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Abstract

A quartz crysta l  resonator has been used to exc ite  shear waves at

a frequency of 20.5 MHz in ‘‘He f i lms above and below the superf luid

t ra n s i t io n  and ju s t  above the l iqu id -gas c r i t i c a l  point .  The wave

has a viscous penetrat ion depth 6 = 2 0  nm and the transverse acoustic

impedance Z = R -  iX of the f i lm  was found from changes in the

q u a l i t y  fac tor  and resonant frequency of the c r y s t a l . The thickness

of a He I f i lm  was swept at  constant temperature by creating a small

temperature d i f ference between the ‘‘ He f i lm  on the crysta l  and bulk

l iqu id  helium below i t .  Calculat ions of  the impedance of a homogeneous

f i lm  as a function of d/ 6  using transmission l ine  theory show the

f i lm 's  thickness d could be swept from 1.5 to >60 nm . The

impedance of six superf lu id f i lms of constant thickness in the range

14-23 nm has been measured for  0 .4  < T < T . From the impedance
A

in the b a l l i s t i c  l i m i t ,  wT »  1 , the average p ro b a b i l i ty  of  the 

quantum evaporation of  a ** He atom by a roton incident upon the l i q u id -  

vapour in te r face  is estimated to be ~0 .35  . A resonance, the temp

erature of which was dependent on f i lm  thickness, was observed in the 

superf lu id f i lm  and has t e n t a t i v e ly  been id e n t i f i e d  with the resonance 

in the A/4 Kelvin mode of vort ices pinned to the crysta l  surface.

The transverse acoustic impedance Z of  helium has also been measured 

49 mK above the l iquid-gas c r i t i c a l  point  for  pressures up to 2000 to r r .  

In the highly compressible c r i t i c a l  region, the impedance shows the 

ef fec ts  of the large density gradients tha t  develop close to the crysta l  

surface under van der Waals' forces.  At low pressures, the t ra n s i t io n  

to non-hydrodynamic behaviour ( wT > 1 )  is observed, and i t  is e s t i 

mated tha t  a f rac t ion  0 . 2  of **He atoms incident upon the crys ta l  are 

d i f fu s e ly  scattered from i t .
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Chapter 1 

Introduction

The propagation of  stress waves at  u l trasonic  frequencies is 

widely used to investigate  the physical propert ies  of  condensed 

matter.  In both solids and l iquids  longitud inal  and transverse waves 

propagate, though in l iquids  the transverse mode is a heavi ly damped 

viscous wave whose existance is frequently  overlooked. Viscous waves 

may be excited by, fo r  example, a v ib ra t ing  wire,  a torsional  crysta l  

o s c i l l a t o r  or a planar crysta l  v ibra t ing  in shear. The high a t ten

uation of  the viscous wave makes d i r e c t  measurement of  i t s  ve loc i ty  

and attenuation d i f f i c u l t  and i t  is usual ly the e f fec ts  of  the l iqu id  

on the surface generating the wave, rather  than the propert ies of  the 

wave i t s e l f ,  tha t  are measured.

This thesis reports the exc i ta t ion  of  viscous waves in ‘̂ He f i lms  

adsorbed on the electrodes of  an AT-cut quartz crysta l  resonator  

v ibra t ing  in shear. The physical propert ies of  a f i lm  of thickness  

comparable with the penetrat ion depth of  the viscous wave, 15 nm at  

the X-point at  20 MHz, may then be deduced from changes in the qu a l i ty  

fac tor  and resonant frequency of the c rys ta l .

The AT-cut quartz c rys ta l ,  discussed in Chapter 3.2,  vibrates  

stably in a thickness-shear mode of resonance and is used extensively  

as a microbalance (Lu, 1984). For both sol id  f i lms and l iqu id  f i lms  

of thickness much less than the penetrat ion depth of  the viscous wave, 

the resonant frequency f  of the crysta l  decreases in proportion to 

the adsorbed mass per un i t  area g (Chapter 2 .2 )

Af = - ^  ( 1 . 1 )
q
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where n is the harmonic number of the c r y s ta l ' s  resonance and R
q

is the acoustic impedance of the quartz.  As the thickness of a l iqu id  

f i lm  increases and the e f fec ts  of  viscous damping become appreciable,  

the qu a l i ty  fac tor  of the c r y s ta l ' s  resonance is lowered and the 

change in the resonant frequency is less than tha t  for  a sol id f i lm  

of the same thickness and density. A crysta l  f u l l y  immersed in a 

l iqu id  of speci f ic  transverse acoustic impedance Z = R -  iX 

experiences a change in the frequency f  and qu a l i ty  fac tor  Q of  

the resonance given by

Af = -  ( 1 . 2 )
n-ïïR

q

( 1 .3 )
q

fo r  R »  R , X .
q

The transverse acoustic impedance at  a frequency f  = w/2n of  

a homogeneous, hydrodynamic f l u i d  of  density p and v iscos ity  q is,  

as shown in Chapter 2.3

Z = R -  iX

= ' ( 1 . 4 )

and the viscous penetrat ion depth of the wave is 6 = /2q/pw . For 

He I I  (see for  example Wilks (1967) ) ,  the superf lu id component, density  

p  ̂ , does not couple to the c r y s ta l ' s  motion and the to ta l  density and

viscosity ,  p and q , are replaced by those of  the normal f lu id  

component, p  ̂ = p -  p  ̂ and q^ (Putterman, 1974). In general 

however, the l iqu id  is not homogeneous, the short range ( < 6 )
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van der Waals' forces between a l iqu id  and a sol id enhancing the 

density of helium close to the c rys ta l .  The crystal  then acts both 

as a microbalance, the enhanced density helium, equivalent to an 

adsorbed mass per un i t  area o , decreasing i t s  resonant frequency 

(equation ( 1 . 1 ) )  and as a high frequency viscometer with the viscous 

loading of the helium decreasing both f  and Q (equations (1 .2 )  

and ( 1 . 3 ) ) .

I f  the crystal  is immersed in helium of pressure less than the 

saturated vapour pressure, the van der Waals' forces compress the 

gas, i t s  density increases and i t  condenses to form a l iqu id  f i lm  

on the crystal  (Chapter 2 .5 ) .  The f i lm 's  thickness w i l l  depend upon 

the pressure of the vapour over the f i lm  and hence, i f  bulk l iqu id  

is present, upon the height of the crysta l  above the l iqu id  leve l .

At T > T however, the f i lm  thickness is very sensit ive  to small

changes in i t s  temperature and by d e l ib e ra te ly  creating a temperature 

di fference between the bulk l iqu id  and the f i lm ,  i t  is possible, as 

shown in Chapter 4, to sweep the f i lm  thickness from a few nanometers 

to very much greater than the viscous penetrat ion depth. The impe

dance measured by the crysta l  as the f i lm  thickness is swept at  

constant temperature and hence constant 6 , may be calculated as a

function of the changing ra t io  d/ 6  using the transmission l ine

theory of Chapter 2.4.

Below the A-point i t  is not possible to create the temperature

di fference that is used to sweep the f i lm  thickness at  T > T , and
A

the superf luid f i lm  on the crystal  is stable,  with a thickness deter

mined by the c r y s ta l 's  height above the l iqu id  leve l .  The data for  

the impedance measured at various f i lm  thicknesses is presented in 

Chapter 5 and shows the e ffec ts  of the viscous penetrat ion depth 6
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increasing from 15 nm at the A-point to ^ 7 0 n m a t  1.2 K for  a frequency 

of 20 MHz. The impedance may be calculated from transmission l ine  

theory s im i la r  to that used for  the normal helium f i lm ,  since again 

the re levant parameter is the changing of the ra t io  d/ 6  . For 

T < 1.2 K , the f i lm  enters the non-hydrodynamic regime with o)T > 1 

where t  is the re laxat ion time of the exc i ta t ions.  In the b a l l i s t i c  

l i m i t ,  WT »  1 , the phonons have a neg l ig ib le  e f fe c t  and the major 

contribution to the measured impedance is from the rotons. These 

travel  unimpeded across the f i lm  a f t e r  r e f lec t io n  at  the crysta l ,  

and a f rac t ion  a , which may be deduced from the data, transfers  

momentum from the crystal  to the vapour. The superf luid f i lm  data 

also exhib its  a large,  unexpected thickness and temperature dependent 

resonance which has t e n ta t iv e ly  been id e n t i f i e d  with vort ices pinned 

to the crysta l  and resonating in the A/4 Kelvin mode, with a node 

at the crysta l  surface and an antinode at  the 1 iquid-vapour in te r face  

(Chapter 2 .6 ) .

At temperatures greater than tha t  of the l iquid-gas c r i t i c a l  point  

T  ̂ , the l iqu id  f i lm  cannot form on the c rys ta l .  For temperatures 

only ju s t  above T^ however, the high compressibi l i ty of the helium 

in the c r i t i c a l  region under the c ry s ta l 's  surface potent ia l  causes 

i t s  density to change rapid ly  from a gas- l ike  to a l i q u i d - l i k e  value.

In Chapter 6 , measurements of the helium's impedance for  the isotherm 

T -  T^ = 49 mK are presented; both the data and calculat ions using 

transmission l ine  theory show a maximum in the mass adsorbed on the 

crystal  for  pressures close to the c r i t i c a l  pressure. At low densi t ies,  

the mean free path of the helium atoms becomes comparable with the 

viscous penetrat ion depth and i t  is possible to estimate the f rac t ion  

of atoms that are d i f fu s e ly  scattered from the crystal  surface.
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Shear waves have previously been used to probe ^He, ' Ĥe and

^He -  “He mixtures in both bulk l iqu id  and adsorbed f i lm  states.  Al l

techniques measure e i th er  or both the frequency of the viscous wave

and the energy lost from the resonator to the l iqu id .  In 1960, Welber

used a c y l in d r ic a l ,  to rs io n a l ly  o s c i l l a t in g  crystal  to exc ite  viscous

waves in bulk “He at  a frequency of 32 kHz and, from the change in the

e le c t r ic a l  series resistance of the o s c i l l a t o r  caused by the damping

of the l iqu id ,  deduced the product p q A torsional  o s c i l l a t o r
n n

has also been used by Betts e t  al (1965) and Bert inat et  al (1972) to 

f ind the e f fe c t iv e  v iscosity  at  40 kHz of ^He and solutions of ^He 

in “He by measuring the decay of the crysta l  o sc i l la t io n s .  Roach and 

Ketterson (1976) have used d i rec t  transmission of transverse sound 

between two AC-cut transducers at  frequencies of 12-108 MHz to measure 

the impedance of ^He.

A planar crysta l  resonator has also been used to propagate shear 

waves in both bulk l iqu id  helium and adsorbed f i lms.  Chester, Yang 

and Stephens (1972) and Chester and Yang (1973) used a quartz crystal  

resonator v ibra t ing in shear at  a frequency of 24 MHz as a microbalance; 

since the superf luid component of  a helium f i lm  adsorbed on the crystal  

does not couple to i t s  o s c i l la t io n s ,  they were able to observe the 

onset of s u p e r f lu id i ty  in the thin f i lm .  These measurements are 

reported in more d e ta i l  in Yang' s thesis (1973) and have recent ly  been 

extended to the superf luid onset regime in f i lms of ^He -  “He mixtures 

(Webster et  a l ,  1979 and 1980). S imilar data in the onset region of  

“He f i lms has also been obtained by Herb and Dash (1975) at frequencies 

of 8  and 24 MHz.

Migone et  al (1985) have used shear o s c i l l a t in g  crysta ls  to 

investigate  the formation at  vapour pressures close to the saturated 

vapour pressure of “He f i lms on gold and s i l v e r  substrates for
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temperatures between 1.4 K and jus t  below the l iquid-gas c r i t i c a l  

point.  Yang and Mason (1980) have also used crystal  o s c i l la to rs  to 

look at the properties of thick adsorbed superf luid helium f i lms,  

but under zero g rav i ty  conditions.

An AT-cut quartz c rys ta l ,  resonating at  frequencies of 20.5,

34.1 and 47.8 MHz has been used in an extensive study of the e f fe c t ive  

viscosity  of bulk “He, both above the A-point (Lea and Fozooni, 1986) 

and below i t ,  under svp (Lea, Fozooni and Retz, 1984) and at 

pressures up to the s o l id i f i c a t io n  pressure (Lea and Fozooni, 1984).
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Chapter 2

Background Theory for  the In te rpreta t ion  

of the Experimental Results

2.1 Introduction

A crystal  resonator immersed in helium and v ibra t ing in shear 

acts both as a microbalance and as a high frequency viscometer; 

changes in the qu a l i ty  factor  and frequency of the c r y s ta l 's  reso

nance due to mass and viscous loading being used to f ind the trans

verse acoustic impedance of the helium (sections 2.2 and 2 .3 ) .  The 

viscous wave propagates in the helium in accordance with the one

dimensional Navier-Stokes equation and is a sensi t ive probe of the 

f l u i d ' s  propert ies on a length scale comparable with the viscous pene

t ra t io n  depth. The van der Waals' forces between a f lu id  and a sub

s tra te  enhance the density of the layers of helium close to the crystal  

and, i f  the crysta l  is surrounded by helium vapour, a l iqu id  f i lm  may 

condense upon i t  (section 2 .5 ) .  The e f fec ts  of these and other inhomo

geneit ies on the impedance measured by the crystal  can be calculated  

using transmission-l ine theory (section 2 .4 ) .

2.2 The Effec t  of  Helium on the Resonator

A quartz AT-cut crysta l  resonator v ibra t ing in shear has a resonant 

frequency f^ which is determined by the thickness of the crystal  t

where v is the v e loc i ty  of the shear waves in the crystal  and n = 1 , 

3, 5, . . .  is the harmonic number of  the resonance.

For thin adsorbed f i lms the crystal  acts as a microbalance; to a

f i r s t  approximation the c ry s ta l 's  Q is unchanged and i t s  resonant

frequency decreases in proportion to the adsorbed mass per unit  area.
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o (Stockbridge, 1966 and Lu, 1984)

4f2g
Af = - s

nRq ( 2 . 2 . 2 )

where R = p v is the transverse acoustic impedance of the quartz,
q q

density p .
q

The in t r in s ic  q u a l i t y  fac tor ,  of the resonator is due to loss

of energy in the crysta l  mounting and the in t r in s ic  losses of the 

quartz i t s e l f .  I f  the crysta l  is immersed in helium of speci f ic  trans

verse acoustic impedance Z = R -  iX , there are addit ional  losses 

associated with the exc i ta t ion  of  the viscous wave in the f l u i d .  A 

transverse wave propagating in the quartz and incident normally on one 

of the two plane interfaces with the helium suffers an energy loss and 

a phase change on re f le c t io n ,  the complex re f le c t io n  c o e f f ic ie n t  A 

being given by

R -  Z
" = ( 2 . 2 . 3 )

q

Since R̂  »  R and X , the frac t iona l  energy loss from the 

crystal  per re f le c t io n  is

Y  = ^  ( 2 . 2 . 4 )

and the phase change of the wave per re f lec t io n  is

A<t = P  ( 2 . 2 . 5 )
%

The wave undergoes many re f lec t ions  at the quartz/helium inter faces  

and the energy lost from the crystal  to i t s  surroundings is measured as
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a decrease in i t s  qua l i ty  factor  Q , defined as

where f  = w/2 w is the frequency of the wave. Hence, since the wave 

is re f lec ted  v / t  = 2 f^/n times per second.

The phase s h i f t  per second is (2X/R^) (2 f^ /n )  and the decrease in 

resonant frequency of the crysta l  due to the helium is therefore

2f X

h
q

Af = ( 2 - 2 - 8 )

Thus R and X , the real  and imaginary parts of the transverse acoustic 

impedance of the helium, can be found from changes in the q u a l i ty  factor  

Q and resonant frequency f  of the crysta l ;

n-iïR
R(T) = (Q - ‘ (T)  -  Q-‘ ) ( 2 . 2 . 9 )

n-iïR
X(T) = - ^  ( f .  -  f _ ( T ) )  ( 2 .2 .1 0 )

0 s

where f  and Q are the basel ine values of  the c r y s ta l 's  resonant 
0 0

frequency and qu a l i ty  factor  corresponding to X = 0 and R = 0 , 

and are usual ly taken as e i ther  the low temperature (T < 0 . 6  K) or 

vacuum values of  f  and Q .
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2.3 The Transverse Acoustic Impedance

2.3.1 The Hydrodynamic Region ( w t  < 1)

The quartz crysta l  resonator v ibra t ing in the x = 0 plane as 

shown in Figure 2.1,  excites a transverse wave in the f lu id  in which 

i t  is immersed. The veloc i ty  d is t r ib u t io n  u(x) of the wave in a 

homogeneous f lu id  s a t is f ie s  the 1-D Navier-Stokes equation (Landau and 

L i fs h i t z ,  1959)

where n is the v iscosity  of the f l u i d  and p is i t s  density.  The 

amplitude of the shear wave at  any point x in the f lu id  is

€(x )  = exp( -  iwt -  yx) ( 2 . 3 . 2 )

where w = 27rf . The propagation constant of the wave, y , is found 

from equation ( 2 . 3 . 1 )  with u ( x ) E ^ ( x )  , to be

y = (1 -  i ) / 6  ( 2 . 3 . 3 )

where

6 = / I  ( 2 . 3 . 4 )

is the penetrat ion depth of the viscous wave and characterises the 

distance over which the f lu id  par t ic ipates  in the c r y s ta l 's  motion. In 

helium, 6 ^ 20 nm and as shown in Figure 2.1,  the wave is very heavi ly  

damped.
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m

Figure 2 . 1

The ve loc i ty  p r o f i l e  of the viscous wave, penetrat ion depth 

6 =  (2q/pw)^ . X = 0 is the s o l id / l i q u id  in te r face .
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The transverse acoustic impedance of the helium measured by the 

crystal  is defined as

= - n  (b ) ( 2 . 3 . 5 )

where tt is the shear stress on the crystal  surface. Hence from
yz

equation ( 2 . 3 . 2 )

Z = hy

= ( 1 -  i )n /ô

= (1 -  i )  (wpn/2)^ ( 2 . 3 . 6 )

2 .3 .2  The Non-Hydrodynamic Region ( u)t > 1)

The analysis above is va l id  only in the hydrodynamic region where

WT < 1 , T being a re laxat ion time charac te r is t ic  of the system. In

the non-hydrodynamic region, wT > 1 , the concepts of v iscosity  and

penetrat ion depth are no longer appropriate though the acoustic impe

dance remains well defined in terms of the shear stress tt on the 

crys ta l ,  equation ( 2 . 3 . 5 ) ( a ) .

For a gas of atoms or exc i ta t ions in the b a l l i s t i c  l i m i t  with 

COT »  1 , TT is equal to the f lux  of transverse momentum away from the 

crysta l  surface and can be derived from k inet ic  theory. I f  the angle 

between the normal to the crystal  and the d i rection of the gas p a r t i c le 's  

approach is 0 , the number of par t ic les  h i t t in g  unit  area of the 

crystal/second is given by
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Hs = y  I sinScosede ( 2 .3 .7 )
tt/ 2

0

where n is the number of p ar t ic les  per un it  volume and c is th e i r  

mean ve loc i ty .

An incoming p a r t ic le  scattered d i f fu s e ly  by the crystal  experiences 

a change in i t s  transverse momentum of mu , where m is the e f fe c t ive  

mass of the p a r t ic le  and u = u^e is the v e loc i ty  of the crystal

surface. The shear stress on the crystal  is then

TT = n  ̂ m u^e ( 2 . 3 . 8 )

and the impedance Z = tt/ u e i
0

Z = R = ^ nm c
OO 00

s

= i  p c ( 2 . 3 . 9 )

The impedance Z of  a bulk gas in the b a l l i s t i c  l i m i t  wx »  1 is

therefore purely real  and independent of frequency. I f  a frac t ion  s

of the gas p ar t ic les  are specularly re f lec ted  from the crystal  and pick

up no momentum from i t ,  the b a l l i s t i c  impedance becomes

= i  a p c (2 .3 .1 0 )

where a = 1 -  s is the d i f fu s e ly  scattered f rac t ion  contr ibuting to 

the shear stress on the crys ta l .

At frequencies of  20 MHz, the experimental conditions are such that  

the helium is r e la t i v e l y  often in the non-hydrodynamic region, the two 

examples of relevance here are the gaseous ^He atoms at  low pressures
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above the l iquid-gas c r i t i c a l  point and the phonon and roton excita t ions  

in superf luid helium at low temperatures, T < 1.2 K .

2.4 Transmission Line Theory

The expression for  the acoustic impedance Z , equation ( 2 . 3 . 6 ) ,  

assumes that the helium is homogeneous, having the same propert ies at  

the crystal  surface, x = 0 as in the bulk, x = oo . I f  the propert ies  

of the helium depend on posit ion,  and density and v iscosity  are functions  

of X , p = p(x)  and n  = q(x)  , transmission l ine  theory is used to

calculate  the impedance a ctua l ly  measured by the c rys ta l .  A characte

r i s t i c  or local impedance is defined (Lea and Fozooni, 1985),

z (x )  = y ( x ) n  (x)

= (1 -  i )  ( u p ( x ) n ( x ) / 2 ) :  ( 2 . 4 . 1 )

which is the impedance a bulk homogeneous f lu id  would have i f  i t s  

propert ies were the same as those that  ex is t  lo c a l ly  at  x . The actual  

impedance at  x , Z(x) , is an accumulative value, due to a l l  the

f lu id  to the r ig h t  of x and is therefore the impedance that would

be measured at  tha t point .

From equation ( 2 . 3 . 5 )

Z(x)  = -n ( x )  ( 2 . 4 . 2 )

where the v e loc i ty  u(x) is found from the general ised form of equation 

( 2 . 3 . 2 )  fo r  the displacement of the wave,

u(x) = A exp( -y (x )x )  + B exp(y(x)x)  ( 2 . 4 . 3 )
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where A is the amplitude of the forward t r a v e l l i n g  wave and B that  

of any re f lec ted  wave. The above three equations, (2 .4 .1  -  2 .4 .3 )  y ie ld  

the re la t ion  between the actual and local impedances at x ;

Z(x) ^ A exp( -y (x )x )  -  B exp(y(x)x)  v
z (x )  A exp( -y (x )x )  + B exp(y(x)x)  K • • )

I f  a length of transmission l ine  £ is considered to represent the 

f l u id  between x and x -  £ , then Z(x)  of equation ( 2 . 4 . 4 )  is the 

terminating impedance of the l ine  and Z(x -  £) is i t s  input impedance 

and is given by

-  %) = A e x p ( - Y ( x ) ( x  -  & ) ) -  B e x p ( y ( x ) ( x  -  & ) )  
z ( x )  A e x p ( - y ( x ) ( x  -  £ ) ) +  B e x p ( y ( x ) ( x  -  £ ) )   ̂ ;

where the length of l ine  £ is small and z (x )  = z(x -  £) .

Combining equations ( 2 . 4 . 4 )  and ( 2 . 4 . 5 )  to re la te  the input and 

terminating impedances of the l ine  gives

where y is the local  propagation constant.

Equation ( 2 . 4 . 6 )  reduces to the form

Z(x -  £) = z (x )  tanh(ilJ + y£) ( 2 . 4 . 7 )
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where

tanh(ilj) = ^

In the l i m i t  of £ -»- 0 , the d i f f e r e n t i a l  form of equation ( 2 . 4 . 7 )  is

1 -tanh^(iii)

Yz(x) ( 2 . 4 . 8 )

In general , th is  equation has to be solved by numerical methods (Lea 

and Fozooni, 1985), but for  the speci f ic  case of a homogeneous f i lm

adsorbed on the crysta l  surface i t  can be solved a n a ly t ic a l ly ,  as

discussed in Chapter 4.

2.5 Adsorption of Helium Films on the Crystal Resonator

The helium f i lm  adsorbed on a substrate has i t s  surface in contact  

with vapour that is compressed in the potent ia l  f i e l d  V(x) of the 

substrate,  i t s  pressure increasing with decreasing x u n t i l ,  at  x = d , 

the vapour condenses. The chemical potent ia l  of a helium atom of the

gas in the v ic i n i t y  of the crystal  resonator is

Vc = To [P%/Po(To)] ( 2 - 5 .1 )

where is the Boltzmann constant, the saturated vapour pressure

at temperature T^ and the pressure of the vapour at  the crys ta l .

I f  the pressure at the lowest point in the ce l l  is represented by Pĵ  

then equation ( 2 . 5 . 1 )  becomes
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= m g h + £n [P^/P^fT^)] ( 2 . 5 .2 )

where mgh is the g rav i ta t iona l  potentia l  of the helium atom at height  

h above the ce l l  bottom. At the l iqu id  f i lm  surface, the crystal  

potential  V(d) = -V^ , and hence, i f  bulk l iqu id  helium is present in 

the ce l l  at temperature and the c rys ta l ,  also at , is a

height h above i t s  surface, P  ̂ = P  ̂ and

V(d) =-m g h ( 2 . 5 . 3 )

The simplest expression fo r  the potent ia l  V(x) of the substrate 

is tha t deriving from the van der Waals' form of the a t t r a c t i v e  potential  

between two molecules, V (r )  ar  In tegrat ing th is  over the complete 

substrate yie lds V(x) a l /x^  and V(d) , the value of the potential  

at the f i lm  surface is therefore

-AK.
V(d) = - g f  ( 2 . 5 . 4 )

where A is a constant fo r  the substrate.

The van der Waals' forces Fa l /r?  , where r is the separation 

of two atoms, are electromagnetic in or ig in  and arise from f luctuations  

in the e le c t ro s ta t ic  dipoles of the atoms. As r  increases however, 

retardat ion of the electromagnetic radia t ion becomes important and 

Casimir and Polder (1948) have shown that  for  separations large com

pared with the wavelength corresponding to t rans i t ions  between

the ground and excited states of the atom, Fal /r® . This leads to a 

X dependence of the potential  of an atom in the f i e l d  of a planar  

substrate for  large x .
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Thus the potential  of a substrate is expected to vary as x ^

where n increases from n = 3 for  x «  A to n = 4 for  x »  A .
0 0

L i fs h i t z  (1956) approached the problem from a macroscopic viewpoint and 

took the in teract ion  between two sol id bodies spaced a short distance d 

apart to occur via the f luc tua t ing  electromagnetic f i e l d  tha t is present 

inside a medium and extends beyond i t .  The in teract ion  is then completely 

specif ied for  a l l  separations large compared with interatomic distances 

by the complex d ie le c t r i c  s u s c e p t ib i l i t ie s  of the medium and has the 

l im i t in g  forms of Vax  ̂ and Vax ^ for  small and large separations.  

Dzyalashinski i , L i fs h i t z  and P i taevsk i i  (DLP) (1961) extended the L i fs h i t z  

theory to l iqu id  f i lms adsorbed on a substrate and in contact with a 

vapour, and showed how the surface potent ia l  may be estimated from the 

absorption spectra of the l iqu id ,  vapour and substrate.

The DLP theory of f i lm  thickness has been v e r i f i e d  by Sabisky and 

Anderson (1973) fo r  a helium f i lm  adsorbed on a single crystal  of  SrFz . 

Longitudinal acoustic waves (30GHz) were excited in the helium f i lm  and 

the standing waves set up between the substrate and the free f i lm  surface 

were observed as the pressure of the vapour above the f i lm  was reduced 

and the f i lm  thinned. The f i lm  thicknesses deduced from the nA/4 

(n is odd) resonances of the waves in both saturated and unsaturated 

f i lms over a range of thicknesses, l-25nm, are in excel lent agreement 

with those calculated from the DLP theory.

In general therefore,  for  a helium f i lm  adsorbed on a substrate,  

the potent ia l  V(d) is proportional  to d  ̂ , where n increases 

from n = 3 to n = 4 as the f i lm  thickness increases, Sabisky and 

Anderson reporting that the l im i t in g  form, n = 4 was not reached for  

th e i r  substrate at  f i lm  thicknesses of 25nm.
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The deviat ion of the potential  V(d) from the van der Waals' 

form 1/d^ can be expressed by permitt ing the substrate constant A 

to become a function of f i lm  thickness. Thus for  a l l  d ,

-A (d)K .  
V(d) =

For thin f i lms,  Chester, Yang and Stephens (1972) give a value fo r  

A of ^40K for  gold plated crysta ls  s im i la r  to those used in these 

studi es.

2.6 Vort ices and Vortex Waves

2.6.1 Vortices in He I I

The vort ices that ex is t  in superf luid helium are s im i la r  to those 

of c lassica l  hydrodynamics (e .g .  Batchelor, 1967), but d i f f e r  in tha t  

they have quantized c i rc u la t io n .

The tw o- f lu id  model of He I I  (see fo r  example, Wilks 1967) con

siders the l iqu id  to be a mixture of two intermingling,  non-interact ing

f lu ids  such that i t s  density is p = . The normal f lu id  com

ponent, density p  ̂ carr ies  a l l  the entropy of the l iqu id  and has

associated with i t  a v iscosity  , while the superf luid component,

density p  ̂ has zero v iscosity  and i t s  veloc i ty  V̂  s a t is f ie s  the 

re la t ion

^ = curl V̂  = 0 ( 2 . 6 . 1 )

throughout the l iq u id .  The c i rc u la t io n  k  in the helium is defined 

by the integral
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K = (p ^  ( 2 .6 .2 )

taken over any closed c i r c u i t  in the l iqu id .  By Stoke's theorem, 

th is  becomes

K = Q) curl V • ds s —

for  a reducible c i r c u i t  and therefore ,  by equation ( 2 . 6 . 1 ) ,  there  

should be zero c i rc u la t io n  in the helium and the superf luid component 

in a simply connected ro ta t ing bucket should remain at rest  with 

= 0 . Experiments show however (e .g .  Osborne, 1950), tha t  the 

whole mass of He I I  may be set into uniform rota t ion  and therefore  

that  is not zero. This apparent contradict ion is resolved by

considering the helium to be threaded with vort ices with non-zero 

v o r t i c i t y  ^ along t h e i r  cores. Thus equation ( 2 . 6 . 1 )  is sa t is f ie d  

for  most of the l iqu id  and yet the helium rotates r i g i d ly  with the 

container as required.  For s u f f i c i e n t l y  high rota t ion speeds 0 , 

the l iqu id  w i l l  be threaded by a uniform array of vort ices aligned 

along the ro ta t ion axis,  each with a c i rc u la t ion  k  and hence a l ine  

density (Feynman, 1955)

" o = f  ■ ( 2 . 5 . 3 )

The c irc u la t io n  k is quantized in units of h/m = 10 ^m̂ s  ̂ for  

"̂ He, hence fo r  an angular ve loc i ty  Q =  1 rad.s  ̂ , the vortex l ine  

density is n  ̂ = 2 0 0 0  cm 2  ̂ equivalent to a spacing between the l ines  

of approximately 0 . 2  mm .
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I f  a vortex is aligned along the z-axis  the ve loc i ty  of the helium 

about the axis is

V = ^  fo r  r > a ( 2 . 6 . 4 )

O
where a = 1.3 A characterises the size of  the vortex core and increases 

with temperature, diverging as T ^ . The core of the vortex would

c la s s ic a l ly  be that region where the ro ta t ing  l iqu id  is held back from

the vortex axis by centr i fugal  forces.  There is however, no evidence

that  the core of a vortex in ^He is a region of zero or depleted density,  

though fo r  the sake of s im p l ic i ty ,  a hollow core model is frequently  

used to describe i t .  A more physical picture  is tha t  the core radius 

is re lated to the superf luid heal ing length with = 0 at  the vortex 

axis r = 0;  from th is  assumption, Barenghi, Donnelly and Vinen (1953)  

have estimated the core radius as a function of temperature, and th is

is the value of a used in the calculat ions of Chapter 5.

A r e c t i l i n e a r  vortex has an energy e per unit  length which, for  

a hollow core vortex aligned along the z-ax is  is,  in cy l in d r ica l  polar  

co-ordinates

R
G =  7T p  ̂ I r v  ̂ dr (2.  6 . 5)

where R is a macroscopic c u t -o f f  representing e i th e r  the size of the 

container or the spacing between the vortices.  In general , fo r  a v e loc i ty  

d is t r ib u t io n  given by equation ( 2 . 6 . 4 ) ,  th is  becomes

PgK*

^ 47T
£n f ]  + aj ( 2 . 6 . 6 )



-  33 -

where ô characterises the core model; 6 = 0  fo r  a hollow core and 

6 = i  fo r  a core in sol id body ro ta t ion .

A curved vortex in a stat ionary  f l u i d  has a s e l f  induced ve loc i ty  

that  is perpendicular to i t s  plane of  curvature.  The v e loc i ty  v̂  

induced at  the vortex core by a length of l in e  L is given by 

(Batchelor,  1967)

( 2 . 6 . 7 )

where c is the radius of  curvature.  Thus the vortex l ine  moves and 

changes i t s  shape with a ve loc i ty  that  at any point is caused by the 

curvature of the l ine  at  tha t point.  A r e c t i l i n e a r  vortex with c = 0 

has no self - induced ve loc i ty  and remains s ta t ionary,  whereas a vortex 

r ing,  with constant curvature (radius r^) has a t rans la t iona l  ve loc i ty  

(F e t te r ,  1978)

V =i 4ïïr I n -  Y + 6a j (2. 6.8)

where 6 again characterises the core model.

A vortex moving through a l iqu id  experiences a force perpendicular  

to i t s  d i rec t ion  of  motion known as the Magnus force. In hydrodynamics, 

th is  arises because the c i rcu la t ion  of the vortex causes an increased 

ve loc i ty  of f l u id  on one side of the vortex,  resul t ing in an excess 

pressure from the other. I f  the l ine  is moving with a ve loc i ty  v^ in 

the laboratory frame and has a self- induced veloc i ty  v̂  , then in a 

superf luid flow of veloc i ty  v  ̂ the streaming of the f l u i d  past the
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vortex is given by ( v_. + v^) and the Magnus force per unit  length of 

l ine  is (Barenghi et  a l ,  1983)

^  = Ps < X ^  ( 2 . 6 . 9 )

where k = kw and w is a un i t  vector along the axis of the vortex.

Equation ( 2 . 6 . 9 )  assumes tha t  the helium in which the vortex exists  

is pure superf lu id .  In He I I  however, in te ractions between the vort ices  

and the exc i ta t ions of the normal f lu id  re su l t  in a drag or f r i c t i o n  

force fy per unit  length of l ine ,  with components p a ra l le l  and per

pendicular to the d i rec t ion  of the r e la t i v e  motion of the l in e  and the 

normal f lu id ,

= f o  (Vp -  v%) + w X (v^  -  v^)  ( 2 . 6 . 1 0 )

where v  ̂ is the v e loc i ty  of the normal f lu id  flow. The mutual f r i c t i o n  

c oef f ic ie n ts  and y^ are experimentally determined for  T < 1 K

from the motion of vortex rings attached to ions and can be found 

i n d i r e c t l y  at  higher temperatures from the attenuation of second sound 

by r e c t i l i n e a r  vort ices in ro ta t ing containers.

The motion of the vortex is therefore determined by the balance of  

forces on the l ine ,

fm + = 0 ( 2 . 6 . 1 1 )

2 .6 .2  Waves on an Isolated Vortex

Lord Kelvin (Thomson, 1880) showed that i t  should be possible for
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c i r c u la r ly  polarized transverse waves to propagate along an isolated  

vortex l ine .  In th is  case, the ve loc i ty  of the l ine  at each point is 

proportional  to i t s  radius of curvature and is in a di rect ion perpen

dicu la r  to the plane of  curvature.  I f  however, the vortex l ine  is one 

of an array of vort ices,  i t s  curvature w i l l  depend upon the ve loc i ty  

induced at i t s  core by i t s  neighbours; the resul t ing  l a t t i c e  waves are 

cal led Tkachenko waves (Andereck and Glaberson, 1982). Vortex waves in 

ro ta t ing  helium were f i r s t  observed by Hall (1958) on l ines pinned 

between discs o s c i l l a t in g  at frequencies of around 1 Hz,

I t  is possible to gain an insight  into the motion of  the vortex 

associated with the Kelvin wave by considering an analogy between the 

vortex l ine  and a f ine  e la s t ic  f i lament (F e t te r ,  1978). I n i t i a l l y ,  

consider the vortex l ine  to be moving with ve loc i ty  v̂  in a s ta t ionary  

f l u i d  v  ̂ = 0 , experiencing no drag force, f^ = 0 . Then, from 

equations ( 2 . 6 . 9 )  to (2 .6 .1 1 )

P g  K  X ( v ^  -  V . )  =  0  ( 2 . 6 . 1 2 )

The f i r s t  term of th is  equation, K x Vp is e f f e c t i v e ly  the Magnus

force on the l ine  resul t ing from i t s  motion through the f lu i d .  The

vortex has associated with i t  an energy/unit  length (equation ( 2 . 6 . 6 ) )

and hence a tension T which acts to restore the deformation of the
0

l ine  caused by the Magnus force.  T^ is therefore  associated with the 

term -p^ K x v̂  where, as before, v̂  is the self- induced ve loc i ty  

of the vortex.  I f  the displacement of the vortex is u ( z , t )  , the 

vortex being aligned along the z-axis with i t s  displacement perpendicular  

to i t ,  then the ve loc i ty  of the l ine  is v  ̂ = 3L[/9t and equation ( 2 . 6 . 1 2 ) 

becomes
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^0  i l ?  + Ps ^ * a l  = °  (2 .6 .1 3 )

Taking the deformation u =  (Ç ,q ,0 )  and solving (2 .6 .1 3 )  gives the 

two equations:

To 0  + P3 KC = 0 (b)

(2 .6 .1 4 )

Assuming a wave-l ike dependence exp[ i (wt -  kz)]  for  both Ç and q , 

these equations can be solved fo r  the angular frequency w = 27rf of  

the vortex wave, giving

and

T^k:
w+ = ± ( 2 . 6 . 1 5 )

n+ = + iC

These modes are c i r c u la r ly  polarized with a he l ica l  deformation that  

propagates along the vortex axis,  each element of core performing a 

small c i rc u la r  o rb i t  in the plane perpendicular to the undeformed 

axis. The posi t ive  wave , with q = - iÇ  , has a ro ta t ion in 

the same sense as the superf luid c ircu la t io n  while the negative wave 

w_ , q = iÇ , rotates in the opposite d i rec t ion .

I f  the mass of the vortex is taken into account by set t ing equation 

( 2 . 6 . 1 2 ) equal to the i n e r t i a l  force p t̂t a^(9^Ç/9t^ , 9^q/9t^)  then, 

assuming the waves to be c i r c u la r ly  polarized.
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1 +  -^1

(2 .6 .1 6 )

O 0

where w  = . Therefore, for  w  < w  where w  / 2 tt =  3  x  lO^^Hz,
o 0 0

k_j_ is imaginary and the wave is a non-propagating mode. For low

frequencies, w «  w ,
o

k+ = i k_ (2 .6 .1 7 )

Superposition of two c i r c u la r ly  polarized waves of frequency w_ 

t r a v e l l in g  in opposite di rect ions along the vortex l ine  yie lds a sinu

soidal deformation of the vortex that is confined to a plane and rotates  

about the undeformed vortex axis in a d i rect ion opposite to tha t of the 

superf luid c i rcu la t io n .

Equation (2 .6 .1 5 )  expresses the frequency of the vortex wave in 

terms of the tension or energy per un it  length of the l ine ,  equation 

( 2 . 6 . 6 ) .  A more deta i led analysis (F e t te r  and Harvey, 1971) gives the 

e f fe c t iv e  long wavelength tension,and the frequency of the negative 

wave for  ka << 1 is then

o)_ = -  ^  l^n + O . I I 59J (2 .6 .1 8 )

which is the resu l t  derived by Lord Kelvin (Thomson, 1880). Ashton and 

Glaberson (1979) have reported the exc i ta t ion  of Kelvin waves on a vortex  

l ine  by the radiofrequency o s c i l la t io n  (10 MHz) of ions trapped on the 

vortex.
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Equation (2 .6 .1 8 )  is derived assuming there is no inte raction  

between the vortex and the excita t ions  of the normal f lu id ;  i f  the 

drag force f^ per unit  length of l ine  (equation ( 2 . 6 . 1 0 ) )  is taken 

into  account the wave motion s a t is f ie s  equation ( 2 . 6 . 1 1 ) and the 

frequency w_ of the wave is complex, with

,   ̂ Y ( P - K  -  y ' )
Re(io) = w_ %  ^ °  (a )

(2 .6 .1 9 )

Jlm(cü) = ^  (b)
Ps

where

Yop;<"
^ Yp + (pgK -  Yg)^ (2 .6 .2 0 )

Equation ( 2 . 6 . 1 9 ) ( a )  represents a s h i f t  in the frequency of the wave 

and equation ( 2 . 6 .1 9 ) ( b )  represents i t s  damping.
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Chapter 3 

Experimental Techniques

3.1 Introduction

The qua l i ty  factor  and resonant frequency of a quartz crystal  

vibra t ing in shear were measured for  superf luid and normal ‘̂ He fi lms  

and for ‘*He f lu id  at a temperature jus t  above that of the l iqu id  gas 

c r i t i c a l  point .  The AT-cut crystal  (section 3 .2 )  was mounted in a 

ce l l  supported by and thermally anchored to,  the mixing chamber of 

an Oxford Instrument's ^He-‘*He d i lu t io n  r e f r ig e ra to r  whose operation  

is discussed in section 3.5.  The experimental ce l l  i t s e l f  (section  

3 .4 )  was designed so i t  could be used for  both bulk and f i lm  measure

ments, in the l a t t e r  case a tube attached to the cel l  held l iqu id  ''He 

and the height of the crystal  above the l iqu id  surface determined the 

equil ibrium thickness of  the f i lm  on the c rysta l .

The resonant frequency f^ and qu a l i ty  factor  of the crystal

were found using a transmission c i r c u i t  (section 3 .3 ) ,  Q being deduced

from the magnitude of the transmitted signal at resonance, S . A
m

feedback system was used to lock-on to the c r y s ta l 's  resonance and

continuously monitor i t s  frequency and the transmitted signal S ,
m

which were recorded, together with the resistance of the thermometer 

by an HP9816 microcomputer (section 3 .6 ) .

3.2 The Crystal Resonator

3.2.1 AT-Cut Quartz Crystals

The AT-cut crystal  resonator is a member of  the singly rotated 

Y-cut family of crystals;  these are crystal  plates whose normal is at
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an angle 0  to the Y-axis in the Y-Z plane of the crystal  lographic 

axes. The crysta ls  may be p ie z o e le c t r ic a l ly  excited into a thickness-  

shear mode of resonance, with p a r t ic le  motion along the X-axis in the 

plane of the crystal  and antinodes of v ib ra t ion at  opposite faces.

The angle of rotat ion defining the AT-cut, = 35° 10' , is chosen 

such that  the resonator has a temperature c o e f f ic ie n t  of frequency, 

d f /d t  of zero at  room temperature (Mason, 1940). The high short

term s t a b i l i t y  of AT-cut quartz crysta ls  has lead to them being an 

important component in o s c i l l a t o r  systems and research into th e i r  

propert ies and behaviour has recently been extended to cryogenic 

temperatures because of the increase in Q-factor and greater long

term frequency s t a b i l i t y  that can be expected.

The resonator used for  these studies was a thickness shear mode 

AT-cut quartz crystal  which had been selected and donated by the GEC 

Hirs t  Centre, Wembl^, Middlesex and had previously been used extensively  

in measurements of the transverse acoustic impedance of bulk ''He both 

above and below the X-point (e .g .  Lea et  a l ,  1984, 1985, 1986). The 

AT-cut crystal  is designed to resonate stably in the thickness-shear  

mode with minimal coupling to other vibrat ions.  Coupling to f le x u ra l ,  

extensional and anharmonic modes can occur however, the l a t t e r  being 

when phase reversals of the v ibrat ion  occur along the crystal  surface 

rather  than along i t s  thickness. The crystal  used in these experi

ments had a diameter to thickness ra t io  of  36, s u f f i c ie n t ly  high to 

prevent coupling to unwanted modes and no evidence of pa ras i t ic  reso

nances had been observed previously.

The resonator consisted of a polished quartz disc of diameter 

9 mm and thickness 0.25 mm with vacuum deposited gold electrodes of  

size 2.5 mm X 2.5 mm and thickness 150 nm, as shown in Figure 3.5.
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The crystal  was used in i t s  commercial mounting with two Be-Cu springs 

making contact with the electrodes via conducting epoxy resin.

Equation ( 2 . 2 . 1 )  gives the resonant frequency of an AT-cut crystal

as

f  = zix
s 2 t

where t  is the thickness of the crystal  and v is the veloc i ty  of  

transverse sound in the quartz.  The fundamental frequency (n = 1)

of the crystal  used was 6.83 MHz, though fo r  the thickness of electrode

plat ing on the c rysta l ,  th is  mode was not energy trapped and the Q-

fac tor  of the resonance was low. The 3rd, 5th and 7th harmonics 

(n = 3, 5 and 7),  a t  20.5,  34.1 and 47.8 MHz, are energy trapped 

modes however, and the Q's obtained are high, > 10  ̂ in vacuum

at 4.2 K .

Quartz has a hexagonal structure and i t s  mechanical propert ies  

are characterised by 6 independent stress constants, c _  

with i j  = 11, 13, 14, 33 and 6 6 . For a singly rotated crystal  of  

cut angle (|) the v e loc i ty  of shear waves in quartz of density p
q

is given by

pqV  ̂ = (cgg + P^)cos^(j) + c^^sin^O -  2Ci4sin&cos& ( 3 . 2 . 1 )

where Cee , C44 and cm are the e la s t ic  moduli of the quartz and

= 0.763 X 10® Nm" 2  is an empirical  factor  (Stockbridge, 1966) to 

account for  the e ffec ts  of p iezoelect r ic  s t i f fe n in g .
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The e la s t ic  moduli change l i t t l e  with temperature below 77 K, 

hence, taking the values given by Stockbridge for  l iqu id  nitrogen 

temperatures

066  = +38.715 X 10® Nm-2

c^  ̂ = +59.645 X 10® Nm-2

Cj^ = -17.724 X 10® Nm-2

and = 2.664 gcm~  ̂ , the ve loc i ty  of shear waves in an AT-cut

quartz crystal  (J) = 35° 10' is 3326m s“  ̂ . The transverse acoustic 

impedance of the quartz,  R = p v is therefore  8.862 x 10®kgm  ̂ s  ̂ .
q q

The measured frequency and q u a l i ty  factor,  f ( T ,P )  and Q(T,P) , 

include contr ibutions from the change of the quartz c ry s ta l 's  in t r in s ic  

propert ies with temperature and pressure, as well as those from the 

helium. For pract ica l  purposes, however, as shown in section 3 .2 .2 ,  

over the temperature and pressure ranges we are concerned with here, 

the only non-negligible e f fe c t  is tha t of pressure on frequency.

3 .2 .2  The Effect  of Pressure and Temperature on f  and Q

The non-helium contribution to the change of resonant frequency 

with pressure is a re su l t  of changes in the in t r in s ic  propert ies of the 

quartz of the c rys ta l .  Stockbridge (1966) has outl ined a method for  

estimating the frac t iona l  frequency change with pressure, l / f ( d f / d P )  , 

using the derivat ives  of  the e la s t ic  moduli c^^ with respect to 

pressure. He gives

=  ÿ  ( 3 . 2 . 2 )
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where

and

? = A .
H p  = 0

2pqV9 = ( 8 6 6  + P^)cos^(j) + S îjSin^cj) + 28^ ^si nct)cos(l) ( 3 . 2 . 3 )

from equation ( 3 . 2 . 1 ) .  For quartz at 77 K and hence, to a good 

approximation, also at  4.2 K,

66&/2Pq = -0.4269 x IQ"® m'kg"'

8m/2p  = +0.2003 X 10-3 m^kg-i 
q

8m/2p  = -0.7967 x 10-= m^kg"' 
q

P /2p = -0.0002 X 10-3 m kg-"e q

For the AT-cut crysta l ,  (J) = 35° 10' and l / f ( d f / d p )  = 18.8 x lOr^o to r r -^  

which for  the th i rd  harmonic, 20 MHz, is 0.0388 Hz / tor r .  Measurements 

taken at  T = 0.25 K where the superf luid helium exerts no viscous 

loading on the crysta l  give df/dp = (0.0399 ± 0.0003) Hz / torr  (Lea 

and Fozooni, 1984); the discrepancy may be due to the s l ig h t  temperature 

dependence of the crystal  parameters below 77 K. Similar  measurements 

also show that the qua l i ty  factor Q is essent ia l ly  independent of 

pressure over the range used here (< 2 0 0 0 %) .

The frequency s t a b i l i t y  of an AT-cut quartz crystal  with temperature,  

l / f ( d f / d T )  has been given by Mossuz and Gagnepain (1976) as

< 4 X 10-® K-^ at  4.2 K , though Komiyama's estimate (1981) is higher,

1.2 X 10-® K"  ̂ at 4.2 K , decreasing to 1.5 x ICT* at  2 K . The

Q-factor  of the crystal  at  l iquid  helium temperatures is also expected

to have a small temperature co e f f ic ie n t  as there is a re laxat ion peak 

in quartz and a consequent decrease in Q at around 15 K, but experi

mentally the Q is found to change only s l ig h t ly  below 2 K .
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For T < 2 K , the e ffec ts  of temperature should be negl ig ib le ,

ce r ta in ly  less than the er ror  bars upon the measurements of f  and Q

themselves, and for temperatures higher than th is ,  f  and Q are

taken re la t i v e  to reference values f  and Q obtained at  the same
0 0

temperature.

3 .2 .3  Amplitude and Veloc ity  of the 

Crystal Surface Vibrat ion  

I t  is important that the amplitude of the crystal  v ibra t ion is 

small and that i t s  v e loc i ty  is less than the c r i t i c a l  ve loc i ty  of the 

helium f i lm .  Estimates of the maximum amplitude Ç and ve loc i ty  g 

of the n 'th  harmonic's v ibra t ion can be obtained; fol lowing Stockbridge 

(1966)

« = d , ,  ^  ( 3 . 2 . 4 )

and

e = ^  ( 3 . 2 . 5 )

where dgg = 3.44 x 10“ ^̂  C/N is the p iezoelect r ic  c o e f f ic ie n t  of the

quartz,  L is the c ry s ta l 's  inductance and t  is i t s  thickness. The

current I in the crystal ,  resistance r = 60̂ 2 at resonance, is

estimated from the transmission c i r c u i t  of Figure 3.2 to be

/200P .
I =

10 0  + r

where P^  ̂ is the r . f .  power in the c i r c u i t  in watts and is found
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from the set t ing,  in dBm, on the Marconi signal generator, where

OdBm E 1 mW and represents the power dissipated in a 50̂  ̂ load connected

across the output terminals of the o s c i l l a t o r .

At 20.5 MHz (n = 3) , L = 0 .18  H and for  P = -56 dBm , the
r t

peak current in the crystal  is ^ 6 . 3  yA , hence C -  0.8A andmax

 ̂ -  0.2 cm s“  ̂ . This l a t t e r  is very much less than the c r i t i c a l  

ve loc i ty  of the Hel l f i lm; for  d = 20 nm , v  ̂ = 30 cm s~  ̂ (Atkins,

1959).

The power dissipation in the crysta l  P̂  was kept as low as 

possible to minimise heating e ffec ts ;  for P^  ̂ = -56 dBm', P  ̂ 1.5 nW . 

Power dependence was checked fo r ,  and apart from a notable exception 

discussed in Chapter 5, none was observed. Chester, Yang and Stephens

(1972) used power dissipations of % 1 pW in t h e i r  quartz crysta ls  and 

reported no power dependence of t h e i r  f i lm  measurements, though Yang

(1973) notes that there was considerable power dependence of measure

ments in bulk Hell  at  s im i la r  leve ls.

Through the power dissipated in i t ,  the crystal  is maintained at  a 

temperature higher than that of  the ambient helium by the Kapitza e f fe c t .  

The temperature di f ference between the crysta l  and the helium is given 

by AT = (R^/A)P^ where fo r  T > 0.2 K , R̂ T® ^ 0.001 K̂ 'm̂ W"̂  (Lounasmaa, 

1974) and A ^ 10“ ® m is the to ta l  surface area of the electrodes.

Thus for  P̂  = 1.5 nW , AT -  0.2 yK at  1 K and the crystal  and the 

helium are in good thermal equilibrium.

3.3 The Measurement of  f  and Q

3.3.1 The Transmission C i rc u i t

The transmission c i r c u i t  used to measure f  and Q is shown in 

block diagram form in Figure 3.1.  The crystal  was placed in series  

with a Marconi 2018 signal generator and driven at powers of between
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Figure 3.1

Schematic block diagram of the feedback c i r c u i t  used to lock onto the 

resonance of the quartz c rysta l .
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-47 and -57 dBm. The transmitted signal was amplif ied by a high gain 

Avantek am pli f ie r  and detected by a diode detector.  Figure 3.2 shows 

the e le c t r ic a l  representation of this  transmission c i r c u i t  with the 

crystal  represented by the equivalent c i r c u i t  of an AT-cut crystal  

near resonance; a series LCR branch in pa ra l le l  with a capacitance C
0

(Ber l incourt ,  1964 and F ir th ,  1965). The series impedances L and C

represent the v ibrat ing  body and are frequency independent for  a given

resonance, but may change with the harmonic number of the resonance.

The resistance r^ represents the losses of the crystal  due to internal

f r i c t i o n  and determines the in t r in s ic  Q of the c rys ta l .  The shunt
0

capacitance is an actual lump capacitance due to the crystal

electrodes and stray capacitance of the supporting structures.  Typical  

values at 20 MHz of  the equivalent c i r c u i t  components are:

L = 0.18 H

C = 0.34 X 10-3 pF

r = 50 0 
q

C = 0.730 ± 0.006 pF 
0

The crystal  has two charac te r is t ic  frequencies, the series and

p a r a l l e l  r e s o n a n c e s  f  a n d  f  , g i v e n  b y
so po

so

, . / I  + C/C
V  " ^  /  LC ( 3 . 3 . 2 )

Hence Af = f  -  f  = f  C/2C = 4830 Hz at 20 MHz .po so po so 0

I f  helium is in contact with the c rysta l ,  i t s  e ffec ts  are represented

by the addition of an e le c t r ic a l  impedance z_ = r_ -  ix,, in series
He He He
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Figure 3.2

E lec t r ica l  representation of the transmission c i rc u i t .
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with the LCr^ impedances in Figure 3.2.  The e le c t r ic a l  impedance Zj_,̂  

is proportional  to Z , the acoustic impedance of the helium and is 

therefore temperature dependent.

The e le c t r ic a l  impedance of the equivalent c i r c u i t  of the

crysta l  in contact with helium at frequency f  , with w = 27rf , is 

given by

J_ _ . .  _________ 1________
z  ̂ 0  r  + i(o)L -  1 /wC) ( 3 .3 .3 )

where r = r + r,, and L and C now include the e f fec ts  of the 
s q He

helium embodied in the term . Introducing the f igure  of merit  of

the c i r c u i t ,  M = 1/wC r , the e le c t r ic a l  impedance becomes
o s

1 + il - 1 ^ 1 - ̂
1 -

A Î
Af,

( 3 . 3 . 4 )

where Af = f  -  f  and Af = f  -  f  .s p p s
I f  M is large, the e ffects  of the shunt capacitance C can be

o
neglected and the complete c i r c u i t  behaves as a simple series resonant 

c i r c u i t  with resonant frequency f^ = (2tt/LC)“  ̂ and qua l i ty  factor  

Q given as

( 3 . 3 . 5 )

where the contributions to the measured Q arise from the crysta l ,  the 

c i r c u i t  and the helium respectively.
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Q was deduced from the power developed across the 50^ load to 

the r igh t  of the crysta l  in Figure 3.2.  The d.c.  signal S is the 

output of a Marconi-Saunders diode and is proportional  to the power 

P in the c i r c u i t .  Therefore,  from Figure 3.2

A  _
S " P_

100
10 0  + ze

(3 .3 .6 )

where P and S are the power and signal when z = 0 , i . e . ,
0 0 e

when the crystal  is shorted out of the c i r c u i t .  At series resonance,

z = r and the signal S is given by
e s  s

S
_s
S.

100
100  + r s

( 3 . 3 . 7 )

Since the Q of an a.c.  c i r c u i t  is inversely proportional  to the 

resistance in the c i r c u i t ,  we have

r + 100
 = AS '  ( 3 . 3 . 8 )

2  _
Q (JL) L

where A is a constant that can be determined from the transmission

resonance curve. Figure 3.3.

The diode detector is designed to have a square law response ( i . e . ,  

the output voltage is d i r e c t l y  proportional  to the input power) up to 

30 mV . In general, however, SaP  ̂ where n = 1 and Figure 3.4 shows 

the response of the diode as a function of c i r c u i t  power ( in  dBm) for  

the 3rd, 5th and 7th harmonics of the crystal  and n =0.995 , 0.997 and 

1.000 respect ive ly  for  S < 7 mV . During the measurements, therefore ,

S was kept below th is  value, and the error  in assuming S d i r e c t l y

proportional  to P was negl ig ib le .

As explained in section 3 .3 .2 ,  the feedback system locks on to
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Figure 3.3

The signal S as a function of frequency, showing the resonance of  

the crysta l  at  20.5 MHz at 4.2 K in vacuum.
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the frequency f  of maximum signal S . The presence of the shunt m m

capacitance in the crystal  equivalent c i r c u i t  however, means that

f  and Q are not equal to f  and Q , the series frequency and m m  s s
qua l i ty  factor  of resonance used in calculat ion of R and X (equations

( 2 . 2 . 9 )  and 2 .2 . 1 0 ) ) .  The frequency f  is found from the condition
m

dS/df = 0 where S is given by equation ( 3 . 3 . 6 ) .  Ignoring terms of 

l/M^ and smaller

Af ( r  + 200)
f  -  f  = -  ^  -------------
m s r ( 3 . 3 . 9 )

The measured q u a l i ty  factor,  Q , calculated from S , is s im i la r ly
m m

d i f f e r e n t  from that  to be expected for  the series resonant LCr c i r c u i t ,  

Q , and

1-1 1 +
 ̂ ( r  + 2 0 0 )

W  ( r^  + 1 0 0 ) (3 .3 .1 0 )

These c i r c u i t  corrections to f  and Q are small, p a r t ic u la r ly  for
m m

Q , and are negl ig ib le  when M is large,  
m

Equations ( 2 . 2 . 9 )  and (2 .2 .1 0 )  express the change in resonant 

frequency and qua l i ty  factor  of the crystal  due to the impedance 

Z = R -  iX of the helium as

1 ] ^ J _____L  = _iE_
qJ Q3 Qq nnRq

2f X
Af = f  -  f  = —  so s OttR

(a)

(b)

(3 .3 .1 1 )

The values Q and f  are baseline values, obtained when the crystal  
0 so

is not loaded, i . e . ,  when under vacuum or in the mechanical vacuum of  

superf luid helium at T & 0.6 K, though as noted in Chapter 5, these 

are not equivalent conditions.
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Diode detector ca l ib ra t ion
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3 .3 .2  The Feedback System

A block diagram of the feedback system used to continuously monitor

the resonant frequency and Q-factor of the crystal  is shown in Figure

3.1.  The Marconi 2018 signal generator, modified to allow the r . f .

signal to the crystal  to be ex terna l ly  a.c.  and d.c.  frequency modulated

with s e n s i t i v i t y  1 kHz/volt ,  was driven in continuous wave mode and

frequency modulated at  a frequency f^ = 80 Hz. The signal detected

by the diode, S , is proportional  to the power in the c i r c u i t  and is

therefore amplitude modulated with an amplitude dependent upon the

magnitude of the frequency modulation. This could be made s u f f i c ie n t ly

small to have negl ig ib le  e f fe c t  on the value of  S . The amplitude
m

modulation of S was phase sens i t ive ly  detected by a Brookdeal 9503

Lock-in Ampl if ier  whose d.c.  output swung posit ive  to negative as the

frequency increased, passing through zero at  the frequency f  of
m

maximum signal where ds/df  = 0 . This output was used to d.c.  frequency

modulate the Marconi signal generator, locking i t  to the frequency f  .
m

The phase of the crystal  changes rapid ly  at  resonance, passing 

through zero at a frequency f^ defined by &m(z^) = 0 and given by

Af

Hence, from equation ( 3 .3 .9 )

2Af
f  -  f  = M-

r + 10 0

which is small, ^ 0 .  8 Hz at  20 MHz. The phase of the Lock-in Ampl if ier  

is therefore set at  that  of the c i r c u i t  when the crystal  is at  resonance, 

though in pract ice the operation of the feedback loop was r e la t i v e l y



- 55 -

insensit ive  to the phase angle, and over a range of approximately ±15° 

the lock-in frequency remained constant to the resolution of the measure

ment, ± 0 . 1  Hz .

The e f f ic ie n c y  of the feedback loop in locking-on to the resonant

frequency f  may be defined in terms of the factor  
m

f  -  f
g =

where, fo r  a given d.c.  frequency modulation signal to the signal 

generator, f^ is the frequency when the feedback loop is operating 

and f  when i t  is broken. Thus the higher the value of g , the 

better  the feedback loop operated, with the l i m i t  that  for  high g 

the system became unstab le ,osc i l la t ing  uncontrol lably.  A suitable  

compromise was found to be g -  300

The frequency of modulation f^ was chosen such that the decay 

time of the c rysta l ,  t  = Q/2 wf^ < l / ( 2 wf^) .

3.4 The Sonic Cell

The basic components of the sonic ce l l  are shown in Figure 3.5.  

The ce l l  consisted of three blocks of oxygen-free, high conductivity  

(OFHC) copper, the crystal  holder and the thermometer and f i l l - l i n e  

blocks, which were bolted onto the main body of the c e l l ,  also of OFHC 

copper. The ce l l  was sealed with indium 'O' rings and suspended from 

the mixing chamber of a ^He-^He d i lu t ion  r e f r ig e ra to r .  This design 

made ttie i n i t i a l  assembly of the ce l l  easier and had the advantage that  

when the f i l l  l ine  required changing i t  was not necessary to dismantle 

the whole c e l l .  Figure 3.5 shows the arrangement used for  the f i lm  

measurements; the base of the tube, diameter 0.5 cm, was 8.5 cm below 

the crystal  and thus l imited the f i lm  thickness, determined by the
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height of the crysta l  above the surface of the bulk helium condensed in 

the tube, to greater than 13 nm. For measurements near the l iquid-gas  

c r i t i c a l  point a f i l l - l i n e  block with a small dead volume was used. The 

f i l l - l i n e  entered the ce l l  hor izonta l ly ,  on the same plane as the 

crysta l ,  and was enclosed in a vacuum jacket  from the level  of the

mixing chamber to the top of the cryostat .

The crysta l ,  in i t s  commercial mounting, was held r i g i d l y  horizontal  

in the ce l l  body by the crystal  contact holder. Short lengths of Niomax 

CN superconducting wire connected the crystal  to co-axia l  feed-throughs 

which were sealed with stycast epoxy resin. The r . f .  signal was trans

mitted to and from the crystal  by 50̂ 2 co-axial  l ines running the length 

of the cryostat;  the crystal  was e f f e c t i v e ly  isolated from any heat

leak down these l ines by the superconducting t rans i t io n  of the Niomax

wires at  10 K .

The thermometer block held A1len-Bradley lOOO and 220^ , 1/8 W 

resistors  and a Speer 1000 , 1/2 W res is to r  that were in contact with 

the helium in the c e l l .  The resistance wires were taken from the ce l l  

via a stycast epoxy resin seal and soldered onto stand-offs which were 

bolted onto the c e l l .  Additional  thermometers were thermally anchored 

to the copper body of the c e l l ;  two Speer resistors ,  R4 (lOOO , 1/2 W ,

T < 1 K), RB (4700 , 1/2 W , 1 < T < 4.2 K) and a carbon-glass res is tor  

(4 .2  < T < 5.2 K), as discussed in section 3.5.

Measurements near the l iquid-gas c r i t i c a l  point were conducted with 

the ce l l  enclosed in a copper radiat ion shield to minimise temperature 

gradients along the c e l l .  The ce l l  heaters ( b i f i l a r  wound constantan 

wire, lOOO and lOOOO) were mounted on the radiat ion shield and the 

co-axial  cables, a l l  the resistance wires and the f i l l - l i n e  were ther 

mally anchored to i t .  Long equilibrium times near the gas- l iquid  c r i t i c a l
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point,  especia l ly  along the vapour pressure curve, meant that  a small 

sample space was an advantage; the to ta l  volume of the helium in the 

cel l  was estimated as being about 1 cm̂  . S i lve r  s in ter ,  with a high 

surface area to volume r a t io  ( ^ 1 0  ̂ m“ ^) was used for  both the c r i t i c a l  

point and the f i lm  measurements to improve thermal contact between the 

helium and the copper of the c e l l ,  to which i t  was f i rm ly  attached.

3.5 Thermometry and the Operation of the Di lu t ion  Refr igerator

3.5.1 Temperature 0.3 < T < 3 K

In b r ie f ,  the princ iples of operation of a ^He-'^He d i lu t io n  r e f r ig e 

ra to r  are as fol lows, a f u l l  descript ion is given in many low temperature 

technique books, e .g . ,  that  by Betts (1976).  The gaseous ^He-^He mixture 

is cooled to 1.2 K by contact with the ‘*He pot and condenses into the 

d i lu t io n  unit  of the re f r ig e ra to r .  When condensation is complete, the 

mixture is cooled fur ther  by pumping on the s t i l l  un t i l  at  ^ 0 . 8  K the 

mixture in the mixing chamber separates into a ^He-rich phase f loa t ing  

on a ^He-rich phase. Cooling now occurs because the ^He-rich phase has 

superf luid propert ies and the ^He atoms dissolved in i t  behave as a 

Fermi gas. ^He atoms therefore 'evaporate' across the phase boundary 

into the ‘'He from the concentrated ^He phase thus cooling the mixture.

They are then removed from the s t i l l  by pumping and subsequently recon

densed via a series of heat-exchangers into the mixing chamber.

Under optimum conditions,  the lowest temperature attained by th is  

p a r t icu la r  fr idge  is of the order of 30 mK, however, for  these experi

ments there was a large heat leak associated with the f i l l - l i n e ,  as 

explained in section 3 .5 .3  and the lowest temperature reached was ^300  mK.

Above T , fo r  the normal f lu id  helium f i lms, the data was taken
X

with only a small amount of ‘'He in the d i lu t io n  unit ,  to act as a thermal

l ink  between the ‘'He pot at 1.2 K and the sonic c e l l .
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For temperature measurement when T < 4.2 K , two carbon Speer 

resistors  were used; R4(100^ iW) and R8  (4700 iW), below and above 

1 K respect ive ly ,  both thermally anchored to the c e l l .  R4 had been 

cal ibrated against a CMN magnetic s u s c e p t ib i l i t y  thermometer and a 

Superconducting Reference Material  (SRM)767 unit ,  and R8  was c a l i 

brated against a carbon-glass (628) res is tor  and checked against the 

saturated vapour pressure of ^He. The c a l ib ra t ion  curves R(T) for  

R4 and R8  are shown in Figures 3.6 and 3.7; the curves are a least  

square f i t  of the c a l ib ra t ion  points to the formula

Y = aR + b/R + c ( 3 . 5 . 1 )

The resistance of R4 and R8  was measured by an AVS-45 Automatic 

Resistance Bridge made by RV-Elektronikka Oy of Finland, and f i t t e d  

with a BCD data t ransfer  option. The exc i ta t ion  voltage of the bridge 

was var iable  (range 10-3000 yV) and was chosen so that power d is s i 

pation in the sensor did not exceed 10“ ^° W . The bridge's reso

lut ion over the resistance range under consideration was 0 . 1^ and 

errors in the measurement of temperature were estimated to be 1.5% for  

T < 1 K and 1% for  T > 1 K .

A Cryobridge 572 (see section 3 .5 .2 )  was used to monitor the 

resistance of one of the resistances in the cel l  (AB 100^ or Speer 

lOOfi , depending on the temperature) and gave a d.c.  output voltage 

d i r e c t l y  rela ted to the di f ference between the required temperature of  

the ce l l  -  determined by the resistance set on the Cryobridge, and i t s  

actual temperature. This error signal was input to an Oxford Instru

ments D ig i ta l  Temperature Control ler  (DTC2) which was capable of propor

t io n a l ,  der iva t ive  and integral  action and regulated the voltage applied 

to the ce l l  heater.  Under ideal conditions, the ce l l  temperature was
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control led to wi thin the resolution of the AVS-45 bridge i . e . ,  < 5 mK

at 2 K .

3 .5 .2  Temperature T ^  5.2 K

Measurements near the l iquid-gas c r i t i c a l  point were also taken 

using the d i lu t io n  r e f r ig e ra to r ,  the 1.2 K pot being f i l l e d  with helium 

at 4.2 K and the c e l l ,  heated to the required temperature ^ 5 . 2  K, being 

thermally l inked to the the helium bath by exchange gas in the IVC.

The conduction of  heat by a gas between two para l le l  plates when 

the mean free path ( m . f . p . )  of  the molecules is less than the separation 

of the plates (X «  d) is independent of pressure and given by the 

k inet ic  theory as

Q = -K dT/dx Wm-2 ( 3 .5 .2 )

where K is the thermal conductivity of  the gas, 26mWm“  ̂ K“  ̂ for  ‘*He 

at 4.2 K . Maintaining the ce l l  at 5.2 K in th is  regime would neces

s i t a t e  a high heat input, Q > 60 mW , which would create a large  

temperature gradient along the c e l l ,  with

AT = ^  ( 3 . 5 . 3 )

where & = 5 cm , A = 20 cm̂  and the thermal conductivity of the OFHC 

copper K 750 Wm“  ̂ K“  ̂ , giving AT = 2 mK . Hence low pressures 

where A »  d and the k inetic  theory equation ( 3 .5 .2 )  is no longer 

appropriate must be used (Rose-Innes, 19 73)

Q = 300 aP AT Wm”  ̂ ( 3 . 5 . 4 )
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where P is the exchange gas pressure in to r r  and a is the accom

modation c o e f f ic ie n t  (a < 1 , i t s  exact value depending on the sur

face of the p la tes ) .  At 4.2 K , X a 1/P and the mean free path of  

“He molecules at  10~^t is 1 mm . Figure 3.8 shows Q/AT versus 

exchange gas pressure fo r  the c e l l  at .5 K , and the t ra ns i t io n  from 

the k in et ic  region where Q is independent of pressure, to the low 

pressure region is evident. An exchange gas pressure of x 10“ “ 

to r r  was chosen, giving a thermal response time fo r  the ce l l  of ^ 2 0  s ; 

th is  was deemed an acceptable compromise between the fa s t  response time 

of high exchange gas pressure and large heat input, and a slow response 

time with low heat input.

Temperatures above 4.2 K were measured using a carbon-glass resis 

tor that was ca l ibra ted  against the s .v .p .  of “He on the T(58) temp

erature scale using the equation given by McCarty (1973).  McCarty 

imposed the constraints  Tc = 5.1994 K and Pc = 1718 t  on his equa

t ion,  whereas Kierstead (1971) gives Tc = 5.1899 and Pc = 1706.1 t  . 

On McCarty's T(58) scale, 1706t  corresponds to T = 5.190 K . The 

c r i t i c a l  temperature and pressure were therefore taken as Kierstead's  

values, the carbon-glass res is tor  was not cal ibrated for  pressures 

higher than 1706t  and the resul t ing temperature/resistance c a l ib ra t ion  

f i t t e d  to the expression

£n (T)  = I  A (&nR) 
n

n-i

is shown in Figure 3.9.  For T > Tc , where the res is tor  is not 

cal ibra ted ,  the temperature is estimated by extrapolat ing the above 

equation.



- 64 -

0 . 0001 0 . 0 0 1  0 . 0 1  0 

P r e s s u r e  ( T o r r )

Figure 3.8

Q/AT versus exchange gas pressure for  the ce l l  at 5 K



- 65 -

6000

5800

-  5600

_C

5400

5200

5000
5.255 . 2 05. 155. 105 . 0 0 5 . 0 5

T e m p e r a t u r e  (K)

Figure 3.9

Ca l ib ra t ion  fo r  the carbon-glass resistance thermometer.



- 66 -

The resistance of  the carbon-glass thermometer was measured with 

a Cryobridge S72 (manufactured by the Czechoslovak Academy of Science). 

This is e s s e n t ia l ly  an a .c .  Wheatstone bridge with b u i l t - i n  comparative 

resistances and a resolution of lO . Errors in temperature deter

mination were estimated to be < 0.05% for  T < Tc . Temperature 

was contro l led as described above, using the DTC2 temperature control ler ,

3 .5 .3  The Gas Handling and Pressure Measurement System

The gas handling and pressure measurement system used in these 

experiments is shown schematical ly in Figure 3.10.  Research grade ' Ĥe 

gas was taken from the high pressure cyl inder,  twice cleaned by passing 

i t  through l iqu id  Ng cooled molecular seives and stored in the 2 1  dump

on the high pressure side of the system. By condensing helium d i re c t ly

from the 2 & dump into  the sonic c e l l ,  the volume of l iqu id  in the ce l l  

could be estimated.  This was especia l ly  important in the f i lm  measure

ments, since the height of  the crystal  above the l iquid  surface in the

tube determines the thickness of  the f i lm  on the crysta l .

Measurements near the l iquid-gas c r i t i c a l  point were conducted in 

the f l u i d  region above the c r i t i c a l  temperature, the pressure being 

swept at  constant temperature by releasing gas from the c e l l .  The 

pressure was measured by a Druck PDCR 110/W absolute transducer con

nected to a DPI 101 D ig i ta l  Pressure Indicator with a resolution of  

0.1 T . Data was recorded over the range 0-2000 t  (P^ = 1706 t ) .

The accuracy of  the pressure measurement was l imited by the l i n e a r i t y  

of the DPI to ^ 0 . 8  t  .

The d i lu t io n  r e f r ig e r a to r  o r ig in a l ly  had a c a p i l l i a r y  f i l l  l ine  

which was thermally anchored to the 1.2 K “̂He pot and to the fr idge  

heat exchangers. For the measurements reported here, th is  was replaced
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by a vacuum jacketed f i l l  l ine  so the temperature gradient along the 

length of the l in e  was always the same sign.  This reduces hydrostatic  

head errors in the measurement of the pressure and prevents condensation 

of helium in the neighbourhood of the ‘*He pot when i t s  temperature is 

lower than that  of  the c e l l .  Unfortunately, there was a large heat 

leak associated with th is  f i l l  l ine  l im i t in g  the minimum temperature 

at ta inable  by the f r idge  to %300 mK .

3 . 6  Data Acquisit ion

Data was recorded by a Hewlett-Packard HP9816 microcomputer, a 

schematic diagram of the data acquisit ion system is given in Figure 

3.11,  A disc dr ive  and dot-matrix p r in te r  were interfaced to the 

microcomputer using the Hewlett-Packard General Purpose Inter face Bus 

(GPIB) which fol lows IEEE conventions. Also interfaced via the GPIB 

were the Marconi 2018 signal generator and the Keithley 195A multimeter 

used for  measuring the signal S , These devices could be accessed 

d i r e c t l y  by the HP9816 using t h e i r  IEEE commands. Instruments with 

in terfaces other than GPIB compatible were accessed via the two control  

and in te r face  boxes, AKB-1 and AKB-2, designed and manufactured by the 

college e lectronics  workshop.

The AKB-1 acted as an inte r face  between the microcomputer and the 

Phil ips  PM6615 frequency counter and the Druck DPIlOl pressure indicator,  

in te rpre t ing  the c o n t r o l le r 's  commands to these devices and, on i t s  

request fo r  data, scanning them and placing th e i r  BCD data into a buffer.  

The contents of the buf fer,  the individual readings separated by a colon 

( : ) ,  are then sent in IEEE format to the microcomputer where software 

separates the two values. In addition to th is ,  the AKB-1 could also 

function as a pressure contro l ler ,  pulses from i t  contro l l ing ,  via a 

stepwise motor, the movement and direction of movement of bellows in
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the gas handling system. The frequency of the pulses and hence the 

bellow's speed of movement could be selected e i ther  manually or by the 

HP9816.

The AVS-45 resistance bridge was interfaced to the microcomputer 

by the AKB-2, th is  converted i t s  BCD representation of the data into  

IEEE format. Addit ional  control  l ines to the AVS-45 could be accessed 

from the microcomputer via the AKB-2 to change exc i ta t ion  voltage and 

resistance range and to select  the required temperature sensor using 

the mult ip lexer  option.

The addresses for  the devices interfaced to the HP9816 and the 

command codes fo r  the AKB-1 and AKB-2 are given in Appendix 1.

The HP9816 microcomputer therefore recorded the resistance of the 

thermometer and the signal S and frequency f  of the c ry s ta l 's  

resonance, and from them calculated the temperature and real and 

imaginary parts of  the acoustic impedance of the helium in contact with 

the c rys ta l .  These values were displayed graphical ly by the HP9816 and 

were stored on disc for  l a t e r  t ransfer  to the mainframe computer and 

fu r ther  processing.
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Chapter 4

Helium Films: T > T.
A

4.1 Introduction

A known amount of helium at room temperature was condensed into  

the c e l l ,  p a r t i a l l y  f i l l i n g  the tube with l iqu id  such that the crystal  

was a predetermined height h above the l iqu id  surface. The f i lm  that  

forms upon the crysta l  due to van der Waals' forces has an equilibrium  

thickness tha t  can be estimated from the van der Waals' form of the 

potentia l  ;

AK. p ,- j r  = m g h

with A = 40 K . The f i lm  however, need not be of the equilibrium 

thickness given by th is  equation. As explained in the fol lowing  

section,  a temperature d i f ference between the crystal  and the l iquid  

in the tube causes the f i lm  to evaporate or condense. By de l ibera te ly  

creating such a temperature d i f ference,  i t  is therefore possible to 

sweep the thickness of the f i lm  from a few atoms to e f fe c t iv e ly  a 

bulk l iq u id .

The e f f e c t  on the measured impedance of the changing position of 

the 1 iquid-vapour in te r face  as the f i lm  thickness is swept can be 

deduced by solving the transmission l ine  equations of Chapter 2  for  

the spec i f ic  case of a homogeneous f i lm  (section 4 .3 ) .

The density p r o f i l e  of the helium f i lm  adsorbed on the crystal  is 

discussed in section 4.4 and measurements of the f i lm 's  impedance at  20 MHz, 

3.11 K (Spencer, Lea and Fozooni, 1985), 2.78 K and 2.33 K are presented 

in section 4 . 5 .
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4 .2 Sweeping the Film Thickness

The thickness of the f i lm  adsorbed on the crystal  resonator is 

determined by the height of the crysta l  above the level  of the helium 

l iqu id in the tube attached to the c e l l .  Equation ( 2 .5 .3 )  shows that  

for the crysta l  in an isothermal ce l l  and at  a given height h above 

the l iqu id  lev e l ,  the adsorbed f i lm  w i l l  have a well defined thickness 

d , tha t  depends so le ly  upon the form of the potential  V(d) . I f ,  

however, a temperature d i f ference AT is created between the crystal  

and the l iq u id  in the tube, equation ( 2 . 5 . 2 )  for  the chemical potential  

becomes

V(d) = -  V =-m g h -  K, T &n 
c b o (4 .2 .1 )

where P (T ) is the saturated vapour pressure of the l iquid  at temp- 
o o

erature T^ and P^^T^) is the svp at  the c rys ta l 's  temperature, T^ .

A posi t ive  temperature di f ference,  T > T increases the svp of the
X 0

l iqu id  of the f i lm  while, to a f i r s t  approximation, the temperature of 

the l iqu id  in the tube and hence the vapour pressure over the f i lm  

remains constant.  The f i lm  is therefore no longer in equilibrium, helium 

evaporates from i t ,  and i t s  thickness is reduced. The process is 

reversed fo r  T < T , helium vapour condenses and the f i lm  rapidly
X 0

thickens to become e f f e c t i v e l y  a bulk l iquid  (d »  6 , the penetrat ion  

depth of the wave in the f i lm ) .  Figure 4.1 shows the change in f i lm  

thickness fo r  a temperature di f ference AT between the crystal  and 

the l iqu id  in the tube at  3 K, for  an equilibrium f i lm  thickness of  

20  nm.
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The change of f i lm  thickness d with temperature dif ference  

Aï = T -  T between the crystal and the bulk l iquid  helium
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The temperature of  the ce l l  was locked to the required value 

using the temperature c o n tro l le r ,  both resistance thermometer and heater 

being mounted on the c e l l  body holding the crystal  as described in 

section 3 .4 .  The copper body of the c e l l ,  with the crystal  and i ts  

helium f i lm  therefore  reacted rapid ly  to an abrupt change in the heat 

input to the system, the thermal in e r t i a  of the l iquid  in the tube 

being s u f f i c i e n t  to ensure the formation of AT .

4.3 Transmission Line Theory for  a Homogeneous Film

A homogeneous f i lm  of  thickness d adsorbed on the crystal  sur

face at  X = 0  and with i t s  free surface in contact with a homogeneous, 

viscous vapour has a local  impedance given by

z(x )  = ( 1  -  i )  (w p fn f /2 )^ = ( 1  -  i ) r  0 < x < d

= ( 1  -  i )  (üjp^n^/2 )^ = ( 1 -  i ) r ^  X > d

The impedance measured by the c rysta l ,  Z(0) is therefore, from 

equation ( 2 . 4 . 7 ) ,

Z(0) = (1 -  i ) r  tanh('k + Yd) ( 4 . 3 .1 )

where

tanh(^) = r j r

Simplifying th is  gives the equation

r / r  + tanh( 1 -  i ) d / 6

z ( 0 )  = ( 1  -  i ) r  1 ;  tanh( 1  -  f)d76

where 6 is the penetrat ion depth of the wave in the f i lm .
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For a f i lm  in a vacuum, = (1 -  i ) r  = 0 and

Z(0)  = (1 -  i ) r  tanh(l  -  i ) d / 6 ( 4 .3 .3 )

In th is  case, the real  and imaginary parts of Z(0) , R and X can 

be wr i t ten  as

R ^ s inh(2d/6 )  -  s in (2d /6 )  
r cosh(2 d/ô) + cos(2 d/Ô)

X _ s inh(2d/6 )  + s in (2d /6 )  
r cosh(2 d / 6 ) + cos(2 d / 6 )

(a)

(b)

(4 .3 .4 )

and are p lotted in Figure 4.2 as functions of d/ 6  . As d increases,

R and X increase and pass through a series of heavily damped maxima 

and minima corresponding to standing waves in the f i lm .  For d/ 6  »  1 , 

the measured impedance Z(0)  tends towards that of the bulk homogeneous 

l iqu id .  This behaviour is shown in the Argand diagram of Figure 4.5,  

with X plotted versus R ; the locus of Z(0) is a spiral  s ta r t ing  

at Z / r  = 0 and rap id ly  converging to the bulk value, Z = (1 -  i ) r  .

When the f i lm  is very th in ,  d/ 6  «  1 , equation ( 4 .3 .4 )  gives 

R = 0 and X = 2rd/6 = pwd i . e . ,  the measured impedance is purely 

imaginary.

Z(0) = -iwpd (4 .3 .5 )

From equation ( 2 . 2 . 8 )  th is  gives a change in the resonant frequency of  

the crysta l  of

Af = -
4f2pd
 S__

nR
( 4 .3 .6 )
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The real  and imaginary parts,  R and X , of the transverse 

acoustic impedance of a f i lm ,  thickness d , in vacuum. The 

bulk l iqu id  has an impedance (1 -  i ) r  and 6 is the penetrat ion

depth of the viscous wave.
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which is the microbalance equation ( 2 . 2 . 2 ) with o = pd being that  

portion of the f i lm  which vibrates without s l ip  with the crysta l .

I f  the th in  f i lm  is in contact with helium vapour of impedance

Z = (1 -  i ) r  ,
V V

2 \

Z = -  iwo 1 - V
V r (4 .3 .7 )

and the term (1 -  ( r ^ / r ) ^ )  is an acoustic mismatch factor .  The 

measured impedance Z(0)  therefore has both real and imaginary parts,  

the real  part  being equal to tha t of the vapour and the imaginary part 

having three contr ibutions:

i )  from the impedance of the vapour;

i i )  from the microbalance e f fe c t  of the f i lm;

i i i )  from the acoustic mismatch between the f i lm  and the vapour.

The Argand diagram for  a f i lm  in contact with a vapour is shown in 

Figure 4 .5 .  The locus of Z(0) as f i lm  thickness d increases is 

again a sp ira l  converging on the bulk impedance of the f i lm, but to a 

good approximation, since r  >> r^ , s tarts  from the vapour impedance 

z = ( 1 -  i ) r  .
V V

4.4 The Helium Film P ro f i le

The p r o f i l e  of  the helium f i lm  adsorbed on the crystal  resonator 

is shown schematically in Figure 4.3.  The van der Waals' forces of the 

crystal  cause, in the v ic i n i t y  of the s o l id / l iq u id  inter face,  an enhance

ment in the pressure and density of the f lu id  above the bulk values.

A layer model is often used to describe the adsorption of helium on a
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CRYSTAL LIQUID VAPOUR

Figure 4.3

The p r o f i l e  of  a ‘*He f i lm ,  thickness d , adsorbed on the 

crys ta l ,  showing the local ised atomic layer and the region 

of enhanced density l iquid  caused by the van der Waals' 

forces.
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substrate; the f i r s t  atomic layer of s t a t i s t i c a l  thickness 3 . 6  Â is 

considered to be local ised on the substrate with successive layers 

consisting of helium l iqu id  under high pressure. The atomic layer is 

assumed to be local ised on the crystal  electrodes at low pressures 

with a binding energy of  211 K as given by Ezel l ,  Pollock and Daunt
4

(1981) fo r  He atoms on a gold substrate.  This adsorbed sol id layer,  

of mass per un i t  area produces a temperature independent frequency

s h i f t  r e la t i v e  to the vacuum resonant frequency f  that  is given by 

the microbalance equation of Chapter 2:

4 f :o .

The areal  density of  the f i r s t  adsorbed layer on Vycor has been given 

by Brewer, Symonds and Thomson (1966) to be 7.3 x 10~®kgm“  ̂ , giving,  

i f  adsorbed on the crys ta l  electrodes,  a frequency s h i f t  Af^ = -  5 Hz . 

This frequency s h i f t  fo r  the adsorption of the f i r s t  atomic layer has 

not been v e r i f i e d  experimental ly fo r  the resonator used in the studies 

reported here, since the design of the ce l l  and gas handling system was 

not su i tab le  fo r  the control  of small quanti t ies of gas. However, Lea 

and Fozooni (1984),  using the same crystal  resonator, observed a frequency 

step, Af = -  ( 6  ± 1) Hz in superf luid helium at a pressure of 10 bar. 

Since there are no viscous losses in the superf luid,  th is  was id en t i f ied  

with the lo c a l is a t io n  of the second layer of helium atoms on the surface 

of the crysta l  as the pressure was increased.

The layers of  helium adjacent to the adsorbed atomic layer are 

compressed under the van der Waals' forces of the crysta l ,  but remain 

f lu id  though at  high pressure. The density and viscosity of th is  helium 

are therefore  enhanced and have values greater than and , the

density and v iscos ity  in the 'bulk'  f i lm  -  where i t s  properties are
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unaffected by the surface potent ia l .

The e f f e c t  of  the density and v iscos ity  of the f lu id  being a 

function of  x , the distance from the crystal  surface, can be deduced 

from the transmission l ine  theory of Chapter 2. Assuming the helium is 

everywhere lo c a l ly  hydrodynamic, equation ( 2 . 4 . 8 ) gives

Since the range of the enhancement of  the helium's properties is on an 

atomic scale,  and therefore  very much less than 6 , the penetration 

depth of  the viscous wave, the acutal impedance at x Z(x) = Z  ̂ , the 

impedance of the f i lm .  The d if ference between the impedance measured 

for a homogeneous f i lm  of thickness d and that  measured for the same 

f i lm  but with enhanced density layers is therefore

AZ = -  i .  p(x)  [l  -  dx ( 4 . 4 . 2 )

o

where x is the posit ion of the s o l id / l iq u id  interface,  
o

The change in impedance due to the enhanced density layers there

fore has only an imaginary component; the resonant frequency of the 

crystal  is decreased but i t s  Q remains constant. I f  the viscosity  

of the helium is assumed independent of i ts  density, equation (4 .4 .2 )  

becomes

,d
AZ = -  io) (p (x)  -  p^) dx ( 4 .4 .3 )

 ̂ X
o

where the in tegral  now gives the excess mass density and the crystal  

responds to i t  as a microbalance with a change in frequency proportional  

to the adsorbed mass.
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The e f f e c t  of  the enhanced density l iqu id  layers is therefore 

simply to produce a s h i f t  in the resonant frequency of the crystal  which, 

since the range of the density enhancement is small, is essentia l ly  

complete before the f i lm  grows s u f f i c i e n t l y  thick for  viscous losses 

to become appreciable.

4.5 Results and In te rpre ta t ion

As the f i lm  thickness is swept at  constant temperatures, the signal

S , representing the Q-factor  of the crystal  and the resonant frequency

f  are recorded; Figure 4.4 shows Af = f  -  f  versus S for  T = 3.11 K
0

where f^ is the resonant frequency of the crystal  in vacuum. The 

data is uncorrected fo r  the s h i f t  in frequency (11 Hz) caused by the 

vapour pressure on the crysta l  (Chapter 3 .2 .2 )  and shows the large

change in both S and f  ('V/100 Hz) that occurs as the f i lm  thickness

changes. In the th in  f i lm  l im i t ,  the crystal  is only minimally loaded 

and both S and f  are high. As the f i lm  condenses, f  i n i t i a l l y  

decreases at  constant S , the crystal  behaving as a microbalance with 

frequency decreasing in proportion to the mass adsorbed,while the Q 

of the crys ta l  (otS^) remains unchanged. As the f i lm  continues to 

thicken, viscous losses in the l iquid  become appreciable, decreasing 

both f  and Q , and the locus of Af versus S spirals around to 

the th ick f i lm  values.

Converting S to Q and calculat ing X and R from the data

of Figure 4 .4  using equations ( 2 .2 .9 )  and (2 .2 .10 )  gives the Argand 

diagram of X versus R shown in Figure 4.5,  the baseline values f^ 

and corresponding to X = 0 and R = 0 are discussed below.
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Figure 4.4

The change in resonant frequency Af = f^ -  f  of the crystal

versus the signal  s , representing i ts  qua l i ty  factor

(Q a s^) , as the thickness of a He I f i lm  is swept at 3.11 K
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Figure 4.5

X versus R for  the data of Figure 4.4,  showing the locus of X

versus R fo r  a f i lm  of bulk impedance 172 kgm~  ̂ s“  ̂ with a

vapour impedance of zero (dashed l in e )  and of 16 kgm s

(s o l id  l i n e ) .  At 3.11 K , 6 = 19 nm .
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The f i lm  is assumed to have the properties of the bulk l iqu id  at  

the same temperature and therefore for  d/ 6  »  1 , when the l iq u id -  

vapour in ter face  has negl ig ib le  e f fe c t ,  the measured impedance of the 

f i lm  -  iX^ tends towards that of the bulk l iqu id .  The impe

dance of bulk l iqu id  helium Z, = r -  ix at  s.v.p (Lea and Fozooni,
b

1986 and Lea, Fozooni and Retz, 1984), is shown in Figure 4.6 and the

basel ine values Q and f  are taken as being the value of the 
0 0

frequency and Q-factor at  T < 0.6 K where the superf luid exerts no 

viscous forces on the c rys ta l .  At 3.11 K, the real part  of the bulk 

l iqu id  hel ium's impedance is r = 172.3 kgm~^s“  ̂ and since in the th ick  

f i lm  l i m i t  d »  6 , R̂  = r , th is  was used to define the R = 0

basel ine fo r  the data of Figure 4.5.

For a homogeneous, viscous and hydrodynamic f lu id ,  R = X = (o)pri/2)^ 

(equation ( 2 . 3 . 6 ) )  and the di f ference apparent in Figure 4.6 of 

Ax = X -  r = 27.7 kgm~^s~^ at  3.11 K is a t t r ibu ted  to the mass loading 

of the crysta l  by enhanced density layers of  l iqu id ;  Ax = wo where a 

is the e f fe c t iv e  excess mass adsorbed per un i t  area on the crysta l  sur

face. This e f fe c t  w i l l  also be present in the f i lm  and in Figure 4.5  

is compensated for by set t ing X  ̂ = R̂  = r in the th ick f i lm  l im i t ;  the 

data therefore represents a homogeneous f i lm  with the propert ies of  the 

bulk l iqu id  throughout.

At the s t a r t  of the spira l  of Figure 4.5,  the f i lm  is very thin  

d/ 6  «  1 and is therefore locked to the c ry s ta l 's  motion with no viscous 

losses. The viscous wave propagated by the crystal  samples predominantly

the helium vapour over the f i lm  and i t  is therefore p r in c ip a l ly  the

vapours impedance Z  ̂ which determines the s ta r t ing  point of the s p i ra l .  

Z can be estimated by assuming the vapour to be hydrodynamic, at  3.11 K 

o)T = 0.004 , and hence taking Z  ̂ = (1 -  i ) r ^  where r^ = (up^n^/2)^ .
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The vapour's density is found from McCarty (1973) and is taken

as being the zero pressure v iscosity  given by Betts (1976) as

micropoise ( 4 . 4 . 4 )

where 0^ 2 , 2 ) *  is the c o l l i s io n  integral  tabulated as a function of 

temperature by Monchick et  al (1965).  At 3.11 K, = 7.9 uP and 

r^ = 16 kgm"^s~^ .

The locus of X versus R is calculated using transmission l ine  

theory, equation ( 4 . 3 . 2 ) ,  and is shown in Figure 4.5 for  r = 172.3 kgmT^s"^ 

and for both r^ = 0 and r^ = 16 kgm~^s~^ , representing the f i lm  in 

a vacuum and in contact with helium vapour at  s .v .p .  respectively .  At 

3.11 K the penetrat ion depth 6 = x \ / r  of the viscous wave in the f i lm  

is 19 nm and the f i lm  thickness, although not measured d i r e c t l y  is seen 

to have been swept from ^ 1 . 5  nm to > 60 nm .

The bulk l iq u id  impedance and the impedance of the helium vapour 

are both temperature dependent; r is seen in Figure 4.6 to increase 

above the X-point before decreasing at  higher temperatures, while r^ 

increases with the density and v iscosity  of the vapour. Figure 4.7  

shows data fo r  the sweeping of the f i lm  thickness at  temperatures of  

2.33 and 2.78 K, together,  fo r  the purposes of comparison, with the 

theory curve shown in Figure 4 .5  for  3.11 K. The R = 0 and X = 0 

baselines in Figure 4.7 were found in the manner described previously  

and r , x -  r , n , r and 6 are tabulated in Figure 4 . 8  for
V V

a l l  three temperatures. The bulk l iqu id  impedance r  changes l i t t l e  

between 2.78 and 3.11 K and these two sets of data are v i r t u a l l y  coin

cident fo r  th ick f i lms,  though the increase of r^ with temperature
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Figure 4.7

X versus R for  '*He f i lms at 2.33 and 2.78 K . The solid  

l in e  is the same as that  drawn in Figure 4.5  and represents 

the data at  3.11 K .
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separates the spira ls  in the thin f i lm  l i m i t .  The spira l  at  2.33 K is 

incomplete due to d i f f i c u l t y  in sweeping the f i lm  near the X-point,  

though i t  shows the expected decrease in the bulk l iqu id  impedance.

Chester, Yang and Stephens.(1972) used a quartz crysta l  v ib ra t ing  

in shear to investigate  the superf luid propert ies of unsaturated helium 

f i lms adsorbed on the crystal  electrodes.  They found that  as the pres

sure of the vapour over the f i lm  increased towards the saturated vapour 

pressure , the change in resonant frequency Af of the crystal  

increased, as would be expected i f  i t  were responding simply as a micro

balance, but then as observed in Figure 4.4,  Af turned around and began 

to decrease. Chester et  al did not o f f e r  any reasons fo r  th is  behaviour 

but l a t e r  Yang (1973) proposed an explanation,  based on the viscous 

propert ies of the l iqu id ,  that  is very s im i la r  to that  described here.

He, however, was unable to confirm i t  since he had no simultaneous 

measurements of the c ry s ta l ' s  Q , as there are in Figure 4.4  (QaS^) , 

and could not determine the f i lm 's  thickness from the pressure of the 

vapour over the f i lm  since the exact form of the c r y s ta l 's  surface pot

e n t ia l  was not known.

Migone et  al (1985) have used an AT-cut quartz crystal  v ib ra t ing  

in shear at  a frequency of 8  MHz to invest igate the formation of helium 

f i lms at  pressures close to the saturated vapour pressure . They 

measured only the resonant frequency of t h e i r  crysta ls  and for  some 

observed a frequency reversal  s im i la r  to tha t found by Chester et  al 

which they a t t r ib u te d  to i n s t a b i l i t i e s  in the c r y s ta l 's  resonance mode. 

However, they present an analysis of  the viscous losses in the f i lm  and 

derive a function F (d /6 ) which is identica l  to equation ( 4 . 3 . 4 ) ( b ) ,  

plot ted in Figure 4.2 and which has been used in th is  chapter to succes

s f u l l y  explain the frequency reversal .  Migone et  al interpreted the
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frequency measurements where no reversal  occurs as evidence for  the 

abrupt condensation of bulk helium on the c rys ta l .
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T

(K)

r

(kgm-Zg-i)

X -  r

(kgm-Zg-i)

6

' (nm) (yP)

r
V

(kgm-Zg-i)

3.11 172.3 27.7 19.1 7.9 16.0

2.78 172.6 26.1 18.7 7.0 1 2 . 2

2.33 163.2 25.3 17.4 5.8 7.7

138.9 20.9 14.8 5.3 6.3

Figure 4.8

Table giving the impedance z = r  -  ix of bulk l iqu id  helium, 

the penetrat ion depth 6 of the viscous wave in the l iqu id  

and the v iscos ity  n and impedance r of the helium vapour
V V

at  various temperatures.
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Chapter 5

Helium Films T < T
A

5.1 Introduction

At T < T , the superf luid f i lm  on the crysta l  is in equilibrium  A
with the l iqu id  helium in the tube attached to the c e l l ,  and is stable  

with a thickness d tha t depends upon the height of the crysta l  above 

the l iqu id  surface. The real  and imaginary parts of the impedance of  

f i lms with thickness in the range 14 < d < 23 nm have been measured 

for  0.4 < T 6 T^ .

In the hydrodynamic region, T 1.2 K , the f i lm  is assumed to 

have the propert ies of the bulk l iqu id  and as with the He I f i lm  of the 

previous chapter, i t s  impedance w i l l  be affected by the presence of the 

1 iquid-vapour in te r face  through the ra t io  d/ 6  , where the penetrat ion  

depth 6 = (2n^/p^w)^ is now temperature dependent (section 5 .3 ) .  The 

f i lm  thicknesses were deduced from the data in the hydrodynamic region 

and have been used to estimate the van der Waals' surface potent ia l  of  

the crysta l  (section 5 .5 ) .

For T  ̂ 1 K , the f i lm  enters the b a l l i s t i c  region with wT »  1 

and the impedance measured depends upon the f rac t ion  of  rotons a 

d i f fu s e ly  scattered from the 1iquid-vapour inte r face .  The frac t ion  a 

may be deduced from the data and is assumed to represent the f rac t ion  

of rotons, inc ident upon the in te r face  within the c r i t i c a l  angle, which 

cause the evaporation of an atom from the f i lm  (section 5 .4 ) .

The data shows a large thickness and temperature dependent resonance 

which has t e n t a t i v e ly  been id e n t i f ied  with vortices pinned to the crystal  

resonating in the X/4 mode (section 5 .6 ) .  A l te rnat ive  explanations 

of  the resonance are also considered (section 5 .7 ) .
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5.2 The Superf luid Film Data

The data presented in th is  chapter consists p r in c ip a l ly  of measure

ments of the real  and imaginary parts of the transverse acoustic 

impedance at  20 MHz of six superf luid helium f i lms.  Figures 5 .1 -  

5.6 show R and X for  these f i lms, thickness 14.5, 15.5, 17.5, 19.5,  

21.0 and 22.5 nm respective ly ,  the values of d being deduced from the 

hydrodynamic theory of section 5.3.  At T^ , as the f i lm  warms slowly 

through the X - t rans i t io n ,  i t s  superf luid properties are destroyed and 

i t  begins to evaporate; R and X change rap id ly  with temperature as 

the loading of the crysta l  decreases, providing an independent method 

of est imating the f i lm  thickness, as discussed below. Below T , R 

and X decrease with temperature, the measured impedance depending on

the r a t io  d/ 6  where the penetrat ion depth 6 = ( 2 ri /wp ÿ  and n
n n n

and p^ are the v iscosity  and density of the normal f lu id  component.

At the X-point, 6 = 14.5 nm.

The data exhib i ts  unexpected features in both R and X that  

represent an extraneous resonance coupling into the main AT-shear 

resonance of the c rys ta l .  The temperature of th is  resonance decreases 

with f i lm  thickness,  the largest e f fe c t  being at  21 nm where 

AR = 40 kgm“  ̂ s“  ̂ , equivalent to 30% of R at  T = T^ .

The power dissipated in the crysta l  during these measurements was 

kept as small as possible,  t y p ic a l l y  2 nW. In general the f i lm  impe

dance measured was independent of crysta l  power d issipation,  though 

s l ig h t  power dependency was found in the region of the resonances. In 

p a r t ic u la r ,  at  d = 21 nm , T  ̂ 1 K at  a frequency of 34 MHz, there  

was extreme power dependence of the crystal  resonance, the implications  

of which are discussed l a t e r .
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Temperature dependence of the real and imaginary parts R and X 

of the acoustic impedance of a f i lm  of thickness 14.5 nm . Also shown 

is the impedance calculated for  a homogeneous f i lm  (so l id  l ines) and 

that  corrected for  the e f fec ts  of the enhancement of the density of 

the helium close to the crystal  (dashed l i n e ) .
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Temperature dependence of R and X of a film of thickness

15.5 nm .
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Temperature dependence of R and X of a film of

thickness 17.5 nm .
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R(T) and X(T) , the real  and imaginary parts of the f i lm 's  

impedance are found from the c ry s ta l ' s  q u a l i ty  factor and resonant 

frequency using the equations of Chapter 2.2:

n-iïR
( Q - ' ( T )  -  Q - i )  ( 2 . 2 . 9 )

n-iïR
X(T) = - ^  ( f ^  -  f ^ ( T ) )  (2 .2 .1 0 )

0

where Q and f  are reference or basel ine values of the q u a l i ty
0 0 M J

fac tor  and resonant frequency of the crysta l  and correspond to R = 0 

and X = 0 respective ly .

Superf luid helium exerts no viscous drag or loading upon the

resonator and at  T = 0 i t s  transverse acoustic impedance should be

zero, Z = R -  i X = 0 . In pract ice ,  for  bulk helium as shown in

Figure 4 .6 ,  Z = 0 for  T < 0.6 K and the corresponding temperature 

independent values of  Q and f  def ine the baselines R = 0 and 

X = 0 . Unfortunately,  as mentioned previously,  i t  was not possible 

to d i r e c t l y  obtain the bulk superf luid basel ines,   ̂ and f^  ̂

and the f i lm  data were i n i t i a l l y  referenced to the vacuum values  ̂

and f  and l a t e r  corrected to the superf luid baselines as described
0 ,  V

below. I t  has been noted previously (Lea, Fozooni and Retz, 1984) tha t  

these are not the same; v  ̂ ^o s approximately 2 0 %, while

Af = f  -  f  = 14 ± 3 Hz . The vacuum values of the c ry s ta l 's  
o 0 , V 0 , s

resonant frequency and qu a l i ty  factor  are found a f te r  prolonged pumping 

on the c e l l  at  room temperature in an attempt to remove a l l  traces of  

helium gas.

The d i f ference in frequency Af^ , between the vacuum and super

f l u i d  baselines can in part be a t t r ibu ted  to the loca l isa t ion  on the
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crysta l  electrodes of the f i r s t  atomic layer of helium, giving,  as 

discussed in Chapter 4, a microbalance frequency change of Af = 6 Hz . 

The gold pla t ing of the crysta l  electrodes is smooth at optical  wave

lengths, though with a thickness of around 500 atoms, i t  must be assumed 

rough on an atomic scale.  Chester and Yang (1973) estimated a roughness 

of 5-15% for  t h e i r  gold plated crysta ls .  Helium atoms trapped in the 

i r r e g u l a r i t i e s  of the electrode surface would f ind themselves constrained 

to v ib ra te  with the c rys ta l ,  thus producing a microbalance frequency 

s h i f t  in excess of tha t produced by the f i r s t  atomic layer.  I f  th is  

is the case, the observed excess frequency s h i f t  of  8  Hz indicates 

tha t  the equivalent of approximately one addit ional  atomic layer is 

locked to the crysta l  electrodes and vibrates with them.

For the adsorption of r e l a t i v e l y  small amounts of helium onto i t s  

electrodes,  the crysta l  should behave purely as a microbalance, i t s  

frequency decreasing in proportion to the adsorbed mass with no 

accompanying change in i t s  q u a l i ty  factor .  The observed d if ference  

between the vacuum and superf luid baselines fo r  Q , representing an 

addi t ional  loss of energy from the crysta l  to the superf luid,  must 

therefore  be a t t r ibu ted  to d i f f e r e n t  causes, perhaps to a leakage of  

the c r y s ta l ' s  v ib ra t iona l  energy from under the electrodes into the 

periphery of  the c rys ta l .

The appropriate basel ine fo r  the data presented in th is  chapter is 

tha t  of z = 0 in the bulk superf luid at low temperatures, representing  

the e f fec ts  of the bulk superf luid on the c rys ta l .  Since i t  was not 

possible to obtain f^  ̂ and  ̂ d i r e c t ly ,  the R = 0 and X = 0

baselines were taken as being those values of R and X at  T  ̂ 0 .6 K 

where there is no viscous loading of the superf luid on the crys ta l .
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For some thicknesses the resonance so af fected the data as to make 

th is  impossible, in these cases the baselines were deduced from the 

A-point data as fol lows.

As the temperature of the f i lm  is increased and i t  passes slowly 

through the A- t rans i t ion ,  i t s  superf luid propert ies are destroyed and 

a temperature d i f ference is created between the f i lm  on the crystal  

and the l iqu id  in the tube, causing the f i lm  to evaporate as described 

in the previous chapter. Figure 5.7 shows X versus R fo r  f i lms of 

thickness 14.5 and 21 nm , X and R increase at  constant d as 

T + u n t i l ,  at  the A-point the f i lm  ceases to be superf luid and the 

locus of X versus R fol lows that  of a normal f i lm  at  T , with 

decreasing d and constant viscous penetrat ion depth, 6 = 14.5 nm .

The normal f i lm  spi ra l  plotted in Figure 5.7 assumes the l iqu id  

is homogeneous and viscous with R = X . The imaginary part X of 

the f i lm  data is therefore  corrected for  the enhanced density l iqu id  

close to the crysta l  surface by the quanti ty (x -  r )  , the d if ference  

between the real  and imaginary parts of the bulk impedance. The spiral  

at T^ is determined by the vapour impedance r^ and the bulk l iqu id  

impedance r ( tabulated in Figure 4 . 8 ) and can therefore be used to 

define the R = 0 and X = 0 baselines for  the f i lm  data. The value 

of d/ 6  at  the in te rsection of the superf luid locus with the normal 

f i lm  spira l  gives an estimate of  d for  the two f i lms in Figure 5.7,  

thicknesses 14.5 and 21 nm, of  (14.1 ± 0.3)nm and (22.2 ± 0.7)nm 

respective ly .

5.3 The Hydrodynamic Region WT «  1

The He I I  f i lm ,  thickness d , adsorbed on the crystal  is assumed 

to have the propert ies of the bulk l iqu id ,  the measured impedance being 

modified by the presence of the 1 iquid-vapour in ter face  via the ra t io
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1
d/ 6  . The viscous penetrat ion depth Ô = (2r^/p^w)^ increases with 

decreasing temperature and as in Chapter 4 where the f i lm  thickness 

was swept at  constant 6 , i t  is appropriate to use transmission 

l ine  theory to calculate  the impedance of the f i lm .  From equation 

( 2 . 4 . 7 ) ,  the measured impedance Z^(0) is given by

Z f (0 )  = -  iX^

= (1 -  i ) r  tanh(^ + yd) ( 5 . 3 . 1 )

where

tanhip = r / r
V

and

y = ( 1 -  i ) / 6

r  and r^ being the impedances of the bulk l iqu id  and of the vapour 

in contact with the f i lm  respective ly .  As in section 4.3,  r = (wp q /2 )^
V V V

is calculated assuming the vapour to be hydrodynamic, wx < 1 , 

being the zero pressure v iscosity  of the gas. This assumption is val id  

for  T > 1 K ; fo r  temperatures below th is  p^ is very small and the 

e f f e c t  of the viscous loading of the vapour on the measured impedance is 

n eg l ig ib le .

The real  and imaginary parts of the bulk l iqu id  impedance at 20 MHz, 

z = r -  ix are plotted as functions of  temperature in Figure 4 .6 .  The 

behaviour of  r at  frequency f  is interpreted in terms of the viscos ity .
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from equation ( 2 . 3 . 6 )

n = ^  ( 5 . 3 . 2 )
n

where is the normal f lu id  density.  The v iscosity  at  20 MHz thus

calculated (Lea, Fozooni and Retz, 1984) exhib its  a sharp decrease 

below the X-point,  le v e l l in g  out at  a value of  12.5 yP between 1.2

and 1.5 K before decreasing rap id ly  to zero.

The hydrodynamic v iscosity  for  T < 1.8 K has been given by

Khalatnikov (1976) as the sum of the roton v iscosity  and the

phonon v iscosity  q
P

q = q + q r p

At T > 1.4 K the behaviour of the hydrodynamic v iscosity  and that at

20 MHz is s im i la r ,  both phonons and rotons are in the hydrodynamic

region but the phonon v iscosity  q^ is small and the measured v iscos ity

is therefore  es s e n t ia l ly  that of the rotons, q^ .

Below 1.3 K the hydrodynamic v iscosity  increases exponential ly,

due to the rapid r ise  in q as phonon-roton scattering decreases.
P

At 20 MHz the phonons are in the non-hydrodynamic region with > 1

and & /Ô > 1 where t  and I  are the relaxat ion time and mean 
P p p

free path of  the phonons. In the b a l l i s t i c  l i m i t  o)t  ̂ »  1 , the

impedance of the phonons is found from equation ( 2 . 3 . 9 )

= 1.06 a T“ kgm-2 s"'
P
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where p is the phonon density,  a the frac t ion  of exci tat ions  
P P

d i f fu s e ly  scattered at the crysta l  surface and û  is the ve loc i ty  of 

f i rs t-sound.  R therefore  decreases to zero as T** and the rapidCO, p

rise  in the hydrodynamic v iscosity  (seen at low temperatures) is not

observed at 20 MHz. Below 1.2 K the e f fe c t iv e  roton v iscosity  also

decreases rap id ly  to zero as the rotons enter the non-hydrodynamic

region, and in the l i m i t  of WT »  1 and £ / 6  »  1 where
r r

is the roton mean free path, R is given by

R = i  a p V oo, r r r r

= 1 . 2  X 1 0  ̂ a e ^/K.T kg m  ̂ s ^r b

where the mean v e loc i ty  of the rotons has been taken as = ( 2 K^l/7ry)^ , 

M being t h e i r  e f fe c t iv e  mass.

R̂  and , the real  and imaginary parts of the f i lm 's  impedance 

calculated from equation ( 5 . 3 . 1 )  are plotted in Figures 5 .1 -5 .6 .  R^(T)

is in general in good agreement with the data fo r  the hydrodynamic 

region at  T > 1.2 K . X^(T) exhib its  an in f le c t io n ,  the temperature

and magnitude of which is f i lm  thickness dependent and which is not 

apparent in the data. The in f le c t io n  occurs at  that value of 6 that  

gives d/ 6  1 and corresponds to the top of the f i lm  spira l  in Figure

4 .5  where X remains approximately constant as the ra t io  d/ 6  is swept.

The analysis leading to equation ( 5 . 3 . 1 )  for  assumes that

the helium f i lm  adsorbed on the crystal  is homogeneous and has the 

propert ies of the bulk l iqu id  through-out, Z(x) = (1 -  i ) r  for  

0 < X < d where r = (up^n^/Z)^ . The presence of the crysta l  surface.
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however, leads to inhomogeneities in the l iqu id  as in the He I f i lm  

of Chapter 4. F i r s t l y ,  the pressure in the layers of helium close to 

the crysta l  is increased above the bulk value by van der Waal s' forces,  

and secondly, the superf luid density at  an immersed surface must go to 

zero.

The van der Waal s' forces between a plane substrate and an adsorbed 

f i lm  are discussed in general in Chapter 2.5 and with speci f ic  reference  

to the quartz crysta l  in section 5.5.  B r ie f ly ,  the van der Waals' 

forces between the crysta l  and the helium produce an a t t r a c t iv e  

potentia l  of  the form

— AK,
v ( y )  = 

y

where n increases from n = 3  to n = 4 as y , the distance from 

the crysta l  increases. The pressure and normal f lu id  density of the 

l iqu id  close to the surface are therefore enhanced above the bulk 

values, and the local  impedance of the f lu id  increases as the crystal  

is approached. For T > 1.8 K the pressure dependence of the A-l ine  

means that the high density helium near the crystal  may be in the normal 

sta te .

The superf luid f rac t ion  decreases to zero at  an immersed solid  

surface in accordance with the boundary condition for  the superf luid  

order parameter at  a plane wal l ,  p^(y = 0) = 0 . The distance over 

which the superf lu id density r ises from zero at  y = 0 to the bulk 

value p (oo) = p -  p (oo) is characterised by the superf luid healing 

length, a(T)  which is small for  T < 2 K , but diverges as T ^ T ^ .  

Thus excess layers of  normal l iqu id  are present adjacent to the 

crysta l  surface, t h e i r  thickness being temperature dependent.
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The range of these surface induced inhomogeneities is small and, 

except near the A-point, much less than the penetrat ion depth of the 

viscous wave, therefore ,  as discussed in Chapter 4, th e i r  e f fe c t  on 

the impedance measured by the crysta l  is simply that of mass loading.

X is thus increased in d i re c t  proportion to the equivalent mass of 

the enhanced density helium layers while R remains unchanged.

The mass loading due to the density enhancement of the layers of

helium close to the crysta l  is the same in both the bulk l iqu id  and

the f i lm ,  and in the hydrodynamic region T 1. 2 K is given by

Ao = Ax^/w where Ax^ = x -  r is the d i f ference between the imaginary

and real  parts of the bulk l iqu id  impedance. The impedance of the

f i lm  is therefore  X  ̂ + Ax^ where X  ̂ , from equation ( 5 . 3 . 1 )  is

the impedance of the homogeneous f i lm .  X + Ax is plotted in Figures
f  b

5 .1 -5 .6  for  the appropriate f i lm  thickness and is a r e la t i v e l y  good 

f i t  to the data.

The thickness of the f i lms of Figures 5 .1 -5 . 6  was estimated (±1 nm) 

from the f i t  of  the data in the hydrodynamic region to equation ( 5 . 3 . 1 ) ,  

with X  ̂ corrected for  the e f fe c t  of the enhanced density layers as 

described above, and d together with h , the height of  the crystal  

above the bulk helium l iqu id  leve l ,  is tabulated in Figure 5.16.

5.4 The B a l l i s t i c  Region wT »  1

Bulk l iqu id  helium enters the non-hydrodynamic region wT > 1 

when the mean f ree  path I  of the exc ita t ions  becomes comparable with 

or greater than the penetrat ion depth 6 , u)Ta(Zjô)^ . A s im i lar  

e f f e c t  occurs in the f i lm  adsorbed on the crystal  when, as temperature 

decreases, Z becomes comparable with the f i lm  thickness d .
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For the th icker  f i lms,  the low temperature data is distor ted by 

the resonance and so analysis is res t r ic te d  to the f i lms of thickness 

14.5 and 15.5 nm, the real  part of the impedance being plotted in 

Figure 5.8 and the imaginary part  in Figure 5.9.

In the non-hydrodynamic l im i t ,  wt »  1 , i t  is possible to f ind

the impedance of the f i lm  measured by the crystal  using a s im i la r  

argument to tha t  used in Chapter 2 to calculate  the b a l l i s t i c  impedance 

of the bulk l iq u id .  The exc ita t ions in the He I I  f i lm  in the l i m i t

WT »  1 , £ / 6  »  1 are scattered at  the crysta l  and travel  unimpeded

across the f i lm  to be re f lec ted  at  the 1iquid-vapour in ter face .  On 

returning to the c rys ta l ,  t h e i r  contr ibution to the measured impedance 

w i l l  depend upon whether they were specularly re f lected or d i f fu s e ly  

scattered at  the f i lm  surface.  The impedance is defined as Z = tt/ u 

where u = u^e is the ve loc i ty  of  the crystal  surface and the

shear stress or f lux  of transverse momentum on the crystal  for  a f i lm  

of thickness d is

7T = n^m(ui -  Ug)

where Ug = S2 [ajU^e + SiUa] is the veloc i ty  of the exc ita t ions

as they approach the crysta l  and û  = o^u^e + SjU2 is th e i r  

ve lo c i ty  a f t e r  re f le c t io n .  Thus

iwT'i

7T = n mua, 
s ^ 1 -

OiS2e

1 -  S^Sg
( 5 .4 .1 )

where as previously,  = 1 -  Si is the f rac t ion  of exc ita t ions

d i f fu s e ly  scattered from the c rysta l ,  S2 is the frac t ion  specularly  

re f lec ted  at  the 1iquid-vapour in te r face  and T = 2d/c cos0 represents
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The real part  R of the impedance of f i lms of thickness 14.5 

and 15.5 nm at low temperature. Also shown is the b a l l i s t i c  

impedance calculated for  rotons (so l id  l ines) and phonons 

(dashed l i n e ) .
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The imaginary part  X of the impedance of the 14.5 and 15.5 

nm f i lms,  showing the roton b a l l i s t i c  impedance for  a 15 nm 

f i lm  (s o l id  l i n e )  and including the e ffects  of two-dimensional 

rotons (dashed l i n e ) .
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the time between the e x c i ta t io n 's  interactions  with the crysta l ,  

n  ̂ is given by equation ( 2 . 3 . 7 )

n = ( 5 . 4 . 2 )
 ̂ 0

and hence the b a l l i s t i c  impedance of the f i lm  is

z °  Pë -  i wpd ( 5 . 4 . 3 )
I -  S^S; 1 -  S^Sg

where p is the density of the excitat ions and c is t h e i r  mean 

ve loc i ty .  for  a f i lm  therefore has both real and imaginary parts,

in contrast to the bulk b a l l i s t i c  impedance which is purely real  

(equation ( 2 . 3 . 1 0 ) ) .  R is independent of f i lm  thickness and X
oo 00

is proportional both to thickness and to frequency w .

Lea, Fozooni and Retz (1984) give a value for  the d i f fu s iv e  

scatter ing c o e f f ic ie n t  of  phonons from the surface of the crysta l  of  

< 0 . 3  and R , the real  part  of the b a l l i s t i c  impedance for
oo, p

phonons is plotted in Figure 5.8 fo r  = 0 .3  and a j  = 1 . In 

r e a l i t y  , the f rac t ion  of  phonons d i f fu s e ly  scattered from the 

1 iquid-vapour in ter face ,  w i l l  be less than unity  and the contr ibution  

of the phonons to the impedance in the non-hydrodynamic region w i l l  be 

very small.

Assuming therefore  that i t  is only the rotons that  contr ibute  

s ig n i f i c a n t l y  to the impedance in the b a l l i s t i c  region, the data of  

Figure 5.8 shows that for  oti = 1.0 (Lea, Fozooni and Retz, 1984)

0L2 , the f rac t ion  of rotons d i f fu s e ly  scattered from the 1 iquid-vapour  

in te r face  is approximately 0.035.  Following the analysis of Wyatt (1984),
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the f rac t ion  ag of rotons are considered to cause the evaporation of 

an atom from the surface of the f i lm ,  equil ibrium being maintained by 

atoms of the vapour above the l iqu id  condensing and creating exci tat ions  

in the reverse process. A roton incident on the f i lm  surface and 

evaporating an atom must s a t is fy  the energy conservation re la t ion

where e(p)  = A + (p -  p )^/2u is the energy of the roton, E, = 7.16 K
0 b

is the binding energy of the atom in the l iqu id  and "hk is the momentum 

of the free atom, mass m . Conservation of momentum p a ra l le l  to the 

l iqu id  surface gives the condition

q s in6 = k sin& ( 5 . 4 . 5 )

where q = p/'h and k are the wave vectors of the roton and free atom

respective ly  and 8 and 0  are the angles between th e i r  paths and the

normal to the surface.  For a roton of momentum p and energy e(p)  ,

0 w i l l  thus have a maximum allowable value, the c r i t i c a l  angle 0 ,
c

corresponding to the evaporation of an atom with wave vec tor -para l le l  

to the surface

0  ̂ = sin 1 (k /q )  ( 5 . 4 . 6 )

which is dependent on the energy of the roton through the wave vector  

q . A roton approaching the surface with an incident angle greater  

than th is  value w i l l  be specularly re f lec ted .  For p = p  ̂ , 0  ̂ = 15° .
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The f rac t ion  of rotons incident upon the 1iquid-vapour in te r 

face within the c r i t i c a l  angle 0 can be estimated as fol lows.
c

From equation ( 5 . 4 . 2 )  the number of rotqns of energy e(p)  and 

v e loc i ty  s t r ik in g  the f i lm  surface with an angle 0 < 0  ̂ is

given by

Vg Sin^e^ ( 5 .4 .7 )

where is the group ve loc i ty  of the rotons,  = 9e/8p and

n(e)  is taken as having the Boltzmann form exp[-E(p)/K^T] . Hence 

6 , the f rac t ion  of rotons incident on the surface within the angle 

0^ is,  from equations ( 5 . 4 . 4 ) ,  ( 5 . 4 . 6 )  and ( 5 . 4 . 7 ) ,

L w
6 --------------------: ---------— — - — n r i n ; ------------- :-------------------------- ( 5 . 4 . 8 )

oo b

Subst i tu t ing x = |p -  p^|/2uK^T and noting that p  ̂ -  p  ̂ , th is  

becomes

2 m

f ° °  _ y 2
J xe (A -  + K^T x%)dx

6 = ^  ^ ------------- ( 5 . 4 . 9 )
^0  xe dx

Jo

where the in tegrals  are now in standard form and are evaluated to give

® ^  (A -  Eb + V )

°  (5 .4 .1 0 )

= 0.0452 (1 .49  + T)
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Thus 3 , being the f rac t ion  of rotons incident upon the interface  

within the c r i t i c a l  angle is temperature dependent, r is ing  from 0.090 

at 0 .5  K to 0.112 at  1 K . I f  3 = 0.1 is taken as being a represen

t a t i v e  value over th is  temperature in te rva l  then, since from Figure 5.8 

the f rac t ion  of rotons evaporating an atom is 0̂ 2 = 0.035,  the proba

b i l i t y  of the evaporation of an atom from the surface of the f i lm  by a 

roton wi thin the c r i t i c a l  angle is approximately 0.35 . This compares 

very favourably with the value of i  given by Wyatt (1984) from conside

ra t ion of the dynamic equil ibrium of helium l iqu id  at  T < 2 K with 

i t s  saturated vapour for  the evaporation of an atom by an exc i ta t ion .

In bulk **He, the b a l l i s t i c  impedance has no imaginary component. 

In the f i lm  however, the p o s s ib i l i t y  of excitat ions being specularly  

re f lec ted  from the 1 iquid-vapour in te r face  introduces a thickness 

dependent contr ibut ion to the imaginary part  of the impedance, 

equation ( 5 . 4 . 3 )

a f s 2
X. =    wp d fo r  WT »  1 (5 .4 .1 1 )

D I “ s 1 s 2 n

The contr ibution of phonons to X  ̂ is very small, taking = 0.3  

as before fo r  the frac t ion  of phonons d i f fu s e ly  scattered from the 

crysta l  and assuming to ta l  specular re f le c t io n  from the f i lm  surface,  

s% = 1 , then for  d = 15 nm ,

X̂  = 0.004 T" 
b,p

which is neg l ig ib le  in comparison with the measured impedance in

Figure 5.9.  The roton contr ibution to the imaginary part  of the

b a l l i s t i c  impedance, X is plotted in Figure 5.9 for  d = 15 nm ,
D, r
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= 1 -  Si = 1 and Sg = 1 and is a substantial  contr ibution to the

measured impedance X . The excess impedance AX = X -  X, can, as
b, r

previously,  be defined in terms of an e f fe c t iv e  excess mass per uni t  

area associated with the surface of the crystal

A o = ^  (5 .4 .1 2 )

Other experiments have also measured an excess normal f lu id  density  

near a so l id  s u r f a c e ,  such as those of Si shop et al ( 1981 ) usi ng 4th sound, and 

the heat capacity measurements of Brewer et  al (1965).  The enhancement 

of the normal f l u i d  density due to van der Waals' forces is considered 

to be in s u f f i c ie n t  to account for  the size of e f fe c t  observed and i t  

has been suggested (Chester et  a l ,  1980; Bondarev, 1982) tha t  the

excess normal f l u i d  density can be associated with rotons local ised

at  the s o l id / l i q u i d  helium in ter face .

Neutron-scattering (Thomlinson, Tarvin and Passel l,  1980) has 

shown these two-dimensional rotons to have an energy gap, A ^  5.85 K ,

substan t ia l ly  less than the bulk roton gap (A'w8.67 K) at  SVP , but 

consistent with the bulk gap at  pressures comparable with those in the 

enhanced density layers close to the substrate.  The two-dimensional  

rotons appear to be confined to with in three atomic layers of the sub

s t ra te  and t h e i r  contr ibution to the excess normal f lu id  surface density  

has been estimated by Bondarev (1982),

Ao = 1 - e-A'/Kb^ (5 .4 .1 3 )
2 ( 2 i t ) ^ ( K  J ) = h =

b
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1 1
where a ' = 5.85 K and Ui(p^)^ = 1.1 p^p^ , p and p  ̂ having 

th e i r  bulk values.

Thus from equations (5 .4 .1 2 )  and (5 .4 .1 3 )  the excess impedance 

due to two-dimensional rotons can be found and the to ta l  impedance is 

plotted in Figure 5.9.  The discrepancy s t i l l  apparent between the 

data and the impedance thus calculated may be due to the 

comparatively large uncertainty  in the posit ion of  the baseline,

X = 0 , due to the e f fec ts  of the resonance discussed in section 5.6.

5.5 The Surface Potential  of the Crystal

As discussed in section 5.3,  the f i t  of the hydrodynamic theory,  

equation ( 5 . 3 . 1 ) ,  to the data of Figures 5 .1 -5 . 6  provides an estimate 

(± 1 nm) of the thickness of  the f i lms adsorbed on the c rys ta l .  I t  is 

therefore  possible to investigate  the form of the van der Waals forces

between the gold plated quartz crystal  and the helium f i lm .  The

potentia l  of a helium atom, mass m , at the surface of a saturated

f i lm ,  thickness d , adsorbed on the crystal  has the form (Chapter

2 .5 )

-  AK,
V(d) =-mgh = — ^ ( 5 . 5 . 1 )

d"

where n increases from 3 to 4 as d increases and retardation  e ffects  

become important, and A is a constant of p roport iona l i ty  that  is 

substrate dependent. The height h of the crystal  above the l iquid  

helium surface is found from the amount of gas at room temperature 

and known pressure that is condensed into the tube attached to the 

experimental c e l l ,  and is tabulated along with d in Figure 5.16.

The log-log p lo t  of h versus d is shown in Figure 5.10,  the 

gradient of the l ine  drawn through the data points is 4.0 ± 0.4 . At
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Figure 5.10

The height h of the crystal  above the surface of  bulk 

l iqu id  helium versus the f i lm  thickness.
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these f i lm  thicknesses, the exponent n of equation ( 5 . 5 . 1 ) should be 

approaching n = 4 ; the data of Sabisky and Anderson (1973) for  a 

helium f i lm  adsorbed on a Srp2 cleaved crystal  substrate shows n 

is approximately 3.6 at  d = 2 0  nm . The data presented in th is  chapter 

are the transverse analogue of Sabisky and Andersons experiment in 

which they generated longitudinal  acoustic waves at frequencies of  

around 30 GHz in **He f i lms. The sharp standing wave resonances they 

observed as a function of the vapour pressure over the f i lm  are in 

contrast with the heavi ly damped resonances of transverse waves and 

the f i lm  thickness obtained from transverse measurements is corres

pondingly less precise.

Sabisky and Anderson compared th e i r  data for  V(d) with calcu

lat ions based on the OLP theory of f i lm  thickness, in which the poten

t i a l  is completely specif ied by the imaginary part of the complex 

frequency dependent d ie le c t r i c  s u s c e p t ib i l i t ie s  of the in te racting  

media (Chapter 2) .  Using models for  the d ie le c t r i c  constants of  the 

substrate and the helium f i lm ,  they obtain excel lent agreement between 

theory and experiment for  th e i r  SrFg substrate and have also calcu

lated the van der Waals potentia l  of a helium f i lm  adsorbed on various 

other substrates,  some of which are shown in Figure 5.11. The potent ia l  

V(d) is expressed so as to show the deviat ion at large f i lm  thicknesses 

from the simple inverse-cube law Val/d^

A ( d ) = ! ^ f ; F l '  ( 5 . 5 . 2 )

where d = 0 . 3 6  nm is the standard thickness of ‘̂ He monolayer and the 
0

units of A(d) are therefore °K(layers)^ . A(d) for  the 6 f i lms of
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A(d) = (mgh/K^)(d/d^)3 as a function of f i lm  thickness d 

for  the data of Figure 5.10 and for  various substrates.



- 120 -

Figures 5 .1 - 5 . 6  are tabulated in Figure 5.16 and are plotted against  

f i lm  thickness d in Figure 5.11, together with A(d) calculated  

by Sabisky and Anderson for  helium f i lms adsorbed on substrates of 

Si, MgO and a metal with a plasma frequency of 10 eV.

The quartz crysta l  resonator appears to have a van der Waals sur

face potentia l  s im i la r  to that of MgO, though the presence of the gold 

pla t ing ,  thickness 150 nm, on the crysta l  w i l l  complicate the potentia l  

by introducing the e f fec ts  of a d i f f e r e n t  substrate.  Gold has a plasma

frequency w = ne^/e m of 9 eV and for  the purpose of comparison 
p 0  e

the potentia l  A(d) of a metal with = 10 eV is plotted in Figure 

5.11.  For th in  f i lms,  A(d) tends to a constant value; Chester, Yang 

and Stephens (1972) estimate a value of 40 °K(layers)^ for s im i lar  

gold plated crysta ls .

Hemming (1971) used an el 1ipsometric technique to measure the 

thickness of  saturated helium f i lms adsorbed on both polished quartz  

and on a gold f i lm  of thickness 2 1 0  nm evaporated onto the quartz.

At temperatures ju s t  below the X-point and fo r  a height 1 cm above a

bulk l iqu id  helium surface, he gives n = 3.9 ± 0.2 with d = (32 .3  ± 0.3)nm

for  the gold substrate and n = 3.1 ± 0.1 with d = (22 .8  ± 0 . 2 )nm

for  the quartz. These compare with n = 4.0 ± 0.4 and d = (22 .5  ± l)nm

found here fo r  the helium f i lm  adsorbed on the gold electrodes of the

quartz crysta l  at  a height 1 cm above the bulk l iqu id  helium leve l .

5 . 6  The Vortex Resonance

5.6.1 The Vortex Wave Dispersion Relat ion

The data of  Figures 5 .1 -5 .6  shows features that are not predicted  

by the theory of the previous sections fo r  the f i lm  in i t s  hydrodynamic 

and b a l l i s t i c  regions. The locus of X versus R for f i lm  thickensses 

of 14.5 and 21 nm is shown in Figure 5.7; in the region of the anomally
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the data describes a c i r c le ,  the diameter of which increases with f i lm  

thickness.  The presence of such a c i r c le  on the Argand diagram is 

reminiscent of the e le c t r i c a l  impedance p lo t  of a resonant c i r c u i t  

with p a ras i t ic  resonances, implying that there is some type of resonance 

coupling into and driven by the crystal's o s c i l l a t io n .  The l ike l ihood  

that  th is  resonance is due to the crysta l  i t s e l f  is discussed in section 

5.7,  a more in terest ing  p o s s ib i l i t y  is that the o s c i l l a t io n  of the 

crysta l  is exc i t ing waves on vort ices pinned to i t s  surface. These 

would resonate at  d = X/4 with a node at  the crysta l  surface and an

antinode at  the free f i lm  surface.

Vortex waves were f i r s t  reported by Hall (1958) who interpreted  

the resonance e f fec ts  obtained when a stack of closely spaced discs 

were set into o s c i l l a t io n  in a ro ta t ing cryostat  as due to nX/ 2  

resonances of vort ices pinned between the plates.  This was followed 

by the id e n t i f i c a t io n  of the X/4 resonance between an o s c i l l a t in g  

disc and a free helium surface (Andronikashvi1i and Tsakadze (1960),

Hal l (1960),  and Nadirashvi l i  and Tsakadze (1968)) .  These observations 

were at  frequencies of a few Hertz,  with correspondingly long wave

lengths, t y p ic a l l y  500-1000 pm . At much higher frequencies, 10 MHz,

Ashton and Glaberson (1979) have reported excit ing the pure Kelvin

wave (Chapter 2 .6 )  by coupling a c i r c u la r ly  polarised e le c t r ic a l  f i e l d  

to ions moving along the vortex l in e .  In vortex arrays, where the 

in te rac t ion  between vortex l ines becomes non-negligible,  more complex 

l a t t i c e  displacement waves are observed (Glaberson (1982),  and Andereck 

and Glaberson (1982) ) .

Figure 5.12 shows the f i lm  thickness plotted against the temperature 

of the resonance, taken as being the temperature of the maximum in the 

response of R at  20 MHz. Since the f i lm  thickness determines the
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The temperature dependence of the resonance in the superf luid  

f i lm  and of the resonance at  d = X/4 of Kelvin waves on 

pinned vort ices at 20.5 MHz .
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wavelength of the vortex wave, A = 4d , Figure 5.12 shows the wave

length of the resonant wave decreasing approximately l in e a r ly  with 

temperature over the range of the data. In addit ion to these six 

resonances observed at  20.5 MHz, a s im i la r  resonance was also seen 

at 34.1 MHz, the frequency corresponding to the 5^^ harmonic shear 

mode of the crys ta l ,  at  a f i lm  thickness of 15.5 nm as shown in 

Figure 5.12.

The dispersion re la t ion  for  vortex waves is given in Chapter 2, 

equation (2 .6 .1 5 )  as

w = (T /p K)k" ( 5 . 6 . 1 )
o s

where k = 2 tt/ X  and for the lowest order resonance, with a node at

the crysta l  surface and an antinode at  the 1 iquid-vapour in te r face ,

X = 4d . At resonance therefore,  assuming the tension T is
o

independent of k the frequency of the wave is given by

f  a d-^ (5 .6 .2 )
V

The resonance observed at 34 MHz occurred at  a temperature of 1.30 K 

in a f i lm  of thickness d^  ̂ = 15.5 nm . At 20 MHz, th is  would be 

equivalent to a resonance in a f i lm  of thickness dgo where

.  /34.142
I 2 0  =  0 3 4  -----------------

20.496 ( 5 . 6 . 3 )

= 2 0 . 0  nm
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As can be seen from the data at 20 MHz in Figure 5.12, th is  is within  

the er ror  bars of the f i lm  thickness that would be expected for a 

resonant temperature of 1.30 K and a frequency of 20 MHz. The 

resonances at 20 and 34 MHz are thus consistent with the dispersion 

re la t io n  expected of a vortex wave, equation ( 5 . 6 . 1 ) .

In the long wavelength l i m i t ,  X >> a , the dispersion re la t ion ,  

equation ( 5 . 6 . 1 ) ,  for  the Kelvin wave is

4 tt
+O . I I5 9 J  ( 5 . 6 . 4 )

for a hollow core vortex (equation 2 .6 .1 5 ) .  Here the tension T^ of  

equation ( 5 . 6 . 1 )  is both wavelength and temperature dependent through 

the superf luid density and the e f fe c t ive  core radius a , taken

as increasing from 0.1 nm at 0.6 K to 0.3 nm at 2.0 K (Barenghi,  

Donnelly and Vinen (1983) ) .  Taking the frequency of equation ( 5 . 6 . 4 )  

to be 20.5 MHz, i t  is possible to f ind the resonant wavelength X(T) 

and hence the f i lm  thickness d = X/4 predicted for  the resonance.

As shown in Figure 5.12, the f i lm  thickness for  the resonance of the 

hollow core vortex is fa r  larger  than that observed, and decreases 

sharply as T + T^ and the core parameter diverges.

Barenghi, Donnelly and Vinen (1985) have estimated the s h i f t  in 

the frequency of a vortex wave caused by the in te raction of the vortex 

l ine  with the exc i ta t ions of the normal f l u id .  The frac t iona l  change 

in frequency is given by (equation (2 .6 .1 9 )a )

Af - 1
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where , y j  and y are the c o e f f ic ie n ts  of  mutual f r i c t i o n  given

in Chapter 2 .6 .  A f / f  increases rap id ly  as T ^ T  , but over the
A

temperature range of in te res t  here, the change in frequency is less

than 2 % of the f r i c t io n le s s  value and the change in the resonant f i lm

thickness of  the Kelvin wave, equation ( 5 . 6 . 4 ) ,  is ne g l ig ib le .

The tension T of  equation ( 5 . 6 . 1 )  represents the energy per 
0

uni t  length of vortex l ine  at  T = 0 K . The tension,  however, is

in general equivalent to the free  energy/uni t  length of  l in e  and

therefore  fo r  T > 0 K w i l l  have contr ibut ions from waves thermally

excited on the vortex such that  the e f f e c t i v e  tension T is given
e f t

by

( 5 . 6 . 5 )

where F is the free energy/uni t  length of  the waves excited on the 
w

1 ine.

The p a r t i t io n  function Z is given by Barenghi et  al (1985) as
w

N "hüj
1̂

■ho).

Z {&n
i= l

J -  G k t̂ + £n J -  ®

where n is a Debye cuto f f ,  and the energy of  the wave is considered 

to be quantised in units of e ~  = Tia)“ .

Since F  ̂ < 0 , the e xc i ta t ion  of vortex waves reduces the 

e f f e c t i v e  tension of the l ine  and the ra t io  w/k^ w i l l  be lower 

than th a t  of  the Kelvin wave, as observed; at  1.3 K, the data gives
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w/k = 1.7 X 10  ̂ s  ̂ , equation ( 5 . 6 . 4 )  gives w/k^ = 3.6 x 10 ^m̂ s ^

Barenghi et  al point out that  | F | becomes very large as T TW A
and at T -  T = 0 .3  K a free energy catastrophe occurs, the system A
lowering i t s  energy by the spontaneous creation of vort ices.  This is 

inconsistent with experiment and is due, they suggest, to th e i r  

assumption that  the helium's exc itat ions are unaffected by the 

presence of a vortex.

5 .6 .2  The Impedance of a Vortex Line

The waves associated with the dispersion re la t ion  of equation

( 5 . 6 . 1 )  are c i r c u la r ly  polarised with a he l ica l  deformation that

propagates along the vortex l in e .  Of the two possible modes, the

posi t ive  wave uj  ̂ has a sense of rota t ion in the same d irec t ion  as

the superf lu id ve loc i ty  c i rc u la t io n ,  and as discussed in Chapter 2.6,

is evanescent for  frequencies less than w / 2 tt = 3 x 10^^ Hz . The
0

negative wave w , with a ro ta t ion  in the opposite sense to the

superf lu id c irc u la t io n  is a propagating mode and for  frequencies

w «  w , k = ik . 
o + -

A vortex l ine  pinned to the crysta l  is constrained to move with 

the c r y s ta l ' s  o s c i l l a t o r y  motion at  i t s  pinning s i te .  The result ing  

displacement w i l l  propagate along the l ine  and the vortex w i l l  exper

ience a force transverse to i t s  i n i t i a l  displacement due to the Magnus

force e f fe c t .  I f  the displacement of the vortex at  any point z along

i t s  length is (4, q, 0) as before in Chapter 2, with the crystal  

lying in the xy plane and v ibra t ing along the y axis,  then the

boundary conditions for  the vortex at  the crystal  surface are



n(z = 0 ) = n e 
0

C(z = 0 ) = 0

- 127 -

iwt

( 5 . 6 . 6 )

The free end of the vortex terminates on the f i lm  surface, perpendicular  

to the in te r face ,  leading to the conditions

3n
9z

_ K
~  3z

z = d

= 0 ( 5 . 6 . 7 )

z = d

At any point z , the to ta l  vortex l ine  displacement is the sum of  

the amplitudes of both forward t ra v e l l in g  and re f lec ted  posit ive  and 

negative waves. From equation ( 2 .6 .1 5 ) ,  the re la t ion  between the x 

and y displacements of  the l ine  is , hence the to ta l

displacement is

( 5 . 6 . 8 )

where Â  and Ag are the amplitudes of the forward t r a v e l l in g  and

re f lec ted  negative wave w , respect ive ly ,  and and Bg are the

amplitudes of the evanescent wave .

Recall ing that  k = ik = ik , equations ( 5 . 6 . 6 )  -  ( 5 . 6 . 8 )  are 
+ -  o

solved to give

A , ------------------------- H- : A: = A.e ( 5 . 6 . 9 )
2 ( 1  + e '^"oO)
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and

%  n 2 k d

' " 2 ( 1 + e ^ V )
2 =  B i 6 o (5 .6 .1 0 )

The amplitude of the forward t ra v e l l in g  negative wave w diverges 

for e ^^^0  ̂ = 1 giving a resonance condition for the vortex wave at

d = ( 2 n -  1 ) ^ , n = 1 , 2 , 3 , —

as required.

In summary, therefore,  the boundary conditions of l in ea r  o s c i l l a t io n

imposed by the crysta l  on the motion of the vortex at i t s  surface can

be s a t is f ie d  by assuming that  the vortex l ine  is able to support waves

of frequency w and , with wavevectors k and k respectively ,
— +

where u T  is a propagating mode which resonates in a f i lm  of thickness

d = A/4 , and may be evanescent.

A vortex has associated with i t  a tens ion/uni t  length T , and
o

as i t  moves w i l l  therefore exert  a force upon the crystal .  I f  the vortex  

is inc l ined to the d irec tion  of the crystal  v ib ra t ion such that the 

angle between the normal to the crystal  plane and the vortex is a , 

then the shear stress on the crysta l  is given by

T sina = T [9n/3z]  ^
0 o z = U

The transverse acoustic impedance measured by the crystal  is defined 

(equation ( 2 . 3 . 5 ) )  as the ra t io  of the shear stress on the crystal  

to i t s  surface ve loc i ty ,  hence for  an array of N vo r t ic e s /u n i t  area

pinned to the c rys ta l ,  the impedance is
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[3n/3z]  „

Sett ing k = ik and k = (1 -  iv )k  where v characterises the 
+  0 — 0

damping of the negative wave, and using equation ( 5 . 6 . 8 )  for  q(z )

Z = k [ ( v  + i ) t a n ( ( l  -  iv )k  d) -  i tanh(k  d ) ] ( 5 .6 .1 2 )
V z w  0  0  0

where the tension, given by equation (2 .6 .1 5 )  is T = p Kw/k^ . Hence
o s 0

p kN vtan(k d ) [ l  -  tanh^(vk d ) ] + tanh(vk d ) [ l  + tan^(k d ) ] 
D \ _ _§__ o  ̂ 0 o   0

e V 2 k 1 + tan^(k d) tanh^(vk d)
0 0 0

( 5 .6 .1 3 )

p kN tan(k d ) [ l  -  tanh^(vk d) -  vtanh(vk d ) [ l  + tan^(k d ) ] 
Q^ / - 7  \  _ _s________ g________________ 0______________ g______________ 0

-  2 k 1 + tan*(k  d)tanh:(vk  d)
0 0 0

-  tanh(kgd)

For each f i lm  thickness d , there are therefore two parameters 

character ising the resonance; v , determining the qua l i ty  factor  of  

the wave and N , the number of vortices pinned per unit  area to the 

c r y s t a l .

5 .6 .3  Discussion

The vortex impedance Z^(T) = R^(T) -  iX^^T) given by equations

(5 .6 .1 3 )  (a )  and (b)  is,  for  a given f i lm  thickness d , dependent

on temperature only through the superf luid density p  ̂ and the wave

vector of the vortex wave k = 2tt/X  . k (T) at a frequency of 20 MHz
0 0

is found from Figure 5.12 by assuming a l inear  re la t ion  between the 

f i lm  thickness d = X/4 and temperature T . The vortex impedance 

calculated from equations (5 .6 .1 3 )  is shown added to the impedance of
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the f i lm  in the hydrodynamic region (equation ( 5 . 3 . 1 ) )  in Figures 

5.13 and 5.14 for  d = 14.5 and 21 nm respectively.  Comparison 

of f igures such as these with the data of Figures 5 .1 - 5 . 6  gives 

N = (25 ± 10) X 10^^ m~̂  and v = 0.06 ± 0.01 for  the f i lms with 

d < 20 nm and v = 0.08 ± 0.01 with N = (30 ± 10) x 10^^ for

d = 21 nm . The qua l i ty  factor  of the resonance, Q = 1/2v therefore
V

has a value 8  for  d < 20 nm and 6 fo r  d = 21 nm . As

discussed below, i t  is possible to a t t r ib u te  the decrease in Q at
V

21 nm and the d is to r t ion  of the resonance at  22.5 nm to unpinning

of vort ices at  high amplitudes of crystal  v ib ra t ion.

As discussed in Chapter 2 .6 .2 ,  the wave is damped as a consequence 

of the in te raction  of the vortex l ine  with the excitat ions of the 

normal f lu id .  The qua l i ty  factor of the resonanceis therefore deter

mined by the mutual f r i c t i o n  coef f ic ien ts  of the drag force,  and from 

equation ( 2 .6 .1 9 ) ( b )

P K
Q, (5 .6 .1 4 )

where y  is tabulated as a function of temperature by Barenghi, Donnelly 

and Vinen (1983). thus calculated is tabulated in Figure 5.16 for

each resonance temperature, and is seen to increase from 4 at  1.7 K 

fo r  the thinnest f i lm  to % 1000 at  0.8 K fo r  the th ickest.  This is  in 

contrast with the behaviour actua l ly  observed of the resonance, with 

Q constant for  T 1 K and lower for  T  ̂ 1 K .
V

The f r i c t i o n a l  force of the excitation's in terat ion  with the vortex 

core is applied over the f lu id  within a distance I  of the vortex 

l ine ,  where I  is the mean free path of the exc ita t ions.  The vortex
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The temperature dependence of R and X for a film of

thickness 15.5 nm with a vortex resonance at 1.65 K .
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also drags normal f lu id  around with i t ,  and the e f fe c t ive  f r i c t i o n  

force on the vortex l ine  is frequency dependent through the ra t io  

l / à  , where 6 is the viscous penetrat ion depth. Following Barenghi 

et al (1983) the value of y at 20 MHz can be estimated for  l / à  «  1 . 

The resul t ing qu a l i ty  factors are lower than at  zero frequency;

at  1.7 K Q = 2.5 compared with 4 .0  , and the d i f ference becomes 

less at lower temperatures. The frequency of the measurements thus 

lowers the q u a l i ty  factor to be expected of the resonance, and the 

discrepancy between the actual and that calculated from mutual

f r i c t i o n  considerations remains unresolved.

In his observations of the resonance of vortex l ines pinned between 

o s c i l l a t in g  discs. Hall (1958) found Q 3 for  the main A/2
V

resonance and Q ^  10 for  the 3A/2 resonance at  1.7 K . He
V

at t r ib u te d  the low values of the Q's and the discrepancy between 

them to the sl ipping of the vortex l ines over the surface of the discs 

at high amplitudes of o s c i l l a t io n .  I f  slipping of the vortex l ines  

occurs in a s im i la r  manner on the crystal  electrodes,  i t  w i l l  depend 

upon the amplitude and ve loc i ty  of v ibrat ion of the crystal  surface,  

these both increase as temperature decreases, becoming large for  T 3 1 K

where the mass and viscous loading of the helium f i lm  is least.

In support of  the above argument is the behaviour of the resonance 

of the crysta l  i t s e l f .  The c r ys ta l 's  response showed a s im i la r  type

of i n s t a b i l i t y  to that observed at  d = 21 nm and T = 0.75 K ,

though to a much greater extent, at 34 MHz for T < 1 K . In both 

cases the Q of the crystal  was not a smooth and continuous function  

of frequency as in Figure 3.3,  but exhibited features that could not 

be explained by the simple pa ra l le l  resonance model for  the crystal  of  

Chapter 3. Figure 5.15 shows typica l  Q-curves of signal S versus
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frequency fo r  the crystal  at  34 MHz for  input power levels of between 

-57 and -51 dBm (corresponding to power dissipations in the crysta l  of  

between 0.9 and 4 nW). Since s a / T  where i is the current through 

the c rys ta l ,  from equations ( 3 . 2 . 4 )  and ( 3 . 2 . 5 ) ,  the amplitude and 

ve loc i ty  of the c r y s ta l ' s  v ib ra t ion  at  which the break in signal  

occurs is approximately independent of power input and in the vortex 

resonance model must represent the magnitude of the crysta l  motion at  

which vortex l ines become unpinned from the surface.

A c lassical  vortex tends to s t ick  to a surface protuberance 

because of the Bernoull i  pressure drop at  the centre of the l ine  

associated with the f l u i d ' s  c i rc u la to ry  ve loc i ty  f i e l d .  Sl ipping of  

the l in e  then occurs when the vortex detaches i t s e l f  from i t s  or ig ina l  

pinning s i te  and jumps to a neighbouring protuberance. Counter flow 

experiments in narrow channels f i l l e d  with arrays of  vort ices pinned 

to surfaces of  varying degrees of  roughness (Yarmchuk and Glaberson 

(1978), and Hedge and Glaberson (1980) )  indicate  the existance of  

c r i t i c a l  v e lo c i t ies  associated with the unpinning of vortex l ines .

S imilar  conclusions have been reached by Schwartz (1985) using a vortex 

f i lament  model to analyse boundary-l ine in te ractions.  In a steady 

superf luid flow, a pinned vortex moves to assume a stat ionary  configu

ra t ion such that  i t s  self- induced ve loc i ty  balances the applied ve loc i ty  

f i e l d .  As the superf luid ve loc i ty  increases, so does the deformation 

of the vortex unt i l  the l ine  at  i t s  pinning s i te  l ies  p a ra l le l  to the 

surface and i t  is swept away.

The vortex l ines pinned to the crystal  w i l l  have a large amplitude 

displacement at resonance. For T 1 K the high vortex resonance 

q u a l i t y  fac to r  w i l l  exaggerate the large crysta l  v ib ra t ion  amplitude 

and the vortex motion may be s u f f i c i e n t l y  v io len t  to cause unpinning 

of the l ines .  Pinning vortices w i l l  attach themselves p r e f e r e n t ia l l y  to 

the largest surface protuberances, hence as the density of l ines increases
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and less favourable pinning sites are occupied, the force associated with the 

mass unpinning of l ines is reduced. Yarmchuk and Glaberson (1978) estimate an 

average pinning force of 10"^  ̂ N per l ine  for  a vortex array of density  

2 X 10® lines/m^ on a glass surface. Simultaneous unpinning of a 

large l ine  density of vortices w i l l  obviously have a major e f fe c t  on 

the c r y s ta l 's  behaviour, and i t  is possible that  th is  is the cause of  

the d iscont inui ty  in the crystal  resonance curves of Figure 5.15.

I t  was mentioned e a r l i e r  that  the expressions derived for  the

vortex resonance, equations (5 .5 .1 3 ) ,  when f i t t e d  to the data, y ie ld

a vortex density N of (25 ± 10) x 10® lines/cm? . This corresponds

to a l ine  spacing of approximately 0 . 2  pm and i t  is not c lear  whether

the existance of  such a large vortex l ine  density is possible.  In

rota t ing  helium, the l ine  density n  ̂ of the vortex array is proportional

to i t s  angular ve loc i ty ,  equation ( 2 . 6 . 3 ) ,  t y p ic a l ly  n = 10** lines/cm^ ,
0

equivalent to a spacing of 'v^O.l mm .

The presence of vort ices in non-rotat ing helium, a so-cal led  

primordial  vortex l ine  density has been confirmed by Awschalom and 

Schwarz (1984) using an ion-trapping technique. I f  negative ions are 

d r i f te d  between two para l le l  plates with vortex l ines pinned between 

them, some w i l l  be captured by the vort ices and under the inf luence of  

a sui tab le  e le c t r i c  f i e l d ,  w i l l  be del ivered to the co l lec to r  plate .

The signal was cal ibrated  against measurements in rota t ing helium with 

a known vortex l ine  density,  and a remnant l ine  density of  

approximately 15 lines/cm^ was found for  a plate spacing of 1 cm. 

Awschalom and Schwarz estimate the maximum l ine  density present by 

noting that to avoid recombination of neighbouring vort ices,  the 

maximum displacement of each l ine  must be less than about h a l f  the 

i n t e r l in e  spacing. They give
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 ̂ 2£n(D/a)

where a is the vortex core radius, which for D = 1 cm gives 

N < 35 lines/cm^ , in very good agreement with the experimental  

determination.  For a helium f i lm  of thickness d 5 D/2 of 20 nm , 

th is  gives N < 10^^ lines/cm^ .

The primordial  l ine  density measured by Awschalom and Schwarz 

was independent of the history of the system and the vort ices must 

therefore  be created as helium passes through the A- t rans i t ion  such 

tha t  i t s  to ta l  v o r t i c i t y  is zero. Equal numbers of vort ices with 

opposite senses of superf luid ve loc i ty  c irc u la t io n  then ex is t  and 

are s tab i l ised  by pinning. Such vortices may then, under suitable  

conditions,  i n i t i a t e  the growth of a vortex l ine  tangle and hence 

superf lu id turbulence, e i ther  by acting as a continuous source of  

v o r t i c i t y  as suggested by Glaberson and Donnelly (1966) or else,  as 

implied by the in te rpre ta t ion  of the data presented here, by actua l ly  

becoming unpinned from the surface and being swept away with the 

f low (Schwarz, 1985).

5.7 A l te rna t ive  Resonances

5.7.1 Crystal  Effects

I t  is possible that changes in the q u a l i ty  factor  and resonant 

frequency of the crysta l  such as those represented by the anomalous 

behaviour of  R and X in Figures 5 .1 -5 .6  may be due to the crystal  

rather than the f i lm .  Spec i f ica l ly ,  coupling of unwanted modes of  

vib ra t ion  to the main resonance mode or a change in the energy trapping 

propert ies of the crysta l  may cause abrupt changes in both Q and f  .
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An AT-cut crysta l  is designed to resonate in a thickness-shear  

(TS) mode with a frequency determined p r in c ip a l ly  by i t s  thickness.

The f i n i t e  dimensions of the crysta l  plate and n o n - l in e a r i t ie s  in i t s  

e la s t ic  propert ies however, mean that  unwanted modes of v ib ra t ion -  

f l e x u ra l ,  face-shear or anharmonic TS modes,will be present in the 

c r y s ta l ' s  v ib ra t ional  spectrum. I f  the frequency of an unwanted mode 

approaches that of  the main TS resonance, there is a coupling between 

the two, resul t ing in a frequency jump and an a c t i v i t y  dip (a reduction 

in the Q of the c r y s t a l ) .  The f lexura l  and face-shear modes are 

genera l ly weak, being high overtones of fundamental frequencies depen

dent on the diameter of the c rys ta l ,  but the anharmonic TS modes with 

frequencies a few percent higher than the corresponding harmonic mode 

may be quite strong. Under favourable conditions,  both are able to 

couple to the harmonic TS mode. The development of the theory of mode 

coupling and of design features used to supress i t  are reviewed by 

Bahadur and Parshad (1982).

I f  the crysta l  plate is bevel led,  i t s  a c t i v i t y  is forced away 

from the crysta l  edges, reducing both energy loss through the crystal  

mounting and coupling of  f lexura l  vibrat ions to the TS mode. For high 

frequency resonators, f  > 10 MHz , the motional area of the crystal  

becomes increasingly confined to that part  of  the p la te  covered by the 

electrodes.  In th is  case, bevel l ing has l i t t l e  e f fe c t  and the crystal  

is usual ly plane pa ra l le l  (Birch,  1965).

The crysta l  electrodes can themselves be very e f fe c t iv e  in supressing 

unwanted vibrat ions by a process known as mode trapping.  The mass of  

the electrodes can be considered to increase the e f fe c t ive  density of  

the quartz beneath. Thus the c u t -o f f  frequency, below which no wave 

w i l l  propagate in the quartz w i l l  be higher in the unelectroded region 

than in the electroded region; . I f  a v ibra t ional  mode has
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frequency w with w > w , the wave propagates f r e e ly  in the e n t i re

crysta l  and dies out due to mounting and other losses. I f  w < w < w ,
e s

the wave w i l l  propagate f r e e ly  in the region beneath the electrodes but

w i l l  su f fe r  exponential  a ttenuation in the unelectroded region.  Waves

with 0) < 0)  ̂ w i l l  obviously not propagate at  a l l .  Therefore only

energy in the v ib ra t iona l  modes with w < w < w is trapped beneath
e s

the electrodes and i t  is possible to r e s t r i c t  the range of trapped 

frequencies by c o n t ro l l ing  the amount of  electrode mass deposited on 

the c ry s ta l .  The electrodes therefore  also a f f e c t  the resonant frequency 

of the TS mode, the f ra c t io n a l  lowering of  frequency due to the increased 

e f f e c t i v e  density of  the quartz beneath the electrodes is known as 

plateback and elsewhere in th is  thesis has been cal led ' the  mass loading 

e f f e c t ' .

Werner and Dyer (1976) have estimated the degradation of  Q due 

to imperfect energy trapping fo r  an AT-cut quartz crysta l  at  i t s  3 rd 

harmonic n = 3 at  frequency 20.1 MHz . At low mass loading Q is 

small due to loss of energy from the electrode region into  the periphery  

of the c ry s ta l ,  but fo r  a f ra c t io n a l  mass loading AM/M > 0.004 , where 

M is the mass of the crysta l  p la te  per un i t  area and AM is i t s  to t a l  

surface loading,  Q is approximately constant. At very high mass 

loading unwanted v ib ra t ions  become trapped. The AT crys ta l  used in 

these measurements was driven a t  20.5 MHz (n = 3) and had gold e lec 

trodes of  thickness 150 nm , giving a f ra c t io n a l  mass loading

AM/M = 0.0087 . The e f f e c t  of  the helium on the c r y s t a l ' s  energy 

trapping behaviour can be estimated by assuming tha t  a l l  the helium,  

density 145 kgm” ,̂ w i th in  a distance 20 nm of the crysta l  surface w i l l  

be mass loading i t .  This gives AM/M = 8  x 10“  ̂ , n e g l ig ib le  in

comparison with the e f f e c t  of  the electrodes.  When much of the f i lm  is
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superf lu id and does not load the c rys ta l ,  as is the case in the region 

of anomalous behaviour of Figures 5 . 1 - 5 . 6 , AM/M w i l l  be correspondingly  

much less.

In general , the presence of unwanted v ibrat ions  coupling into the 

main resonant TS mode leads to 'bandbreaks' -  i r r e g u l a r i t i e s  in the 

frequency-temperature and act iv i ty - tem perature  charac te r is t ics  of the 

crysta l  in vacuum. I t  is possible tha t the anomalous behaviour of R 

and X may be due to coupling driven by changes in the mass loading 

of the crysta l  with both temperature and f i lm  thickness.  Below 1.2 K 

however, where the largest e f fe c ts  occur, the f i lm  is predominently 

superf lu id ,  = 4 kgm“ ® at  1.2 K , and the change in f rac t iona l  

mass loading between f i lm  thicknesses of 14 and 22 nm at a given 

temperature w i l l  be very small.

Extensive measurements in bulk *He, both normal and superf luid  

and in l iq u id  at  high pressures where the r a t io  AM/M would have 

been swept over a larger  range than i t  was here, have shown no anomalous 

behaviour tha t  may be a t t r ib u te d  to the crysta l  i t s e l f .

At l iq u id  helium temperatures, the propert ies of  quartz change 

only very slowly with temperature, f^ and Q were found to be 

v i r t u a l l y  independent of  temperature below 4 K in vacuum (Chapter 3) .

In a l l  measurements, the power d issipation in the crysta l  was kept as 

low as possible ( t y p i c a l l y  3 nW) to avoid heating of the f i lm ,  and 

though there was a s l ig h t  power dependence of the crysta l  resonance 

in the 21 nm f i lm  at  0.7 K , the power leve ls  were much lower than 

those reported by Birch and Weston (1976) (5-10 mW) to cause drive  

level  sensit ive  coupling due to the non-l inear  e la s t i c  propert ies of  

the quartz.



- 141 -

An attempt was made to f ind unwanted modes d i r e c t l y  by breaking 

the feedback loop of the frequency locking system and observing the 

output signal S of the crystal  on an osci lloscope as a function of 

frequency. Resonances were found at  13.6 and 27.3 MHz corresponding 

to the TS modes at n = 2 and n = 4 , and at  frequencies of 20.54 

and 20.56 MHz, probably the anharmonic TS resonances. In addition  

there were smaller resonances at  20.67, 20.77 and 29.15 MHz, these 

may be e i th er  face-shear or f lexure  modes. Al l  these resonances were 

very weak, at  least 30 dB down on the main harmonic (n = 3) TS mode 

and, as fa r  as could be determined, were independent of temperature 

and mass loading and thus un l ike ly  to couple into the wanted mode 

with as much temperature and mass loading dependence as observed.

An obvious way to determine whether mode coupling is present is 

to use a d i f f e r e n t  c rys ta l .  Unfortunately there was in s u f f ic ie n t  

time to do th is ,  though i t  must be noted that Forder, Hal se and Brown 

(1975),  using an AC-cut crysta l  v ibra t ing in a shear thickness mode 

at frequencies of 3 and 10 MHz found that the smooth crystal  response 

to the f i lm  had superimposed upon i t  a small var ia t ion  which was 

periodic in the height of the crysta l  above the helium bath. This 

they a t t r ibu ted  to the coupling of f lexure vibrat ions into the main 

resonant mode. I t  does not however, seem l i k e l y  that two d i f fe r e n t  

types of crystal  should exh ib i t  mode coupling under s im i la r  conditions 

and i t  would appear more l i k e l y  tha t the e f fe c t  is connected with the 

helium f i lm  adsorbed on the crysta l  rather than with the crystal  

i t s e l f .
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5 .7 .2  Resonances 1 n the Film

I t  is necessary to consider whether the resonance observed could 

be due to anything other than pinned vortex l ines or mode coupling in 

the c rys ta l .

I f  the crysta l  does not v ib ra te  in a purely shear mode as an AT- 

cut crys ta l  is designed to do, any longi tudinal  component of surface 

p a r t i c l e  motion could exc ite  sound waves in the helium. I f  th is  occurs, 

however, there would be an energy loss A(Q“ ^) from the crysta l  

proportional  to pu^, where u  ̂ is the speed of f i r s t  sound. Such 

a loss would have been observed as a function of  density in measure

ments of the impedance of He I I  under pressure and was not (Lea and 

Fozooni, 1984). There is,  therefore,  no reason to presuppose the 

e xc i ta t ion  of sound waves in the f i lm  and with a speed u  ̂ = 238 ms“  ̂

for  T < 1 K and hence a wavelength of ^12  pm at 20 MHz , no 

resonance would occur.

A fu r ther  p o s s ib i l i t y  tha t needs to be considered is the exc i 

ta t io n  of  surface waves on the f i lm  by the transverse motion of  the 

c ry s ta l .  For thin f i lms,  d «  6 , the re levant wave is th i rd  sound; 

the normal f lu id  component is clamped to the substrate by i t s  v iscos ity  

and the wave motion is confined to the o s c i l l a t io n  of  the superf lu id .

The ve lo c i ty  of th i rd  sound is t y p ic a l l y  300 cms“  ̂ (Atkins and 

Rudnick, 1970), which is considerably higher than the c r i t i c a l  ve loc i ty  

of the f i lm ,  30 cms“  ̂ at  d = 20 nm . Pure th i rd  sound propa

gation,  however, w i l l  not occur under the experimental conditions  

appropriate to the f i lm  impedance measurements since d 6 and the 

normal f l u i d  component is not f u l l y  locked to the crysta l  and w i l l  

p a r t ic ip a te  in any surface motion. I t  is necessary therefore,  to 

consider more general types of surface waves (see for  example, Landau 

and L i f s h i t z ,  1959), with frequency f  = w/2n
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= I f^k + ^ ^ 1  tanh(kd)

where a = 3.3 x 10 Nm is the surface tension of the f i lm  and

f  is the restor ing force per un it  mass which for  the f i lm  on the m
crysta l  is f  = 3AK,/md^ , assuming the d“ ® form of the van der 

m D
Waals' surface p o te n t ia l .  For d = 20 nm and f  = 20 MHz , th is  

corresponds to a wavelength of  A 900 nm. This, however, assumes 

both normal and super- f lu id  components move together,  which is un l ike ly  

since the v ibra t ion  of  the normal f l u i d  component w i l l  be damped by i t s  

v iscos ity .  I t  appears though, tha t any surface wave w i l l  have a wave

length short in comparison with the size of the crysta l  electrodes  

( 2 .5  mm) and w i l l  be heavi ly damped. Taking into account the geometry 

and configurat ion of the f i lm  on the c rys ta l ,  i t  therefore  seems 

un l ike ly  that any surface motion w i l l  be able to form a standing wave 

and resonate on the f i lm .
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h

(cm)

d

(nm)

A(d) = Vd® 

(°K( layers )® )

Temperature

of

resonance

Q
V

(zero

frequency)

7.64 14.5 23.6 1.70 4.0

5.99 15.5 2 2 . 6 1.65 4.5

3.10 17.5 16.8 1.39 10

1.87 19.5 14.0 1 . 1 2 40

1.37 2 1 . 0 1 2 . 8 0 . 8 6 450

1.04 22.5 1 2 . 0 0.79 1 0 0 0

Figure 5.16

Table giving the crys ta l  surface potentia l  A(d) fo r  f i lm  

thickness d at  height h above the bulk l iqu id  surface,  the 

temperature of  the resonance observed and the q u a l i t y  fac tor  

calculated for  the vortex resonance.
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Chapter 6

The Helium Film at  T > T ---------------------------------------------- c

6 .1 Introduction

At a temperature above that of the l iqu id -gas c r i t i c a l  point  T  ̂ , 

the increase in f lu id  density near the crysta l  caused by van der Waals' 

forces does not resu l t ,  as at  lower temperatures, in the formation of  

a f i lm  with a well defined in te r face  between the l iq u id  and vapour 

phases. The density of the helium instead increases smoothly to the 

s o l i d i f i c a t i o n  pressure as the crysta l  is approached, though fo r  temp

eratures only ju s t  above T^ , the f l u i d  may become highly compressed 

under the crysta ls  surface po te n t ia l ,  i t s  density changing rap id ly  

from a gas- l ike  to a l i q u i d - l i k e  value.

The data presented in th is  chapter consists of measurements at  

20 MHz of the transverse acoustic impedance, Z = R -  iX  , of  ‘̂ He at  

a temperature of 5.239 K , ( (T  -  T^) = 49 mK) fo r  pressures less

than 2000 t  . In the c r i t i c a l  region,  P % 1700 t  , the helium has 

a large compressib i l i ty  and, since the extent of  the high density f l u i d  

is small compared with the penetrat ion depth 6 , X -  R , is as before,  

a measure of  the excess e f fe c t iv e  mass adsorbed on the crysta l  surface 

(sect ion 6 .2 ) .  The e f fe c t iv e  v iscos ity  of  the helium can be found from 

the real part  R of  the measured impedance, provided the f l u i d  density  

p(T,P) is known. At low densit ies  the v iscos ity  shows the t ra n s i t io n  

of the helium gas from hydrodynamic to non-hydrodynamic behaviour,  

(section 6 .3 ) .
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6.2 The Excess Mass Adsorbed on the Crystal

The transverse acoustic impedance Z = R -  iX of *̂ He was measured

at a temperature 49 mk above the l iquid-gas c r i t i c a l  point  (T = 5.1899 ±
c

0.0001 K , P^= 1706.1± 0.1 T , = 69.64 ± 0.07 kgmT® , (Kierstead,

1971)) .  The real  and imaginary parts,  R and X of the impedance are

plot ted in Figure 6.1 fo r  pressures P < 2000 t  . The baselines R = 0

and X = 0 correspond to the values of  the c r y s ta l ' s  q u a l i t y  fac tor

and frequency when the c e l l  was pumped as clean as possible at  5.239 K.

At a l l  pressures greater than a few t o r r  X > R , representing

the e f fe c t  of the enhanced density of the layers of  helium close to

the crysta l ,  and (X -  R) is p lotted in Figure 6.2.  As the pressure

of the helium gas r ises  from zero, (X -  R) increases and fo r  T »  T^

would smoothly a t ta in  an approximately constant value representing the

adsorbed mass on the crysta l  in the l i q u i d - l i k e  f l u i d  at  high pressure.

However, (T -  T ) is small and the high compressib i l i ty  of the helium 
c

in the c r i t i c a l  region under the van der Waals' forces of the 

crysta l  causes (X -  R) to deviate from th is  behaviour at  a pressure 

as low as 1000 x . (X -  R) then r ises  with pressure to peak at  

'V 1700 T before f a l l i n g  sharply at  ^1800 x to (X -  R) = 13 kgm“ ^s“  ̂ , 

corresponding to the adsorbed e f fe c t iv e  mass in the l i q u i d - l i k e  region.

The van der Waals' equation of sta te  fo r  the behaviour of  a gas is

(V -  b) = K^T ( 6 . 2 . 1 )

where a and b are constants of the gas, representing the e f fec ts  of 

in termolecular forces and the size of  the molecules respective ly .  At 

the c r i t i c a l  point,  ( 3 P /9 V)^ = 0 , ( 9 ^P/9 V^)^ = 0 and although the 

van der Waals' equation describes the behaviour of  the system q u a l i t a 

t i v e l y ,  i t  takes no account of  the e f fe c t  of  the large scale f luc tuat ions
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Figure 6.1

The real  and imaginary parts,  R and X , of the acoustic 

impedance as a function of pressure at 5.239 K .
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Figure 6.2

X-R for  the data of  Figure 6.1,  showing the excess mass density  

adsorbed on the crysta l  fo r  one (upper sol id l i n e )  and two (lower  

solid  l i n e )  adsorbed atomic layers,  and fo r  one layer including the 

ef fec ts  of  v iscosity  (dashed l i n e ) .
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in density that  occur, and is therefore inadequate for  a f u l l  description,  

The isothermal compressibi l i ty  = 1/p (9p/9P)y therefore  diverges

at the c r i t i c a l  point as

a (T -  T^)"^ for p = ; T > ( 6 . 2 . 2 )

where the van der Waals' equation and other mean f i e l d  theories predict  

Y = 1 and experimental ly for  **He, y =  1.17 (Tominaga, 1974).

I t  is possible to estimate AX = X -  R using the transmission 

l ine  theory of Chapter 2. From equation ( 2 . 4 . 8 ) ,  for  a lo c a l ly  hydro- 

dynamic viscous f lu id

( 6 . 2 . 3 )

where, as previously,  z (x )  = ( 1  -  i ) /wp(x )r | (x ) / 2  is the local  impe

dance and Z(x) the actual  impedance at  x . I f  the increase in Z(x)  

at  the crysta l  surface is small,  then

( 6 . 2 . 4 )

where Z(°°) = ( i  -  i )/wp((»)ri(°°)/2 is the bulk impedance of the f lu id ,  

density p (" )  and v iscosity  n(°°) • The change in impedance at  the 

crysta l  surface due to the enhanced density helium close to i t s  surface 

is therefore

AZ =-iw
X

0

(p (x )  -  p(°°)}dx ( 6 . 2 . 5 )
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Hence, as previously,  the main e f fe c t  of the short range (< 6 ) van 

der Waals forces is to increase X while R remains equal to the 

bulk value. I f  the v iscosity  is independent of density then the 

in tegral  is equal to the excess mass density per un it  area o :

AZ =Hu) I {p(x)  -  p(oo))dx ( 6 . 2 . 6 )
c
0

Jx

where x is the posit ion of the sol id /hel ium boundary. Thus, i f  the 
0

density p r o f i l e  P(x) of the helium is known, the change in impedance 

AZ = iAX = i (X  -  R) due to the enhancement in density of the f l u i d  can 

be found.
r\umt)çr

The local / \density p(x) 5 p(T,P) , where P is the pressure at  

a distance x from the crystal  at  temperature T , is given by

1 9V (T,P)
p(T.P)  = ( 6 . 2 . 7 )

where V is the chemical potentia l  of  the helium. Following Oestereich 
c

and Stenschke (1977), equation ( 6 . 2 . 7 )  is integrated from the posit ion  

of in te res t  x to i n f i n i t y ,  with the condition tha t  the chemical poten

t i a l  is constant everywhere:

Cl ( 6 . 2 . 8 )
P(oo)

AK.
 b

where P(a>) is the pressure of the bulk helium and the van der Waals' 

potentia l  of  the substrate,  V(x) ='AK^/x^ has been taken as the inverse 

cube form for  ease of evaluation,  with A = 1.986 K (nm)s . The density  

p r o f i l e  p(x)  of the f lu id  is therefore obtained by taking a distance  

X from the crysta l  and f inding the unknown pressure P(x) by numeri
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c a l ly  evaluating the in te gra l ,  increasing the upper l i m i t  un t i l  the

value of the le f t -hand-s ide  of equation ( 6 . 2 . 8 )  equals the van der Waals'

potent ia l  V(x) . The density p(T,P) was found from the bulk helium

equations of McCarty (1973). The density p ro f i le s  p(x)  for  bulk

pressures of between 500 and 2000 t are plotted in Figure 6.3 for

T = 5.239 K . These show the e f fec ts  of the van der Waals' forces of

the c rys ta l ,  when combined with the high compressib i l i ty  of the helium

at ^^700 T , in creating the rapid r ise  in density that fo r  T < T^

would have developed into a 1 iquid-vapour in ter face .

Density p ro f i le s  such as those in Figure 6.3 can be used to evaluate

the integral  in equation ( 6 . 2 . 6 )  to f ind the excess mass Ao adsorbed

on the c rys ta l ,  and hence AX = (X -  R) = wAo fo r  any bulk pressure.

The in tegral  was performed for  both x = 0 . 3 6  nm and x = 0.72 nm ,
0 0

corresponding to one and two atomic layers local ised on the crysta l

respective ly ,  and AX thus calculated is shown in Figure 6 .2 .  The

agreement of  the data with the calcu lat ion  for  x = 0.36 nm is good,
0

showing tha t  only the f i r s t  atomic layer is t i g h t l y  bound to the c rys ta l ,  

subsequent layers being f l u i d .  At low pressures, the measured d i f ference  

(X -  R) decreases more rap id ly  than expected since the helium enters  

the non-hydrodynamic region where X goes to zero fas te r  than R .

I f  the v iscos ity  of  the helium is not independent of  density,  the 

f u l l  expression, equation ( 6 . 2 . 5 ) ,  for  the change in impedance due to 

the enhanced density layers must be used. I t  is therefore  necessary 

to know n(p) for  densi t ies up to the s o l id i f i c a t i o n  pressure 

( ^ 2 0 5  atm. at  5.239 K) . Unfortunately data fo r  the v iscos ity  is not 

ava i lab le  fo r  th is  temperature over the complete density range, and 

fol lowing Ohbayashi and Ikushima (1974) must be estimated by assuming 

tha t  the v iscosity  at  a given density and temperature n(p ,T)  may be 

w ri t ten  as the sum of temperature-only and densi ty-only  dependent terms
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Density p r o f i l e  of the helium f i lm  on the crysta l  fo r  various 

bulk pressures at  5.239 K .
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n(p.T)  = n (0 ,T )  + An(p)

The zero density v iscosity  n (0 ,T )  is plot ted in Figure 6.4 for  low

pressure data from Landolt-B8 rnstein (1969), and for  5.239 K n (0 ,T )  =

14 ± 1 uP , in f a i r  agreement with q(0)  = 13.5 pP from Betts (1976).

An(p) = n(p ,T)  -  n (0 ,T )  is plotted in Figure 6.5 for  densi t ies in the

range 0-150 kgm“  ̂ and temperatures of 4 .2-500 K for  data from

Landolt and Bürnstein (1969),  and at  higher densi t ies 140-175 kgm“ ^

and temperatures of 2 .5 -4 .2  K fo r  data from Goodwin (1974).  Ar|(p)

is seen to be independent of temperature, despite the large amount of

scatter  in the data which has been compiled from many d i f f e r e n t  sources,

The f i t  to the data shown in Figure 6.5  is extrapolated to the density

at  the s o l id i f i c a t i o n  pressure, though the exact form is not crucia l

since the second term in equation ( 6 . 2 . 5 )  becomes neg l ig ib le  at  high

densi t ies:  q(œ)p(œ)/q(x)p(x)  «  1 . q(p)  is then used to evaluate

the in tegral  in equation ( 6 . 2 . 5 )  fo r  x = 0.36 nm . AX is shown in
0

Figure 6 .2  and is a r e l a t i v e l y  good f i t  to the data, the major source 

of discrepancy is probably due to errors in the estimation of the 

viscos ity  n(p)  » and the use of the van der Waals' approximation of  

the surface potentia l  V a x“  ̂ .

In summary, at  T = 5.239 K fo r  P < 2000 t  , the f i r s t  atomic 

layer of helium is local ised on the c rys ta l ,  producing a pressure 

independent frequency s h i f t ,  Af ^  6 Hz . This is not represented 

in the data of Figures 6.1 and 6.2 since the c ry s ta l ' s  qu a l i ty  fac tor  

Q and frequency f  corresponding to R = 0 and X = 0 were obtained 

by pumping the ce l l  as clean as possible at 5.239 K which is not 

s u f f i c ie n t  to remove the local ised layer (binding energy of ^200  K 

( E z e l l ,  Pollock and Daunt, 1981)) .  Subsequent layers give a pressure 

dependent contr ibut ion to the impedance which is purely imaginary and
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due to the enhancement of the density and hence also the v iscosity  of

the helium above the bulk value.

6 .3 The Viscosity at 5.239 K

6.3.1 The Viscosity in the C r i t i c a l  Region

The v iscosity  of the helium is found from equation ( 2 . 3 . 6 )  using

the real  part  R of the impedance, since, as discussed in the previous

section,  th is  best represents the propert ies of the bulk f lu id

n = | f

The density p is found from the measured pressure P using the 

equation of state  given by McCarty (1973) and the v iscos ity  q is 

plot ted against density in Figure 6 . 6 . q(p)  increases from zero at  

zero pressure and for  p % 20  kgm"  ̂ r ises almost l i n e a r ly  with density.

An ext rapola t ion of th is  region back to p = 0 gives q = 14 ± 1 yP ,

in good agreement with the value of the low pressure v iscos ity  q ( 0 ) =

13.5 yP from Betts (1976). As p 0 , the e f fe c t iv e  v iscos ity  at

20 MHz decreases rap id ly  to zero as the gas enters the non-hydrodynamic 

regime.

Goodwin e t  al (1981) have measured the v iscosity  of  helium in the 

c r i t i c a l  region using a v ib ra t ing  wire viscometer a t  a frequency of

4 .5  kHz . For p = 67 kgm”  ̂ and e = (T -  T^)/T^ = 5 x 10“  ̂ , they 

f ind q = 24.8 yP , lower than the value of (29 ± 2) yP fo r  the data 

of Figure 6 . 6  at  e = 9 x 10”  ̂ .

In the hydrodynamic l i m i t ,  co = 0 , q = 0 , the shear v iscosity

in the c r i t i c a l  region can be expressed as the sum of a background part ,

q^ , and a c r i t i c a l  part ,  q^ ; (Swinney and Henry, 1973)
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Figure 6 . 6

The e f fe c t iv e  v iscos ity  of  '*He as a function of  density  

at 5.239 K .
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n(T) = ( 6 . 3 . 2 )

where q is the value the v iscosity  would have in the absence of any 
o

c r i t i c a l  anomaly. The c r i t i c a l  part  q^ may be wr i t ten  (Perl and 

F e r r e l l ,  1972)

= n^(S) = 5^n(q^C) ( 6 . 3 . 3 )

fo r  not too large values of (q^C) , where q^ is a Debye cu to f f  for  

the wavenumber and C ct is the corre la t ion  length of the density

f luctuations in the f l u i d .  For some temperature ranges, therefore ,  the 

v iscosity  exhib its  a logarithmic divergence, however i t  is expected 

to remain f i n i t e  at  the c r i t i c a l  point with

q^ a ( 5 . 3 . 4 )

where <t> = 0.036 (Ohta, 1977).

In general the v iscosity  is both frequency and q-dependent, 

Kawasaki and Lo (1972) evaluate the non-local  contr ibutions to the 

shear v iscos ity  and give

q = n ( T ) [ l  -  F(qÇ)] ( 6 . 3 . 5 )
q

Ohbayashi and Ikushima (1974) give the corre la t ion  length in helium at  

the gas- l iqu id  c r i t i c a l  point  as C = (3 .6  ± 0 .8 )e  -  0-05)  ° ^^d

hence at  5.239 K ,  ̂ = 4 .5  nm . Taking qC = Zir/ô , with 6 = 24 nm

at the c r i t i c a l  point,  qç = 1.2 , but F(q%) = 0.02 and the cor

rection for  non-local e f fec ts  at 20 MHz is negl ig ib le .
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Thus, for  (T -  T ) = 49 mK , the impedance of the helium 
c

measured by the crysta l  w i l l  be unaffected by the weak divergence of 

the v iscosity  at  the c r i t i c a l  point  in the hydrodynamic l i m i t .  Non

local e f fec ts  aris ing from the f i n i t e  penetrat ion depth of the viscous 

wave are also expected to be small, while in contrast to what is 

observed, the high frequency of the measurements w i l l  tend to reduce 

the e f fe c t iv e  v iscosity  (Lo and Kawasaki, 1973).

The v iscosity  deduced from the real  part  R of the impedance at  

20 MHz is thus 10-15% higher than might be expected. This may be 

at t r ib u te d  to errors in determining the density of  the helium p(T,P)  

to be used in equation ( 6 . 3 . 1 ) .  An 0.1% error  in the measurement of  

the pressure in the c r i t i c a l  region w i l l  resu l t  in a much larger  error  

2  7o) in the density due to the charac te r is t ics  of  the isotherms; at  

T  ̂ , (9P/9p)^ = 0 . The divergence of the compressib i l i ty  of  a f lu id

at the c r i t i c a l  point  also means that in general , equations of  state  

become inaccurate in the c r i t i c a l  region; McCarty (1973) whose equation 

of s tate  was used to f ind p(T,P) estimates errors of 2% on average 

and 10% at maximum in calcu lat ing  the density.  In addit ion to the 

above e f fe c ts ,  the helium in the c e l l  is compressed under i t s  own 

weight in the ear th 's  g rav i ta t iona l  f i e l d .  This introduces density  

gradients into the f l u i d  and the density of the helium in which the 

crysta l  is immersed is greater than the density represented by the 

pressure measured at  the top of the cryostat .

6 .3 .2  The E f fec t ive  Viscosity  at  Low Pressures

The e f fe c t iv e  v iscosity  of helium at 20 MHz decreases rap id ly  to 

zero for  p < 20  kgm“  ̂ rather than to the low pressure v iscosity  

n(0)  = 13.5 yP given by Betts (1976). The low density v iscosity  is
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plotted in Figure 6.7 and i t s  behaviour can be a t t r ibu ted  to the 

increase in mean free path % of the atoms at  low pressures and the 

subsequent t ra n s i t io n  from the hydrodynamic to the non-hydrodynamic 

regime. Borovikov and Peshkov (1976) derived an expression which 

corrects the hydrodynamic impedance for  f i n i t e  values of & / 6

where q is the hydrodynamic v iscosity  and & = c% , with t  being 

the c o l l i s io n  time of the atoms and c t h e i r  mean speed. The constant 

3 = ( 2  -  a ) / a  enhances the e f fe c t iv e  value of the r a t io  £ / 6  and

arises from the p o s s ib i l i t y  that a f rac t ion  s = 1 -  a of atoms

incident on the crysta l  surface may be specularly re f lec ted  from i t .

This equation reduces to the correct  expression in the hydrodynamic 

l i m i t  03T < 1 but s t r i c t l y  speaking is only val id  as a correction to 

the hydrodynamic region for  & / 6  > 1 , WT < 1 . However, i f  3 is

chosen to be 3 = 4/3a , equation ( 6 . 3 . 6 )  has the correct  form in

both the hydrodynamic region and in the non-hydrodynamic l i m i t ,  where

Z = Rqo = Tape for  &/Ô >> 1 , WT >> 1 ( 6 . 3 . 7 )

and has been found (Lea, Fozooni and Retz, 1984) to give a good account 

of the t ra n s i t io n  between the two regions.

For an ideal  gas £, / 6  = /3o)t/2 where t  = kq/P , k being 

approximately unity,  and the e f fe c t iv e  v iscosity  q = R^/irpf can be 

found from the real part  R of equation ( 6 . 3 . 6 ) .  Figure 6.7 shows 

such calculat ions  with 3 = 4/3a fo r  a = 0.1 , 0.2 and 1.0 . The 

best f i t  appears to be fo r  a = 0.2 (and hence 3 = 6 .6 7 ) ,  a value 

not inconsistent with that of a = 0.25 found by Lea and Retz (1981)
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for ^He quasi -par t ic les  in superf luid '*He below 0.1 k , implying that  

d i f fu s iv e  scattering is due to surface roughness. I f  3 is taken as 

being 3 = (2 -  a ) / a  as found by Borovikov and Peshkov (1976) then 

a = 0.26 and the di f ference between the two values of a is within  

the er ror  bars of the data.

Jensen et  al (1980) have shown that to a f i r s t  approximation, for  

0)T < 1 ,

Z = (1 -  i ) n / 6 [ l  -  (1 - i ) ; / 6  + O(o)t)]

1

where ç is the s l ip  length. The length ç arises from the slippage 

of a f lu id  r e la t i v e  to i t s  sol id boundary and represents tha t distance 

behind the surface at which the f l u i d ' s  ve loc i ty  extrapolates to zero.  

Maxwell's theory of s l ip  (see e.g.  Kennard (1938) p. 291) gives ç £ ,

the mean free path of the atoms, and fo r  a frac t ion  a of atoms

d i f fu s e ly  scattered at  the surface

Ç = ( 6 . 3 . 9 )

where k = 1 . The fac tor  (2 -  a ) / a  is the same as that Borovikov 

and Peshkov have derived,  equation ( 6 . 3 . 6 )  with 3 = (2 -  a ) / a  ,

d i r e c t l y  from k in et ic  s l ip  theory.  Jensen et  al (1980) calculated

upper and lower bounds fo r  the r a t io  c/£ from the Boltzmann equation;  

for  a Maxwel1-Boltzmann gas the exact re s u l t  (oü = 0) for t o t a l l y  

d i f fu s iv e  scatter ing (a = 1 ) is ç/£ = 1.126 and therefore  in 

genera l , fo r  a < 1
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^ = 1.126 I -  --

using th is  expression to obtain an estimate of  the d i f fu s e ly  scattered  

frac t ion  gives a = 0.29 .

The three values of a derived above for  the data of Figure 6.7  

a l l  ar ise from an equation of the form ( 6 . 3 . 6 )  which gives a correction  

to the hydrodynamic impedance WT «  1 fo r  £ / 6 > 1 . Although not

s t r i c t l y  va l id  for  wT > 1 , the equation can, through a suitable

choice of 6 be made to have the correct impedance in both l im i t in g  

regions, o)T «  1 and cot »  1 , resu l t ing  in a value for  a which 

is not unreasonable when compared with those obtained with B approp

r i a t e  for  only wT < 1 , £ / 6  > 1 .
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Chapter 7

Concluding Comments

An AT-cut quartz crysta l  resonator has been used to exc ite  shear 

waves with a viscous penetrat ion depth of around 2 0  nm in “̂He f i lms  

adsorbed on the electrodes of the c rys ta l .  The complex transverse  

acoustic impedance of the f i lm  was found from changes in the qua l i ty  

fac tor  and resonant frequency of the c rys ta l ,  and the technique has 

been shown to be useful in investigating the propert ies of f i lms  

with thickness comparable with the penetrat ion depth.

The He I f i lm  has a thickness which may be control led by the 

creation of small temperature di f ferences between the crysta l  and bulk 

l iqu id  helium below i t ,  while the superf luid f i lm  where, except jus t  

below the X-point,  such temperature dif ferences are d i f f i c u l t  to 

create,  has a constant thickness.  In the hydrodynamic region, where 

WT «  1 , we have shown that transmission l ine  theory can be used 

to ca lcu late  the impedance of helium adsorbed on the crysta l  and to 

deduce the thickness of l iqu id  f i lms.  We are hence able to show that  

helium completely wets the c r y s ta l ' s  gold electrodes and recent  

suggestions of  incomplete wetting of  surfaces by helium (Migone et  a l ,  

1985) are therefore incorrect,  at  least fo r  our crysta ls .  Below 1.2 K, 

the helium f i lm  becomes non-hydrodynamic and in the l i m i t  w t  »  1 

rotons cross the f i lm  b a l1i s t i c a l l y .  Those rotons incident upon the 

free surface outside the c r i t i c a l  angle are specularly re f lec ted  and 

return to the crysta l  with unchanged transverse momentum. Within the 

c r i t i c a l  angle a f rac t ion  estimated as 0.35 ± 0.03 were found to be 

not specularly re f lec ted  and are bel ieved to cause the evaporation of  

an atom from the f i lm  surface.  This value is in remarkably good
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agreement with that of % 3  given by Wyatt (1983) for  the average 

prob ab i l i ty  of the quantum evaporation of a ‘‘He atom by thermal 

exci ta t ions and th is  implies that a transversely  o s c i l l a t in g  surface 

may be useful in detecting rotons in superf luid helium.

Above the l iquid-gas c r i t i c a l  point  the density of the helium 

close to the crysta l  is enhanced above i t s  bulk value, increasing  

rap id ly  but continuously up to the f i r s t  layer of atoms which are 

local ised on the crysta l  electrodes.  The enhanced density layers  

cause a marked increase in the measured impedance, the major c o n t r i 

bution being from the high density l iqu id  comprising the second layer  

of atoms. At low pressures the ‘‘He gas becomes non-hydrodynamic and 

in the b a l l i s t i c  l i m i t  the impedance is found from k in et ic  theory,  

having no imaginary component and with a real  part  dependent on the 

f rac t ion  of atoms d i f fu s e ly  scattered from the crysta l  electrodes.

This was found to be %0.2 , a value comparable with that found for  

^He atoms in superf luid ‘‘He, implying that  the scatter ing propert ies  

of the surface depends upon i t s  roughness.

F in a l ly ,  an unexpected feature  of the superf luid f i lm  impedance 

measurements was the resonance observed at  low temperatures. This is 

thought to be associated with the superf lu id f i lm  i t s e l f  ra ther than 

with the crysta l  and has been shown to be not inconsistant with the 

resonance at  X/4 of Kelvin waves on pinned vort ices.  In th is  case, 

i t  is possible to est imate the primordial  vortex l ine  density present  

on the c rys ta l ,  though the value obtained is somewhat higher than might 

be expected. To confirm the presence of  vor t ices,  the p o s s ib i l i t y  of  

the resonance being due to coupling between crysta l  v ib ra t iona l  modes 

must be el iminated by using a d i f f e r e n t  cut of  crysta l  for  the resonantor. 

I t  may then prove possible to control  the vortex l ine  density by
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changing the depth of the helium over the crysta l  as i t  passes through 

the A- t rans i t ion .
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Appendix 1

Addresses of the devices inter faced to the 

HP9816 microcomputer

700 -  disc drive

701 -  p r in te r

702 -  Marconi 2018 signal generator  

704 -  AKB-1

707 -  AKB-2

716 -  Keithley 195A multimeter

Command codes for  the AKB-1 

ASCI I Function

@ Pip Tone

A S ta r t  Motor

B Stop Motor

C Motor UP

D Motor DOWN

E Half  Steps

F Ful l Steps

G A u x i l l i a r y  ON -  ON i f  frequency is to be read 

H A u x i l l i a r y  OFF

I Disable Druck (on manual)

J Enable Druck (on auto)

K Single Shot Pulse

L Druck Range 0

M Druck Range 1

N Druck Range 2

0 Druck Range 3
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ASCII Function

P PRF Single Steps

Q PRF 0.1 steps/second

R PRF 0.2 steps/second

S PRF 0.5  steps/second

T PRF 1 steps/second

U PRF 2 steps/second

V PRF 5 steps/second

W PRF 10 steps/second

X PRF 20 steps/second

Y PRF 50 steps/second

Z PRF 100 steps/second

0 Aux. Relay 1 (motor) ON

1 Aux. Relay 1 (motor) OFF

2 Aux. Relay 2 ON

3 Aux. Relay 2 OFF ( re s e t )

4 Aux. Relay 3 ON

5 Aux. Relay 3 OFF ( res e t )

6 Aux. Relay 4 ON

7 Aux. Relay 4 OFF ( res e t )

Command Codes fo r  the AKB-2

These codes must be prefaced by the l e t t e r  'A' to access the i n t e r 

face board appropriate to the AVS-45 resistance bridge.

ASCII Function

H Excita t ion Range UP

I Exci tat ion Range DOWN

J Resistance Range UP

K Resistance Range DOWN
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ASCII Function

p Mul t ip lexer: posit ion 0

Q Mult ip lexer: posit ion 1

R Mult ip lexer: posit ion 2

S Mult ip lexer: posit ion 3

T Mul t ip lexer: posit ion 4

U Mult ip lexer: posit ion 5

V Mult ip lexer: position 6

w Mult ip lexer: posit ion 7

e.g.  The command

OUTPUT 707; "ARKI"

w i l l  se lect  the resistance on the second mult ip lexer  posit ion and 

decrease both the resistance and exc i ta t ion  ranges.



- 178 -

Appendix I I



L T -17 (C ontrib uted  Papers)
U. b'ckem. A . Schmid, W. Weber, H . Wühl (edsj 
©  t'isevier Science hibiishers li. V., 1984

AH5

THE TRANSVERSE ACOUSTIC IMPEDANCE OF "He ABOVE THE CRITICAL TEMPERATURE 

M.J. LEA, D.S. SPENCER and P. FOZOONI

Department o f  Physics, Bedford College, U n ivers ity  o f  London, Regent's Park, London NW1 4NS, U.K.

Measurements o f  the transverse acoustic impedance o f  "He a t  20.5 MHz were used to obtain the 
v iscosity  from 0 to 2.7 bar at 5.239 K (e = (T - r^ ) / r^ = 1 0 " ^ ) .  The resu lts  show the t ra n s i t io n  to 
non-hydrodynamic behaviour at low pressures and the e f fe c ts  of van der Waals forces in 
producing density gradients in the c r i t i c a l  region.

( 1

We present here measurements o f  the tra ns 
verse acoustic impedance Z = F - i X  o f f lu id  "He 
ju s t  above the c r i t i c a l  temperature at  
pressures P up to 2.7 bar. The impedance was 
measured using a quartz c rys ta l  resonator as in 
previous work ( 1 , 2 ) .  The helium reduces the 
resonant frequency /(=w/2%) and the q u a l i ty  
fa c to r  Q o f the loaded resonator from t h e i r
values a t  P=0. F  and X can then be found from

Æ = b n  [ « - ‘ (P) -  « ‘ * ( 0 ) ]

X .  Jnn [ / ( O )  -  / ( P ) ] / / ( 0 )

where n is the harmonic number o f  the resonance 
and F  is the acoustic impedance o f  the quartz .  
The resonant frequencies were corrected fo r  the 
small l in e a r  pressure dependence o f  the para- - 
meters o f  the quartz crys ta l  i t s e l f .  Measure
ments were made a t  the th ird  harmonic a t a 
frequency o f  20.5 MHz. The temperature was 
s ta b i l is e d  to ±0.001 K a t  5.239 K, 49 mK above 
the c r i t i c a l  temperature a t  5.190 K (on the Tg* 
s c a le ) .  The resu lts  fo r  P(P) and X{ P)  are  
shown in F ig . 1. Note the rapid increase in F 
and X near the c r i t i c a l  region and th a t  X > F  
at a l l  pressures.

The transverse acoustic impedance o f  a 
hydrodynamic viscous f lu id  is

Z = P -  i% = (1 - i ) (7 t /n /p )^  (2)

where n is the v isco s ity  and p is the density.  
We have used the equation o f  s ta te  fo r  p (T ,P )  
given by McCarty (3) to derive an e f fe c t iv e
v iscosity n' = P /ïïp/ (3)

from the data in F ig. 1, and n' is p lo tted  as a 
function of density in F ig. 2. For p>20 kg m~  ̂
n ' (p )  increases almost l in e a r ly  with density and 
an ex trapo lat ion  back to p=0 gives a value  
n ' ( 0 )  = 13.511.0 pP. This is in good agreement 
with the low density l im i t  from Betts (4) of  
13.55 pP a t  5.239 K . . As p + 0  the e f fe c t iv e  
v isco s ity  a t  20 .5 MHz decreases ra p id ly  to zero,  
ra ther than a f i n i t e  value, because of the 
t ra n s i t io n  to the non-hydrodynamic regime ( w T > 1 )  
as the c o l l is io n  time t  increases. From the 
k in e t ic  theory o f  an ideal gas t  = Xn/P where K

is a fa c to r  close to u n ity .  Thus wt = 0.02 at  
20.5 MHz at a pressure o f  0.1 bar. We have 
found previously (1) th a t  the equation

_ (1 -  i ) ( n p n / ) *
“ 1 + ( 1 - i ) 6 t / 6

Z = (4)

gives a good account o f  the t ra n s it io n  from 
hydrodynamic to non-hydrodynamic behaviour, 
where £ = vt is the mean free  path o f  the atoms 
with mean speed u, 6 = (n /pir/)^  is the viscous
penetration depth and n is the hydrodynamic 
v is co s i ty .  For an ideal gas £/<5 =  ( 3 w T / 2 ) & .
I f  6 =  4/3a then e q . (4 )  gives the correct l im its  
fo r  Z in both the hydrodynamic ( w T « l )  and 
b a l l i s t i c  ( w T » l )  regimes. The fra c t io n  of  
atoms which are d i f fu s e ly  scattered a t  the 
surface o f  the resonator, a ,  is the only free  
parameter. We have ca lcu la ted  the e f fe c t iv e

160 —

(_)
i  80o

o
1-

=  40

P (bar)
FIGURE 1

The transverse acoustic impedance 
Z=P-i% of "He a t  5.239 K
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The e f fe c t iv e  v is c o s i ty ,  n ' ,  o f  ** He
v isco s ity  n '  at  20.5 MHz as shown in Fig. 2 fo r  
a = 0 .2  which gives the best f i t .  This value is 
s im i la r  to th a t  found fo r  ^He q ua sipart ic les  in 
superflu id  "*He below 0.1 K (2) and th is  suggests 
th a t  the d if fu se  sca tte r ing  is due to surface 
roughness.

Another region o f  in te re s t  is near the 
c r i t i c a l  point (P^ = 2.274 b a r ) .  Goodwin e t  a l .
(5) measured n with a v ib ra t in g  wire viscometer 
a t  4 .5  kHz and obtained a value o f  24.8 pP fo r  
P = 6 7  kg m-^at e = ( T - T g ) / T  = 1 0 " \  For £<10“  ̂
they found a small c r i t i c a l  anomaly in n along a 
n e a r - c r i t ic a l  isochore. Our value fo r  n ' at 
th is  density is 29+2 pP a t  e=0.94x10"^where the 
increase due to the c r i t i c a l  point should be 
small. We are now inves t ig a t ing  the c r i t i c a l  
anomaly in n at 20.5 MHz fo r  e<10“^. Non-local 
e f fe c ts  may be important since Lo and Kawasaki
(6) have shown th a t  fo r  a wavenumber q the 
e f fe c t iv e  v isco s ity  is

n^ = n (p ) ( i -P (q Ç ) )  (5)

where  ̂ is the c o rre la t io n  length. For our 
experiment q = 2^ /6 where  ̂ = 24 nm near the 
c r i t i c a l  poin t.  At  ̂ = 10 , = 1 but F[ q^)
is only„p^02 and the correction is  n e g l ig ib le .

Also]^%'ér Waals forces w i l l  increase ;the 
density and v isco s ity  o f  the f l u i d  close to the 
crys ta l  resonator. I f  the f lu id  a t  a distance  
X from the crys ta l  is lo c a l ly  hydrodynamic then 
the change in acoustic impedance A2 is given by

 ̂ = - i w ^ ^ p  ( z )  -  p ( “ ) n ( “ ) / n ( a : ) ] d x  ( 6 )

i f  A Z  «  Z  a n d ° i f  the range o f  the forces <<&. 
Thus van der Waals forces increase %, but not P ,

P (b a r )
FIGURE 3 

X - R  fo r  the data in Figure 1

and X - R ,  as p lo tted  in F ig . 3 ,  is a measure of 
the excess density and v isco s ity  close to the 
c ry s ta l .  As the pressure is increased, X - R  

exh ib its  a large c r i t i c a l  anomaly where (3p/3P)  
is large . This e f fe c t  shows again th a t  weak 
forces , such as g rav ity  or van der Waals forces,  
can produce s ig n i f ic a n t  inhomogeneities near the 
c r i t i c a l  point o f  a f l u i d .
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THE OBSERVATION OF VISCOUS WAVES IN A He I FILM

D.S. SPENCER, M.J. LEA and P. FOZOONI
Department of Physics, Bedford College, University of London,
Regent’s Park, London N W I 4NS, UK

R e c e iv e d  1 4  J a n u A r y  1 9 8 5 ;  r e v i s e d  m a n u s c r i p t  r e c e i v e d  1 8  M a r c h  1 9 8 5 ;  a c c e p t e d  f o r  p u b l i c a t i o n  2 9  M a r c h  1 9 8 5

T h e  t r a n s v e r s e  a c o u s t i c  i m p e d a n c e  o f  a ' H e  f i l m  h a s  b e e n  m e a s u r e d  a t  3 . 1 1  K  a n d  2 0 . 5  M H z  a n d  s h o w s  t h e  o c c u r r e n c e  o f  
s t a n d i n g  s h e a r  w a v e s  i n  t h e  f i l m .  T h i s  i s  i n  g o o d  a g r e e m e n t  w i t h  c a l c u l a t i o n s  u s i n g  t r a n s m i s s i o n  l i n e  t h e o r y  a n d  g i v e s  a  n e w  
m e t h o d  o f  m e a s u r i n g  t h e  t h i c k n e s s  o f  l i q u i d  f i l m s .

In fluids, the transverse mode of sound propaga
tion is a heavily damped viscous wave. Measurements 
of the transverse acoustic impedance, Z = R -  \X 
therefore provide a useful probe of the fluid’s proper
ties on a length scale comparable with the penetration 
depth of the wave (5 % 20 nm in liquid ^He). Recent
ly, measurements of Z  have been made for bulk liq
uid ^He [1,2], liquid ^He [3] and for liquid ^He— 
'̂ He mixtures [4j.

We present here measurements of the transverse 
acoustic impedance at 20.5 MHz for films of '^He 
above the X-point. The impedance was found from 
changes in the quality factor Q and resonant frequen
c y /o f a quartz crystal resonator vibrating in shear 
and covered with the helium film. The effect of the 
helium is to decrease the Q and resonant frequency 
of the crystal by [1]

A ( ( 2 - l )  =  4 R /n r r /? q .

A /=  -Af^olnR^ -  2/%/nrrRq ,

(1)

(2)

LIQUIDCRYSTAL vapour

where n is the harmonic number of the resonance,
Rq (>R, X)  is the acoustic impedance of the quartz,
0  is the adsorbed solid mass per unit area, and R and 
X  are the real and imaginary parts of the impedance 
of the liquid film.

The profile of the helium film on the crystal is 
shown in fig. 1. Van der Waals forces cause a localised 
atomic layer to be adsorbed on to the crystal, giving, 
by the first term of eq. (2), a temperature indepen-

0.375-9601/85/$ 03.30 ©Elsevier Science PubUshers B.V. 
(North-Holland Physics Publishing Division)

F i g .  1 .  T h e  p r o f i l e  o f  t h e  ^ H e  f i l m  o n  t h e  c r y s t a l ,  s h o w i n g  t h e  
l o c a l i s e d  a t o m i c  l a y e r  a n d  t h e  r e g i o n  o f  e n h a n c e d  d e n s i t y  l i q 
u i d  c a u s e d  b y  v a n  d e r  W a a ls  f o r c e s ,  a i s  t h e  t h i d c n e s s  o f  t h e  
l i q u i d  f i l m .

dent frequency shift relative to the vacuum resonant 
frequency. The van der Waals forces also enhance the 
density of the liquid close to the crystal; since the 
density enhanced region is small, this too produces a 
shift in the crystal’s resonant frequency with negligi
ble effect on Q [ I j .  As the thickness of the film, j ,  is 
increased from a = 0, this mass loading effect is essen-
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X/r

1 . 0 -

L
X

L
R/r

0.0 2.0 5.0
0/5

tiaJly complete before the viscous losses of the film, 
given by eq. ( I )  and the second term of eq. (2), de
crease both/and Q. The film has the properties of 
the bulk liquid and has its free surface in contact with 
"̂ He vapour with an impedance Zy.

For a homogeneous bulk fluid,

Z = (l-i)(T7pa;/2)l/2  = ( 1 - i ) r ,  (3)

with penetration depth 5 = where r? is
the viscosity, p is the density and w = 2-nf. For a film

- 4  F i g .  2 .  T h e  r e a l  a n d  i m a g i n a r y  p a r t s  o f  t h e  a c o u s t i c  i m p e d a n c e  
o f  a  h e l i u m  f i l m ,  t h i c k n e s s  j ,  i n  a  v a c u u m .  T h e  b u l k  l i q u i d  h a s  
a n  i m p e d a n c e  ( 1  -  i ) r  a n d  6  i s  t h e  p e n e t r a t i o n  d e p t h .

250

a / 5  = 1

200

a /5  = 2150
BULK

IMPEDANCE
OD

100

.a /5

VAPOUR IMPEDANCE

2502000 50 1501 0 0
R (kg 1 )

F i g .  3 .  T h e  m e a s u r e d  a c o u s t i c  i m p e d a n c e  o f  a  ^ H e  f i l m  a t  3 . 1 1  K  a s f l / 6 ,  t h e  r a t i o  o f  t h e  f i l m  t h i c k n e s s  t o  t h e  p e n e t r a t i o n  d e p t h ,  
i s  c h a n g e d .  T h e  c u r v e  c a l c u l a t e d  f r o m  t r a n s m i s s i o n  l i n e  t h e o r y ,  e q .  ( 4 ) ,  i s  s h o w n  f o r  f i l m s  o f  b u l k  i m p e d a n c e  1 7 2  k g  m ~ ^  s ~ ^  w i t h  
a  v a p o u r  i m p e d a n c e  o f  z e r o  ( d a s h e d  l i n e )  a n d  o f  1 6  k g  m " ^  s ' *  ( s o l i d  l i n e ) .
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of tliickness a, from analogy wiüi transmission line 
theory, the impedance measured by the crystal is [5]

Z = ( 1 -  i)r tanh(v(/ + -yd) , (4)

where 7  = ( 1  -  i) / 6  is the propagation constant of the 
viscous wave, and tanh \p = Zy/ ( 1  -  i)r is the ratio of 
the vapour impedance to the liquid impedance. For 
a/b <  }, the impedance measured is that of the va
pour, Z^; as a increases, tanh(i// + 7 0 ) 1 and Z tends
to the bulk value.

For a film in a vacuum, eq. (4) becomes

Z *  (1 -  i)rtanh((I -  i)fl/5] . (5)

As a increases, X  and R increase and pass through a 
series of heavily damped maxima and minima corre
sponding to standing wave resonances in the film, as 
shown in fig. 2. Fig. 3 shows X  versus R as ajb varies 
for films of bulk impedance r = 172 kg m~^s” L  both 
in a vacuum (Zy = 0) and for a vapour in contact with 
the film (Zy >  0). The locus of Z is a spiral starting at 
Zy for a(b <  1 and rapidly converging to Z  = ( I  -  i)r.

The quartz crystal was mounted horizontally in a 
copper cell, a tube attached to the cell being partially 
filled with liquid helium. The thickness of the film on 
the crystal at a temperature T is determined by [6]

= -k n n (W o )  , (6)

where the van der Waals constant >4 is 1.986 X 10” ^̂  
K m”  ̂ for our crystals { l ] , k  is the Boltzmann con
stant, f 0  is the saturated vapour pressure of the film 
and P is the actual pressure on the crystal. For an iso
thermal cell, the pressure F, and hence the film thick
ness will be determined by the crystal’s height h 
above the liquid level and

Akla'  ̂= mgh (7)

gh'ing, for h = 5.8 cm, c = 19 nm. The film thickness 
was swept by creating a small temperature difference 
('-O.S mK) between the crystal and the liquid in the 
tube. This changed the SVP of the film on the crystal 
and hence the film thickness could be swept from 1.5 
nm to around 60 nm.

Fig. 3 shows data for % versus at 3.11 K. The 
start of the spiral is the impedance of the vapour in 
contact with the film, measured when afb <  1, with 
5 = 1 9  nm. Assuming the vapour is in the hydrody
namic region, Z  = (1 -  \){t) p and taking

llie vapour viscosity to be r?y = 7.9 [ 7 ] ,  the real
part of the vapour’s impedance was calculated to be 
17 kg m“^s“ L For thick films, a/b >  1, the measured 
film impedance tends towards that of the bulk liquid. 
Previous data [8], taken in the bulk liquid under SVP 
gives the real part of the impedance to be 172 kg 
m~2s"L The fit of eq. (2) to the data is shown in fig. 
3, where the real part of the vapour impedance is 
taken to be 16 kg m“ ^s“ L  the bulk impedance is 172 
kg m~^s~^ and the % = 0 line is chosen so that X - R  
for a/b >  1, thus allowing for the effects of mass load
ing. The R -  0 line here corresponds to the tempera
ture independent value (T <  0.6 K) of Q~  ̂ where the 
superfluid helium exerts no viscous forces on the crys
tal.

As shown in fig. 3, the transverse acoustic impe
dance of a helium film is described well by transmis
sion line theory, giving a method for determining a 
which should be applicable to fluids other than heli
um. This experiment is the transverse analogue at 20 
MHz of that of Sabisky and Anderson [9] who used 
longitudinal waves at around 30 GHz to detect stand
ing wave resonances in a ^He film; for a transverse 
wave however, the standing waves are much more 
heavily damped.
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