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6.
CNAPTKR I  

lîîTIlODTTCTIOM

1. The problean o f G ra v ita tio n a l C o llapse , considered  from th e  

viev/point of the  General Theoiy of R e la t iv i ty ,  has been th e  s u b je c t 

of renewed in t e r e s t  r e c e n t ly .  V arious a sp ec ts  o f  the  qu estio n  have 

been d isc u sse d , n o tab ly  by Hoyle T Fowler ( 1962) ,  Hoyle & K a rlik a r  ( I 963 ) , 

Hoyle, Fowler, Eurbidge c; lu ih id g e  (1564)» I s r a e l  (156?) and Penrose 

Hawking (1570)«

Cosmological q u estions o fte n  fe a tu re  in  th ese  d is c u s s io n s , s in ce  

in  some re sp e c ts  tlie behaviour of en  id e a l  c o lla p s in g  body i s  s im ila r ,  

in  a iiiiiTor-iinage fa s liio n , to  c e r ta in  cosm ological models e x h ib itin g  

expiinsion# In  p a r t ic u la r ,  mention must be made of papers by Penrose 

(1>65) and Hawking ( 1566) ,  in  which g en e ra l c o n d itio n s  a re  d eriv ed  f o r  

tho  ex is ten c e  of Space-Time s in g u la r i t i e s .  The su b jec ts  o f G ra v ita tio n a l 

Collapse and K e la t iv is t ic  Cosm olo^ a r e  indeed lin k ed  in  a re ce n t 

in v e s t ig a t io n  (Barnes (1 5 7 0 )).

P rogress in  th e  f i e l d  i s  d e sc rib ed  in  th e  re c e n t book by R.U.Scxl 

( f^ 7 J  ) ,  a s  w e ll a s  in  th e  e a r l i e r  comprehensive review  " Quasi—S te l la r  

Sources and G ra v ita tio n a l C o llap se" , ( R obinson,Schild  & Schucking, 1965)

2 .  Oppenheimer & V olkoff (1933) considered  th e  p o ss ib le  te rm in a l 

behaviour t f  s t e l l a r  m a tte r  subsequent to  th e  therm onuclear burn ing  

s ta g e s . Normally, a s t a r  i s  p reven ted  from c o lla p s in g  under the  

in flu e n c e  of i t s  own g ra v i ta t io n  by the e f f e c t  of r a d ia t io n  p re ssu re ;

I Li- i
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however, v/hen th e  therm onuclear " fu e l"  i s  exhausted th e  s ta r  may 

"degenerate" in to  a cold cloud of neutrons#

Such a "neutron  s ta r "  may n ev e rth e le ss  r e s i s t  i t s  s e lf -g r r ,v i ta t io n  

by means of a new type of p re s s u re ,  kncnvn a s  "degeneracy p re s s u re " . 

However, rucjitum H echm ical co n s id e ra tio n s  p re d ic t  an upper l im i t  f o r  

tho amount of m a tte r  which can be supported  by degeneracy p re ssu re .

Tho c r i t i c a l  m s s  i s ,  v e iy  approxim ately , of th e  o rd e r of 

magnitude of th e  mass of th e  sun# la rg e r  a c c re tio n s  of m a tte r  oust 

e i th e r  fra^^ment ( i f  s u f i i c ie n t  an g u la r momentum i s  p re se n t)  o r  c o lla p se  

c a ta s t i ’O phico lly . As such co llap se  proceeded, the e f f e c t s  o f  

degeneracy p ressu re  would become r e l a t iv e ly  in s ig n i f ic a n t ,  and th e  

body might be regarded  as  c o n s is tin g  of p re s su re - f re o  d u s t ( a p a r t  

from p o ss ib le  e f f e c ts  of r a d ia t io n ) .

3# Hoyle A.C Fowler ( 1962) s t a r t  from  a r a th e r  d i f f e r e n t  v iew poin t, 

and consider v a iio u s  s tag e s  in  s t e l l a r  e v o lu tio n . Q uasi-equ ilib rium  

c o n fig u ra tio n s  e :d iib itin g  " re la x a tio n  o s c i l la t io n s "  a re  in v e s tig a te d , 

and i t  i s  ag a in  shovm th a t  f o r  a s u f f ic ie n t ly  la rg e  m ass, c a ta s tro p h ic  

c o llap se  may bo p re u ic te d .

This paper im m ediately preceded th e  d isco v ery  of th e  'h i ia s i - S te l l a r  

O b jec ts" , o r  "Q uasars". These in te n se  sources o f ra d io  em ission  were 

id e n t i f ie d  w ith  o p tic a l  sources and s u b s t in t i a l  s p e c t r a l  s h i f t s  were 

found. Tiiese r e d - s i i i f t s  wore presumably cosm ological in  o r ig in ,  and 

im plied  t l ia t  th e  soui'ces wore e x t r a -g a la c t ic ,  and probably  v e iy  d i s t a n t .
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I f  t h i s  was so,, a problem a ro se : th e  in te n s i ty  o f th e  sources v/ould

then  imply an ex cep tio n a l i n t r i n s i c  lu m in o sity . Eveiy though measure

ments in d ic a te d  a mass se v e ra l o rders  of magnitude g r e a te r  th an  th a t  

of th e  sun , i t  appeared t l ia t  a process of conversion of mass in to  energy 

more e f f i c i e n t  th:.n m y  known therm onuclear re a c t io n  might be in vo lved .

Tiicse d isc o v e rie s  in te n s i f ie d  i n t e r e s t  in  the study o f th e o r e t ic a l  

models of G ra v ita tio n a l C o llapse . p o ss ib ly  c a ta s tro p liic  co llap se  

i t s e l f  im plied  an e f f ic ie n t  m ass-energy conversion  mcchonism; i t  was 

a lso  p o ss ib le  th a t  a p o r tio n  of th e  observed quasar s p e c tra l  s h i f t  was 

g r a v i ta t io n a l  in  o r ig in ,  which f u r th e r  j u s t i f i e d  a G eneral R e la t iv is t ic  

model.

V .hilst the p re c ise  n a tu re  o f Quasars remains u n c e r ta in , our under

stan d in g  o f th o  co llap se  p rocess has in c reased  co n s id e rab ly . 

G ra v ita tio n a l C ollapse i s  no-.v reco g n ised  a s  a w orth-w liile study  in  

i t s  own r ig h t :  among in te r e s t in g  p re d ic tio n s  of the  R e la ta v is t ic  th eo ry

i s  th e  probable ex is te n c e  o f dense, in v is ib le  bodies ("b lad e  h o le s" )  

observab le  only  through th e  e f f e c t  o f th e i r  g r a v i ta t io n a l  f i e l d .

There i s  some p ro sp ec t of experim ental v e r i f i c a t io n  o f  th is  in  the 

n ear f u tu r e .

4# In  t l i is  T hesis, wo s h a l l  confine our a t t e n t io n  to  a  v e ry  sim ple 

model, which may be c a l le d  tho "dust f l u i d " .  This id e a l  body c o n s is ts  

o f m a tte r  whoso p h y s ica l p ro p e r tie s  can be s p e c if ie d  in  term s of one 

param eter -  the d i s t r ib u t io n  of i t s  m a|s in  space . The body w i l l  

f u r th e r  be supposed to  possess sp h e r ic a l  synraetiy . The model seems
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to  possess one se rio u s  inadequacy only in  d e sc rib in g  a s t a t e  of 

c a ta s tro p h ic  c o lla p se  in  a degenerate s ta r :  i t  does n o t possess

r o ta t io n .

In  p ra c t ic e ,  a l l  bod ies possess angu lar momentum, and a s  c o lla p se  

p ro g resses  t h i s  featu i-e  may be expected  to  assume in c reasin g  im portance. 

However, tlio General R e la t iv is t ic  tre a tm e n t of c o lla p se  i s  s u b s ta n t ia l ly  

com plicated i f  r o ta t io n  i s  taken in to  acco u n t. A s a t i s f a c to r y  tre a tm e n t 

i s  s t i l l  aw aited , a lthough s ig n if ic a n t  p rog ress  has occurred  w ith in  th e  

l a s t  ten  y ea rs  (no tab ly  K err (1 563)).

I t  seems probable th a t  th e  e f f e c t  of r o ta t io n  T.i.11 be to  convert 

a p rocess of c o lla p se  to  a p o in t of one of c o lla p se  to  a d i s c .  

N ev erth e less , i t  i s  u n lik e ly  th a t  th e  presence of r o ta t io n  w i l l  

m a te r ia l ly  a f f e c t  such param eters e s  the " g ra v ita t io n a l  rad iu s"

(see  Clr^pter IV) o r th e  tim e o f c o lla p se . A ccordingly , th e  d u s t f lu id  

model seems adequate f o r  the  g en era l d e sc r ip tio n  o f th e  m otion, and 

i t  h ig h lig h ts  th e  p r in c ip a l  problem s.

5# Nilne and NcCrea (l934) dem onstrated th a t  the  R e la t iv is t ic  

tre a tm e n t of th e  motion o f a homogeneous d u s t-sp h e re  was analogous 

to  tho Nuwtonian tre a tm e n t. In  Chapter I I  we rev iew  th e  d e s c r ip t io n  

o f th e  motion of on inliomogcneous d u s t-sp h e re  from th e  s ta n d p o in t o f 

Newtonian M echanics. C erta in  In te re s t in g  consequences of t l i i s  tre a tm e n t 

a re  noted: in  p a r t ic u li i r  the p re d ic te d  "overtalcing" phenomena th a t

should occur in  c c r t: iln  c ircum stances.
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xho R e la t iv is t ic  trea tm en t i s  developed in  Clmpters I I I  and IV, 

and i t  i s  shown th a t  th e  an.L.logy between th e  Newtonian and R e la t iv is t ic  

r e s u l t s  i s  c a r r ie d  over to  the  inliomogeneous c a se . Chapter I I I  

o u tl in e s  some of th e  p r in c ip le s  upon which th e  R e l i t l \ i s t i c  a n a ly s is  

i s  based; i t  a ls o  co n ta in s  a s u n ll  se c tio n  which endeavours to  c a s t  

new l ig h t  on th e  q u estio n  of the  " p e rfe c t f l u i d " ,  a lthough  th e  T hesis 

a s  a whole i s  concerned f o r  th e  most p a r t  w ith  the  Lust F lu id  model.

Chapters IV and VI consider the v a rio u s  problems v/iiich form tlie  

cinix of the  p re sen t in v e s t ig a t io n . Chapter V i s  devoted to  an 

e x p o s itio n  o f th e  m athem atical te  cliniques and concepts which a re  

a p re re q u is i te  to  the u n d e rs ta m in g  of th ese  problem s. A summary 

of tho  aims o f the  in v e s tig a tio n  and th e  r e s u l t s  achieved appears a t  

tlie end of Chi p t e r  VI#
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CINPrER II

FLdl'FLh'x Cd:.LAINE 

V.e s h a l l  nov/ co n sid e r the "Dust F lu id" model in  more d e t a i l .

I t  i s  I n s t i ’u c tiv e  to  consider f i r s t  th e  p ro p e r tie s  of the  a s so c ia te d  

Newtonian model: i t  w i l l  be shown th a t  tho tv,o models possess many

analogous d i a r a c t e r i s t i c s .

V.'e suppose thi^t tlie body whose motion we seek to  d esc rib e  i s  

a sphere of P e r fe c t ,  Newtonian F lu id , o f which tho  equation  o f s ta te  

i s  sim.vly

P a 0 (1)

The uo.y i s  supposed to  be i s o la te d ,  ana only i t s  s e l f - g r a v i t  t i o n a l  

fo rco  u c is  on i t .  V.e s h a l l  use th e  lag rang ion  approach to  tlie 

c h a ru c tu x isa tio n  of the n o tio n , supposing th a t  th e  rad iu s  and d e n s ity  

u is t r ib u j io n  in  the  f lu id  a re  known a t  some i n i t i a l  tim e, as i s  th e  

u i s t r ib u t ion o f v e lo c ity  a t  th i s  in s ta n t .

o s lia 11 f i r s t l y  consider th e  homogeneous c a s e , wiiich i s  a lre a d y  

f a m ilia r  f r a a  d iscu ss io n s  of Newtonian cosmology. (REF. 2 ^ ) .

Here we suppose

P ■ p ( t )  (2 )

th roughou t.

In  d iscu ss in g  a l l  th e se  models, we s h a l l  ignore r o ta t io n ,  and 

th e re fo re  assume th a t  th e  motion i s  pui'ely  r a c i a l .  I f  a p a r t ic le  

of th e  f l u i d  i s  i n i t i a l l y  a t  th e  p o in t of space

(r,0,<^)
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I t s  p o s it io n  a t  tim e t  w i l l  be 

say , whore

E * & ( r , t ) .

Lot be th e  i n i t i a l  boundary o f th e  sp here . Consider a  co n cen tric

sphexe o f f lu id  o f ra d iu s  r ,  where

r < T b .

At tim e t  t i l l s  w i l l  have become a  sphere of ra d iu s  R. Let 

denote thu mass o f th e  sphere a t  tim e t .  Py C onservation of 1,la t te r

«2 = i q  (3 )

which g ives

R ^p(t) = x^po

whei-e po i s  th e  i n i t i a l  d e n s ity .

Hence

R B r S ( t )  (4)

where
Po

? T v )  • (5)

.0 s h a l l  choose our tim e coo ru lna te  such th a t  i n i t i a l l y

t » 0 .

Thus

S(o) SB 1 . ( 6)

Accorxdnj to  Newtonian G ra v ita tio n , th e re  i s  no fo rc e  a c tin g  

a t  any p o in t w ith in  a  sp h e r ic a l s h e l l  o f  n u itte r. Thus a t  tim e t .
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the  fo rc e  a c tin g  on a p a r t ic le  of mass m d is ta n t  R from th e  

cen tre  i s  th a t  due only to  th e  m a tte r w ith in  th e  sphere o f ra d iu s  R, 

which i s  t_ ,rav ita tio n a lly  eq u iv a len t to  a  p o in t p a r t ic le  mass lip, a t  

the  c e n tre .

Thus tlie fo rc e  a c tin g  towards th e  c e n tre  i s  o f magnitude 

and so th e  equation  of motion i s

jr C H p ( t) .

Hence, u s in g  ( 4 ) end (5 )
4 13 « -  Gpo • 75a

W riting

we f in d

a * Gpo ( 7 )

a ^  + c o n s t.

There a re  e s s e n t ia l ly  th re e  so lu tio n s  of t l i i s  eq u a tio n , 

a c c o rd n g  to our choice of c o n s ta n t.

Lot

f ( r ) ,  t?(t ) ,  C(t )

re sp e c tiv e ly  s a t i s f y
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m -

w -

m -

h '

V

i *  1

(S)

where we s t ip u la te  t h a t  a r e  each u n ity  a t

T * 0.

I f  th e  i n i t i a l  v e lo c ity  o f every p o in t o f th e  body i s  z e ro ,

then

S = ^(a^t) • (9)

Note t h i t  a has dimensions

[T-*] .

This m ijh t be c a lle d  th e  ELLIPTICAL LOIUTTON, s in ce  th e  sphere 

lias a L.uiil rjn r a d iu s .  I t  a p p lie s  to  g r a v i ta t io n a l  c o lla p se  from 

r e s t .

Suppose in s te a d  th a t  tlie boundary i s  i n i t i a l l y  moving w ith  

v e lo c ity

(—) “  ̂ •^ d t

Ey (4) wc must have

3R
at r  S ( t)

D

= -  
‘̂b
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r
c — V 

0 *'b

i . e .  a %>ortlclQ w ith  c o o r d m te  r  must have th i s  v e lo c ity  

i n i t i a l l y ,  f o r  co n sis ten cy  w ith  ( 2 ) .  Tliua here

3(0) s  p (10)

I t  fo llo w s th a t  the  f i r s t  In te g ra l  o f th e  equation  of motion 

tak es  th e  fo im :

S» .  a j | -  (1 - ^ ) { .  (11)

The value

may be called, the  ESCAhh VILOCirï. I f

|v |  >  |v , l

then  tlie  boundary, and th e re fo re  every p a r t  of th e  body, o th e r  

tlmn th e  c e n tre , reach es  i n f i n i t y  during  some p a r t  o f th e  m otion.

I f  we tak e  a  n eg a tiv e  V, tiien , a s  we d i a l l  se e , th e  f i r a t  p a r t  of 

th e  motion re p re se n ts  co lla p se  from a  d isp e rsed  s ta t e .  I f  however

lv | < | v , |

then  th e  body I s  always of f i n i t e  e x te n t;  ag a in  tak in g  a n eg a tiv e  

value  f o r  V, vfe might reg a rd  th i s  as c o lla p se  from an eq u ilib riu m  

s t a t e  ( e .g .  i f  f o r  some reaso n  the  p re ssu re  fo rc e s  w ith in  a  s t a r  

suddenly become inadequate to  support i t  a g a in s t i t s  own g r a v i ta t io n ,  

and tlie p re ssu re  fo rc e s  never "recover" tlie s i tu a t io n .
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In  tiw  roim ur c a se , the  " v e lo c ity  a t  i n f i n i t y '  i s

-  1)^ •
o

Roto also tliat

(u sing  ( / ) ) ,  and  so , w r itin g  M f o r  tlie t o t a l  mass o f th e  body, 

we liave:

V. 8 2G'is  ”
« 'b

This iS ;O f co u rse , th e  escape v e lo c i ty  from any sphere o f m a tte r , 

ra d iu s  and mass M, no m a tte r  t h a t  i s  happening w ith in  the

8 lie r e .  Note th a t  t h i s  i s  th e  speea a t  wiJLch a p a r t ic le  i n i t i a l l y  

a t  r e s t  a t  i m i n i t y  a r r iv e s  a t  th e  su i'face of a s t a t i c  sphere of 

t l i i s  ra d iu s  and mass. In  p a r t ic u la r  i f  th e  p a r t ic le  a r r iv e s  w ith 

th e  v e lo c ity  of l i g h t ,  c ,  then

■̂b “  o*

Which p rov ides a Newtonian in te rp r e ta t io n  Ox’ the General R e la t iv is t ic  

n o tio n  of " G ra v ita tio n a l R adius", which wo s h a l l  consider l a t e r  in  

th is  ch ap te r,

V.e now give th e  e x p l i c i t  so lu tio n s  o f (11) in  terms o f th e  

fu n c tio n s

i .  ri. C

given in  (3 ) ,
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I f

we s h a l l  w rite

w hereas, i f

we w r i t e

|v |  < IVgl

h i  > jv,

v:

(12)

(13)

r o te  th a t  we must huive

and

Case I : |v |  < IVgl

W rite

Ihen

0 < q

S = pS

■I* = at)* H -  p]

n
ap L ' - ’J

(1L)

No v w r i te

f ( a )  = P

where by a we mean th e  l e a s t ,  p o s it iv e  ro o t o f

{ (t )» p .

(15)
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Than

S a + a )

sin ce  v/o hw e p o s tu la te d  (see  (6 ))

S(0) a 1.

Tuus

( 16)

Case I I : |v l = |V .|

Ilei'e we have simply

Case ITT; |v| > |v^|

3 rs Tj (aV't) (17)

W riting

( ( b )  » q (15a)

and proceeding as  in  case I ,  we f in d

S * (a^/® q°/® t  + b) . (13)

juguations (1 6 ), (1 7 ), (18) f u l l y  d e sc rib e  th e  motion of th e  

d u s t- f lu id ,  no m atte r what I n i t i a l  comJ. Lions, c o n s is te n t w ith  (2 ) ,  

a re  a p p lie d .

xbquations (8 ) may be solved to  g ive

(a) co s" i± Y f * V ^ (1 ^ )  = T

= r

(o) slnh-»C -  v i ( l + c i  » ± T -  + lo g ( l+ /z )

where we tak e  tlie p r in c ip a l  value of

COST*

(19)
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and tak a  tho p o s it iv e  square ro o t during th e  co n tra c tio n  phase, 

and th e  n egative  ro o t during  e:c%)aasion.

Cases I I  and I I I  might be c a l le d  th e  PAirhXLIC and KYP -l OUC 

s o lu t io n s ,  re sp ec tiv e ly #  The th i'ee  cases a re  p re c is e ly  the 

(p re s su re - f re e )  Newtonian Cosmologies, s in ce  (2) i s  the  co n d itio n  

f o r  s p a t i a l  homogeneity, end f o r  a  d u st f l u i d ,  iso tro p y  i s  a consequence 

of eq^uation (4 ) .

Cases I  and I I I  a re  re sp e c tiv e ly  t^ q jified  by

(1) V « 0

e jiia tion  ( 9 ) ,  and

( i l )  V = / I  Vg

giv ing

S-C(aV»t).  (20)

Thus th e  cosm ological so lu tio n s  apply to  a d u s t sphere o f 

a r b i t r a r y  r a d iu s ,  and a re  the  only homogeneous s o lu tio n s .

.Vo now co n sid e r g en era l i n i t i a l  co n d itio n s , r e s u l t in g  in  

inao.iogbiMeous so lu tio n s*  However the  tl ire e  inunctions (8) s t i l l  

f ig u re  in  the d e s c r ip tio n  of th e  motion#

Ve r e ta in  (1) b u t in s te a d  of ( 2 ) assume t i n t

p ( r ,0 )  s  P o (r)  . ( 21)

Equation ( 3 ) s t i l l  a p p lie s ,  b u t we nov/ deduce
pR fr

4ir I l f p ( r , t ) d R  = 4ir j^r®Po(r) dr (22)
0

where th e  in te g ra tio n  on th e  IwH»3# i s  to  be perform ed f o r  f ix e d  t ,

80 th a t  p may be regarded  as a fu n c tio n  o f R.
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Tquaiion (22) may be re w r i t te n  a s ;

j i^ R * p ( r ,t)d r  * J r® po(r)d r

v.hure "uasli" s ig n i f ie s  p a r t i a l  C ilT e ro n tia tlo n  w ith  re sp e c t to  r .  

Sinoe t l i i s  ho lds f o r  a l l  r ,  we have

I:® R*p(r,t) » r®po

and GO

P "(r)  .  (23)
p ( r , t )

waicli i s  th e  La.gran_,ian form of the equation  of c o n tin u ity  f o r  

a s p h e r ic a lly  Bymmstrio f lu i d .

Here
rr

Mr = 4zr j 3 rp o (r )u r  . 
o

A v a luab le  a id  to  d iscu ss in g  the  motion i s  a fu n c tio n  wliich

we may c a l l  th e  "mean i n i t i a l  d e n s ity  vip to  ra u iu s  r " ,  d e fin ed  a s

— r rr
p o (r)  = 4 jt r^ p o (r )d r  /  4 f  i^ d r  (24)

0 0

whereby we may d i s c >.̂ 3 th e  g en era l s o lu tio n  on an analogous b a s is  

to  th e  homogeneous one.

Koto

Mr » r®po (r)

and

( r )  -  k r U o ( r ) )Po
dr®

1  r  ££2. + F o (r)  . ( 2ù)V o r
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id aliall writ*

a = r S ( r , t )  ( 2S)

( c f . ( 4 ) ) .

Tho e q ia tio n  of motion i a

-'T
■

= -  c  . A )
a»

u sin g  (2 4 ).

Tlius ,  by (2 b ) , th e  equation  of motion reduces to

S B irC p o (r)  .  -ga .

rut

( e f . ( 7 ) ) .

a ( r )  = ^  T G Po ( r )  (17)

xhon th e  f i r s t  in te g r a l  of th e  egiu'fcion o f motion g iv es

S» = ^  + ( r )  .

F i r s t l y ,  l e t  us assume t i n t  the  body i s  s ta r te d  from r e s t  w ith  

a given u e n s ity  d i s t r ib u t io n .  Using (2 6 ) ,we see th a t

S (r ,0 )  ■ 1 (23)

and s inoe

£ ( r ,0 )  = 0

h e re , we have

F (r)  « M%(r)



ana so

S r  5(a*/®t) ( 29)

Which l a  iu e n tic a l to  ( 9 ) ,  except that in  tho d e f in it io n  of a ,  

the constant po i s  replaced by tho function

P o ( f )  .

Suppose in s te a d  th a t  th e re  i s  an i n i t i a l  v e lo c i ty  d i s t i ib u t io n

( a i l  “ '
Then, u sing  ( 26) ,

S ( r ,0 )  = ^V (r) 

ana so who l i r a t  in te g ra l  o f tlie equation  o f motion ia

“ ( 1  -  ( '  -  ^ ) )  d o )

( c f . ( 11)], There o,V a re  now fu n c tio n s  of r . Here the motion may

be esG o n tia lly  d if fe r e n t  f o r  d i f f e r in g  va lues o f r .  There i s  an  

"escape v e lo c ity ^  a s so c ia te d  w ith  each va lu e  of r :

|7 ^ ( r ) |  = a^/® r .

(Note th a t  w hereas In  the  homogenoous s o lu tio n  "V" means th e  v e lo c i ty  

a t  th e  boundary, here  "V (r)" means th e  v e lo c i ty  a t  any p o in t r #)

I f ,  f o r  some range o f r ,

|v ( r ) I  < Vg(r)|

then  ( 30 ) can be so lved  in  tho form (1 6 ), where now

p (r )  .  ( 31)

and

a ( r )



i s  such t l ia t

f ( a ( r ) )  = p ( r )  (32)

where v/e tal:o tho l e a s t  non-negative ro o t  o f th i s  l a t t e r  eq u a tio n .

Gir.iiloi^f o r o th e r  va lues of V (r) ,  g iv in g  so lu tio n s  o f tlie  

fomi ( 17 ) o r  ( 10) ,  except th a t  th e  co n stan ts

a ,  q , b

(see  ( 13 ) and ( 15&)) &re rep lao ea  by appiX)priaL8 fu n c tio n s  o f r .

I f  V.'G p u t

we fin u

and

V(r) s ~  V
^b

P o = const

a = const

p ,q  s  const

60 t h a t  we recover our h<xnogencous s o lu t io n s .  Indeed th e  g e n e ra l 

so lu tio n  may bo regarded  as  a soi^t of "unser’ible" of homogeneous ones.

rion-homogoneous so lu tio n s  may e x liib it cu rio u s  belxaviour. The 

i n i t i a l  d e n s ity  and v e lo c ity  d is t r ib u t io n s  may be such th a t  " c a v ita t io n " ,  

r e s u l t in g  in  frag m en ta tio n , occurs. Tliis could  only happen i i ' th e  

i n i t i a l  v e lo c ity  d is t r ib u t io n  i s  d iscon tinuous a t  a p o in t .  For 

s im p lic i ty  we s h a l l  suppose th a t

V (r)

i s  tw ice—u if f e r e n t ia b l e ,  and th a t

P o ( r )
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i s ,  a t  uiiy r a t e ,  p iecew ise tw ice—d if f e r e n t ia b le .

X:1 te r r a t iv e iy ,  "overtalcing" of one p o rtio n  o f th e  f l u i d  by 

ano ther y occur! the co n d itio n s  under wiiich th is  may happen w i l l  

be in v e ic i.\a te d  shortly»

V.e now proceed to  a d e ta i le d  u iscu c slo n  of our so lu tio n s*  

Consider f i r s t  tho b a s ic  so lu tio n s  (1 6 ), (1 7 ), (1 8 ) , A ll so lu tio n s  

o f type (16) a re  c h a ra c te r is e d  by tlie fu n c tio n

C(t )

s a t i r f y in j  (C ), This fu n c tio n , by (1 9 ), i s  p e r io d ic  w ith  period  II. 

The fu n c tio n

talces a l l  v a lu es  In  th e  range [ -1 ,1 ] ,  and so ^ tak es  a l l  va lu es  

in  tho  range [0 ,1 ] ,

4

1 -  .

v /2  /

.ét

we have

in  f a c t

= r r / 2

lim  ^ a — «>
T I 7t/ 2

lia i ^ X + eo
T i  v /2



The 8 ;c c ia l  eolu J.on (^ ) re p re se n ts  c o lla p se  from r e s t ,  th e  

co llap se  taking; a time (h a lf-p e r io d )

t .  (33)O 6

a t  th e  end of T/hlch th e  whole body occupies the ro in t

r  s  0.

At t h i s  moment, p ,  by ( 5 ) ,  becomes i n f i n i t e ,  and the  v e lo c i ty  of 

every p a r t ic le  of th e  body sw itches in s ta n tan eo u s ly  from i r f i n i t e  

in  .ai'd r a c i a l  motion to  a s im ila r  outward m otion. I t  may be 

o b jec ted  th a t  such behaviour i s  h i^ lily  u n p h y sica l, e s p e c ia l ly  th e  

v e lo c ity  ''I’e i l e c t io n ” . C ollapse in to  such a ' s in g u la r i ty "  i s  

n ev e rth e le ss  th e  p re d ic te d  behaviour of a  d u s t f lu id  on the  b a s is  

o f Kuwtonian G rav ita tio n ; a s  we s h a l l  s e e , i t  i s  a lso  th e  p re d ic tio n  

o f E e la t iv i ty  Theory. In  f a c t ,  th e  s o lu t io n , f o r  a ra n re  of t  which 

in c lu d es  the  value a n d /o r  any odd m u ltip le  o f i s  no t un ique.

As w i l l  be ex-p3ained in  Chapter Jd- ,  the  p o in t

H B 0

i s  a s in g u la r i ty  of tlie  p o la r  co a rd in a .e  system  i t s e l f ,  a t  which our 

c r i te r io n  of "S p h erica l Symmetry” becomes devoid of meaning. I t  i s  

q u ite  aom issib le  to  jo in  the  so lu tio n  fo r

w ith  f ix e d

to  the so lu tio n  f o r

w ith

# « #0, 4> B <I>Q

t >  *0

@ = #1, # =



say . IT t h i s  i s  done in  such a way th a t

01 a ^  -  00 ; = ?  -  ^0

i . e .  v/Q tak e  d ia m e tr ic a lly  opposite  p o in ts  on th e  su rface  of any

sp here , ra d iu s  th e  o r ig in ,  then  we m ijh t expect t h a t  th e  f lu id  

v e lo c i ty  would no t jump, sh a rp ly . This in te r p r e ta t io n  o f th e  

"follow  thix>Ui_,h" of c o lla p se  i s ,  of co u rse , q u ite  a r b i t r a r y .

I t  would mean th a t  a c o lla p s in g  sphere "tu rn ed  i t s e l f  In s id e  o u t" . 

F u rt e r  in v e s t ig a t io n  of t h i s  question  v d l l  be c a r r ie d  ou t in  

Chapter _\Z~L •

Consider now the  more g en era l so lu tio n  (1 6 ). This i s  

e s s e n t ia l ly  th e  p ro to type s o lu tio n  ( y ) .  The e f f e c t  of the  i n i t i a l  

v e lo c i ty  i s  th re e fo ld .  F i r s t l y ,  i n  th e  equation

& = r (  (a^ /* ty

ve re p la c e  th e  co o rd in a te  r  w ith  th e  dim inished  va lue :

r* = p r .

This o p era tio n  in c re a se s  th e  e f f e c t iv e  v e lo c ity  o f any p a r t i c le .

Koxt thv  time coo rd inate  t  i s  rep laced  by

f  = p - ' / ' t

which decreases th e  e f fe c t iv e  v e lo c i ty  o f a  p a r t i c l e .  F in a lly  

the  whole so lu tio n  i s  advanced by an amount

t*o *

which, during  the  c o n tra c tio n  phase, in c re a se s  th e  e f f e c t iv e  v e lo c i ty  

a t  a given tim e.
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I'o te

s  p “^r* .  ^ (c(^/®p®/®t* + a )

which shows th a t  the  second change dominates the f i r s t .  However, 

the  th i r d  o p era tio n  must do more than r e s to r e  th e  b a lan ce .

Thv time o f c o lla p se  I s  th e re fo re  g iven  by

t ;  -  - 1;

= p -» /* c < -> /* ( |-a )  (34)

Of co u rse , we a re  in s e r t in g  th e  "dashed” coo rd ina tes  m erely 

in  o rder to  compare (16) and (9)* we w a l l  no t use th i s  n o ta tio n  

a ^ a in .

Using equation  (a ) o f  (1 9 ), we nee th a t

a  * cos* 'v5  ♦ v t( l - p ) ' (35)

s in ce  we tak e  th e  p o s it iv e  square ro o t du rin g  c o n tra c tio n .

V,e g iv e  two approxim ate forms of (35)*

1. I f  V «  V^, we have

Ü 1

and so

I f  V % v ^ ,

coa"^v5 ^  2 " * ^  i



and

) -  V P (1 -  2‘?)

whence

a  »  2 “  3

In  case 1#,

t g v )  «  ♦ i  0  ( i  -  2 y i  - 1  '* / •

which shows th e  dominance o f th e  term  due to  "a" .

To th e  f i r s t  o rder

O'

which shows th u t  f o r  u n a ll V, th e  tim e of c o lla p se  i s  reduced 

by the presence o f V.

In  case 2«,

t g v )  K I  + 0 ( p ) )

80 th a t

There i s  only one so lu tio n  o f type (1?)» f o r  g iven a«

The fu n c tio n

n(r)

i s  no t poii.oclic. From (b ) o f (1 9 ) , we take

8 ( t)  = (1 a " /* t)V ®  (36)



T/.icn

Éi.r.a
J

< I  a -‘A

2 /3

(3 "a)

:h»j L-**. 'i o* T) la  cyizsetrictil Lbout t . U l n a

r  m 2/3 *

: o.!: ‘.U / . ,  u ••’a ;  ( colIax>53 to  u [ o ln , o ila r l ty  occurs fc -tc r 

tt tir.o

tg  -  2 /3  a-»/»  .  (37)

lu u j !;■ V < \

t,(V ) -  t^(v^)

63 1^1,'n  bw expected ,

l.lila l a  by f a r  the éiv l y t i c ^ l î y ,  Clccjrly

I t  v/oula be conve.Ucnt to  ua© i t  i") .% r  tl%_n xli<j o tiio ra .

Vha UaU'ù cla^a o* oo.lulloiVi* (13 ), ucnivua frca  the fuitc-lon

E(r)

Liv'^n i-y (»} ûi’ ( 1:3) .



/
.Y

Here

Ti a v'Ü -  103^(1 + J 2 ) •

In  ^caitri-al, ve see th a t  co lla p se  to  a p o in t c ln^u la iU ty  occurs 

a i t  ex' a t in e

tg -  q '* /’a‘ ‘/®(v'”  -  103(1 * J2 ) -  b ) ( 34a)

Y.here

b a v̂ 2 -  lo&(1 + y2) + s in ir^ y î -  /q(1 + q) (33a)

ro te  ohat viien

> 0 ^  1

we have

b a  _  log(1 + v5 ) _  2/3 q®/*

SO t h a t

as

-  I  «■*/*
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When

we have

g iv ing

and

I  > > 1
o

b »  q

tg = ( a q r ‘ A  .

J now come to  th e  fo llow ing  q u es tio n ; does

t , ( v )

decrease as  V in c rea se s?  This appears obvious on p h y s ica l 

grounds, Hov/ever, re fe re n c e  to  (.%-) o r  (34a) in d ic a te s  t h a t  t i l ls  i s  

by no moans obvious.

In  ( 34) ,  a s  V in c re a se s , p d e c re a se s , and so

p-«A

in c re a se s , whence i t  i s  no t im m ediately c le a r  th a t

t„(v)

d ec re a se s , i.00 ,  in  (3 4 a ), q in c re a se s  v /ith  V: thus

q '/®

c e r ta in ly  uecreasesj however, we hzive (see  ( 13&))

( (b )  » q

and so

c (b )  . 1
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and ubin̂  "ulw tiiir-d equation (3);

-  A
/1+q

sin ce  wo a re  considering  the  expansion phase. Thus

f ^ - b )  > 0

whence th e  ex p ress io n

(Jz — lo g (l + ijz') — b

in  (3 æ̂ ) in c rea se s  w ith  V. This l a t t e r  f a c t  could a lso  be ob ta ined

from di f i'e ro A A atio n  of (3 5 a ).

I t  therefoi'Q  seems w orthv.il^ to  check th i s  p o in t .  de e l ia l l
%

only  consider th e  case

v< v ,̂
s in ce  th e  o th e r  case can be t r e a te d  in  s im ila r  fa sh io n .

By (11)

s* = u ( ^  -  p)

and ta iling  th e  n egative  square ro o t ,  we f in d

ûS'

Tnus

a ‘/» t^  * J ‘ l i i ! '  . (38)
0 / l - p 3

. 1/ .  ^  .  r» f ± A 3
dp J 2(1-pS)=/®
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a**d on in te g ra  tin g  by p a r t s .

(  - = = * Y  -  «2 f  ̂ as
L yi-"pd /  2 J Vi—pS2 / l - p 3

(39)

(using (33))«

Thus

i t

/ .  .  U t l  .  1 .  ALep ^p oj p

( « i / ' p ' / ' t  ]  = - Æ - .
^ ^  */1-P

JL
“P '  V1-P

This could a ls o  have been o b ta ined  by using  (34) and (3 5 ).

h r i t e

Z -  -  :  . i / ' p ® / ' t , .
V1*P

(40)

aen
d2
dp

3 V'P~ + 1  _ j?,®/', _ _____
2 2 (l_p)3 /=  2 .

the l a s t  term  iiaving been ob ta ined  from (W ). 

Hence

a? 1 p
8/a

dp -  2 (1 -p )V *

> 0 f o r  0 < p ^  1.

Thus Z i s  n o n o to n ica lly  in c re a s in g  f o r  t h i s  range of p .
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p = 0

W0 have

2 = 0

whence

Z > 0 in  0 < p ^  1

and so , u sing  (39)*

p » A . *1/* £ Î2  > 0
do

in  t h i s  i-an^je: s in ce

p > 0

we deduce

d t

and t l ie ie f ore

< 0 (41a)
aV

Wuich we ï-equired to  prove.

ilavin^ u iscu ssed  each homogeneous so lu tio n  in  d e t a i l ,  we now 

co n sid e r t h e i r  behaviour near the s in g u la r i ty ,  

alio e l l i p t i c a l  s o lu tio n  may be w r i t te n :

cos“ * y ^  + y^pb(l-ps) X + cos“ 'VP + v^p(1-p)

(see  ( 1 6 ) , ( 19)).

Ihit .
t  a t^ -  a"^/® e (42)
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l ow, u s in g  (>V), ( 35 ) ,  we have

\  I  -  cos '^gp  -  s 4 ( l - p ) )  .

Thus

coa” '^^p3 + V po(l-p3) » ^  f

i . e .  sin"^y'p3 — VPb(l-pd) s p®/* €

Suppose tl ia t

3 < < 1 .

Then

+ ~  ( ,5t)® + ^  (vP^)“ -  [1 -  p S  -  ^ * 3 * ]  m p®/* (

I . e .  2 /^  S®/*(1 + jp S )  .  <

giv ing

(4 3 )

n e g lec tin g  terras o f h ig h er oi d e r in  c^/® •

However, p u ttin g  (42) in to  the p a i-a jo lic  so lu tio n

S » (1 - l a ' A t ) ® / ®

we o b ta in  eq u a tio n  (43)» w ith  an ex ac t e g ia l i ly .  The hyperbo lic  

s o lu tio n  a ls o  g iv es  (43) &s an approxim ation.

For la rg e

X
we must tak e  3 to  be so sm all th a t

(qS) < < 1 •
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TÎ1U3 in  any d isc u ss io n  of motion n ea r th e  p o in t s in g u la r i ty ,  

we may, to  a l l  in te n ts  and pui'poscs, consider th e  s im p le s t, p a i 'ab o lic , 

s o lu tio n  on ly . This completes our co n s id e ra tio n  o f th e  homogeneous 

so lu tio n s  ( 16) ,  ( 17) ,  (1 3 ).

The inhomogeneous so lu tio n s  s a t i s f y  equation  (3 0 ). These a re ,  

a s  has been no ted , ju s t  the  homogeneous s o lu t io n s ,  where now

** P»

a re  fu n c tio n s  of r .

Thore i s  now no one s in g u la r  in s ta n t  o f tim e . In s te a d , we 

have a fu n c tio n

f o r  which

f i r s t  becomes i iU in i te  during  th e  c o lla p se . Tote th a t

van ish es, so we s t i l l  g e t  a  s in g u la r i ty ,  though n o t r e a l ly  a  " p o in t” 

s i n g u l a r ! I f  we assume th a t  the  m atter somehow ceases to  e x i s t  

when i t  reaches the p o in t c i i ig u la r i ty ,  thun  th e  m a tte r  v d l l  s te a d ily  

f a l l  in to  th e  cen tre  and td sap p ee r; i f ,  however, m atte r emerges 

from tlio s i iv u la r i ty ,  i t  w i l l  "pass tlirough" m atte r s t i l l  f a l l i n g  in .  

(The g e l a t i v i s t i c  tre a tm e n t allow s o f o th e r in te r p r e ta t io n s . )  I f

t « ( r )

i s  not monotonie in c re a s in g  then i t  would seem th a t  p a r ts  o f  th e  d u s t
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ha VO ovei'tékon o th e r p a rts*  V.d s h a l l  eiuimlne th is  q u es tio n  s h o r t ly  « 

I t  i s  u n r e a l i s t i c  to  assume Mmt in  extreme s i tu a t io n s  such a s  

t ie  se , thü (u a t  f lu id  model, which ignores n o n -g ra v ita tio n a l 

in te ra c t io n s  between the p a r t i c le s ,  i s  p liyo ica lly  acceptable#

Ve now consider t h i s  p e c u lia r  p o s s ib i l i ty  of *'overtaking* '•

In  t i l s  d isc u ss io n  we s h a l l  no t take in to  account m a tte r  wiiich has 

a lre a d y  reached the  e in g u la r l ty  and (p o ss ib ly ) come ou t again*

Let us study the fu n c tio n

p ( r , t )

Py equation  ( 23)

p ( r , t )  » r^po(r)/rw®Il*

■ "

Thus f o r  g iven  r ,  p becomes i n f i n i t e  e i th e r  i f

S ( r , t )  = 0

or i f

 ̂ *  I  I f  “  °

I f  (44) i s  s a t i s f i e d  by some t ’’' such th a t

0 < t*  < t .o

then  we miXit guess th a t  overtak ing  has o ccu rred . Indeed, i f

' • f i » »
in  any p a r t  o f

f  < t  <
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"ov3rtu>dng" lauat hare occurred , f o r  tlioi'a I s  no o th e r ex p lan a tio n
a

o f  why p ,  I n v in j  become b 'eg a tiv e , c.hould ro  longer re p re s e n t the  

a c tu a l  d e n s ity  of the  f l u i d .

F irs tly '’, l e t  us suppose th e  body to  bo s ta r te d  from r e s t .  

Then, by (29)

G (r,t) = ^(a^/®t) .

Henoy

But

g iv in g

B  ■ •

Z i  -  j ' " : d r

now, accord ing  to  ( 25 ) ,

so th a t

g iv in g

^  .  - ( . P o - P o )

Hence
r a i  
K àr • (45)
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c o n tra c tio n ,

t  > 0 , f  < 0 

and th e re fo re , i f  f o r  a l l  r ,

pQ Po

R* v/111 never van ie li, and so th e  d e n s ity  never becomes i n f i n i t e ,  

except vhon

R X 0 .

U ain j (2 4 ) ,

Po -  Po = j  ï^PoûrJ -  po

Q  ir*po - 4 ( 4  r® po)]dr)

 ̂ 1 r® û r . (46)
J o r

0

Thus a  s u f f ic ie n t  co n d itio n  f o r  n o n -sin g u la r d e n s ity  i s  th a t

4 2 .  4  0 .
o r

This i s  n o t, of co u rse , a nece^'sary c o n d itio n .

D ensliy  s i  A: A la r i t i e  a may a r î s o  when soae reg io n  has an 

"excess o f m a tte r" .

I f  in  ar^r reg ion

Po > Po

then  when t  » 0 ,
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Now

i s  a L.onoti>x.ically decreasing  fu n c tio n  o f t  f o r

0 t  < Z

ana as

4 r  a s  
 ̂ ♦ I F ?  •* - -

in  t h i s  region*

Thus

dr

vanishes f o r  p re c is e ly  one value of t  during  th e  co llapse*  

Hence any excess of m atte r w i.ll g ive  r i s e  to  d en s ity  

s in g u la r i t ie s *  Tote f u r th e r  that in  t h i s  case , i f  wg suppose

E '( r o , t ’ ( ro ) )  = 0 

th e n , s ince  P.* i s  a monotonie decreasing  fu n c tio n  of t  f o r  

f ix e d  r ,  we have

R’ ( r o f t )  < 0

f o r

t  > t* •

Fix
t  a t i

where
t*  < t i  < t  .
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Then

R * ( ro ,t i )  < 0.

Eut by ( 24 ) end ( 27) ,  a i s  a continuous fu n c tio n  o f r  even 

i f  Po i s  only piecew ise co .linuous* TTius

i s  a cont5jiuou3 fu n c tio n  of r*

Tow

lv(0 ,tx) = [ r (  ( a ^ /^ t ) ]
r»o

a 0

whereas

P‘(i’o*tx) > 0

since

t ,  < ,

I t  fo llow s th a t  th e re  must e x is t  a nuige of r ,  w ith in

( 0 ,r o )

f o r  which

) > 0

whenever r  l i e s  in  th is  ran^e. h'e deduce th e  ex is ten c e  o f a t  

le a s t  one Tq in  t h i s  range , f o r  which

R(ro , t i )  « R ( r o , t i )

and so overtak in g  does indeed occur a t  t h i s  tim e.
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s in ce  here

p ( r o , t i )  < 0

th ia  confinna our co n jec tu re  th a t  "ncg-ative d e n s it ie s "  r e a l ly  

im ply th a t  overtak ing  la  o c cu rrin g , and has occurred*

Furtherm ore, i f  i s  continuous, th en  by (4 5 ), so i s  4 ’ ,

and in  t h i s  case th e re  i s  a  whole ranq^ o f r  f o r  which overtalcing

occurs a t  t l i is  time*

IT however

Po ^  Po

then  by (t-5), R* i s  alv.ays p o s it iv e  f o r

t <  s

ana bo 4  i s  a monotonie in c re a s in g  fu n c tio n  o f r  f o r  f ix e d  t ;  

thus here overtalcing never occurs*

Tliere i s  one f i n a l  query in  th i s  connection: i s  our c r i te r io n

&(Fi#t) = h ( ia , t )  (47)

s u f f ic ie n t  f o r  the phenomenon of "overtalcin.; '? The only p o ss ib le  

counterexample i s  when we have, in  a d d itio n

R(rx,t) * R(ra,t) (43)

[ - a ( r x , t ) ]  [ - k ( r a , t ) ]  (49)

tak in g ri < 2̂ ,
f o r  th e n  p a r t ic le s  a t  ,ra  would touch m om entarily, and then  

recede r e l a t iv e ly ,  w ithout th e  rg p a r t i c le  overtaking  th e  r^ 

p a r t i  cle*
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H

e tc .

How

1

■ 4 4 # :  "1

u sing  ( 24) and ( 27) t B im ilarly  f o r  Eg . 

Thus
-  Ri e -  .  T"^ («aTa® -  K iri* )

using  (4 7 ) .  hu t

ar® a 2&Hr

(see  above), vhence, since pQ i s  non-negative

Thus

ttara® >  Kir^®

Re "" hi T: 0t>a —

e q u a lity  occu rrin g  only i i ‘ I n i t i a l l y  tho^e i s  no m atter i n  th e

re, ,ion between r^ ,rg .

Ihncc (4 i)  cm not be s a t i s f i e d ,  except i f

ĉ a • (53 )

bven i l ' t i l l s  were so , and so (49) ?/©re s a t i s f i e d  w ith  e q u a l i ty ,  

we la ijh t s t i l l  g e t "o v ertak in g " , de  ̂ghcu-Aj upon th e  value of tlie
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Xiéxt a c r iv a t iv e .  However no te

(auo ( 29)}, g iv in g

Tiius, squaring  both  s id es  of (4 3 ),

«1^1® ( ^  -  1) a cs2ra®( -  1) 
k l  a

and u s /  .g (47) :

aiFx® -  ttaTa® » («1^1® -  Kara®)
-1

so t h i t ,  i f  ( 50 ) h o ld s,

«1^1* -  Kara® = 0 ( 5 I)

and CO. lülnirvj (50 and (51 ) g ives

r% * ra ,

s in ce  r  i s  no t zero (otlierw iae E I s ) . Tlius (47) i s  indeed 

s ju f i^ lc n b  f o r  overtc.ld.ng to  occur*

V-e could now proceed to  a s im ila r  treati.iun t o f the  more g e n e ra l 

e l l i p t i c  so lu tion#  de would then o b ta in  an equ a tio n  s im ila r  to  (4 5 )i 

u n fo rtu n a te ly , however, th e  fu n c tio n  R* i s  no longer monotonie in  

t ,  which maîces th e  problem somewhat in t r a c ta b le  a n a ly t ic a l ly ,

A g ra p h ic a l trea tm en t i s  p o s s ib le , b u t the question  does n o t seem 

to  be o f s u f f ic ie n t  in t e r e s t  to  ju s t i f y  th e  ccxnplications involved*
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Tlilo ch  y  t  v . i l l  bc conclude^ l . j  au lu iu iin a tlo n  o f th a

" e x te r io r  s o lu t ia u " ,  The rcauilus h  r-5 been knov.n t in o e  the

th:.o ûf uawix>n — wa tii'e concerned ne r e ly  w ith  >.ritiA> tlicm in  

a rTvuv.ier «hi h cuhorda X'&al.y conyari^cn v.ich the  corr--.spondÎA;

Relu 15. v ia  t i c  r  o :u l  ts  •

V.hit neLu;îng ctn  be ('Ivcn to TïJ equt.Lion oi motion ,I.un in  

Bo.uê rég io n

P o (r)  = Q ?

C U urly  i t  i.uet rxX‘c r  to tue motion o f a t., A p a r t i c l e ,  o f  n c q llg ib la  

m ue., iu  T. I t l i in  o r e x te r io r  to  th'^ body in  qua e t io n .

Lin..:o ,' / .uüul' n rd ev itu ticn  i s  a l in o tr  uicorp-, ve may co n iiu cu tly  

V.U. e a p a r t ie ls  of s mull xe*.33 v . i l l  not appreciably a f f e c t  

tue -viiv tiorj’l  f ie ld  of the body itcc lt'#  fuch a p a r t ic le ,  then , 

w il l  folic?, a tra jectory  f  nui l ia r  fi'on ciscuusiona of Newtonian Orbits 

To ,.ivo uu,...in; to  equations (1 6 ), (1 7 ), (1 3 ), we must sssu ce  tJxut 

the t',.vI Tr.rtlclo w i l l  share lue lyinr.iütr ie s  o f  the general moti.on.

T .Is  i. .p lie s  l i r s t l y  th:^t the  i n i 'U n i, and tîxo.refoi'e subsequent, 

motion w i l l  be ra d ia l#

In  ruitchiA> th e  i n t e r io r  and e^v '^rior ' so lu tio n s"  we would w ish 

to  lup'oue an elerxjnt of c o n tin u ity  in  t.he beliaviour of th e  p a r t i c le  

vla-<i-vl3 th e  o u st f lu id #  I f  in i t l .u l ly  th e  f lu id  i s  a t  I 'o s t . we 

s h a l l  assume th<it the p a r t ic le  i s  likew ise# I f  the  f lu id  i s  

homo.^eneous tlîrou .liou t tho n o tio n , t iu n  ( o f #(11 ) , ( 3 o ) )

V (r) "  ; r v  ( r  r^ )
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v.r£iü V iù  cuiisuuit. lier© v»© nuW. ru^x-eiy extena tlilô  coidlition  

to  cx ioriû i' t e s t  ^ a r tic le s .

hn g(jn.rrU , i f  th e  i n i t i a l  v e lo c l'a r d is t r ib u t io n  la  er*rJ.ytlc 

eu -tiiiuüu-j) thun tlio v e lo w itv -c lis trib v itio n  fu n c tio n  V(r) can 

be vu'i continued a n a ly t ic a l ly  to  th o  e x te r io r#  IT , how over,

V(r) i s  s; y  continuous a t  the b o iu x a r /, f o r  scane K, then  t l i îa

fcXce;.3'on i s  no longer unique: wo could sneclL'y any fu n c tio n  V (r) 

in  Ino  c îc t.c rio rregion which was CQ.tiixuouj a t  the  bounCary#

. uppoce tiiBn th at V(r) ia  g iven  tliroughout# V.hen

r  ^  r ^ .

b

Then (J7) b .c nos

3î (52)Po(r)
4 vr

a (r )  = (53)

( ~ )  . « (54)

where

'I'

— 3
a = Po(ï'pj) • j  V $

In t  :u iioiio-cnoous ca se ,  t h i s  1 s t  c pr.tion reduces to  ( 7 ) .  

( ;0 )  a^p'lies ppsaurally, S‘ 3  co i t s  wuluUons, using ( l 6 ) .
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th  A ( f l )  6.IU (52 ) ,  o r  t l - a i r  éq u iv a len ts#  I f  tlie l i i i t i a l

vuIcKjity la zaro thi'uugliuub, V ,ii suluJ.'.ai can to convtnientl/

Isc;.:. , 3 fo llow s:

S a ^ ( a ^  ® (r ) t)  ( r  <  r^ )

( r > r ^ )  •

hotc. th a t  G I s  an ar*alytlo fu n c tio n  of r  f o r  r  > 0 ,  t  <

even tXiou,;h p may bo d isco n tin u o u s,

r tn c iT .lIy , i f  th& a p c c î f ie l  v e lo c i ty  a is tiU b u tio n , V(z ) la

C** cojU5u ï;ouc,  then  tho  fu n c tio n  p (o r  q) g iven by ( j l )  i s

a ls o  C^, anil to  the  fu n c tio n  C, f o r  fU axl t ,  i s  continuous 

f o r

t  < tç ( r )#

/ o 4 t'X.'c, i f  the motion i s  from ren t ,  (51) becomes. In  the  

e x te r io r '.4 (vr
w io:i i s  t..c  s an.uii'd re s .* lt fo r  th e  t  une t a  .en f o r  a  t e s t  p o r 'd .d a  

to  f u l l  0.1 CO x'ca'ticl© of n^ss H#

f ir . . i l ly ,  T,@ note t l iâ t  tlie g r a v i ta t io i ia l  p .o lenbial I s  f]4G h '.ltd  

cü;..lnuou3 tliraoghou t, even I f  po i t  only  pieoew iso continuous#

For
n -  - t x  g 5 )

iv

and
» 4 #  r*po .

a r

This r e s u l t  w i l l  prove u s e fu l  In  comprtring th e  C la s s ic a l  and 

E e la t lv is t lo  apiu'cuches to  tho problem#



48.

CHAPTER I I I

RM /riVXtTIC f  .;tATI- :>g ARP TIu.Ik GCLllIORS

The problem of th e  K e la t iv is t io  a u s t - f lu id  sphere has been 

a iscu ssed  in  aome a e t a i l  s ince  1933; in  p a r t ic u la r ,  we may no te  the  

trea tm en ts  of I>ATT (o4 F. 7  ) , OPP.TTCŒÆ.R db ChYBER (KEF. 3 7 ), and more 

re c e n tly  HOYLE d HARLDOIR (idiF'. ) and HARIfU & TOMI'IA (JAF. ^ iJ ) .

Some of th ese  au th o rs  consider only the case of uniform  d e n s ity ; we 

s h a l l  u isc u ss  th ese  a r t i c l e s  in  duo coui'se.

TliroUtjiout most of t h i s  ch ap te r we s h a l l  be using  the  framework 

o f " c la s s ic a l"  G eneral -R ela tiv ity . This i s  e s s e n t ia l ly  a  lo c a l , 

r a th e r  th an  a g lo b a l th eo ry , in  tlia t v/e do n o t enquire too c lo se ly  in to  

tho dom.Jtin o f v a l id i ty  of th e  p a r t ic u la r  ŝ . stem of co o rd in a tes  employed, 

and assume im p lic i t ly  an E ucliuean topoloQr of space—time (see  Chapter V). 

In  our l a t e r  co n s id e ra tio n  of the  problem of bounaary c o n d itio n s , and 

t b i t  of the " fa te "  of a co llap s in ,j e u s t - f lu id ,  i t  w i l l  be seen t lm t tJiis 

framework i s  inadequate fo r  a p roper understand ing . In  o rd er to tacldle 

ta e se  problems e f f e c t iv e ly ,  we s h a l l  ucvoee Chapter V to  a  development 

of General R e la tiv ity  on th e  b a s is  of mouern d i f f e r e n t i a l  geom etry, 

thou  h we s h a l l  e x e rc ise  reasonab le  econ<zoy in  the  use of advanced 

concepts.

Tho f i r s t  s e c tio n  of th i s  ch ap ter v . i l l  be aevoted to  an ex p o s itio n  

of th e  " te tra d "  form alism  in  General R e la t iv i ty ,  in  o rd er to  o b ta in  tlio 

8 tant h r  d expressions f o r  th e  " s t r e s s !  energy" te n so r  of th e  d u s t - f lu id ,  

and, more g e n e ra lly , of the p e r fe c t  f l u i a .  The j r e s e n t  au th o r would 

n o t w ish  to  claim  p a r t ic u la r  o r ig in a l i ty  fo r  t h i s  t r e a tn e n t .  We nex t
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proceed to  an exam ination of th e  fonn of the p e r fe c t  f lu id  s t r e s s —energy 

ten so r; the  in te rp r e ta t io n  of tlie tv70 s c a la rs  p , p i s  somowliat obscure, 

and does no t appear to  have been s a t i s f a c t o r i l y  d iscu ssed  in  tiie 

l i t e i ’a tu r e .  'h a  q u estion  of w hether p i s  th e  m ss —d en s ity  o f c la s s ic a l  

physics i s  of some im portance, e s p e c ia l ly  i f  ?/e wish to  sp ec ify  an 

e quation o f s ta t e ,  fu n c tio n a lly  r e l a t in g  p , p .  Our method i s  to  

compara tliO I le la t iv i s t i c  conservation  equations w ith  ones derived  on 

a " s e n i- c la s s ic a l"  b a s is ;  v/e conclude f i r s t l y  th a t  th e  p ressu re—f ie ld  

c o n tr ib u te s  a n egative  energ y -d en sity  in  th e  in stan tan eo u s re s t- fra m e  

of tho f lu id ;  secondly , t h a t  p re p re se n ts  the  t o t a l  re s t-fram e  en erg y - 

densit;;,'’, in c lud ing  th e  p resau i’e f i e l d  d e n s ity  and the d e n s ity  o f i n e r t i a l  

mass; l a s t l y  i l ia t  the number d e n s ity  o f f lu id  p a r t ic le s  i s  p ro p o rtio n a l 

to  a c e r ta in  fu n c tio n a l o f p , p ,  end th a t  i t  i s  th i s  quanti 1y wliich 

should b j used in  equations o f s ta t e .

Ü then  proceed to  our p r in c ip a l  ta a î:, viiich i s  th e  g e n e ra l so lu tio n  

of the E in s te in  f i e l d  equations f o r  a lu is t- f lu id  sp h ere . The approach 

a%puars to  be o r ig in a l  in  th a t  the aiuilogy between the  Newtonian and 

iv e lu o iv is tic  s o lu tio n s , w ell known in  the homogeneous case )

i s  extended to  th e  g e n e ra l c a se . Ve s h a l l  a lso  show why two tyqpes of 

coo rd ina te  system appear to  be of fundam ental im portance.

The fo llow ing  conventions w i l l  be used: Greek in d ic e s  vd.ll range

in  va lue  frcan one to  th re e  and Homan in a ic e s  from one to  fo u r .  V.e s h a l l  

in te r p r e t  {x^j as  space c o o rd in a te s , and x!* a s  a tim e co o rd in a te .

The E in s te in  summation convention w i l l  be used th roughou t. We s h a l l  

assume t l ia t  tlio geometry o f spacu-tim e i s  Hiemannian, w ith  normal
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hyperbo lic  we t r i o  -  see LICIEL̂ icOl/IC-'i (iCJ?. H  )» The sl^natm -e 

w i l l  be taJjen t o  be ( + - - —)• A v e c to r  w i l l  be c a l le d  T ill hDŒ,

rnj:L or acco rd ln - a a

= 0

re s p e c t iv e ly .  A hypersurface I s  sa id  to  be n u l l  I f  I t s  normal I s  n u l l ;  

o therw ise i t  I s  tlm e llk e  I f  I t s  normal I s  i %&cellke, end v ice  v e rsa .

P Jiy slca lly , ve s h a l l  assume the  ex is te n c e  of a " s tre ss -e n e r^ y "  

te n so r  T\j* which In  some manner d e sc rib e s  th e  d is t r ib u t io n  of m t t e r  

tiiTou iiout space-tim e, and s a t i s f i e s  th e  conserv a tio n  equations

= 0 , ( 1)

where th e  semicolon In a lc a te s  co v a ria n t d i f f e r e n t ia t io n  w ith  re sp ec t to  

the iie raan n i n connexion (whereas a comma w i l l  In d ic a te  s tra lg litfo rv /a rd  

p a r t i a l  d i f f e r e n t i a t io n ) .  Ve s h a l l  c h a ra c te r iz e  the p e r fe c t  f lu id  

(w ith  th e  u u s t- f lu ld  a s  a s p e c ia l case) by re fe ren c e  to  th e  e igenvalues 

of Tij .

A te n so r  Fk  ̂ Is sa id  to  have an PIG i VALUE A, w ith  corresponding

LicyXUVQR p S  iT

F , j p ' '  » . (2 )

I t  fo llo w s what A must s a t i s f y  th e  LIGILVALOE KQLAIION

det[F ^^  -  A = 0 (3)

I f  v/a m u ltip ly  (2) by we o b ta in

p » A p i



51.

and In s tea d  of (3)

det[F ^^  -  A8 = 0 .

Tills i s  th e  ’’mixed" form of th e  e igenvalue eq u a tio n , and corresponds 

to  f a m il ia r  al^;ebraio n o tio n s  concerning endomorphlsms. A c o n tra v a ria n t 

form o f th e se  equations may be obtained s im ila rly #

Tlio ten so r T^j I s  by d e f in i t io n  symm etric, and th e re fo re  p o ssesses 

r e a l  eigenvalues# Note however th a t  th e  mixed te n so r  T*’j  i s  n o t in  

g en era l synusetrlo, though o f coui'se I t  possesses th e  same eigenvalues 

as  does #

The c h a ra c te r iz a tio n  of th e  h e la t iv l s t lo  d u s t- f lu id  seems q u ite  

s tra ig h ti'o rw ard : I t  I s  com pletely s î-ec if ied  by a s c a la r  p ,  end

a fo u r -v e c to r - f le ld  u**, being  the  r u s t  d e n s ity  and f  our—v e lo c ity  of 

the f lu id  re sp e c tiv e ly #  We s h a l l  th e re fo re  suppose th a t  the te n so r  

Xy I s  d e .-en era te . In  th a t  I t  has only non-zero e igenvalue p ,  

w ith  cüi’re  spending tlm e -llk e  eigenvecto r u^# At any p o in t ,  a l l  v ec to rs  

in  th e  ( tan g en t) hyperplane perq)endicular to  u*' a re  then eigenvecto rs 

w ith corresponding] eigenvalue zero# Buch v e c to rs  must be sp ac e lik e ;

p*,rj^nwicul ir"  here  Im plies the  van ish ing  of th e  m e tric  s c a la r  pix)duct -  

I . e .  v^ X u^ means

gyjV^uJ s  0 .

hlie h e la t l v i s t i c  p e r fe c t  f l u i d ,  however, seems le s s  s tra lg h tfo r^ sa rd . 

I t  I s  p h y s ic a lly  sp e c ifie d  by t : o  s c a la r s ,  d e n s ity  and p re ssu re ra s  w e ll 

as  th e  fo u i'-v e lo c ity  v ec to r f ie ld #  Nov;, as we s h a l l  s e e , due to  th e  

R e la t iv ia t ic  In te ra c t io n  ( a t  tl:e macroscopic le v e l)  between the  m a tte r .
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and iiio pre.ssure f i e l d ,  th e re  a re  v a rio u s  candidates f o r  th e  t i t l e  

’’d e n s i ty ’,  ana i t  may no t tu rn  ou t to  be roasonaule to  expect the 

r e s t - d e n s i ty  o f i n e r t i a l  mass to  be one of the eigenvalues of , 

lîo’.vcver, WQ may d efine  a p e r fe c t  f lu id  as being sp e c if ie d  by a s tr e a s 

on ergy te n so r  which Is  degenerate  in  having only  two eigenvalues;

One w i l l  correspond to  e ig en v ecto r u ^ , and w i l l  be w r i t te n  p ; 

a l l  v e c to rs  p erp en d icu la r to  u^ a re  e igen v ec to rs  corresponuing to  tlie 

o tlier e ig en v alu e , which f o r  reasons v/hich w i l l  become a p p a ren t, we denote 

by - p  .

Our nex t ta s k  i s  to  o b ta in  the a lgobraio  form  o f T y in  e i th e r  

of th e  cases d iscu ssed  above ( n a tu ra l ly ,  th e  c u s t - f lu id  i s  a  degenerate 

case of th e  e r f e c t  f l u i d ) .  In  o rd e r to  derive  th e  form of in

a 8tra l^h ti'o rv ,ard  fa sh io n , i t  seems 7/orthv/hile to  ex p la in  th e  use of 

the foniialism  in  General h o la t lv i ty  ( c f .  IdVF. 41 ) .

In  t h i s  s e c tio n , we s h a l l  use a system o f u n its  in  v/hich iiie v e lo c i ty  

of l i , ] h t  i s  to  be "understood", meaning t l i a t  a u n it  o f tim e i s  cliodsen, 

and leng tlis  a e to  be measured in  u n its  o f l ig h t- t im e . .Ve s h a l l  a ls o  

assume t i ia t  u^ has been norm alized, by th e  requirem ent t l ia t

= +1 . (4)

Ve may s im ila r ly  norm alise a spacelilco e ig en v ecto r v^ by

g l j v V  a - 1  . (5)

G enerally , a v e c to r - f ie ld  d e fin es  a  congruence o f " in te g ra l  curves" -
1/iX

tiie w o r ld - lin e 3 of p a r t i c le s ,  such uhat i s  everywhere tan g en t t o
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the ap p ro p ria te  member of th e  con^;imonce. V,hen norm alized, i s

the u n i t  tangen t v e c to r , ,  to  th e  w o rld -lin e  in  q u es tio n .
da

The cornerstone of the  method i s  th e  use o f fo u r  l in e a r ly  

independent v e c to r - f is ld s  (v is rb e in s) . V.o denote them by ^  (a  s  1 —4 ) ,  

th e  index a being mere la b e l l in g ,  v<hilat i  i s  a te n so r  index . Vor 

our pui'pose we choose v^ to be orthonoriaal, and put

v^ = u \  (6 )

th e  v^ boi.ig th re e  m utually  orthogonal u n i t  sp ace lik e  v s c to r - f ie ld s .

In  tci'ras of v̂  , we d efine  th e  TETAAD NET JC g by 
a ah

g .  Ti « e y  t J . (7 )
ab ^ ^ a  b

Using ( a ) ,  (U) and th e  o rth o g o n a lity  p ro p e rty , we see th a t  in  t h i s  

case th e  a re  th e  c o e f f ic ie n ts  oi* th e  î'inlcowsldl m etric  d iag  ''

(1 ,-1 ,-1  ) .  This approach enab les us t o  d iscu ss  a lg e b ra ic  p ro p e r tie s

o f to 1:5ors In  General R e la t iv i ty  in  th e  language o f S p ec ia l r e l a t i v i t y .  

The n ex t s tep  i s  to d e fin e  to  bo tîio components of tiie m atrix

in v erse  t o  ^  ; in  our case the components of g , g a re  id e n t ic a lab
ab

aThis enables us to  d e fin e  "upper" te t r a u  v ec to rs  v^ (and s im ila r ly  v^)

.
V,e ai'e now in  a p o s it io n  to  d efin e  upper and lower TETAD CO.’Ĝ OhTlMS 

of a v ec to r o r te n so r  f i e l d :

g as p i Vi = Pi v l
a  a

P » Pm v v̂J 
ab a  b

a , b .  Ok 
K a  K i j k  y l  v J  v'*



54.

and so on, Note th a t  th e  te t ra d  components a re  s c a la r s ,  whereas 

tlie te n so r  components a re  not*

A most im portant r e s u l t  i s  the fo llow ing :

yl a 8j (8)

whei'e th e  summation convention i s  understood f o r  t e t r a d  ind ices*

Usjng ( 7 ) ,  we have

a : V I a(yl %j) yl a yl â
b ao

a y l
b

Thus y l vj a c ts  as  the  u n i t  o p e ra to r when opera ting  on any te t r a d  

vector*  But trie l a t t e r  to g e th e r form a  b a s is ,  so th a t  the  exp ression  

a c ts  as th e  u n i t  o p e ra to r when o p era tin g  on any v e c to r . Hence re su lt*

A corollarj»- i s  t h a t  any te n so r  may be ' recovered  ' from i t s  te t r a d  

components :

K i j k . . .  = K v i Vj Vk . . .  ( 5 )
ab o ,* ,

} AOQX ;

=  K p q r . . / !  *

using  ( 3 ) .  Hence re su lt*

A f u r th e r  consequence o f (8) la  th a t  th e  ex p ress io n  ciay

reasonab ly  be c a l le d  the  PKOjECTI'On OPAZATOR onto th e  hyperplane spanned
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by tlie  Vi# F or, I f  i s  any v e c to r ,  the  exp ression

a

k l VI VJ

i s  a l in e a r  com bination of th e  vj , and hence i s  a v ec to r in  th e  hyperplane;

whereas

k'- n  TJ

i s  a v e c to r  in  th e  d ire o iio n  o f vj . Furtherm ore,
4

1  ̂ t  ̂ I Û
^  V I JJ  +  k*" T t  Vj =  k** V ; VJ

« k l gjk &1

* kj »

so th a t  kj has been re so lv ed  in to  a component in  th e  hyperplane, and 

one along vj • A ll th e se  r e s u l t s  apply  to  a g en e ra l t e t r a d  b a s is ;
4

however, in  our case we have in  a d d it io n

g  *  1 »

so th a t
4
Vi « Ui,

Hence

i  VJ a  T i  Vj -  V i V J
a  & 4

* e i j  -  U luj (10)

which i s  th e re fo re  th e  p ro je c tio n  o p era to r onto th e  p lane p erp en d icu la r 

to u i ( c f .  ::.YNGB, BIT. 41 ) .
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Equation (8 ) th e re fo re  seems fundam ental; in  f a c t ,  tlie  t e t r a d  

n o ta tio n  has served m erely to  d isg u ise  the f a c t  th a t  i t  i s  a standard  

r e s u l t  i n  olem entary l in e a r  a lg e b ra . Regarding v ec to r and te n so r  

f i e ld s  a s  being th e  p re s c r ip t io n  of a  v e c to r  or te n so r  in  each tan g en t 

space (see  Cliapter V ), and using  th e  u su a l n o ta tio n  f o r  v e c to rs ,  we 

may in tro d u ce  th e  TASI3 VECTOR FT IDS, e ^ , a s so c ia te d  w ith  th e  coo rd inate  

system th ese  f i e ld s  having components

V  “ «1 •

wliere a i s  to  be regarded  as a  t e t r a d ,  no t a te n s o r , index . The 

m t r i o  intiuces a s c a la r  p roduct -  s t r i c t l y ,  a pseudosoalar p roduct -  in  

each tan^^ent space, such th a t ;

Sp • £q  ® *

whence

a . b = 6 u  a l b>

Since the s e t  o f v ec to rs  v ^ , being th e  t e t r a d  w ith  components y l ,  

form an orthonorm al s e t  in  th e  case  of i n t e r e s t  to  u s , we would expect 

th a t

[v^J being  an orthonormal b a s is  in  each tan g en t space.

This O 'luation i s ,  hw /ever, in c o r re c t ,  s ince  we a :e  d ea lin g  w ith  a  pseudo- 

s c a la r  p roduct; i t  must be .i.odified to  re a d ;

•  l = (e i  .  u)u -  L(ei . ,
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as  may re a d ily  be e s ta b lish e d  by talcing p roducts w ith  each of th e  

in  tu rn .  This l a t t e r  equation  i s  e q u iv a le n t to  ( 8 ) ,  w ith

ortiiononnal, s in ce

• l  .  = 6lk

“ u i ,

so t h a t ,  in  term s of components w ith  re sp e c t  to  th e  ( e j} ,

e J 9 u iu J  -  L vi yJ .I a a a

t I 4 » I ^ ^But ; y^ » u^ , and y^ » — y*' , so th a t

a
* v i  2*̂

as  recjuirod.

3 lis  lias exp lained  th e  s ig n if ic a n c e  o f (3) in  th e  case o f orthonorm al

jy ^ l ;  i t  rem ains to  d iscu ss  the  g en e ra l case in  the  language of l in e a r

a lgubra . The te t r a d  m etric  g i s  given by
ab

ab

wliich a re  ju s t  m e tr ic a l c o e f f ic ie n ts  i n  the  tan g en t sp ace , derived  from
aba b a s is  (v ^ | in s te a d  at'* th e  b a s is  ( e ^ | . v;e may d e fin e  g as th e  

in v e rse  o f ^  , and jy ^ j may then  be d efined  a s  th e  r e c ip ro c a l  b a s is

to  , so th a t
a &T)

z  = s z b  ;

a l t e m a t iy e ly ,  we may use a f a r  more pov/erful approach, and d efin e  [v^J 

to  be th e  dual b a s is  corresponclng to  In  the  l a t t e r  approach.
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I s  t h i t  l in e a r  fu n c tio n a l f o r  wiiich

a
< Z » Z b >  “  « b •

Givun tho  o cu la r  p ro d u c t. I t  la  easy  50 e s ta b l is h  an l5ornor?'>hlsm o f 

the  tMifyeut q irce  and i t s  d u a l, u n .o r v/hiUi th e  r e c ip ro c a l  b a s is  end 

th e  d u a l b a s is  co rrespond , so t i r  t  în  a  sense bo th  trea tm en ts  a re  

e q \iiv a len t. e conclude th a t  tlie e:q ro cs  ion

a
Z  * Z b

may be in tu ip i-e ted  e i th e r  us a s c a la r  p roduct between vectcu’s ,  o r  

a s  a n.':tu i'al s c a la r  product between u d u a l vectorund a  v e c to r  ( fo r  

i  u r ti ie r  de x . l l s ,  so© Cliapter V ). vhichevei- in te rp r e ta t io n  wo u se .

I t  i s  cliA-ir t h a t  w© can w r ite

21 -  l ^ Z \  2 1 ) 2a  '  (11)

since

2*̂  • 2b  ■

Ilov/evcr, equation  (3) i s  ob ta ined  f ro n  equation  (11) merely by tald .ng

üüfiipononta# This com pletes our id e n t i f i c a t io n  o f t e t i ’au-componont

r e s u l t s  w ith  standai’d v e c to r  ones#

I n.'itsd ivith th i s  t e t r a d  apparu tua , i t  i s  easy  to  e s ta b l i s h  tJio

a lg e ljra ic  s tru c tu re  o f T |j • Consider f i r s t l y ,  th e  c u s t - f lu id ,  f o r

which p i s  th o  so le  non-zero eigonvaluo* Here

Tlk V* « P 5 ?i ( i d )a a 4 a

(no euroriatlon over a ) .
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Using ( 8 j ,  ( K l ) ,

I lk  v jv j

p u iu j  ,

4*4
shivu g a l  h e re . UiU3

Ï I J  ■  p u l U j  .  ( 1 2 )

i ü*.' th u  p e rfe c t f lu id ,  l e t  p be tha v genvalue coireaj O^idln,] 

to  lii , c:vl (—p) be th a t  coz'i'tc. : to  f ny v^ • Tîv*n

I'lk U** » p uj.

7Au3

: u  -  Tlk VJ v “

( u 3 C U j , t* '3Ù nee

Tl J  a  p U i U j  -  p  V i  ? J
a

» )dlUj -  P g ij  (14)

u ,ln ^  ( r  c f  c o u rse , (13) i n  ob1ain<ni from (14) by tcihiiig p a C.

In  l i  dwx* to  I n te rp r e t  p fin-i p In  plgysleal te rm s, we nood to  

rc c  11  t /.Û i>i;7 d n & n e e  o f t l ^  rl'-c+rf n \  v iatic  streas-erjerQ »’ te n so r  In  

u lA d v lty .  Ilor© we a re  uo-.lliv; w lu i Carte el an ten ao ra  in  

f in. 1 . p ace-tim e . K ©pli\; to  n s y a r i  o f u n i ts  in  v^ilch c i s  

uit e r s t  jfj.!, JiO component T44 ru rrc so n ie  the  r e n s l ty  o f (Ccotroayi;nutlo 

fie^ld U loiqy, m^mely,

2  ( p . ' î  ♦ n . ’’ )}
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re p re se n ts  th e  3-momentum (o r  energy f lu x ) ;  and i s  the

electrom agnetic  s t r e s s  -  fn  any re fe re n c e  fram e. Ey analogy , T4 4 »

f o r  any d is t r ib u t io n  of m a tte r , i s  to  be in te rp re te d  as an energy

d e n s ity , and a s  a th ree-d im ensional s t r e s s  tensor^  (ĝ SFï = )

A ll  t l i is  may be c a rr ie d  over in to  General R e la t iv i ty  a s  f  olloivs:

l e t  wfl be an a r b i t r a r y  u n i t  tim e lik e  v e c to r - f ie ld ,  and complete an  
4

orthononaal te t r a d  w ith  th e  a d d it io n  of th re e  m utually  o rthogonal

v e c to r - f ie ld s  these a re  determ ined up to  a 3 - ro ta t io n .  Then
a

th e  coi.iponents o f Ty on th is  t e t r a d  a re  to  be in te rp re te d  as in  

S p ec ia l R e la t iv i ty ,  th e  "frame" r e fe i’r in g  to  an observer vdth  4 -v e lo c ity  

w^. In  the  s p e c ia l  case wl = u^ , T th e re fo re  re p re se n ts  th e  r e s t
4  4  4 4

en e rg ^ -d en s ity , T sliould v an ish , and T re p re se n ts  the r e s t  s t r e s s —
4 a

te n so r ; f o r  the  p e r fe c t  f lu id  t l i is  rnust have e igenvalues ( - p , - p ,—p ) , 

where p i s  th e  p ressu re  — t h i s  j u s t i f i e s  th e  id e n t i f ic a t io n  of the  p 

in  ( 14) w ith  p h y s ica l p re ssu re .

The in te rp r e ta t io n  o f  p rem ains u n ce rta in !  th e  phrase " re s t-en e rg y "  

iiuy imply mass d e n s ity , or e ls e  a Lotal tnerQ'- a r i s in g  frcxa th e  in te ra c t io n  

of irc*tter w ith  the  p re ssu re  f i e l d .  Tliis u n c e r ta in ty  g ives r i s e  to  some

confusion in  th e  l i t e r a t u r e  (sea  )• To th e  b e s t  o f th e  p re se n t

a u th o r’s kno>vledge, t h i s  q u estion  h s no t a s  y e t  been s a t i s f a c to r i ly  

reso lv ed : we devote the nex t s e c tio n  to  an a ttem pt to  decide  the

id e n t i f ic a t io n  of ' i n e r t i a l  masaddonsity" and " p a r t ic le  num ber-density"•

Our r e s u l t s  appear, in  p a r t ic u la r ,  to  c o n f l ic t  w ith  those  of BOI/dî 

(REF. *1? ) ,  who uses v a r ia t io n a l  te  clinique s .
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TIE FAEFaCT FUnD

Tiiu eqim tions of motion f o r  th e  p e r fe c t  f l u i d  a re  a consequence 

of th e  conservation  of T ij ( c f .  REF. ) .  According to  (14)

I 'H i » [(p+p)u^uJ], -  p*J

» (p+ p )  U^uJ + ( p + p ) [ u i  uJ + U^uJ ] -  p*l . ( 15)
»J # J * J

I’ow w r ite , as i s  custom :ry (see  e .g .  RjJ’. X  )

ds £x^ ds

" ‘ s ?  , (1Û)

where —̂  i s  th e  co v a rian t d e r iv a t iv e  w . r . t .  x^. Then, s ince
6x1

the  co v a rian t d e r iv a tiv e  of a s c a la r  i s  ju s t  th e  p a i 't i a l  d e r iv a t iv e ,  

( 15) becomes

u l + ( P + P ) [ ^  + (div^iüu!'j  -  p * l, ( 17 )

div^u being sim ply Equating ( I 7 ) to  ze ro ; m u ltip ly in g  by Ui

and c o n tra c tin g  th en  « iv e s

0 a  Uqul + ( p + p ) [ u i  2 ü -  + ( d iV 4 u ) u iu l l  -  p^^Ul
ds L us J

a + (p + p)[u l + (div^u)! -  ££ . ( 13)
ds L ds ~ J ds

But ~  (u iu \) = u i £EL + u l EEI

Du I I D , k \
Ï ÏT  “  d l  ( s ik u  )

5 T  ’
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s in ce  the covarian t a e r iv a tiv e a  of v an ish . Hence

" Ê r

oubstitu^^ing in  ( 18) ,

~  + (p+p) div^u = 0 (19)

Equation (19) may be termed the "equation  o f c o n tin u ity " .

I f  ( 19) be now in se r te d  in to  ( I 7) ,  equated to  ze ro , one f in d s

c(p+p) + (p+p) Eüi _ 42 ul “  ^ = 0
(13 ds (13

whence

(p+p) I t  = f*’ -  S  • (20 )

The e luations (20) may be termed "equations of m otion".

Thus f a r ,  we have merely ob ta ined  r e s u l t s  which a re  stanLiord in  

the l i te ra tu i 'O . In  o rae r to proceed fu r th e r ,  i t  i s  u se fu l to  r e v e r t  to  

a system  of cooixiinates in  which th e  v e lo c ity  of l ig h t  appears e x p l i c i t ly .  

In  t h i s  case , (1?) and (2ü) should be m odified to  read ;

~  + (p+p/c®) div^u = 0  ( 21 )

( » « / • • )  I t - S " ‘ >

where we in te r p r e t  ds a s  p roper tim e , f o r  a tim e l ik e  d isp lacem en t.

As a f i r s t  s tep  in  th e  in te rp r e ta t io n  of th ese  equations we consider 

th e  n o n - r e la t iv i s t i c ,  f la t- s p a c e  apu rox im ,tion , p u ttin g  uf = 1 , anâ6 

assuming c to  be n e g lig ib le ,  and in  p a r t ic u la r ;

p > > p /c? .
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Here (21) bucomes

Dp ,-rf * -p  cdV q
CJtt

and ( 22) becomes, f o r  1 = 1 ,2 ,3

Dq , ,
p ^  «= -  vp, ( 23 )

dt

since

p - .  c  2^

*  -  »

the su b sc r ip t "IÛ" In u ic a tin g  Kinkov.'sklan m etric  components# Tlie se

a ie  ju s t  tliG c la s s ic a l  equations of n o tio n  and co n tin u ity #  Ilor/ever, 

the equation  (: z ) ,  w ith  i  = 4 , re q u ire s  more ca re . Put

^ s  (1 -  q®/c® ) , ( 24 )

where of course

q = \^ \

and

Then

Thus th e  feu i-th  equation  of motion nay bo w r itte n !

(p + p/c® )5£ = 1  f î £  -  • (25 )
ds c® V t  dV
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Kot/ ,  a c c o r d in g  to  (2 4 )

, (16)
d3 da

wiiicii, in se r te d  in to  (2 5 ), gives

A® (p+p/c® ) q £ S « ^ - p ®  ^ - p ^ q . V p ,  (27 )
0.3 2 b d t

s in ce

Ve c lia ll  co n sid e r the  f u l l  eq u a tio n  ( i7 )  s h o r t ly ;  f o r  th e  p re se n t,  v;e 

a ie  in te re s te d  in  th e  non—r e l a t i v i s t i o  approxim ation;

Dqpq —  3 -  q # ? p . 
d t  ^

This equation  s ta t e s  th a t  the  r a te  of chcmge of id n e t ic  e n e rg y /u n it mass 

equals n inus the  r a t e  of working o f th e  p re ssu re ; i t  may, of co u rse , be 

deriv ed  from ( 23 ) nf^rely by s c a la r  m u ltip lic a tio n  by q# Thus we recoup 

merely th e  th ro e  L u le rian  equations o f  motion#
* CL*/

'fills com pletes exam ination o f th e  ’’c la s s ic a l  l im i t ’’ c * 

C learly  th e re  should  only be tlire s  independent r e l a t i v i a t i c  equations of 

m otion. Consider f i r s t  the p o s it io n  in  H a t  space-tim e. Equations ( 22 ) 

w ith i  = 1 ,2 ,3 ,  g ive

(p + p / o ® ) E ^  .  -  2 2  q (28)
d3 U3

and i t  may be co n jec tu red  th a t ,  vd thout r e s o r t in g  to  any appro:dLmations, 

( 27) ;.iay be deduced from (23) simply by s c a la r  m u lt ip l ic a tio n  by q #



65#

I’o ciiuc.c t h i s ,  v.e no e th a t

ds ds ds

= P i  ~  C^®q®/o®+1),
cis

using ( 26 )* But

Thus

NolV

ds
= A' q rr* • ( 29)as

whence

3 . (vp + e/<? ^  q) = R  ■i®A® I f  + (1^JÎ*<f/«^ h. Vp

C i® - i) i£ + ^ .^ q . Vp. ( 30)
Ôt

Hence, by ( 28 ) ,  (2 9 ), 3 0 ),

(p + p/o“ ).'3®<1 ■> (1 -  ) ^  -  ^  a . Vp ,ds 01

which i s  ju s t  ( 27 ) .  This proves our c o n je c tu re ,

A s l n i l a r  procedure can be adopted in  th e  g en e ra l case (curved sp ace -tim e).

According to  (hZ),

(p + p/o® ) | ^  * ^  (P*^ -  u“ ) ,us c as

( p . p / < r ) u „ | f  . , - k ( u „ p ' “ - g ) .
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Eut

I t  = “♦ i f  * "a à T '

and, as  we liave seen

Furtliermoz'e,

0,

-  UiP*^ 

a ££ -  UiP*̂  ,
a a

UiU. 00

u (p*“ -  ££  u“ ) = £2 -  u ,E «  - # 1  -  u,u« )
“ a s  as

« -  U4(P** -  U^).as

Provided u* /  0 , th e n ,

(p + p/c® ) ^  ^  (p '*  -  )as  c as

whicli i s  j u s t  th e  f i n a l  equ a tio n  in  (Z2)*

Effi lîîTAbFRIfrATION OF p

Tho m* anlng of p in  (21 ) ,  (22) i s  nou v e iy  c le a r  even when we

a re  a e a lin g  w ith  f l a t  space-tim e* As we have seen , p can be d escrib ed  a s

the  "I'es t enerQ r-density"J  b u t does t h i s  mean th e  d e n s ity  o f i n e r t i a l  mass, 

or aoes i t  no t?  I t  would seem th a t  i f  can so lve  th e  a q u estio n  on the
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b a s is  o f a f l a t  space-tim e m e tric , our in te rp r e ta t io n  o f p ,p  should

be v a lid  in  g e n e ra l, s in ce  p ,p  a re  ju s t  t e t r a d  components o f T^k on

oui’ cr'chonormal te t r a d  — fo r
a

Tlk v l v*' * p yl v i
4 4 4  4

« p ;

Tlk t I v** » -  p v** yl
a a a a

= P»

a l l  o th e r components van ish in g , V’e a lia ll th e re fo re  pu t 

as b e fo re .

Consider an  elem ent of f l u i d ,  p roper volume I ^ t  s be th e

proT)er tim e in  the  lo c a l  in stan tan eo u s re s t- fra m e  of the elem ent. 

Ignoring  p rev ious d e f in i t io n s ,  l e t  pc®%̂  be th e  t o t a l  r e s t —energy 

a s so c ia te d  v d th  th e  elem ent r ,  end l e t  p be th e  p re ssu re  a c tin g  upon

i t .  I f ,  fo H a v in g  the  m otion, th e  f lu i d  proper-volume i s  changed from

T to  T 4- 8 r ,  the  p ressu re  fo rc e  v d H  do work

6W = — p 8r#

In  a r e l a t i v i s t i c  tre a tm e n t, we must have

o»S(pr)=.SW (31)

60 th a t

6p a -(p  + p/c® ) ^  . ( 32 )

I t  may be o b jec ted  th a t  (31 ) ou, h t  to bo emended, to  read



6S.
o=«(/îpr)/^^g = S'.ï

sincQ o®0?p t ) la  th e  energy th a t  would in  f a c t  be measured a t  any 

neighbouidng even t. However,

C 0

( c f . ( 26 ) ) ;  f i n a l l y ,  tax es  th e  value u n ity ,  and thus ( 3 I ) and

( 32) can s ta n d . V.e deduce th a t

£ 2  .  _(p + p / o > ) i ^  . ( 33 )

1 lyHav, c la s s ic a l ly ,  — —  i s  ju s t  d iv  q , being s p é c if ie  r a te  of
T u s  A.

Ciian. Ô of volume. Here, suppose t h i t  th e  p o in t F i s  in s tan tan eo u s ly  

a t  r e s t  in  tlie lo re n tz  frame in  q u e s tio n , and l e t  rp* be a neighbouring 

p o in t, p o s it io n  v ec to r ^  re i& tiv e  to  P . Then

S  ■ ^ 3 ) , .

( v .  V )C 94)4^  -p

to  th e  f i r s t  o rd e r; s in ce  c^ as 0,

* (n*  V) q .
us

We can now piuceed as  in  c la s s ic a l  iydrodynamic3 (-rf— Cl ear l y,  

we have no need to  in s e r t  th e  f a c to r  /9 a t  any s ta g e ;  i f  77̂  a re  th e
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components of 77 w ith  resp ect to  the p rin cip a l ones- of the quadric

( h . V q ) . T j  = c o n s t . .

and we pu t

tiien

as re q u ire d . Note th a t  in  th e  above a.-gument, th e  f a c t  th a t  p was a t  

r e s t  in  tlie Lorentz frame i s  c r u c ia l ;  o thervdse , in  finding; th e  r e la t iv e  

v e lo c ity , we should have to  take  in to  account th e  r e l a t i v i s t i c  a d d it io n  

law f o r  v e lo c i t ie s  — an added com plica tion . C lea rly , a Lorentz 

tra n s fo ra a tio n  w i l l  convert d iv  q in to  a g e n e ra l d iv^u, which i s  

th e re fo re  the  c o r re c t  ex p ress io n  f o r  th e  expansion o f p a r t ic le  w orld 

l in e s .  Hence our " p ra c tic a l"  equation  (35) i s  id e n t ic a l  w ith  equ a tio n  

( 21) ,  th u s  confirm ing th a t  p re p re se n ts  p re s s u re , and pcP re p re se n ts  

t o t a l  r e s t  o iergy , a r is in g  from th e  in te ra c t io n  of m a tte r  w ith  th e  

p ressu re  f i e l d .

v.e now seek to  Id e n tify  th e  d e n s ity  of i n e r t i a l  mass in  th e  f lu id .  

In  th e  in stan tan eo u s re s t- f ra m e , th e  ex p ress io n

-  Vp

re p re se n ts  th e  su rface  f o r c e /u n i t  v o lu a ,e  and i f  m i s  th e  i n e r t i a l  

mass of th e  volume r ,  and in  the absence o f body fo rc e s ,

^  (iqSq) = -rVp . ( 3 4 )

Now p has th e  dim ensions of energ^ydensity ; on th e  macroscopic le v e l ,  

i r e 8sure re p re se n ts  a  f i e l d  o f n egative  energy -density  ( th i s  being
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r e l a t e s ,  on a m icroscopic le v e l ,  to  th e  k in e t ic  energy o f randoni motion)* 

We may th e re fo re  ex%)ect th a t  the  t o t a l  energy, p , com prises the r e s t — 

in e r tia l- im tss  energy, p lus th e  p ressu re  f i e l d  energy ( -  p )# I f  t h i s  

i s  c o r re c t ,

m a (p + p/c® )t . (35)

Thus on a p r io r i  grounds, we might expect an equation  of motion o f th e

form (3 4 ), w i t h  m given by (3 5 ).

however, tl i is  i s  p re c ise ly  the equation  of motion obtained  from th e

conservation  of th e  s tre ss -e n e rg y  te n so r  -  i . e .  (2 8 ).

For

^((p+ p /o®  )Ti& )̂ « (p+p.c®)r + ~[(p+p/c?* ) r l3 q

[(p+p/o* ) ^  ,a  T

s in ce  by (3Z),

A  ( p t )  -  -  p/o» ^  (36)

and

j ;  ( p / c * t )  = p/o» g  + ^  - g .  (37)

C le a rly , f o r  no o th e r value o f m can (28) end (34) ag ree . Tlie 

conclusion  seems in esc ap ab le , th e n , th a t

m *5 (p + p/c® )r  .

Note th a t  n e i th e r  (p r)  nor m a re  conserved, in  g e n e ra l.

In  f a c t ,  u sing  (3 6 ), (37)

Dm _ T Dp 
ds c* ds
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which vanishes only IT p i s  co n stan t on any p a r t ic le  p a th . Thus 

p ressu re  g ra d ien ts  w i l l  in c rea se  o r decrease i n e r t i a l  m ass, lo c a l ly .

I f  some equation  of s ta t e  in  th e  form

p » p(p)

be g iv en , th e n , according to  ( 32)

r  p+p/<f

along any p a r t ic le  p a th . Hence
dp

~  • (33)

Furthei'iüore, i f  N i s  the number densi-b/ of p a r t ic le s  in  th e  f lu id ,  

then co nservation  of p a r t ic le  number im p lies  th a t

—  (Nr) « 0

aixL so , u sing  (3 3 ),

p+p/c®
dp / .

N = No exp ( /  — T j )  (59)

I'o bein^; th e  number d e n s ity  a t  some ev en t on th e  wo r id  l in e  i n  q u es tio n .

In  g e n e ra l, N i s  th e  only conserved fu n c tio n  o f ( p , p ) .

I t  would seem h ig h ly  probable t h a t  most c l a s s i c a l  equations o f s t a t e  

should be regarded  a s  being fu n c tio n a l r e la t io n s  between p and IT, r a th e r  

than  p and p . Of co u rse , in  the  c l a s s i c a l  l im i t .

N a p  .
I f  p i s  g iven  a s  a fu n c tio n  o f N — or e q u a lly  a s  a fu n c tio n  

o f r ,  we h*ave, using  (3 2 ),

dr T o»r
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whence

P “  —  -  o»r p (r)d T , (hO)

where IIq la  co n stan t on each w orld.line. For example, th e  equation  

o f s t a t e  of a  ro ly tro n e  i s

(41)
wliere A. ia  c o n s ta n t; i t  i s  in  th i s  form ih a t  the  equ a tio n  of s ta te

may be taker, over in to  r e l a t i v i s t i c  physics ( c f .  TkONPBON cT V.HtFfV-, lEF. 4 ^  )•

Accoreing to  (b-û),

p . ^ * ^  ^ -(1+ 1 /n ) (42)
r

so th a t  hei'e th e  qu an tity  (p -  n p/cP ) i s  conserved; th i s  i s  n a tu ra l ly  

p ro p o i'tio n a l to N.

/in incom pressib le f lu id  i s ,  s t r i c t l y  speaking, one f o r  which

a  -

s u b s t i tu t in g  th i s  In to  (3 3 ), ono sees th a t

^  = 0 (43)

as  in  c la s s ic a l  p h y sics . G enerally , hoF/ever, the term "incom pressible" 

i s  supposed to  imply th a t  the  d en s ity  i s  in  f a c t  uniform , a  s t r o i^ e r  

co n d itio n  tlian  (4 3 ). In  r e l a t i v i t y ,  a s  v e  have seen , the term ‘ d en sity "  

i s  fiiabiguouo. N ev erth e less , th e  f a c t  th a t  (43) holds malces i t  reasonab le  

t o  suppose th a t  the  "strong" co n d itio n  f o r  in c o m p re ss ib ility  should  be 

sim ply

p s  co n s t.
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I t  rauat ho.vcvor be borne in  mind that p ia  not the mass—density  o f  

c la s s ic a l  p liysics.

F in a lly , w e note that the tra ce . T, o f the etress-energy tensor  

appears to have no sp e c ia l s ig n illca n ce  on the b a sis  of the present 

oiscussion* /oiy attempt to equate T to  a number-density (th at of  

baryons, fo r  example) seems lacking in  founcntion. Electi'omagn.etic 

f ie ld s  I%ive a vanishing T, since

t U a -  1  6 ^  ;

th is  d ©3 not læan ( in  theory, a t  any r a te )  th at a vanishing Ï  im plies  

an electLXum’gn etic  f i e l d ,  and not a f lu id  comprised of non-zero r e s t  m ss  

p a r t ic le s . However, there are sound reasons ( c f .  REF. I f -  )  f o r  supposing 

that fo r  p hysical f lu id s

p > 3p/ c*

wriich means th a t T must always be p o s it iv e .

This concludes our in v estig a tio n  o f the in terp reta tion  of the  

eigenvalues o f  . In a l l  subsequent work, we s h a ll  revert to  the  

system o f u n its  in  which o i s  understood.

For the r e s t  of th is  chapter we ar*e concerned only w ith the oust 

f lu id ;  our problem i s  to  so lve the E in ste in  F ie ld  Equations fo r  a dust 

8 pile re (p ossib ly  inhomogeneoua), with empty space ex terior  to i t ,  and in  

the absence of ro ta tio n . At tiie present date, an empty space so lu tio n  

(the IRFHl m etric, TEF. 93̂  ) has been found, wMch appears to  represent 

the f i e ld  ex ter io r  to a ro ta tin g  body, but l i t t l e  progress has been made 

in  ta ck lin g , for  example, the problem of a ro ta tin g  dust cloud.
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The nex t s e c tio n  w i l l  be devoted to  a b r ie f  d isc u ss io n  concerning 

the  tyi^e o f co o rd in a te  system to  be employed in  so lv ing  th e  E in s te in  

E quations, and th e  v a rio u s  assum ptions which have to  be made.

THE CHOICE 0 ?  COO DHTATE CYSTEM

V/e co n sid e r f i r s t  th e  a n a ly s is  o f ro ta t io n  inG eneral R e la t iv i ty .

The r a t e  of r o ta t io n  of the p a r t ic le  w o rid lin es  i s  g iven  by the  skew 

ten so r  ( ’b iv ec to r"  )

where th e  square b rack e ts  in c ic a te  th e  skew p a r t  of the a p p ro p ria te  

te n so rs . Since i s  a u n i t  tim o lik e  v e c to r - f ie ld ,  and by d e f in i t io n

one l in d s  th a t

» t j  uJ = 0 , (45)

( c f .  LYihhj (REF. 41 ) ) .

ÂÜ t i l ls  s tag e  i t  i s  u s e fu l  to  in  .roduce the  "perm utation symbol"

, where

a -  ( -  ( I  jk  6 • (46)

ÿe note the  fo llow ing  r e s u l t s :

tjl-’*'* = ( -  «I JKÎ  (47)

»ÎVJKe»î^'’° “ (43)

» -2  s t j
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where th e  S ay bole re p re se n t detexmincmts formed from Kroncdcer d e lta s*  

The d u a l b iv e c to r ,  , i s  d e fin ed  by

s i   ̂ • ( 5 0 )
k </

A ccordlnj to  (45)* i s  an e ig en v ec to r of w ij ; however i t  i s  not

an e ig en v ec to r of w^j*; we w rite

*uj

-  i  Tî^-J''V '^ K e  .  ( 52)

I f  (v t)  bo s u b s t i tu te d  in to  (52)* we may w ilt  the square b ra c k e ts , end 

te rn s  involvinj^ the  a f f in e  connexion, on account of the a lte rn a tin g ; 

p ro p erty  o f "e  may a ls o  omit any term involving; th e  v ec to r

Vi tw ice , whence ( 52 ) reduces to

û»̂  = i  . (53)

•'•e may c a l l  w** the  " ra te  of r o ta t io n  vecto r"*  From (49) and ( 50) ,

y l j * *  g » J ( 54)

which i s  tru e  f o r  a l l  b iv e c to rs .

Consider th e  b iv e c to r  2 Ihcaminin^ (5o)* i t  m ijh t be

co n jec tu red  th a t  t h i s  i s  in  f a c t  th e  dual of s in ce  from (52) o r

(53)*

a 0 * ( 55 )

To t e s t  t h i s  co n jec tu re , we no te  th a t

(2  uJ^)* » k U ’

= i  U%^°U.
k a b o  ^

= -  i  UMW^^u,abc o ,
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intei'chaiv^ing k,& and usln^  (4B); expancdn^,

(2  U ^ )*  a — (u*" ^ W*’ ^ + Û û) )

= —

u a ln j  (45 )* re fe ren ce  to  (54) a ho,vs th a t  th e  b iv e c to r  i s  indeed d u a l 

to  This means th a t  e i th e r  oi'’ o r  may be used to  d esc rib e

the r a t e  of r o ta t io n .  Note th a t

WkÛ  ( 56 )

whence
ŵ ^Wj s  0 . ( 57)

A ccordin j to  (4 5 ), (5 7 ), has e igen v ec to rs  u^ , , corresponding

to  eigenvalue ze ro . (5 5 ), these  v e c to rs  a re  o rth o g o n a l. I t  fo llo w s

th a t ,  f o r  a l l  v e c to rs  cT*̂ , th e  v ec to r l i e s  in  th e  p lane orthogonal

to û  and • Using (5 6 ),

I 1 t ka -  2 niJktP" W'̂ U

1 Î k ^“ 2 ï ï i jke  w cr-'u ,

which we may in te r p r e t  a s  a r o ta t io n  in  th e  sp ace lik e  hyperplane orthogonal

to  û  , the  a x is  o f r o ta t io n  being  .

Let ,b^ be m utually  o rthogonal u n i t  sp a ce lik e  v ec to rs  in  tlie 

p lane p e rp en d icu la r to  . Tlien, s in ce  i s  skew,

wij aJ a w bi

Wlj b  ̂ s  — w

where w i s  some s c a la r ;  w ithou t lo s s  of g e n e ra l i ty  we may tak e  ,b^

in  an o rd e r such th a t  w i s  p o s i t iv e ,  'Tills shews th a t  tlie ccoplex v ec to r
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a* + 1 b*

and i t s  co n ju g a te , a re  e ig en v ec to rs  of , corresponding to  e igenvalues 

± iw . I f  be defined  to  be the  u n i t  v ec to r in  th e  d ir e c t io n  of ù)  ̂ ,

so th a t

-  ( -  «%

then  w itil re ap e o t to  the ortlionorm al te t r a d  lu*" ,0^,a^,b*’}, th e  so le  

non—van ish ing  te t r a d  component of i s

wij a^ b^ a a I

thus

wtj « 2ft» ] • ( 58)

Since the  v ec to rs  a  ̂ ,b^ a re  bo th  sp a ce lik e , we may deduce th a t

w = (& j  ( 59)

however, using  ( 56 ) and (4 9 ),

» -  2 5^^ WkU^^u^

= -  2 Wkw^;

thus

fa) ae ( — WkW*)^« ( 6 0 )

F in a l ly ,  we no te  th a t

* a 2 6)̂  ̂U*̂ ^

= 2 w # (61 )

end comj>arison w ith  (58) e x h ib its  th e  symme r i c a l  r e la t io n s h ip  between
cu r

th e  b iv e c to r  and i t s  d u a l. ^ l i s  com pletes a n a ly s is  o f  th e  ro ta t io n  

of p i ir t ic le  w o rld lin e s .
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The v ec to rw fie ld  û  I s  sa id  to  be IIYTi.TGlITACS OATÎIO 'OrTdi i f  

th e  equation

Ui cbĉ  s  0 ( 62 )

i s  into.'Tt^able; th a t  i s ,  i f  th e re  e x is ts  a  s c a la r  f i e ld  ^ such th a t

i s  an  exact d i f f e r e n t i a l .  A necessary  co n d itio n  f o r  t h i s  i s  th a t  

ss 0. Tor i f  ^ul dx  ̂ i s  an exact d i f f e r e n t i a l .

whence

and so

uj Uk,^

s 0 .

This i s ,  in  f a c t ,  a s u f f ic ie n t  c o n c itio n . Tliis i s  p a r t ic u la r ly  sim ple 

to  dem onstrate i f  v}  i s  geodesic -  th a t  i s ,  i f

^  » 0 .
ds

F o r, by (5 6 ) , = 0 im p lies  aqj = 0 , whence i f  û  i s  geodesic ,

U[^ j  j = 0 , Thus in  th is  case \ \  dxf i s  i t s e l f  an  ex ac t d i f f e r e n t i a l .

The proof in  the  g e n e ra l case uses a somewhat d i f f e r e n t  approach (see  

e .g .  TOU .:VxT (lUd?. I( ) ) .  Suppose /  0. Then ( 62 ) i s  eq u iv a le n t to
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dx^ s  -  Z u “̂  u^cb^ ( 63)

M p ^

so t h a t  ( 62 ) i s  in tegraol©  only i f  tiic r ij^h t-h an d -s id e  of ( 63 ) i s  an 

exact d i f f e r e n t ia l*  Tho co n d itio n  f o r  th i s  i s  th a t

= — u “*ui, , ( 64)
dx^ ^

7»hero Up, û , a re  fu n c tio n a lly  dependant on x? e x p l ic i t ly ,  as

w ell tis th e  ( x ^ j ,  and x^ i s  regarded  as  a fu n c tio n  of th e  Jx^ j .

d ,nations ( 64) have a s o lu tio n  i f  and only i f   ̂ p

{ Ù   ̂ë  Ù )  (“7 = (âx: * S  (“p "j)j
th e re  a re  only th re e  Independent equations h e re , and, making fu r th e r  use

of ( 64) ,  th e se  may he w r itte n  in  th e  foiTi:

.  J  *UK W  k  " j )  “  °  • ^“5)

E valua ting  the  p a r t i a l  d e r iv a t iv e s ,  ( b j )  y ie ld s  

4

I A  / P  ' i J k  “"P ■ "P

The l a s t  terra of the  le f t-h a n d -s id e  van ishes a nee u  ̂ appears tw ice , and

a f t e r  m u ltip lic a tio n  by ± u^, we f in d

( 66)

sin ce  we may put p = a ,b ,o  in  tu rn . I t  might appear th a t  i  has to  

be r e s t r i c t e d  to  va lues o th e r than  p ; however, the above ai'guraent 

a p p lie s  f o r  any non-zero u^ , and so (66) a p p lie s  f o r  a l l  i  (u n le ss  

th e re  is  only one non-zero u^ , in  wîiich case ( 66 ) i s  m erely an id e n t i ty  

and ( 62) i s  always in te g ra b le ) .  We may w rite  ( 66 ) in  the te n so r  form



I l k ,  80,u j  Uk,4 « 0

whence a s u f f ic ie n t  c o n J -tic n  f o r  I n te g ra b i l i ty  i s  indeed = 0.

In  Cosmology, i t  i s  u su a lly  assumed th a t  the  w o rld -lin e s  of smoothed-out" 

m atter a re  i r r o ta t io n a l  — th e  assum ption i s  knovvn as "V/eyl*s P o s tu la te "  

(dT T -iS l),

Given th a t j  = 0, we may c o n s tru c t a system of coardina.tes teown 

a s ^comoviry" , in  th e  fo llo w in g  ctJnnerl suppose t h a t ,  f o r  some

i  Ui  dx  ̂ a d0 • (67)

C le a rly , i f  we rep lace  <f> by some re g u la r  fu n c tio n  of th e  form

of equation  (6?) i s  p reserv ed , ? d th  a i l i f f e r e n t  ^ , we s h a l l  choose
»

<l> such t h a t ,  w ith in  a p a r-ticu la r  reg io n  (our coo rd in a te  "patch ')  the 

s c a la r  ^ i s  everywhere p o s itiv e*  Tlie su rfa ce s  ^=const, a re  sp a c e lik e , 

and we may s e t  t  » ^(x^ ) ,  in  o rder to  d e fin e  a  time co o rd in a te . Cur 

choice of ^ ensures th a t  t  i s  monotonie on th e  p a r t ic le  ?(Orldlines* 

Next, \ e s e le c t  one of the  spa ce lilie  h^rpersurf a c e s , and in tro d u ce  

an a r b i t r a r y  la b e l l in g  of p o in ts  in  i t ,  [x^J ,  Our coo rd in a te  system 

i s  to apply only w ith in  a reg io n  f o r  wliicli no two w orld lines in te r s e c t ;  

in  such a re g io n , th e  v ec to r f i e ld  g en era tes  a  (1,1 ) correspondence between 

the h y p ersu rfaces, corresponding p o in ts  ly^ing on the same wo r id  line*  We

may thus la b e l corresponding p o in ts  on the h^rpersurfaces w ith  th e  

co o rd in a tes  o f  th e  I n i t i a l  hyper su rf  ace. Tlie system (t,x°^) th en  p rov ides 

co o rd in a tes  fo r  th e  reg io n  o f space-tim e in  q u e s tio n .

he c a l l  th e  hjq>er s u r f  aces "space se c tio n s" . On any such s e c t io n , 

dxi* e 0; th u s  (62) become

u  dx® s  0 a
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whore th e  ôx a re  a r b i t r a r y . I t  fo llo v .'3 th a t  » 0 , lu rth o rm o re , 

on each v /o rld lln e , x* = c o n s t . ,  so  th a t  u* must a ls o  v an ish . Eut

"a = S . y  +

“  *

which shw /3 th a t

. 0 . (68)4 a

Thus th o  l in e  element tak es  tho  form

ds® a g44d1^ -  dcr* (< 9)

wiiere tuj® i s  p o s it iv e  d e f in i t e  (^44 must b e  p o s i t iv e ,  s in ce  u 

u*U4 c g44(u^)* » Note a lso  th a t

u‘ ( 70)

v.iiero % i s  some s c a la r  f i e ld .

^'lio fo reg o in g  co n s tru c tio n  of comoving coord inates i s  v a l id  fo r

any f l u i d ,  su b je c t only to  some reascn ttb la  r e g u la r i ty  cond itions on u '’.

■<e a re  p a r t ic u la r ly  concerned w ith  tho d u s t - f lu id ,  f o r  which we may e f f e c t  ^6

some considei'ab le  s im p lif ic a tio n , s ince u'” must be g eo d es ic , a s  i s

r e a d i ly  dem onstrated: indeed , re fe re n ce  back to  ( 20 ) shoves th a t  i f  p

v an ish e s , th en  Dû  ^ q. Here, we may s p e c ia l i s e  our comoving co o rd in a tes  
ds

in  o rd er to  c o n s tru c t NO’EAL GAUtbl. N COOrDPATEG (luJF .47 ) .  In  te rn s

of comoving c o o rd in a te s .

0 =
ds



Now

= 2 -  5x4,4 ) .

according to  (6 3 ) ,( 69) 

g " ' =

and 3 0

= K io g  g44) _ (71)d* »d

Xhua g44 i s  a fu n c tio n  of t  a lo n e . The rem aining eq u a tio n , = 0,
ds

pi’oviued no f u r th e r  r e s t r i c t io n .  Aa we have no ted , t  i s  undetermined 

up to  ÜJ1 a r b i t r a r y  fu n c tio n  of i t s e l f ; ,  i f  f o r  geodesic m otion, (69) re ad s

ds* = (A(t*))*dt** -  dcr*

f o r  come system of comoving co o rd in a tes  ( t * , x ^ ) ,  vm s h a l l  s e t

t  » /  A ( t ' ) d t '  ,

wiienco t  i s  proper t ime measured on a w o rld lin e . The co o rd in a tes
CL « '

( t , x  ) thus co n s tru c ted  a re  known as  '|Hormal G aussian"; we have

ds* * dt® -  dor* (72 )

and, s ince Uau^ = 1 ,

» «i . ( 73)

I t  must be emxdiasised th a t  (73) holds only f o r  th e  d u s t- f lu id .

F or th e  moat p a r t ,  we s h a l l  be concomod w itli th e  case  o f s p h e r ic a l  

symmetry. The concept of sym.ietiy Ima been c iscu ssed , among o tl ic rs ,  by 

SGIiOUT'dil (iwLuF. 4. Tie only s a tis fa c to i 'y  tre a tm e n t, from  th e  p o in t o f
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vle/f o f  Aicmanniun geometry. Is  t lu it  in  term s of "groups o f motion" -  

c f .  Ei:VüIt\RT (R'*F.»^( ) . For s p h e r ic a l sjrnmetry on© re q u ire s  t l ia t  

th e  3%)aoe-tlme should adm it a  2-p^ii'ameter group of m otions, whose 

t r a je c to r i e s  (su rface s  of t r a n s m it t iv i ty )  a^e space like  2 -su rfa c e s , 

lo c a l ly  iso m etric  to  the  sphere . I t  fo lia r ,s  th a t  th e  l in e  elem ent of 

the s%mce—time may he w r i t te n  in  the form :

ds® = G(4,1) -  if  ((dxP )® + s i i f  (daf )® )

v.hcre ( ,( / ,1 ) os a  q u ad ra tic  c i f f e r e n t i a l  form,  in  the (%*,x* ) coo i'd lna tes , 

of si^nittur*© (+ - )  and R — th e  rau iu s  o f cu rv atu re  of a  su rface  o f 

t r a i :s m it t iv i ty  — is  a fu n c tio n  o f and a lo n e . Note th a t  we

raus i n s i s t  th a t  tho t r a je c to r ie s  be in one t r i e  to  th e  sphere : tliey must be

spaces o f co n s tan t cu rv a tu re , bu t could  o therw ise be iso m e tric  to  th e  

Euclidean or tlie  LobatschcwsIdL pl-inc. For a d isc u ss io n  o f tlie  s p e c ia l  case 

of s t a t i c  vacuum f i e l d s ,  see  JO:iDAN, 1:11:13* KUNDT ( REF.,21 ) .

I hon th e  space-tim e adm its a hyqxursuiface — orthogonal v e c to r  f i e ld  

u*’ , such th a t  "shares" in  the £ym::ietry (so th a t  the  LIE LIIir/ATIVIl 

o f  w itli r e s p e c t  to  a k i l l i n g  v e c to r  (ri 'F . 9 ) v a n ish e s , th en  we 

may in tro d u ce  a  system of comoving co o rd in a tes  ( t,r ,@  <f>) such th a t  (69) 

and ( / u )  become

ds® as e^dt® -  e'^dr® — (74)

(75)

where a re  fu n c tio n s  of ( r , t )  o n ly , anfi(

dQ ® a sin® 9 -»• dO® .

The coca'cilnates ( # ,# )  a re  in v a r ia n t,  being c o n s tru c ts  o f th e  k i l l i n g  

v e c to rs ; ( r , t )  a re  a r b i t r a r y  la b e l l in g s  o f th e  su rfaces  o f t r a n s m i t t iv i ty .



and tho  space—soctlono , re s p e c t iv e ly . V.e may determ ine the  coord inate  

r by s e le c t in g  one ep ace -se c tio n , and la b e ll in g  i t  t  = 0; vze then  

rccjuii’G th a t  r i s  t..e  ra d iu s  o f cui'vature of su rfac e s  of t r a n s m it t iv i ty  

in  t h i s  Jriypcrsuil'ace, i . e .  th a t

r  > J;(r,0 ) .  ( 7 6 )

ïhc re'jalrciHLjnt th a t  th«  Lie D eriv a tiv e  cf shoulà v an ish  Im plies

th a t  the  f l u i d  moves r a d ia l ly .  In  th e  case of geodesic m otion, a s  f o r  

th e  must f l u i d ,  (74) takes the sim ple form

ds® » dt® •  -  e^dQ * . (77)

fincLllg/-, i t  should be noted t h a t ,  in  (7 4 ) ,(77)»

i f  = 3". (73)

In  the reiaainuer o f t h i s  ch ap ter, we s h a l l  f in d  th e  fu n c tio n s  

A,/i in  ( 77) assuming the E in s te in  F ie ld  E .piatfons. Hie E in s te in  

te n so r  , where

G y  = nC  -  2  R g '- ’ ’ (79)

s a t i s f i e s

=‘j i  •  “ •

being tli© co n trac ted  E ianchi i d e n t i t i e s  (^  Note t h a t  th e  "PF*

in  ( 79) i s  n o t to  be confused w ith  th a t  in  ( 76) ;  in  the form er c a se , 

i t  i s  the  tra c e  of the  ivicci te n s o r .

Follow ing E in s te in , we s lia 11 s e t

=  -  k
k.

where Rk i s  a  c o n s ta n t; in  our systam o f  u n i t s ,

k : a 8irG (31)
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where G I s  th e  g r a v ita t io n a l  c o n s ta n t. -q u a tio n  (8o) may he read  

from r ig h t  to  l e f t ,  o r v ice  v e rsa : in  p r in c ip le ,  one could determ ine

th e  cu rv a tu re  of space—time inauced by a p a r t ic u la r  d is  t r ib u  J.on o f 

m a tte r , o r eqiudLly deduce th e  p h y s ica l m a tte r  corresponding to  a 

matheiuuuioal cu rv a tu re . In  p r a c t ic e ,  however, we possess some 

in fo iraa tio n  a s  to  th e  s tru c tu re  of both  and , equations (üO)

may be rogarded as p a r t i a l  d i f f e r e n t i a l  equations fo r  th e  m etric  

components, and th e i r  s o lu tio n s , g iv in g  fu n c tio n a l forms f o r  th ese  

components, provide f u r th e r  infornKition a s  to  th e  s tru c tu re  of th e  

te n io r s .

Hid bOINTIOMS

i t  i s  u su a lly  convenient to  so lve  equations ( 80) in  "mixed" 

te n so r  form . In terms of the m etric  ( 77)» one o b ta in s  (KEF. ) :

= 4  -  (5 + 4  p* ) (32)

-  e~^( y " + ^  J  ^ V * )  -  ( ^  ?  + J  ^  j  ^  x^) (83)

- e“̂ (/i"+  ̂Ai*® -  AV*) -  ^ J A/i) (34)

Gy = ®M* + 2̂ Ai* -  o'M* (35)

where d o ts  s ig n ify  p a r t i a l  d i f f e r e n t ia t io n  vdth  re sp e c t  to  t ,  and 

dashes w ith  re sp e c t  to  r . For *tlio d u s t- f lu id ,

= p u^ u j

'  n r
= P 4*  8 J



in  our ooiaoving ^ 's tera  of co o rd in a tes . Tiius a l l  components of ,

except T4, van ish . Applying the E in s te in  E quations, v.e f in d  f i r s t l y  

th a t

f t  b ’ ) = 1  f t  -  p )

wlienoe

.  f ( r )  ^  ( . ^ )  ( 66)

where f ( r )  i s  a r b i t r a r y .  In  an e a r ly  paper by OPPET-IEL’.ihl E ÜEYD1T1 

31 )» the  au tlio rs consider only the case f ( r )  = 1 ; th ey  a ls o  

suppose p s  p ( t )  a lone -  th e  homogeneous case.

In  tijQ r e s t  of th i s  ch ap te r, R w i l l  be d efin ed  a s  in  (7 3 ), and 

w il l  no t mean the tra c e  of th e  R icci te n s o r .  According to  (36)

= F f F y  ( % ') " ;  (07)

a ls o ,  iVoia (7 3 ),

z l a  Q1 ^ . (83)

Equating (3^) to  ze ro , \e  f in d ;

» 1 + (b

ïiience, us in,] (33) and (8 7 ),

= 1 + 2 RTi + 1? ,
f*(r)R**

so t lx .t ,  m u ltip ly in g  by H,

■ «  <•>



This equ a tio n  may be in te g ra te d  inunouiatoly, to  g ive

+ 44 ' (50)

where k ( r )  la  a r b i t r a r y .  This cfriiatlon rar.y be f u r th e r  in te g ra te d , 

an op era tio n  wiiich we postpone f o r  the  moment.

'h a  nex t E in s te in  Equation we consider i s

. t  t
t  “

From (84)

e ^  P -  e“^ -  ( ^  P® + i  Àp ) = -ap .

However, (87) shavs th a t

= 2 ^  - a j :  .

so J ia t  tlie preceding equation  becomes

[ i ' ' "  -  ^F^F) ' ' ]  -  1 -  I f

I f  Vv6 nav m.ilulply both  s id e s  of t i l ls  equation  by p *, v/e f in d

( t o  -  0  -  4- i  ^  = - * p p ' * ^  •

which, in  te rn s  o f R, reads

( F w  -  0  IF  -  2 ( 5 1 )
I f  ( 90 ) i s  now s u b s ti tu te d  in  (9 1 ), most term s can ce l, leav in g

k * (r)  « Kp II®R* , ( 92 )



E'?,

Viith th e  help  o f (8 1 ), t i l ls  may be in te g ra te d  In  th e  form ;

k ( r )  = k) + 8v G I  pi^R* d r , (93)
Ü

vvhoi-e ko = k(o)« Hew ev er, exaniination of (90) shov.s th a t  we must

norm ally s e t  kj = 0 , l e s t ,  fo i' any t ,

i ( r , t )  "* ± w

as r  -» o I

W riting  ( c f .  I I ,  (21))%

p ( r ,0 )  = p o (r)

jw jocj means th a t  p I s  supposed to  be given on th e  i n i t i a l  space- 

se o tio n , v/8 see  from (92) th a t

Po a . (94)
P

I f  we choose the  sca lin g  f o r  r  as in  (76) — which suggests an 

a n a lo '] /w ith  the  lag rang ian  d e s c r ip tio n  of motion used in  Chapter I I  — 

th i s  equ a tio n  reads

a .  (95)
P

e Ticp,} w r ite  ( c f .  I I ,  (26 ))

R = r  S ( r , t )  (96)

where

S (r ,0 )  3 1
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-lien (94 ) reads

iub.'itltu tltii; ( 95) In to  (53) g iv es  (x'Uit.ing ko = O) ;

k ( r )  = 8 j  G I po (r)r® dr 
0

« 2 G Mr » (57)

where Nr I s  th e  g r a v i ta t io n a l  in^si. c a lc u la te d  on the i n i t i a l  

hyper su rf  a c e , w i t l i in  the  ’’sp h ere" , rad iu s  r* On th e  hyper su rfa c e , • 

P o ( r )  and r ai'S in v a r ia n ts ,  whence Mr 3-̂  a s c a la r  in v a r ia n t,  being 

a fu n c tio n  o f in v a r ia n ts .  We may i n ürounce th e  mean d e n s ity  p o ( r ) ,  

as in  I I ,  (24 ) ,  and a lso  th e  fu n c tio n  a ( r ) ,  as  in  I I ,  (2 7 ). In  term s 

of Uie l a t t e r ,  (5o) may be v /r i t te n ,  maicing use of (56 ) :

S* = + F ( r)  (98)

where

( r )  = ?  ( t o  - 1}*

Li' we now compare (90) w ith  I I ,  ( 3 l ) ,  i t  i s  c le a r  th a t  th e  form 

of th e  two equations i s  id e n t ic a l ,  i ( r )  being  r e la te d  to  th e  i n i t i a l  

"v e lo c ity ^  d is t r ib u t io n ,  R (r,o )*  A ll t l i ia  suggests  a pow eiful aim logy 

between th e  Newtonian and the  r e l a t i v i s t i c  tre a tm e n ts  o f th e  u u s t - f lu id ;  

we s h a l l  postpone f u r th e r  in v e s tig a tio n  o f t h i s  fo r  the moment, and 

examine v/hether th e  remaining; E in s te in  equation  provides any f u r th e r  

re s tilc + lo n *
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i/iu a tln g  Gg to  Eero,

i  ♦  ( 2  Î  2 ^  ^  + 4 ^ )  = ° *

F il 'a t ly ,  wa d ia l l  s u b s t i tu te  f o r  A* by moans of (8 6 ); thus

1  ^ i f r )  + ( f  f' + ^  ^  ^  5  + % Â = 0 . (>&')

Next, v;e no ta  th a t ,  in  terms o f R,

4 - 1 _______  .
^  /i s  iV'R ; * i*®(r)K*® ; = log  f ( r )  + log R* ;

g iv in g

1 V R*R* -  iV®
— A  =  , .  _ ,   ______2 RIQ

and

J x >  .  i l l4 5 .»

1 / • i ' â

TIiua ( 99) reduces to

whence

In te g ra t in

R' R'R R - f ' ( r )  1
R* RR* R f*(r) m*

(E2 + i  5? ) = =pr^^ .

Ù»
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where a ( t )  i s  a r b i t r a iy ;  however, th i s  ecjuation may be w r i tte n :

J -at (nil») * + a ( t ) )  R (100)

and ccxnpaiison of (lOO) w ith  (u9) shov/s th a t  a ( t )  must equal minus one, 

except p o ss ib ly  when E. v an ish es. In  any c a se , (lOO) p rov ides no 

fu iH her r e s t r i c t io n .

\7e concluuB th a t  th e  p o s itio n s  of th e  f lu id  p a r t ic le s ,  and a lso  

th e  m e tr ic a l  c o e f f ic ie n ts ,  a r e  determ ined by equation  (9 8 ). H iis i s  

p re c is e ly  th e  equation  of motion in  the Newtonian tre a tm en t, where our 

fu n c tio n  H i s  analogous to  th e  Ingrcnq-ian r a d ia l  c o o rd im te . Thus 

•there a re  th re e  ty p es  of s o lu t io n , a s  in  I I ,  (1 6 ) ,(1 7 )*(13), to g e th e r 

w ith  11 , ( 31) , ( 32) a n l s im ila r  eq u atio n s. Thus th e  n o n -lin e a r  equations 

of General R e la tiv ity  le a d  to  th e  same uif’f e r e n t i a l  equation  o f n o tio n  

as  do tho  Newtonian eq u a tio n s . This i s  a rem arkable r e s u l t ,  bu t seems 

f a i r l y  p la u s ib le  on th e  fo llow ing  grounds: in  u s in g  "comoving" co o rd in a tes ,

we a re  r e la t in g  re s t- fra m e s  in  th e  f lu id  one to  an o th er, and s in c e  tlie 

p a r t ic le  motion i s  geodesic th e  co o rd in a te  system could  be regarded  as  

" i n e r t i a l " ,  in  ihe  sense of S p ec ia l R e la t iv i ty .  Furtherm ore, in  th e  case 

o f th e  d u s t- f lu id ,  we need not tak e  account o f "coupling" between d e n s ity  

and p re ssu re  -  f o r  the d ust f lu i d ,  th e  equation  of c o n tin u ity  i s  simply

££  a -  P £  ( lo g  t ) 
ds ds

where r  i s  an elem ent o f proper-volum e; in  comoving c-ordi.n a te s , t h i s  

reduces to

H  “ -P I t  b o s  t )
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as in  C la s s ic a l  p h y sics , except t h a t  here

r  s  i f

w hereas, c la s s ic a l ly ,

T a E*R* 5roQ •

Thus (86) a lo n e , being a consequence o f th e  s im p les t E in s te in  equation  — 

( 85) -  shows th a t  th e  C la s s ic a l and R e la t iv is t ic  exp ressions f o r  ^  lo g  r  

a re  id e n t i c a l .  Tlius we need n o t be too s u rp r ise d  a t  th i s  s t r i c t l y  

Newtonian behaviour, whereas we would doubt such behaviour p o ssib le  

f o r  a p e r fe c t  f l u i a ,  w ith  equation  of s t a t e  o th e r  than  p = 0 .

I t  must however be emphasised th a t  the space-tim e geometiy i s  

non-Rticlidei^n, and , in  g e n e ra l, n o t even conform ally f l a t .  Re no te  th a t  

i t  has long been known th a t  an hciO;^noou3 and is o tro p ic  d u s t—f lu id
iM »ca/5

w il l  e :d iib it Newtonian behaviour; see e .g .  K-TiM\r.K « Me CREA (luJP.,3S' ) .

The mathenkatical con d itio n s  f o r  homogeneity and iso tro p y  a re  th a t  th e  

space-tim e should adm it a 6-param eter gix)up of m otions, the  t r a je c to r ie s  

bein,^ space l ik e  h y persu rfaces; th i s  leads to  the conform ally f l a t

1103-R'RUdJ-w/JXJl IÎ-.TRIC ( c f .  REF. 4% ) :

ds* * d1? — I, — (d P  + P  d o * ) (101 )
(1+ r®)*

wliere k » 0, ± 1 . In  f a c t ,  t h i s  i s  a s p e c ia l  case of our g en e ra l 

so lu tio n , a s  we s h a l l  in  due coui'se dem onstrate, save th a t  in  th e  form 

£ 101) ,  th e  'i s o t ro p ic "  r a d ia l  coord inate  does n o t s a t i s f y  ( 76 ) .  Hov/ever, 

i t  has n o t been g e n e ra lly  r e a l is e d  th a t  an a r b i t r a r y  d u st sphere e x h ib its  

Newtonian behaviour*
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A qu estio n  n a tu ra l ly  a r i s e s :  could t h i s  r e s u l t  be extended to

an a r b i t r a r y  accum ulation of dust f lu id ?  A reasonab le  co n jec tu re  

i s  th a t  a Newtonian analogy may be p o ss ib le  i f  the space-tim e adm its 

a 1-param oter group of m otions; b u t in  the absence of t h i s ,  the  

question  may indeed be m eaningless, f o r  hoiv then  could one co n s tru c t 

in v a r ia n t  co o rd in a tes  w ith  Newtonian analogues? The d i f f i c u l t i e s  

in h e re n t in  f in d in g  exact so lu tio n s  in  spaces w ithout symmet r i e s  make 

i t  u n lik e ly  t h a t  t h i s  q u estio n  can be s a t i s f a c to r i ly  answ ered. I t  

seems pai’t i c u la r ly  d o u b tfu l th a t  any such analogy could hold  i f  the  f lu id  

were r o ta t in g ,  f o r  then  we could n o t even use comoving co o rd in a tes .

be now determ ine the fu n c tio n a l form of th e  m e tr ic a l component e^ .

Accoredn^ to  (86)

= i® (r)R ta

Row, as i/e remai'ked p re v io u s ly , f ( r )  i s  dependant upon th e  i n i t i a l  

v e lo c ity  e i s t r ib u t io n .  I f ,  f o r  th e  moraoit, we r e s t r i c t  o u rse lves to  

the  " e l l i p t i c a l "  so lu tio n  ( I I ,  case I ) :

S ( r , t )  * t  + a )  (102)

where

and

= 1 -  f i l l  (103)
a r*

^ ( a ( r j ) s  p , (104)

V (r) being  R ( r ,0 ) ,  then  (93) shows th a t  

ar* -  pai^ = ^
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whence

f ( r )  3  ( 1  •  •  ( 105)

C en o r a l ly ,  the e x p l ic i t  expression  f o r  ©^, s u b s t i tu t in g  f o r  

R* by moans of (102), i s  r a th e r  u n tid y . A concise ex p ressio n  i s ,  

however, ob tained  i f  the  f lu id  i s  i n i t i a l l y  a t  r e s t ,  f o r ,  by ( I 03) ,

P = 1 ,

and use o f 11 ,(45) g ives

(1 ♦ I ( g -  - S / s J  .  ( 106)

One consequence of (lOu) i s  th a t  f o r  any p o in t on the  i n i t i a l  hypersurface 

fo r  which p© * Po » the woi^ldline tlirou^h th a t  p o in t i s  such t i ia t  a t  

any even t upon i t

II r^(a^t); p « po f"* .

th e se  b e in ' id e n t ic a l  to  th e  expressions f o r  th e  homogeneous, is o tro p ic  

f lu i d ,  save th a t  a i s  a fu n c tio n  of r . I f  in  f a c t  th e  d e n s ity  i s  

co n stan t tliroughout, then  the  e l l i p t i c a l  s o lu tio n  becomes

ds* . df - (* (A) + I*dn*j. (107)
The s u b s t i tu t io n

a r
' - - p

transform s (10?) in to  (101 ) ,  and s im ila r  reason ing  a p p lie s  to  th e  

hyperbo lic  case -  the p a rab o lic  m etric i s  a u to m a tic a lly  in  Robertson- 

V/alîær form . This proves th a t  th e  space-tim e of a homogeneous, iso tro p ic  

dust sphere must adyot a 6-param eter group o f m otions. Tliis r e s u l t  i s  

obvious i f  th e  "sphere" were in  f a c t  th e  u n iv e rse  a s  a whole, where
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c le a r ly  th e re  i s  no p re fe rre d  c e n tre ; i t  m ight, however, have been 

supposed th a t  the  presence of th e  boundary'' vx)uld have had sane e f f e c t  

upon th e  cu rv a tu re  of space—tim e, bu t t h i s  i s  no t in  f a c t  the  case .

In  th e i r  d iscu ss io n  of th e  g r a v i ta t io n a l  co llapse  of a cLust—f lu id ,  

HOYLE cc K/dlLEK/iIl (REF. (‘S ) consider only tho e l l i p t i c a l  Robertson-V.hlker 

m e tric , on the grounds th a t  t h i s  a lone perm its  th e  i n i t i a l  co n d itio n  

R (r,0 )=  0 .

Ilowover, i t  does not seem ad v isab le  to  enquire too c lo se ly  in to

the e a r l i e r  h is to ry  of a c o llap s in g  boay w h ils t  r e ta in in g  th o  d u s t- f lu id

approxim ation: th e  circum stances g iv ing  r i s e  to  a  h igh ly  c o llap se d

s ta te  would, one might ex p ec t, vary  co n sid e rab ly . Although e l l i p t i c a l
%

s o lu tio n s  may be more r e a l i s t i c  than  liyperbolic ones, th ere  seems to  be 

no goou. reason  f o r  r e je c t in g  th e  l a t t e r  o u tr ig h t;  indeed, q u a l i ta t iv e  

a n a ly s is  o f the c o lla p se  phase should be much th e  same whichever type 

of s o lu tio n  be considered . I t  should  be noted th a t  the s im p lest 

so lu tio n  an a ly ^d ca lly  i s  the p a rab o lic  one g iven  by I I ,  (1 ? ) .  We f in d

S ( r , t )  « (1 -  3 /2  a S ) * /»  (ICO)

( c f . H ,  ( 36) ,  provided th a t

-  «• < t  < 2 /3  a "  •

Here,

a r  1 aa 't
ta

1 -
(ar* )^ '* t

1 a ^ t
*

1 -  d £2. a H  
^  Fo

1 A
s
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whence

,  1 W 3  r ( 1  - 1  1
d f  -  (1 -  ^  a ^ t )  ____  * f o  d i^  + x ^ d Q ® J .  ( 1 0 ? )da- . z , .-

(1 - E  a H f
a

(1Qr) i s  in  f a c t  a g e n e ra lisa tio n  of the  so lu tio n  found by 

GJ VlAil I,.;,.. V w GTEifi (KEF.31 ) — tl ie l r  so lu tio n  i s  ju s t  tiie  uniform

d e n s ity  one — in  f a c t ,  tlie r e f  o re , a R obertson- Walker m etric* I t  

w i l l  bu seen th a t  th e  comoving cooi d ln a te  system employed i s  rdnl -gab le , 

in  th e  sense of LIC11R .R0V.IC2 (IilF .  f t  ) ,  in  tlie space-tim e reg io n  g iven  

by

- « ® < t < ^ a " ^ ;  C< ik< yk; V <  0 < V ; 0 < <jj < 211

(where i s  th e  boundary of the  d u s t-sp h e re ) , provided th a t  th rougliout,

Po i s  C* continuous, and p© < p©. F̂he l a t t e r  co n d itio n  r e fe r s  

to  the  p o s s ib i l i ty  of "overtak ing", d iscussud  in  ch ap te r I I ;  in  f a c t ,  

11,(1}^) chows th a t  a s u f f ic ie n t  co n d itio n  f o r  overtak ing  no t to  occur i s  

th a t  po be s t r i c t l y  decreasing .

C lea rly , the  comoving coord inate  system must break down a t  events 

f o r  which "overtaking" i s  occu rrin g . A fte r  such an event (p h y s ic a lly  

a b su rd ) , i t  i s  c le a r ,  a s  in  th e  N ew^nian tre a tm e n t, th a t  /  Mr $ so 

th a t  matching of so lu tio n s  befo re  and [ f t e r  such a " s in g u la il ty "  seems 

com plicated.

I t  should be s a id  th a t  DAIT (it F . 7 )* quoted a lso  in  I f f0 AU & 

LIFhCIIIxM ( l l l ' n l ^ ) ,  obtained the  geneivil so lu tio n  of th e  F ie ld  Equations 

f o r  th e  a u s t - f lu id ,  bu t not in  a p a r t ic u la r ly  h e lp fu l form . BONDI 

( ;a F. 3  ) a ls o  obtained  a genera l so lu  I o n ,  b u t ag a in  not in  a  form  f o r
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v/hich th e  Newtonian analogy was appai*ent* The p re se n t so lu tio n , 

which in  e l l i p t i c a l  form , i s  g iven by (102) -  ( 105) was ob ta ined  w holly 

independently  by th e  p resen t au th o r.

The f u l l  consequences o f our so lu tio n s  w i l l  be e^qplored in  th e  

nex t c h a p te r . The te x t  to p ic  to  be considered  i s  th a t  of th e  e x te r io r  

so lu tio n .

cA
EX'nRaOR SOLUTIONS & S'.'TJISSCtILD COORDINATES

A

Comoving e x te r io r  so lu tio n s , as in  1 1 ,(5 4 ), a re  an im aediate 

consequence of our g en era l s o lu tio n . I f  we w rite

a(r) 3 3 a f f b A  (110)
r*  Vr /

where k 3 p© (r^), we ob ta in  a l l  the  p o s s ib l .  e x te r io r  so lu tio n s  to  

a d u s t sphoi e ,  ra d iu s  r ^ .  In  each o f them, t  i s  proper time along 

an e:npty-spac8 g eo aesic . I f  th e  motion i s  from  r e s t ,  th en  w*e may r.natch 

each i n t e r i o r  s o lu tio n  w ith  a unique ''comoving" e x te r io r  so lu tio n  such 

th a t :

lim  K ( r , t )  = lim  & (r ,t)

r  t fb

fo r  f ix e d  t ,  and such th a t  & (r,0 ) = 0 f o r  r  ^  (a s  w e ll a s  fo r  

r  < r ^ ) .  Again, i f  V (r) i s  a n a ly t ic ,  we can continue i t  i n  the  reg io n  

r  ^  r ^ ,  and tW  r e f  ore o b ta in  a uniqi/Q e x te r io r  s o lu tio n  to  "match" the  

i n t e r io r  one#

BIFJIIOFF'S THSOiE'  ̂ (KEF. X  ) S ta te s  th a t  any (reaso n ab le ) m etric  

of a s p h e r ic a lly  symmetric, empty space-tim e must be s t a t i c  (see  a ls o
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EÜR..UX, iuIF. ) .  The c r i te r io n  f o r  a s t a t i c  space-tim e i s  t l ia t  i t  

acuiiits a 1-param eter group o f m otions, v/liose t r a je c to r ie s  a re  hypersui'face 

o rthogonal and tim e lik e j as  a consequence, a  coo rd inate  system 

| T ,  x^l can be found such th a t  the sp ace -sec tio n s  have equations T * c o n s t . ,  

and th e  m etric  c o e f f ic ie n ts  a re  independent o f  T. Thus co n s tru c ted , 

the  coorcinai.e T i s  an in v a r ia n t (exclud ing  th e  t r i v i a l  case  of f l a t  

space—tim e ). In  term s of such a coord inate  system, the  e x te r io r  m etric  

must tak e  th e  form of th e  ^ARZfClillD IfCTKRIOk SOLUTION ( l0 ? .  4 S');

ds* 3 ( 1 - ^ )  dx® -  (1 -   ̂ dJl*- liPdQ® . (111)

I t  fo lio .'/8 th a t  a l l  oui’ so lu tio n s  w ith  a ( r )  as  in  (11 o) a re  lo c a l  ' i 

iso n o ti 'ie s  (coo rd ina te  transfo rm ations) of one a n o th e r , and o f ( i l l ) .

One p u T ticu la r  m erit of ( i l l  ) i s  tJ^at th e  in v a r ia n t R (rad iu s  of 

cu rvatu re  of th e  2 -su rfa c e 3 of t ra n s m it t iv ity )  i s  now adopted a s  the 

r a c i a l  co o rd in a te . The q u estio n  n a tu ra l ly  a r i s e s ,  i s  i t  p o ss ib le  th a t  

the i n t e r i o r  so lu tio n s  a re  lo c a l ly  is  cane t r i o  to  m e tric s  am logous to  

( 111)? C lea rly , th ese  ai-e non—six».tic, so th a t  a t  f i r s t  si^^ht, th e  

coo rd inate  T employed would n o t be an in v a r ia n t .  VTe th e re fo re  attem pt 

to  f in d  a tran sfo rm atio n  of coordtn /ites wliicîi enab les u s  to  w rite  (77) 

lo c a l ly  in  the  form :

ds* « «Ait* -  e & l*  -  R*dQ®, ( 112)

wliere (A,fO fu n c tio n s  of (E ,T ). V.'e re q u ire
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s in c e  i s  a co n trav a ria n t second—ranlc te n so r  f i e l d ,  i f  the

tran sfo rm atio n  we seek e x i s t s ,  we must h ive

f t î j * "  •  ( g j » "  ■

f o r  R i s  a fu n c tio n  o f ( r , t )  a lo n e , and = 0. But th e  value

of i s  sim ply u n ity , and » -e~ ^ , so t h a t ,  by (3?) th i s

equation  re a d s :

using  ( 96) and (93) th is  reduces to

 ̂ ( 113)

wliere r  i s  ncxv regarded  as a fu n c tio n  of (R ,f ) .  An a l te r n a t iv e  

form o f  ( 113) i s

li (114)

as  I s  seen by comparing ( /O ), (97) (9 3 ), In  an empty reg io n  o f

space-tim e, IV i s  simply th e  g ra v ita tio n a l  m s s  M, a s  one would

expect f r cïa B irk h o ff 's  theoi’em*

C lea rly , v.e seek  a l\m ction  T ( r , t )  in  o rder to  e f f e c t  tlie
RTtransform  ition* I t  i s  deterrained by th e  equation  g » 0 , wliich 

imposes tlie co n d itio n

;  ■ » •

Since it i s  a known fu n c tio n  of ( r , t ) ,  (115) i s  in  p r in c ip le  so lu b le , 

and so such a tran sfo rm atio n  e x is t s .  e s h a l l  s h o r tly  give e x p l ic i t
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s o lu tio n s  In  two sp e c ia l cases* F in a l ly ,  the  c o e f f ic ie n t  i s
ITob tained  from the equation  foi- g L

.“A

s u b s t i tu t in g  f o r  from ( 115) ,

■ ‘‘ w  ( H J  • ( ’ « )

because ( 115) ia  a f i r s t - o r d e r  l in e a r  eq u a tio n , the fu n c tio n  T 

i s  determ ined up to  an a r b i tr a r y  fu n c tio n  o f i t s e l f .  As our f i r s t  

example of an e x p l ic i t  so lu tio n  of ( 115) we consider th e  case of an  enpty 

reg io n  of spcice-time, w ith  sp h e r ic a l  symraetiy. Here, E irkhoff*s theorem 

a p p lie s ,  and so i t  must be p o ss ib le  to  choose the fu n c tio n  T such th a t

.
as in  ( 111) .  According to ( I I 6 ) th en ,

f i - ï é - O - " ? ) "

which may be solved f o r  T to  give

T -  f_________________îd ________________________ ♦ A(r) ( 1 1 3 )

where r  i s  kep t co n stan t in  tlie I n te g ra l ,  and A (r) i s  to  be detei'mined

from ( 115) .  However, i t  cuglit to  be diodred th a t  (118) r e a l ly  does 

provide a so lu tio n  o f (115) -  1 .8 . th a t  (11?) and (115) a re  c o n s is te n t.
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Ü ivjquiie th a t  tlie fu n c tio n s  P, q given by

Q (r ,t)  = f * ( r )  H'H P ( r , t )  (120)

should s a t i s f y

â£  .  3 i
gr  â ï

(so  th a t  P d t  + Q d r i s  to  be an ex ac t d i f f e r e n t i a l ) .  Mav, 

d if fe i 'e n tir .t in g  (l2 ü ) w ith re sp e c t to  t ,  azid making uue of (119)*

(121)

t u t

- f ' ( r )  _  25H

f * ( r )  a«

usinjj (fü )  to g e th e r  w ith  (97)* and 11̂  = M. Hence

i i .  « . )  0  -  -  s  .• )  0  -  ^  «■ ¥ 1

■ ' M  0  -  [ m  0  -  Ç )  -  ! % )  >■ 7  ] .  ( . . . )

Try in sp e c tio n  of (119)* the r ig h t- lu J ia  s id e  o f (122) i s  ju s t  •

Hence r e s u l t .

I t  may be noted th a t  the fo regoing  argument p rov ides tlio b a s is  of 

a novel p ro o f o f Ü rk h o ff *s theoi'om, provided th a t  i t  be accep ted  th a t  

any empty s p h e r ic a lly  symmetric space-tim e must adm it lo c a l ly  a  system
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of riormal Caussian co o rd in a tes . If* so , then  as we have seen , the 

m etric  must bo o f tlie d u s t- f lu id  t^qe w ith  a ( r )  given by ( l l o ) .  The 

tran sfo rm atio n  of i t  to th e  Swarzschild type  ( l1 2 ) i s  governed by th e  

equation  (115), end we have proved t l i is  to  have th e  so lu tio n  (113), 

F ina lly^  i f  T’( r , t )  i s  th is  p a r t ic u la r  s o lu tio n , then the  g eneral 

so lu tio n  of the l in e a r  equation  ( 115) must be

T = 3 (? )

where e x i s t s ,  and i s  non—zero in  the domain of a p p l ic a b i l i ty  of

the m etric  (112): thus e x i s t s ,  and eo th e  general so lu tio n  may

be converted in to  (111) by transfo rm ation  of T on ly ,

Returning to  our g en e ra l so lu tio n , we note th a t  th e  " g ra v ita t io n a l  

ou V to  rad iu s  r "  -  th e  in v a r ia n t Mf given by (97) i s

a I'un^uimentivl param eter of the  m otion. I t  may be compared w ith  tho

in i.r t j  a l  mass, ou t to  ra d iu s  r :

 ̂ * j Po ÛT *
t = 0

T»* T*

S kïï i4^rpof(r)i^dr . (123)

The c isc rtjm n cy  between the  exp ressions (123)*(97) he accounted

f o r  in  toivas of " g ra v ita t io n a l b inding  energy^ ’* see e .g .  HOYLE 

(ld:F. [{>). ITote th a t  M ^  = Mr = 0 vàion r  = 0 , and (talcing 

f ( r )  = + v ^ ( r )  ) ,
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—  Mr) » li3ri^po(f-1).

Now

f  = 1
<

acco rd ing ly  a s  to  whether the  so lu tio n  i s  e l l i p t i c ,  p a ra b o lic  or 

h y poruo lic , re sp e c tiv e ly ; hence

u ( l)  ”r = Mr 
<

in  each ol those cases re sp e c tiv e ly . The q u an tity

Q = GYr
a

may be c a l le d  the " g ra v ita t io n a l  p o te n tia l"  as in  c la s s ic a l  theory .

. 3 we remarked a t  the  end of I I ,  0 i s  continuous even i f  po i s  

not — th u s , i f  we could conceive of th e  in stan tan eo u s a n n il i i la t io n  

of m a tte r  in  th e  reg io n  r  > r*  (o r ,  perhaps, a n n ih i la t io n  sp read ing  

outv/ardfl w ith  the speed of l i g h t ) ,  then

n =  - i l l !
k

in  th e  new e x te r io r  reg io n , Mr" being c o n s ta n t. This q u a n tity  

could bo measured by observing geodesic d ev ia tio n  of t e s t  p a r t i c le s .

In  f a c t ,  an  empty sp h e r ic a l s h e l l  in s id e  tho  m atter would, in  p r in c ip le ,  

be su iT ic ic n t  f o r  such a me a sur erne m;.

To c lo se  th is  ch ap te r, we g ive  a fu r th e r  example o f a so lu tio n  

of ( 115) .  The sp e c ia l case pf tlie homogeneous is o tro p ic  f l u i d  i s
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p a r t ic u la r ly  s tra ig h tfo rw a rd ; s in ce  here

( 115) becomefl

k = rS  ( t )

30 th a t

d T  Ô T

.at 0 ; f * ( r ) r d r

whence

T * « Ü  « I  + j f * ( r ) r a r  )  . (124)

. e may c ls t ln g u ia h  b tween the th ro e  types o f so lu tio n ; in  the 

e l l i p t i c  c a se ,

S* = a ( r  -  p)

and so

 ̂ ® [[^ s  * !i~s? ]

■ [(1  -  pS) V'1 -  » ( 125)

whure ^  i s  an a r b i tr a r y  fu n c tio n . C la l t 's r ly ,  in  the  hyperbolic

case.
T = * qS)vi + q a s r  j  (126)

whereas in  the p a ra b o lic , 0ppenheijnur-2nyder c a se ,

T .  * ~ 2 ] (127)
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v.'liux'ü. Ox co u rse , a i s  co n s tan t in  those equations# V/e c a l l. , cL
tho { >'TfOf<l>) system of coord inates " 'h v arzsch ili coordlnp .tes".

In  the next ch ap ter, who m athem atical and p h y sica l consequences 

of our so lu tio n s  w i l l  be examined#
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i^r.WlIVISTlC CübbAPSE -  VAhUb3 M'übLbkS

Dur p r in c ip a l  task s  In  th is  chap ter aâ e;. f i r s t l y ,  the  f u l l  

d e sc r ip tio n  o f th e  motion of a dust f lu id  d u ring  th e  co llap se  phase 

and, secondly , to  in v e s tig a te  tho question  of th e  boiindaiy co n d itio n s  

lin k in g  an  in te r io r  to  an e x te r io r  so lu tion*  There i s ,  h a /ev e r , 

a p re lim in ary  p o in t th a t  seems worthy o f a b r ie f  d iscu ss io n : a s  we

have seen , th e  e x te r io r  s o lu tio n s  a re  a l l  lo c a l ly  tra iis f  ormations o f 

the  Sclvtarzacaild one, and a re  th e re fo re  tran sfo rm atio n s  of one anotlier* 

Can we tlisjxefoi'e be c e r ta in  th a t  our c la s s  of i n t e r io r  so lu tio n s  i s

such t l r i t  no p a r t ic u la r  so lu tio n  i s  iso m etric  to  some o ther?  On

p ly s ic .-l ^rocmds, t l i is  seems h ig h ly  unlilcely; each s o lu tio n  appears 

to  correspond to  a d i s t in c t  p or u** , whereas in  th e  e x te r io r  no 

such i i o l d  i s  u e fin ed .

I f ,  in  f a c t ,

R « Ri (r , t ) ;  a = aa(r*,t*)

uefine two so lu tio n s  of I I I ,  (? 0 ) , whore ( r ' , t * )  a re  fu n c tio n s  of 

( r , t ) ,  thon if  & ij, g i ' j '  a re  iso m e tr ic , t h e i r  su rfac e s  of 

t r a n s m it t iv i ty  must hiVe equal cu rv atu res , whence th e  v a lu es  o f  R i.lg  

must be equal f o r  corresponding ( r , t ) ,  (r* , t* ) .  Now each m etric

i s  lo c a l ly  isom etric  to  one of th e  form I I I ,  (112), where

1 -  H I .  (1)
Ri

1 -  H I '  ; (2 )
Ka
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eacii of those being unique* I f  th e  two soluwiona a re  iso m e tr ic , thon

( I )  and ( 2 ) must be id e n t ic a l , and s in ce  Hi » R3 ,

Mp s  Mf*» I , ( 3)

hxcluuing any range o f r  f o r  vhich Mp i s  c o n s ta n t, th i s  shavs

tlx it r* i s  a fu n c tio n  o f r  a lo n ;.  l y  I I ,  ( 5 ^ ) ,

i T ~ p o ( r )
d r

so th a t

Mp a co n st, r  ^

im plies

p o (r)  = 0 whenever < r  < .

Thus ( 3 ) provides no r e s t r i c t io n  f o r  empty reg io n s  on ly .

O therw ise, we have

r  « h ( r* ) ,  t « k ( r * , t ’ ) ,  say.

I t  suoiiis tlia t t l i is  i s  in c o n s is te n t w ith

®rt “ °  '

in  l'acü,
0 t  ÔT 5 r

* j g ,  â t '
&Jàvur

and s in ce  van ishes, end /  0, . i s  independent of o r t * .
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Fui‘thorm ore|

f t ’ - Stt + ^ r r

Wiience

— « ± 1at'

am  sin ce  t must th e re fo re  be a fu n c tio n  of t* a lo n e , we f in d

t  9 ± t ’ *

F ln itlly , th e n , t  and t* vanish  to g e th e r , whence

r  « R i(r ,o )  = &9( r * ,0) = r*

from our sca lin g  o f the r a d ia l  cooroln^ite. Thus th e  two so lu tio n s  

can d i f f e r  only t r i v i a l l y  ( th a t  i s ,  according to  our o r ie n ta tio n  fo r  

tim e)*

XiQ now consider th e  d e ta i le d  d e s c r ip tio n  o f th e  m otion, t r e a t in g  

the c o lla p se  phase only (an expansion phase i s  obtained  merely by 

a  tim e—re v e rs a l — which means th a t  th e re  i s  l i t t l e  of s p e c ia l  i n t e r e s t  

in  the co n s ia u ra tio n  of ''a n tic o lla p se "  --(fefV ) .  One of tlie

c iiic f c i f f i c u l t i e s  in  General R e la tiv ity  i s  what coord inate  systems 

employed in  th e  a e s c r ip tio n  of a p a r t ic u la r  system may n o t be r e la te d  

in  any obvious way to  "observable" q u a n titie s*  Now, In v a ria n ts  

co n stru c ted  from our various v ec to r and ten so r f ie ld s  re p re se n t i n t r i n s i c  

m athoiratical p ro p e rtie s  of our geom etrical model -  one would tlio refo i’Q 

expect th a t  they  a r e ,  a t  l e a s t  in  p r in c ip le ,  p h y s ica lly  measurable*

In  ix ir t ic u la r ,  th e  te tra rt components of any te n so r  f i e ld  (o r even,

g e n e ra lly , an a rb i tr a ry  "Geom etrical v|U£intity^- Schouten ( r e f .  44 ) ) ,
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a re  m easurable; one would r e la te  these q u a n titie s  to  observations 

made by an in d iv id u a l whose i*—v e lo c ity  was u ^ . Put g re a t ca re  must 

be ex e rc ised  in  in te rp re tin g  r e s u l t s  ob tained  by means of th e  use of 

a p a r t ic u la r  s e t o f co o rd in a te s , f o r  tlio re  i s  no reason  to  suppose 

tîm t th e re  i s  some form of p re fe rre d  "g rid" in  space-tim e.

The s ig n ifican ce  of comoving coo rd ina tes  i s  q u ite  s t r a ig h tf  or ward : 

th e  coo rd ina tes  a re  In v a r ia n ts , la b e l l in g  p o in ts  on a  su rface

of t r a n s u i t t i  , l ty  in  th e  same mcvnner a s  the  u su a l la b e l l in g  on th e  

u n i t  sphere . The t  co o ra ina te  iv p re sen ts  pro%)er time on tlie 

p re fe rre d  û  — geodesic passing  th ro u jli th e  event in  q u es tio n .

The r  coo rd ina te  i s  an  in v a r ia n t on the  i n i t i a l  hjq)ersurface — the  

ra d iu s  o f cu rvatu re  d* th e  t r a n s m it t iv i ty  su ifaces  — and g e n e ra lly  

re p re se n ts  a unicjie la b e llin g  of the  u  ̂-g eo d esic s , w ith the  given i n i t i a l  

hypersui’faca  p ro p e rty , "a may th ere l‘ore exqxact th a t  r e s u l t s  expressed 

in  tonus of couoving coo rd ina tes  w i l l  be of p h y s ica l s ig n if ic a n c e , 

except tho r  coordinate i s  n o t n e c e s sa r ily  r e la te d  to  a  p h y s ica l 

measure o f r a d ia l  d is ta n c e .

Now th e  fu n c tio n  & (r ,t)  i s ,  as ?/e have seen , analogous to  the  

Ingrangian coordinate in  th e  Nev/tonian trea tm en t, and w i l l  v an ish  a t  

time

t  * t^ ( r )  ,

(c f.II ,C ^^^  ) ) .  Furtherm ore, an observer comoviAT w ith  the f l u i d  on 

the geodesic r  » Fq could in  p r in c ip le  measure p ( r o , t ) ;  eccord ii\j 

to  our s o lu tio n , i f  he survived to  t e l l  the  t a l e ,  he would have measured
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p ( r 3 ,t^ }  to  bo I r i in l t e #  Thus tho eo lia i; so o f a d u s t f l u i d ,  ag

v ia ’-(.11 Ivy i\ c o 'iT in "  o b serv er, le  ah a to  a Nc-aaoniaii—typo c a ta s tro p h e .

'..hao  CLuica no doubt th a t  th e  ou t ol' ev en ts  J t  « t ^ ( r ) î  esonta 

a s ^ t  of ce-Tlme s ln g u la r i i le s :  IT q v ish  to  avoid such a propoi'ty

in  o ir   ̂ carai)trlcal model, wo must cl J i  r  i ‘eg. id  th e  l u s t  F lu id  Foxcl 

a s  being <*r,p}:ysicul, d esp ite  the consiv oi'i.tlons o f Chapter I ,  o r  e l s e  

SLch to  iio I f y  th e  F ie ld  Equations o f  ' o n era l iH la t iv i ty  ( c f .  Foyle f: 

r h r l i h ’T — o f .(  1$ ) ) •

I t  l a  In s tru c t iv e  to  consider th e  bvhtv iour of o th o r in i 's r iu n ta  

c lo se  "A a  sln,ni3ar event; tho  most inpor-tsnt in  t i l l  a conncidon a r is o s  

from th e  rc ls itiv e  motion o f the f l a i u .  The r a te  o f ex^nr’- j on o f 

a  f lu id  c l nr* H it i s  given by

3^ = J ' ..»*>

and s in c e  according to  I I l (  H )•

/pu‘ ) .^  « 0

— co n su rv rtio n  o f mass f o r  tho cu a t f l u i d  — \,e see th a t

Adopting our comoving coord inate  ays sun, t*J.a reduces to

* 3 ^  (5)

s u b s t i tu t in g  f o r  p by means c f  I l ( l 3  ) .  This r e s u l t  may a ls o  b@ 

V e r if ied  by d i r e c t  c a lcu la tio n s
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in  CO moving coordinates#

The homogeneous and is o tro p ic  case i s  s tr a i  ghtforvvard: here

il = r o ( t ) ,  v/honco

Ô ■ I  (Ô)

vhlch c le a r ly  tonds to  minus in f in i ty  a s  t  -» t ^ .  In  o th e r words, 

f o r  th e  liûjiogcnooua, iso tro p ic  a u s t - f lu id ,  th e  s p e c if ic  r a t e  of volume 

shrihlc:i.g9 bee ernes in i 'in i  to  a t  t i e  ’'space-tim e s in g u la rity "*  Can 

th i s  r e s u l t  be extended to  th e  inhomogerieous case?

Note tlu it th e  g en era l so lu tio n  can aivvays be w r i t te n  in  the form

E a <p Z {(pt + a) ( 7)

where ^ ,^ ,a  a re  p o s itiv e  valued fu n c tio n s  of  r ,  and

z a -  i  a** •

,;e deduce th a t

E* 3 + # ( ^ ' t  + ,

and
• **
R* s  4. + a* )S  .

Thus ;
È' t o ) '  -  + a ' ) ( R : " ) - i

E* + a ' )
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In  oixlor to  in v e s tig a te  tii'j l i u l  ving b- îiaviour of t h i s  ex r e s i io n ,  

WÜ s h a l l  B33UÎ30 th a t

+ a* 0 ;

th e  v a n i^ in g  o f (§>*t ♦ a*) near a  siivjulaj* event i s  Gl%%ir]y liig,i]y 

excup u lonal. This s p e c ia l  case could bo invc 's ti;;a ted  by c o n s lv trin g  

th a  d e ta i le d  so lu d o n s  of the  d i i 'i t r e n t i a l  e q u itio n  f o r  b u t ?,6 

may doeiü i t  u n lik e ly  th a t i t  vould e :d iib it  i'U uically  d i f f e r in g  behaviour 

near a sin .^ulai^ity .

uince tho f i r s t  in te g ra l  of tho  j  dun f o r  Z takes the  fcami

S® ■ i  + co n st,
u

ena Z^^{tpt^^s^) •  0 , v/o s th

0

and ^  0

Û3 t  ^  t ^ .  I t  fo llow s th a t

È 1  m S*®Z*  ̂ ( -  2  ÿ + a ( l ) )

ti3 t  -» t  » pi’ovlded '.hat ÿ ' t ^  + a '  ^  0 .

low



Fut Zd* .  1 + kZ

’ hvi u k  l a  a  conaU m t. îîence

« w ( ' )

z r ' : '=  a 1 ♦ c(i-)

*' - * n %
1 » % ^

8 » ?  %"1Z( ^  4 d j )

C(.)
* i  s*V’ (v> ♦ 4rt))* ( 3)

> 0 , and ( in  tho co*l quu  ̂ 2 < C*

Thua

M •

No.a, I im v c r , t ]u t  fo r  n-- irljr ho- :o. .o:w.eu3 s o lit io n a , tha an yip totio  

kcliivieiL.’ la  q u in titlv o ly  cliV orens f . -̂ a “i i  .t  of  tlio lvx30,. ê:.iu0U3 

ô.^Iu*T>j, i ’c r  I f  v.a l o t  ;f -# 1 ,  &-► j  I n  ( 3 j ,  ivo f i n i

0 ^  i  ^  (y )
d

5ui \iiü u :Uil noUitlun# Caqxiui o n  lAdh ( y j dio-vs t h - t  tho L f/o o tlv o' r >■ •■.• --C \ * ’-i
coll..;, .vo i  * a t  h 'i l f  tho r a t e  f o r  ic. t olLq^ao# Thia c;iricrai

eoubt on tho v a l l d i y  o f f-o ho.ioge2X;Ou3 s o lu t ic n  nocr

a  u l n . u l u l ’y  -  tho hamogor.eous i t  vo must bo uns cable un.,ei'

ih-j.j'j c-;;i .1 :.lo:i3. I t  must bo co;-h :.oiuod i Int wo liuvo been dettll.ig

û .Jy  w ith  tho  caso of sTherlcw l ry teH rq r, however* Thia r_ a o .lt ml; h t 

h:vo a p llo u tlo n a  in  tW  study o f e i'u lu tio ru iiy  cosmologies c lo so  to  

a ' .-r u c o -tia o  ca lg ln " .  yilthoA h wo h  vo considered  an a r  J . f l o lu l
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form üi iiiliomogeneity, some doubt must be t lu ’Oivn on the  vuli«,dty of 

the i^obortoon— a lk e r  assum ptions In  tlie se extreme circum stances# 

iVe sir. 11 n o t consider th is  p o in t any fu z 'th .ir, b u t note th e re  I s  a 

problem here  which may re q u ire  in v e s tig a tio n #

r n  OF]"EyF^TO’!AL

The quasi-Newtonian behaviour o f  th e  H e la t iv is t lo  D ust-F lu id  

i s ,  s t r i c t l y  speaking, the behaviour th a t  v^uld be noted by an 

observer f r e e ly  f a l l i n g  w ith  the f lu id  and In  i t s  proxim ity# This _i 

has l i t t l e  re levance to  astronom ical observation#

l a  considering  observations made by a  d is ta n t  o b serv er, we should 

s t r i c t l y  spoalcing consider a succession  of ligh t-experim onts#  As we

s lia l l  se e , th e re  i s  l i t t l e  d i f f i c u l ty  in  determ ining th e  red  s h i f t  o f 

tlie 11,J i t  u i i t t e d  by a  co llap sin g  s t a r ,  b u t an a n a ly s is  o f n o r.-rad ia l 

litjiw  ravJ.ation (n u ll  geodesics) — re s u lt in g  in  some t i r e  some 

c a lc u la tio n s  -  v/ould be req u ire d  i f  v;a were to  consider th e o ix ;tic a lly  

tW  appefiiance of an extended co llap sin g  source of ra d ia tio n #  I!o?/ever, 

s ince  tnu  e x te r io r  m etric  of th e  empty reg io n  e x te r io r  to  a sphericadl^r 

syi iiie tric  boay i s  ju s t  tie Schw a rz sc h ild  m etric  (assuming th a t  one can 

ignore the o is tu rb an ca  engendered by th e  rt..d a t io n ) ,  wa can analyse  

c o llap se  i n  terms of tlie p re fe rre d  coo rd inates (R,T)#

Following til© n o ta tio n  of Jordan, Nhleas" and Bachs (R ef, )

we l e t  be tlie tangent vec to r to  a n u l l  congruence which emerges 

r a d ia l ly  from a p o in t. Then th e  J ia ra lla x  d is tan ce"  i s  d efined
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to be tho inverse 0Iver-ence of tho rays:

S t i i c t l y ,  th e  s tr e s s  energy ten so r in  tho e x te r io r  reg io n , wliich 

i s  empty gave f o r  tlie r a . i a t i o n ,  talces tho form

= /ikhr^

where n i s  th e  a ie rg y -d en s ity , bu t we n eg lec t ^ a s  a f i r s t  

approxiroa tio n  *

In sp ec tin g  th e  usual form o f  tho SclnTaisschild m e tr ic , i t  i id l l  

be seen th a t  th e  r a d ia l  n u ll  rays must s a t i s f y  the equation

= ± ^  ( 1 1 )

Qid, iix leed, the so lu tio n s  of t i l ls  are ju s t  tlie r a c i a l  n u l l  geodesies# 

for, since f i s  th e  s t a t i c  time coOi*iin:ite, i t  i s  ignoi’a b le , and 

one OL* the geodesic equations must reduce to

^1 -  ^  c h s  const# , (12)

w:here u i s  an a f f in e  parameter# Ilie r a d ia l  n u l l  geodesics a re

th e :c fo re  given by th e  so lu tio n s  o f (12 ), to g e th e r  w ith 

i f  so lu tio n s  ex ist#  S u b s titu tin g  (12) In to  (13) g ives

i - * "

which determ ines u up to  an a f f in e  tran sfo rm atio n ; th e  roinaining
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equation  simply reduces to  (11 )• For convenience, we may s e t  h => 1 • 

How, by d e f in i t io n ,

au

where u I s  tho a i'f in e  param eter; hence, f o r  r a d ia l  l ig h t - r a y s ,

k ' = ((1 - f ) ‘ F l .0 ,O )

where the f i r s t  component i s  the T-component• Thus

= ^  ( l o s Æ  kJ

= 2/R . 

Hence, according to (1 0 ),

Pp *=

and so R i s  Indeed the p a ra lla x  d is ta n c e . For any s p h e r ic a lly  symmetric

m e tr ic , t l i is  co in c id es  w ith the  lum inosity  d is ta n c e  ------- —) «

Thus R i s ,  in  the astronom ical sense, an observab le , and i t  i s  

m eaningful, in  d e riv in g  the Schvar z sch ild  m e tric , to  impose th e  fa m il ia r  

co n d itio n
fîlj -► TÎVJ as E-* «  , 

where a re  tlie components of the  Ninko.Yski m e tric .

For an observer e x te r io r  to  th e  body, bu t " re s is t in g "  i t s  

g r a v i ta t io n a l  f ie ld  so th a t  h is  a f f in e  d is tan ce  from the cen tre  rem ains 

c o n s ta n t, tho co o rd im te  T i s  simply a m u ltip le  of h is  p ro p er-tim e:

ds = ^1 -  ^  J  dT , (14)

where h is  w orld line  s a t i s f i e s  ^

E = Eg = c o n s t.
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C lùcriy  th is  broaka down I f  tF n® (th e  "Scliwaivbdilld l im i t" ) ,  and so 

wo ccin uoauce th a t  wo cannot h%VQ a tlm o llke  w orld line  Ec I f  n®.

I t  used twi be tiiou^ht tlm t t h i s  im plied  th a t  "nothing can pass  tlirough 

tlio Cclw;aissci.iild singulcu^'lty", bu t t l i is  i s  an o v e rs im p lif ic a tio n .

C le a rly , v;e may rcgoi’d a "fra::io of re fe ien ce"  based on w o rld lin es 

He c o n s t, as  a " s ta t i c  frame" (whether o r  no t tlio m etric  I s  s t a t i c ) ,  

horo p re c is e ly  a s ia t i c  frame i s  dot: i-mined by an orthogonal v ie rb e in  

co n ta in in g  th e  tangen t v ec to r to  tlio curvo congrucnco E= c o n s t . ,

8 - c o n s t . ,  # a co n st. Since d i s  w ell-d e fin ed  fo r  a l l  s p h e r ic a lly  symmetric 

space-tim cG , we may regard  t l i is  d e f in i t io n  as m eaningful even in  th e  

i n t e r i o r  reg ion  of tho body; tlio so le  pi’ovieo being t i ia t  ilio concept 

’’s t a t i c  fran c"  i s  to  bo iX :strlc tcd  so a s  to apply  only to  reg io n s  

tlii'OA'.hout which tho congruence I s  I-*:wIiko. A ssociated  w ith  such fram es 

a re  tho Gchwarzschild coorain  te s  (T,H,8 ) ,  where T i s  determ ined up

to  an a r b i tr a r y  fu n c tio n  o f i t s e l f  (see  Chapter I I I ,  ( I I 2 ) and (1 1 5 )) .

In  the e x te r io r  re^,ion, as  we h ive no Fed, th  r e  i s  a p re fe rre d  

coo ru inate  I  a s  determined by th e  asym ptotic co n u itlo n  f o r  th e  

Gchvvoi'sscliild so lu tio n ! T is  simply the proper time on E s c o n s t.

" a t  tn i’i n i t y " .  Equation ( 14) suggests a proccaui-e f o r  deterrairdng 

th e  form of T in  tho in le i’i o r .  Consider two neighbouring curves 

E = Ex, R B Rg (w ith  0 - c o n s t. ,  ^ -  c o n s t . ) .  fuppose t i n t  i n  th e  

neighbourhood of a c e r ta in  spaco-tim e event R a Ex l i e s  in  tlie 

I n te r io r  re g io n , and R s  K3 l i e s  in  tho  e x te r io r .  C learly  th e  

propcr-tim o in te rv a ls  on neighbouring segments o f tho  two curves must
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bo co,;qam.'able. 11* tlio coui‘d in a te  T i s  used as a param eter, provided 

th a t  both  curves are  t im e lik e . Since tliroughout

Û3 = 6^,^ d7,

i t  f o i l «73 tlia t fo r  the  T coord inates in  th e  in t e r io r  and tlie

e x te r io r  reg ions to  be com patible, Ci ^  must be continuous a c ro ss

the  boundary. Note th a t  th is  argument is  based on th e  gecsaetrlcal

c o n s tru c tio n  fo r  Schwarzs child cooi’d im te s ,  and not upon some g en e ra l

'boundary com A t io n s" .

Ginoa our coord inate  systems are  o rthogona l, c o n tin u ity  o f 
TTim plies co n tin u ity  of g « V.’o s h a l l  nor.7 exp lo re  th e  consequences 

fo r  th e  sp e c ia l case of th e  hornogentous. I so tro p ic  d ust—flu id *  

in  terras of the tran sfo rm atio n  givvn by I I I  (115),

r>̂  /Ami* I f  Ami®f  ê T Ÿ  _ _ J _____ f  a t Y
"  W  -  f “ (r)a -q  t â î j

* **  ( p F  -  F w F  *

using I I I ,  (124), which a p p lie s  to  the  case of a uniform body.

lcarian^ ,ing .

f ' ( r ) (’ - ¥ ’)
using I I I ,  (93)
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I kncQ 11m = 1 4 5 !  f l  -  .  ( 15)
r y  rb  8*3® ® \  T "  /

Com;>ari30ïà vAth the  e x te r io r  GclBvaizgjhlld E x te r io r  S o lu tio n  then 

shows th a t

f ' ( r J  (1  T  = 1 (16)

sin ce

2 ÎM  n r  * » b

8

Lquation ( 16) can in  p r in c ip le  be solved in  o rd e r to  determ ine the  

ilin o tio iiu l fo ra  o f  $# In  o rae r to  o h ja in  e x p l ic i t  so lu tio n s  we 

muet c lsu in g u ish  between th e  th ree  cases determ ined by I I I  (125), 

( 126) , ( 127) .  In  th e " e l l lp t ic "  case, ( I 6) g ives

^1 -  î f t u j  » i  (1 -  par^» S3

and w ritin g

* (^  u) = ®

a s  In  I I  (125),

▼ y  (v) « -pa . (& — = * (1 -  Pai'ij* )^S3

where ^
aV » (1 -  pS )(l -  par^® )
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In oitoer to  derive a d ifl'cren tla l equation fo r  Î  as a function  

of V, to  note tliat

s  “ “ « ^ ( i  - p )

J  3 ?

i K ' z ü .

-  t  p a " X p - ® ^ = - C lH - Z l

whore A® « 1 — par,® . (1?)

S im plify ing ,

Ï* -  * o "^p -® /'' - J — ) " A . . (13)
v '^Ca ®- v )

I.x g e n e ra l, i f

u * (1 -  pS )(l -  pai® )^ , (19)

our transfo rm ation  o f coord inates ia  doterm ined by

ps/» a^T ■ ± r  -4  S  J.I —k  ÜT (20)
J t^A* -  v)
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ihti s ig n  am biguity may be removed by in s is t in g  th a t  T—tim e and 

t- tim e  should '’run th e  same way". A necessary  cond ition  f o r  t h i s  i s  

th a t ,  th roughout the  reg ion  of a p p l ic a b i l i ty  o f th e  T—co o rd in a te ,

s > »

on each w orld line  given by

r  s  c o n s t . ,  6 = c o n s t . ,  ÿ » c o n s t.

On such a geodesic.

d t  i i

(A-u)V» au

using  ( 19) .  B it

a -p 2  (1 -  par®)*^

by u ifx c ro r i t ia tio n  of ( l3 )#  Since du ring  tlie  co llap se  phase S < 0 ,

i t  i s  c le a r  th a t  we must tak e  th e  p o s itiv e  sign  in  (1 9 ).

Tlie i%ueatlon n a tu ra l ly  a r is e s  -  sæe T and t  a lig n ed  fo r  a l l  

observers? The answer i s  in  th e  p o s it iv e ,  provided th a t  we rem ain 

in  th e  space-tim e "cooiilinate patch" in  which T ia  defin ed  (as  a tim e 

coca-dinate) -  we must no t in te r s e c t  a s in g u la r i ty  of the  tran sfo rm atio n

T * T ( r , t )  .

For
ÛT âx  . i l  ÈZ
a t  * fit fir d t
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s in ce

0 .  .  rS ^  + S . t e j l )  Î1  .

Furtlionnore, S < 0, and so can bo of opposite  s i '.n  o: ly

I f  -% > 0, anda t

r*S*G* ^ d rY
;  ( H j  > ■' • (22)(1-pcr®)'

I ow, tan g en t to  any tin e  l ik e  v w rld lin e ,

( f f j .  , .  s . fV -I -r . f e ) ‘ .  )

whence

Thus

(23)
1-par®

r®S®S® f < r®*®
( 1 -par*  ) * \d ty  1-par®

ar® (1-p3)
* ~  1.pci®

< 1

in  c o n tra a ic tio n  of ( 2 l ) ,  provided th a t  3 > ar® .

B it,

B ^ ar* S arj^

giv ing
Ry < a r^  « 2CM,

so t h a t  th o  co llap se  has "passed through" the  Schv/arzfchild " lim it"#
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C le a r ly , the T -tra n s .b rm atîon i s  in v a lid  h e re , s ince i f  3 (9 ar®,

U > ( 1  -  pw»)®/» ^  (1 -  p a r ^  « A*,

using  th e  n o ta tio n  of (1 8 ). 'Iho in te g ra l  in  (19) i s  th e re fo re  

im proper, i f  the constan t of in tegi*ation has been chosen so as  to  

perm it Ï  to  be defined  o u tsid e  th e  Schi^arzsulilld lim it*

Hence

f o r  a l l  observers who do no t pass tlirou^Ji the "Gchvvarzschild 

S in iP il^a ity " , and since T end t  ai*e a li< jied  f o r  "comoving" 

o b se rv e rs , they  a re  a lig n ed  fo r  a l l  "qu iilify ing  ’ observers*

I t  should be noted th a t  th e  fo rego ing  argument can be adapted 

to  th e  genera l case: we have r e s t r i c t e d  o u rse lves to  th e  homogeneous

case in  o rder to  f in u  an e x p l ic i t  fu n c tio n a l form f o r  T, v/hich cannot 

be achieved in  general* In  g e n e ra l, (21) may be w r itte n :

> 1 J

( 22 ) becomes
a

< 1

whence
'(r).V *F ( a ) ’ < .

o u ts id e  tlie "Gchwarzschild singulaa’i t y " , a s  befo re  ( c f . I l l ,  (p8))*
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J ;.r tic u la .r  cases o f ( i j )  v.era owrained by Oppcnhelmer <■' Hrydcr

(.Asi’# 31  ) ,  Hoyle - I t i r l i k i r  ( Eel'# /g ) and N a ria l d Toni ta

( c f .  go ) .

Fetianiing to  th e  homogeneoua c a se , v.e s lia l l  proceed to  an

e v a lu a tio n  o f  tJie In te g ra l  ( l> ) in  term a o f elem entary fu n c tio n s*  

;Ju h a titu tir ij  v » A sin®fi, one f in d s  tlia t

/ 1 ru
p*''®a^T B A j 2 Gin 8 eos^ûüa

sinS (A®-sin®5 )

(choo.'iin,: uie plus s ig n  in  (1 9 )) ;  a f t e r  acme re d u c tio n , ono obuij.n3

t" '-I ( clnS cocfi •  à }
u u

(24)

X (j-2 \* )}i. A3ln;>ttOa,)+ (1-A®y“/ ‘10G(oos(;)-<)/cos(ii+e)) 
+ const# 

(25)

t  lai

^ a 3 in “'/(u7A)

c = coa^^A *

(d6)

(27)

..dnca u=0 f o r  Ge 0, i f  we ‘Uikr* the  p r in c ip a l  value o f th e  

fu n c tio n  sin*® in  (2 5 ), and s e t  Te 0 \ hen £ s  0 , we can d isp o se  o f  

th e  a i i d t r a r y  co n stan t in  (24.)*

note tliat as u | A*, oo s(j t  ( )  j  0, and T -* +o@*
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 ̂ o u cl^iurly tho b jTiavlour of th a  coo;\d.i%.t3

cj3'uG;r» V’# ^)* *-oyl3 &nd fo o le r  ( gJ*. | "7 ) consider tho  p o s s ib i l i ty  

ox' iiiv isl'o lo  CKiSsivG o b jec ts  which liivr; ul^^eady co llapsed  beyond tlxo 

: ci:.:draa«dillû lim it#  y e t a re  deteouaulo from l i e  aatronomlc^J. % oL it 

of v5... ,  j\3 v;e hrve seen , althoiiGh T can be defined  in  a  cooj-'i-iiia Le

v d ü iin  th e  rc3i «arzachlld I f ja l t  (by aT^iil^/lng (19)# w it ap%^ra%wia.to 

ci.Gn e of provided th a t  u  < X)# i t  cannot be d efin ed  In  any

iG.tcU w.ilnh s iinu ltaneou ily  in c lu io a  ru^;lons w ith in  and w ithou t th e  

doiiV.cU’a?giilld  U n it#  whence c o llap se  t!ncu ,,h  tr ila  '^lim lb' could no t 

be obsui’vod x'roia an o u tsid e  obsoi’Vur in  a  a La t i c  f  l'acte# (c f  .ü pcnJit^lnior 

^ cr.iOi.ur (..of# -^7 ) ) ,  Hoyle subsopauntly  appe^ix's to  h .vc  d isca rd ed  

t i n s  n o tio n  — soo# f o r  exivuplc# H ur'lliafr’s a r t i c l e  In  hi: covoiy 

( f t f  # 31 )•

Tî'i SCI i d f 'f ' '! : ' ,  ) i r  i ?

<j h..ve used th e  phi’feses '' : chw arssd iild  lim it"  and " tc h fa i's sc h lld  

' soL%vdiat f r e e ly  In  th is  cla.pter# end Uie concept re q u ire s  

vion. The usual s t a t i c  fo m  of tho  e x te r io r  fcirvarsscIiiJLd 

c j t i l o  bx*- :d.3 oov/n on trie îypersoid 'ace :: a 20d# and i t  used to  bo 

co:G:idcj. cd -Lliat th i s  suxTace rep resen ted  so sa form of peom otrlqal 

sin, u h ii l l ; /»  o r lim itin g  coni idai'aLion 1 o r  a m s s iv e ,  dense body# 

l t d 3 view point I s  no t (generally accepted nuradays# Tills i s  n o t to  

s.;y t h a t  th e  Ji^'piersurface does not have ^eom atrlca l sidniT lcanco -  

indeed# I t s  pi-opeetlfcS In o lcu .e  dtJL Concral l e l i t l v l t y  cu rio u s
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in  C'-X*vtin extreme s i  cua-ionu#

I t  ia  convenient to  exa-nino tu o  ex ce l'lo r dchw arzcchild m etrio  in  

"oumovind ' — !•©• " f r e e - f a l l in g ' cooxainates# There e ra  a whole 

cI abs of suGh coord inate  aysteioi# oach cystoia c o rre sp o n jin j to  a  choice 

o f i n i t i a l  v e lo c ity  f o r  the f ru c ^ fa l l in ,;  fr^ane# In  the n o ta tio n  o f 

ChMptt-r II#  each co rrc jp o n la  to  a choice of p (o r  ^ )# Jriax;ly f o r  

convüril^mcü# we s h a l l  consider l l r s t  th e  qycten in  which the  m etric  

takjJC die i o r x t

1 I'dda* a at* -  I ^  P dr* -  K*dCP ' (l3)
1 _  ii-iXi \ÜZV

r
vh'ju.'o

(2 9 )

ana t>*e In a c tio n  f  i a  defined  in  II#  (3 ) .  This m e trica l form waa 

o b ta in  d a ls o  by Moyle and Ixa*likar ( ^.f, |S )# who appear to rogord  

i t  us u u...l',u0 ’'conoving ' a o lu tlo n . I t  ic# of co u rse , merely a  a%ieci;dL 

G^se of fhü c la ss  o f " e l l ip t ic a l "  s )lu .J.ons; Oppenhelmer v; Lt-galer 

(:.e:’# 3>1 ) obtained  Hie p a rab o lic  so lu tion#  which corresponds to  

a f itx .e  whicli f r e e - f 'a l la  from r e a t  a t  i id in i ty #

(d3) has Hio in h eren t d isadv .ritf  go th a t  the coord inato  iXitch 

cW ined by ( r# t,9 # ^ )  w ith r  > 0# | t |  < ^  ( ^ 7 ^ *  doas not map (1 ,1 )  

in to  tlw  whole uchw arzadiild "puce- i. o# Ihe cooreinu to  system has 

a s in g u la r i ty  a t  r  s  2? f. (n o t to  be cortlised  v i th  the n u l l  su rface  

R « PGM — tho "Schivarzschild Lhiiit ' ) ,  b u t i s  i^uite ac c ep tih lo  a s  

a  f o m  o f tho  e x te r io r  m etric  to  a  Kidierlco.! dust-body which a t  tls is
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t  Q i 'j  ou tside  th e  hypersui'face I e ??, This p o in t w i l l  bo 

exp lained  f u r th e r  in  th e  nex t ch ap te r,

■iiio ru i’a lo l lc  form i s  id e a l  in  th n t i t  /pens the whole of opuce— 

t la o  (oUinr than  the  curve r  » O), exoluaing the  e s s e n t ia l  space—t<m@ 

55.: . ulf a 'l ty  S « 0 . 'ihe CchtvarzschiM lactrlo  takes tlie fo3rm

da* » dt* -  dr* -  (3 l)

where

% = r(1  -  (21)
1

nna r  > 0 , - « <  t <  §  * ( : - )

Clt^oi'ly, ^  cannot vanish  w itiiout tlio rhcnoinenon of ‘ cvcrixi-dng*' 

d iacusae.t iu  Wx.ptc r  I I  occurring  •• and t i i is  i s  q u ite  ia p o a s ib le  

f o r  a  c lau üx' u i 'ree  f a l l in g  frame# a  v h tck , we can eva lu a te

«  '■

î î - 0 - K f f )  V  • i  ( M  ‘  H  

- ( ' - K W ' ) ' " "
••vaich CMinot van ish  f o r  f i n i t a  t ,  cM  bücora-cî i n f i n i t e  ov.ly a t  

1 = C. ho s in g u la r i ty  a t  r « 0 ia  no co incidence, s inoe  thox-o rmiat

bo a mass a t tlio i n i t i a l  oii.pin in  o rd er to  g ive  id se  to  a Schv/arsschild

so lu tio n  in  th o  f i r s t  place#
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In sp ec tio n  o f (29) and ( 3 0  In ilo u to a  t h a t  thoro  la  no o b jec tio n

in  p r in c ip le  to  passing through tho ' fchu’a r s s c h ild  lim it"  • An

observer whoa© world lin o  s a t i s f i e d  r  » ro# 9 « @o#4p = #o# where

r@ > 2CM# would in  f i n i t e  proper t3.mo paaa throu,;h  the  sux'fuce ?. «

The ivorldllnQ V/'Ould throughout bo a  tlnelH ce geodesic# Hov/ever, I t

ftliould bu noted th a t  such an observer v . i l l  always pass in to  Uie hyp-er—

surfu^co, never ou t of i t#  InL^eod, any obsoi-ver once In s id e  vho hy>cr—

su rface  can no t escape w itiiout f i r s t l y  pu:vr>.'jag through the e s s e n t ia l

s in o iila i 'ity  d a 0# For l e t  be any tim e lik e  u n i t  v e c to r , so

tlv*t « 1 . Cuppose f u r th e r  th a t  bu fu tu re  o r ie n ta te d ,  bo

th a t  > 0# Thenua

^  + k**!* , (34)

s in ce  a la  Independent of ( 9 ,^ ) .  dubstiuU ting k ^ ^  « 1 In to

(dy) adavs t h a t

R’* ( k ' ‘)* <  (k * )*  -  1 . (3 3 )

t:o'7 according to  (3 2 ), K* > Ol th u j e e r tx ln ly

Ik H l*  < Ik^l • ( 36)

i^it k* > 0 , % < 0 , whence

4 2  < k t ( i  + "1 )
/ N i

whatever th e  sign  of k% From (3d) one f in d s  1 » -  I

so i f  R'<' 2Cnl, ^  < 0# Hence any observer once In s id e  11 a 2GM

w i n  rct.iain In s id e , and f a l l  In to  k = 0 wl^atever h is  worlWline#
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kven & I I , h t  l a y  w i l l  be su b je c t t o  t a l a  buliavlour, f  oi* according  to  

General . .o la t iv l ty  t i i la  I s  rep resen ted  I y  a  n u l l  geodesic . In  f a c t ,  

ii* k la  w:y fu tu re —o rie n ta te d  n u ll-v ec to i'', we can re p la c e  (34) by

K'* (kO * ( k ^ ) '

fix»iû v,î;ich we deduce (3 5 ), &nd proc e-d a s  b e fo re .

llie n u l l  bypersurface k » 2(F? p rov ides an example of what 

Îlev-Ulni’j toiTis a  "closed  trapped aucface ’ ( .jof# ) .  For an observer 

in s  le e  I t ,  th e  ly p ersu rfao e  re p re se n ts  a  opnce-tlme hot'lzoii. In  

fa c e ,  i f  wu consider the  s i tu a t io n  vd J i  tim e rev e rsed , we have a  foiva 

o f v io le n t  exp losion , w ith (29) re :  re se n tin g  th e  e x te r io r  to  a f l a i t o  

©volutionxay u n iv erse  — th e  "h o rizo n ’ phenomenon assuming s ig n if ic a n c e  

in  th e  e a r ly  stages*

KXT": G

we h ve no ted , the Schwarzschild coot'oinato T becomes 

in i 'i i i i te  as  Hie ly  per su rf ace R ■ 2C'i I s  ap^rro&ched. I t  sewna im tu ra l 

to  auiii Ose th a t  an  observer conoving vdtli th e  bourk a ry  o f th e  c o llap s in g  

bo.y  w i l l  observe events on a bo^iy f in e d  in  a  s t a t i c  frame as i f  they  

were incr.U fsingly "speeded up" and conversely  fo r  an observer in  Hie 

s t a t i c  fituiie* However, th e  s i  tu i t io n s  o f th e  observers a re  no t 

con Ju,,a to ,  as  may be seen from an a n a ly s is  o f th e  r e d - s h i f t  photons 

f:ora th e  co llap s in g  body a s  bclA l in c re a s in g ly  r e d - ih l f t e d  

since  th e  ‘ hoppler" red  s h i f t  due to  ulm re c e d ii^  boundary w i l l  combiîie
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wlUi Uiu " g ra v ita tio n a l"  red  s lilf t*  ilowuVGï*, tho "co llap s in g '’ 

observer t 111 re c e iv e  l ig h t  from tho s t a t i c  boay which may bo red— 

or v lo lo t-d h lf te d ,  depenling on the c ire ju a  Lances — th e  g ra v i ta t io n a l  

viole t  s h i f t  w i l l  oppose the lo p p le r  re-i-alilt’t*

Aimlyaia o f th e  r e d - s h i f t  of 11, h t  emi t te d  by a  c o lla p s in g  Ephore 

i  . cofïîpHcatevL by the cueGtlon of tîio i.o n -rad la l l i j h t  p&tlis. In  

c l a s s i c a l  langtt.ge, the  frequency observed w i l l  be su b jec t to  a  P eppier 

and trim sv erse  I  oppler e f f e c t  which w i l l  va iy  w ith  th e  angle o f e ia istlon , 

'ih io  % ill givo r i s e  to  a fo ra  o f  Wu'omatic -^b a e rv a ti 3n . P rec ise  

a n a ly s is  ci* no:>-raalal n u l l  gecaeslca proves somewhat tire so m e , amd i t  

I s  c le a r  th a t  the bu lk  of th e  r a d ia t io n  rece ived  w il l  have been c o l t te d  

in  & a irec u io n  alm ost a lien ed  w ith  th e  ie^ H a l. A cco ra li\,ly , in  Hi© 

fo llo . 'l i i^  e lsc u ss lo n  we s l ia l l  consider r a d ia l  em ission only#

he fcXm:rior me t r io  i s  most coiwe.-ie.;t.ly handled in  th e  foiTi o f 

equation  (ad)# Using (3 0 ),

# - - a -

nacre
n* » 2G%. (33)

A lso, in sp ec tio n  of (32) y ie ld s

©  < ^ )

and so
,->„2 _ .14.3 _

m  f r  
ô r

da* .  dt* -  S  dr* -  l* d n * #  (40)
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Tho güodüsio e qua Ilona a re  a l  vaya sa^ io fied  by

k*sin^*a ÿ* .  rJ'S* « 0 ,

and in  iuu’t i c u l^ r  tii© congruence o f ra c d u l a m  n u l l  geodesics I s  g iven  

by

dt* -  r / a  clr* a 0 • (41 )

IiitG^ji’iitio n  of (dO) i a  BtraiiJiui'oL’w; * d: we b .ve

da a d r + 1*̂  d t
C T  O t

i
* ( r / l ) ^ d r  -  V l  d t

and 30 t b i  equation  of a n u ll  geodesic becomes

d t a ±  (dll + n/d'^at)

g iv in g  e i th e r
1

( l  — rv^ii^)dt a  d I

or
(1 ♦ n/rr')dt a — d l  •

I loto th .i t  i  o r  K > n* th e re  la  ono out. :uti q>ointing and one i i t 'o rd  

p o in tin g  n u l l  geodesic throu^ih any p o in t ( in  tho sense th%t O)

w iilla t l o r  il < n* both geodesica (ami th e  a sso c ia ted  .null tan, e n t 

vue LOTS) p o in t inw ards.

I'rom tho point o f view of tho ©;:iarni.l o b serv er, tho  out. aid. 

p o in t i i t :  geodesic Is the s ig n if ic a n t  one* I f  a photon l a  en:l'.tud 

r '^ d ia lly  a t  R * &o time t o ,  &nd rece iv ed  at th e  event ( f , t ) ,  then
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f(R) — f(k@) = t  — t@ (42)

v.hura

«  ( 1  -

Tupposa now th£it (Ro,t@) la  s itu a te d  on th o  bounthiry o f  tho co llap s in g  

body, and thxit a  neighbouring photon I s  o n lt te d  from tho sano p o in t 

on tlio boundary a t  tim e t@ ♦ Ato# Rooo, t lo n  tak es  placo on tlio f te e d  

au ifaco  R « c o n s t. To f i r s t  o rd e r,

A R » 0  ;

at,
» -  r/%oF&t* (43)

4So “ At* 
0X0

u sin g  ( 36) .  th u s

f*(a)Aa -  f'(Ro)AGo « At -  Ato

1 .0 . —(1 — t@ a At — Ato •

f ,
Hence A t *  I  l-n /R oV ^t'0

« (1  — ïv^x» ) *^Akto • ( 4 4 )

TvO V Hio r e d - s h i f t ,  e ,  o f 11,,h t  observed on th e  su rfac e  R = c o n s t. 

I s  g iven  by

1 ♦ * “ l i

wl3ore A So , As a re  th e  proper tim e In te rv a ls  between nei-hbouring  

©mloslons and t i ie l r  recep tio n s  ( c f .  Hef. 7 7  ) ) •  On th e  c o lla p s in g  

body, Ar * 0 , and so (39) g ives
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Aso » Ato •

Iloi-wver, on tho  rec e iv in g  su rface  A1 » 0 , g iv ing

(r/k )^A r * r\/S^At, to  f i r s t  o rd e r,

SubctltuG lng in to  (3 9 ), s e t t in g  A9 = Aÿ = 0

(As)» .  (1 _  n»A )(A t)»

th a t  tlie t  coo rd inate  h .s  boon a lig n ed  w ith  tlie  

wiae s ,
i_

As * (1 -  n» /k )^A t •

b u b c ti t  .tio ii in to  (43) gives

ASq (45)

0

tho r c d -c h if t  deturmined by (45) ia  sim ply & ocasblnation 

of a . op p le r s h i f t  — between an observer oamoving w ith  th e  boundary 

o f th e  body ami an  observer, Ina antarn ouoly c o in c id e n t, b u t w ith  

f ix e d  E -  and a g ra v ita t io n a l  r e u - u a t f t .  This w il l  become c l:;a ru r  

i f  v.’a w rite  ( 4 k )  in  the fo llow ing  form:

1 + 2 f l a j 5 h _ Y  .  f  1 +
M  -  v? / A q ^  X I  —

(  1 -  r? /R  y  f l o a A )  
I ,  _  «»%, /  U  - t / o j

whore v /o  « It T"1 • Hote th a t  t h i s  in tu irp re ta tlo n  i l l u s t r a t e s  tho 0 to
conaoc vion butween th e  c la s s ic a l  Ingrangl-Ji v r ia b le s  ( r , t )  and i l i c i r
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hel-itlviatic oountaiquarta.

illa tio n  of (45 ) coni'lraa th a t  z -* «  as R@ ^  2GM (frora 

auovo). TG.U3 a co llap sin g  body viewed from a d is ta n ça  v d l l  bciocxio 

i ro g re sa iv e ly  f a in te r ;  in so fa r  a s  th e  c o lla p se  i t s e l f  could W 

obac^'VL'd, t h i s  v;oull appear t o  slow co.m e v en tu a lly . I f  we acstEX) 

t l a t  obaurvation  tak es  p lace a t  a corsidoi'^l.'le c l  stance from th e  body, 

then tiie  term  n»/R can be ig rio ro i, and v/© have:

from (̂ k3) and ( 2*4 ) may bo deduced:

md »  "  ( 1+2 )

Tliua jÜHl IncT-ases with z  u n t i l  s » 1, when i t  d ec rease s , 
ds 

At 2 s  1, in  noi’E i l  u n i t s ,  l ^ ~ l  * ^  ® *

The le u - s l i i f t  question  I s  6omevT%it complex, however. I t  la  

I n s tru c t iv e  to  con sid e r th e  r a te  of cln;ng.G of 2 vd th  tim e; wo have

Aa _ -  ^ ........... ?._____ Ê la
“  Û3

'  (47)
“  2n* (1 ♦ 3)*

usljx j (45 ) <uid (46 ) .

 ̂3Tor Jorge z , ^  s .  A ccord i^ jly  th e re  would be no hope 

o f  idoat.U’y ing  s p e c tra l  l in o s ,  and t m  ix>..-ahift would rap  1.fly  become
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ao e,reat tij.it tho  body would offoo Lively u iaag p ear. I t  mu'-t Go

e.jipha.ilsea, iioivever, th a t  i t  'ivould liot th en  heve passed tlirou^h

I t s  g i'iiv lta tlo ria l ra d iu s ;  (4b) Bhov;3 th a t  I t  w i l l  never do so

^n _the 1:5 of _the  d is ta n t  o b ^ e r je r# T his a n a ly s is  should s e t t l e

liie liOiiry q iostion  of "co llapsed  bodies" ( l u f , 17 ) ,  which has been
(f

rev iv ed  re c e n tly  (R ef#39 ) .  There cortrH nly could e x i s t  ’TlLack iZoles", 

bo5ng m atte r  tiaich  h id  co llap sed  to  n ear the dchw ar/zschild  l im it  and 

Wr’aa thurd* ore in v is ib le ,  bu t such n a t te r  would not have j a  seed, tlirough 

t i l ls  lim it#
. ^ "îru r ta .; r jo rv ,  f o r  z *  1, ^  may bo very la rg o  Indeed, dopcm linj 

on the ni.as of tho body. In  stan. a rd  U îiits , xhe ty p ic a l tim e intcrva.1

f o r  c.’vin̂  '.s  In  s v .i l l  bo given by

Ig  ~  16 G.’/o *  .

Cl'-^a'Iy, O'Uy f o r  very la rg e  masses w il l  i t  be po >3iblo to  observe 

a red-au1jL*S o f th e  o ra e r  of u n ity  — I f  13 i s  sm all, the body w i l l

ru% i^ly uiw api'ear, a s  discussed in  tho prucooing paragiaph# f o r

a xoaooni.uly s ta b le  o b serv a tio n a l a itu a H o n , th e  g r a v i ta t io n a l  ra d iu s  

should be of order of magnitude about 1/1 Kh l ig h t  y ea r  (o r  more)#

This would re q u ire  a  mass o f ,  say  Id® M q  • A r o u - s h i f t  of one— 

h a l f  would bo s ta b le  o b servâtlo n a lly  i f  t l ï i  mass was about 10^ U ^  

o r more#

G'o conclude th a t  i f  a body u n je r jo li \ ;  c i ta s tro ^ h i  c c o llap se  

tc d iib its  a  s ta b le  spectrum , w ith  a  s u b a ^ rL ia l  r e a - s h i f t  a r is in g
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la rg e ly  frcmi co lla p se  i t s e l f  ( r a th e r  the norfrwl cos o lo ^ lc i l

expansion), tlrm  th e  mass o f th e  body n u s t be of a m ignitndo cjt'pîx)ac2iii^ 

t l ia t  ixi.' Ù, t^T ic-1  éP-laxy# Thia concIrA ion may bo o f sigriii'icivnce in  

t.iGoru c lo a l uiscuôaiona about uasars  ( sgo tlie inG rocuction) * In  

f a c t  no v a r ia t io n  in  red  s h i f t  has a s  y e t boon observed In  a  uasar#

I t  should be noted th a t  we have x 'cstr-icted  tw is  a n a ly s is  to  th e  

o^se of who parab o lio  so lu tio n  f o r  prt-s;rjr.^—iVee c o lla p se ; a s  ima 

ooud notou , tlie  o th e r  so lu tio n s  noria:.lly r e s u l t  In  s im ila r  beiiav iour.

The eq u iv a len t a n a ly s is  ia  b e s t  performed by th e  use o f a l t e r a t i v e  

x i t .  OU4 (uoin,; th e  usual fo ra  of the e x te r io r  .>chv/ar2sc h ild  m e tr ic ) ; 

i t  guff ic e s  1 or our purposes to  note th a t  ( 5) ia  rep laced  in  the  

e l l i p t i c  case  by

1 * 2 -  i L Z ^ i Ü  ^ (48)
X - n  (

V o r t J

where A. I s  g iven by (17)# Here

M » -  - l i L i E l !
(1  ̂ 2 )

(42)

and
C3
asI  •  S f c ?  k *  2 (1 -A )(1 + :)] ' (50)

[for U» 1) •

IIoiTJ.lly ( 1-A) i s  very small ( i n i t i a l  l a d l u s  »  g r a v i ta t io n a l  r a d iu s ) ,  

and so Hie c lfferen ce  between (50) and ( t? )  i s  n e g lig ib le . I f ,  

iio.vovur, l ie  co llap se became ''oatasti'OTlm.o only when th e  giN;Vitationa.l 

radluu had alm ost been reached ( in  coi.iovinj tim e), then fo r  2 ^ 1 ,
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i l  - E l .  ,
as  32n»

iv j l  30 tho  ro ’i - i î i i f t  la  leaa  s ta b le  th ' n tlio normal case a s  Qtvun by 

( . 7 ) .

e ncfv tui^i to  th a  &1 tu â t Ion  aa oba«rved by en observer on Hxo 

fiUifuoo of th e  co llap sin g  body.

hu]7%?oge th a t  a i)hoton i s  em itted  r a d ia l ly  a t  ( u , t )  and re c e p tio n  

tak es p lace  on th e  body a t  (x ) ,1 b ) ,  TJion (42) g iv es  th e  r e la t io n

between tW  ev en ts , except th a t  now

f* (a )  » -  ( i  + .

C onsiùcrln j two n e ljb b o u rin j em issions, wo f in d  as befo re

f'(2)A% -  f'(Eo)Ailo « At -  At ,
0

ana uain,^ (43) th i s  shava th a t

Ato -  At  -  n/iXa^  ( l  + z /E oT " ^  Ato

L
and 30 Ato * ( l  + (51)

which ryy bo compared with (44) above.

ilcre

1 + * Aso
Aa

and prooeofHnj a s  before we f in d

= . m
( l - n » / . l ) 2

i'o to  th a t  the l ig h t  i s  always i"cd-sM ftod , r a th e r  than  v io le t -  

sh if te^ I . ( 2) may be regarded aa a  corabinatlon o f a g rav ^ a tio n a l
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v io le t  and a  (s tro n g e r; ro p q lc r r e i - s lH f t

1 + * -  r i _ z ! ù G f  f i i V ç i "
x1 -  n*/ l /  \  1 -  v /c /

wikn e v /o  « .
c to

I f  u!io lij,>it i a  em itted  frora a  co n sid e rab le  d is ta n c e  from tho 

carf. eo of tii-j body, then e f fe c t iv e ly

8 a Ti/ R o^  *

Tho iOwO of clo^ngQ cC s i s  here  given by

dz 1 n
d a o “ + *  W

2n® (53)

whJlch ia  to be œmpared w ith  ( \7 ) .  I'er© z becomea of o ia e r  u n ity  

a t  th e  g ra v ita tio n a l  r a d iu s ,  when a a exp la ined  before I t  would 

norniolly no t bo p o ssib le  to  observe a  a tab lo  r e d - s h i f t .

The two observera a re  no t t r u ly  "conjuguât©" th e re fo re : botli

w i l l  observe a r e d - s l i l f t ,  bu t l ig h t  k n it te d  from th e  body w il l  become 

in i’i i t o l y  i 'u d -a liifted  a s  th e  gravi Hi t io n o l ra d iu s  i s  &ppz»a.ched, 

w h ils t  l i j h t  rece iv ed  a t  th e  su rface  of th e  body w i l l  be f i n i t e l y  

rea-ah:U*tod when the g r a v ita tio n a l  rt^H us ia  reached , the s p e c t r a l  

B h irt becoming in f in i t e  only a s  th e  po in t s ln ^ u la r i  y" R » 0 

( r  > o) i s  ienched*
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I t  eiiuûla bo mentioned her© th a t  t h ;  o f  coll^'.pse — e l l i p t i c

GLo, — uetwrmAnea th e  n a tu re  o f  th e  a p ü o tra l B h ift in  tlio e a r ly

o f CO 11:T00# For example, in  who e l l i p t t o  caae

1 + * -  (1 -  P«ry»)2  + n /E ,?  (1 - 1 ^  ) ^ (%,»)

(1 -  nV i’O 2

SO th a t  in  th e  e a r ly  s ta g  .a  the  g rav i t a t i  o^ial s h i f t  may prodoirfjnata, 

r o j u l t i u ;  in  a  v io le t  s h i f t .

I t  l a  c le a r  from th e  preceding c lsc u so io n  th a t  th e re  i a  no
t: o vCtA.vv i/v wv

thi o i-e tic a l o b s tac le  to  the  co llap se  of a  d u s t- f lu id  conHr&ting 

beyond th e  ex Lett of tho Cchwarzschild ra d iu s"  — bu t only from 

the  view point of a neighbouring observer f re e - c a l l in g  w ith  th e  body#

A s t a t i c  observer w i l l  note th a t  tl:e  body appears In o rc a s i q ly  f a i n t ,  

and spectiNil l in e s  v . i l l  become im possible t o  d e te c t ;  however, in so fa r  

e s  t h i s  observer can moasui'e th e  ra d iu s  c f  body, ho w i l l  obsoi've tîio 

G o i l  Ipse to  be nlo'Hn : tovn (cf#  e p.i..tion (d6))# The rad iu s  w i l l  

ap.tu^r to  c sy  lip to t Ic a l ly  approach th e  g ra v iL a tlo ir il  ra d iu s  b u t in  

a si.Oft sqjice of time tîio em itted  liy rL  r i l l  be so in te n se ly  r e d -s h if te d  

so f 3 to  wl:8 tlie body e f fe c t iv e ly  li:\d ..ib le#

; s has been noted , only a comoving or f r e e - f a l l i n g  observer 

couIl. observe th e  u ltim a te  'ITewtonhm'' catusin-ophe -  tliough in  

p racH ce  any l iv in g  c rea tu re  would be crushou. by th e  g r a v i ta tionLil 

p o to a a i- l  a t  an e a r ly  stage# AltUoip h c a iu s tro p h ic  c o lla p se  co 

a p o in t sirJi^ulaxity could never in  f a c t  be observed, th e  f a c t  th a t  

our eq u atio n s p re a ic t  th i s  behavioux' ( in  tlie comoving frame o f relerenc© )
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uiL.'j ÜÜL.U.1 Uauo*'t'.xnate, Hie obvions u iT fjc u lb le a  vd.th any con«japt 

o2 c o ll .p u e  to  a po in t s in g u la r i ty  &i*o concerned, v.itli tlie iir-p llcu tion  

of L._i i .  ad  n i to uonalty  — and tlio nn lira ltud  p o ao ib iliL iea  f o r  tlio 

saucj»: iUtait 'boliuviour o f th e  body ( i f  any!)*  Vho conceptual 

u ii.iic u li.lo 3  v»lll bo d iscu ssed  f  urtliox* in  tiiu conclu'H.ng Ch'Wtcr, 

a f t e r  th e  mtîiv:^.aatical exq .o iitlan  o f C hq.tor V#

o t h a l l  remark h -re  t h . t  Mvylu c Hcu'likar have proposed 

Ô moGdfledition of tiw  i i n s t e i n  F ie ld  i: tia tio n s  — tlio "c" f i e l d  o f 

tiiOij* ût^K..by- s ta te  cosmology — ai'id h .ve noted ( to f .  IS ) Idtat 

t i ik ir  e qu .tio n s adm it a  s o lu tio n  vh leh  doos no t g ive r ic e  to  ’ con diraous 

c re a tio n " , rsid wiiich (ippvars re la v ;a it t o  Hie c o lla p se  .^uost-ion* 

d isouse  tiio hone, enooua, is o tro p ic  c a se , t.h ich  g iv es  r i s e  to  

a  i .ü b u rta o n -aUcer do t r io  w ith  a ao iH iicd  u jf  f e rc n H a l  equa;ion  f o r  

o ( t)*  The au thors sce.a to  b e liev e  th a t  th e  " e l l i p t i c '  oa^e ia  o f 

pvu t t u i h i r  s h i i i f ic a n c e ,  b u t aa uuu^l tlia jxu’abo lio" case i s  e a s ie r  

to  hnivHe* Their methods would g ive r ic e  o a "pai'aboHc ' e iu a tio n  

of ihe  form

3» o a/3  -  \ / j *  ;

Moyle ... F u rlik u r  argue th a t  th e  body would th e re fo re  (O sc illa te  between 

exuro-.ios determ ined by th o  ro o ts  o f th i s  e qu t io n .  I t  i s  aosuiaod vhnt 

tbo  A. te r u  i s  negll^^.blc except fo r  vo:y siua ll S. Mofe/cver, t i l l s  

wouh; li(p4/ tlia t the bcxy f e l l  w ith in  i t s  .g rav ita tio n a l ra d iu s  and 

lu .w r e::ici-ged, w ith d l l  tlie a sao c la tcu  c oncwptual d i f f i c u l - l e s .

A îTiiMlicir p o in t i s  th a t  i t  would apq%;ur t l in t  a  isxtdiing e x te r io r  so lu tio n  

v,'ould be n o n -s ta tio *  In  any c a se , th e  appx-oach hxs been a tta c k e d  by
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îiawkln^j (:h f«  ly ) on th e  grounds t i f . t  i t  w u ld  g ive  r i s e  to  l .X ln i te  

fifclus*

o nofi/ tu rn  to  th e  o ix er to p ic  o f  cu r in v e s tig a tio n ; boundary 

cuiudL liions LcroJ3 the  su rface  o f u lic o n H n u ity  ( i ,e #  r  * r^ )

POinPARY CGM I ’tlGMM

The que.iL on o f boundary Conditions in  General T e la tiv l ty  has 

te e n  fcüïiijidüi’Gl by a number of au tiio ra , no tab ly  O’ix ie n  L.; LyiajC,

(ivCX'* g 'f  ) ,  l ic h n e ro tlc z  ( le f#  74- ) and NcxiAT

l a  êlucîromGgnetic f i e l i  th eo ry , tho t . i f ie r e n U a l  eq u atio n s ad iilt 

li f.xHJg' c f e o la tio n s ; a p a r t ic u la r  ocIuLlon ia  by apq^lj'ing

th'3 ccxlvcvi boundary conditioaa (e*^ . tb.oao a p lic a b le  a t  a  tu r f  ace 

of L-i - Lon l ; .u l ty )$  The p a r t i a l  d i f ,  c* L n t l . l  equations o f I en-Oi'al 

L.cl . t i v l t j  a w rit f+m .ilies c f  so lud lona , i t  la  tan p tin g  to aeai’ch

f o r  a alo.^oua conciticna#  f i f f i c u la i a ^  iU'iee in  t l ia t  w© a re  co a lin g  

vdtli a f u l l y  o f coo iainattt qy a t  erne, u.u. co any s e t  o f  con u itio n a  

v.hi^i; t i e  expressed l a  teruia o f & i> u rticu lar system o f cocxccinates 

ia ;h  r  *lian in  term s o f in v a r ia n ts  i s  m-oo.GStixily suspect#

The. c i s  consider ab le  miaunucrsuLnding in  th e  l i t e r a t u r e  about 

th e  s l j  jiiX’it^nc® of boundary c o n 'I t io n s .  For example, th o ^ e a rly  

papur on th o  Troblem o f C ra v ita tio n a l Collrp se by iU r ia i  d ’ c^olta 

( i e f .  >0 ) scorns based on h igh ly  u ib io u s  p rem ises. They p o in t out 

th a t  Foyle d: H ir l ik a r 'a  sp e c ia l so lu tio n s  in  oo ovin,; coox-ainates r e s u l t  

in  a  d isc o n tin u ity  in  th e  m etric  ten so r ac ro ss  th e  boundaz'y su i'fnce .
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5-11 the no co o rd in a tes . They o b a te . I n te r  a l i a ,  h . t

'contSuuous l i f t i n g "  o f in te r im ' and e x te r io r  m etrics  in  &■ \x :rt 1 mlz^r 

cscii’Uliietü a^-ùten i s  a " p ly s lc a l i ‘ec b ,  vli5-ch bo tre y s  a lo.c : o f 

iinders tamlln,; o f th ;  r â la  o f coondnafo  systeius In  a phyeicwl f ;e o iy  

based on d if.L 'eren tia l geoiautry#

tio a iip :lf iciino© of cooruinaeo eye tone w il l  bu TLecuoad In the 

no:;t d*.ip«Gr, Mariai Tomi'-a*3 eqr.ro;.cli ia  intereetinq; in  Hirt

tauy wqrcoü tlio fchv/araaclilll ex^/orior co ln tlon  In tho form

Us* a dr* — h»dO*

whore iL 2 r  ( t )  and y,A  a re  fu n c tlo n a  of r , t ;  they tlm n

de.zOi.s h-vio tliEit th e re  e x is ts  a jg o i'tio u lir  s o lu tio n  for  which ih e

O M X H  COILITIOMl (h e f . 3 ^ )  a re  i r . t i s f ie d  a t  r  a r^.

IL LJ.oaX Îk: noted tlvwt tho coorwin tou ( r , t )  e re  HOT cor.toving

c o w r in . t o j ,  and g e n e ra lly  tho cuinrs r  = r^, C aconat,, ^ •c o n a t, i s

no t a t.eodealo . In  f a c t ,  t h e i r  " f i t t i n g  ' of an in te r io r  end an ex orior

m etric  would Iv-VQ boon i l lu s o iy  vw-c i t  no t ih a t  f o r  t h e i r  p a r t ic u la r

s o lu tio n , r  a r^, O aconat., <.=oonat. irauvia o u t to  bo a  geodesic

(a  polnu which t l* ^  do no t chock!), C uiloualy eiioa.X, t - o  rc q u ie i to

co n d itio n  i s  eq u iv a len t to  tli@ c r i t ic c . l  ryn,;,;o O’Brien couX don  -
 ̂ VcontiiTulty o f tlio fu n c tio n  ^  o -  i* e .

@̂ = 1, a  0 a t  r  a r, •'  VT 0

Thu a-uthora of th a  paper a  Oiv th a t  t h i i r  v e rs io n  of th e  cxLvrior 

80du Lion ia  cuooth a t tlw su rface  d « UG and  suggest t h a t  tixdr
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version ia  cupurior La o iw ra in  tlia litoratu T o, . Iav;OY.wr,

tliX r  wülu-iüii ia  ex involved a.wHy X ca lly : our cuûoving

form (u-l) Ou’ Lie oxtoidor eoluX on la  Icw ouporior, and mention LiUot

a lso  b i ündo o f tha fln lcolateln  cotr5.c (-vwi'* i Q  )•

Xu uiiOuid ba noted tlv it tho  M ariai Touiia  e x to r io r  mo t r i o  
^ \

i s  auaa Hi..t 6  i*  not continuous a t  tliU bound&zy# I t  ia  lixteod 

d;L .iii;u It to • in d  a form of tho oxuorio r i i f t r i c  to  a un li'o rn  duat— 

f iu i a  ’.-..led o u tis i’ie a  th e  f u l l  i io itv n  o.-loa co n n itio n a , widen r e q u ira  

c g r .u in u iv  df tÎJô f ir& t d e r iv a tiv e a  o f :dLl m etric  componaits*

.iO:v c.4i Oij© chooaQ between tho  d^ngo • C’Brlen approach to

coarxu-ury conu itlona and th a t  o f U ch n ero n lc t?  The form er c.ppr-x.ch

co.wiiutù's a  ûucceoôioa of amooth Buithcea w ith  th e  d is c o n tin u ity  

su ild ce  aa a  aoi’t  o f liuJLc* The aqwn*ou,ch to  th o  l im it  i s  t r e a te d  

geom etrictxily , by considering p a th s  in  a  5-diiQenaional fpace-Tlm e, 

b u t i s  open to  the  ob jec tio n  t i n t  a nurber o f a r b i t r a r y ,  b u t c r i t i c a l ,  

ftssuaptiona a r e  made. The liL in  srov ics  approach i s  to  Inc l e t  t l i - t  

d if fe i-e i i t la l  geometry aa such r e  .pi i r e  a t h a t  th e re  s.ioulu be a t  l e a s t  

ono cooiNdmto a y ,tern fo r wiiich, in  a  re._ien containing a ry  j o r tlo n  

of th e  u is  c o n tin u ity  su rfa c e , tlio mo u ric  te n so r  and a l l  i t s  f i r s t  

d e r iv a tiv e s  a re  continuous -  tho  s trca s -cn c rg y  d isc o n tin u ity  

arpcfut'ng Ù0 0 .  u isc o n tin u ity  in  cerHuin o f th e  second d e r iv a t iv e s .

u] 2̂ roL.ch i s  a lso  open to  tho  object:: on o f se<xning a rb i t i 'a ;y ,  

an I rppears  almoot to  " f i t  tho p îy s ic s  :.o " he r.iathomatics ’. êiSEevsr#

 .....  L .■:)-ia'.'.ojtQ now appcLa' - in &-nov: 15-ti:  /h r f ta  t @ eho rcin... rri.e,?—
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In  wiJ cUvptcr, \ - e  lI.wII iM.cv tlq-t the foun.-atl'->n3 o f 

d;UT uu'üUwi.Ai ^^cuLie Liy w  n o t n  c o s .,a r l3 y  i. •yRj a  cg n tin u au .H g  

d . L V u r u a t l v w i g  r;^  T r i o #

lu  aooioi auvlsablo  to  olur5.fy Hw 1 unu tlun  oT bounoazy con i t lo n a  

in  Jt/am-aa -u la tiv i ty #  t lu r e  i s  t-uL’oiy no ro&aun to r e  qijilre conGlt: ona 

w.pica viiL.blo cno to  B elcot a p a r tic ^ l .- r  y o  te.a of coorulziatou# U:o 

-iU'-ocica gf 'matching" only a r i s e s  in  û wowing from u io ju n o t f-i; i l i i s  

o f S o lu tio n s •  a p a ir  of aolu ilono in  the  ..amo f a n .i l /  being obtidnod 

anotli....r by e oooi'uinate t i ’onsxomiLion* For excuiiple, tlio 

cgggrrvial pciixinôtcr 2GH in  tho  e x te r io r  Ccb7arz3child so lu tio n  ia  

c l e a r l /  zo be equL^ted to  tho in te r io r  p.n'i-jaoter a r^* ; t h i s  co-old 

L© Û ë.ûorsti'atel by tha use c f  in t e ^ 'u l  Hit oi^cma#

In  f a c t ,  a ry  fu r th e r  fie leo tion  o f c-olu'dons i s  purel;^ a nr..ttcr 

o f  convunionco# Tor cxampls, t i n  co:noving in te r io r  so lu tio n  f o r  

a uniform  d u s t f lu id  may, a s  wo bavo s e o i,  be tra n sfo ra ed  5jtx> th e  

guneiu-l LcltvarasH iild tji>o o f ~ i t r i c  vCL’# Tchw arssohild 'a ov;n in  Leri o r  

solUvion ; -  tîiough th e re  ia  a  fcwiily a i  euch so lu tio n s , Juwt aa

l3  a  i t ^ i l y  of "fcliw'arsschild* t/i.’©" enV:itoa' so lu tio n s . th iv a  i s ,  

hojüVûr, a i n i e r r e d  e x te r io r  so lu tio n  — tlxo cn© f o r  which i s  

I r f  ùipwniüait of T, and wo can cjiooso wi i n t e r io r  m etric  fo m  so 

t l r . t  tn ia  f  coord inate  i s  conp^tibl©  an bo Hi s ic e s  of t i t ;  b o im àu y .

I t  i..ust bo eriphislsod tlia t t h i s  'o o o r .lr r r te  m atcllng* i s  \h o l ly  fo r  

e n :a o f d e s c r ip tio n , and does n o t i yl^g any s o r t  cX p h y sica l l im i ta t io n .

Our f i i r  1 remaries on the ’ b o irt.a r  con«,itions" q u estion  w i l l  

fo lio :/  th e  exi^osition of th© nex t o lu iptor.
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V
F/TF'FVATICAL B̂ SIS OF CFNFwAh FKL/TIVITY

1,. F I/ ./ ; .IC iL

^au ciUitru-l purpoa© of Cenerul i clL U ivity  I s  the c o n s tru c tio n  

of a tS-'Omctrical uouel o f Space, Tii^u and G ravlLution. A gooniotry 

cuawis^s of a oc t of elem ents c a lle d  p o in ts , to g e th e r  w ith  sa;iG 

q resccrib o d  i 'o la tio n sh ip s  between cubaotc of th ia  s e t  o f po in ts#  

f.lo ' liuoiy of R e la tiv ity  u t i l i s e s  fle iiiJ in i"n  Ceometiy, th e  a e f in in g  

re la tio n :!;lip s  of which have u n t i l  ro c e n tly  I'urjainod scaior.h»t obscure# 

Tnia Co OHIO t r y  oroae out of tiie study oi* su rfac e s  euibeddud in  duolidcan 

3-s;x ice, azia noi-e g en era lly  of hyporau ifaces in  Euclidean n-sqiace#

/he only  d i f f i c u l t i e s  here were the p re c ise  d e f in i t io n  of such s ir fa c o s  

o r hyi^i.rsu-cfaces, which re q u ire s  sorno care# Havever, l i i lH i 'c n t ia l  

Geonoters bt.c/irao inert)a3lively in-cercated in  the in c r in s ic  p ro p e r tie s  

o f such sUi’iV 003, th a t  i s ,  tiiose propt r t i o s  which ai'e independent o f 

any p ar H cu lar cmbeduinq.# For example, a  î ue lldoan  I lane and th e  

su rface  of a i i  J i t  cy lin u er in  Euclidean >-3iXvco aa-e of id e n t ic a l  

in t r in s i c  c h a ra c te r , c d ffe r in g  only in  e x t r in s ic  p ro p e r t ie s .

hus /skraannian Geometiy in  t,ent-xril came to  be regarucd  a s  being 

in  sumu cay onalo^  ̂oua to  surface goi/DQUy, b u t u s in g  a m etric  which 

i s  i i ro i tr .  r l l y  p resc rib ed  (a p a r t f ru n  some re g u la r i ty  con i  t io n a ) , 

ï-aUr^r th.ni ce iived  from a Euclidean uabudi^lng. However, alHiough 

the te n so r  c a lc u lu s  e mployed in  tlic dQacH.ption o f su rfac e  geometry 

X-.VJ r_ a _ ily  be extenaed so aa to  use Ax-bltrory m etric  tensoi’s ,  tho new 

.t.eorxitry 2*e quires an a b s tra c t  d e f in i t io n  b efo re  th e  ten so r form ulae can 

bo in te rp re te d  in  geom etrical tei-ms#



146.

.«iai'oro tlie a. pearanco of 1932 Cambridge T rac t by Veblen t - 

Vldt-oliead, "'.ho Foundations o f I H T  u ro n tla l  (kjoiaetiy" (k o f. b / ) ,  

moat woiHara in  the  f i e ld  seomod to  ro g /rd  a  d e f in i t io n  on th e  

foliO'.viii^q l in e s  a s  auequate:

(1) A F ax ifo ld  i s  a Got of i 'o ln .a  vvriich may be in  o ( l ,1 )  

correaponaenco vd th  tiio s e t  o f a l l  n -tu p leo  o f  r e a l  num b.re, l i r  i'O 

n 1:3 a ijv u n  p o s itiv e  in te ,,e r .

( f )  to— a m  contra—v a r ia n t v ec to r  a:xl te n so r  l l a l i s  a ie  d efin ed  

on tho tum lTold.

(3) A (1 ,1 )  coir- apon-enco boLVwOi co— and co n tra—vc.adant 

te .w o r f iV Id s  i s  given by m ans of secciH lusfc covaziont vtauor f i e l d .

y  (h) was meant th a t  s e ts  o f n^ (p J  1) fu n c tio n s  o f th e  

n-Luples v.ui-a g iven , to g e th e r w ith the  a p ro q ria te  transfo im auloa lav/s 

belwvca those and fu n c tio n s  of a nov/ s e t  o f  n - tu p le s ,  which a re  ob ta ined  

froia o i l fu fo n t ia b le  fu n ctio n s of th e  oxd^lnal n - tu p le s .

In s tead  o f (3)# i t  was o f te n  s ta te d  t l u t  a  second oi'der d i f f e r e n t i a l  

form vA.s p o s tu la te d ; however, t l i is  l a t t e r  concept has only  re c e n tly  

b en ciaxio p re c is e .

'T ' T *T ÇTÎ f'TTJ

f il ls  approach can be c r i t l c i s e u  on a  number o f , lounua. To 

d o fln a  veowors and ten so rs  by means o f "conq^oncnts" (w ith  re sp e c t to  

what?) ana s rao ai'b itrary-lookiivq  trunsform '-uion laws between tiiose 

a a i  o h  r  "ca  iponcnts" goes a p ii.n s t th e  o p ix i t  o f moaern alpebi'U .

The aHttA-tion i s  considerab ly  c lea ro i' v;hcn our "m anifola" i s  in  f a c t
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xuclldoun npacG# Ih la  may be rcgardod a s  a  V ector Apace; th e  space 

oT p o s it io n  V ectors, P. Sinco tho space i s  o f  f i n i t e  ulmonoion n ,

we miy chooae a  s e t  o f n b a s is  vootora (I'r^une) ; 

anti a  flot of n v a r ia b le s  such tl ia t

P B x ‘ e i . (1 )

'.iij I’uK’j a  s e t 0 °  n c o o rd iiu to s  f u r  j o in t s  P , r e l a t iv e  to  

ta e  baa:! s # I t  fo llow s th a t nay bo regarded  a s  a d if ïT re n t!a b le  

fu;x;uion ojl‘ tho x^ , and

« -= . (2 )
dx^

o :./ty u lao  s ow th a t  given any ( a l io  a b l j  coorilirt-to  system (x*) 

thu.'ij n x ia ts  a  correspon 1 n.g b a s is ,  aa givun by (2) above* Timt i s ,  

t i e  n v ec to rs

Î S

a re  lin r  a r ly  independent* Vie d e fe r  th e  proof f o r  th e  p resen t*

Le now def:Vno a co n trav a rio n t v e c to r  f i e l d  on th is  ..ue liaean  

Space to  be a v ec to r-v a lu ed  l'une Lion o f pos : io n  — i . e .  a cvi. r in g  o f 

tho  space in to  i t s e l f .  Let bo t  o bases of' th e  sp ace , and

(x * ), (x*** ) llio corrcflponcling coorilinato system s. (p ) bo

a V ector f i e l d .

Then Q(£) a Q^(£) et

nlfgh 2x** W  
dX^ fx '*

â ï d  <iH9) e'K 
ax^
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lu t  v.e u 'jiy  w r ite  q/P) .  (£ ) e \

wlioncQ Q'k(P) a £ i ! l  Q^(P)
-  dx^ -

o r ,  w r itin g

Q»1(p ) e

W0 have ( 3 )

G Irrvo rucovorcd tha iisual tranaToLmr ; ion law f o r  a  contravro-’ia ii t  

v te to i '—i l*;la * Howfevor, th e re  la  no nuüd to  work w ith coapononta

except in  e;aa:iplea, since we havo a p rcfecv ly  straightfarv ;ai-d  d e f in i t io n  

or o^Uh a l l o l u .  8 could f u r th e r  d e i 'tn j a  c 0v a ria n t v ec to r f i e l d  aa 

a oi' th o  aq^uco inu> the  a u a l vecL cr-cpcce, and te n so r  f i e ld s

as  !u o f the Luclidean space in to  tcnao i’-p rouuct sp aces.

'k m l  .q*aco ' and "Tencor Pî o .uct" cu'o i^u&x̂ ly al,^ th ra ic  con cep ts , i liich  

wo all a l l  c la cu ss  p re se n tly .

■ r-v7)wry ' 1 TT^AS

Uid'orvUna e ]y , i'iomannian Apace 5.o n o t in  g en e ra l a v e c to r  sqxice, 

and tlie a s so c ia tio n  of v ec to rs  w ith  p o in ts  on euch a space i’equ ires  scoa 

ca re ; nev r t l t j l e s s ,  t h i s  c ;n  be acliievod in  a  particuJaripy  e l e g n t  

fae lilon  (as  slio/.n by Chevalley, "Tho Ih eo iy  o f Lie Croups" ( .u.C. 4 ) .

«0 cou la  ol' coui'se aex’in e  & v ec to r  f i e l d  c.s a  rn q p in j of po ind j in to  

v e c ta -s  of an tx b i t r a iy  v ec to r splice, bu t t h i s  would be i r r o lc v  n t  in  

our a t  tempt to  co n s tru c t a gectaoti^-, ain ; Q U iis  v ec to r  space raould b ea r 

no i'« .ladon  (excep t f o r  dimension) v.luh our p o in t space. To regaïxl
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v e c to r  and te n so r  f ie ld s  as  geom etrica l o b je c ts  they  must be d erived  from 

the geom etrical s tru c tu re  i t s e l f ,

'n e  o th e r  c la ss  of o b jec tio n s  r e la te  to  d e f in it io n  ( l ) ,  and a re  

more fim(Uim<-ntal, F i r s t ly ,  i t  has to  be m odified i f  i t  i s  to  in c lu ae  

some ty p ic a l  examples of su rfaces  embedded in  Euclidean 3 -espace, th e  

spiiiji'e, f o r  e:ca.’r.ple, cannot be t o t a l l y  described  by one such ‘ c o o rd im te  

sy s te m ', a p h e rica l p o la r  coord inates on a u n i t  sphere f a i l  to  provide 

a (1 ,1 )  co rr  espondence batsvoen p a ir s  of r e a l  numbers and p o in ts  on th e  

3 . here a t  9 * 0  and 9 * v .  The b e s t t l ia t  can be done i s  to  d iv id e  

the  sphvru in to  two patches, each w ith  t h e i r  own coord inate  system

"FROMT"

The above d i&(qi'am in r io a te s  how t h i s  can be done using  two systems of 

s .h e ric - 'il p o la r  co o rd ln a tea . In  tlie  shaded patch  we choose coo rd ina tes  

such th a t  P , f*  a re  9 * 0, 9 = # ,  and (9,<^) take v a lu es  in  the  

a p p ro p ria te  subset of the  nonnal ra n g e s ; in  th e  o th e r pa tch  v/e use

c o o rd im te a  (9*,#*) w ith  Q,Q* coiresponding to  9* * 0 ,ir  *

Since P,P* do no t l i e  vd tliin  the  shaded j>atch, nor Q,Q* ivitliin  th e  

unshaded one, the  correspondence i s  ( l , l )  tJroughout each patch  s e p a ra te ly ,

1 . In  f a c t ,  i t  can be provided th a t  no coord ina te  system can be found 

which covers th e  sphere com pletely. 'h e re a s  s p h e r ic a l  polai-s excluded
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t>vo p o in ta  on tlie sphere, coo rd ina tes  ob tained  by s te ro g rap h io  p ro je c tio n  

Ox th e  sphere onto a plane miay_hrpye ju s t  one excluded p o in t

l i  V, e a ss ig n  to  th e  p o in t U on th e  sphere th e  c a r te s ia n  cooi'clinaies 

of th e  p o in t X, where X i s  th e  p o in t o f in te r s e c t io n  o f and

the p lane (p  f ix e d ) ,  then  th e  corrospondenoe i s  (1,1 ) f o r  a l l  p o in ts  

Ü excep t U Fote tlm t the  p ro je c tio n  of i t s e l f  may be

regarded  as th e  in te rs e c t io n  of tho pl^ne v/ith the tangent plr;ne of P ,

which e x p la in s  why the fu c lld e an  plcne is  s a id  to  possess a l in e  a t

i n f i n i t y .  Mote a lso  the l in e  element In  t l i la  system of coo ru inatea;

* 'ly” ) ,  d *  ■= x« + y* ).

Thus ( l )  should be amended to  read ;

" A maiiix'old i s  a  s e t  of p o in ts  which i s  covered by a f i n i t e  fam ily  

of su b se ts ,  f o r  each of which th e re  e x is ts  a (1 ,1 )  correspondence 

between the p o in ts  and a s e t  of r e a l  tu p le s ."

Ilo jevur, th i s  s t i l l  i s  no t gooa enough. V.e wish to reg a rd

a "raanifolu'' as being in  some sense a continuous s tru c tu re ;  to  re q u ire  

th a t  a  p o rtio n  of I t  can be "labelled*  by continuous v a r ia b le s  does no t 

ensure iha t th e  mapping i t s e l f  i s  performed in  a  continuous fa sh io n . 

Simply because two p o in ts  have coord inates (%*) and (x^ + ) does

n o t imply th a t  th e  two p o in ts  a re  in  some "pliyslcal" sense "neighbouring". 

A ll i t  s t ip u la te s  i s  th a t  the so t of p o in ts  has the C ard inal Number



151.

of th e  continuum. Since n continuous v a r ia b le s  have th e  same c a rd in a l 

number as  one such v a r ia b le , we have n o t succeeded in  determ ining th e  

dimension of our space* I t  might eq u a lly  be d esc rib ed  by a s e t  o f  m 

v a r ia b le s ,  where m /  n* This was c.eiionstrated by Georg C antor, who 

found e x p l ic i t ly  a ( l , l )  map of (j^uclldean m-space) in to  En —

1,6* Eq can be d escrib ed  by m v a r ia b le s .  Dimension of E uclidean  

spaces i s  in v a r ia n t  only under ms-ps wiilch a re  con tinuous, a s  w e ll a s  

(1 ,1 )  ( s t r i c t l y ,  " (1 ,1 ) o n to " ). More g e n e ra lly , our a b s tr a c t  space 

re q u ire s  a neighbourhood concept a lre ad y  a s so c ia te d  vdih  i t ,  to  ensuite 

th a t  i t  i s  lo c a l ly  r e la te d  to  n—t. p le s  in  a  continuous and (1 ,1 )  on to r 

fa sh io n .

do til Euclidean and Minkowski Cpaces have a " b u i l t  in" neighbourhood 

s tru c tu r e ,  though in  th e  l a t t e r  case th is  I s  in  no way r e la te d  to  the 

"m e tric " •

4. t J O'UCTS

..e é i ia l l  d e fin e  a space to  be Euclidean i f  i t  i s  a  V ector Space of

f i n i t e  dimension, over the  r e a l s ,  w ith  a given p o s it iv e  d e f in i te  s c a la r

p roduct.

This means th a t  g iven any two v e c to rs  u ,y  o f our space, th ey

determ ine a unique r e a l  number s a tis fy in g

E .1 . (1) ^(Aii ;iu*,v) = A 0(u,y) ♦ A^<^(u*,v)
( i l )  ^(u,X v+/iv*) = X(^(u,y) + ^ p (u ,v )

E.k #(%,%) =

E.3 >  0. -1.

E .4  (|^(u*b) = 0 u a 0
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th e  V ector space of n -tup lo3  o f r e a l  numbers la  c a lle d  G.:J/il4:X"N 

n-Oi'iXE I f  we sp ec ify  a aca lt.r  p r o .a c t ,  C artes ian  ^pace becomea

Û Ü o f Euclidean space, The ILVEJ AL S ca la r Product i s

aof5uit.‘d a s  I’ollow a!

l-0 :V any t-vo n-dlasensional vector ;3tx,cea a re  1 sonorrh ic  — i*e* 

thcAo tjtio  :.3 a l~*nesr mapping between thuu which ia  (1 ,1 )  onto* Tima 

Z' ' lUit be isomorphic to  R", In  f a c t  i f  ia  any b a s is  o f

i f  y  f  E*

U -  u d l

anu -the c&ppln^ u *—* (u  1 I 3 an  Sote th  it  we can

choose e i so a s  to  fo ra  an orthonorm:-! b a s is  — i* e ,

= B ij •

Then <(:a,v) » uW-^^(cL,0j )

a Z u^v^ . (:3)

Go y,itil t h i s  choice of b - s ia ,  and dioosruig the  n a tu ra l  scaloa^ p roduct, 

tiis  scalm.' product i s  preserved  by tho  iaacorph isa*

u^rOüolnn n-space bcin^; ju o t dio s o t  cl' n - tu p le s ,  we If.vq 

a ( 1, 1 ; uj'ii (vli:icn3ion preséjtving it.p  but ' uii ^  and n - tu p lo s , 

which i.ce m horefore "co o rd in a te s" , 41 Lhoip.h t h i s  i s  q u ite  fU iA lla r , 

vvu 3 U- 0 i t  I 'o r  pui'posfS of co:ipari,\,ou. IsomoipMc ffiappin,/3 of 

V Cuor apace3 uo indeed map "nolghbou-hootis ' o f  p o in ts  in  one epfice

onto  nei, hbourhooas In  the other#
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i oto whiLt v;e used tiio l in e a r  r a l^ r , lunship

a  =

in  o r^vr Lu e s ta b l is h  tho isomoi-pliisai

u -«—► |u ) j  ,

V:.is u /gpln .; e x is ta  f o r  a i l  f i n i t e  üiouneion^tl v ec to r sp aces; in  

p i^rticuX tr, f o r  Minlcows/il Space; Lut hero th e  lsom.o*phisra doos no t 

pr-jcciVi tl'io (pseudo) s c a la r  pi‘0 -u c t — i t  i s  n o t ,  th e re f 'o -e , an 

iso iao tiv  * J genera l s c a la r  product s a t i s f i e s  axioms 1 .1 ,  K.2 

above, b u t in  p lace of d $ ],4  wo have E* .3 :

Tor a l l  X ,  0 (u ,x )  = 0 <ss=i> ^  a  0.

Idarvaini n space caraiot be rtagiuMud a s  a v e c to r  space (im lcss  i t  

i s  " i  J i t " ) ,  o have to  portulvila a nci^JAoui'hooa s tru c tu r e  a p r io r i ,  

in  ordui* to  a s s ig n  coord inates in  a  ' continuous ' ,  i . e .  neighljoui'hood 

p2't;3iu’v in  ; fa sh io n . th i s  could be accomplished by p o s tu l i t in g  

a ' i  ? ' c  fi'retion o r " to p o lo g ica l m strio " ; th i s  would n o t,  however, 

enable un to  co n s tru c t the hyperbolic geometry we re q u ire  f o r  oui* 

r e l i t î v i s t i c  world-model,

<. f\ T'l ' ■

^ s a c n l ia l ly  we w ish to  "weaken' tlie vector-ôpace s tru c tu re  o f 

duclluo Ji o r  kinkowsid. sp ace , and thon re b u ild "  i t  by a ding 

a i.ie rwv.i.ian s tru c tu i’e# Urd’artunatv ly", we have to  d i^p  a l l  th e  v ec to r  

space axiom s. From our d e f in i t io n  of a "poon^try" a t  th e  bo,pinning of 

th is  c h 'p ta r  i t  would seem th a t  we wish to  c h a ra c te r is e  a c o l le c t io n  

OJL’ su b se ts  o f tho apace a s  "neighbourhoods ' by means o f re la t io n s h ip s
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bu iiOiU. In  C artesian  w e  any number o f  su laab lo

CiUiini .io n s o f ’n iglibourhood'’. I.'ov.evor, ve cannot f in d  any 

c h .c a c l tr r ic t io  p roperty  o f such nultXbouiiiooda v/hieh does no t dej-end 

on thu vue lor-spacQ s tru o tu re  in  sono way # Ilw ever, a more g en era l 

nuvlon, th a t  o f the  "Open G et", f u l f i l s  our ro '^ i re ræ n ts .  An open 

s e t  in  Cai^'tesitin space can be thou.,h t of as  being  " b u i l t  up ' f ro a  

iiui,iibonrhoo<ia by s e t  "au d itio n '' ana ' uubwraction" (Union v: in te r s e c t io n ) :  

a Lut in  t l i ia c ra c s  i s  re fin ed  to  bo open i f  every po in t o f  i t  has 

a  lioiihhoiuiioo'.i around i t  ly in g  v/hoUj'- ; , i f i i n  tl<o s e t .  This c o iln lL io n  

i s  i n  upexiuont of which a e f in i t lo n  of neighbourhood we uuo, xu‘ov id eI i t  

i s  rtxiuonublo ( e .g .  "aphurical"  o r " c u b ic a l’ neighbourheou).

A p a r t i 0.1 l u '  caso o f an open s e t  in  ] ® v/ould bo tho 5n v o r  o f  any 

're ip eoc.; %)le" c lo sed  s 'j r f a c e . u l i  open s v t s  have the  follo'TiiA;

p ro p e r tie s :

1 . '.ho Union of a f i n i t e ,  o r  countably  in i in i  te  number of Open 

ou t .» i  J u:i Open r e t .

A . ho In te rs e c tio n  o*‘ a f i n i  o mmfoor of Open Gets i s  an Open e t .

0 may paraphrase th ese  as f o l io  vs; ho C o llec tio n  o f  (bxn Gets 

i s  "c lo jo u  ' unuer the o pera tions oi* so t union in te r s e c t io n ."  I f  these  

la'o nc.Y u se d  as g en era l d e f in i t io n s  o f  open s e ts  in  a ry  spfvce, wo m e  

rem  y  t o  corvscnce ohe "topo lo  ic a l  trorrujan: of u i f f e i e n t i a l  g eo n c tiy , 

which we r h a l l  s h o r tly  sketch .

uf co u rse , the 1 e m llio r cooaviir, Lo ib im alisni i a  eventuu^lly, ex ti 'a c te d . 

Tho to%x)logical approach i s ,  aa we hivo seen , e s s e n t ia l  to  .ho lo g ic a l
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developm Sit o f Jio su b je c t.  I t  provimcs c I .a ^  in s ig h t in io  tho 

guom utrical sV ^niiicance o f much of th s  te n so r  i’oruvnliani, an : i a  

I ; ! . ispüîXKJ.bla to  unueratanuing of auoh co:iLG%ita aa  ’'e x to n .lo n ’ and 

"Cu.upl .c ion  of : l^mannian apucoa, and , irrlood, to  ta c k lin g  a: y  g lobal"  

quj...ulwn. f i n  l l y ,  aa v.e s h a l l  su e , i t  e l t j - i i i e a  quecticna vo have 

a lru ^ -y  ui>cusûeâ concerning co o re ln  ..e and njotrio  c o n d itio n s  a t  boun daries, 

ûix. the  in  ro au c tio n  of the  conuCvt o f  tim e o rie n ta tio n "#

T - A - O

d Oct i s  s a id  to  be a Tth O uO IItlt ;iACE i f  v/a s e le c t  a  c o l le c t io n  

OL’ ûvfbaota euüh th a t  the  c o l le c t io n  i s  closud under th e  o p era tio n s  o f 

s e t  union (rep ea ted  any f i n i t e  o r  couivably i n f in i t e  number o f  t in e a )  

and o f s e t  In te rs e c t io n  (rep ea ted  uay  f in i^ e  number o f l im a s ) . Hating 

s e le c te d  such a  c o l le c t io n , th a  c o n s t ia ien t members w i l l  bo d esc rib ed

a s  th'3 Upun G ets. V.hen one s e le c ts  siv li a  c o l le c t io n , one i s  s a id  to

ass ig n  a T . u;,d Y to  the  s e t .

jv îlfüTzjJd î  Gf'ACE i s  a to p o lo g ica l space which su L lo fics  Aha 

h \U f..,ddf GA A UN AXIjEG:

A. I f  r  i s  any p o in t of the s^ acu, thu -e  e x is ts  a t  l e a s t  one

Oixm Out con m.ining F .

. . l i ’ 3 ,1 ai’e a ;y  two poin;>a, lie . e e x is ts  an open out cona-in ing

* , mm onj uon d in in g  » , v/lth no p o in ts  in  coi.iaon.

(;v) i s  obviously e s s e n t ia l  i f  a l l  p o in ts  ai'o to  iiav© noi^liboirrhooas.

( ; j  i s  nuccssm y i f  any l im i t  process i s  t o  be defin ed . I t  m ight be 

t;iou.^:u a consequence of thu  coai'W .mte p o s tu la te s  kto be
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LlCüuss:d L im rtiy ), bu t th i s  la  r o t  tiw  c a se .

k. ( 1 , Î ;  corr^ aponleiice between t  .o t<:>polo^;lcal sp ..ces i a  oaid  

to  bu a I1..AJ .liM Iu.! i f  each p o in t of any open s e t  in  tho  ono space 

is  z.vg , uj ; üimo a ; o in t in  an open s u t  of tliu o th e r  apace. I f  two 

sp-eea poaaoaa auch a (1,1 ) r e la t io n ,  Uioy e re  s a id  to  bo U ;;EJ0;:0 NIC 

o r ‘._A. i  .v . L-.z,^:jï Ep U'AUMî.

■-.nu no Vton of houcowoi'pliism pi-ovii.ca p i 'u c ise ly  th e  nci^hboiirhood 

pt'u ju iv i.:g  ( 1, 1} mapping ih n t wo reqaii*c in  o rco r to  a s s ig n  co o L x im tcs ,

V-.w wo-. 'apace iaoàoiq.'hism i s  a s p é c ia l case  o f honeoGioz'plii^z: provided we 

a s s ig n  tîio "usual " topology to  th e  v ec to r spaces — i . e .  th a t  t h j  open 

Sots bo «IWinusi in  teiias of n u lghuou-iiools, in  th e  u su a l way,

j\ '♦^polo^y ia  th e  most b a s ic  p i c e  o f s tru c tu re  we can , ,lva  to  

a sp iCe. ITo.’xing h a b-en s a i l  no fc .r about a f f in e  conziuccions or 

n  m a n i in  m e tr ic s ; two spaces which a re  to p o lo g ic a lly   ̂ pi3v.3lunt 

neod h ve no n e t r lc a l  s in iila i 'i’ty • nurfncos in  E* a re  heaeauo ph ic  

i f  123?y can bo continuously defoziacd in to  each o th e r; t h i s  (xm uo 

v isu a lis e d  as invo lv ing  operations c f  b A x in ; and tw is tin g , "liou j i  

hitiLAit p r /a ' nunt b reakage. Tlius a  sph-uM and an e l l ip s o id  a re  

tugolo i c r l l y  eq u iv a len t, bu t n e ith tir  i s  c- qu iva len t to  an anchor r in g  

( t  o : \ i j ) ,

e i jv - ll  no>v enaui'Q th a t  our sp  co d œ s  no t c o n s is t  o f  a  nutib-'jr 

0 \ h o lly  se^.arata poi'tions ( erne accounts postpone Ü iis to  a  l a t e r  s ta g e ) .

To j3 f,o th i s  lu e c is e , w© po )tu la  .0  Ui i t  i t  i s  im possib le  to  f in d  two o r
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EiO.,’u i.on—2 a t 'r s u c t ln g  ( d is jo in t )  open s e ta  v.ii03© union form a th e  tholG  

SX--CO. I f  t l i .3  (nuq^tive) c o n e ltic n  i s  s a t i s r i c d ,  the space i s  ca id  

to  IJÜ V ‘ " ',T P# Tlio d e f in i t io n  of a patli" lo g ic a l ly  belongs to  

a 1,1 stage  of our cdscusaion . Lut i t  io  in tu i t iv e ly  cleoi* th a t  in

ûu .h  u 3‘ica , ézjiy two p o in ts  may l a  jol_ned to g e th e r by a p a th  c o n s is tin g

oaly  o f potnvs of tho space* thus v,u would excluee t-uch bUiface.s in  

G® a s  a iy p e it-o lo ld  o f t '.o  s h e e ts .

e uu.v d e fin e  C artesian  n—fp^ce 1® ( c f .  acove) as  the  s e t  o f  a l l  

i e a l  n-tvr;,îlé3 Jx***, together v i t i i  t!io su itiightforvG rd a u d itio n  a n t 

eo i lx r  m u ltip lic a tio n  axioms:

C.1. [x*i + [y**i 3 (x** + y^ j

C .2. Ajx^l 3 ( \  r e a l )

so a s  to  fo rn  a v ec to r apace. fa  we hcve s en , g iven  a s c a la r  p ro cu c t, 

such a .5 the navoi'al prouuct

tiiio  wo-ui.tdnatu** space is  a s g ^ c l i l  ca^o <jJ our a b s tr a c t ly  d efin ed  

'_aiC.kfv.u._n ..qa.ce”.

I t  k^.y be proved (sea îlwman ( c f .  3? ;)  ti ia t  1® i s  no t 

ha.-ie r,:or^.dlc to  H* (m /  n ) .  Thut rim unjlon  in  t i l ls  sense Î3 

a lo _ .c if ,i^ a l in v a r ia n t.

2 f U i e r e x i s t s  a c o l le c t io n  of o^xn s r t s  in  a to p o lo g ica l gpace, 

'A.iOte union  i s  the whole space, th e  iD lfec  Lion i s  c a lle d  a  If.fE of 

tizO sp:ice. I f  th e  number of seLe in  th e  c o l le c t io n  I s  f i n i t e  o r 

countably  in t 'in i t e ,  the  base i s  r a id  to  be COUMTAflE.
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e no.; givo follow ing d e f in i t io n ;

I-n nATgi " I s  a oomoc rod, M /iri NIT Tu-golojlcca

Cxx'-CQ w itli a c-Xinrable W ae eucii tii.it oaeh open so t In  t h i s  baso i s  

ho i u urn a  g h i 0 .o an open s e t  In  h®.

Alls 111 a t  tho spxicy can ]:e i.l v i ic i  in to  (overlapp ing ) p a tch es ,

each oi* wliidi i s  to p o lo g ica lly  cqw.ivali ns to  an  open poridon oi’ h®

(o r In  each pa tch , to  every p o in t r  corresponhs one d u r a n t

of i . e .  a 'eoordinaiu leb u lf*  f c h  open Get of th e  b a se , U^,

Lo ui.h:,r ..1 th  i t s  ma, ping onto the £‘- t  c f  n -tup iles , i s  s a ie  to  f  m

a CwO;.rl:i;te Cfh .T on th e  m anifold.

iZ^ u i l y  t!k) mliiij.iiLTi number o f d u ir ts  neeced io  form b base i s  

a t  elo,_,icnl in v a r ia n t of the m n ifo ld  — f o r  th e  Eue l id  e n  f'pîiere,

&3 r e  Ii.ivo seen , t l i is  nonber i s  ux)#

L

‘ d rio:: cci3i AO d iscuss u i f feuxinliablo systems of coord inates#  

i i r s u ly ,  V -a cun.,ider one ch a rt ( f  ,5 ) # l e t

*(U) = E

I . e .  Î3  th o  open s e t  on n" corri'spon.inG  to  Ü. 1/ t  1:»

be an  open sub-^^t o f  E . Ti.n \h r r a  e x is t s  an open su b se t of U % 

Ui# 'Ti-Lli

ÿ(Ui) = El .

iupposJ '. 5 have a  continuous fu n c tio n  f  v;lAch maps E ontx> «
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h i s  fu n c tio n  can be rep re sen ted  by a s e t  o f  n eq u atio n s of 

Ihe form

y® « f * ( x i , . . , x " )  (a »

where (x**} belongs to  E, }y*| to  E j, and the  f^  ai'e continuous 

fu n c tio n s . I f  th e re  corresponds to  the fu n c tio n  f  an  in v erse  fu n c tio n

f  v.iiicii maps onto E, thon  f  i s  a homeoniorphism of E onto

E l,  provided th a t  f * '  i s  a lso  continuous (see  Neman, c=of( S3 ))*

A s u f f ic ie n t  (though not necessary ) c o n u itio n  f o r  f  to be 

a  home o:a or phi am i s  th a t  the f^  be u i f f c r e n t i a t l e ,  w ith  non-vanishing 

Jcuobian over g ill n -tup  le s  of M, s in c e  in  th a t  case th e  equations 

pOosaco an in v e rse , and th e  fu n c tio n s

X® =

a iu  a if fe re n L ia b le , and th e re fo re  concinuous.

L,e no te  hoi*e t^iat horaeomorphism i s  an E LUB̂ ALfMCE I f  I/fL’ION, 

th a t  i s ,  i f  in d ic a te s  t l ia t  tv.o spaces a re  to p o lo g ic a lly  e q u iv a le n t.
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IÎ.3

160.

U ü

U 4—» V im plies V 4—> U 

U Y  and V 4—► W im plies U w.

I f  f  l a  d i f f e r e n t ia b le ,  then  by p ro p erty  (3)» U i s  homeomorphio 

to  E j, th e  correspondence being denoted by

^  »  t  o 4> (6)

which s ig n if ie s  th a t

ÿ (u ) « E and f(E ) « E» (7)

Thu3 U h;i3 two homoomorphlsina onto open s e ts  o f ^  and ^ *

Since tliü.re a re  any number o f u if f e r e n t ia b le  fu n c tio n s  f ,  and

corresponding open s e ts  E^, th e re  a re  any number o f coo rd inate  

systems on U, r e la te d  to  one an o th er by d i f f e r e n t ia b le  fu n c tio n s .

As we have s ta te d ,  coord inate  systems do no t have to be m utually 

d i f f e r e n t ia b le ;  however, s ince we s h a l l  be concerned w ith  d i f f e r e n t i a l  

p ro p e r tie s  of curves and su rfa c e s , we r e s t r i c t  om^selves to th e se  

d i f f e r e n t ia b le  co o rd in a tes. Except where s ta te d  o therv /ise , v.e s h a l l  

now assume th a t  " d if fe re n tia b le  im plies " d if fe re n tia b le  any number o f 

tim es" . T h is , o f course, r e s t r i c t s  the c la s s  of "allov/able" co o rd in a te  

system s.



161.

Kow conalaer the  question  of cooa’d in a te  systems on the m anifold 

as  a wiwle, no t ju s t  in  one p a tc h . Consider tv;o overlapping  chzirts

In  th e  overlap  re/^lon Vj O Vq we have tivo 

map2; in ;s  onto open C artesian  s e ts  — i . e .  tv/o coo rd inate  system s.

Let

n  Va) .  Fi n  Va) > Fa (8 )

Py p roperty  H .1. above, V% O V» i s  homeomorphio to  I t s e l f ,  

y p roperly  l i . ) . , Fj must be homeoraoi'phio to  Fa. The s i tu a t io n  

i s  tho  re v e rse  of th e  previous one, v i icre  we co n s tru c te d  a second 

homuomorphiam of U onto a C a rte s ia n  s e t  by means of an a r b i t r a r y  

C iiffe ren tiab le  fu n c tio n . Here we a lread y  have two c o o rd im te  systems 

on Vj n  Ya, and have deauced th e  ex is ten ce  of a (1 ,1 ) and bicontinuous 

fu n c tio n  g, w ith

e (F i) O )

(lio te : -.iiethor o r not F i,? *  in te r s e c t  in  no way a f f e c t s  th i s

d iscu ss io n .)

row i t  may happen that g i s  not d iffez-en tiab le . In that case 

we are unable to  produce mutually d iffe re n tia b le  coordinates over the 

;uanifolii as a v^iole. However, I t  may be p ossib le  to  f in d  a new
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o o l j j t ' c M u n  Oi' c îü U ’t a

Vi'Ulch UÜ vcr the  jm n ifo ld , such th a t  in  each overlap  re g io n , th e  

corses, onclln;: fu n c tio n  g i a  d ir i 'c r c n , h h l e .  I f  the m anifold

such a  c o l le c tio n  o f char-ta, i t  i a  ; c.id to  be a r i r 'a  \1 L

' 1. I d h '.  In  DjTubola, the  con^dllwn i a  h . t  f o r  a l l  tlie

fu n c tio n

^ / î ° C  ( 1 )

which ti'-p.j 6 n  Vg) onto ÿ (7  f> i O  sJiouM. be dll’i'e i'cn tlc-b le .

Ci von tliQ c h a r ts  (V^ ) .o can extisn-a them to  a  co :ploto s e t

o f u i f  A re a  t ia b lo  cooi'u inate system j  on th e  a-.n fo ld#  This c o l le c tio n  

cono istu  o f a l l  c h a r ts  ( each th a t  f o r  a l l  a th e  fu n c tio n

(11)

whion !,iq j  O V^) onto H V̂ )̂ sh cu ll be d if f e re n tia b le *

-o c le 'x ly  ha VO to  %rovo th a t i f  ( ) end (*.,?) a^'o t o

suvh uliar'A , Uicn tho fu n c tio n

^  o (12)

waich mup'S A A %) onto >*} i s  v. i f  fe re n tia b le  • I f  1hÎ3

ia  tiiC c a s e , t}*en the  c o l le c t io n  con;(itna a l l  d i f f e r e n t ia b le  ooor ln a te  

aya vcn ;# fin co  none o f th e  stan .iard  tru a tn  n ta  of th e  s u b je c t  uiccuGs 

Uila p o in t ,  i t  seems worth while to  ^,lve a  proof h e re . I t  a% pears

tliu t u couplo of p re lim inary  r e s u l t s  a rc  needed f i r s t  o f a l l .  e no te
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f i r s t l y  t h i t  th e  op era tio n  o f s e t  in se ra u c tlo n  ia  d is t r ib u t iv e  ovm* 

th a t  of so t union (©• >  NovYinan, ( o i'. 3^ ) ) ,  i . e ,  i f  A,E>3 e re  s o ts ,

A n  ( 3 u  c) s  (a h  b) u  (x\ n  c )  . (13)

A lso, both  opera tions a re  a a to c ia t iv o .

r.-̂ ’ra I

I f  Z i s  rr.y s e t

2 = y ( 7. n  Vg) (14)

For (2 n  v p  U (Z n  V^) = Z n  (V^ V  \p )  ond by Inauo tlon

»  y ,  t h o  v r o l o  isG ,n ifo ld .

M rï.ily  « n  X * Z, which os oLliidios our r e s u lt*

g O I

çi(:;) « y ÿ ( z n v ^ )  (15)

v.’horu i s  a homoaiiorphism* 

how i f  h ,i ' a r e  s e ts ,

^(A U £) C <fr(A) U ^ '(b) (16)

s in ce  i f  X e AU I', e i th e r  x c A o r x  c h. Xiua e i th e r

« ;5r(A) o r ^ (x ) c <^(2). Since ÿ i s  a hornooraoiphica, i t

possesses an  in v e rse , • Coixiier tlio (C ia 'tesian ) s e ts

L « ^ (A ), M a ^ ( .l)  .

Then

(>”‘ (L U  M) c  p - i ( i )  u

by t  la t io v a  o rtu o o n t, r e p lu c ln j  ÿ by
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Thus

0  O 4i*‘ ( l ,U  - i )  C f i  O .) U

Th.7u U ,

ÿ ( A ) u ÿ ( 2 ) C ÿ ( A  U ) ( 17)

C x iu i.i 'n ; ( lu )  wvl (1 7 ),

ÿ(A U  2) m p(A)  U «)(:,). 

y j  inl-U'i’-ion , li* ia  a c o lle c tio n  o f  s o t3

ans* s o ,  u a in j  I^nïaa I ,

ÿr(2) -  y  j!r(r: n  v j

ÎICTiCO i ’U J s l l t *

u no » p  ocoed t  o our t h  orua#

?y t  ro w  11,

('( n  T) .  u  (S (■'. n  " n  v^) ( i 3 )

tîîu t 1 j ,  ..j  can b u ild  up tho  C artasi;.n  lio of

Vi n  %

fiom  J w t  o f  Uio poi'tiona lyiu^: in  tacli c«joi.*s,inato patcli*

L \ tlio ffiapping tsid ln.-d

In  ï tlia 131 ping io  a c t I nvd

In  1  the  rapping J  io  t^efin-ôd

T'iJiS <,*,̂  tf\ a re  sim ultaneously  ùol':iw2̂ i on

«1 n  A n  • a
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Let i ‘ e V n  n  V
a

Then ) s  o o ^ (p )

ici once

Thus

= 0 O 0 ( f )

Vg O 0 * ' o 0 (p ) *s O O 0(. )

F( ')  •  (<̂ JJ O 0 * ')" ^  o (0^ o 0"1) o 0(1 )

But 0 ( I ) B 0 O 0"* o 0 ( ')

and 00

0  o 0 * ' = (0g o 0*^)*^ o (ci.̂  o 0 " i )  ( i f )

where cuch c lu e  of the  equation opera ueu on oli,ef.u.n :.3 o f

0 ( . 'n 1  n 7  j.

OGO d ie t  given

f ( ; )  - UV 4>

f o r  e l l  i < 0 (^ (1  1 n  ) ,  w© can oouuce

f  as g .

lu  vuver, i f  f  la  any s o t ,  and

f(Z ) « C\-‘)

vv© cannot ii*uer tiu it f  « g , f o r

h(Z) = 2

doo3 n o t iiaply th a t  L i s  th e  Idenvd ly 1‘u n c tio n  — I t  i s  sin^ily 

a htsnc-jnorphism of th e  s e t  onto i t s e l f .  Mius i t  I s  e s s e n t ia l  in
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CO i-fu 11 z'h5.ng our Id e n tity  to  consiuor o p éra tio n s  on e.ny e l  (au en t  o f 

I n  . n  I’a tl .c r  than on Uio so t i t s e l f #

Aovt 0 0*^ imps

0 ( A n t n v ^ )  onto 0^ ( . o “ n v ^ )

and i s ,  ly  u c f in i t io n ,  d i f f e r e n t ia b le ,  ; i t h  a  o i f f e r e n t ia b le  in v  re©. 

B luilax‘l y ,  0^ o 0"^ i s  a if i\re n d .a b l©  •

Ihus
0 0-1

Î3 id ih’ jàotut r. b.le v.hen opera ting  on tho  It r  wcai&n s e t

0(  , n  I n  v^) .

I f  a iv.notioii i a  d iffe io n tife b le  on each ox* a c o l le c t io n  of s e ta  A ,̂,

i t  i z  i Z-. lU'ly c iif 'ü * 'en liib l3  on tlK-ir un ion .

iiia.-J
0 0-1

i s  c ifP u^ont-,ab le  when ope..-ating on

y  ÿ ( f n  " n  Vg)

ana so , by Laim  I I ,  i s  d if f e re n t  lab Is  when o ^ o ra tln j  on

( j (A 'n  7 .)

wnloh i a  th e  req u ired  x^su lt#

'o have obtaliu-d a maximal c la s s  o f r e la t lv o ly  d iffe re n -ia b l©  co o rd in a tes  

from a  c o lle c tio n  of c h a r ts  w ltîi 65f f e r e n t ia b le  co o ra in a tes  • I t  i s  

no t c le a r  riiu tlw r o r not we w il l  ob Udn tl^o same cOiiplGt© c la s s  i f  v:e 

s t a r t  I'Tith anoUx’i' c o lle c tio n  of c lïx rta . . uch a c la s s  i s  c a l le d  

a  r>x:v:; :;r::iA fh ; r/fHUCïü.L; f o r  surl'acea in  fu c lid e a n  Spaces, i t  vraa
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founa ij.y ( l e f .  )) lim t uh ..‘eas J ie  ''sphtire ' (aiul a l l

surfkzOej liu.nooxioephlo to  t  ) in  g*' posujused, only one cliToi-en d a b le  

sU'uo i*oi* n 6, i t  posse isea  sovural . ie t5 n c t one a f o r  n s  7* 

ho /uver, i ’or our purpoaea i t  la  cufi 5.ci* n t  h u t  tho raanifoH  bo 

ûl*V(.;. 0 ix jub le , £uid one d l i ï ’erentZablû oLr'ucture bo assigned  to  I t .

u no 30 in  r e c a p itu la tio n  th  - t  in  uuvoioping aÜ*fei'ônt5.al 

gdo.>jt-v have been imposing two 'ypea ci’ c o n u itio n  upon our oi'l.^izwl 

3x3 concept: f i r s t l y ,  r e a t i t c t i c  is on tho type o f cpace, such a s  tho

rw /itre iaen ta  tîm t i t  be ïluusuorff, connected, have a  countable h t s l s ,  

b ; ti nc.nifolu., cnu be û l f f  e i 'e n tia b le . . h'.n ve liuvo the s tru o ttu 'o

c on. A 3 ion 1, such a 3 those which a as i n  a  .opo.logy and a u if  f  crc : i t  in b lo  

s tm o t'J i'u  to  xhu space; each cl' uiuxc sl^ .n ii'iea  th a t  w© have se le c te d  

ony of cey o ra l a l te r n a t iv e 3 and tho <;:cc';,u tr̂ »- ia  regardeu as co  ;a:l3uii\: 

o f tho space TO""ther r i t h  tlio chooon r u l a t i  jnah lp . For ‘oxrim'/le, 

a v e c to r  ^paco h.a3 any number o f  s c d la r  j ro ju o ts  ( b i l i n  a r  iu n ctio n .^ ); 

lu3Ü..ü^ci ij^ace i s  fs .u o u  by citOo..*ing on . cucii fu n c tio n . In  our

fuUu-e ...ioCusolon we s h a ll  be mors conc..-.nua w ith  i u r t l i t r  stxTicuuc 

conu.1 -lu ris.

,:• ^ T "T T?

Vo conclu..© t i l ls  se c tio n  on ccai-d:lnricus, we in  rocucQ th o  concept 

Oi' Aa we have seen, on r'"'y st n ifo ld  each co o rd in a te

patch  nwults any mimber o f m utuidly u iih i  x e n tla b le  c o o rd im te  a, th e re  

‘ u lih V rertiu b l© '’ im plies a non-vnnishl.n^; Jncobianj i . e .  on; which i s  

e itii- .r  po . i t lv e  o r negatlv© throughout tiio p a tc h . V.e can s e le c t  out 

tiio.oc sv3 ’:cias of cooi’u im te s  f o r  which th e  Jacobian at' any I'Oir i n  always
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p o sitiv e*  Vhes© a re  c a lle d  tho 0 U ZZdlZ I) systems of cooxaZinatos*

Timre ÿro  o f cout so two each coll»..e t i  ms o f  coou-uinatc-a — in  - u c llaean  

fptice tlioao a re  th e  " l e f t  handed tirid Uie ' r i  lit handed'* eys .oiiG#

Note th a t  dio po d t iv e  Jacobiaji pioixjr-ty i s  en equ ivalence rwla J.on, 

a s  v/e hit-ve d u flnca  i t j  s ince  tiie mwiib'jx's o f ouch a  c o l le c t io n  £Lve 

mu r a l l y  i d  .ted in  th i s  v/ay, each c ü H ù c tio n  i s  c u lle d  an 1: u r / d d i a :  

CL...;. Jtus we cun sep ara te  tho clfx'ei'O;. . iu b le  co o rd in a tes  in to  tv;o 

u is^ o rn t t. ] iVi.lt.nc8 c la s se s .

ii n t.e c-TTo to  conoidcr th e  n d r il 'o l i  a s  a whole, hawevcr, ju o t  

aa  vO cuaZuv not . uaran tee tlie exixtenco of G if f e re n tia b le  co ar 'c iif .tc s  

tiau) 1 i . u I  V caniiOt expect th a t  in  g e n e ra l, o r ie n ta te d  coortfrw .te 

syo.v .... cx iu t*  I f  they do (a  " rc a U ic x lo n ') th e  m anifola i s  c u lle d  

L :T : _■ uru  to choose one equlvul-nco c la s s  o f  o r ie n ta te d  cocn-ciinites

la c./i'lL-d "g-iving an OZI V v.'lO t' to  ifio nix'old — a "stm otuu’e"

CO un t iu n . Zmae co n s id e ra tio n s  form tho a da t in g  p o in t f o r  our 

in v e a t i 'x r j  un oi" tiiao o r ie n ta tio n  in  our I 'ln a l  chapter#

>.o n a / Geox to  in trouuce th e  ounce:.ta  o f  v e c to r  and te n s w  f ie ld s

on Laanifol-3* A p relim lnaiy  sketch of thu  re lcv io it alga.bi'uio no tions

seems d esiru b le*

9 , v̂ 'r : V c  ) ■ w; f C . . I  ' :r 'T .

: lmv*r ul_chru  s t a r t s  v.i Ui tliu v. c to r  ..puce concept; ' v 'C to r '

3h'.pïy Li-xna e-omo elcnx.nt o f  a  given vue to* a,ur;.cs* he can  c o n s tru c t

v e c lo r  .p;.cca which a re  intrinaiccJLlIy to  a g iven  space: th e

inwtliou ia  to  ch I 'a c t i r ia e  a s e t  ox* rcu l-v u iu u d  fu n c tio n s  of v ec to r
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v a r ia b le s  aa a nu;v v ec to r spti.ce, q U x ili use a s la d la r  tu c l.a i jue v lu.a 

d e riv in ,; Uio ' •u.a,,uit cpi-ce’ a t  a pelaL o f a  m anifold , Occtv35.o;iallpr

we siia:.! use vec to r-va lued  fu n c tio n s  o f a v ec to r — mappinja of  tlxG

apaco In to  i t s e l f ,  or in to  o th e r s jtaces,

Zae IX eaid ilXCTIOITl on a v e c to r  : ■.ace V a rc  t.’ne r e a l  valued 

f  ane tiuns

h(v)

h(av ♦ bjv) s  ah(v) + bh'w) (g,;)

re Y/y e V and a ,b  a re  r e a l  nmtbero.

I f  ©i, ( i  = 1 ,,* .n )  i s  a bxslD of t!:e n_ac«, then

h(v) a h(v^e-J 

« v 4 i(e i)  ,

/d o h  h(_eL) io  a r e a l  number, h i ,  sa y ,

'i'huo
h(v) = V*’h i •

Thia sUvnxpZy cu^^oets tli£,t tho h , (n o t the  nucbur Ii(v))

siioulii bo regarded  a s  a vectors wc voulZ vd^h to  in te rp r e t  h (v) 

aa h.Y • the s o t o f  a l l  ilm otiono h f  oma a v ec to r  s^ece iu’ we

d e fin e  a -.a ie io n , and s c a la r  m u ltip lic a tio n  in  the  obvious way &

- , t .  (h + b )( i ) »  h(2) a (v )

L ,d, (sh )(v ) « ek(v)

v/he^e (h+g) and (ah) ar.; now Ib ra u ' fu n c tio n s , a s  i s  e a s i ly  v e r i f ie d ,

Tho l;ne...r ihm ction "O'* I s  defined  by
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-•P 0 (2 ) = 0

'Ihü vac vor c>ce axions are then satlaiiuu, c 3 ia verified Uo3.ng

L# 1, ' > *-•)•

' Iio s a t  of a l l  l in e a r  fu n c t lc n j,  logefic r w ith  d é f in i  id on©

5 *)## is  c a lle d  tiie  of V»

ej W/ r. l in e a r  fu n c tio n  h i s  f u l ly  d©term.neû i f  we ep ec ify

Uio n v a lu es  h (£ i ) f o r  any b a s is  e ; .  Let f*" be the fu n c tio n

fit.' V I'.ich

f ^ C S i )  »  1 .  *  0 , ................... f * ( & n )  =  C

v lch  G5rrd lir  lit.*!n i ciona of f ^ ,# .*  f ^ :  i .o *

f ‘ ( e j )  = SS .

V'.an the n funcidwna f  ̂  orv, 11 n  Orly in le a  inden t — f o r  i i ‘ 

no t th .-V codox n rv>. 1 riumberu a ^ ,  nob a l l  zc.ro, such d ia t

&lf^ = 0

the  Ef.rn fu n c tio n . lAit

= a j ( j  = 1 -  n) 

anu cincu a t  l e a s t  one a j I 3 n o t s-.io , a if^  cannot be tho s ro  

func J-oiu xiiice tiicro are  n f  iric W ons f ^ ,  and tiie aua l space 

i s  fSjio o f id ! E lision n (proved in  a  s x  i ,  h t f  oiYwxi'd m am or), tho  

1  ̂ foxm a b^aia  U* tiie au a l space V •

i.ixj basis is callW the one die £ 1 , and ia usixildy

v.ritXn . Hot© is P'Ot a basis of V — it  is  a uiffcxent

s o r t  of voct r .
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■c. no'-iî i l i i t  î f  h la  any l in a u r  l ’une t  io n , w© wrote 

k (e i)  c hi

lu t  t  ci'ü é x ls t  n numbers hj., say , f o r  which

h = h j ^

su l.iiut

» îîjS'^l * h i
v'.hc rjr.Q

h i = h t

Thus th e  h i a re  i iü e c i  tho con )on n its  of a  v e c to r  o f V*’, 

tliGiIl U13 tn i fo llo w in g  n o ta tio n :

I f  A, *, ai\-- oo'cj V.Û d'ànoto by

A X B

tho GIG C-* a l l  %Xiii-3

(a ,b )

where u f  A, b f  3. I t  I s  c a l le d  th e  C'eh'.i:iZN liXJUCT of A tn d  B.

the p .I i  c -i u to  bv reg  u v e l  as oa'Ceruc., bu t r .iü ic u t  a ry  algeb.xilc

pro 14. tt: V V#

1 \  T (Tfr)

c wl Xod to  rcgtird  

h(v)

US & w c a iir  pro duct of h and v .  e c r .r l ie r  d e fin ed  a s c a la r

prujUQG on V X V a s  a b i l l n  ai' functdon

0 1 V X V -♦ ÎÎ 

v.i)er© 0 m s  syrrnetrlo , and such th at i f
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f u r  4.0.1 X, U'len s* J2* (iion—ain. ul.û* ]a'0]X)rty),

..'1-uXly the l i n furictions on V dobei'mlno a unique bilinear 

fLCjc t:iwn o n  V  ' X V ;

<(h,v)  a h<%) . (22)

I'jiti non/.c^ijqul r  p roperty  hol-os, sin..© i f

h(y) -  0 

fo r  a l l  V, tlfc;n fo r  1 = 1 -  n ,

h(e.v) = 0 »

rut G.s ;n ii..vo G-,:On, thfea© e tX  conpan.nis cf h ;v,r#t. Üic c.ur:.l 

bas-l. • Lhu*j h id tho zuro function.

ovi i-, Jiü iyü'fiiutric piupcr y  poccs éiificiiltioa* , i#- e]y

ia  r.c....An X .,a , sine© v ia  no t a fu ic u io n  c f  h . I f ,  hotcvco',

vrw vüül 4 X. n. î-'OLio recison for iaontifping

and V

t  vn '.V c->uli give a m.&nlng lo

v(h)

fo r  y  cnuld equAlly be regarded e s  an clezen  t  c f  V o r a s  an 

ûltîmnt c(f V**#

a il  n-iiiriejision vcoior-.qv-ôCf'ia iaomoiplüc; i f

ia a bnaia of V and la a b sis of *, thon i f  % f

X «  x ‘ s i

where (x*‘[ ax’a n r e a l  numbers# Zon..ickL'lh9 e lu .a-nt X ( s  y  )

o f -V T'i ü i Uie samt» "c anponents"
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' ivün t h j  X** t h i s  elem ent X I s  liîilpao — have e s ta b llr iio d  

a (1 ,1 )  cori> sponienc© between V ynd and I t  I s  c le a r  th a t

(Ti^i + P is )  ( 24 )

where

^  L i  5a ^

'.I'h© CO. r. sponclence I s  tha ei’ore an ieomoiq.hism. Ih is  

r e l a i - s  ni^dily a r t i j . i c i a l ,  siiiaa  ii' we choose a new b.^sis 

c f  V, e;_ ' ,  then x no lunger cor* e op onus to  X bu t t o  sane now

el-.., t , - it.ro

1  •  a

l , v .  va htVa li IX w 130 mon dll 0:3 of V and T. 'fne re la tio n c iilp  

1 3 t e .  -nZn.,1 by a choice o f b a s is  fo r  V and 1, and th e re  a re  

U3 a - ..; aueh re la t io n s h ip s  aa tlie re  tax* fcnacs fo r  V. G eneitilly , 

tn-.-v ia  no v.ay of tlnglln^r cut one such iuo iOa phiam. I f ,  hov.wer,

7 mi_t ' u .e  c j i c l i t e l  th  a t  wo o-in eca-.b li.fi aa isomorphiani in  a  VAiy

which a  ice a no re fe re n c e  to  an a r b i t r a r y  choice o f b a s is ,  tiie V and V/

are  s a id  to  be M. Ih'AhLY 130.*0 I KIC* s on exnmple consider C artes ian

3-apace. The s e t  o f  a l l  t r i p l e s

(a ,b ,o )

w ith  the 31:4.10 au d itio n  ana s c a lu r  cral ig -lica  .ion laws for.ns a  v ec to r 

sub-.space o f  th i s  s ja c e ; i t  i s  revtiE 'ally Isaaorp liio  to  C artes ian  

two—space, a ,3 c i ’e tlie so ts

j ( a ,o ,b ) j  ajnd } ( ) ,a ,b ) (
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G a lx ill a lso  doscribo  two s.) .ces a s  being  naqui'a lîy  i.iomorpîiio 

IT th a  r e la t io n  has buen e s ta b lish e d  by neana o f a  b a a ia , b u t G 

o f b as ia  luavea U3 w ith  th e  same correspondence, -\q i .le r .tU y  n a tu ra l ly  

iaorr/Jrphic a paces,

7 ; t  y  c •

Cor.i-ajpon.in , to  th e  b a s is  je'* of V * v,c b r /e  the  dual b a s is

2 1 U ^ y )

of V , and i 'o r  a l l  elem ents h  o f  V '

i t ( b )  = hi

v.h-ie h 3 h i£ ^ .

1. era  th e  co-riponents o f he gtv^n v e c to r  y  w . r . t ,

tlie su a is  y i ,

▼ (h) * v*‘h i

= h(v)

w rite  X •  ^ £ l *

Tims thiU'u e -d sts a y *  V̂ * aucn tZiat

X(h) a h(v)

f o r  a l l  h f  V»,

duppoao th ^ re  e x is ts  a y e  V ’  ̂ a ich  th a t  th is  ro l3 .tlcn  holds, 

then  (y -  v )(h ) * 0

and 80
y  B y  .

Also i f
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v(h) = h(w)

]i(v) a h(w) .

hoi. f o r  a l l  h; in  p a r t i c u l . r  f o r  oadi in  turn*

U V

^  (v) e and ^  (^ ) a  \v̂  .

Thuu

V -  w .

o have tii.reTai*e esi.abllahjL'd a  (1*1) correspondence buUveen 

e l..o .n ta  v and e lo n en ts  7 ,  v.hur.;

v(h) = h ( l )  (25)

C lear]y  th la  c o r re o n d e n o e  i s  l i i x - r ,  and s in c e  ye e s ta b l is h  i t

from tlie £.bo\'o eq u atio n , v .lth no ruTe-ence to  a b a s ic , V ana  '

a re  na i i r a l ly  isomorphic#

;’d s  concept of ' n a tu ra l  ioO;.ioi'p**isu'' i s  n o t p a r t ic u la r ly

s a tiS ra u tc ry , even Ihou^h I t  appears in  n o ; t  el^ a e n u ir /  t- mtbooks

on .diiXca. ; 1,jebiU# I t  i s  clcc a Jar- V and V ' a r e  r e la te d  in

a  ssx'on,,ur la nner tlian ai'e V end V-*, oay , hovwver, we norrj'»al3y

cn .-x^ctn’is e  rcorphic i*e la  t ie n s  hip 3 between £ota (w itli s tru c t iu e s )

by i o p r l r i n ;  ahera to px'eaerve scuo sdrvictuee ( a .g ,  th a t  an 3.30iiorpliism

bo a n  isow utry)# to  inquli-e in to  d.u a im ier in  which the re la t io n s ld p

la  es  ,edll%hed seems very oud, and the x'o th a t  i t  be

'‘in .e ; e:-w'ent o f  b a s is ’* i s  d i f f i c u l t  to  n; la; pi^eclse# An e x c e lle n t

txn itnmnt o f t h i s  and r e la te d  eue?îtiens i s  f ound in  th e  appendix to

r i . i l l^ p  Tondeur*a ’’In tro d u c tio n  to  Liq  rro u p s” , f'rrlnrer-'T 'c 'I'lc i (1565)#
C(Ji 5®)
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whüiu th e  concepts of ” ' and *' vtriGtions” a re  diacussed*

e e h e ll  sometimes denote by

< >

tn-j s c a la r  T.-romuet i#>(h,v) determ ined by 'l ie  c u a l l ly  o f  V'̂  l 'é lu t iv e  

to  V. 'u can  repurd

: V» X V -» 2

as  a  n^iaiine, nymuiictric, s c a la r  p re ra c t j  v;q s l ia l l  w rite

v(h)

in s te a d  o f

7 (h ) .

11. ' •  ̂ 3 C f::î

Juet It3 the se t  of a l l  lin ear  funculons on V (to^cLh^r »rith 

the p. vprimte aei'in itions fo r  au^dtion aiti sca lar m u ltip lica tion )  

fo_iTi3 a Vector tp  ce , so oocs the s e t  ei" ; . l l  b ilin e a r  funcvicna 

(iCC.1 v.duea functions o f two vector \..z l^ b le e , lin ear in  <ach)*

(dvea a ba.-da of V, ju s t  a.i who fu n c tio n s  ^  such th a t

i  C ii) •  ( ' j

1'ox‘m a  b a s is  of Y'* the  b i l in e a r  fu n c tio n s  , where

^ ( 26 )

f e r a  a  b a s is  of th i s  space.

7 f  T i s  any bHinear fu n c tio n

'r(Z,w) = )

a  v M  TiJ , Sfiy,
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tiw  C lu .ijical approach to  t-ua .ora, iJ; la  c lear  that wq vdali to  

ro,: i.\I tlw j as components o ' a second ten.-.or#

o i'ii....' introduce a oj. .2 a ml’.si n and scalms' ..lu ltiplicm tion

ot billn...u* xdaict' ona# ho ,e Lli-t i f

(lk»£:) = C-(ôk,e’) (d  k ,a )

then
î(v ,w ) « G(v,w) 

i  • é # i' ~ (r «

I O V

= Tk

d>. n c r

T •  T i j  e O  ( 2 7 )

f.nJ. 30 j  ove th a  eoicpoiiÆto o? ?  v;.r«t« th a  b a s is  aO  ,

Civcn a ry  tv;o linetwr l\inctio :.o  n to  o f V’**)

v;e may doi'lno a b i l in e a r  fu n c tio n  r

r(2,% ) = f i l J d l L ) *

In  t h i s  caao vw s h a ll  w rite

F » f  O  s  ( 23')

( re  ..a ; f  tons or g” )•
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f  U  callGd tha TkldOk i-UO Î I Ï  o f f  and g .  I t  la  a very 

rvLuac'il u o flo iitlo n  o f m u lt ip l ic a tiv e ,  okoio

U  X e)(v ,w ) « r (z ) z ':d ^  • (25)

tiTiiOr m u ltip lic a tio n  Î3  n >t C T i.;u tdive# 'Vo postpone 

c jr .:A e ra  Lion o f an  a s so c ia tiv e  law . 2 t  l a  obvious t l ia t  tiio  

m u ltip lic a tio n  la  d is t r ib u t iv e  over £uu.ltion o f l in e a r  and b illrk^ar 

i uxitioiio# Tiia c la s s  o f a l l  ten o o r px"tx,ucta i'oi'ma a su b se t of tlie  

out o f  e l l  b i l in e a r  fu n c tio n a l I f  a  l i l in & a r  fu n c tio n  I s  o f  t h i s  

fo i'd  i t  l a  a id  to  bo l.ECOX’O A IL :.

In  trarin  of components w o '. t .  uie basas wo v rja ll Uicn

laivo

r \ j  * f iG i '  (3 ))

In  t h i s  casîï th e  m atrix  F ij  i s  o f  rx jf : one, anvi thoro  a r e  (n -1 ) 

inde%;ondent v ec to rs  jr c f  V such th a t

-  0 •

v.onvv.rscJy, i f  F^j i s  o f  r.ml: o.ic, di-n F i s  decerpo j iblo#

/. y  jx. L. .UC c 11 bo w rit  ten a s  a  sura o f  ra . t r ic e s  o f  ran:: one, so c %y 

c i l ln '. .a ' fu n c tio n  can bo w ritte n  a s  a ca r of tonso r products# 

uo:i>iuor tlio b i l in e a r  fu n c tio n

X #

o have

( s }  X e ^ )(e k ,e  ,) -  e ^ (2 îç ) .e J (e .)

» .
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A.iua

X eJ « ( ’ 1)

end we can w rl ire, Gener a l l y ,

G » C ij X eJ (32)

G i s  s a id  to  b@ SaCOrD R \ K C(7,‘; : j /2 r :  TJfL'OR, and th e  

v e c to r  ci'race o f  b i l in e a r  fu n c tio n s  on V x V i a  s a id  t o  bo th e

T llid l: R:3 UCT hi ACE

X, V ”

(a  Eioxo De.iuibla n o ta tio n  than  V x V, s in ce  we h.ive w r i t t - n  ‘the 

b as is  c - lu x n ts  a s  no t x o j ) ,

. ore ijo n o ia lly , ^iven two v ec to r rpacus V, A, th e  s e t  o f 

b llln x i-r  i ’uno tions on V x vT, tum ed  in to  a  vec to r-sp ace  in  tfie 

UJUil v.’ay, foiins the  space

i r  X; .

e .m.y a lso  consider fu n c tio n s  on V’̂  x V’*# Cince we have 

i u e a t h i t d  V''* w ith  V, a b as is  o f  th e  v ec to r space o f  b i l in e a r  

f  iaic Aons on V* x V* w i l l  be

e V X e j

and 80 we denote tlila  space by

V X V .

I t  re;nains to  consider the a s so c ia tiv e  l a  - f o r  te a s e r  products*

Here

(o  X V) X w » u  X (V X V) (33)
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l3  uTa-i in  the scnya t î ia t  the two sprcoo n a tu ra lly  isono;Twdo. 

Tor s im p lic i ty , v.« consider only aoia.or i r o  u c t spscc-3 o f  V iw' tl; 

1:30 If#

Clven W' o ba@c3

m #  i t *

o f  V, thane r.ra3t e x is t  a ro l-L iondh jy  o f  th e  form

ÇI* ■ p‘ i £1

T d'O

p j i  la  a n o n -s in ju la r  a it'io c#

Cla;..

e a h u ll  w rlta

l.-UJ

I f  V f  V,

£ i  “  ( p ^ ;) '*

pj* I n a t iM id  o f  (p|,)*^. 

P{' Pj.  ■ 8jl  •

2  -  i l *

■ ▼‘p[* 2 1 ’

and I f  f  < V*, w@ have

wh’unco

g iv in j

e ‘ '( o j )  » p j '

e l ’ .  p j 'e l  ttn.1 R  = p j i â ”  .
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Thus

f  =  f I  a  f i ,  e l *

hence

, 1 ' .  p

I '. 2

'  y i

(35)

Which a re  T.oe u su a l component transfoiTiawIon laws*

-hvise conclhera tlona  provide imoJiior way of à e a o n s tr a t tn j  'die 

m tU i' JL -lu.o.-fioi’X'hlsa between V and The d u a li ty  r e l a t io n

t;iv</3 a 111 Zi i n j  o f a  b a s is  c V onto a  b a s is  ^  c V ,  and provides

tin is o  iOï*phisia o f  V and by

▼ i

whore

and

2  ■ » h i«  f_= f i  ç i

y l a ^  ̂ num erically#

VVitli re s p e c t to  a new b a s is

e^t of V

2  ■ P j h ‘ 2 1 ' ,  £  « p j i  » ê i  e ^ '

and s in ce
pJ* /  pi# u n less  jei » Oi* #
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tlio mapiAnj

*♦ provides an  isomorphism of V and V* 

un-ier which v üoes r o t   ̂correspond to  ^ # Ihus we tn

iso.aoi'pliiaii corresponuint, to  each cho ice o f b. s i s ,  one so  o b ic in

no lUtarAL loo: orphism.

h o c jv c r, i f  «I i s  tha b a s is  of V--’ dual to  e ^ ,  then  i t

i s  Oiiay to  .iia /  th a t  i f  i s  c u r l  to  e^*, then

jEi* = p}, i i  . ( 36)

^ho b:.ÜC3

6y

vviiero

^ l#  provide an isomorphism of Y,Y'''‘

1 M t rw
2  "  V 21 , 2  = v ' £ i

Choice oi‘ a  ne v b a s is  , g ives

I I I  :  # II  •  Pi ei$ ,  Y « pJ e p

whence th a  mapping ©i* -» * provides tlia same isomorphism a s

does £ l  *♦ El • heï'e v;e have an  isomorphism

independent of choice cf basis*

4 7 r ’'r - • .- j'TT»« r̂'fV "!I e s-** ' :__ 1 ' V V - _j_____ _d
slird lu ;’ technique can be used to  show th a t  

V X V  and ( V  C  V ^ r  

a re  ir iitu 'a lJy  Isomorphlo»
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Use tho notation fo r  tha tensor—proauct b asis of

X V , and the notation ©t x ej foi' tha b a sis  o f V x V, 

e tch consaiaictod from e^.

l ow V”* X' V* i s  a vector space o f  dimension n® (dim V « n ) .  

'I'he uual space has a dual b asis  consiotljv; o f the n® elements

l U

V.hcA'ü

Anoe 

v,Q have

r O doJLiico 

Si.Ala.L-Ty

eijC e"*) -  «{ 8 i (37)

*’'*(®»»®i«) “ 8 Ï  8»

- A ’p f a "

«I'j* = p I' p [ i 2 lJ (30)

2 l '< S ) 2 j ' = p } ' rji 2 l X S j  (33)

Thus tlie m,ipping

5 t  j  5

provides a natural ijaaorphism o f tiie -̂ v.o spaces. 

Ccnaiuor now
(V X V) X V and V x (V x V) .

Dc'.iO vO b: aeo of each by

(£ i X e j )  X e« ,  ©i x (e^ x a*)

resp ectively*
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i i  ia  easy to  shoo th a t

(ei*  X e j» ) X en* = p { .p jip jjf  (©i ) x ©k (4^:)

e^t  X («JI  X ©K») a  P i ' p j ' P k *  X (jSj X ©k) ( 4 1 )

v liuncQ tlie  d ipping

( l l  X C j  ) X ©H ^  £ i  X ( e j  X 0 k )

rro v iu es  & n a tu i 'a l Isomorphism of who two spaces#

C lea rly  tlio s o t  o f  t r i l i n o a r  tunctlo ru j ovur V con be tu rned  in to  

a  v ec to r opace, v/ldeh we denote by

V X V X V .

I t  l a  easy  mo sliov/ th a t t i i la  space l a  m L u ra lly  Isomorphic to  

(V X V) X V hence in  fu tu re  we (Lop th a  brackets*

( e n r 'u l ly  we s h a l l  d e fin e  a  COIIf AV AT/::T TL'füÜ o f  O.LUl (:A  :{) p ,  

over V, to  be a  c iu lt l l in e a r  fu n c tio n  c f  p v a r ia b le s ,  each  on elcm n t 

o f V'* A COlVail/.rrt on i s  d efin ed  cA m ilarly , except t i n t  the 

vA iiublas a re  elcm n ts  of V# MTt : > i: O S a re  fu n c tio n s  of

vvccor V .I 'l l* l e 3, some o f which a re  olon n t a  o f V and some c f V”̂* 

fae  V ector rpace of te n so rs  o f  contrav i l iu i t  and co v a rian t 3ronl;i3 

(p » l) rcsp 'o c tiv e ly  w i l l  ba denoted

x^V X (42)

In  term  of tîio te n so r-p ro Ju c t b .Svs, such a  ten so r T can be w ritte n  

in  tiiO foitd:

T = ' 4 j ! ! ‘. r  * 2b * • ••  £ f  * '  '  2*" (W )
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can deûucü triQ t ia n s fw a a t io n  i  .w f u r  tliu components of uucli 

a  tu au u r:

'* (Uni.orii I illjt no t bo confused v/ith  ' ton;)or fie ld s '*  —y e t  to  bo

dei'inub. Tho l a t t e r  i s  flora® form o f a s a l  t i ie n t  of te n so rs  to  po;lnta

of a

o i y  e s ta b lis h  ovhur in te r e s t in  g ix.tui-al iaomorphisiass e . j#

of ty] e (1 ,1 ) a re  eq u iv a len t to  l in e a r  mappings

V ^  V

and I u io ru lly  ten ;.or 3 oi' type (p ,q )  to  m u lti l in e a r  mappings

V X V X . . .  V *  0 A  V
p t ln s s

or e la i l ly

V» X •••  X V=> -  (x)^
t  ------  ./

q tim es

lliu j v/Q can d eriv e  new v e c t02̂ «:.’p .oca f i ’om a g iven  one, by 

consideuAnj auto o f rtm l-vu lu -d  f im c tio n ) on i t*

13. ' . V ' 0-̂  v r’TTI

,.<j now e:amlne tne s a t  o f  r^ll roal-valu^-d c i f  feron t^  a b le 

func lio n s  on a  d if f e re n tia b le  m an ifô lr .

Lot f (p )  be a re a l-v a lu e d  fu n c tio n . Then in  any lo c a l  c h a r t  

(v ,0 )  i t  i s  repV4.ôentôd by i t s  ’’coorcAnato image" î*(x^ .xf*}, vhcre

?  B f  o 0.** . (45)
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Tills l a  booauaa

# (p ) »

Im plies

p =

l i ’ th e  fu n c tio n  Ï  la  a  c if fe re n L ia b le  fu n c tio n  o f the ( d lf fv ie n t lc b le )  

ooordlAutca (x * j, the funcA on f  in  ea id  to  be LDTEIL TLAIIL*

..u A;-11 uaaimjc, except vhei*e o l ic n .la o  o ta te u , t h a t  t h i s  iiicjans 

’u i i l  cji en^ A.bla (Jiy nuLiber of t i c c a '♦ ' ho a t  o f  a l l  suuh fu n c tio n s

f  io  c e  10 Led by TlAa s o t  can be turned in to  a  v ec to r

.y  ill ana of th re e  doi’i n l t l o n c a  f o r  fu n c tio n s  on a v e c to r  spcce:

7 .1 .  ( f  ♦ 6)(F) « f (p )  + t(r  )

: . 7 .  (k f ) (p )  -  w ( f )

.3 . c(p) ■ o

i'or v'-L-y point P*

blnoe th e re  a re  now no l i n  a r i . y  a a su ip tlo n s  on such fu n c tio n s , 

t h i s  v e c to r  space i s  no t of f i n i t e  61 o :  in io n . 'e can ex tend  F.3* 

as  fo llo 'v s î

T every I’c a l  number f  g th e re  oorrcsi^on s a  fu n c tio n  f  o(l )

wher*9

p .3a . f o ( P ) “ fo

f o r  tj.1  I-. Luch a  fu n c tio n  i s  c a U a l  a  IX'KCTIOK.

fiiC-xJy \ a con add a m u ltip lic a tio n  d e f in it io n

P.4. (f .g )(p ) a f(P )j(P )
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I t  can be v o r i i le d  th a t  th e  a s so c ia tiv e  and d is t r ib u t iv e  axioms of 

a d d itio n  and m u ltip lic a tio n  a re  s a tis f ie d #  Such a s e t  i s  co lled  

a LIKA A over the  i*eal numbers# This i s  ju s t  a v e c to r  space

w ith  a m u ltip lic a tio n #  I f  we igiiorve d e f in it io n  F .2# f o r  th e  moment 

we iiiay a ls o  regard  th e  s e t  as a EIKD# Tida ia  a commutative group 

under an a u d itio n  o p era tio n , and a se a l—group under m u ltip lic a tio n , 

w ith  tliü u is t r ib u t iv e  law s a tis f ie d #  I f  furtherm ore th e  f u l l  group 

re  piirem unts hold f o r  m u ltip lic a tio n  th e  s e t  i s  c a lle d  a F1:LD# 

Examples: the  in te g e rs  (p o s itiv e  and n eg ativ e) form  a r in g ,  th e  

r a t io n a le  form a f i e l d ,  as do th e  r e a l  n'Tiber a , and also  the  c omnlex 

n -rix?ra.

A veccor rnace over a f i e ld  h has the  u su a l axioms, except 

ilxat " sc a la r  nw/ means "element of Ï'" in s te a d  o f " re a l  number"#

A ll the  normal theorems s t i l l  ho ld , f o r  example we can d e fin e  the  

d u a l space to  be th e  s e t  of a l l  K-valuud l in e a r  fu n c tio n s .

I f  however we weaken the assum ptions, supposing th a t  tlie normal 

v e c to r  axioms hold b u t th e  s c a la rs  a re  dravrn from a r in g  d , th e  s e t  

i s  sa id  to  form a MODULE over t lu  ri.ng . A module s a t i s f i e s  some of 

th e  v ec to r theorem s; in  p a rA c u la r  every element ia  l in e a r ly  

e x p r e s s ib le  in  term s of a s e t  o f  b a s is  elem ents. However, th e  

f o l i a , i n g  v ec to r space r e s u l t  does no t hold f o r  modules, in  g e n e ra l: 

i f  th e  space i s  of dimension n , and we ai-e given r(< n) l in e a r ly  

inuepenaun: v e c to rs , then  we can f i n i  anotiier n - r  v ec to r such th a t  

the n v e c to rs  ai e independent, and so fo m  a b a s is .  The proof o f
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tîiia  (iiv ie lo n  of s c a la r s ,  v/hich i s  no t always p o ss ib le  in  a  ring#  

l'»ju,’iiri.Llon F . J i .  ensures th a t  our r :n g  iuis a u n i t  e lem ent, 

lu  la  n o t a l 'i e ld ,  because no t a l l  clau,nt.>  possess a m u ltip lic a tiv e  

inv ra o ; I’o r  a f i e lu ,  to  any e lem 'n t f  l io re  coiv'espoivls an element 

f * '  ( a .y ) ,  w ith

f  . f  « 1

i# o . ( f - i . f ) ( p )  * 1 f o r  a l l  P

wnich i:nplio3 ( f " ' ) ( ? ) f ( f )  = 1

a n . CO ( f -^ ) (F )  * ^  ,

This r u s t  ho ld  except i f  f  i s  th e  z ro  fu n c tio n . However f ( p )

can have value zero  even thou,Ji f  i s  n o t the zt.ro f a ’io tio n ; s in ce

th e  A  ova i a l a . i o n  must hold f o r  a l l  I ,  ( f “ ' )  uoes no t codât 

T,'hon';V'3r f  has a zero .

the  vcCvor space of th e  C** fu n c tio n s , being i n f i n i t e  cL.icnaional 

h--3 no ocvlous peomotricifL sign i; ic<n:cc# V.o eccclier d e fin ed  a  vocoor 

f i e  in o n  .n c lla e a n  space to  be a ncgn;lnj of the  space in to  I t s o l i ';  

a  s îm llar c c d in it lo n  w i l l  not co fo r  n an lio L  3 , be cause th i s  ivould 

no Ion or i ’Lpdy t h i t  vectoi^s v.ero b e t n ; 'a tta c h e d "  to  each p o in t o f 

space. ilO’ ev er, th e re  Is  an c g d v  1 n t ,  Uiourh core su b tle  

cc:h.::;Ul ;n of vec to r f i e ld s  which c n be , e n t r a i ise d  to  proAcle 

a L iinnllion of vecto r f ie ld s  on a rned fo le  #
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14. ■ '{TW f jnriq

Clvvn an a lg eb ra  A, a fu n c tio n  J) which naps A in to  i t s e l f  

w i l l  bo c a lle d  a DhniVAtlOH i f  tha I'ollovfinr reiiuirem onts a re  s a t i s f i e d .

i .1 • K(Ay + /iw) s  A l(v) 4 g X^)

D.P. !(▼ o w) a w p Lv + V o Dw (L eibniz riûLô)

fo i' f* ll v,w Ç A. Here the  d o t p roduct ia  ü:3 m u ltip lie  .,tion

o p e ra tio n  -  no t a s c a la r  p roduct.

I!0'7 conwlaer the s o t  of a l l  such aox’i /a t io n a  of th e  a ly jh ra  C**.

. 0 c;lu a c i 'in i a d d itio n  aau s c a lv r  nultiuli-w .i ,ion of d e r iv a tio n s  as 

fo llo w s:

E .‘. (X + y ) ( f )  « x(f) + y(r)

D .4. (hX )(f) a h X(f)

whe.u i,Y  awe d e r iv a tio n a l f , h  ai':; O'* fu n c tio n s . Iliu'e th e

s c a la rs  f.ru elements o f  C* — i . e .  u l f fu io n t ia b le  fu n c tio n s .

, . 5 .  0 (f)  .  o

'' -lex'e VkJ l ig h t-h an d  s id e  i s  th e  zxrg iu n c tio n . As w ith  a l l  a :ch  

uc% in i t ic n o ,  the remaln5u'\g vector-âpaco  iud.oma a re  s a t i s f i e d ;  excep t 

th -v  th e  so a lu 's  a re  new only a r ' n i , and n o t a f j e l l , as  we have seen . 

Thuc -"he d e r iv a tio n 3 form a nodule ov- r  vhe C** functions*

Afi tiU e-ximple, take f o r  our n..ut.dold cimply th e  r e a l  U n e .

The C* fimct5.ona a re  the  d if fe re n t?  a b io  fu n c tio n s  o f one v r in b l e  x .  

row c lo r r ly  a  onecin l case o f a  d c r iv i t io n  i s  sim ply the oi'dlnruy
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d e r iv a tiv e

â  •

T'Lls nwp;j i t i j  fu n c tio n  f (x )  In to  t i e  t.crivwd fu n c tio n , Zo nay 

a la o  tLofine lai operato r

iA
dxl

w’licii g lv u i a p o in t a  majis th e  fu n c tio n  f  In to  th e  rrgrbar f * ( a ) .  

Ï.0 .CO g e n e .a l ly ,  g iven  aa d e r iv a tio n  Î) v/o mny d e fin e  an aa.jOciutk.d 

o p e ra to r

vrdoh n ] 3 1Î10 fu n c tio n  f  In to  t!io number

,.iw ü .̂L'j.aVOî'a s a t i s ty  f  . 1 . ,  ; avuve; a ls o  t . 5 ,  Ï ^#5#,

ex;o: w th a t  in  ÎI.4 . h I s  to  m'-wn m y  re ; !  number, and n o t a iy  

f  .no  den#

.e now prove tlie fo llow ing  ijiLrrawt: rd  x 'e su lt: any d e r iv a tio n

on th e  re r j . l in o  i s  simply a m u ltip le  oi* th e  d e r iv a t iv e .

Let a  be ary  p o in t .  Then t.’i-; c :. n  value theorem s ;a to s  t îk it

f ( x )  o f ( a )  + (x -a ) f* (a  + g (x -a ))  (46)

whei'e 0 < Ü < 1.

L t  £) bo any d e r iv a tio n . Aiy conuaant C counts as  a 

fu n c tio n . !Toi7

e( c. i ) = D(c) . l  + c.r.'{i)



191.

by wliü Xaiüjiia p ro p erty . Also

i(c.i) B cr(i)
by tiiu I tn u a r  p ro p e rty .

Ik nee

r(c).i « 0

I . e .

i ( c )  » 0

Ju s t as f o r  th o  d e r iv a t iv e .  

i:o’-7

I f (x )  * r f ( a )  4- (>:-a)l f* (a  + v (x -a )

+ f* (a  + d(x-a))w (x  -  a )

Eut f ( a )  i s  a  c o n a tm t — tliUS Df (a) v ud sh o s ,

Ko ; u t  X « a .  Tlien

L^f(x) a 0.3f*(a + + f*(a)D ^(n)

= f ' ( a )  (47)

Inus

: h i 3 i s  tia;e for  every point a .  

T herefore

D -  i M  i

L(x) l3  a fixed  function for given D.
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For general m n lfo ld a  v;e rviy prove th  t  ary derivation  X la  

mvruly a Itn  ar nun of p a r tia l c e r iv it lv e  operators. The proof i s  

sim ilar  to  the aoove.

XT C la  any consnant fu n c tio n  on the  m anifold, th e  fo reg o in g  

proof U i.t

l (c) *t 0

a w ill pli-w*

■w could u.iO the n-vai'ie'blu v.J.uo thccu'cm, but t n  

analogous '̂ :̂ ‘Oy£ su fficee#

l e t  i  bo a f ix ed  point ia  a ceoj diir.to chaxt (V,ÿ)  w ith  

coa  u la . t^s ( & l | .  Let Q bo u y  . c ln t  c f  V such that a l l  'h e  

*lji‘w-.-rV'ning" points ,  v.ith cooc'clin^tea

[a l  + t i z l -  r I )1 , 0 <6 1 1

( .1.1 'V T has coordinate3 *x î) llo  r.ltliin V.

Mr,n aa we have a sn

f ( ; ) »  ? :% ')

I’O.i

vd'itQ

f  0

? ( x l )  « ?(& l) + ^  t ( x ^ -  & l))d t (49)

a > t(% l -  r I )  •
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Then

i ?  & 2? agk*7T ® El ma—»
1 d t

"  j  '

ru3 ?(xl) .  ?(ai) (%K- a") r ± .  ?({l) at .
1 JO

•-iL® 4 k(xl,&l) = jg ^  î*Ul)ut  . (f>))

' ‘ u t k ( a l , a l )  = f â t
•*® J x “ J a l

J L
“ ga" •

i
X

fu n c tio n  on die irianifoid, which v/o d^wnto by

1.3 f  une t i e n  ^ (? ) on Car tuGictn cpuou c o rre^ o n d a  to  a  c u r ta in

y  d e f in i t io n

- 2 -  f  "  ( f  o  o  ÿ  .  ( 51 )

Thlo oTt-.’iTitar I s  c le a r ly  a  d e r iv a tio n ; i t s  coo rclnn te

inv:i./j In tiki ix al-^raiiabla p a r t ia l  d er iv a tiv e*

To y

? ( x l )  ,  ? ( a l )  4. Z  (x^ -  a ) h k ( x l ,a l )  (C2)

which le  eq u iv a len t to

f ( Q )  B f ( ? )  4  Z  (x** -  « > )  : k ( x ' , a l )  ( 5 3 )
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Let X \) i ary  d é r iv a tio n  of the  C** fu n c tio n s#

Thun

X (r( i) )  = X (f( f ) )  4. Z(%* -  X (w k (x S a l))

♦ ^ E%(xi,al) X (x** -  a**) .

fu t  f ( l  ) and a** a re  co n s tan t f n c i lo n s #  

liiU3

X(f(Q)) . 2  | ( z *  -  &*)% + EkCxl.al) (54)

i.e.7 co n sid e r th e  one value Q « F# 

dure x^ z a**#

'W.U3 Xp(f(Q)) = 2  ikCa'.aW G^(x^)

y.hore i s  the d e r iv a tio n  " e v lu - tc o "  a t  ? •  J u s t  as f o r

ue tlv fiIlo n a  on C a rte s ia n  space, a sso c ia te d  w ith u p o in t P

and ary  fo n c tio n  f  a r e a l  number#

Kcnco n n 1
X ^(f) « 2 -“  ( f )  .  ; c ( x k  . .  (55)

* 1

rin c o  o ils  i s  t ru a  f o r  a l l  F, we c o u li  eq u a lly  w rite

> a (* u )  c 1  ^ ( f ( ? ) )  X u \ i  j )  (56)

(T5) im pllea th a t  th e  v e c to r  space o f o c r a  ora Xp lias a s  a  b a s is  

the  s e t  of operato rs

- ^ 1d x ^ p
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(56) jL inlîü3 th e  modulo oa' d e riv a tio n s  X has as a  bus? s the

so t o f  u eH v u tio n s

- L .  .
dx^

16. ' •' * ' : '- tm

w (.O/iOwO tlie j.odula of d o ii  va t Ions on a  m anifold M by 

^  V (.V)

tikL tiio v ec to r space of op ê  a to rs  X , by

^  X f)

■■.i.j elt-uiunt o f s i l l  oj  ^ 1 1 * 1  a  '.'j-C'lCIl

r 1..Lu) on I-U Timt i s ,  a v ec to r fl.o la  i s  a  d e r iv a tio n  o f M#

/ l y  elwm.nt o f  ^ K f )  %111 bo c a lle d  a  5LJ:0HJT VIC TO:: a t  P .

) I t s e l f  i s  c a lle d  the T Ü . : . XL to  H a t  P . L v ec to r  

f i e l d  cO nrrly  enables us to  s e le c t  on^ tan g en t v ec to r a t  each p o in t — 

indeed prov id ing  a mapping of ta n jo n t v ec to rs  onto the  p o in ts  of K* 

Ve rot; i.Iiock th e  component ti-ansform ntion law f o r  con aravai’lrin t 

Vtsotor f  i e ld s .  i'y (5&) above

X = Xg") ^  (57)
ax'*

(using  o-iC siuoirttion conven tion).

lupi oao our co o rd in ito  patch  ad::i .3 tha co o rd in a tes  (x^*) a l s o .

Then
X -  X(x*') (53)
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u‘- L " (P) la  a function  on 'Jiu ix a ilfo ii , so vva have

X (x i’ ( r ) )  = z(%k) ^  ( % ''( : ) )  (53)

using  (5 7 ).

Ko'/over, (x ^ '(P ) )  la  In  f a c t  j u 3 t ( x l * ( x J ) )
ÔX'' 0%K

viiei'Q tile  fo ru '.r  la  In  our oynbollc r c s i  l io n , and the  l a t t e r  I s  th e

s t r a i  ii'Loi'we-\x p a r t i a l  d e r iv a t iv e .

Ce x o  (55 ) la

>l(xl*) m A(X*) 1“  ( 60)

. ' l i t I n ;  X (xl) = u l and X(x^*) = u^*, then  1 /  ..(37 ),(53)

l u l j , i u l  ( a r e  each components d ' tlrs  v u c :c r  f l v l d  X w .r .t*  our 

Cuuu.%.lnatt;-derived tteiSeS.

(bO)

u i * « (61 )Jxk '

Vfhlc.?! i j  tho  I'Mmlllar component r  :a u lt f o r  c o n tra v a ria n t v ec to r f lu id s .

17. - ' ' . 'M '-x  : TO':’

fo n s iu e r  any d e r iv a tio n  X*

u h VO
X = X (xl) ~

Conaidca' d e r iv a tio n s  of fu n c tio n s  :.,:5.1ng va lu es  along soms curve

a h ‘’( t )  .

t r i t e  %l(x*) f o r  Uio o p éra tio n  X(%1)

The aro  each C“* fu n c tio n s .
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*'o,7 t ’iü 'yste ia  of equations

^  = X g j i p  ( 6 7 )

has a t  lu a s t  one so lu tio n : thus these epuitrlons d e et  l e a s t

ono cu r'/e .

f o r  a l l  p o in ts  ly in g  on t.iio  curve v/o may iv ilte  

X ( x '( t ) )  = S5 h l ( t )  •

I f  i. is, ai.y %'olnt on tlila  curve cona mponalng to  t  s  to ,  say , 

then

Xj,(xl) a hi ( to )  .

■ut X ,'vxl) wrw ju s t  thu oonTjOnOiits oi" X,, w . r . t .  ths n ritu i'J .

I/aa g lv o i any X, vjq can i i n l  a  curve f o r  which th o  

co.jpon^: vu of *̂ 3 a*e tha  ’’cooi'uin* o co.iponunts" of the  tan . e n t 

v ec to r K.Ù J*Q curve a t  I ,  l o r  a l l  p o in ts  P ly ing  on tho  curvo*

I'ov/ wo ci.n  always l in u  & s o l ;  i .on o f tha equations ( 6 f )  pr.asln^, 

Ciruu h iJ ij p o in t f o r  which tlio a re  not a l l  zero (from th e  theo iy

ol' r>uJi a system o f egu* u ions). ' au j f o r  a l l  p o in ts  ?  wltll Xp /  0 

ve can firvl a  curve f o r  which X i s  J io  ran  ;ent v ec to r (in  tho  

coctt*ein.ito co.;ipv..nent cunse) fo r p o : n  s  on tlia  curve a t  aval ai'O’und P* 

Kovu f l a t  along th is  cu rv -, i f  ? l a  tn y  ü“* fu n c tio n

X ( g t ) )  ^  ^  f t

= n . (  ( t ) )
d t

when CO tlie o p era to r X i s  to  ba thou I t  of aa th e  t o n - e P l ' l   ̂

deri.v i jW e tù.oi\; t h i s  curve#
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L'l p a r t ic u la r ,  o f  co u ras, gut tin ;; F = f o r  each cocr^lrti'.o  

in  tin 71,
x r^ ir+ .u  =

a t

wîlicii 14 cü im iata ïit v/ith ( l ) i  aQi/uver, t i l l s  l'oiIov/3 d i re o tly  I 'ra a

X m X(%1) - 4' A vLex
wherey

x(xJ) = z g i )  g g  (54)

1 . r " I  - L

Tho i.uml module of ia  ce: otcvl by

A  ( ) •

,L y clomouc of t h i s  modula i s  calli-xl a  L'T-V .I.NT Vl.CTdd I’jhlU)

(tho  trf.iicfom iation  law la  obwrdn d In  a  ati'aighti'or7^ard m inner) #

I f  ^ i ( p )  denotes th e  v e c to r  sp no obbiini.'d from by roplaoin^

a l l  s c a la r  fu n c tio n a  by th e i r  va lu es  a t  P, th m  an obvious r e s u l t  

(îîa lq n tcn  ( c f .  ) )  I s  th a t  ^  i  (p) I s  tha  dual vectiSi'-apace

o f

Co: r  .kqoiriint; to  our coord inate  b? s i  j a? < ^ ^ ( m) tlioro l a  

th e  JUlxI  b-aiia o f £ ) i (M)« Thin w i l l  bo aenoted by

{dxM •

^iJ 'h  dx^ la  a l in e a r  o p era to r on tan g en t v e c to rs , end i s  n o t ,  

th a .t /u i-c , t r y  5011 of o o o rtln a tu  inoro>'.uit. However i t  la  in  rtmy 

v,cr/ü a:ia.lo OU3 to  tlie Increment concep t.
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«kiiuc la  tiiô u u a l b .s la  uo -2 —  ̂ v;e h;*va

(  â t r )  “ ®‘-> • (<';')

CoiVus ;û.k.li\; lo each C“  fu n c tio n  P , v/© u o iin e  an o p era to r (d’̂ ) 

ly  diu L _q-.i Llon

(û7)(x) = 1 (f) (66)

V..X. i-e '{ l a  a  d e r iv a tio n . I t  io i la v a  th a t  d? I s  a  llner^r o p e ra to r, 

un i th  .isàfora an elem ent o f l'o te  th a t  (66) l a  c o n s is te n t

w ith ( 63) ,  elnco  (66) g lvea

W  -  ^.j. (67)
fA ÜVH y i ^  .-îd̂  , V ô yt/Vt,  ̂g F ) (  ' r  T .
rhenoo uur no Litton allov.s us o Trulvipay ' derivatives and

differentials In  an obvious a.nnar*

Ko'7 X * X(%1)

Thus

rUt U4ln.j ( 3 )

( F )(x) .  :(% n  r i  ( :3 )dx*'

(d%l)(x) = (ux^) [  )

s X(xj; 5 y

m X(n^) .

lo llo w s lTj»ediately from ( ,0 ) ,  o Id ln g  a fu ll  check of

con sis ten cy  o f  (i 3) and ( t6 ) .

(59)
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U ainj ( .3) and (60)

(d?)(X) » ^  dx‘ (X)
dx^

Î c 0 Iwhence i “"i are the components o f di'’ w ith resnect to  the dual 
i 3xl i

i
d^ I i t s e l f  as

a ccvu ri.n t vector — we regard thora as the components o f the covariant 

vector f i e ld  dP w .r .t*  the b asis  o f d iffe r e n tia ls#  

the r e la tio n

dP a —  dx** (70)
ax '

provides the ju s t if ic a t io n  for  our n otation .

19# P I ' 'U S

Co— and Cont.ravariant Tensor f ie ld s  may no? be defined in  

a sti'aighlifor\/ard manner; the tensor nrofuct nodule ^(%) ‘  ̂ ;

i s  defined to be

(5)^  (x ) ',2 » i(M ) (71)

and co n s is ts  of the appropriate s e t  of m ultilinear functions onJpi(M ). 

The laoaule^  '^(w) defines a vector space ^  #(P) and i t  may be 

proved (Hel^ason, (Kef# )) that e ^ S ( P )  i s  the appropriate 

tensor-prouuct space of ^  ^  ( P )  o n d  a lso  that ^ b C O

i s  the uual of ^ f ( M ) .

For the vector-space J P ^ ( P ) »  i f  ©L» ©I» are any two bases, 

then i f  are the components of a vector Xp

« a[*
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whore

:'oi* tho  module ^   ̂(!J), given any two coo rd ina te  bases
a <?

$ ’~ T .<  then the  component t.-ansform atlo n  law- a s  we li^ve s^en
J x '

i s  tlio samo a s  fo r  c ^ '( p )  except t h a t  th e  m atrix  aJ^ Is  no longer 

a £K-t ox‘ numb01'3 , bu t the s e t  o f fu n c tio n s

l ë l  •

;:im lli.r ly ,  th e  component tru n sfo ria^ tio n  law for g^i(P) 

in v o lv e s , ii3 v/e have seen , the  product o f tl% m atrix  A r  ticK S, 

end tiie la'oduot o f A*^ s  tim es# 1 o r  we sim ply rep lace

A by tiiG above Jacobian M atrix . tlius '’te n so r  f i e ld s  ’ e re  indeed 

" te n so rs  ’ in  th e  e a r l i e r  sense. The o p era tio n  o f  con trac  io n  aan 

be üeu.lnüd in  an in t r in s i c  iminnt^r ( i ie ln s o n , (R ef. ) ) .

'' f (V'T r'T'^oF'^

. e next a lb cu ss  th e  rrieaning of an Vf f in e  Connection# To a s s ig n  

one i s  c l . a r l y  a  " s t ru c tu re " , c o n d itio n . C ovariant L iff© re n tia tio n  

i s  els. u r ly  a d ire c t io n a l  o pera tion  — in  th e  e a r ly  trea tm en t o f tunoor 

c a lcu lu s  tho d i r e c t io n a l  ch a ra c te r  v,u3 expressed in  tenaa of coai'dlnato 

lu c re  rants# a© s h a l l  express tlio ^ irec tio n tv l n a tu re  o f  such 

a if i  C roatia:J.on in  terras o f  tan^.on b v e c to rs .

/jn /a y i lU  COMIl-CTI'JN i s  a c o l le c tio n  o f o p era to rs  V^, each 

a sso c ia te d  w ith  an a i 'b i tr a iy  v ec to r f i e l d  (o f j ^ ' ( 'O ) »  X, which 

maps ^ ( j )  in to  i t s e l f ,  such t l ia t  th e  f o l lo ’»ving re  luirem onts a re

s a t i s f i e d .
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.1 . Vv(aY 4! b3) a a7y(î) ♦ b9_(2)

where a ,b  a re  co n s ta n t fu n c tio n s , Y,2 a r e  

con tra  v a r ia n t v e c to r-f lo lu s#

A .2 .  Vj.(F,Y) a FVjj(Y) ♦ X(?)Y

wlisj'e F I s  tn y  C°* iXmotlon.

A.3. f̂x+GY^") “

Of cou rse  we need n o t in troduce  c o n s tan ts  a ,b  in to  A .I . ,  s in ce  

Vjj(sY) a a7^(Y)

m aybe de^ncud X rom A .2.

V , l a  c a l le d  th e  COV/dJ ITT fa  J  ’.', :iV.i v v .r .t .  X. In  c n yA
cooi u in .ile  l a tc h ,  '  (m) has th e  b a s is

dx^  i

'.r ite  V& "  V.
V a x ‘

. . f e )

(72)

i s  a  vootor of (u ) ;  wa may v .r lta

’ ‘ ( è )  *  i r  ( 7 3 )

where liia  f ’a a re  C fu n c tio n s .

I f  X*** a re  a new s e t  o f  c o o ru in rtc s

Vl • ( A ’) "  (7»)
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r d
dx^

and s o , u rln ,: A .1. ard  A .3 . ,

7 ‘ * ( i W  " 7 ‘ * (  ^  )  * Ù >  ( i f l O  Ù

whence, U3ind A .2.

2̂lL 22ii Y f  JL  ̂  ̂ 2*xJ

r i . f  ’ »  r u "  g .  f ÿ .  ^  > g % T  g  ( 7 5 )

4* ILot boUi ciuüa opei'ate on th e  fu n c tio n  (x"' )•

Thun .,  ,
r . , , : ' .  n j «  i d  âz£ + _ d d _  î à L

#xl* fx 4 * 3 x '  d x^ 'dx^*  (7^)

we luve w r i t te n  I  in s  toad o f Ic). Tliis i s ,  of coui'so, tiie  

t i \ r i j_ û iü  t io n  law f o r  connection coiipon-unta ‘ in  th e  o ld e r  sen se . 

Rote ho V s t:x ig h tfo rv .a rd  our concept o f covu i& nt d e r iv a tiv e  i s :

A. :, i s  r .  a l l y  th e  W ibniz R u le ,  i f  v.e allow  to  o p era te  on

IC '.L' f f  — i . e .  C"* fu n c tio n s  — a ls o ;

9%(F) » X(F) (77)

t  ^at i s ,  i s  th e  d e r iv a tiv e  in  tlio ’ X ' d i r e c t io n .

tlie  no tio n  o f p a ra lle lism  r e  p i r e s  sojae care : we s h a l l  ijlvo

th e  g e n e ra l l in o s  of th e  ar^pment ( fo r  a  f u l l e r  d iscu ss io n  see 

H ellason ( o f .   ̂ |< ))
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11. P':C'uR'TJ" <

Consider a cui've H (t); then a t  each p o in t we ta n  chooeo 

a ttiiigGiit v ec to r  which i s  tan g en t to  tliio  curve in  th e  coorclnüt©— 

component; e.jnse, .’,e may a ls o  choosa a  v ec to r f i e l d  X euch th i;t  

f o r  each poins of tho curve la  t h i s  t animent v e c to r • oWj^poae

w© ii,vo ano\,ficr c o lle c tio n  o f tan ,,en t vcccora Yp f o r  each p o in t 

o f th e  curve, which i s  such th a t  t  i s  taken round tlie

curve i s  to  W regarded  a a a d iffer©  it  le b le  fu n c tio n  of t .  TTion 

we mr.y choo e a v ec to r f i e l d  Y such th v t  th e  a s so c ia te d  Yp a re  

th ü je  cui^.ent v e c to rs .

P.A» c o lle c t io n  of v e c to rs  Y (t) i s  t^ald to  be LLhL along 

th e  curve i f

Vjj(Y) -  0 (7 i)

along he cu rv e . In  o ther wortis, Y i s  COV/nlIlîTLY CONY'/vRY in  

thü tm g u n t ia l  d ire c tio n  to  tiio c u rv e . S ta r t in g  with some v e c to r  

Y (to) a t t a  to» th e  s o lu tio n  of th e  above equation  w i l l  d e fin e  

a new v e c to r  Y(t) a t  each p o in t of th e  curve. The v e c to r  Y(t@)

i s  tliun s a id  to  be FAPALI-RLY r-.O ■ along the curve.

I n  a cu o rd n u te  p a tch , w rite

) ; y ‘ = Y(y‘ )

X^,y^ a re  thvn the components of th o i r  re sp e c tiv e  v e c to r - f io lu s .
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Then

X a ^  Y a y j
5x1 Cay

w h o n o a  V j ( y )  .  y J  Vjj ( j I t)  *  X ( y J )  j I j

-  ( ^ )  *  X t  g  ^

I (3-x̂ixlonj t l o  curve, X ■ • Since Y i s  p a r a l l e l  a long  tlia curve,

.  Ï ÿ  6 > ' )

lor o icn X 1 tliua

#  .  r , /  # Y ^ . o  (73)

Those e .quation3 could enaolo U3 to  uoterm ine th e  p a r a l l e l  

piopivpition of a vector Y ( to )  along the whole le n g th  o f th e  curve, 

f o r  suppose th e  curve l i e s  in  a c o llc o tio n  o f ch a rts  ( V ^ ) where 

a i a.nt;e3 f ro d  1 to r  and to l i e s  w itllin  Y i • Then we could 

so lve the  e quations in  th e  co o rd in a tes  6̂% v a lid  throughout V j.

In p n r tic u lL r  th i s  gives us a so lu tio n  at Game one po in t of A V^, 

so we ciin so lve  the  equations in  the  sye to a  using  th i s  ono value

to  e lin in & te  th e  a r b i t r a r y  c o n s ta n ts , and so on through th e  ch a rts  

i:o-o tlwit th e  above equation  invo lves the  v e c to r  f ie ld s  X,Y 

only us le , az\ia th e i r  va lues on th e  ciurve. Thus in  tho  equation

Vj(Y) « 0

i t  i s  o ' no consequence which f ie ld s  X,Y wo choose, p iovided th z t  

X id  th e  t ;n ^ e n t  v ecto r to  tho  curve a t  each p o in t P ,
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I f  th i i  curve l a  auch th z t  tho t^ingont vootor I t s e l f  I s  p a ro llo ly  

propagHto.i, th e  curve Is  sa id  to  bo a C: CURLS IC, The co n d itio n  fo r  

t h i s  i s  tlü it

?%(%) -  0 (SO)

o r  in  a uooi'ainuta p a tch ,

= o (31)

A ca:.plt ;e so lu tio n  of equation  (oO), x ( t ) ,  p rov ides a  TliXIlZL

g eo d esic ,

I/2t  * ,  q be two p o in ts , and ! î( t )  a curve connecting  r ,S -  

ÏCCU q a re lle lism  w . r , t .  ^ g iv t .n  a f f in e  connection and th e  curvo II 

p .o v l ic j  an isomorphism b e tw e e n |) '(p )  and D '( 'l ) ,  th a t  i s ,  a l in e a r  

ru lo  1 o r  s e le c tin g  a  tangen t vec to r a t  Q given one a t  F , and v ic e  

versa# Since

?%(Y) .  0

poo SOS 3M 3 a  unique so lu tio n , g5.ven Y(to) (where P » H (to )) , h e r e  

i s  a  (1 ,1 ) r e la tio n s h ip  between a  t .n g u n t v ec to r a t  F and th o  

p o i 'a l le l  v e c to r  a t  7# Since the  ecju ivalcnt coo rd ina te  equations (a) 

a re  l in e a r  th e  so lu tio n  i s  a l in e a r  fu n c tio n  of th e  I n i t i a l  paivmieter, 

which a r e  ju d t th e  coo rd inate  cor.pon.nt3 y ^ ( to ) .  Thus i f  F,Q l i e  

in  th e  sawu p a tch , th e  r e la t io n s h ip  K tw aan Yp and Y  ̂ l a  l i n e a r ,  

aiki cao arguraunt can r e a u i ly  b̂ r ex ten .od  to  th e  g c n .ra l  c a se ,

une im portan t theorem (see  Ko\;a..on ( e l ,  i*T ))  i s  th a t  g iven  

an a f f in e  connection , a p o in t P , and a non-zero fengent v e c to r  a t
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F, 'Uiun ijifcii‘0 e x is ta  a  unique maxiiuil (:©oiLosic through P w ith  

ta© c lv u i  v e c to r  a s  tan g en t.

' ■ T] ' I V ' Ti» ̂  I g

ü rjüxt eh OIT th a t  co v arlan t c i f  f t  ren  t l  a t  ion Is  a most n a tu ra l  

d e f in i t io n  o f c l f l 'e r e n t ia t io n .

I'upX)O30 v/o a re  g iven v ec to r I 'io H a  X,Y. iWt F bo a  p o in t 

f o r  w lürh Xp /  0 . Then, as  v/e h .ve swun, v/e can f in d  a  curve K (t)

in  die ntdqiiboixhood o f P w ith  X (t) aa i t s  tangen t v e c to r  ( in  tli©

coorcvlnato (component s e n se ) . Given an o if in e  connection , then  to

every v e c to r  11 of ^   ̂(F) corresponds tho  p a r a l le l  tan g e n t v ec to r  

a t  i ly  p o in t t  of the curve, w ic h  we uenote by

T^(S) .
h^dh we have seen, i s  an Ico: loinhium. Cadversely, to

each Y (t) corresponds a v ec to r

T g ‘ (Y (t))

o f the t .n _ c n t space o f F .

uno cannot d e fin e  a d e r iv a tiv e  of Y es

^  i  h ( t )  -  n o ) )

since  Y (t) and Y(o) belong; to  t\.o d i f f e r e n t  v ec to r sp aces, and 

no maaning can be a tta c h e d  to  a .dii\x o r  su b tra c tin g  thora. However,

I f  F a 11(3)
Y(0) end T ^"i(% (t))
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belong to  th e  same vec to r space — a n a tu ra l  d e f in i t io n  o f a  d e r iv a t iv e

would be

■o c lia l l  prove that tiiic  i s  in  f a c t  th e  covariant derivatlvG  

of Y f t  th e  po in t P. The v e c to r  X comes in  because ia

detenainod by a  curve, which in  tuxvi i s  dott-rmined by X.

I t  i s  s u f f ic ie n t  to  co n sid e r the p o rtio n  o f th e  curve ly^ng 

witliijn th e  }3;Atch contadniiv; I .

X*̂ t T' be soino po in t on tlio curve, fak e  th e  v e c to r  (Y(f j)

a t  F and propagate i t  pca*allely d o n ;  th e  curve f o r  a l l  jo in t s  up

to  T, feno te  th e se  vec to rs  by

2 ( t)

.vhe. a 2 (0) -  ‘ (Y(i’)) .

(52)

-\l30, tliQ p a r a l l e l  propagation of .) along th e  curve to  T

la  Ju s t
T j ( g 3 ) )

i . e .
y( t )

whence
s ( t )  « Y(T) .

iy  the me(n value theorem

rA
:’, ’(T) « 2 ^ 0 )  + T “  (ii) (33)

where
0 < u < T •
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î;û.< i  (z ^ T )  .  2/ ( 0)) =
u t

- _ r f j  z J (u )

U h iVG

tllTe. king c on; orients.

T j ^ (ï(X ) » Z (0 ), whence

^  (Tj »(Y(T) -  Y(0) = ^ (r.(0) -  Y(0)) .

= ^  (Z '(  )) -  Z*(T) + g  ( f  ( ï )  _  7 ^ 0 ) )

= T i /  zJ(u) * i  (y'-(î)-yRo))

v.honcu in  th© l i r a i t

^  T k ' w u )  -  m ) ]  .  g  - r J  g i  tj]^ .

ainew Y ^'t ) » %J(T) .

% (rq» (Y(t)) -  Y(0)) » [vgY)] (%)Thus lira
tr>0

G ru'.y now extend tho d e f in i t io n  o f  to  opera te  on a l l  

v e c to r  end ten eo r f ie ld s *

I f  r ,7  Fro two p o in ts , and i a  a  curve jo in in g  them,

l e t  T deiioTe p a r a l le l  t r a n s la t io n  of a tangen t v ec to r a t  F*

I f  Û) denotes a member o f th e  dual cpaco $ % ( ) v,e s h a l l  c o fin e  

th e  e l- ra a it  c f ^   ̂ ( ; )  % r(w) by
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( r ( u ) )  (Xy) = (w )C r '(X j) )  (C5)

f o r  t i l  tu i. ,cnt v ec to rs  a t  Q#

T.iia rnL-ans th a t  a p ^ a t l le ly  tr 'n ü l.4 ,to l d u a l v e c to r , o pera ting  

Oil u. v e c to r , Is  eq u iv a len t to th e  u u a l v e c to r , o p era tin g  on

u*G uw-iwllely tra n s la te d  tangent vector*

c-.Ji i l l y ,  a tenoor f i e ld  o f tyiiO ia  a m u lt i l in e a r  fu n c tio n

of r  co n tra  v a r ia n t v e c to r-f  ic ld s  and g co v arin n t v e c to r - f lc ld s *  

lx‘ T iti .3uch a te n so r  1‘i e ld ,  then  I lie p a r a l le l  t r a n a la t io n  o f  Tp 

w ill  Le civjL in e l  by

(T(lp))^Xq(" ) , . . . ,  X ^ L  )

“ T-* ( « ( ' ) ) , . . .  L )  (eS)

Tliui, by annlo,jy w ith  th e  fo re  p i n ; ,  v.e v.-r^lne

^  t  |»-t’ * C v ( t ) ) - ï ( o } )  ( 7)

w ith  th e  n o ta tio n  as  bei'ore*

In  p a i 't ic u la r ,  i f  ? i a  a o c a l j r  (cf* fu n c tio n ) tlien  th e  ’’p a r a l le l  

tra rio la u io n ’ of F(c) can only  mean f ( t ) ,  so we w rite

{?),(?)] = l i a  1  ( F ( t )  -  F (0 ))

tu t  Xp » , since the  curve i s  *tka\jont to  th e  tangent v e c to r  ..

TliUS
V % ( F )  =  X ( P )  (X)

a d é f in i t io n  ouggested previously*
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© nai idiovj th a t  those (iofin .itionu g iv e  tlie normal covailanb 

CüilvativQ  component fonnu laa .

I f  Y l a  an y  co n trav c ria n t  V G cta.'-iio lu , we have sliov.n t h a t

[v ^ (Y )]^ =  1 1 m l ( r 7 W t ) ) - Y ( 0 ) ) .
r  t*0 

T’ùua ( I f  U ' A . l ,  i s  f in i t e )

rq * (Y (t ; )  = V(3) + o(t)
ai'Ü üO, equally

Y(t) = T^(Y(3)j+ C(t) .

Tills hol^o I’o r a ry  ouch v e c to r  1 1 .Id : in  p r r t i c u l - r  l o r  •

ho./

r^(Y(o)) = Y (t) -  t  Tt[7%(f;) + 0(tP )

-  Y(t) -  t  [?.^(Y)] ♦ G(t»)

which tiiiO/S th a t

[?x(Y)] * am 1  ( l (  t) -  r^Y(o)) (33)

'ill© arjutn Jit above hrcaka dor/n i f  f i j ^  a re  no t continuoua along tîic

coinro; however, we could s t i l l  e s ta b l is h  th e  r e s u l t  from i ' i r a t  

p r in c ip le s*

Let w be a co v arian t to n a o r- iie ld *

Then

[ v > ) ] ^ ( Y ) p -  i ( r - ( . ( Y ( t ) ) - V V )

“ ^  i (m ( r t ( Y p ) )  -B p(Y p)) (50)
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by thci d e f in i t io n  of p a r a l le l  tix u ia la tio n  o f  co v a rian t vec to rs*  

r'o.v

r*(W ,) « Y (t) -  + 3 (t» )
* U  7% J  p

as  w© have sjtrx:

» +ripx*zJ(o)) + o(t®)]
/  j  \

Binoô Ü i s  l in e a r ,  and ta v.hei’e dx** = w, v;e have

) * Y*^k •• t  Yp CJ k — 'tu k f  i j  Vp + 0(t® )

X.U.3
w(7^(Yp)) -  tfp(Yp) = (Y^ Wk)t -  (Y** %k)p ~ t  Yj! ü k [ t )  -

-  t  û JK (t) ( r t /x ^ ï '^ )p

i r'OCüj.f.n.j to  th e  l im it

[v.^g)] (Y)p .  33  (Y* Wk) -  Wk - r \ j k  y j  o*
p

^,lü3

(51)

A s im ila r  argument using m u lti l in e a r  in s te a d  o f l in s u r  fu n c tio n s  proves 

tJic liT'Ual r e s u l t  f o r  te n so r  components*

Tills tre a tm e n t in  term s o f p a r a l l e l  ulBplacements i s  cue to  

C h ev a ll'y  ( ef* G ) ) •  /ui a l te r n a t iv e  treatme n t  o f th e  concept

o f  a f f in e  connection i s  th a t  using  tlie  conoaqt o f "frame bun le s "

(seo  o . j .  Ilomizu ("of* ))% th e  approach I s  c e r ta in ly  elcgauit, b u t

re  iU lros a g re a t d e a l o f p rep ara to ry  d ev c to im n t*
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23 . Tx: :ii:::x::xTN üA ïiro ip

Vljua i ‘ciT we have developed tiiu concept oi‘ th e  CorfL.C'ZD 

D iTferenJ a lc le  r a n tfo la :  th e  lu x t  seep re p re se n ts  e, f u r th e r

8, e e l t 1 Vb a .1 on •

.. . jK.hLi.mh n s tru o tu i’© i a  a s c a l - r  valued synrautrl-C secon i. Z'-arJ:

te:i;wa- i ;Jc]x i.j nowhere degenerate (1*3. f o r  a l l  p o in ts  P,

I V Y,g^A^,V) a Oj w> Xp * 0 )* A iu i  th a r  % équipement norm ally

l i  Ti.it .-h© s c a la r  f i e ld  g ia  cX coütTïxuous*

.Aci.:ara:iaa Connection ia  the uvrlgzo connection  which p reaarv es 

g on je r.’ l l e l  1.1 sp h ic e ie n t, ana f o r  vhich th e  T tl.ID Îî ZV-ZCP. I s  zero* 

In Levi— Ci v i t a  n o ta tio n , v.e re q u ire

r i /  - T j i* ' = 0 ; ( ,3 )

S l j J k  = Ü' (33)

(10 w ; e a ta b lic h  th ese  r e  ^ irc i.ia i ta  in  the  te n so r—f  -o il  

ro ta t io n ?  i i i 'a t ly ,  I t  might be thought th a t  (92) could  be w r i t te n

VjY -  9yX = 0 . (34)

However, tii© L iebnia p roperty  n e c e e a it i to a  a  coi-nplicition: w ritin g

X =  ( '  â ! q '  X =  v . 9 h  , e

v^Y -  9 y X .  f ' q j  ?L 331  -  v k ^  ; ! r  ; ! ?  "

-  n J (9 i g !?  -  9 j  g ! r )  +
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■ü or© thuroforü  led  to In troduce tho  Torsion Tensor T (a,Y ),

d efin ed  by;

?(a,Y ) = V^Y -  ?gC -  [X,Y) (95)

where

[X,Y] "  XY -  TX . (35)

IZ'J ülLc. n a t ln j  opera to r proi-uot [ v,Y] s a t i s f i e s  th e  :iBhn.lz 

pi'op r t y  Y s we Ixave, f o r  a l l  s c a la r  11 olvx F,

[X,F y J = X( f )Y  + ?>7f -  lYX

= rfî.T] + x(r)Y . , (37)

The ja o m e t i t s e l f  ae f in e a  en opei'a to r known &s th e  LIE IIIlIVRtTn/'E;

^ ( X ) Y  « [X.Y]

= -  ^ ( Y ) X  .  ( S 3 )

6 I s  a a'-i^ ^  i  •*  ̂ end œ l^ht a -pciir to  s a t i s f y  th a  uxioas f o r

an a f f in e  connection . Kov.cvtr, (x) i a  a ls o  L iebnis 5ji X, cmd

not line<rr aa req u ired  f o r  an a f f in e  connect: on.

tho  tan©or ch a rac te r  o f  t 'le  mapping 'f i s  e s ta b lis h e d  by 

dem onstrating i t s  l in e a r i ty ;

v(x,:y) « FV̂ Y + x(;)Y -  [x ,r /]  -  wpc 

= i’(v^Y -  v p c )  -  f [ x , y ]

« FI(X,Y) . (S9)

= ( r i / ( 130)
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which là o u t lJ le a  T w ith th a  c la s s ic a l  to rs io n  te n so r .

ÎLvlng assig n ed  a Elumanniim s tru c tu re  g ,  th e re  1», as we 

htvo n o ted , a  unique a f f in e  connect?.o3i which p reserv es  g on p a ra i l o i  

clnpliiconitint, and f o r  which the  to rs io n  te n c o r  van ishes. In  component 

n o ta tio n , th e  f  an i  l i a r  r e s u l t  i s  th a*  f * \ j  l a  g iven by

r \ j  = • d - D

•e s J ia ll endeavour to  i ‘ev ;rite  th i s  e q;v.tlon in  the n o ta tio n  oT 

covazinn t e i f f e i 'e u t iu t io n .  h^v©

2 a . . r \ j  =

OHki. th e  l e f  t-îiL.nd sida râ iy be w ritte n ; 2g ^  9̂

e ui’xi le d  to  t i y  f o r  a i't.la tion .dd j; a? th e  f o r a

2c(X,?2Y) -  Zq(X,Y) + Yg( ,S) -  Xg(Y,Z) ( i f c )

bu t a.;:.in ilio lAebnlz p roperty  c rea te*  co;.o H c a tio n s . Tha te n s o r  

VO*. , ion of (101) i s  in  f a c t

2g(X,7„Y) -  ?g(X,ï> * Yj)

> T s(X ,-) + K(Y,[X,Z])

-  r.e(r,z) -  c(x[-f,z]), (103)

Interciianging Y,3 one f in d s

2 g ( x , 9 ^ Y  -  v -̂Z) =  - K ( e ( Y , 5 )  -  g ( z , y ) )  -  2 e ( x , [ Y , : : ] )

= 2(i(X ,[5 ,Y ]), (104)

Blnco g i s  eyrmnetrlc. Tince th i s  ro X rdonsh ip  ho les f o r  n i l  X,

v„z -  v,Y » [y ,::] ( 105)
X ‘04
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and injïicy t iu  to rs io n  tensor vanishes#

'.e tJ s o  have to  e s ta b l is h  i h t t  7 ,g s  0 .  How th e  covarl^uit d 

d u riv  itdv© oi” a ten so r m/.y bo d e i'ln u l by e q m tio n  (^ 7 ), and by arialogy 

wi th tlie  e l .:a ‘'n ta ry  theorem on tb/Ci o jiio t of two fu n c tio n s , 1fi© 

gO'iüü^G.liUd lAubnlz p roperty  m.y be os tab 11 shod 2

v q . . ( , £ , T , . . . ) i  » ( V q : ) ( X , Y , . . . )  + ' . ' ( V ^ X . Y , . . . )  + T ( X , 7 ^ Y , . . . )  4- . . .

( 1 6 )

iv liu -.i.t-lvu lj , l id s  équation could bo used to  d e fin e  7„T. A p. r t i c u l a r  

o s© ia  - h . t  when T i s  a 1—fojm u  î

7.;w (Y )l -  (v,_4ii(ï) + a (7 ,- i)

SO U :.t
( 7 , .  ) (Y) = iii ( Ï ) -  u ( 7 4 0 .  (137)

Ono ue^uoos th a t  in  p& rttculA r

L-^ _ _  -;-A f v;. —

*

and so V^dx' * »

v.'iicli lu iu 'j to  the fa m il ia r  r e s u l t  on tho  d o riva  iv e  o f a  co v a rian t 

v e c to r  f i e l d  In  le v l-C iv lta  n o ta tio n .

i’e tu rn ln g  to  the question  of the ■ iaiuuv'dun  Ai'fine Coîinection, 

wo havo

V j g ( % 7 ) i  = ( 7 . .g ) (X ,? )  + C(V YyY) 4. c ( X , V . Y ) .  ( l l l )
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Xo..', -.y ( 1 ’3 ).

2c(X,Vj,'f) 4- ZgfY.VgX) m 2Zc(X,Y) 

t i l l  o tlie r twrraa c an c e llin g . >aii

? .le (x ,Y ) l  = ?e(x,Y ) 

s in ce  g(X,Y) l a  a s c a la r  f i e l d ,  ''."ais 9, g = 0 .

Th© ru'jiuaait m y a ls o  be 1 jiv jrto-l, wRAch proves th a t  thore Is  

ono tUiVi 'tily ono a i'f in o  connection satiaf-'yr'jvp thu two proptX'tiuG 

6'irault'ij:uouoly.

g  3  k  dxJ. ( 1 1 0 )

I f  0^ ia  a  tan^’cn t vootor (iv u n  by 

Ô 8 s  5x^
a x '

whuiv.' 6 x ' « -  x ' ,  and x ^ * ,x ' a^’© co o a iin a tea  of neighbouring

p o in ts  cn a cu rve, have

€ ( 5 i , 5 ^ )  3» G i j u x 'S s J  ( 1 1 1 )

in  aocornnnoe w ith tha le v i-C iv ita  approach.

Oinca g i s  a  syL-i'netrlc tons o r a'1. Id , a t  any p o in t P

\ i i  rkay chooso a b a s is  e ,  of th e  trn ^ u n t space a t  P such t i ia t  the

m atrix  tak es  th e  dlagon.il 1’ai.r.i w ith  4:1 along th e  loa<dng

d ia g o n a l. In  Conoa*nl l e l i t i v i t y  wo a r e  concemed w ith  ' Hoi’row.l

r b o l lc  ' ](!': ram nlrn ?paco, v.'huX'o

6 p (£ u â j)  = T?ij ,  (112)
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whar@ T}ij I s  a d iagonal m atrix  wl h  te rn s  (1 »-1 »-1 »-1 ) •

Ho.i’mi.lly I t  i s  n o t ; osslbl©  to  choose a  coo rd inate  syatc-n truch

th a t

®p ( i f r  ’  i l r )  = " w

f o r  a l l  P , II' i t  i j  p o ^ a ib l ,  ve h  ve achieved a f u r th e r

G g cc la ll3̂ t l c n  — Hliiî:o3;s>l'A ( f l a t )  s in c e . In  terras of t h i s  " t ra le r ro d '’

0ooi'uln .. tj r.ystm  ,  wo f  ind

9i ^  -  0 (1 1 3 )

u-1.1  ̂ i Ji ; u; n.^ent v ecto r a t  a  po^nt F i s  p a r a l l e l /  tranupor’t c i  

jT J  * '•  Ihua f o r  ?/inhow© A Ryacu, th e  p ru fe rre ii c :oi'diîx,te

w/viUL 1 (/u IX l'a to  a a  (1 ,1 )  mapping o f a l l  th e  tan g en t Epaoes onto o m  

anoT j'.r. I t  ia  sim ple to  show th a t  th e  ro la tlo n sM p  (112) i s  Invcz ixn t 

u . t r  ;.]i© a ff ln o  group of coax^ilnato tG-cnaibricâtiens (g e n o r 't in g  

' qaaul—(hirte.zi-m coorulnates" ) ,  and th a t  th e  mappings of th e  tn.n,'ynt 

a; ac'.-ft a re  preserved under t h i s  group. T]%? raanif old i s  th u s  a  "copy * 

o f i t s  u n iiu e  tan g en t space, end can b© rog. cced as a v ec to r space w ith  

ec l l a r  px'oduct.

A b im il(.r argt.m.ant holivs v’hcn g l a  p o a itlv u  d e f in i te :  'the

manii'oXwl ioi than raeiely a oo^y of .V.uclil.ean [pace .

,Tuat £-3 tho  th ird  rank Torsion '/ensor was defined  by 

T(X,Y) « 7jY -  VyX -  L%,?j 

v.e C'.n u l c l l i r ] /  dcf'lno a  fo u r th  raiik  touco r — th e  Idemann Tonoor — 

as  f o i l > , a ;
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E(X,Y) * 7 9 _  -  Vf . (114)

xlnu,..ilt;y i a  e a s i ly  e s ta b lis h e d . I t  should be noted th a t  K 

ixipa t in r e n t  v tceo rs  inuo tangent v e c to rs , the mapping bein,: eetarm inod 

by e \jF em ^tïnt vectors (X,Y).  duî s tan ^arcl component's o f  d 

e r  j by

wins© Vr ^  ̂ 1 s  Q t - . i7 i t i l iy ,

l5x '  • 5xTJ

9 f r ) “ '' '‘U - u a  (116)

which ic  031 o th er way o f writin/^ th e  ^ .x i i l la r  component

hero  th e  semicolon moans C 07 ;ri^n t lA iT cco iïtla tio n , Tho stanxu-d  

foi'imila f o r  In  teiTus of c a r iv a t iv a s  of tho  r * \ j  fo lia» /a

lxDoaiv*toly.

lii  iIirf:o <ü/vi tp^co , we can finu. û oooi'Jlnata  system f o r  v/hich 

V % a 0 . I t  fo llo w s thc-t

= 0

I 3 3 *1s in ce  — - “~T  c 0 .L ax‘ 5xJ J
Lunca r.(x,Y) = 0. Converse^/, I t  nay ba sho.vn tha-t i f  t h j

rd a e a i  fw ixcr vardshes, then  th e re  e x is t s  a coo rd inate  systua  f o r  

which ( l i e )  h o le s .
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aikî moü-wni theory of R lf fe re u tla i, lleomotry has now been developed 

û’Oi'iT ci. j i t ly  . c r  our jniiposes — a l l  tiio noicial "component" r e s u l t s  

of 1 1 '1 * I n t iv l ty  may nav be in tx v jre te .I  in  teiras of tho above

f r ‘c.ev.oiM,

Lovvovor, die assumption t îa i t  our anu s c a la r  f i e ld s  a re

a l l  t/“* i s  too  r e s t r i c t iv e  f o r  our pu^To:.©';, end we azust check to  

LXtcnt th is  assum ption can be waakonad.

A -s ic a lly , v;o wish to  p . r a i t  surrT css  o f c ls c o n tin u ity .  In  orciar 

to  g ive  n ran ir.j to  jump con.»1 tie n s . vjiy  tupposo t h . t  our fu n c tio n s  

a re  cf* on tlio p o in ts  of a  cifou :.niXold (h;'x>eisui<’acs) g iven

by t ( r )  c C, where 3 i s  a C*** fuuc cion (w lJ io u t d is c o n tin u ity )  and 

in  th e  c h a r t  (V,-^) the  Jacobian o f  3 i s  non-vanish3n>

Hot i f  a  ̂o in t  F l i e s  o itsR as tJie 5ubnia.nli oL : we m y  c educe by 

maaiis oi’ tW  ’'ean Value Thiore;a th a t  tlio i‘0 c ic ists  a p o in t j ;m*ch 

Ihat th e  T,cints beiwoon ?  fuii a l l  l!.o x x ald e  tliO sub-ia.uiifoiu#

Tho piox* :h. t  th a  d e r iv : t ie n s  of the  ihnobions form a modulo spanned by 

t h  opjzvk.oro 5 re:;iains U5s».Iun '̂Kl, o '/ided ü ia t  tho  Ihm otioiis a re  

cei'tn '- i '«n i 11 polnus no t in s id e  llio wubma.li old*

I f  r J i ’fe.r,ior© the subncr.ifold u i v ides tW  m anifold in to  2 d is ju n c t  

re  f .o u i, vviiwli wo sh i l l  l a b s l  (+) a.*a and i f  th e  p a r t i a l  d e r iv a tiv e s

02.* a - u 't i c u la r  fu n c tlo n  f  tend  to  f i n i t e  l im its  on each el ao of tlie 

sab .-unifo .l;,  th> n wo may d efine
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ivher© r  ^1-3 In  thu  subaanlTolI* Vo huvo assumed th a t  X i s

a u c .lv .; : io n  of tha subalgcbra of p ro a tse ly  if* f im c tio n s , end

CO T ( , ; ')  i s  doTlneJ.# I f  our e i '^ s  l lu x t io n s  is  r e e t r ic to d  t-o 

Uio - 5 v.nluii iU’o cont.iiiUous evGiyv.ùcr© exatm.t on th i s  su'bus-cîikl^cl.i, thon 

■»o n i II  li .v j ‘•ISif* ana " r i j i t "  ; auus on tlia subtsanli'ola.

...Ih'it t h i s  approach do©s not a a a i  to  h ve been purzueu :ln tho 

I ’ tv 51 i t  - 'ou li appü,'.:r th  t  oa.r wr<’a ’:n.-nt of D if f e r e n t ia l  Geometry 

woiill support auch a r/üj^ikenin.; (f' tnc baaio  assum ptions. A tcensor 

f l e l l  VÆ u]n. bo dvflnod on the "Ith’t  o r 'r i . J i t  ' tanpan t space a t  p o in ts  

on tlio iiifjLOJccij-'ola, and thu  component funoGlons would h ive l a f t  e n i  

" r i , .h t ' v a lu e s .

Thus i t  would 89»ea th a t t  ere  i s  no ri.'ithtmati.oal o b je c tio n  to  

tho  tp-n.;©--) ' jL-’ia n  formul©t5-on of tho  bcnmdcey cond ilione pi’oblen*

I t  rnii t  i ’ovcp/cr b@ eosuincd th a t  th e  Ihnctionn  g ; j  In  t  e pcu'tlcifL '.r 

ooiXi.'-Smt'i patch used by thrt au thors ere  ouc., th a t  a l l  derl.v:.tlvo3 

tcna to  a l i a i t  on S'lcii aide o f tho  in  .orfaoo#

Vriieaj,  ulit) more r e s t r i c t i v e  lic'ini u-o.aicz con i t  ions appear to  

ijj ID c.or© ucunclly based. Idirtlier d i" iu 3 s lo n  o f t i l ls  p o in t i s  

resu rv ea  l o r our concluuing Chip i‘o r , . h m  v/e w i l l  a lso  consider :he 

question  of th é  u ltim a ta  " fa ts  ’ o f  a c o l le p e in j  bocy in  tho l i g h t  of 

t e l s  ra rh ii-m tica l e rq io sltio n .
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CILAPTSR VI 

CüüCuüEIOKS

In  th i s  f i n a l  ch ap te r, we proceed to  conclusions I'egau’din/;* our 

two m in  problems and develop the concept of "time o r ie n tâ t  io n " ; f in a l ly  

we I’evicw the p r in c ip a l  r e s u l t s  which have been ob ta ined .

1 . JIT n COT m o r s

Tuny problems in  F ie ld  Theory involve reg ions w ith  n o tio n a l sharp 

boundaries. Various F ie ld  aquations a re  used , adm itting  f f jn i l ie s  of 

so lu tio n s : the use of ju n c tio n  co n d itio n s  enab les the ap p ro p ria te

s o lu tio n  to  be se le c te d . There have been v a ilo u s  a ttem p ts  to  d e riv e  

m eaningful ju n c tio n  conditions in  General R e la t iv i ty ,  b u t th ese  a re  b e se t 

w ith  d i f f i c u l t i e s ,  mainly because of requirem ents of coo rc in a te  inv arian ce , 

A n o tab le  a ttem pt a t  ob ta in ing  ju n c tio n  co nd itions i s  th a t  of S^-nge 

ÛC O 'B rien . Their method involves the use o f a coo ru ina te  system fo r  

which th e  ( lo c a l)  equation  of the boundary tak es  the form = 0 .  

UnL’o rtu ix ite ly , th e  method involves a number of assum ptions wliich may n o t 

be sau ia fie ii in  the  p a r t ic u la r  coord inate  patch  s e le c te d . For example, 

a lthough  the  use of comoving coo ro inat s seems lo g ic a l ,  th e  oust f lu id  

so lu tio n s  in  comoving form cannot s a t i s f y  th e  c o n d itio n s . In  f a c t ,  g r i^  

i t s e l f  must be a iscon tinuous. A continuous m etric  te n so r  may be obtained
f

by the  use ofJ&hwarzschlld coo rd ina tes, or e ls e  in  th e  uhape of ^he non- 

d iagonal form obtained  by use of tlie in v a r ia n t coord ina tes  (R ,t)  — but 

th e re  a re  no su itab le  co n d itio n s  on th e  f i r s t  d e r iv a t iv e s .
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The Liciinerov/ioz cond itions a re  even more r e s t r i c t iv e ,  and a re  

c le a r ly  of no value in  them selves in  se le c tin g  th e  ap p ro p ria te  so lu tio n . 

Purtaurmoi'e, a s  dem onstrated in  the previous Chapter, they  cannot be 

s a ia  to  be an ab so lu te  requirem ent m a th e m tic a lly . On th e  o th er hand, 

i t  may w ell be p o ssib le  in  c e r ta in  cases to  dem onstrate the ex istence  

of a coord inate  system under which those c o n .itIo n s  a re  s a t i s f i e d .

In  a problem involving sp h e rica l symmetry w ith  a sp h e r ic a l  s h e l l  

as a boundary, i t  i s  c le a r  th a t  on th e  boundary su rface  the c u rv a tu re  

of tlie  ryaniQotry su rfaces must be tho same w hether th e  boundary su rface  

i s  t r e a te d  as being imbedded in  the  in t e r io r  o r  the e x te r io r  reg io n .

The comoving tim e coord inate  may be d efin ed  as  proper tim e along the  

o rthogonal t r a je c to r ie s  of the symmetry su rfaces  (anu th is  d e f in i t io n  

w i l l  hold  g e n e ra lly , and n o t merely f o r  our uust f lu id  m odel). I t  

fo llow s rh a t tlie coo rd inates ( t ,0 ,  0 ) sp ec ify  a p o in t on th e  boundary 

su rface  indepenaent of which imbeuding i s  unuer co n s id e ra tio n , provided 

th a t  tiie o r ig in  f o r  t  i s  chosen s u ita b ly .

A ccoroinoly, we may equate the  fu n c tio n a l form — H (t) — of th e  

5; a c e -se c tio n  curvatur e on bo th  s ides of the boundaiy. This c r i t i c a l  

co n d itio n  con ta ins bo th  an in v a r ia n t co n u itio n  and a  coord inate  

r e s t r i c t i o n .  The coo rd ina te  r e s t r i c t io n  a r is e s  from the choice of 

o ri, in  î 'œ  the t  pai araeter.

In  tho  case  of the  d u s t- f lu id ,  the  boundary su rface  i s  of f r e e - f a l l  

e l l i p t i c ,  pai’ab o lic  or hyperbolic (see Chapter I I ) .  In  o rd er th a t

the  t-p a ra in e te rs  should match, the appAOijriate type o f fu n c tio n  K (t) 

must be used in  th e  e x te r io r ,  and tlie v a lu es  o f th e  fu n c tio n s  p ( r )
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(used f o r  th e  e l l i p t i c  case) and th e re fo re  a ( r )  must equate on e i th e r  

sivie of th e  bounuary. The c o n c itio n  Il(t)j_^ = R ( t ) | t h e n  provides 

the p h y s ica l co n d itio n  M s  M a. which s e le c ts  the c o rre c t e x te r io r  

s o lu tio n .

In  such problems invo lv ing  sp h e ric a l symmetiy, t h i s  i s  th e  s o le  

boun n ry  co n d itio n  of any v a lu e . Can t h i s  approach be adapted to  o th er 

problems? The d i f f i c u l ty  i s  to  f in u  th e  "p re fe rred "  coordinate curves 

t l ia t  correspond to  the  ( t,5 ^ ^ )  curves in  the s jh e r ic a l ly  symmetric ca se s .

The so lu tio n  i s  a tra ig h tfo rv a i’d . These curves a re  in  f a c t  th e  

'l in e s  of cu rvatu re"  of the hypersurface (see f o r  example . .i lln o re  ( i .e f .b S  )) 

These a re  generated  by th e  e igen v ec to rs  o f the Second Funaamental Form 

(sometimes known as the Third Fun^uimental Form)

where

= ( 1 )

and [u^j (a = 1 ,2 ,3) i s  a system o f c o o rd im te s  in  some cooa'Qinate

patch on the  hyper su rface , {n '}  being th e  u n it  normal to  th e  hyper su rface .

The eigenvalues of o a re  th e  " p r in c ip a l c u rv a tu re s ’ of th e  l^q iersu rface .

There is  c le a r ly  a p h y s ica l con  i t i  on heu e . The p r in c ip a l  cu rvatu res  

aeterm ine th e  cu rvatu re  o f curves which l i e  w ith in  the hyper su rf  ace and 

so must be independent of the  two imbeddings under co n s id e ra tio n  ( e x te r io r  

and in te i 'io r  re g io n s ) .  Hence tlie Fécond Fundamental Form must be 

iizdeg.cndont i f  ., imbedding. Another requirem ent i s  th a t  th e  induced

m e tric , o r F i r s t  Fundamental Form,
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a = (Vÿ ü if

where

V - u g g  (a )

should be independent o f th e  imboudln^,

These cond itions ar e no t sti.^ai "htfonvard in  t h e i r  a p p lic a tio n .

I t  i s  necessary  to  id e n tify  p o in ts  on tlie hypersurface under th e  tv/o 

iiibei(.dinj8: tlio equations of th e  su rface  may take  the forms

» f  ̂ (u^) ; » f ' i (u '* )

and so a t te n t io n  must be paid to  th e  fu n c tio n a l forms In  the

co llap se  problem under co n s id e ra tio n  v/e may s e t

u '  = t*  U* = #; U* = #

but v/e must check th a t  the  coord inate  t  has an id e n t ic a l  meaning under 

the t  ,o imbeddings. Thus the i n i t i a l  coni-Ations a re  paramount, and the  

param eter p must equate on th e  tvo s id e s  ( e l l i p t i c  c a s e ) .

Consider our d u s t- f lu id  model anu. th e  empty e x te r io r  reg io n .

The F i r s t  Fundamental Form o f the boundary su rface  i s

a = dt* -  R^(t)(d0® + sin*6dÿ*) (3)

where, a s  i s  th e  convention, d t “ i s  a shorthand f o r  d t  (x) d t ,  and 

s im ila r ly  d9*,dÿ*. In sp ec tio n  o f (3) p rovides the con. i t i o n  

R ( t) j^  * k ( t ) |  p rev iously  d iscu ssed .

The requirem ent

'  V

should now be s a t i s f i e d  Id e n t ic a l ly .  To checlc t h i s ,  we c a lc u la te  o ^
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from f i r s t  p r in c ip le s .

In  term s of our coraoving cooi"dlng,tes ( t , r ,6 ,  in  th a t  o rder

.  K(0,1,0,0) (4)

s in ce  the  m etric  i s  d iag o n a l, and tlie cond ition  on th e  hypersurface

Nj.dx'’ a 0

reduces sim ply to

N .dt + N.d0 + = 0
V W Ti

where d t ,  d#,dÿ are  e r b i t i ’a ry . Since i s  th e  u n i t  n o m a l, we have

s —1

ana so

» -  I s r r l ^  . (5 )

Vri uing

h ‘ » nsj,

where r  denotes the  p a r t ic u la r  co o rd in a te , v/e have

Thus

'  S rr(» ,.% ,9  * “' " . F j r  +

* N’ CSt^Kr^^r ^0(f«r^/5r *
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N

using  ( 5 )

Thus

+ " " t F / r  + : " y l r  + « ^ a V ; r  = °

Furtherm ore,

. 0

since  i s  co n s ta n t.

Hence

and so

a i l  o th e r ccwiponents van ish in g . H u h stitu tin g  f o r  &QQ»S^t

®e8*®*^* » = M'sln'eEj. . (é)

Now, accord ing  to  ( 5 ) ,

= g;}.

s k/R?.

where k i s  th e  va lu e  of (1 -  par*) on th e  boundary in  th e  e l l i p t i c  

case (o r th e  value of the  corresponding; ex re ss io n  in  the liyperbolic case, 

o r u n ity  fo r  th e  p arab o lic  c a s e ) .
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Thus

*88 '  k : * #  = 8l» '*e*g9

a l l  o th e r components of v an ish in g .

The p r in c ip a l  cu rv atu res  o f th e  bounaaxy hyper su rface  a re  g iv en  by 

d e t l o ^ - * a ^ |  , 0  (8)

ana a l'a tliL-rei’cr© 0, k /R  and k / l .  Cl ;azly  th ese  eigenvalues a re  

inuepenaent of th e  imbedding, provided d ia t R and k equate on e i th e r  

s ia e  of th e  boundary.

Jiie con-J.t ie n s  a* * a  I o* = o th u s  enable the  c o rre c t nt^tching 

to  be obtained  a t  the  In te rfa c e  bet.veen two d u st f lu id  reg io n s  of 

d if f e r in g  p ( in  o ther words, invo lv ing  a jump d isc o n tin u ity  in  th e  

Kiemtinn te n s o r ) .  In p a r t ic u la r  th e  c o r re c t  matching i s  obtained  when 

one le g io n  c o n s is ts  of empty space.

V.e may conclude th a t  th e  geom etrical co n d itio n s  on th e  matching of 

th e  f i r s t  and second fundam ental forms (a r is in g  from th e  tv;o imbeddings) 

le p re se n t a p h y sica l r e s t r i c t io n ;  in  th e  d u s t f lu id  inoaol under 

c o n s id e ra tio n  th is  i s  equ iva len t to  th e  equating of g r a v i ta t io n a l  mass 

oh bo th  s id e s  of the boundary.

Although i t  i s  no t c lu a r th a t  th e  r e s t r i c t io n  has the  same in te r 

p re ta t io n  in  tlie more general case of the p e r fe c t  f l u i d ,  th is  seems 

h ig h ly  p ro b ab le .

The c o n c ilio n s  on the f i r s t  and secona fu n tu jn a ita l fcnns seens of 

g en era l a p p lic a t io n , and are  q u ite  independent of any cooi d in a te  system
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employed. Va may adopt these  cond itions a s  a  funioamental p o s tu la te  

of Genoi-al R e la tiv ity , along w ith  the F ie ld  Equations#

I f  t i l l s  approach should be genera ...ly accep ted , the coord inate  

co n d itio n s  of Gynge O’F rien  and lAchnorov/icz v d l l  be seen to  be 

unnecessary . F u rtien ao re , the p a r t ic u la r  re search es  of I la r la i  and 

Tomita in to  p ressu re—fre e  co llap se  w i l l  be seen to  have s ta r te d  from 

f a l s e  p rem ises, and th e i r  conclusions w i l l  seem of d o u b tfu l s ig n if ic a n c e .

d . C\T GT nj irrc (DLh'PSS

In  Giiai^ter IV we d iscussed  th e  “f a te '' of a c o lla p s in g  body, and 

notec. th a t  th e  d e s c r ip tio n  of tlie motion was h ig h ly  s e n s i t iv e  to  th e  

re i'erance fram e. In  a  frame asoou ia teu  v/. th  u is ta n t  astronom ical

observation  the body w il l  appear to  co llap se  asy m p to tica lly  to  th e  

g r a v i ta t io n a l  r a d iu s , although i t  i l l  e f fe c t iv e ly  d isappear due to  

ra p id ly  in c reas in g  r e d - s h if t  long before  th i s  i s  reached .

In  a frame which i s  comoving w ith  the body, o r  i s  e f fe c t iv e ly  

trap p ed  w ith in  i t s  g ra v ita t io n a l  f i e l d ,  a  quasi—Newtonian behaviour 

w i l l  in  p r in c ip le  be observed, in  th a t  the c o lla p se  w i l l  a c c e le ra te  

and proceed 'tow ards a p o in t-ev en t s in g u la id ty  which w il l  a c t  a s  a  kind 

of v o rtex  (speaking somewhat in a c c u ra te ly ) . U ltim ate ly  everytliing  

in s id e  th e  lii^h t-ho rizon  of th is  frame w i l l  be sucked ine^corably in to  

th e  s in g u la r i ty .

The q u estion  n a tu ra l ly  a r i s e s ,  what next? I t  may be ob jected  

t i ia t  tiiu s in g u la r  event i s  i t s e l f  in c recd b le , and the  concept / imply 

in d ic a te s  th a t  we have no accep tab le  p h y sica l th eo iy  regard ing  th e  

behaviour of m atte r a t  extreme d e n s i t ie s .  However, an exam ination of
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th e  e x te r io r  reg io n , which is  appai'en tly  tra p p e d , may be more r e a l i s t i c .

I f  co llapse  does no t proceed to  th e  s in g u la r i ty  i t  may perhaps be 

rev e rsed  a t  some s ta g e .

D iscussion of th ese  n iit te rs  must be concerned wieh po ssib le  

to p o lo g ic a l struotux 'es of the man i f  o l a  u iilc i’ co n s id e ra tio n ! in  

p a r t ic u la r ,  w ith  p ossib le  c o n n e c tiv itie s  of dpace Time* A f u l l  trea tm en t 

o f t h i s  su b jec t i s  outsici.0 the scope of t h i s  T hesis , and we s h a l l  confine 

o u rse lves to  a few a s p e c ts . The eiuiraination of the foundations of 

i i i f c r e n t l a l  Ccometry conducted in  th e  previous Chapter was a  necessary  

p re lim in a ry .

fo n tio n  a t  th is  stage must be nriae of the vvork of hheeler 

I t  in  however only m arginally  re le v a n t to  th e  problem under d isc u ss io n .

ro o t t r e a t ,  en ts  of th e  co lla p se  problem assume by im p lica tio n  ih a t  

the  m anifold under co n s id e ra tio n  i s  of Euclidean topo logy . That i s ,  th e  

m anifold i s  g lo b a lly  homeomorphic to  4 -dimGnciona 1 bucliuean  space. 

Altliouglx t l i i s  i s  pei'haps the  s im p lest assum ption as to  th e  neighbourhood 

s tru c tu re  of the  p ace , th e re  i s  no bound to  th e  number of a l te r n a t iv e  

p o s s i b i l i t i e s .

For exuinplOf the m anifold might be to p o lo g ica lly  eq u iv a len t to 

a subspaco of a h igher dim ensional d u c lieean  Tp^ce . A ltern. tiveT y, 

independent of tmy such iinbea'iing, i t  may be eq u iv a len t to  a reg io n  of 

Eucliuenn A-space fo r  which c e r ta in  s e ts  of p o in ts  have been id e n t i f ie d  

w itii each o th e r . For exanq)le, i f  a rec tan g u la r  reg io n  in  Kucliuean

2-spac 'j has 2 p a r a l l e l  edges id e n t i f ie d ,  th e  r e s u l ta n t  2-space i s  

e i’u iv a len t to a c y lin d e r .
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ü:iu üucli id e n t i f ic a t io n  i s  the  'T'UatIpodal l'ap’'* In  Euclidean

3-3pacü, co n sid e r th e  reg io n  e x te r io r  to  a c e r ta in  sp here , and suppose 

t l ia t  p o in ts  on opposite s ides of a diam eter a re  id e n t i f ie d .  The 

r e s u l ta n t  space c le a r ly  does no t possess the  Euclidean topology, since 

any sph^-.e co n cen tiic  w ith  th e  “m issin^’* spheie carjiot be shrunk down to 

a p o in t.

This concept may be of value in  General i e l a t i v i t y ,  b u t i t s  a p p lic a tio n  

in  h-c.:imonsional space re q u ire s  some c a re .

I t  i s  necessary  to  map two s e ts  of e v e n ts , n o t merely s p a t i a l  p o in ts .

In  th e  case  o f “e l l i p t i c  ' co llap se  i t  may seem reasonab le  to  map p o in ts  

on th e  n u l l  su rface  F. = 2GÎJ so as to  id e n t i fy  events ( t ,0 ,  and 

( t  + A, d + IT,<;£>), where \  i s  the  “rebound tim e” , equal on the boundary 

to  i r /a . The e f fe c t  of t liis  i s  th a t  an inward f a l l in g  o b serv er, on 

passing  through the  “Gchwarzchild Radius”, w i l l  then  be flung  “outivards’',  

though he v d l l  u e te c t  no sudden change in  v e lo c i ty .  He would hoi?ever 

obsei’ve a r e v e rs a l  In  h is  a c c e le ra tio n  end th a t  neighbouring geodesics 

were now u iv crg in g  in s te a d  of converging*

duch slj^irp clxanges are o u tsid e  our no.mc,! experience . However, 

co llap se  to  a p o in t s in g u la r i ty  poses even more se rio u s  d i f f i c u l t i e s .

I t  seems reasonable to  seek methcus by which the presence o f  “c a ta s tro p h e ’' 

type s in ^ u la i’i t i e s  could be avoieed in  our model and the  a n tip o a a l map i s  

one sucli method.

here i s  reason to  suppose th a t  the  s%i/ice-time reg io n  in  which th e  

observer would emerge under tlie an tip o d a l map hypo thesis  i s  e s s e n t ia l ly  

u is ju n c t from the  reg ion  in  which co llap se  took  p la ce . In  th e  normal
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course, il* an observer fa lls  t wards tie fchwarzschlld hyper surf a ce and 

returns wltliout having intersected the ’'singulrrity”, his proper time 

w ill have been dilated as compared to tiat of an observer with constant R. 

The effect w ill increase with the closeness of approach to the critica l 

i'g'l'oixuiface. This is de onstraeed by the anr;lysis of the apparent red 

cliift of any light e;rJ.tted or reflected by the f ir s t  observer and received 

by tho second one (considered in Chapter TV)^

Ho ever, these considerations do not conclusively establish that tlie 

regions of sp̂ ace—time would be disjunct: although i t  seems probable that

the contrary hypothesis would imply a violation of causality (in Chapter IV 

we uomonotratcd that an observer at con3 ant R could never observe collapse 

to the .'Jchv/arzschild hypersurfac© in fin ite  proper time), the concept of 

the antip'Ou/1 rap seems to require a thoi’ough investigation — an 

investigation which is  outside the scope of the present Thesis.

3 . T l f  . O hr rrATITT

..Intion of the causality question brings us to tlie fin a l topic to 

be consiucrea.

hlrlchoff' 3  Theorem (cf. Chapter III) states that an empty spherically 

symmetric space-ti:iO must be static . Certainly i t  can be proved tliat 

such a manifold must be locally isometric to the Schwarzchild manifold, 

but tills in fact is  static only within the region labelled R > 2011.

The region II 2GH is  not static — one cannot fine a time coordinate T 

and space coortdnates {x®j such that the metric coefficients in this 

system of coordinates are functionally independent of T. Using %)aé more 

sophisticated language (cf. Chapter III), one cannot fine a l-pai'-ameter
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group of motions for which the trajectories ax-e hypersurfaco—orthogonal 

anu uHjaellxe. The aifi'eiential equations w ill s t i l l  admit a solution, 

but in the region R < 2GM the trajectories are spacelike.

In tho physical sense, the interior region, being non—static, is  

ti:Lv-vi I'ccteu, Either catastrophic collapse is  taking place or else 

catastrophic explosion,

Tiie “collapse" space-time, and t!ie “explosion" or “anticollapse" 

s}%tce-time may be reg&rdri as distinct tirie—orientated manifolds*

is  v/G Inve seen in Chapter V, an orientated raanifola is  one which 

admits two ulsjunct equivalence classes of coordinate systems, the 

equivalence relation being a positive Jacobian, A tlme-oriuntated 

manifold also admits two disjunct equivalence classes of coor.inate 

systems, the equivalence relation being rhat for a l l  time-like curves,

dîy/ds _ ajj/ds

loTj/dsl |a^ /d s
( 10 )

v/hero are c or re sp onuj. ng tine—coort-in.; tes (tj is a time coordinate i f

ana only if  fî(d7],dTj) > 0 — i .e .  > O), Tliis equivalence relation

i mplies tliat the future-pointing sense of time like curves is  preserved.

The following Proposition is  cenural to the pr*. sent discussion: 

the t o metrics representing collapse and ,'.r:iicollapse in the portion 

1 < ;:g ’ of the exterior Scbw.rzschill manifold cannot be transformed 

from one to another by means of a tiie-oriuntation preserving coordinate 

transibimiation.
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Conjlùsr a sp h e ric a lly  symmetric m etric  of the form

as® « A({. 7))d7l® + 2E(é. Jj)dT)dJ + C(g,q)dg® + F(f. r,)dO» ( 1 1 )

wliare B® > AC and C < 0 , F < 0» Yhcn > 0 , end so T| i s

a time cooiXiinate.

ïjet ^  be the tangent v ecto r to  a t im e -lik e  r a d ia l  cu rve , 
a?

In  term s o f i t s  components w ith re sp e c t to  the  coo rd ina te  system tj) ,  

we have

Let cq/?, (a > be th e  ro o ts  of the  c q m tio n

Cx* + 23x + A = 0.

Then C -  a ^  S l l  = 1, end th e re fo reUoJ \ ^ 3  uSy

> 0. (13)

ùm-uce th a t  i f  ^  > 0 ,

(14a)

w n ilb t i f  Ù7} < 0 
us

„ £ 2 < i l < ^ £ 2 .  (14b)
ds Û3 ds

Let ( i,  ? )  be a coordinate tran sfo rm atio n  in  seme coord inate

p a td i ,  cnu suppose th a t  rf is  a time co o rd in a te . Then

-  £ Î  £ îl + £H •
ds dTi as as
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I f  £îl > 0 then ^  
ài  ^

w h ils t i f  ^  < 0 we have
U.3

T’iua i f  ^  > 0 , a s u f f ic ie n t  co n a itio n  fo r  th e  transfoi-iaatiori —

to  be t  in e -o r  i  enta t i  on presei-vin^; i s  t l ia t

^  + /9 £2. > 0 ( 16a)
dn ^  ag

w h ils t  a  s u f f ic ie n t  cond ition  f o r  i t  t o  ba tim e—o r ie n ta tio n  rev e rs in g  

i s  th a t

+ a | |  < 0* (IÙ0 )dri ci

w im ilariy , i f  £2 < 0 , the s u f f ic ie n t  co nd ition  fo r  t i n c -o iû en ta tio n

prucurvation  i s

Ê Î + g H  > 0 (1 (b)
dri oi

anu. tiio s u f f ic ie n t  co n d itio n  fo r  tim e-oric n ta t io n  r e v e rs a l  i s

£ i  + ^ £ i < o .  (i6d )
d7]

Consider now the  p a ir  o f m etrics

ds* = -  z l ld t*  -  22 dtdR -  da*.-.R*dO* " f  ( 17)
\  R /

ds* c r  1 -  IL^dt* + d tZ I -  ùZ* -  il*0il* (13)
\  R /  Ra
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As has been noted , tha  two m, n i f  old 3 v .ith  the re sp e c tiv e  m etrics  a re  

iscw aotric. By in sp e c tio n , a mutual tra n s i’orm ation must take th e  form

ii a R, t = t(t,k) .

A ccordingly,

^ ' ^  (d t  + dt)dR  » 0 • ( 19)

Thus e i th e r

(a ) dt * -dt ( 20)

and bo — * s  —1 ,  —— 5  Üat • c r

or

whence

(b) f l  •  §-"1 (d t  -  a t )  + "A, dk a 0

a s  *

D eferring  back to  equation  ( I 60 ) , we see th a t  i f  (20) a p p lie s , 

the  tra n sfo rm atio n  la  always tim e-o ric  n ta tio n  rev e rs in g  (as  may be 

ob tained  d i r e c t ly ) .  I f  in s te a d  equations (21) app ly , then th e  t r a n s - ■ 

fo im atio n  i s  tim e-o rien t a t  ion pixj serv ing  i f

1 - d ^  > 0
1 -  n*/2

provided th a t  R > n*i otheiT/ise 'h e  cane r e la t io n  hol^s r .l th  ^  

su b s ti tu te d  f o r  a .

!Ta/ in  f a c t

a = 1 -  /? = -(1  4 r /k ' ')  ( 22 )

and so  fo r  R > n* the  transfo rm ation  i s  tim e—o rie n ta  t i  on-pre serv ing  i f
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l - ~ > 0 (23a)
1 + n /R ^

and f o r  R < n* the co n u itio n  becomes

-  * > 0. (23b)
1 — n /k ^

ÏÏ1U3 i f  R > n*, th e  tran sfo rm atio n  i s  e i th e r  of the form 

t  s  —t  + const# , o r  e lse  i s  tim e—o r ie n ta tio n  preserving#

Accoixdng to  ( I6 c ) ,  i f  R < n*, and

1 < 0
1-n*/R

then  th e  tran sfo rm atio n  i s  t lm e -o r ie n ta tio n  re v e rs in g .

I t  fo llow s th a t  i f  R < n* , th e  ti 'an s fo x m tio n  i s  always tim e- 

o rien tx ition  rev e rs in g .

xaus in  t i e  reg io n  R < 2GM of th e  e x te r io r  ' chw arzschild  m&inif o la , 

the  co lla p se  and a n tic o lla p se  m etrics  can only be transform ed in to  one 

ano ther by means o f a tim e-rev ersin g  isom etiy# The p ro p o s itio n  i s  

tlie re fo re  e s ta b lis h e d .

V.e may conclude th a t ,  w ith in  the  Gchv/arzschild “ s in g u la r i ty " ,  the  

co llap se  and a n tic o lla p se  m etrics  re p re se n t d is ju n c t reg ions o f  space— 

tin e  (u n le ss  tim e-rev ers in g  tran sfo im a tio n s  a re  accep ted , v.iiich would 

appear to  v io la te  c a u s a l i ty ) .

Tliis a n a ly s is  seems to  throw doub: on some re c e n t work concerning 

th e  p o ss ib le  conversion  of the co llap se  pin se in to  th e  a n t i-c o lla p s e  

phase a f t e r  p assin g  throu^.;h th e  e s s e n t ia l  s in g u la r i ty  R = 0 . ilu ’th e r
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v/ork on t i l ls  pi’oblem i s  in d ic a te d , bu t th e re  appear to  be gx*ounds f o r  

b u licv in g  th a t  th e  “m ultip le  connectedness” hypo thesis  d iscussed  in  

the  previous s e c tio n  may pose le s s  serious d i i f i c u l t i e s  than a re  posed 

by i.iore s tra ig h tfo rw ard  hypotheses.

4 .  GT-Vhy Q:-' FFSHLTS

Tills th e s is  has throughout been concerned w ith  a h igh ly  iu e a lis e d  

mcuel o f  the  co llap se  s i tu a t io n .  N everthe less , the only  serio u s 

element om itted  from the  an a ly s is  v;ould appear to  be th e  f a c to r  of 

I 'o ta tio n . A f u l l  m athem atical trea tm en t of a r o ta t in g  crust I 'lu id  i s  

s t i l l  aw aited, b u t i f  the Newtonian analogy i s  r e l i a b le  i t  would seem 

tlm t th e  c o lla p se  would be h l l t e d  ivitliln  a  p lane  ixjrpenuicollar to  th e  

a x is  of r o ta t io n .  N evertheless, q u a l t ia t iv e ly  s im ila r  r e s u l t s  may 

seeia p robab le , w ith  co llap se  to a d isc  su b s ti tu tin g  f o r  co llap se  to  

a p o in t .

In  Chapter I I ,  i t  was shorn th a t  in te re s t in g  r e s u l t s  im.y s t i l l  

be obtained  from a Newtonian trea tm en t o f the co llap se  problem. Even 

a s tra ig h tfo rw ard  sounding P xoposition  — d .a t th e  c o llap se  time decreases 

as tlie i n i t i a l  v e lo c ity  in creases  — re q u ire s  considerab le  care in  i t s  

p ro o f.

Ilcj.vever, th e  most in te re s t in g  Newtonian r e s u l t s  concern th e  (Question 

of “o v ertak ing” . V.e consider only the  case where the  body i s  i n i t i a l l y  

a t  r e s t  and show th a t  th is  s i tu a t io n  cannot occur i f  the i n i t i a l  

u i s t r ib u t io n  of m atter i s  such tlia t th e  a e n s ity  i s  a  m onotonically 

in c rea s in g  fu n c tio n  of r .  I f ,  on the o th e r hand, the  i n i t i a l  d e n s ity  

a t  some ra d iu s  exceeds th e  mean d en s ity  of th e  sphere w ith in  t h i s  ra d iu s
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then  i n f in i t e  d e n s it ie s  are  p reu ic to d  during; the  c o lla p se . I’urthei'm ore, 

i t  i s  shov/n th a t  a t  le a s t  one s h e l l  of m atter w i l l  pass through o th e r 

s h e l ls  of m a tte r .

Chapter I I I  considers th e  R e la t iv is t ic  trea tm en t o f the  co llap se  

problem. A ltho ,gh th is  Thesis i s  concerned alm ost ex c lu s iv e ly  w ith  

th e  iLUSt f lu id ,  th e  d iscu ss io n  n a tu ra l ly  leads to  an exam ination of the 

s tre s s -e n e rg y  te n so r  of the  'h e r f e c t  F lu id ” . C la s s ic a l  analogues of 

th e  General k e la t lv is t io  concept a re  developed, using th e  lo c a l  

in s tan tan eo u s r e s t —fram e. I t  i s  shov/n th a t  the eigenvalue p cannot 

reasonab ly  be id e n t i f ie d  w ith th e  r e s t —i n e r t i a l  mass, and in s te a d  the  

q u an tity  p + p/o* (using  th e  convention/il system o f u n its )  appears 

to  meet t h i s  d e s c r ip tio n .

In  t h i s  ch ap te r, the  g en e ia l so lu tio n  of th e  F ie ld  Equations f o r  

the  s p h jr ic o l ly  symmetric d u s t- f lu id  i s  ob ta ined , in depcndo itly  o f 

e a r l i e r  d e r iv a t io n s . I t  i s  shown th a t  in  comoving coo rd ina tes  th e  

so lu tio n s  can be expressed in  terms of an o i'c inary  d i f f e r e n t i a l  expiation 

id e n t ic a l  to  th e  corresponding Kev/tonian eq u a tio n . A c lo se  aimlo^y is  . 

drawn between comoving coo rd inates ( c a re fu lly  defined) and th e  Lagran^ian 

co o rd in a tes  of the c la s s ic a l  tre a tm e n t. Schw arzschild co o rd in a tes  a re  

intix)duoed, and transfo rm ation  formulae e s ta b lish e d . A novel proof of 

f ii 'k h o f f ’s Theorem i s  o b ta ined .

Various consequences of th e  g en era l so lu tio n  a re  expiai’ed in  

Chapter IV. F i r s t ly ,  i t  i s  proved th a t  i n t e r io r  so lu tio n s  cannot be 

iso m e tric  to  one a n o th e r . Next, i t  i s  shown th a t  from th e  viewp>oint 

o f th e  comoving fram e, each so lu tio n  im plies a Newtonian-typo ca tastro p h e ,
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Next, v;e come to one of the  most siirprio izig  r e s u l t s  of our 

in v e s t ig a t io n s .  The asym ptotio beljaviour of th e  Inhomogeneous d u s t-  

f lu iu  i s  in v e s tig a te d , and i t  i s  sliov.n th a t  ( to  the f i r s t  o rd er) an 

Imhoinogeneous sphere w il l  co llap se  a t  one—h a lf  the r a t e  of the homogeneous 

sphere. I t  would appear th a t th e re  a re  tv/o a i s t i n c t  modes of co llap se , 

w ith  th e  homogeneous moue being uns table c lo se  to  the  p o in t s in g u la r i iy •

The use of Lchwarzchild coord ina tes  i s  considered  w ith  p a r t ic u la r  

re fe ren ce  to  tlie homogeneous case , and r e s u l t s  obtained  by eai’l i e r  workers 

in  the  f i e ld  o re  g en e ra liseu .

Thu question  of the  so -c a lle d  “Schwarzschild s in ^ 'U larity ” i s  

examineu in  d e t a i l ,  and i t  i s  shown tl ia t  from the  p o in t of view of the  

r e s t  frame of a c o llap sin g  body the  Gchwarzschild n u ll-h y p ersu rface  i s  

inu.eed p en e tra te d , bu t once on ly .

The nex t to p ic  i s  concerned w ith  th e  o b serv a tio n a l s i tu a t io n .

A form ula f o r  the r e d - s h i f t  of r a d ia l ly  em itted r a u ie t io n  from a c o lla p s in g  

d u s t sphere i s  ob tained , and i t  i s  shown I ia t  the r e d - s h i f t  and i t s  r a te  

o f change w ith re sp ec t to  (o b se rv a tio n a l; time become i n f in i t e  a s  th e  

g r a v i ta t io n a l  rad iu s  i s  approaciied. I t  i s  dem onstrated t h a t  i f  a c o lla p s in g  

body e x h ib its  a s ta b le  speotrurç w ithout n o ticeab le  v a r ia t io n  in  . .p ec tra l 

s h i f t ,  and I f  th e  r e d - s h i f t  i s  of oixler u n ity , th en  th e  imss o f th e  body 

must be of o idor o f magnitude g re a te r  th an  10* tim es the  mass of th e  Sun.

A sm alle r body would ra p iu ly  vanish  as  th e  c o lla p se  proceeded, although 

in  tlieo iy  i t  would never reach  the g ra v iw atlonal ra d iu s  in  f i n i t e  

o b se rv a tio n a l time*
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F in a lly  in  t h i s  C hapter, th e  problem of I.oundary Conditions in  i t s  

r e la t io n  to  th e  problem under in v e s tig a tio n  i s  form ulated#

The g rea t'^p art of Chapter V i s  concerned w ith  an ex p o s itio n  of th e  

m athem atical foundations of General t e l a t i v i t y .  Many of the concepts 

developea enable th e  ou tstan d in g  problems to  be c l a r i f i e d .  th e  s tandard  

trea tm en t i s  v a r ie d  by th e  in tro d u c tio n  of “l e f t ” and “r ig h t” tan^/ent 

space,! on a “p iecew ise C* m anifold” • <e deuuce th a t  th e  Lichnerov/icz 

boundary cond itions a re  not a necessary  consecjuence of the  m athem atical 

framework, and indeed th e re  i s  no b a s ic  o b jec tio n  to  the a l te r n a t iv e  Synge 

cc 0 'Brien c o r td tio n s ,  vhich a re  le s s  r e s t r i c t i v e .

In  Chapter V I, re  consider tlie boundary condi H on problem f u r th e r .  

C r i te r ia  a ie  developed f o r  th e  sp e c ia l case of sp h e ric a l syinmctiy unuer 

c o n s id e ra tio n , and th ese  a re  then  g en era lised  to  ^ ive th e  i ’olloiving 

co n u itio n : under th e  two imbedaings re p re se n tin g  the two s lu e s  o f th e

boundary, tlie F i r s t  and Second Fundamental Forms o f the boundary hyper— 

su rface  must equate . I t  i s  suggested Liiat t l i i s  co n u itio n  can e f fe c t iv e ly  

rep lace  t i l l  oxhurs aaopted to  d a te .

The q u estio n  o f the “f a te "  oi" a co llap s in g  body i s  then considered 

in  u e tu i l ,  and a p o ss ib le  approach i s  ru. gested  by the use o f  m u ltip ly  

connected manil’o ld s . In  p a r tic u la r ',  a t te n t io n  i s  drawn to  th e  relevance 

of the  g r.tip o aa l Map, p a r t ic u la r ly  in  I’e la t io n  to  th e  n u l l  l%rpersurl'ace 

a t  the  g r a v i ta t io n a l  ra d iu s . F u rth e r l in e s  of enquiry  a re  suggested 

in  t i l ls  connection .
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F iiy illy , tlie concept of "Time O rien ta tio n ” i s  developed. I f  time 

revv-r.iuls a re  p ro h ib ite d  on c a u s a lity  groun .s ,  i t  i s  shov/n th a t  

catasti.x»]iiic co llap se  and c a ta s tro p h ic  expansion are  e s s e n t ia l ly  d is ju n c t, 

The two sr.bmanifolds o f the  fcliw arzschild  e x te r io r  m anifold contained  

w ith in  th e  g r a v ita tio n a l  rad iu s  cannot be r e la te d  by m^ans of a tim e- 

t r a n s la t io n  o r  indeed any tran sfo rm atio n  p reserv in g  c a u s a l i ty .  Thus 

colhvpse w ith in  tlie hchwarzschild rad iu s  can under no circum atancus be 

fo llow ed by expansion.
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