 508)

Bearing in  mind e q u a tio n  (2 . I 24) i t  i s  seen t h a t  equatioos (3 . 507) 

and ( 3. 508) a re  i d e n t i c a l  in form to  the  corresponding  equations  

(3 . 230) of the  f l a t  space th eo ry .

^ This requ irem en t i s  d iscu ssed  in  Chapter IV.
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In  view of the  in v a r i a n t  s p a t i a l  d i s ta n c e  D defined  in  

S e c tio n  2 .2 .  i t  i s  a simple m a t te r  to  f in d  a v e c to r  p o t e n t i a l  

s a t i s f y i n g  ( a ) ,  (h) and (c) above. The s im p le s t  o f  these  is  g iven  

by ( 3 . 227) i t s e l f .  (No e x p l i c i t  re fe re n c e  to  the  m e t r ic  is  con

ta in e d  in  ( 3 . 227) ) .  However i t  can be shown t h a t  w ith  tÜ s  cho ice  

of p o t e n t i a l  requ irem en t (d) i s  not in  g e n e ra l  s a t i s f i e d  in  non-f la t^

Riemannian spacej i t  i s  not in f a c t  s a t i s f i e d  in  de S i t t e r  s p a c e .

Although i t  has not been found p o s s ib le  in  th i s  work to  f i n d  

a g e n e ra l  p o t e n t i a l  s a t i s f y i n g  requ irem en ts  (a) to  ( d ) ,  a s u i t a b l e  

p o t e n t i a l  has been found fo r  th e  s p e c i a l  case of de S i t t e r  space .

For the  rem ainder of t h i s  c h a p te r  only t h i s  s p e c ia l  case w i l l  be 

c o n s id e re d .

S p a t i a l  D is tance  in  de S i t t e r  Space.

I t  i s  of i n t e r e s t  to  note t h a t  the in v a r i a n t  s p a t i a l  d i s ta n c e  

D which is  to  be used in the  d e f i n i t i o n  of an e le c tro m a g n e tic  

p o t e n t i a l ,  has a s p e c ia l  p h y s ic a l  s ig n i f ic a n c e  in  the  theo ry  o f  

S te a d y - s ta te  Cosm drgy. Using the  m e tr ic

ds2 = -  (dx^ + dy2 + dz^) exp 2kt

then in  Steady S ta te  th eo ry  la rg e  s c a le  movements of p a r t i c l e s  

a re  a long the  g eodes ic s

X = const

y  = cons t

z = c o n s t

The s p a t i a l  d is ta n c e  from a p o in t  X w ith  co o rd in a te s

(0 , 0 , 0 , t )
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to  th e  world l in e  (Lq) of one of th ese  p a r t i c l e s  (X^) i s  g iven  by

( 2 . 327) .  We have th e n ,  assuming Xq to  l i e  on th e  p a s t  b ranch  of th e

n u l l  cone through X,
exp k ( t - t o )  -  1 ,

k

= r  exp k t

by ( 2. 317) ,  where r  i s  g iven  by ( 2. 3I 6) .  Here D has th e  p h y s ic a l  ^

s ig n i f ic a n c e  of be ing  th e  lu m in o s i ty  d is ta n c e  of r e l a t i v i s t i c  and 

s te ad y  s t a t e  c o s m o l o g y ( f r o m  the  source  to  th e  obse rv er  X). 

E le c tro m ag n e tic  P o t e n t i a l  in  de S i t t e r  Space 

We can now d e f in e ,  f o r  de S i t t e r  sp ace ;

Fr

where m^ i s  d e f in e d  in (2 .356) and and in  (2.205)* (The

p o in t  a^ and the  w o r ld - l in e  of b a re  r e s p e c t iv e ly  denoted in  

C hapter I I  by X and L).

N oting  eq ua tion s  ( 2. 363) to  ( 2. 365) and (2 .3 7 2 ) ,  i t  i s  c l e a r  in  

view of (2 , 373) t h a t  ( 3. 507) i s  s a t i s f i e d  by the cho ice  of p o t e n t i a l  

( 3 . 510) .  We a l s o  see  t h a t  i f  we p u t

k = 0 (d eg en era t io n  to  f l a t  space)

in  the  d e f i n i t i o n  of m^, then  ( 3*510) becomes e q u iv a le n t  to  (3*227)* 

R a d ia t iv e  R eac tion  by a S ing le  Charged P a r t i c l e

We c o n s id e r  now th e  case  of two charged p a r t i c l e s  "a" and "b" 

i n i t i a l l y  u n a c c e le ra te d  and l in k e d  by a s in g le  fam ily  of n u l l  

g e o d e s ic s .  P a r t i c l e  "a" i s  then s t im u la te d  in to  a c c e l e r a t i o n  by a
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non-electrom ag ne t i c  f o r c e ,  producing a r a d i a t i o n  f i e l d  a t  

P a r t i c l e  "b" i s  a c c e le r a te d  by th i s  f i e l d  and in tu rn  produces a 

r a d i a t i o n  f i e l d  of the opposite  sense (w ith  r e s p e c t  to  advancement 

o r  r e t a r d a t io n )  which a r r i v e s  a t  "a” s im u ltaneou s ly  w ith  i t s  

o r i g in a l  a c c e l e r a t i o n .  We c a l l  t h i s  l a t t e r  f i e l d  (c a lc u lu a te d  a t  

"a") the advanced o r  re ta rd e d  r a d i a t i v e  r e a c t io n  of "b" on "a",  

the r e a c t io n  being  termed advanced i f  "b” l i e s  on the  fu tu r e  branch 

o f a ’s n u l l  cone, and r e ta rd e d  i f  "b" l i e s  on th e  p a s t  branch of a ’s 

n u l l  cone.

The v e lo c i ty  4 -v e c to r^  of p a r t i c l e  "a” f o r  s im p l i c i ty  w i l l  be 

denoted by

and the  a c c e l e r a t i o n  v e c to r

^2qïïi i m j ^ ^ r  ^gS

da^ I r  8 \ da da

..m a .

A s im i l a r  n o ta tio n , w i l l  be used f o r  p a r t i c l e  b ’s v e lo c i t y  and 

a c c e l e r a t i o n .  Otherwise th e  n o ta t io n  w i l l  be t h a t  used f o r  

eq u a tio n  (2 .3 5 6 ) ,  in  which c a se s  a p r e f i x  ^ w i l l  be used to  d i s 

t in g u is h  those q u a n t i t i e s  f o r  which b i s  to  be con sidered  th e  

sou rce . We have f o r  example, from (2 .2 0 4 ) ,

D = ( 5 5  U )

0 °  = ■ ( 3 . 5 1 2 )

We a re  reminded th a t  a l l  v e c to rs  under c o n s id e ra t io n  are 
de fin ed  by p a r a l l e l  t r a n s f e r  a lon g  the n u l l  geo des ic  jo in in g  " a ” 
and "b".
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I t  i s  e a s i l y  shown from (2.318) t h a t

4  = -  '

We now c a l c u l a t e  th e  f i e l d

.  (a)

(3 .513)

mn (b)

which w i l l  be one h a l f  of th e  f u l l  r e ta r d e d  or advanced f i e l d  of "a". 

Using ( 3 . 510) ,  ( 2 . 356) and (2.359) we have

(a)Fp r ( " )  -  1 %  « g : .

.. r

q2 d3 d3
(3 . 513)

The f i r s t  two terms in  th e  b ra c k e t  on the r i g h t  hand s id e  of

( 3. 513) c o n s t i t u t e  the  r a d i a t i o n  f i e l d ,  each being e s s e n t i a l l y  p ro 

p o r t io n a l  to
1 

D

We now assume, t h a t  "a " and "b" a re  s e p a ra te d  by a l a r g e  s p a t i a l  

d i s t a n c e ,  and th e r e f o re  drop the  l a s t  b rack e ted  te m q  v/hich i s  e s s e n t i a l l y  

p r o p o r t io n a l  to

1 
d2

We have then , u s in g  ( 3 .5011 )

D‘ b3
( 3. 514)

The r a d i a t i o n  f i e l d  of ”b ” a t  "a" i s  g iven  by

F
(b)

pq
r e
pq

o^e^r 0^0^]^ 8^
(3. 515)

o oD-



5.5. 104.

On s u b s t i t u t i n g  (3.514) in (3.515) and using  (2.3531); and (3.511) to

( 3 . 513) th e re  ob ta in s

2
F. (b) ®a®b
pq

V q"^q® P  ) p_ _ _ _ _  - ,  r
.ED

L

(3 . 516)

P a r t i c l e  ”a ” i s  s u b je c t  t o  tv/o f o r c e s ,  th e  non-electrom ag ne t i c  

d i s tu r b in g  fo rc e  and t h a t  c o n ta in ed  in  (3*516). The p o r t io n  of "a" ’s 

a c c e le r a t io n  a r i s in g  from the  te n s o r  ( 3 . 516) w i l l  be denoted by

D^n

so t h a t  v/e have from ( 3 . 501)

Ga (b)
0%  = ( 3. 517)

We now employ the  m e t r ic  ( f . 303) w ith  ”a"  a t  the  o r ig in  of th e  

space c o o rd in a te s ,  and c o n s id e r  the s p e c ia l  case  where

=  1 1 '

= 0 (i = 1,2, 3) (3.518)

a ^  = 0

(The l a s t  of (3.5-18) fo llov/s from the f i r s t  two).

S u b s t i t u t in g  ( 3.516) in ( 3. 517) and app ly ing  (3 . 5I 8) we f in d

a = 0 
o 4

o ^ i
1 / P '  B .

4
4“ i  * 1* “ 0

jDd2 ^ q3
- - -  I ( j  =  1 ) 2 , 3 )

(3. 519)

(3.520)

Using the va lues  g iven  in (2 .318) f o r  and employing (2.317) 

and ( 3 . 511) w ith  ( 3. 518) th e re  o b ta in s
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■°i 1
pED ' ■ pDDj.2 j  4  mgrn ĉ^

v/here = 6. . b^b^. i j

I f  we now choose one of the  co o rd ina te s  ax is  (say the  n^b) a long 

the  d i r e c t io n  of th e  a c c e le ra t io n  v ec to r  a^ , so t h a t

a< = 0 f o r  1 /  n
V ^

then i t  i s  easy to  show th a t
P O If Q

1 ®a ®1d ancin^e  
gOg Bo = -  -  ---- J—  ----- (3 . 521)

It m-bĈ  oDD

V/here 9 i s  g iven by

cos 9 = —
r

The v e c to r  component

i s  c le a r ly  the  component of the  fo rce  of r a d i a t i v e  r e a c t io n  in the  

d i r e c t io n  of the a c c e le ra t io n .

Steady S ta te  Gosmology(^^)

Before apply ing  the fo reg o in g  to  a l a r g e  number of p a r t i c l e s  

”b " ,  some assumption must be mode with reg a rd  to  the d i s t r i b u t i o n  

of charged p a r t i c l e s  in  the un iverse .  We adopt here the  la rg e  sc a le  

d i s t r ib u t io n s  and motions demanded by the Steady S ta te  theory of 

Cosmology.

This theory  is  s e t  in  de S i t t e r  4 -sp ace , and i f  we empty

! ^ "  - \m e tr ic  . / =? \
I ' j

ds^ = d t2  -  (dr2 + 1-2^02 r^sîn^Bdÿ,^) exp 2k t  ,-3' " ' ( 5 , 6 y )
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then  the  l a r g e  s c a le  motions of p a r t i c l e s  a re  a long the  geodesics  

defined  by

dr = d0 = dçS = 0 (3 . 523)

The la r g e  s c a le  p ro p e r  d ens ity  of p a r t i c l e s  ia  taken to  be a con

s t a n t ,  so t h a t  the  number of p a r t i c l e s  ly in g  on the  n u l l  cone 

through the o r ig in  of s p a t i a l  c o o rd in a te s

r  = 0

and hav ing  r a d i a l  co o rd in a te  betv/een r  and r* d r  is

4%r^ndr exp 3k t  ( 3. 524)

v/here n i s  a c o n s ta n t .

The Steady S ta te  th eo ry  demands a s teady  c re a t io n  of m a t te r  

to  m a in ta in  a c o n s ta n t  p ro p e r  d e n s i ty .  The c re a t io n  of charged 

p a r t i c l e s  w i l l  not produce an a p p re c ia b le  e lec tro m ag n e tic  f i e l d  

p rov ided  the  average r a t e  of c re a t io n  of charge i s  z e ro ,  and p ro 

v id ed  the  i n i t i a l  v e l o c i t i e s  o f  newly c re a te d  p a r t i c l e s  a re  not 

random b u t  a re  the  same as the  l a r g e  sc a le  v e l o c i t i e s  of the  

e x i s t i n g  m a t te r  a s  g iven  by ( 3*523)

R a d ia tiv e  R eaction  w ith  Steady S ta te  D is t r ib u t io n  of charged p a r t i c l e s  

The case  i s  now co nsid ered  (using  the  m e t r ic  (3* 522))of a source 

" a ” whose world l i n e  i s  along

r  = 0

and a d i s t r i b u t i o n  of charged p a r t i c l e s  *b*’ given by (3*524) w ith  

n o tio n  (3 . 523) .  We assume each charged p a r t i c l e s  *b" to  have equal 

mass (m) and equal magnitude of charge  (e) .

Because of symmetry c o n d it io n s  the fo rc e  of r a d i a t i v e  r e a c t io n



3-5. 107.

a c t in g  on ‘̂a w i l l  be along the  d i r e c t io n  of i t s  t o t a l  a c c e le r a t io n .

The f a c t o r  sin^O in  (3.521) w i l l  have the  average v a lue  2 /3 , and the 

t o t a l  fo rce  of r e a c t io n  due to  those p a r t i c l e s  v/ith r a d i a l  co o rd in a te  

b e t  v/e en r  and r+ dr w i l l  be

2 ^ r^
-  -  ---- r-— T^n d r  exp 3k t a^ (3,525)

3 nc^  qDD

The va lues  g iv in g  f o r  and D in ( 2 . 327) a re  in  the p re s e n t  c i r 

cumstances
exp k ( t - a 4 ) - l  

k

exp k ( a ^ - t ) - l  

k

Using ( 2. 317) and deno ting  a ^  by tg  we have

gDD = - r ^  exp k ( t+ to )

Thus ( 3, 525) becomes

(2aPea/3c^) (7T:ne^/nc)dr ex p (-k tg )ex p  2kt (3 . 526)

Excepting  the p resence  of the  e x p o n en tia l  term s, t h i s  i s  e s s e n t i a l l y ^  

the  formula of Wheeler and Feynman f o r  the  corresponding  c a lc u la t io n  

( d e r iv a t io n  l )  in  f l a t  sp ace - t im e .

Ey ( 2. 317)

d r  = -  e x p ( -k t ) d t

The fo rm ula  of Wheeler>and Feynman c o n ta in s  an a d d i t i o n a l  f a c t o r  
of 2, v/hich is  p r e s e n t  b ecau se  o f  t h e i r  assum ption  of th e  f u l l  
r e t a r d e d  f i e l d  of th e  so u rc e  b e in g  e x p e r ie n c e d  by th e  a b s o rb e r .
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t h e r e f o re  (3 . 326) can he expressed  as

-  (20^%/3c;2) (^ne^/rac) e x p k ( t - t j a t  (3.527)

(The p o s i t iv e  s ig n  in  (3#32?)' corresponds to  t  \» to , th e  neg a tive  s ig n  

to  t  <  t ^ ) .

The s im p l i f i e d  r a d i a t i v e  r e a c t io n  of the f u tu r e  absorber  (Ap) i s  

found by in te g r a t in g  (3-327) from tg  to  oo, and of th e  p a s t  (Ap) by 

s i m i l a r ly  i n t e g r a t in g  from -co to  t ^ .  The former i n t e g r a l  i s  i n f i n i t e ,  

b u t  the  l a t t e r  has the  f i n i t e  va lue

-  i  (^neV^ac) (3 . 528)

These v a lu es  bear  l i t t l e  r e l a t i o n s h i p  to  c  c o r r e c t  d e r iv a t io n  of 

r a d i a t i v e  r e a c t i o n ,  because v/e have no t taken in to  account th e  in 

t e r a c t io n s  of th e  p a r t i c l e s  of th e  ab so rb e r .  However th e  fo llow ing  

pinysical s ig n i f i c a n c e  may be a t ta c h e d  to  the  above re s u l ts *  the  

s im p l i f i e d  r a d i a t i v e  r e a c t io n  of Ap is  equal to  t h a t  o f  an i n f i n i t e  

nuiiiber of p a r t i c l e s  a t  a f i n i t e  d i s ta n c e ,  w hile  t h a t  of Ap corresponds 

to  th e  r e a c t io n  of a f i n i t e  number of p a r t i c l e s  a t  a f i n i t e  d is ta n c e .

I t  seems rea so n ab le  to  assume t h a t  Ap cannot p rov ide  complete a b so rp t io n .

In t h e i r  D e r iv a t io n  I ,  Feynman and v/heeler showed, u s ing  a theory  

based  on Ivbxwell’s e q u a tio n s ,  th a t  when in te r a c t io n s  between p a r t i c l e s  

were taken  in to  account th e  i n t e g r a l  r e p re s e n t in g  r a d i a t i v e  r e a c t io n  

converged to  g ive  th e  d e s i r e d  q u a n ti ty .  In  view of the f a c t  th a t  

the  ex p o n en tia l  in  (3 . 326) may be reg a rd ed  as a chacge of p a r t i c l e  

d e n s i ty  vd th  d i s ta n c e ,  and the  f a c t  t h a t  Ivhxwell's eq u a tio ns  a re  

s a t i s f i e d  in  the  p re s e n t  th eo ry ,  one m ight reasonab ly  expect th e  

same r e s u l t  to  ho ld  here  f o r  the  case of Ap-
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R a d ia tiv e  R eac tion  -  General D e riva tio n
-  ' ' —■■'I '"iw i 1,1 iiiiM^— »ii II ■HIM   I . . . . . . .

A g e n e ra l  d e r iv a t io n  of r a d i a t i v e  r e a c t io n  in de S i t t e r  space 

and vdth  S te a d y - s ta te  d i s t r i b u t i o n  of charged p a r t i c l e s  w i l l  now be 

g iven .

We have
1 (b)

Fmn(^) = ^ 5 (Fmnlp) + F^n (^ ) )  (3 .529)
b /a  ^ R S

Now i t  fo llow s from (2.3711) and th e  d e f i n i t i o n  of e le c tro m ag n e tic

p o t e n t i a l  (3*510) t h a t

(b) / \ _nn (b)Z (F ^  ^ (x) -  ^ (x)), = 0 (3 . 5 3 0 )
a l l  b R S i n

I t  i s  now assumed t h a t  the  s o lu t io n  of (3*530) a p p ro p r ia te  to  a 

•universe c o n ta in in g  a s u f f i c i e n t  number of charged p a r t i c l e s  i s

2 / =  0 (3. 531)
a l l  h \  ^  ^  /

I f  (3. 531) Is a p p l ie d  to  (3*529) th e re  ob ta ins

Pon(=) = + f ( F n n  ~ ^’j n n / c ® ) ]  (3*532)

In  view of im p lica tio n s  of ( 3. 528) Ap may no t be regarded  as a 

p e r f e c t  a b so rb e r ,  and by the arguments in  S ec tio n  3*4* under the  

heading "P e rfec t  and l a p e r f e c t  Absorbers ", (v/hich arguments e q u a l ly  

w e l l  apply  h e r e ) ,  the  second term on the r i g h t  hand s id e  of (3*532) 

c o n s t i t u t e s  r a d i a t i v e  r e a c t i o n s ,  le a v in g  as the  remaining f i e l d  the  

f u l l  r e ta r d e d  f i e l d  of a l l  the  o th e r  p a r t i c l e s .

I t  i s  noted t l ia t  JVIaxwell’s equations a re  a necessa ry  bu t not 

s u f f i c i e n t  c o n d it io n  f o r  (3*530) to  be s a t i s f i e d .  For Maxwell’ s
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equations a re  a necessa ry  co n d it io n  f o r  (3*530) ,  which in  tu rn  is  

necessary  f o r  (3*531)* The assumption (3*53l) would appear to  be 

a weakness in  the fo rego ing  d e r iv a t io n .  However i t  should  be p o in te d  

out t h a t  s in c e  th e  f i e l d s  in  t h i s  th eo ry  s a t i s f y  iviaxwell’s equations 

th e  arguments used by V/heeler and Feynman and con ta ined  in  eq uation  

( 3 . 405) e q u a lly  w e ll  apply h e re .

The e s s e n t i a l  d i f f e re n c e  between the  p r e s e n t  th e o ry  and t h a t  of 

Wheeler and Feynman i s  th e  means whereby th e  i r r e v e r s i b i l i t y  of 

r a d i a t i o n  i s  de riv ed . No unsynm etrica l element e x i s t s  in  t h e i r  th e o ry ,  

hence they a re  o b lig ed  to  in trod uce  unsymmetrica 1 i n i t i a l  c o n d i t io n s ,  

b u t  vrlthout e x p la in in g  e i t h e r  the  meaning of these  c o n d it io n s  or th e  

means by which th e  d e s i re d  r e s u l t  i s  ach ieved . In  the  p re s e n t  theory  

the  i r r e v e r s i b i l i t y  of r a d i a t i o n  fo l lo w s  n a tu r a l l y  from an un- 

symTiietrical m e tr ic  and a c o n s ta n t  p ro p e r  d e n s i ty  of charged m a t te r .

I t  i s  i n t e r e s t i n g  to  note t h a t  the  unsymmetr ica 1 f a c t o r  in  

( 3*527) is  the ex p o n en tia l  in th e  v a r ia b le  t .  I f  tiie argument of 

t h i s  e x p o n en tia l  were a negative  m u l t ip le  of t ,  then r a d ia t io n  

would take  p la c e  in  the opposite  sense  of t .  Now in  (3*525) (from 

which (3 . 527) was deriv ed )  the  cube of t h i s  ex p o n en tia l  a p p ea rs ,  being 

re q u i r e d  by the  assumption of c o n s tan t  p ro p er  d e n s i ty .  Other f a c to r s  

in the  m e t r ic  reduce th i s  cube to the  e^cponential in  (3*527)* However 

th ese  o th e r  f a c to r s  a re  not pow erful enough to  change th e  s ig n  of the 

e x p o n en tia l .  Now s in ce  th e  p ro p e r  d e n s i ty  i s  kep t c o n s ta n t  by a 

c r e a t io n  of m a t te r ,  i t  seems reasonab le  to  a s s o c ia te  the  time d i r e c t io n  

of r a d i a t i o n  w ith  the  time d i r e c t i o n  of th e  c re a t io n  of m a t t e r ,  and to  

c la im  t h a t  the  i r r e v e r s i b i l i t y  of b o th  of th ese  p ro ce sse s  are  c lo s e ly  

r e l a t e d .
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C H A P T E R  IV

g r a v i t a t i o n
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4 .1 . INTRODUCTION

While the  two major developments in  g r a v i t a t i o n  -  Newton’ s 

p a r t i c l e  theory  of in s tan taneou s  a c t io n  a t  a d is ta n c e  accord ing  to  

an in v e rse  square  law, and E i n s t e i n ’s re v o lu t io n a ry  idea  of r e l a t i n g  

Liat t e r  to  the- cu rv a tu re  te n s o r  of a fo u r  d im ensional space-tim e  

continuum -  d i f f e r  co n s id e rab ly  in  concept, the o b se rv a t io n a l  

d i f f e r e n c e s  are  extrem ely m in u te ,  being in  f a c t  j u s t  s u f f i c i e n t  

in  magnitude to  b r in g  favo u r  on the  l a t t e r .  Indeed the  amazingly 

a c c u ra te  p r e d ic t io n s  of astronomy are  made alm ost w ithou t excep tion  

on the  b a s i s  of Newd:on’s th eo ry .

However, a f t e r  the  g e n e ra l  acceptance  of the  p r in c ip le  of the  

s p e c ia l  theory  of r e l a t i v i t y  th e re  were reasons  probably  s t ro n g e r  

than th e  second o rder in ac cu ra c ie s  of Newtonian g r a v i t a t i o n  in  i t s  

d i s f a v o u r .  I f  we a cc ep t  from the  s p e c i a l  theory  t h a t  c a su a l  

e f f e c t s  a re  p ropagated  w ith  a speed  not exceeding t h a t  of l i g h t , ^  

we should expec t in  th e  case  of a t e s t  p a r t i c l e  (o r  a p la n e t)  

rev o lv in g  about a g r a v i t a t i n g  mass to  f in d  an a b e r r a t io n  e f f e c t  

p ro p o r t io n a l  to  the- v e lo c i ty  p e rp e n d ic u la r  to  the  ra d iu s  v e c to r .

Such an e f f e c t ,  not found in n a tu re ,  would be c o n s id e ra b ly  l a r g e r  

tlian th e  second o rder  in a c c u ra c ie s  a lre ad y  m entioned. Thus from 

th e  o b se rv a t io n a l  p o in t  of view, Newton’s theory  of g r a v i t a t i o n  

i s  more com patib le  w ith  f a c t  and w ith  the r e s u l t s  of the  g en era l

^  That such an i n t e r p r e t a t i o n  of the  s p e c ia l  theory of r e l a t i v i t y  
i s  not u n iv e r s a l  i s  exem plified  by ( I 3 ) .
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theory  of r e l a t i v i t y  i f  we do not add to  i t  a p ro p e r ty  which may seem

in escap ab le  from the p o in t  of view o f  s p e c ia l  r e l a t i v i t y .

A f te r  approxim ately  f o r ty  years  of con tem plation  by s c i e n t i s t s ,  

the  s p e c i a l  theory  of r e l a t i v i t y  s tands in  c o n s id e ra b ly  h ig h e r  

u n iv e r s a l  fav o u r  than i t s  g e n e ra l i z a t io n  in  the  g e n e ra l  theo ry . I t  

i s  th e r e f o re  of some importance to  have a formula v/hich w i l l  more 

d i r e c t l y  inc lude  g r a v i t a t i o n  in  the  s p e c ia l  th eo ry , v/hich v / i l l  be 

in v a r ia n t  under i t s  t r a n s fo rm a t io n s ,  and which w i l l  g iv e  r e s u l t s  

a t  l e a s t  as a cc ep tab le  as the  p r e - r e l a t i v i t y  th eo ry .

VJhitehead(^) proposed such a theo ry  as e a r ly  as 1922. His 

work y ie ld s  the  c l a s s i c a l  r e s u l t s  of gravita .üon,and in  a d d i t io n  

second order e f f e c t s  which c o r r e c t ly  p r e d ic t  the  th re e  famous so-

c a l le d  co n firm a tio n s  o f  the  g en era l  theo ry  of r e l a t i v i t y .  He p o in te d

out t h a t  w h ile  E in s t e i n ’ s g r a v i t a t i o n a l  law i s  extrem ely l im i te d  in  

i t s  a p p l i c a t io n  to  a c tu a l  problem s, a th eo ry  such as h i s  can be 

a p p lied  to  any c o n f ig u ra t io n .

In  the  p r e s e n t  ch ap te r  th e  s t r u c tu r e  of W hitehead’s theo ry  i s  

examined, p a r t i c u l a r l y  w ith  r e s p e c t  to  i t s  a b i l i t y  to  p r e d i c t  the 

advance of p e r ih e l io n  and i t s  p o s i t io n  w ith  r e s p e c t  to  the  g ra v i 

t a t i o n a l  mass o f c l a s s i c a l  energy. The l a s t  s e c t io n  of the 

Chapter i s  devoted to  an e x ten s io n  (based on the  d is ta n c e  D of Sec tion  

2 .2 . )  of W hitehead’s th eo ry  to  de S i t t e r  space-tim e o f  co n s tan t  

c u rv a tu re ’. The more g e n e ra l  c o n s id e ra t io n s  of the  theory  w ith  r e s p e c t  

to  General R e l a t i v i t y ,  Cosmology, and the  problem of i n e r t i a

.....................................   " here  is  q u i te  d i s t i n c t  fromThe g e n e r a l i z a t io n  to  be proposed
t h a t  of Temple( 9 ) ( 1923) .
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a re  re se rv e d  f o r  the fo llow ing  c h a p te r .

In c o n t r a s t  to  V/heeler and Feynman e lec trod ynam ics ,  W hitehead’s 

theory of g r a v i t a t i o n  i s  based on the idea of antecedence of cause 

over e f f e c t .  This i s  c e r t a in ly  not demanded by the  p r i n c i p l e  of 

s p e c ia l  r e l a t i v i t y  around which the theo ry  is  framed, f o r  every 

m athem atica l equation  d e sc r ib in g  t h a t  p r i n c i p le  i s  sym m etrical 

with r e s p e c t  to  p o s i t iv e  and negative  time. I t  i s  of some i n t e r e s t  

then  to  d ev ise  and examine a tim e-sym m etrical Whitehead th e o ry .^

This i s  done in  S e c tio n  4.5*

An i n t e r e s t i n g  example of a Loi^entz in v a r ia n t  g r a v i t a t i o n a l  

theo iy  w ith  dependence upon advanced e f f e c t s  i s  t h a t  proposed by 

S y n g e i n  1935. 3his th eo iy  inc ludes  non-antecedence e f f e c t s  

because i t  i s  based on the emission of momentum p a r t i c l e s  from each 

g r a v i t a t i n g  body in  such d i r e c t io n s  as to  be rece iv ed  by the  o th e rs ,

A fore-know ledge by each body of the  fu tu re  p o s i t io n s  of th e  o thers  

i s  im p lied , whicii i s  indeed an advanced e f f e c t ,  s in c e  each body 

a t  p r e s e n t  i s  in f lu e n c in g  the  p a s t  h i s t o r i e s  of the  r e s t .

Although such a theory  w i l l  l a t e r  be abandoned on cosm ological 
grounds.
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4 .2 .  WHITEHEAD’S THEORY OF GRi.VITATIQN 

Noting th a t  W hitehead’s theory  of g r a v i t a t i o n  is  framed in terms 

of C a r te s ia n  te n s o rs  in  the  Minkov/ski space-tim e  of S p e c ia l  R e l a t i v i t y , 

and using  the  n o ta t io n  of S ec tion  3*2, th e  fundam ental p r i n c i p l e  of th e  

theo iy  i s  as fo l lo w s;

Along the  world l i n e  of each p a r t i c l e  (say  a) the fo llo w in g  

p r in c ip le  o f  l e a s t  a c t io n  i s  s a t i s f i e d ;

Vor j  ( d j ( a ) 2 ) l / 2  _ q (4.201)

where d j ( a ) ^  = da^ — —— 2 — —  dG^ (4 . 202)
G b/ 6  52 (r-g)

Here

^ = (ab?-) —-  + (ab2) ~  + ( a b 3 ) _  
db^ db^ db^

f (dbl) 2  4. (db2 ) 2  + (d b 3 )2 ^ - l/2

r" / _ 1V Qr  == |^ (abb)2  ^ (ab2)2 + (ab^)^J^^/2

Y i s  th e  g r a v i t a t i o n a l  c o n s ta n t  

dG-t) i s  t h a t  element of the  world l i n e  of p a r t i c l e  "b" which 

i s  an teceden t to  th e  element da of th e  w orld l i n e  of 

p a r t i c l e  " a S  t h a t  i s ,  two n u l l  cones ex tending  from the  

extreme ends of the  element of da in to  i t s  p a s t  c u t  o f f  

dG|3 of th e  world l i n e  o f  b.
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The q u a n t i ty  i s  an in v a r ia n t  c a r t e s i a n  s c a l a r  v/hich is

ev a lu a ted  on the  l i g h t  cone ex tend ing  from "a"into i t s  p a s t .

For a t e s t  p a r t i c l e  (v.âth c o o rd in a te s  xp) moving in  the  f i e l d  

of a p a r t i c l e  of mass m a t  r e s t  a t  the  o r ig in ,

= 1̂ 1 -  ™ j(cb c4 )2  + Ô.J

-  A i j  + (43D21)
cvr^

(Here 6 i s  th e  Kronecker d e l t a ,  and i ,  j ,  k , €  = 1 ,2 ,3 . )

Eddington^^^) p o in ted  out th a t  the m e tr ic  of th e  Schw arzschild  

s p h e r i c a l ly  symmetric s t a t i c  s o lu t io n  of the  g e n e ra l  r e l a t i v i t y  f i e l d  

equa tions  can he p u t  in t h i s  form by a simple t ra n s fo rm a tio n .  Although 

Whitehead had no t noted  t h i s  p o i n t ,  he had d e r iv e d  th e  same advance of 

p e r ih e l io n  as f o r  g e n e ra l  r e l a t i v i t y .

The m athem atica l c o m p lex it ie s  a s s o c ia te d  w ith  W hitehead’s 

d e r iv a t io n s  of s p e c i f i c  r e s u l t s  from (4*202) have undoubtedly been 

a m ajor f a c t o r  d e te r r in g  a more u n iv e r s a l  in v e s t ig a t io n  in to  h is  work . 

What i s  r e q u ire d  in  o rder  to  avoid th e se  com plex it ie s  i s  an a l t e r n a t i v e  

f e m u l a t i o n  of (4.202) v/hich p e m i t s  the  d i r e c t  usage of w e l l  known 

m athem atica l theorems.

General Tensor Form ulation  of W hitehead’s G r a v i t a t io n a l  P r in c ip l e

N oting ( 2. 212) and ( 2 .2 0 9 ) ,v/e may w r i te  in s te a d  of (4 .202)

2

d j2 (a )  = do2 -  " " j  (4 . 203)

db H-

where r e ta rd e d  q u a n t i t i e s  only a re  assumed.
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dG^

The q u a n t i t y  ----  is  e a s i l y  e v a lu a te d .  S ince  we a re  concerned
da

w ith  p o in t s  on th e  w orld  l i n e  of "b" which a re  l in k e d  t o  "a" by 

n u l l  l i n e s , we have

(a^ -  b^ )(a^ -b ^ )  = 0

and by th e  d e f i n i t i o n  of dG^,

+
daM I ,, d l f
—— da J — ( bM' + — —dGŷ
da /  \ db °

/  'i /  dbn :
+ â r ^ 7  -  { W  + i r

The d i f f e r e n c e  betv/een th e se  two zero  q u a n t i t i e s  y i e l d s ,  upon 

n e g le c t i n g  second o rd e r  d i f f e r e n t i a l s

daU
——— ab

dGb da M

da ” db® (4 . 204)

This r e s u l t  i s  a p a r t i c u l a r  c a se  o f  th e  theorem on n u l l  g e o d e s ic s
(8)

in  Riem annian space  by Kermack, McCrea and W h it ta k e r .  U sing  

(4 . 204) in  ( 4 *203) t h e r e  o b ta in s

*■“ «»" -  I 2 A  w b

i - J b ’ A '

= g ^ ^ (a )d a^ d a^  (4 .205)

2 ub^ab^
where gn,„(a) -  -g  £ T X y M  (4.2051)

° V n  /  a b \
db

T h is  i s  th e  f o m  of Y /hiteheod 's  p r i n c i p l e  used by Synge in  a r e c e n t  

p o p o r ( ^ ) ,  a l th o u g h  he d id  n o t  in c lu d e  h i s  d e r i v a t i o n  o f  i t .
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H i th e r to  v/hitehead’s formula has been expressed  only in terms 

of C a r te s ian  te n s o r s ,  A g en e ra l  ten so r  fo rm u la tion  is  made r e a d i ly  

a v a i la b le  by the e x is te n c e  of the  d is ta n c e  D of S ec tio n  2 .2 . Using

( 2. 212) we have

d jR (a) = da ̂  — —— S —— ^^b , ( 4«206)
c^ b /a  %

“ ĥnnda“ d a "  -  4  S — -  d a 2 ( 4 . 2 0 7 )

where a^ are  now g e n e ra l  c o o rd in a te s  and i s  the  corresponding  

f l a t - s p a c e  m e tr ic  te n so r .  The theorem r e f e r r e d  to  in  (8) y ie ld s

daU daU daU
ach, d? 4  a a -  4

da r, D
db ^  db ®

(4. 208)

using  the  d e f in i t i o n s  ( 2 . 2O3) and (2 .2 0 4 ) .  Applying t h i s  r e s u l t  

to  ( 4 . 207) th e re  ob ta in s

d j2 (a )  = g ^ ( a )  da“ da>̂  (4-209)

where now

R

A l te r n a t iv e ly  by (2 .2 1 6 ) ,  we may use in  (4 .2 l0 )

P P \  00 P  P
= 2 ( 6(3^) - - - -  db (4-211)

1)3 /  0 T f
R
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ïfe w i l l  c a l l  th e  te n so r  f i e l d

SinnWa = ^nn " “ 2 ' ^ h  ( ~ F ~ )  (4.212)

R

the  pseudo-me t r i e  te n s o r  of p a r t i c l e  "a ", and th e  s im i la r  te n s o r  

f i e l d  which in c lu d es  summation over a l l  the  p a r t i c l e s ,  namely

th e  a s s o c ia te d  m e tr ic  t e n s o r .  The continuum w i l l  he d e sc r ib e d  as 

the background space when r e f e r r e d  to  the m e tr ic  and as the

a s s o c ia te d  Riemannian space when r e f e r r e d  to  the  a s s o c ia te d  m e tr ic  

te n s o r .

I t  i s  easy to  see from (4 .213) t h a t  the  world l i n e s  of 

p a r t i c l e s  a re  s i n g u l a r i t i e s  in the a s s o c ia te d  m e tr ic  te n s o r ,  w hile  

(4 , 201) w ith  (4 . 209) p r e c i s e ly  d e f in e s  th e  world l i n e  of each 

p a r t i c l e  to  be a geodesic  w ith  r e s p e c t  t o  i t s  pseudo-m etric  t e n s o r  

f i e l d .  The world l i n e  of a t e s t  p a r t i c l e  ^-vhich makes no c o n tr ib u t io n  

to  the  a s s o c ia te d  m e tr ic  te n s o r  w i l l  be a geodesic  in  the  a s s o c ia te d  

Riemannian space .
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4.3 . ADVANCE OF PERIHELION

We have noted th a t  W hitehead 's  th eo ry  g iv es  the same advance 

of p e r ih e l io n  as  does the  g e n e ra l  theory  of r e l a t i v i t y .  I t  v / i l l  

now be sho'ivn from what p a r t  of the  s t r u c tu r e  of W hitehead' s theory 

t h i s  advance of p e r ih e l io n  a r i s e s .  This i s  accomplished by an 

in v e s t ig a t io n  of a theory  which d i f f e r s  from th a t  of Whitehead by 

th e  omission of the  f a c t o r

V
from the second teim on the  r i g h t  hand s ide  of (4 *203) .

We then have

Var j  dL(a) = 0  (4*301)

where

dL^(a) = da ̂  Z da^ (4*302)

' . db p j
R

For a t e s t  p a r t i c l e  (w ith  c a r t e s i a n  c o o rd in a te s  xU) moving in  the  

f i e l d  of a s in g l e  p a r t i c l e  of mass m a t  r e s t  a t  the  o r ig in ,  ( 4 . 302) 

s im p l i f i e s  to

a = tdS  ̂ (4.303)

2y
where i|r = 1 -  —^  (4* 304)

rc^

and dS^ =

Assuming the motion to  take p lac e  in  the  p lane

x^ = 0
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and t r a n s f e r r i n g  to  p o la r  c o o rd in a te s  in  the  p la n e ,

(4 *303) becomes

x l = r  cos 0

x2 = r  s in0

= c t

dL =

The Lagrangian equations o f motion r e s u l t i n g  from (4 .301) a re

2 à  r

4 1 /2  d r  \  _  1 ^ - 1 /2  i î  ^  ^1 /2  / a e v  

dS / 2 Ô r   ̂ d s ;

and

d

dS

d_
dS

S î ' l  = 0
dS

S u b s t i tu t in g  the  value  of in  ( 4 . 304) in to  these  e q u a t io n s ,  th e re  

obta ins
2

r^c '

d ^ r

dS2 ' ( a s /
=  -  / •  

r2„2 I  ̂ as / / , /
( 4 . 305)

L  4 2  “
dS dS

d0 d r  ym /
3s 55 <=5 /

/  '  -  4“

2yki/ - 1 -------
rc"^

=  0 ( 4 . 3D6)

a2t at ar ym
as2 as as r2c2

= 0 (4 . 307)

I-
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Equation (4-306) has the  f i r s t  in te g r a l

2de h /

where -  is  a c o n s tan t  of i n te g r a t i o n .  Using (4*308) to  e l im in a te
G

tlie param eter  S from (4*303), and s u b s t i t u t i n g  u = g, we o b ta in  w ith 

out the  use of any approxim ation

d^u yn: / \
—Ô + u = - -  (4 . 309)
d8^ h^

which g ives i d e n t i c a l l y  the c l a s s i c a l  path*, the  advance of the 

p e r ih e l io n  is  e x a c t ly  zero ,

V/e can go f a t h e r  than t h i s  to  show t h a t  the  motion is  th e  some

as f o r  c l a s s i c a l  g r a v i t a t i o n .  Equation ( 4 .30?) has ihe  f i r s t  i n t e g r a l

Î !  .  i  A  .  ( t . 310)
dS c \  rc2  j

A
-  being  a c o n s ta n t  of in te g r a t io n .  I f  ( 4 . 3I 0) i s  now used to  e l im i 

nate  the  param eter S from (4*305) and (4 , 306) th e re  o b ta in s

d^r /de\2 m

dt ( at j

These eq u a t io n s  of m otion, d e rived  from a L oren tz  in v a r ia n t  theo ry  f o r  

an o b se rv e r  a t  r e s t  a t  the o r ig in  w ith o u t reco u rse  to  any approxim ation , 

a re  i d e n t i c a l  to  th e  correspond ing  c l a s s i c a l  equa tions  of m otion .
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* Vexcep t t h a t  the  ’’e f f e c t i v e  g r a v i t a t i o n a l  c o n s t a n t ”, depends 

in a second order way on the c o n f ig u ra t io n .

We conclude then t h a t  the advance of the p e r ih e l io n  in 

IVhitehead’s theory i s  due to the  f a c t o r

da

appea ring  in equation  (4*203).
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4 .4 . GRAVlTLTimj.L liASS 4ND CLASSICAL ZMERGY

In  h i s  a n a ly s i s  o f  p l a n e t a r y  m o tio n ,  V/hitehead assumed th e  c e n t r a l  

g r a v i t a t i n g  body ( e . g .  th e  sun) to  be a s in g le  p a r t i c l e  a t  r e s t  a t  th e  

o r ig i n  of c a r t e s i a n  c o o r d in a t e s .  This i s ,  of c o u r se ,  th e  s im p le s t  

r e p r e s e n t a t i o n  of such  a body. In  a r e c e n t  p a p e r  S y n g e m a d e  an \ 

improvement on t h i s  app rox im ate  r e p r e s e n t a t i o n  by c o n s id e r in g  th e  

f i e l d  o f  a f i n i t e  s p h e r i c a l l y  sym m etric  body c o n s i s t i n g  of a group 

o f  p a r t i c l e s  a t  r e s t  b u t  s p a t i a l l y  s e p a ra te d  from each  o th e r .  This 

o f  c o u rse  i s  n o t  a p r e c i s e  use of Whiteheadb th e o ry  of g r a v i t a t i o n ,  

f o r  i n t e r a c t i o n s  between th e  p a r t i c l e s  of th e  body have been  n e g le c te d ,  

h p r e c i s e  use of W h iteh ead ’s th e o ry  would r e q u i r e  th e  fo rm id a b le  t a s k  

of f i r s t  d e te rm in in g  th e  m otions  o f  th e  p a r t i c l e s  of the  group as 

demanded by t h a t  th e o ry  b e f o re  one cou ld  d i s c u s s  th e  a s s o c i a t e d  m e t r i c  

f i e l d  of th e  body a s  a whole. Synge’s r e p r e s e n t a t i o n  t h e r e f o r e  uses 

W hitehead ’s th e o ry  in e s t im a t in g  th e  g r a v i t a t i o n a l  f i e l d  of a body, 

b u t  n e g l e c t s  th e  theor^^ v/ith  r e s p e c t  to  th e  b e h a v io u r  o f  th e  p a r t i c l e s  

of th e  body i t s e l f .

One m ight of co u rse  assume t h a t  th e  p a r t i c l e s  of a body a r e  

h e ld  in  p la c e  by  o th e r  ( e .g .  e le c t ro m a g n e t ic )  f o r c e s .  Such an 

assum ption  i s  undoub ted ly  im p lie d  (though  n o t  s t a t e d )  in  th e  case  of 

Synge’ s work. N e v e r th e le s s  th e  e f f e c t  of p o s s i b l e  v e l o c i t i e s  o f  

p a r t i c l e s  abou t t l i e i r  mean p o s i t i o n s  i s  n o t  ta k e n  i n to  a c c o u n t .

That such v e l o c i t i e s  e n t e r  i n t o  th e  c a l c u l a t i o n  of g r a v i t a t i o n a l  

p o t e n t i a l  in  W hitehead ’s th e o ry  i s  made c l e a r  by a c u rso ry  ex am in a tio n  

o f  e q u a t io n  (4 .2 0 2 ) ,
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We s h a l l  nov/ consid er  th e  g r a v i t a t i o n a l  f i e l d  of a p a r t i c l e  

(o f  mass m) which mokes a r b i t r a r i l y  sm all  d isp lacem ents about a f ix e d  

p o in t  ( th e  o r ig in  of C a r te s ian  c o o rd in a te s ) ,  tak in g  in to  account the 

v e lo c i ty  of the  p a r t i c l e ,  which v e lo c i ty  need not be sm a ll .  We need 

not be concerned w ith  the fo rc e s  which keep the p a r t i c l e  near  the  

o r ig in  -  th e re  m ight f o r  example be an o th e r  s im i la r  p a r t i c l e  in  c lo se  

i n t e r a c t i o n ,  th e  p a i r  of v/hich would form a d o u b le t .

The c o n t r ib u t io n  of the  p a r t i c l e  to  th e  a s s o c ia te d  m e t r ic  te n s o r

( 4 . 213) is  ( in  c o n tr a v a r ia n t  fo m )

say  (4 . 401)

Denoting by ŷ  ̂ the  c a r t e s i a n  co o rd in a te s  of the  p a r t i c l e  (y^ i s  

assumed to  be sm all) and using  i d e n t i t i e s  e q u iv a le n t  to  those  used 

in S ec tio n  4 . 2 . ,  namely

= x y ^

D = 2 (r-Ç )

2 = / T  -

(dy l)  2+(dy2)2^.(dy3) 2

1_ ( d y 4 ^

1 /2

r  = [ ^ ( x y l ) ^  + ( x y ^ ) ^  + ( x y ^ ) ^ J  1 / 2

S = -  (xy.v)

(xy.v) = o I ( x y l ) - - -  + (x y 2 )S _  + (x y ^ )-—
dy'̂  dy4 dy^

dy2 dy3

V
d y i

dy4
. (i = 1, 2, 3)

(4.402)
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the p o t e n t i a l  (4 .401) can be ex p ressed  as 

,p n  _ ^  (-y“ ) (xy")
S2^(r-g)^

2Va x y " / r

ffi^r|l -  - ( y . x y / r j ^

I t  i s  seen th a t  the  e f f e c t  o f  th e  co o rd in a te  ( i  = 1 ,2 ,  3)

can be made a r b i t r a r i l y  sm all by c o n s id e r in g  only re g io n s  f o r  
y i

which — i s  a r b i t r a r i l y  sm all .  We s h a l l  th e r e f o re  approximate by 
r

n e g le c t in g  y^ in  (4 . 403)  ̂ and ■'.vrite

 P  (4.404)
C 2 V ( l  -  i  V c o s o j - ^

v^ere  now r e f e r s  not to  the c o o rd in a te s  of p a r t i c l e  b u t  to  the  

o r ig in ,

r  = (x4)2  + (x2)2 + (x-5)2 I 1 /2

and 0 is  the  angle  between the  3~space v e c to rs  v and x.

The only f a c t o r  in (4 .404) which d i s t in g u i s h e s  the p a r t i c l e  

from one f ix e d  (w ithout motion) a t  the o r ig in  i s  th e  c l a s s i c a l  

v e lo c i ty  v.

Expanding th e  q u a n ti ty

1

^ 3 ( i  Y cos0)3 
c

th e re  o b ta in s

(4 . 405)
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■ n 3 3 • 1 3 / ( V
] 1 -  *“7 + -  “7 + ------ “"ô + • • • ) “ ) l + 3 “ cos6
) 2 c2 8 c4 8 128 cG j (  c

^ V 2  9 v3 "z /
+ O - -  COS 0 + 1 0  - -  COS- 0̂ . . .  V ( 4 *40 6 )

c^ c-̂  )

Because of the presence  of the v a r i a b le  q u a n ti ty  cos0 in  (4-406) 

the p o t e n t i a l  under c o n s id e ra t io n  depends not only on the v e lo c i ty  

of the p a r t i c l e  bu t on th e  d i r e c t io n  o f  th i s  v e lo c i ty  w i th  r e s p e c t  

to  the  p o in t  of o b se rv a t io n .  We w i l l  now use an averag ing  p ro 

c e s s ,  where we c o n s id e r  a l l  d i r e c t io n s  of the  v e c to r  v as being  

e q u a l ly  p ro b ab le ,  tlie average value of cos0 being the  average of 

t h a t  f o r  a l l  p o s s ib le  d i r e c t i o n s .

On th i s  b a s is  the p r o b a b i l i t y  of 0 having a va lu e  between ÿ

and ÿ+dÿ w i l l  be p ro p o r t io n a l  to sinç5, in f a c t  i t  w i l l  be equal

to  s in c e  the range of ÿ i s  from 0 to  Thus th e  expected

or mean va lue  of cos^0 is  g iven  by

cos^0 = i  ! cos^ÿsinÿdÿ 
. 2 iQ

= - - -  i f  n is  even
n+1

= 0 i f  n i s  odd.

Using the average  va lues  of cos"0 in  (4 . 406) ,  we find  t h a t  the  

average or expected value  of (4 .405) i s  g iven by

\ n 3 v2 3 v^  1 v^ 3 ) { 1 ^ v2\ 1 -  -  ” "T + + -------- -5  + . . .  ( j 1 + 2 - r
^ 2 c^ 8 c^ 8 c  128 c° j j  c^

+ j  + 4 + . . . I  (4.437)
c4 j
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À term by term m u l t i p l i c a t io n  of t h i s  p roduct r e v e a ls  t h a t  each 

r e s u l t a n t  term is  p o s i t i v e ,  and thus  the  p roduct i s  g r e a t e r  than 

u n ity  f o r  any v l e s s  than  c . Using t h i s  r e s u l t  in  (4 . Z|j04) i t  is  

seen t h a t  on the average a t  l e a s t ,  the  g r a v i t a t i o n a l  p o t e n t i a l  of 

the p a r t i c l e  under c o n s id e ra t io n  i s  g r e a t e r  than  t h a t  of a p a r t i c l e  

of equal mass a t  r e s t  a t  th e  o r ig in .
v2

I f  the  v e lo c i ty  v i s  sm all enough t h a t  terms in - -  h ig h e r  than
c

the f i r s t  o rder  may be n e g le c te d ,  then  (4 .40?) becomes simply

1 +  r
2 c2

and app ly ing  th i s  r e s u l t  to  (4 . 404)

(4 . 408)

Here, on th e  average the  e f f e c t i v e  g r a v i t a t i o n a l  mass i s  equal to  

the  sum of the  c o n s ta n t  mass m p lu s  the  mass e q u iv a le n t  of the  

c l a s s i c a l  k i n e t i c  energy.

G r a v i t a t io n a l  Mass and P o t e n t i a l  Energy

The i d e n t i f i c a t i o n  of i n e r t i a l  mass w ith  energy i s  an achievement 

of th e  s p e c ia l  theo ry  of r e l a t i v i t y .  G ra v i ta t io n ,  however, is  not 

an e s s e n t i a l  p a r t  of t h a t  th e o ry ,  and th e  p r e c i s e  meaning of g ra v i 

t a t i o n a l  mass iv i l l  depend on the  p a r t i c u l a r  theo ry  of g r a v i t a t i o n .  

Except in  the  s im p le s t  cases  th e  g e n e ra l  theory  of r e l a t i v i t y  i s  

n e c e s s a r i ly  r a t h e r  vogue on the  meaning o f  g r a v i t a t i o n a l  mass and 

i t s  r e l a t i o n s h i p  to  the  energy momentum te n s o r .
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Experiment in d ic a te s  t h a t  a t  l e a s t  in  the case of n u c le a r  physics  

a c o n f ig u ra t io n  of p a r t i c l e s  does not have a g r a v i t a t i o n a l ( o r  i n e r t i a l )  

mass equal to  th e  sum of those of the  in d iv id u a l  p a r t i c l e s ,  b u t  th a t  

the t o t a l  mass i s  a l t e r e d  acco rd ing  to  the  energy of the  c o n f ig u ra t io n .

We might expec t a theo ry  of g r a v i t a t i o n  to  account f o r  t h i s  e f f e c t  even 

though we do not know the  n a tu re  of th e  b ind in g  f o r c e s ,  or a l t e r n a t i v e l y  

to  p r e d i c t  i t  q u a l i t a t i v e l y  in terms of known fo rc e s .

The type of averag ing  p rocess  (o r  a p r o b a b i l i t y  b a s i s )  used in 

the  d e r iv a t io n  of (4 .408) is  not in c o n s is te n t  v /ith  the  s p i r i t  of 

quantum th e o iy .  I t  was found t h a t  W hitehead’s th eo ry  in c lu des  k i n e t i c  

b u t  not p o t e n t i a l  energy in g r a v i t a t i o n a l  mass. An a l t e r a t i o n  of 

'Whitehead’s theory  w i l l  now be proposed which inc ludes c l a s s i c a l  

p o t e n t i a l  energy in g r a v i t a t i o n a l  mass. B e fo re - s ta t in g  t h i s  change, we 

note th a t  i f  we add '# e e l e r  and Feynman e lec trodynam ics to  vdiitehead’s 

th e o ry ,  we v/ould re q u i re  the  equations  of motion to  be d e rived  from

Vor I  at (a) = 0 (4 . 409)

e^
v^ere  d ? (a )  = dJ(a)  +  P (a)da ( 4. 410)

F^,^(a) being the  e le c tro m ag n e tic  v e c to r  p o t e n t i a l .  ( 4 . 410) corresponds 

to  equa tion  ( 3. 501) .

The proposed  change f o r  W hitehead’s th eo ry  i s  to  re p la c e  th e  

qua n t i t y
2

dG-)3

in  equa tion  (4 .202) by

dG^ d r ( b ) .



4.4* 130.

Noting th a t  dG^ may he i d e n t i f i e d  m t h  dh, t h i s  a l t e r a t i o n  i s  

e q u iv a le n t  to  r e p la c in g  the c o n s tan t  mass m-ĵ  i n  (4- 202) by th e  s c a l a r

db

We now c a lc u la te  t h i s  new g r a v i t a t i o n a l  mass f o r  the case where th e  

p a r t i c l e  ”b'” i s  in  the  g r a v i t a t i o n a l  and e le c tro m ag n e tic  f i e l d s  of 

p a r t i c l e s  v/hich are  a t  r e s t .  Then u s in g  (4 .2 0 5 ) ,  ( 3 .301) and ( 4 . 4IO ),

ZYPa /-ho. W i 4/2= m-L I 1 — L ————
db

ea G-y db4- 

c^ a/^D r  db

Here r  is  the  s p a t i a l  d is ta n c e  from "b ” to  ”a ”, I f  the  second term 

in  the  sq u are  b ra c k e t  is  sm a ll  compared to  u n i ty ,  we v a i l  have

r  YPa /  dtPA ̂
1 — 2 - - - -  I ba ——

a /b  r^ c  I db /

%   ̂ ®a db4

c^ a /b  r  db

v2I f  we n e g le c t  h ig h e r  powers of - -  than  the  f i r s t ,  where v i s  the
c^

c l a s s i c a l  v e lo c i ty  of "b", then t h i s  exp ress io n  reduces to

H = my -  —b 2 -  -  + ~  S - -  (4. 412)
c^ a /b  r  c a /b  r  

which is  the  Whitehead mass p lu s  the  e q u iv a le n t  mass of th e  c l a s s i c a l  

p o t e n t i a l  energ^r. Although we assumed the  p a r t i c l e s  "a” t o  be a t  r e s t  

t h e i r  m otions ( i f  not to o  la rg e )  would not a f f e c t  t h i s  approxim ation .

I t  i s  i n t e r e s t i n g  to  note  t h a t  no new k i n e t i c  energy teims a r i s e  he re  

to  s p o i l  the  p rev ious  r e s u l t  (4 . 408) .
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4-5. TUviE SIMviETRICAL THEORY 

I t  has been emphasised t h a t  W hitehead 's g r a v i t a t i o n a l  p o t e n t i a l s  

a re  e n t i r e l y  of a r e ta rd e d  n a tu re .  A corresponding  tim e-sym m etrical 

theory  can be c o n s tru c te d  simply by re p la c in g  (4 . 213) by

c^ b
( A /p t i fn  ^

( " p y  I~D~y
(4 . 501)

P CO PnP
= “mn “ "2 I  j  ^(^ ) " 2”

R S

CO

using ( 2 . 215) in  (4 .501) to  ob ta in  (4 .5 0 2 ) .  In terms of c a r t e s ia n  

te n s o rs  (4 .501) or (4 . 502) may be e q u iv a le n t ly  expressed  as

(4. 502)

= %in " "2 b (4 . 503)

Use i s  made here  of (2.2141) and the  f a c t  t h a t  using  c a r t e s ia n  

co o rd in a te s
p^ = xb^

This fo llow s d i r e c t l y  from (2.318) (by tak in g  th e  l i m i t  as k tends to  

z e ro ) .

For a s in g le  p a r t i c l e  (o f  mass m) a t  r e s t  a t  th e  o r ig in ,  (4 .503) 

reduces to
2YTn

*4*  "  "  ■ ; ; z

'41 ■ “

(4 . 504)

27111
 q-p ( i^  j  = 1)2,3)■id Y c2

H Use of t h i s  tim e-sym m etrical m e tr ic  is  confined  to  the  p r e s e n t  se c t io n ,
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This i s  the  same as f o r  W hitehead’ s theo ry  (see  (4 .2021)) excep t 

■for the  absence here  of the  components (4*504) i s  a l s o  a very

good approxim ation to  the  Schw arzschild  s o lu t io n  of the  g e n e ra l  th eo iy  

of r e l a t i v i t y .

The d i f f e r e n t i a l  equations s a t i s f i e d  by the  p a th  of a t e s t  p a r t i c l e  

moving in  the  f i e l d  (2^.504) can be determ ined using  a method 

id e n t i c a l  to  th a t  used by Bergnann^^^^ (Chapter XIV) f o r  the  Schwarzs c h i ld  

f i e l d .  I f  the  o r b i t  of the  t e s t  p a r t i c l e  i s  in  th e  p lane  x^ = 0 , i t  can 

be shown t h a t

d^u ym f 5h^u^^\ 4 f^ ^ u  /  d^u / du \ 2 \
(4-505)

d^ '

wiiere u =
r

ton  ÿ = x^/x^

and h /c  i s  the  c o n s ta n t  angu la r  momentum.

The second te rn  on the  r i g h t  hand s id e  of (4*505) is  sm a ll  enough

to  be n eg lec ted  in  any p r a c t i c a l  problem, and th e  rem aining eq u a tio n  i s

the  same as t h a t  ob ta ined  f o r  the  Schwarzs c h i ld  f i e l d .  Thus advance of

p e r ih e l i o n  (v/hich a r i s e s  through the  term in  the  f i r s t  b ra c k e t)  i s
c

e s s e n t i a l l y  the  same f o r  W hitehead’s theory  (which g iv es  the  same advance 

as does the g e n e ra l  theory  of r e l a t i v i t y )  and f o r  t h i s  tim e-sym m etrical 

m o d if ic a t io n  of W hitehead’s theoi^/.

This is  not a s u r p r i s in g  r e s u l t ,  s in c e  the  phenomenon of advance 

of p e r ih e l io n  i s  in every way sym m etrical w ith  r e s p e c t  to  p o s i t i v e  and 

n e g a t iv e  tim e.
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4 .6 .  IL'CÎENSION OF hBITEHEAD'S THEORY OF GR4VII/.TI0N 
TO DE SITTER SPICE-TDïiS

d J (a )2  = da2 _ 2_ ^ VdG-ŷ  (4. 6OI)

^Vhitehead's fundam ental g r a v i t a t i o n a l  eq u a tio n , (4 .202) may be 

w r i t te n  in the fo llow ing  fo m :

b /a

Y/here 27ri^,V/c^ i s  th e  g r a v i t a t i o n a l  p o t e n t i a l  o f  p a r t i c l e  "b". In  order 

to  g e n e ra l iz e  the theo iy  to  a g e n e ra l  Riemannian background sp a ce ,

i t  i s  m erely necessary  to  re q u ire  th e  p o t e n t i a l  V to  be an in v a r i a n t

fu n c t io n  of the  c o o rd in a te s  which in  the s p e c ia l  case  of C a r te s ian

co o rd in a te s  in  f l a t  space makes (4 . 6OI) e q u iv a le n t  to  (4*203). In

t h i s  v/ay Temple( g e n e ra l iz e d  W hitehead’ s th eo ry  to  de S i t t e r  space ,

using  a p o t e n t i a l  d e fined  by

8^ "  V/_\ = 0 (4 . 602)

where S ^  is  the  de S i t t e r  m e tr ic  te n so r ,  A complete s p e c i f i c a t i o n  

of r e q u i r e s  a p p ro p r ia te  boundary c o n d it io n s  in  a d d i t io n  to

(4 . 602) .

We now propose a more d i r e c t  g e n e ra l i z a t io n  of W hitehead’s theo iy  

by w r i t in g

V = —— (4 . 603)
%

where i s  defined  by (2 ,205) and (2 ,2 0 4 ) .  That and V a re  

d i f f e r e n t  in  de S i t t e r  space i s  made c l e a r  by the  f i r s t  of (2 ,358 ) .

(4 . 603) may be used as a g e n e r a l i z a t io n  to  any Riemannian back

ground sp ace , bu t we s h a l l  con fine  our a t t e n t i o n  in what follov/s to  

de S i t t e r  space.
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The s c a la r  was used in  S ec tio n  4 .2 ,  to  pu t W hitehead’s 

theory  in to  g e n e ra l  t e n s o r  form in f l a t  space , and eq u a tio n s  (4.209) 

to  ( 4 . 213) are  a lso  v a l id  in  our de S i t t e r  space g e n e r a l i z a t io n  

(w ith  being  rep la c e d  by S^^). in  p a r t i c u l a r ,  we r e - w r i t e  (4 - 213)

SnmW = mn ^2 D
R

F ie ld  of a P a r t i c l e  a t  Rest

Using th e  de S i t t e r  background m e tr ic  ( 2 , 303) v/e now c a l c u l a t e  

the  f i e l d  (4 . 604) of a s in g le  p a r t i c l e  of mass m a t  r e s t  a t  the  

o r ig in  of s p a t i a l  c o o rd in a te s  and w ith  time c o o rd in a te  t ^ .  We have

in  ( 2 . 318) ,  ( 2. 327) ana ( 2. 317) (w ith  = 0 , = l )

= ( l  -  exp k ( to  -  t ) ) / k  

= x^ exp k ( t+ t j j )

D = (exp k ( t - t o )  -  ]}/k

r  = (exp ( -  k t^ )  -  exp ( -  k t ) ) / k

Wiere r  = (6^ j x^x"^)^/^, ( i ,  j  = 1 , 2, 3 ) .

Using (4 , 605) in  ( 4 , 604) th e re  o b ta in s

27m e x p (-k t)

( 4 . 605)

g4 i

r c  (1 + k r  exp k t ) ‘

27m x^ 

r ^ c ^ ( l  + k r  exp k t ) ^

27m x .x  . exp k t  1 Jg. . = -  exp 2 k t ------ -—
r ^ c ^ ( l  + k r  exp k t ) 2

(4 . 506)
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T ra n s fe r r in g  to  s p h e r ic a l  p o la r  c o o rd in a te s ,  given by

= r s in0  cosÿ
2X = r  s in 0  sino

x-^ = r C O S0  

2and w r i t in g  dr = g ^  dx^dx^ 

the a s s o c ia te d  m e tr ic  i s  given by

dr-
2Tm e:cp ( -k t )  \ 2

r c ^ ( l  + k r  exp k t ) ^

+
4rn

r c ^ ( l  + k r  exp k t ) ^

Urn
d td r

-  (dr^  + r^d0^ + r^sin^0dÿ"^)exp 2kt

2ym exp k t  

r c ^ ( l  + k r  exp k t ) ^
dr '

The e x p o n en t ia ls  can be e l im in a te d  by s u b s t i t u t i n g  

p = r  exp k t

y ie ld in g

dr^  = (1 -  k^p2 -  2Ym/pc^)dt

(4 . 6061)

(4 . 607)

(4 . 608)

+ (2kp + 4Ym/pc^(l+kp))dtdp

-  p^(d0^ + sin^0d0^)

-  (1 + 2 ïm /pc^(l  + kp)^)dp^

The c ro ss  t e r n  c o n ta in in g  the  p roduct of d i f f e r e n t i a l s  of th e  

f i r s t  and fo u r th  c o o rd in a te s  can be e l im in a te d  by the  f u r t h e r  

s u b s t i t u t i o n

t  = t ’ + f ( p)

( 4 . 609)
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where f  i s  a fu n c tio n  of p s a t is f y in g

d f  kp + 2Ym/pc^(l + Icp)

1 -  k^p^ -  2Ym/pc^

(4. 609) then s im p lie s  to  . '

35 (1 -  k^p ^ -  2yni/pc^)dt*

-  p^(d6^ + sin^Gdçî»^)

-  (1 -  k^p^ -  2Ytn/pc^)”"^ dp^ ( 4 . 610)

This is  p re c is e ly  th e  s p h e r ic a l ly  sym m etric e x te r io r  s o lu t io n

to  E in s te in 's  f i e l d  eq u a tio n s w ith  a non-zero  cosm olog ica l c o n s ta n t . 

Denoting the  cosm ological c o n s ta n t by then  A/3 appears in  th a t  

s o lu t io n  in s te a d  of th e  k^ in  ( 4 . 6IO ). The f i e l d  eq u a tio n s  a re

%in ^

where i s  th e  E in s te in  te n s o r . Hence th e  m e tr ic  (4- 6IO) 

s a t i s f i e s

<ann "  (4 .611)

But (4*611) is  a n ecessa ry  (though no t s u f f i c i e n t )  c o n d itio n  f o r  

c o n s ta n t c u r v a t u r e , and f o r  the  problem  under c o n s id e ra tio n  th e  

background m e tr ic  ( 2, 303) and th e  a s so c ia te d  Riemannian m e tr ic  bo th  

s a t i s f y  th e  same te n s o r  eq u a tio n  (4 . 6I I ) .
( 16)I t  i s  easy  to  show, using  Bergmann’ s method^ ' t h a t  the  

fo llo w in g  d i f f e r e n t i a l  e q u a tio n  i s  s a t i s f i e d  by a t e s t  p a r t i c l e  

moving in  th e  p lane  0 = 71/2 in  th e  g r a v i ta t io n a l  f i e l d  (4 . 607)

- - -  + u = (1 + 3 h V )  -  (4 .612)
d^2 h 2 h2u3
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where u = i  
P

g i s  the  c o n s ta n t an g u la r momentum.

The l a s t  term  on the  r ig h t  hand s id e  of ( 4 . 6 l2 ) appears h e re  because 

o f  the  cu rv a tu re  o f the  background sp a ce , and i f  the cu rv a tu re  i s  

no t too la rg e  i t  may be n e g le c te d , le a v in g  th e  same r e s u l t  as f o r  the  

Schv/ar*55a o h ild  s o lu t io n  w ith  no cosm ological c o n s ta n t.

The fo llov /ing  s ig n if ic a n c e  i s  a tta c h e d  to  equation  (4 .6 1 2 ) . 

C onsider a t e s t  p a r t i c l e  moving e s s e n t ia l ly  in  a c i r c u la r  o r b i t ,

(The purpose of t h i s  requ irem en t is  m erely to  s im p lify  th e  a rgu

m ents which fo llo w ). C la s s ic a l ly ,  f o r  a c i r c u l a r  o r b i t ,  th e  an g u la r 

momentum i s  p ro p o r tio n a l  to  th e  square ro o t of d is ta n c e . Applying 

th i s  as an approxim ation  in  th e  p re s e n t  case  (where u co rresponds 

rough ly  to  in v e rse  d i s t a n c e ) , we conclude a t  l e a s t  t h a t  k^/h^u3 

is  a d e c re a s in g  fu n c tio n  of u. • I t  thus fo llo w s th a t  th i s  term  

i s  sm a lle r  f o r  sm a ll o r b i t s  than  f o r  la rg e  o r b i t s .  (O ther v a ry in g  

term s in  ( 4 . 612) d ecrease  w ith  in c reased  s iz e  of the  o r b i t ) .

C onsider an o r b i t  sm a ll enough f o r  k^/h^u3 to  be n e g le c ted . Then 

n e g le c tin g  a ls o  the  r e l a t i v i s t i c  term  3u ^ n  (which lea d s  to  th e  

advance o f p e r ih e l io n ) , we have l e f t  the  c la s s ic a lp a th  w ith  u and 

hence p being  p e r io d ic  fu n c tio n s  of ÿ . N oting (4 .508) i t  fo llow s 

th a t  r  i s  on th e  average  a d e c rea s in g  fu n c tio n  of th e  tim e 

co o rd in a te  t .

Now in  s te a d y - s ta te  cosmology th e  average la rg e  s c a le  m otions 

of p a r t i c l e s  a re  along geodesics of c o n s ta n t r .  (These geodesics
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d e sc r ib e  the m otion o f " id e a l"  p a r t ic le s *  . This w ith  re s p e c t  to  

the continuum of id e a l  p a r t i c l e s ,  the  t e s t  p a r t i c l e  under con

s id e r a t io n  converges on the  c e n t r a l  g r a v i ta t in g  body. Equation 

(4. 612) is  th e re fo re  of seme im portance in  the  e x p la n a tio n  of th e  

condensation  of nebulae in  s te a d y - s ta te  th e o ry .

G ra v ita tio n a l  P o te n t ia l  of a S te a d y -S ta te  D is t r ib u t io n  of liass

Employing th e  background m e tr ic  ( 2. 3O3) we now deteim ine th e  

a s so c ia te d  m e tr ic  (4 , 604) fo r  a c o n s ta n t p ro p e r d e n s ity  of mass 

(w ith  re s p e c t to  the  background m e t r ic ) , th e  m otion of each p a r t i c l e  

be ing  g iven  by ( 3, 523) .

D enoting the  c o o rd in a te s  of a ty p ic a l  p a r t i c l e  by x^^, tg^

( i  = 1> 2 , 3) )  and i t s  mass by m, we f i r s t  e v a lu a te  th e  p o te n t i a l

(4. 6121)Yrmn

R

a t  the  o r ig in  of s p a t i a l  c o o rd in a te s  and a t  time t .  V /riting

Xq̂  = r  s in 9  cosÿ

X = r  s in 6  coed

Xq-" = r  C O S 0

p2 =

ond. using  (2 .3 -7 ) j (2 . 318) and (2 .3 2 7 ); we o b ta in

D = r  exp k t  

= r  exp k to

exp k ( t+ t^ )

I f  0 i s  the  c o n s ta n t p roper d e n s ity  then

(4.613)

(4 .614
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^ 2Yp y  Y  ^  \  2
V i ,  i  ,  =  ” 2  /  /  I  — T  3 k t o  r S i o ô  d ÿ d e d r

(x =0) o ■' o -̂ o \  IV /
R

(4. 615)

The l im i t s  o f th e  v a r ia b le  r  a re  made ev id en t by ( 2.31?) and th e  

f a c to r  exp  jk t^  i s  p re s e n t  because v/e a re  in te g ra t in g  over p ro p e r  

volume.

Using (4 *613) and ( 4 . 614) in  (4 *615) > and no ting  from ( 2 . 317)

th a t

r  = (exp ( -k t^ )  -  exp(-kt))/4c 

d r  = -  d tg  exp ( -  k t^ )

th e re  obta in s
8xyp r  -j

V44, 4 , = “ 2" J 3 k ( to - t)  -  exp 4 k ( tp - t) jd tQ
1x^=0 ) kc Urn U

''^ i(x i= o )  = °

V i j ,  4 . = &ij —^  exp 2k t /  |exp 3 k ( V t )
(xi=o) 3kc2 -CO -

-  exp 4 k (to  -  t )  d to
2t̂Yp

This p rocedure  would not work in  a tim e-sym m etrical th e o iy , fo r  

th e  in te g r a l s  j u s t  e v a lu a te d  would no t converge f o r  advanced p o te n t ia l s  

U sing th e  above r e s u l t s  in  (4 . 6 l2 l)  and th u s in  (4 . 604) we f in d  

a ls o  using  (2*303) th a t  a t  x^ = 0 th e  a s so c ia te d  m e tr ic  te n s o r  i s  

g iven  by



4* 6, 140.

g’44

'14
= 0

3k^c^

/ 2tcYp '
S i j  = -  13 + -j| 2  j s x p  2k t

(4. 616)

V 9kc‘

This r e s u l t  i s  independent of th e  cho ice  of o r ig in  of s p a t i a l  

co o rd in a te s  and i t  is  th e re fo re  easy  to  show th a t  ( 4 . 6l 6 ) i s  th e  

re q u ire d  a s so c ia te d  m e tr ic  te n s o r  a t  any p o in t .  The a s so c ia te d  

m e tr ic  te n so r  f o r  a s te a d y - s ta te  d i s t r ib u t io n  of mass is  given in  

term s of s p h e r ic a l  p o la r  c o o rd in a te s  by 

dT^ _ (1 _ 2xY p/3k^c^)dt^

-  (1 + 2x y p /9k^c^) (d r^  + r^dO^ + r 2s in ^ 9d02)exp 2k t  (4 . 617)

w h ile  th e  badcground m e tr ic  i s

dg8 -  d t^  -  (d r2  r^dO^ + r^sin^0d0^) exp 2kt (4*6l8)

Y.b thus have th e  rem arkable r e s u l t  t h a t  a s te a d y - s ta te  d i s t r ib u t io n

of mass in a de S i t t e r  background space (b) p roduces a de S i t t e r

a s so c ia te d  Riemannian space (a) , s u b je c t  to  th e  c o n d itio n  th a t

2%7p/3k^c^ C  1 .  (4 . 619)

Using th e  vo lue(^^)

l / x  = 1 .5  X 10^7 s e c s ,

and th e  a c c u ra te ly  known v a lu e  of y

Y 6 .7  X 10“ ^ cm^/gm.sec,-^
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We f in d  th a t  (4 . 619) re q u ire s

p 3 X 10"27 gnis./cm^ ( 4 . 6191)

The b e s t  o b se rv a tio n a l va lue  of the mean d e n s ity  o f m a tte r  in  space 

seems to  be w ith in  a f a c to r  of 10 from 10*27 gm/cm^,^^^^ so th a t  

(z^,6191) i s  n e ith e r  confirm ed nor c o n tra d ic te d  by experim ent. Such 

a com parison is  no t very  a c c u ra te , however, because i f  l i g h t  i s  

more c lo s e ly  a s s o c ia te d  v/ith A than v/ith  B (see  Chapter v) then  the  

observed d e n s ity  of m a tte r  (and th e  observed ra d iu s  of c u rv a tu re  

of space) would be those v a lu es  which p e r ta in  to  A\

S u b s t i tu t in g

t '  = (1 -  2r p / 3k ^ c^ )^ /^  t

r '  = (1  + 27tYp/9k^c^)^/^ r  (4*620)

k ' = (1 -  2Yp/3k^ c^ )”^ /^k

in  (4 *617) ,  th e re  o b ta in s

dr^  = d t '^  -  (d r*^  + r'^dO ^ + r '^ s in ^ 8 d p ^ )e x p  2 k 't*  (4 . 621)

P ro p e r 3 -space volumes in B and in A may be compared by 

the  fo llo w in g  eq u a tio n ,

r '^ s in O d r ' dSdp exp k 't*  = ( l  + 2%Yp/9k^c^)^"^^r^sin8drd8dÿ exp k t  (4*622) 

which i s  ob ta ined  from (4 .6 2 0 ) ,or

dv* = (1 + 2 % Y p /9 k ^ c ^ ) d v

v/here dv i s  an elem ent of p ro p er volume. The d e n s ity  w i l l  be 

in v e rs e ly  p ro p o r tio n a l  to  th e  p ro p e r volume of a g iven  elem ent 

of 3 -sp ao e , so we may w r i te

p ' = (1 + 27tYp/9k^c^) p (4*623)

vdiere p ' i s  th e  d e n s ity  o f m a tte r  in  A.
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I t  is  i n t e r e s t i n g  to  note the  form taken in A by th e  n u l l  

su rfa ce s  of B. YIe have f o r  these  n u l l  su r fa c e s  (see  ( 2. 31? ) ) ,  

k r  = e x p (-  k tp) -  exp ( -  k t)  

o r ,  using  (4.620)

k ' r '  = (1 + 2xYp/9k ^ c ^ ) ^ /^ ( l  -  2Yp/3k^c^J^/^

X l^exp ( -  k ' t ' o )  -  e x p (- k ' t ’ )J

or
k ’r* exp ( -  k ’ t ’ o) -  exp ( -  k ’ t ’ )

But the n u l l  su rfa c e s  of A a re  given by

k ’r ’ = exp ( -  k ’ t ’^) -  exp -  9 k ’ t ’ )

I t  fo llo w s im m ediately th a t  th e  n u ll  su rfa c e s  of B a re  sp a o e - l ik e  

su r fa c e s  in  A. But g r a v i ta t io n a l  e f f e c ts  a re  d e fin e d  along n u l l  

l in e s  in  B, and i f  e le c tro m ag n e tic  e f f e c t s  a re  d e fin e d  along n u l l  

l in e s  in A, then  we would conclude th a t  g r a v i ta t io n a l  e f f e c ts  

t r a v e l  f a s t e r  than  the  speed of l i g h t .
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In  C hapter I I I  i t  was found th a t  a p a r t i c l e  theory  of e le c t r o 

dynamics could be fo rm ula ted  in  a s te a d y - s ta te  un iverse  (and w ith  

tlie de S i t t e r  m e tr ic  demanded by steady  s t a te  theory) f o r  which no 

p a r t i c l e  a c ts  on i t s e l f  and f o r  which r a d ia t io n  damping i s  not an 

i n t r i n s i c  p ro p e rty  of a p a r t i c l e  b u t is  a la rg e - s c a le  p ro p e rty  of 

the  u n iv erse  as a whole. Such a theory  is  most a t t r a c t iv e  from a 

cosm ological p o in t  of view , and e ic p lic i t ly  s a t i s f i e s  th e  e le c t r o 

dynam ical e q u iv a le n t of Mach’s p r in c ip le .  I t  i s  worth p o in tin g  

out th a t  the means of a c q u ir in g  i r r e v e r s i b i l i t y  of r a d ia t io n  as 

su g g ested  by v'/heeler and Feynman in  t t ie i r  f la t - s p a c e  fo rm u la tio n  

of th e  theory  does n o t depend upon th e  un iv erse  as a w hole. In  

th a t  th e o ry , i n i t i a l  c o n d it io n s , which a p p lied  fo r  some unknown 

reason  a t  some time in  the p a s t ,  a re  to  account f o r  the  phenomenon 

of r a d ia t io n  damping th roughout a l l  of sp ace -tim e . The i n i t i a l  

c o n d itio n s  c o n s t i tu te  on a d d it io n a l  p o s tu la te  o r p r in c ip le  in  t h e i r  

theory  -  a p r in c ip le  v/iiich is  not com patible w ith  the p e r f e c t  

cosm ological p r in c ip le .  The main c o n tr ib u tio n  of th e  p re s e n t  work 

to  the  theo ry  of W heeler and Feynman has been to  remove th e  i n i t i a l  

c o n d itio n  p o s tu la te .

E lectrodynam ics and M etric

M e tr ic a l space-tim e p lay s  a fundam ental ro le  in  the  theo ry  

o f p a r t i c l e  e lec trodynam ics . E lec tro m ag n e tic  p o te n t i a l  i s  

d e fin ed  along n u l l  g e o d e s ic s , and in  t h a t  sense a t  l e a s t ,  we may 

say th a t  l i g h t  t r a v e ls  along the  n u l l  geodesics of th e  m e tr ic a l  

sp a ce -tim e . P roper tim e f o r  e lectrodynam ic  phenanenon i s  a ls o
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d e fin ed  by th é  m e tric  te n so r .

In  th e  g r a v i ta t io n  of Chapter IV two m e tr ic s  a re  encoun tered , 

namely, the  m e tr ic  of th e  background space B and th a t  of the  

a s so c ia te d  space A. Both of th ese  m e tr ic s  are  d e fin ed  in  the  same 

continuum*, th e  form er i s  used to  d e fin e  g r a v i ta t io n a l  p o t e n t i a l ,  

and the  l a t t e r ,  d e riv ed  from th e  form er and th e  g r a v i ta t io n a l  

p o te n t i a l ,  e s s e n t ia l ly  d e fin e s  th e  i n e r t i a l  fram es of p a r t i c l e s .  

hTiich then i s  the  m e tric  to  be a s so c ia te d  v/ith  e lec trodynam ics .

Experim ent g iv es  a c le a r  answer. The phenomenon of the  re d -  

s h i f t  of the l i g h t  from heavy bodies and th e  bending of th e  pa th  

of l ig h t  in  the  neighbourhood of heavy bodies c le a r ly  in d ic a te  th a t  

our electrodynaJiiics shou ld  be fram ed in  A, And s in c e  our measurements 

of time and d is ta n c e  a re  dependent upon phenomena which a re  e s s e n t ia l ly  

of an e lectrodynam ic  n a tu re , our experience  is  d i r e c t ly  r e la te d  not 

to  B, b u t to  A.

W hitehead a tta c h e d  g re a t  im portance to  th e  s p a t i a l  and tem poral 

meaning o f the  c a r te s ia n  c o o rd in a te s  of the  Minkowski background 

space of h is  th e o iy . But what s ig n if ic a n c e  a re  we to  a tta c li  to  a 

tim e we do not experience  and a space v/e cannot m easure; The only 

r e a l  s ig n if ic a n c e  of B, from the  p re s e n t  p o in t  of view , is  t h a t  i t  

p ro v id es a (m e tr ic )  te n s o r  in term s of which W hitehead’s p r in c ip le  

d e sc r ib e s  g r a v i ta t io n a l  e f f e c t s .

The use of A as e lectrodynam ic  m e tr ic  poses a new problem .

I t  was found in  S e c tio n  4*6, th a t  both  B and A cou ld  be spaces of 

c o n s ta n t c u rv a tu re . However lo c a l  i r r e g u l a r i t i e s  were not taken
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in to  accoun t; in  n a tu re  4 has lo c a l  d e v ia tio n s  from a de S i t t e r  

m e tr ic . Although we v/ere a b le  to  d e fin e  an e lec trodynam ics f o r  

g e n e ra l Riemannian sp a ce -tim e , we were only ab le  to  dev ise  one f o r  

which Ivlaxwell's eq u a tio n s v/ere s a t i s f i e d  in  de S i t t e r  space and in  

f l a t  sp ace . This is  not a s e r io u s  d i f f i c u l t y  because th e  e x p e r i

m ental ev idence of liaxw oll' s equa tio ns a p p lie s  in our theo ry  only 

to  sm a ll sc a le  ( lo c a l)  phenomenon, and to  the  cosm ological phenomenon 

of r a d ia t io n .  L o ca lly  f l a t - s p a c e  is  a p p lic a b le  in  the  form er c a se , 

and de S i t t e r  space in  the  second. For o rders o f m agnitude betv/een 

th ese  tv/o extrem es M axw ell's equations w i l l  a t  l e a s t  be a p p ro x i

m ately  s a t i s f i e d .  N ev erth e less  i t  would be m ost d e s ir a b le  to  f in d  

an e le c tro m ag n e tic  p o te n t i a l  which s a t i s f i e s  M axw ell's eq u a tio n s  

g e n e ra l ly .

I n e r t i a

The o r ig in  o f i n e r t i a  is  a su b je c t  of g r e a t  concern to  a 

la rg e  number of s c i e n t i s t s .  A c le a r  and concise  s ta te m e n t of 

the  problem  has been given by B o n d i O n e  view  -  th a t  of Newton 

and M iitehead -  reg a rd s  i n e r t i a  as a fundam ental p ro p e rty  of th e  

background sp ace , w h ile  the  o tlie r , due to  Mach, regard s i n e r t i a  as 

a r e l a t i v e  p ro p e rty  determ ined by th e  d i s t r ib u t io n  of mass in  the  

u n iv e rse .

An e x p l i c i t  tiieory of r e l a t i v i t y  of i n e r t i a  fa c e s  g re a t  

in h e re n t d i f f i c u l t i e s .  Because of th e  seem ingly c o n s ta n t na tu re  

of the  g r a v i ta t io n a l  " c o n s ta n t" , i n e r t i a  m ust depend la rg e ly  on 

d i s t a n t  m a tte r  -with very l i t t l e  c o n tr ib u tio n  from lo c a l  i r r e g u l a r i t i e s .
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Now in i t s  f i n a l  form a g r a v i ta t io n a l  theo ry  must p rov ide  a m e tr ic  

te n s o r  in  term s of vdiich to  d efine  i n e r t i a l  fram es, and th is  m e tr ic  

must be determ ined by th e  d i s t r ib u t io n  of m ass. But u n t i l  a m e tr ic  

is  d e fin ed  the  terms " d i s t r ib u t io n ” of mass and " d i s t a n t ” s ia t te r  

have l i t t l e  o r no meaning.

P robably  the  m ost p e r t in e n t  p h y s ic a l f a c t  to  be ex p la in ed  by a 

th eo ry  of i n e r t i a  is  vvhy dynam ical experim ents and o b se rv a tio n s  on 

the  m otions of s t a r s  y ie ld  v e iy  a c c u ra te ly  the  same r a t e  of ro ta t io n  

of the  e a r th ,  o r in  o th e r  w ords, v/hy the  s ta r s  do no t appear to  

r o t a t e  w itii r e s p e c t  to  our i n e r t i a l  fram e. N eg lec tin g  the  u n s a t is 

f a c to ry  e x p la n a tio n  of pure c o in c id en ce , the  only ansv/er W hitehead' s 

theory  can g ive to  th is  problem  is  th a t  la rg e  sc a le  r o ta t io n s  w ith  

r e s p e c t  to  th e  background space (wliich determ ines lo c a l  in e r t i a )  a re  

not com patib le  w ith  th e  th eo ry . This w i l l  most c e r ta in ly  be tru e  

in  th e  case  o f pure r o a t io n ,  bu t Bondi^^^) has p o in te d  ou t th a t  an 

a p p aren t r o ta t io n  could be ob tained  by a u n ifo m  s h e a r , each p a r t i c l e  

moving say w ith  a uniform  v e lo c i ty  in  the d i r e c t io n  of th e  x a x is ,  

the v e lo c ity  b e in g  p ro p o r t io n a l  to  th e  y c o o rd in a te , B ondi’s 

c la im  is  th a t  f o r  a theory  ivhich is  L oren tz  in v a r ia n t ,  i f  a con

f ig u r a t io n  where each p a r t i c l e  i s  a t  r e s t  is  p o s s ib le ,  so  a ls o  i s  

t h i s  c o n fig u ra tio n  of s h e a r , where each p a r t i c l e  has uniform  m otion,

W hitehead’s theory  is  in  a somewhat b e t t e r  p o s i t io n  w ith  r e s p e c t  

to  th is  problem  i f  the  background space is  not the  Minkowski space

tim e of s p e c ia l  r e l a t i v i t y ,  b u t th e  sp ace-tim e  of c o n s tan t c u rv a tu re  

of de S i t t e r ,  In th e  l a t t e r  case  la rg e  s c a le  L oren tz  tran s fo rm a tio n s
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a re  no lo n g e r p o s s ib le ,  and i t  seems more than l ik e ly  th a t  la rg e  

s c a le  apparent r o ta t io n s  due to  sh ear would no lo n g er be a p o s s ib le  

c o n fig u ra tio n  in  Y /hitehead’s th eo ry . Vdiether o r no t o th e r  ap p aren t 

r o ta t io n s  a rc  p o s s ib le  in  W hitehead’s theo ry  is  a m a tte r  o f con

s id e ra b le  iL iportance, and re q u ire s  f u r th e r  in v e s t ig a t io n .

Par t i c l e  Theory of G ra v ita tio n  and th e  G eneral Theory of. R e la t iv i ty

The f a c t  th a t  YYhitehead’s Theory y ie ld s  e x a c tly  the  Schwarzs c h ild  

s o lu t io n  of the  g e n e ra l theory  of r e l a t i v i t y  (w ith  o r w ith o u t the 

cosm ological c o n s ta n t)  su g g ests  a. p o s s ib le  c lo se  r e la t io n s h ip  between 

th e se  two th e o r ie s .  We now d isc u ss  the  form th a t  such a r e la t io n s h ip  

m ight ta k e .

The fo llo w in g  fe a tu re s  of W hitehead’s g r a v i ta t io n  a re  e v id e n t;

(a) The theory produces a second-rank  sym m etric te n s o r  f i e l d  

in  term s of v/hich as m e tr ic  th e  v/or I d - l in e s  of p a r t i c l e s  a re  s in g u 

l a r i t i e s ,  th e  w orld  l in e s  of t e s t  p a r t i c l e s  a re  g e o d e s ic s , and the  

"path" of l ig h t  is  along n u l l  g e o d es ic s ,

(b) S ince the a s s o c ia te d  space is  Riemannian th e  i d e n t i t i e s  

of Riemannian geometry a u to m a tic a lly  p rov ide  a d ju n c t f i e l d  con

se rv a t io n  eq u a tio n s .

(c) The ad ju n c t f i e l d  (E in s te in  te n so r)  van ishes ( i f  B is  f l a t )  

o r i s  p ro p o r tio n a l  to  the  a s s o c ia te d  m e tr ic  te n so r ( i f  B i s  de S i t t e r )  

f o r  a s in g le  p a r t i c l e  a t  r e s t ,  excep t on th e  world l in e  of th e  

p a r t i c l e .

(a) A s te a d y - s ta te  d i s t r ib u t io n  of m a tte r  in  a de S i t t e r  

u n iv erse  is  a p o s s ib le  and s e l f - c o n s i s te n t  c o n fig u ra tio n  (p rov ided
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the  background space i s  a ls o  de S i t t e r  and the  d e n s ity  of m a tte r  

is  not too  l a r g e ) .  >

These fe a tu re s  a re  a l l  com patible w ith  th e  g e n e ra l theo iy  of 

r e l a t i v i t y .  P rov ided  th e  E in s te in  te n s o r  i s  capable of a s u i ta b le  

p h y s ic a l in te r p r e ta t io n  as " f i e l d ” energy , we m ight say th a t  

Y /hitehead’s theo ry  i s  a s p e c ia l  case of g e n e r a l 'r e l a t i v i t y .

I t  i s  in te r e s t in g  to  note th a t  in  G eneral R e la t iv i ty  the 

in te r p r e ta t io n  of the  s t r e s s -e n ergy-momentum te n so r  is  scmevdiat 

f l e x i b l e .  I t  was by a r e - in t e r p r e ta t io n  of th is  te n so r  th a t  

McGrea^^^) was ab le  to  show (d) to  be a f e a tu re  of the g e n e ra l 

th eo ry  of r e l a t i v i t y .

The n o tio n  of s t r e s s  is  not e x p l i c i t ly  co n ta in ed  in  Y.Tiitehead' s 

th eo ry . Hov/ever by the in c lu s io n  of p o te n t ia l  energy in  th e  g ra v i

t a t i o n a l  mass o f a p a r t i c l e  (as is  done in  S ec tio n  4 . 4 . ) ,  i t  may be 

p o s s ib le  to  f in d  an in te r p r e ta t io n  o f th e  concept of s t r e s s .

The suggested  r e la t io n s h ip  between th e  tv/o th e o r ie s  is  i l l u s 

t r a t e d  by tlie fo llo w in g  example. A f u r th e r  in v e s tig a t io n  m ight 

p rov ide  a g e n e ra l s o lu t io n  to  th e  two body problem  in W hitehead’s 

th eo ry . The E in s te in  te n s o r  could then  be c a lc u la te d . P rov ided  

t h i s  te n s o r  is  capab le  o f a p h y s ic a l in te r p r e ta t io n  as re p re s e n tin g  

f i e l d  energy (e .g . g r a v i ta t io n a l  e n e rg y ), then we would say th a t  the  

f i e l d  equations of g e n e ra l r e l a t i v i t y  have been s a t i s f i e d .

The concept of f i e l d  energy i s  not incom patib le  w ith  a p a r t i c l e  

th e o iy . This is  i l l s t r a t e d  by an e lec tro d y n am ica l analogy. The 

e f f e c t  of a sou rce  o f l i g h t  is  m an ifes ted  by an e x c i ta t io n  p f
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p a r t i c l e s  of m a tte r  a t  a d i f f e r e n t  p lac e  a t  some l a t e r  tim e. F ran  

an o b se rv a tio n a l p o in t o f view energy d isap p ea rs  and l a t e r  reap p ea rs  

somewhere e ls e .  We do not observe i t s  passage , b u t i t  i s  convenien t 

to  th in k  of a f i e l d  of l i g h t  moving from one p o in t to  a n o th e r. By 

til i s  means we a re  ab le  to  e f f e c t  a co n serv a tio n  of energy.
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A B S T R A C T .  A relativistically rigid rod is defined as one along which any disturbance travels 
with the fundamental speed c without dissipation of energy. A necessary consequence of this 
definition is that the rod should satisfy a certain ‘equation of elasticity’. I f  this equation is 
satisfied, it is shown in accordance with relativistic mechanics that a disturbance of any am pli
tude is propagated along the (unstressed or stressed) rod with speed c and without dissipation. 
Consequently, the equation provides also a sufficient condition for rigidity in the sense defined.

1. Introduction. The term rod is here applied to a uniform one-dimensional body, 
and all motions, whether of translation or of deformation, are restricted to the single 
spatial dimension in which the body is taken to exist. Consequently the only stresses 
to be considered are longitudinal.

If  desired, the work can be applied to a three-dimensional body if it be supposed 
capable of sustaining stress in only one direction and if all strains and motions be 
restricted to this direction. Such application is of no adcbtional physical interest. 
However, it permits us to employ, when convenient, the mathematical treatment 
appropriate to a three-dimensional body including, for instance, the ordinary use of 
a stress-tensor. We hope in due course properly to extend the present work to the 
treatm ent of isotropic three-dimensional bodies.

In tliis paper we are concerned only with special relativity theory.
One of us has recently (4) considered the problem of a rigid rod in accordance with 

the theory of special relativity. He defined a rigid rod as one along which disturbances 
are transmitted with spteed c. Here c is the fundamental speed of relativity theory, 
usually described as the speed of light, though this description happens to be irrelevant 
in the present paper.

With this definition the rod was shown to be not inextensible. But, since it possesses 
the maximum degi ee of rigidity consistent with the requirements of special relativity, 
the term ‘rigid’ is appropriate. We are concerned here only with longitudinal rigidity; 
nothing corresponcbng to ‘flexural rigidity’ makes its appearance in the present 
one-cbmensional problems.

As usually developed, the theory of special relativity postulates a rigid rod as the 
fundamental measuring scale. Therefore it might be argued that there can be no 
meaning in the theory for a change of length of a rigid rod. As a consequence of the 
previous work referred to it is seen, however, that it is necessary to take as a measuring 
scale a rigid rod that is at rest in an inertial frame and is unstressed. I f  a similar rod is in 
uniform motion relative to  the first, it is of course taken as providing an equivalent 
measuring scale in the inertial frame in which it is at rest. When we say that a rigid 
rod is extensible we mean that, if it is allowed to attain equilibrium in an inertial Rame 
under an applied tension then its length as measured by an unstressed rod in the same

* Momber of the staff of Radio Physics Laboratory, Defence Research Board of Canada.
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frame differs from its length before the tension was applied. Also, if the rod is accelerated 
relative to an inertial frame it is in general thereby stressed, and its length, as measured 
by an observer in the inertial frame using an unstressed rigid scale at rest in his frame, 
depends upon the stress-distribution and so upon the maimer in wliich the accelerating 
forces are applied to the moving rod. Indeed, the rod cannot be accelerated like 
a classical rigid body but only (roughly speaking) like a classical deformable body. 
The processes of stopping a moving rod, as discussed in the previous paper, illustrate 
this feature. I t  is seen that nothing in all this is inconsistent with the principles of 
special relativity theory or devoid of observational interpretation in accordance with 
the theory.

Fi'om this discussion it follows that, if a body is accelerated relative to an inertial 
frame, then an observer attached to the body cannot use a rigid rod unambiguously 
to measure lengths unless its method of employment is prescribed iu considerable 
detail. For, suppose he holds two such rods side by side, holding them first by the same 
ends and then sliifting his hold upon one of them to its other end. In general, he will 
observe a relative change of length. In the first case he is pushing both rods or pulling 
both, while in the second case he is pushing one rod and pulling the other, with the 
result that there is a difference in their states of strain. This remark is trivial in itself, 
but it appears to have interesting consequences in regard to the so-called ‘principle of 
equivalence’. The latter will not be pursued here, though they provide one reason for 
the investigation. The remark is, too, an illustration of the significance of the ‘ di ag- 
point ’ defined by Synge and Gardiner (5).

Although the extensibility of a rigid rod is compatible with special relativity theory, 
our discussion does carry the assumption that, whenever a particular rigid rod is at rest 
in an inertial frame, then it has always the same ‘ length ’. More precisely, if two unstressed 
rigid rods initially at rest in such a frame have the same length as measured by each 
other, then they must always have the same length when they are again in this state, 
whatever different motions they may undergo during the interval. Otherwise a rigid 
rod could not be used in the usual way to define length in an inertial frame, and the 
theory of special relativity would have to be re-formulated.

I t  was shown in effect in (4) that the condition is satisfied when it was remarked that 
a relativistically rigid rod is also perfectly elastic.

The previous work was, however, incomplete in regard to this feature. The object 
of the present paper is to state the definition of rigidity more rigorously and to derive 
several theorems. In a subsequent note, the results will be apphed to the problem of 
a rotating rigid ‘ hoop ’.

2. Definition of rigid rod. We shall adopt:
D efinition A. A rigid rod is one (a) along which any disturbance travels with speed c 

for all possible amplitudes of the accompanying strain and for all possible states of stress 
existing before the application of the disturbing forces, {b) in  which any change of 
configuration is reversible and takes place without dissipation of energy.

The reasons for adopting this definition are contained in § 1 and in (4). Of course, 
it is not obvious that the definition is self-consistent or consistent with the principles 
of special relativity. The results about to be proved may be regarded as supplying
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the needed ‘existence theorem s’. We proceed by deriving a necessary property and 
then proving several results which establish its sufficiency for our requirements.

3. Equation of elasticity. We may now assert:
Th eo re m 1. The stress in any element of a given rigid rod depends only upon the strain 

in  that element.
From (4) and from Definition A ( a ) ,  it follows th a t the rod is extensible and th a t the 

extension does depend upon the stress. The only quantities other than the strain upon 
which the stress could depend are the time-derivatives of the strain. But, just as in 
classical mechanics, a dependence upon the latter quantities would make it possible 
for one to  stretch and re-compress the rod at different rates in such a way as to bring 
it back to its initial configuration with a net gain of work. Such a possibility is dis
allowed by Definition A (6). This establishes the theorem.

When the rod is unstressed and a t rest in an inertial frame, let L q be its length and 
m^ be the mass per unit length. When it is a t rest under tension T, let L  be the length 
and m  the mass per unit length. We prove

Theorem 2. T  ~  ^niQC^l-iLQjLf-], (3*1)

m = im ,[l + { L J L n  (3-2)

I f  the rod is moving initially with uniform velocity V relative to an inertial frame, 
and if the leading end is suddenly stopped then ((4), equation (7*1)) the whole rod in 
due course comes momentarily to rest with length where

According to Theorem 1, the strain-energy depends only upon the initial and final 
states, not upon the mode of passage from one to the other. So the energy is equal to 
the work th a t would be done in a quasi-static process producing the same change of 
length in the rod. This is ^

TdL,  (3-4)

where T  is the tension when the length is L  and, by Theorem 1, T  varies only with L.
The Idnetic energy lost by the rod is, by a standard formula of special relativity,

m,L,c\(\-V^lc^)-^--\-].

Using (3*3), this may be expressed in the form

(3'5)

According to the definition, there is no dissipation of energy and therefore the 
energies (3-4), (3-5) are equal. Their equality yields the formula (3-1).

I t  is easily verified tha t the same result follows also from the corresponding 
calculation for the case where the rear end of the rod is stopped, instead of the 
leading end.

By the well-knovm relativistic relation between mass and energy, the mass of the 
rod is increased by the amount of its strain-energy divided by ĉ . As we have seen.
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the strain-energy is given by (3-5). Hence the total mass per unit length in the strained 
state is say, where

^0-^0 "b 2^0 J —

Tliis estabhshes the formula (3-2).
The result (3-1) was stated in (4), equation (9-9), but the derivation was not given. 

I t  is interesting th a t it should be similar in form to a formula for ‘ in compressibility ’ 
given by Clark (2) for a three-dimensional medium. The present derivation is, however, 
entirely different from Clark’s; the interpretation of Clark’s formula from the present 
viewpoint will be considered in subsequent work on the three-dimensional problem.

Equation (3-1) is now seen to  be a necessary consequence of Definition A. We 
proceed to  show th a t it is also a sufficient condition for the definition to be satisfied. 
That is to  say, we shall now adopt

Definition B, A  rigid rod is one for which formula (3-1) is valid.
Then, from the ensuing results we shall infer the equivalence of the two definitions.
4. Transmission of impulses : infinitesimal amplitudes.
Theorem 3. Longitudinal vibrations and disturbances of infinitesimal amplitude are 

propagated in the unstressed rod with speed c.
Writing L  = L q-\-^L, (3*1) gives

T  = moc2AL/Lo + <9[(AL/Lo)2].
Hence for small AL the rod obeys Hooke’s law with modulus A, where

A = moĈ . (4-1)
For vibrations with infinitesimal amphtude both the velocities of the particles of 

the rod and the associated stresses are also infinitesimal. In  this case there is, therefore, 
no difference between relativistic and classical mechanics. Hence the wave-velocity 
has the classical value (A/mg)!. W ith the value of A in (4*1) this gives velocity c; there 
being consequently no dispersion, the group-velocity is also c.

Theorem 4. / /  the rod is stretched to any given tension it transmits longitudinal 
vibrations and disturbances of infinitesimal amplitude with speed c.

The appropriate relativistic equation of motion is well known (3). For one-dimen
sional motion under no body-force it takes the form

1 - ^ )  (^-2)

where T  is the tension and u is the velocity of the material at position x. I f  the motion 
is infinitesimal, this reduces to

where T^ is the given tension and the corresponding mass per unit length.
Let be the length of the whole rod when under tension 7\. Let the origin of x be 

taken a t one end of the rod, and let Xq be the distance of the particle a t x  from this end 
before stretching. Since the motion is infinitesimal, we have therefore

X Lj . . dx L-t
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Let g be the (infinitesimal) displacement at time t of the particle a t x  from its 

equilibrium position. The element {x, x  + dx) is then displaced to

{ x - i - X  + dx P ̂ ( d ^ / d x )  dx)

so th a t it becomes of length (1 +d^jdx)dx,  its unstretched length being dx^. By (3-1) 
the tension in this element is accordingly

dxç̂
{Ipd^jdx) dx 

to the first order in using (4-4). This gives

From (3-1) and (3-2) we obtain
=  (4-6)

Noting th a t u — 0^/0/ and using (4-5) and (4-6) the equation of motion (4*3) becomes

02g/8(2-c2 02g/aa;2 =  0.

Since this is the equation of wave-propagation with speed c the theorem is proved.
Theorem 3 is, of course, the special case for = 0. I t  should be noted th a t the result 

of Theorem 4 does depend essentially upon the occurrence of the factor (m — Tjc^) in 
(4-2) in place of the simple factor m tha t would occur in the classical equation of motion.

The remarkable property possessed by the formula (3-1) of yielding the speed of 
propagation c independently of the tension provides a further illustration of the fact 
th a t we have the closest possible analogue to the classical rigid rod. For we expect this 
analogue to yield the fundamental speed c wherever we should have infinite speed 
in the classical case. This is what we are now finding to hold good.

5. Transmission of impulses: finite amplitudes. We now consider the propagation 
along the rod of a disturbance of finite amplitude. Any such disturbance may be 
regarded as being generated by constraining one or both ends of the rod to move in 
a particular manner. We consider first the simplest case. The rod being initially a t rest 
in an inertial frame, one end is constrained, from some particular instant, to move 
with given uniform speed V. This is the case of the rod bemg struck a ‘ sledge-hammer ’ 
blow at one end. I t  is physically equivalent to the case of the rod, initially moving with 
uniform velocity V in an inertial frame S, rumiing into a stationary barrier. This is the 
form in which it is convenient to discuss the problem.

I t  may be remarked th a t there is nothing inconsistent with our assumptions in 
treating the barrier as unyielding. For the barrier could be composed of material for 
which the parameter mg is arbitrarily large. Alternatively, we could suppose th a t the 
rod collides with an exactly similar rod moving with speed V in the opposite direction. 
By symmetry, the only possibility is th a t the colliding ends are brought instantaneously 
to rest.

Let t, X be time and distance measured in frame S. Let the barrier be fixed at the 
origin 0  of the a;-axis in S and let the rod A B  be moving with uniform velocity — V in 
such a way th a t the leading end A  reaches 0  and is stopped there at time ( == 0.
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I t  is taken tha t the folloAving process will ensue. At time  ̂= 0 a chsturbance starts 

travelling from 0  along the rod with some uniform speed v relative to S. I t  will reach 
a point P  a t distance a; ( > 0) at time t = xjv. At this instant the material in P B  has not 
yet been ‘informed’ of the collision and is therefore still moving with its initial 
velocity — V. The material in OP is at rest and is in a state of uniform compression 
producing (negative) tension T.  This material will remain in equilibrium under this 
tension until the disturbance reaches the end B  of the rod. After that, the (negative) 
tension will push B  in the ]oositive a;-direction and the process will be reversed. When 
the return impulse has reached the end A,  the rod will be moving as a whole with 
velocity + V; th a t is to say, it 'will have rebounded as in a perfectly elastic collision. 
Here, however, we are concerned only with the first stage of the process.

V A 6
-  1 1 M i l l !

0

A 6

X

INI 1 1 1 1 1 1 1 1 1_ U
0 P X

This is merely a description of the classical process of elastic impact (with no 
dissipation). But there is nothmg in it tha t does not carry over into special relativity 
theory. Of course, it assumes that there is no dispersion, i.e. th a t the impulse does not 
‘spread’ as it traverses the rod. This assumption is justified by the fact th a t the law 
of elasticity (3-1) contains no parameter th a t could produce dispersion. I t  is verified 
by Theorems 3 and 4 in cases of infinitesimal disturbances.

We now treat the process quantitatively and prove
Theorem 5. The disturbance produced in stopping a moving free rigid rod traverses it 

with speed c.
The particle of the rod a t P  at time t = xjv has travelled a distance Vxjv after time 

( = 0. Hence, at ( = 0 the portion of the rod OP had length ic(l + V/v) as measured 
in S. Taking account of the FitzGerald contraction corresponding to the fact th a t it 
was then moving with speed V relative to S, its proper length was fix(l + V/v), where 

=  (1 — V^jc^)~^. Therefore, as each element of the rod is brought to rest, it becomes 
compressed in the ratio 1 : y7(l + F/v). (5-1)

Hence, using (3-1), the tension in the portion OP  is
T  = \m ^ c \l  -/?2(l + Vjv)% (5-2)

this being, of course, negative in such circumstances.
The element of the rod coming to rest in time dt is of length vdt as measured in its 

compressed state in S. Using (5*1), the proper mass of this element before coming to 
rest was dm, where ((m = m j (  1 + Vjv) vdt. (5-3)

By the usual formula of special relativity, the momentum dp (in the negative 
z-direction ) of this element relative to S was therefore

dp = ftVdm  = mQ^^(v+V)Vdt.  (5-4)
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The fundamental equation of motion, relativistic as well as classical, now yields

dp  = — Td t .  (5-5)

For this expresses th a t the momentum destroyed in time dt  is equal to the impulse of
the force — T  acting upon the element during this time.
- Using (5*3) and (5-4) in (5*5) we find

+ V ) V  = 1 + Vj v P  -  c2,
wliich reduces to ( 2vV  + F^) (v‘̂ — c^) = 0.

Since F is arbitrary and v is positive this gives uniquely

V = c (5-6)
and the theorem is proved.

We note also that on putting v = c in (5-1) we recover the value of the compression- 
ratio in (3-3).

We have now established the converse of the main result of (4) by showing th a t the 
law of elasticity (3-1) gives the speed c for the propagation of the disturbance in the 
process there considered. In  that paper it was postulated tha t the speed is c and it was 
stated th a t this required the tru th  of formula (3 -1) as a result of energy considerations. 
But it was not there shown generally th a t this formula necessarily yields the required 
speed of propagation.

We wish next to establish a similar result in the case of a rod th a t is initially stressed. 
I t  will be seen below why this result is needed.

In order to see the meaning of the problem, we may imagine the given rod to  be 
initially stretched (or compressed) between massive end-supports. One of these can 
then be supposed suddenly set in motion with uniform velocity F relative to the other. 
We are concerned with the disturbance tha t then traverses the rod. Or, we may think 
of the given rod as being pinned at its ends, in a stretched (or compressed) condition, 
between two other rods identical with each other, and the whole system can then 
replace the single rod considered in Theorem 5. (In the latter realization of the 
problem, all three rods must be stressed, and we can regard the discussion as applying 
to any one of them. Three, rather than two, rods are mentioned merely for the 
sake of better realism: the reader might say tha t two would ‘bow ’ !)

As before, we may suppose the system to be moffing initially with velocity — F 
relative to an inertial frame S and suppose th a t the effect to be studied is achieved by 
allowing the system to collide with a suitable barrier. So far as it is applicable, we 
employ the same notation as before.

We shall require

L e m m a . I f  the m aterial at some p o in t P  o f a given rod has proper-m ass m^, p er  u n it  
proper length and  tension and  i f  its  velocity relative to an  inertia l fra m e  S is  F, then  
the m om entum  relative to S per u n it  length at P m easured in  S is

P\m ^ — T f c ^ ) V .  (5-7)

This result is, in fact, well known. For the expression (5*7) is the relevant com
ponent (usually written of the stress-momentum-energy tensor appropriate to 
this cased ,6). The only departure from the standard statem ent of the result is in
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our giving it in terms of a line-density instead of a volume-density. This is justified 
by the remark in § 1 th a t we may, if desired, consider a suitable tbree-dimeusional 
body instead of the one-dimensional rod; quantities relating to unit volume of the 
body would then correspond to those relating to unit length of the rod.

Although we take the result (5-7) itself from the standard treatm ent, it is of interest 
to give a physical interpretation. In  relativity theory, momentum can be treated as 
energy-flux. Suppose for the moment th a t the velocities concerned are small. Then, 
if stressed material is in motion, the energy-flux across unit area of any geometrical 
surface dravm thr ough the material is composed of the material flux (giving a term of 
the form mV) together with the work done by the material on one side of the boundary 
upon tha t on the other (giving a term of the form — T V  jc ,̂ the factor 1/rf being required 
merely to give the correct mass-units). I f  the velocity is not small, one factor of the 
form P will appear in order to  take account of the relativistic ‘ change of mass with 
velocity’, and another factor of the same form to take account of the FitzGerald 
contraction, since unit length in S corresponds to proper-length /?. This interpretation 
may be taken as accounting physically for the several factors in (5-7), but the actual 
derivation can be given satisfactorily only by means of the tensor treatm ent to which 
reference has been made.

I t  may also be noticed th a t the leading term in (4-3) is consistent with (5-7) for the 
case of a small velocity. ,

We are now in a position to prove
Theorem 6. The disturbance produced in stopping a moving stressed rigid rod traverses 

it with speed c.
Let the initial tension be T .̂ Then the initial proper-length is given by (3 1), i.e.

Ti=im oc2[l-(Lo/Li)2]. (5-8)

The ratio given by (5-8) is tha t by which every element of the rod is initially
stretched (or compressed). Equation (5-1) now gives the further compression pro
duced by the stopping process. Combining these factors, the tension in the portion 
OP of the rod is T  = j}^( l+Vjvf (LalLiYl  (5-9)
Using (5-7) we have here in place of (5-4)

dp = p ^ m ^ -T fc ^ )  (vA- V) Vdt =  m^(Lç,ILffP\v+ V) Vdt, (5-10)
on using the value (5-8) for and the corresponding value from (3-2) for m .̂ In  place 
of (5-5) we must now write = - { T - T f ) d t ,  (5-11)

since —(T — T-f) is here the resultant force acting upon the element of the rod concerned. 
From (5-8), (5-9), (5*11) we obtain

2(Lg/LJ2^2(2;+F)F = (Lo/LJHc"mi + FW^-c2].
Since the factor cancels out, we are then left with exactly the same equation
as before to determine v. As we have seen, this gives v = c, thus proving the theorem.

In  regard to  the proofs of Theorems 5 and 6 it should be remarked that v as defined 
was the speed of advance of the disturbance relative to the disturbed portion of the 
rod. Had the rod not been ‘rigid’, we should have found for v some value less than c. 
This would not then have been also the speed of advance relative to the undisturbed
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portion of the rod, though the latter could, of course, have then been evaluated using 
the standard Lorentz-velocity transformation. However, since in our case the velocity 
of advance has been shown to be the fundamental velocity c, it has this value whether 
it be taken relative to the disturbed or undisturbed material.

We may now formulate as the general conclusion of the work:
Theorem 7. Any disturbance of any amplitude is prop>agated in the rod with speed c. 
We shall now think of the rod as being mitially at rest in an inertial fr ame.
Any disturbance generated at one end of the rod and traversing it in one direction 

is determined by the motion produced at tha t end. In  Theorems 5 and 6 we have dealt 
with the case where th a t motion is uniform relative to the undisturbed part of the rod, 
and we have found th a t the resulting disturbance is propagated with speed c. As we 
have seen, it produces a uniform stress in the disturbed material. I f  after a certain 
time, a different uniform velocity is impaired to the end of the rod, its effect will 
therefore be propagated through the material already disturbed by the first motion 
again with speed c. This follows by application of Theorem 6. We can proceed in this 
manner for any discrete set of changes of velocity of the end of the rod. We can then 
consider the given motion of the end as the limit of such a set, and we conclude th a t the 
whole disturbance traverses the rod with speed c.

The admissibility of tliis argument here should be contrasted with its failure in the 
case of a classically compressible rod in which the speed of propagation does depend 
upon the stress. In the latter case, a single change of velocity of one end is propagated 
through the rod with some particular speed and produces a stress in the disturbed 
region. A second ensuing change of velocity must be propagated through this stressed 
region. But, owing to the stress, the speed is different for tliis second disturbance, and 
so on for any subsequent ones. Then the propagation of a general disturbance becomes 
a much more complicated m atter than it is in our case, and no simple general con
clusion can be reached. This remark applies with even more force to the case of 
a relativistic non-rigid rod.
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