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ABSTRACT

In Chapter 1 to Section 2.3, pertinent probabilistic concepts, as
well as notions of Markov property, are briefly discussed. Section 2.4
is an account of the theory of boundary value problems for elliptic
systems of linear partial differential operators of arbitrary orders.
Particular attention is paid to the solution of the Dirichlet problem
for such a system because it intervenes in the analysis of Chapter 4.

In Chapter 3, a spectral representation (THEOREM (3.2.13)) is
provided for an arbitrary Euclidean covariant (see (3.2.11)) multicom-
ponent generalized stochastic field. This result, obtained group-theoreti-
cally, is then applied to the special case of a three component generalized
stochastic field (see (3.2.25)), also needed in Chapter 4.

In Section 4.1, Wong's notion of Markov property is formulated. The
rest of Chapter 4 is then concerned with the complete characterization of
the class of all three dimensional Euclidean covariant Gaussian genéralized
stochastic fields which are Markov in the sense of Wong. It is also shown
here that some of the latter are not also Markov in the sense of Nelson.
Readers familiar with the work of Wong [94] will readily recognize the
various results of Chapter 4 as extensions of those of Wong.

In Chapter 5, Wong's notion of Markov property is given abstract
formulation (THEOREM (5.2)). Then it is demonstrated that, like Nelson's
notion of Markov property, Wong's notion of Markov property is implied by
the so;called pre-Markov property.

In Chapter 6, ways of extending the investigations of Chapter 4 to
arbitrary multicomponent Euclidean covariant Gaussian generalized
stochastic fields are indicated. It is then observed that the required

extensions present no new problems or difficulties. Finally, Wong's notion



of Markov property is formulated much more generally and sufficient

conditions (THEOREM (6.2.1)) for Markovicity in this extended formulation
are furnished. These indicate that quite a large class of mathematically
and physically interesting multicomponent Gaussian generalized stochastic

fields are Markov in the sense of Wong.



TITLE

DEDICATION

PREFACE

ABSTRACT

CONTENTS

CHAPTER O

CHAPTER 1

CHAPTER 2

CHAPTER 3 '

' CHAPTER 4

CONTENTS

INTRODUCTION

PROBABILITY THEORY

1.1
1.2
1;3
1.4

1.5

Probability Space

. Random Variables

Stochastic Independence

. Conditional Expectation

Stochastic Processes -

RANDOM FIELDS AND ELLIPTIC PROBLEMS -

2.1

2.4

"Generalized Stochastic Fields -
. Probability Measures on (V¥ ,¥Y")

" Notions of Markov Property’

Boundary Value Problems

HARMONIC ANALYSIS OF EUCLIDEAN COVARIANT

GENERALIZED STOCHASTIC FIELDS

3.1

3.2

Group Theoretic Concepts -
Spectral Representations For Euclidean

Covariant Generalized Stochastic Fields

MARKOV PROPERTY

4.1

4.2

-

Wong's Notion Of Markov Property
The d-Dimensional Vector Generalized

Stochastic Field

Page

18
18
19
22
24
26
32
32
34
37

46

58

58

63

84

84

86



CHAPTER 5

CHAPTER 6

BIBLIOGRAPHY

4.3 The Boundary Data Hilbert Space H (9D)

4,4 The Hilbert Spaces H (O)(r) and H (1)(r),
r >0

4;5 Markov Generalized Stochastic Fields

WONG'S NOTION OF MARKOV PROPERTY REFORMULATED

CONCLUSION AND OUTﬁOOK

6.1 Arbitrary Euclidean Covariant Generalized
Stochastic Fields

6.2 Outlook

Page

93

loo
133
155

l6l

162
164

1le8



CHAPTER O

INTRODUCTION

The important concept of Markov property was first introduced
for chains [15] of random variables at the beginning (1906) of this
century by the Russian A. Markov, and subsequently extended, in a
mathematically rigorous way, to stochastic processes indexed by the
real line R by his compatriot A. Kolmogorov [40],[48]. Today, there
exists a beautiful and highly developed theory of Markov stochastic
processes and their applications [32-34][35][100] [9][66]. Naturally,
therefore, there is the irresistible urge to attempt to develop a
similar theory for the generalizations of stochastic piocesses indexed
by R.

Let (2,8 ,u) be a probability space and let <.'.>L2(Q,63,U)
denote the inner product of L2(9,65,u). In 1948, Lévy [43] defined a
Brownian motion indexed by Rg as a mean zero Gaussian stochastic field

{w(ix) : x € R@}, with underlying probability space (Q,®,H), such that

1
<W(X)'W(Y)>L2(Q,Q,,u) = .37 (=] + |y| = |x-y]D

2
z,” , z = (zl,...,zd) € Rq .

. . . I . . ” -
With this Brownian motion in mind, Lévy [44], p.136, introduced the

following notion of Markov property for stochastic fields.
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MARKOV STOCHASTIC FIELDS

Let D be an open subset of Rd with smooth closed boundary D

and complement D'. Then, a stochastic field {X(x) : x ¢ Rd} defined
on (Q,0,4) is said to be Markov of order < r + 1, r = nonnegative
integer, if each approximation Y to X(x) in a neighbourhoed of 3D,

which possesses the property that

1im‘l— lY(w) - X(x)(w)l = 0, & = distance (x,3D), all w £ Q,

svo 8%
is such that given Y, the random variables X(x) and X(y) are stochastically
independent whenever x € D and y € D'.

If {¥(x) : x ¢ Rd} is Markov of order <r + 1 but not of order < r,
then {X(x) : x € Rg} is said to be Markov of finite order r + 1.

The above definition is the first known attempt to extend the concept
of Markov property to stochastic fields.

Lévy [44] pp.167-168, conjectured that the Brownian motion

2r+ . X : :
R 1, r = nonnegative 1nteger} is Markov of order r + 1.

{W(x) : x e
This conjecture was subsequently proved true by McKean [54] who also
established that the Brownian motion {W(x) : x € R@} has no Markov

property at all for even d. Indeed, McKean demonstrated that given
LW x) : x o€ 3D, 9 = normal derivative on 9D, k = 0,1,...,r},

then W(x) is stochastically independent of W(y) for x ¢ D and y € D'.
But a Brownian motion is, of course, not even once differentiable, and
hence McKean explained the meaning of the phrase "the normal derivatives

of a Brownian motion".
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Recently, Molchan [52] has furnished an alternative proof of
Lévy's conjecture and Pitt [64] has extended Mchan's work to arbitrary
Gaussian stochastic fields which are Markov of some finite order.
Molchan employs aspects of the theory of elliptic partial differential
equations and the notion of the reproducing kernel Hilbert space [7]
associated with a stochastic field. By a blending of these same ideas
with those of McKean in [54] and by applying Peetre's characterization
of differential operators [63], Pitt characterized a finite order
Markovian Gaussian stochastic field, under some assumptions, by
identifying the inner product of its reproducing kernel Hilbert space
with the Dirichlet form [46] of an elliptic partial differential operator.

Results of the above type are, of course, certainly of relevance in
the initial stages of development of a theory of Markov stochastic
fields. But stochastic fields which are Markovian of finite order are
clearly only a special class of Markovian fields. Indeed, McKean
employs a generalization of Lévy's notion of Markov property in [54],
and his extended definition thus accommodates Markov stochastic fields
which are not necessarily of finite order. In [41][42], necessary and
sufficient conditions for a Euclidean invariant scalar Gaussian
stochastic field to be Markov in McKean's sense are presented under some
assumptions on the spectral measure of the stochastic field. The last
mentioned papers employ the novel theory of hyperfunctions [42].

The results of [41][42] may be viewed as extensions of those of
Molchan [52] and Pitt [64]. The next direction of research must now
inevitably be that of first removing, if possible, the assumptions made
in all the above references; then next one must take on the rather more
daunting challenge of extending the analysis to non-Gaussian, as well as

- generalized, stochastic fields. In this respect, the road to the development
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of a theory of Markov stochastic fields remains a long and hard one.
Meanwhile, extensions of the concept of Markov property to

generalized stochastic fields have been presented independently by

Nelson [57] and Wong [94]. Nelson's notion of Markovicity is similar

to McKean's mentioned above while Wong's definition is analogous to

Iévy's. It is these two concepts - particularly the latter - of

Markovicity that are considered by us in this Thesis. In what follows,

we first give an account of the motivation for Nelson's notion of Markov

property; then we furnish a similar preamble in the case of Wong's notion.

Finally, we give our own motivation for considering the problems in this

Thesis.

MARKOV GENERALIZED STOCHASTIC FIELDS

It is well-known that Quantum Field Theory [8][71] is a relativistic
theory [67];'heﬁce quantum fields [84] possess Minkowski space as their
underlying space;' Unfortunately, since Minkowski space has indefinite
metric, the construction and analysis of Boson quantum fields are;
therefore, bedevilled by rather difficult problems arising from the
concomitant hyperbolicity of the field equations. It is, consequently,
natural to expect that if the time t parameter could be replaced by
imaginary time. it (i2 = -1) paramefer in all quantu; field theoretic
equations, so that Minkowski space is transformed into Euclidean space,
that the problems would become of elliptic type and hence more tractable.
However, the resulting Euclidean theory would be unphysical because it
would then correspond to a theory with an unphysical, imaginary energy.

The above heuristic philosophy seems to have been first positively

invoked by Dyson [102] in quantum electrodynamical computations. Later

Schwinger [72] and Nakano [55] advocated the formulation of a Euclidean
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operator field theory and, indeed, they constructed Euclidean fields
which are operators acting on a Euclidean analogue of the conventional
quantum field theoretic Fock space [13]. 1In his paper [85], Symanzik
made the crucially significant discovery - beéring in mind the use it
has been put to recently - that the Euclidean fields of Schwinger and
Nakano may be considered as generalized stochastic fields, upon whose
theory one could then draw. But in the event of a successful completion
of the above programme of understanding Euclidean fields, the important
question - to which none of the above authors pre~empted or proposed an
answer - would then naturally arise of how, if ever possible, to recover
the physically interesting quantum fields from the Euclidean fields.

Recently, Nelson addressed himself to the last named problem: he
constructed Euclidean fields and then provided a scheme for the recovery
of scalar Boson quantum fields from the Euclidean fields [57][58].
Nelson's work immediately lifted the study of Euclidean fields from its
previous state of little attention to the limelight, and its results were
soon avidly devoured and applied by constructive quantum field theorists
[4-6][38] [60] [81]1[88]. Furthermore, other authors [29][62] also
subsequently produced results on the same theme of constructing Euclidean
fields and the recovery of quantum fields from them.

Nelson's work, which represents a rigorous mathematical formulation
and extension of Symanzik's ideas, invokes Probability Theory - a subject
justly recognized by so many for so long [18][25]1[37]1[53]1[56][73-79] as
destined to play a rdle of no small significance in quantum theoretic
investigations. Thus, Nelson introduced two important notions [57][58]
namely: Markov property and reflection property for scalar generalized
stochastic fields. We present these notions in Section 2.3. In [57],

it is demonstrated that any scalar Euclidean invariant generalized
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stochastic field which exhibits the two attributes of Markov property
and reflection property of Nelson, and additionally satisfies some
other technical assumptions, leads to a scalar Boson quantum field.
However, in view of the results of [22] and [62], not all Boson gquantum
fields are obtained in this way.

An example of a physically interesting scalar Euclidean invariant
generalized stochastic field - because it satisfies both the Markov
property and the reflection property of Nelson - is afforded by the
Gaussian generalized stochastic field whose correlation functional is
given by

<, @?-mn7 f(l)>L2( wd axy 0o >0, £1 e QrY, 1=1,2
where A is the Laplacian in d variables and -55 ( Rd) is Schwaitz space of
rapidly decreasing functions. It is this generalized stochastic field
which leads via Nelson's Reconstruction Theorem [57] to the free scalar
Wightman quantum field.

It is perhaps pertinent to emphasize that Markov property and
reflection property are crucial in Nelson's scheme [57] for recovering
quantum fields from Euclidean fields. Introduction of the reflection
property is necessitated by the need to eliminate the normal derivatives,
on the boundary 9D of an open subset D of Rd, of a given scalar
- generalized stochastic field. Thus the combination of Markov property +
reflection property of Nelson for a scalar generalized stochastic field
is analogous to Lévy's notion of "Markov property of order 1".

In order not to proliferate assumptions, it is clear that any
definition of Markov property which incorporates Nelson's notion of

Markov property + reflection property is mathematically more satisfying
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because such a definition would suffice in the programme of constructing
quantum fields. Thus, one needs a stronger notion of Markov property
than Nelson's. Indeed, such a notion is formulated by Nelson himself
in [57], but he later abandoned it because of the relative difficulty of
employing it in his scheme. 1In the end, Nelson expressed the fervent
hope of the possibility of eventually finding "a better way of imposing
a strict notion of locality on a general Markov field" [57].
With the indicated intervention of Markov generalized stochastic
fields in Constructive Quantum Field Theory, it is clear that a study
of the former will be beneficial to the understanding of the latter.
Thus, for example, investigations of sample path continuity problems
for the Markov scalar generalized stochastic field described above have
been undertaken in [12][65][88]. However, the far more interesting,
even exciting, problem of obtaining necessary and sufficient conditions
for a generalized stochastic field to be Markov in the sense of Nelson
is, to the best of the author's knOwledge;‘still open. We, too, will -
not be addressing ourselves to this problem here.’ Instead; we investi-
gate another physically and mathematically interesting notion of Markov
property due to Wong [94]; we present this latter concept in Secﬁion 4.1.
The motivation for Wong's notion of Markov property is, in contrast
to Nelson's, purely mathematical. Wong's notion of Markov property is
formulated in [94] only for scalar Euclidean invariant Gaussian generalized
stochastic fields, although this can be done much more generally. Wong
[94] then obtained that a necessary and sufficient condition for Markovicity,
in his sense, of a scalar Euclidean invariant Gaussian generalized stochastic

field is that its correlation functional be given by

(2) 2 -1 _(1)
<f -



16

But this is precisely the same scalar Gaussian generalized stochastic

field which, as indicated earlier, satisfies Nelson's notion of Markov
property + reflection property. Thus, Wong's notion of Markov property

is itself alsc of physical interest because it delivers, in one and

only one stroke, the important scalar Gaussian generalized stochastic

field which leads by Nelson's Reconstruction Theorem [57] to the free
scalar Wightman quantum field. Perhaps, this is precisely what Nelson

had in mind - "It is possible that a better way of imposing a strict

notion of locality on a general Markov field can be found." [57] - for

it follows by what precedes that, at least in the case of a scalar
Euclidean invariant Gaussian generalized stochastic field, it is manifestly
sufficient to replace Nelson's notion of Markov property + reflection
property by Wong's notion of Markov property. This discovery is at the
root of our motivation for undertaking a study of Wong's notion of

Markov property for Euclidean covariant multicomponent Gaussian generalized
stochastic fields (see Section 3.2), and it is both mathematically and
physically interesting to provide a complete characterization, if possible,
of the class of all such Markov stochastic fields.

The various problems resolved in this Thesis seem best catalogued by
presenting the results of each chapter, and this we have already done in
the ABSTRACT. We, therefore, refer to the latter for details.

We have endeavoured to make this Thesis accessible to both probabilists
and physicists not necessarily familiar with multicomponent Euclidean
covariant generalized stochastic fields or the theory of boundary value
problems for elliptic systems of linear partial differential operators of
arbitrary orders. This has meant the inclusion of some propaedeutic
material and adequate references at appropriate points in the text, for

completeness.
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Finally, equations, theorems and clarifying remarks are numbered
consecutively throughout each section 6f a given chapter; the symbol O3
signifies the conclusion of a proof and there is a bibliography at the

end of the Thesis.
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" 'CHAPTER - 1-

PROBABILITY THEORY

Probabilistic concepts and theorems, as well as the notational
conventions, frequently employed in subsequent chapters are briefly
surveyed here, This survey is largely propaedeutic and hence is by no
means complete in itself: proofs of well-known theorems whihh are
readily found elsewhere are not furnished, but adequate references are

supplied for the benefit of the interested reader.

1.1 PROBABILITY SPACE

Fix a nonempty abstract set & and let &) denote a nonempty class of
subsets of Q,
(1.1.1) DEFINITION Q) is called a Boolean algebra, or simply an algebra;
of subsets of Q provided that
(Bl) whenever A, ¢ G) and A, € 8 » then their set~theoretic union

AlV AZ e& ;

(B2) whenever A s‘@ » then its set-theoretic complement A' in Q also

.

belongs toB .
(1...1.2) DEFINITION An algebré& is called a o-Boolean algebra, or
simply a c-algebra; of subsets of Q if it satisfies the following stronger
formulation of condition (Bi):

(B1*) whenever a; SB r 1=1,2,000y then \J A; belongs to @ .
i=1

If Qis the o-algebra of subsets of , then the pair (2,8)
is called a measurable space and, furthermore, any A € @ is called a

measurable set,



19

(1.1.3) DEFINITION Any function whose domain of definition is a class
of sets is classed a set function. To us, unless there is a statement
to the contrary, a measure ﬁ on (2,8%) is a countably additive [27]
set function u: S [0,=].
(1.1.4) REMARK: In what follows, p will always be assumed complete
i.e. p is such that the conditions B e, A CB ana ﬁ(B) = O together
imply that A € ® (necessarily with ﬁ(A) = 0).

In case ﬂ(Q) < ®, tken u is said to be finite on (2,8 ) and the
triplet (Q,Gﬁ;u) is called a finite measure space.

(L.1.5) DEFINITION A probability space, with probability measure u, is

a finite measure space (Q,Ga,u) for which u(Q) = 1.

1.2 RANDOM VARIABLES

In this section, we introduce the notion of a random variable.

For the nekt definition, suppose that U%UG%) i=1,2 are two
measurable spaces and let f be a function with domain Ql and range in 92.
(1.2.1) DEFINITION f is a measurable function of (91,651) into (92,&52)
if for arbitrary A e 652, the set

£f (@) = _‘{wl € Q. f(wl) e A}

1

belongs to Q)l.

(1.2.2) REMARK: Let R" denote the n-fold Cartesian product of the real
line R with itself and denote by 62‘n the o-algebra of all subsets of
R'. a measurable function with domain R® and range in R is called a

Borel function.

(1.2.3) DEFINITION An n-dimensional R -valued random variable on a

probability space (R,8,n) is a measurable function from (2,8 ) into



20

( RP,G{n). (A similar definition holds, of course, in the case of an
q:n—valued random variable on (Q,00,u), where € is the set of all complex

numbers) .

(1.2.4) REMARK: Let X = (Xl,...,Xn) be such an R -valued random variable
on (Q,8,u). Then a probability measure Ugr called the probability
distribution of the random vector X, is naturally defined on ( R',Q™)

in the following way:
b (B = wE @) = ulle e 2:X@ B, BeR"D

Let x = (Xl:--.,xn) ¢ R°. Then the function x -+ ux(x) =
p{w € Q: Xi(w) L i=1,...,n}) is called the joint probability
distribution function of the real-valued random variables Xi' i=1,...,n.

My has the following distinguishing properties [95]

(D1) Uy is nonnegative i.e. ux(x) > 0 for all x ¢ Rp;
My is nondecreasing i.e. if a ¢ R? is a ugincuﬁﬂ\“onﬂexﬁﬁue.&cmvowét%*&Eﬁﬂ
Ug(x) < Uy (x + a);
(02) . . limit Cuo(x) = O
: . X
{xi-v-oo,1=1,, eeesn}
limit g =1

.{xi?wn,i=l,...,n}

Indeed, any measurable function from R® > [0,1] satisfying (D1l) and
(D2) will be called a probability distribution function [95].
~— (1.2.5) DEFINITION If F : R= - [0,1] is a probability distribution

function, then a set of random variables X ,...,Xn on some probability

1
space, possessing F for their joint probability distribution function is

called a realization of F. Every probability distribution function admits

numerous realizations [95], [81], pages 19-21.
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(1.2.6) DEFINITION If (R, ) is a measurable space and ﬂ and y are
o-finite [27] measures on (Q,8), then v is said to be absolutely
continuous with respect to p, in symbols v << ﬁ, provided that for all
Ae®, p(d) =0 implies v(A) = 0. If v << ﬁ and y << v hold
simultaneously, v and ﬁ are said to be equivalent, and we write v = ﬁ .
Antithetically, p and v are said to be mutually singular, or briefly
singular, if there exists a set A e ® for which p(d) = 0 and v(B) = v(ANB)
for all B ¢ @ . In this case, we write v L ﬁ .
(1.2.7) RADON-NIKODYM THEOREM If (Q,&},ﬁ) is a og-finite measure space
and if a g-finite measure v on (QAy ) is absolutely continuous with respect
to u, then there exists a finite-valued ﬁ—measurable nonnegative function ¢

on @ such that

va) = [ e , e Q.
A

The function ¢ is unique in the sense that if also

‘ 0
va) = [ u@w¢é (W, AeQ
A
. o _. . .
then ¢ and ¢ differ only on sets Ao € Q satisfying u(AO) = 0.
(1.2.8) REMARK: ¢ is called the Radon-Nikodym derivative of v with
respect to u.
We omit a proof of (1.2.7) which may be found in [27],[39] §6.4,

[101] p.93.
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1.3 STOCHASTIC INDEPENDENCE

If (Q,G},ﬁ) is a probability space, then the elements of ® are
called events.
(1.3.1) DEFINITION The events Ai %) , i=1,...,n are said to be
stochastically independent if for any arbitrary subset.{a(j):j =1,...,k}

of the set {1,2,...,n}, we have

K K
u( M\ Ad(j)) = Hl P‘Ad(j))

=1 i=

Let 651' i=1,...,n be sub o-algebras of 65. Then in this case,
65i' i=1,...,n are said to be stochastically independent if for every
event Ai € Gbi' the events'{Ai, i= l,...,h} are stochastically independent.
(1.3.2) REMARK: The above definitions are applied to random variables in
the following way.

Let Xi' i=1,...,n be random variables on (Q,&S,ﬁ) an% suppose that
55i is the minimal sub o-algebra of ® with respect to which X, is
measurable. Then the random variables Xi' i=1,...,n are said to be
stochastically independent'if the o-algebras 65i, i=1...,n are
stochastically independent.

It seems convenient to introduce here the important concept of
conditional probability.

If B ¢ &5 v u(B) > O, then the conditional probability u(a/B)

of A ¢ & given B is defined to be

u@a/p) = WRAAB)
- u(B)

By implication, if A, B € 65 are stochastically independent events,

then
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L(a/B) = (AL‘ZS) = ua)

1
(1.3.3) DEFINITION If X ¢ L (2,&,n), then

EX

f uw@w) x()
is called the mean or expectation value of X. If X ¢ LZ(Q,GBIU) then

2
||x - EX||, = <x - EX, X - EX> |
2 ' 12 (@,8 )

is called the covariance of X. In this latter case, X necessarily belongs
to Ll(Q;GS,ﬂ). Any random variable possessing a covariance is called a
second order random variable.

Next, we bring in the notion of characteristic functions.
(1.3.4) DEFINITION Let X = (X,,...,X ) be an R’-valued random variable

on (2,@,u) and let' t = (t),....t) € R'. Then,
t+>C(t) = Ee 33 2 . f n(dw) e =1 3]

is called the characteristic function of X.

(1.3.5) REMARK: Every characteristic function C satisfies

(c1) c() =1
(C2) C is continuous on R°
(C3) C is nonnegative definite. This means that for any set

 {Xi :i=1,...,N} of complex numbers, we have

N
z
i=1 3

[ e I~

Y (1) (3)
1_.)\1, e -2 >0

) ¢ R®, i=1,...,N).
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(1.3.6) REMARK: Suppose we are given a function on R® to C
which satisfies (Cl) and (C2). Then the following theorem is used to
check whether or not it satisfies (C3).
(1.3.7) BOCHNER'S THEOREM A bounded continuous function on R® to C
is nonnegative definite if and only if it is the Fourier transform of a
finite positive measure on ( R, M.

Bochner's Theorem is very important in the probability theory of
finite dimensional random variables [25] [48]. A proof of (1.3.7) may be

found in [95].

1.4 CONDITIONAL EXPECTATION

In the preceding section, we introduced the concept of stochastic
independence. Indeed, this concept is only a special form of the more
~general notion of conditional stochastic independence which we introduce
in this section. Much of our work in subsequent chapters actually involves
the use of this more general concept.

Fundamental to the rigorous study of conditional stochastic
independence is the notion of conditioning with respect to a given o-algebra
of events.

Thus, let (Q}G&,ﬁ) be a probability space and let 650 be a sub

o-algebra of . For f ¢ Ll(Q,65,ﬁ) set
$@ = [ u@w) xgEw, Be &,

where Xg is the indicator function of the set B ¢ &bCV Clearly,
¢ ¢ 650 + R is a countably additive set function.

Since, by definition,

Let 1.16?> denote the restriction of p to 650.
0]
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() = u(B), forallBe (>,

. H
0
Q’O

one sees that ¢ is absolutely continuous with respect to e - Hence, by
o
(1.2.7), there exists a unique (up to sets of u65 measure zero)
® (0]
@) o-measurable function, denoted E(f \@ O) or E © £, according to

convenience, such that

b (B) =_f ﬁ(dw) )(B(w)f(’w) =._f -ﬁ%(dw)E(f‘&o) (w)
B

for all B € ﬁbo.

(1.4.1) DEFINITION The ﬁso-measurable function E(f ‘650) is said to be
the conditional expectation of the random variable f on (Q,8 ,u) given the
sub o-algebra 66 . .

(1.4.2) REMARK: The conditional expectation operator E('\ &SO) or E °©
is a linear, positivity-preserving operator on Ll(Q,KS;u), which also

possesses the following additional properties.

(1.4.3) THEOREM Let f and g belong to Ll(9;53,u) unless otherwise stated.

Then

®
(i) E Of = £, if f is &so-measurable;

B, B &
i) E (@ °%f) = E Of

\SYOR LS
(iii) E OO(E' Of) = E Oof; Jif 65b0 is a sub 0-algebra of <g>o;
. : ‘ Z?’o ( o
(iv) £u(dw_)g(w) (E "£)@® = [ u@e@(E °g) ()

f

if f,g belong to LZ(Q,ﬁspu);

R, ]

W) E f(g = gE Cfrifge L@, B ,w;
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(vi) if 650 and 6500 are stochastically independent sub c-algebras of (NS

(o]

and if £ ¢ L7 (@, @B ,u), then B f = [u(dw)f(w) = EE;
Q

\

®B
(vii) |]E Ofllp j_]'fllp if £ e IP(Q,B W, 1 < p £ », where I]'llp is
the norm of LP(Q,ﬁsfﬁ); hence E ° is a contraction on

1P (2,8 ).

&

(1.4.4) REMARK: (iv) and (vii) combine to imply that E ° is the
. . 2, - 2 ; s .
orthogonal projection of L (2,%,u) on to L (Q,Gso,u). The verification
of (i) through (vii) may be found in [82] and [88].
When we have cause to invoke (1.4.3) in our subsequent analysis, we

sometimes do so without explicit reference to (1.4.3).

1.5 STOCHASTIC PROCESSES

The theory of stochastic processes, which sometimes feature in our
analysis in subsequent chapters, provides a fertile ground for the applica-
tion of the concepts in abstract probability theory expounded in the’
preceding sections: Therefore;'in this final section of this chapter,
we provide a rapid introduction to the theory of stochastic processes.
(1.5.1) DEFINITION Let T be an index set. By a stochastic process,

we mean a family
o . .
H(Q) = {X(t) : t eT}

of real- or complex-valued random variables X(t) indexed by T and

possessing (Q,8,u) for their common probability space.
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(1.5.2) REMARK: Fof simplicity, in what follows we set T = R. Let
Tn = {tl""'tﬁ} be a finite subset of points in R, and if as usual

( Rp,G{n) is the n—-dimensional Borel measurable space, let ﬁ%(Tn)
denote the sub g-algebra of Gs'generated by the sets - called cylinder

sets - of the form
o RED X)) W) e 2e RT D

Let uf denote the restriction of U to ﬁﬁ(Tn). Then uTn is a cylinder
n
set measure on 55 [23]. Then the probability distribution induced on

( Rn,GQF) is given by

' . ~1 ' A : n
= = e .o €
M g@ =y (XA =y (e @) @),.. X)) @) €, A eRYY
n n n
Thus uT X is the joint probability distribution of the random variables
nl

(Rt s i= 1,...,a}.

(1.5.3) REMARK: The foregoing analysis relates to the rather rare situation
where the probability space (Q;éﬁ,ﬂ) is known from the beginning. More

often than not, the probability space (Q,85,u) is not known a priori, and
usually it is only the family of finite dimensional joint probability
distributions.{ﬁT x ¢ Tn e R"} that are available. The question is then
posed as to whechr or not there exists a stochastic process {X(t) : t € R}
on some probability space realizing these finite dimensional probability
distributions. The answer to this query is in the affirmative if the

finite dimensional probability distributions'{uT x ° Tn e RrR°} satisfy
’
n

two constraints, known as Kolmogorov Consistency Conditions, which may be

formulated as follows:
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n+l
(k1) 1f A e@RP, so that A x Re (R, then

(Ax R) = q ,X(A)7

Hop , X

T
n+l n

(x2) If 7 denotes a permutation of (1,2,...,n), set

={t '---,t ]’.

TTr(n) (1) m(n)

Let v : R' > R be the function given by

Y(xl,...,xn) = ‘(xn(l)""'xn(n))

Then, u = u ° v
LI T X

Thus permuting elements of the set Tn does not affect the Wy y~Measure
. "

of any fixed set in CF{n.

The theory of stochastic processes owes much to the following
result..
(1.5.4) THE KOLMOGOROV EXTENSION THEOREM Let Tn = (tl,..;,tn) and

X

distribution'{uT T, S R"} satisfy (K1) and (K2) above, then there
: "

let'uT . be as above. If the family of finite dimensional probability
n

is a real- or complex-valued stochastic process HO(Q) = {x(t) : t € R}
on some probability space (Q,%,H) realizing the family of finite dimensional

probability distributions'{uT x Ty € R"}.
?
n

(1.5.5) REMARK: The lengthy proof of this important theorem may be
found in [39][66]. Whenever we assert that we are given a stochastic
process {X(t) : t ¢ R} in our subsequent analysis, it is always tacitly
assumed that the finite dimensional probability distributions of the

family {X(t) : t ¢ R} of random variables satisfy (K1) and (K2), so
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that by (1.5.4) there is a common probability space (2,6 ,1) on which

X(t) is measurable for all t € R.

(1.5.6) EXAMPLE Let us now furnish an important example of a stochastic

n n
process. Let T = {tl,...,tn} e R and for & e R", set

2
n -le~t | (x, - x, )
' : v v-1',-1/2 v v-1
m () =,_f dx 1 {(2we v-1 ) / exp- [—— ] }
X A v=1 [tv_t\)-l |
n : 2e
(xo = to = 0), where integration is performed first with respect to X

then with respect to x , etc. and finally with respect to x Then

n-1 1°

'{ﬁT g ° Tn e R} is a family of finite dimensional probability measures
nl

on ( RF,UQ?). Moreover, : Tn eiQF} satisfies (K1) and (K2) as can

{ug X
n
readily be verified. Hence, by (1.5.4) there is a real-valued stochastic

process HO(Q)'='{X(t) : t e R} ~on some probability space (Q,8,u) which

n

realize'{uT x ° T € R HO(Q) is called a Gaussian stochastic process
n'

n

, T e RY,

because its finite dimensional probability distributions Mo gr T
r
n

are Gaussian measures [23].: HO(Q) is, however, :‘more commonly called the
Ornstein-Uhlenbec process. The Ornstein-Uhlenbec process is the only
Gaussian process which is both stationary and Markov [19] (see later for
the explanation of these concepts).

(1.5.7) DEFINITION Let HO(Q) = {X(t) : t € R} be a stochastic process

on the probability space (2,,1). Then the quantities

m(t) = EX(t)
B(t,s) = <X(t),X(s)>
L°(Q, 8 ,u)
R(t,s) = <X(t) - m(t), X(s) - m(s)> 5 .
L(Q,®,n)

are called respectively the mean value, correlation function and the
covariance function of HO(Q). When m(t) = O, for all t € R, then B(t,s)

and R(t,s) are not distinguishable. If HX(t)H2 < o for all t € R, then
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HO(Q) is said to be a second order stochastic process.

For the Ornstein-Uhlenbec process considered in (1.5.6), m(t) = O
and B(t,s) = e—lt—sl. Furthermore clearly this process is a second order
stochastic process.

(1.5.8) DEFINITION Let 12(Q) = {X(t) : t ¢ R} be a Geunssian

0 . . . .
stochastic process. Then H (Q) is said to be stationary if

(a) EX(t) = K, a constant independent of t.

(b)  <X(t) - K, X(s) - K> 9 .. depends only on t - s.
L (Q,@,u)

(1.5.9) REMARK: Let HO(Q) = {X(t) : t € R} be a GousSian .  stationary

stochastic process on (Q,03,u). We suppose, as we may, that each
X(t)e HO(Q) has mean zero. g HO(Q)'is a set of random
variables. Let']é(X) denote the completion in LZ(Q}ﬁs,u) of HO(Q). Then

H(X) is a Hilbert space of random variables with inner product given by
. <le> %(X) = EYE

Next, introduce the shift or translation operator U(t), t € (-=,%),

defined as follows
U(t)x(s) = »X(t + s) ’ s,t € ("°°l°°)°

Since each Y in‘?iﬂx) is a limit in L2(9,65,U) of a sequence of random
N ‘ . :

variables of the form I aiX(ti), U(t) may be extended by linearity and
i=1 :

continuity to be defined on all of }6«X). Furthermore, U(t) is unitary

on §é1x), for we have
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I

<U(t)X(s), U(t)X(sb)>%(X) C<xX(t + s), X(t + so”‘?ﬁx)

"B((s —‘so)

<X(s), X(SO)>'%KX)

by stationarity. Hence by the penultimate sentence, U(t), t € (-»,»), is
indeed unitary on all of ?%1X).

It is the preceding fact that makes stationary second order stochastic
processes interesting to study, and the preceding analysis is at the root
of a spectral representatioﬁ for X(t) ¢ ’}%%X).‘ In the next chapter, we
extend the concept of a stochastic process by introducing the notion of a
- generalized stochastic field. 1In chapter 3 we introduce a generalization
of the notion of stationarity. This generalization is called Euclidean
covariance. In the same chapter, we obtain a spectral representation for
an arbitrary member of a Euclidean covariant generalized stochastic field.
It is with such a generalized stochastic field that we are concerned in
Chapter 4, and there the spectral representation obtained in Chapter 3 is

of paramount relevance.’
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CHAPTER = 2

RANDOM FIELDS AND ELLIPTIC PROBLEMS

Given the theory of the last chapter, wevsupply generalizations
of various concepts and theorems expounded there in the first three
sections of this chapter. Notions of Markov property for stochastic
processes indexed by R and generalized stochastic fields are then
discussed. Because of its relevance in forthcoming chapters, necessary
and sufficient conditions for a multicomponent mean zero Gaussian
stochastic process indexed by R to have the Markov property are
obtained.

The last section of this chapter deals with boundary value problems
for elliptic systems of linear partial differential equations. Because
it intervenes in Section 4.5, we pay special attention to the exterior

Dirichlet problem for such a system.

2.1 GENERALIZED STOCHASTIC FIELDS

In Section 1.5, the important notion of a stochastic process
HO(Q)'éi{X(t) : t € R} indexed by R and realized on some probability
space (Q,88,n) was introduced and subsequently briefly discussed. It
was there presupposed that each X(t) in HO(Q) is a measurable function
on (2,%,n) which is defined for each t ¢ R. In many not uninteresting
situations, however, the'ﬁs-measurable function X(t) fails to be well-
defined for all t € R [30]1[95]. For example, the map t = X(t) may be
a random-variable-valued generalized function [23][88]. Thus in these
cases, X(t) is a random variable only in a generalized sense which we
make precise in the next definition. Indeed, a large part of our analysis

in this and subsequent chapters deals with random variables belonging to

this extended class.
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(2.1.1) DEFINITION Let (9,8 ,u) be a probability space. Let V be a
locally convex topological vector space [68]. Then a continuous linear
.mapping of V into the set of all random variables on (Q,ﬁa,ﬁ), equipped
with the topology of convergence in probability, is called a generalized
random variable.

The next definition_generalizes the notion of a stochastic process
introduced in Section 1.5.
(2.1.2) DEFINITION By a generalized stochastic field indexed by V and
possessing (2,53,1) as common underlyiﬁg probability space, we mean a
f € V} of generalized random variables on

family EO(Q) = {f » E(£)

Q&R 1) -

(2.1.3) REMARK: ILet Vh ={f, : i=1,...,n} be a finite set of elements

1

of V. Then the finite dimensional probability distribution ﬁv of the

.. n
generalized raqdom variables'{E(fi) : 1= 1,...,h} on (2,8 ,u) is given
by 'u'vnm) = wlu s (EED W) EED @) € 2 A e R7))
In comparison with the prevailing situation in the theory of stochastic
processes (Section 1.5), given a family'{ﬁV : Vn = a finite set of
elements of V} of finite dimensional probabglity distributions, it becomes
an open guestion as to whether or not ﬁhere is a generalized stochastic
field HO(Q) ='{g(f) : £ e Vl on some probability space (9,53,ﬁ) realizing
'{uvl}. Asking such a question is tantamount to demaﬁding the conditions
uner which it is possible to install a countably additivity probability
measure on the measurable space (V*{V“) consisting of the topological dual
V* of V and the minimal o-algebra "Y' containing all ofen &%Q'O% \/*
Fortunately, the relevant conditions which must be satisfied are well
known [14][23]1[26][73]1[87]1. Again, consistency conditions analogous to
Kolmogorov Consistency Conditions intervene, and full details of how to

put a probability measure on (V*,\") are contained in the last named

references; hence we shall not pursue the matter further here. In the next
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section, we merely describe (V*,/\*) and then state the analogue of

Bochner's Theorem (1.3.7).

2.2 PROBABILITY MEASURES ON (V*/Y*)

In this section, V will continue to denote a locally convex
topological vector space whose topological dual is V*. We begin by
exhibiting the measurable space (V*, V).

(2.2.1) DEFINITION Let F be a finite dimensional subspace of V and
suppose that'{fl,...,fa} constitutes a basis for F. Denote by <°,°*>
the bilinear pairing of elements of V and V*. Then the linear span FO

of the set
g e vr i E(E) = <£,£>=0,1i=1,...,n0}

is called the annihilator of F.

(2.2.2). REMARK; Notice that since F is finite dimensional, it is
isomorphic to ifs topological dualvF*; On the other hand, the quotient
space V*/F0 is isomorphic to F* and hence V*/FO is itself finite
dimeﬁsional.

(2.2.3) DEFINITION Let Tp denote the projection of V* onto the quotient
space V*/FO. Then, say that a set A CV* is a cylinder set based on F

if it admits the following type of representation: A = _l(B), where

Tp
B (:V*/Fo is a Borel subset.

(2.2.4) REMARK: The class of all cylinder sets in V* clearly forms a
Boolean algebra 'Y“o. Let “YV" denote the minimal 0-Boolean algebra
generated by ﬂv~o. Then the pair (V*,"y") is the sought-for measurable

space on which a probability measure p may live.

Suppose now that u is a probability measure on (V*,¥*). Then the
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nonlinear functional
exp i<g,*> = exp i&(*) : V — G, E e V*

kelongs to Ll(V*;V",u). Hence, it makes sense to investigate the

nonlinear functional

v —> C

f v C(f) =.‘f du(g)exp i<g,f>
vE

The map £ + C(f) just defined is called the characteristic functional of

the probability measure u. C(f) has the following properties

(Cl) co =1
(C2) C is continuous on V
(C3) C is nonnegative definite.

Any nonlinear functional possessing the properties (Cl), (C2), (C3)

will be called a characteristic functional. Characteristic functionals

are impoftant because they afford the speediest method of putting probability
measures on measurable spaces, as indicated in the next theorem.

(2.2.5) BOCHNER-MINLOS THEOREM Let £ - C(f) be a complex-valued

functional on V which satisfies (Cl), (C2) and (C3) of (2.2.4). Then

_ there is a unique probability measure u on (V*,Y') such that

Cf) = [ auE) exp i<t,f>.
v* |

(Of course, it is assumed here that V is nuclear [68]).

Proof of this important theorem may be found in [23][30][51].
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(2.2.6) REMARK: In the rest of this Thesis, the generalized stochastic
fields we shall encounter will be those indexed by certain spaces of
generalized functions [21][22] obtained by completing the Schwartz space
-%( Rd) in some specified norms. It seems convenient, therefore, to
. s sas .és d
briefly recall the definition of -O( R7).

First, we bring in some notations. Let n = (nl,...,nd) be a d-tuple

of nonnegative integers and set In] =n, +ooot ng
n n n
ot sl 3
N A
1 2 *a
. Bn
Then -—— is a differential operator monomial of order Inl. Next, let

X
%0( Rd) be the subspace of the Banach space C ( Rd) such that each .

fe ~2)0( Rd) satisfies

tin [x[" [=8@]| = o
X[ ox

for any derivative of order Inl of £ and for any nonnegative integer m.

We endow %O( Rd) with the semi-norm Prg * %o( Rd) > R, = [0,®)

. . al
£, () = sup {(1+ lxlm)\(in £)(x)| : m <K, |n| <2}
<€ Rd ox

. d . - . . L . .
Then %( RY) is '%c’@&) whiek g c\\{s&\j (D\“QdQQ_ in the locally convex topology
whose neighbourhood basis of the zero element is generated by sets of the

form

N(f;€ vee,E )y ={f : p (£)<e P (£)<e
K 2 ’ ’ 2 g ooy 14
11 K\) Y K 2’1 Klz Kvg'v szv

1 1

where € >0, 1= 1,...',}
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sEB( R@) is called the Schwartz space of ¢” functions on Rg which are

rapidly decreasing at infinity.

2.3 NOTIONS OF MARKOV PROPERTY

(2.3.1) Markov property, or probabilistic casuality, is a statement of
conditional stochastic independence of random variables, and as mentioned
in Chapter O, the notion of "conditioning" was first introduced by the
Russian mathematician A. MARKOV [48]. His compatriot, XKOLMOGOROV [40],
then gave this important notion very rigorous mathematical basis by
invoking Measure Theory. What are now known as Markov stochastic
processes intervene in many important physical and mathematical consider-
ations (see [19], Chapter X for various such examples) and a theory of
these processes utilizing various mathematical methods [9][35][66] is at
an advanced stage of development. However, which mathematical device is
most suitable in the investigation of a given Markov stochastic process
is largely dependent on what further properties are possessed by the
process.  Thus, for example;'in the case of Markov stochastic processes
possessing stationary transition functions; the modern theory of semi-

- groups of bounded linear operators [31] affords the most powerful and
unified tool of study. 1In this section, we give a definition of Markov
property for stochastic processes and then we furnish a necessary and
sufficient condition for Markovicity of vector stochastic processes
indexed by R, which are of second order and are Gaussian.

The definition of Markov property for stochastic processes indexed
by ﬁ given below will be seen to explicitly utilize the ordering
relation of points of R. In trying to extend the notion of Markov
property for stochastic processes so that it may apply to a stochastic

field {E(x) : x € R@, d > 1}, one is therefore handicapped by the fact
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that there is no corresponding ordering of the points of R@, d > 1.

Below, we give a notion of Markov property due to NELSON [57][58]. 1In
Chapter 4, we present the notion of Markov property due to WONG [94].

It is with these two notions of Markov property, and especially the latter,
that we shall be exclusively concerned in subsequent chapters. Markov
generalized stochastic fields have intervened in recent investigations

in Constructive Quantum Field Theory [81][88]. However, unlike in the

case of stochastic processes, the development of a theory of Markov
generalized stochastic fields is still very much in its infancy, and our
efforts in this work, therefore, constitute only a modest contribution to
this fascinating subject.

(2.3.2) DEFINITION Let HO(Q) = {X(t) : t ¢ R} be a real or complex-
valued stochastic process on (Q,&S,ﬁ). Let MW(t) denote the minimal
o-algebra with respect to which every X(s), s < t, is measurable. Let
&5+(t) denote the minimal o-algebra with respect to which every X(s),
s > t, is measurable. Then HO(Q) ='{X(t) s t e R} is said to have the

Markov property if for any Gaﬁ(t)-measurable random variable Y, we have
(2.3.3) E(YIR(t)) = E(¥\ x(t))

up to sets of probability measure zero. In words, this equation states
that the future, given the past and the present, is equal to the future

!
~given only the present.

(2.3.4) REMARK: An equivalent formulation of Markov property is obtained
- o . s s e ose s s
by requiring H (Q) to satisfy the following condition if it is indeed

Markov: if Y is 63Jt)—measurab1e and 2 is Gﬁf(t)-measurable, then
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(2.3,5) E(zy| X(t)) = E(z|X(ENEX] x(t)

up to sets of probability measure zero, Phenomenologically, (2.3.5) states
that the future and the past are conditionally stochastically independent
given the present.

The equivalence of (2.3.3) and (2.3.5) is readily established by
invoking some of the properties of the conditipnal operator listed in
(1.4.3).

Next, let u(X(r) =‘£(r)| X(s) = £(s)) denote the probability that

X(r) (w) = £(r) given that X(s) (w) = E(s), r > s. Set
(2.3.6) pX() = £(0)) X(s) = £(s)) = P(E()) E(s)).

Then P(E(r)‘ E(s)) is called the transition function of the stochastic
process HO(Q) = {X(r) : r ¢ R} on the probability space (Q,&S,ﬂ). The
transition function P(E(r)l E(S)); r > s, of every Markov stochastic
process HO(Q) satisfies the following equation popularly known as the

CHAPMAN-KOLMOGOROV condition

(2.3.7) P(E ()| Elr,)) = [rEw@]) es)ar(E(s) | Elx)), xry<s <z,
F
where F = R or € is the state space of the stochastic process HO(Q).

(2,3.7) is a consequence of (2,3.3). For, if Y istE;Yr)-measurable and

ro < r, then

(2.3.8)  E(|x(x))) = EEE|EN) xz ) = EEE| @) | x@))

by (2.3.3). The last equation is actually a disguised form of (2.3.7).
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Set B =.{w : X{(r) = g(r)} and let Xg denote the indicator function of B.

Then (2,3.,7) may be written as
E(xg | X(xy) = &) = EE(xg|x(s) = £(s)) | x(x) = E(x))

which is a consequence of (2.3.8).

(2.3.92) REMARK: In the next theorem, we furnish a necessary and sufficient
condition for a second order Gaussian vector stochastic process to have the
Markov property, The theorem is a generalization of a similar one which
already obtains in the case of a scalar Gaussian stochastic process

[15, Theorem 8.1] [95]. Presumably, our theorem is well-kpown, buf we

have found no proof, explicit or otherwise, of it elsewhere,

(2.3.10) THEOREM Let HO(Q; =‘{X(r) = (Xi(r)) T ¥ € R} be a mean zero
second order Gaussian vegtor stochastic process indexed by R on the

probability space (Q,8,u). Set

<X.(x), X (s)> - .. = B, (r,s) .
X .
J L2 (Qrﬁr]-l) Ik
Suppose that Bjj(r,r) = j]xj(rjllzz . # 0 for all j and all r € R,
LR, )
and set -
..B.. (r,s)
k /
El-TE_ET = ,R.k(r,s)
Kk of R

Finally, let R(r,s) denote the matrix whose entries are Rjk(r,s).
Then, a necessary and sufficient condition for H?(Q) to have the

Markov property is that

R(r,s) = ~R(r,ro)R(r0,s) s<r.<r
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Proof: The condition is necessary. Indeed, observe that the random

i - hogonal in
variables xi(ro) Rik(ro,s)xk(s) and Xk(s) are mutually orthogona
LZ(Q,EB,u) and, being Gaussian, are consequently stochastically independent.

Hence

E(X; (z) | %, () = €, (s))

= E(X;(ry) = Ry (r,8)X (s) + Ry (x,8)X (s) | X (s) = £y (s))

= EX;(r) - Rik(rO,S)Xk(S)ixk(S) =g (s)) + E(Rik(ro,s)xk(S)l X (s) = & (s))
(2.3.10) = ,Rik(rO.S)Ek(s),

O for all j and all r € R,

i

because EXj(r)

Next, set
Py B | E(s)) = n(X; () = £; ()| X5(s) = £, (s))

Then, by the definition of conditional expectation, we have

(2.3.11) E(X; (1) | X (s) = g (s)) = é £, (r)ap,, E€(r) g (s))

At this juncture, we brihg in the Markov condition, Thus if

HO(Q) = {X(r) = (Xi(r)) : r € R} is indeed Markov, then its transition
function necessarily satisfies the Chapman-Kolmogorov condition as it applies

to a vector stochastic process, to wit

2:3.12) Py E@EE) = é By | Ehar, ®rp) | gis)
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i < < Y.
with s ro <

Thus (2.3.11) becomes

E(X; (r) | X (s) = (s))

= §A [ ; B )P S (E(D) | Bl ))aRy (i) | E(s))

try

I
. ™M

g'{ g E; (AR () | E(r )} apy (E(xp) | E(s))

thanks to Fubini's Theorem [27]., The object enclosed in the chain bracket
is E(Xi(r)‘ Xj(ro) = Ej(ro)) and this latter by (2.3.10) is

Rij(r;ro)gj(rb). Hence
(2.3.13) E(X, (1) | X, (s) = £, (s))

= ,§ Ry (rexy) g By (rg) @Ry (Elxy) | £(s))

= I Rij(r'ro)Rjk(ro's)Ek(s) s<r.<r

3

again by (2.3.10) and (2.3.11). On the other hand, by
(2.3.100, = EE; ] X (s) = £ () = R, (r,8)E, (s) .
Consequently, (2.3.13) becomes

Rik(r,s)Ek(s) = _§ Rij(r;ro)Rjk(rb,s)gk(s) s<r.<r
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or equivalently
(2.3.14) R(x,s) = vR(r,rO)R(rO,s) s <r <r

Therefore the condition is indeed necessary.
The condition . is also sufficient. Indeed, if
HO(Q) = {X(r) = (X, (r)) s re R} is a second order mean zero Gaussian

vector stochastic process for which (2.3.14) holds then it follows that

B,..(r,r
B, (r,r

)

= o . .

(2.3.15) Bik(r,s) _? ET%?ETTET3 Bjk(ro,s) s < g <r
jg o~ o
Equation (2.3.15) says that
B,.(x,r )"
Tigt e’
X.(x) = L X.(x))
i .
3 Bjj(ro,ro) jo

is orthogonal to, and hence stochastically independent of, Xk(s) for

s <rj 2r. By (2.3.15), we have too that

E(X; (x) | X(ry) = (x'j (x))) = :)]: Ris (r,ro)Xj (r,)

for

<X, (r) - ¥ R..(r;r )X, (x ), X (r)s o
1 5 ij o'"jro ko LZ(Q)GS,u)

')

= B, - 2z .
: 1k(r’r03 . RiJ (r'ro)Bjk(ro 0

J



44

Hence

§ Rij(r,ro)xj(ro)
= E(X; ()] X(ry) = (X))
= E® (@] X() = X)) : p<xy <)

by virtue of the penultimate observation. Hence HO(Q) = {X(r) = ﬁXi(r)) ;

r € R} is indeed Markov, and the condition is indeed also sufficient, This
completes the proof,

(2.3.16) REMARK: If R(r;s) is invertible for all (r,s) e Rx R,

then [1] the most general continuous solution of the functional equation
(2.3.14) is of the form

R(r;s) ~G(x)H(s) s <r

.G(mak(r;s))H(min(r;S))

where G(*) and H(+) are square matrices each of the same dimensionality
as R(o;;): However, in our use of (2;3.14) in later chapters; we place no
invertibility assumption on R(‘;')°

Next, we consider one definition of Markov property for generalized
stochastic fields.
(2.3.17) NELSON'S NOTION OF MARKOV PROPERTY [571[58]. We have already
made comments concerning this notion of Markov property in Chapter O,
Hence, we now only give the relevant definition.

Leﬁ HO(Q)‘='{£(f) : fe .j%( Rd)} be a generalized stochastic field

on a probability space (92,8},u). We always assume linearity for f - E(f), "
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E(f) + BE)) = oE(E)) + BE(E), o, B & €,

except possibly on sets of ﬁ—measure zero, and we assume continuity in
probability, i.e. if {fh} is a sequence of members of .2;( Rd) converging
in the topology of ~8( Rd) to £ in .2)( Rd), then {g(fn)} converges in
probability to g(f).

Next, let D be an open subset of Rd with boundary 6D and complement
D'. We denote by Q)(D) the minimal o-algebra generated by the set

{E(F) : £ € \2( rd) with support of £ € D}, and we set

®D) = MNB©)

where the intersection is over all open sets O which contain @D.

G} (D) is called the boundary data o-algebra. Then

(o) . - d. . . .

H(Q) = {E(f) = £ ¢ Q)( R)} is said to be Markov in the sense of NELSON

if for every positive random variable u € @(D) ;, we have
(2.3.18) Eu] ®MD") = E(u]| &(ID))

except possibly on sets of ﬁ-measure Zero.

In [57],[88], Nelson introduced the following concept.
(2.3.19) DEFINITION Let p > | T(P) be a homomorphism of the group of
reflections in the hyperplane Rd_l into the group of automorphisms of
the measure algebra [27, Section 40] of the probability space (Q,Q.ﬁ).
Then HO(Q) = {E(Ff) : £ ¢ _g( Rd)} is said to possess the réflection

property of Nelson if

T(p)u = u for all u e BA( Rd-l)
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(2.3.20) REMARK: Let ¥R ( ®%) be the completion of .| 8% in

the norm derived from the inner product

< JOED x R R
WL RY)
D @y, M @ L N LN
| N 12 ( ®4,ax)
d 32
where A = I 5 is the Laplace operator and m > O. Nelson shows
i=1 3x

in [571[88]1 that the Gaussian generalized stochastic field whose correlation

(1) -(2)

£ > satisfies his definitions of
WY

Markov property and reflection property formulated above. By applying

functional is given by <f

his reconstruction scheme [57][581[88], he then shows that this particular
Gaussian generalized stochastic field leads to the free scalar Wightman
quantum field [84]. In Chapter O, we have already indicated that this
fact is at the root of our motivation to investigate Wong's definition of
Markov property in the case of Gaussian multicomponent generalized

stochastic fields.

2.4 BOUNDARY VALUE PROBLEMS

In our study of Wong's notion of Markov property in Chaptér 4 for a
multicomponent Gaussian generalized stochastic field HO(Q) = {g(f) =
(gi(f)) s £ Q.és( Rd)} we employ aspects of the theory of boundary value
problems for elliptic systems of partial differential operators. In this
section, we present a rapid introduction to this theory and in the course
of doing so we establish our notations. It is perhaps worthwhile to
mention that other authors [52] [54] [64] have also invoked the theory of
boundary value problems for elliptic operators in their own study of

notions of Markov property different from Wong's.
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The expository account presented here follows the treatment in

[2]1[3]1[16] [46] [69-70] [80] [61].

(2.4.1) Let Ck( Rd), k € Z+ = set of nonnegative integers, denote the
Banach space of k times continuously differentiable complex-valued
functions on Rd. Then we define the linear partial differential operator

P(%;) of order % with constant complex coefficients ar.

d
n= (nl,...,nd) €2, ., as follows

2.4.2) PEIE = I a 2— £, for all £ e c*( &Y
ox n
n|<f ox

To the operator P(.%EO' we make correspond a polynomial n =~ uPo(n),

. s s . .
n e Rd, in d variables, called the characteristic form of P(EEO, defined

thus
n
(2.4.3) Po(n) = I a 0
|n|=2
n = nl . n2 see nd r . . l(o-o, a €

+

; ) . . . 9
Next, let A(ax) be an N x N matrix whose entries Aij(ax)'
.i,3=1,...,N are linear partial differential operators with constant
coefficients. Let n —»> Agj(n), n e Rq, denote the characteristic form
of Aii(%go , 1, =1,...,N. Let Ao(n) be the matrix whose entries are
Agj(n), i,j=1,...,N. We denote by lAO(n)I the determinant of the

. .0 ‘
matrix A" (n).
2.4.4) DEFINITI 62—) = (A (a ) i,j =1 ) i id b
(2.4. INITION A ) - By ¢ i,j=1,...,N) is said to be
elliptic if

(1) 2%m)| #0 foraline 8%, 0 #o;
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(ii) there.exist integers S;v ti’ i=1,...,N such that the order
of A.;(%;) is s; + tj' where it is understood that we set
i

3 .
—) = . + t. < 0.
Aij(ax) 0 if s; j

(2.4.5) REMARK: The following definition of ellipticity given by
VOLEVICH [90] has been shown by him to be equivalent to (2.4.4). To the
matrix A(%;) of linear partial differential operators Aiﬁ(%zﬁ,
i,jy=1,...,N, we make correspond the matrix n - A(n), n ¢ Rd, whose

entries are the polynomials n - Aij(n), i,jy=1,...,N in d variables.

Then the determinant [A(n)l = L(n) of A(n) is given by

(n) ...Aa (n)

(n) A m(d)d

T A11(1)1

(2.4.6) L(n) = i € m(2)2

. where m runs through the symmetric group of all permutations of
'{1,...,8} and e“'is the signature of w. Since n. + L(n) is a polynomial
inrd variables, we can associate with it a partial differential operator

L(%;) whose characteristic form we denote by Lo(n). Let r denote the
degree of Lo(n) and let R denote the maximal degree of the'sumﬁands on
the right hand side of (2.4.6). 1In general r < R. Then the definition

of ellipticity given in (2.4.4) is equivalent to the following formulation

[90].
2y = @, @ :i,9=1,...,8) is elliptic if
) = By ¢ 43 = 1,...,M is elliptic i
(i) r=R

(1) 1°m) #oforallne &Y, n#o.

We mention this equivalent definition of ellipticity because it is more
readily checked than (2.4.4).

Let us now bring in other important notions.
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-9 , 9 s s . .
(2.4.7) DEFINITION A(g;ﬁ_— ‘Aij(ax :i,j=1,...,N) is said to be
. . 0 d .
properly elliptic if the polynomial n - ]A (n)[, ne R, is of even

'e Rq of linearly independent

degree 2m and if for every pair n, n
vectors, the polynomial Tt > [Ao(ni+ Tn')l in the complex variable T
has exactly m roots with positive imaginary part.

1,-..’N)

]

s 0 ) .
(2.4.8) REMARK: For d > 3, every elliptic A(EEQ = (Aij(5§° : i,3

is automatically properly elliptic [2] pp. 631-632. However for d 2 this
is no longer so.
In the next definition, we introduce a special class of properly

elliptic operators.

(2.4.9) DEFINITION Let sy, ti' i=1,...,N be as in (2.4.4). Then

3 ] . . . s s s
A(5§' = (Aij(§§"= i,j=1,...,N) is said to be strongly elliptic if
ti = s, > 0 and if for every complex vector ¢ = (a‘,...,aN) and every

ne Rg, o # 0, n# 0, we have

N i o L N 2s,
I 17 Agymagy >k 1o [a] 7

2
a, |
i=1

(2.4.10) Re ' i

where K > O, is a constant.
(2.4.11) REMARK: In this section, our objective is to discuss boundary
value problems for elliptic operators. Suppose, therefore, that -

.9 ) s s . e
A(§§' = (Aij(sgo :i,j=1,...,N) is a properly elliptic operator of‘

] . . .
order 2m. Let B(SEQ be an m x N matrix whose entries are the linear

partial differential operators th(%;), h=1l,...m, j=1,...,N. Let D

be an open (not necessarily bounded) subset of R@ whose complement is

D', and with boundary 9D. Let Cgm( Rd) be the Banach space of elements

of C2m( Rg) which vanish at infinity and let (C2m(D))N denote the N~fold
Cartesian product of sz(D) with itself. For F = (Fl,...,FN) belonging to
(C(D))N, we now consider the problem of finding f = (fl,..;,fN) belonging to

™ (\J 30))Y such that
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N
(2.4.12) .Z 13(5;)fj = F;, inD, i=1,...,N

j=1

N

= = & =

(2.4.13) z th(ax)fj h on 9D, h=1,...,m

j=1
(2.4.14) fj = O at infinity, i = 1,...,N, if D is unbounded.

] . .

First we remark that B( ) = (Bh (ax) t:h=1,...,m; j=1,...,N) is

called a matrix of boundary operators associated with

] 9 . .
A(g;? = (Aij65;) £ i,3j=1,...,N). Next, we mention that (2.4.12),
(2.4.13), (2.4.14) constitute what is called a properly elliptic boundary

9 3 -3
value problem, denoted {AGEQ, B(g;)}, for the matrix of operators AGg?.

It is well-known [6%9], even in the classical case of the Laplace
d .2
operator A = I
i=l_8xi
be well-posed. In order to obtain a well-posed boundary value problem

 that such a boundary value problem may or may not

‘{A(a ), B(a )} additional conditions must be imposed on B(a -—) = (B (3x)
]
h=1,...,m; ij=1,...,N) relative to A(a ) = (A (a ) : i,5=1,...,N);
9 '
thus B(§§) cannot be prescribed arbitrarily. In what follows, we describe
the required additional conditions.
(0]
Let n +-th

and let Bo(n) denote the matrix whose entries are ng(YL), h=1,...,m;

(M), n ¢ Rd, denote the characteristic form of th(g;9

j=1,...,N. Let n, n' be two linearly independent vectors in R@, and
denote by T:(n,n'), k=1,...,m, the m roots with positive imaginary part
of the characteristic equation ]Ap(n + %n')l = O in the complex variable T.
The existence of these roots is assured by the proper ellipticity of

9
A(g;); see (2.4.7). Set

m
T (-7, (mmn)) = Mn',T.
k=1
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Let,ﬂéfn) denote the adjoint of the matrix Ap(n); thus
0 ) :
LA = [m, 1

the following

identity N x N matrix. Then we introduce

) ) . . .
(2.4.15) DEFINITION B(5§0 = (th(5§o= h=1,...,m; j=1,...,N) is said

9 . . . .
to cover A(5;0 = (A .(é—ﬁ :i,j=1,...,N) if there exist integers o

ij ‘ox h'

s
+ —_—) =
h tj (set th(ax) 0

if oh + tj < 0) and if the rows of the matrix

) 2
h=1,...,m such that th(ax) is of order o

o . o
2 + ") B0 + o).
(the entries of which are polynomials in 1) are linearly independent

module the polynomial M(n,n',t), i.e.

m N o .

I C I B .(n+ Tn'L}éﬂ (n+ ') =0 (mod M(n,n',7))only if C_ = O,
" "h L. "hj ik h
h=1 j=1
h=1,...,m.

(2.4.16) REMARK: We make the assumption in all that follows that

e U T
B(ax),— (th(ax) th=1,...,m; j=1,...,N) covers %(ax)'_ :(_Aij(ax :

i,j=1,...,N). Then the boundary value problem'{A(%;o, ﬁ(%;O}. given by
(2.4.12), (2.4.13), (2.4.14) is well-posed [46][3].

In Chapter.4, we encounter an exterior Dirichlet boundary value problem

) . a _ a C .
for a strongly elliptic operator A(§;) = (Aij(§;0 :i,j=1,...,N). We
wish, therefore, to describe the setting and solution of this problem.
Y - 9y L os = s
Let A(ax) = (Aij(ax) :i,j=1,...,N) be strongly elliptic. Then, by

definition, the order of A..(E—O is s, + t, where s., t.,, i=1,...,N are
ij 'ox i 3j i i
d

integers such that s; = ti > 0. Let D be a bounded open subset of R

with boundary oD and complement D'. Let %H- denote differentiation in the

direction of the outward normal n on 9D. Then the exterior Dirichlet

boundary value problem is the following:

. N .
~given F = (Fl,...,FN) e (C(")) , find £ = (fl,-..,fN)



52

2
belonging to (C m(D'))N such that

N
a — > [ ] L
(2.4.17) _Z Aij(ax)fj = 'Fi inD', i=1,...,N
j=1
3 v .
(2.4.18) (@ fi = Q\)i ondD, V = O,l,...,si-l, i=1,...,N
(2.4.19) £, = O at infinity, i=1,...,N

(2.4.18) and (2.4.19) are called the Dirichlet data for (2.4.17). &as

shown in [3] p.44, the system of operators'{(gzav T v = O,l,...,si-l,

, 9 ) .o .
i=1,...,N} covers A(SEO = (Aij(sgo :i,j=1,...,N). Hence the exterior

Dirichlet boundary value problem is well-posed.
Below, we give integral representations for the functions fi’
i=1,...,N which solve (2.4.17), (2.4.18), (2.4.19) for a particular choice

of F = (Fl,...,FN) and ¢ = (@vi T v = O,l,...,si-l, i=1,...,N).

(2.4.2) GREEN'S MATRIX FOR AN ELLIPTIC SYSTEM Let A(é—é = (A.;@iﬂ :
. : 39X ij ox

i,j=1,...,N), where Ai5(%§o have as ‘usual constant coefficients, be

elliptic. Consider the system of partial differential equations

¢.a .
(2.4.21) Aij(5;9 fj i=1l,...,N

I 2
I
o

=1

Then a matrix (x,y) > e(x,y) = (sij(x,y) i, j=1,...,N) is called a
. 3, _ ) . .

fundamental matrix for A(ax) = (Aij(ax :i,j=1,...,N) if

N

z

9

(2.4.22) Aik(&-) Ekj x,y) = Gij 8 (x~y)

k=1
where Gij is the Kronecker delta function and §(x-y) is the Dirac delta
"function". The elaborate exercise of constructing a fundamental matrix

for an elliptic matrix of partial differential operators whose entries have
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analytic coefficients has been accomplished by JOHN [36], Chapter 3.
Here we give the results of this reference in our particular case where

0 . . -
(5—0, i,j=1,...,N have constant coefficients.

Aij X

Thus let

s *g(s) = —Isl for odd d

i
i

for even 4
2! (27i)

Let P(n) be the matrix inverse of A(n); and let C denote a path in
the complex A-plane containing all the roots of IA(ln)l = 0. Then define

the functions

. . ol
(2.4.23) Vij (x,n,t) T

Qe
[o N
>
>
}-l
o
P
>
=
A

- ? dr g(r) T V.. (x,n, r+t)

(2.4.24) Vij (x,mt) o ij

(2.4.25) Wij(x,y) aQ Vij<x,n,n-y)

o= {ne r3: [nl=1}

John [36] shows that a fundamental matrix

. .. 3 9 -
e(x,y) = (Eij (x,y) ¢+ 1,3 1,...,N) for A('s;) = (Aij ('3; : i,j=1,...,N)

is given by

L (a+k) /2
6y

(2.4.26) : eij(x;Y) Wij(x'Y)
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where AY is the Laplace operator in the d variables y = (yl,...,yd)
and k = 1 for odd 4, k = 2 for even d.

Next, 1et&(x,y) = '(Eij (x,y) : i,3=1,...,N) satisfy
A By) = 0 inD
ax X,y - ln r’

where O is the null N x N matrix, and assume that (x,y) +3€aij(x,y) is
continuous on D' \J 9D with respect to the argument x for all i,j =1,...,N.

Suppose further that
\fz(X.y) = -e(x,y) for x € 9D and y € D'

Then the matrix (x,y) - G(x,y) given by
(2.4.27) G(x,y) = e(x,y) + &(x,y)

. » . a — - ) >L - . . —
is also a fundamental matrix for A(Bx) = _(Aij(ax i, 3=1,...,N).

Furthermore, we have

(2.4.28) G(x,y) 0, X € oD

The matrix (x,y) > G(xX,y) is called the Green's matri# for
A(%;) = (Aiﬁ(%g- :.i,j =1,...,N) for the region D' of Rd. The Green's
matrix plays a fundamental role in the integral representations of solutions
of boundary value problems for elliptic systems. _We need such integral
representations in Chapter 4; hence we shall next indicate how they are
obtained.

(2.4.29) DEFINITION M is said to be a bilinear differential operator

of order s if

- | o
M(f(l?.ffz))‘ = 3 ~aipi(%;:.)f(l) Qi(%;)f(Z)

S i=1
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where {Pl(ax)' Ql(3§9 :i=1,..., £ <} are linear partial differential

operators (not necessarily with constant coefficients) such that
order of P.(E—O + order of Q (2—0 =g, i=1 L
i'dx i'dx ! Tresscy

and where {ai st i=1,0.., 2 < @} is a set of complex numbers.
(2.4.30) REMARK: In what follows, always suppose that the elliptic

3 . . . .
matrix A( ) ‘Ai‘(EE :i,j=1,...,N) is also formally self-adjoint.

Then, as also indicated in [36], by integration by parts, we readily obtain

N
(1) £ (2)
(2.4.31) §—1 g. ax£; "’ (x) (Alj(ax) p ) (x) -

(1)

] |
- 3 jdxf;z)()(A()f ) (x)
1,3

1,521 ij ‘ox
N - ‘ (1) (2)
= z {fAch(f ()f.,(x))
i,j=1 0D )

where Mij is a bilinear differentialwoperator of order'si + tj - 1l. Recall
. .9 , . ‘
that as in (2.4.4) the order of Aij(3§? is s, + tj. do is the surface

measure on oD.

1 2 . :
Now, set fi ) = fi and f; ) = ij(’,y) in (2.4.31). Then
(2.4.32) £, (y) = f. dx Gy (x,y) (A5 (GE) (x) +
1,3 1 D .
N
+ I f ao My 4 (£; (%) 4Gy (x,7)) y €D'.
i,j=1 oD

This is the integral representation we referred to above. Let us now make

one, for us, important application of it.
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(2.4.33) AN EXTERIOR DIRICHLET BOUNDARY VALUE PROBLEM The following

particular boundary value problem arises in our analysis of Markov property
3 9 . . f s

in Chapter 4. Let A(SEQ = (Aij(5§0 : i, =1,...,N) be strongly elliptic

and formally self-adjoint. Consider the following exterior Dirichlet

boundary value problem:

N
9 = in D' i o=

(2.4-34) '2 Aij(ax)fj - o' in D r 1 = 1,.-0,N

=1
(2.4.35) fi = O at infinity, i=1,...,N
2.4.36) £, = £° D, i=1,...,N
(. . ) i = . i on ’ 1 = dpeoeeey
2.4.37) A(E—Jv £ = 0 .= 1 s,-1,1=1,. N oD
(o . al’l_ i - r . V povey i ’ = dyeecey r _On

y

where n = outward normal on oD. Then by (2.4.34) and (2.4.32) we have

N

£() = £ . fdmM. (&, (x,y)), YeDd', k=1,...,N
k i,4=100  t Ik

Finally, by application of the Riesz representation theorem for a continuous
linear functional on (C'(BD))N we see that this last equation may indeed be

presented as follows

N

‘ o]
(2.4.38) £ (x) = I . | ao @ki (x,y) £/(¥), xeD'y k=1,...,N
i=1 9D

The matrix @(x,y) = _(Pki(x,y) t k,i=1,...,N) is such that (2.4.36)

holds and it has the following additional properties:

N
(2.4.39) I Ajk‘%;) L ¥) = 0dnD', 1,3 =1,...,N
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>

{2.4.40) x - GDLi(x,y) vanishes at infinity for all y € 9D,

k,i = l'.a-,N

9 VvV
(2.4.41) (5;—0 (;2ki(x,y) = QOon 3, Vv = l,...,sk-l, k=1,...,N
=

Thus, we have obtained integral representations (2.4.38) for the functions
fi’ i=1,...,N which solve the exterior Dirichlet boundary value problem
constituted by (2.4.34)-(2.4.37).

We shall utilize the integral representations (2.4.38) in Chapter 4.
Meanwhile, in the next chapter, we provide a spectral representation for an

arbitrary Euclidean covariant multicomponent generalized stochastic field.
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" CHAPTER 3

HARMONIC ANALYSIS OF EUCLIDEAN COVARIANT GENERALIZED

STOCHASTIC FIEIDS

The analysis in the next chapter centres on a Euclidean covariant
multicomponent generalized stochastic field. Here, we provide the spectral
representation needed there for an arbitrary such field.

Towards the end of this chapter, our results are put to the test in
the case where the field has only three components and we show that our

spectral represgntation coincides with the one furnished by Yaglom in [97].

3.1 GROUP THEORETIC CONCEPTS

JR-
Let |+]| : R * R = [0,7).
d
x > |x| = ('z x;2)1/2 =
. i
i=1
denote the usual norm on RY; ]'] is derived from the inner product
<o, > 3 _Rg b4 Rd -+ R
d
(x,y) -+ <x,y> = .Z XY,
i=1

da o ( Rd, <+,*>) 1is called

Euclidean space. Sometimes, we simply write Rg for Ed.

Then, the finite dimensional Hilbert space E

The full Euclidean group M(d) is the group, whose group operation is

the usual composition of maps, of all nonsingular nonlinear transformations
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such that <gx-gy, gx-gy> = <x-y, x-y> - M(d) is the semi-direct

product
q S
M@ = E @ 0@

of Ed, which is an Abelian group under addition, with 0(d) — the latter
being defined as the group, with matrix multiplication for its group law,

of all nonsingular linear transformations

h : Ed - Ed
x =+ hx
such that determinant of h =¥l and Ihxl = Jx].

s
Thus each g € M(d) is a pair g = (a,h) € Ed ® 0(d) and

X*+gx=hx+a, x€ Ed. Furthermore if 9,7 9 € M(d) with
g9; = (ai,hi), i=1,2, then
L9719y = (3 * hyayhghy)

(3.1.1) DEFINITION Let G be an arbitrary topological group and let X be
a topological space. Then G is said to be a group of transformations of X

if each g € G determines a bijective and bi-continuous mapping

g X*>X

X > gx
satisfying the following
(1) if e € G is the identity element, then

e : X*X, x = ex, is the identity transformation of X onto itself;
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(ii) , gz(gix) = . 9599% forA(gi,gz,x) €EGxXxGxX

(iidi) the map £f: Gx X =+ X

{g,x) = f(g,x) = gx

is separately continuous on G x X.

A topological space X possessing a topological group G of transform-
ations is called a group space. A readily available example of a group
space is any topological group G. Another example of direct relevance to
us is Euclidean space Ed. whose group of transformations is M(d).
(3.1.2) DEFINITION Let X be a group space with G as its group of
transformations. Then X is called a homogeneous space if every x e X
can be taken into every point in X by the action of G on X given in
(3.1.1) above. Then G is said to act transitively on X. G is said to
act effectively on X if for g € G, g # e = the identity element, a point
x € X exists such that g# # #. .

(3.1.3) REMARK; It is well-known [24] that if X is a homogeneous space
whose group of t?ansformations is G; and if K is the maximal subgroup of

G which leaves a certain point x_ € X fixed, then X is isomorphic to the

(0]
éuotient space G/K. Indeed, all homogeneous spaces may be described in
this way.
(3.1.4) DEFINITION Let }E‘be an infinite dimensional Hilbert space and
let U()R) be the group of all unitary operators<x1)e. Then a unitary
representation of the Euclidean group M(d) on'be is a strongly continuous
homomorphism of M(d) into U(¥P).

A unitary représentation g > T(g) of M(d) on 34115 said to be

irreducible if the only subspaces of &e left invariant under its action

on ¥R, for all g € M(d), consist of the pair b“eitself and {0}.
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(3.1.5) REMARK: We require knowledge, in the next section, of the
irreducible unitary representations of M(d). We, therefore, wish to
describe them in what follows.

Let m denote the integral part of %—d, i.e. 7 is the largest integer
equal to or less than %-d. Then an arbitrary irreducible unitary

representation of the rotation group SO(d) is labelled by a w-tuple

s = (sl,...,sn) of integers. We denote such a representation of S0(4d)

(s) (sl,...,sﬂ)
by V (h) or v (h), h € so(d), whichever notation we find

more convenient. The integers Syre-.ss_are assumed to satisfy the
following conditions: (1) s; >0,i=1,..., 1-1;

(ii) for 4 = an even integer, s may be any positive or negative integer

such that the following inequalities hold

-1 z JS'rr[ 20

(iii) for d = an odd integer, S, is always a nonnegative integer such
that the following inequalities hold
X . * o0 ‘ > :> .
51352?_. S-,T_l_s.n-_o
Thus, we now know how all the irreducible unitary representations of the
rotation group SO(d) may be enumerated. Since SO(d) is a compact

topological group, all its irreducible unitary representations are finite
(S,7eees5 )

1 the finite dimensional

(s)

dimensional. We denote by }{}s) or
- Hilbert space which is the representation space for V (h), h € so(d),
and let N(s) denote the dimension of }e}s).

Consider next the irreducible unitary representations of the full

Euclidean group M(d). Here, the representations are labelled by a pair

A = (A,s) where A € [0,%) and s is afg--tuple s = (sl""’iq) of integers

whose components satisfy conditions analogous to the three given in the
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preceding paragraph. We denote an‘irreducible unitary representation of
.' ()\IS l...,S )

M(d) by'TL(g) or T (g) or T (g), g e M(d), whichever

is the most convenient notation in a given context. Since M(d) is
locally compact, but not compact, the irreducible unitary representations
of M(d) are infinite dimensional. We denote by”bQ;-the infinite
dimensional Hilbert space which is the representation space for TA{g),
g e M(@A).

Let g +‘Tl(g) be an irreducible unitary representation of

S
M(d) = 4Ed @S0(d). Then the restriction

- .TU”S) (

2 (h) (h), h e 50(d), of T*'%) (g) to so(a)

is an infinite dimensional reducible unitary representation of sO(d).
As shown in [89],‘T(A's)(h); h g s0(d), decomposes as follows into a

direct sum of irreducible unitary representations of S0(4d);

. L] n
(3.1.6) pSh iy o @ vE I my©
n=0

(s') c (s

(h) RS

n 'nn
and s = (s eeesS
( 1 r 14 T

where h »>V is the complex conjugate representation to V

). We employf(3:1;6) in the’ne#t section;

Finally, for this section, we remark that a description of how to
obtain the matrix elements of the'irreducible unitary representations of
the rotation group SO(d) and the full Euclidean group M(d) may be found
in [89]. For 4 = 3, [86] is also an adequate reference in this connection.

The representations V(s)(h) and'Tl(g) described above are called

single-valued irreducible unitary representations of SO(d) and M(d)

respectively, and it is these that we employ in our analysis in the sequel.
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3.2 SPECTRAL REPRESENTATIONS FOR EUCLIDEAN COVARIANT GENERALIZED

STOCHASTIC FIELDS

We employ the group éheoretic concepts enunciated in the last
section in the services of this section in which we furnish spectral
representations for generalized stochastic fields possessing certain
transformation properties described below.

~ We begin with some definitions.
{(3.2.1) DEFINITION Let G be a separable locally cémpact topological

group of type one. Then the map Yg' g e G,

:t G > G
Yg

91 T Yg9p T .99

is called the left action of G on itself;
Next, we consider multicomponent stochastic fields indexed by G.

To this end, let {g(g) = }gj(g)) t ge G} be a second order multicomponent
stochastic field inde#ed by G on a probability space”{ﬂ;ﬁﬁ,u);

(3.2.2). DEFINITION Let |(g) and B(gi;gz) denote respectively the mean
and correlation matrices of the multicomponent stochastic field
'{E(g) = (Ej(g) :j=1,...,N) : ge G}. Let (LZ(Qﬁb,ﬁ))N denote the

N fold Cartesian product of L2(Q,65,u) with itself. Let H denote the
Hilbert space obtained by completing the -;sei. {€(g) = ,(Ej(g) :
j=1,...,N) : ge G} of random vectors in (LZ(Q,&S,ﬁ))N.Y Finally; let
g > U(g) be a strongly continuous representation of G on H. Then
'{E(g) = (Ej(g)) : g€ G} is said to be a left homogeneous stochastic

field whose elements £(g), g € G, transform covariantly according to

the representation g - U(g) of G if the following conditions are satisfied;
(i) the induced action Vg on H of the left action.Y of G on itself is

g

specified as follows
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. | .
Cvgsl(gl) = U(g)E(Yg_lgl)_= Ulg)elg "g,)/ 9/9; € G
(ii) The matricesJ¥l(g) and B(gl,gz) are such that

(@) Fg;) = U@ WL g,

-1 -1
(b) Blg,,9,) = U(9B(g "g;,9 92)Uf(9) . 9919,+9 € G, where U* (g)

is the adjoint of U(g).

(3.2.3) REMARK:. Let g +-Tlig) be an arbitrary irreducible unitary
representation of G on a Hilbert spacebelh We denote by G* the
topological dual space to G. Thus G* is the set of all equivalence classes
of all irreducible inequivalent unitary representations of G. .G*need not
be a group [49] but it admits a Borel structure so that integration over G*
is a well-defined notion [49].
Next, we remark that (ii) (a) of (3.2.2) is readily satisfied if

Mug) = U@, 9 € G, where Kb’\o is some constant vector in C Y. In view
of our subsequent need for it, we are particularly interested in the most

general form of B(gi,gz) which ensures that HO(Q) ='{£(g) = (Ej(g) :
j= l,;;.,N) t ge Gl is a left homogeneous stochastic field on (9;&5;&).
Fortunately, the solution of this problem is known and it entails providing
a spectral representation for the components Ej(g) of each £(g) in HO(Q).
By taking Mackey's Theorem [50] into consideration and by invoking the most
general form in which any positive definite function on G may be represented
[20], YAGLOM [98] is finally able to establish the following result. We
refer to [98] for the lengthy details of the proof of this theorem.
(3.2.4) THEOREM Let' G be a separable locally compact topological group
of type one and let g *'Tl(g) be a strongly continuous irreducible unitary
representation of G on a Hilbert space zﬁzéh Let HO(Q) =.{§(g) = (Ej(g) :
j=1,...,N) : g € G} be a ﬁulticomponent second order stochastic field

B (0] .
indexed by G on the probability space (Q,63,u). Then H (Q) is a left

'
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homogeneous second order stochastic field whose elements £ (g) transform

covariantly according to the representation U(g) of G on H if
(3.2.5) wWLla) = U(g)mo, where mo is some constant vector in €
and

(3.2.6)  Blg;,9,) = Ulgy) [ Trirdig;lg F(@AIU)"
G*

with Tr denoting the trace operator; or, equivalently, in a basis,

N w .
= A, -1
(3.2.7) B_(g,,9,) = I I U (g)T_(g,) [ T (g, g )F.. _ (d})
mn -1 s, t=1 i,j=1 ms ~1° 'nt gr 13 2 °1"ji,st

where F (1) = (Fik (M), A = Borel subset of G*, is a Hermitian nonnegative
. A A .
operator on the tensor product Hilbert space 3. — ® H of ¥_— and H which

satisfies

F..'mn-(éo) imo’m moln ’ mo = '(mo,i :i=1,...,N),

A
with {T~9(g) : g € G} being the identity representation of G, i.e.
A ' A :
T (g) = identity,on}ﬁl . Equation (3.2.7) is subject to the constraint
that the matrix elements'{an(e,e) : e = identity element of G} must be

convergent.

Moreover, each £(g) € HO(Q) admits the following spectral representation

(3.2.8) (g = ulg) | Tr[Tl(g)Z(le
G*

or, equivalently, in a basis,
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N o0
A
E(@ = X I U (9 [ T (9)z,,
m n=11i,j=1 ™ = @ I 31

14

(ar)
n'od

where Z(A), A = a Borel subset of G*, is the vector random operator

measure over G* whose components satisfy

(3.2.9) <7 (L)), 2z (A

i3,mM) e By (B>

2B 83 ¢ 3c,mn 1 4)

Conversely, any matrix of the form (3.2.6) is the correlation matrix
of some multicomponent left homogeneous stochastic field indexed by G,
on a probability space (2,83,1), whose mean is capable of assuming any
value of the form (3.2.5). Such a left homogeneous multicomponent stochastic
field will be of second order if and only if the entries of the matrix
(3.2.6) stay convergent for g, =9y =e= identity element of G.

(3.2.10) REMARK: If HO(R) = {£(q)

(Ej(g) :j=1,...,N) + g € G} is
not of second order, because the convergence constraint may fail to be
satisfied, then HO(Q) is of second order only in a generalized sense.
Namely, we only require in that case that there e#ists a suitable class
~§5«3) of test functions [24] on G such that

B (f(l)'f(Z)) =~.IAd91d92 (g)an(gllgz)f(zi(gZ)

mn

£(1)

converges for allmyn=1,...,N, and f(i) € 45(G), i=1,2. We then say
that HO(Qi is a second order left homogeneous generalized stochastic

field indexed by 4503) on (2,8,1). Indeed, our interest is primarily in
generalized stochastic fields.

(3.2.11) DEFINITION Let BO(Q) = {E(£) = .(Ej (£) : j=1,...,N(s)) :

fe ~é3( Rd)} be a second order multicomponent generalized stochastic field

(s)

indexed by {5( Rd) on a probébility space (9,55,U)- Let H denote the
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Hilbert space obtained by completing the linear space HO(Q) in

N(s) (s)

(LZ(Qiﬁsru)) »and let h »vV (h), s = (sl,...,sﬂ), be an irreducible

(s)

unitary representation of SO(d) on H . Then, we say that HO(Q) is a

Euclidean covariant generalized stochastic field transforming according

(s)

to the representation h =+ V'"'(h), h € s0(d), if it satisfies the

following conditions:

(i) the induced action Tg on HO(Q) of the transformation g of Rq

onto itself is specified as follows (ng)(f) = V(S)(h)g(véf)

(ii) the mean matrix SW£) and the correlation matrix B(f(l),f(z)) are

such that

@ ‘e = v 0B, £)

(2),_.(s) -1

(h)

w B, £y - ¢

£ (1)
(h)B (ygf VETWV

S
where (V_£) (x) = f£(g 'x) and g = (a,h) € M) = E° @ 0(d)

(3.2.12) REMARK: In what follows; we give a spectral representation for
an arbitrary Euclidean covariant multicomponent stochastic field which
transforms according to an arbitrary irreducible unitary representation

h - V(S)(h), h € s0(d). In doing so, we invoke (3.2.4). Our proof

and analysis may be compared with that presented by YAGLOM in [97]. The
spectral representation which we obtain below plays a significant role

in our study of Wong's notion of Markov property in the next Chapter.
(3.2.13) THEOREM Let HO(®) = {E(£) = (55(£) & 3 = 1,...,N(s))

fAe ﬁg( Rd)} be a second order g;neralized stochastic field indexed by

(s)

‘ES( Rg) on (Q,@,u)- Leth >V (h) be a strongly continuous

: . . s
irreducible unitary representation of SO(d) on the Hilbert space H( )

obtained by completing the linear space {g(f) = (gj(f) : j=1,...,N(s)) =

fe {3( RQ)} of random vectors in (Lz(QJES,u))N(S)-
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0 . , )
Then H™ (Q2) is a Euclidean covariant generalized stochastic field
whose elements transform according to the representation h = V(s)(h)

if and only if

(i) ¥E\(E) = 0, all £ ¢ {S( R@), where O is the null column matrix
s . . (1) _(2) . .0

(ii) the correlation matrix B(f £ ) of each £(£f) in H () has
1 2

(1) (@), _

entries B

kj(f A'fdx dy f(l)(x)Bkj(x—y)f(zhy)where the

kernels Bkj(x—y) are given by

(3.2.14) Bkj(x-y) = . f F(dl)T%j (x-y)

M(d) *
where F(*) is a measure on the Borel subsets of M(d)* whose restriction
to R+ = [0,») is tempered and, furthermore, F(0) = O. The matrix
elements-T%i(g) ofATéﬂg) are taken in a basis in which h > V(s)(h)'is
real.

The components Ej(f) of each E(f) ¢ HO(Q) each has a spectral

representation given by

Ej(f) :Af ax Ej(x)f(x) ; _ where

° Y
Tz @y )
m=l M(3)* ™

(3.2.15) Eg(x)'

with
<z (), zm,v(A')> ) = ,Gm'FV(A('\A'),
L (R,%),u
Proof: Recall that Rq is a homogeneous -space whose group of transformations
is the full Euclidean group M(d). Hence GHO(Q) = {E(x) = (Ej(x) :
j=1,...,N(s)) 2 x € Rg} may appropriately be considered as a Euclidean

covariant multicomponent stochastic field transforming according to the
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(s)

representation h -V (h), h e s0(d), which is indexed by M(d) and
which is constant over all left cosets of M{d) modulo S0{(d). With this
realization, Theorem (3.2.4) is available if we make the identification
G = M(d). Then by invoking (3.2.8), it follows that the random variable
N(s)

. = I NI
nl(g) ‘j=1‘ EJ (g)vjl

) my ,  (h,9) € s0@) x M)

therefore admits the spectral representation

(3.2.16) n;lg) = S Q(é)* 25 @IS ()

with <z . (), 2 .(@A">, . = 8 nrFn ij»(Af_\l\')
! ar.J. L (QI&I]J) ’ £y
where A, A' are Borel subsets of M(d)*, the topological dual of M(d).
Since we require that gk(g) be constant over all left cosets of

M(d) modulo so(d), therefore, we have

Ek(g) = ,Ek(gh); all h € so(d).
Hence, for all h € so(d),
N(s) | =(s)

=S
T E.(gh)V.,
=1 0

n; (gh) (h)

N(s) . _
= I £ v m
j=1 ’

- 4ni(g)
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Thus, by (3.2.16), we now have

o . )\ oo l
o f oz @IS (gh) = 3 gz (a0t ()
m,n=0 M(3)* "t nn m,n=0 M(@)* " T ™
or equivalently,
(3.2.17) ; - f i(dyml (@)™ (h)
r,m,n=0 M(d)* nm, mr rn
- 1 oz e

m,n=0 M(d) x DI

Conversely, it follows from (3.2.17) that gk(g) = Ek (gh) for all
h € sO(d). Hence (3.2.17) is both necessary and sufficient in order that
e Q) = {£x) = '(Ej (x)) : x ¢ Rd')} be a Euclidean covariant stochastic
field indexed by Rd, which is isomorphic to M(d)/so(d).

Let dg be the Haar measure for the Euclidean group M(d). Since the

matrix elements {’I‘%n(g) t g€ M(d) } satisfy

-M{d) agTe (@Tm, () = A8, 88X = A"
where A is some normalization constant and__i_ + §(1) is a point measure
on M(d)* which reduces to the Kronecker delta function if _)\_ = an integer
and which is the Dirac S-function on R, s therefore multiplication of both
sides of (3.2.17) by E}\i‘-,n,(g) followed by integration with respect to the
Haar measure vdg. for M(d), now furnishes

0 ]

. N |
: 8 § = I f (@M 8 )
I J@T ms [z @nys |

n' : nm, i nn'
r,m,n=0 M(d)* r m,n=0 M(d)* ’
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Thus
n-z_-o. W(a) i ‘dl\.)'T:\T'n(h) = "‘M-f(d)*zn'm',i(di)
or
(3.2.18) I "M(d)*zm,i(dl)%r(h) i} “‘M{d)* e

Next, by (3.1.6), we have

A _ s (sY)
(3.1.6) ™) = > v'° '(n
v=0

(sV)

where h - V (h), v=0,1,..., are inequivalent irreducible unitary

representations of s0(d), and we assume that basis has been judiciously
V]
(s?)

chosen such that the representations {V (h) } of so(d) appear in real

form. Thus, we now have

A . (sv)

(3.2.19) T~ (h) = § v
n.m Vi nm

VU vV u

Employing (3.2.19) in (3.2.18), we have

o N(sh

. v
or s oz @v®)m
w=lx =1 VR M@y e T vV
= [ z _.@
M@=* v’
o
(s %) (s)

Thus, if Vv (h) denotes thelidentity representation of SO(d) on H ’

we have from the preceding equation that

N(sV) v N(s) L) '
(3.2.20) % , Zyomi- (_d}_)vr(lsr) (h) = % v,gs- i () f Z (dr)
r=l M@* “v'Tug v v B, =1 M "110 M(d)* B o

o



72

u
Next, multiply both sides of (3.2.20) by Vé? )(h) and integrate with

u
respect to the Haar measure dh for SO(d). Then, we obtain

v .
N(s ) , f
r 8 K $ z .. (@n)
r=1 ¥ Py % M@y rvm’lu
v o]
N(s)
= I ) s s, . f = (ar)
=1 MM 2 P 1 g £ DML T
2u0 : o Ho B THo W M{d)* Ty Ho

Hence

0
O
—~
o)
| >
S

%n p

; ooz @
* r
¥ Ho M(d) U

i
o Yo Mo Ho Yo Ho
Consequently, we have

b4 .. () = 6 6 . Zm(A), A CM(a)*

- : i
qvml lu v qv u

where A 4-Zm(A) is a new stochastic measure satisfying

<z (A),Z_,(A')> = &, F(AMNAY)
moom L% Q8 1) mm

and F(*) is a countably additive measure on the c-algebra of subsets of
M(Q)*. Zm(A) and F(A) depend only on the representation h -+ V(S)(h)
of so(d).

Therefore, since

. A
g = v ahew = [ T (@zEn]
' M(a)*

it follows that the components of £(x) are given by
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o N(s¥) N(s) ‘ f = (s)
E.(x) = % z oz @ (9)v.3) (n)
— — = 3 = n m, i ji -
J v=0,m=1 n =1 l”o—l M@k e Ty
©  N(s) N(s) / ) )
= I z I8 8 oz @yt (9v.? m)
o _ _ i =1 VvV _n i m - — mn ji
v=o,m=1 n =1 ] 0 “viug M(d)* v J My
o  N(s) z (s)
e Es0) = 2 2 [z @, (V] ()
J m=1li =1 M(d)* U Jlu
uo (o] (0]
Hence, we may finally write
© N(s) f A (s)
(3.2.21) E.(x) = T T . z_(A\)T=, (9)V.:’ (h)
J m=l i=1 M(d)* mLooat
Next, we observe that the functions (g,h) » T (g)V(S)(h) on

M(d) x S0(d) truly depend only on x ¢ Rg and not on g € M(d). To see

this, notice that

N(s)

A (s) :
izl ‘Tﬁi(g)vji (h)

= Tﬁi((a e) (o, h))V( )(h), since g = (a,e) (O,h)
1

_ A A (s)

= 'ZJL TESL((a'e))TTi(h)Vji (h)

= 3 ((a e))V(s) (h)V(s)( h)
i,Z

= I ‘Tl ((a,e))d since h +-V(s)(h) is real
'2 me ! 23

- :
= ,'I‘aj((a,e))
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L, A A
. Let us write Tﬁﬁ(a) for TES((a,e)), ae Rd. Then (3.2.21) becomes

[}

‘ ‘ A
(3.2.22) E.(x) = T . Z_(d)) T (%), Xxe R.
J m=1 M{d) x T M

From this spectral representation for gj(x), it follows that

I

Bj (x-y) ,<£j(x),£k(y)>

L2(Q,"$,1i)

= I [ <z (4N ,2, , @) > . ,J

- . n (x)’I‘— (v)
m,m'=1 M(d) L (Qlﬁ 111)

=z 8., [ F(dl)mu- (x) T (y)

m,m'=1l M(d)*

- o
= I . f F(@UT (x)T= (y)
mxméw-' 3wk

- O
= I . F(d)\) ™=, (x)T= (-y)
m=1 M{d)* T omi

Thus

| - A
.2. . - = o F(AX) T, (x-
(3.2.23) By (x-Y) ,M{d)* ‘ (AN T, (x-y)

Finally, the temperedness of F(*) on R, = [0,») follows from Schwartz

SRIC) I C L c)

3k ) is a separately

Nuclear Theorem [17][23] since (f

. d .
continuous bilinear functional on R( &) x B ( ®%). This completes proof
: ju|

of the theorem.



75

(3.2.24) REMARK: It is perhaps worthy of note that (3.2.23) has been
obtained without any assumption concerning the probability distribution
of elements of the generalized stochastic field'{g(f) = (gj(f) :
j=1,...,N(s) : £¢ 43( Rq)} on the probability space (Q/ﬁs,ﬁ). However,
in the next chapter where we undertake an exhaustive study of Wong's
definition of Markov property for multicomponent Euclidean covariant
generalized stochastic fields, we are obliged to assume that
(D) = (E5(E) + 3 = L, N(s)) 5 £ e 8%} is Gaussian on (2, ,u).
(3.2.25) REMARK: It seems instructive to put (3.2.23) to the test and
see what it really gives us in the simple case where d = 3, For 4 = 3,

the inequivalent irreducible unitary representations of M(3) are labelled

by the pair A = (A,s) € R, x Z, where Z is the set of all integers. Thus

* =
H@* = ® x

The spectral measure F(°) on the measurable subsets of M(B)* = R+ X Z
is atomic on 2Z for all fixed measurable A € R+;_i;e.‘s +-F(A;{s})‘is
atomié for all measurable A ¢ R+;_Furthermore;‘F(A;{é}) = F(A;{-é}); for
all measurable A ¢ R+..

Next, we must présent the matrix elements of.Tl(x;y);.l_= (A,s) e R+ x Z,
in an orthonormal basis in which the irreducible unitary representations
h '+~V(n)(h), n=0,1,...,9 of SO(3) are real. In what follows, we first
present the matrix elements of‘T&(x;y) in a canonica; complex orthonormal
basis and then we arrive at the matrix elements of.Tlix—y) in the desired
basis mentioned in tﬁe foregoing sentence by means of a unitary transforma-
tion. To this end, we now introduce certain functions which are very
familiar in the representation theory of SO(3).

Let (a)n = 1 forn =0

“a(a+l) (a+2) ... (a+n-1), for n > o]

with a € R.
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Then the hypergeometric function x = 2Fl(a,b;c;x) is defined as follows

© (a)_(b) n
- - —4 ’———-—n n x—
(3.2.26) 2Fl(a,b,c.x) A i (c)n o

We now define the function 6 - d (8), 6elo,n], with - % <m,n :_2,
L > 0, as follows
[ n-m 1 (&4m) ! (2-n) !

= (- 1/2 . m-n 6 mn 6
(3.2.27) d o0 = (-1) E— [ (T—m) T (Fn) 1 sin 5 cos >

9
X '2F1 (2+m+1, m-2; m-n+l; sin2 —2-)
L
for m > n. For n >m, dmn(e) (- 1" (e) where d (6) is given by
(3.2.27).
Also there are the associated Legendre functions Pi(z) defined as

follows

2.m/2 . 24m
(3.2.28) PY(z) = (l JZL ’ i— -, 0O<m=<2
m 2% az
_ 2,-m/2 = _&-m
=_(li’ dz_m(zz—l) m < O.
2781 az

Then, the spherical harmonics, which form an orthonormal basis for

L (Sz,dﬂ), 52 = unit sphere in R3 and dQ = surface measure on Sz, are

given by

1/2_4%

172 m (2-m) : P (cos 0)e
m

im¢
(-1) [(£+ ).]

(3.2.29) Yzm(6,¢) (4n/(2 +1))

£=0,1,...,%, - & <m < 2. 1In Section 4,3we provide certain recurrence

formulae satisfied by the functions Yonr
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In [86], the matrix elements of‘TA{x-y), A= (A,s) ¢ R+ x 2,
are expressed in the orthonormal basis {im(e’¢) t 0 =0,1,.0.,%,

- £ <m < 2} given by

l/2im-sd£
ms

is¢

(3.2.30)  E; (6,4) = ((28 + 1)/4m) (0)e

In this basis, the matrix elements t%h(x-y) of TL(x—y) are given by [86].

® 3, (\|x-y])
(3.2.30) £ ey) =3 3 @enifEen™sE hHE D K, Bk -

k=0 s -s 0" m=-n n-m ‘(AIX‘Yl)

* ¥ nen (x-y) ")

where (x-y)' =‘T§E§T ’ |x—y| # 0, and (i k i) are the‘sofcalled three-j
functions which we define in Section 4.4, equation (4;4;1);

The matrix elements.T%k(k-y), (X,s) € _R; X Z, are taken in a
basis in which the irreducible unitary represéntations of S0(3) are real;
hence they are related to.tﬁh(k—y);.2_= ji;s), given in (3;2.31) by a

unitary transformation U as follows

) +1 o
(3.2.32) Tgk(x—y) = z Umj Uy tﬁh(x-y)
m,n=1

Employing (3.2.32) in (3.2.23), we see that we must first compute

b (x-y) = f F (d}\, {S}) tl'flfkl,S) (X"Y)
mA R+x Z

Now, bmn(x—y) is given by
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1 © o
= k, ombs 1 1k, ,1 1 o
by () = 3L B (kLT GG e ) [ Far,{sh .
O ]x-y])
Tk
. Y (x-y) ")
: ,X!x-yl)z kpmen Y
Set
L s, 1 1 k k
LD o F(ar,{s}) = b )(dl)
s=-1
Then, we have
rf @) = (L DF@on S U1 D+ G Sranan
Hence
o ® L dy, (ilx-yl)
ml 1 k, - ey (= (K) Lik
b (x-y) =3 I (2k+1) 1" (-1) (o -n nem Yiemen (G0 ) [E (@02 r
k=0 0 O ]x-y])
I, O x=y )
=30t P 9y 6 v ((x-y))fF Ny E———+
m -n n-m mn 3
(A |x=y )
TG N e I AN (= S 1) IF‘” (an —22
-n n-m° " 2,m-n %
(X]x—y[)

Next, we invoke (4.4.1) to obtain

r(@ ((=1)//3) (F(@x, {o}) + 2F(dr,{1})

@) =
F® @y = (/80 F@n,{oh - F@ih)
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Thus
14m,1 1 O
b Gy) = BEDTC T s Y (k) ) cj) (F(@r, {oh) + 2F(dr,{1})
3, O x-y )
2
O x-y])
(Alx-yl)
I4m,1 1 2
+ /30(-1) m(m v nem Y2, men (D)) j(F(dx {o})-F (ax, um—m
Set
F(dr,{o}) + 2F(ax,{1}) = d@(l)(l)
25 (@x, {0} + F(ar, {1h = as‘® ()
Then, F(axr,{o}) - F(@r, {1} = d,(qs(z) - oo
Next, we note that
(l 1 2 y = (_l)m—nj'i:'((é;n;ﬁ)gi2;ﬁaﬁii-:t-tt . )1/2
m-n n-m’° /55 (1-n)!(1-m)!(L1+n) ! (1+m)!
Hence, we have that
@ ST, O x=y )
b Gy) = 3DPE L 098 v ey [ae®M oy S 4
mn m -n n-m° mn 00 o (A,x-yl)ﬁ
_\1-n |, (2+n-m)! (2+m-n)! 172 o T a2 (D)
DT e T T T Yo,men (G0 [ @@ e oy

Ty o W%y ])

O ==y )
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From the preceding, it now follows that

+1
(3.2.33) B, (x-y) = $ U, U.b (x-y)
jk n,n,-1 mj nk mn

+1 _ e 3, |x-y])
B _ylim 1 1 o : (1) %
= 2_ 3(-1) - m—n)Uijnkan Yoo (=121 J a0 ) _1______72
m,n=-1 0 O x-y])
+l 1-n,  (2+n-m)!(24m-n)! "~ . 1/2 — T (2) (1)
I CDT T e T ) T T VngUnkY2,men (V) [ (@707
m,n=-1 0
Tprp O |x¥])
(Alx—yl)%
Since (i _; 8) =.}3: (-l)l_m, we have
T
+1 :
(3.2.34) : ABEn™dE L0y g o
m.n=-1 m -n m-n" mj nk mn
+1 _
= U = I
'§=_1Umj mk jk

Also, we may choose the unitary transformation U such that

" L |
1-n; (24n-m) ! (2+m=n)! y172 0 = '
(.2.35 I DTGy ram @ T ek 2men <)

The initarity of U now implies that the above statement is equivalent to

the following
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Mo R
X U k—J——z——"—G
j, k=-1 v4m Pl q [xl var P4

~

+1 , ..1-n (24n-m) ! (2+m-n)! - . 1/2 = '
r Gy Tam Famy T i3 2 men )
S 3 rk=-
_ (o1y1~9,_(2+g-p): (2+p-q): 172 '
= B T e T T ) Y2,pg &)

Consequently, by employing (3.2.34) and (3.2.35) in (3.2.33) and

. 1
recalling that ¥ _(x') = — , we have that Bjk(x—y) may be written as

00 ‘/4—7r
o I (}\lx—yl)
(3.2.36) By (xy) = - -5, [ as 2 () ——
‘,4_71'- ] 0 ()\lx—yl)
o L3y (Nx=y])) )(x' gy
o] }Alx-yl) Yar lx-y] ' Yy ar J

Now, the second term on the right hand side of (3.2.36) may be rewritten
in another form if we invoke the following recurrence relation between

Bessel functions:

1

T 41 (2) = 2vz qv(z) - J,-1 (2

Put v = 3/2 in the above relation. Then, we have

. _ -1 _
J.§+2 (z) = 32 ,J}ii-l(Z) _J%(z)

Thus, the second term on the right hand side of (3.2.36) becomes
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- S x-y]) 3o (8.oy) (x, -y, )
!— Y
Jae®P-eMyny 22 3k k L1 o5
0 Ox-yD®  Vam |x-y| Var 3
X Jae®-eM) J"Z“zulx—?l) I
iz o ey ? |-y |2
o Iy, . O x=y])
_ 1 5 { d(@‘z)-q)(l))(}\) k42 .
var ¥ 0o (O |x-y]) 2
% STy Ox-y]) (ximy,) -y )
-2 JaePeWhoy 22— 33 Xk
Yam 0 O x-y|)* |x-y|
| 3., Ol ) a0 xy])
_Ls jd(@ oWy o L - 4 —
var W ]x=yN* (O ]x-y?
_ 3 Tae@aaMy oy g 0D e s U S A il
/ar 0 -y ) * |x-y | B o lx-y
® ., (Alx-yl)
+/_:6 fd(<I> (2 _p Wy oy 2 ——
4 ‘(}\lx‘Yl) z
Hence (3.2.36) now becomes
B 3=y
B, (x-y) = —= 8, f as M o) +
J vim %o O ]x=y)
© ; - =Y. - - J Alx=vi{)
F= [ae®-s®)w (J%”Z'(Alx ?l) ST Ssx b1 lx'il
T o T ey ? |x-y|? 7 olxyh®

09 I (A |x-y])
+s [ae®-eHhm -i————

Yar 3% o (>\|x-yl)2
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and we have finally

(3-2.37) B. (x—y) = — J' ad (A _2——__'_ +
* I O |x-y|) *
+ = ? d(@‘Z)-@‘l’)(x)(J%+2(A|x“yl) ) By Iy Alx=y])
: T - - 8, .
i ¢ ey -y | I o lx-y

The expression (3.2.37) for Bjk(x4y) has been obtained also by
YAGLOM [97] by a different method. In the indicated reference Yaglom
considers a vector generalized stochastic field with an arbitrary number
of componehts.

In the next chapter, we make use of (3.2.37) when we discuss Wong's
notion 6f Markov property for the vector Gaussian generalized stochastic

field

BO(@) = {E(£) = (5, (),E,(0),E5(0) + £ e R ..
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' 'CHAPTER 4
MARKOV PROPERTY |

This chapter deals with the complete characterization of the class
of all Euclidean covariant multicomponent Gaussian generalized stochastic
fields which are Markov in the sense of Wong [94]. The analysis involved
in the accomplishment of this task is far more subtle than the one under-
taken by Wong [94] in the case of scalar Euclidean invariant Gaussian
~generalized stochastic fields, and an intimate blend of Functional
Analysis, probability theory, group theory and the theory of boundary value
prablems for elliptic systems of linear partial differential equations is
needed in the final solution of the problem.

In order to simplify computations, the random variables and function
spaces employed here are all assumed complex-valued. 2All sesquilinear

forms are linear in the first argument and antilinear in the second.

4.1 WONG'S NOTION OF MARKOV PROPERTY

Let (Q,0,u) be a probability space and let HO(Q) ='{g(f) = (gj(f) :
j=1l,...,N) ¢ £ e~é&( Rd)} be an arbitrary Euclidean covariant generalized
stochastic field on (Q,E&,ﬁ). ;n Chapter 3, we obtained a spectral
representation for each E(f) ¢ HO(Q). In doing so, we made no assumptions
concerning the probability distributions of members of HO(Q). In this
chapter, however, we always assume that HO(Q) is indeed Gaussian - i.e.
every finite collection of members of HO(Q) has Gaussian probability
distribution law - as well as being Euclidean covariant. With this
assumption, Wong's definition of Markov property for HO(Q) may then be

formulated and studied. Let us proceed to do this.
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By the phrase "boundary data for HO(Q)", we mean the set of random
variables, constructed from members of HO(Q), which are associated with
the boundary oD of a given open set D belonging to Rd. In any formulation
of Markov property, the mode of prescribing boundary data is of intrinsic
importance because it partly determines the class of random variables
which satisfy the intended notion of Markov property. In what follows,

we give Wong's prescription of boundary data for HO(Q) ='{£(f) = (Ej(f) :
j = 1,...,N)} and then we introduce his n;tion of Markov property [94].
(4.1.1) WONG'S ASSUMPTION Let D denote an arbitrary open subset of Rd
with boundary dD. Let the surface measure for 3D be do. Then we say that
HO(Q) = {E(f) = (gj(f) :t j=1,...,N) ¢ f s-éS(Rg)} satisfies Wong's
assumption [94] if g(;) = (gi(z)z j =1,...,N) belongs to @? (@R ,mY

*
for all £ in LZ(BD,do).

In what follows, we always suppose that
o . , _ - o _
BO@ = {5 = (€50 3= 1.0 5 £ e BCED)

satisfies Wong's Assumption; Then we can prescribe bounaary data for
#0(Q) in the spirit of Wong [94].

Let H (3D) be the completion of the linear space {E(E) = (Ej(%) :
j=1,...,N) ; € LZ(BD,dG)} of random vectors in (LZ(Q,ES,ﬂ))N. Then
we take H (9D) to be the boundary data for HO(Q) on dD.

Next, we introduce Wong's definition of Markov property.

(4.1.2) WONG'S NOTION OF MARKOV PROPERTY Let H ( R°) be the completion
of HO(Q) = {£(f) = €0 ¢+ 3 =1 £ e &)1 in @t
HO(SZ) is said to be Markov in the sense of Wong if given any increasing

d-1
sequence SDl, oD, 3D, of nested boundaries in R , then

(4.13) (T - ) B (3p,) = H (3D,) - P H (3D,)

P H(op) H(3D)

is orthogonal to H (BDl),
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where P p (ony is the projection of H (3D,) onto H (3D) and I is the
identity operator on- H (BDZ).

(4.1.4) REMARK: Of course, in view of the fact that HO(Q) is Gaussian,

the orthogonality condition (4.1.3) is equivalent to stochastic independence
of H (3D2) - P H(3D) H (oD,) and H (anl). Notice too that since HO(Q)
satisfies Wong's Assumption, we have that H (30) is a subspace of H ( RY),
where O is an arbitrary open subset of Rd.

The next section marks the beginning of our study of Wong's notion of
Markov property for a Gaussian Euclidean covariant generalized stochastic
field. Our aim is to provide, if possible, necessary and sufficient
conditions in order that such a generalized stochastic field be Markov in
the sense of Wong.

In the next section, we formulate.theorems for a d dimensional
Gaussian generalized stochastic field, and thereafter analyse the particular
case for which 4 = 3. In Chapter 6, we show that the analysis which we
eventually carry ihrqugh in this chapter for a three dimensional Gaussian
~generalized stochastic field may be e%tended to any Gaussian Euclidean
covariant generalized stochastic field; The tools we apply in this
chapter are again what are called for; except that the calculations are

admittedly more tedious.

4,2, THE d-DIMENSIONAL VECTOR GENERALIZED STOCHASTIC FIELD

Let (Q,GS,ﬂ) be a probability space, and let HO(Q) = {g(f) = (Ej(f) :
j=1,...,d) : f¢ _iB(VRd)} be a vectof generalized stochastic field on
(Q,,u). Then, if we supply the relevant matrix elements in equation
(3.2.14) and carry through the sort of analysis undertaken by us in

(3.2.25), we obtain the following result (see also YAGLOM [97]):
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o 10 e . eo ‘
(4.2.1) THEOREM Let H (Q) be a Euclidean covariant vector generalized

stochastic field. Then the mean of each {(f) in HO(Q) is always identically

(2) _(1)

the null column vector, and the matrix B(f ,f( ) of correlation

functionals has entries -

(2) @, _ - (2) . =)
By (£ £ = [ axay £ By, ) ()
where
(4.2.2) éij(x;y)
° . d 0l Ly tlesely
= b, fas {2 5, - A2 22 (x,-y.) (x:-y.) } +
Vo 1 O x-yh T+ 4 -y ™2 171 7373
© L ETOE]Y T W]
+ by far,0) (- R 5,
0 O]x-y) x-y ]
- MOV R
+ b [ a0, 2% 22— (xi-y,) (xmyy)
0 (O [x-y )

(b, = 2+ V), v=zd-2)

where Qi('), i = 1,2 are two real nondecreasing functions on [0,«),

continuous from the left, satisfying
1 = = (- = +(
¢, (0) = ¢,(0) = O, @l(fo) ¢2('0)

N _ . - .
and temperedness: . f d¢ifl)(l'f 2>)P < «, i =1,2 for some nonnegative p.
(o]
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(4.2.3) REMARK: For our subsequent needs, it is convenient to recast
(4.2.2) in another equivalent form. To this end, first note that the

kernel (x,y) -~ Bij(x-y) may be written as follows:

o J (klx-y|) 2 I (|x-y|)
B,,(x-y) =b_ [ ds,00) ——"—35 . +b —=—[a () L X — -
1] Vo ‘AIX'Yl)v ij v Bxiaxj o 2 | 12_(A|x‘Yl)v

2 w J_(|x-y])
~ O ax-gx [ de; () i
i3 0 A ax-ydY
Thus
| '}’ 3 (x-y])
(4.2.4) Bij(x-y) = bﬁ dész) ——T———I—;— 6ij +
o] A x-y])
52 @ R N E=2))
Rl LIS AN i

A ﬁi]x—y])v

Next, let CX(G)' o e[-1,11, be Gegenbauer's polynbmial which, we

recall, is defined by means of the generating function

. |
(4.2.5) (1 -202+29)° = 1 c(e)z, 2] < 1.
n=0 .

Then, there is Gegenbauer's degenerate addition theorem [93] for the

Bessel function

. @ a,. (tellxh
(4.2.6) eP X o oVT(y) T (wm)i® 22

v=0 (pllxh?

C:(p'.x')

with p' = T§T ’ |lpl >0 ana v =% (a-2).
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From (4.2.6) we now have

. J ([p]lx|)
) f aQ e * = _Zvr(v)v v v
(el [x])
3 (|p]]x])
= 27(1 + v) = S
(ell=x]
Thus
- - I (lp]|x]
(4.2.7) [ age™®* = p Y

Y odellxD?

where dQ is the surface measure for Sd-l, the unit sphere in Rd.

Employ (4.2.7) in (4.2.4), setting lpl =X, P € Rd. Then, we have

v ip. (x-y) K] : _ 1 ip. (x-y)
[ as,(|p]age 33 W.‘fd,d(éz 2.) (|phag _l_z‘e

B, . (x-
i3 y) 1 ;
R N R p

"

i ' PP, .
/ ,déz(lpl)dgelp-(x-y)dij + f _d(¢2_¢l)(lp1)dg i % o3P (x-y)
= & P

If we now set

s, = as't, aqe, - o

(2

(2) (1)

l) = d? and d@z(]pl)dﬂ = ¢ 7 (dp),

(e, - ;) (|p)raa = (dp)

then we obtain

. P.P, .
+ f‘I’(Z)(dP) i g elp-(x-y)

[ oW @pettr B Vg 2
P

i4
a J

(4.2.8) Bij(x-y) )
R R

We are now in a position to present the following result.
T . d
(4.2.9) THEOREM Let HO(Q) = {£(f) = ,(gj (£) : 3 =1,...,d) ¢ £ e B(R)}

be a Euclidean covariant Gaussian vector generalized stochastic field on
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a probability space (Q,83,u). Then the mean of each £(f) ¢ HO(Q) is
always the null column vector in Rd, and the matrix of correlation
functionals of each g (f) ¢ HO(Q) has entries given by
el
o n

y=12 z |al?s.. [aP e mEPa +
n=0 g=1 * M {) ~ombo nbe

(4.2.10) B, (f(2) (1)

a a4,

0 n n oo
+ I X z
n,n'=s0 2=1 g'=1

(2) 112 (2) [y =(1)
AnAn-bijngn-z'(J; o T E L, WE )

where

£ '('A) = f dr r +2vd9 ?nz(x')f(r,x')

= deZ T%- (P )Yn zu(P')

x'—_-ﬁ:—r,,|x]—r>o, v

(@-2)

l\)ll—' :

and the constants {An :n=0,1,...,»} are given by

g
a = 2T v+ n)i" —
da-1

. . d-1 . d
'w1th Qd—l = area of the unit sphere S in R".
Proof: We know [59]1[83] that L2 (Sd l,dQ) is an orthogonal direct sum
L2( d- 1,d£2) = '&Q(n) of finite dimensional Hilbert spaces '}Q_(n)

n—O

n=20,1,...,2 where }e( n) is the space of surface spherical harmonics

of degree n. We denote the dimension of 'b'Q(n) by dn’ The spherical
harmonics {Yn-.?, :n=0,1,...,°, &= _l,...,dn} - form a basis for
a-1
1% (s97,a0).

Next, we have that [83]

a
n
(4.2.11) ch(p'.x") = 3 E Y DT, )
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where Qd—l is the area of the unit sphere in Rd. Hence, combining

(4.2.11) with (4.2.6), we may now write

, ® 4 3. tellx]

(4.2.12) eP* = 3 3 A S———y ()Y  (x')
n=0 =1 (|p||x|)

v n dn

where A_ = 2 T'(v) (v + n)i .
n Q
d-1
Finally, if we now employ (4.2.12) in (4.2.8), we obtain (4.2.10).

(.

This concludes the proof.
(4.2.13) REMARK: In the preceding section, we introduced Wong's notion
of Markov property and we indicated how boundary data are specified for

HO(Q). In what follows we describe the boundary data for HO(Q) associated

with the boundary of a ball in Rﬁ.

(1) (2) (n *(2)

. *
) . , : v denot
Define fnz and fnl as in Theorem (4.2.9). Let fnz and fn'z' enote
the functions obtained by taking f(l) and f(z) to be respectively
1 *(1 , . ) - *(1),
e M (fxl e = EM e @ - a2 E P e @5, (x])
l.
2 *(2) . L2
£ (lylyy = Py ®e, - Ivh =P o @s, (vh
2
s _ .
where f(l) € Lz(Sd”l,dQ), i=1,2 and Gr(°) = §(r - ») , in the definition
(1) (2)
of fnﬁ and fn'l' .

Then, we have

1429 Jv+n(x|xl)

S -
ol b

(4.2.14) Eéi?(x) = fao T, = ED ) [ alx]]x
(0]

(1), 142y Jyen AFy)

= a (£'77)r
ng 1 (Arl)v
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and

(Ar )

*(2) 1+2y v+n

4.2.15) £3) ) = (£
n .
.(Arz)

lll ) 2
where

(4.2.16) a  (F) = fagT HEe), Ee 1™ am

Then, employing (4.2.14) and (4.2.15) in (4.2.10), we now obtain

* (2) %(1)
Bij (£ Q(Srz, £ Qﬁrl)
d
© n _ =) J (}\r ) ) ()\r )
=1 1 a?a T EMs )P @™ oy 2 s R
n=0 =1 J 0 Ory” oY
© © (7\17) J ., (Ar))
+ 3 h (E(Z) f( ))( r )1+2v f dQ(z)(A) v+n 2 o v 1
n,n'=o 13R'R 2 L eyY o)
where
a  d, _
| Q) X, _ x 2(2),=  &(1),
(4‘2.17) hijn'n(f £ ) g’zl Q‘?:l AnA n'g! (£ )anz(f )bijnznlzl
By Wong's Assumption, Bi (2)§§ 6 N E(l) R 6r ) is convergent

2 1
v Lk 2, ‘ . % a-1 ’
Hence g (f @6,) belongs to (L (Q,Ca,u))d, fe L2(S l,dQ).
Let’ H (3D) be the completion in (Lz(n;ﬁs,u))d of the linear space
. * % . . * 2 a-1
{«E(f%ﬁr) = ‘(Ej (fR6,) : 3 =1,...,d) =+ £ g L°(S ,d0)} of random
vectors. H (3D) then constitutes the boundary data for HO(Q) on 3D =
sphere of radius r > O. H (3D) features prominently in subsequent

analysis and hence we shall spend some space describing its intrinsic

structure.
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4.3 THE BOUNDARY DATA HILBERT SPACE H (oD)

In what follows, we limit ourselves to considering a three component
vector Gaussian generalized stochastic field HO(R) = {g(£) = (€l(f),
gz(f),g3(f)) s £ ¢ hgj R3)} on the probability space (9,G$,ﬁ). For
9D = séhere of radius r > O, about the origin, let H (9D) be constructed
as in the preceding section. We wish now to describe the boundary data
Hilbert space ‘ H (3D) of three dimensional fandom vectors in some detail.

As mentioned in the last section, H (9D) is the completion in
(LZ(Q,GS,u))3 of the linear space
{eEes) = (£ (ERS), ,E@s), E@s) : £ c1i(s?,an)

of three dimensional random vectors. The norm of H (dD) is derived from

the following inner product

3

*(2) * (1) :

<E(E &6).§_(f )@ 5> ,Za(f @6)5(:’: Q §)> ,
rUH@ED) g s d T 28,
.

= I B, (2)§§ 6 ’ f( )Qg §), r >o.
— J r

i,j=1

where f( 1) é(l) F0 f(l)) e @?s?,a0))3, 1=1,2

2.

and - g(_g_.(ibsr) = (&4 (E:.fi)gar) : ':'j(i)e 1% (s%,a0), j=1,2,3), i=1,2.

(4.3.1) REMARK: In what follows, our aim is to express H (3D) as an
orthogonal direct sum of Hilbert spaces of random vectors. In the next
section, we exhibit the elements of the first two Hilbert spaces in the
mentioned orthogonal direct sum expression for H (9D), and then we study
them. This aim of ours is realized by invoking well-known results in

the group theoretic analysis of the classical three dimensional rotation
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group SO(3) [10] [96].

(4.3.2) DISCUSSION Recall that we are dealing with a Euclidean covariant

vector generalized stochastic field HO(Q) = {g(f) = (gl(f),gz(f),53(f))

(1)

£ e {5( Rd)}.y Hence, if h +» V (h) is the vector irreducible unitary

representation of SO(3), then we have the following transformation law:

(1) (2) -1 _(1)

mB (£ ogt, e Mog (1)

1,,(1) .. .-1 f(2)'

(4.3.3) V )V (h) = B( £

)
(h,g) € SO(3) x M(3)

@ e g3, i-1,2

Hence, the operator

DmeEontesy,

um) : e(E @) »UMEERS) =V

.
e 1%(s?,a0),

which may be readily extended by linearity and continuity so as to be

defined on all of H (8D) is unitary on H (3D). To see this, we have

amiEP g sy, vmeEP @)
' ' H(3D)
3
(1) x(2) . -1 (1) *(1) . -1

= I <LV, (g, (E7oh "®6,), t V. "(h)g (£ 'oh " 6.)>

i,5=1 X ik k '’ Im m r Lz(QrGE:u)
-0 ix MV km © r’ r

i,j,k,m=1
-3 vWae dPale s, HPale s w
- ik km r' ' mj

i,5=1 k,m=1
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3

= £(2) (1) o oy

= & Ve, tVes) by (433
i,J=1

-<stPe s, Mo 5> :

H (3D)

Hence h = U(h) is indeed unitary on H (3D).

We may next undertake a spectral resolution of each g(;:ﬁbar) in
H (0D). This latter objective will be achieved by decomposing the unitary
representation h - U(h) of SO(3) into its irreduciﬁle components, Since
S0(3) is a Lie group of‘type one, we know from Mackey's»theorem [50] that
the mentioned decomposition of h = U(h) is always possible.

Consider now the random vector E(; G)Gr), r >0, E € Lz(Sz,dR), whicﬁ
belongs to H (0D). Then the components Ei(%’@bér) of g(; Gbér) are given
by

.3 ;
g (EQ®8))

f~fdx£i(X)E(x‘)6(r?[x[) (x" ;.TET x| # 0

facalx] [x|? £, (x|, x)E )6 - |x])

2 faog, (rx" Ex")

* : .
Since f belongs to L2(Sz,dQ), we may expand it into an L2(82,d9)-

convergent series as follows

* b n
£ = I I a Y
n=0 f=-n n% nf
where'{YnR :n=0,1,.0.,% £ = -n, -n+1,...,n-l,h} is the set of ortho-

. . . 2
normal spherical harmonics, which forms a basis for L2(S ,d2). Thus

w n
*
(4.3.4) E(EQS) =1 I J a_,f d40g; (e, x")Y, (x'), x>0
n=0 f2=-n

and the series of random variables on the right hand side of (4.3.4)

converges in L21Q}65,u). It will be convenient in what follows to label
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the components of the random vector E(§ QQGr) in H (3D) by the

numbers {-1,0,1} instead of by the set of numbers {1,2,3}. We do this
because the components of E(E Q@Gr) form a basis for the vector irreducible
unitary representation of SO(3) and the numbers {-1,0,1} are conventionally
employed to label the basis fo? this representation.

(n)

Next, let {h »>V (h) : n=0,1,...,2} be the irreducible unitary

representations of SO(3).

Then the random tensor whose components are given by
E (Y, ®6) =r2 [ a0 £, (c,x)Y_ (x")
i‘"'n¢ r ’ it n%

i=-1,0,1, & = -n,-n+l,...,n-1,n, and n fixed, is transformed by the

(n)

tensor product representation h +-(V(1)Q§ V') (h) of sO(3) as follows

2 L i
v )(h)a (Y ,®8,) ==z’ fag 3 Vit g rx) TV

j=-1 =-n

(n)
Lk

(l) '
(h)Ynk(x )

(n

-z 3 i)(h)v ) (n)r2 J‘am; (£x)Y (x")

5 ( ) (n)

(B)V o (h)& (v, ® 6, 8.)

Now, the group SO(3) is simply reducible [28] and we have
1+n
1 N
”@v ym = @ v me©
N=(l—n|
s I (1) (n)
As a conseqguence of the indicated decomposition of (V' '@QV ') (h),
the random tensor whose components are Ei(YnQ,ﬁbar)’ i= -1,0,1,

£ = -n,-n+1,...,n-1,n and n fixed, may be resolved into a direct sum of

multicomponent random fields which form basis functions for the irreducible

.
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(N)(h)c, Ne [ l-n, 1+n], of SO(3)

)

unitary representations h =+ V

. . . (1) An
which occur in the reduction of (V' '& V' ') (h).

Let H(r) be a Hilbert space of three dimensional random vectors

and let, as usual, b-e(n) denote the finite dimensional Hilbert space

of spherical harmonics of degree n. Then the action of the unitary

representation h =+ U(h) on H (9D) is equivalent to the action of the

[
tensor product representation h - (V(l)® (D V(n))) (h)
n=0

on H(x)Q(D (n)).

n=0

Now

o ©»  ln
vV (@ v™nm

| % % v S
n=0 n=0 N= J_—nl

oo 2 .
VO @ @ vO me
n=1 i=0

(0)

where h >V (h) is the identity representation of SO(3) and

h +v(n,1)

(h) is a (2n+l)-dimensional irreducible unitary representation
of s0(3) for i = 0,1,2.
Since H (9D) is the representation space for the unitary representation
h -»>U(), h € s0(3), which is equivalent to the unitary representation
o 2 ( .
hoavQm @ @ v me, h e 50(3),
n=1 i=0

it is, therefore, seen that the Hilbert space H (9D) of random vectors

decomposes into an orthogonal direct sum of Hilbert spaces as follows

(4.3.5) H (D) = H © (r) @ H (n) (r) s r>0
n=1
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(0)

in which H

(n)

H (r), n > 1, is a Hilbert space of 3(2n+l)-dimensional random

(r) is a Hilbert space of scalar random variables and

vectors. Equation (4.3.5) gives the promised spectral resolution of
each £(§ Gbér) in H (D), r > O. The elements of H (o)(r) are all
constant multiples of the only rotationally invariant scalar random

variable which may be constructed from E(E §§6r). On the other hand,

(n) (n) (n) 2

each element Y (x) = I o, Y(n'l)(r)
: : j=0 i

(r) in H (r) is of the form Y

(r) is a (2n+1l)-dimensional random vector for i = 0,1,2. All
*

the preceding imply that each & (£ ®6r) in H (9D) may be expressed as

follows

[ 2

eE@6,) = ag,@ + 2 I o, ¥V
n=1 i=0

where the constantsA{oto,ani tn=1,...,9 1= 0,1,2} depend linearly on
*

f e L2(Sz,d9). These facts become important in the sequel.

v \
(4.3.6) REMARK: With effect from the next section, we shall be carrying
out detailed computations which require knowledge of the recurrence
relations between the orthonormal spherical harmonics

.{Ynl tn=0,.400., ®; £ [-n,n]} which form a basis for LZ(Sz,dQ). We,

therefore, present here the relevant information.

Let x (r,6,¢) be the representation of x ¢ R3 in polar coordinates,

and set x' TET R lxl > O. Then we have [86]

1 = 2 [} 2’ L}
(4.3.7) cosb Ynz(x ) a Yn—l,z(x ) + Bn Yn+1’2(x )
. i¢ (] = 2’ ] 2‘ 1
(4.3.8) sing e Yng(x ) Tn Yn—l,.fL+1(X )+ en Yn+l,z+l(x )
' = N4y '
(4.3.9) ¥ _ (x") DY )
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where 8 e[0O,7], ¢ £ [0,27] and

(4.3.10) aﬁ = [(-2) (+2)12 [ (2n-1) (2n+1)]"Y/2
(4.3.11) 8 = [+2+1) (24117 % [(2n41) (2043)1 712
(4.3.12) Yﬁ = [(n-2-1) (=212 [ (20-1) (2n+1)1 " L/2
(4.3.13) eﬁ = (-1) [ (n+2+1) (+242) 1~ 2 [ (2n+1) (2n+3)] "1/

In the sequel, we employ the following labelling of the components

X X X
= = (2 1 -1 . o2,
of x' = - = (lxl ' le v le) in S

~cos §

X 4
1 _sine-ees-qp-@[é

6 e [0,1], ¢ ¢ [0,21]
sin 8 sing g7

=

Then, we have .

(4.3.7) — v (x) = oty . (x) +ghy (x")

le ny, n "n-1,% n+l, g

and by combining (4.3.8) and (4.3.9), we obtain

X
=%

1 1y = Lrod ' " -
(4.3.14) ']?I-Yng,(x ) = 2[YnYn-l,$2,+l(x ) + 91"21'Yn+1jz,+l(X ) Yn Yn-l,,Q,-l

-2

L]
n Yn+1,2-l(x )1

-0

(x') -
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X .
-1 [ _ 1_ 2 [ 2 ' =% ]
(4.3.15) o7 Yo 1) = Sy ¥ g, pen &) F OV pn ) Y Yy g X 4
-9 .
+ en Yn+l,!Z.—l(x )]

We make repeated application of (4.3.7), (4.3.14) and (4.3.15) in
subsequent computations.

(1)

4,4 THE HILBERT SPACES H (O)(r) and H (r), r >0

This section deals with the explicit construction and detailed study

of the elements of the Hilbert spaces H © (1)

(r) and H (r), r > O,
which arise in the orthogonal decomposition of H (3D), see (4.3.5). Our
construction again relies heavily on group theory. Hence we begin by
introducing the so-called three-j functions [86].

Ietme [-3,j], n € [-k;k] and p € [-%;2] where j, k, 2 are non-

negative integers. Then, the three-j function (; i g) is defined as

follows -
3k By _ o 2j-ken (G+k=2) ! (k+E=9) I (24+K) ! (L+p) ! (L-p) !
(4.4.) G, Q)= 1 e D L G T G f (e P eyt %
< x (_1)t"“(2+jén*t)!(k+n+t)!""7

t! (L4p-t) ! (t+k-F-p) ! (R-k+j-t)!

Here, the sum on t is over all integer values compatible with the condition
that the arguments of all the factorial functions under the summation
notation stay nonnegative. The function (i : ;) vanishes unless

m+ ne$=p =0, and is not defined unless lj—kl < % < j+k and j+k-% is an
integer. Furthermore, the“three—j functions satisfy the following

identities
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. /2 dEL SR 5

(4.4.2) T (29+1) (m np (m n P ) = ,ngl PP'
m,n

(4.4.3) X (20+1) ( np (m n' o = Cmm' Onn

Next, from the theory of the reduction of the tensor product of two

(3) (k)

irreducible unitary representations V

()

(h), and Vv (h) of sS0(3) into

irreducible components V (h)c, N e [ j-k ,j+k], where we recall

V(N)(h)c = complex conjugate representation to V(N)(h), we have [86]

j (3) (k) j k N,
(4.4.4) zn'(m o' P)V (h) v (h) = f)(mnp

—(N)
) Vo @)

Of course, the right hand side of (4.4.4) contains just one term, namely

that for which p = ~(m+n), since as mentioned above, (i k g) vanishes

otherwise.

(3)

Given basis functions for the’ representatlons v (h) and V( )(h),

(N)

we readily construct basis functions for the representation V ) °C.
Indeed, it is this fact that we invoke in constructing the elements of

g © (1)

(r) and H (r), r > o, in what follows.

(0) (1)

(4.4.5) CONSTRUCTION OF THE ELEMENTS OF H (r) and H s T > 0.
The fact has already been referred to in the last section that the

random tensor whose components are given by
- 2 - '
E; (¥, Q68 = ' [dgg, (r,x") Y, &,

i=10,1, 2 ¢ [-n,n] and n fixed, transforms according to the tensor

. 1
product (reducible) representation (V( )Qb V(n)

Y (h) of SO(3). Therefore,
~given the components Ei(Yn£€§6r) of the mentioned random tensor, we may

construct the random vector Y (r) which transforms according to the
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(N)

representation V (h))c, N € [Il-n], l1+n]. The random vector Y(r) is

(2N+1)-dimensional, and indeed its components are given by

_ 1/2 ,1 nN
(4.4.6) Yp(r) = I (2N+1) (l 2 P) Ei(Yn2.®6r)

i,8

r >0, pe [-N,N].

By invoking (4.4.4), one readily convinces himself that Y(r) does

(™)

indeed transform according to V (h)c.

We now finally arrive at the primary objective of this section,

(0) (1)

(r) and H (),

namely, the specification of the elements of H

r > 0.

(0) (0)(r)

Consider first the Hilbert space H (r). The elements of H

are scalar random variables and they transform according to the identity

(©)

representation V' 7' (h) of SO(3) which arises in the reduction of the

1)

tensor product representation (V(l)§§ V( )(h), h € SO(3). Hence, the

(0)

random variables in H (r), r > 0, are all constant multiples of the

scalar random variable ®d(r) given by

110
¢ (r) = z . ) E. (Y., )
0 i,0=-1 ifo" Citt1k r
110 1 1o | 110
= {000 %Mo ®8) + G T8, 1)+ (5] e ¥®8)
Since (i _i 8) = (-l)j-m(2j+l)_l/2, it follows that

_ 1 i =
3, (x) = = E (Y, RS + - &1 (Yl’_IQ §.) + - £, (7, ®8)

set V3 @O(r) = &(r). Then
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(4.4.7)  8(x) = £, (V) (RS + E (¥ Q) + £ (1, @6)

(4.4.8) REMARK: By invoking (4.3.7), (4.3.14) and (4.3.15), one finds
that the random variable 3 (r) given by (4.4.7) is indeed expressible as

follows

.[ ¢(r) = & GT—TGDS ) + — (E 176 )(T—Tﬁbﬁ ) +

(& +€ )(T—T-Gad )

However, for purposes of subsequent calculations, we shall be content
with the representation (4.4.7).

(4.4.9) Next, consider the Hilbert space H 1)

(r), r > O, The elements
of H (l)(r) are nine dimensional random vectors, and an arbitrary such

vector X(r) may be written as follows

x) = 0o X DaxP @ @ o xP
a

a

0,1,2), where @ denotes’ algebraic direct sum and where
a
0,1,2, transforms respectively according to the three-~

(1,1)

((!i e, i

e

(r), i

(h) €

dimensional vector irreducible unitary representation h » V
i =0,1,2 contained in the reduction of the tensor product representation

h é-(V(l)QED\I(l))(h); i=0,1,2 into irreducibles. The construction of
(1)

X(r) € H (r) is consequently reduced to the construction of the

vectors X(l)(r), i=0,1,2. This latter task is readily accomplished by

invoking (4.4.6).

Thus, consider first the random vector X(O)(r). Then, by (4.4.6),

the three components X( )(r), p=-1,0,1 of X( )(r) are given by



104

(0) _ : 101
X)) = V3 2, G %o @)

1
: lo1
B3I (g T ®6)

i=-1
Hence
(0) _ 101
Xy () = /3 (0 )E (Y @ 8
= BT ® 9y
(0) _ ,101
B = B P T ® )
= 1o ®6))
(0) _ 10 1 :
X, ®) =48 5 _EE, ®6)

= El (YOO ® Sr)
Hence, we have that -

(4.4.10) x () (xr) = _(x_(g) (x), xéO) (x), xl(O) (r))

= (8, (Yo ®8,)s ~E, (¥, ®8,) s E_ (¥, @ 6,))
Next, consider the random vector X(l) '(r). Then, by (4.4.6), the
(1) - (1) .
three components Xp (r), p=-1,0,1 0of X (r) are given by
1

(1) /a7 111
X = z
b (r) =73 L4y (i . p) Ei (Y, ® Sr)
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Hence -

111 111
) =v3 00050 e®) + 3 () -1 O)El(Yl 1@+

—

111
3] Qe RS

= Fgl(yl 1®5)'F‘51 Y1 ®5)

(1) B 111 111
x; (r)-ﬁ(_lOl)gl 1O®G)+/_(O ll)g (7, 198

= L (v, @) -2t (¥, QS5

'/2—.-1 10 r /3 0] 1,-1 r

(1, . _ 11 1 , - 11 1
X =03 G DEW; ®8) + 5 () ) E (Y @)

i
= (v, @6, - —/2:§1<Y10®ar)

Hence, we have that

(l)

@.a.1) xP @ - xP o, xP o, 2P ey

S M) T B M ® &) o6 Y 1 88 T e, (R )

1 . o
Jz g—l (Y10® Gr) JZ gO (Yl,-l® Gr))

(4.4.12) REMARK: Again in a similar way to what was done in (4.4.8), we
may express the coﬁéonents of X(l)(r) in a different way by using (4.3.7),

(4.3.14) and (4.3.15), but again we prefer (4.4.11) because of our

subsequent needs.



(2)

Finally, consider the random vector X

(2)

(). Then, by (4.4.6),
(2)

the three components x (r), p=-1,0,1 of X (r) are given by
: 1 2
(2) _ 121
X, () = V3 LA (G390 gi(Ym@‘Gr)
Hence
(2) B 121 1 21
X (x) = 3 (5 o ESE, @8 + V3 T o) (Y, 1 ®8,) +
121
+B0-110) 51089 8))
2 V3 3
= =g @, Qs)-—¢ (¥, .Q6) -— ® §)
}/]_.6 0 20 r /]3 1 2,-1 ho /]3 l 21
1 2
(2) . 12
=" = )5(Y ®8,)
i=-1 g=-2 i 24
=1 21 - 121 |
= B0 ] PEW, ®8) + B oD @8, +
1 .
stT(l o1 )gl(Y2 o®8 )
-l 5B 8%
'—53‘51 2o®‘3)+ /—‘51 2,-29® 8 -——Ego(yz_'_lg 5,)
1 2
(2) 12 1
(x) =73 £ £ (5 _E; (¥, ,®6)
-l =1 g=-2 ig-1"°1"2 r
12 12 1
=3 (1. )‘5 ‘Y21®5 )+ 7 Qo -V FpR6) +

12 1
+3 (] 5 PEE,,R8)

V3 1 V3
= /5-‘51 22®5)+/1— 1 2o®6)'Fogo(Y21®6r)

106
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Thus, we have that

(2) (2) (2) (2)

(4.4.13) X" (x) = (X (x), X7 (x), X7 (x))
- (‘/F;s L, @6 ,1—51‘Y20®6 ) -%so(ynga )
;-EO‘Y20®5 ) -%slwz L ®6) -%5_1%1@ 5.)
7;—66_1 (Y29® 6r) +/—/Z:£1(Y2'_2® ) -%EO(YZ 1. ®8MN

(4.4.14) REMARK: We have now displayed the vectors X(l)(r), i=0,1,2 each
of which transforms according to a vector irreducible unitary representation
(1)

of S0(3). As mentioned earlier, each X(r) in H (r) is given by the

expression
x() = ox @ BoxP @ Box®
a a

where oy e¢, i=0,1,2. Hence, we now know every vector in the Hilbert
space H (1)(r), r > 0.

By iterating the above mathematical procedure, we readily also display
an arbitrary member of H (n)(r), n > 2. Fortunately, our calculations

. (0) (1)

below require only knowledge of H (r) and H (r).
(4.4.15) REMARK: In what follows, we embark on a further analysis of the
scalar random variable &(r) and the three dimensional random vectors x(l)(r),

i=0,1,2 given respectively by (4.4.7), (4.4.10), (4.4.11) and (4.4.13).

In doing this, we repeatedly use Theorem (4.2.9), which we refer to for

notations.
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(4.4.16) THEOREM Let <<I>(r2), o (r,) > = B(O) (r‘z,rl)

P2,

Then, we have

Jlﬁ+l()\r2> Jlg+l()‘r1)

+

%

0 2 2% ..
B( )(rz,rl) = 3[A1| (rzrl)' f dé( )(X) . — "
0] (Ar,) (Arl)

% J (Xr ) Jp.. (Ar.)
+ —é—(? + V2) |A1|2(r2r1)2 qu,(z)“) Lyl : 2 41 Oy
o]

5

* x
() Or))?

Proof By (4.4.7),

e(r) = E4(¥),@6) +E (¥ Q8 +E (), D §.)

Hence

- <G ®E, ) + 5 @6, ) +

(4.4.17) . f@(rz),é(ri)> 5 )

L (Ql& PH)

+E,0,® Grz)v'go(Ylog S, )+ El(Yl,-—l®6r1) +E_ (4,88, )>

1 1 2@

Eo(¥1o® Grz) 1B (Y1089, r

S R Al (7))

2t 810,® Grl) FEL R0,

+

<€l(YL_l®5r2),€o(Ylo®5r ) + & (Yl'_1®5rl) + E_l(Yll®5r')> 5

1 1 L7(Q)

+

<€_1¥1,® Srz)’go(ylogsrl) +51(Y1,-1®6r1) tE, (Y11®6r1)>L2 @
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Next, set
o . J (Ar,) J (Ar.) .
Lint'2 Lint
r? [faaW gy 22zl L @), Ly
1 o] (\r,) 2 5 nn 271
A2 (Ar.)
A §
i=1,2

We may now calculate the various terms on the right hand side of (4.4.17)

by invoking Theorem (4.2.9). Thus by (4.2.10) we have

3, ), E (Y. RS_)>
<8010 0710, "7 1200 @) )

0 n
-1z la P e e ay, T ) fdny (v)Y_, (y") +
n=0 L=-n
t 2
© n n PO o
+ I T T oA n,wnn (ry,7;) Jag —= —5 ¥ DY, . (") fafy, (x') .
n'=0 f=-n L'=-n' P]
‘;nz(x'-)f dg?lo(y.')Ynlzl (v")
2
2 (1 2 0
= 12 13 e + 12120 ey Jae =2 T Y10 10"

By (4.3.7), we have

. ..P : ' _— 0
o 1 ] O ] O 1 1 ]
- f ae 5 ¥,5@Y ) = fdmal Yo' + By You(p')) (o, Y (R") + BY, (p"))

0,2 0,2
,(ul )T+ (Bl )

1 _ 3
=371 T %

TS
(8]

by (4.3.10) and (4.3.11).
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Hence

2
" (1)

3 2,(2)
1 (r2,r1) + §'|A1| )

Co(¥1o®0, )iEo ¥y o®6, )> = ay] 1 (rpeTy)

1 Lz (Qc@ IU)

Similarly, we have

<EQ (Y, ®5_), £ (¥, B )> .
0TI Ty ML 22 (0, )

P _
(£ery) fao 2Ly enT, e
-

12 42
1 3 10 1,-1
p|

= 217 vy

By (4.3.7) and (4.3.14),

: b.p - i
' o°1 e 1 _ 1-_ (¢) 1 (0] v -]1— .
[ an —P—zYlo(p )Y, ") =5 fasta¥ ") + B1¥o0 (") (1) Too ") +
TR : .
t0,7 Y, (p") - 6] Y2«,-2(p )) .
1 ,0~-1 0. -1
= .3 (v + B16:7)
11 B2
25 A /BB
/)
~ 10

by (4.3.10), (4.3.11), (4.3.12) and (4.3.13). Hence,

(2) (r

/2 2
Co(T10®9, )iEy (@8, ) 1o 121797 rpery)

- 2. o
1,-1 rl L (Qr&r]—l)
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Also,

C<ELQ(Y, RS ), E_L (Y. @6 )>
0710 °r, -1711% Lz(sz,?%.u)

2 PP
= 12 1% 42ty faa (I)lé ¥, (Y (")
b
_ 2 (2)
= 57 |a | ¥y £gery)

since by (4.3.7) and (4.3.15),

Pop-—l

[ aa Y., ®") Y, e")

n-

1. 7.,0 , 0 B -1 1 ,
3T Ja000, 7,4 (0") + 87,0 (0")) (v Yoo (") + 0,7¥, (") + 67 ¥, (p")

1 ,0-1, 0.-1
= 57 (o) Yot By8)

Next
. <E, (Y . 695 ), E (Y. QS_)>
1'"1,-1 r, 010 ry L2(Q,&S,u)

2,2 Pafo | NS g

2
10
PlP

since fdQ l lz Yl 1(p )Y (p ) is the complex conjugate of
b



(2)

2
(2,17 ) Geprey)
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P1Po e . .
fdQ —;—E-Ylo(p )Yl,-l(p ) which we have computed above.
<€ (Y, RS, E, (Y, _®8)>
1'"1,-1 r, 1'1,-1 ry L2(9;E5,u)
p,’ '
3 2 (1) 2 (2) | 1 Yy '
= |a %y pex) + |A %) (rpery) fag e ¥, DY e
_ 2 (1) 1, 12,(2) .‘ -1 . -1 ol 'y 12
= 18,57 o) + Z1A [TugT rperp) faaly] Yoo ") + 0¥, (p )-61Y, (P ) |
_ 2 (1) 1,,-1,2 -1,2 1.2 2, (2)
= A%y (rper) + T DT+ (6,707 + (6]) ) |2 | ¥y (£pery)
2 (1) 2 2 (2)
= |ap %] eper)) + 5 a7y, (xgery)
S <E (Y S ), & (Y..QS8_)> .
1 1’fl€§ ry ! -1 T2 00y
. p.p_ S
= |a 1%y e fa@ —ETEL'Yl,—l(p')Yll(P')
= 18,1203 ryr ) 3 fan (Mg eh) + 6T, BN 61T, ")
i ;l— _-1_ ‘ll_
x g Yoo (@') + 6, Yzo(p') + 61Y22(p'))
1 2, -1 -1.2, (2
= 2 Pah? + P )

Finally, the remaining three terms in (4.4.17) are given as follows:



<E_ (¥ @8 >,z (¥, ,®_)> ' |
-1"11 0 10 1 LZ(Q'/&),u)

(2) P. lpo

= |A ¥py (rpery) fao —— e ll(p )Y,
} 1g | l by (rry)
Cafu®h, 0%a®h 200
= 18,12 02 try0xp) fan T:lzl LR R 7L
= - __}E IAll w{i) (r2'r1)

and

<t _(Y.. RS_), £ _. (Y /S N>
e e e N P T

5y
(1) (r (2) (. -1

= ]All Ypq (xgery) 4 ]A1| ¥i]

2 (1)

(2)
11Jll

2
= _]A l (rz,rl) + 5 |A1| wll (rz,rl)

since by (4.3.15), (4.3.12) and (4.3.13),

. 2

_ (p_;) —

. fdﬂ——li Yll(pl)Yll(p')
p

1 1 12
=Zjdsz lYl oo(p ) + e Y (p') + 91Y22(p )|

1,2

- -1.2 . ,.1.2
(y, )7+ (8,7 + (6D

|
INTS

= 2
T 5

2r7y) fan ==
el

¥, (p' )Yll (p

113

1y
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As a consequence of all the preceding computations, we have finally

that
<@ (r,), o(ry)< :
2 Yt e, .
I (2)
= B (rz,rl)
(1), 3, 2/2 2 (z
= 3n|° YUyp (pery) + G+ e+ 3 lAll )( ryety)
_ (1) 1 (2)
= '3|All ¥7 (r 2,rl) +5(7 + VE}IAII Y11 (r 2,rl)
(Ar,) . J, (;\r )
= 3|A |2(r N ) f ds )(A) 7+l — . +
(Ar,) E (r)) :
- : @ 3 Oy 3 O
+ %(7 + VE)IAllz(rzrl)z I dQ(ZX(l)' 5+1 L2 ; k+1 1 '
2 2
: o (Ar,) (A, )
as we asserted. Hence, we are thrOuéhl' (-

(4.4.18): REMARK: We next address ourselves to the analysis of the nine

dimensional random vector
- GB (2) : . '
X(r) = ) (x) ea a; V@) Bax?P ), a; € C, i=0,1,2

which belongs to H'(l)(r), r > O. The next result indicates that we may
express H (l)(r) as the orthogonal direct sum of two Hilbert spaces. The
one is a Hilbert space of three dimensional random vectors and the other
is a Hilbert space of six dimensional random vectors.

(4.4.19)  THEOREM Let X(O)(r), X(l)(r), and X(z)

(r) be as exhibited in
(4.4.10), (4.4.11) and (4.4.13) respectively. Then the following assertions

are true:
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(a) X(O)(r) and X(l)(r) are stochastically independent;

(b) X(l)(r) and X(z)(r) are stochastically independent;

(c) X(O)(r) and X(z)(r) are stochastically dependent.

Proof: (a) X(o)(r) is stochastically independent of X(l)(r). To
justify this assertion, we must verify that
ey, xMep>, =0, 43=-1,01.
J L (QIE)IU)
Thus, consider <X(O)(r2), fi)(ri)> 5 . From (4.4.10) and (4.4.11),
L (ﬂl&ﬂl)
we have
<« ) x(i) (r,)>
v L@, W
= <£ (Y @5 ), E (Y. &6 - £ (Y ®5 >
/é- 1 0o 11 rl 1 l LZ(Q,&,U)
L , o |
= =<, (¥ @6 ) g (v &8 )> . - - <g (Y Q6 ),E (Y. QS_)>
Jz L 00T x0TIl e T2 0 ey 100 Try P10 o T2 o o
Now

= . (2) f1o 150
AR Voy (rpery) fa@ —=— e oo(p T, (o)

1 (2)
74 A1“’01

(rg,x;) fdQ 0081 (¥, (0*) - v, Y N
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Also, we have

®5, )1 £ (1)5®5, ),

*1 %0 1 12,8,
p 2
(2) Py
AR Vo (Eper) a2 —= ¥ (1Y (p")
Ip|
=22 892 ry0rp) fan 6260 (e - ¥, LN E, 00 - T, ')
=7 BoP1Vor (Far 11 1,-1°P 21 P 2,-1'P
= 0
Hence
() 1,
<@y, P> - o.
-1 2 L1 20,8

Indeed, an analogous computation to the preceding indicates that,

more generally, we have

(1)

(o), .
<Xi (r2),Xi

(ri)> PR 0, i=-1,0,1
L (Qr& '.]J)

It only remains now to consider the objects

«© ), 2V
1

(ri)> . . ¢ i,j=-1,0,1, i#3

(r,), X
2 12 (2,8, 1)

Typically, we have

(O) x )

(r )I (r )>
2% 2080
1
=—<t (Y Q6 ), &, (¥ ®S_ ) -&  (Y.RIS_ )> y
/3 1700 r, 1'"1,-1 r, -1""11 ry L2 (Q,EJ,u)
Ll : -1 8
= <€, (Yoo®6 ) £, (Yl _185 )> - <€1 (Yoo®6r2.).’.g-1 (Yll® r1)>

V2 r, T 2R, V2 .
. 2R W



Now
<E. (Y @a)g(y &S, 1> ,
1700 1 '1,-1 1 L (Q'&:U)
2
(2) 1
1w11 (ry,r;) fasz p12 Yoo )Yl _ "
1 (2) (a0 o0 o o \
= TRAAN,] (yr)) fav el (¥, (") L ))(y1
1_.
- ele,—z
=0

Also, we have

<61 oy @9, )8 1(y11®s >

l L (Ql&lu)
- () PP
- ,AOAlwl (ry,x;) fdQ 2 OO(P )Y ( ")
p|
- _1 (2)
= ITA Alq; (r,,rq) fdsz e
+ 61Y22
= 0
Hence, again, we have
0 1
<« ey, x>, - 0
122, QW)
Indeed, more generally, we have that
o} 1 .
2 rp), x>, = 0, 1,3 =

2 (20 )

®'))
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(p ) + 6. y (p') -

("))

(p ) - Yl l(p ))(yl oo(P )+e Y

i#3.

1

(p') +
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By combining this latter information with the one supplied above,

we find that we indeed have

(0] 1 ..
_ <XJ.(. )(rz), XJ( )(r )> = 0, i,j = -1,0,1.

1 L2 (Ql@ Il-l)

(0) (1)

Hence, the random vectors X (r) and X (r), which we recall are

Gaussian, are indeed stochastically independent as we asserted.

(1) (2)

(b) We claim that the random vectors X (r) and X (r) are

stochastically independent. Again, our claim is justified by carrying .
out computations similar to those undertaken in (a) above, We make one

such computation now.

(1) (2)

Consider the correlation function <X_:L (r'2), X—l (ri)> 5 .
L°(2,8,n)
Then, we have
(1), . 2), .
(4.4.20) <X (r,), X (r.)> S
- 2 - 2 .
1 : ‘1 1 L2 (Ql&ﬂ”
Sl v @b ) - £ (v, @6 ), B E (Y, @6 ) +E (Y, @5 ) -
55 0'"11 r2 : 1710 x, A" -1722 ry" 1'"20 ry

0o 21 r 2

- /3 £ (Y.. QS -)5
) l L (Ql&lu)

o | . .
—= < (YR8 ), /6 E_ (Y, Q6 ) +E (Y, Q5 )~ BE(L QS )> =
/35 0 11 r," 1722 rl 1720 r:L 0 21 ry LZ(Q,@,U)

-1

—;J—_; <El (Ylo®5r2) V6 E

(Y, @8, ) + E (Y, 86 ) - V3 E (Y, Q6 )>

22 1720 «r 2
1 17 8 ,w

1 1

Consider now, for example, the term £—<g (Y.. 8 ), & _(Y..®5 )>
0o 11 r, r

Yio -1z 1 12(0,8,n)

which occurs, among others, on the right hand side of (4.4.20). Then, we have



11°

<EO(Y11®6r2)' o (@8, 0>

1 L (2,8 1)
= 'Al-‘iz q,(?-) (zy,r) fdQ % Yll(p')§22 (")
5 02ty 6D Jan sly, 61 627,60 + 7, 00 + 67, ()
= 0.

Similarly, we readily verify that, indeed, every term occurring on the

right hand side of (4.4.20) vanishes. Hence, we have

(1) (2)(r )> .. =0

(r.), X
A T A JONE S \

More generally, one finds, through calculations analogous to the preceding,

that

1 e s :
D ( )(rl)> . = o, i,j=-1,0,1

(rz) r
L ,u)

(2)

Hence, the random vectors X(l)(r) and X (r) are orthogonal, and since

they are Gaussian, they are consequently stochastically independent, as we

had claimed.

(0) (2)

(¢) Finally, we must consider the random vectors X (r) and X (r).

For these random vectors, we are claiming stochastic dependence. Hence, we

(0) (2)

(r) and X (),

must demonstrate that there is some correlation between X

i.e. the correlation functions <Xfo)(r), sz)(r)> . i,3=-1,0,1
i 2
L (Qr&r”)

are not all zero. That this is, indeed, the case follows by considering,

x (0) (2)
<X ),

(r, o(r)> .

1 L2 (Q:& PH)

for example, the correlation function

Then, we have
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(0)

-<X (r,), (2)

(r1)>

° 0 Lz(grgrl‘l)
. A
= —— < (¥ @S ), 26 (¥, @ -BE (Y, &6 )-V/3¢E (¢ ®6, 1>,
/]TC; 2 0 20 1 1 2,-1 rl -1""21 lL(Q@}J)
2
=2 27 @ ~o_ N -
= VES'AOAZ woz (rgrr ) fan o2 Y (Y, o®")
3 - (2) PoP1
- == AR, Vo, (ryr)) fan 22y _(pY, (') -
/o 02 2 ]Plz 00 2,-1
/3 - (2), ¢ PoP-1 NS s
" A Aok, Vog (ryery) [ao ];:F?' Yoo @)Yy (B
But
ro FOF1 )
Cfae —5 v )Y2 L ®"
p|
= 360 Jan v, 1) (05T, 1) + 651F, 1) - 03T, ("))

=L g0 - L
=2 P Y2 /30
2
. Py
- fae =5 ¥, Y, (")

IZ OO

0 . O | \
= B, fa@ ¥ (") (e, Y, o (2") *+ B Y3O(p ))

_ B00‘0 _ 2
°2 s
and
p.P
o -1 "Wy '
[da ==Y Y, ()
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-1 0. ' 1z ' -1z ' -1z '
57 J30 B.Y, (") (0¥, (0") + v, Y, (') +6,7Y, (p"))

' 2i 70 2 m
Hence
-<Xéo)(r2), Xéz)(rl)> 2 .
. L (Q.lf),u)
4 V3 V/3i - (2
Y450 V300 V300
I N WAL
= 5 (4v2 - 3 31)A A0 0 (ry,xy)
# 0
(0) (2). . .
Thus <X (r,), X (r,)> .. # 0, and the random variables
(6] 2 (o] 1 2
L (Qr&ru) )
X(O)(, a (2) v h . .
0 r2) an XO (rl) are stochastically correlated.

(O)(r)

More evidence of stochastic correlation between components of X
and X(z)(r) may now also be obtained by carrying out further computations -

of the last kind.

(0)

Hence, the Gaussian random vectors X (r) and X(z)(r) are indeed

stochastically dependent as we claimed. This completes proof of the

O

theorem.

(4.4.21) REMARK: Theorem (4.4.19) is significant because it reveals

(1)

that the Hilbert space H (r) of nine dimensional random vectors is,

indeed, an orthogonal direct sum

Dy = 8,0 @ 5, ()

H (1)

(2)

of two Hilbert spaceé H (1)(r) and H (2)(r). H (l)(r) consists of
(1)

constant multiples of the three dimensional random vector X (r) given by
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(4.4.11), while H (r) is a Hilbert space of six dimensional random

(2).

vectors. Each ¥(r) in H (r) is expressible in the form

(2)
Y(r) = ) (1) @cx x (2 (r).

0% € ¢, where X(l)(r), i=o0,2 are

~given by (4.4.10) and (4.4.13) respectively and where, as usual, GB
a

denotes algebraic direct sum.

In view of the preceding explanation, it now follows that if P N (z)

is the orthogonal projection onto the Hilbert space N (r), where

g 1

N (r) = (r) or H (l)(r), then

(4.4.22) P (1) X(l)(rz) 1t
H (rl) H(l)

I
d
L]

, (x,)
(rl) ®H (2) (r.)

= P x@W

B

(ry)
)y ¥

We shall inﬁoke‘(4;4.22) in the sequel.
We wish next to give the structure of the matrix of correlation

functions of the random vector X(l)(r).

(4.4.23) THEOREM Let'B(ré,rl) be the matrix of correlation functions of
(1)

the random vector X (r) whose components are given by (4.4.11). Then,

we have

Blj(rzlrl) % o, i,j=-1,0,1, i#3j.

%lur) ng“ﬂ) .
T . v
(x,) ® (bt %

Leper) = |a P er,rp? g ast () -

(Ar ) J (Ar.)
1 2 L+1 L1t
+ E(2+‘,2_) LY eI fdcp (A) —E—— .

T
() 2 Qr)®
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o 3, Or) 3, Or)
B (ryer,) = _|Al|2(r'2rl)2 [as@ py L2 s ,%1 +
o) ()\r2)2 (Ar.)
™) J (Ar.) J (Ar.)
2 L L
0 r))* Qr))

. /+10‘r ) . J%+1(lf1) .
T oyt Or)?

(1)

[}
2 2
By (rp,ry) = |Al| (x,r) g as

Tl O‘IZ) Ty A7)

1. 2 25 ()
+ = |a |“x)” [ ae . .
> 1 g O, 3 O ?

Proof: We begin by demonstrating that the off-diagonal elements of the

matrix B(rz,rl) vanish. Thus, consider, for example, the entry
(1)( ry), X él)(ri)> ..« Then by (4.4.11), we have

(r 1Ty ) = <X
2 LZ (QI&IU)

2‘1102 ' 1

(4.4.24). B (ry,x)) = 560 (¥, @8, ) - €, (¥, ©8, )£, (¥, @6 ) -
- £, (V&6
1 L (28 1)

1
=3<E.(Y..Q68_),E (Y. ®5
27011 r, 11, l LZ(Q,&,L{)

1
-5 <E (Y. &6 ,i—; (Y &5 >

1 .
- S<E (Y. @8 ),E (Y, & )>, L+
2 110 r, 1'1,-1 r, LZ(QREB,U)

E1 M ®%. )2

1 . -
+ = <E (Y. Q9
2 1'710 rz)r -1 l L (Q ﬁ'u)

We may now compute the terms occurring on the right hand side of

(4.4.24) one by one. Thus, we have <g (Y RS, ), g, (Y RS, )>
0 11 1'1,-1
l L (Q& 111)
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2 (2) - PoPy :
= |2 %7" per) fan I_pl—z 1 @DY Y
1 (2) {0 ol N B 1=, L elz .
=3 |A1l b1y (raerp) AR BYY, (BN (Yo + 0 Y, (p') - 0¥, ) (pY)
(by (4.3.7) and (4.3.14))
= 0
<€ (¥ @6 ), Y ®8_)> .
0" 11 11 rl LZ(Q&,H)
_ (2) ' pop-l Vv '
= Ia |® ¥y (rpery) fao INES ¥y, PN, Y
1 2 (2 1 '
L a2 ey fag 6t v, 67 61 4 07, (60 + 61F, o)
(by (4.3.7) and (4.3.15)
= 0
<€, (Y. ®6).6(Y @6'¥
1710 1'"1,-1 l 1, (Q@) 11)
.2 .
= a1 9P @ fdszp ®") T, (")
= A1 gyt g o Y10P) Yy, 4P
- (). - 015 _
= 4IA 202,20 fan (69, 1) 0%, _, ' )m T o) 0T, 1)

iy '

- 07, (")
{(by (4.3.14)

= O

Finally, we have
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<€1(Y10®5r2) r iy (Y11®6r1),<L2 @O )

- 2 (2) oo P1Poy = e

= JAll (r Toyox ) fdQ T;TE—-Ylo(p )Yll(P )

_ =) g, 42,62 ' ) ,

= 3 I 1%y ) far 63y, 1) - 7Y, | (0")) (] T (01467 T, (e") +

+ el Y22(p'))

(by (4.3.14) and (4.3.15))

In all the foregoing calculations,

(1)

(o)
2 (i
(£,x7) > ¥ (xp,r)) = (rpyr)° cf)d@
i=1,2, as in earlier computations.
Combining all the above results, we now have, indeed, that
B lo(rZ'rl) = 0.
In an analogous fashion, we readily verify also that more generally,
Blj(ré,rl),= 0o, i,j=-1,0,1, i # j.
To conclude proof of the theorem, it only now remains for us to

consider the diagonal entries of the matrix B(rz,rl). First, consider

(1)

1 (l) (r )>

(r ,r ) = <X .
2 LTV 20R,w

(r,), X

Then, by (4.4.11),
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(Y. &8 )>

_— _
(4.4.25) B (r,,xr,) = <€ (Y. @5 _)-£ (Y. ®5_),E (Y &8 )-E
-1-1"7"2""1 2 0 11 ry 1'710 ry L2(9ﬁ5A9

o] ll, r, 1710 r,

1 1
=l (v. @ ),E (v..85_)> - Le (v @8 )6 (v. ®5_)>
270 1,0 T 1200 @y 2 0 1Ly TLTIoNT 120 @ )

1 1 .
- <E_ (Y. ® )E (Y. & _)> L4+ =RE (Y. @5 ),E_ (Y. RS )>
2 71710 r,y 0 11 rl L2(Qﬂf»u) 2 °1'710 r2 1 10 rl LZ(Q,ﬁb,u)

Consider the various terms on the right hand side of (4.4.25) one by one.

Then, we have

B0y B0, Ve B, 0>, o

2.

. . P :
= 2,(1) 2,(2) . \f40.0 =
= la 1%y + I8 1500] (rz,rl.)jom WE Y, ()Y, (o)

= oy 20D e+ Ia P2 ey fanceh) Y21<p-'>'§21<p-), by (4.3.7)
= I, 20D epr) + D2 PP prp

Thus,

<€0Mn1®8 VoM ®8e > 2 o o= a1 e+ Ea PP )

€5 (¥;® Grz) 18y (0,9 ari) >L2 0 1)

- 2, (2) ¢ PoP1 C=
= A|A1l ‘Pll (rz,rl) fdf}l—l-:]z— Yll(p )Ylo(p )

eI %Y (9 -07v (Y

1, 2,(2) [ 10al
5|A

(by (4.3.7) and (4.3.14))
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_1.10 2 (2), .
=3 810, lAl| ¥p7 (rpery)

V2 2 (2)
= I3

1
=3 ’“Ull (rz.rl)

|2

<g, (Ylo® arz) v Eg (Y11® arl) >L2 .

_ 2 (2) < P1%0 e
= l] ¢11 (rz,rl)f an ];ia-Ylo(p )Yll(p )

2, (2
2,1 “’{1) (x

_12
2 5

2’rl)

Finally,

<E (Y, @6 ),E (Y, @5.)> . ..
1'"10 r, 1710 ry LZ(Q;GS,u)

.2 '
2 (1), 2.(2),_. - P1 0T (ot
= |2y 1%y Gepery) + A |57 tpry) faa ’l;fli¥1o(P ¥4

12, @ 11 12002 b 0y ey L Oy ey
= |a; [T (rpurp) + 712, 1577 eper)) fdsz (61¥21(P ) 61??2»,—1(9 ) .
O= , ., .O= .
| $(0,T), (0" = 0.7, _(p")
(by 4.3.14)

. ' 0 {2

2 (1), 12, (2
= lay %)) ) + 3 181200 )

Hence, by combining all the preceding results, we have
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_ 2, (1), S 2 (2)
B_y_q (rper) = [B [T 07 (g + 55 2+ VD) A [Ty T (rpexy)
o Iy (r) T, . ()
_ JAllz(rzrl)z [ dé(l)‘l) 5+1 I/2 ! l1 +
0 (ry)* r)?
o Jy . (Ar)) Iy . (Ar))
+ %3(2 + ¢53]A1]2(r2rl)2 fa@ y 212 . 3t i
) () ” (rp)?

Next, consider the entry Boo(rZ'rl)' Then by (4.4.11), we have

- 1 - -
(4.4.26) B (ry,r)) = ?gl(yl'_lgarz) E_;(¥,9 Grz).al(Yl'_lt&Grl)

e (v @6 )> ‘.
175 120,80

1 : : - 1 o .

=S<E (Y. @8 ),E (Y. @ )>_ . =3<E (Y, @ ),E_ (Y. & )> 5
2 1 l, 1 r2 1 1' 1 rl L2 (Q,&,u) 2 1 l, 1 r2 1 11 rl L2 (Qm,u)
1 . o L © 1 . .

- 3<E_, (Y@ ), E (Y, @ _)> -+ <E_ (Y. 88 ),E_ (¥..®5 )>

Again, we embark on computing the various terms on the right hand side of

(4.4.26) one by one. Thus, we have

<€y (¥, @8, ),E (¥, &S _)>
.. 2 14

1,-17r 1 1% (0,6,
p.2 ‘
e 12, (1), 2 (2), fao L Ny '
=la,| Ypq (Eper) + [All ¥y (raery) fae |p|2 Ylj_l(P 1Y) ")

2 (1) (

1,42, (2), -1 aaml
= 1o 1D ey + 218 1202 (yr) fanlyty 1)40]

1 2
'y - ]
Yoo @") 91Y2'_2(p ) |

(by (4.3.14))
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(l)( ' i =12 =1.2

_ 2 1 1,2 2 (2)
= -IA]_I ‘pll )v+ 4(Yl )T+ (el ) ’+ (61) )IA I lpll (r2,r1)
2 (1) 2 2 (2) -

= |2y [Tyq] Cger) + F[a Ty e
<€, (Y, . 8 ),E_ (Y., §_)> )

171,-1 Try -1 ey tT20

(2) P11

= |All ¥yy (rgery) fag X e Y, " Y, (')

_ -1 2 (2) - "1 ] -1 1
= 7118 P07 ryerp fantr T teHeT Ny, ) - oY, ') (1T )

‘ -1 1 ,
+ 20(9 ) + 1 22(9 )

(by (4.3.14) and (4.3.15))

B 1 2 -1.2 -1,2° (2)

=-a lAll ((Yl )<+ (61 )T+ (9 ) )¢ (r 2'r1)
2 )

= - H ]All '(1] (r2,r )

Also,

<g_,(v;,Q6 ),s(Y RS
-1711 171,-1 1 Lm,&'p)

. 2) (o B=aP1
= JAll ¥7 (ry,xy) fdQ ]p|2 (p ) Yl l( )

2 2 (2)
'5: lAll wll (rzl:l)

n

Finally,

<E_ (¥, @6 ),E_ (¥, @6,
-1711 %, 11 1 L (2,8, 1)
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2 .
2,0 2 P :
= [a,1% v )(rz.r )+ a ] ¢{l)(r2,r ) faq =L p|2 Y, ()Y, (6"
, - 2
= |A |2 (l)(rzyrl) + %-IA |2w{i)(r2,rl) fdﬂlyllYoo(p )46, Yzo(p')+elY22(p')|

(by (4.3.15))

|2 (1) (2)

= Ia, P07 ey + 3t ThZeelh + DA 12 92 @y

2, (1 -2 2 2
= [a;] "’1(1)( rer)) + 5 |A | wl(l) (ry,r)

Hence, by taking cognizance of all the preceding results, we have

1 2 .
Boo(ryery) = 18 12 ey + 2 8 |22 ) r)
: o SRRCFURN V't [ S (lr)
= la,Peyrp? e oy 22 . L .
o '(Arz)_" Qx)) ?
a4, - (r,) G, (r)
+ 2 0a Parp? faeP oy B2 AL 1
O, )

Finally, we consider the entry Bll(rz,rl). Then,

4 1 ‘
(4.4.27) Bll(rz,rl) = 3<E_ l(Yloaa 2) - go(Yl_’_learz),g l(Ylo&s 1) -

- (Y %6 )> ‘
0"1,-1%r,) 20,8,
—l<g (Y @3, )g (Y®6 )> -1<g (Y R )g(Y ®5_ >
T 27%-1'"10 -1'"10 2°5=1'"10 '50'"1,-1%"r
= %Q:O(Yl ~1®6, )8 3 (¥,586, 1> , + E (v, ) E (v, 8§ )>
2 L (9.&,u) 071,-1 x4 Lz(Q’&u)
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Next, consider the various terms on the right hand side of (4.4.27)

one by one. Then, we have

<¢ _(Y, &5 ),E (Y. ®S_)> .
=110 r2 -1'"10 rl LZ(Q,&,]J)
(p )2 :
2, (1), 2, (2 e e
= 2 1% e + 13 120 ey r) fag NERCLARTLE
2, (1) 1. 12, (2) b 1.0 , o 12
- IAlI V] (rpery) + 7la, | V7 (ryer) j’dnlelyzl(p ) +00Y, (@ )|

(by (4.3.15))

0,2, (2)

[0 %2 (e

1y 12
= lAll ] (xgery) + -i-lAl] (0

2 (1 . l 2 2 .
= |A1] ‘”1(1) (rz,rl) +§-]Al] wl(l) (rz,rl)

<€ (v, @8 ),E (v, @& > _
-1""10 r2 : o 1,-1 r1 ’L2 (Q,& )

, - S T ‘

= 2 (2), =170 S

= |a %7 ryer) fao wE Yo@NY, ")

'l” 2 f2), 0 ' k] ‘1—' 1
57 1317 ¥3g gy Jao o (v, (") + ¥, (") (81Y, (")

(by (4.3.7) and (4.3.15))

1

101 12,(2)
= 57 618, I3 1% 7" trpery)
1 /2 (2)

2 .
- 27 5 1317 ey epery)
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Also,

- <g (Y &5 Yy By (¥, &6 )>

0 '1,-1 2 -1 10 l LZ(Q,&,L[)
p.P ’

_ 2, (2) FoP1 NS

= 'IA | ¥y (Xgery) _[d{z 3 Y1, _ Y (")
lp]

_ 1 2 (2)

- 51- 5 l ] lpll (r2'rl)

Finally,

<€ (v, Q8 ).E (¥, RS >,
0"1,-1 r2 o 1,- l L Q, @)rU)
2. (2)

2. (1) ¥
11

= JA | ¥i1 (rz.r ) + IA |’ (ry,rq) fdﬁ plz Y. 1 )Y ~—1(P')

2 (1)(r2,r )+ | 2P fdn B Y, @ |2

=12 [%,;

(by (4.3.7))

(2).

la, 12 v 13 )

]

(rzlr ) + 5 ]A l
Hence, by taking cognizance of all the foregoing results, we have that

2. (2)

1)
lpll

2 1.
Bll(rz,rl) = ‘IAlI w{l (rz,rl) fglA | (rz,rl)

oy e 0% Ty O
~ % T, 0%
0ry) ry)

(1)

L]
= |8 1P (r,r))? [ a0

1. 2 27 . (2) b1
+-—|A| (rr)-deD (A) .
501 o ] 2 e &

This completes proof of the theorem. E
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(4.4.28) REMARK: In the next section, we examine the consequences
of demanding Markovicity in the sense of Wong for the Gaussian generalized

stochastic field EO(Q) = {£(f) = (658 + 3 =-1,0,1) s £¢ 2 &% 1.
4.5 MARKOV GENERALIZED STOCHASTIC FIELDS
Consider the vector generalized stochastic field

HO(R) = {E(0) = (6_,(6),E(£),E(6) « £ e DR ))

defined on the probability space (Q,85,u). In equation (4.2.8) it is seen
2) (2)

,f(l)) of correlation

(1)

that the entries Bij(f( ,f(l)) of the matrix B(f

functionals of E(£f) € HO(Q) are defined by two spectral measures dd ([p])
and d®(2)(|p|), p e r>. The following interesting question now naturally
(1)

arises: "What must the spectral measures d¢ (]p]) and d@(z)(|plL p € R3,
be in order that HO(Q)'=‘{E(f) = (E;l(f),ﬁo(f);il(f)) ; £ e'{g( R35} be
Markov in the sense of angé“ This question is resolved in this section.
In doing so, we employ pracfically'evefy piece of knowledge we have
obtained thus far in this and previous éhapters.

Questions similar to the ones we answer here seem destined to play
a role of great signifidance in Constructive Quantum Field TheOry; on
account of the crucial part played thus far by Markov generalized stochastic
fields in Nelson's scheme [5?][58] for constructing quantum fields.
Unfortunately, as already remarked in Chapter O, to the best of the present
author's knowledge, the sort of complete characterization of generalized
stochastic fields which are Markov in the sense of Wong which we accomplish
in this Thesis has as yet not been considered by any author in the case of
generalized stochastic fields which are Markov in the sense of Nelson.

However, examples of generalized stochastic fields which are Markov in

the sense of Nelson have been furnished in [58] [60] [45] [99] [81] [92].
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(4.5.1) DEFINITION: Let {X(r) = (Xi(r) :>j =1,...,N) : re [0,2)} be

a multicomponent Gaussian mean zero stochastic process on the probability
space (Q,Gb,ﬁ). Let H (r) = {aX(x) : ae €}, re [0,®), r > 0, and let
P H (z) denote the orthogonal projection onto H (r). Then

T{X(x) = i)+ 3=1,...M:re [0,#)} is said to be Markov in the

sense of Wong if H (ri) is orthogonal to H (r,) - P H (r,) for

H (r)

r1<r<r2.

(4.5.2)  THEOREM Let {X(r) = (Xj(r) t: j=1,e..,N) st re [0,5)} “be as

described in (4.5.1). Set

N
(a) Py () Xk(rz) = 'iil Qki(rzyr)xi(r)
Bi« (r.}.S)'
(b) = R,.(r,s)
B. . (s.s) +
JJ

(Note that the'quantities’{Qk.(r’;r) s k,i= 1,...,N} are uniquely
determined by the two conditions (i) P H (r )Xk(r2) belongs to H (r)
(ii) Xk(rz), H (x )X (r2) is orthogonal to X (r), j = l,...,N)

Then {X(r) = (Xj(r) : j = l,...,N) st re [0 ©)} is Markov in the sense

of Wong if and only if
(4.5.3) R(rz,rl) = ,Q(rz,r)R(r;rl) for ry <r<r,.

Proof: By (4.5.1),'{Xfr) = (Xj(r) t: j=1,...,N) : re [O,W)} is Markov
in the sense of Wong if

<Xk(r2) - P X (rz), X. (r.)> = 0, k,3 = 1,.f.,N

H (r)'k J1 L2(Q:8'u)

for ry <Ir<r,. Thus



135

B R T S A R L T

N
= 3 Q.(r,,r) <X, (r), X, (r,)>
j=1 k172 i 37 120,00 ,1)

Hence

N
FLERIEN

Qki (rz lr)Bij (rlrl)
i=1

Dividing both sides of the last equation by Bjj(ﬁfrl)' which is non-

vanishing for all j and all r,> O, we have

1
N
R4 (ry,x;) = I Qki(rz,r)Rij (r,z;)
i=1
or equivalently,
R(ré,rl)_ = 'Q(ré,r)R(r;rl), for r, <x { r,.

Hence the condition (4.5.3) is indeed necessary.

Suppose next that (4.5.3) holds for ry < r < r,. Then, we have that

‘ N
By (rarry) = 2

This last equation conveys the information that

N .
Xk(ré) - iEl Qki(r2'r)xi(r) is orthogonal to Xj(rl),
r; <r < Ty, j = 1,..;,N. Since
N

by definition, then we have that
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Xk(rz) is orthogonal to Xj(rl), ry <r<r,,

3=1,...,N. But by (4.5.1) this implies that {X(r) = (xj () :

Xk(r2) - F H (r)

r € [0,2)} is Markov in the sense of Wong. Hence, the condition (4.5.3)
is indeed also sufficient. E:]
(4.5.4) © REMARK: Our next result gives necessary conditions in order that

the vector generalized stochastic field
BO@) = {E(8) = (5_ (6,6 (6),E.() & £ e B &Y

be Markov in the sense of Wong. In Theorem (4.5.36), we demonstrate that
the conditions we obtain are indeed also sufficient for Markovicity.

(0] : 3
(4.5.5) THEOREM Let H (R) = {E(£) = (E_j (£),E () () : £ ¢ DRI,
be a Euclidean covariant Gaussian generalized stochastic field which
satisfies Wong's Assumption (4.1.1). Then, in order that HO(Q) be Markov

in the sense of Wong, it is necessary that the functions

are twice continuously differentiable and satisfy the differential equations

QZ;Bi)(r) = gBi(r), r >0, i=1,2 and o = constant, where °

él—(r4'§-9
dr dr )

S
e

K

Proof: The conditions of the theorem are necessary. To see this, let

Dl' D and D, be the open subsets of R3 whose boundaries anl, oD and 8D2

2

< r < r2. Then

are spheres of radius Iy ¥ and r, respectively, with ry

aDl, aD and BD2 is an increasing family of nested boundaries. If the
generalized stochastic field HO(Q) = {E(f) = (5_1&),£O(f)p€l(f)) : £ e'{S( R3)}
is indeed Markov in the sense of Wong, then it is necessarily so when the

special boundaries 3D oD and 8D2 just described are those employed in

ll
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constructing the boundary data Hilbert spaces H (SDl), H (9D) and
H (3D2) respectively.

Thus, by definition, we must have that H (9D H (3D2)

2) ~ P H (3D)

is stochastically independent of H (BDIL T, <r< r,.

Now, by the analysis of Section 4.3, we have

4.3.5) 8@D) = 8P @ M , zr>o.
n=1

The elements of H (O)(r) are complex multiples of the scalar random

(n)

variable ®(r) given by (4.4.7), while the elements of H (r), n > 1,

(0)

are 3(2n+l)-dimensional random vectors. A detailed description of H

(1)

(r)

and H (r) is given in Section 4.4.

(n)

Let Y(ri) = (Yj(ri) :j=1,...,3(2n+1)) belong to H (ri),

i =1,2. Then a necessary condition for Markovicity in the sense of Wong
(0] ’ : I
of H (O = {&(f) = (E_y£),80(£),81(8)) = £ & K¢ R%)} is that

Y(r,) - Y(r,) be orthogonal to Y(ry), r; <r <r,. But because

F 1 (3p)
of (4.3.5),

P Y(r,) = P Y(r,)
H (D) 2 H(n)(r) 2

(n)

where P is the orthogonal projection onto H (r), r > 0.

- (n)(r)

By Theorem (4.5.2), Y(ré) -P Y(rz) is orthogonal to Y(rl),

H (n)(r)

r, <r<r,, if and only if the vector stochastic process'{Y(r) = (Yj(r) :

1
j=1,...,3(2n+1)) : r € [0,»)} is Markov in the sense of Wong. By the

same theorem, it now follows that

(n)

(4.5.6) . <Y, (r,),Y, (r.)> .= B, '(r,,r.)
372 T 2 0 o jk ‘F2'f1
3(2n+l) ) ()
= §=1 jS (r2'r)Bik (r,rl), r; <r<r,
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Next, we move on to use the above considerations to provide necessary

(1) 3

conditions on the spectral measures d¢ (Ipl) and d@(z)(lpl), P € R,

associated with the generalized stochastic field Ho(ﬂ) = {£(£)

(E_l(f):
3
Eo(f),il(f)) : £ ¢ :S( R7)} .

(0)

(A) Suppose then that Y(rx) belongs to H (r), r > 0. Then Y(r) is a

complex multiple of the random variable &(r) given by (4.4.7), and it,

therefore, suffices to set ¥(r) = ¢(r). By Theorem (4.4.16),

(4.5.7)  <e(ry),ex;)> = 59

i, (r,,x.)
L (Qr& 1) 271

2 S Jy ,(Xr ) 3y, ()
= sl Payrp? fae® oy L2 1l
ory T orp®

+

AP - T 0F) 30 0x)
2 2
: ' 0 (Ar,) (Ar.)
. . 1
But; by (4.5.6), we must have that
(4.5.8) B(O)(ré,rl)4 = .Q(O)(ré,r)B(O)(r}rl)_, r, <r<r,

By Aczel [1], the solution of this last functional equation is of the form

B(O)(rz,rl) = _H(rz)G(rl), ry < r,

Now, set

. 3,-1 _
(4.5.9) v’s‘(IAllrl) Glr;) = Gylr))

(4.5.10) /S'(IAllr23)’1 H(ry) = H(r,)
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If we combine (4.5.7), (4.5.8), (4.5.9) and (4.5.10), we obtain:

T o)
H (r,)G,(r,) =15 [ @& '~' (\)A
0'F2’% "1 : o

(Ar,) _J%+l(xrl)
)%+1 :
2

29441

1
'(Xrl)i+l

o . J,.. () J, ()
+ 7w/ [aePan? 22 2 L
o) () ® ) ®

Let &\ denote the linear differential operator

&,
2

- L
dr et

RPN
&
0,
2]

da_
dr

i

Then, we have

@ ey o 3O OF)
(JXHO)(ré)GO(ri) =15 f dQ(l?(K)lz(sz)» 2+; L+i 3+l 1
0 ) ?

+

RN
. _(Arl),

T e . . .AJL“‘(Xr”’
+ @D [aP onieod 22 L
: r)®

o )

I
=
(5,

——
Qs
LS

e L ALC05) L 3, ()
+ 7+ /3 [ ae@ a2 —LLI‘—.ET-(-AZ)-—’Z“—‘—%%I
0 () * Qry)

= Hy(r,) (AG) (x;)

Thus
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and we have

(B, (e, T (A ) () = (G, (r;) (AG) (2) = @, a constant

Hence, (ékHo)(r) = _dHo(r)
r >0.
(AGO) (r) = G, (xr)
Thus
(AHO) (r))Gy(ry) = Hylr,) (AGO) (rl? = oH, (ry))G,(r))

Hence, the function

(4.5.11) r = R(r) = Ho(r)GO(O)

® o Ty, 4 (AT) o -5 T . (Ar)
=15 [ ae ™ o %’fl,/+l 7+ /D [ as@® oy —HL
ol (Ar)* 0 (Ar)

satisfies the following differential equation

(4".-5.12) (AR) (xr) = _&R(r) ,. r > Q.-

\n @.5.\\3) G0 s v\e—f\‘“ec\. %:5 N Q.;m\'('(\.na ({'(QQ?_A\\&*Q, .

(B) The equation (4.5.12) puts a condition on the spectral measures

dQ(l)(X) and dQ(z)(A). One obtains other nontrivial conditions on the

spectral measures dé(lx(x) and dé(z)}l) by considering the Hilbert space

H (1)(r), r > O, consisting of nine dimensional random vectors.

(1)

Thus, let now Y (r) belong to H (r), £ > 0. We have already

(1)

remarked in Section 4.4 that H (r) is an orthogonal direct sum

(1) -
(4.4.22) B = H o @) @E @)

in which H )(r) consists of constant multiples of the three dimensional

(1
random vector X(l)(r) given by (4.4.11) and H (2)(r) is the ﬁilbert space
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2% ) PoxP ),

of six dimensional random vectors of the form ao
a

ao,al € €, where X(l)(r), i = 0,2, are given by (4.4.10) and (4.4.13)
respectively, and we recall that EB(ienotes algebraic direct sum. We

2w

may now let, in particular, ¥(r) = X (r), r > 0. in (4.5.6).

Next, we have that a necessary condition for Markovicity in the
sense of Wong of the generalized stochastic field

BO(®) = {E(6) = (E_; (),6,(0),E,() : £ B(R>)} is that

x iy - g x® (1)

By (4.4.22), we have

(r,) be orthogonal to X ™' (r;) for r, tr<r,.

x(l) X(l) X(l)(rz), r< r<r

(r2) = P 1 5

(r) = P

H (r) H

P 1() (r)

(1)

Let‘B(ré,rl) denote the matrix of correlation functions of the random

(1)

vector X (r). Then, by (4.5.6), we must now have

(4.5.13) B(ré,rl) = VQ(l)(ré,r)B(r}rl)‘ ] < ¥ <1,

Let us proceed to exploit (4.5.13). By Theorem (4.4.23) the matrix
B(ré,rl) is diagonal. Hence (4.5.13) may be re-written as the following
three equations

(1)

(4.5.14) Bii(ré'rl) = Q5 (rz,r)Bii(r,rl), r, <r <r,, i=-1,0,1

1

The functional equations’ (4.5.14) have solutions of the forms

__(0) (0) " .
(4.5.15) Bii(rZ'rl) = 'Hii (r2)Gii (rl), r, <r,, i=-=-1,0,1.
We next consider the three equations in (4.5.15) in turn. For i = -1,

we have from Theorem (4.4.23)
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. J,L_'_l(){rz) . J'+1(Ar )

(4.5.16) B_, _(r,,r.) = jA (r r, d@ ELE . +
-1 f (xrsz Orp*
(Ar ) 3, 0r)
+ 352+ /D |2 [P ieyr) f as® i L
,(Aré)ﬁ r))?
Set
(4.5.17) /10 ([a[r,) 76D ) = 6 )

3 -1,(0)

(4.5.18) J10 (a;|r, 1o (X)) = EH L (xy)

Then

w L3, 05 3 Or)
: : (1) 2 341772 3+l
(r,)G_, . () =10 f de' ™" (M)A . +
2771 A A T
1 1-1'"1 2 o, VT o )a+1
(r,) g (Ar )
+(2+ V”S f do (A)Az—Jﬂ*l T (2 o
Oey) (ar)?

Hence, as in the considerations under (&) above, we have that the

function

© J} ()\r)
(4.5.19) r & 8(r) =H_; ,({¥)6_, ,(0) =10 é ap™ )(A)AZ 2t Tt
, .(Ar)
 ta o 010 )
s 2+ /D [aet® oy 2L
¢ _(J\r) 2

satisfies the differential equation
(4.5.20) (A&Sl)(r) = Ausl(r), r >0

where o is an arbitrary constant.

Similarly, from the relations
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_ (0, ),
Boo(rz,rl) = 'HOO (rZ)GOO (rl)‘
| ®» .3, 0r) I, 0Or)
- JA1|2<r2r1>? [ as M oy =2tk L? 5+l L} +
) Orp? o e ?
® . J,/ (Ar,) J (}\r )
+ 2 |3, 1% e, fadP oy 2222 2+
o} () '(Arl)z
(ry, < x,)
1 <%
_ . (0) (0)
Bll(r2’rl) = -Hll (r2)Gll (rl)
o Iy Plyp? [ as® gy o2 J'/f'lafl) +
B R LN (VR
| o 3, 08) L (O
s 3 0a Parp? fae@ oy B2 Tl (c. <)
SR Ty or)® ro2

given by Theorem (4.4.23), we obtain that the functions

(4?5.21) r =+ S,(r) = HOO(r)GOO(o)

and

(4.5.22) r = S3(r) = H

+

O
Q
=
~
IS
>
N .

3] {Q s
X1 - N
) .

[ N
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satisfy respectively the differential equations

(4.5.23) (4582)(r) = qsz(r), r > O and o = arbitrary constant

(4.5.24) (4553)(4) = qs3(r), r > O and o = arbitrary constant.

Finally, by solving for the functions

® . Jy, ., (Ar)
M.
(4.5.25) r + B, (x) =. f d@‘l)(x)kz L, r>0, i=1,2
i %+1
o] (Ar)
from any two of the equations (4.5.19), (4.5.21), (4.5.22) and (4.5.11)
and by employing the differential equations (4.5.20), (4.5.23), (4.5.24)

and (4.5.12), we conclude that the functions r - Bi(r), i=1,2, of

(4.5.25) satisfy the differential equations
(4.5.26) (ﬂ&Bi)(r) = _aBi(r), r >0, i=1,2 and & = constant.

Hence, the conditions of the theorem are indeed necessary. []

, 0 : : 3
(4.5.27) DISCUSSION ILet H (Q) = {E(£) = (E_, (£),E(£),E,(D) : £ & Q( R}
be Markov in the sense of Wong. We shall now use the last theorem to

. s (1) (2) . 3 .
determine the spectral measures dé (lp]) and 4o (]p]), p € R, which
describe the generalized stochastic field HO(Q). To this end, we must
solve the two differential equations given by (4.5.26). First, one

recognizes two distinct cases, namely,
(i) Case ¢ = 0 and (ii) Case o # O.
We consider these cases in turn.

(i) CASE a =0

Then, we have the differential equations
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1a a9y |
(4.5.28) (AB:L) (r) = (—Z'a*; r K) (rx) =0, r>»>o0, i=1,2.
X

We need now to solve (4.5.28) subject to the condition Bi(r) = 0 at

r =, i=1,2. Then, we obtain

-3 .
(4.5.29) Bi(r) = Bir , 1i=1,2

where Bi constant, 1 =1,2.
Next, by invoking the definitions (4.5.25) of the functions

r +'Bi(r), i=1,2, we have

© oy - (lr)
-3 (i) /+1
(4.5.30) B,r > = [asP a? 2L ___
i o Or) £

s ® (Ar)
= @?8) [ ax? —-L:—
o) (Ar) e

Hence, by the uniqueness of the Hankel transform, we have, after

setting 23/ 2Bi = A,, that

(4.5.31) asWay = A a, is= 1,2.

CASE & # O.

Here, the equations (4.5.26) have the following solutions

J;+1(a r)
(1) B (r) = B =z T -, o, >0, i
i s+l i :
(a r)*

1,2

and Bi = constant, i =1,2, r > O.

KL+1(G r)

(ii) B (r) = B, 1T L ai > o, i 1,2
(o, r)

and Bi = constant, i = 1,2, r > O.
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In (ii), z = KQ(Z); vV € €, is the modified Bessel function of

the second kind and it is defined in terms of the Bessel function

o (-7 GV

z > Jv(z)' = I
n=0 n!T (v+n+l)

as follows

. im imy i
imv —_— —_— —_

K (2) = $rlsin(mv)] T[6 2 J_ (ze 2 )= & ° 3 (ze )]

Now, consider solution (i) above. Then, employing (4.5.25), we

obtain

prf® % 2 T O
B o =4 ot e
(a.x) 2 0 _()\r)
o . 3 i)
= B, fasm - o) —"Zil—,/—ﬁ—
0 (Ar) 2

Hence, we find that

i) ,. .2 o A .
as® ) =327 s - apar, o) >0, i=1,2.
But in order that (4.5.8) and other similar equations encountered in the
proof of Theorem (4.5.5) are satisfied we must have a, =0y = @, say.

Hence
, () )y _ m 2"28 7% = o . .
(4.5.32) a®"7' (A = Bik S (A ao)dx, ao_> 0, i=1,2.

Employing (4.5.32) in Theorem (4.4.16), we find that the random

variable 2(r) given by (4.4.7) has correlation function given by
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<0(x,),0lr; ©) (,

1)> . ... =B

2

,r.)
L°(Q, & ) 21

5 JL+1(“ r.) J;+1(a r.)

B(r.r

) .
2%1 A % . %
(a0r2) (aorl)
where B is some constant. From the preceding one concludes that the

" random variable 9(r), r € R,, has the very simple representation

+
JL+1 (oc r) .
(4.5.33) o(r) = ZE r —————j:——— X R ao >0, r e R+ R
(aOI)

where X is a random variable with

|1x] ]
L (Q,63:1)

L]
[
L ]

But as indicated in the proof of Theorem (4;5;5) a necessary condition
for HO(Q) = {E(f) = (E;l(f),go(f);il(f)5} to be Mérkov in the sense of
Wong is that {2(r) ire R, = 10;W)} is Markov in the sense of
Definition (4;5;1): This is the case if aﬁd only if {a(r) : r ¢ R, = [0,»)}

is Markov in the usual sense. From the fact that we must then have

(rztr)Bg.)(r,rl

1 Y. S Y 4 X
B(O)(r;r) 1 2

it follows that & (r) cannot vanish for any nonzero r e R+ = [0,»). But
3 (r) given by (4.5.33) vanishes at infinitely many nonzero points in R,.
Hence, solution (i) is inadmissible.

Consider solution (ii) above, for which

1(a r)

= 5+
B; (r) = B +1 !

(uir)

r > 0, i=1,2.
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Then, by (4.5.25), it follows that:

K fa.x) ® . _ 3. (z)
B, 2t il gy EL ., i-1,2, rso
1 5+1 A %+1
(air) 0] (Ax)
R NN W R
= . — l
i ig 0y +x2 (Ar)i+l

Hence, by the uniqueness of the Hankel transform, we have

oy - . : <2
(4.5.34) awP oy =038 A _ an, i=1,2
. i i 2,..2
o, +A
i -
Since
® .4.1X ‘
K (mr,)I (mr.) = f ax ——5 J_(Ar,)J_(Ar.)
Y) 27y 1 o m2:*_>\2 Vv 27y 1

r, Z_rl, real part of v > -1, m > O, where z - Iy(z) is the modified
Bessel function of the first kind [93], we readily see that equation

(4.5.8) and (4.5.14) are satisfied if and only if al = uz in (4.5.34).

Thus, setting al = az = qo and aO Bi = Ai' i=1,2, we may re-write

(4.5.34) as follows

(4.5.35) a@P )y = A, —2—a, i=12 a/ >0
oq +A

Thus, we have obtained explicit expressions for the spectral measures
d¢(l?(x), i=1,2, in the two distinct cases for which o = 0 and o # O
mentioned above. We may combine the results (4.5.31) and (4.5.35) if we

> O rather than o > O.

in (4.5.35) to be nonnegative i.e. o o

understand o

o 0]

The following questibn now presents itself: "Are the conditions of
Theorem (4.5.5) also sufficient for Markovicity in the sense of Wong of
the generalized stochastic field

HO(@) = {E(£) = (E_ (£),E (), (£): £ ¢ SR} 2 *
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The next result answers this question in the affirmative.’
(0] : ‘ 3
(4.5.36) THEOREM Let H (®) = {E(£f) = (E_  (£),E (£),E, (D)) ¢ £ ¢ J(r)}
be a Euclidean covariant Gaussian generalized stochastic field which
satisfies Wong's Assumption (4.1.1). Then the conditions of Theorem
(4.5.5) are also sufficient in order that HO(Q) be Markov in the sense of
Wong.
Proof: Let'<Ei(x),Ej(y)> 5 e = Bij(x4y), and let B(x-y) denote the
L7(Q,8 /)
matrix whose entries are Bij(x-y). Let D be an arbitrary open subset of

‘ R3 whose boundary is 9D and let H (9D) be the associated boundary data

Hilbert space. Then’

——

68

(2)
R

oD

(2)

3D (Y) ’

B(f f;;)) =J.Idc(x)d&(y) £ (x)B(¥—y

(i)
£.5

g(£,)) in H (3D).

e L2(3D,dc), i=1,2, is the matrix of correlation functionals of

Suppose now that the conditions of Theorem (4.5.5) hold. Then, as

demonstrated above (see equation (4.5.35)),

dQ(I?(A) = VA;‘%?;A—;_E'dA. @, > O, A, = constant, i =1,2.

By (4.2.8), we, therefore, have

- 2, -1 ip.(x-
3,f aleldale]®,® + [p[H7F P Vs, .+

Bij(x—y) = i3
o 2,.2 2 —1'piéj ip. (x=y)
+ 2, [d|p|an]e| (ag” + ]9 5 e

b

Ay fep (&62 + p|H7 elp‘(x'y)aij +



150

, : RN <3N - P
+ 2, fdp(oabz + p®H7} ——1!l|2 1P (x-y)
P

Hence, it follows that

2 ‘
- - - = >
(4.5.37) (( A)(ao A)Bi5Xx xo) 0, x # Xy ao > 0, where
+1 a2
A= X
i=-1 09x,

i
system of partial differential equations as readily transpires if we set

3 is the Laplace operator in three variables. (4.5.37) is a

2 .
Gij (-4) (GO - A) =1, =), i,j =-1,0,1,

for then (4.5.37) may be re-written as follows

1

) Z ) ) -— = o- >
(4.5.38) =_1(Aik(5;03kj)(x XO) O, x # X5 % Z 0.
The operétor A(5;0 = (Aij(EEQ : i,j = -1,0,1) is strongly elliptic

(see’(2:4.9)), as is trivially checked.

Let 3D be a smooth two dimensicnal surface'separatin§ # and xq,
# # *O; 9D separates’ R3 into a bounded part D containing #0 and an
unbounded part D' containing ?; Then (4.5.38) may be solved as an exterior
Dirichlet problem as in (2.4.33) with the boundary conditions (2.4.35),
(2.4.36), (2.4.\3) on 3D. Then, by (2.4.32), the solution of this Dirichlet

problem may be presented as follows as an integral equatioﬁ*

1
(4.5.39) B,.(x-x) = I . f dd(z)c;? (x,2)B, .(z-x ), x € D'
Let Dy, D, D; be any three bounded open subsets of R3 such that

D, DD DDl. Then the boundaries 3D1, oD, 3D2 form an increasing family

of nested surfaces in R3.

* cSee é\Q?G“\5$Jk
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Next, suppose that faD belongs to L2(8D2,d0). Then the map
5

L2(3D2,d0) > L2(3D,d0), fB , specified as follows

<+ h .
D2 oD, 1ij

(4.5.40) hyy 350 = 'ag a0, (2) £y, (2) Gy (20

x € 0D, is well-defined.

Let X(héb) be the random vector whose components are
1
X.(ha)=z E.(h
3 D i=-1 i
orthogonal projection of E(fBD ) onto H (9D). To demonstrate this, we
2
first note that X(haD) belongs to H (9D). Next, we must demonstrate

BD,ji)’ j.= -1,0,1. Then,.we claim that X(hab) is the

that E(faD ) - X(héD) is orthogonal to every member of H (3D). Indeed, °®
2

we have that if £(gy ) = (E;(gy ) & i = -1,0,1) belongs to H (3D), then

- <E5 Eyp ap, 1) &k (937> 5

) - I g L
i L™ (2,8 ,u)

2

€ E ), E (G ) = T <E (B ), E (g
37aD,T T TR 20 @) 1 b 9Re3LTT TRTDT 200 o )

' fao, x)daty) £4p, (0B35 K)Ty () =

]

i fda (x)do (y) 5131 (x) By (x-y) 9ap (¥)

fdcz (x)do (y) i:'an2 (x) Bjk (x'—y)E;.eD -

i fdc(x)dc(y)‘ fdcz(z)fabz(z) @ji(z—x)Bik(x—y)EBD(y)

(by (4.5.40))
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fao, oy, ()2, (2y) - 1 Jao ) B, ey, )T ()

by (4.5.39).

Hence, g(fabz) - X(hBD)’ where Xi(hab) = § E.(h
every member of H (3D) of the form E(gaD). By linearity and continuity,

..), is orthogonal to

it now follows that E(faD ) - X(haD) is indeed orthogonal to all of H (3D).
2

Thus X(hab) is the projection of g(fBDz) onto H (3D) i.e. X(haD) =

P H (3D) g(faDz). Hence, H (3D2) - P H (5D)

independent of H (3D).

H (BDZ) is stochastically

In an analogous fashion to all of the preceding, we arrive also at the

assertion that H (BDZ)-— P H (3D2) is stochastically independent of

H (3D)
H (GDl), where we recall that BDl, oD, BD2 is an increasing family of

nested surfaces in R3.’ But stochastic independence of ﬁ (BDl) and H (8D2) -
P H (3D) H (aDz) is Wong's definition of Markov property. Hence, the
conditions of the theorem are indeed also sufficient; and this completes
proof of the theorem. ' =1
(4;5;41) REMARK; We may now finally combine Theorem (4.5.5) and
Theorem'(4;5;36) to obtain the following single result:

(4.5.42) THEOREM Let HO(R) = {£(f) = (E;l(f),go(f);gl(f)) : £ e R R}
be a Euclidean covariant Gaussian generalized stochastic field which
satisfies Wong's Assumption (4.1;1); Then; the'neéessary and sufficient
conditions for HO(R) to be Markov in the sense of Wong are that the
functions 7
Ty O0)

' r>o0,i=1,2
14 ’ 4 ’

r -+ B, (r) =]A£ as ) (ry22
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are twice continuously differentiable and satisfy the differential
equations

d_ r4 dBi
dr dr

(BB (1) = (3 o) = a B, (o)

0]

s

0y 20, r >0, i=1,2.
(4.5.43) CONCLUSION Theorem (4.5.42) is, of course, a major result
because it represents a unique characterization of the class of Euclidean
covariant Gaussian vector generalizeé stochastic fields in R3 ﬁhich are
Markov in the sense of Wong. As we remarked.in the introduction to this
section, a complete characterization, even under a constraint such as
Wong's Assumption (4.1.1), of generalized stochastic fields which are
Markov in the sense of Nelson has as yet not been undertaken by any author.
We leave this latter problem open to other investigators.

We have seen in the preceding discussions of this section that
Theorem (4.5.42) gives rise to two classes o£ genéralizéd stochastic
fields which are Markov in the sense of ang; They afe the generalized

stochastic fields defined by means of the following unsmeared matrix

elements
. P;P. Syl :
~ _ i 2112 2,-1 :
(@) By () = (&8 +a _1P|2.”|P| a7, el >0
. P.p.
~ _ . i -2
() B ) = ()85 +a, —lplz) |p|

i,j = 0,1,2, where Ak = constant, k = 1,2.

et A € (0,1) and set A, =1, A

2 = A.in (b) above. Then, the vector

1

Gaussian generalized stochastic field defined by (b) is also Markov in the

sense of Nelson. Indeed, the inverse of the matrix whose entries are (b)

has entries given by S, . lplz 4'

A : . s
and a proof ve similar to
ij l-2 pipj ! P Y
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that given by Nelson in [58] now justifies our claim.

On the other hand, the vector generalized stochastic field defined
by (a) is Markov in the sense of Nelson only when A, = 0. Hence, Wong's
notion of Markov property gives rise to some generalized stochastic fields
which do not satisfy Nelson's definition of Markovicity; thus the two
notions of Markovicity are manifestly not equivalent.

In Chapter 5, we provide an abstract formulation of Wong's notion of
Markovicity, and in Chapter 6, we discuss the problem of generalizing

this notion of Markovicity.
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" 'CHAPTER " 5

WONG'S NOTION OF MARKOV PROPERTY REFORMULATED

In this relatively brief chapter, we presént an abstract formulation
of Wong's notion of Markov property and then examine its relationship,
if any, with Nelson's notion of Markovicity. We saw in the last chapter
that there are vector generalized stochastic fields which are Markov in
the sense of Wong but not in the sense of Nelson. This indicates that
these two notions of Markovicity are not equivalent;

In what follows, we again assume that the generalized stochastic
fields under consideration are Gaussién and satisfy Wong's Assumption
(4.1.1).

(5.1) NOTATION Let HO(9) = {£(f) = (E5(E) ¢+ 5 = 1,0ccM) : £ & 8¢ rH}

be an N-component generalized stochastic field on the probability space °
'(9}6515): and let H ( Rd) denote the completion éf the linear space
1° () in (L2(Q,@ ;'ﬁ))N..‘ For any boﬁnded' open subset D C rY with boundary
9D and complement D', let H (D) and H (9D) denote'réspéctively the

completion of

“{E(£) ~(Ej (£) l1,...,N) : £ ¢ ‘8( Rd), support of £< D}

-
(W
]

and

{E(£) 1,00.,N) cfe 12 (5D,d0) }

o
.
I

.(Ej (£)

in (L2 (2,8,
Finally, let Qap denote the orthogonal projection of H ( RQ) onto

H (3D).
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The following result is an abstract formulation of Wong's concept

of Markovicity.

(5.2) THEOREM Let‘BDl, 9D and 3D2 be an increasing triplet of nested
boundaries and let H (anl), H (3D) and H (8D2) be respectively the
associated boundary data Hilbert spaces. Let PaD denote the orthogonal
projection of H (8D2) onto H (3D). Then Wong's notion of Markovicity is
equivalent to the following condition:

Q Q = Q Pap 9
anl BDZ 3D1 oD 8D2

as an operator equation on H ( Rd).
Proof Wong's definition of Markovicity is the following statement:

H (8D2) - P, H (3D2)-is always orthogonal to 'H (3D1). This is

oD
equivalent to the following

Q.. U, Qa V> = <P Qny U, Q >
3D21 SDl H (Rd) oD 3D24 3]31 H (Rd)

for every u, v belonging to H ( Rd).

Thus, it follows that

- Qa u, Qa v> = ‘<Q3 Pa Qa u, Qa >
aDl D2 Dl H ( Rd) D1 D D2 D1 H( Ré)
Hence
<(Q Q -0 Poo Qa. ) u, v> = 0
aDl _BDZ , anl aD 3D2 u ( Rd)

for every u, v € H ( Rd). In particular, this is true for every
v € H ( Rd) and for arbitrary but fixed u € H { R@).

Next, set
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(Qun 0:n = Qarn Pol Qo Ju = & (u)
BDl 3D2A aDl "D 3D2‘

Then, since u is fixed in H ( Rd), so is ®(u). From the preceding, we

have then that the bounded linear functional

d
. >

v +F_(v) = <0(u);v>
he g (&Y

is identically zero on H ( Rd). Hence by the uniqueness of any bounded

linear functional on a Hilbert space, it follows that
anl “9D, . *9p, " 8D *dp,

for all u in H ( Rd).

Hence,

(5.2%) Q Qn " = Qna Pa Qn
3D1,8D2: anl oD 3D2:

as we claimed. t:l

(5.3) REMARK

Notice that every element of each of the Hilbert spaces
H ( Rd), H (D), H (D) and H (D') is an N-component random vector.

, o . .
(5.4) DEFINITION We say that H (Q) = {E(f) = (sj(f) :j=1,...,N) :

fe :S( Rg)} has the restricted Markov property of Wong if

E(uivjl H (D)) = E@; |= (an))E(vjl H (3D))

for every u = (ui, i=1,...,N) € H (D) and

1,...,N) € H (D) .

v ,(Vjv J

(5.5) THEOREM Let HO(Q) have the restricted Markov property of Wong.
Then HO(Q) is Markov in the sense of Wong.

Proof: Let Dl’ D, D2 be bounded open subsets of Rg such that Dz:)I):>D1.
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Then, the boundaries 9D,, 8D, 9D, form an increasing family of nested

. d-
surfaces in R l.

1" 2

Now, Wong's Assumption (4.1.1) implies that H_(3Dl), H (9D),
and H (3D,) are subspaces of H ( Rg). We ha;e too that H (BDl) is a
subspace of H (D) and H (3D2) is a subspace of H (D').

Hence, since HO(Q) has the restricted Markov property of Wong, we

have

E(uivjl H (3D)) = E(uil H (an))E(v‘jl H (9D))

.
-
I

for every u (ui 1,...,N) ¢ H (BDl)(:H (D) and

.
[
[

v = (vﬁ 1,...,N) e H (BDZ)(:H (D')

This last equation implies

<u,,v.> o= ~<ui,E(v‘j| H (9p))>

T 2@, £2(2,6 ,1)

or, equivalently,

o]

<u.,v. - 2 MYY)> =
w0y E(vjl H (D)) 0@

Hence, we have that for every u € H (3D1) and every v € H (3D2);

v - E(vl H (D)) is stochastically independent of u. This is Wong's
definition of Markovicity, and hence the claim is justified. [:l
(5.6) REMARK: The restricted Markov property of Wong (5.4) which implies
Wong's notion of Markovicity is in turn implied by another notion of Markov

property which we now introduce.

= 1,00 & £ eR(rRDY

(5.7) DEFINITION Say that HO(Q) =" {E(f) = (gj(f)

has the pre-Markov property if for any u = (ui s 1 1,...,N) belonging to

H (D), we have

E(;] B (")) = E(u| ® (3D)), i=1,...,N
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(5.8) REMARK: Let us now show that the pre-Markov property implies the
restricted Markov property of Wong. From (5.7), it follows that for

u= (o :i=1,...,N) ¢ H (D) and v = (v 23 =1,...,M) € H (D'), then
E(uv,| B (01) = vjE(uil B (D')) = vjE(uil H (3D))

by (5.7). But H (3D) is a subspace of H (D'). Hence

E(E(uivjl H (0'))]| B (3D))

E(u| B (3D))E(v,] H (3D))

E(uivjl H (5D))

Thus, we have established that

E(uivjl H () = E(u]| H (BD))E(vﬁl H (9D))
for all u = fui :i=1,...,N) € H (D) and all
v = (vi ti=1,...,N) € H (D")

But this is the restricted Markov property of Wong as we hé&e defined it
iﬁ (5:4): Hence our claim is justified.

(5.9) REMARK: ﬁet Qpr QDl denote respectively the orthogonal projection
of H ( Rd) onto H (D), H (D‘); Then (5;7) may be egpressed in the’

following abstract form

(5.10) 9 9 - Qp o

Let us now make contact with Nelson's notion of Markov property. To
this end, it is well-known [81] that the pre~Markov property implies the
Markov property of Nelson. We, therefore, have the following sequence of

logical implications

PRE-MARKOV PROPERTY =3 RESTRICTED MARKOV __, WONG'S NOTION OF
' PROPERTY OF WONG —— MARKOV PROPERTY

NELSON's NOTION OF
MARKOV PROPERTY
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The results of Chapter 4 now lead us to conclude that Wong's notion
of Markov property is genuinely weaker than the restricted Markov property
of Wong. Hence, the notions of Markovicity due to Nelson and Wong are

different extensions of the pre-Markov property.
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" 'CHAPTER "~ 6

CONCLUSION AND OUTLOOK

Throughout this chapter, unless there is an explicit statement to
the contrary, we again assume that all generalized stochastic fields
under consideration are Gaussian.

Let (2,{,1) be a probability space and let
HO@) = {E(6) = (5_ (£),E,(6),E,(£)) « £ & S &%)}

be a Euclidean covariant generalized stochastic field on (Q,Gﬁ,ﬁ). In
Chapter 4, HO(Q) was studied in considerable detail, and necessary and
sufficient conditions for it to be Markov in the sense of Wong were
presented. By means of these conditions, we weré then‘ablé to obtain
explicit e#pressions for the two spectral meaSures'd@(i)(lpl); p € R3,
i=1,2, associated with HO(Q).i Because of the mathematical and physical
importance of the results of Chapter 4; it is; therefore;'interesting to
know whether or not the methods employed there afe again avéilable in the’
more general case of arbitrary Euclidean éova¥iant generalized stochastic
fields. This particular question has already been answered in the
affirmative in (4;1;4). In Section 6;1, we indicate how to e#ténd our
results to arbitrary Euclidean covariant generalized stochastic fields.
In Section 6.2, we discuss how Wong's notion of Markov property may
be modified so as to accommodate a much wider class of interesting -
whether from a mathematical or physical point of view - generalized
stochastic fields. Then we provide examples of generalized stochastic
fields which satisfy this modified concept of Markovicity in the sense of
Wong. These examples include many generalized stochastic fields which

are Markov in the sense of Nelson.
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- 6.1 ARBITRARY EUCLIDEAN COVARIANT GENERALIZED STOCHASTIC FIELDS

We refer to (3.2.11) for the definition of Euclidean covariance

for generalized stochastic fields.

Let HO(Q) = {£(f) = (508 3 =100 2 £ e K &Y be a
Euclidean covariant generalized stochastic field on (2, ®,u) which
transforms according to an irreducible unitary representation

v(S)

h »> (h), s = (sl,...,sn), T = integral pért of l-d, of s0(d). Then

2
(2) 'f(l)

by (3.2.11),if B(f ) is the matrix of correlation functionals

of E(f) in HO(Q), we have

. _{2)
(h)B (_ng

(2)’f(1)) _ V(S) (l_))v(s) (h)'l

B(f ,ng
-1 P

where (ng) (x) =g xand g = (a,h) ¢ E & s0(d) = M(d).

By way of anticipating the need to extend the results of Chapter 4
to arbitrary Euclidean covariant generalized stochastic fields, we have
ensured that all the results in Chapters 1 to 3 afe férmulated'in their
most general forﬁs.

The analysis of Chapter 4 requires‘geﬁeralization only in two respeéts.
Since we now have to consider an N-dimensional generélized'stochaStic field
which transforms covariantly according to an irreducible unitéry represen-

(S)(h)‘of S0(d), d and N arbitrary, we must have available

tation h > V
(A) The spectral representation for an arbitrary Euclidean covariant
~generalized stochastic field;
(B) The reduction formula for tensor products of irreducible unitary
representations of SO(d). Let us consider (A) and (B) separately.
Now, (A) is already adequately catered for by Theorem (3.2.13) which
furnishes a spectral representation for an arbitrary Euclidean covariant -
~generalized stochastic field that transforms aécording to a given irreducible

(s)

unitary representation h +~ V (h), s = (si,...,SN), T = integral part of
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1 \ ) . . L. .
E'd’ of SO(d). By invoking Theorem (3.2.13), like we did in (3.2.25),

(2),f(1)) of correlation

one readily writes down explicitly the matrix B(f
functionals of any Euclidean covariant generalized stochastic field. It
only now remains for us to indicate where matrix elements of irreducible
unitary representations of the full Euclidean group may be found, because
they intervene in Theorem (3.2.13). To this end, we refer to [82] where
a procedure for constructing the mentioned matrix elements is discussed.

Next, consider (B). By comparison with what obtains in the case of
SO(3), the reduction of tensor products of irreducible unitary represen-
tations of so0(d), 4 5»3,‘is a far more difficult undertakiné; and the
subject gives rise to interesting problems in Comﬁinatorial Mathematics.
However, by employing the S-function methods of Littlewood[47], Butler
and Wybourne [11], have succeeded in providing a procedure fof solviﬂg'
the reduction problem for SO(d). We refer to the'lattér'work for full
details; Thus, the reduction formula fof thé'tensor product of two
irreducible unitary representations of S0 (4d) cén‘aééiﬁ be written down
explicitly;

It is perhaps instructive to write down the'reduétion formula for
the tensor product of two irreducible unitary represéntétioﬁs of 50(4);

Here, if

. .0 (o]
(sl,sz) (s1 1Sy)
h >V (h) and h =+ V (h) are two such representations
of sO(4), then:
. ‘0 (0]
(51.52)» : (sl 1Sy )
v MRV (h)
o §] (si+slo-n-m,52+szo—n+m)
= ®© & v (h)
n=0 m=0
where
0 = minimum of s, + s ana s 0 + s ©
- 1 "2 1 2
o s (0] o]
B = minimum of s; ~ 8, and Sy - s2



le4

“and h '4-V(a'b)

v (2,b)

(h)€ is a representation which is compleg'conjugate '
to (h).
CONCLUSION With the implementation of the generalizations (A) and (B),
and again under Wong's Assumption (4.1.1), results analogous fo those
announced in Chapter 4 are now readily obtained for an arbitrary Euclidean
covariant generalized stochastic field. The only significant difference
is an increase in the'tediousnéSs of the very similar analysis that must
be done in the latter case.

We may thus conclude as follows.

As in the analysis of Chapter 4, we can provide hecessary and sufficient
conditions for an arbitrary Euclidean covariant generalized'stochastic
field to be Markov in the sense of—ang. These conditions then enable us
to write down the explicit forms of the spectral meaSures'associatéd with
such a Markovian generalized stochéStic field;

Every massive (i:e.‘&d > 0) Euclidéaﬁ éovariént éeneralized’stochastic
field which satisfies Wong's notion of Mérkov pfoperty réduces‘to the

Ornstein-Uhlenbec process on R [19][91].

6.2 ~OUTLOOK

In any definition of Markov property, the mode of specifying boundary
data plays a significant part in determining which generalized stochastic
fields actually satisfy the given notion of Markovicity. Thus, for example,
on account of Wong's Assumption (4.1.1), Wong's notion of Markov property
studied in Chapter 4 admits only generalized stochastic fields which are
defined for and only for sharp-time. It is, therefore, of interest to try
to weaken Wong's Assumption. To do this, one must give alternativé, more

general methods of specifying boundary data.
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BOUNDARY DATA AND MARKOV PROPERTY .Let‘
0 : . . &
H(Q) = {E(f) = _(gj(f) tJ=1,...,8) : £ S(R)}

be a not necessarily Gaussian, but Euclidean covariant, generalized
stochastic field on the probability space (Q,®,u). Then, to relax
Wong's Assumption (4.1.1), we now merely require as follows:

"There exists a nonempty set of boundary data for HO(SD."

For the Markov condition, we again retain Wong's original formulation.
Thus, let BDl, aD, 8D2 be an increasing family of nested boundaries and
let H (BDl), 'H (3D) and H (8D2) be respectively the associated boundary
data Hilbert spaces, defined in some acceptable way; Then, we require

that H (aD ) - P H (8D2) be stochastically 1ndependent of H (BD )

H (93D)

Let us now conclude this chapter by furnishing examples of generallzed'
Astochastlc fields which are Markov in the sense of Wong, when we employ
the above recipe for obtaining bOUndary data.
. ' .0 . a
(6.2.1) THEOREM Let H (Q) = {E(f) = (g.(f) : 3§ = l,...,N) : £ e R(rD}

be a Euclidean covarlant Gaussian generallzed stochastlc field on (9 Gs,u)

@) w,, =B, (£, eD) . 1ot 30 &) denote the
L (918111) ]

completion of (:8( RY))N in the norm derived from the following inner

Set <£.(f ,E.(f

product:
a..N .d N
<, : (](R) x (BRI » R
¥e &
(2) (1) 2) (1) N (2) (1)
ETTLETT) o <ET,ETT S g = I B (ET,E)
RrhH i,y LI
k) _ (k) (k) _
£ = (E] ey ) ko= 1,20

Then, let H (0D) be the completion in (L?(Q,GS,M))N of the linear space

LE(E) = (EL(E) s B (D) 5 £ = (£,...,6) € 3R &), supp £ CoD)
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of random vectors. We take' H (0D) to represent the Hilbert space of
boundary data for HO(Q)wxan. H (3D) is indexed by the Hilbert space
3€(3D) which is the completion of {f e »& Rd) : supp £ C 3D} in JR( Rd).

(2) ()

Let Bij(x—y) be the kernel of Bij(f ).

Finally, suppose that HO(Q) is such that

N

B ) _ C .
z (Aik(a—x')Bkj) (x-y) = o, x#y, 1i,3=1,...,N
k=1
where
x D o
A(?}Z) - . (Aik(a_x) - l,k = 1’..-'N)

is a strongly elliptic matrix of linear partial differential operators
with constant coefficients.

Then, HO(Q) is Markov in the sense of Wong.

REMARK: The proof of this theorem is completély anélogous to the proof
of Theorem (4'.>5..36) ,‘ provided that we replace: '(I..z'(‘éDi,-dcv)N by &%) in
the latter proof. Hence, we will not repfodﬁée the'proéf here:'

Quite a wide class of Euclideén covafianﬁ Géﬁssian éenérélized
stochastic fields satisfy the hypothesis of the'léét theorem; and hence
are Markov in the sense of Wong. Furthermore, if a Euclidean covariant
Gaussian generalized stochastic field satisfies the hypothesis of the
last theorem and is additionally Markov in the sense of Nelson, then it is
also Mérkov in the sense of Wong. This indicates that the theorem delivers
many physically interesging Euclidean covariant Gaussian generalized
stochastic fields; the latter include those recently studied, under
physical motivation, in [45] and [99].

Needless to mention, Theorem (6.2.1) may be formulated more generally
by requiring only that A(g§0_= (Al; =) : i,j =1,...,N) be a properly

elliptic matrix of linear partial differential operators with constant
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coefficients, for which the Dirichlet problem is well-posed [70].
However, the formulation of Theorem (6.2.1) given above seems adequate

for several physical applications.
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