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ABSTRACT

The dispersion relations are expressions which relate the real
and the imaginary parts of the scattering amplitude. The importance
of the dispersion relations in collision theory lies in that they can
be used to derive rigorous formulae for quantities directly related
to the measured values; and can therefore serve as a criterion
fo; the analysis of experimental data. This is done by connecting
an infegral over the tctal cross section with the scattering length,
the conéistency and accuracy of total cross sectiog measurements can
be assessed.
| The most extensive application so far, of the dispersion
relations has been to the electron scattering by hydrogen (Gerjuoy and
Krall, 1960) and helium (Lawson et al. 1966, Bransden and McDowell
1969, 1970). Part of the problem addressed in the folldwing account
is that of accurately calCuiating‘the Born exchange contribution at
zero energy for electron écattering by ﬁelium and lithium in the
forward direction using various wavefunctions. The corresponding

dispersion relations have also been discussed.
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CHAPTER I

INTRODUCTION

In recent yearé, an important development in the quantum field theory
and in the study of collisions of elementary particles is the theory of
dispersion relations. The term 'disperson rélations' comes, historically,
from the observation of Kronig and Kramers (1926, 1927) that in the theory
. of qispersion of light by atoms, a relation exists between the real and the
imaginary parts of>the complex index of refraction. It has been found that
an extension of the formulation of such general relations to tﬁe S —matrix
is possibie both in ordinary quantum mechanics and ih the quantum field
theory. These relations will be between the real and the imaginary parts
of the scattering amplitude. 1In the last few years, a considerabls amount of
literature has grown up on various aspects of this subject, such as the
foundation of the disﬁersion relations, and the applica®ion to various systems.
The dispersion relation; can prove a useful tool in the analysis of
atomic scattering experimeﬁfs. In the present work we shall confine ourselves
to an elementary accoﬂnt of applicétion of dispersion relations appropriate.
to the elastic scattering of electrons by atoms, and then test the validity-

.

of these relations at zero energy.

I.A. Theoxry

The following account is based on the work of Klein and Zemach (1953).
Let the Schrodinger equation for a particle in the potential field

V(r) be
(Hy + V(r) = E) 4(x) = 0 (1.1)
Equation (1.1) can be *transformed into an equivalent integral form
p(r) = o(r) +‘J GO(E&E') V(rt) ¥(r') dr? | (1.2)

i

where ¢(r) is a particular solution of the homogeneous eguation
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(H, - E) 8(r) = 0, ¢(r) = ™= (1.3)
.and Go(glgr) is the Green's function for operator HO - E, i.e.
(H - E) G(r,r') = &(x - z') (1.4)

Formally, we can iteratate and cbtain a solution of (1.1):

=23

_ 2 ,
P(r) = QEO ("V.GoV) ¢ (2) (1.5)

where ¢i(£) represents a free particle incident along k; = ko, with

energy E'=’EQk /2m, and

' Y - . 1 (1.6)
GO(EFE-) = dim (E - H + ie) :
- >0 o)

Equation (1.5) is the Born-Neumann series.

Now, (1.2) and (1.6) can be combined to give

1
- H +.ie)
o

Wr) = 0,(r) + 7% V(r) ¥(r)

If G(r,r') is the Green's function for the total Hamiltonian

H +V, i.e.
o

)_J

—= (& - Ho- V + ie) (1.7)

e>0
then,
3
W) = 6, (x) + L — W(r) y(zx)
= i= (E-H - V+ ie) =
Let n_. represent the final scattering direction. Then it is well known that:

h
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F(6,E) = —-%;F <¢f[vl¢> ' (1.8)

is the exact amplitude for scattering of the particle into direction n

making an angle 6 with n.. The first Born approximation to F(6,B) is

FB(G,E) = —};; <¢f|V[¢i> (1.9)
Then in effect Klein and Zemach shbwed that with n_ = 1n the function

B T Lo

Q(E) = F(0,E) - Fp(0,E)

(i) 1is an analyfic function of E in thé complex energy plane
with a branch cut along the positive real axis ;' and O < any E < 27.
(ii) has simple poles at the bound states of the system.
(iii) has a branch point at E = 0.
(iv) vanishes at large compl;x E,

vvfbd-wuv( Pz bt‘“i"'\h“\ f e \Dmd&c—’\.lv’\\/x\r cwel Cecone\ wacuom et -
It follows from Cauchy's Integral theorm that

QE) = = I UET) aB
. c, (B'" -

2T1 .
Yo
; E E)
. T 1Y jadl | : ° l
- L J QED &'y gy (1.10)
c, (E'-E) j

where the contours Cl and C2 are given in Fig. 1.A; and R. are the
residues of Q(E")/(E' ~ E) at the poles E'-= Ej. The integrals above

and below the cut do not cancel. TFrom (1.7) and {(1.8), it can be seen that
F (0,E) = F(0,E )

since H_ =~ is real and assumming thatV is real as well.

Similarly

I
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F"B(O,E) = FB(O,B")

Therefore,

ols
"

QE + i&) = Q (E - ie)

Since Q(E) vanishes at infinity,

1 ( Q(E') dB' _ 1 J Q(E' + i®)aE' 1 f Q(E! - &)
2mi T oomi _ - ;
1 CQ E' - E 1 ! E""EA 211 E' - F
P . ImO(E |
= j agr Im(ET) (1.11)
E' - E

Here P stands for taking the principal value.

From (1.10) and (1.11) and noting that FB(O,B) is real, we get

R%WO£)=F§O£)+§-I ImE(OEY)  gpv - § R, (E) (1.12)

E'" - E 3

This lntegral relation between the real and imaginary part of the scattering
amplitude is the desired dispersion relation.

By using the 'optical theorem',

k_

ImF(0,E) = =~ or (0,E) (1.13)

T

where O is the total collision cross-section (elastic plus inelastic),

we may write (1.12) in the form

Rew (0,E) = F(0,E) + — f k'

dE' - } R.(E) (1)
4w 3 J
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I.B. Can we extend this to electron-ztom scaitering problem?:

E. Gerjuoy and M.A. Krall (1960) suggested that the relation (1.14)
would hold for electron~étom scattering provided the Green's function for
the total Hamiltonian (1.7):

(a) has poles at the bound states of the system;

(b) has a branch point at E = O and at every energy E% corresponding
to the threshold of a new inelgstic channel;

(c¢) 1is single-valued and analytic except at the above polés and branch
points if a branch cut is drawn aiong the positive real axis with the
specification that 0 < any (E = E.) < 21 for every threshold energy
Et;< ‘

(&) has the representation ¢j(3) ¢j*(£f)/(E - Bj) near any bound state pole,

where ¢j(r) satisfies
H-~ E.)é.(r) = C.
(e Bydeyle

For cases in which no bound states of the electron-atom system exist,
the residue term vanishes and we get
- cT(O,E')

ReF(0,E) = FB(O,E) + 2 [ k' —o—— dE? (1.15)
(o)

4ﬂ2 E' - E -

Equation (1.15) is applicable for electron scattering by rare gases since
in such cases no Bound states of the system exist.
N :
Because ofithe identity of the incident and target electrons the
amplitude F(0,E) is a combination of direct and exchange amplitudes and

for the scattering of electrons by helium we have
F(0,E) = £ (0,E) - g(0,E) (1.18)

where f 1is the direct and g the exchange amplitude.

10.



CHAPTER IT

ELECTRON HELIUM SCATTERING

From Chapter 1 we have a dispersion relation for electron scattering

by rare gases:

2 2 P T
ReF(0, k") = F (0,k") + — k' ——— dk' (2.1)
B 2 2 2
4
Because of the identity of the incident and the target electrons, the amplitude
F(O,kQ) is a combination of direct and exchange amplitudes, and for the

scattering of electrons by helium, we have:
F(0,k%) = £(0,k2) - g(0,k2) (2.2)
: wheré_ f 1is the direct and g is the exchange amplitude (Mott and Massay 19585).

Thus the dispewsion relation for the forward electron-helium scattering

amplitude can be written as

, 2
) ) ) 5 P o (0,k' ) 2 ,
ReF(0,k") = fB(O,k ) - gB(o,k ) t—5 [ k' — dk! (2.3)
Y 1 2
. o} k -k

The Born approximation to the direct and the exchange amplitudes, f_ and

B
gg respectively, are defined as
2 1 . 2 2 1 1
f_(0,k7) = - = f.gz { dr, ¥ "(r,,r,) [_— +
B 27 1 2-To =1°=2 ry iz —rgl iz, :o31~
(2.4)
. _lk r
2. . 1 SF 1
gg(0:k") = - o7 JQ—I—‘l Jﬁz f drg ¥, (zgorg) e
. ik. ,n, -
) 2103, :
—2-+ i EPT+ ]I‘ = b 4'0(21’3) e - . (2.5)
Y3 X T 33 I " I3

where wo(gl’zé) is the ground state wave function for the helium atom.
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By choosing a suitable grouna state wave funcfion for the atom, the‘quantities
fB and g, can be calculated. Thus we can predict from the dispersion
relation (2.3) values of the real part of the forward scattering amplitude
2

F(O,k2) provided the total cross section GT(O,k' ) is known cver a
sufficiently wide range of energy for the right-hand integral in (2.3) to
converge.

In the special case of zero energy, the dispersion relation (2.3)
becomes |

'

P

-A = £.(0,0) - g (0,0) + —
B B

L

ak’ (2.5)
where A 1is the scattering length defined by

- A= 1lim ReF(O,kQ)
k+>o

A +is usually very accurately known and hence in equation (2.6) we havs
a means of testing the vaiidity of ‘the dispersion relations for electron-

helium scattering.

- A N s e 2
IT.A. The direst scatiering esmplitude fp(0,k”)

The functiqn fB(O,k2) is independent of RQ. Bransden and McDowall
(1969) calculated the fB(O,kQ) to be 0.7878 using an analytic Hartree-Fock
'gfound state wave function (Green et al. 1954). Pekeris (1959) used a
o
many paramneter wave function and got[value of fB(O,kQ) = 0.781334. On
the other hand, Kim and Inokuti's (1968) sum rule value for fB(O,kQ} is
0.78114. In fact, fB(O,kQ) is relatively insensitive to the particular

choice of the ground state wave function.

12.



II}St, The total cross section “OT(O,kQ):

We essentially wish to calculate the value of

; .2 : (2.7)

where OT(O,k'Q) is in the units of naOQ.

Bransden and Hutt (1975) have calculated the integfal (2.7) using the total
cross‘sections given by Golden and Bandel (19585) for the energy region below
20 eV, ﬁormand‘s (1930) results between the energy range of 20 eV and 100 eV
and de Beer's (1974) results from 100 eV to 1000 eV. Assymptotically the

following expression was used

1/ L2 178.4 4875,u4
) (6.18 + 3.011 1nk 5 m .)

0..(0,k) =
T x | k K

which has the same leading terms as the expression of Inokuti and McDowell

(1974)., Bransden and Hutt (1975) obtained the value for

o pA oT(O,k'Q) ) .
5 J ak'c = 2.36 (2.8)

L k!
o]

II.C. The scatterirz length A

O'Malley (1963) has reviewed most of the experimental work on electron-heliux
scattering. He has calculated the scattering length corresponding to each
set of results. The lowest value of the scattering length O'HMalley reportasd
was 1.06 ags extrapolated from the results of an experiment by Flchtbauer et z1.
(1934). The largest value of the scattering length reported was from the
experiments of Gould and Brown (195%) znd this was 1.19 a Golden and Bandel

(1965) have measured the total scattering cross section at low energies using

18]

an- electron-beam technique and have extrapolated to zero energy to obtain a
scattering length of 1.15 a.

From the theoretical point of view, S.K. Houston (1968) has reviewad

13.




most of the previous calculations. 'La Bahn and Callaway (1966) obtained
the value 1.1 a, for the scattering length and this is very close to the
value of 1.097 a obtained by Houston (1968).

Summarily, we see that various experimental 'results' differ by up to
10%. The theoretical calculations produce a variety of values for the
scattering length, ranging from 1.097 a, to 1.1983 aj— almost as much

variation as in the experimental results.

II.D. The Born exchangs ampliitude gB(O,kZ)

The forward Born exchange amplitude for electron-helium scattering is

-.formally defined as

. -ik _.pr
2. _ 1 [ % SF R
gB(O,k ) = o f drl ) dr2 J drs P (EQ’EG) e ,
. - ' ik..r,
S22 L oL ey e FT8 (29
ry o r; -l oz, - gl j o=

in which wo(zi’fé) ‘is an approximate wave function for the ground state
of the target, ®lectrons 1 and 2 being bound initially. If we suppose

that wo(éi’zﬂ) is an exact'ground state wavelfunction‘then,in analogy

" with the well known 'length' and “elocity' representation of electric-dipole
transition matrix elements, we can obtain anothér'equivalent form fér
'.gB(Q,kQ):

For the final state of the helium atom, the Schrodinger's eguation is

2 2 1
1 1 Rl ‘- N r = -
3V, 3V = + - T————“ - T, ] v (rg,1,) E ¥ (zgs1,)

-t

where E_ is the ground state energy of the helium atom. Thus,

14.



. 1 2 1 2 2

—“——_—_—T_1 bolrgory) = Lﬁ Vo vz ¥yt Eo—iwo(zﬁ’EQ)

}————'—f
HIM

Ve can rewrite (2.9) as

2 1 “ike.r, 1
U(Ok):——-—fdrjdr[dw W ( r e =
egt T 2 -1 - dull- T e Rt _
m 2 3 322 l 1 2_3[
l!)o(gl,_rl2)e (2.11)
ik, .r
1 ( ' <i'T3
on f éfi J QEQ J dr. ¥ (Eiaﬁg) €
_ 2—-+ | 1 i} v (r_,r.) lE 1
. - Lnd <
r3 IEQ £3|} 3’2
Substituting (2.10) into (2.11), we get
C e —..k I‘ :
2 l ( o l._-; ._.l l
O D e e—— | L
a0 = 3 [ [ o, [ang v egrye [
i—*"EB
bolryomy)e
-ik..r
1 3 l‘-—1 —3
- l
X [ 931 [ dr J dra !/ (El,r2) e
T - ik _..r
2 2 2 ~F 21
1 1 Z :
I\z V£ 3 Vg ™ + EO% Y (33,32)e
Using Hermiticity
-ik_.r
1 [ ' =5
(0,k™) o [-dil J 9_}”_2 J dr_ ¢ (r3’£2) e
T2 2 2 1 ik, .m,
1 1 z T I -1 =3
3 V2 + 3 v3 + -, tE % ETEB—T wo(v] ,rz)e
L _4
(2.12)

15.



Putting k2=

0 in (2.9) and (2.123 we get
gBL(O’O) - %E'I 4 f e, [ dry ¢o*(33’52) [} %g'+
b2y 52,)
§BV(O°O) - %E'f ary J dr, J dry I";‘(33’5'-2) [% ?22
Vo (zyo2))

.where subscripts L and V indicate length and velocity respectively.

We may anticipate that more reliability may be attributed to the value

of gB(O,O) for which both forms agree. We have therafore calculated

these using the following wave functions.

(i) One parameter variational,
+

b = (o my = éa(rl : rz).

o —1°=2 4

e = 1.6875
(ii) and (iii) two parameter open shell,

Vo'Byoy) = €
with
(ii) .« = 2.1 8 = 1.19 (Eckhart, 1930)
KR(\ o = 2.1832 B = 1.1886 (Lowdin and Schull,
(iv) and (v) analytic Hartree-Fock

ar 8r

b (rysp,) = olp) 8(zy)s o) =e * +ce

with

16.
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(iv)

)
(vi)
with
(vii)
with

(viii)

with

(ix)

with

1.45558 B = 20 - C = 0.6

R
I

1.4 B

1
N

.61 C

11

.799

two parameter Hylleraas (Baber 1937)

+r,.)

of(r
- l .
2 (1 + Ar

I =
uo(g_,gg) e

3 )

-y

12

@ = 1.849, A = 0.364

three parameter Hylleraas (Green et al. 1953)

_alr, +r.)
wo(zi’EQ) S 2 r.)% + Br )

(; + A(r'l - T, 12

@ = 1.816, & =

six parameter Hylleraas (Stewart.and Webb, 1963)

_alry +.ré)_ 5
wo(gi,gQ)‘= e . 1+ Clarl2 + Cat(r, - 1
2 2
+ Cyat(ry + r2) + Cpa
a =1.755, € = ;192094, C, = .036u8, - C, =
Cu = .007652, C5 = .012036. o

six parameter Hylleraas (Lawson et al. 1966)

_a(rl + r2)

2
= i +
wo(rl,rg) e 1+ A(r'l + r2) + B(r 1

)

Dr.r

1 2CO.SSl2 + Er

12

A =-0.10083, c=-0

Q
1]

1.82, B = 0.12985

0.063598 E = 0.3538

lw)
1"

17.

(Green et al. 1954)

(Byron and Joachain, 1966)

2
l) + Csa(rl + r2)

2 2
r12]

~.083394,

.19079



In the evaulation of gB(O,O) ‘with the above wave functions, the

main type of integrals took the form:

- ’ 1 '
K(a,n) = f T " dr = ur (“—;_i—la— (2.17)
a

n n _arl—ﬁr

2
oy oo 1
P(I,¢,3) = [ d-l J,dPQ i

)Y (Q 2.18
| ng(?l) om (2,.) (2.18)

where, I depends on the values of oy and n,. These F integrals can
.be expressed in close analytical form and are listed in Appendix A.
{owever in the analwysis with the wave function of the Hylleraas type,

an additional integral encountered, which needs a bit of elaboratiocn,

was. of the type

) ' [r - T 1[r - r I
' - =1 =213 =2 -
PP(asb3C) = J il’_'l [.Cl]:? J _d£3 S 2 3 ‘1" . l < (2--7-9)
: =1 =3
We take,
- I = ; : P (Co: ;
s - zyi L pylzsory) Pylost, )
2=c -
and
1 v '
r. - r.| 2 Yl(zﬁ’zj) PZ(Coseij)

.
v
b

r. denotes the smaller of ri and rj

r, ‘denotes the larger of r, and Ty

18.



Then

a L !
L =
PP b = d . —
(a,b,c) [ =) J dz, f drg ) gpar | Yom ) T, o ()
%.=0 1 m, =-% 11 11
1 1 1
E i% -4 ;2 B & i 23 -
T Yy, ()Y, (2)x ) e ¥ ¥
L 29.+1 L Soomy 27 Tgm T3 : (28 +1) Y (25)
22—0 2 m2—£2 22 22 2320 2 mz—xs ngg 3
-3p_ ~br, -cr
v 1 2 3

(r2,r3) Y, (rl,r3)e

p. (r,,v.) p
-zamB(Ql) %, 1°°2 %, 3

After carrying out the angular integration by using the orthogonality

conditions for the Spherical Harmonics, we are left with

' o 3 y; P p . -ar_ -br,. -cr
: 3
PP(a,b,c) = E &im 5 L'drl J dr2 J drs r21r22r23 e o2 s
2=0 - (22+1) o) o)
YQ(Pl,PB) pg(P1°P2) pg(rQ,r3) N (2.20)

The above (2.19) type of integral was also encountered by Houston (1968) who
found that it converged to sufficient accuracy after only the first
two terms of the infinite series. The follewing is the analysis for

including only the first three terms of the infinite series in (2.20):

PP(a,b,c)

{Wl(a,b,c;Jl,JQ,J3,J4) + Wl{a,c,b;J1,J3,J4,J5)
+ Wi(b,a,c;J6,33,J1,J4) + Wi(b,c,a;J6,J3,J1,J4)

+ Wl(c,a,b3J1,J3,J4,J5) + Wl(c,b,a;J1,J2,J3,J4)

-+

%-[ﬁz(a,b,c;J7,J8,Je,J1) + 92(a,c,b;J7,J1,J6,J3)
[
+ W2(b,a,c;J9,J7,J6,J1) + W2(b,c,a3J9,37,36,J1)

+ W2(c,a,b3J7,J1,36,J3) + W2(c,b,a ; J7,J8,J6,J1)

b d

+<§%[ w3(a,b,c3;J10,J9,J11,J7) + W3(a,c,b;310,J9,J7,,36)
L
+ W3(b,a,c;J12,J9,J10,J7) + W3(b,c,a;J12,J9,J10,J7)

. ) iy
+ W3(c,a,b3J10,J9.47,J6) + W3(c,b,a3J10,J9,J11,J7)! %suw

19.



where typically, *

Wl(a,b,c3J1,J2,J3,J4) - Jl(asbsc) 4 J2(2°b°°) JS(g’b’C) + Ju(a,b,c)
o . _Jé(a,b,c) J7 ]
Ww2(a,b,c3;J6,J7,38,J9) = 25’ - (agb,c) - ds(i’b’C> + J9(a,b,c)
w3(a,b,c;J8,J9,J10,J11) - J8(i,b,c) _Jd9%(a,b,c) Ji0{a,b,c) LJli{a,b,c)
+9 21 21 g -
If we let
r r
o 3 2
n, cr,_- br n, ar
3_. - -
J(nl,n2,n3;a,b,c) = f r, e 3 '[ r 2e 2 f r le 1 dr.dr,.dr
b o o 1 17273
(2.21)

Then

Ji(a,b,c) = J(4,3,03a,b,c)
J2(a,b,c) = J(2,5,03a,b,c)
J3(a,b,c) = J(u,l,z;a,b;c)
Ju(a,b,c) = J(2,3;2 ;a,b,c)
J5(a,b,c) A = J(2,1,4;a,b,c)
J6(a,b,c,) = J(6,1,03a,b,c)
J7(a,b,c) = J(6,3,;2;a,b,c)
J8la,b,c) = J(4,5,-23a,b,c)
J9(a,b,c) = J(8,1,-2;a,b,c}
J10(a,b,c) = J(8,3,-43a,b,c)
J11(a,b,c) = J(6,5,-43a,b,c)
. J12(a,b,c) = J(10,1,-43a,b,c)

These 'J integrals' are discussed in appendix 3.

Moussa et al. (1973) have published a program to calculate the following

general integral:

20.



-
1

=-045055054
after taking the first five terms only.

The corresponding value of the integral via our program, after taking

D

the first three terms, is: .0450553562

D

The table 2.B gives the values of gBL(O,O) and gBV(O,O) for various

wave functions explained earlier in this chapter.

TABLE 2.B Values of gB%b,g) and gBV(O,O) for electron-helium scattering

Wave function. gBL(O,O) ) gBV(O,O)
W 3.1478 2.4583
(ii) 4.23 4.62
(iii) 4,21 4.52
(iv) ﬂ 3.8329 3.7887
" (v) 3.9003 3.9312
(vi) 3.319 2.698
(vii) $3.795 3.176
(viii) 3.903 3.255
(ix) 3.831 3.297

From table 2.B we see that the simple one paraneter function (i) is
clearly inadequate. The average results for gBL(O,O) and gBV(O,O)
obtained with the open-shell functions (ii) and (iii) agrees well with the
value of 4.309'adopted by'Bransden and Hutt (1975) to fit the sum rule (2.6).

But the gBL(O,O)‘ and gBV(O,O) values using Hartree-Fock functions (iv)
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and <V9~ are in good agreement and strongly suggest-a value in the vicinity
of 3.9. The results obtained for gBL(O,O) with the simple Hylleraas
functions ((vi) to (ix))agree well with the Hartree-Fock values, but these
functions give a rather low gBV(O,O) values. Lawson et al. (1986) have
evaulated the dispersion relation (2.5) using %ave functions (iv) and (ik)-
Our results for gBL(G,O) do not agres with the values implied by them.
Because of this discrepaney and the failure to converge on the value of
4.309 used by Bransden and Hutt (1975) we shall attempt to use configuration

Interaction jype of wave functions.
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CHAPTER III

CONGITURATION INTERACTION WAVEFUNCTIONS

In this chapter, we calculate the Born. exchange amplitudes for
electron-helium scattering as defined in equa%ionS(Q.luj and (2.15)
using the configuration interaction wave functions. Before we do so, .
we discuss the generation of these configuration interaction wavefunctions.

In the Hartree self-éonsistent field method of solution of the
Schrodinger equation for an N-electron atom, the wave function is a
product of N one electron orbitals. The Hartree-Fock method improves
on this by having an antisymmetrised determinamtal wave function, which
stipulates that no two electrons of same spin may occupy the same point
of space. But correlation erroré are inherent in the Hartree-Fock
model.. These errors, though‘small in most cases, are often tdé large
to allow useful prediction of atomic processes. Part of the problem
addre’'ssed in tﬁis chapter is that of finding solutions of the Schrodinger
eqﬁation Qith an accuracy beyond that of “the Hartree-Fock approximation.
The most general method for allowing for the qorrelation effects, and
with which many thebretical calculations are now being made, is the
method of configurétion interaction (CI). We seek to obtain the ground
state representation fér Helium using the folloﬁing lSO configurations:

' 2 2 2 2
132, 282, 2p , 38, 3p, 3d".

The following account is based on the work of Hibbert (1975).

A configuration interaction wave function can be written in the form

m
P(LS) = izl ¢, 9, (a,LS) (3.1)
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where each of the configurational wave functions @i is built from
one-electron functions whose angular momenta are coupled, in a manner
defined by o,y to form total L and S common to all configurations
in (3.1) and Ci are the associated constants. Thus the functioﬁs

¢, are eigenfunctions of L2 and 82. Each orbital is a product of .

a radial function, a spherical harmonic and a spin function:

_ —l \

¢y (&) =7 TR Lriv,  (Q)x(m) (3.2)

m 3
with

K Ijnz :

Pnz(r) = .Z ajnz r exp(—ajnlr) (3.3)
j=1

CWnoosen .

oxthogomaddzedsito satisfy

[ 4

f P2 (r) dr = 1
nf

o

In general, the @i are linear combinations of determinants,

D.., such that
1]

and aij are the associated coefficients.

Thus

If

. m .
W(J)(LS) = z C. ®(a,LS); 3j = 1,2...m
== i i
: i=l
24.



then

<W(j)|Hl¢(k) ()

> =
E sjk (3.4)
. (4.} ‘_C‘M IC./
where H 1is the Aedeetnen+tamiltonian.
Also
(3) ..
E ) > (3) ij = 1,2,...m. (3.5)

The radial functions are allowed to depend on a number of variational
parameters which may be wvaried to make E(j) a minimum for an appropriate
choice of j. Thus the radial functions are analytic where as the
multiconfigurational Hartree-Fock radial functions (Fischer 1972,
Bagus et a. 1971) are numerical.

If the functicns ¢, are kmown (i.e. if P, (r) are specified),

ng
then the Hamiltonian matrix defined by

. Hy = <¢i|H|¢j> (3.6)
ié evaluéted for each state, and is diagonalised. 'In each case, the
coefficients Ci are taken as the components of the eigenvector
corresponding to the lowest eigenvalue.
For the purposes of present calculations, we have utilized
Hartree-Fock radial functions for the 1s orbital, while the 2s, 2p, 3s, 3p, 3d
orbitals which are included for correlation, have been determined by
the Hibbert program CIV3 (1975). Table 3.A gives the various parameters

for the radial functions.
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TABLE 3.A THE CONSTANTS FOR THE RADIAL FUNCTIONS DEFINED BY EQUATION(3.3).

Orbital Clementi-type® I

. Exponents a.
Coefficients jnt int
1s . 78502 1 1.43
20284 1 - 2.u415
.03693 1 4.0996
-.00293 " 1 6.18L3
.00325 o .7978
25 300255 ~ 1 1.26755
-3.35216 2 1.66475
2p 1.0 | 2 2.4596
3s 3.95936 1 1.31924
- .88069 < 2 1.3022
©-3.4218 -3 ' 3.76517
3p 1.07129 2 2.10324
-1.34918 3 : 6.18093
3d 1.0 3 3.56856

* The Clementi-type coefficients have to be multiplied by:

I'n2,+
(20, )3
ing

1
(21jn2).

=

Nl
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L \
gy (0,0) and &g (0,0) have been evaluated using the following wave

(l

functions for the ground state _SO) of helium:

. o 2 2 n 2
(i) ¥ = QlQ(ls )+ C,8(287) + C 0(2p")
with

C. = - = = -
c, -99621, C, = .06102, C, = -.06201

(i) ¥ = ¢ 0(1s%) + C,0(2s?) + c 0(3s?)
with |

c, = 0.99804, C, = -.06208, C, = -.00768
(iii) V¥ = cl¢(1s2) +-C2¢(252) +'c3®(332) + Cu¢(3d2)
with |

¢, = -.99795, C, = .06188, C

1 9 = .00761, C, = .01u62

3 4

(iv) ¥ = e(1s) + C,0(2p°) + Cla(3p7) + ¢, 2(3d%)
with

Cl = .99796, 'C2 = .06165, C3 = .01057, C4 = -.01254

(v) ¥ =cpe1s?) + c2¢(232) + C3®(2p2) + cu@(ssQ) + 05¢(3p2)
with

=.-05979, C. = .00142, ‘Cu =-.00729, C. = .00963

C, = .99625, C 3 .

1 2

(vi) ¥ = ¢ 0(1s%) + C, 0(25%) C3¢(2p2) +¢,0(3s%) + C8(3p%) + C6¢(3d2)
with |
¢, = .99624, C, =-.05966, C, = .06036, C, = -.00724, Cg = 100954,

Cg =—:0123
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Let

01 F 9150 P2 T 41gp
¢3 B ¢?sa ¢4 = ¢258
%5 % Pop1aw %6 T %2poa  #7 T Yopia

% = bop1g %9 T bop0p %10 T dop1p

011 % %387 %12 T3gs
8., = ¢ _ _
13 Sple ¢y, = ¢3poa b15 = ¢3pTa
%16 = fap1g 17 = ®3p08 P18 T PapTs
%19 7 %3420 %20 T %3d1a %21 T %3doa %22 T PaaTe Y23 T *3ada
by T P3a08 %25 T P3a18 %26 T P3dos %27 T Padis P28 T P3azs
" where « .denotes spin 'up' and B .spin''down'
. Then we note, |
1 1 1 2 (1), (2 < (1), (2
°(2p."s;) = /5 { D[¢5( )¢1o( )l - 65 " 4g ﬁ + D[4, g ﬁ }
.. | 21
and similarly for &(3p ,.so)
21 _1 - (), (2 ., (1), (2) (1), (2)
®(3d%,7s ) = 7§'§Dl¢19 %08 ﬁ R A D[ogy  dpp ]

). (2 (1), (2)
= Doy, Tdys d D[y Ty ] i
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III.A. Calculation of gBL(O,O)

In what follows, we shall show the detailed analysis using the
function (vi) since the analysis with other functions would then follow

through trivially. We recall from (2.1u4):

—

L 1 J % 2 1 1
g, (0,0) = --——-I dr J dr J dr, ¥ (3,2) |- &=+
B 2 21 | —1 | —2 | —3 "o ? r IEQ - Esllrl - rs(

3

o (1,2)
Let 0

_ & 1
IT - [ dry { dr, I drg ¥ (3,2) TEE—:—E;T w0(1,2) A(3.6)

Also introduce

o
.. - % 1 '
FF2(i,j,kk) = [ le I QES ¢i (?l) TESTTTEZJ-¢j(P3) (3.7)
where kk =1 1f i and j are is' orbitals
| ) ‘ ’ ) tpl ' n
= 3 rq ]

Note that in equation (3.7) no other combination of i and j is allowed

Suppose -
I0 -a,r Il -a.r I2 p"®T I3 37%;T
¢;(r) = } a.e ) a,re + ) a,re + ) ‘a;re (3.8)
=1t 1=I0+1 i=I1+1 i=12+1
JO -B.r JI -B.r J2 -B.r  J3 -8.r
$:(8) = § be® + ] b.rre Py b,r'e ) b.r'e T (3.9)
] j=1 12J0+1 j=d141 527241

i.e. ¢i(r) and ¢j(r) are representing 's-fype' orbital with the
associated spherical harmonics (YOO(Q) = 1/Y/un) zbsorbed in the constants

a; and bi.A 10, I1, I2, I3 and JO, Jl, J2, J3 can take any values.
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Then

Jo T Jo 71 1
FF2(i,3,1) = Jag| | by P(L,e;,8.) + ] b.P(2,a,8) + J b.P(3,0,,8.)
i=l 71 3=1 ! 3=J0+1 1 yzne 10

J3 .
t ) b.P(,a.,8))
j=J2+1 J ]

I1 - JO J1 J2 : J3

+ a.| ¥ b.P(2,8.,0.) + Y b.P(8.a..8. 8.
iZJO+l * jzl 57(2:85505) + ] bP(8, 1265 + 1 ByP(9,05.85) + [ biP(10,0,,8,)

| S

%2 T go ' %l J2 - J3 7
T+ a;| ) b:P(3,8.5a:) + ] b.P(3,8.,0.) + ) b.P(14,a,,8,) + ) b.P(15,a,;8.) |
Er i I M SRR A ! FF (405585 ) 3P (1550528 I
. | - —

- JO J1 J2 J3 .

13
+ ] a. .Z bjP(u,Pi,ai) +) bjP(lo,Bj,ai) + ) bjP(lS,Bj,ai) + ) bjP(lg,ajéSj)J

i=J2+1 t|5=1

where these 'P(I,az,B)' integrals are defined in appendex At; and if
kk = 2, the'integrals P(i;a;ﬁ) .Shouid be replaced by P(I +Y3O,a,8);
and ff‘ kk = 3, the'intgrals P(I,a,B) shduld-be replaced by
P(I + 60,a,8). |

: Substituting function vi into‘(3_6) and conéidering all the
cross-terms, we get

2
021 FF2(1s,1s,1) + C

[aa]
i

o 2
2FF2(28,23,1) +C 3FF2(2p,2p,2)

2
FF2(3s,3s,1) + CQSFFZ(Bp,Bp,l) + C 6FF2(3d,3d,3).

2
+ C.q

Let

. : 1 ,
= y 2 (3.10)
I2 = f dI‘l J dr2 [ dr3 VO (352) 22 _ 23 Vo(la )
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We let

GG(1,3,k,kk) =

. % 1 &
Id_rg [_d_rs ¢i (3) W ¢j (2)¢k(2)

Suppose, ¢, 1s an 's-type' orbital such that

KO -v.r K1 Y, r K2 =Y, r K3 -
_ i k 2 e
¢k(p) = ) c,8 + ) €, re + ) Cere Koy ) CKrse k (3.11)
k=1 k=K0+1 k=K1+1 k=K2+1

Then, using (3.8), (3.9) and (3.11) we have,

: IO Jo ' KO K1 K2
66(i,3,k,1) = Y a;) ITb.| §CP(la,8) + J CP(2,0,,8) + ) CP(3,0,,8) +
=1 3 k= 1 i

i=1 7§ =1 k=KO+1 k . k=K141 &
. ;3
, C P(4,a,,8)
d k=Ko+l X 1
+ b, C P(2,a.,8) + ) .C,P(3,0.,8) + ) C P(4,a.,8)
§=J0+1 j[k=l koo ko L
X ' _ K3
-+ ] P(5,a,,8) ]
J2 " KO K1 K2
* ) b, L ¢ P(3,0,,8) + I e P, ,8) + I ¢ P(5,a;,6)
j=J1+1 k=1

K3 :
+ z CkP(G,ai,G) ,

J3 KO K1l K2
3=J2+1 3| k=1

K3
+ ] ¢ P(7,a,,8)
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+ Z 2 b %Oc P(2,6 s + lekP(S a,,8) + §2C P(9 @, 58) + §3C é(lO o, ,8)
i= IO+l =1 3 k—l ’ i

J1 r KO K1 K2 K3
) bj kZleP(&ai,d) + ) CkP(Q,ai,é) +) ckp(lo,ai,a) + ] Ckp(ll’ai’aﬂ
J2, i 12<0C P(9.0. .6) K1 K2 K3 -
IS | I T i A L P(10,a.,8) + ] C P(11,a.,8) + ] CP(12,0,,6
J3 KO K1 K2 K3 ]
+] bj k);lC P(lO,a ) +] ¢ (F1l,0.,8) + Y C P(12,a,,6) + Y C P(13,0a,,8 ;
I2 JO | KO - K1 K2 K3
+l §1+lal 2 bj kZleP§3,6,ai) +7 CP(9,8,a;) + Y C P (4,0, ,6) + ) CkP(ls,ai’G
Jl T KO ' K1 K2 K3 [
) ¢, P(16,a, ;6
+ by kglckp(g,a,ai) 1 ¢ P(lt,a,,8) + C P(15,0.,6) + e SR i i
S J2 1 xo . K1 K2 K3 '
) b, kzlckp(lu,ai,a) +Z.CkP(15,ai,6) + Y C P(16,0,,8) + ) C P(17,0;,8
J3 KO K1 K2 K3 1
+ b, 121(: P(15,0a, ,8)+) C P(16,0,,8) + | ¢ P(17,0,,8) + | C P(18,0;,8)
4
I3 JO r KO K1 K2 K3 i
+._Z a; E b Z C P(8,8,0,) + ] ¢ P(10,8,0.) + 1 ¢ P(15,8,0;) + ] ¢ P(19,0,,6)
1-121'1 j =1 Lk—l ]
J1I T KO K1 K2 K3 .
+ ) b kZleP(lo”G’“i) +) c P(15,6,a,) + ) C P(19,a;,8) + )ekp(?_o,ai,a)
J2 [ KO Kl K2 K3 i
+) b, Y C,P(15,8,a;) +7 C P(19,0,,8) + y C P(20,0a,,8) + y C P(21,0;,8
k=1
J3 X0 - K1 K2 K3
B ) by [klekP(lg,ai,G) +) C P(20,a;,8) + Y C P(21,0,,8) + ) ¢ P(22,a,,8)
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where 6 = Bj + Yy

Also let

1]

X(1i)

IO

i=1l

where

[ ¢i(r)§£

(3.12)

Il I2 I3

.X aiK(ai,O) + ) aiK(ai,l) +) aiK(ai,Q) + ) aiK(ai,S)

i=I0+1 i=Il+l i=I2+1

+

K(a,n) = I dr pPedT - 4m(n t 2)1 (3.13)

- a(n + 3)

Then, after considering all the cross terms in (3.10):

I, = Cl_[ClX(lS>’GG@lS;lé,lSJJ+ CZX(QS) GG(ls,1s,2s,1) + Cux(as) GG(ls,ls,Ss,lﬂ

+C, [ClX(ls)

—ClX(ls)

-

'ClX(ls)

- 7’3— CS ClX(lS)

—

+ 75-06 ClX(ls)

-

GG(23525,}§,1)-+C2X(28)\ GG(2s,2s,23,l)-+CqX(3s)

GG(2p,2p,1s,2) +C,X(28) GG(2p,2p,2s,2) +C,X(3s)
GG(3s,3s,ls,l)-+C2X(28) GG(Ss,ss,Qs,l)‘+CuX(35)
GG(3p,3p,ls,2)-+02X(23) GG(3p,3p,23,2)-+C4X(3s)

GG(3d,3d,1s,3)-+02x(2s) GG(3d,3d,23,3)-quX(35)

where we have used the following relation (Edmonds, 1957):

Y, (@ = (D" ¥, (@) .

33

GG(QS,QS,3S,li
GG(?p,QP,3S,2}
GG(SS,BS?SS,lﬂ
GG(Sp,3p,33,2§

6G(3d,3d,3s,3)|



Let

Iy = f dr, J dr, J drg ¥ (3,2) %; ¥(1,2) (3.14)

Define

¢, (x)
Y(i) = J —— dr : (3.15)

Then using (3.8))

10 B R ) 13

¥(i) = ] ajK(e;,-1) + ] ak(e,,0) + §  a.XKe,1) + )
50 01 - 1=T0+1 1 »J. 5=T141 & & | i:I2+laiK(ai’2)

Remembering the orthogonality of the orbitals, (3.11) gives

I, = Clzx(le(ls).+ c22x(23)Y(2s) + Cq2x(35)Y(33)

. L -
e , gy (0,0) = - %F’[Il + I, - 21%] (3.16)

III.B. Caleulation of g5 (0,0)

From (2.15) we recall that

V _. l - % l 2 _2_- l . :
g (0,0) = - 5;-[ gzi f dr2 I 223 v (3,2) [}VQ + -, + Eo + T, -1, ¥(1,2)
Let
| * 24(1,2) . (3.18)
1, = [ ar | o, [ ny V2R, .
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Also let

Rt (1,3) = I dr ¢ix(r) V2 ¢j(I‘) _ (3.19)

where 1 and Jj will always be s-type orbital for present calculations.

Using ¢j(r) from (3.9).

v2¢j<r>

n
|-
o
J
i
o
~~
3
Nt

Jo B. -B.r J1 e
i 2 j . ’ RRSH
.2 b.‘:— 2 ot B ;] ed + ) ) b.{% -4 B, + :zr}e ]
' §=J0+13LF 3 J

J2 : -B.r J3 -
+ ) b, [5 - BB.r + B.Qrz] ed 4+ ) b.er - 88.r2 + B.2r31
I3 j=d2+1 3 I
-B.r
]

e

Thus, using ¢i(r) of (3.8):

. I0 ‘™ JO _ 5 J1l .
FF1(i,3) = ) a.| } b, (~26.K(5,—1) + B .K(S,O)) + Y b, (21<(5,-1) - 48.K(6,0)
izy *{j=173 ] ] §2J0+1 e

2
+ By K(a,1>)

. J2 9 J3
+ 7 b, (61((6,0) - 6B.K(8,1) + B, K(G,?)) + 3 b_(lQK(G,l)
j=J1+1 3 J J j=g2+1 3

- 8B.K(8,2) + B.QK(6,3)\ J
] ]
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%l go 9 J1
* ;1.4 Dy fQB-K(G,O) +B.K(86,1\ + [ b, 2 -
i=I0+1 1‘;=1 J ] j 2 3 K(8,0) quK(a,l) +

2
3 K(G,Q))

J2 J3
v Dby [BK(E.) - 68,(8,2) 4 Bj2K(6,3ﬁ + Dby [12K(8,2) - 88,K(8,3) +

szK(s,uq ]

12 Jo ) a1
+ ¥ ai[ Y b, (—zejK(a,l) + By K(d,2))+ Y b (2K(6,l) - 4BK(8,2) +

j=1141 D371

652K(6,3))

$2, [6x(s,2) - 68.K(8,3) + B.2K(§,4)\ + %35- (lQK(G 3) - 8B.K(8,4) +
13 ’ s AR B ‘ i g i

sjzx(a,S)) ]

5 ¥o ‘ : Jl ' _
) a; }: b, (—Qb.K(G,z) + B-ZK(S,s))' . Z bj FK(G,Q) ung(a,g) +
i=f2+1 ~|§=1 ) J 3

i

852§(6,4))

J2 J3
+ 3 b, (6K(6,3) - 68,K(8,4) + szK(a,sq + 3 b, (12K(6,u) - 88,K(8,5) +

ejQK(a,sﬁ ]

where 6 = di + Bj and the function K(e¢,n) is defined by (3.13),

Inspecting all the terms in (3.18) gives-us
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—
]

y = C¥(1s) LClX(ls)FFl(ls,ls) + C,X(25)FF1(1s,2s) + CuX(3s)FFl(ls,35ﬂ

-+

¢,%(25) | €;X(18)FF1(2s,1s) + C)X(1s)FFL(25,28) + C,X(35)FFL(25,35))|

o

C,X(3s) _ClX(ls)FFl(SS,ls) + C2X(23)FF1(3S,2S) + CuX(SS)FFl(Ss,Bsi]

+

Let

I, = I'—l J dr, J% 11;“(3,2) i—2 ¥(1,2) (3.20)
Alse let

FF3(i,j) = I‘g£,¢ih(r) %-¢j(r) : (3.21)

.

Then using, (3.8) and (3.9):

I0 y Jo J2 J3
FF3(i,3) = J a {.2 b]K(G -1) + Z b.K(5,0) + § Db.K(8,1) + 1} b.K(d,Qﬂ
: i=

izl §=J041 j=Jd1+1 I j=j2+1 J
. ~J0 Jl J2 J3 i
+ Z a;|Lb K(a 0) + ) b.K(8,1) + § b.K(8,2) + ] biK(§,3)
i=T0+1 ~[3=1 ] 3 3
I2 -J0 J1 J2 J3 .
+ ) a.} b]K(S ,1) + ) b. K(s 2) + ) b K(8,3) + ) bjx(a,u)
i=Il+l L; ’ ]
I3 - JO J2 J3
+. ) a,| ) b.K(8,2) + Z bSK(S, 3) +) b §K(8,4) + ) b K(8,5)
. 1 :]
i=I2+1 7| j3=1
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Thus, (3.20) yields

[}
"

. ClX(ls) [ClX(ls)FF3(lS,ls) + C2X(23)FF3(lsg28) + CuX(3s)FF3(ls,38)]

+ C2X(2s) Lle(ls)PF3(2s,1s) + C,X(2s)FF3(2s,2s) + cux(ss)PPs(zs,3si]

cqx(ss) ClX(ls)PF3(3s,ls) + C2C(23)PF3(38,2S) + Cux(BS)FF3(3S,SS)J

e

Let
_ [ S
Ig = | dry | do, { érg ¥ (3,2) B 9(1,2) | (3.22)
where, as defined earlier, EO is the ground state energy of helium with

the particular ground state wave function chosen.

Remembering the orthogonality of orbital functions involved, we get:

_ 2 2 2 ooy 2 2 2
Ig = Eg [?l X(1s) +C, X(28) T+ C X(3s) ].
Thus,
v 11 5
gy (0,0) = =50 | =+ 20  + Ig+ I) (3.23)

We can thus obtain gBL(O,O) and gBV(O,O) values from (3.16) and (3.23)

for a wave function of the form (vi). For the other wave functions

(1) to (v)) the above anaiysis follows straight through by judiciously

putting some of the weights (Cl, Cys CS’ C,» C5, Cs) ’to zero. Table 3.B
A . .

gives the values for gBL(O,O) and &g (0,0) using wave functions

(1) to (vi).
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TABLE 3.B

Wave function ) EBL(O’O) gBV(O,O)
(1) 3.9025 3.8749
(i1) , 3.8154 3.7223
(iii) 3.8276 3.7442
(iv) 3.9025 40725
(v) 3.9012 : 3.8951
(vi) | 3.9205 3.9112

L v
The values for &g (0,0) and gp (0,0) converge to 3.915 * .005
using the configuration interaction wave functions. This is in
excellent agreement with the results using the Hartree-Fock wave functions. and

~ the gBL(O,O) value from using Hylleraas wave functions. We therefore adopt

-

gB(o;o) = 3.92 + .05

as our finally converged result. This value is in contradiction with
the value that Bransden et 2l.(1975) calculated using the sum rule (2.6).
This raises grave doubts about the sum rule given by (2.6). We shall pick

up this point in later discussion.
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CHAPTER IV

ELECTRON-LITHIUM SCATTERING

In this chapter, we will briefly sketch the dispersion relations
for electron-lithium scattering. We then proceed to calculate the
exchange contribution using various wave functions for the ground state
representation of the lithium atom for scattering at zero energy and in
the forward direction.,

For definiteness, let an electron (coordinate 24) of initial
momentum E& and energy k2/2 be incident on a Lithium atom in the
" ground state wy(zl’ 32,.33) (subscript y denotes the spin of the
valence electron) of energy Eo.' The total energy of the system is
denoted by W, so that for various inelastic scatterings (momentum of

the scattered electron = k., atom in state wa(zi’ Tos 23) with energy

Ef), we have:

K lkfl2 | (4.1)
Wol = —2— + EO = 5 + Ef .
Now, the total hamiltonian H is given by
= 1 '
H Ho + V
where
Z 1 1 1 (4.2)
V' (p, 30,50, s0,) = - — + — + = + = .
(r,3r)50)s03 v, Tz -z, | Iz -zl Izg - nl
and
2 2 2 4.2 2z _ % _Z_ 1
= -1y ° - 1v -3 -3V - +
H0| = 2Vl 2V2 zv3 2 u Pl ra r3 rl - 22
+ (4.3)
l/rl - £3I lrg ral



such that

ik v
S

The Schrodinger equation for the system is

Sy Lt
(H - Wo) ] (24>Eh’£§=fh) =0 (4.5)
where
ik .r
+ ) S |
¥ (zyomyomyo2g) = ¥, (2 omyoryde * . V'zysmysrparg)
. W -H +ie
o
, A
¥ (Eu’fhﬁfé’fb)’ . (4.6)

Then, the direct scaéttering amplitude is defined as

‘ -ik _.r
o1 % LDy
£(8,E) = - o5 Iézl[§22f§£3jé£4¢a (z)5Zp>zg)e VT {zyary 5mpsry)

If(gqggi,fg,gé) (4.7)

The Born's approximation to this is

-ik_..r,
Keely % .
féfue by (2ys2ps2g)V' (ry vy 5rp,ry)

Py - _ 1
2(0,8) = - o Jézlféfajgﬁa
ik

..
wy(rlr;rs)e

_Now consider an exchange collision whereby, in the final state, electron
'y' is bound and electron'l' is free. Here, let us go through the steps

taken above for a direct collision. The total Hemiltonian of the system is

H=H'' + V"' (4.8)
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where

Tt

V (p,3r .r,,r.) = - 2 4 + 1 b
—1°=1°-2°=3 Z - + = (4.9)
I ESTREN B PN B PN
and
- 2 2 2 2 z
'Y=~ 3 -3 -1 -1 -z _z _z
1 2 3 -4 =2
+ + (4.10)
IEq, T3 TEQ _r_'3l
such that
5 ikf.r ‘
L - e =
(Ho‘ Wo)e : ¢a(£ﬁ’sﬁ’£3) Q
" Then the exchange scattering amplitude is defined as
1 Tikeery
g(6,E) = e Jdr fgnggzs[dr e w ( ! 2rgV (rlrurQrS)? (r 120 3o 3 )
(4.11)
“The Born's approxiﬁation to this is
- ’ : -ik . ‘
- 1 et A T 1e
gB(e,B) = 2 [dr‘ fd]?z[d J<_i_r_',+e ll)a (ru’rl’PS)V (r'qar2sr3)
ik..r
¥, (zyrory)e B (4.12)

In analogy.with equation (1.12) from Chapter I, we obtain the following

dispersion relationsfor the forward (6 = 0) elastic scattering:

TnfOE") de' - ] R,.(E) (4.14)
Ref(0,E) = £_(0,E) + = T _— - . .
° B Tlo E'-E b ] dJ
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and

. T Ing(0,E' )

Reg(0,E) = gB(O,B) t

de' -7 R _.(E) (4.15)

o E'-E i €

where Rdj’ Rej are the residues of £(0,E) and g(0,E) respectively

at their poles due to the bound states.

It is more convenient to work with the scattering amplitudes for

the singlet and triplet states scatterings:

F'(6,E)
" .F (8,E)

£(6,E) + g(®.,E)

£(8,E) - g(8,E) (4.16)

1

On applying the optical theorem relating the forward scattering amplitude

to the total cross-section (elastic plus inelastic), we get

4

+ k
ImF' (o,E) e o+(E)

u (4.17)
Inf (0,E) = l:? o' (E)

where o+(E), o _(E) are total cross-sections for incident eleetrons
in singlet (+) or triplet (-) spin states relative to the lithium atom

in its ground state. From (4.14), (4.15), (4.16) and (4.17) we get,

| T VE' o (E')
ReFT(E,0) = FB+(O,E) + P2 [ * dE' + R (E) (4.18)
yn° Jo E' -E
_ — p r Vt'c_(E*) : _
ReF (E,0) = F. (0,E) + J dE' + R (E)
B ym o E'-E

where R+(B), R (E) are residues for singlet and triplet states

respectively.
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In terms of the total cross-section, op(E), for an unpolarised

beam of incident electrons,

o (E) = 5 o, (E) + 3 0_(E) (Garett, 1965) (4.19)

From (4.18) and (4.19) we can get

[-2}

- VE'o, (E')
+ - -
Re[2F7(0,B) + 27(0,E)] = 1F,(0,E) + 3F,7(0,E) + L5 f T ae
. 4rm- Jo E' - E
1 5t 3 p~
+ 3 R'(E) + 2 R(E) (4.20)

or in terms of f£(0,E) and g(0,E)

Re [f(O,E - %g(O,B):l = £,(0,E) - 3g (0,E) +
: A L

+ 3 R EMRR(E) (4.21)

Although . fB(O,B),‘ gB(O,E),. R' and R can be calculated in principle,
the usefulness of this relation is reduced by the fact that the observed

forward scattered intensity is not proportional to |f(0,E) - %g(O,B)[2

but to
; : ' 2 . 2
1| £¢0,E) + g(0,E)|* + 3| £(0,E) - g(0,B)|

so that a direct consistency check cannot be made between the measured
quantities on the right-hand and the left-hand sides of (4.21). At

zero incident energy, (4.21) becomes

Re Lf(o,o) - %2(0,0):, = £5(0,0) - 3g3(0,0) + —P—Q- f op(kNdk' + § R (0)
2n o

+ 2R (0). (4.22)



Using the relation:

Re [%(0,0) ¥ g(0,0i] == a A(u;23)

we get,

Re [}(0,0) - %g(O?Oi] = - Za - &a+ ‘ (4.24)

+
where a  are the zero-energy scattering lengths.

Substituting (4.24) into (4.22), we have

_ +. _ )
- % - a' = £,00,0) - 1g,(0,0) + —P-i f o (kNdkt + 1r*(0)
. _ ' 2n L -
] (o]
- o : .+ 3R (0) (4.25)

The expression (4.25) can be usea to fesr the validity of the dispersion
"rélations:for electron litbium scatfériné. M.R.C. McDowell and his co-workers
. have calcula%ed the pfincipal value integral and fhe direct scattering
amplitude fB(O,O);A while.the residue contribution is in the process of
being calculated. ' The scattering lengths, éi, ‘have been calculated
by:Garregt (1965) and can also be obtained from thé work of Burke et al. (195%).

 IV.A. Calculation of the exchenmge contribution (=%g§(0,0)) :

Let us define,

: 0 '
' = 1 r Ty ) .26
Toays ° »<¢u(_,:l,32,33>us,_(;4>lvfng(5122_3)u5(_ » (4.28)

, S ikir
whera /{ is an antisymmetrizer, and UB(E) (= e ) represents a

free electron with spin 8.
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Thus,

TaB‘Y&S I )U (I‘l)>

-3 <w (r ,r2,r3 (r )[Vflw (r'a,r3 T4

Pogys ~ 2dapys (4.27)

For singlet scattering,

CFN0.E) = 3¢ [U,(2y 0702 g (m,) = 0,2 ary.m)U (2,) ] lvf%[wa(;_l,g_z,_gs)ug(gq)

- lps(zl 922 323 )Ud(zq')] >

Togas = Torge - (4.28)

" where, and from now on, «;8 denote spin 'up' and spin 'down' respectively.

For triplet scattering,

F—go,E) 1< [w (rl,r2,r ;U (r ) + wB(rl,rz,r )U (r )]]v ]i)[w (rl,r ,rS)U (r )
+ ws(gi,gé,gé)Ua(ga)] >

aBaB aBBa
Thus, _%gB(O:O) = 3 Lfs %p08 * agpa 3(=3,848" BanBa)]
— 1194 - Ba (4.30)
T L_IQQaBaS sanBG j
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For the purposes of the present calculations, we shall use determinanfal

wave functions for the ground state representation of »ithium atoms.

|1
Vo (212p5Ty) = ;E'[%lsa(rl)

- ¢lsa(r2)

(r,)

* 45Ty

and

(¢lsﬁ(r2)¢2sa(r3) -

(2,8, (ry)

( 1sB

(¢lsB(r2)¢2sa(rl) -

(¢1SS(P )9,55(Ty)

¢

158(T3)%, (rz))

- ¢, (r)b, (r ))

1sB 3" "2sa 1

(r1)¢

lsB 2sa

(rQﬁ]

- 61060 000 (7 ))

¢lsa(r3) ( 1s8 2)¢zss u) = by 5Ty )0050(7) ))
. + ¢isa(r4j (¢l B(r3)¢286( 2) L B(r2)¢ B(PSiﬂ
Now .
iﬁsas(o’E) = <y (g mpo7s )u ERINRIAE. ,r3,r Ug(z,)>

where subscript 'L' denotes the length form with:

L ]r -r |

1
AN IAF:

I3 qu

(4.33)

Let

(4.31)

(4.32)

In analogy with the analysis ®r helium in Chapter II that led us to the

formulation of gBV(O,O), we can obtain

‘q aBa B(O E) = <p, (r T ,rB)U (r )|t ']!,D (e ,r},r )U (r )>

- where subscript 'V' denotes the velocity form, and

AT,



yrrr = 3V, 43V — 4+ —+E - 1 (4.34)
2 8 ry ry o p,- ET lz; - r,]
. . .. 1, v
Similarly, we can define gaBBa(O’E) and qQ, (0,E):
L _ .
anBG(O’E) = <‘pa(£l:£2:_r_’_3)us(£‘,+)|\]"llb66£2,£3,1‘ )Uu(_r_‘l)> (4.33)
and

v _ ‘ L B )
anﬁd(O’E) B <wa(£1’£é’£é)ug(£4)lv ]WB (rysrgsr, )0, (2))>  (4.36)

We can now proceed with the evaluation of the exchange contributions. We.
“shall use some of the functions (FF2, GG, etc) defined and used in Chapter

III. Using (4.31) and (4.32) we get:

-

o (rg)]uglr ]V ]

) .
QBGB(O’E) = E. L¢lsa(r3)¢ (r )¢ (ry) - cblSG(PQ)¢ (r

ZSG 2 1sB 4)¢23a

(r,)6, o (r 00, (2)] Uy (x,)>

[¢lsa(r )¢ (P )¢ try) - ¢lsa 1sf 1

2sa 2

o

For zero energy, i.e. UB(r) =1,

wIH

L
an B(o 0) =

[K - L ] (4.37)

where

~.
'

PNCRUNNCRLIMCIN LA 16156 (P3)015p P 10054 (rp)>

FF2(1sB8,1sB8,1) + [GG(lSB,Zsa,2sa,l) + GG(lsB,lsa,lsa,li] X(1sB)

Ze X(1sB)Y(1sR)
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and

L = <¢lsa(r2)¢lSB(P4)¢2sa(r3)|V"l¢ (r,)>

(r3)¢186(rl)¢280 2

1sa
=0. remembering that the orbitals ¢'s are orthonormal.

L . _1
a0 = § <[Peg gz bg(n) -

1sp 37 "2sR )

(r2)¢ (r ), (

1sa 1sB 47 "2s8 r3

+ ¢, (r)e. (v ), ()

150737 %158 T/ Posp T2

- ¢1sa‘rs>¢1sg(r2)¢233(P4i]Ua(rl)lv"|[ ORISR CINT I Y

- ¢lsa(rl)¢lsﬁ(r3)¢23d(r2) * ¢lsa(r2)¢lsﬂ(r3)¢233(rl)

B ¢lsa(r3)¢1581r2)¢230(rl)] Ug(ry)>  (4.38)

For zero energy, : : , e
Gygaal0:0) * %[L - Mt N- 0]‘ ' . (4.39)
where

M 5<¢1s&(r3)¢lsB(r2)¢258(r4)IV"l¢lsu(rl)¢lsﬁ(r2)¢2sa(r3)>

= GG(2sB,lsa,2sa,l) X(1sB)

N =<¢1sa(r§)¢1SB‘P3)¢233(r4>|V"'¢1sa‘rz’¢1se(ra)¢gsa‘rl)>

= FF2(2sB,2sa,l) + [éG(2sB,1su,lsa,l) + GG(QSB,lsB,lSB,l{] X(2sa)

- ZX(2sa). Y(2365.
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and

(@]
|

= <¢lsa(2)¢288(3)¢188(3)lv"l¢lsa(2)¢lss(3)¢28a(1)>

GG(1sB,2sB,1sB,1) X(2sa)

From (4.30), (4.37) and (4.39) we get
167(0,0) = - K + } (¥ + L |
28,(0, SEILERAES E] (4.40

On substltutlng V'Y from (4.3.) 1nto (4.36), we get,

aBaB(O 0) = [k' - 1 ] | (4.41)
where
K= <o Gy ”’133‘1’ 19sa ) [V 10 (28] (208, (x,)>
and
bE <¢lsa(r2)¢lsB(r4)¢23aFr3)IV"'I¢lsaﬂr3)¢lsB(Pl)¢25a(r2)>

Before going any further, let us define another function:

% % .
4>i v(rl)‘bj (I‘L)¢k(1’2 )%(zz)_

FFS(I,J ,k,R,,kk) = J ir_l J 9_2. lr —— I (’4.‘42)
' A )
Let us define the following s-type orbital:
. o -§or Ll -8y L2 -§r L3 -8 7
2 2 3 2
¢, (r) = ) d,e Yoy ) d re L ) dyre 7+ ¥ d,re
£=0 2=LO+1 £=L1+1 2=L2+1

Then, using the orbitals ¢i\r), ¢j(r) and ¢k(r) as defined by

equations (3.8), (3.9) and (3.11) respectively, we get:
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1"t

53,3 K5 %51)
j=1 =1

10 JO KO - LO L1 ‘ -
. b. -
izlal X 3 [:}(Zlck(cf le(.l,s,t) + X <_1£P(2,s,t) + 2 dl-P(S,s,t)

L3 :
+ ng(u,s,t))

0 Ll L2

K1 , L
+ E ey (gzleP(2,s,t) ) d,P(3,5,t) + E'an(u,s,t) + d L P(5,5,1) )
K2 LO L1l L2
+ Lo (zildg‘?(%s:ﬂ +1 a4 P(,s,51) + ] 4,P(5,5,t) + d (P65 t))
) ck(zzlle(u,s,t) ) a,P(5,8,t) + ] d,P(6,5,t) + 2 d,P(7,s t)ﬂ
J1 KO LO AR L2
+ ] b, y ck( ) A P(2,t,8) + ] d,P(8,s,t) + ] d,P(9,5,t) + P(lO s t))
=041 7 | k=1 =1 " - _
KI  , 10 L1. L2
) Ck( )} 4.P(8,s,t) + ) d,P(9,5,t) + XdzP(lO,s,t) + Zd P(1l,s t))
, 2=1"". .
K2 LO R A B L2
+ ) cy ( ) ng(Q,s,t) + ZdzP(lo,s,t) +'Zd2P(llsS:t) + }:d P(12,s,t
S
X3 LO © Ll L2
t L e ( ZdZP(lo,s,t) + Xle(ll,s,t) + EdzP(lQi,s,t) + Zd P(13,s,t)
o =1
J2 KO . LO L1 L2
+ ) b. ) e, ZdzP( 3,t,s) + XdzP( 9t s) + ZdR’P(l'-P,s,t)_-t- Zd P(15,s,t)
j=d141 3 | k=1 9=1
K1 {%0) L1 L2 L3
Do [ 1d,PC 9,t,8) + Jd P(14,s,t) + 1d,P(15,5,t) + }d P(16,5,t)
2=1
K2 L1 L2
t Lo [ I4pQu,s,t)+ Jap(15,s,t) + 1d,P(16,5,t) + Xd P(17,s,t)
' 2=1
K3 LO L1 L2 )
+ Lo [ Iqp(1s,s,t) + [ P(16,s,1) + XdzP(U,s,t} + Zd P(18,s,t
1 oe=1
J3 KO, 10 L1 L2
t1.ob, | Ve de(4ts)+de(10ts)+XdP(15ts)+Edp(1gst))
35d2+1 J k= K 2:12'

510



k=KO0+1

K2

+ ]

Jl KO

3=J0+1 k=1

J2 ° TKO
L bile

j=J1+1 Jk=1
+1 e

K2
+) ey

K3
+) ey

1.0
( [u ,P(10,t,5)

LO
( Hi P(lS t,s)

P( 2,t,s)

- LO
ZdzP( 8,s,t)
=1

L0
k(XdP(g ,S,t)
2=

1

L -
Yd,P( 3,t,s)
L

Ya P( 9,%,s)
L
Yd

P(14,s,t)

L
Xdzggls,s,t)

LO
Zd P( 4,t,s)
1= l

LO .
1d,P(10,t,8)
=1 '

0

L .
1d,P(15,t,s)
L

C’
o
(;ZdZP(lg,s,t)

L1
+ ZdQP(lS,t,s)

Ll .
+ ZdzP(lQ,s,t)

Ll
+ XdzP(zo,s,t)

L1
+ XdzP( 8,s,t)
£=L0+1

L1
+ XdzP( 9,s,t)

L1
1d,P(10,s,t)

-+

L1
XdﬁP(ll,s,t)

+

L1
1a,P( 9,t,s)

-+

L1
+ XdZP(lu,s,t)

L1
1d;P(15,5.t)

-+

L1
ZdzP(lS,s,t)

-+

L1
1d,P(10,t,5)

+

L1
1d,P(15,t,s)

+

L1
Yd,P(19,s,t)

@+

L1
1d,P(20,s,t)

+ .

52.

+

-+

L2 L
[4,P(13,5,t) + ]

L2
EdﬂP(QO,s,t) +

L3
Ed P(21,s,t

~——

L2

2d,P(21,5,t) + Xd P(22,s,t

Xd P( 0,s tﬁ

L2
ZdzP( 9,5,t) +

L2

14 P(10,s,t) + Zd P(11,s ta

L2
XdzP(ll,s,t) +

Zd P(12,s t;

L2

1d,P(12,5,t) + Zd ,P(13,5,t)

12
ZdzP(lu,s,t) +

id P(15,s t9

L2

1d,P(15,5,t) + Xd P(16,s,t ;

L2
1d,P(16,5,t) +

L3
1d,P(17,s5,t

~—~f

L2 L3
1d,P(17,s,t) + zdzP(lB,s,t)
L2 L3

~=Z

ZdzP(ls,t,s,) +2dZP(19,s,t)

L2 L3
EdzP(lg,s,t) + EdzP(QO,s,t

-

L2 L3
Eng(ZO,s,t)'+ Xle(Ql,s,t)

~N~

L2 L3
ngP(Ql,s,t) + XdzP(QQ,s,t)
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J3 X LO
+3 b.f} Ck( L4, P(5,t,8)
3=J2+1 - |k=1 “\¢=1"
K1 1.0
N ZdzP(lJ,r,:)
K2 /L0
T ) oo (zdRP(lB,*,s)
K3 /L0
+] ey (zd2 (20,t,s)
Ip Jo KO 10
R ck(yzdgp( 3,1,9)
i=In41 “l5=1 9 k=1 “ =1

+ ck (Xd P(10,t,s)
+ }<( d,P(15,t,8)
LO
+ dzP(lQ,s,t)
J2 L0
+) b, z c ( 1a,P( S,t,s)
520141 3 p=1t

1 /LO '
+1 e (Zd£P(11,t,s)

+ Z c (ZdzP(lG £,8)

-+

L1
ngP(ll,t,s)

L1
2a,P(16,%,¢)

Ll
ZdzP(QO,t,s)

Ll
Zle(QB,s,t)

L1
ngp(_e,t,s)

Ll
ZdRP(lH,s,t)

L1
EdzP(lS,s,t)

L1
1d,P(16,s,t)

L1
1d,P(10,t,s)

L1

EdzP(lS,t,s)

L1
1d,P(19,s,t)

Zle(QO,s,t)

L1

1a,P(11,t,s)

Ll
ZdLP(lﬁ,t,S)

P(20,t

Zd
53.

~+

L2
ZdZP(lS,t,s)

L2
XdzP(ZO,t,s)

L2
ngP(QS,s,t)

L2
XdzP(Qu,s,t)

L2
Edzp(lu,s,t)

L2
Ld,P(15,s,t)

L2

Xle(lB,s,t)

~

12
Zle(l7,s,t)

2d,P(15,t,s)

L2 .
ZdzP(19,s,t)

L2
14,P(20,5,t)

L2
ZdzP(Ql,s ,t)

L2
ZdRP(ls,t,s%

1,2
1d,P(20,t,8)

L2
Xdzp(zs,s,t)

+

Zd p(zna‘-a ))
L3

ld, P(23,5, L)
L3

Xd P(24,8,t a
L3

Yd P(25,s,19
Xd P(15,s tﬁ
Zd P(16,s t%
Zd P(17,s,t)

L3
1d,p(19,s,t)

L3
1d,P(18,s t))
"(20 s t))
Zd P(21,s ta
L3
1d,P(22,s,t)
Zd P(QO t 59

Xd P(23 s t9

Zd P(24,s tﬂ



I3

+)

1=I2+1

o
) dzP(QO t ,S)
%3 LO
t b. Zd P( 6,t,s)
§2J2+1 J [ =1 k(,g:l2
LO
k( le(lQ t,s)
LO
c) ( d,P(17,t,s)
0
+ Z ey ( le(Ql t,s)
b, | 1o (12
a, b. d P( 4,t,s)
o [
ck( zP(lO t,s)
k ( R13(15 t,s)
o
ck le(lg s,t)
7 Jap(
+ b. d,P( 5,t,s)
3=J0+1 I [k=1 k(z 2
: LO
ck ( le(ll t,s)
LO
ck ( ng(lG t,s)
L6
ck ( dzP(QO t,s)
LO
+ I b XdzP( 5,t,s)
§=J1+1 J =1
Eo
d,P(12,t,s)

Ll
XdZP(23,s,t)

Ll .
Ld,P(12,t,s)

Ll
XdzP(l7,t,s)

L1
ZdRP(Ql,t,s)

Ll
Ele(Qu,t,s)

Ll
ZdzP(lO,t,s)

Ll
Xle(lS,t,s)

L1
ZdiP(lg,s,t)

Ll
ZdRP(Qo,s,t)

Ll
ZdzP(ll;t,s)

Ll
ZdZP(lG,t,s)

L1
1d,P(20,t,s)

L1
zdzP(23,s,t)

L1 :
1d,P(12,t,s)

L1

L2
deP(Qu,s,t)

L2
ZdzP(l7,t,s)

12
Zle(Ql,t,s)

L2
ZdzP(Qu,t,s)

L2 -
ZdzP(QG,s,t)

L2
ZdRP(lS,t,s)

L2
EdzP(lQ,s;t)

L2
EdzP(QO,s,t)

L2
1a,P(21,s,t)

L2
ZdzP(lS,t,s)

L2
Zle(QQ,t,s)

L2
XdzP(QS,s,t)

L2
ZdzP(24,s,t)

- L2

Zd£P(17,t,s)

L2

14, P(17,t,8) + }d,P(21,t,s)
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L3

Zle(25,s t)

|
/]

——l

L3

Zle(Ql,t s)

S~

L3

Xle(24,t,s)

~——

L3
Zle(QB,s t)

N

Izlj P(27 s,yﬂ}
L3

Zd P(19,s tﬁ

L3
1d,P(20,s,t)

~—

L3
Zd P(21,s ta
L3

~—’

14, P(22,s,¢

~.

]

)

L3
ZdzP(20,t,s

—~

L3
XdzP(23,s,t)

~— -

L3
Zle(24,s,t

L3
1d,P(25,5,t)

~ T

L3
ngP(2l,t,s)

~

L3

Td, p(2u,t,s)

\_-"



where

If kx

'If -kk

Thus,

Zd£P(25,t,s) + Zd2P(27,t

L3
Ld P(24,t,8) + La,P(26 S't%

L2 '
1d,P(18,t,8) + Ed P(22,t,s

Ld,P(26,s,t) + Zd P(27 S‘t)J

I

Ed P(22,t,s) + Zd P(25,t,s)

/

\
Ed P(27,%,s) + Ed P(28,s t) }
)

should be replaced by P(I + 30,a,b).

K2 710 L1 L2
+ 1o 2zd2P(l7’t’s) + 14 P(21,t,8) +
K3 /L0 - L1 L2
ey ZdQP(Ql,t,s) + Zle(Qu,t,s) +
o Ll
+ Z Ld,PC 7,t,8) + [a,P(13,t,8)
j“J2+l
LO Ll L2
Cy EdZP(lB,t,s) + Zdlp(ls,t,s) +
=1
Ll L2
o, zP(l8 t s) + XdﬁP(QQ,t,s) +
Ll L2
Zd P(22,t,s) + ZdzP(QS,t,s) +
= ai + Bj
=Tt 62
2, the functions P(I,a,b,
3, the functions P(I,a,b)

should be replaced by P(I + 60,a,b).

¥ = FF2(1sB,1sB,1) + {'%[?Pl(?sa,Qsa) + FFl(lsa,lsai] - FF5(1sa,lsa,2s0,2sa,l)

+ ZE‘FC&(QSa,Qsa) + FF3(lsa,lsu):] + Eog [X(lss):] 2

and

Lt =

: - 2
- FF5(1sa,2sa,2sa,lsa,l) [g(lsB)]

Thus the substitution of V''' for V'' in (4.38) gives us,

(0,0) =

w|-

'
%0880

[ -w e - o]
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where

M= <o (200, (n))

Isa" 377188 QSB(H;»V"'|¢ (r.)¢ (r.)e (p3)>

1sa 1" "1sB 2" "2sa

= [%FFl(lsa,Qsa) + Z FF3(lsa,2sa) - FFS(lSB,lsB,lsa,Qsa,l)- X(2sB)

*X(1lsa)

e = <¢lsa(r2)¢lsﬁ(r3)¢288(ru)IV"'l¢lsa(r2)¢lsﬂ(r3)¢23a(rl)>

= FF2(2sB,2sa,l) +§.%[%Fl(lsa,lsa) + FFl(lsB,lsB;]- - Fr5(1sa,lsa,1ls8,
1sB8,1) + ZEFFB(lsa,lsa) + FFS(lsB,lsB)] + EQ\s X(2sB) X(2swo)

(r4)¢288(r3)|V'|¢ (r. )¢, (r )¢2sa(r )

0! = <
. ¢ lsa 2" "1sB 3 1

1so

(r2)¢lsB

1

[%FFl(QsB,lsB) + 7 FF3(2s8,1s6) - FFS(lsa,lsa,QsB,isB):] X(1s8) X(2sa)

Thus from (4.30), (4.4I) and (4.43) we get

%gg(o,o) = - KXK' + 3} [M' + L' - N' + ij (4.un)

We have calculated %gg(0,0) and %gZ(0,0) using the following orbitals

(i) Walters (1972) functions:

(r) = as® , 1. a=2.5031, a=2.7.
vhm

4, (r) =
: _ -8ir =Bor 1
¢28(r) = [ble + b2re T
with
bl-= —.4221, b2 = 1125, Bl = 2.7, 62 = .65
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(ii) Clementi (1965) funetions

] %‘ “er s 8 —agr
b, ) =| J ae® + T are ]
1s = 1 123 1 73;
-2 B;r e -Bir
bpe(r) = Ibje ™+ Jbore ]/EE‘
L i=1 i=3

The exponents @, Bi and the constants a;, bi are given in table 4.A.

TABLE 4.A

Parameters for the Clementi wave functions

‘Coefficients

Exponents Coefficients Exponents
a. a. . b. B.

i . i ' i : i
7.01385 2.4803 -1.12702 2.4803
2.25307 4,7071 - .32353 4,7071

- .00001 .35 - .00017 .35
.00045 .66 . 40005 .66
- .00166 - 1.0 .10u481 1.0
04290 1.735 - 41041 1.735
(iii) Unrestricted Hartree-Fock functions (Sachs, 1860):
3 -a.T 6 -a,r. § "% T %2 3"%;T 1 1
¢, (r) = [.z a.e” + ) a.re + a.r’e > +) a.re e
1sa = izy * iz7 * iz10 * 7R
3 -0.r 6 -Q.r 9 -a.r 12 -a,r 7
: i 1 : i 3 1 1
¢, (r) = [;X b.e + ) b.re + ) b,r'e +) b.r'e T
1s8 jp oy T j=g izio 1 IRa
3 -a.r 6 -a,r 9 -a.r 10 -a.r 7]
i 1 < 1 3 1 1
6. (2= | c.e™ + § core™ + | cere” 4] erie” |
27 7 |35 R syt =7t iz10 * | Vi

The constants a.,, D., cs and the exponents @, are given in table 4.B.

i? 1
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TABLE 4.B

Parameters for the unrestricted Hartree-Fock Orbitals

Exponents Coefficients Coefficients Coefficients
% 23 by °5
2.4 .00000 .00000 - .00000
.67 .01992 .03090 - .01716
4.5 9.26388 9.21155 ' 1.45220
2.4 4.07237 | 13.93295 1.52511
.67 - .00756 - .01175 - 45448
.5 9.72431 " 9.76453 1.13549
2.4 L .92616 - .78585 - .32631
.67 .00093 o .00146 | .00647
4.5 6.22345 6.36217 .36335
2.4 .03890 - .002u6 ~.19382
.67 ‘ - .00004 - - .00006 - .00059
4.5 © 3.35241 © a.51680 .22202

Table 4.C gives the results for %ggco,o) and %gg(o,o) using these

wave funetions

. TABLE 4.C.

Values' for the exchange contribution for electron;Lithium scattering

) L ¥
Wave function %gB(O,O) %gB(O,O)
(i) 71.5556 91,2054
(ii) 69.3754 69.3537
(iii) 69.5283 69.8365
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The agreement between the length and the velocity values for the
exchange contributions using the Hartree-Fock functions suggests this value to be

in the vicinity of 69. We note here that the exchange contribution is not

very strongly dependent on the choice of the wave fumction for length
form. We cannot as yet, test the sum rule given by the expression (4.25)

because the residue contribution is still in the process of calculation.
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CHAPTER V

DISCUSSIOR

V.A. The Programs

For the calculation of the exchange contributicn, we introduced
functions FFl, FF2, FFS; FF5, GG, X and Y in chapters III and IV.
The analysis given for these functions is based on the assumption that

the radial part of the orbitals take the following form:

I0 —air I1 —air I2 Q—a.r I3 s—a.r
Ro()= ] ae” + ] are ” '+ ] are’ + ] arte’
- i=1 1=I0+1 i=I141 * i=T2+1 *

The functions FF1, FF2 etc. have been coded with the following flexibilities:

(a) performs calculations as 1ldng as the input radial functions are any

part of (5.1) e.g. we can have

- I0 -air ' I1 : —air I3 3707
Rnl(r) = ] a,e” + Y a,re " + ) a,r'e *
i=1l . 1=I0+1 i=I1+1

.

(b) I0, I1, I2 and I3 can take any value.

These two generalities have enabled us to carry out the calculations
for Helium and Lithium using different wavefunctions with relative ease.

As for the future, we may wish to study the dispersion relations
for electron scattering by ﬁeon and Argon. Margaret Knowles (Thesis,-19§3)
has calculated gB(O,O) for electron-neon scattering to be 5.16 + .16
using Hartree-Fock wavefunctions whereas Bransden and Hutt (1975) require
this value to be 8.21 if the sum rule is to be satisfied. Because of this

inconsistancy, a desire has been expressed to repeat the calculation of
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gB(O,O) for neon with configuration interaction wavefunctions. For these
added reasons, another general program, RINA, has been constructed to
evaluate gB(O,O) ("length' form. only) fgr electron scattering by helium,
neon and argon. The configuration interaction wavefunctions have been

chosen to have the following form (as in Chapter III):

n
v="] ¢ e - (5.2)
i=1
with.
. = ) a.. D, ' .
5 2.13 i3 | (5.3)
J
where Ci are the weights for the configurationms,

Dij are the determinants

and aij are their associated coefficients.

.

.

The only restrictions on the choice of the configurations for the
excited states are that thé highest orbital that can be included is the
3d-type and that any two determinants should either be identically
océupied‘or differ in occupation by two orbitals. (However, the program
can be easily modified to perform more sophisticated calculations).

For the tesfing of this program, the results for gg(0,0) for
electronfhelium scattering using the CI wavefunction of Chapter III have
- been reproduced. Aléo, the results for gB(O,O) for electron-neon
scattering using the Hartree-Fock wavefunctions are in agreement with those

obtained by Margaret Knowles (1973).
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V.BeHelium

The dispersion relation for electron-helium scattering at zero

energy and in the forward direction may be written (as in equation (2.6)

of Chapter I1) as

- A= fB(o,o) - gB(o,O) + —35 f cT(k' 2) dk"2 (5.4)
L

The direct Born scattering amplitude, fB(O,O), may be considered to be
known very accurately and takes the vaiﬁe 0.7913. The principal value
integral term involves a knowledge of the total cross section at all
energies and has been calculated by Bransden and Hutt (1975) to be 2.36.
Taking the value of the scattering length, A, to be 1.15, Bransden and
Hutt (1975) require the value of gB(O,O) to be 4.30 to satisfy the sum
rule (5.4). The Born exchange a;plitude, gB(O,O), has been calculated
(see Chapters IT and II1) using various wavefunctions for helium including‘
the confiéuration interaction wavefﬁnctions. We believe that we have
. finally converged to the value of

S

gB(O,O) = 3.92 £ .05

Because of this inconsistancy with the relation (5.4) for the walue of
gB(O,O), we cannot but conclude that gither the sum rule given by equation
(5.4) needs to be modified or that the cross-sections adopted for the

' evéulation<3f the principle value integral are inaccurate. Thus, before |
we can make progress with any real confidence, more closely determined
and coﬁsistent total cross sections with fully analysed errors are

required.
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V.C. Lithium

We cannot, as yet, tesf the sum—rule~fof electron-lithium scattering
as given by equation (4.25) of Chapter IV because the contribution
from the residue term is still in the process of calculétion. The
exchange term has been calculated using three different wavefuncfions;
The closeness of the 'length' and the 'velocity' values for the exchange
term calculated with Hartee-Fock - wavefunctions suggests this value
to be iﬁ the vicinity of 69.5. However, if greater accuracy is
required, the calculations ought‘to be repeated with the configuration

interaction wavefunctions.
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APPENDIX A

In this section, we give details of the -integrals P(I,a,b) introduced
in chapter II and are extensively used in chapters .III and 1V. These P(I,a,b)

integrals are of the following three basic class of integréls:

-ar, -br
( _ 2 P e 1 2
Rl = J dr dr 1 "2 A (A.1)
1 2 Ir -r I
-1 =2
R2 = I_@_p_ J_c_i_g 172 E v, @)y, (@) (A.2)
1 2 ’
ifiﬁBQ
p o om e—arl —br2 .
R3 = j dr J ap "1 "2 : Y2m (Ql) Y2m(Q2) (A,3)
1 2
I.El__r_'.Ql

The tables A.A, A.B, A.C give the P(I,a,b) integrals corresponding to the

integrals given by R1, R2 and R3 respectively. The function k(a,n) used

]

in the tables is defined by.eguation (3.13) of chapter III.



TABLE A.A

The P(I, a,b) integrals that are of the type Rl

]
B m I P(I,a,b)
0 O4eesasb l,....7 See Expression (1)
1 l,...,6 8,...13 " " (11)
2 | 2500046 14,...18 " " (IiI)
3 | 3,...6 19,...22 " " ()
o 4,06 23,...25 " " (v)
5 5,6 26,27 " " (v1)
6 6 28 " " (VII)

TABLE A.B
The P(I, a,b) integrals that are of the type R2.
.r'
n m I P(I,a,b)
o) Oyeeasb 31,...37 See Expression (v111)
1 1540456 38,..,43 " " ()
2 2,00036 4y, .. ,u8 " " (x)
3 3,...,6 49,..,52 " " (X1)
mn byeeasb 52,..455 U (x1i1)
.5 5,6 56,57 " " (x111)

6 6 58 " " (xIv)
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TABLE A.C.

The P(I, a,b) integrals that are.of the type. R3

n m I P(I,a,b)

1 1,...6 68500 ,-7.3 See Expression (XV)

2 245404.6 Thyeees?8 " " (XVI)
3 3,.0.6 79,...,82 " " (xVII)
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(1)
(11)
(IiI)

(Iv)

(v)

(v1)

(viI)

Uy

L

L

w[-

'-Hr[-

Ym | -

|

[
- [ -

[

| =

2 \ 2
2(c,I--LL) - —Bk(c,I—Q) + -2-3k(b,I—2)
a a

o]

{=

I

a a a

k )
X (c,1-10) - Eék(c,l—ll) - i§k<c,1-12) -
a a~ a

5040

8
a a

4928, (o, 1-21) - 5040
e

i 6 6
5(51-6) ~ —k(e,I-7) - 2 k(c,I-8) + -,-qk(b,I-S.) }

2%k(c,l—13) +
a” ’

-?-%k(b,x-ls)J
a

120

'k 8
=,(¢,1-13) - = k(c,I-11) - §§k(c,1—1s) . g%k(c,l—lG) - =ek(e,I-17)
a a . a a a
-l-?-%k(b,1~17)
a
X (e,1-15) - Bx(e,1-16) - Zk(e,I-17) - 22x(e,1-18) - P(e,1-19)
a a o a a a
zg%k(c,I—QO) + zzgk(b,I—QO)_
a a
Eé(c,l—le} - i%k(c,1;17) - g%k(c,lmls) - ﬂﬁ%«(c,x-lg) - lagok(c,I—QO)
a a a a a

k(e,1-22) + =~z=k(b,1~22) ]

k (e,1-16) - (e, 1-17) - (e, 1-18) - Pk(e,1-19)
a a a a
4202k(c’l__20) - lSl,iok(c,I—Ql) - 352gok(c,]:~22)

a a a

40350 (k(c,I-23) - X(b,I-23) :]
-oa
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(x)

(X1)

(XI11)

k ~ 2 . 2
—h(c,I"dl) - —EK(C,I—32) - —hk(C,I—SS) %-2 k(bh,I-32)
a a a aq
-~ ! [’ N
- | . - e 3 8
- = (c,I-35) - — k(2,I-27) - =% k(c,I-38) - — e, I-39) + 5 k(L,1-39)
2 3 4 5 5
ad a =3 a oa

é8.

k 6 _ 20, , - o, L
- =, (c,I-40) - -—sk(c,.L*L:l) - k(e,I-u2) - %k(c,l—'—:?;) - —'—g—.k(c,1~1m)
a” a a a . a
igk(b,l—uu)
=3
X 8 , 38,, - .. 120, _ . 2u0 ‘
Zy(e,I-u3) = = k(e,I-44) ~ “pk(c,T-45) - =k(e,I-45) - k(c,T-47)
a a a a a
2u0, 240, . - .
——,7k(c?1—1}8) + —=x(b,I-48)
1 : 62 : 40
- £ (c,1-u5) - Bx(e,1-u8) - Bx(e,1-um) - F(e,1-u8) - S (e, 1-19)
a a . a ) a 2
. ' 16 , ‘ .
—'1630}((0,1-50)*‘:&2%}‘ k(c,I-51) - k(b,I-51)
a ] oa :
k oy 10, , 92, . . 520, } 2200, , . _.
- —Q(C,I—Uo) - —°§::(C)_L—Lr7) - —k(c,I-u48) - 5>:(:,I—-r9) - 3 «{c,I-52)
a ad a a a
/ 13440, - . 1asne [, - S
- 6723"(c,1-51) e ﬂok(c,L~32) - = Cuc,L-:3) - ACD,L—ada
7 8 g
a a 2



}: ~ lLl*, ) 12 Dy . 88 L;‘ 914
(x1v) - —ple,I748) = =ak(e,I-47) - =5x(c,I-48) - Bd?k( ,1-19) - 8% 0 yozg)
a a ) c'l uJ ao
13520 ; 60150 123950
- 7‘k(c,l~5;) - g klc,1-52) - ——f~g-¢(c 1-53)
a a é

~ 120360 k(c,I-54) - k(b,I-54)
alO

k L l oL
(xv) - £(e,1-65) = L x(c,T-67) = 2x(e,1-88) - Zik(c,I-69) - Zx(c,1-70)
. =3 a a & a
1%
+ 2—s'k(b,I—7O)
a
k 6 2u - 72, ’ 144,' ,
(XVI) .—--Q(c,l~70) - Ték(c,I—7l) - ?ﬂk(c’l—72) - ~—gx(c,l—?iB) - Br(c,lf7h)
a a o = a a
llv J IR
- B(e,1-75) & 2h(n,1-75)
a &
! x , 8 42 _ 163, Y,
(wiz) ol I-78)- —k(e,I-TH) = —k(e,1-75) - ——=k(e,I-76) - é—ng(u,x-n)
aQ a ad a a
1008 i 1008 1008, .
- k( 78) - x(v,¢ 79) + u8<(3,1—7v)
a a. a

where c= a+b
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APPENDIX B

From (2.21) in chapter II, we have

n, -cr "3 n ~br2 "2 n, -ar
_ 3 3 M3 M 179
J(nl,n2,n3,a,b,c) = J rs. e j r, ‘e J r, e drl dr2 dr3
0 o o
a) Consider ny 20, my 20, ny 2 0
Then ¢ n, =-cr PS n -br2 PQ n., =ar
) _ 3 2 l "1 dr, dr, dr
J(nl,nQ,nS,a,b,c) = J r, e J r, ‘e J ry 172 73
) o 0
@ T3 n -br, n, n oK -ar
= 3e 3 r 2e el - 2 1 _"2e dr, dr
B 2 n+l L Tasik k!. 2 s
a’l k=C a1l
0 ) (
a _ 1 1 n 1 J -
) J f n3e Crq | My N,e ) z2 D, Ty e br3
= — -
A 3 nl+l bn2+l 20 bn2+l J Ji.

ny n2+k .n.! (n.+k)! » 3_._.7§3fb?r3.
z Z 1 2 3 e

t =0 4= - nl+l-k k! j! n2+k+l—3
-v 3= a (a+b)

n,+1l-k n.tk+1
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1 1 2 ' .
_ony! n,! n, i Z n,! (n3+]). 1
T n, +1 n, +1 n_+1 L n, +1-j n +j+l  j!
-] =
a’ S R (b+c) °
il n2+k n.! (n,+k)! (n3+j)!
N z z 1 2 1 _
Koo i B LK Kt N, tk+1-3 n_titl
] 31(ath) (atb+c) :
n 1] t
) 2:J_ . n (n2+k). n3.
b n_+1-k n,+tk+1 n_+1
k=0 a 1 (atb) 2 c 3
b) n, 20, n,21, 3 = -2,
Let
r X
T ;cr3 8 -br2 1 c
I,(c,b) = 5 J r, e dr-2dr3 =—5 | b+ cin E;Eﬂ
Jo r o b
3 . .
Then
'r I‘
a4 -cr 3 1
J( 2;a,b,c) = ( J "2 ebr2 [ r ! —ary
N,sN,,"238,D, = 1 dr d
1272 Jo b32 o 2 o 1 e drl r,dr,
@ -cr - n . jo_ '
s nl 2 n,- r3 br3 n2.
= - z 3 o) e + —
.2 nl+l .2 n2+l-] 3 n, 1
° Iy a J b B
T _
3 -br
‘r.e 2 dr
) 2
o
a n2+k 3 ( "y
Ik 1 ! n.tk).
zJ_ Mo 5 Ty (n2+k) 1. 9
+ Lo Ak KT\ LG n k-3 3! n, k-1
™ a 7% (a) (atb) ©
rs ”\
-(atb)ry dp
r. e 2 3
2
o

T1.



Let

12(c,b)

T2.

] 1
2 Pyt (e 1 i’y
- = + I_(c,b)
RPN s R 3 K S . n-1 "1
].—2 n 2 J-1 b
(btc)

' , n,+k

1" (ny+k)! 22 (3-2)! 1
ik KT L, 3t n, +k+1-3 31
a - (a+b) (atb+c)

:Il(c,a+b)
- n2+k—l J
(ath)

B, > 3, ng = -4

o ;crs. T, , br
= f _ m [o r, e dr2 dr3

2 3

1 c c c C
S - —x t — +— &n [.___

3b b bS b4 ctb
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Then following (b),

13.

o; ;@3 T3 1'12“]51*2 "2 n_-ar
J(nlanQQ—qsagbac) - Jo m J I"2 e [ r'l e dr‘ldrzdrs
ry o o
n
) 2 Y 1
_ony! i Z n,! (-1) 1 n,! :
- nl+1 y  Dotl- ‘3 * n,-3 IQ(C’b)
a b 71 (btc)? 3: 5
n n,+k
1 n_! (n_+k)! 2 .
. 1 nyt) =
k=0 nl+l~k k! 2y n,tk+1-] j-3
a | =% 51ca+b) (a+b+c)
IQ(C,a+b)
- n2+k—3
31 (b+a)
d) LBy 21, n, = 1, éa_: -4
We let
1
Is(c,b) = J dy yen(c + by)"
o .
' c2 c c
- 1 = —_) - 1 -
= Ian(c + by) + 2 in (o3) ~w t g
and -
1
: 2
Iq(c,b) = I dy y #n(c + by)
. o
3 2
= %—2n(c+b) + < 3 en ( c+b) %-+ %E +32—§
3b ¢ 3h



Then,

- r ry
° ecr3 3 ~-br —arl
J(1,1,-4;a,b,c) = LT LPQe f r e drlerdrS
. [o]
3
-1 _c_
"= 'rls(c,a+b) - Is(c,b)]
b
- 25 [Iq(c,a+b) - I,(e,b)
a
After careful evaluation, we obtain Ffor
o -cr I’3 , T
e 3 ar2 n_-ar
J(nl,l,—4;a,b,c) = [ m f re [ r, e drldr2dr3
(o] r (o] (o]
3
' .
_ M |
= —=—— J(1,1,-43a,b,c)
_nl—l
a
n
1 . ¢ Dtk
o . n, (n k)i r ™2 (5-1) 1 1
» . : ‘ -k ! . it +k+1-7
) k=2 l+l k k T 3 n, +k+l-]
a- Latp)
) 1 IQ(C,a+b)
(atbic)i™3 nptk3

3!(atb)

14.
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