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ABSTRACT
This thesis deals with two topics.

In Part I it is shown that if ZFC is consistent, then so is
ZF +jthe order extension principle + there is an abelian group

without a divisible hull., The proof is by forcing.

In Part II a technique is developed which, in many varieties of
algebras, enables the construction for each positive integer n
of a non—freelﬁl -free algebd of cardinalit k{ f ‘
Noin gebra cardina YN\ g4p from a
suitable non-free %{&—free algebra, when }icis regular. The
algebras constructed turn out to be elementarily equivalent in

the language L to free algebres in the variety.

Su+n

As applications of the technique, it.is shown that for any
)

14

positive integer n there are 2 n }{n—free algebras which are
generated by }\; elements, cannot be génerated by fewer than this
number and are ka4 -equkalent to free algebras in each of the

4

n
following varieties: any torsion-free variety of groups, all

rings with a 1, all commutative rings with a 1, all. K-algebras
(with K a not-necessarily commutative integral domain), all Lie

algebras over a given field.

By a different analysis it is shown too that in any variety of
nilpotent groups, a A-free group of uncountable cardinality A
is free (respectively, equivalent in L to a free group) if and

only if its abelianisation is, in the abelian part of the variety.

Finally, sufficient conditions are given for a A-free grdup in a



variety of groups to be also parafree in the variety. The
results imply that in the varieties of all groups socluble of
length at most k and of all groups polynilpotent of given class,
if A is singular or weakly compact, then a.ﬂ-free group of
cardinality ?.is parafree, while if A is strongly compact, then

a A-free group of any cardinality is parafree.



fir Inge,

der ich mehr schulde, als ich hoffen kann, Je gut zu machen
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INTRODUCTION

This thesis is about set theory and algetbra,

In Part I a question which has a "logical" flavour is considered.
It is an instance of the more general question: how effective are
the common constructions of algebra? The construction considered
here is that of the divisible hull of an abelian group. It had
been shown (in /Hodges1/) that ZF alone is not sufficient to
establish the existence of divisible hulls. That proof involved
the construction by forcing of a model of ZF in which choice
failed badly and there was an abelian group without a divisible
hull, By & similar construction, it is shown in Part I that
there is a model of ZF in which there is an abelian group without
a divisible hull and the order extension principle holds. This
means a "moderately strong" axiom of choice can hold while there
is an abelian group without a divisible hull. The natural
question of whether the Boolean prime ideal theorem holds in the
model constructed is not settled. My guess is that it does hold;
it is in any case a notoriously difficult thing to prove in

models in which choice fails.

In Part II the methods used and the questions considered are

more algebraic in flavour. For the purposes of this introduction,
let us say that an algebra in a variety is almost free if it has
the property that every subalgebra of cardinality less than that
of the given algebra is contained in a free subalgebra. (This
definition will be widened later.) The main theme in Part II is:

when are almost free algebras free?



Historically, this question was first considered mainly for the
variety of all groups and the variety of all abelian groups, and
there are constructions by Higman and Hill of non-free almost
free groups in these varieties. The methods used were principally
algebraic. It was in /Eklof1/ that it was recognised that
methods from logic were applicable here and in /Eklof2/, using
the concept of stationary set , it was shown that if K is a .
regular cardinal and there is an almost free but non-free abelian
group of cardinality K, then there is one of cardinalityﬁ0+.
Since the additive group of the rationals is almost free but not
free, this showed that there are almost free but not free abelian
groups in all infinite cardinalities up to the first limit
cardinal. In his PhD thesis, Mekler extended this to the variety

of all groups, and there have also been extensions to modules.

In a different direction, in /Shelah1/ it was shown that in any
variety of algebras with the property that every subalgebra of a
free algebra is free (called Schreier varieties), any almost
free algebra of singular cardinality is free. Again the methods
used are more set-theoretic than algebraic (and in fact a much

more general theorem is proved - see also /HodgesZ/).

The results of Part II are concerned with non-Schreier varieties.
It is shown in §3 that, with some restrictions on the variety
(principally that factoring out by a subalgebra should make sense),
if there is a sufficiently nice almost free non-free algebra of
regular cardinality X, then there is one of cardinalityf0+. This
is applied in §§4,5 to an arbitrary torsion-free variety of

groups and also to varieties of rings, K-algebras and Lie

algebras. The results suggest that the algebraic content of the



proofs is not very great and that there is a model-theoretic
concept still to be found which subsumes the notion cf freeness
and for which the proofs could be carried out using only

set-theoretic machinery.

On the question of whether Shelah's theorem on singular cardinals
holds for non-Schreier varieties, the results of §§6,7 combine

to show that a counterexample cannot be found in any nilpotent
variety of groups. (This was known already (/HodgesZ/), but we
give a different proof.) More than this is shown: in §6 it is
proved that these varieties behave exactly as their abelian parts
do with respect to questions of almost-freeness. The methods of
§6 rely heavily on the concept of purity; which although it
originated in abelian group theory has recently found a more

suitable home in model theory.

The final section centres on the concept of parafreeness in a
variety of groups. Here it is shown that with certain conditions
on ’/\,and the variety, a A-free group of cardinality?«must be

parafree.

All of the theorems in Parts I and II which are not attributed
to someone else are original work of the author. In some places
it is the ideas, rather than the results, which should be so
attributed. I have tried to make clear in the text where I have

used someone else's ideas.

There is a third part of the thesis that has not been mentioned
yet: Part O is a review of notation and terminology as well as

some topics the reader is assumed to be familiar with. None of



the theorems in Part O is due to the author.

As the reader will already have noticed, references to other
works are marked off by /. The end of a proof is indicated by //.

The empty set is denoted by O.

Internal references to- lemmas, theorems and corollaries are given
88 2, YeZ OT X.Y.2. Just z means the zth of the current section,
Y.2 means the zth of §y of the current Part and x.y.z means the
zth of §y of Part x. References to another section of the same

Part are written §y, while a reference to §y of Part x is written

§x.y.

It is said elsewhere, but will bear repétition here, that the :
axiom of choice is used in Part O only in those sections whose
title is followed by (AC); in Part I, only in §2, except where
indicated in the text; and in Part II, throughout, without

mention.

Finally, there are many people I would like to thank, but I shall
only mention a few: my supervisor, Wilfrid Hodges, for his help
and guidance, and directing me towards the problems considered;
Mark Roberts, without whose incredulity this thesis would have
been much longer (and falser); Harold Simmons, for making his
time 80 generously available to me; and my wife, Inge, without

whose support this would never have existed.

Despite the generous and helpful criticisms of the above people,

such faults as remain are of course entirely due to me.



PART O

PRELIMINARIES



In this Part, some notation is explained and an outline is

given of what is assumed. (AC) indicates Choice is assumed.
§1 Set theory

Our main source of information on set theory is the book
/Jech2/. Concepts and notations in this area that we do not
define may be found there. The set theory we shall use is ZF
or ZFC, A ZF-formula is a formula of the language of set

theory (/Jech2/, pp2-3).
§2 Functions

Let f:X——>Y and Z < X. Generally we shall follow algebraic
practice and write £(2) for

{yeY:s Jze 2 y = £(2)},
but we shall also from time to time use the notation f"Z for

this set, to avoid ambiguity.
The restriction of f to Z is written f|Z.

If A =7, the inverse image of A under f is written f-1(A),
that is,
£77a) = {xex s Jyea y=1£(x)}.

If A= {a}, then we write f-1(a) instead of f-1({ al ).
If £ is onto Y, we write f$X —»Y, and if f is 1-1, fi1X>—>Y,

The notation xY always represents the set of all functions

from X into Y, but we shall sometimes write Yx for this set, in

11



circumstances where this is more usual and no ambiguity will

occur as a result,
§3 Powers and sequences
The power set of X is written PS(X).

A segquence of members of X is a function s from an ordinal,
called the length of s (written length(s)), to X. The set of
all finite sequences of members of X is written Seq(X), and
also sometimes < X. Sequences are written with round brackets,
thus: (xo,x1,...). The notation 3 indicates that & is a
sequence, If s and t are sequences, then their concatenation

is written s87t,

§4 Relative constructibility

Rt T={xjoT
Let X be a set and T its transitive closure (/Jech2/, p71).) By
L(X) we mean L(T), obtained by the following inductive

definition ((15.13), p131 of /Jech2/):

LO(T) 0;

L5(T)

U L, (1) if 6 is a limit ordinalj;
a<s -

L, ,q(T) = L_) def, (L, (T));
AeT

L_J L_ (7).

oeord °

]

L(T)

Here, defA(U) is the set of all subsets of U definable over the

12



model «};er\uz,A), and "definable over" means what it does in
/Jech2/, p82. (See also ex 15.1 on p128 of /Jech2/.) 1In line

three of this definition one takes of course U = . La (T).

Then L(X) is & model of ZF and is the least transitive model

containing X as a subset and all the ordinals.

If X = 0 in this definition, it is omitted, and the construct-

ible universe, L, is obtained. It is well-known that L is a

model of strong choice, that is, that there is a definmable

class which is a bijection between L and Ord. Since L(X) need
not be a model of the axiom of choice, we cannot hope for this
to hold for L(X), but as we indicate below, L(X) does share

some of the properties of L.

It is well-known that there a class definable from T which is
a surjection of Seq(T) x Ord onto L(X). We shall consider only
L(X) and for this X we shall be able to get a slightvimprove-
ment in the properties of the surjection. The point is that

it will tﬁrn out to be definable from X. Here, and in the
following theorem, "definable from X" means definable with X as

a parameter, as in /Jech2/, P3.

Theorem 13 Let X be a set of ordered triples of members of
PS( w). Then there is a surjection
P: Seq(X)x 0rd — > L(X)

which is definadble from X and absolute for transitive models.

Proof:(in outline): We sketch first the construction of such

an F which is definable from the transitive closure, T, of X,

13



There is a definable bijection between' w and the set of all
ZF-formulas (a Gddel numbering) and there is too a definable

bijection between Kk and Seq(k ) for each infinite cardinal « .

The definition of F is by transfinite induction. Put F(0,0) = O,
and let @ be an ordinal. Suppose that for each B < a', for all
x€ Ly (T) there is (sx,'Yx) € Seq(T)* Ord such that

(sx, Yx) ———>x defines a function. If o is a limit ordinal,
it is clear how to proceed, so suppose 00 = B +1, If

x€ Ig (T), then there is a formula e(v,x1,x2,...,xn) with just

v free and X ,X,y..0,X £ Lg (T), and there is A€ T such that

2
x = {yE 4 (A5€0A29LB(T) ﬂA)}-:'e[y’x1’x29'--7xn]}-

Now X,,X,y...,X are by induction F(s1,a 1),F(82,(12),...,
F(sn, an) for some 8{,8,,...,8 in Seq(T) and some ordinals
a1, az,...,a n Form the new sequences -
8 = (A) 31 82 e sn,
->
and Y = (f, u1’ a2,0|u,an),

where f is the G6del number of 6 .,

- .
Let Y correspond to Y under the bijection k <+ Seq(k ),

where K = | max( ©, Gy Gpyeeey @ Y| *, and put F(s,Y ) = x.

n
Since we have used bijections, it is clear that x is indeed re-
coverable from (s,Y ), and so this does define a function. We
can expand the domain if necessary to all of Seq(T) xOrd by
putting F(e,y ) = 0 if it has not been given a value by the

above process.

So what we have done so far is to produce an F satisfying the

14



conclusion of the theorem with T in place of X. Since W is
definable and X GEPS(G))B, T has a particularly simple form,
and turns out to be definable from X. Hence Seq(T) is definable
from X and it is easy to see that the above construction can be

modified to produce F of the required form. //
§5 Forcing

We assume familiarity with all the relevant parts of /Jech2/,

especially §§16-19.
§6 The axiom of choice
The following abbreviations will be used:

AC: the axiom of choice
BPI: the Boolean prime ideal theorem: every Boolean algebra
contains a proper prime ideal
OEP: the order extension principle: every partial order can
be extended to a linear order
OP: the order principle: every set can be linearly ordered

ACF: every set of finite sets has a choice function.
The main theorem is:

Theorem 1: In ZF, each member of the above list implies those

below it, and none of the implications can be reversed.

Proof: The implications are all proved in /Jech1/, as are all

the non-implications except OEP ——#a-BPI, which is to be found

15



in /Felgner/. //

The reason for introducing this theorem is that it gives a scale
against which to measure how badly choice fails in a model of

Z2F. Of course, it is a crude scale.

Each of the axioms listed above (AC,BPI, etc) has the form:
Vx3dy o(x) > ¥(x,y).
The global form of such an axiom is the assertion:
there is a definable proper class C which is a function
such that Vx  ¢(x) > ¥(x,c(x)).
Thus C allows a uniform choice to be made. Strong choice is the

global form of AC and, as remarked before, holds in L.
§7 Stationary sets (AC)

Let & be an ordinal of regular uncountable cardinality K .
The set C is closed in § iff the supremum of any subset of C
is either 6 or a member of C; C is unbounded in § iff ¢ is
the supremum of C. We say that C is a club in 6 iff C is

closed and unbounded in 6.

The set of clubs in § is a filter in the Boolean algebra PS(S )
and this filter is closed under intersections of fewer than K
members (that is, is k -complete). The ideal dual to this

filter is called the ideal of non-stationary sets (in 6 ),

denoted by NSG . A subset S of § is said to be stationary (in
§) iff S iNS‘S. Thus S is stationary in ¢ iff S has non-empty

intersection with every club in § .

16



If X,Y are subsets of &, then we write X = Y mod NSG iff the

symmetric difference of X and Y is a member of NS This is

6 L]
an equivalence relation on Ps( §) and we denote the equivalence
class of X by X. It follows easily from the definitions that

X = Y mod NS(S iff there is a club C in § such that CMNX = CNY,

§8 Some large cardinals (AC)
We give here a few definitions and point out a few well-known
consequences., The survey /Kanamori & Magidor/ contains proofs

and much more besides,

A cardinal k 1is weakly compact iff whenever S is a set of

sentences in the language IkK involving at most K non-logical
constants and every subset of S of cardinality less than K
has a model, S too has a model. A weakly compact cardinal is a

regular limit cardinal.

A cardinal k is strongly compact iff k satisfies the above

definition with the restriction on the number of non-logical

constants occurring in S deleted.

Let j:V = M be an elementary embedding of the universe of all s
sets into a standard model M. (We are assuming AC,) If j is
not the identity then J must move some ordinal, and the least
such is called the critical point of j. If K < A are
cardinals, we say K is _A-compact iff there is an elementary
embedding J of the universe V into a standard model M such that
« is the critical point of j and for all X &M if |x| < A,

then there is Ye M so that X< Y and Mlel <j(x).

17



Then x is strongly compact iff k¥ is ) -compact for all } > « .

We note finally that these are all large cardinals and if ZFC
is consistent then the existence of cardinals of these types

cannot be proved (or even proved to be consistent) in ZFC.

§9 Abelian groups

Groups will appear from time to time in what follows. In Part I,
these groups will all be abelian and additive notation will be

used,

The additive groups of the integers and the rationals will be
written Z and Q@ respectively, while Zn denotes the cyclic group
of order n, for n a positive integer; Z(pw), for p a prime,
denotes the abelian group generated by { xi=i<w} subject to
the relations {pxi+1 =x 1 i< w} . The group Z(p~) is

divisible and directly indecomposable.

The standard reference /Fuchs/ is our source for most of the
information about abelian groups that we shall require and

unexplained terminology is to be found there.

With the axiom of choice it is well-known that any finitely-
generated abelian group is a direct sum of cyclic groups. 1In

fact, AC is not necessary for this:

Theorem 1: The following is a theorem of ZF:
each finitely-generated abelian group is the direct sum

of finitely many cyclic groups.

18



Proof: The two proofs given on pp78-9 of /Fuchs/ do not use

the axiom of choice. //

In Part I, if A is an abelian group and X is a subset of A, the
notation <X> always means the subgroup of A generated by X, but
we sometimes prefer gp(X) or gpA(X) for this, to avoid confusion
with the common set-theoretic practice of writing, for example,

<x,y> for the ordered pair of x and y (which we write (x,y)).
§10 Some universal algebra (AC)

In Part II we shall deal with varieties of algebras. For us an
algebra is an algebra in the sense of /Cohn1A that is, a pair
(A, Q) where A is a set and Q is a sequence of finitary
operations on A. We refer to @ as the similarity type of the
algebra (A, Q ), but since this is almost always understood in
the context, we usually just write A for the algebra (4,8 ).

A variety of algebras is a class of algebras of the same
similarity type which is closed under taking homomorphic images,
subalgebras and direct products. A class of algebras of the
same similarity type is a variety iff there is a set of
identities (called the laws of the variety) such that an algebra
is in the class iff it satisfies all the identities. (See

/Cohn1/, ch IV.)

If C is a class of algebras of the same similarity type and X
is a subset of the algebra A in E such that for every B in E
and every map f:X—>B there is a unique homomorphism f*:A——>B
extending f, then we say X is a basis of A, or X is a free

generating set for A. We say A is free in C iff A has a basis.

19



If X is a basis of A, then we say A is free on X. Note that the

concept of freeness and basis depend on C.

A subalgebra B of the algebra A in C is said to be a free factor

of A iff A has a basis X such that there is a subset Y of X
with the property that B is the subalgebra of A generated by Y.
Again this depends on E. Note that both A and B must be free
if B is a free factor of A, and that if X, Y are as above,

Y = an‘

We shall be concerned with questions related to freeness. We
shall however treat only varieties. The reason for this is

that an algebra is free in some class E_ of algebras iff it is
free in the variety generated by E_. (Compare /Cohn1/,IV.3.7,
3.11,) Let us note too that in any variety of algebras, there
is a free algebra on any set. (See /Cohn1/, III.5.3.) PFinally,
let us note that a subset X of an algebra A in a variety V is a
basis of A iff X generates A and every relation between the

members of X is a law in V. (See /Cohn1/, ch IV.)
§11  Purity

If A is an abelian group, then the subgroup B of A is pure in A
iff for all integers n and 8ll be B if there is a€ A such that
na = b, there is b'e B such that nb' = b. Thus any finite
system of equations with pargmeters from B which can be éolved
in A can also be solved in B. (See /Fuchs/, ch V.) This

notion can be extended to arbitrary algebras, as follows.

Suppose B is a subalgebra of the algebra A, Then B is pure in

20



A iff every finite system of equations with parameters from B
which can be solved in A can also be solved in B. We note that
the union of a chain of pure subalgebras is a pure subalgebra,

provided only that it is an algebra.
§1.2 Varieties of groups

The class of all groups is a variety; we denote it by Gps. If
U and V are subvarieties of Gps, then UNYV denotes the class of
all groups which belong to both U and V; it is a variety. The
following names will be used:
Abgps: the variety of all abelian groups (abbreviated to
Ab in §I1.6);
B(p"): the variety of all groups in which xpn = 1 is a law,
where p is a prime and n a positive integer (B for
Burnside);
Ab(p"): Abgpsn B(p");
gc: the variety of all groups nilpotent of class at

most c, a positive integer; defining law:

[10’ [11,[ oo [10-1’xc} o-c] ] ] =1,

where [x,y] = 1y xy.

A variety of groups has exponent O iff x” = 1 is not a law for

any positive integer n, and exponent n> 0 iff n is the least

positive integer such that x" = 1 is a law. So B(p") has

exponent pn. We also say a variety is torsion-free if it has

exponent O; a variety is torsion-free iff its free groups are.

Subvarieties of Abgps are referred to as abelian varieties;

subvarieties of yc are referred to as nilpotent varieties.

21



§13 The lower central series of a group (aC)

If G is a group and H is a subgroup of G, then (G,H] is the

subgroup of G generated by all the commutators

[g,h] = g 'h™'gh  with geG, he H.

(1)

The lower central series of G is the sequence G , 1 a non-

negative integer, defined by:
(@ . g, o+ | [ge(i)] |
(1)

The subgroup G is called the derived subgroup of G, and we
usually write G' for it. It will play an important role in
§11.6. Of course G/G’ is abelian, and is called the abelianis-

ation of G, written,Gab. Abelianisation is a functor and we

have:

Lemma 1:¢ If H is a pure subgroup of the group G, then Hab is

naturally embeddable as a pure subgroup in G&b.

Proof: Clearly H'< G'NH. Suppose h€ G'MNH. Then there
are 418,118, in G such that

b= [81:8,] [83:84] -+ [8on-1782n]
Now, this is an equation with the parameter he& H, soluble (vy
811851 etc) in G. Since H is pure in G, there are hy,h,,...,h,
in H such that

h = [h,,n,] [hS,h4] ver [y _4om, ]

and hence h € H'. Thus G'N H & H' and H' = G'NH.
Hence H/H' = H/G'NH, and since this is naturally isomorphic

to the subgroup HG'/G' of G/G', we are done if we sghow that

HG'/G' is a pure subgroup of G/G'.

22



Suppose gnG' = hG' with g € G, h € H and n€ Z. Then there are

g1,g2,...,g2n in G such that

n -
g =h[eye,] 85084 ] - [ &5, 1085, ]

and as above there are hO’h1""’h2n in H such that

n
Hence
h "G' = hG'
O ]
and BG'/G' is pure in G/G'. //
§14 Nilpotent and residually nilpotent groups (AC)

If the lower central series of the group G terminates, that is,
e (i) . (1) for some i, we say that G is nilpotent; G is

nilpotent of class ¢ iff G is nilpotent and ¢ is least such that

G(c) = (1). We say G is residually nilpotent iff (ﬁ\ G(l)a (1).
. i<w
The (absolutely) free groups are residually nilpotent.

The following lemma is well-known. It follows from 31.23 and

31.24 of /Neumann/.

Lemma 1: If G is a nilpotent group and H a subgroup such that

BG' = G, then H = G. : //

Putting together 32.21, the proof of 32.22 and 42.35 of /Neumann/

gives:

Theorem 23 Suppose V is a nilpotent torsion-free variety of
groups, and let F be free in V. If S is a subset of F which
generates freely module F' a free abelian subgroup of Fab, then

S generates freely a V-free subgroup of F. //

23



In the same vein, the following appears as 42.31 of /Neumann/:

Theorem 3: Let V be a variety of groups whose free groups are
residually nilpotent. If S is a subset of the free (in V) group
F that generates (AbgpsF\V)-freely modulo F' a direct factor of

F/F', then S generates freely a free (in V) subgroup of F. //
Finally we record the following, taken from /Baumslag}/, p2:

Theorem 4: Let G be a nilpotent group such that there is a
positive integer n such that x" = 1 for all x in G, Let m be
the least value of n for which this holds and suppose
Pq1PoyeeeyPy are the distinct primes dividing m. Then for each
i there is a unique pi-Sylow subgroup Si and, furthermore,

GIS1XSZX...XSk. //
§15 Infinitary equivalence (ac)

We assume the reader is familiar with the language L¢|< and
knows what LcnK-elementary equivalent structures are, where k
is an infinite cardinal. If not, the following may be taken as

a definition.

If A and B are algebras of the same similarity type and J is a
family of isomorphisms of subalgebras of A onto subalgebras of

B, then J has the <k -back-and-forth property iff whenever fe¢ J

and X (respectively, Y) is a subset of A (respectively, B) of
cardinality less than K, there is ge J such that g extends f

and X¢ domain(g) (respectively, Ycrange(g)).
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A proof of the next theorem may be found in /Kuekeri/, p53, for

example.

Theorem 1: If A and B are algebras of the same similarity type,
then A and B are L, ,-elementary equivalent iff there is a family
of isomorphisms of subalgebras of A onto subalgebras of B which

has the <k-back-and-forth property. //
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PART I

DIVISIBLE HULLS
AND

THE ORDER EXTENSION PRINCIPLE



§0 Introduction

In this Part a model of set theory is constructed in which there
is an abelian group with no divisible hull, and the order exten-

sion principle holds.

The axiom of choice is not used in this Part except where this is

made explicit. All groups mentioned in this Part are abelian.

In §1 the background from algebra is given, and in §2 the algebra
which will be needed in the subsequent forcing construction is
presented. The axiom of choice is assumed in §2. The forcing
construction is carried out in §3. The main points of §3 are to

be found in theorems 6,7 and 8.

In §4 it is shown that the order extension principle holds in the
model of §3 and in §5 it is shown that there is a group in the

model which does not have a divisible hull.
The whole Part may be summed up by saying that it is a proof that

without the axiom of choice the order extension principle is not

strong enough to construct divisible hulls.
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§1 The algebraic background

In this section it is explained what a divisible hull is and
how this is connected with the axiom of choice. Recall the
convention that all groups in Part I are abelian. In this
section the axiom of choice is used only where indicated by a

vertical line in the left margin.

The group A is divisible iff for all ac A, n€ Z there is xe A

such that nx = a.

We sketch the classical development (that is, with AC) of

divisible hulls.
The following propositions are proved in /Fuchs/, ch IV:

(1) a divisible subgroup of a group is a direct summand;

(2) if B is a subgroup of A and D is a divisible subgroup
of A with BND = (0), then a complement C of D may be chosen so
that B < C (and A = D@ C);

(3) every group can be embedded in a divisible group;

(4) every divisible group containing the group A contains
a group which is minimal with respect to the property of being
divisible containing A;

(5) any two minimal divisible groups containing the group

A are isomorphic over A.

Of course the axiom of choice is used in /Fuchs/, so these are
theorems of ZFC. Let us consider briefly how (4) is obtained

from (1)-(3). Let D be divisible and contain A. (Such exists
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by (3).) The set of subgroups of D that are divisible and

have trivial intersection with A is inductive and hence, by AC,
has a maximal member, M, say. By (2), there is E ¢ A such that
D = MO®E. ‘CIearly E is divisible, and by (1) and the maximal=-
ity of M, E contains no proper direct summand. Thus E is

minimal divisible containing A.

Before sketching the proof of (5), let us introduce a convenient
concept. The subgroup A of the group B is essential iff for all
x € B if x # 0, then <x> NA # (0). Wwe shall sometimes say B

is an essential extension of A or B is essential over A if A is

an essential subgroup of B.

Lemma 1: Let A be a subgroup of the group B. Then A is
essential iff whenever f:B—>G is a homomorhism with f|A monic,

f is monic too.

Proof: If A is essential in B and f{A is monic, then
(0) = ker(f]|A) = fker £)NA and hence ker £ = (0). If A is not
essential and <x>NA = (0), with x # 0, then the canonical

homomorphism f:B-—*>B/<x> is not monic although f|A is. //

The axiom of choice is not used in this proof,

To prove (5), /Fuchs/ establishes first:
(6) a divisible group E containing the group A is minimal

divisible containing A iff E is essential over A.

To deduce (5), suppose E1,E2 are two divisible groups containing

A as an essential subgroup. Then E1,E2 are minimal divisible
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extensions of A, by (6). Embed E,,E, in some group B (for

example by forming the pushout of

Cc —>FE ).

By (1), E2 is a direct summand of B, so there is an epimorphism

p:B—>E, such that p]E2 is the identity. Since p(E1) is div-

2

isible and contains A, pIE1 is onto E2' By lemma 1, since p|A
is monic, so is p|E1. Thus pIE1 is the required isomorphism,

fixing A pointwise.

Thus we see that if the axiom of choice holds, there is for each
group A a minimal divisible group D containing A, and that this
group D is unigue up to an isomorphism over A. The‘gfoup D is

known as the divisible hull of A.

The property of divisible groups expressed in (1) is often
phrased:

(1') a divisible group is injective,
and since from (3) any injective group is embeddable in a divis-
ible group, it follows that injective groups are divisible.
Thus the group D of the last paragraph is often referred to as

the injective hull of A,

Let us now identify some of the places at which AC is used in

the proof outlined above that divisible hulls exist.

It is proved in /Blass/ that in ZF (1) implies the axiom of
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choice, so the axiom of choice is necessary for (1). Since (2)
implies (1), it is also necessary for (2). We shall see in the
theorem 3 below that choice is not necessary for (3). It is
shown in /Hodges1/ that (4) cannot be proved in ZF alone.
Whether (5) and (6) can be established in ZF is not clear (to

the author); this question is discussed below after lemma Se

Let us abandon AC now and establish something positive. Our
first goal is to show that (3) is a theorem of ZF. It will be
convenient to observe here that pushouts do not need AC. A
word of warning though: the next lemma only claims the existence
of the pushout object and does not claim that it has the uni-

versal property required for "real" pushouts.

Lemma 2: Suppose 0 :C~—>A and B:C—>B are homomorphisms, with
A,B and C groups. Then there is a group G and two homomorphisms
Y:A—> G and 6:B-—>G such that

(i) the diagram

is commutative;

and (ii) if o is monic, then so is 6, while if @ is epic,

then so is 6.

Proof: Define G as the quotient of A @ B by the subgroup
H = {(d.c,-Bc) $ C E C}’

and let Yy, Sbe defined by

31



Y:ab—->(a,0) + H
§:b———>(0,b) + H.
Clearly we have not so far used choice, and (i) holds. To see

that (ii) holds, proceed as in /Fuchs/, pp52-3. //

Now, as promised, we can establish (3)=

Theorem 3: Each group can be embedded in a divisible group.

Proof: Let A be a group and let F =@ Z be free on the
ach
underlying set of A, Let f:F-—~=»A be the obvious epimorphism,

Embed F in the divisible group Q = @ Q@ in the obvious way
ach
and form the pushout as in lemma 2:

8
Q —>D
Faee—>>A .,
£

Then g is epic and e is monic and 8o D is divisible and contains

a copy of A. //

If the reader is worried that there may be a hidden application
of AC in this proof, let us observe that the construction of the
proof is actually functorial (that is, A+—>D is the object
function of a functor) and that the construction preserves
.ubdirected limits. The construction is thus concrete and hence
does not involve AC. (For an explanation of these remarks, see

/Hodges1/, from which theorem 3 is taken.)

Now we prove part of (6):
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Lemma 4: Suppose D is a divisible essential extension of the

group A. Then D is minimal divisible containing A.

Proof: Suppose E is a divisible group, A< Eg D. Let d & D-E.
Since E is essential in D, there is a least positive integer n

such that nd € E and is not O. Say nd = e # O.

Since E is divisible, there is x € E such that nx = e. Hence
n(x-d) = 0 and x-d # 0, which means that the fact that

<x=-d>NE = (0) is a contradiction to the essentialness of E

in D. //

Again, we have not used AC in this proof.

It is well-known (and proved in /Sharpe & Vémos/, p43, for
example) that a maximal essential extension of a group A is a
divisible hull of A (in the presence of AC of course), and

since AC clearly enables us to obtain a maximal essential exten-

sion of A, we can also obtain a divisible hull this way.

Without AC, we still have:

Lemma 5: Let A,D be groups, A< D. Then D is a divisible

essential extension of A iff D is a maximal essential extension

of A.

Proof: Suppose D is divisible and A is an essential subgroup
of D and let E 2 D be essential over A. If E § D, then there is
x € E - D and so a least positive integer n such that nx # 0

and nx €D, say nx = d. Since D is divisible, there is y € D
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such that ny = d. Hence <x-y>N D = (0) while x-y # 0, a

contradiction. So D is a maximal essential extension of A.

For the converse, suppose D is a maximal essential extension of
A. By theorem 3, there is a divisible group E containing D.
Suppose D is not divisible. Then there exist a prime p and
d € D such that

for all x € D px % d. ceo (%)
Let y € E be such that py = d. Since D is maximal essential
over A, D + <y> is not essential over A, and hence not over D.
Thus there is d' € D and an integer k relatively prime to p such
that ky + d' # 0 and <ky + d'>ND = (0). Since kpy + pd' is in

<ky + d'>N' D, kd + pd' = kpy + pd' = O.

Since k and p are reiatively prime, there are integers u and v

such that uk + pv = 1. Hence

d = (uk + pv)d
= u(-pd') + pvd
= P(Vd - ud')o

Since vd - ud' € D, this contradicts (#*), and D is a divisible

essential extension of A, //

As we have seen, with AC, the converse of lemma 4 is true. It

is not clear to the author whether the converse is true in ZF.
Let us examine the difficulty. Suppose D is a minimal divisible
extension of the group A. We try to show that D is essential
over A, Suppose not. Then there is x € D such that <x>ND = (0)
but x ¥ O. The natural way to proceed is to observe that the
order of x can be assumed, without loss of generality, to be

@
either a prime, p, or ». Then embed <x>in B, a copy of Z(p )
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or @, as appropriate, inside D, disjoint from A, and factor out
by B to get a "smaller" divisible group containing a copy of A.
We have to 1lift back to D however to get a contradiction, and
this involves choosing coset representatives. Alternatively,

we might try to prove that B is a direct summand of D. But this
leads to the question: can we even get B? Suppose D is in fact
a p-group, p a prime, The natural way to get B is to choose X,
such that Px, = X, choose X, 80 that px

= X etc, and let B

2 1?

be the subgroup of D generated by the x,8. Except in trivial
cases there is more than one solution y of py = X5 and so it
seems that we are obliged to make infinitely many choices. If
D is torsion-free, then there is only one solution of py = x

and we Shall see in theorem 6 below that this can be exploited.

Of course, if D as constructed in theorem 3 were minimal divisible
containing e(A), then it would clearly also be essential over
e(A), since if <x> is disjoint from e(A) then there is a direct
summand of Q mapping onto a subgroup of D which contains e(A)

and is disjoint from <x>, This would clearly contradict the

minimality.

We have discussed above three possible ways in which D might be
regarded as a divisible hull of A:

(a) D is & divisible essential extension of A;

(b) D is a maximal essentigl extension of Aj;

(c) D is a minimal divisible extension of A,
With AC, these are of course equivalent conditions on D; without
AC, (a) and (b) are equivalent and imply (c), as we have seen.
We shall adopt (a) as our definition: the group D is a diviaible

hull of the group A iff D is divisible and an essential extension
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of A.

In this definition, D is referred to as "a" divisible hull of A.
Without AC, need it be unique? That is, if D1 and D2 are two
divisible hulls of A, is gyeif an isomorphism of D1 onto D2
which fixes A? If we coulgza homomorphism from D1 into D2
fixing A, we could argue as we did above in deducing (5) and (6)
from lemma 1. In that argument we obtained a homomorphism by an
appeal to (1), which we know is equivalent to AC. So it seems
that we may well need AC for uniqueness of divisible hulls. Of
course, it has not yet been shown that we can have divisible
hulls without chdice, let glone unique ones. In the next theorem

we show that torsion-free groups have divisible hulls without

using AC. It appears in /Hodges1/.

Theorem 6: Each torsion-free group has a divisible hull.

Proof: Let A be a torsion-free group and let D be the group
constructed as in the proof of theorem 3. If T is the torsion
part of D then D/T is torsion-free and contains a copy of A,
since A is torsion-free and A is embedded in D. Now D/T is
certainly divisible and thus cont;ins a solution x of nx = a
for each integer n # 0 and a in A. Since D/T is torsion-free,
each such equation has exactly one solution. If we let H be

the set of all solutions as n runs through the non-zero integers

and a runs through A, we see easily that H is a divisible hull

of A. ) //

It is because of this theorem that we deal only with torsion

groups in the rest of Part I.
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§2 The algebra for the forcing construction

In §3 we shall construct by forcing ; model of set theory in
which there is a group without a divisible hull. To do this

we need to be able to produce suitable automorphisms of the
notion of forcing. These will be obtained from automorphisms
of a particular group in the ground model,in which choice holds.

Hence we assume AC in this section.

We shall be concerned exclusively with 2-groups, and in fact
with groups all of whose non-zero members have order 2 or 4.

Recall that the cyclic group of order n is denoted by Z%.

Lemma 1: Suppose G is a direct sum of copies of 24’ and let B
be a subgroup of G. If C £ G is a B-high subgroup of G, then

C is a direct summand of G.

Proof: By 27.1 of /Fuchs/, it is sufficient to show that C is

pure in G.

Suppose there is x in G such that 2x = ¢, where ¢ € C. If
x € C, then there is nothing to prove; so suppose x € C. Tﬁen
because C is B-high, %x,C> contains a non-zero member of B, say
OFDb = cy + kx,
where k is 1,2 or 3. In fact we cannot have k = 2, since then
kx = c and b € C, contradicting BNC = (0). So
2b = 2¢, + k(2x) = 2c, + kc €CNB = (0).

Hence 2¢c, = ¢ and C is pure in G. //

Lemma 23 Suppose G is a direct sum of copies of Zq.and B is a
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subgroup of G. If C is B-high in G, and B1;’ B is C-high in G,

then G = B1 ©® C, and B is an essential subgroup of B1.

Proof: By lemma 1, B1 and C are direct summands of G, so if
they do not generate G, there is a direct summand of G disjoint
from both of them. This contradicts the C-highness of B1 and

so establishes the first part.

For the second, suppose x is a non-zero member of 31. Then
x ¢ C, so <x,C>NB # (0). Hence there is non-zero b in B such
that for some integer k and ¢ in C b = ¢ + kx. But then c¢ B1

and so ¢ = 0 and b = kx, which means B is essential in B1. //

We shall be concerned with essential subgroups of torsion groups;
the following concept is useful in this context. The socle of
the group G, written soc(G), is the set of elements of G that
have square-free order. In the case of 2-groups, it is the set
of elements of order 2, together with O. The socle is always a

subgroup. The following lemma is easily proved:

Lemma 3: Suppose G is a torsion group and B is a subgroup of G.

Then B is an essential subgroup of G iff soc(G) < B. //
We need one last technical lemma before getting to the point.
Lemma 4: Suppose G and H are finite groups, and both direct
sums of copies of 24. Let S,T be essential subgroups of G,H

respectively and suppose that there is an isomorphism f of S

onto T. Then there is an isomorphism g of G onto H extending f.
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Proof: We note that G and H are isomorphic iff they have the
same number ofAdirect summands in a decomposition by theorem
0.9.17. Since the socles of G and H are isomorphic (by lemma 3),
we see that G and H are isomorphic. To see that the isomorphism
can be taken to extend f, write S = So @)81, where SO is a

direct summand of G, maximal with respect to being a subgroup of

S. Let G, > S, be Sy-high in G.

Since, by lemma 2, G = SO<$ G1, and S1'is essential in G, we

see that S, = soc(G1) and hence S, and G, have the same number

1 1

of direct summands in a decomposition by theorem 0.9.1. If we
put Ty = f(SO), T, = f(S1), and hence T = T, ® T,, we see that
for any To—high H1 2 T1, G1 and H1 have the same number of

direct summands and are hence isomorphic, indeed, by an isomorph-
ism extending f|S1. Clearly T, is a direct summand of H and so

0

we obtain. g as required, //

For the rest of this section A denotes a fixed group, isomorphic

to the direct sum of a countable number of copies of Z4.

Theorem 5: Suppose C is a finite group and the non-zero members
of C all have order 2 or 4. Let B be a subgroup of C and suppose
that e:B>~——>A is an embedding. Then there is an embedding
f:C>—=>A extending e. |

Proof: Let B, be maximal with respect to the property: Bo:s B

0
and e(BO) is a direct summand of A. Then BO is a direct summand

of both B and C, and we can write

B =3B @B1 andC-BO®C1,

0]

where C1 > B1.

39



Since e(B1) contains no proper direct summand of A, e(B1) is
contained in soc(A) and it is now easy to see how to embed C1
in A 8o that the embedding extends e B1. Combining this with

e|B0>———>A gives us f. //

Corollary 6: Any finite group C, all of whose non-zero members

have order 2 or 4, can be embedded in A. //

The property of A expressed by this corollary is referred to as

the universality of A.

We have to examine some automorphisms of A for the purposes of

the following sections.

Theorem 7: Suppose C and D are finite subgroups of A with
intersection B, and that there is an isomorphism f of C onto D
which fixes B pointwise. Then f can be extended to an automorph-

ism of A.

Proof: In this proof we repeatedly use the fact that given an
automorphism of a direct summand of A and any complementary
direct summand, one can find an automorphism of A extending the
given automorphism and fixing the complement pointwise. The
question turns on how B sits inside C and D. We progressively
eliminate cases until we are left with the case where C and D

are direct summands of A and B is the socle of C (and D).

First, let B, be maximal among the subgroups of B which are

0

direct summands of A. Then we may write

B = By © By, where B, € soc(Aa).
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Now we can write

C = By®@C, and and D = B, ® Dy,

where B1 £ C. and B1 £ D

0 0°

If b = c + d for some b € BO’ c € CO’ de DO’ then

b -c=4dd€CND=23Band c¢c Cof\B = B,. OSimilarly de B, and
hence b € BOF\B1 = (0). Thus BOIW(CO + DO) = (0), and we can
find AO 2 CO + Do such that A = BO G)AO. Hence any automorphism
of AO extending eICO can be extended to an automorphism of A
extending e. Since A = AO’ it is sufficient to prove the
theorem for A,. 5o we assume B, = (0), that is:

B is a direct sum of copies of ZZ'
Now let A1 be a B-high subgroup of A and let A23> B be A1-high.

Then by lemma 2, B is essential in A, and hence also in

2

C2 = Azr\c. Since A2 is a direct summand of A, 02 is a direct
summand of C and so there is C1 such that C = C1 &)Cz, and we
may put D = D, ® D,, where D, = e(C1), D, = e(Cz). Again B is

essential in D2, and we also have 02F\D2 = B,

0f course C,ND, = (0), but we also have

(c1 @1)1)0(c2 + D2) = (0).

For, if ey + d1 =c, + d2 with c, € C1, c, € 02, d1 € D1 and
d2 € D2, then cC, = ¢y = d2 - d4¢€ CND = B 02, and hence

= - = s i i h
c, c, +d, -d, € c,Nc, (0). A similar argument shows

d, = 0, too, and so c, + d1 = 0, as claimed.

1

Thus we can find successively subgroups A3,05,D3 of A such that

Ay 2 C, + D, and is (c, ® D1)-h1gh,

C, 2 C

3 1 and is (ZD1 ) Aj)-hlgh,
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and D5 > D, and is (C5 C)Aﬁ)-high.

By lemma 2, A = C5 @D3 €>A3. Since lemma 2 also tells us that

C, and D1 are essential in C, and D, respectively, and since by

1 3 3

assumption elC1 is an isomorphism onto D1, then by lemma 4 there
is an isomorphism of C5 onto D3 extending elC1. It is clear

that this isomorphism extends to an automorphism of A fixing A

3

pointwise. Thus it is sufficient to prove the theorem for the
case when C, = D, = (0). That is, we assume:
B is a direct sum of copies of Z@ and B is essential in C.

Of course B is then also essential in D, and we may write

where C, is a direct summand of A and

4
5 a (2c4) ® B,.

Hence D = D, ® B,, where D, = e(C4). It follows that 2C, = 2D

4 4 4 4

c4 m>4. Then an(c4 + D4) = (0). For, if b = ¢ + d with

b € B2, c €C

d eD then ¢ = b - d € CND = B and hence

4’ 4’
c € 2C,. By the same argument, d € 2C, and b € 320(204) = (0).

Thus there is A, > B, such that A, is (C4 + D4)-high in A.

47 72 4

Now C4 + A4 is clearly essential in A (by lemma 1 and the fact
that c4 is a direct summand of A). It follows that
= A

and by symmetry,

A=D4®A4o
It is now clear that e|C4 extends to an automorphism of A which
fixes A4 pointwise. Since CrWA4 = 32 = Dr\A4, this automorphism

extends e. //

The property of A expressed by this theorem is referred to as
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the homogeneity of A. Finally we have:

Theorem 8: Suppose C and D are finite subgroups of A and that
B is a subgroup of CND. Then there is an automrphism 7 of A

such that ™ fixes B pointwise and T(C)ND = B,

Proof: Let CO be another copy of C and form the push-out

where e is the embedding of B into CO induced by C = C and

O’
C + D is the subgroup of A generated by C and D.

Since E 1is a quotient of the direct sum of C0 and C + D, it
follows that every non-zero element of E has order 2 or 4. If
we identify CO and C + D with their images in E, then theorem 5
gives us an embedding of E into A, over C + D. Let C' be the
image of Co under this embedding. ThenC}f\(C + D) = B, and hence
C'nC = B = C'ND. Since there is an isomorphism of C onto C'
fixing B pointwise, there is by theorem 7 an automorphism T of

A extending this isomorphism. Then 7(C) = C' and m(€C)ND = B.

//
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§3 Construction of the model

In this section we treat three transitive models of set theory
which will be dentoted by M, M[G] and N. M will be the ground
model, M[G] a generic extension of M and N will be between the

other two. AC will hold in M and M[G] and fail in N.

Fix a transitive model M of ZF + V = L and a group A in ¥ which
is in M the direct sum of a countable number of copies of Z4.

Thus the results of §2 hold in M, since choice holds in M.

Let P be the set of all functions p such that
(i) dom(p) is a finite subset of Ax@;
and (ii) range(p) & {0,1}.

Define p < q iff p,q are in P and p D gq.

Then (P, ) is a notion of forcing in M. Let G be P-generic
over M and form M[G] as in /Jech2/. We are going to find a

"generic copy" of A in M[G].

For each a € A, let g_ = {ne w: dp e ¢ p(a,n) = 1}, and
put gy = {ga : ac A} and g, = {(ga,gb,gc) : a,b,c e A, a+b = c}.
Now we define names for these sets: E,18)8, are to be names for

818,98, respectively:

: dom(ga) = {n:newl
ga(;) =1 forne€uw
donm(g,) = {g, + a €4 }

EA(Ea) =1 fora €A

dom(g+) {(ga’gb’gc) : a,by,c € A and a+b = cl

1 for a,b,c € A with a+b = c.

K+(Eavﬂbsﬁc)
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The reader may wish to compare this with p185 of /Jech2/. The
idea is that €, is in N[G]a generic set of reals and that 8, is
the addition table for a group structure on 8y The following

is easy:
Lemma 1: (P,<) is a separative notion of forcing. //
We summarise what we have done so far:

Lemma 2: In M[G]the following hold:
(i) for each a ¢ A, g, € PS(w);
(ii) (gA;g+) is a group, and g:at—>g_ is an isomorphism

of A onto (gA;g+).

Proof: (i)
“gag mH

v
: = <
e dom(ga) ) {pep: p.ga(t) =0orps lltewl?
=1 1l {pep:pliigep: qla,t) =1} =0o0rp < ll¥ e || }.
tew
Since for t € w,l[t € UJll = 1, the expression under Ewhas value

1 for all t€ & and hence in M[G] g, € PS(w).

(1i) It is clearly enough to show that g:A———»gA is an isomor-
phism in M[G]. To see this, it is enough to find a name for g.
Define g by

dom(g) = {(é,ga) t a€ Al

gla,g) = 1 for a € A.

A calculation similar to that in (i) shows thatl[g.g:Angl = 1,

To see that Hg is a function” = 1, we calculate as follows:
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v
|| ¥x ¢ £ (ayx) € g+ x = ga|

'WtEA H(;,gt)ﬁg + &, = gl
= IT
1

= 1,

- (- H(a,gt) egl +1l g, = gl )

v
since ”(a,gt) € g‘l =0 if ¢t # a, and ]lga = ga” = 1,

It follows that g is the name of a function. That this function
is 1-1 is proved exactly as lemma 19.11, p185 of /Jech2/ is
proved. Now it is easy to see that g names g and g isran iso-

morphism. //

wse
We shall)automorphisms of P to fail choice in N. We define

these now. Suppose m € M is an automorphism of A, Then T
extends to an automorphism, which we also denote by m, of P as
follows, and this automorphism is again ig M:
dom(mp) = {(mx,n) s+ (x,n) € dom(p)}
(mp)("x,n) = p(x,n) for (x,n)e dom(p).
As on pi84 of /Jech2/, T extends to an automorphism of the Bool-

- ean-valued universe corresponding to P.

Lemma 3: For any T as above and any a € A:
(1) m(g,) = &ppys
(ii) m(g,) = &
(1ii) "(g,) = &, .

Proof: 7(dom(g,)) =7({n :newl) ={n:newl.
(ng,)(¥) =7 (g, (7))
=7Z{p e P: pla,n) = 11}
=Z{peP: (np)(ma,n) = 1}

=Z{p € P : p(ra,n) = 1}
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\'4
= £ o(n),

which proves (i), and (ii) now follows easily.

For (iii),

T(dom ﬁ+) ﬂ({(ga,gb,gc) : a+b = ¢ in A})

dom(g+), since T is an automorphism of A.

("2, )(gg &yr8,) = " (&, (g,,8,,8,))
=T1 for a+b c in A

c in A. //

=1 for a+db

For notational convenience, let us define for pe P, X & A and

a € A:
dom (p) ={ae a:Ine w(an)e don(p)l,

plX ={(a,n,i)e p: ac X }

and p(a) = {(n,i) : (a,n,i) € p L

Recall that if X< A or g,, gp(X) denotes the subgroup of A or

gy respectively, generated by X.

Lemma 4: Suppose p€ P, x €M, ¢ is a ZF-formqla in n+2 free
variables and
p H- C(g, 18, 1B, reee18, ,;).
1 2 n
Then p]gp(a1,a2,...,an)¥+— ¢(g+,ga1,ga2,...,gan,§).

Proof: we show that {g € P : q - ¢} is dense below

p|gp(a1,...,an). So suppose T ¢ p|gp(a1,...,an).

By theorem 2.8, there is an automorphism T € M of P which fixes
gp(a1,...,an) pointwise and is such that gp(dom1(r)){\gp(dom1(p))

= gp(a1,...,an). Then rUTp £ p and by the permutation lemma
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((19.16) on p184 of /Jech2/), np- qing+,nga reeoim By ,n;),
1 n

that is, Tp H— ¢(g+,ga1,...,gan,;)- //
Suppose that b1,...,bm lists all the non-zero members of the
finite subgroup B of Azrgghen there is a formula I' of the lang-
uage of groups such that ' has just VyseeesVo free and for any
group C, CF:T(C1,...,cm) iff bpc. is an isomorphism of B onto
C. We note that such a T is definable and hence belongs to M.

We say that T(b1,...,bm) is a tyve for B if I' is as above.

Lemma 5: Suppose ¢ is a ZF-formula, x € M and 31,...,an,b1,...,
bm lists without repetition the non-zero members of the finite
subgroup B of A in such a way that {O}U{a1,...,an} is also a
subgroup of A. Let p € P be such that dom1(p)£E B and suppose
v

pH_' ¢(E+vﬁ_a19---iﬂanyﬁb1,-°"ﬁbmvx)°
Let T(a1,...,an,b1,...,bm) be a type for B, and put

hi = p(bl) fOl‘ i = 1,...,111.
Then p H—
v V4 v

= A ee e = A7

( TipeeerT € gA)<(r1- h, r, = h

\V4
A F(ga1,...,gan,r1,...,rm))-+ ¢(g;,ga1,...,gan,r1,...,rm,x)).

Proof: Wwe have to show a statement of the form:
> -+ >
pH-Vr (6(x) + v(r)),

>

which means we must show that for all names r,
- ->
¥q <p ((af- ox)) > Fa' < ¢ (a' i ¥())).

So suppose q § p and q forces all of: Tyreeos Xy £ Epr

v
r(ﬁa1,cot,ﬁa ,21,ooo,_1‘_m) and 212 hi fOI‘ 1l = 1,...,!11.
n

Now, there is q' < q such that for i = 1,00eym q'H— E, =ZIp»
i

for some ci in A. It follows that q' also forces
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T(g. ve+e98, sE. s+++3£. ) and hence for any G generic over P
a, a 'S, c
with g' € G
M[G]l"‘:r(ga ,~'-9ga ’gc "ongc ))
1 n 1 m

and hence

M[G]¥= T(a1,...,an,c1,...,cm),
and by absoluteness this holds in M too. So by choice of T
and theorem 2.7 there is an automorphism 7 of P which fixes

g, and each - and sends gy to & for j = 1,...,m.
J J

Thus, ty the permutation lemma,

v
‘"’pH“ ¢’(£+7E_a19'°°9£a ’301,-'-’.&0 »x)'
n m

Now we show that mpVUp < q'. This we do by showing first that
Tp \Jp is a condition, and then that (npUp)(d)<E q'(d) for all
d €dom1(ﬂthp). Now, TpUp will be a condition provided that
p and Tp agree on the intersection of dom1(p) and dom1(ﬂp).
But this set is Jjust the set of 4@ which are fixed by n. If d
is fixed by 7, then p(d) = Tp(7md) = mp(d), and p and Tp agree.
So pUTp is a condition. If d € dom1(p), then p{(d) = q'(4d),
since p= g'. If d ¢ dom1(ﬁp) - dom1(p), then d is ¢, for some
i. Now q'H—- EC_;? E;, and hence, for any G generic over P with
g' e G, M[G] t: lgc.;; hi’ from which it follows, using the
definition of g a;d the fact that q' € G, that q'(ci) = h,.

i

Now, h; = p(bi) = ﬂp@?bi) -1Tp(ci) and hence q'(ci) ;?Trp(ci).

Thus TpUp is a condition extended by q', as claimed.
It follows that

v
q' ( s e E gooe ﬁ ,1).
H‘ ¢ g+,ga1, ’ an ’ Cm

Since
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it follows that

Q'H— ¢(g+’ga1900o,ﬂan’£1,oo;,£m),

a8 required. //

Now PS(w) can be identified in a definable way with “2. This

set has a definable total order (the lexicographic). In this

<u:

order there are intervals Ih defined as follows for he 2:
Ih-{fe“’zzf;h}.

We call such an Ih a basic interval,

Theorem 6: Suppose ‘¢ is a ZF-formula and xe M. Then the
following holds in M[G]:
Suppose SqreeesS sTygeeeyT lists without repetition all the
non-zero members of the finite subgroup R of 9 and that
{30’51”"’8n} is a subgroup too. Let T(s1,...,sn,r1,...,rm)
be a type for R and suppose ¢(g+,s1,...,sn,r1,...,rm,x)
holds.
Then there are basic intervals I, (i = 1,...,m) such that

1

n (i = 1,¢e¢.,m) and for all tireea,t € g, with

i
ti 6 Ihi (i = 1’.oo,m)’ if r(81,...,8n,t1,...,tm) hOldS,
then so does ¢(g+,s1,...,s

r. €1
i

n,t1,-'c,tm,x).

Proof: Suppose the hypotheses hold in M[G]. Then there is

p € G and there are 31,...,an,b1,...,bm € A such that 8; = gai

and T, = 8 for all the appropriate i, and,by the same sort of
i .
argument as we used on the last page, F(a1,...,an,b1,...,bm)

holds, and
v \'4 v
LN N ) ? h L ) ? h
Y H_ ¢)(&+yﬂa1900°oﬁa ’ﬂb1’ ’ﬂbm’x) A Eb1 1 "g.bm m’

n
vwhere h, = p(bi) for i = 1y,.e4,m

and dom1(p) = gp(a.1,...,an,b1,---,bm)~
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By lemma 5, p then forces

(Vt«,""!tm EgA) r(ﬁa vecer £ 9t1,-~~9tm)/\
DV - v v
/\t1— h1’\ LR ,\tm_ hm—* ¢(ﬂ+’sa1"."ﬂan’t1"."tm’x>.

Since p € G, this holds in MLG] too, and the theorem now

follows. //

In case the reader wonders what happens with 8o let us note
that & is definable from g, and hence any formula involving'go
is equivalent to one involving g, but not 8ys 8O there is no
loss of generality here. Of course we cannot move € around

using automorphisms.

This theorem will be our main tool for showing that there can
be a group without a divisible hull. Before we can use it,

however, we had better check that there actually are t1,..,tm
such that the conclusion holds, different from TaseeesTpe It

is here that we see the importance of universality and homo-

geneity of A, and why we described g, 88 & generic copy of A,

Theorem 7: The following holds in M[G]:
Suppose 81,...,sn,r1,...,rm lists without repetition the
non-zero members of the finite subgroup R of 8, and that
{30,51,...,sn} is a subgroup too. LetI'(81,...,sn,r1,..,rm)
- <
be a type for R, and let h; (i =1,...,m) be members of “.
Then there are t1,...,tm € 8, such that tie Ih. for

1
i = 1,...,m and r(81,...’8n,t1,.00,tm) holds.

Proof: Iet D = {p e P : 301,...,cm €A r(a1,...,an,c1,...,cm)

holds and p(c1) 2 hyyeesy p(cm):_> hm}. Now, if p € D, and
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c1,...,cm witness this, then by the same argument as in the

Vv
proof of lemua 5, pH— gc ) hi for i = 1,...,m. If
i

T(a1,...,an,c1,...,cm) holds, then for any generic G, since
Pﬁﬁﬂ t: g is an isomorphism,

M[G]b r(ga ’---9€a 1gc 9-'~ygc );
1 n 1 m
and thus for any p € F

pH— r(ﬁa :-'°9E_a ,gc ’--O’ﬁc )°
1 n 1 m

Now, in the definiton of D take CIEEEETL N in A such that g, =8
1
sees8, = 8. It will be enough to show that D is dense in P,

19

for then there is p € GMD and for this p there are ¢c,,..,C
1 '“m
such that
v v
pH- r(ga yeeerB 18, reeerBy ) g, 2 hyyeeey g, 2 b,
1 n 1 m 1 m

and hence the conclusion holds in M[G].

So, to show that D is d=nse, let @ € P be any condition. Since
dom1(q) is finite, the universality of A means that there are
Cyseeeyc  in A such that ¢ ye.eyc € gp(dom1(q)) and

F(a1,...,an,c1,...,cm) holds. Put

m
T -un 1 {(e;s3,k) ¢ (3,k) € n;lt.

1

Then r € q and r € D, so D is dense. //

Since each basic interval can clearly be partitioned into
infinitely mény subintervals, we see that this means that we can
find infinitely many sequences (t1,...,tm) lying in the intervals
Ih1""’1hm of theorem 6 such that ¢(g+,s1,...,sn,t1,...,tm,x)

as in that theorem holds.

)M[G]

Finally we can define our model N. We put N = L(g+
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We could have followed /Jech2/ and taken HOD(g+)M[G]as our N.
It makes no difference really (compare the remark at the bottom
of p204 of /Jech2/), but since the definition of L(g+) is abso-
lute, we do not need to worry about whether we are talking in

Mlb]or the real world in what follows.
Note first that 8, € N, and hence gAlz N.

Let F denote the function from Seq(g+)XOrd onto N obtained from
theorem 0.4.1. If s € Seq(g+), let

s =1{xe gy * dy,z € g, such that one of (x,5,2)5 (¥y%,2),

~(y,z,x) is a member of range(s)}.

For such s,S, if there is @ € 0Ord such that F(s,0) = x, then we
say S is a support for x. The class of sets which have S as a
support is written VS. Since VS is clearly closed under
definability from g, s€ Vs and VS = Vgp(S), we may if we
wish restrict attention to supports which are subgroups of 8y
Because S is definable from s and 8, it follows that there is
a function

F': Seq(gA)XOrd“—————’*-N

which is definable from g, and ¥, and hence from g8, alone.

If S is a support, then S < Y2, and is well-ordered (since it
is finite) by the lexicographic order on W2, It follows, using

F', that VS has a well-order, definable from 8,
We summarise these remarks in

Theorem 8:

(a) For each finite S & B4y X E VS iff there isa ¢ Ord such
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that F'(S,0) = x.

(b) For each finite S < 8y ¥S is closed under definability
from g, and in.pearticular S e VS, S < Vs.

(¢) If S and T are finite, ST < g,» then VS< VT,

(d) For each finite S & 8y VS has a well-order definable from

g,

<
(e) M <V0, and I, € VO for each h e Ya.

(f) x € N iff there is a finite S € g, such that xe€ VS, //

A
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§4 The order extension principle in N

In this section it is shown that the orier extension principle,
in fact in its global form, holds in N. The argument is a
refinement of that in /Monro/, and is similar to that in

/Felgner/.

The following lemma is not vital, but is useful since it enables
us to simplify our notation by considering only those partial

orders in N which»have support 0. It appears in /Felgner/.

Lemma 1: For every parfial order (X}g), there is a set Y such

that (X,<) and (Y,E) are isomorphic.

Proof: If x € X, let x* = {yeX : y € x} and put Y =

{x* ¢+ x € X}, Then x*>x* will do. //

In /Szpilrajn/ it is shown that if (X,€) is a partial order and
a and b are two incomparable elements, then there is a partial
order <'extending < such that a <’b. It follows from this that
a maximal partial order is total and so AC - OEP. The following
lemma, which appears in both /Monro/ and /Felgner/, is a

modification of Szpilrajn's lemma.

Lemma 2: Suppose (X,&) is a partial order and A,B £ X are such
that a € A, b € B implies a,b are unrelated by €. Then there
is a partial order <'on X which extends < and is such that if

a €EA and b € B, then a <b.

Proof: Put x <’y iff x € y or there are a € A, b € B such that
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x £aand b < y. ' //

We do not actually use this lemma, but the idea behind it is

employed several times in the proof of theorem 7 below.
We do not have the axiom of choice in N, but we do have:

Lemma 3: Suppose (X,<) is a partial order which is an element
of V0. Let £ be the set of all partial orders on X which extend
A and are in VO. Then { has a maximal member with respect to S

and this is in %0.
Proof:  is inductive and VO has a well-order. //

The rest of this section is devoted to showing that such a

maximal partial order must be total.

The notation in what follows will be complicated enough, so we
make some simplifying conventions. We shall write § for a
sequence and 8 for the range of S. A1l sequences we mention are
1-1. We shall write st for the concatenation of § and t. The
ith member of & is written 8. If & is a sequence of members
of A, we shall write g(a) for the sequence whose ith member is
g8, » where i< length(a). Then g"a will denote the range of
g(&), by our other conventions. If T is a sequence of length n
- <w

of members of 8y and J is a sequence of basic intervals of 2,

—> -
then we shall say J distinguishes T iff length(J) = n, the

members of J are pairwise disjoint and T, € Ji for all i < n.

We shall be using theorem 3.6 and it will be convenient to
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rephrase it now to illustrate the terminology just introduced.
If we suppress the mention of g, and x € M in its statement, it
. > -
says that given I',s,T, such that ¢(3,7) holds there is a
—

sequence J of basic intervals which distinguishes T and is such
that for any t distinguished by J if I'(st) holds, so does ¢(st).
Thus theorem 3.6 says that certain sequences are indistinguish-
able by ¢. We shall need to sharpen this. Since the precise

statement is complicated, let us first examine a special case.

Consider two non-zero elements b,c of A and suppose b,c have
order 2, Let d = b+c, and suppose we are given three pairwise
disjoint intervals J,K,L, such that 8LE J,gC'E K,gd € L. Now
let b',c' and d' also be of order 2 and suppose €y € J,gc, £ K,
841 = By + gé,e L. It is clear that b+~>b' induces an isomorph-
ism of gp(b,c) onto gp(b',c). The question is: where is Zax =
By + gc,? To answer this, suppose p € P is a condition with
dom, (p) {v,c,d} and that J Ip(b), K Ip(c), L o(d)
and
B v v v

pi+~ &y € J, £ € K, &y € L eea(1)
and

% v v
pH— Eb|€ J, ﬁc'e K, Ed' € L 000(2)-‘

We shall see that for some q < p, q f- Eyr + B, € f. Let T be
an automorphism of P induced by b—~>b', fixing c¢. Then

p H- gb,e.‘ll,gcel‘(/,gde\lf,
by the permutation lemma and (1). Fow if x € dom,(p)N dom, (mp),
then x = ¢ (except in trivial cases) and p(x) = mp(x), so TpUpP
is a condition. Put q = TpUp. Then

v
af- g g € Lend £y = &yt &,

since d = b' + c.
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Now, in fact we could have found q as above extending zny given
qQ' < p such that q' forced (1) and (2). This means that p

forces the statement "for all r,s,t such that r ¢ J, s € K,

t el, if t = 8 + r and s,r have order 2, then r + g, € L%,

Given this, it is clear that M[GJwill also satisfy this statement
provided we started with p € G. Thus the answer to the question
€ L.

is: By

We shall have to deal with more complicated versions of the

above, so we introduce still more notation. Suppose.g, Eg, ac

list the non-zero members of finite subgroups of A or g, and
—— .

that abcd lists all the nonzero members of the subgroup D

generated by aUbUc (= abc, by our earlier conventions). In

_’ .
this case, we say abcd is a tidy listing of D (or sometimes

abcd is a tidy listing of D). Note that D is then the direct

sum of {0JUab and {0}V ac with amalgamated subgroup{d}U a.

If ;;3{? are sequences of members of gy then we shall say

that (3,?,?) is a layout for (7,s,t) iff ?I',f,f are sequences of

-—

,?,rst-resp-

—
-]

<w D . -
basic intervals of 2 and J,K,L,JKL distinguish r,
ectively. (It follows from our conventions that {r,s,t} and

- -
{J,K,1} are each pairwise disjoint collections and that r and J

~ - - D —> ~»
have the same length (and s,K and t,L).) If b,c,d are sequences

e T A

- = -
of members of A, then we say (J,K,L) is a layout for (b,c,d) iff
— — - -
(EZE;L) is a layout for (g(v),g(c),&g(d)). We note that "x is a
layout for y" can be formalised in the forcing language; we shall

sometimes say "y is laid out according to x" instead.
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——
Lemma 4: Suppose abcd is a tidy listing of the finite subgroup

———— <U..\
D of A, and let I'(abcd) be a type for D. Let z € 2 and let
> oy = <
h,j,k,1 be sequences of members of 2 of the same lengths as
-
a

,d respectively. Suppose the members of {2z} UhU jUkU1
> - -
are pairwise incompatible and define sequences J,K,L of basie

intervals of ub, of the same length as b,c,d respectively,:as

follows:

J.=1,, X, =1 , L. =1,

1 . . .
J 1 1 1

Define p € P by:

dom1(p) = D, P(O) = 2, p(ai) = hi’

p(b;) = 3;» p(e;) = kyy p(4;) = 1..

Then

p H— T(g(ascd)) and "(J,X,1) is a layout for (g(v),&(d),e())"

and
—
8

pH " for a11 7,5,1,¥ in g,, if (Tys,t) is laid out

-
u
— = -
J

—
according to (J,K,L) and (g(&)rst) and

Ikg(a);g(g)ﬁ) hold, then L distinguishes u".

Proof: As we have seen before (in the proof of lemma 3.5),

v
o) H— EOQ Z, gai’Q hi’ etc
and

p H- T(g(abed)),

so the first claim is established.

For the second, we have to show a statement of the form
p H- VX (8(3)» (X)),
which means we must show that for all names E;
Va <p ((af= 8@) = Ja' < qa (a'H v ().

So suppose q < and

P
q H—-"Z,E,E,E are sequences from'gA, (E,E,z) is laid out
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according to (3:—}?,_17), and r(g(?)f_ﬂ) and T(E(E)Eg(g)Z) hold".

Now we can find q' € q and sequences ﬁ!;E'[E'{E* from A such
that

g'H- T = g(¥%), 8= g(@), T =a(d"), 1 = gla*).
Now,

't Teaeray),

——
and as we have seen before, this means that I'(ab'c'd') holds.

. -
Let B = {0JUaub, ¢ ={0}uUauUc. Since abcd is tidy, this
means B and C are subgroups of D. Since I'(abed) and T(ab'c'd')
both hold, there is in M an isomorhism f of B onto gp(aUb'),
sending bi to b{ and fixing a pointwise. If y € D, then

$ $ ¥

y = b8 + c* for some b” € B, ¢° € C. Define e(y) = f(bs) +c?

in gp(aub'uc). It is not hard to see that e is a homomorphism,

provided it is well-defined. Suppose

bs + cs = b33 + 033’ where bs, b$$ € B, 03, css e C.
Then
bs - bss = 083 - cs € BNC = a,
and so l
f(bs - bis) - b8 _ b33
and

f(bs) - f(bSS) 5% CS’

that is,
e(bs + c’) = e(bsé + 033).

Thus e is well-defined, and is a homomorphism from D to gp(aub'ue).
In fact e is an isomorphism onto. It is clearly onto. To see
that it is 1-1, suppose

f(bs) + ¥ a0,
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$ . . . .
Now b" is either bi or a, for some i, and --c8 is ¢ for some m.

a contradiction. If b$ = bi’

o

I1f b* is a., then f(bs) =a, =c¢
i i m

1
hen b! S 't H— S 3 X, t
then i = Cpe ince q gb{ 2 ;A gc;; km’ then for any
generic G with g' € G,

i m
while if b{ = Cp» then for any generic G

M[.GJh: gbl = gC 3
i m
again a contradiction.

Thus e is an isomorphism in M and by the'homogeneity of A, there

is an automorphism T € M of the notion of forcing, induced by e.

Thus, by the permutation lemma,
5 — = -
p b T(ng(abecd)) and "(J,K,L) is a layout for (nb,mc,md)",
that is,

—_— —y =

—_—— R4 -
p B r(g(ab'end)) and "(J,K,L) is a layout for (b';gﬁFE)".

Suppose x € dom1(ﬂp)f\dom1(p). Then x is fixed by T and p(x) =
mp(mx) = Tp(x). So TpUp is a condition. Moreover, TpUp < q'.
For, if x € dom1(p), then (7pUp)(x) = p(x) € q'(x), since
pESa's If x € dom1(ﬂp) - domi(p), then x is b! or d;. In the
first case, since (ﬂp)(b{) = p(bi) and q'H Byt ;;31 = f?ii),
and by the sort of argument we have seen before: q'(b{)ZQ p(bi)

= p(bi). The second case is done similarly. Thus q'< TpUp,

Hence

Q' H~ T(glab'c d)) and "L distinguishes g(md)".
Now since I' is a type for D and aUb Uc generates D, it follows
that

(T(xuvw)a T (xuvw')) » w = w'
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is a theorem of ZF, from which it follows that
a' = g(nd) = g(3).

Hence
q' = "L distinguishes g(d*)"

and, since q' K- g(c?*) =4,
q' H— “f distinguishes E",

as required. //
Now we have the following improvement of theorem 3.6:

Theorem 5: Let ¢ be a ZF-formula and x € M. Then the following
heolds in M[G]:
—
Suppose & is a finite subgroup of gy and that urst is a tidy
. ——
listing of A, and let I'(urst) be a type for A. Suppose that
¢(g+,x,urst) holds.
-

o w
Then there are sequences J,K,L of basic intervals of 2 such

that no member of {g } Uu belongs to an interval in JU KUL,
0

- - = >~
(r,s,t) is laid out according to (J,K,L), and for all
- — -y > ——y
(r',8',t') laid out according to (J,K,L), if T'(ur's't')
—
holds, then so does ¢(g+,x,ur's't').

Further, if (r',8',t') is laid out according to (7,K,1) and
—_— —

I'(ur's't') holds, then there is a unique t* such that
—_— — -

I'(ur'st*) holds; this t* is distinguished by L, and

——
¢(g+,x,ur'st*) holds.

Proof: Suppose the hypotheses hold in M[G]. Then there is

—_— =y —)

p € G and there are sequences-z,b,c,d of members of A such that

p H_' Eb’ ﬁ(;)v.z = &(3)9-3 = E(g)v‘zf' E(g)’
"g(abcd) is a tidy listing of A"

and ¢(ﬁ+,¥95(3b0d))1
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and dom1(p) € D={0})VaUbUcld.

Now part of the statement above forced by p is "the members of
A are distinct". Suppose x and y are distinct members of D.
Then
ph-g fE,

and so for all generic G with pe G

Mclle, # e,
It follows that there is an extension p' of p with p' € G and
p'(x) # p'(y). This means, since D is finite, that we can
extend p if necessary to a condition r € G such that for all
distinct x and y in D r(x) £ r(y). So we may as well assume p
hgs this property already. Thus p satisfies the hypotheses of
lemma 4. Define (3;?;5) as in that lemma. Now we see that with

this definition we are in the situation of the proof of lemma 3.5

and so

-_—

—_ — - - —
p b "for all r',s',t', if (r',s',t') is 1laid out accord-
ing to (jzirf) and T(g(g)r's't') holds, then
_%
¢(g*,x,g(3)r's't') holds" .

Since p € G, this proves the first claim of the theorem.

By lemma 4, p also forces
- > — e B 4
"for all r',s',t',t*, if (r',s',t') is laid out according
- - —_— - — -
to (J,K,L) and T(g(a)r's't') and T(g(a)r'g(c)t*) hold,
—y —_—
then L distinguishes t*".
k4
Since p € G, this statement holds in MLG]. Since there always
—
is such a t* and it must be unique, the second claim of the

theorem follows now by an application of the first, //

With this behind us, we come to the main weapon of this section.
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—
Corollary 6: The sequence J of theorem 5 can be taken so that,

in addition, the following holds in M[G):

e i e

e > 2 T3,
if (r'ys',t') and (r*,;8°,t°) are laid out according to

——

(7,X,1) and I{ur's't') and r(ur232t2) hold, then there is a

— ‘“‘“5‘* —
unique t* such that T'{ur's“t*) hold; this t* is distinguished
2
by L, and ¢(g+,x,ur's t*) holds.

: -
Proof: The conclusion of the theorem is of the form w(g+,x,us)
—
and so by theorem 3.6. if %(us) is a type for gp(uus), there
> -
is a sequence H of basic intervals of Yo distinguishing s and

such that if H distinguishes 52 and TO(usz) holds, then so does
—>

—
¢(g+,x,u82). Now put J! = Jif\Hi for i < 1ength(§), where J is

2 2 3 2
as in the theorem. Noting that I'(ur®s“t®) - To(us ), we see

2 T2 D . . > = >
that if (r,s“,t°) is laid out according to (J',K,L) and

2 2.2 2 i
I'(urs“t“) holds, then so does w(g+,x,us ). This,just the

—> -
claim of the lemma with J' for J. //
And now we can show that the OEP holds in N.
Theorem 7: The order extension principle holds in N.

Proof: By lemma 1, it is sufficient to show that the order <
on any set Y can be extended to a total order. Since any set Y
is a subset of some V' (/Jech2/, p71), aad since (V,@?N has
support O, it is sufficient to show that any partial order in

VO can be extended to a total order.

So let (X,£) be a partial order in VO and let ¢ be a partial
order maximal amongst all those partial orders extending <

which are in VO. Such exists by lemma 3. We show that ¢ is a
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total order on X.

suppose € is not totel. Then there are x,y in X such that x and
y are unrelated by €., We write xty in this case. The argument
is by induction on the cardinality of the intersection of the
supports of x and y. We show for each n€ w.that, if n is least
such that there exist x and y in X with supports whese intersect-
ion has cardinality n and xty holds, then € is not maximal, a
contradiction. we assume in this proof that supports are sub-

groups of gy

So suppose X,y in X and n in w are chosen so that x*y and n is
least such that the supports of x and y intersect in a set of

cardinality n.

Case 1t n = 1: Of course this is the least possible value of n.
> -
Let b,c list all the non-zero members of fubgroups supporting x
é
and y respectively such that bfic = O. Let d list the remain-
ing non-zero members of gp(bUc). For convenience, we shall
b - e
write x = x(b) and when, later, we move b to b' say, we shall
-
write x(b') for the effect of this on x. More accurately, we
. ~>» —
have x = F'(b,a) for some @ in Ord and we write x(b') for
-
F'(b',a), where F' is the function of theorem 3.8, We use sim-
- -
ilar notations y(c),y(c') etc.
— —_—
Let T'(bcd) be a type for gp(bVUc). Then, since bed is tidy
—— — —> —
(with empty a), and the statement "x(b), y(c) € X and x(b)+y(c)"
—
is of the form ¢(g+,x,bcd), we may apply theorem 5 and corollary
> —p -

6 to obtain: sequences J,K,L such that (J K L) is a layout for

(b c. d) and sets X and Y such that if x(b ) € X and y(c YE Y,
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T, 2
then x(b )*y(c ), where

_ - >

X = {x(v ) iac g (b1,c1,d1) is laid out according to
- — ~ —\—-41.
(J,K,L) and T(b'c'd') holds)
and
_— — -
Y = {y(c ) 3 53 (b2,c2,d2) is laid out according to
—

(7% f) and T (b2ca’

) holds}.
Note that both X and Y are elements of VO,
From the proof of lemma 2 we see that there is a partial order

definable from € and extending € properly, a contradiction.
Case 2: n > 1:

—y -
Let ab, ac list the non-zero members of the supports of x and y
respectively so that bNc = 0, and a has cardinality n-1. Let

-

d list the remaining non-zero members of gp(aU bUc), and let
—

I'(abcd) be a type for this group. As in case 1, we can apply

—— -

theorem 5 and corollary 6 to obtain J,K,L such that (b Y d) is

laid out according to ( , and .

v—>-—‘

if (b ,c ,d ) and (b

l

K1)
33
,¢°,d°) are laid out according to

N

h._ﬁ—ﬁsq-
(J,K,L) and T(ab cd ) and T(ab c“d ) hold, then

— —_—

x(ab') + y(ac?) . (3).

-.>
Now we can apply theorem 3.6 to (3) to obtain a sequence H dist-

inguishing & and such that

—_— —_—y —n =3 _— e 3

—
if a° is distinguished by H and (b1,c1,d1) and (b2,c2,d2)
—— h————~>—
are laid out according to (J K,L) and I'(a Opteta’ ) and

-—-—————> -—~§
0 2 2.2

I'(a di“) both hold, then x(a b ) + y(:) ceo(4).

We put
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— —_— —> —>

1.1 R 3 11 1
X = {x(a'b) : 3t H distinguishes a , (b ,0 ,d ) is
— —y
laid out according to (J K,L) and
1 1 1 1
T'(a'® ) holds}
and
— —_— ——7 -_; —_—> ey
Y - {y(a202) :gbzd2 H distinguishes a’ , (b c? a2) is
—_—F - -2
laid out according to (J,XK,L) and
2 2 2
T(a“bc“d ) holds}.
As before, X and Y mre members of VO,
From (4), we have:
- > _—

-_—> —_—

(4) if x(a1b1)s X and y(a1c2)E Y, then x(a1b1) ¥ y(a1c2 .

To go along with (A), we prove three other propositions:

7 Y > - _>

(B) if a # a® and x(a1b1) e X, y(azc2) € Y, then x(a1b1)
—

2 2) are comparable by €.

“‘,—H
. ST . . . 2.2 2.2
For, since HJKL distinguishes a b c d and a b c¢cd,

and y(a

(a1LJb1) f\(azL;cz)E; a1f\a2, which has cardinality less than n-1,

which makes the two elements comparable by choice of n,

—_—

14 2 11 2 2
(¢) if al % 2 and ¢ Ne? = 0, and y(a'c ), y(a“c)e Y,
—

then y(a c ) and y(azcz) are comparable by <.

For, otherwise (a1LJc1)fW(a2LJc2)§; a1r\a2, and again this would

contradict the choice of n.

(D) there do not exist a ,32,b1,b2,c ,¢~ such that
Ty 2.2 |
x(a'b ),x(a’p") € X
2
11 2
y(a'c ),y(a®c™) e Y
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and

KR 2.3
yla'c ) € x(a2b2)
—_—y —_———
y(aQC2 < x(a1b1)
-_— —
y(a1c1 ¥ x(a1b1)
-— _—
y(32c2) + x(a2b2).

For, suppose we have an instance of this, in the above notation.
11

— —>

By (&), since x(a2b2) > y(a'c ), al # a’. If ¢'Nc? = 0, then

—_— .__>2
11

by (C) y(a'c') and y(azc ) are comparable, which is a contra-

diction, Thus c1 002 £ 0. So we can assume that we have

arranged our sequences so that we can write:

—— S -_— -—_

b = BB b2 = B2

= 2 2

¢ = Yy ¢ = ¥y
—_ -7 —_

?ga’a a2 = 628
1

where o = a F\az,ﬁ3 = b1f\b2,“f = c1f\c2, 8 = d1f\d2. Here,

a, B, § may be empty but Y is not.

> — -
Let 8. denote a'o?aB'B2By'y2y6'6%8  and let Otl(so) =o', etc, and

0 2% .
for s a sequence of the same length as 89 let @ (s) be the
"al-part of gm in the obvious way and so on for other subsequences
and subsets of s and 8 respectively. Let e list the remaining
—
non-zero members of gp(so) and let T'(soe) be a type for this

group.

By theorem 3.6, there is a sequence-g of basic intervals such
- —_— —= . i
that Q distinguishes 8,8 and whenever . se' is distinguished by

Q and T'(;;:) holds, then
T i 2 x>
x(a'aB B (s)), x(2"aB"B (8))E X,

—_— —_—
y(alayly(s)), y(aZay?y(s)) € Y,
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and
¥(alay’y (8)) ¢ x(x%aB?h(s))
y(aZavyiv(3) ¢ x(a'ap 8(3))
y(atay 'y (8)) + x(a'ap'B(3))

—_—

y(aZayZy(s)) + x(a?ag?p(s)).

—_— -
By theorem 3.7, there is a sequence se' distinguished by §

—_— -> —_
such that TI'(se') holds, Y(s)fWY(so) = 0, and

> ->
alafaBlB?EY yi(s) = ala’aB'BBY Y (sy).

By (C), either
Tnolof o P INT
y(alayiy(sy)) < v(afay?y(s))
vzl o T ola( o
or y(afay?y(s)) < y(alavlv(sy)).
. CYVE I 5% T nZo (o
In the first case we have y(aZav?y(s)) €« x(c“af°f (s)) and
2o nlp (o) YT TN Tlaviv (o
x(x2ap%p (s)) = x(a?aB B(SO)) which means that y(a“ay Y(so))
< x(azaBZES(so)), that is, y(azc ) < x(a2b ), a contradiction.

The second case is done similarly, getting a contradiction to

(A) this time. This proves (D).

Now define a new relation € on X as follows:
— ——p

z, 9 2, iff z, < 2, or there exist x(aobo) in X and y(aoco)
—

in Y such that z, € x(aobo) and y(aoco) < z

1 2°

-_—
Note that we have used the same ao in both x and y in this def-
inition. Clearly ¢ is an element of VO and properly extends .

The proof will be complete if we show that ¢ is a partial order

since then the maximality of £ is contradicted.

Clearly u €u for all u € X, and we only have to check:

Transitivity: Suppose u ¢v, v & w. The only non-immediate
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—_——

0,0 "0 0. 17 T
case is when u g x(a b)), y(a c )< v, vg x(a b ), y(a'c ) € w.

00 a1, 0,1
Since y(a'c )< x(ab ), a~ #a by (4). Hence, by (C), either
x(aob ) € y(a1c1) in which case u € w, or y(a1c ) € x(aob ),

which contradicts (D).

Antisymmetry: Suppose ud v, v < u. The only non-immediate

cases are

P

(a) ug vand v g x(a1b1), y(a1c1) < uj

—% >
(b) u g x(aob )y y(aoco) < v and v < x(a1b1), y(a1c1) < u.

—

—
Now, (a) implies y(a1c1) < x(a1b1), which contradicts (A), while

—_— —_— —_
(b) implies y(a1c1) < x(aobo), 50 a' £ 8 (by (A)) and from (B)
—

it follows that x(a1b1) and y(aoc ) are comparable. If

—fh m— — e e—

x(a1b1) < y(aoco), then y(aoco) < x(a1b1) and so x(a1b1) =
— ——,

y(aoco), but by (C) y(aoco) and y(a1c ) are comparable and by

.——5_T___>.
(4), y(aoco) = x(&1b ) € y(a1c1), a-contradiction. So y(aoc )

R e
1.1 . . A . . .
< x(a b ) which is a contradiction, since this means we are in

the situation described in (D). So (a) and (b) do not occur.
Thus ¥ is a partial order and the proof is complete. //
We have the following strengthening:

Corollary 7: Global OEP holds in N.

Proof: Since VO has a definable well-order,we can find a

canonical maximal member ofSQiJllemma 4, which is total by the

theoremn. //
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§5 Divisible hulls in N

In this section we show that (gA;g+) has no divisible hull in N.
Lemma 1: Suppose S is a finite subgroup of 8y and that r, € gy

has support contained in S. Then r, € S.

1
Proof: Suppose not. Let SysecesS, list the non-zero members
of S and let ToyeeesT list the remaining non-zero members of
gp(S,r1). Let T(s1,...,sn,r1,...,rm) be a type for this group.

Let @ € Ord be such that r, = F'(S,2), where F' is as in theorenm

1
2.8, Applying theorem 3.6 gives us intervals H1,...,Hm_such
that T, € Hi for i = 1,.,..,m, and for any t1,...,tm such that
t, € H, for i = 1,...,m, if T(s1,...,sn,t1,...,tm) holds, then
so does t1 = F'(S,2). For such a t1 of course we must have

r, = t1. But theorem 3.7 guarantees that there is such a t1,

1

a contradiction. So r, € S, //

different from r 1

1’
‘Theorem 2: In N, (gA;g+) has no divisible hull.

Proof: Suppose D ¢ N is a divisible hulls Let A be a finite
"subgroup of g, and o an ordinal such that D = F'(A,a). Let r
be an element of g, such that r has order 4 and <r>N A = (0).
Let d € D be such that 2d = r and let & be a finite subgroup of
g, and B an ordinal such that d = F'(6,B).

Now r has order 4, so <r> is a direct summand of any finité sub-
group of 8y that contains r. So let U be a subgroup of 8y such
that U >4 and

A+ § +<r>aTU®d<r>.
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Let u1,...,un list the non-zero members of U®<2r> and let
r = r1,r2,...,rm list the remaining non-zero members of
U® <r> Let I‘(u1,...,un,r1,...,rm) be a type for U @< r>,
Now, the statement

"D is a divisible hull of gy T = 2d and D = Fr(Ap),

d = F'(6,B)" cee(1)
is of the form of ¢ in theorem 3.6, so there are intervals
H1""’Hm such that T € Hi for i =1,...,m, and for all
t1,...,tm such that ti 3 Hi few i = 1,404.,m,

if F(u1,...,un,t1,...,tm) holds, then D is a divisible hull

of g,, and 2d' = t, «.o(2),
where d' = F'(6',B) for &' the image of O under the isomorphism

I‘.Ht fOI‘i=1,...,m.
1 1

Now there is s € g, of order 4 such that <> N(U@®<r> = (0),
and if we put r' = r + 2s we see that U ®<r>= U ® <r'>, by an
isomorpkizm fixing U pointwise. Thus there are t2,...,tm such
that I‘(u1,coo,un,r',t2’-o.’tm) hOldS and I" = I + 23. By
theorem 3.7, we can assume that r' € H1 and tie: Hi for

i = 2,...,m, and hence that 2d' = r' where d' is as in (2).

In summary, we have

2d = r, 24' = ', r' = 1T + 28,

and
£s>N(T@<r>) = (0).
Hence
2(d - d') = 28
and

d -d' =8 + e cee(3),
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where e € soc(D) = soc(gA), and hence d - d' ¢ g,.

Now, d - 4' clearly has support inside U +<r>+< r'>, and so
by lemma 1,
d -d' e U+<r>+ <r'> ..44).

From (3), then,

eeg U+<cr>+ <r'> +<s8>,
that is,

e e U +<r> 4+ <5,
and since 2e = 0, it follows that

ecU+<r>4+ <r'> «..(5).
From (3),(4) and (5), we see that

s €U «+<r>4+ <r'>,

which it is not. This contradiction proves the theorem. //
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PART II

NEARLY FREE ALGEBRAS



§0 Introduction

This section is concerned with free and nearly free algebras.
The axiom of choice is used in this FPurt, in line with usual

mathematical practice.

In §1, the concepts of freeness, K-freeness and QDK-freeness are
analysed in a general setting. This section contains nothing
startling, but is necessary because there does not seem to be any

similar analysis available in the literature.

In §2, the construction due to Eklof of a k- not K++-free abelian
group from a K- not K+-free abelian group (for regularK) is

presented, for motivation of what follows.

In §3, a construction is presented which retains some of the
features of Eklof's construction, in particular the iterability,

but which is applicable to many varieties.

’

The results of the preceding section are applied in §4 to torsion-
free varieties of groups, and in §5 they are applied in varieties

of rings.

In §6, the implications of the analysis in §1 are worked out for

nilpotent varieties of groups.
The concept of parafreeness in a variety of groups is introduced

in §7 and some large cardinal axioms are used to show that some

k-free groups must be parafree.
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§1 Free, A-free and L,y-free algebras

In the sequel we shall be concerned principally with groups.
However, in this section we shall deal with the topics of the
title in varieties of algebras. There are two reasons for this
generality: the first is that by suppressing the algebraic
particularities we may be more able to see the generalities
underlying our conclusions, and the second, that there are
applications in areas other than groups (as in §5). 1In any case,
the more general framework is no harder to handle than the purely

group-theoretic.

Throughout this section ! denotes a variety of algebras in a

countable language.

We shall be concerned with the construction of certain algebras

in V by unions of chains. The important chains will be well-
ordered and continuous. Thus we will have little control over
what happens at limit steps in the construction, but we shall

use the successor steps to control the results of the construction.
We show that we can attach an invariant to constructions, and

then that from this invariant can be obtained an invariant of

the algebra constructed. This in turn will lead to a criterion

for the algebra constructed to be free.

Let @ be an ordinal. An G-tower is a family

iga}

A =1 4,
i

of algebras in satisfying
(a) A, s Aj’ whenever i € j € a;

(v) if 8 <a is a limit, then Ag -()r:sAi;
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and (c) for each successor i < a, A ,q is free.

Some towers are of special interest:

Let A be a cardinal. We say that an algebra A inV is

A-generated iff A is generated by a subset of cardinality less

than A, Clearly if A is uncountable, this is equivalent to

lA|'<A . We say 4 is exactly l+-generated iff A is 1+—generated

but not A-generated. If A is infinite, this implies | Al =2,
and if ) is uncountable, A is exactly l+-generated iff |A |= A
These equivalences of course rely on the fact that the language

of V is countable.

Suppose X is an infinite cardinal of cofinalityu. Let A in !

be exactly X+-generated. A near-filtration of A is a u-tower

A = {Ai t i<y} with A = 4, such that for all i<y A, is
Mgenerated. A filtration of A is a near-filtration A, as above,

such that for each limit ordinal §<yu A, is a free algebra.

S

Theorem 1: Suppose § is a limit ordinal and A = { A, s ig 8}
is a S-tower with A, free for all i<6. If, for all i<} 3§, A,
is a free factor of Aj, then A is free, and each Ai is a free
factor of Aj.
can

Proof: The conditions imply that we[find Xi a basis of Ai for
each i<8 guch that if i<j<d and a<d is a limit ordinal:

Xg = X004, and X, = U i<o¥

It follows that LJ is a basis of A_ and each Ai is a free

<Xy 5
factor of Aa‘ //
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Theorem 2: Suppose A is an infinite cardinal of cofinality u,
and let A in V be exactly A+-generated. Then
A is free iff A has a filtration A ={A, : iy} such that

Ai is a free factor of Ai+ for all i<yu.

1
If A is free, then the filtration also has the property that

each Ai is a free factor of A.

Proof: The sufficiency of the condition follows from theorem 1

and an easy induction.

For the necessity, suppose A is free on X, where !X‘ =X . We can
. - c c s - .

write X LJi<uXi where Xi C Xj for i<j<uy, XB Lji<5xi if o<y

is a limit, and for all i<u,| Xi|<k . Clearly, then, taking Ai

to be the subalgebra of A generated (in fact, freely) by Xi

gives us the filtration we need. //

We shall call a filtration of the sort described in the theorem

as a filtration by free factores. Thus an infinitely- but not’

finitely-generated algebra is free iff it has a filtration by

free factors.

Of course not every algebra in !_can be expected to have a

filtration. We turn now to those with near-filtrations,

Suppose B is a free subalgebra of the algebra C in V. If A is
a subalgebra of B, then we say that B is a block for A in C iff
there is no free D < C such that B < D and A is a free factor
of D. If A is not free then of course any free B containing

A is a block for A. Note too that if B is a block for A in C,

then so too is any free B', with B < B' € C.
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Suppose K is a regular uncountable cardinal and A in.! is exactly
k*-generated and has a near-filtration A = { A i<k } . Put
A(A) = {i<k : there is j with i<j<k such that Aj is a
block for A4 in A} .

Clearly A(A) is an invariant of the construction A.

Lemma 3: Let Kk be a regular uncountable cardinal, and suppose
A in V is exactly K+-generated, and that
A = { A, s ik } and B = {Bi s igk }

are near-filtrations of A (so that & = A. = B ). Then

A(A) = A(B) mod NS, .

Proof: Let C = {i<k : Ai = Bi}. It is easy to see that C is
closed in K, We show C is unbounded too. Suppose id<K. Since .
K is regular and lAio <K , there is jo, i63jd<K, such that

Aio < Bio' In the same way we can find i1fwith j0<i1<K such

that BJO:S Ai1‘ In this fashion we construct two sequences,

(in : n<w) and (jn t+ n<w), such that for all n<w

If § is the (common) supremum of these two sequences, then
AS = Bﬁ’ since towers are continuous. Thus 6 € C, and C is

unbounded.

To prove the lemma it is sufficient to show that CNA(A) = CNA(B).
Suppose i € CNA(A)., Then there is j such that Aj is a block

for Ai in A, Let k in C be such that Aj < A Then Ak is a

k.
block for Ai in A, too. Since i and k are in C, Bk is a block
for B, in A, and hence i € cNA(B). Thus CNA(A) € cNA(B),

and by symmetry, the reverse inclusion holds too. This proves

the lemma. //
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Thus we are justified in writing A(A) for the equivalence class
of A(A) mod NSK, whenever A is a near-filtration of the exactly
+

Kk -generated algebra A, since the lemma tells us that A(A) is

an invariant of A.
If X & Kk, we write X for the equivalence class of X mod NSK.

Theorem 4: Suppose A in'! is exactly K+-generated, where K is
a regular uncountable cardinal, and that A has a near-filtration.

Then 4 is free if A(A) = O.
Proof: 1If A is a filtration of A by free factors, then A(A) = 0. //

This theorem, then, gives us a criterion for an algebra of
uncountable regular cardinality with a near-filtration to be

free. We turn now to the concept of A-freeness.

If X is a cardinal and A an algebra in V, then A is )-free
iff every A-generated subalgebra of A is contained in a free

subalgebra of A.

Theorem 5: Let A be an infinite cardinal and suppose A in y
is exactly X+-generated. Then

(i) if A has a near-filtration, then A is A -free;

(ii) if A is uncountable, then A is A-free iff A has a

near-filtration.

Proof: The claim in (i) is obvious, and is the sufficiency in
(ii). TFor the necessity in (ii), suppose A is A-free, and let

p=cf(A). There is a family {a; : i<y} of subsets of A such
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that |ai|< A for all i<y, and A = L) (This family exists

STl
because |A] =).)

Let AO be A-generated and free, containing a If Ai has been

Ol

defined, let Ai+1 be A-generated and free, containing Ai and

LJj<i+1aj' If &<y is a limit ordinal, and Ai has been defined
. ¢ - s .

for all i<8, then put Ag Ui<6Ai. Then {Ai s i<ulu {4}

is a near-filtration of A. //

It is not of course claimed in the above theorem that the Ag
are free for limit ¢ . However, sometimes they will be. 4

variety is a Schreier variety iff every subalgebra of a free

algebra is free., In a Schreier variety the Aés of the above

proof will also be free. Thus we have:

Corollary 6: If A in ! is an exactly A+—generated algebra,

where A is an uncountable cardinal, and V is a Schreier variety,

then A is X-free iff A has a filtration. //

We shall say that the variety ! has the filtration property (FP)

iff the conclusion of the above corollary holds in the variety

whenever )\ is an uncountable cardinal.

We turn now to LmK-freeness. Let )X be an infinite cardinal, and-
L the language for V. We say an algebra A in V is L_-free iff

A is L -elementary-equivalent to a free algebra inV.
oK —_

Let k be a regular cardinal, and suppose A in V is exactly
K+—generated. If C is a well-ordered chain (not necessarily

continuous) of k-generated free subalgebras of A with Ul = 4,
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then we say C is a k-pure chain for A iff whenever C1, C2 are .

C, is a free factor of C.,. Notice

C wi <
members of with C1 CZ’ 1 2

that if A has a K-pure chain, then A is k-free.

Theorem 7: Suppose K is a regular cardinal and that A in V is

exactly K+—generated. If A has a K-pure chain, then A is IbK—free.

Proof: Suppose that C is a k-pure chain for A. Let F be free
on K generators. Let J be the set of all isomorphisms f:S~>T
where S € C and T is a free factor of F. We show that J has

the <k-back-and-forth property. Let * denote the free product in V.
First the forth direction:

lLet £ €J, £:S+T. Let X A4, |X|<«. Since UC = A, there is

S1€ C such that S is a free factor of S1 and SU X &< S1.

0]

is an isomorphism fo of SO onto TO’ and the subalgebra of F

generated by T and To is the free product T*TO.

Suppose S1 = S*SO. Choose T, a free factor of F such that there

Then f*fO:S*SO > T*TO is in J and extends f, as reguired for

the forth direction.

For the back direction, let f be as above and suppose XC F,
|X|<< There is S1 in C such that S1 = S*SO and So is exactly

W -generated for some p<k withp>|X |. There is then a free factor
To of F which is exactly u+-generated and such that the subalgebra
generated by T and To is T*To and contains X. There is then

an isomorphism fo of SO onto TO’ and f*fo is in J and extends

f, while range(f*fo);? X. This does the back direction.
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Hence A is L -free.- //
In an unpublished preprint, /Kueker2/, it is shown that the
converse of thié theorem is true when k = uy . It is suggested
in that preprint that some form of converse is true for other
regular values of k., It seems (to this author) that it is most
likely that the direct converse is true when kg is a successér

cardinal greater than w However, we shall not discuss this

g
here any further since we shall be mainly concerned with proving
that the algebras we construct are LnK-free, rather than
decomposing qu-free ones. The exception to this is in §6,
where we shall want to analyse nilpotent varieties of groups.

For these varieties, there are easier methods available. We

shall turn to these methods after the next theorem.

We used before the notion of a block. We introduce now a related
concept. If A and B are free algebras of ! and A€ B, then B
is an ff-block for A iff there is no free C in V such that B C

and both A and B are free factors of C.

Theorem 8: Let K be a regular cardinal, and suppose {Ai : iz}
is a filtration of the exactly K+-generated algebra A in ! such
that for all successors ifK, Ai is a free factor of Aj whenever

i<j<k. Put E = {i<k : A is an ff-block for Ai} .

i+1
Then A is LwK-free, but if E is stationary, A is not free.

Proof: The set of A, such that i is a successor is clearly a

i
K-pure chain for A, B0 A is QDK-free, by theorem 7. If A is free,
then there is a filtration of A by free factors, and, as in the

proof of lemma 3, this means there is a club of i such that Ai
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belongs to the filtration by free factors. If E is stationary,
there is i in E such that Ai belongs to the filtration by free
factors, This is a contradiction, since there is then also a

j>1 such that Aj belongs to the filtration by free factors, which

means that Ai and Ai+1 are both free factors of Aj. //

For some varieties we can analyse the LbK-free algebras in more

detail.

Suppose A and B are in V, A € B, If A is a cardinal, we say

B is )-gzenerated over A iff there is X € B with |X|<X such that
A<B<C and

A UX generates B. We say A is )-pure in B iff wheneverAC is

free and A-generated over A, A is a free factor of C. Note
that if B is A-free and A is A-generated, and *-pure in B, then

A is free and pure in B.

In order to use these definitions, we need to have some
restrictions on the variety V. We say that V has (FF) iff,
whenever A, B and C are free algebras, A £ B € C and A is a free

factor of C, A is also a free factor of B.

FNow we can give a necessary and sufficient condition for L, -

freeness in some varieties.

Theorem 9: Let A be an infinite cardinal and suppose V has
(FF). Let A be an algebra in V which is not A-generated. Then
A is ka-free iff A is A-free and every A-generated subalgebra VA

of A is contained in a A-generated A-pure subalgebra of A.

Proof: The proof of the sufficienecy is very similar to the
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proof of theorem 7, 80 we only indicate the differences, We
take J to be the set of isomorphisms f:S+ T, where S is
A-generated and Xl-pure in A, and T is a free factor of the free
algebra F on A generators., 1In theorem 7, we had to use the
regularity of k to obtain S1; here the hypotheses give us S1
immediately, with S1 free,A-generated and )A-pure. Since S is

A-pure, S is a free factor of S1 and the rest is easy.

For the necessity, suppose J is a family of partial isomorphisms
from A to the free algebra F, with the <) -back-and-forth property.
Since A is not X -generated, neither is F. Suppose B < A is
A-generated. There is f € J such that range(f)=2 G, f(B)C G
and G is a A-generated free factor of F. Since f-1(G) is free
and contains B, A is A-free. We show that f-1(G) is A-pure in
A. Suppose that C }f-1(G), C < A, and that C is free and

X -generated over f—1(G). There is g € J such that g = f and
range(g) @ H, where H is a A-generated free factor of F such
that H=g(c). By (FF), G is a free factor of H. Hence

f—1(G) - g-1(G) is a free factor of g-1(H), and hence, by (FF)

again, f-1(G) is a free factor of C. //

This proof is essentially that of theorem 1.1 of /Eklof1/,

where it was given for the variety of abelian groups. The next
theorem introduces no new information but is in the style of
/Eklof2/ and /Mekler/ and is given here to indicate the connection

with those two papers.

Theorem 10: Let K be a regular uncountable cardinal. Suppose

V has (FF) and (FP) and that 4 in V is exactly k*-generated and

is K-free. Then
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(i) A is L”K-free‘iff A has a filtration {Ai : i<K } such
that for all i<k Ai+1 is K-pure in Aj;

(ii) A is free iff for every filtration {Ai : iSK} of A,
the set {i<x 3 Ai is not K-pure} is not stationary in K;

(iii) A is free/for some filtration {Ai : 1<K} of A, the K\

set {i<k Ai is not K-pure} is not stationary in K,

Proof: (i): The sufficiency follows from theorem 7 or 9. For
the necessity, suppose A is L,.-free. By (FP), there is a
filtration {Bi : 1Sk} of A. We produce a filtration satisfying
the condition, as follows: if i<K is a successor or 0, then Ai
is K-generated and K-pure (hence also free) containing A, _,

(or 0, if i = 0) and also Bj where j is least such that Bj is

The A

not contained in 4, ,; if dis a limit Ag =I~Ji<6 i i

clearly form a near-filtration satisfying the condition. Since
for limits § AG is clearly Bé, for some &', As is free for all
limits &, too.

(ii): It follows easily from the property (FF) that, if

{Ai : i¢k} is a filtration of A, A; is not k-pure in A iff there
is j>1i such that Aj is a block for Ai in A. Now apply theorem 4.

(iii): This follows from the first sentence of (ii) and lemma 3.

//

We have not talked much gbout A -freeness when A is singular.
The following theorem appeared in /Shelah2/. There is a more

comprehensible proof in /Hodges2/.

Theorem 11: Let X be a singular cardinal and V a variety with

5
the Schreier property. Then every A-free algebra in ! is A+-free.

//
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§2 Abelian groups and Eklof's construction

If ¥ is an infinite cardinal and V is a variety of algebras, let

us say that an algebra A in ! is K-almost free iff A is K-free,

is not free and has cardinality K.

In the paper /Eklof2/ it is shown how to construct in the
variety Abgps for any regular K a K -almost free group from
a Kealmost free group. A substantial part of what follows is
based on Eklof's construction, so we analyse the construction

now.

There are two ingredients: the first is of general application
(that is, works in any variety of algebras), while the second is
apparently peculiar to Abgps. In the theorem below we see the
first ingredient and in the lemma and discussion which follow
the theorem we see the features special to Abgps. It is a
consequence of the special features that the whole construction
can be iterated in Abgps any finite number of times to obtain

a K'-almost free group, a k¥t _almost free group, etc. It is
this iteration which we seek to recover in varieties other than

Abgps, and the next section is devoted to this.

First, let us make a definition., If K is a regular cardinal and
A = {Ai : i<k+1} is a (k+1)-tower in the variety V, then A is a

blocking (k+1)-tower iff:

(a) each A, i€k+1, is free on K generators;
(v) A, is a free factor, with exactly k¥ -generated

complement, of both Aj and A , whenever i<Jj&K;

K+ 1

and (c) A, , is an ff-block for A..
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Theorem 1: Let k be a regular cardinal and V be a variety of
algebras in a countable language. If there is a blocking
(k+1)~tower in V, then there is in V a k*.almost free algebra

which is L -~free.
ook,

Proof: Let E = {6<k* ; ¢£(§) = «}. Then E is stationary in k¥,
"and for any limit 6<K'+, ENS is not stationary in 6. Let

A = {Ai : i<k+1} be a blocking (k+1)-tower in V.

We construct a k' -tower B = {Bi : i<k'}such that B is a
filtration of B = BK+ and

(i) if i ¢ E, then B, is a free factor of Bj with an
exactly K*-generated complement, for all j, i<j<K+;

(ii) if 1 € E, then B, is an ff-block for B,.
This will be enough, since by theorem 1.8 and the fact that
K+ - E is unbounded, B is K -free and ymK+-free, but by theorem
1.8, again, and the fact that E is stationary, B is not free.
Let * denote the free product in V% |

Let B, be free on k generators. Suppose that for all i<jJ, Bi

0
has been constructed so that the following holds:
(1) Blj is a j-tower, where B|j = {Bi s i<jl;
(2) B, is free on K generators, for all i<j;
(3) if i € j - E, then B, is a free factor, with exactly
ngenerated complement, of each Bk with i<k<j;
(4) if i € JNE, then B,,q is an ff-block for B,.

Then put B -U if j is a limit. Clearly in this case

<31
(1), (3) and (4) continue to hold. To see that BJ is free,

observe that since ENJ is not stationary in j, there is a
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cf(j)-tower C S B|j with UC = By, such that if C,< C, are in
C, C1 is a free factor of C2, and by theorem 1.1 Bj is free. So

(2) holds for j+1. There are two cases left:

Case 1: If j = i+1 with i ¢ E, then let B,,, = B,*F, where F

is free on K generators. Clearly in this case (1) - (4) continue

to hold.

Case 2: If j = i+1 with i € E, then i is a 1limit ordinal of
cofinality K, Since iNE is not stationary in i, there is a
k-tower C S B|i with UC = Bi, such that if C = {C; & ixx} ci1
is a free factor with exactly K+-generated complement of Ci2
whenever i,<i, <k, Then there is a sequence hi’ ige, of

1 72

isomorphisms such that

c
12

llz hy, .o e (5)

A

b

commutes for all i1< 12 < k. Then h,  is an isomorphism of Bi
onto AK, and there is an isomorphism h' and an algebra Bi+1

making the following diagram commute:

hnl h' eeo(6)

and we choose this B, . for our filtration. Clearly (1), (2)

and (4) etill hold, so it remains to check (3). Suppose that
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k <i+1 and k¢ E, There is Bt in C such that k< t and hence Bk
is a free factor with exactly K+-generated complement of Bt'

Since A is a blocking tower and diagram (5) and (6) are commut-

ative, B, is a free factor of Bi+1’ and hence 8o is Bk’ as

t
required.
So the construction can be carried out preserving (1) - (4);
hence (i) and (ii) hold, and the theorem is proved. //

So, in order to construct a k' -almost free algebra in.V, it is
enough to have a blocking (k+1)-tower. This brings us to the
second ingredient - the construction of a suitable blocking
tower. For abelian groups, /Eklof2/ takes advantage of the

following fact:

Lemma 2: Suppose F is a free abelian group of cardinality«k,
a regular uncountable cardinal, and that K< F is such that
F/K is Kk-almost free. If H is a K-generated direct summand of

K, then H is a direct summand of F.

Proof: Choose a K-generated direct summand G of F such that
G > H. Since G/GNK is K-generated and G+K/K = G/GNK,. G+K/K
is free and X is a direct summand of G+K. Hence H is a direct

summand of G+K, and since H € G, H is a direct summand of G and

hence of F. //

This proof uses the facts that G is a direct summand of the free
group F iff F/G is free, and that if G is a direct summand of
the free group F, then G is also a direct summand of any group

H with G € H € F (that is (FF) holds in Abgps).
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Given F and K as in the lemma, it is easy to obtain a filtration
K = {Ki : i<k} of K such that K, is a free factor of both K and

F, and since F/K is not free, K is not a free factor of F. Of
course all this is relative to the variety Abgps. This gives

us a (K+1)-tower which fails to be blocking only because the
cardinalities of its members are wrong. In /Eklof2/, this
problem is solved by forming Ki @® F and inducing Ki @ Fe> Kj ® F.
Then the Ki ® F form a blocking (K+1)-tower. In the next

section another "fattening" process is given, in lemma 3.4.

Since any K-almost free abelian group can be written in the
form F/K, we see that the existence of a blocking (k+1)-tower
is necessary for the existence of a K-almost free abelian group
and sufficient for the existence of a K -almost free abelian
group. It follows then from theorem 1 that in Abgps the

construction can be iterated any finite number of times.

Now lemma 2 is certainly not true in all varieties, even those
admitting quotients by certain subalgebras, and nor is it
obvious that an algebra in such a variety has a presentation
F/K with K free. We shall see in the next section that there

is for many varieties a way round this difficulty.
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§3 TFreely filtered presentations

It is shown in this section that the idea behind theorem 2.1

can be employed in varieties other than Abgps in a way which
allows the construction to be iterated. The main concept is

that of a freely filtered presentation of a K-agalmost free
algebra. Our main theorem (theorem 5) will show, among other
things, that if K is regular and there is a K-almost free algebra
with a freely filtered presentation, then there is a K+-almost
free algebra with a freely filtered presentation. Thus the
construction will iterate, Of course we shall have to place

some restrictions on the variety in which we are working.

Let us fix a variety YV of algebras in a countable language and
write V too for the category of all V-algebras and V-homo-
morphisms. In our earlier sections on freeness, we considered
algebras which could be written as unions of continuous chains
(of inclusions) but in this section it will be more convenient
to work in a more category-theoretic language, so we extend the
definitions of §1 in the obvious way to allow embeddings as
well as inclusions. Hence an O-tower (@ an ordinal) is a
functor | from the ordered set ®+1 (regarded as a category in
the natural way) to the category l which is cocontinuous and
such that all the maps in its image are‘monic; further, it is
required that if i’<®+1 is a successor, then T (i) is a free
algebra. The definitions of the near-filtration and filtration
are modified in the analogous way. It will be convenient to

make the notational convention that sanserif letters denote

towers whose algebras are denoted by the corresponding capital

letter in this typeface, and whose maps are denoted by the
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corresponding lower case letter. Thus for the a-tower T above
the maps would be tij: Ti———aTj, for i<j<«xa+1. If T is also a

filtration, then Ta will often be written just T.

An a-tower T is strictly increasing if no tij is an isomorphism

(onto Tj) for i<j<o+1.
We make the following assumption on V: V has a zero object, 0.

Here, by a zero object we mean one that is both initial and
terminal in X. It is unique up to isomorphism. We denote by O
the unique map between any algebras which factors through O.
Note that O is the one element algebra and is free on the empty
set, because the first is terminal and the second is initial.

Thus‘! has exactly one constant operation.

Now the coproduct in !'is just the free composition as defined
in /Cohn1/, p113, and it follows from the fact that V has 0

that this is also the free product since O is minimal and
trivial (/Cohn1/, p186). Hence the free product of any set of
algedbras in ! exists and is just the coproduct. This meagns that
the coproduct injections are actually 1-1, as may be verified

directly.

If ) is a cardinal, we write F()) for the free algebra on )
generators. We shall have to deal with coproducts and canonical
injections, in situations where it is not obvious which
injection is being used; in these cases we number the "slots"

from the left and write, for example:

(1) (1,3)

X>»—XuxX and XULX>—>>X1uXUXux,
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which means in the first case that the injection is into the
left cofactor, and in the second case that the injection takes
the left cofactor in£o the extreme left cofactor and the right
cofactor into the cofactor which is third from the left. 1In
cases where it is obvious which cofactor we mean, we say
nothing. Thus in A>——>All Be——3B, both maps are assumed to

be coproduct injections unless some indication to the contrary
is given. If f:A + B and g:C > D, then fllg is the map induced

from ALC to Bt D.

Let us extend the notion of free factor as follows. If e:A>—B
is an embedding of the free algebra A into the free algebra B,
then e is an ff-map iff there is an isomorphism h and a free

algebra C such that the following diagram commutes:

e
Ar—B

NS

ALC .
Lemma 1: In the above definition C is unique up to isomorphism.

Proof: Consider the diagram

O.LL1C
A——=auc —>C,
0

and observe that Qﬂ.1c is the coequaliser of the coproduct
injection and 0. Coequalisers are unique up to isomorphism

and AN C is isomorphic to B. //

This lemma justifies the following definition., If e:A»—B is an
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ff-map and C as in the definition above is free on X generators,

then we say e is A-complemented.

The notion of ff-block is extended as follows. If A and B are
free and e is an embedding of A into B, then e is an ff-block
iff there is no ff-map f:B»—>C such that fe is an ff-map. Thus,
in our earlier language, B is an ff-block for A iff the

inclusion of A into B is an ff-block in our new language.

It is now clear that all the results of §1 carry over, mutatis
mutandis, to our new definitions, and we shall apply them

without further comment.

Now, each algebra A in ! has a presentation by generators and
relations. This means that there is a free algebra F and a
congruence Q on F such that A is the quotient of F by Q.

For some algebras A there is a subalgebra R of A such that

Q is the congruence generated by Rx0. Put another way, for

such algebras A there is a diagram:

R> >F >> eee(1)

such that F is free and p is the coequaliser of m and 0. We

shall refer to diagrams such as (1) as presentations. Note

that in the variety, Gps, of all groups, for example, R is not
necessarily the kernel of p, but is merely a subgroup of F

whose normal closure is the kernel of p. We shall be interested
in a special type of presentation, namely, one in which R is

free. We call such a presentation a free presentation.
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Lemma 2: Suppose R> LU ) P

> A is a free presentation.

Let H be an arbitrary algebra in V and let Q be the coequaliser

of O and fm, where f:F——>FI'H is the canonical injection.

Then @ and All H are isomorphic.

FProof: Consider the following commnuting diagram, with a and r

canonical:

n P
B P = >
"1' Y ~
T f. a:
v md \4 p.lL1 v
Rl B-—-— - —SFILH ———>Ap E

Let q be the canonical projection onto Q, and observe that
since (pl 1)fm = 0, there is a2 unigue g:&6—= AY H such that

gq = pi 1. Since gfm = 0, there is a unique g':A—>& such

‘th&t g'p = qf.

Now let h,h' be the canonical injections of E intc FLU H and Aﬂ,ﬁ}

respectively, and let t be the unigue fill-in masking the follow-

ing diagram commute:

a h!
Ao-—-——— AUEBE&L&—H

\\\\\\\\§>st ////
g' v, ah
Q

We have constructed now two maps between @ and A\l H.
calculation shows gg' = a, and it follows gt

easy to see that tg = 1. The lemma is proved.

The next concept is easier to describe in pictures than in

An easy

It i6 also

//

words, Let K be a regular cardinal, and consider the directed

graph below, which consists of a K-~by-3 array of points and
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arrows as shown:

\ 4

— s 00—

y

Kemog 8 8 0 Sy W P N e @ 0 @ T

N

¥

U

...(2)

%
v

W o s 0 —a ) — Xk

D es s — D gD s s o D

v

\ 4

The intention of the picture is that the vertical columns are
well-ordered in type K and the horizontal arrows join points

on the same level, with the O level at the bottom and the K
level at the top. What we are going to do is to consider a
diagram like (2) with algebras at the points and morphisms for
the arrows which will be such that the horizontal arrows will
form free presentations, while the vertical arrows will be such
that each column is a filtration of the algebra at the top; the
whole thing will be called a filtered presentation of the

algebra in the top right-hand corner of the diagram.

We make this formal as follows. Suppose A is an exactly
hon-{%t&

K+-generate§>algebra. Then a filtered presentation of A is an

ordered quintuple P = (R,F,Ap,¢) where A is & filtration of A
and R and F are filtrations such that p and ¢ are natural
transformations, p:R+F, ¢:F > A, with the property that for

all i<K:

R, > > F >> A
> » I, >




is a free presentation of A,. We say P is a freely filtered
O ts au fe—block and *

presentation of A iffkin addition Oi, r

and fij are ff-maps

iJ
for all i<j§ K (Recall our notational convention.)

Now we can begin to see where our blocking (k+1)-tower is going
to come from. If we have a freely filtered presentation of the
K=-almost free algebra A, then in the notation of the last para-
graph, the filtration R with R:314>F added at the top is very
like the (k+1)-tower used in the last section in Abgps to

obtain the blocking tower. In fact the only thing that prevents
it from being a blocking tower is the fact that the cardinalities
are wrong. (R>E£—~>F is an ff-block bycﬁFnHiwz.) So to get a

blocking tower we have to increase the cardinalities. We do

this in the next lemmas.

Let A be a cardinal. Let A-cop be the functor from V toV
that sends each algebra in V to its A-fold coproduct, and does

the same thing on maps in V.

If A and M are cardinals with A4 , then there is an embedding
nA(A;u) of A-cop A into H-cop A which is natural in A, ¥ and A.
Of course nA(A,U) is an ff-map and is U-complemented if A<p ,

and U > W,

Lemma 3: (a) If X is a cardinal, then A-cop preserves monics,
unions of chains of monics, ff-maps, ff-blocks and freeness.
(b) Suppose § is a limit ordinal,
T,

R = {R{»———hl—aRj : i<j<8} is a S-directed system of embeddings
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in Vand that {}, : i<d8} is a set of cardinals with Ai<Aj for

i<j<4 Let R be the colimit of R, and put A =U. A, Write
D <674

R
k k

. AL iti :
N7y for n “( i J) and let fij be the composition of

J
Ai cop rij n ij

Ai-cop Ri>— 4>Ai-cop Rjy——————,kj-cop Rj'

Then {fij : i<j<6} is a &-directed system with colimit A-cop R.

Proof: (a) It is easy to see that A-cop preserves monics. We
note that A-cop is a left adjoint (to the composition: diagonal
functor from V to the product category !A followed by the
functor from !} to V which sends each A-tuple to its product)
and hence it follows that A-cop preserves unions. It is clear

that A-cop preserves ff-maps, ff-blocks, and freeness.

(b) To see that the fij really are a O-directed system, consider

the diagram below:

fij fjk \
Xi-COR Rf;4, ;Aj-cop Rj>4, >, k-cop Rk I
\ =cop Ty 3 Aj-cop rjk
J k
/”ij /n.jk
A.-cop Rj (N) AJ-cop Rk
A,-cop Tk

Ai-cop Rk

The square (N) commutes by naturality, while the two inner

triangles commute by definition. The whole outer triangle is
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the definition of fik’ as required. For the second claim,
notice that A-cop R is a double colimit:

.

A - - . . -
cop R collmj<6 collmi<6 Xj cop Ri .

Since the system of fij is final in this double system, A-cop R

is the colimit of the f,.s too. //
1J

Our next construction is a generalisation of the construction

in Case 2 of theorem 2.1.

Lemma 4: Let 6§ be a limit ordinal of cardinality X and cofi=-
nality K, and for each i<$, put Ai = max (@, ]il). LetR be a
8trictly increasing filtration of the algebra R, which is free
on ¢ generators, and suppose f:R>—F is an ff-block, with F free
on Kk generators. Assume too that rij and fri are ff-maps for
all i<jgk.

Suppose that T is a &-tower such that for all K¢, Ti
is free on Ai generators, and that there is C < ¢ such that if
K = w, C is unbounded in 6, while if k>w, C is a club in 6,
and, in either case, for all i,j in C, if i<j, t. . is a

1]
lj-complemented ff-map.
Then there is an embedding e:T6>—>k-cop‘F which is an
ff-block and such that for all i in C, eti5 is a A-complemented

ff—map.

Proof: We do first as an illustration the case which is simplest
to describe. The argument is in effect in this case the
combination of the argument in Case 2 of theorem 2.1 and the

construction of a "fattened" blocking tower that we alluded to
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in §2.

Case 1: ¢6>) and x>w. In this case we can find a club C'E& C
such that all the members of C' have cardinality A. Then for
i,j in C', if i<j, tij is a A-complemented ff-map. Let
(c(i): i<x) 1list the members of C' in strictly increasing
order. It is clear that for each i<k there is an isomorphism
hi of Tc(i) onto A-cop Ri such that, putting Sij = A-cop r,

J"
the following diagram commutes for all i,j with i<j<K:

8. .
1)

The commutativity of these diagrams and the fact that R ang T
are towers mean that there is an isomorphism hg:Tgs—>R such
that the above diagram commutes with K in place of j and $ in
place of c(j). Define e to be the composition of h with
Mcop f. In view of lemma 3, the conclusion now holds with C'
in place of C., -However, it is easy to see that if i is in C,
there is j in C', i<j, and since ti5 = tJGtij’ tis is A-com-

plemented and an ff-map.

Case 2: 6>X and K = W, In this case we proceed exactly as in
case 1 except that C and C' are merely unbounded in 8. The

remaining details present no difficulty.

Case 3: & = A and k>w. List the members of C as (c(i) : i« )
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R.
in strictly increasing order. Let m,. ben 9(Xr ,.\,0 ,.
: i Ce(i)e(s)) Trom

A ,.y-cop R, into A - i< §< i
¢(i) P j c(5) cop Rj’ for i< j<k. Thus nij is an
ff-m d is A, \- i
ap an 8 c(3) complemented if Ac(i) < Ac(j)’ Then there
are isomorphisms hi’ i<k, such that the following diagram

commutes:

t /. .
T NS C(I)C(J) 2
¢(1) "o (3)
hi hj
\ Y
A - S 5 -
C(l) cop Rlﬁ . —,AC(J) cop RJ s
ij

where Bij is Ac(i)-cop rij followed by nij' In the same way as
in case 1, these hi induce hé an isomorphism of Té onto A-cop R,
by lemma 3, such that for all i<k the above diagram commutes
with  in place of j and 6 in place of c(j). Define e to be

the composition of hG with A-cop f. This is enough.

Case 4t 6 = w, This is done exactly as in case 3 except that
C is unbounded now and Ac(i) is just w for al1 i. Since R is

strictly increasing,the construction still works. //

Before producing our main theorem, we have one more definition

to make. We say a variety satisfies (EP) iff the following

holds in it:

Suppose A and B are free algebras and e: A—B is an
embedding, and let p be the unique fill-in such that the

following diagram commutes:
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Then there is an isomorphism h:C——>A. . such that the
following diagram commutes:

h uf

CLB——=AB

p
01L1B l
B .

The point of this condition is that C is free; we shall see in
the next section that there are varieties for which the condition
holds. The term (EP) is explained by the fact that this is an

exchange principle for bases.
Now we have our main theorem:

Theorem 5: Let V be a variety of algebras in a countable
language, and suppose there is a zero algebra in l, and that l
satisfies (EP). Let u be a regular uncountable cardinal and
suppose there is E € U, such that E is stationary in Y, contains
only limit ordinals and satisfies:

(i) ENS is not stationary in 8 for any limit ordinal 6<i.

(ii) for each 8 ¢ E, if cf(6) = kK, there is a K-almost free

algebra in V which has a freely filtered presentation.

Then there is in V a p-almost free algebra, which is L”U -free

and has a freely filtered presentation.
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Proof: We build a freely filtered presentation (S,G,B,O’,() of a
r\-almost free algebra. We do this by building its restrictions Slj
etc by induction on j(t.b. So we anticipate our success, and write
_ s.
ol s . ik Lo . L s
5‘3, ‘3 where j<!,,l. for {Siv—-——»sk : 1<k<33 and {O"i : 1<3‘$ ’

respectively, assuming that all these things have so far been defined.

We use similar notation Glj, etc,without further comment.

The construction is by induction on j(‘J. Put')‘i = max(bb,lil) for

each i<r. The following are to hold by induction:

(a) Slj, G]j, Blj are cocontinuous functors from j tu.V, and

5\j,‘(|j are natural transformations from Slj to Glj and Glj to B

3

respectively;

{b) if i<j, then Si' Gi and Bi are free on ﬂi generators, Gi is

the free product of the other two, O"i is the coproduct injection, and

\/i is the factoring-out map, that is, the coequaliser of 0 and Gfi
(inverse on the left to the coproduct injection D(i);

(c)  for all i<k<j, H and 9, are Ak—complemented-' ff-maps;

k

(d) if i £€ j - E and i<k<j, then bi is a)xk-complemented

k

ff-map and the following diagram commutes (with °Ci as in (b)):

G O(k B
-—
K K
Iix I bix
1T i 5
i

(e) if & & jNE, then b, . . is an £f-block.

6%+l
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For each ¥ such that there is g(i E with cf(g) =+, let

[ S T A . .
(RF 7AF 'y ) be a freely filtered presentation of the K-almost
free algebra A", By adding extra free generators into Fk'and the

. I’ K . .
same generators into R, we can arrange thatR is strictly increa-

sing for allk. This notation is used in case 3 below.
Recall that F(X) is the free algebra on X.

There are four cases.

c <.
Case 0: Let S5 0 > G, °>BO be F ) — s P ()il Flw) 22 LeF (o).

Suppose that the construction has been carried out for all i<j such

that (a) - (e) hold for j. Define as follows.

Case 1: j is a limit ordinal. Put

colimSIj

n
]

colimGIj

()]
!

colimB|j,

[o+]
]

and let Sy5 gij and bij be the colimit injections for i<j. Let 0}
and Y; be the induced maps.

STONAL
Case 2: j = i+l, where id E. Let Sj>———A>Gj————+>Bj be the top

row of the following diagram, and let s, P

ii+1’ Jij41 2nd byy,, be the

1

vertical maps (in order from the left):

oiu(1) Y. 01
S, F(Aj)>————>Giu (F(xj)u r(Aj))—L——»Biu F(Aj)

(1) (1) (1)

o, Y
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Case 3: j = §+1, where })6 E. Thus S is a limit ordinal. Let

cf () = K., and suppose for the moment that K >L. By hypothesis‘(i),

there is a club C in ® which avoids E. This case is the crux of the

matter, so we examine it in more detail. For each i in C, by (d4), if
i< k, then bik is a Ak-complemented ff-map. To satisfy (e), we have

to put in an ff-block b,

5641

construction of the tower B, and to satisfy (d) we have to make sure

: B>>—>B as our next step in the

s+1
that for all i in §- E, bi8+l is an ff-map and in particular that
this is true for all i in C. Of course, C is well-ordered in type K
so we are looking for a way of constructing a blocking (K+l)-tower as
in the last section. As hinted after the definition of a freely
filtered presentation, we could do this if we could identify Rk'with
" Blc and then add~§‘ at the top. The difficulty here is that the
cardinalities are wrong in general. This is where lemma 4 enters the
picture, because what it does is to make the cardinalities agree,
thus "matching” RKato Blc. Now, the hypotheses of lemma 4 are satis-
fied with RK} F‘(and‘gK'in place of R, F and £, and with B|j in place

of T. Let B be A

S +1 be the embedding e of the

-cop F and let b

5 $6+1

lemma.

Now let p be the unique fill-in making the following diagram commute:

By Botl B s §+1

b654-1 p 1
B&“ .

By (EP), the following diagram commutes for some isomorphism

d: B—————>D_ :
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o1l
DJlBS+l Bb+l

aut

B.UB
gu

>+1 5> B .

Now, it is easy to see that, for any free A, OuA = A, by a natural

isomorphism. It follows from this that the following diagram commutes

too:

onoudl
;- é
\D(SLL D"LBS+1 »OHB5+1 B8+l
g autd 1
Ssu st_l B§>+l >> 011 B‘“l < B8+1
Ollp

. X -
Now let SJ.>—J—> Gj—ls»B. be the top row of the next diagram, and

SS,S+1 and g&§+l the indicated maps:

ouou1
S, 1 D> —>SgdL (DL Bs ) 7,1?5+1 ,
1
ES—H
Owp
866"‘1 >"6+1
A
b88+1
- Y A
| — 6 2
SG B .

This does the construction in case 3 for K>Q. If K =&, proceed as

above, using the fact that there is an unbounded set C ins, avoiding

E. The rest is then exactly as above.
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This completes the description of the construction. We now

check that the construction preserves the inductive assumptions

(a) - (e).

Cases 0 and 2 are trivial, so we turn to

Case 1: Clearly (a) holds. Using (i) and (d), there is C either

a club (if cf(j)>w) or unbounded in j (if cf(j) = w) such that

for all i in C, if i<k<j, the following diagram commutes, with

A

bik a k-complemented ff-map:

Kk k
> — G € —<
Sy K By
ik [ €ix iy
[e) o
N\ i — < i
S ~ G< <B,

From the commutativity of these diagrams for i in C and the fact
that colimits and coproducts commute, it follows that Gj is the
and 4 ..

d
is the coequaliser

coproduct of Sj and Bj' with coproduct injections Oj

Since coequalisers and colimits commute, ws

.» Finally,

of 0 and Oj, and is thus & left inverse fora

because{br i, kX in C the above diagram has Bix* 8 all

ik’ bik
ff-maps, it follows from theorem 1.1 that Sj’ Gj’ Bj are all

free on )3 generators. This proves (b), (c) and (d). Clearly

(e) continues to hold.
part is (d). We applied lemma 4

Case 3: The only non-obvious

in order

in the construction,
second part of the conclusion

clud or unbounded set of i in
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So the construction preserves the condition and therefore can
be carried out. We are left to define the top row of the
presentation. Let

S = colim S

G = colim G

B = colim B

and let GU’YH’ siU’ be the obvious induced maps.

i Py
It remains to check that ($,G,B,0,Y) is actually a freely
filtered presentation of B, and that B is U-almost free and
Lo, ~free. For the first of these, observe that by (c), (b) S
and G are free on Y generators. By (a), (b) and (c), S, G, B
are filtrations of the required type?( Clearly B is exactly
p*-generated. Because E is stationary in p and (e) holds, it
follows from theorem 1.8 that B is not free, Because U =~ E

is unbounded in y, and (d) holds, it follows also from

theorem 1.8 that B is L, -free. //

Thus the construction of theorem 2.1 can be refined in such a

way as to make it iteréble, as we see in the next result.

Corollary 6: Suppose V satisfies (EP) and has 0. Let }i* be a
J
ol

regular cardinal. If there is an (\,-almost free algebra in
with a freely filtered presentation, then for each n, O<n<y,

there is an ;<

&+n-a1most free algebra in !_, which is moreover

L ,, ~free.
“hd+n

. J
Proof: Apply the theorem with E = {6<;\d+1 : cf(8) = ><ui}’

/

to obtain such an algebra for }\d+1 with a freely filtered
presentation. It is easy to see that this construction works
inductively to give the result. //
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It may seem to the reader that the proof of theorem 5 is unnecessarily
involved. Why was it necessary to introduce freely filtered
presentations? Perhaps the comments of the next paragraph will
convince the sceptical reader that there were good reasons for

proceeding as we did.

Let us remark immediately that it is the demand that the theorem give
rise to an itereative procedure supplying almost free algebras (as in
corollary 6) that leads us to freely filtered presentations. This
means that the constructed object must itself satisfy the hypotheses
of the theorem (so that the theorem can be used to provide the
induction step in, for example, corollary 6). Although we could start
with blocking towers and proceed as in theorem 2.1 to obtain an
almost free algebra, the process would terminate at this poiﬁt since
in our general setting there seems no way of going from almost free
algebras to blocking towers (or even free presentations). So what
we have done is to strengthen our hypotheses in order to be able to
prove more - including the statement that the constructed objects .
satisfy the hypotheses of the theorem. Thus the circle is completed
and the inductive argument of corollary 6 will work. 1In the next

sections we shall see that these stronger hypotheses can be satisfied

in particular cases.
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Notice that we have not included in the hypotheses of the
corollary that the given algebra be Ld¢4;:free, but the algebras
we obtain from the use of theorem 5 all are equivalent to free
ones. The construction in the corollary does not go through
limit cardinals - we can only obtain A-almost free algebras for
A less than the next limit ordinal. This is not surprising in
view of the fact that for many varieties (e.g. Agggg) there are
no A-almost free algebras for singular A. (See theorem 1.11
(Shelah).) So at successors A of singular cardinals, we have
to start again to obtain At-almost free algebras, and will
probably have to appeal to principles of a different kind from
that employed in theorem 5. Such principles will presumably

involve assumptions about the sort of set theory we use. We

shall not discuss this further here. We note however that we

Ccraeﬁm«,-@,« p A Cincert ab %) '

To see thatC%,is an ff-block, proceed as follows. Suppose

not. Then there are free algebras H and K such that

%\L[H = %kﬂ K. By lemma 2, K BFM H. Now we can produce a
filtration of BFH»H in the following way: start with g filtration

H, :i( f 1
{\1 i¢p of H by free factors, and take BOLLHO, then B1L1HO,
then BTM H1, etc, with all the obvious inclusions, and take
colimits as required on the way up. Since K is free, there is
a club of i such that B [l H, is a free factor of B UH
i i i+1 it
Since E is stationary, some such i must also be in E, which

contradicts the construction of b.. 1 for i in E
ii+ ¢

—_—

_
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would not exﬁect the existence of an w-almost free algebra with
freely filtered presentation to depend on our choice of set
theory. In the next section we shall consider varieties of
groups and the existence of w-almost free groups with freely

filtered presentations in such varieties.

Now, theorem 5 gives us apparently just one U -almost free algebra.

We shall see now that there are many more - in fact 2.

Corollary 7: Under the hypotheses of theorem 5, there are 2IJ

pairwise non-isomorphic algebras in ! which are u-almost free

and Lmu-free.

Proof: If E is as in the theorem then there are U subsets Ei’

i<y, of E which are pairwise disjoint, stationary in py, and such

that E ’LJi<uEi' All this is true by a theorem of Solovay

given as theorem 85, p433, of /Jech2/. Let {g, ¢ i<2"} ve

a family of 2" subsets of y such that if i f J Jigf Jj‘ Let

gl - LJ{Ej :t j€ Ji}. Then each E® is a stationary (in u)

subset of E such that (i) and (ii) of theorem 5 hold; and if

i / Jj, there is no club C in ¥ such that Cf\EiQ; Ej (since C
i

intersects each Ek€; E”, and there is no E._ not included in EJ);

k
Apply theorem 5 with E' to obtain a pH-almost free algebra B!
with a filtration B such that, for each k ¢ u = E', Bi is a
free factor of each Bi with k<t<y, while, for each § ¢ El,

i

55+ is an ff-block.

b

Now suppose i f J and f is an isomorphism of B® onto BY. As in

the proof of lemma 1.3, there is a c¢lub C in py such that, for
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all k in C, f(B;) - BJ. There is k ¢ CMNE" such that k ¢ Y,

k
Let t € C be such that t>k. Now B. . is a free factor of Bi,
: i j j
SO‘Bk is not. On the other hand, since k § EJ, Bﬁ is a free

factor of Bi. Since k, t € C, this contradicts the assumption

that f is an isomérphism. //

The device used in this corollary is due to Shelah and can be

found in Section 1 of /Shelahi/.

Corollary 8: Suppose_! satisfies (EP) and has Q. Let f{* be a

regular cardinal. If there is an }{&—almost free algebra in V,
/

’ e(,+ri

then there are, for each n, with O<n<ygy, 2 pairwise
non-isomorphic f{d+n-almost free algebras in V which are

L , ~-free.

°°>\d+n

Proof: Obvious from corollaries 6 and 7. //

Let us note that the restriction that the language of the variety
be countable is not necessary: all the above theorems remain

true provided we replace in the definition of K-almost free

the requirement that the algebra have cardinality £, by the
requirement that the algebra be exactly Kf—generated. The only
place we used the fact that the language was countable was to
check at various points that a "small'" subalgebra was contained
in some member of a chain before the end; clearly the concept

of exactlykf-generated works in the same way. (Compare the
remarks on p77.) These comments will enable us to apply these

results in §5 below.
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$4 Varieties of groups

In this section the results of §3 are appled to some varieties

of groups.

First we check that any variety of groups satisfies (EP). 1In
fact we prove something more general, to avoid repeating the
proof in the next section. 1In the paper /Higgins/, the concept
of an {-group is introduced. Let & be a similarity type contain-
ing a binary operator +, a unary operator -, and a nullary
operator O. Then an algebra (G;R) is an Q-group iff

(¢1) (G;+,-,0) is a group;

(¢2) for any 2¢ &, a(0,0,...,0) = O.
The group in (G1) is not assumed to be commutative, despite the

notation.

Thus, an {l-group is just an Q-algebra which is a group with
respect to some operators +,-,0 in {2"and which has the addition-
al property that {0}is a subalgebra. Clearly any group is an
Ql=group. More interestingly, so is each ring, R-module,
K-algebra, for a suitable choice of Q2. For example, a K-algebra
is a group with respect to addition and has a binary operator
(multiplication) and a set of unary operators (corresponding to

multiplication by members of K - one for each k € K).

The conditions in (G1) and (G2) are expressible as equations,

8o we can talk about the variety of all Q-groups for a fixed Q.

Lemma 1: If V is a variety of Q-groups, then V satisfies (EP).
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Proof: OSuppose A and B are free and that e:A>——B is an
embedding. Let p be the unique fill-in making the following

diagram commute (with the natural embeddings):

A> > ALLB =« <B

Let X and Y be bases for A and B respectively, and let T be the
following subset of AILB:

T = {x-e(x):xex} .
Clearly TUY generates Al B, and putting C equal to the sub-
algebra generated by T will do once we have shown that TUY is

a basis of Al B.

Suppose that w(u1,...,un,v1,...,vm) is a word in the variables

shown and that w(x1-e(x1),...,xn—e(xn),y1,...,ym) =0 in AUB,

where X, € X, y; € Y. We must show that
V(u1,...,un,v1,.-.,vm) = O

is a law in VY,

Since each e(xi) is a word wi(y1,...,yk) in the members of Y,
there is a word w'(u1,...,un,v1,...,vk) with variables as shown
(and k2m) such that

V' (u1 gy -,un’v1 g e .,Vk) = w(u1-w1 g o e ,un-wngv" g0 ,Vm)

is a law (where w, abbreviates wi(v1,...,vk)).

Since w'(x1,...,xn,y1,...,yk) = 0, and XUY is a basis for

AlLB, it fOllO\vlS that W'(u1,...,un,v1,...,vk) = 0 iS a;law, tOO.
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Hence
w'(x1+e(x1),...,Xn+e(xn)y}'1s---’yk) = O’
from which it follows that

w(x1,...,xn,y1,...,yn) = 0,

Since XU Y is a basis for Al1lLB, this means that
w(u1,...,un,v1,...,vn) =0
is a law, as reguired.

Thus T UY is a basis for AuB, and (EP) holds with C as above,
and h as He luelusion, //

Of course, this means that (EP) is satisfied in any variety of
groups. To apply the methods of §3, we also need to know

that one can take qﬁgtients by kernels. This is one of the

main points of /Higgins/,gizi;ﬂvéggg over to multiplicative

notation now, and so we write the trivial group as (1).

However, the trivial homomorphism will still be written O, since
1 is reserved for the identity homomorphism., If A and B are
groups in the variety ! of groups, we shall write A*B for the
free product in ! (=coproduct) of A and B. So * changes with !,
but we shall leave it to the context to make clear which free

product we are working with.

So in order to apply corollary 3.8 in varieties of groups, all
we have to do is produce some freely filtered presentations of

almost free groups. We start in the variety Gps of all groups.

In the definitions of the following paragraph, terms such as’

"free" are to be understood relative to Gps: so "free" is to
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mean what is often referred to as "absolutely free". We produce
an' W-almost free group with a freely filtered presentation. The
group will be isomorphic to the subgroup of the rationals under
addition generated by {1/2% : n<u} (although it will be written
multiplicatively). We have to define filtrations R, [ and A
and two natural transformations ¢ and ¢. We adopt the same

notational convention as on the first page of §3.

Let F bethefree group on {xn : n<w} and let F be the filtration

(P F, ¢ i<j<w) where F = F,, F, = <xn : n<i )<F and £

is the inclusion. Let R be the filtration {Ric_—> RJ. : i<igw}

where R = R , R, = <x x .S n<i$%ﬁ£F and r,. is the inclusion.
w i n n+1 iJ

Let

A = {Ai_—‘“bl*’Aj s i<jgwl

be such that Ai = Fi/Ni’ where Ni is the normal closure in Fi
.\ y .. . . i i ..o .‘——% -
of Ri’ for all i<uw, and 313 Ai——e>AJ is given by ala le xNJ,

for 8ll i<jgsw. Finally, let pi:Ri—_;>FE be the inclusion, and’

let ¢isFi——§>Ai be the canonical projection, for each igu.

Lemma 2: In Gps, (R,F,A,p,¢) is a freely filtered presentation

of the group A = 4, which is w-almost free.

Proofs Clearly A is countable and not free. Any finitely
generated (= u-generated) subgroup of A is infinite cyclic and

hence free. So A is w=-free.

Since Gps is a Schreier variety, it is clear thet Ri and Fi
are free for all i. It is also clear that Fi is a free factor
of F, for all i<j<w. It remains to check several things:

J

(1) R, is a free factor of Rj whenever i<jgw.
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Let Ki be the normal subgroup of F generated by {xn : ig n<aul,

Then R, MK, = P,
i i i=-
-2

. . . =2
Thus Ri is free on i generators, and since {xox1 ""’xi-1xi }

m - 3 -
1 Ki (1), and hence F R K, Fi-1xi'
is a generating set for Ri with i members, this is actually a
free generating set, by 41.52 and 41.33 of /Neumann/. Thus (1)

holds.

(2) Ri is a free factor of Fi for all i<w. From the proof

of (1), it is clear that F, = Ri*<xi>.

(3) Ai is free for all i<w. This follows immediately from

(2), and we observe that A; is free on xN,.

(4) each a4 is well-defined, i<j<wu. We have to check
that if xNi = yNi, then xNj = yNj. This follows immediately
from the fact that Nig Fi an, and this is true because Fian
is normal in Fi and includes Ri’ while Ni is least with these

properties.

(5) each aij is an embedding. By the remark at the end

of the proof of (3), we need only consider what happens to x N .

Since x.x. -2 ¢ g, x.N. = N
iTid

X, . and since A, is
i+1? ivi+t i+1 Ti+t? i+1

free on x, N 4» we see that 8.y is an embedding for all iKuw,

i+l i+ i+1

Hence aiw is also an embedding, since it is clearly the colimit-

induced map, it being clear that 8k = ajkaij for all i<j<kguw,

%
From (1) to () it follows that (R,F,A,p ,0) is a freely filtered

presentation of A. //

Now, the above construction and proof can also be carried out

* g
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in the variety Abgvs, of all abelian groups, to produce the
same A (although the filtrations will obviously be different).

Thus we have already

Theorem 3: (/Eklon/, /Mekler/) If ! is either Gps or Abgps,
)

14 .
then there are 2 'L , —-free groups in V, for each n, O<n<y.
oo,\n -
Proof: By corollary 3.8 and the above. //

However, we can offer more. Recall that a variety of groups is
torsion-free iff x* = 1 is not a law in the variety for any n.
This is equivalent to the variety's having all of Abgps contained
in it, and hence also to the variety's having Z as its free

group on one generator. If‘! is a variety of groups and G is

a group, then we write V(G) for the verbal subgroup of G
corresponding to V (as in 14.31 of /Neumann/). The assignment

G +—> G/V(G) induces a functor Gps —>V , and we denote this

functor too by !, This functor is left adjoint to the inclusion

of V into Gps.

Lemma 4: If.! is a torsion-free variety of groups and
(R,F,A,p,0) is as defined above for Gps, then (VR,WVF,VA,Vp)V¢)
is a freely filtered presentation of the group'!A, which is

W-almost free in V.

Proof: Since‘! is left adjoint, it preserves freeness, free
factors and colimits. The only things to check are that aij
is monic, and that A is w-free but not free in V. TFirst we

note that since A is abelian, and l is torsion-free, XA = A3

if A were free in V, then A would have to be isomorphic to Z,
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which it is not. 8o A is not free. On the other hand, since
each Ai is abelian and free in Gps,‘!Ai is free in ! and abelian

and hence just Ai. Hence aij is 8till the map induced by

¢i(xi)F——a-¢. (x )2

i1 and embeds. It follows that VA is

‘ i+
w-free ]/

Now we obtain our main theorem of this section:

Theorem 5: If V is a torsion-free variety of groups and 0<n<uy
W
;

then' there are 2 pairwise non-isomorphic groups in ! of

cardinalityH which are L , =free inl.
n oof\n
Proof: By lemma 1, lemma 4 and corollary 3.8. //

The obvious question raised by this theorem is: what happens in
varieties with torsion? It is clear that the theorem is not

true in general without some further restriction on.!, since

p

in the variety of abelian groups in which x* = 1 is a law for

one prime p, every group is free. The problem is in the proof
of lemma 4: if x2 = 1 is a law in V, then VA = 15 if x3 =1 is
a law in YV, then VA is cyclic of order 3 and hence free in V.

So this question must remain open.

Correction fov 7 NE (behoeo bnes ™4 and 73 ):
(6)J9L0 is an ff-block. For,if not, there is a free
group B with presentation R>—>H-—=3B, in which A is

embeddable, which contradicts the non-freeness of A,

¥ Thsevt here ;
To see that Yj%ais an ff-block, suppose not and consider the
abelianisation of the counterexample. It is now clear that

we are in the situation of (6) above (because Abgps has the

-—
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§5 Varieties of K-rings

In this section, the methods of §3 are applied in varieties of
K-rings and theorems similar to those of {4 are deduced for

varieties of rings, K-algebras over a field K, and Lie algebras.

We have to begin with discussion of a triviality. Suppose we
want to apply the methods of §3 to the variety of rings. It is
usual to require that rings have a 1, although not that this is
distinct from the additive identity - making it an axiom that

0 % 1 prevents the class of rings from being a variety. The
zero ring has a 1, then, which of course coincides with the O;
but it is not a subring of any other ring since the obvious
inclusion is not a homomorphism (it does not send 1 to 1). The
upshot of this is that%wkﬂfgoukhyudnnqh5no&%&b in the category
of all rings with a 1 and their homomorphisms,and on the face of

it the methods of §3 do not apply.

There are several ways out of this difficulty. The naive
approach is to go back to §3 and try to isolate all the points I
at which we used the fact that the variety in question has a
zero algebra, and then to try to get away with something less.
This would work, at least for the special case of rings, but is
more trouble than it is worth. Instead, we drop the requirement
that rings have 18, and then show after we have dealt with this
case that we can reintroduce the requirement without changing
our results. This means that we work first in the variety of
rings which need not have a 1 (in which variety the zero ring

is a zero object) and then look at the subvariety of rings with

a 1 and show that if we add a 1 in the right way we turn free
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rings (without 18) into free rings with 1s, while at the same
time we do not turn any non-free rings without 1s into free

rings with 1s.

The remarks above related to rings, but in fact they apply to

the more general concept of K-rings, to which we now turn.

We use the word ring for a ring with a 1 and the subword rng
for a ring which may not have a 1; to be more precise, a rng

does not have a distinguished 1, We use Rings and Rngs for

the corresponding categories (and varieties). Let K be a ring.
A K-rng is a K-bimodule R which is also a rng; that is, if we
denote the multiplication and both K-actions by juxtaposition,
R is a rng and (xy)z = x(yz) for all x, y and z from either K
or R, If the K-rng R is also a ring, we call R a K-ring. Thus
a K-ring is a ring R with a homomorphism kk—>k1R of X into R.
If K is commutative, then a K-ring is called a K-algebra. We
note that a Z-rng (where Z is the ring of integers) is just a
rng, and that a Z-algebra is just a ring. (Compare /Anderson
& Fuller/, ex 1.11,p24.) The corresponding categories (and

varieties) will be denoted by K-rngs, K-rings, etc, and their

commutative versions by writing C in front of these names.

(The underline is this time part of the definition.)

The connection between the categories K-fngs and K-rings which

is important for us in this section is the following result.

Lemma 1t Let K be a ring. There is a functor addl from K-rngs
to K-rings which preserves and reflects freeness and takes

embeddings to embeddings.
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Proof: As its name suggests, add?! adjoins a 1 to a rng. The
construction is analogous to the standard one for embedding a
rng in a ring (compare /Anderson & Fuller/, ex 1.1, p22). Form
R X X, and give this set a bimodule structure by defining
addition and the actions co-ordinatewise (regarding K as a
K-bimodule in the natural way). Define multiplication by
(r,k)(r',k*) = (rr* + kr' + rk', kk').
It is easy to check that this makes R x K a K-ring, which we
shall denote by add1(R). It is clear how to define add?l on
homomorphisms. It is easy to verify directly that add! preserves
freeness (it amounts to showing that addl is left adjoint to the

functor "forget the 1" from K-rings to K-rngs), while if add1(R)

were free (in K-rings) on X, then add1(F) and add1(R) would be
isomorphic, where F is a free K-rng on X, from which it is clear

that K and F are isomorphic., The last requirement is clear

from the definition of addi. //
The point of the lamma is that it enables us to to work in
K-rngs to construct filtfations, and then to apply addil to
obtain filtrations in K-rings. (It is easy to see that addt
preserves direct limits of embeddings - or use the fact that it
is a left adjoint.)

The next lemma is the point of our excursion into K-rngs:

Lemma 2: Let K be a ring. The category K-rngs has a zero

object.

Proof: Clearly the zero K-bimodule is a zero. //
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The final condition to be checked before we can use §3 is that

(EP) holds.

Lemma 3: Let K be a ring. Then K-rngs satisfy (EP).
Proof: K-rngs can be regarded as l-algebras. Apply lemma 4.1.//

We are now almost ready to produce a freely filtered presentation.
For our applications, it is sufficient to assume that K is an
integral domain (that is, a not-necessarily-commutative ring
without zero divisors). Making this assumption has the conse-
quence that we have available the concept of a degree function

as in /Cohn2/, p32, p34. This makes it easy to see whether the
algebras we construct in lemma 4 are free. The definition of a
degree in /Cohn2/ works for K-rings and we extend it to K-rngs

by defining the degree of an element of the K-rng R to be the

degree of its image in add1(R), if add1(R) has a degree function.

In the following definition, K is assumed to be an integral

domain. The definition is modelled on that preceeding lemma 4.2,

Let F be the free K-rng on {xn : n<w ), and let F be the filtration

e _ . N < .
{Fic—_’ Fj t i<jg w) where Fw F, F, <xn : ns1> F and fiJ

/ 2
. . . - _ . N\ o
is the inclusion of Fi into Fj' Let Ri <?n xn+1 : n<1> <F

for iKw, put R = Ru)and let rij be the inclusion for i<jgw

Let R be the filtration {5 By & icigu} (We shall show

below that it is a filtration.) For each igw let A, be the

quotient of F, by the ideal generated by Ri and let aij be the

i

map induced from A, to Aj for i<jfw. Put A = Am, and let A

i

a,
denote the directed system {Af-__ll, Aj s i<j<uﬂ. Finally let
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pi be the inclusion of Ri into Fi and let ¢i be the natural map

of Fi onto Ai’ for igw,

Lemma 4: In the above notation, (R,F,A,0,¢) is a freely

filtered presentation of the w-almost free K-rng A.

Proof: PFirst we show that {xo-xf, x1-x§,...,xi_1-x§, xi} is a
basis for Fi' Suppose p is a word in i+1 variables (a polynomial)
such that:

p(xo-xf,...,xi_1-x§, xi) = 0,
Since {xo,...,xi} is a basis for Fi’ the following is a law
(in the variables uo,...,ui):

p(uo-uf,...,ui_1-u§, ui) = 0.
If we substitute x; for u, and

(...((xf + xi_1)2 + xi_2)2 + e) + x, for u,_,
(k = 1,...,i), we see that

p(xo,...,xi_1,xi) = 0,

and hence that this is a law and the set in question is a basis.

It is now easy to check the facts that rij and p; are ff-maps,
that A, is free on ¢i(xi), and that 83 is an embedding, for

all i<jgu

Since K is an integral domain, if A were free it would have a
degree function, since then add1(A) would be free and would
have a degree function, by /Cohn2/, p34. This would lead to a
contradiction since the degree of‘¢w(xo) would then be undefined
n
because q)m(xo) = ¢M(xn)2 for all n. 7&;; cv)nml' SLluy :4 & oasl QAAQ/J-//Q

% P £‘(.¢,, 4‘.,’ Alv\u. 17 E;‘_ Ma:/ 09 [é), /7. 12«0, -ch- f‘\) "5 K~ N-‘/yck'

Any finite set of generators of A would lie in some An with
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n<w, and A is clearly w1-generated, so A is exactly u1—generated,

as required. //

Whether it can be shown that A in this lemma is not free when K
is not an integral domain is not clear (to this author). It
seems that some condition on K may be necessary in view of what
happens in torsion varieties of groups (comapre the remarks at

the end of §4).
We now have:

Theorem 5: Let K be an integral domain. If 0O<n<w, then there
<

no. .. . . .
are 2 pairwise non-isomorphic K-rngs which are exactly

,

’ +1-generated and E”F(n-free.
Proof: By lemmas?2, 3 and 4 and corollary 3.8. //

And we deduce

Theorem 6: Let K be an integral domain, and let n be a positive
integer. If V is one of the following categories:

K-rings, K-algebras (with K commutative), Rings,

CK-algebras (K commutative) or CRings,
[
4
then there are 2 n pairwise non-isomorphic !-algebras which

/
are exactly }\n+1-generated and Hﬂ%<n-free in !.

Proofs For K-rings this follows using the fact that addl takes

filtrations of non-free K-rngs to filtrations of non-free K-rings.

/"‘

KR A K '
SIS Sowhr o g =l } [ RSN
_r -
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The special cases of K-algebras and Rings now follow. The
commutative versions follow by repeating word for word all that
has been said so far in this section, since we have not assumed

non-commutativity anywhere as an axiom, //

It would be possible to prove analogues of the above for some
subvarieties of K-rngs and their images under addl in K-rings.

The reader can be spared this.
The following corollary may be of interest however.

Theorem 7: Let K be a’commutative field and n a positive
integer., There are 2len pairwise non-isomorphic Lie algebras
over K which are exactly >3n+1-generated as Lie algebras and
En}¥n-free as Lie algebras.

Proof: Let U be the functor which sends each Lie algebra over

K to its universal enveloping algebra. Then U is left adjoint
to the functor from K-algebras to the category of all Lie
algebras over K which sends the algebra A to its Lie algebra

[A] of commutators (that is, A with [x,y] = Xy - yx &as the new
product). This is proved in §§v.1,2 of /Jacobson/, for example.
Moreover, if A is free, so is [A]. It follows that a filtration
of a non-free K-algebra induces a filtration of a non-free Lie
algebra in the following way. Let {Ai : i<k} be a filtration

of the non-free K-algebra A, Each Ai is the universal ngelopihg
algebra of [Ai], 80 [Ai] is free. Let L be the union ofA[Ai].
Since U is a left adjoint it preserves colimits, and U(L) = A.

If L were free, so would 4 be. It is not claimed (and not

denied) that {[Ai]'x i<k} is a filtration of L, but by taking
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unions in L and using the fact that Lie algebras have the
Schreier property, it can be completed to one. The theorem

follows. //
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§6 Nilpotent varieties of groups

In this section we show how the concepts of §1 apply in these
varieties, For the variety of all abelian groups a lot is
known, and the extension to the other abelian varieties presents
little difficulty. The point of this section is that the
nilpotent varieties can be handled by referrring to their

abelian parts. This is made precise in theorem 13.

Unfortunately, it does not seem possible to deal with nilpotent
varieties in a uniform way, and so we have to distinguish three
cases. First we consider abelian varieties, and we further
distinguish cases based on the exponent of the variety. Recall
that a variety is torsion-free iff it has exponent O; we shall
say a variety is primary iff it has prime-power exponent, and
composite iff its exponent is not zero and is divisitle by two
different primes. These three possibilities are of course

mutually exclusive,

This section is orgsznised as follows: first we deal with
torsion-free and primary abelian varieties and work out what
free subgroups and free factors of free groups look like.
Second, we do the same thing for torsion-free and primary
nilpotent varieties. Third, we work out what A-free groups look
like in composite nilpotent varieties, with A uncountable.

Then we consider A-purity for torsion-free and primary nilpotent
varieties and work out what the IL,,-free groups are in composite

nilpotent varieties. Finally, we combine everything in theorem

13,
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In this section, we abbreviate Abgps to Ab.

Theorem 1: Let p be a prime, n a positive integer.
(a) In Ab, every subgroup of a free group is free and its
free factors are precisely its direct summands;
(b) 1In ab(p"), if F is free, then for any G g F the
following are equivalent:
(i) G is free
(ii) G is pure in F
(iii) G is a direct summand of F

(iv) G is a free factor of F.

Proof: Of course, (a) is standard. (See, for example, /Fuchs/,
14.5.) For (b), note that G is pure in F iff the p-heights of
each x € G are the same in G and in F iff G is free. So (i) and
(ii) are equivalent. The equivalence of (ii) and (iii) is an
easj consequence of 27.5 of /Fuchs/. IfF=0C ® H, then by

what we have just shown H is free and the equivalence of (iii)

and (iv) is established. : //

Corollary 2: The varieties in theorem 1 have (FP) and (FF).

Proof: (FF) follows from (b) on p38 of /Fuchs/ in all cases,

and (FP) from the fact that Ab is Schreier in case (a). In

case (b) we note that in any near-filtration the groups appearing
at successor steps are free, hence pure, which means that the
groups aépearing at limit steps are pure, and hence free. So

every near-filtration is a filtration. //
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Corollary 3: 1In Ab(p"), if A is 2-free, then A is free.

Proof: By 17.2 of /Fuchs/, A is a direct sum of cyclic groups.
If <a> is a direct summ,nd of A, then <a> is a direct summand
of some free subgroup of A. By the theorem, <a> 1is free.

Thus A is the free product of free groups and is free. //
Now we turn to the nilpotent torsion-free and primary varieties.

Lemma 4: Let H be a pure subgroup of the nilpotent group G.
If S is a subset of H such that S/G' (= {sG' : s € S}) generates

HG'/G', then S gerierates H.

Proof: Since H is pure in G, BG'/G'= H/H' (by lemma 0.11,1)
by an isomorphism sending sG'———=~sH' sor all s € 3. Thus S/H’

generates H/H' and by lemma 0.13.1 S generates H. //

Theorem 5:¢ Let V be a nilpotent torsion-free or primary variety
of groups. Let F be free in‘_! and suppose G £ F is a pure

subgroup which is not contained in F'. Then G is free.

Proof: Fab is free in VMNAb and VN Ab is one of the varieties
of theorem 1. Since Gab is pure in Fab, by lemma O0.11,1, it
follows in all cases that ¢®® is free in VNav. Let S= G be
such that S/F' is a YMNAb-basis for Gab. Since G ¢ F', S is not
empty. By lemma 4, S generates G. "If the exponent of ! is O,
then S is a basis of G by theorem 0.13.2, and in the other case,

S is a basis of G by theorems 1 and 0.13.3. So G is free. //

Corollary 6: If V is as in theorem 5, then V has (FP). Further,
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in a filtration, all the groups may be taken to be pure subgroups.

Proof: Sujpose we wish to construct a filtration of the A -free
group A in V, where |A| = A. We take aOGE A such that a,< A'
and |a0|<k. Then proceed as in the proof of theorem 1.4,
except that instead of taking Ai+1 free we take Ai+1 pure.

This constructs a near-filtration of A, all of whose members are

pure and not contained in A'. By the theorem, this is a fil-

tration. //

Having worked out what at least some of the free subgroups look

like, let us consider the free factors.

Lemma 7: Let V be as in theorem 5. Suppose B inV is free and
A is a pure subgroup of B. Then A is a free factor of B iff A
is free in V and 4% is a free factor of B®Y in Ve,

Proof: The necessity follows from the fact that the functor _ab

is left adjoint to the inclusion of VN Ab into V.

For the sufficiency, note first that Aab is VMNAb-free. Let X
be a basis of A. Then, X/B' is a basis for ABP in VN Ab and so
can be extended to (XLJY)/B', a basis of Bab. Using theorem
0.1%3.2 or theorem 0.13.3 as appropriate, we see XUY generates
freely a free subgroup of B, which by lemma 4 is B. So A is a

free factor of B. //

Corollary 8: Suppose ! is nilpotent and primary. Let A in V

be uncountable and lAl-free. Then A is free.
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Proof: V has (FF) by corollary 6 and a filtration (with A = | 4[)
{Ai ¢t i € c¢f(2)} may be chosen so that each A; is pure in A,
ab | ab
Hence each A, is a free factor of A, .=, by theorem 1(b) and

lemma 0.11.1 and hence,by lemma 7, Ai is a free factor of Ai+1

for each i. 1t follows then from theorem 1.1 that A is free.

Theorem 9: If _! is as in theorem 5, then_! has (FF).

Proof: Suppose A,B,C are free in V with A < B < C, and that
A is a free factor of C., We have to show that A is a free

factor of B.

Since A is pure in C, A is pure in B and by lemma 7 it is enough
to show that Aab is a free factor in VNAb of Bab. By theorem 1
this is equivalent to showing that Aab is a direct summand of

ab b

B"". Since Aab is a direct summand of C®°, this now follows,

and we are done. //

So far we have said nothing about composite varieties. We
turn to these now. The existence and uniqueness of the Si in

the next theorem are guaranteed by theorem 0.13.4.

Theorem 10: Suppose ! is a nilpotent variety of groups of
exponent p1n‘...prnr where the p; are distinct primes and the n,
are positive integers. Let A be an uncountable cardinal, and
suppose A in V has cardinality A and is A=free. For i = 1,...,r
let Si be the pi;Sylow subgroup of A. Then

(1) 5, is Mfwg(pini)-free for each i = 1,...,T;

(i1) 4if X is a limit cardinal, then each S, is of card-
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ality A, and A is free;

(iii) if X = p*, then at least one §, has cardinality A,

and A is not free iff at least one has cardinality p.

Proof: It is easy to see from the fact that A
n,
that each S, is A-free in !tﬁg(pi Yy, 1r ISil < ), this means

S1x cse xSr

that S, is free, while if [S.| = ), then since X is uncountable,
we have (i) by corollary 8. The remainder now follows, using
the fact that A = S1x seeX Sr and A is free iff all the Si are
of cardinality A, //

Now we get some control over A-purity.

Lemma 11: Let ! be nilpotent and torsion-free or primary, and
let X be an uncountable cardinal. Suppose B in V is A-free and
A is a A-generated subgroup of B, not contained in B'. Then

A is A-pure in B iff A%P g A-pure in B8P,

Proof: Suppose A is A -pure in B. Let C be such that

Aab £ C g Bab and C is XMgenerated over Aab. There is D ¢ B
such that A is a free factor of D, D is free and C < Dab. CThis
follows from theorem 9 and the A-freeness of B.) Hence Aab is

a_!f\éh—free factor of Dab and thus of C, by corollary 2. So Aab

is A-pure in %P,

For the converse, let X & B have cardinality < A, Let D be pure
in B such that AUX S D and |D] = |AUX| + w. Then D is free
since B is A-free (using theorem 5). Now A%P is a free factor

(in VNAb) of p%P and by lemma 7, A is a free factor of D.

Thus A is A-pure in B. //
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Now we show that if ! is a composite nilpotent variety, then
the only me-free groups in V of cardinality A, uncountable,

are the free ones,

Lemma 12: Suppose YV is a composite nilpotent variety and A
is an uncountable cardinal. If a in V is A-free and has
cardinality X but is not free, then A is not L,,~free.
Proof: By theorem 10, we may assume A= D+, and
A = S1X eoeX sr,
n

where S, is VN 3B(p, )-free of cardinality p or . Without

loss of generality, assume |S,|] = p. Let FoX woo XF_ be free

X
of cardinality D*. where each Fi is the pi-Sylow subgroup of F,
Suppose J is 8 family of isomorphisms between subgroups of A and
subgroups of F with the <p+-back—and-forth property. Let fe J

be such that S1£§dom(f). Then if X € F, has cardinality P and

1
is disjoint from f(S1), it is easy to see that there is no g€ J

such that g = f and range(g) = X. This is a contradiction. //
And now the main theorem of this section:

Theorem 13: Let .! be a nilpotent variety of groups and let A

be an uncountable cardinal. Suppose A€ V is A-free of cardin-
ality A. Then

b

(i) A is free in V iff A®® is free inV Nab;

(ii) A is Lgy-free in V iff A% g Loy -free in YN ab.

Proofs Note first that if X is singular, then A is free by
theorem 3.1 of /Hodges2/ (which appears below as theorem 7.17,

with a different proof). Hence 2%%ig ViyAb-free and (i) and (ii)
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follow immediately. Ii:! is composite, then either both A and
Aab are free or both are not, since in the notation ¢of theorem
10, Si and Siab have the same cardinality for each i. Thus (i)

holds for composite X, and lemma 12 supplies us with (ii) for

these varieties,

We are left with the case of regular A and V torsion-free or
primary. In (i) the necessity follows from the fact that the
functor _ab preserves freeness. So to do the sufficiency,
suppose 42% is free and let {Ai : i £ A} be a filtration of A
bty pure subgroups Ai such that AO { A', Then {Aiab : i< A} is
a filtration of Aab, and since Aab is free,

®is not A-pure in Aab}

E = {i<X: A2
i

is not stationary in A. By lemma 11,
E = {i<X : A; is not A-pure in A},

so A is free, as required.

For (ii), both ¥ and VNAb have (FF), by theorem 9 and corollary

2, 80 by lemma 11 and theorem 1.7, the result follows easily.

//
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§7 Parafree almost free groups

In this section we see that in some cases groups which are
A-almost free in a variety X of groups must also be V~parafree,
and we obtain as a corollary the extension of theorem 1.11

(Shelah> to nilpotent varieties of groups (Theorem 3.3 of

/Hodges?/).

In this section the word "variety" will always mean variety of

groups.

In /Baumslag1,2/ the concept of a V-parafree group in a variety
! was introduced. These groups share many of the properties

of free groups in !, at least if the free groups inV are
residually nilpotent. We 8shyll employ the methods of /Stammbach/
(especially §IV.5), and the reader can find there and in the

two papers of Baumslag a summary of the properties of V-para-
free groups. The definition of V-parafree given below comes

from /Stammbach/.

Up till now, we have used the notation G(i) to represent the
ith member of the lower central series of the group G, but in

this section it will be convenient to drop the brackets and

write Gi for this.

Two groups K and G ahve the same lower central sequence iff
there exists for each positive integer i an isomorphism fi
of K/Ki onto G/G1 such that for each i»2 the following square

commutes:
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i

K/K > K /K
£, l l £ .o (1)
G/c? Y/t

Notice that we do not require the existence of a homomorphism
from XK to G; but of course if there is one then it will induce
homomorphisms such that the square (1) commutes (since projection
- onto G/Gi is natural in G) and K and G will have the same lower

central sequence if these homomorphisms are isomorphisms onto.

If ! is a variety, then the group G is_!-parafree iff
(i) G is in Y
(ii) G is residually nilpotent;
and (i) G has the same lower central sequence as a group which

is free in V.

The rank of a free group of ! which witnesses (iii) must be
rank(Gab), 8o there is at most one. In /Baumslagl,2/ examples
are given of V-parafree groups which are not free in !. The
techniques of /Stammbach/ express condition (iii) of this
definition inhomological terms, and since these techniques are
probably not generally known to non-specialists, there follows

a sketch of the approach adopted in this book.

The idea of the book is to produce a homological algebra which
is relative to a variety of groups. So instead of working out
the homology of abelian groups 6r the homology of groups, one
works out the homology of groups in l. This is done as follows.
If G is a group and M is & right G-module (that is, a right

Z G-module, where Z G is the integral group ring), then a
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homomorphism f:K—=G induces a right K-module structure on M
and a homomorphism (of groups)

£, H2(K,M)\> H2(G,M),
where H_ denotes the usual second homology group. (Compare

2
/Stammbach/, p12.)

Stammbach defines a functor V(-,M) from the category of all
groups in the variety ! to the category of abelian groups which
behaves with respect to groups in ! very much as HQ(-,M) does.
We shall not give the full definition here; it is sufficient
for our purposes to define it on groups, and to know that it is
a functor., Let f:F—>G be an epimorphism in !, with F free
in V. Then for any right G-module M we put

V(G,M) = coker (f,: HZ(F,M)ﬁHZ(G,M)),

where f, is the map induced by f.

Finally, regarding Z (the integers) as a trivial right G-module,
we abbreviate

VG = V(G,Z) and H2(G) - HZ(G,Z).

The main results of /Stammbach/ that we shall use are the
following four theorems, which appear there as 5.4, 5.5, 5.6

and 5.8 of chapter IV,

Theorem 1: Let ! be a variety of groups and let G be a group
in l. Let gisG-a%-G/Gi denote the canonical map for i>2.
Then the following are equivalent:

(i) G has the same lower central sequence as a group
which is free in V;

(ii) ¢®® is free in VNAbgps and the induced map
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gyt VG —>=(G/G") is zero for all i32;
(iii) there exists a group F, free inV, and a homomorphism
f:F—G such that the induced maps fle/Fl-——-v‘-G/G1 are isomor-

phisms onto for all i21, //

Theorem 2: 1let V be a variety of groups and let G be 'a residually
nilpotent group in V such that Gab is free in VN Abgps and

G = 0. Then G is V-parafree. //
Given a group G and a non-negative integer q, we may define the

lower central g-series of G as follows:

G1,q -G, G1+1,q

'GO Gi,q i’1,2.oo

q
where for any K < G, G oq K is the subgroup generated by all
the elements

x-1y-1xyzq with x,y € G and z € K.

(If ¢ = 0, this is of course just the lower central series.)

The next theorems show how like a free group in V a V-parafree

group can be,

Theorem 3: Let ! be a torsion-free variety of groups, and
suppose the free groups of V are residually nilpotent. If G
contain a group F which is free in_! and such that the inclusion
f3sF<>G induces isomorphisms fi’q: F/Fi--—->-G/Gi for all

1-1,2,... 8ndq'o,1,2,;-o . //

(If the conclusion holds then of course all the squares analo-

gous to (1) commute.)

Theorem 43 Let V be a variety of groups and suppose f:Kk—G
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is a homomorphism inV, If G is V-parafree and K is residually

b

nilpotent and the induced map f1: K —%>Gab is an isomorphism

onto, then K is V-parafree and f is a monomorphism. //
We note the following easy consequence of the definitions.

Lemma 5: If Visa nilpotent variety and K and G are groups in
! with the same lower central sequence, then K and G are iso-

morphic.

Proofs For some integer n, K" = G = (1) and

K = k/k" = ¢/c" = G, //

We shall apply theorems 1 - 4 to groups which are A-free in

and of cardinality A, with A uncountable. In view of the next
lemma, and theorem 1, for such a group G to beV -parafree, it
will be necessary and sufficient that G be residually nilpotent

and G%P free in YNAbgps.

Lemma 6: Let V be a variety and G a group in V. If G is u-free

in V, then VG = O.

Proof: It is an easy consequence of the definitions that if G
is free in !, VG = 0. Now, any group can be regarded as the
colimit of the directed family consisting of all its finitely
(that is,‘ﬂi) generated subgroups together with the inclusions,
and if G is W-free, the subgroups which are free in V and
finitely generated are cofinal in this directed system. It will

then follow that VG = O if we show that V commutes with colimits

over directed systems,
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Suppose G is the colimit of the directed system {Gi s i€ I} of
its subgroups. Then there is a free !—group F which is the
colimit of the directed system of free groups {Fi : i€ I} and
such that there is for each i € I an epimorphism fi: Fi—v‘*--Gi

and the system induces an epimorphism f: F-—>G,

Since H2(-) commutes with colimits over directed systems (Prop.
VI.1.3, p107 of /Cartan & Eilenberg/), it follows that

HZ(F)THQ(G) = colim (H2(Fi)——fi——>H2(Gi)).

*
Since cokernels are colimit constructions and colimits commute
with colimits, it follows that
G = coker f,
= coker colimI fi
= colimI coker fi

= colimI Gi’ and we are done, //
Next we examine residual nilpotence.

Lemma 7: Let ! be a variety whose free groups are residually
nilpotent. If G in V is w1-free in V, then G is residually

nilpotent.

Proofs Let G be uﬁ-free and suppose G is not residually nil-
potent. Then there is g € G such that g # 1 but g€ ¢! for all
i. Let X be the set of generators of G. TFor each i<w there is

a commutator word wy of weight i in the generators X such that

g = v, £ Gi. Choose one such LA for each i. Let Y be the subset

of X consisting of all those elements which occur in some W
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Then Y is countable and there is a free subgroup F of G contai-
ning Y. Hence g € ()runl = (1), a contradiction. //
The last requirement is that Gab be free, We turn to this now.
For the next lemma, recall that if K is a pure subgroup of G,

b

then Kab is naturally embeddable as a pure subgroup of c2°,

(This is lemma 0.11.1.)

Lemma 8: Let V be a variety and A an uncountable cardinal of
cofinality M. If G is a A-free groups in V of cardinality 2,
then G may be written as the union of a continuous chain

{Ai : i<p} such that:

(i) each Ai is a A-generated pure subgroup of G;

and (ii) if aij‘ A?b>———>A3b denotes the natural embedding for
i<j<¥, then the directed system {aij : i<j<u} is continuous and
ab , . . s

G is its direct limit.

Proof: By theorem 1.5, G has a near-filtration { Gi H iSu}, and
we can assume that IGJ > w, Let AO be a pure subgroup of G of
cardinality IGOI, containing GO. If 6<y is a limit ordinal,

let &4 =J. 4. Leta

i<y 141 be a pure subgroup of G containing,

v

of a chain of pure subgroups is pure, this proves (i).

and of the same cardinality as, A . Since the union

i V5614185

Since abelianisation is a left adjoint to the forgetful functor

from V N Abgps into V, it preserves colimits, and so (ii) holds.

//

We now deduce easily
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Lemma 9: Suppose X is a variety of exponent O or a prime power
and that G is a A-free group in V of uncountable cardinality,

A. Then

abl = A, then c®® is) -free inV N Abgps;

< cf(X), then ¢®% is free inVNAbgps.

(i) if |c

and (ii) if |c®P|

Proof: Let {Ai : i<cf(X)} be as in lemma 8. For each i<ef())
there is a subgroup ¥ of G, free in l and containing Ai. Since
Ai is pure in G, it is also pure in F. It follows that A?b is
embeddable as a pure subgroup of Fab, which is free in VN Abgps.
The conditions on Y now show that A?b is free in lfjéyggg (vy
corollary 6.2). It now follows easily that if case (i) holds,
{A?b ¢ i<cf(A\)} is a filtration of G20 (in ¥ Nabgps). 1In case
(ii), it is easily seen that the sequence of A?b is eventually
constant. This constant value must be Gab, which is therefore
free in YNAbgps, since the A?b are., //

We can put all this together now to obtain our first positive

result.

Theorem 10s Let l be a variety of groups whose free groups are

residually nilpotent. Let K be a regular uncountable cardinal,
and suppose G is a K~free group in X of cardinality K. If
either (a) the exponent of V is a prime power;
or (b) the exponent of V is O and K has the property
that every k-free abelian group is K+-free;

then G is V-parafree.

Proof: If IGabI < K, then since K is regular, it follows from

lemma 9 that Gab is free in !f\Abgpa in both cases. If IGabI = K
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b . .
then G%° is k-free by lemma 9, and if (a) holds, then, by
corollary 6.3, 6®P is free in VN abgps, whilst if (b) holds,
this is so by hypothesis. By lemmas 6 and 7 and theorem 2, it

now follows that in all cases G is V-parafree. //
We shall give some examples of varieties V and cardinals K
satisfying the hypotheses of the theorem at a later stage.

Meanwhile, in a slightly different style, we have:

Theorem 11: Let V be a variety of groups whose free groups are

residually nilpotent, and suppose the exponent of V is either 0
or a prime power. Let K be a A-compact cardinal. If G is a
K-free group in E of cardinality A, then G is V-parafree.

Proof: Let U denote the universe of sets and let j be an
elementary embedding of U into M, witnessing A-compactness of K.
Now, in.M, j(G) is j(k)~free, while in U, j"G is a subgroup

of j(G), of cardinality X, and since k is X-compact, there is a
subset B of j(G) such that Be M, j"G € B and the cardinality
in M of B is less than j(x). In M, B may be extended to a free
subgroup F of j(G), since j(G) is j(k)-free in M. However, F
really (that is, in U) is a free group in V and j"G really is

a pure subgroup of F (since j"G is even an elementary submodel
of F), and of course G and j"G are isomorphic. It follows that
G is isomorphic to a pure subgroup of F, which is free in V, and
hence Gab is isomorphic to a pure subgroup of Fab, which means

that G®P is free in VN abgps, by corollary 6.2 (since 2ald is).

By lemma 6, G = O, and by lemma 7, G is residually nilpotnet.

It follows from theorem 2 that G is V-parafree. //
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And another variation on the same theme:

Theorem 12: Let V be a variety of groups whose free groups are

residually nilpotent, and suppose the exponent of 1 is either O
or a prime power. Let A be a singular cardinal and suppose G
is a A-free group in !,of cardinality A such that |Gab: = A,
Thne G is V-parafree.

Proof: By lemma 9, C—ab is A-free inV N Abgps and hence free,
by theorem 1.11 (Shelah) if V has exponent O, and by corollary

6.2 otherwise. By lemmas 6 and 7 and theorem 2, G is V-parafree.

//

We give now some applications of the last three theorems. 1In
order to apply these theorems, one has to check two types of
hypothesiss the condition on the variety, and that on the

cardinalities. We begin with the varieties.

Recall that if U and V are varieties of groups, a group G
belongs to the product variety UV iff G contains a normal sub-
group N with N € U and G/N € V. (Compare /Neumann/, 21.11,
p38.) We have already defined (§0.12) the variety N, of all
groups nilpotent of class at most ¢ (c a positive integer). If
.c1,cz,...,ck are positive integers, the variety §(c1,02,...,ck)
is the product variety ﬁc N "'Ec y called the variety of all

K Ck-1 1
groups polynilpotent of class (c1,02,...,ck). If

Cqy = Cp = eee =C = 1, then since §1 = Abgps, we obtain the

2
variety of all groups which are soluble of length at most k

as a special case of this definition.
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The first condition we consider is residual nilpotence.

Theorem 13: The following varieties have the property that
their free groups are residually nilpotent:
(a) Gps; (b) any nilpotent variety; (c) 2(01,02,...,ck).

The varieties in (a) and (c) have exponent O.

Proof: The claim is obvious for (b). The other two cases are

covered by 41.51 and 26.33 on p112 and p76 of /Neumann/. //
The following appears as 42.56 on p123 of /Neumann/.

v
Theorem 14: (Smel'kin) If F is free in V = £(c1,02,...,ck),
then a subset X of F consisting of at least two elements

generates freely a V-free subgroup of F iff X is independent

modulo F'. //
From this we obtain

Corollary 15: Let !'be as in theorem 14 and suppose A> w iS

limit cardinal. If G is A-free in V and has cardinality ),

then IGabl = A,

Proof: Let {Ai : 1< cf(A)} be a strictly increasing sequence

of uncountable cardinals with limit A. Then there is a (not
necessarily continuous) chain {Gi : i < ef(A)} of subgroups of

G whose union is G and which is such that each Gi is free in V

and of cardinality Ai' Let X, be a basis of G, for each i < cf(A).
Then lXi| = Ai and since C-i < Gj whenever i < j, it follows from

theorem 14 that Xi is independent modulo Gj whenever i < j. It
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will then be sufficient to show that Xi is independent modulo
G' for all i < cf(})), for then a maximal independent subset of

ab

G has cardinality at least Ai for each i < cf(A), from which

it follows that lGab| = A,

So suppose Xg9XpyeeesX € Xi and

*

Since G! =l_JG5, there is j > 1 such that g ¢ Gé, which means

1 - - P
Xy9X5yeeeyX aTE dependent modulo Gj’ unless Ty = ees =T = Q.

50 Xi is independent modulo G'. //

Lemma 16: If V is a nilpotent variety and G in V is uncountable,

then | G8%°| = |G |

Proof: If T is a transversal for G/G', then <T>G' = G, so by

lemma 0.13.1, <T> = G, and since G is uncountable |G| = [T]

- 1c2]. //

Now we turn to the conditions on the cardinalities involved.
The following was noticed by several people. For example,
/Mekler/ lists Mekler, Shelah, Gregory and Kueker. There is a

proof in /Eklof3/.

Theorem 17: If k is a weakly compact cardinal, then every

K-free abelian group is K+-free. //

It is consistent that for regular k the converse is true. (See,

for example, /Mekler/.)
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For singular A we have the following extension of theorem 1.11.

Theorem 18: (Hodges) Suppose ! is a nilpotent variety of groups
and A is a singular cardinal. If G is A-free in V and of

cardinality A, then G is free inV.

Proof: If the exponent of ! is not zero and not a prime power,
then this follows from theorem 6.10. Otherwise, by lemua 16,

abl DY

lc , and by theorem 12, G is V-parafree. By lemma 5, G

is free in V. //

This theorem was given a different proof in /HodgesZ/.

The next theorem is a consequence of theorem €.13, but the
methods of this section allow a different proof, which we ncw
give.
Theorem 19: Let ! be a nilpotent variety of groups, of exponent
O or a prime power. Suppose G is K-free in V., If
either (a) K is weakly compact and |G| = ,
or (b) k is strongly compact (and |G| is arbitrary),

then G is free in V.
Proof: If (a) holds, then by theorem 10 G is V-parafree and
hence by lemma 5 free in V. If (b) holds, then G is V-parafree

by theorem 11 and hence free in V by lemma 5. //

And finally we have the following application (which covers too

the variety of &ll groups soluble of length at most k):
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Theorem 20: Let V = 2(01,02,...,ck). Suppose G is k-free in
and
either (a) « is singular and | G| = k,
or (b) k is weakly compact and |G | = «,
or (c) x 1is strongly compact (and | G| is arbitrary)

Then G is V-parafree.

Proof: This is similar to the proofs of theorems 18 and 15

from theorems 10-15, //
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