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Abstract

Ail investigation of the nature of vibrational nodes 

in a structurally disordered solid and the thermal 

eonduetion properties of such a solid is described. 

Analogies between the vibrational mode problem and the 

subject of electrons moving in a disordered system of 

potential wells are discussed and a method for calcu­
lating the electronic band structure of perfect solids 
proposed by Ziman (19^5) is interpreted, compared with 
the A.P.l/. method and used to consider the scattering 
of a Bloch wave from an impurity potential.
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INTRODUCTION
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Tlic UP.turc of the problem

The main the’iie of this tliesis is the dovelopinent of 

methods for investigating the nature of Che vibrations 
and Che Cransport of heat in structurally disordered 
solids. Some of those methods can also be applied to 

the analogous problem of electrons moving in a dis­
ordered system of potential wells; hence the title of 
(h I i s thesis.

The essence of the problem is that the standard 
perturbation methods of mathematical physics arc often 

not readily applicable. By this we mean that it is not 
usual to have a sot of vibrational modes or wave 

functions associated with an ’’unperturbed" Hamilton ion 

which can be considered to be reasonable approximations 
to the real modes or wave functions of the disordered 

system. To take a specific example, it is not feasible 

to describe the vibrational properties of amorphous 
Germanium in terms of the modes of perfect crystalline 

Germanium. Setting aside the question of whether a 
perturbation expansion in terms of perfect lattice modes 
would converge, the major obstacle is the fact that there 
is no simple or unique way of associating an atom in the 
amorphous structure with a perfect lattice atom. This 
means that it is difficult to see how to set up a pertur­
bation method based on perfect lattice waves in the first



place. A similar difficulty arises when thinking about 

the properties of electrons in amorphous solids or li^-uid 
metals. It is possible in this case to construct wave 
functions in terms of the Bloch states of some perfect 

lattice of atoms, but this is mathematically clumsy and 
unless the potential wells in which the electrons move 

are weak is not a fruitful a.pproach. In the case of 

the conduction electrons in a 'simple liquid metal a 

free electron wave representation may bo used with 
success for some purposes because the potential wells 

have a weak effect, but the area of applicability is 
rather limited.

There is a clear need for the development of new 

methods particularly in the study of vibra.ting solids.
The theory of electrons in disordered systems is rather 

more advanced but there is still a large number of un­

explored areas.
Examples of disordered systems

There is a vast number of different types of dis­

order problems. \Ic shall restrict ourselves to those 

aspects concerned with structural inhomogeneities in 
the arrangements of atoms rather than the effects of 
impurities. Broadly speaking the kinds of structural 
disorder may bo divided into three categories corres- 

ponding to the presence of (a) long rango order, (b)



medium rango order a%?.d (c) only short rango order.

In the first category arc solids containing dis- 

loeations, crystals Joined via a grain boundary and 
solids containing interstitial atoms or vacancies.

These three examples come within the scope of this thesis 
because the solids arc not deseriba.ble as a perturbed 

or deformed lattice except by rather artificial means.

(b) refers to polyerystalline materials where although 
each crystallite is highly ordered their orientation 
with respect to each, other is random. By far the largest 

class is (c), encompassing in the solid phase the glasses, 
many complex organic solids and amorphous films. In 

addition to these examples there is evidence that liquids 

behave like "frozen solids" in response to stresses 

which vary rapidly with time. As far as electrons are 

concerned there is a rich variety of situations in the 

liquid phase, including liquid metals, liquid somicon- 

ductors and 1iquid insulators.
This work does not, of course, cover all those situ­

ations but the methods, with appropriate modification, 

should be fairly generally applicable.
Contents

The thesis is divided into two parts, the most 
important being Part 1 which deals with the modes of 
vibration and the thermal conductivity of a disordered
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s olid.

Too first chapter is a brief outline of previous 
work in the field and the difficulties which exist.
Two simple models arc then described in Chapter 2 which, 
have been used to develop the arguments of the subse­

quent chapters. The first model involves assuming that 
pairs of atoms are coupled by harmonic and anharmonic 

forces wliich arc functions only of the relative separ­

ation of the two atoms. The second model is called the 

loaded continuum model and has been extremely useful 
for testing out ideas and methods. It consists of 

rigid spheres of mass M embedded in an elastic medium 
of zero density. The elastic medium provides the re­

storing forces on the "atoms". (Morgan and Ziman, 195?). 

Chapter ] is concerned with the development of methods 

for calculating the average wave amplitude of a vibra­
tional mode in an amorphous or polycrystalline solid by 
averaging the equation of motion. Equations for calcu­

lating the average Green function are also formulated but 
no attempt has yet been made to solve them for a specific 
model of a disordered solid. The most important chapter 
is 4 which is concerned with the calculation of thermal 
conductivity. The method proposed is applicable to the 
three classes of structural disorder discussed in 1.2,
It involves making a point transformation of the position
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and j.iomontur.i coordinates of the atoi.io to new collective 

variables analegons to the use of tlie Nonrier co::q:on- 
ents of the density flnctnations as collective variables
in theories of 1 icinids. A Doltni::ann type of equation

is deduced using this représentâtion and the "collision
t ersis " examined. The final oh;:iptcr (>) in Part 1 is a 

discussion of the use of non-orthogonal representations 

for describing vibrational modes and the construction 
of biorthogonal functions, the point being that the 

great majority of mathematical methods used in physics 

are based on orthogonal transformation and represen­
tations.

Chapter 1 in the second part of the thesis is a dis­
cussion of how the methods developed for the vibrational
problem can bo adapted to treat electrons in disordered 
systems. Per example, analogies arc drawn between the 
mathematics describing electrons occupying a tightly 
bound "band," and that used for investigating vibrational 
modes. The concluding chapter (2) is divorced to some 

extent from the main theme of the thesis. It is con­
cerned with the "Greenian" and A.P.l/. methods for calcu­
lating electron band structures and an approximate method 

of calculating the scattering of a, Bloch wave by an 

impurity potential.



PART 1

The vibrâtiona.l modes and thermal conduct­

ivity of a disordered solid.
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1,1. Remarks on existing theories of disordered solids.

The purpose of this chapter is to give exemples of 

the kind of problems which have been tackled and the 
kind of methods which have been used in studies of im­
perfect soli d s .

Almost all the work to date has been concerned with 
the properties of solids containing impurities and 

simple types of strain field. Such a solid can be des­

cribed as a perturbed lattice and the vibrational modes 

as perturbâtions of perfect lattice states, i.e. either 
classical lattice waves or phonon states. This means 

that all the mathematical apparatus of advanced scatter­

ing tlieory and quantum statistical mechanics can be and 
is being used to investigate the vibrational and trans­
port properties. Machine calculations have been made 

of the density of states in disordered systems mainly 
for one-dimensional "solids" where all the difficulties 
associated witli three dimensions are not realised, though 
recently calculations of the vibrational properties of 
a model of fused silica have been made, which is a great 
step forward. Paradoxically, the major developments in 

tlic theory of "solids", which cannot be described as por- 
turbod lattices, have boon in the theory of collective 

oscillations in "liquids" when the frequency of the



oscillations is sufficiently high for the liquid to he 
o o 1 \ r; 1 d 0 r c d a s a "frozen solid" . ? o, r t of 111 i s 11 : os is
is concerned with the anplication of similar methods to 
those used for liquids to the study of general hinds 
of structural disorder in solids.

The simplest kind of problem which occurs is the 

presence of an isolated point defect in an otherwise 
perfect lattice, examples being substitutional impurities 

or isotopes. Modern interest in this subject was in­

itiated by Lifshitz ( 194]), although developments had. 

taken place as far back as the last century, (Maradudin,
].9h], p.]]2). In the main, theories have been developed 

within the framework of the classical equation of motion 

for a solid which is sufficient for many purposes.
Quantum mechanics is necessary for discussing transport 

and thermodynamic properties at low temperatures but 

even then the quantization can be done at a late stage 
rather than at the beginning of a calculation. If
U(j') denotes the displacement of the j^th atom in a 
solid from its equilibrium site then the time independent 

equation of motion takes the form

L uy L° U(j') -i L&Cj'i iV,. cJ- u(j') (1)
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whoro.Vlj is mass of tho ,yth is tho vibra-
- ' . ' . o ;  - ...w ».. j. ooCo.a. Lor o11ar:ic oor~

' /ho uiiporrurbod iatiioo and _  an onorato:
oh;;.r:;,ciorir Mig the p .rturbr.t ion caused by id re point 
cciovît. M .;.y :.:c t. :s ccveioncd for o if feront :r; 1 
o'covtions can be tation over Lo solve this linear equa­
tion anc when simple models are used for the atomic 

interactions exact solutions arc obtainable. Two recent 

reviews of this subject are those by Maradudin (Ifof,IQou) 

and Lifshitz and Koscvich (iQou).

In the case of extended defects two separate situ­

ations arise, (a) when the operator can be split into 

an unperturbed lattice operator plus a perturbation 

opcr^itor and (b) when this .reparation is not possible.

As rcmarhcd earlier^case (a) nas received most attention 

ana the methods used arc based on approximation teeh- 
nicucs originally developed in other areas of physics.
For example, Klenens (iQpG) and Garruthers (iQol) have 
calculated the scattering of phonons by strain fields 
using the perturbation methods of quantum field theory 

ana recently Taylor (19^7) calculated the density
of vibrational states for a crystal eontainis.g large 
concentrations of impurities using a theory of multiple 
scattering developed by La:; ( 19] 1, 1952) for differ- 

entia:. ccuations. .It is far from being simple to obtain



accurate solutions in case (a) but at least there is a 

well developed iizathematical background for developing 
approximations which is absent in case (b). An import­
ant piece of recent work on the properties of highly 
disordered solids is the computer calculâtions of Dean 

and co-workers (Lo bo published) of the vibrational modes 
and density of states in fused silica. Fabricated models 
have been built to define atomic positions for use in 
the numerical calculations (l9ub). Despite the intrinsic 
worth of these methods they are not substitutes for good 

analytical approximations when we wish to consider more 

complicated properties which involve say the density of 
states. The other major area of research where case 

(b) has been considered is the theory of collective 

oscillations in liquids when the periodic time is small 
compared with the Maxwell, relaxation t i m e . This is 

the mean time an atom in a liquid stays at an "equilibrium" 

site before jumping to anotncr one, and is typically of 

the or ...or 10“ '̂ ’̂ - 10'"'̂ '̂  secs. in liquid metals, (Cocking 
1 9 -7 ). The idea that for rapidly varying stresses a 
liquid can be treated as a "frozen solid" with the 
instantaneous configuration of atoms in the liquid was 

first considered in detail by Frenkel (kinetic Theory 
of Liquids,'k;)and subsequently by a number of authors, 
for example, Fisher- (Statistical Theory of Liquids,
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DcIiOlielü (1900) and Sciineidor and Stoll (19^7 ). Coll-

octivo oscillations also occur in liquids at low fro- 
<iucucics but tills is an oven more complicated subject 
involving tlio motion of atoms between "equilibrium" 
si 0 s . A cnaractoristic feature of theories of lev: 
frocpicncy oscillations in liquids and gases (e.g.

Perçus and Ycvick, 1958 ; Tomonaga, 1955 a, b 3 Ifori,19b2) 
and those for a "frozen solid", is that the Fourier 
components of the density fluctuations can be intro- 

üiiûed us OüllcütiVü coordinates. Tno are defined by

1 - j
P k ^ N'^ y  , P )

where N  is the number of particles in the system and 
Fj is the position of the j ’th particle. To a first 
approximation each individual coordinate oscillates 

harmonically with a frequency co(;s')which is analogous to 

the dispersion law for a perfect solid. The success of 
this kind of approach suggests that analogous trans­

formations should be sought for describing general kinds 
of structurally disordered solids since in the case of 
liquids a problem which looks intractable using the real- 
spacc coordinates of the atoms becomes much more amen- 
a -1 . !.. tor.as of the collective coordinates.

T.io 0normal conductivity of a solid is a very import­

ant physical para...crcr _ t..c ...u a sûrement of it a very



useful tool for testing theoretical predictions of the 

hohaviour of waves in disordered solids. Another import- 
ant transport property in this rospcot is the contri- 
hat ion to the thermopower of a solid duo to phonon- 
olootron interaction, i.e. phonon drag. v/c will, how­
ever, only consider the thermal conduction problem. Host 
treatments (e.g. klemens, 19]o3 Garruthers, Ipbl) have 
been within the fra::iework of the phonon Boltzmann 

c(niaLion first developed by Pcierls (1 9 2 9 , 1955)* A l ­
though the mathematical framework for going beyond this 

simple equation is well understood (e.g. Hardy and 

Schiove, 1 9 ^ ^ 5 hanninger, 1 9 ^7 ), in practice the solving 
of the Boltzmann equation itself is very difficult, so 

that further sophistications arc often of academic inter­

est. The Boltzmann equation describes heat being trans­

ported through a solid by perfect harmonic lattice 
states which are scattered by the various kinds of 

imperfection which can occur. The thermal conductivity 

of a structurally disoreered solid cannot therefore be 

handled by the standard theory. At very low temperatures 

it is possible to make some very qualitative remarks 
bccai.se only- very low frequency modes arc excited. If 
t:..:,se modes are assumed to be the modes of vibration of 
an elastic continuum the description of a solid as a

V /  v V v  V . » .  L /  c - v a a  k V  w  /  -4.  v - t -  V v  ^  ^  J



üüscripvion wnoro imperfections arc represented by 

fluctuations in density and elasticity. This approach 
has been used by Zlemons ( 1 9 ) to discuss amorphous
sol ids but no ]iros ;ription has boon given for oalon-
7 '1 ) 11 “  ' * ■ ' ' *  O  ' F "  r i  f u  - T v -  r . « -  . j  . T  y - ,  d  h -  V  f  *a .  i , v  L f  -L. A L ̂ ̂  L /  »  <  *  • »  . . .  \ v  \  ‘ - A  . a  .« w  <  . t  4, \ /  a .  a x O  a .  a. —  \  /  t  t. i v  , 1.

failing of this method is that it cannot describe any­
thing analogous to the well known "Umklapp" proecsscs 

whici. occur in a discrete lattice structure.

The Subject of structurally disordered solids is 

therefore a very challenging one, where it is not possible 

to proceed by means of mathematical methods already in 

common use. It is this aspect of the problem which 

has been found most intriguing.
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l.L. Two S impi o laodc].;; oT disordered solids.

The case Tor as in g si.nele models to develop a theory 
is that too Liany complications can obscure tne i'unda- 
i.iontals. 1/hilst aware oT ti.e shortcomings of the 
models to be described we consider that they contain 
the essential features of disordered solids.

1.2.1. The "spring" model.

f i' • 1 -j ix.;c V 1ditional development of the theory of

lattice of point atoms begins with tlic assumption that 

the total potential energy due to the atomic inter­

actions can be expanded in a Taylor series in terms 

of the atomic displacements from the perfect lattice 

s itcs , {Haradudin , Mo n troll nd Meiss , 19^3 ). TI\c

requirement that no net force acts on any atom when all 

of them arc at the equilibrium sites means that terms 

in the potential energy which are linear in the displace­
ments from equilibrium must vanish. This procedure and 

conclusion is equally valid for disordered solids. 1/e 

take the view that the extremely difficult problem of 
determining how a disordered solid remains stable is 
outside the scope of this thesis. %/e therefore assume 
that the exact equilibrium sites are known and that 
reasonable approximations can be constructed for the 

harmonic and anhar,:.onuc intoraorions between the atoms.
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la part::Cw:!.ar wo wil.1 ccnsldor monatomic solids dofinod
Oy tac ' la,.,!;; I toîiion 
K ~  .a—  r a ' v E i . ' ) f u  Cik U  (l'î V'U H)- U■Z .  . /  . . . .  a , ( / L2 M

O F A - Y r y u y - ' - u y y j

CTjyâ'iyixyHCHx YkWa-Y'y^ u. u.' U'‘ if:- ^J _»
In oliis expression Yj denotes the oqnilibrinm site of 
the j'th atom, denote cartesian co::i-
pononts of ti:o momentum and disnlacement from ocuili-
briu;.i of this atom, and M  is the atomic

functions ^ - r. b and C- E B ' l  /) are harmonic
and anharmonic force constants respectively. It is 

assumed that the force constants are unaltered by inter­
change of the subscripts and interchange of j and j'. 

Ouauratic and higher terms in the displacements are 

il s s um 0 d n e g 1 i g i b 1 o .
The form assumed for the harmonic and anharmonic 

force constants is, of course, a gross simplification.
In general they will not be Just functions of the sep­
aration of a pair of atoms and they will depend on the 
coordinates of surrounding atoms as well. Equation (3 ) 
is valid for solids where the atomic interactions can 
be described approximately by pair interactions, as for 
examp1 e in ionic solids. Tf.is does not mean that if 
some pair potential function is assumed to calculate 
the force constants" that the conditions for stability

(3)
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stable . nd merely requires so:::e metliod _u;. uL;v 
the force eonsta.jits.

The I: it Is ossentiml to ine lu do nom-e entrai intcr- 
aetions between a.toms it is not possible to devise a 

ka.:.:iltonion of tb.o form (3 ) without violating the 
eonalLion that it should be invariant 

rotations of the system, La:: (19^3). In any even
r .7 -11 ue eiseussod can se e::tended 

to cover more general kamiltonions but it helps to take 
a specific simple form.

1.2.2. The loaded continuui.i model.

The second model is rather different. Ye make no 
pretence a.t p .ysical re:Llity. The model consists of 
rigid spheres of mass M and radius Iq. embedded in an 
elastic medium of zero density which is assumed to have 
purely harieonic properties. It is a simple and conven­
ient way of investigating the general properties of a 
system of masses bound by liarmonic forces and is useful 
for testing out ideas and methods.

Ho consider the elastic medium to be isotropic and 
for simnlicity take the snecial choice for the Lame

co:istants,A--/^(^7^)To:.:t boo::s c
1/. ana yOt masu eo groarer tna.n zero, ̂■'I '



S o i : o . l . X , Mataomatical Theory of Elasticity,
I) ' "̂ 9 ) ' hew ever, many of the general feat ares of wave 
proaagaLion can uc investigated by means of this model.
It corresponds to mailing the central and non-central 
forces of ecual strength in a "spring" model wf a solid.
Tills unrealistic assumption is quite coi.imonly used to 
clarify the mathematics in vibration problems. TiiCso 
and related points are discussed in Appendix A. For 
this special choice of the Lame constants the elastic 

wave equation of an isotropic solid reduces to three 
scalar ones. If U(c'j denotes a cartesian component of 
the displacement field, then

U ( c )  ^  V C c ^  O  (4)

where V(C] denotes an operator symbolizing the depart­
ure of the systeiii from a structureless elastic medium 
of zero density, i.e. the presence of rigid spheres.
Equation (̂ r) is rather similar in form to Schroedinger ’ s 
equation for an electron moving in a system of spherical 
potentials and straightforward adaptations of methods 
developed for electrons can be used to reformulate this 

equation.

1.2.2.:.. The analogue to the "Greenian" method for 

electrons.
One of the most successful methods for solving the
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üc:iroo(:i:i^ür orna j ion i'or norioci laiiicos is that 
ori^rinaiiy nrojosoil by ::orrin^a and by ::oini
and dosiokor Vbir; iiiotbod was gonoralisc a \,o
ar/biirary arran^o/.ionis oi noioniials by db^.risoan and 
diuan and will bo callod ibo "Groonian" :.:otd:o::

donation (4-) can 7;o cbano;cd do the int X  u .

u ( c :  -

r'wncrc vj.-

C - C c - c )  VCC') U(c') dr./

(c-r/) il -no arccn .cn for ibo Laplace
operauor, i.c

(;)

4-TT I r_ T' (^)

It is not ncocsso.ry to enquire into the precise nature 
of tne operator (c) because tbe problen can be foruu- 

latcd in terms of tlie displacements on the surfaces of 
tne rigid spneres- A convenient way to do this is by 

using the condition (Zi:.:an, i^oo)

LA' (fl) is the displac cment field around the j ’th
* >  A  n .O ;> CL 0.03 a nositivo iniini-ccsimal and

(7)



‘>A,

-j' - j ,
P-  ̂ > (8)
A  -  2 -  Cy,

where Cj is the %)osition of t:o j'th sphere.
In tiie neighbourhood of t.ie surface of a sphere 

the displacey.ient field iV," can be cupandcd in terms 
of the solutions of Laplace’s equation separated in
spherical coordinates :

The label L denotes collectively the angular label ^
and the azimuthal label r.a and y  ) denotes a real 
normalised spherical harmonic (Segall and Ham, 19''̂ ! )•
The coefficients and are to be determined.

f'he Yg can be obtained from the boundary conditions 
on the surface of a rigid sphere. This information is 
contained in the equation of motion for the J ’th sphere :

where Ivies') is the displacement component on the sur 

face of the rigid snhere and <D is f-

lo;

quoncyl The right hand siao oi is m e  loree due
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G w.JO - Lroijij IMcld arounci tiio npaoro, (soc Appendix A ) 
SidjSuiLntion oi' iinlo (10) givoü

'/ = 1̂- Tr ̂0 M  co'^ Rs ^

A  =  -  AT;:^ , ( ‘C >,9 3-2- A-:
0 JAquations tor t..o ^ y.iciy now Ac obtained by substituting 

in os: ) into (Y) using tbo expansion (Morgan and Ziisan,

19'^7)

A- Cf-'i' i'b =  -  % '  n  (Mi,) i  A  A t  y  A A A )

- C l -  or.i i  ' " 'jj

wnerc

0'C'+-i)!( ( r e x 0 1 1 (2 x 0  1 */ J
ana

Using tbo ortbononsial properties of the spberieal bar-

monies we find on substituting from (M) nnd (id) into

\ i J  ̂ Ü

12;

P  (C; 0 =  4-rr / o_______________________ C,.L" Mg-j'j)
 .................  (1 3 :



( ' i t u y y ^ p i -  ù  ,/ —  p j  - (1 9 )
- i-j

Vais equation is analogous to tie equation oi siotion 
tor r: "s^vuing" model oi' a soli .

One oi* tbo original purposes oi investigate.:.^ «bis 
:iiodel was to discover wiictber it would allow direet 
applieation oi mctbods developed ior electrons in dis­
ordered systcDis. Aor example, ii we consider tbo pro- 
blesi oi an electron in a system oi spberieal non­
overlapping potentials oi radius 11̂., tbo wave iunction 
within the j 'tb potential may be written as (Pnariscau 
and Ziman, 1 9 op)

CP-) =■ /, A  p u  l A / A  V u A - '

M a l

where, ior emphasis, we use the same symbol as before 
ior the coeiiicients. The function is a solu-
tion oi «be radial Scbroedinger equation for tbo energy 

“ — and

where is a spberieal bessol iunetion. In this
ease the o' sa«_.,iy «be o._..a«icn (ibariseau and Ziman,
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: /-.- ; J -'-j

wboro is tbo CHi phase shift for a spherical potential 
Aquation (iu) is rather more complieatoa than (!% be­
cause the matrix on tbo right band side is a function of 
the energy whereas that in (|̂ ) is independent of the 
frequency.

1.2.2. 2. perfect lattice of spheres.

•aole a « rbis srage co give a oriCu. ais-
cussion 01 a perieci latricc oi spneres

' o  i d  " 7' f C j l  1  (21)
u- ‘.'7—  ^ ̂

j ' t  ■

the system behaves qualitatively like a "spring" model.
In this case the problem of determining the p “l_ is 

enormously simplifled. The Bloch theorem can be invoked 
whereby there exists a real wave vector such that

' Ë • C\6 - ^ — /1 q \1 L I L

and equation (î ) is simplified to

( i f ^ O A P u "  A  fu' (20)
k



It is convenient to take the axis of the spherical 
nar::!onics i.. the direction of K . The h i lacement 
a,:q)j.i tuoe ULy 1 ef t..c j ' th sphere is oh ta inch from (̂ [ ) I

To oh «ain some idea of how the loaded continuuin 
depends on the parameter h^ the limiting behaviour of 
CJ as a function of K will he investigated near )K|=:0 
and at the zone boundary for K in the (l,l,l) direction 
of a simple cubic lattice.The spacing between the 
spheres will be denoted by a . The vibrational frequen­
cies are given by the condition for a non-trivial solu­
tion to the simultaneous equations (2o) i.e.

C K ) -  (2'C-h!
VW-n ;

f ,, \The are unaltered by adding a reciprocal lattice
vector to K and therefore co(^) vrlll show the usual 

periodic properties found in conventional models.
Near |K ) =  o the elements of the matrix 

be estimated by replacing the su::imation in (21) by an

tegral so that

C c ) (24)
LL'



;'.';:crc ZA — CL . In this limii

Cï) «2 (23)

Using (It) it can readily he aseertainod that ier small I
i

IK I the only important spherical harmonics in deter- |
mining co(Ji<)are those with and 'd=:i . Aurthermore,
along who (1,1,1) direction symmetry arguments may he 
used to show that only Syl.crical har...onics with

fa u: O -f" A -i- —   -- (do)

wncre

m J  ^ A ,  —  I' '  I T S n I

-n-C ; /
Cc_v,\ -  -  - 4-IT r ' “ s  p ^ 'ok Hi-it

■i:
R-'ir c

l i c n  = - k :  t  ( r , m  -  X^  ^  I . - ,   . .  • .      _  _  I r  _  J  * — >  «

need he retained in the expansion (?). (Segall and ham, 
ip^vl ). The dcterminantal condition then gives

i y z m h  fi - dRs-'C',0,60--30,10 ; ,
jv-i V   4 K‘-!)I  ̂A

--0O,. 5  y ^ j  T F i r  ( 2 8 )



-j / l

u

where U  is the vciume of a snhore and D  i
density )K./a. , r...; motel t ref ore behaves _ihe an 
elastic continiium wit:: an effective elaswic constant

r . m

V ( : ; ,u. (imhmA)/ A , y f C\1 __ / ' vhv;

T2:e value of Ch at the band edge may also be obtain- 
ed in a simple way by writing

/X\ A XK —  djL f % 4- o 4- m j —  ly
a (31

P  A  AWiicre A, y and % are unit vectors along the cube axes,
he then find thaw

: t  A )  «: (32)
l 'J

This conclusion is arrived at by splitting the summation 
(2[) into positive and negative parts using Q[) and 
replacing t::e sums by integrals. Only the t-O harmonic 
need be retained to determine the band edge frequency.
Mu tliO band edge wo find

- -  f  ~  - IJ5 (53)
''"'"00,00 cm CL

ri?n
n iVa-Cf type lattice, 

e band edge frequ.eney dJ_ is therefore defined by



n
M  :z . ■ (34)

These limiting i'or:.iLil;.e fer crfK') indicate that the
loaded eontiniiu;:* behaves like a lattice of point masses 
coupled by harmonic springs. Tor example, the ratio 
of CJj to the frequency CJ/ which would be obtained withou.t 
dispersion is

g p  ^  j j r a f m n k u )   M  (33)
4 0 p (jTTCL — j

The parameter Iq, can be chosen to give a value of this 
ratio typical of the values found for more conventional 
models.



1.3. Mvcragod equations of motion for disordereu solids.

;'/non a measurement is made of a physical property 

oJ. a (..ii.jÜA CieJ. ea sys oe..:, cun avei'ageci r e s a w  xs wrequent— 

ly obtained for one of two reasons. Airst, a measure­
ment made on a single specimen can involve sampling of 
a whole ensemble of sub-systems^ for example, the 
velocity of sound in a glass would be the average of 
the velocity in different parts of the s%30cimen and 
providing it is large enough one would not expect diff­
erent results for two specimens prepared in identical 
manners. Secondly, the structure of the system may be 
changing with time, so that a measurement of say the 
density of electronic states in a liquid metal is time 

averaged.

This means that in many cases of interest the result 

of a measurement on a single system can be equated to 

the average of measurements on a very large number of 
syuwems. This is very important because instead of 

trying to calculate say the density of vibrational 
states of a single amorphous solid we can try to caleu- 
lato the average density of states, and this is often a 
simpler problem.

Aoldy (1 9 4 3 ) was one of the first to use this idea, 
he constructed ecuations for the average amplitude and
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01 a I'avo .«worod byinwcnsiwy 

poll:t s Ûai o Ürs . Ao 1 civ :
system 01 random

me«non las since been
I a u c r—developed by many antnors (e.g. ban,

men and Trcoli, IpG}; Zimi.n, IfbG), and applied to 

many types of wave propagation probieic ..r. continue an
.vceently i « ban also been used in an investi-

eraw 1 onai wavos in ices conwaininy large
Taylor; 19^7).M *  P t  ' '' •  p  \  c '  „  ..^  •* ■*• ^  ^ ̂ kJ 0». C v  \J « * .  ».»' •. A  ... ^  « >

These ideas arc particularly valuable for studying 
structurally disordered solids whore there is a do 
of alternative methods.

r t .1

Tne average wave ampiituae.

1/e begin by considering how the use of averaging
methods can help determine the general shape of the 
vibrational modes in amorphous and polycrystalline 
sol ids.

The idea here is that, although the fine details 
01 waves in disordered systems depend on the micro- 
scopic nature of the siedium in which the waves travel,

W  ( A  —  r\ r. oV  *  A  V /  O  L r ."rr, c. (T ,A o 1eatures oi tne waves 
o the nrceise details of the

which ar<

l or e::am%)jLC, w 
frerucncy modes o

know that at least some o:
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structure of over:/ :
o ;..r.A.iSc.- .J G_ «..0 ciisomb —O

 ̂ ...ü._ sor of tho onsomblo differs from

member is large enoagb it is reasonable to assume that 
the eigon freqaoneios of vibration form a ocntin::u.:i of 
states so that for a partieaiar freqaeney there exists 
a mode of vibration for every meefber of the ensemble. 
To compare waves in diff

waves IS laentical lor every member of
and secondly that each member is o% o •»* 'j A* I 7 r- /% -■* *?* '\ r\J ^  i  ^  . .. C * . A .  X  V . y  -M. O  X  i  C y

macroscopic boundary conditions. Tor example, we could 
consider rectangular blocks of amorphous solids (there 
will be microscopic surface irregularities, of course), 
with the condition that surface atoms are held fixed; 
or another possibility is a semi-infinite material with 
a nrescrlbed driving force annliod to the surface.

The basic technique of averaging methods is to seek 
an equation for the average quantity itself. In this 
case we arc interested in the average displacements from 
equilibrium of the atoms in a disordered solid.

In 1.2.1. we denoted a cartesian component of the 
displacement of the j'th atom by The
pendcnr ccuauion oi morion Li Cj) can be written down

. ... O  i*X J  c-i O  U -  .k. A  Q  kj» vP A  J .  K >  v /  - k .  ^  k w /  )



M  CO- IX i ,:. ;j q, ; ' X - J  ' ; ( 3 g
■' J "J

where Cu is the vihrationri frequency with which the 
atoms oscillate. Anharmonic terms will he omitted in 
this discussion of averaging methods. Tl:o extension 
of tZiC methods to be deserihed to anharmonic effects 
should he possible.

The procedure for constructin 
is a well established one. Following the no bation of 

Lax (1 9 3 1 ) we define P C C| C ̂  £ m) rs the probability
of finding the equilibrium site of the first atom at 
dj in dr, , tho equilibrium site of the second atom at 

in d £1 and so on. For convenience the system is 
considered to have unit volume and contains N  atoms.

The conditional probability p ((as-r, uw I C, a ̂
denotes the pro babil 1 «y of finding the (s-r f) site ar 
C^4-i in etc. when sites I-- - S are definitely at

-- --r^.A useful relation between the conditional 
urobabilitics is

ohc.. X rv X  I - - i i L  P  C C s U r , - - n") pO-'i-A. ■ -s+. i (5 7 )



The simplest him: of aveii..gc e.:.iplitude which ca: 
he constructed is the average value of U./i") wuen m e r e
IS (:e:.'inireiy an atoi.iAj the other u.toms can have
any distribution which is consistent witn t::cre boins
an
is \  LL^(Cj)y and it is defined by

< U , C C ; ) > =  t _ . " a  Ci) pic:- -• a  | r . ) c : x - M ; r ,  (53)
^ 2 .  J  /  u C  J  I J

w:iere U._('0 is to bo understood as being denendent on
one o/vomic coordinates and wnere tne %)rime indicates 

omission of an atoi.ie coordinate, in this case a ( . LJ

general typo of average amplirudc contains more inform- 
ation than LL^dC.np and is defined by

■ x M * - ' - , r ' S ) =  ^---j p  d,---aic, c,,--) m

the average value of when
d.ore are also atoms definitely at C:, rJ _ w ,

Ihis is the mathematical annaratus for constructing
task now is to ostain equations

for them. If we set j = 1 in (16) > multiply by p^Cdr - fw I C 
,c over r, - - - then the loft hand side is

M  c V  <
The right hand side is not so simple.

rcrm the sum, s a y j 2 s  then we have to consider .
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X,
ck

'  T o  • * ' , *  ' ^ *  n  y \  ' ■ »  'L _ y  . i .  A , , o  A  .k V v  n .  C . V  v >

p ' ^ 1 £ -  Cr.)£m-

*■• .''.-"v /%£ ' ̂ 4 o o ' 1 -r^  ^  ^  •* A  >  * * y  ^  - * -  -* * • *  ̂  - u  ^

r>

1  / '
a.'

3 ( x r  X :  p  C c j : r , : £ u £ c , i a £ -  ( m c s X p j c y
oCm '  ̂ (Z,T)

This quantity is indopondont of j£.= and so the sum 
ovor j/can ho roplacod by (N-ly yielding the equation

<xx \ u y ce,/

( N -  0  ' ': S  - c - U  p ( C z ! c p j d £ - i  '' ' / ( -X' ' dU' ‘ £

(CC)

a' V

where we have sot 6-£. for convenience. This cannot

ed an equation for since it contains

p u  CC^! x,-)>VC:

U  U  U  c ; .

another unknown function dhi (C..i'"d^This is a
characteristic foo.ture of averaging methods. If instead

ewe multiply equation (IQ by O ) hi£:() an ,nt egrate

over r -, r then  L >  '—  « N



-XM X  <_XCr,ire/n, ■/_ 3  L y  LX|pu^(:r;,r,,i'';
cX

- K n -i X /   ̂ ' ■ (x-repXr,'.r,rp 
77 ; I

' (r

M l  ,; tw'-' -xX/'\ x7 "''-‘--V" rr.L. i

very equarion we conetru C  i j  /

^  ^  ^  • » , * - .  . 1 .  V . . . 4  A .  w  k y  ^  \ v  .» ■0. £ /  L-S0 k. ̂ ̂  - «, -k w  k v  j L, M * .  « W  I

O  ■/' r\ y  c- r. C  • • ' - t  *1 o• k s V  . .  &  V x  i .  k# A  ^  X /  v v  jk *0 kj ̂0</ » i ,  X  < L  k _ v

^-' o- ̂ r r. 4 *T7

^  a .  o -  i .  i  o d .1 Sj
oquaùioi: :Cor a %iartcG::l'lgi:ra'ulo:i of aoo::is> i.c
equation (ec).

;01 ore invosrigating tthese o(!nations in k . . .  L /  d  J L  «

is convenient to state how the idea oi averaging the
equa«ion oi morion o Ô, .A -i. O  X. 0 om previous annxiearions
01 rnis roc.inique ro wave nropagarioxi in eonrinuous 
meaia and. waves in lattices containing impurities. The 
most imporrant point is that the equation oi motion 
leaves the boundary conditions unstated. This is to 
be contrasted with work on electron waves in disordered
systems of potentials %;he)re insread oi averagiii'
Schroedingor's differential equation an equivalent

in kj V w »  « k  d i  . A -  V uatio: .veragod wliich implicitly state:
undary conditions imposed on the system.

1 and Truell"r worn (19^1)'•‘p  X-, - . - X  V . "  - V ^  ~  • *  f ' ,  '  -  r .  -^  LJ V v  . . . U  W . W .. « »  J «.L. 'J ^ ̂  k ^ X /

,nc , a < _ /  X / l x  k V .  _ _  \ J  X  Od O - L .  d  X  O  O  X /  U _  V /  X *  V  .



Xi./J ; i n g  on — « X/ •» * 0 x« <fc 1 x« Mk* 2 A <y jgion 0 1  disoroored
'inis IS a l5;o t!io i^rojiom co:isidorod by bharisoau 

and Ziman (l9'-'3) ::nid Zii.ian tnoagn this in.ot is

somowl.at voiiocl in those pa2X):"s. hocontly 'i.iylor (.1907)
* ' * ' • < * ♦  ^  ’ * t  /  ’ A N  , ' I "  z''* 7  7 1  « K  \ • f"i o  ^ *  * ^  *■*- 4  / - ^  - !  (Y * r * *  \ r ’1 ' ' •  '■■' ■ ' ■ I * '  ’• • <• *■ ►n X» yy .A. Xk. X/ V-.'v.A. 0 « A  X/ ^ o  j X/ v v X/ v_« yj sj X/ I. _A. ̂  A. f- - LV a. y « y ̂  kV xV 1 A. v-w w—

waves by impurities in a 

lation is in terms of an . n log: eouaiion
very convenient nroeoaure but the reason we are una:J

to follow it directly 
ordered solids

.) J.

- / V  A ,  r - >  < ; ,  /-),sJ ̂  ̂  X /  X /  X  ► - >  X /  V i  . ^  7  'I'f  “ ' ’ I ' ’ r * r »  ' r . r  c  ^O  v/fc Vy ki w k .A. _A_ / X». wL. »-/

the basic difficulty that wo do not
nave a

,7 -I-x i f  A  A  X » .  « « -  O

01 waves whicn we can useXy X4, X) xt X/enrcscnrarion
difficult to develop an integral 00nation

ormuiation without introducing a rcnros A  ^  A i  X w  KJ X /  .k A .  <

Returning to the first of t::e averaged ecuations

01 morion (4% we can mane : first sten the "cuasi

crystalline" annronimation due to Lax ( ). This con-

< u . , C ' c r  c , 5 >  -  < u t x 3 > (4 0 )

« « A X/ xv À A kkÿ O  1 A X  w ViT ' i  C\ " 1  * i n  Q

a s ingjL o

is sirqjlifiod to an equation con- 
function <(̂ U. Cc^^namely



(N-0 /
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3  ̂  2-r 2 r  o'" 1 r \ ( c , 3  - <  U  ,C C/, /  / d^ U . ' cV (47)

< U - p c , l -// O '  ' 4  V >  r; . - ,  • ;• >

s that tiiG average value 
ive to the fact that there

definitely an atom at r^. %/o would e:r:eet this to
so when m  i and £1^ are far “3 T ' *  y '  ' . M  r\ r .  r n  d ' -  7 7 . i' C* ""3 r\ r. '  'L.&' ' /  X  w a . Vi V. « A A X a  « A Vy A A Xy Xy # i Vy  Xk »A X# Xy A A i  Xy Xy x

^ ■ '  ( * '  • ■ >  • ' x I *  > *•*• • *^ A  A  t A .  k - i  X u  #  i  » A  X i  A  A  , 1 »  >  «  A  X  W  V i  . A .  X ^  ^  A

nature so tha '

Uk-.rticularlv good when

Vi V  A A  X y  h .  A A  Vi cgrana

Aoree eonsranrc: 
range

atcd by the regions of near to 

Equation (r/i 6- quite general

OLu a siowjcy varying ion I

17) nor ao:

m J
' ' '' ' we now snociaxisG

r0 rue

P"C":

case 01 nomogeneous disorder wncr,

D ( ; r - r (A3)

The function p^'Oh-O
for eouilibriu"' site

pair disrrisurion innerion
u« quite the same as 

fis tribut ion function OPiRl) which can 
f-ray or neutron diffraction onrorimon

0 1

rue
be measured b̂;"
'uo 1 une n o n 1 l'y is the nrotabiffry of j.mu
equi._ierium site i n d K  when there is anorncr siro ar A 
whereas -Ye probability of finding an atom in

ci R * V  A  X y  A .  À  V i  A  A  X y  V y  # V.k* A À  XJ k i A A Xy «L X i  k i  1 -  x L  k i R

of OCY4:0 ii"̂

uVPical lorm

Tne aara nave jco: e mcasuromenrs of
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iuy; cquau.G:: for fro carrerran comrcnonrs

U  Cr

U. -,t/.

o (50)

*. ( . •  *  ' A  A  , '  ,.,1.0 / A  / .
.i, A  A k-i s i  S^w A X V k k_ w «A. V, A . . .  V r  s i  k i _k_ \ y  Vy X .

"  - P  ' ' " ^  ^  ■ . * ■ * ' *  i ' '  O  k i  T *  \  *  k  . .  . t
- « a a X a  * s y  _A. k_i kV ÿ . . .   ̂̂  ̂  y  V- « A  A V . . v j x .  , v

V/ y Ci) =  ICx-'f a  ( (
e U iX ■ >N l a  RVv I i  - )

Ü0:1Vonrerr ro - ["’ • -» /•*' •; • • -. r-, - -» r*s V" -* 7 -, A (A . —
k k.i Vi AW Xs. Vi Xy si k A Xy À  A  v^w Vi W a -A Vy Vy ,i. Vi ̂  a  Xy

eigoii vootoro of equarion (£d) ■p r\ -** ̂ "■'• , ' P  o  */* 4 r  * • ' 7  o  ' k 4 7.-'k *» A Â Xa Si a a X/ A. X/ A* V.L Vi n. Xi A À vy * A )

between of) and the wave vector of
us 1:1 g a simple mooci i or
consider the pair dis«rieurion function

CiR.)

aVorago wavc, by 

hy ^ %  Yo'- us

P
Cai h / !  0  o  C d  I -  i  )  - 0  A I H  C l  &  I -  r ,  )

! 1where h(p<) is hoaviside - s uni' h_XvylXy Vih.XV*Â  4 0 n. O Vi Al Xy

distance of the nearest neighbour equilibrium sires ana 
Tj is the closest equilibrium site of a:iy other atom. 
The parameter An is chosc:i so that there are n nearest
sites on the average, i.e

4-TT N  :■r j- o

x i  y .  k i  X i  k .  k k ÿ  - i  Xy - volume.

(52)

(53)
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Figure 2. The pair distrib 
equation (pi).
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we can write tbo matr

Q  cc:.,)= ' Z t L  ) 3  M ' F F ( t y X  t r )   ̂ ' R u L t ) ' ^  (5 4 )
V ,  - v a  ' V z  — ^  r y

Û

where the remaining eicmcn

► w i  y * •  A A  A  k  X y  V

can be deducea iron
T  r, ̂  f >

t Vi Xi Xv> A A AW Xi Cr XaXi A A  lw> Uc r. * ■y
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spocitio hocits, that is wo ohooso tho wave vectors to 
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_n tho sa,.10 way a oat-sit wcnld alloiv as to con 
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.robfcn. it is not so :eue.. nhat nothing is hnown abaat
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aàt the co;..ploxit;Los dosoribod in 
this cbai)tor arc probably a oonsoquonco of the nature 
of the problc::! rather tha.n the particular %:ind of 
approac].. Vhe nr.tiu-o of the corrélation functions in
• . f  r , - 1 H  1  c *  * * \ 4  * r *  /'• ' ' / '  * 7  ' ' /■■•. 'J I  * '  ' ■ • ■*— Î  " 7  1W  , • »  V »  v  •  0 - 4  yj yj f V  V v  - A -  v x *  w  t  4 /  L /  4 . - i ' I  /  L * »  L v  k i  « x .  ^  * y  v :  V  / 1  1  x k .  v /  j .  v , » '

specific no del atteriptei, even _f h i s :..oans tab in g 
the retrograde stop of wort:ing with ono-di;;.ensierial 

nodoIs in tho first instance so that comparison may be 
made with machine calculâtions.
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i.h. f o o n d u o t i o a .

Vrc sub,:'cet op boat transTiort in structurally dis- 
wi'dcrod scli(:s is virtually u..touched apart froi.i a, 
scse:.L;.,tie tiieory oi À?i(s.uu:s 1 9 '̂!;) which iuvolvcs
•’OS .. . a;;; as a. a,rpi.oas s oZ id as an classic continuum con- 

vAaiuiiig ill.etuatioia; oi density and elasticity (Knusha.ns 1 , 
1 G i) - inis docs not isoaii that there is any basic diii- 
crcnco in tho nature oi hcnrc ilow in pcrturhed lattices 
and in structurally disordered solids. 'The %)rohle:.i is 
to find an adequate mathcisatical description in tlie 
latter case, taking into account the discrete structure 
oi solids.

This irustrating situation has been resolved by 
transiors.ing iron the individual coordinates oi the 
a,toms to new collective ones. The kind oi transiormation 
is well known in theories oi collective oscillations in 
liquids (e.g. hubarev,Iphi ? Green,195^ 5 Tomonaga,1913 
a, b Î Perçus and Yevici:, 1918 ; Ilori, 1 9 oh) but has not 
previously been used in tho theory oi vibrating solids, 
by this means it is iound possible to develop a theory 
oi heat transport within tho iramowork oi a Boltumann 
equation which is quite analogous to the standard theory 
and indeed is exactly the same in the liiuit vdion ato:.:s 
occur ...w x.,ice sites. This approach is presented in



.'be simples!, and y.iost ba,sjc form since iurt!ier sep!:ist- 
ieatiojis a.rc not Jastiibi.eU in general at this stage.

iil. Yanigb Lais ,.iet!io(! was dcveiopee with the prohleiii 

oi a.j..orpaoas solids in i.aind the/e arc a. large nin.:ser oi 
• •.a.;,.:.;.:’ s 1 !, aa. !, ions w!i ere ;i.ts as e is necessary, na.mcly 

i.SiCi: ever a s oL it! ca.nnot he described cas il y as a distorted  

lattice. in aaidition it is possible to investigate the 

ciicct oi s trac tarai dis order on t;io traditional threc- 
p!;onon processes encountered in an liar:: on ic lattices.

Tho "spring" mocicl oi a solid with the hai.iiltonion 

dciined by c(r:ation (b) is used to develop tlio argui:icnt 
altiioagh more general kinds oi Ilamiltonion coaid be dealt

n along m e  same lines.

’ / '  1  ^  ^  y ,  ' h  ' 1  " 7  , '  T )  r 'J .  "  X  «  x L  *  J L  W  . 1 . 1 1  ( y  i v u .  « _ * / i  V  . A .  W  A  i

T!ic iorm oi the hamiltonion ( 5 ) , which is expressed 
in teri.is oi "real-space" coordinates, is inconvenient in 

general because im does not separate into a part with 

known oigen iunctions and a part which may be regarded 

as a perturbation. One particular way oi seeking more, 
attractive forms is by using a point transformâtion oi

- X _  X  S' cs; CL c n  (1 1 1 )
m  ' N 7  p- ''■'ct ' s 1

wlicrc t!:e d)C I) denote a comnloto set oi indenendontlt d
iunctions oi the discrete variable | , and S is a label



I -

has Just h values, h boiug the nu:..ser oi atompj 
lu the systei:: being eonsiuerod. Lhiese iunctions mus_t, 
ei c;e;:r;;e, sat isiy the pro scribed boundary placed on 

Lho s y st e ; ; a

!.. L is not necessary to use an orthonoriiial set oi 
iunctions but it is clearly desirablc to do so vhicnevcr 

])0ssible and it is usual to employ iunct ions which are 

a.ppro:;imations to the shape oi the normal modes oi the 

system. Uith regard to structurally disordered solids 

w e do not l:now iunc tiens with both these properties but 

ii the condition oi orthonormality is dropped then it 

is easier to devise iunctions which have the second pro-

no’nv ;;iomenta, (t) which are canonical ly conjugateoO
1 ’to t!ie "displacciscnts" (S) may be dciined by

0 \.l .O)
.'here

(112)
cL

3)up' = S 2:/') , <‘1
and dv denotes the Lagrangian. Prom the Ilamiltonion (p) 

we thereiore have

C C P =  J -  n .  P ^ C j )  o ^ C j )  ( r i p

o O  i \ l  \J

and
-V-

Ci) =- -L \  !p Cs) i ) (1X3)



where t h e ^ ^ L j ;  denote a second sot oi innctions which

Ln

. : a J. : : x y

y  u_ h y / w  9 s h ' - "<5' (iiu)
J

and

r  T  y P j P c b y y  =  _ d ? )

S
j ) arc said, to 'I,;o h iorthonorma 1 to 

with respect to the scalar product dciinedI s  ̂'
ioy
Ye now assu;;;o that ior most types oi structurally 

disordered solid it is possible to iincl a set oi II 
independent plane waves such that

u y j ] =

and that ior every value oi K there is a corresponding 
value -sS. • This is not strictly possible in all cases 
hat should not aiieot the general conclusions oi tliis

real nature oi the atomic displacements is preserved by 
insisting that
Y  ce.) -  . (119)

oi. c k

The diiierence between (llS) and the conventional 
transformation to normal coordinates ior a pcricct 

lattice ( Mara, dud in, Hon troll and 1/oiss, 19^5) is the 
appearance oi the actual equilibrium sites instead oi 

poricct lattice sites. A iurthcr diiierence is the



use oi au uuspociiiod (as yot) set oi piano waves 
r.'..!,ueu than wave veeLors lying in the iirst Brilloein 
luuio. T!io plane waves !:cre are not orthogonal exce])t 
w ’;on the atoms are 1 oeatori on lattiee sites.

Is (;o,:V(;n i.e;. t :'0 i;.:pose periodic h o un Gary con­
ditions hy i.:,.:gi.i.te:,g !.ha\, the solid considered is part 
oi a, supcr-systci.i oi identical adjoining systems. The 

s!s;.pe oi tlie norxia.l i sat ion volume will, in general, he 
nictated hy the sysimetry properties oi the solid. For 

e::a,:::plc, in a per root lattice it is usual to employ a 

parallelapipcd vdiose edges lie in the same direction 
as the primitive translation vectors of the lattice. 
hclatively unimportant considerations such as these
;ill 1)c omitted here and it wi 11 he assui;ied that the
normalisa.tion volume is a "ho::" having sides oi 1 engtli L.

T : 1 e allowed values oi from which the N independent 
waves can be chosen are thereiore given by
K =  x r y  -, V- = o I ,± % ----- . (1 2 0 )
In the limit when the normalixatio:: volume V =  tends 
to infinity the wa.ve vectors form a continuum and this 
is tlie reason why the shape oi the volume is unimportant.

It is not possible to give a precise and unique 
method ior choosing the wave vectors in general hut it 
is clear that thio ciioicc should ho governed hy the iollow- 
ing general co:.sidérations. First, it is desirable that



73

t.;!:; t.loory s:x,uid yield the iamiiiar results of a 

y,e.s{,urbed elastic ceatiuua:,: in the limit of long waves 
e.a.d it is tiierei’o'.se r eas eu a U1 e to cIiGOsc wave vectors 
witsi.: a none ccjitrcd abouL |K\ = o . T b c  rough limits of 
this roue arc (Jotcrmiued by the facL that atoms in a 
solid canno Ù apsroacli closer tlian a minimum distance Q, 
hence wave vectors much larger Lhan rr/Y  are not ncccss- 
:i,ry to describe a coarse grained function 1 ike Lt f j ) •
..inoti 1 er consideration to be taken into account is that 
the waves should be chosen sucli that they arc as orthog­

onal as possible, because the exact normal modes are 
exactly orthogonal. Finally, symmetry can help in fixing 
the shape of the zone. For example in a solid having 
average S])hcrical symmetry (e.g. a vitreous or poly- 
crystalline solid) tlie wave vectors will be assumed to 
lie within a spherical zone having a radius

h r  C t a f )  "  h 2 i )

i.e. the wave vectors lie within tlie Debye sphere. In 
practice f K I ma x is of the order Tk / F o '

In solids retaining a large amount of crystalline 
orientation one would expect the zone to be roughly the 
same shape as the Drillouin zone of tho corresponding 
perfect lattice. The question of the zone shape is 
discussed again in a subsequent section and reasons are



i'(: :,o v.':;y :,:jc oxriot dotai:! :: o: tho short
I,% u. : cüt — o; .. ho a.I d not to o C overriding iiiioori — 

n,ii(;o in id;o on, j onin. Lion oi tlicr:.;nl conductivity.

i'nc now torn tor Lno nn:;ni.l t on ion.

i’to nar;ic dii'i'icnlty vitn nning n non-ortno^onal 

ronroncntaLion lion in conn tractin^ tnc biorthonornal 

i'nnctionn nnnlcn in the case o:C the piano wave représent­

ât ion are denoted by L \ ) . If those fane Lions are
K  J

known then fror.i \W^) wo may write
-X-

P C\)= /  h  Os') V  p )  (132) ̂ i\J X ^ oi. _

and usin^ (||t) the Hamilton ion may bo e::pressod i)i terms
of the now coordinates by sabstitation.

In practice it is extremely difficult to generate
'X]/'closed foinus for the ii<^j) and appro::imations have to 

be intro due ed. One 1:101 hod for eons true ting a series 
expans ion for tiie j ) and the practical application
of this expansion is discussed in the next chapter.

However, to develop the simple argument of this 
chapter we adopt an alternative but equivalent approach 
which avoids introducing the biorthonormal functions 
explicitly and has rather r.iore physical content.

The kinetic energy terms in (3) may be written as

. — ' h  h. _  C'£) C'£) (iu;
of
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o.- as 111g

=  M  1  Ù O î ' )  d » )

squat ion (li.3) can bo rearranged to road,

' I o<l X . I. / ,,.o6 X ' J

f 1ao first term in (II5 ) will bo denoted by ;  ̂and the 
second by i .

fbe potential energy terms in (5) which will be 
denoted b y \ / c a n  be expressed in terms of the variables 

*7d) by sabstitilting from (ll̂ ). 1/e then obtain

V  ^  X  d  S h . - d  I v g m  u  c - m  

+ V% 1 Z 7 B (k,K') upwu fd) (12
■ * ' T 7 7 I 2 I 1  C C s X ' v ") L g o U ( h U (5")

^  ' a "  K  K ' K ' /  o L 'o i" oi. y .  H "w..ere - - _

;.Ii;

C C m W K t =  n % B C  ^ v t O ( d - y  -1
^ ^ . i c 4 / c X / /  j = k j /  (  1 : 2 8 )

The first term in (l76) will be denoted bĵ  , the second 

by and the third by "\/* .



78

J. (I ( )  ,i. u I ; ,L f j  1  e p , x  G s  C ! i i  o l ' i ,  i / j .  on i s  Lno iaoL tin % L
< 1 0  - ,  - Û
r. X . I- V tho Hamil ton ion of H throo-climcnsional

Inm'monio oscillators and wo now explore the ])Ossihility
I !Of i:sin;- the eigen states of rl as a basis for the 

devo:!opi:iont of conventional perturbation theory. Hamilton's
e 1 a.ssiea 1 o(:nations of motion are

"  til, "  r 1 '-) (1=3)
oL

and

G y ( 1 3 = )

fhe combination of these two equations gives 

n  U  C > < ) = U  (i<) = - 7  S C s r h  U  ^ - 8  d-31)

•ft X ■- \'f he matrix W  " if ) is analogous to the dynamical«(.cX' °
matrix in standard lattice dynamics and it is convenient 
to use the terminology of the standard theory. lienee 
the orthonormal eigen vectors of (l3l) will be denoted by 

-'d)~ and the eigen frequencies by (i<) where ^ isc  C

a nolariration index.

Since  ̂ is real and symmetric the eigen vectors
C  can be chosen to bo purely real. Wo will use the
convention that (liar a du din, Ifontroll and Weiss, 19^5»

I).13) - g f f , 7  ) .



for a m o r o r  i)Olycrystallino systems the solu- 
tion of (tbi) is y,articularly siimilc. The matrix 
is identical with the matrix defined hy (ol)

OLO.!

nameiy
m 0 .  r  m  i t  -  h  B ,  ( n  ) ,1 ( i -  X  e-' 8 ' )  ( f  h -  f  -  a  'xy. / J4 j/

-  2  i P) Cgi) P^(|R O C l -  Cask. % 3 6  -
«9 o/ a ' ''

(1 3 2 )

c l cK j

0
: '.' ’ 1 oi'Tv r  m"'r» ^flic eigen frequencies of H  are therefore just the same

as those obtained from the averaged equation of motion 
(t7). In the ease of solids which retain a large amount 
of erys Calline orientation and large areas of perfect 
crystal the matrix will be virtually the same
as that for the perfect crystal.

It is desirable to malic a further change of variable: 
which completely diagonalinos ri namely

V - ) "  2 . £ 3 5 / )  (1 3 3 )

and

r *

where the variables Ca aro the creation
and destruction operators in the quantum limit (himan, 

Zleewrons and Phonons, p. lyB), whore (k;) denoting



the com;)]. ():: con iu/cuLo is replaced by <2 .̂  (k) meaning the
.X'.rmitian conjugate of G.^CtI).Whe variables %l^-)and
• ̂  if \ ' w ’  ̂I'* ? }# k.- J O.A \ ti * f

H'H'i.) - - x l H - x  ,

^,1 Ct] - - i-̂ 'P'‘i) .
' p

In terms of the creation and destruction operators 
(going over to quantum mechanics) the Hamiltonion is

(133)

Z . y  X  CO c K ) I  Q(b'la c  -) -i- j_ XW  P c > f> X I

p  v  q  r  / -r '-r ,,'-iX>iVrhXriwyï)'|i
7  g  i n x w  -  ' ^  j

r -V . /” “I ■ \ J-
3 =  =  >  =  ( X ;  3 k , , Y  {  d - ' '  ^

S 3 s , s ' ) / 1 % r -t

p

2 M  cjgti ))

x P   { c f d ' ) - a  a ^ ' ) l
^2 K1 CO O'!') ( X P' r  )

(13g

■ 8 -  ;  h i  2 .  t X '  ' ■ >  ^  ( h X a : h “ X - ’  -  X )

' ^ i l y \ og^')) { Y  ̂" Y '  - i (ZHir X"') {  ̂ ^



' x h y (137)
e  ~ J y V c  - “J _ e

.';,;i(l

PfY ol'y'/ jhüj/ "( ĉ' . Z x V

, 1 - W

(133)

"'310 l'ori.; (l3o) contains the tii;io Corivalive of tac 
creation and destruction operators which must ho elimin­
ated tor further progress to he made. One way of 
e.ehloving this is by using Heisenberg’s equation of 
motion, namely,
C c  Ck) =. y  r  H  , a  CK)1 (139)P Y  '—   ̂ r J '
the right hand side of still contains CL^C<')but
this equation can be solved by successive apiiroximation 
beginning by writing
H  3= :-r -  >' / J u^o)
To a first appro::imation we then find that

A'-C (KW-L &9 CK) a .  CKl ciTL'<) I. cx.Ck ) Q. X < )  . (i^^i)
fo ~ p ' i p r I

is equivalent to replacing M  L|CK)by i (r^) in ('2-‘5).ol
The subsequent analysis of thermal conductivity will 

bo developed within the limitations of (Y() and first 
order perturbation theory. Successive appro::imations 

to C- C'><) can be generated by iteration of equation (lS7)



l)i:L this is a little clumsy to carry out and it is 
srohshjly host to use tlio c::po,nsion for the functions 

\J / w!iieh is described in the next chapter.
The validity of this simple argument depends on

U Û
rae assump r ion tliat the eigen s tat es of M  arc reason-
s,ble reroth order approximations and that perturbation
methods based on n  are convergent. Tiie validity of
the second assumption does not necessarily follow if

U  ̂the first IS justified. The evidence that n  is a 
reasonable choice is that the vibrational frequencies 
are the same as tliosc predicted by the averaged equation 
of motion, but this is basically a long wavelength theory. 
The usefulness of this approach for short wavelength 
vibration is uncertain but this is not a special feature 
of tills method since the same doubts arise in the stan­
dard theory of thermal conductivity.

It is recognised that in general a complete anal-
 /

ysis of the perturbation I will be requiredj for example, 
positive density fluctuations should give rise to reson­
ance scattering in the same way that heavy isotopes in 
a lattice do, (e.g. Takeno, 19^3; Morgan, igbo) and 
first order perturbation theory is inadequate for des­
cribing this phenoLiena. Another s it nation where first 
order perturbation theory can be inadequate is when 

the force constants are locally weaker than the average.



j. and Mathew (l9 '-'9 ) have shown this to ho the 
esa;e ton a one dimensional lattice but this will not 
so so impor Lan L is three dimensions.

These ratiler intricate questions are reserved for 
subsequent sLudy.

1 . T . 3 . The ho 1 1 :u:iann hquation.
V/e are now in tiie position of having a set of modes 

sui Labie for describing the flow of energy through a 
structurally disordered solid. Broadly speaking two 
properties of tiie representation are required if we wish 
to use a Boltwmann equation to calculate the thermal 
conductivity. First, the perturbations to the liamilton-

Î 'i °ion r, should have a. weak effect and secondly, the energy 
current operator siiould be nearly diagonal.

Detailed derivations of transport equations in a 
perturbed lattice iiavc been given by Hardy (19^3, 19'^9, 
1900)3 Hardy, Swenson and Sehieve (19^3), and Hardy and 
Schicvc, 1 9 ';o ). The methods of these authors may be 
readily used to derive the Boltzmann equation for the 
plane representation, indeed the derivation is identical. 

Using the Hubo formalism. Hardy (1985) showed that
o L c L '

the thermal conductivity tensor «X can be written as

K " ' ” ' -  H Y  2 1  f ( 9  p H ' P h



hi.

to l.owost order in a pcrLurbation yiaramotor A when the 
Ham i.Itonion is assamod to he of the form

H =  (1T3)
In (i'i! ) Y d  denotes the diagonal part of the energy flux 
operator in who phonon representation, p labels: a "many- 
phonon" state,1" is the on ailibrium density matrix, v is 
the volume of the solid,T is the temperature and 
is Boltzmann's constant. The quantity Y  P)is
defined by

O (f,p')= Y fdt I k  ̂ ! pY i‘ 7. ‘ ' H. TT ; I/ Û

where 'ÿ is a real positive infinitesimal. Bquation 
(I4Y) is also valid for the representation described in 
this chapter and in future the eigen states of H  will 
also be referred to as "%)honons ".

He now consider the form of the energy flux operator.
This quantity has been investigated by a number of 
authors for liquids and sol ids, for example, Eisenshitz 
(1 9 5 3 ), Mori (1938), Hardy (1 9 8 3 ) and Magid (19^4).

Following Hardy’s discussion we write

u 3 j  ) =  z  2 1 1  X  -  -  H h ' O  d x )
^ ol' jYj

then the moan energy flux is ( ignoring anliarmonie contri­

butions )

S = 8 ^ + 5 .  84W
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where quadratie in the particle coordinates and
Y  3 Is a eahie function of the coordinates, i.e.

.................H i  Y  L P H t d U c j
C / / rc -r ^

U k  L  P f  J W V ( J ' ) ]  p H h )
and 
C  -m z '

r
j L . i t  m r i  X »  ^  utj)cX. J '

ct 2 TM

J-J'
-r X  l à  ( q p w  IP'Y  ( h Y  Y  3  h w Y d j '

) ±  \ l lA

4- X  r
L k p y j )  r u r . I +- H . c  .

c

(I'X)

(148)

where II. C. denotes the Hermitian conjugate of the pre­
ceding terms. The quantity a quadratic function
o f t lie coo r d i n a t o shoe a u s e

c a t  C  p H j )  ; I f  g o  j  =  -  Z  6 ^ 1 3 '] Yyj)-uyj'))_ d'w)

The term 3,wi]. 1 be ignored for the reasons given 
by Hardy (I9 0 3 ). ^  ̂ can be called the kinetic energy 
contribution to the energy flux which can be assumed 
small providing the vibrational amplitudes of the atoms 
arc small compared with the mean spacing. This leaves

S  -  S  X

=  q  ( £ j r r i ) ( Q j )  s q . r )  ( z !  j > -  W 9 ' ) )  +  K - c )

(150)

or ill ter:.IS o:î tiie creation and destniction operators



c  ' r" £ ( x v ) £ x p S H j j , x ,  :x.r.,,
' —- b- ,/ J , - V .  /  r n .  ' /  .  ̂ ./ / j■A. H ' J y- j / H ' c</ ' V y W  ̂3 ' ^  Y

^  (3j -'-yY— —  7 K) - Q  Ci< ) j.-/ q 7 ,< ) - g. c- k ) 1
X z  M  co etc ) /p  — /

)

' h :  2 1  { Ç j z z  Ê i p , y x f i s y y y ^

/ 1 Y- 'K ( r - r . 2 3 '

(151)

y-jY lY (ccv Y A " ' 7'"'''!}
- r H . C . J .

Tlic first term in ( I9| ) w ill be denoted by , the
<T ' (;3. ~second by Y nd and the third by 3 n.J Involving approxi­

mation (I'bf) and using
cxÇc<)=. k T '  j S Y ' W S S )  352)
then it is straightforward to show that

5  J =  v '  Z Z  k w y n l w y . )  d m a C < )  .
^ ' Yjl ^

Within the limits of approximation (lYl) both 3r\-ciand 
(P aY  f, h 3.re non-diagonal in the creation and destruction

C  'operators. The contribution oi jZ n.J will bo assumée 

small using the argument that if CX and are

rroaroe as cxlassieal variables with the (approximate)
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oc X  "  ̂ Cl^CK, ce ^  - (13,)

ther. i;i: Y.) Cy) ail il Cü,jX<) aro ilifiorcnt the time average
Y  ‘o. Y  nd is zéro. The seccial case when OÙC^)= Yj (<).— ■  ̂ p - p ! ~

Cl.uses ao cliTTicalty because the contribution to t'ao 
energycarrent is zero in this situation, (hardy, I9 8 3 ).

0 neglect 01 yy n-d is not at all easy to justify.Th,

However, even in the extreme case of an amorphous solid 
it seems reasonable to do so bocausc the configuration 
average is zero and it is unliliely that it will play a 
significant role in a thermal conductivity calculation.
A ijrccisc evaluation of the effect of non-diagonal con­
tributions to tlio energy f 1 ow requires an investigation 
of their role in higher order equations than the Boltzmann 
equation.

It is not necessary to go through with Hardy’s (1 9 8 o) 
derivation of the Boltzmann equation using (lYl) and (IAt) 
because the Hamilton ion (ibé) is of the same form as that 
for a perturbed lattice and (153) is also identical with 
the standard expression for the diagonal contribution 
to the energy flow in a perturbed lattice. The Boltzmann 
cauation, therefore, also takes the standard form



expt-crcd
where ; \'vw,̂ j Is the number of phonons in the state k/®,

V l  i t h e  temperature gradient and fV^C'5 ,ĵ )is the 
Boso-Einstoin distribution function

K f  - r ]  -  { " h (  -  1 \  , ( w 6 )

The heat current is simply

=■ v '  7  T  7  CO r^) Y Y p l W  h / Y p )  (157)
Z—  *—  ' 9- K

and the collision term in(lT5)is to be evaluated from the 
perturbations to the Hamiltonion pi to first order in 
perturbation theory in the usual manner.

In practice it is reasonable to use equation (155) 
with the collisions term calculated to a.n arbitrary 
order of perturbation theory, providing the scattering 
is weak. This is sometimes necessary because although 
a perturbation expansion may diverge, summation of terms 

in tliC expansion can give a final result corresponding 
to weak scattering (e.g. Hrumhansl and Mathew, I9 0 3 ).

1.4.4. Elastic scattering.
The thermal conductivity of a solid is primarily

determined by the rate at which phonons are scattered
raLhcr than the details of the CJ C<) function which isr
insensitive to the microscopic structure. The form of
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the collision torms in the Boltzmann onnation is pro­
d s  oly the same as those encountered in the standard 
Lheory of hoaL conducLion (e.g. Biman, I9 0 O, Electrons 
and Phonons) so tiiat attention can be concentrated on 
the : atr i :v': 1 c transition probabilities . The calcula Lion 
of these cnanti Lies also follows familiar lines so that 
only a brief outline will be given of the procedure.

1/c use the general formula 
P 2  -  r w  SCe,- EL;A 1 < d  i V  ! S >  P  (158)

for the transition probability from a state S with energy 
tc to a state 5 Y  due to a perturbâti o nV. If a many- 
]ihonon state is specified by the liet

1 ..... ) N C u p  , N'(ii' f>‘) , y  (159)
where N  denotes the number of %ihonons with wave 
vector '< and polarization ^ , then using the relations

CK ) 1 - - ■ N (K ,f) - - ̂  ~ J N(l<̂ l+ 1 1 - - ; ,
(180)

G. Cü) — IN/Yy)-- /  J l\][k,^ ( - - , 5 - - I

it may readily be ascertained that the second and third
terms in (136) only cause transitions in which a phonon
is destroyed in one state and another is created in a

P K V '
second state. The transition probability be

written as / /
Û V ' -  n/'k,u1 a / ( k : / ) + h  Q Y 3 W )5  Y  )  - t -  1 j
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'./acre IS ÛU.1 1 ÜÙ Lho intrinsic transition proba-
,.i .i.u y i',.ii(.j IS in (i 0 j) CiK; cn o oi tiic p. ion on occupation numbers. 
Tbiis kind of process can be termed "elastic" because 
phonons are only scattered into other phonon states which 
have the same frocaoncy.

For tin;sc elastic nroccsses we have

-  h  N('<,
2 h

I I  ( N 6 P  - N Y / ) ) '  q

€’lash<r

(162)

wncrc
Q  'I 8.K _  5 Y  oj C^'i- 7s CO 6 k ' tr x  -K 2 f - r - /

x l - i s ^ , c c )  1  y X (183)

li convenient way of writing  ̂~ ) here is
-ÿQ C~\< I K') • ^^ /

= T T III cpidf)Bl9y)(i-')! h- A)
J jY)

The interpretation of {\CVj is plain. The first term
inside the modulus sign represents scattering due to 
density fluctuations whilst tiie second term is the effect 
of variations in the elastic properties of the solid.

He now consider some situations where this simple 
formula will be of practical importance and tiie diffi­
culties involved in evaluating (ffô).

Amorpiious solids.
The low temperature thermal conductivity of amor­

phous solids should be described quite well in terms of
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this simple Boltzmaim equation approaoli since in this 
region the mean free path of the phonons is long, 
(hlcmcns, i960, 1965). Of course, the force constant 
model used is unrealistic in general hut the quali-
tativc fe.'itnros predicted hy should ho substan­
tially correct. 'fliis is the most that can be hoped for 
in a solid of this complexity.

Although it is possible to replace (163) by its 
configuration average, this will involve two, three and 
four particle correlation functions of the equilibriumoiLçs 
and this information is not available from experiment 
or theory. This is precisely the problem encountered 
with the Green functions in the previous chapter and 
justifies the remark that the need to know these functions 
is a cha.racteristic feature of disordered solids. How­
ever, the position is not quite hopeless.

In the case of a hypothetical solid with a liquid 
degree of disorder (Idq-) can be estimated by approxi­
mating the sum over j ' by its average value. This is 
justified when the sum for one value of j is uncorrelated 
with neighbouring ones. Ho then obtain for long wave­
length phonons

where o f  C±-'<')Xo the two-body correlation function of 
equilibrium sites defined by



This rosult is cciuivalont to Haylcigli scattorors distri­
buted at t he eruil ibriui;i sites. The extreme kind, of 
disorder does not appear to occur in practice but there 
are cases where ^groups of atoms are likely to be un­
correlated, for example K1 omen’s (l9oJ)) has suggested 
that the observed thermal conductivity in amorphous 
selenium is produced by the structure consisting of 
spiral chains of atoms which are orientated at random.
A simple approach would be to estimate (16A) for the 
atoms in a single chain, assuming that the other chains 
arc randomly orientated, and then average over all 
directions.

This liind of approach can only give qualitative 
answers but at least it might be possible to explain 
the observed variation with temperature of the thermal 
conductivity of amorphous solids. The merit of (165) 
is that it provides a simple formula for testing 
theoretical models. It might be useful to calculate 
(16A) by means of fabricated models of disordered solids,

(Bcan and B e 1 i p  4 66J

luU)



B.i.:-; i oc at :i oji:;,

Y:i() t:(crm.C. resistance duc to the j^rcscncc of dis­
locations in .1 solid is anomalons particularly for the 
ailavii halides. Although the experimental data is not 
conclusive (iIossJ4 65 ) there scorns to he large dis-
crc]xi.ncics hetwccn theory and experiment. The theoretical 
estimates are due to XIomens (195^) and Carruthers ,
p 9 6 l), who have, iiowcvor, only considered the scattering 
from the long range strain field predicted by classical 
elasticity theory. E(: uat ion (!63) enables the core of the 
dis 1 ocation to be treated in a straighLforward manner 
but a 1.10del is needed for the atomic positions. Recent­
ly cor.iputer calculations have been made of the atomic
os it ions in model solids so that in the future it may

kb ~‘p'be possible to compute k .- f
Rolycrysta 11 inc solids.

When the mean free path due to other effects is 
large compared with the crystallite dimensions in poly­
crystal line material, the situation is not very different 
from the amorphous case but in the more likely event of 
a snort moan free path we must think in terms of -the 
transmission of phonons through a single grain boundary 
or perhaps an amorphous layer. The problems with evalu­
ating (1d3) are then essentially the same as those occurr­
ing in the case of dislocations.



Tnc d.i.TTicnItion oneoinitorcd here vnlth mnking 
oven (/no nimpicnt cntimnto of the transition prohnhii- 
it.ion can In; eontraston with Lhc theory of "nearly 
rroo" cleeti-ons in simple mcta:!s (himan,l56A) whore 
tho pair (joi'roiation ihnietion is sufficient to obtain 
a fair]y reasonable Lhcory of elcc Lrical resistance. 
The has ic reason why this is not possible here is that 
the "local" elasticity in a solid is in fact not a 
local properLy at all at the microscopic level, since 
it dcyicnds on the positions of the surrounding atoms. 
1.4. p. Anliarmonie scattering.

One of the most important features of the method 
is that the effect of structural disorder on the wcll- 
known "Mormal" and "Umlilapp" three phonon ])roccsscs is 
revealed in a simple way. Three phonon processes arc 
important in the standard tlicory, not only because U- 
proccsses arc often the maj or cause of resistance at 
high temperatures, but because N-proccsses affect the 
low temperature thermal conductivity even though they 
arc not supposed to give rise to thermal resistance on 
their own. It seems likely that anharmonic effects 
could play a similar role even in amorphous solids, in 
spite of tho fact that there will bo strong elastic 
scattering due to structural disorder.

The collision term in the Boltzmann equation duo
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iUo louri:! in (l%) is i;icctroiu;

)
LL-iV (:s,
à I A (1 8 7 )

77 I I I  hyWyiyog")-!-j-10,f)7 Anu;/)-.,) wrs'.q;} Q
P' p" K' K'/

) k p

v.Morc 'o;
"nH

■i r ’ 'C K P the intrinsic transition probability
fur a phonon in i<ç> to decay into the states and d'p''

r\ d'p''ana the probability that phonons in 'a p and :
'< p' will combine to give a final state with a phonon—  I X

in K.y/.

The first hind of transition probability is given
by

, kV, dp' 9 -rr A 6 " r ,  o 5 r K \ —  "X O  ̂ ^Q

V Y

2fr ^ (ndjqK)
il

(16S)

CO r<) x;^,c<aw,yw)

and the second kind by

Q ' / \

sfa/'
7 y  S cj
r

a CO /K ': -Wco ci<")

X Y

g  dK) Yj (KBr P' 6̂//

75  r K ]  s") 
Fp'C"

( 109)

Only (!o3) will be considered in detail since the sane 
r 0mar!•:s apply to ((6"̂ ).
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, k % k" )It IS convenient to write U  , „ as
a  r-G,K'.K■■)._= V  qCw-K"_<yr { ' y r i y  
v r  T   ̂ I t  t t t  f.nro.9/'' J 2 J'j, « (17

O o y  V  W)£fs';r>C (Cj,,)0_ g' - H ) A - 6 ' 7 l y W _ q ' r r , y - )  l
;

which is a suitahlc form for making comparisons between 
the perfect lattice and disordered situations.•

He aro now faced with the same kind of computational 
difficulties as occur in the elastic scattering terms.
He can, however, isolate one aspect of the change intro­
duced by disorder by replacing the sum over j'' in (l70) 
by its average value, namely

r  { n ' i 2  2 2 I
H."'r T  ^

X q W n C ( y ) £ p ' , y )  C  e'- e E - l i ' Y  37i)
;

Z  h ' E Z  h
J v ? "

This is not intended as a serious approximation to (l70) 
except perhaps in the case of an amorphous solid. He 
merely wish to show one aspect of how disorder affects 
the usual selection rules for three phonon processes.
In general it will be necessary to add correction terms 
to (lh|) which may in fact be more important than the 
effect which will be discussed.

Tho intrinsic transition probability is now roughly
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V .'p ' v : " J ' _ . \ 6

gN M  wC^hJCKlwrM")
r'~ ?'

y
‘ 6 Y  '"'33 !  i  N  Y , Y K "  ^  a " d - K ' _  K ' Y

6y du o ncrs is'c.

(172)

The main interest in this expression lies in tho terms 
w i t h i n Lho early hraclcots, he cause the other factors 
will not differ in any radical way from the perfect 
lattice case.

The quantity

N  a ' W W -  (173)
gives "selection rules" for the scattering process.
In the case of a perfect lattice it reduces to

where is a reciprocal lattice vector. The form of 
(cyYiij sketched in Figure 6 for amorphous selenium 

(uncorrected for thermal effects). It can he seen that 
disorder causes the sharp selection rules for a perfect 
lattice to he relaxed, though N-processes represented

(174

thermal conductivity of crystalline solids at low temper­
atures due to the "freezing out" of U-processes. will be 
strongly damped in amorphous solids, though it may be 
difficult to disentangle this effect from damping due 
to clastic scattering. It is possible' that interesting
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cm 'O

i' i^uro é>. T ’.ic pair correlation function of tho ato:::ic 
poG it ions in ainorplious Gcleniui;i, taken from 
tnc data of Ilcnningcr et al ( 19^7 ).

modifications of tho selection rules may be revealed 
by more .precise estimates of ( for defects liïie dis­
locations. In amorphous solids the presence of partial 
order, such as the chains of atoms in amorphous selen­
ium, should also be taken into account.

These simple arguments indicate that anharmonic 
processes are likely to be as important for disordered 
solids as they arc for ordered ones, 
l.d.b. The choice of plane waves.

Tho pair correlation function is a measure
of how two nlane waves with wave vectors k and. I<̂
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depart Tram orthogonality. This is booauso N  2.^ -'i
)

JiC to chooseis o:L' ' ■■

H/. r.SC N ^
^ ______________ _ J

he order N 'j it is scnsibl

ihe 1)1 are waves so that they are as nearly orthogonal 
as nossihle hecaase the real normal modes are exactly 
orihopjonal. An a.dd;itional reason Tor choosing the jjlanc 
waves in this \/ay is that Lhe scattering due Lo density 
Tlactuations as predicted hy (ld3) is minimised by making 

as sma] 1 as poss ible.
In practice, however, there are relatively Tew 

si i,nations where this criterion can be used to define a 
s’.:ort wavelength cut-off precisely. For amorphous and 
])Olycrys tal 1 ine sol ids Q^(^)depends only on 1 v  [ and is 
only of the order unily at its maximum value, (see 
Figure 6 ). ke therefore eiioose the wave vectors to lie 
within the Debye sphere. In the ease of dislocations in 
an otherwise perfect lattice there is no obvious way of 
mailing a unique choice and for some kinds of lattice 
dcfceC it is not possible to choose N waves which are 
all nearly orthogonal. For example, if a single inter­
stitial atom is present in a lattice (N-i') wave vectors 
can be chosen which lie within the first Brillouin zone 
but any additional wave with a propagation vector out­
side the zone will be nearly "parallel" to one of the 
waves inside the zone, and in any case the condition 
that a negative K exists for every positive one cannot
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bo T)rcserved.

In this kind of situation we amend (Ug) to read

u / t  =  p T - I - U / o c ' - n  (W5)

where it is to be understood that the sum over k con-
' f /Alins N  tcri'.is (Nk N j and the sum over s just (N-A')terms .

It can be assumed that the (D( j ") functions are ortlio- 

gonal to each other and also to the plane waves and 

that a -J< value exists for every value J< without loss 

of generality. The conclusions of this chapter will 

not be affected providing the j) are associated with 

high frequency modes or providing the number (N-N')is 

siiiall so that these modes carry a negligible amount of 

heat and have a s];iall effect on the transition rates from 
p .1 an e wave s ta. tes.

The reason for supposing that the absence of a pre­

cise cut-off should not be of critical importance at lev/ 

temperatures is that only low frequency modes are excited- 

so that high frequency modes associated with high K_ 

values do not enter the picture in a first-order pertur­

bation theory. If we go to higher orders of perturbation 

theory they a.re introduced in two ways. They occur as 

the intermediate states of virtual processes and they 

also occur in making corrections to (i^|). ke do not 

know how to circumvent this problem but' it should not
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Oü iK)ccx̂ ;;.'iry to opocliy tOc Iroqnoncy uodoo bocauso
t:io loi/ l'rcxiuoncy boO^iviour ol' a ooliü can bc iloscribcd 
ay continnun tiicory uncrc no cnt-oii is introduced. It
sciOhi;; lücoly that in tac calculation ox say a sccond- 
ordcr rxatri:: clcucnt between initial and final states 
of low xrecueney, tbo suxi over virtual transitions will 
be sensitive to tno details of the nigli frequency nodes.

Above tnc Debye temperature modes of all frequencies 
are e::eited so thaL tnc necessity for considering bigb 
frequency waves becomes ::iore acute. However in the 
standard tiieory of tdermal conduction it is often assumed 
that this is compensated by the fact that high frequency 

waves travel with a simall group velocity and that they 
tend to be scattered more strongly; thus tlieir contri­
bution to the heat flow' might be small, although this has 
not been demonstrLited oxplicitly. Using this idea thermal 
conduction data at high temperatures arc often analysed 
in terms of theories using transition probabilities cal­
culated for low frequency waves, ignoring dispersion but 
putting a Debye cut-off in the speetrxim (e.g. Parrott 
1 9 0 3 ). This reasoning can be invoked to avoid specifying 
the precise details of the upper limit in the sum over 
plane waves.

1 .4 .7 . Conclusion.
The simple tiioory which has been presented can be
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cuminirod in spirit with the noarly-froo oloctron theory 
of electrons in simple metals (himan igo^t). There are 
many awl:ward featiires such as the fact that it is diffi­
cult in general to go beyond first order perturbation 
theory and thereby check the validity of the approxi­
mations made. v/o have to rely on comparisons with 
experiment and intuition. This is not a special feature 
of this new ap%)roach since the same difficulties already 
e::ist in the standard theory. The machinery for con­
structing an improved theory is there but its use is not 
justified in general until it is shown that the simplest 
approach (which is complicated enough) is inadequate. It 

is romarkablo that so much is undorstood about thermal 
conduction considering the chain of approximations and 
assumptions which are necessary to obtain a result.
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.1 . 3 . Hi or thon orxia 1 functions .

T:;C perturbation methods of mathematical physics 
are founded on the properties of orthogonal sets of 
functions whici: are usually the eigen functions of some 
sii.iple equation. It is perfectly possible, however, for 
a set of functions to be good approximations to the solu- 
tions of a given problem without them being orthogonal, 
but if the exact solutions are known to be orthogonal 
then the a%)proximate functions must be nearly orthogonal. 
If full use is to be made of this notion it is necessary 
to introduce a second set of functions which are biortho- 
n or mal to the first set. '.Jo consider here the possibility 

of constructing the functions \ / ( j )  defined in the pre­
vious chapter.

The transformation of the kinetic energy part of 
the Hamiltonion (3 ) Is formally achieved by writing

whence

he 1j/ q') can be expanded in terms of plane waves, 
amely

' b : h i ) =  Z _  A  A a e d ' - ' h  d 7 s )

k
tamely

z.  A c x w ) d ' " ' - "K /
and using the assumed biorthonormal properties it i

cas i1y shewn that
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3 Z "= acü.k') • (179)
j

T.;(jro;l. oro a t ten 11 on can De c one entrât ed on de term i ning
t ; i e amp i .L L ii 0 e ; ; A  C z  j !£' )

ïf both sides of (l7g) are multiplied by n 'c ’~''-3

A , . , -  Z O - Z a i A h , d ) ^ Z e  - - " - j u s c )

and summed over j then we obtain

J

To determine the aixplitudes it is necessary to invert 
tno matrix

L  =  L .K,k' AK' ' / J

Alt’.iou^a t'.io aoR-cIiagoaal cleiaonts of L k «'are siaall 
compared with the diagonal ones, if the plane waves 
are nearly orthogonal ̂ o not a "diagonally dominant"
matrix, namely (Varga Ipuh, p.2 5 )

1— ' K k ^  —̂ Kik'l (lo2)- ‘ ' ky k, . - -or

I >  Z  n V  J'aTsrs') . (183)

For G::ampl0 CL^Cy) is of the order unity for amorphous 
solids so that the right hand side of (183) is of the

X
order [V^. This means that if (19(5) is solved by success­
ive approximation beginning v/ith

O x ,



i(j resulting series

k,K.)= ' ^ ' Z

J '

Z  I g C ^ ' - Z ) . C y ,  (185)
kh- K j / 

a i
V'

•v- V-N A a z ; L
J'

^K.

Ck-Zo,/ '(kl K̂ y-T;,, ' (K- K") r
■> e  1 C  )

'//

is not likely to bo convergent. This laek of eonvergenee 

is not eonsioered to be an objection to the use of (l95) 
in practice, provide cl it is used in conjunction with 

perturbation methods for calculating, say, transition 
probabilities.

The reason for this supposition, which we have not 

yet proved in general, comes from the theory of scatter­

ing of elastic waves in a continuum containing density 

fluctuations. The kinetic energy can be expressed in

2-

z  Ç* I h j p j R h - )  d_r (lSt>)
pec.-)

where P^Cc) denotes a component of the momentum density 

at r and is the mass density. (Ziman, Electrons and

Phonons, p . 50). The momentum variables p ( C ) can be

exnanded in nlanc waves;

y c ) =  p L  7  1 3 ( h e - :  as?)
A.
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where the sum I'uuu ov(;r an infinite seL of wave vectors 
which are chosen to satisfy periodic boundary conditions.
i.n t!iis coatinuis.: tiicory the piano waves are orthogonal 
wi Ih respec t to integra.t ion ;

, CV  J  a  d r  -  . (188)
The h;inetic energy is now

a  / d ^ A A )
/O

r / \ I \ '(k-icy r ,
i  1 2  Z  ? / ' - • )  t ;  Z rcZ K K/

v.'hcre p  is the mean density. The first term in (183) is 
analogous to ir equation (125)* ' The creation and
destruction operator forzialism can now be introduced as 
an aid to carrying out perturbation theory, but the 
interesting thing about (199) is the form of the second 
term which is to be regarded as a perturbation. I/o can, 
write
X  -  4- —  P  -  g / c) -  —  i -  £ _____ . (190)
f C C )  P a p d C )  P  I +

tnen the Fourier transform of this quantity occurs s 
The

times in s'th order term of the perturbation series for A
the scattering matrix. If however the scattering of an
elastic wave is considered by using the elastic wave
equation the terms in the standard perturbation series

A  pA:)contain the Fourier transform of — !— instead, but the
P

two hinds of series must give the same final result if 
the nerturbation series are carried to infinite order.
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They will, Iiowever, not he the same to any finite order
in ncrtnrhntion theory. The faet that the perturbation
series for the seattering of lattice waves from an iso-
tope can lu) arranged e it lier as iiowers of ^  or /[(-
has been ])ointee ont by Liftshitz and hosevieh (ipoo,
p. 222), A M  is the difference between the isotope mass
and. the iiost atom mass M . The point is that the low
frequency scattering is given correctly by first order

/ \ p C < ~ )  AM.nerturbation theory using an exnansion in -W-' or 
because higher order terms arc, proportional to higher 
powers of the frequency.

Hitii this hindsight it is therefore sensible, to

theory we cnereiore write

A J J V. — '

+- T f l W  d
and if the local mass density is expressed in terms of 

the atom sositions as

wri to

M  =  V f  ’ {  ' -  V  ^  ( W )  - I  ( « D

i f h h ï )  £  : ^ p
P

which can be a divergent series in general. He know, 
however, that if this expansion is combined with per­
turbs, t ion theory the divergent terms must be cancelled.

To calculate the scattering using the creation 
and destruction operators to first order in perturbation

(192)
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—  3  'j' ' 3  , (193)

where S (C) is a coarse grained delta ïunction (Green 
1 9 9 4 ), it may he readily ascertained that this gives 
the same estii.u11e oi’ t! 1 c scattering dne to d0nsity 
i'lnetnatiens as found in equation (1̂ 3).

These are the reasons w’ny the divergent nature 
of ((39) is not considered to he serious. The properties 
of this series arc being considered in more detail at 
the present time.
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2.1. Füssiblü ]:xjtho(:;s for cloctrons in a disorUorod 
sysocm of potentials.

In tais ehnptcr wo wish to indicate where the ideas
ahont phonons saoiilc! he applieahle to the motion of 
electrons in disordered (frozen) configuration of poten­
tials. The underStanding of electrons is more advanced 
mainly becanse they can propagate in empty space and a 
free electron representation can be used which is inde­
pendent of tlio structure. The state of the theory of 
electrons has recently been reviewed by Mott ( l%7)

The analogies between electrons and vibrational 
waves will not be laboured. The differences are more 
important. Me will consider how the method of aver­
aging whicli we were forced to adopt for vibrational 
waves can be of use in the electron problem.

The equation of motion for a harmonic solid is a 
difference equation \;hile electrons are described by 
Schroedinger’s differential equation. They are both 
linear equations however so that methods developed for 
one problem can often bo translated and applied to the 
other. The possibility of interchanging methods becomes 
particularly obvious when Sehrocdinger’s equation is 

nsformed to a discrete variable or finite difference
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o:y:;îllOM.

2.1.1. The light binding Lictliod.

ünc uf tbo earl lost schoi.ics for calcnlating tnc 
banc! strnctnrc of a ncrfoot lattice was t!ie "linear 
eor.iijination of atomic orbitals" i.ioHiod or as it is 
more s::i:inly known, the tig!:t binding method. This 
i;ict!:ocI is also useful for thinking about disordered 
systc:;is because of its simplicity. The basic idea of 
tills approacli is to appro::! ma te the wave functions in 

a solid by a superposition of atomic wave functions 
for the isolated atoms. Let denote an eigen
function of an isolated potential at Cj w i t a n  eigen 
value h-o wiiere tlic level is assumed to be widely
separated in energy from neighbouring ones. The function 
Cj) [C-fj) sat isf i0s the equation

—  MJ-fr— r p  0('r_rj))= Ci>CCrP) (l$4)

where l/('r-rpis an atomic potential. I/o now suppose, 
that the total potential for a collection of atoms may 
be written as

w p i r )  =  2  ^ U c - U j )  -h 2  ^ ' ^ C c - 2: p  h 95)

whiere A  VEf-fj) is a small correction to hj“ T C —  3 2 )  . 

Lchroedinger’s equation is therefore
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iw v'"
ar> 1

-r. 'I Vy(r) E  k V  Cr ■) (1 9 0 )

and we can aLtompt to constrnct a%;pro}cii:iatc solutions 
for valaos of E  close to E ^  by writing

y  a n  X  y  9
Jwnorc tbo coefficients arc to be determined. In the

case of a crystalline solid
/ K ■ r . 

oC C J
and the single level of an isolated, atom is broadened to 
for::] a band waicb can accommodate Just N  electrons. If 

is widely separated from n e ignbcuring levels of the 
isolated a to::: this band does not overlap other ones.

Substituting from (137) irto (133) ^nid using (|%), we
obtain
H I  ci v y y - r ^ ^ - i x y - r . l )  1- I I  CC,,
J'4J"  ̂ J ' X J 9 a - E , ' )  A X 4 r - r

=  ( E  -  u y  %  cCj,Cyr_r-j
J '

Assumption of the tight binding method, asThe essential
the name iisplies, is that for a low lying level of the 
isolated atom the wave functions fall off rapidly away

I ̂
from the origin. Thus if we multiply (133) by Cp(7CrC;)and

.UuCgra oo over r  ̂"three-centre" integrals like

r

(1 3 7 )

(198)

(1 9 9 )

(200)
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c.’i.i JO 0.0 J umo c to be nogl iglblo. v/o v.io.y normal iso the
v(- -\) one;:’ that

L c a g z d r  ‘ (.0 1 )
T11 o 0 o (; 1' ” i o i o n 10 c3 j  ̂-'A t i 0 '. 'y t b 0 c ri a a t i on

y  { j  3  M - : jV  X  i i X - r  A oCo-r i j )  d r \
jVj

+ cA,V \ Ô X -  C: ) y  A-Lrrv-- r-.  ̂ H C c - c O  dr 1 
) I J  i J  — /  — y  ' ’ I -  X

r  2  X y  7  \ g Z c -  V V  x -  r  g  4  A  Ej b  a r  j.

J  -’0

vr
A  k  j /
j- j  "

/ [  o t w c g  A i r ( , 3  y g  c X X C y l U r  I  (2 0 2 )

2 X . ,  7 5" ^ T ^ C 'z - r -y )  9( a V y ) i r  j -

j 'X  ^

( E - R g o Z .  + ( £ - E g Z _ d . y ( J  9 * ^ E - r O  C p C E g / g r l
J ■ J'fj :  ̂ ^

in practice it ic also usual to neglect tbe secondI
term on tbe right hand side of (2o2) and some of the 
terms on the right hand side may also be neglected in 
the first instance, e.g. by putting . The
equation then has the form

2  X C g - g b y /  — (2 0 3 )
which is analogous J;o the equation of motion for a .
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uV

. ... J. i,.(.. J .1. (; b 1C o , Lnodg.i it is a libtlc simpler b ces. us e
^  ^  t  . *  y. y > . y  t  K  _ x .  C  I J m

; kind ol cciualieu :ias rccciAtly been investigated 
.' e..o. '-i'. c P..V..1 .j. s c ai : (-Î0 ''7 , a, e j u s .1 a g t.ie metliocl 

of o.ver.'!,ging (:escrij)cd in 1.5.::, and the f'uasi crystall- 
ine a.pp'roximation. Tbo procedure Tor improving on tbe 
(]uu.si crystu.lj.ine appro::imu.tion suggested in 1.9».2.may bo 
perticularly useful in tbe case of electrons in liquids, 
(treating tbe atoms as a frozen configuration) because 
tac superposition approximation may often bo used to 
overcome tbe difficulLies witb bigb particle corrolation
•Z* ■> V i . ' •) < • ̂ r 'i * « A S_/ C/ .L O X i •

2.1.2. Tbe Green i.an Mot bod.

Cue of tbo mcrils of tbe tight binding method is
tha.:. it tabes into account from the start the fact that
t:;o potential wells in a real solid arc very deep,

»
been.use the functions su.tisfy the SchroedingciI J

r  .  d h d r Z —  ,

eqUL.tion within the deep potentials. Another more gener 
a. 1 ])roGodurc which also achieves this is the Greenian 
method which can describe electrons of all energies. 
However some sacrifice of reality has to be made for 
this method to be used for liquids and amorphous solids.

In the case of a crystal!ine solid it is possible to 
appro::ii:iate to the lattice potential by a lattice of 
spb.erical non-overlapping potentials (llam and Se gall,



g-A; which has ooi.ic to he bn own as a "za;ifin tin"
pet cnti;il. Th.is is a great s i:;:pl ifieat i on wl:en f ormn- 
Jating methods for solving Schroouinger's equation and 
iu is usual to assume that the potentials in a disorder- 
ed solid, or liquid; are also of a spherical non-overlapping 
bind. The error made hy this assumption is 1 il:ely to he 
more serious in this case (bisiaiq 1366) hut until the sim­
plified situation is hotter understood there is little 
point in considering these refinements.

The principles of tl:c Greenian method have been 
dealt with briefly in 1.2.2, which deals with the loaded 
continuusi :::odel. This method will be described in more 

detail acre because some rather subtle points arise 
with regard to electrons in disordered systems.

h'o begin with Schroedinger ' s differential equation 
for an infinite system of spherical non-overlapping

2. m0n e r gy {in un its o i ; an d

potentials

J
where denotes the energy (
Ihj'C-rj-) denotes a splierical potential centred at 11 j .

The energy scale is chosen such that the potential energy 
in between the wells is zero. If there are no electron 
sources or sinbs within the system the integral equation 

equivalent of (203) is

(204



11 u

' i / f c V -  I J
\.’ h c j. • c c ) 1 : ; .' ’.. 0 r c 011 f i: n c 1 1 o n s a t i s lying

V "  G l C i C i - l -  C ( ï , c h  =  s (c- c J  (20b)
a:u; tbü same boundary condition imposed on ( r ) .

There arc three hinds of solution to (zog) for an
infinite :;icdium, naizely
A ' v  X \ _''Kirp_r|
'o.- X . c O  —  —  —  R   . (2 0 7 )

‘ ir—  r ' I

G  A :  A )  =  - j -  , ■ (808)

a 5 , , I x E ' (
X  Cc,E') =  —  f —  C o s  w  |r_r^| (2G9)

ipTi ________ — —  • \ J
I C -  C  ' I

Td.en Pt is purely real (energy positive), C x  (^CjH^) 
corresponds to an outgoing flu:: of particles, ]

to an incoming flu:: a n d q y(r^r)to a zero flu::. Since 

we have stipulated that there are no sources or sinhs 
in the system ( x be the correct choice for 
positive energies. Hhon k  is purely imaginary (energy 
negative) these three Green functions give rise to a 
zero flu:: but if we examine their behaviour for large 

values of iQ-C'i both C^Cc^Ejand diverge which
would result in the wave funetion^(jv) being non-

nor.:.alisablc so that Ck[c^C^] Âs the correct choice for
negative energies since it tends to zero as Ir-pM tends
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w:.,vc l:;:jicLion the- J't:i notoiitial mciy bo
o::jroL:noo iii !,bo [joncro.! iTcr;::

-c n J  ^ u  r & )

on 0

L

; in r: nolntion o:C tno rndir:! Scni'oodiniioi
oqnn.tion tor n ninrlo notential, corresnoiulin

tzj

n to nn
a

energy E=K,. Yno quantity includod for ooii-
vcnloncc to tidy up tnc oubsoruont algebra and is 
dofinod by

R s boin^ tno radius of tno potential uells and
IS a spncricai Jessci inner ion.

fno procedure for obtaining an equation for tnc
coefficients follons tbe nattern described for1
tnc loaded continuuii. Our interest lies in tnc form 
of tbo equations so tnat only tbo essential steps v;ill 
be sbetcned. First a condition analogous to ( 7 )  can 
be nritten doun in union tbe Green function for tbe

niaoc onoraror replaced by Cr̂(ĉ̂') or Gr (fCiCO
depending on unotbor tbo energy is positive or negative,
and L/'f/f) is replaced by"^/:(d) . Substitution fror.i ( H 0)

J i J ^
and nsc of standard expansions for tbe Green function 

(rbarisean and Sinan in torus of soberical bar-

ucnics and boss el functions loads to tbe equations

(210)

(211)
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 ̂ Pi - o ce>o')LU ' i ■ /t ! L -  c. ) (212)

G' 
and

g  =  I  Q ' ^ ,  d ^  ' ^  h^^^tCjyO M ^ Cgy}^ (21G)

h  n(W.|r- ijjcing i', cpb.ûrical IIanl:el function and tno

cocfficientc C_ arc defined in equation ( 1"̂ ).ad
As pointed out before tlicse equations differ 

sligt'tly in for::i fro::: the equation of uotion for a

J)/ / U  i ' t - j j O p i  ''' p - | _ = 0  ( E < o ) ,  (21
t  P j

is t::e f'th pliase shift for a spherical potential at 
t 0 energy- E ̂ defined by

c o r a =  __ @ t y t l  '

i a  J  ' -  J r y  ^ , j  g

r here is a sp::er j cal Nonuann fane tie::. The
/

ua trines and 0)(^;djy) are defined by

~  C. L ^  ' "J)'l V u d ' J  J') , (213)

of the energy. This docs not load to any special diff­

iculties, one opt that (2lA) and (A ( 3) cannot be solved 
explicitly and souc .adJustucnts are necessary to derive
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expressions for the density of states frou the solutions 
of inhouogeneons forus of (AiA) and (dig). Before going 
on to (:isenss hex this representation of Seliroedinger^s 
eqna/L ion ::ia.y he used to e ale ill a. te t!;e density of sta.tos 

i a disordorou systesi it is desirable to digress
0 to e::aihasine hon ecyia.tions (Aid) and (Al5) differ

fro::: those considered by Pnarisean a.nd hi:::an (1 9 ^3 ).
Taese authors used the Green f m e t  ion LrCC.Oboth for 

positive a.nd noga.tive energies, but although this g g c :;:s 

a.t first sight ta ;:o incorrnGt, it iü in faot a vory 

fruitful procedure. This leads to a. i::odification whereby 
eiyiation (Aid) is supposed to hold for both negative and 
positive energies. This has no effect in. the case of a. 
per rect l:\ioicc but for a disordered system it has quite 
a pro::.'ound effect.

If the equation

j'*j
is averaged as described in 1.g .g , then we obtain

( N - o Z  J  p A h t X

(21S)

p y r , ) / '  —  o



iho

whei'c the average eoeffieients are defined in precisely 
the sa::ie way as previously and t:'o pcir disLri-I
ouyj.on o f at or.IS . If tlie qaas i-crys ts.ll inc s.ppr oxiisat ion
:: s in VO bed j

<  s y v  y  p y x  A  (2 1 9 )
■; (c;.:nd that ()^2j does not admit a solution 0 :

ae 1 0 :
< p y c . s > = - -  < p L ?  a '  -  - I  (220)

if K  is a purely real wave veetor. Gn the other iiaiid
if K  is allov/od to he complex tîie integral'in (319) 
diverges at the upper limit of integration. This must 
he contrasted with the hehavionr for negative energies 

wh.e:i only waves with real propagation vectors occur.

This is also the case when equation (h.'l) is averaged.
Aowcver if the divergent upper limit to the integration 
over d % is ignored the ijiiaginary part of the wave vector 
can he extracted oxplicitly in the limit when the poten­
tial wells are v/eah. scatterers, i.e. vaien is small
and this imaginary part or attenuation coefficient is 
pror)ortional to the total cross section per unit volume 
for an assembly of scatterers. (himan 1966).

The explanation of why this apparently hazardous 
procedure gives extremely reasonable results lies in 

the earlier work of Lax (l95i>195Z) and i/aterman and 
Trucll ( 19'^1 %  The latter two authors considered the



1 2 1

'Xroulo::! i) 1 r.:io i.xi.vo non::;;.!'!xiliy :'.:ic:Lciü:il on dj.riorc'crod
x y n L o r :  01 n o l o n l i a l c  x l i i o : :  c.iro c o ^ i l ' i n c d  l o  :i LÜO

; ( I o n l o t 0(1

riyurc 7

'1:10 energy" o:i; 1..0 inciccnt clcclron in loy cl 0 :1: in ill on
onuor or ornol uo noro one: is 00]iiol to 1<  y  Tiicr o 11

n o ’-.v o, source of olooIron: 
is oxiondoC to road

Oj.OS on t so that 0 quo. t ion (2o5y

)= c
I K Z

ir,rq f L u c f n o  y y c t d r ' (221)
IV ] r: sonttoring probi01:1 can also bo f ormnlatoci in terns

of tnc annlitiiclos of tbu snncrical solutions nitbin

oaob potontial. nCant iny n a r o m a n  and Trnoii ' s v-l9 ^ ‘j
notation of tbis cbantor no nave

■̂ r/
L' J-J

(X,r, .
Lb

j'
b !< - 1 ) 6  CL ^  ^

a -r :
(222)
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.̂ / -t O b . i C [/.. C L I.j 0 il .i. n. u i> i,i..I. 0 0 0 i) c O ’/cl J. Ij 0 O -i. 0 1/ Cil 1 0 il 0 1/

E - K  i.e. a L tbü onoryy of Lho incident piano nnvo. 
batonix.nn and Vracll sbonod tnat if tais ocpiation is 

avorayod and tbo (xiias i-crys tai 1 ino appro::i:;iat ion ma do , 
Lbo inbOLiü^cnoons torms arc cancollod by tbo nppor limit 

of tbo intoyral nnicb occnrs vjhcn tbe first term is 
averaged. Tbis is intorprotod as cancellation of tbo 
incident rave nitbin tbo somi-infinite medium by waves 
produced at tbo interface.

Tbo reason way solations to tbo averaged equation 

of motion for a harmonie solid, and tbo averaged forms 
of equations (1 (2 ) and (213), fa:! 1 to give attenuated, 
plane \vavcs, was stated in 1-3-J, to be due to tbe fact 
t!:at t!:c equations do not contain any information about 
tnc boundary conditions. aquation (219) does contain 
tbis information but it is fair to say that tbis is a 
little fortuitous since it is derived starting from 
tbe "ivrong" equation (217) instead of (222).

Tbe question may be asked : way is it not possible 
to set up tbe same kind of problem for vibrational waves 
and electrons witb negative energies? In tbe case of 

vibrational waves tnc answer is that wc do not nave a 
suitable represent a 2,1 o n analogous to free electron waves 
wbilo for electrons in tbe negative energy region, plane



'./..vos will not T,ropagato in 'ulic si)aco %  <C o
..ftow t!;is digressiOii v/o turn to too ])roblom of 

calosl.:.:,Ing tbo density of elootrenie stas r a  u os u s i n g  t . . c

(.rocniss tseory. It is convenient to v/rite equation:

/ 'nid (bl 3 ) a s

w.sere

7 L

J-X)

U  J n o
L

La'
; = Cot-p.̂ Ce ^O

-  R i o )  .ue -  ;
ke may formally define a. Green function wbicb is tbe 
solution to

_JJo
LL.

(223)

(224)

225)

and try to o;:press tbo density of states in terms of 
Ibis function. Tbe standard procedure outlined in 
is not directly appl i cab 1 e bore for tbe f ollov/ing reason : 

If denotes tbe s'bR solution to equation (22!))
it may readily be sbown by standard means (e.g. Friedman 
p. [^9 -) tnat it is not orthogonal to a solution p  ̂
cor re s p ondi to a u i . r >  .r* 

d .  - L or ont oner gy, namely
•i.-./ Pu

/J
PE' ss /

L J'
^ Ju J.1 e r e.nt 3 01 utio ns^ cor r cspoi'iding to tbe same

(22b)

O*/
can be assumed ortiiogonal since in principle if they
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xo j.cjL i.ia d(;is.iidt prooodurc can be used to coustract 

ueL of solutions wbieu are orthogonal. Tbis means 

but t.:e Green 1 unction cujinot be constructed out of
j .' by means of tbe bilinear o::nansion (Lancuos

I

.'.9 1 ) end bonce t!:e met::od of Edwards (1 9 6 I) cannot
c used dii'cctj y io derive tbe density of states in

uorms of tbo Green function.

Tbis situation can be remedied nowever by means ol
a very simple device. Suppose we w,

1for a particular energy E^—  X^ ''G c, 
fictitious i.omogeneous e(u:ation

J—  ''z ^  ( 2 2 7 )
ÏÏ f,,

wbicb differs from (Z23) because K  wbicb occurs in tbe 
matrim in (2 2 % is replaced by Ve now assume that a

set of solutions to (227) emfst wbicb v/ill be called u
and tbese solutions arc orthogonal to each other. The

Green function may therefore be written as

T  J  (-28)
LL, s

i  e

Where € is a positive infinitesimal to indicate how 

t::e integration around the pole should bo carried out.

c R ^  will only be equal to the ’^he solutions oC'' will only be equal to the 
when they botu correspond to an energy
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o  t v  . i .  i  1  ^  o  -i, O  L /  i i  0  o  À  ( J  I *

X T- L,Tr r
X -L c-

v/c .;avo

cl rr.ao, t Ma Cy parf-
L

2 l t v Z  k,
S

wborc tbo values of E. cbange as E  is al tercd. Dut
we know that wbeu E _ = E  tbis eorr ospends to an energy
level of tbe "eorreet" equation (Z2S) so that tbe true 
density of states is given by

n c - )
S- "T
/ /

4 - r r i K % - ^ L L

(229)

(230)

231)

OooaiiEc it iE only w ’.ion E^-Eo tlint tho rî '.'.t iir.nC side 
ol (2 0̂) is no;i-Eoro. ïhc sothocls discnGSod in 1 -S-X. 
for constructing sr/erage Green functions can tberefore
also be used to calculate tbe average density of states 
using t!ie Greenian equations.

rina.lly it should be pointed out that a qualitative 
understending of the properties of electrons can be 
achieved by averaging Schroedinger’s differential equation. 
It is however difficult to take into account the fact 
that the potential wells in a real solid are very deep 
by tbis means although for a hypothetical model with
very v;cak potentials it is us of 
standing.

ul as an aid to under-
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-:o C r o o n i a i i  aiu! A. rjo L::o0':j f o r  c a l c i : l r i t i i \ %

!;..c olocùro/iic iriiiü strrctrrc of a oorfcoL oolid

o.ju’ i . i ; j  Lorinr of flood v'avo fror.i on iiiipurity

oo boivlio.! .

Ill fdo 00,0o of o. pcrfccf jo.ffioc of identical potoii- 

tinlo f 1 cod' 0 t d o o r 01:1 ;;:ay do invoiced g o  tdat tdo oocff- 

foIoiiLo j3 ĵJ v.'diod 00 0 nr in (All) and (2 i3) may do written

d  -  (232)

vdioro K in a real wave vector for tdo stationary states 

of an infinite system or nden periodic boundary co n ­

ditions arc imposed. despite, tde re marks made in tL.l.'X-. 

adont tiic correco choice of tdo Oroon function in formu­

lating tdo equations we rill assume tdat tdo form

-  a .  ■
(253)

is correct for dotd negative and positive energies. It 
is a curious fact tnat for positive energies it does 
not mat tor edict dor \ve use G" (Cc jĈ ) or ^  r')vdn on consider­
ing a perfect lattice. Tdo reason is tdat owing to the 
dig., symmetry in a lattice tdcre is zero net current
on u of tdo system, the currents wdicd arise from using 
^  V  a(f,C)cancel out enactly.  ̂ ...

Substituting from (231) into (%33) wo tnen davc to
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Z  P c

n,K  L ! L O

i ~ L !

XT
/_ ^  C ^  ; C . ,

LA

and IS usually called a slracture constant, tne point 
being tnat it is independent of tne nature of tdo 
potential wells -wnien make up tne solid. One of the 
chief merits of this method is that once the structure 
constants arc calculated for a riarticular liind of 
lattice the numerical work involved in solving (23^ is 
confined to the calculation of the phase shifts and the 
actual solving of the s isinl tan eons equations.

fac use of computers malic it possible to calculate 
the most complicated band structure from (A34") as shown 
for e::ample by the calculations of Segall (1 9 6 2 ) and 
recently by hallingcr and Marshall (19^3) for copper. 
However it is often desirable to work with equations 
which show the physics of a situation in tiie clearest 
perspective. Thus for cramp le equation (23Y) is part­
icularly suitable for discussing the origin of tightly 
bound bands of electrons, where the structure constants 
can be estimated by including just a few values of J '

J be ca u se  t l ; c  m j ' - j j ' )  ô in i i n l . sb  r a p  i d l y  i.’ i ’t l i

(23^0

(235)



cno condiiCoioii band
of a n c  :;;ota,]. 5 in can be si.iall and dot Id.crc- 
lorc bcco;;;cn lar^^o nnicii corrccnondo to tlic potentials 
bein:': weal: ncatterin^ centres. Tne energy level 
aivcn by tne condition

120

del-!
4 UL'

and it was pointed out by tiinan (N65) tnat tne singular 
bc/Kiviour of dot'^ nab CO it awkward to e::tract the 
OS son tial properties of conduction electrons froi;i this 
do ter::: inant if we wisîi to e::a::iine w!:y tne conduct ion 
electrons be have as t ney do, namely iil:e electrons in a 
systei.: of weak potentials.

bi;::an sbowed tnat t;ie doterminantal equation (236) 
could be transformed to an equivalent reciprocal lattice 
ropres ontation

O q /1
K b  I

13 O (237)

:;no

an

N  i the numberattice vector s00 11 >

(238)

01 a. corns ner unit V O ]-a::ia, anci R ^ lie with a unit col
attioe wkerc tke coordinate origin is no

centre of tne cell but are oinerwise; arbitrary,



12^

i;ü;̂ '0.u.ro ]')O.Lyiu;:.;ir,.J., o < ir; o.'ic anylo botv.'ccn
g :x ' g '' u.n cl

y'f col- ^  (2 5 9 )
(ŝ )

y.'hor c n  so boric cil II croiann xiinciior. Tbo i:::nort-4: ' .

cnr roinü ciuort tris iic.v iorii i:
1 tlio iirtri:; also bocoiios s rail rat lier than

thiic result rill no:/ ho rccorivoC by a loss 
abstract rothod than that icsoo by hira.n rhich inclicatcs 
its siynificancc roro clearly. This derivation is 
h or over con fine cl to the special choice R  —  &

hirst re consider the iori.i of the structure con- 
stants, rhich can be do Tine (I by (Xohn and ho stoker 195^)
^ y  y C v s y y - y  _

3 IK^g r h h V  V - A ' I  (240)

- - I 1  4
L y

that rhcn bee ores

/

lattice
coordinate origin being at the centre of the cell. Fo: 
convenience re assure that Ÿ ^  p   ̂ then using the 
standard forrulac
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- L R  h  J Cw
L L (241)

L a —
22:2 )

the loft hand side of ray bo arranged c

N  Z  — — Î Z 1  d-Trf j y a + 9  Y )  J og
9 11<-I" 9 I — L u'

X V~c K+-iry,a'+-3)

J ^ C
L

/. n
L.

K
cJ l

(243)

The ray nor bo rritton dorn using the orthogon-

ality Tironerties of the spherieal haruonics if ^ and
are loss than or equal to the inscribed sphere radius, 
i.e. the radius of the largest snherc rhich lies cor-
pietciy rithln the unit cell. In practice IS ünc
sure as the radius of the spherical potentials Rs

X ^ and say R and R reFor nar Licular values o:
m e n  nave

2,

- hi-9 h  ycwK. ) jywR') \J  —L

L K c

orr

u

"eahs ciorn i: -i -'-aor or CK ^ 0

L'
( 244 )

IS aero ran in; ,e r a m : :  i n c e r e m n a t e ,  our a rcre
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gonora.! for:.: is obtained by eifi'ercntiati r; ciclofj
of(lTo) :.'it:. ros])oet to,^ and ^'an arbitrary nurbcr o:
wii.ios. This gives

- r+g JpKR) %') *' (245)
4 i K h% (KR.') Ç ,

. - y r c T Z nraoro

jhaxVl. j Cax) hi(a>f) =• h  • (244)
r

hcr'evor for the present purpose it rill bo assured that 
pr0 scn ts no diffiou].ties.

T;:e next step is to expand the Bloch ravo '^^(jl)in 
plane raves, narely

- ' 9 "

This expansion is valid for all values of p  but hero 
\'e only require this expansion to converge to the 
correct ansror in a restricted region of space, narely 
the region rliere the potential is zero in betreen the 
ruffin tin potentials. The coefficients are not unique 
for this reason, (har and. Segall lg)ui ). These authors 
have shorn explicitly that only a for coefficients are 
necessary to represent J/^(t).T]ic ) ray be expressed
in tersis of the o( by rrit in g



X- ^

\r f f K 4—
/  (X , / ,4 - q  (1 I 0J P=i is

( 7  W : '

f  • . • ■ • •  r - >  , y '  , q  ' « 1  * •A  »  k V  k V  i , I 4  «  A  1  , . t v  *  *  \  4/ L / tlio functions do :iGO vanisn ar r Rj:

(248)

P y x IJ C K 4-9
rJ L ~~ — iÿ-9 I R-i) ci kh-q

=  4  ?L, oC K + g

Aitornatlvoly, if the denorinator in goes throug
n. zero tl:c procedure of difforeiitiuting both sides of 

(2W /  till 0, finite unsror is ontninod can be adopted 
but this consideration rill again be set aside.

If re nor take (14̂ ) and (2.4-4") i- the special case 
rhcn R - and no te that

C 1 K  R ?  '

{ - a n  p: = i cap - i Z  KRp [$( , jP j/'"

(249)

(250)

;ijr;Citution into (%35) nnC n little ronrrangor.iont give:

I-
/ 1-3

'■T-Un7e' Yg ' L'g' -  0  (251)
i
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- R-rrN'Z (2 5 ^)

5 ) I R  h- ̂  I —  _ (2 5 5 )

Condition (251) can bo satisi'iod for all values of L if

z - R _ . , .  { p v y v v  +  v y y o  ( = « )

and using the addition fori.iula
f r

[yi<H-g') b^Vtx-'--j ; —  - g g v  IXoRj
m z .  -  f
re can ];iakc tne id out if icat i on

1  * 3 r  } R= a .  ij ~  Ç p R v  • ' (^3 0 )

PTne ratri:: igg/can be called an "effective 1:1atrix 

cloront" for tne folloring reason. Suppose re use the 

expansion (1^7) in plane rave to represent tne Blocli 
function in all regions of space, i.e.

9

tlcn tac eoorricioats d + J  aatisl'y tae ecjuation

2 5 7 )

> V x i ' Z y  4- r h )  d  9 /} -  o  (238)

7  ' T  " 3 ,- N J V. ( p  ^  (259)
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P) b o i n a a Tiiis rot bodsia/yi.0 npacrj.oal potential. 

o;„ oal oir.at liig ivand struct arcs is bopclcss in practice 

because so ::iany of tne arc noodod to represent
tne ra.ve function. The potential rclls are so deep 

ube rave function oscillates rapidly near the

centre of tbo:.i. In contrast re expect tnat only a. fc
Pûnc K-/-g are needed in equation (IST) i.e. ! ̂  / secto t u 

to be sotietiling line tne ra 1 ercut 01 a rcan noten-
fp', s is borne out by considering

rue re s: IK R a n d  tne coefficient oL • (d f'. Cl c* T n;;ieo. to oc

:c cor pared ritli the other coefficients (Ziran (^65 )

tnen

'pZz
n

2 bO)

I'.icrc

n
00

4-TT ̂  (2 ft- i') i~cLn'^y
K.

(2ol)

The significance of this result is found by cxarining 

the exact transition probability for scattering of a 

nlane rave rith rave vector k" to a state , due to
•; I'! r,- n p. ical notential. The stancara resi of

pnase sniit anaip
P^(us6>,<kP| (202)
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and the quantity inside the rodnlus sign can be thoagiit 
of an as effective ratrix cloront of the potential for 
the scattering problem. It is properly called the T  

matrix element and rill be denoted by the limit
rhcn Sun is small (i.e. weak scattering) rc have 

n  Ni IK K
Tnis connection with scattering theory is import- 

ant because it directs attention to primary role played 
by the phase shifts in determining the band structure.

The more gencrcil form for the L  in (157) does not 
seem to be readily interprétable but the arbitrariness 
in the choice of R and R^is not of great moment. It 
is a general feature of the effective or pseudo matrix 
element argument that many different choices can be 
made which will give the correct eigen values of the 
üchroedinger equation (e.g. Lloyd 1 9 ^^). Another 
examnle of this arbitrariness is that

occurring in can be replaced by

J  <:or ^

J { C W Ry)
I by

(2 ^3 )

(2 6 4 )

(265)

whenever it is convenient to do so to avoid singularities
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T'his map' ÜU.S ily 7)0 shown using (24b) and the comj.ients
below c(̂ u.':.t ion 04?). This singular hind of behaviou:'
should no t ])C sor ion s in practice nowcver since the
equutions {!%) arc closely related to those for another
mcF.od of band calc ulatioii, namely the "aug]:icnted plane
v:avo moth 0 d " ( B loutcr 1957, 19"5) ich has been used
suce OS s uni ly y.iuny cimes .

The husis of the A.?.!/, method is to expand a Bloch 
wave within asingle unit cell in the form

/ (200)

are defined by

Ç j h )  =  H C f - R g R  H drf) A  ^ f Lg

J f ]

u (20?)

L9
defined by equut i e n Thc A.P.T/’s are continuous but

oiscontinuous derivative at . The conventional
equation for the o ( _ i s  obtained by substituting from 
(f̂ d) into the variational formula which gives the energy
of a Bloch state namely

S
r life) H  V d )  dr

i'oV(c) ■'C/( r 1 d r
By this means the form

( 26s)



1 0 /

k  c s R 3 3' T
O (2 0 9 )

obt;.;.ined where
-  (-Tf a i  i\!

g 9

- k  2 . 4  2  1) ^ . . ^ C  k s )  J  ^ C 1 1 S + ?  ! f^s) j ç Cl N''" 9 ' i k s )  (^03$ g
t —

:..orii o_ m e  
: / \pared with (23b) h y %

i t ' / k )  _  j k ^ k ]

• -e
ctivc matrix element can he ce::

on‘ ‘ 16 the

/

T a  n V f

k  R i

(270)

(271)

,/

which is Just the definition of 1an%.It is founc

r

3 3'
^ 4̂
3 y

n “ ■ ..mere I g ̂ , 1 s m e  is....
3 9' 

r~) ̂LC of i ^ y  for an empty lattice ;
innioly when ^ ^ C ^ ) - I n  general  ̂, is nor zero lor

empty lattice which is to 7oc contrasted w i m  m e
n i/nicn vani I 4-Â V..* »-V -Jl,  W a. ti:cm ;,viour Oj_ 1 o y 

K .. _en the potent ial wells are absent.
ail values of k  a m

The ... P . b . method ana m e  reciprocal lattice 
represents.tion of the Grconian equations have been 

compared by Johnson (1 9 u.j) who is of the opinion that

(2 7 2 )

,nere is ,e to choose bet\;cen tne mctnoJs as re gar as
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ü:L.:.'icl(jncy in ca..l(j;!Aàtlng onc]'gy Ijunds using a computer.
i iT:.c simple form of 1 ̂  y  ic definitely un aid to thinking 

'hou L 'lov; cl cctrej: hands are formed, for example Zi man 
has given a discussion on tlie origin of d.-hands (1 9 6 ^) 
in a siîu.1 itative way.

To cüziclude this chapter we consider the scattering 
of a Bloch wave from an "impurity" potential. The model 
used is highly simplified. Although a lattice of iden- 
tical atoms may he roprosontod very well hy a muffin tin 
%)0 tent ial the introduction of an impurity spoils the 
picture unless it has the same valency as the host atoms 

In addition, the lattice around the impurity will 

usually ho strained hut we sot all those points aside 
and consider a system of spherical potentials of radius 

where the potentials arc located at lattice sites.
It would not he too difficult to calculate the errors 
introduced hy the muffin tin approximation hy standard 
perturbât ion methods, hut the purpose here is to show 
that in the simnlifiod case the transition prohahility

or scattering of a Blocn wave is similar in lorm r0
P

If -denotes the difference he two on an impur it;
perfect lattice potential then the 

- ■-> Biocli state 4  (Al to a.transition projao 1 j .ity irom a i « •
u OC. uC V may he written as
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Q
k

Air

koro j. - "r , .* /  . L  V x  V  • •  i  . * c  .. V  ±  . L  -  ^ (lOiinoL :)y

(273)

 ̂ KK'.  /  —  j C ̂  cj|?_

01 t.io 1<^  ̂ •[ r* ' J ^  1 o  '■' T "  O  *'• *~* '̂ ' ' ' .- L  »  ^  W  t  &  O  1 . 1  l . U  *  *  A  O  { _  V  L _ )  U  A  A'J lie 0:1 c 1* y u- C )

1:1 itir.. 1 o U.ito K mid io tie so].uticn to tlio tii::o
eo^uafio n

i:idoi)0:ido:it Sckroodiixior.doocribin^ tho ocr.ttoriii^ nl
Ü.10 v.tivo

i t k - i 11 .irr: oocn o.couiiicc \J ̂ A. (.A, U

ootcntia.1 hao tlic sane radiac as tao host potentials
o tliat the in to juration in Q.7^j is ovc: a snhoro with

rad ins f\g centre a on a neriect lattice site.

i !-</ can he e m r e s s e o  as an integral over the snriace

(274)

u J. U.IC S' ,t is tied by 'dK ,* N
ipy.)

— Ra
kK/

ri’ Ti'ne i - :;:a

r

) '

1 /
i k'

v’ill be ernressea in terns oi tne r'enrie:

1  d )
Y

3 "Xî/
T (275)

eceiiicients of the Bloch waves in between tne potential

i.'olls na:.iclv

kk ' h %
3

°^K4g % F ( :

and V.^^r CiS'*'3 ̂ k+0^)'■ ilt be tented an cifcctive iiatri::

^ : Client.

(2 7 0 )

Cn the snriacc of and just ontsido the pertnrbatioj

/\XL(^) the f a n c t i o n n a y  be e:ipanded
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n ' k
T  0^ aoi).u
L

CP-)
L (277)

'..'norc tho cncfficicnts QCk);:ro prcsunod linowi: froi.i tho
snlntlon c::' the Orecnian or mit ions for a %)orfoct lattice.
Tacy can easily he ohtaince fron tacB  which occnr inI L-
eeaation (234r). Inside the ncrtnrhation the wave function
^(fh):vill he of the general for:.:

v̂((i]= 2i k cys) Rkd
u

C w
'.more IS a sointion oi tne racial hcnrooaingor 
esnation for the innnrity potential and the CC^lnre to
oe net or:.: in

The nie tare of wave function^'
coiinosod o: ’’ineident" %/avo whic
ijy \,nc iirnirity. Vnc scattcroc. i.'avc can ho srohcn down

r \  *  - r n  ■* 1  * " »  * 1  * . •  " V  T  *f •% r - i  • ' *  r*
kV & t -i. i 4 A ̂  > tin. ,i_ tv ̂  tP  ̂ ^  ( '' mattering of a plane wave
fro..: a single potential, and secondary waves produced 
hy the initial outgoing waves being scattered by the
O  J. V  L0 un ding lattice. Thus just outside A'U[(2') the
scattered wave can bo written as

tap) - Z bjK]

(273)

(279)

fhe significance of ; e i::a LU



I }<  I

c.ivcrgii:g froi: the ir.r)urity is- 
scattered hy the surrounding ia.tticc causing a s'avc

C  J f
'j;ur.c.{ on Lhc suriacc oi t.:c iji^iurity^ m

The ii.ipnrity potential is not itself counted as i. 
scr.ttaring ccnitre in cs.iei.:lr.ting " T ^ j

The res air onont that the rs.vo function and its 
radial derivative nast he continuous on the surface, of,

tne ly.Durity netcntie

V /
» Y < f = - ' V

I

'V’/.%  rr I

Cn substitution fron equations (277) , (272) and (277)
IS lounc. c /  A  A  C . i #  t v  U nc coeiiicicnt^i * b x a

(280)

eauation

U
281)

. ^ e . .  Ü is the '('th phase shift for the inpurity potcn-
The coefficients C  are defined in terns of th<

D, hy

C m  " a,_ { I ^  Z  I n  / a j j

k Rs"- r %' ,
(282)
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(283)

- m  tri:: ray now bo written as
i f  y  Cl " (M‘) Q  C^^^ e ' ^  d  I  1-4 Z  Ill'll.' /ciPïTf

L  U L ^

'X | s , n ' ^ r ' h _  g ' h  I

uy fj Libstitat :ing i'roi;: (1V7; ::nd (2Yij into equation (175) •
—  f I_i' the proanct G.lk ^ Q . C k )  is o::p)resscd in terns of 

the Fonricr coefficients of and"^/ Cg)as shown in
equation (24-S), then 

Vg.r|:.rK4-g

k f Ï L

1=̂ ^ siapT» l a  J (284)

)( { I -1- Z  i i u  h  h f t p ' ^ h h C ' ü W )  jyiçtpR,
a.

winlcii however still contains the unknown coefficients 
Jso this is just a fcrnal onpression.
It is useful to conparc the proeednre given here

with another apj^roach to the sane iiroblon given by
Dupree (l9-*l) and applied to the residual resistance
produced by alkali retal inpurities in other alkali 
retors. Dupree^s forrulation required the knowledge 
of the Green function for a perfect lattice which is 
analogous to the ro.trin which occurs in equation
(29(y. They o.re both difficult quo,ntitios to coLlculate
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!  ( ■ '  • • ' - .1 - T  f -J l. ' ^  A  ' '  /  V  «  J L  *  A *  t k V  . 1 .  I  V  *  ^  C / S . >  ' ^  I '

wiou - Bo El howcvc
Ox 0 (ga;:.t ions like (%31) w n ien enn k e e ore 

ii' iw in nceennary to use largo nnrbor of L's to obtai
an aee Lira te sol %.it ion.

Ox ir: rather easier to envisage
R I I ' rat/I or than the Green

re (in ire the solution
quire invojLveu

a.n

kortanately in the ease of sirole
eon (hie tion electrons beiiave as if the not en

V I  r\ % '  ' • >  1  T '  '  ^  '  f \ ' r» ' : r \A . A v y  L V  J ,  k  V  ^  -  4  C v  V » y  %J i, ̂  E /

7* «

wean, reasonable answ 111 be obtained straight away.
‘ree electron yravc travelling through a perfect retal,

with an energy lying in the conduction band, can b
scattered very littl

ij (J
c by a single potential well if m e

,/h ar e srall 
the electron is
behaviour is to be ennccted for a

ana sarong r o i l e e n o n  occurs oniy wnen
ri %

'I ■ ' P  C  T l  m  1 ^• 1 .  A  A  . . . V V  L . A  L v  . A .  W  A  • A

are ignorcc:, i.e. ii
found from (l̂ T) that

a far n e e  point, 

f 111'

bnerical wave snread-
tne reilecrea v/aves

k TT Z '
K. t

S m  g e : a e.

J
283)
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Q,kfo 2s the angle between ^+9 end
above appro::l:.:atien is espeeially good when the owt- 
,::oiëg waves are weak, because in (2 %  the product^f^^/j;^/
IS sermJ.. T.ai.s result is clearly very s imilar in formJ

0 tiiC e::pressio]: (25̂ ) " '̂9 5
is interesting to compare (225) with the effective 

element suggested by kiman (ip-^:) in the situation 
'.ikon the plane wave amplitude 2s muck larger than all
the others. kiman's conjectured matrl:: element was 

(albeit for t!ie much ::ioro general case of ovorla%)ping 
potentials)

VfpjT. CS,K')

—  h e  T  (2.1+0 e. j.

and (27p) reduces to this wlAon und arc small
and

It is tantalising to Iniow that there must be much 
:;:ore gc^ieral results than (2% »  which however should be 
of similar form, applying to the case of overlapping 
potential wells. In addition a general method is needed 
for calculating the tr.nisport properties of structurally 
disoi'dered solids, which goes beyond the nearly free 
electron approach, and it is possible that this may be 

::chicvcd by working along the lines described for vibra­

ting solids.
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ISO

A TU ) on (I i:: A. Continuum clastic ity theory.

Yho Lui:ic constants A  andyU which specify an

tropic elastic continuum cannot take Just any values hut 
arc subject to restrictions obtained from the require- 

1:1 ont that there should be a positive change in the poten­
tial energy of a solid when it is deformed from the 

equilibrium state. This leads to the conditions (Landau 
and Lifshitz, p. !l )

a  1 °  )
! < —  A  +
where K  is the modulus of compression. In addition the

fact that Y o u n g ’s modulus C  and Poisson ’ s ratio (S' are

always positive means that (Sokolnikoff p . 6 ^ ) we must

have 
/A ^

1 > /  o  .

These conditions are violated by tailing A--yU as has been 

done for the loaded continuum model. This unphysical 
choice of the elastic constants will not lead to mislead­

ing results for the simple arguments of this thesis and 
has many precedents in simplified descriptions of the 
properties of vibrating lattices.

The full elastic wave equation for an isotropic 

medium of uniform elasticity and density is

(Al)

(A2)



14 u

V^u(p_) 4-  ( A - / x ) g r o J . d , y  U ( ^ i ) - I -  p (J- U C f J  =  û
(2-3)

'i8,o :y)oc i;,u. c ' . i o i c o  A - - / - C  rod^ icos  A i i s  ic;.ii.ccl'

V o c t ü i- o (] i; <• ; t :i. o ri i o

L/ y  -  o  (.44)

Wi.icii ,i.s o(!i:ivaleiiL Lo ter oc in do pond ont Scalar oqua Lions 

lor tac compoiion uS of tse displacement field Ufp). T'.e 

sol étions of this conat ion for an infinite mediem may 

be e::])ressed as transverse and longitudinal running 

wave s which have equal velocities , The unpaysical

nairarc of th.o elastic constants is unimportant if we 

wish 1,0 obtain an outline of tne way in whicn elasLie 

waves are sea ft ere d by variai, ions in density and elastic­

ity. T.;e trouble occurs when we consider, say, t_i,e re­

sponse to an isotropic pressure.

An appareil 1, contradiction of tu.e conditions (Ah) is 
founu by considering a lattice model which is often used 
as an introduction to the way vibrating solids beuave,
(e.g. liar a du din, Aon troll and 1/e is s l7oB , Mont roll 1756 ).
Tne model consists of a monatomic simple cubic lattice 

(a structure which does not occur in nature) where tfie 

harmonic potential energy is assumed to be
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A  7  V cit m  A
Up.-n^r^] U  [{-1 rA n''; Y

J
1.1

L H J v ' “ h J P

T , rn. ̂ lA

f  h

%

(Z5 )
U^ (f ^ |. _ U  ̂  [f-1, m  ,

U
7 ,rn.|-n-/)' Z

^  U^OC-ni^ m , m  ] ") —  L[ (f- %

U x . Uu and U -2 denote the cartesian components of tlie 

disnlacenent of the atom at
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f m a y  k n a %  (Ao)

where Q. is the iattiee spacing iinCi'trry ^uid n are inte­

ger;.;. The attraetiveness of this form is that the 

equation of iiiotion again separates into three scalar 

ones, for example for the X -eomponent of the displaee- 

mejit we i;ave

—  Z  U. X 5

4- b  j u h f  X  U , , q  _  a  (A7 )

+ —  aUy('?,vv4,n) p

+  M  co”̂  (z^('7,wv^^)-wz:0 

where is the mass of the atoms.

Then Lhe wavelength of a disturbance passing through 

the solid is large compared with a  this difference 

equation can be replaced by the differential equation

If we now s c t j — ^ then (A7) is equivalent to (A4) if 

tne identification 3 - m  is m a d e . The paradox is that
C X  /

the change in potential energy on deformation of the

definite if g is poi

(A8

lattice is nositive definite if Q is positive
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vhü flaw in the argument is t!:at the form (A3) is 

not invariant wita respect to rotations of the solid 

(max ) and is therefore unacceptable as a realistic

description of atomic interactions. The unrealistic 

part of the potential is that part multiplied by the 

"non-central ” force constant h. Let us consider a 

covalently bound solid as depicted in Figure 9

- o

-o- - o -

X
i-rprr\f\

Figure 9 - o - • O -

-O—•

■o—

where the bonds are represented by the lines joining 

nearest neighbours. The potential energy (A3) means 

that when the atom m+pn ] is displaced in the X” 

direction the force exerted on the atom ( f j  is in 

the same direction irrespective of the positions of 

any other atoms. In reality the non-central forces 

between the atoms in covalent solids arise from 

bonding of the angles between the bonds and therefore 
involves the displacements of other atoms. These 

points were realised long ago by Born (1914) when con­

structing a model for diamond.



Mowüvor, it often happens that in working out the

lAotlos of vibration of a lattice an "incorrect" poten­

tial can give t/ie sai;ie results as a "correct" potential 

which is rotationally invariant. (Bo Launey 1956)' This 
is cue to the high degree of symmetry present in a 

lattice. In a disordered system it is rather more 

dangerous to use a potential like (Ap) but providing- 

the results are not taken too seriously it remains a 

useful means of testing ideas about the disorder pro- 
b 1 cm.

In 1.2.2. the force acting on a rigid sphere was 

calculated using the formula (Morse and Fcshbach, 

p. 1 for the stress dyadic

c -  u ( c ) +-y g ) v ) - / A  c/ivOg) I  (Aic)

where A has been set equal to -yz and 1 denotes the unit 

dyadic. The corresponding form for the model described 

by (A3) is

S -  A  U(r)V  d l l)
^  CL

where û has been set equal to h  and the long wavelength 

limit has been taken.

These two forms for the stress dyadic both give the 

same value of the defined by equation ( |() so that if , 

desired the material filling the spaces between the
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le A. V i splicrcs in the loacod continuai:! model can bo

ioolcod on as boing an clastic continuum whoso micro­

scopic p r 0p 0rt i cs arc uc 1 inccl by (A3 ).



132

iijst O x  Ac I'orcric;03

i>a..l i .Lii ' jOj 1 j i , . .  , iiiiCi i ' iC i rs i i i l  1 1  j G . . . ,  . / .  , i p v ^ p  i^ r o c  . Pays ,
Soc., 3^, 2Ü3.

..orn, A., Ann.Physik, ^03-

Oarruokors, P. , 19^1, .:cv. Moc:. Phys . , T3, 92.

Gockin;:, Adv.Pkys., 189.
Joan, P., and Poll, P.J., 1 9 o u , Nature, 212, 1334.

Do Dycicor, N. , and Paariscau, P., 1 9 0 7 , (a) Pays lea,
jII, 3 2 5 . (u) P.iysica, Vi> 405.

No La un ey, J. , 193As Solid State Pliys., 2, 219. 

juprce, l.II. , igdl, Ann.Pays., jA, 6 3 .

Ldwards, S.P., 19^1, Pnil.Nag., G, Giy. 

Egalstalf, P.A., 19'^7, Adv.PIiys., 1_G, 147.

Si son 6 nit/, A . , 1933» Pays.Nov., 1039» 

Pisnor, I.S., Statistical Theory of Liquids, (Univ. 
Ciiica^o P r e s s , 19'-̂ 4).

Poldy, L.L., 1 9 4 3 , Phys.Nov., G%, IO 7 .

Prcnkel J ., Ninetic Theory of Liquids. (Lover 
Puhlications, 1933). 

Priodr.ian, L. , Principles and Techniques of Applied 
Nathematics. (John T/iley and Sons.Inc., 195^)- 

Grecn, N.S., 1934, J. Chcia. Phys*;, 22» 39S.

Nam, P.S., a n d S o g a l l ,  P., 19^1, Phys.Nov., 1,24, 178^.

Lardy, N.J., 19^3» Phys.Nov., iGs.

Lardy, N.J., 19^3» J.Lath.Pays., o, 1749»

Lardy, N . J . , Swenson, N . J . , and Schiovo, U.C., 19^5» 
J . Lath. Piiys. , _p» 1 7 4 1 .

Lardy, N.J., and Schiovo, U.C., 1 9 JG, J.Lath.Phys,
2» 1 4 3 9 .



133

.Lai'fiy, N.J., J.Latii.Phys., %, 1433.

>  i(j iii 1. 1 .  i  1, yj 1 J  . J , . ; . .  ,  .1  >  i . i  s c i i Ü . L  V  ,  ] A , G . , an a iiCaLon, L . , j ,  9 o 7 ,

J . Clicm. Pays . , 4_o, 3 8 0 .

Johnson, h. , 19 Jo, Phys.Nov., 13 0 , 429.

Klomons, h'.G., 1938, Pol id State P h y s . , %, 1 .

IClemonr;, P.O., 19JO, Non-ery sta 11 in0 Solids, 303.
(Joan Niley and Sons.Inc.)

N1 osions , P.O., 1 9 ^ 3  , Physics of Lon-crys tall inc Solids,
1oS. (North Lolland, cd. Pr i n s , J.A.)

Lohn, hh , and No stoic or, L. , 1934, Phys.Nev., 24, 1111.

ICcrringa, J. , 194-7, Physica, 1_2> 392.

Lramhansl, J . A . , 19J3, Lattice D y namics, 323. (Pcrgamon 
Press, cd. v/allis, N.P.)

L r u m h a n s l , J . A . , and M a t t h e w , J.A.D., 1 9 O3 , Phys.Nev.,
1 4 0 , 1312.

L a n e / O S , C . , Linear Differential Operators. (Van 
L 0 s t r an d , 19 01 ).

Lan d a n , L.D., and Lifshitz, 1.11. , Theory of Elasticity, 
(Pcr^amon Press, 1939)«

Landau, L.D., and Losevieh, A. 11. , I9 OJ, Nop. P rog. Phys. , 
14, 2 1 7 .

La::, 1:., 1931, Nov.Mod.Phys. 23, 287-

La::, M. , 1932, Phys.Nov. 83.»

La::, II., 19^^3, Lattice Dynamics, 3S3« (Pergamon Press,
od. Lallis, N.F.)

Lifshitz, I.IN, 1 9 4 3 , J.Phys.U.S.S.N., %» 213.

Lloyd, P., 19 3, Proc . Phys . S o c . , Sjo, 823.

., 1 9 ^4 , Phys.Nov., 124, 138.

•adiidin, A. A. , I Ion troll, ILL. , and Lciss, G.II. , 19'-'3* 
Theory of Lattice Dynamics in the Harmonic 
Appro::ima.tion, (Academic Press, 1 9 G 3 ).



134

Laraüudln, A.A., 19^'^, Solid State Physics, 1_8, 2 7 3 .

Lara.dudin, A.A., 19^^, Solid State Physics, 1 2 , 1 .

Luntroll, E.L., 193^D Proceedings of the Third Berkeley 
Syi.::)osiuM on Latiiematical Statistics and 
Prohahility, 2, 209 « (Univ.Gal if.Press).

M o r g a n , G.J., 19'̂ >’̂-’, Proe . Phys . Soc . , 20, 3 O3 .

Morgan , G.J. ] 9'"'G, P roc. Phys . S e e . , 8_0, 4 7 0 .

M o r g a n , G.J., and Siman, J . M . , I9 O7 , Proc.Phys.S o c .,
2 1 , ^89.

Mori, 11. , 1 9 ^2 , Prog.Theor.Phys., 28, 7^3.

Mori, ÏM , 1 9 3 8 . Phys.Nov., 1 1 2 , 1829.

M o r s e , P.M., and Fcshoach, II. , Methods of Theoretical 
Physics. (McGra:.' Mill, 1933).

Moss, M. , I9 J3 , J.App.Phys., 22» 41Ù8.

Mott, N.P., 19':'7, Adv.Phys., iG, 4 9 .

new e l 1, G,F., 1938, U.Phys.Chem.Solids, 2, I9 0 .

Parrott, J.P., I9 0 3 , Proc. Phys. Soc. , 81.» 7 2 G.

P e i crls, a.P., 1929, Ann.Physih, 2» 1033.
Pe 'icris, A . M . , 0nanturn Theory of Solids. (Oxford Univ. 

Press, 1 9 3 3 ).
Perciis, J.M. and Yovich, G.J., 1938, Phys.Nov. 110, 1.

Phariscau, P., and hi m a n , J.M. , 19'-̂ 3, Phil.Mag., 2» 
1487.

Nanningcr, J. , 19^7. .I.E.N.M., Harwell Ncpt.

Schneider, T., and Stoll, E . , 19^7, Solid State Comm.,
2, 4.3 3 .

Schofield, P., I9 O0 , P roc. Phys . S o c . , 88., 149.

egall, B., and Mam, M.S., I9 0 1 , Tables of strnctnro
cons tail ts for energy hand calculations w i t h the 
Green function method. (General Electric R e p o r t , 
M0.G1-122-287G G).



133

Scgall, B., 1 9 0 2 . Phys.Nov., 1_2 2 » 1 0 9 . 

SlaLer, U.C., 1937, Phys.Nev., 21» 84u.

Slater, J.C., 0 nantir:! Theory of MolecaJ.es and Solids, 
Y.2. (McGraw Mill, 19'^3).

Sokol inliof f , 1. S . , M a t h emntical Theory of Elasticity. 
(McGraw Mi:. ::, 1 9 3 -).

T a h e n o , a., Prog. T.ic o r . Phys . , Mp» -Pi-

Taylor, P.M., 19^^7, Phys.Nev., 121» 1017. 

Tomonaga, S., 1933, (a) Prog.Theor.Phys., Mf, Toy, 
(b) Prog. Theor. Phys. , i_3 » 482. 

Varga, M.S., Matrix Iterative A n a l y s i s . (Prenticc-Mall 
International, 1 9 0 2 ). 

Later man, P.O., and True 11, II., I9 01, J. Math. Phys. , 2, 
3 1 2 .

Si:;ian, J.M. , Electrons and Ph on on s , ( Oxford Univ.Press,
I9 0 O).

h i m a n , J .M . 1 9 ^4 , A d v .P h y s ., H , 8 9 .

himan, J.M. , I9 0 3 . Proc. P:iys.Soc., 8 0 » 337.

Si m a n , J.M. , 19 o J , Proc . Phys . S o c . , S_8 , 387.

Z i m a n , J . M . , 19^7, A d v .Phys., i P , 351-

Zubarev, P.M., 1933, S h u r .cksp.tear.P i z . , 22, 348-339»



I’Koc .  I'll YS. soc; . ,  1 9 6 7 ,  v o l . 9 1 .  p r i n t f . i) i n  cikkat h r i t a i n

W ave propagation through an assem bly  o f  spheres 
V. T he vibrations o f  a loaded  elastic  continuum
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I" Zc;nith Radio Research Corporation (U .K .)  L td . ,  S tanm ore , Middlesex 
;j; II. II. Wills J’hysics Laboratory, University of Bristol

JVIS. received 1th February 1967, in revised fo rm  22nd M arch  1967

Abstract. 'I 'he properties of a ‘loaded c o n t in u u m ’— an assembly of rigid spheres 
em bedded  in an elastic m ed ium  of zero density— are investigated. W hen  the spheres 
are arranged in a perfect lattice the model shows the characteristic dynamical p roper­
ties of a harm onic solid. Some of the qualitative effects of s tructural disorder have 
been investigated hy means of this model.

1. Introduction
'The system to be studied in this paper consists of rigid spheres of mass M and radius 7?g 

embedded in an elastic medium of zero density. T his m odel is not intended as a substitute 
for tiie usual ‘spring’ model of a solid, nor is it necessarily a realistic description of the 
restoring forces acting on atoms in a real solid. T he merit of the model is that it provides a 
simple and convenient way of investigating the general properties of a system of masses 
bound by harmonic forces. T he model is described by the elastic wave equation for which 
modern m ethods of treating the propagation of waves in ordered and disordered systems 
can be used.

The prime motivation for this work was the fact that at the present time a theory of 
wave propagation and thermal conductivity in disordered solids hardly exists, except when 
a solid can be described as a perturbation of a perfect lattice or when continuum theory can 
be used. Vitreous, polycrystalline and dislocated solids cannot be described as perturbed 
lattices except by rather artifieial means (i.e. introducing atoms of zero mass), and it was 
hoped that the loaded continuum would provide a guide to the effects of these kinds of 
structural disorder. T he origin of the difficulty is the im possibility of using perfect lattice 
states as a basis for the representation of dynamical excitations. In the problem of electrons 
in liquid metals one may fall back from a representation in perfect lattice states (i.e. Bloch 
functions) to a description in terms of free-electron plane waves. There is no natural 
analogue of free-electron waves for disordered solids.

Recent developm ents in the theory of electrons in disordered system s (e.g. Edwards 
1965, Waterman and Truell 1961) appear to by-pass the introduction of a set of basic 
states and the construction of a transport equation. In particular, the averaging methods 
introduced by Eoldy (1945) and reviewed recently by Ziman (1966) offer new possibilities 
for investigating the loaded continuum. T hese m ethods involve looking for a complex 
propagation constant for waves in a disordered medium. For example, the imaginary 
part of the propagation constant, in the case of electrons in liquid metals, is related to the 
electrical resistivity (Edwards 1965).

In this paper this approach is used to treat a disordered loaded continuum. It turns 
out, however, that within the approximations of the method the propagation constant is 
purely real and the thermal resistivity of the system apparently zero, which of course is 
nonsense. I ’he application of averaging m ethods to a conventional spring model of a solid 
similarly fails to produce a complex propagation constant and the reasons for this are 
discussed.

T his paper is basically an account of the theory of a loaded continuum  in its own right. 
T he insight gained from this investigation has helped in constructing a new approach to 
the thermal conductivity of disordered solids which will be given in a later publication.

2. The loaded  continuum
Our view is that the mechanical properties of a harmonic solid ought to be similar to 

those of a system  of rigid spheres, embedded in an elastic m edium  of zero density, and that
689
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'i’hc y, can he obtained from the boundary conditions on the surface of the rigid 
Sjdicrcs. T h is information is contained in the equation of motion for the jth  sphere:

=  j / i (V U X S )T U X S )V -d iv U X S )}  .(/S  (6 )

wlicrc S lies on the surface of the sphere, M is  the mass of a sphere, oj is the vibrational 
lrc(|ucncy and the right-hand side of (6 ) is sim ply the total force due to the stress field 
round the sphere (M orse and Feshbach 1953, p. 180S). Substitution of (5) into (6 ) gives

477/X 1

1 ‘

'The main problem is to obtain an expansion of G(p —p' — in spherical harmonic 
functions of p and p'. W hen |ry.y| =  0 and p > p, then

G(p-p') = - y  -~p'p'-'-^^'ydpWd9') (8)

and when |R| =  |p — p'| is less than \ryj\

C(R-r,,) = - y  (9)
L I

T he function R^d/,{R)  can be obtained in terms of M^(p) and i^;(p') by using the expansion 
of i i(rjR)'d/fR)  given by Kohn and Rostoker (1954), in the limit as 97 tends to zero. By 
this means the following form is obtained:

= 4. z  2  N L Y - W ' H l T l M I I M p N i i U  (,0)
(2/'-Hl)!!(2r-Hl)!! ^

where

C i , -  = J » a p ) » , / (p ) » r ( p )  d i X p ) .  (11)

G(R —Ty-y) can now be expanded as

G (R -ry .y ) =  -Syy. 2

-(I-hr) 1  1  Br-Arir)p‘'p‘'»Ap)'?'0-{9') (U)
L '  L "

where
„  ,  ,  V  A-'--'8,,,,,(2Nl)!!C!.,.gA(Lv) , , , ,

L-uVtr) (2/+l)(2r + l)n(2r + l)!!j-'t,i

Substitution of the expansion for U f p )  and (12) into the matching condition (4) gives the 
equation satisfied by the :

( 2 / + l ) - W  = Z  I  (14)
L '  r ^ i

Equation (14) is very similar in form to the equations derived by Phariseau and Ziman 
(1963) for electrons in liquid metals. In their notation the wave function within the ^th 
potential is o f the general form

/',(P) =  2  f ^ L , ( p ) 3 ^ i ( p ) -  (15)
L Jd
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the qualitative effects of structural disorder can be investigated by means of this m odel. 
In som e senses this m odel is akin to the continuum  theory ol lattice detects, k'or example, 
in the continuum  theory the scattering of long-w ave lattice vibrations from impurity atoms 
is held to be equivalent to the scattering of souml waves from a sphere whose density and 
elastic constants differ from the continuum  in which it is em bedded. However, the model 
is not supposed to sim ulate the actual forces between atoms in any real solid. It is a ‘physical 
tov’ (Ziman 1965 a) which is highly con\ enient for testing out m ethods and ideas about 
the properties of non-crvstalline system s.

In \ iew of the com plicated vector algebra of the solutions ol the elastic wa\ e equation, 
the problem has again been simplified b\ assum ing that the Lamé constants of the clastic 
m edium  p  and A are related by A =  —p.  T h is again lacks physical reality since in practice 
we m ust have A > — .yt and p  > I) (Landau and Lifshitz 1959, p. 11), but the general 
features of the loaded continuum  can be obtained by this means and that is suflicient for 
the present purpose. T h is sim plification is equivalent to the com m on assum ption that 
central and non-eentral forces are of equal strength in a conventional m odel of a solid.

T he special choice A =  —p allows the elastic wave equation to be separated into three 
scalar equations. If Uir)  denotes a Cartesian com ponent of the field, then

V - r ( r ) - r ( r ) U ( r )  =  () ^  (1 )

where I'(r) is an operator sym bolizing the departure o f the system  from a structureless 
elastic m edium  of zero density, i.e. in our case the presence o f the spheres. Ecpiation (1) 
differs from, say, the Schrodinger equation for an electron in a system  of spherical non- 
overlapping potentials, where plane waves can propagate in between the potentials, whereas 
the elastic m edium  in between the spheres in our m odel will not propagate plane waves 
with a finite velocity. T h is difference has important consequences when we attem pt to 
find a com plex propagation constant for a disordered loaded continuum .

One of the m ost successful m ethods for solving the Schrodinger equation for a lattice 
of spherical potentials is that originally proposed by Korringa (1947) and by K ohn and 
Rostoker (1954). T h is m ethod was generalized to arbitrary arrangements of potentials by 
Phariseau and Ziman (1963). An analogue to the generalized theory will be used here.

Equation (1) can be changed to the integral form

l i t )  =  j G( t- t ' )V{ t ' )U( t ' )d t '  (2)

where G (r —r') is the Green function for the Laplace operator, i.e.

Fortunately, it is not necessary to inquire into the p r e d se jQ m  of the operator V{r) because 
this problem  can be reformulated in term s of the^^ l̂Æm fid k ion  the surface of the spheres. 
A convenient way to do this is by using the condition (Ziman 1965 b, 1966)

2  f  ( ^ ( p - p ' - r ; ' / ) — G.,'(p')-Ly.(p') — G (p -p ' - r ^ - j ) |  JH(p') — 0

w here =  t y  — Tj, p =  r — r ,̂ p' =  r' — t y ,  e is a positive infinitesimal,

Ag < P < Rg -f- e
rtraifr compon

imponent U f p )  can be
L aplace’s equation;

(4)

Rg is the s p h e r e r a d i^  and Ly(p) is the -strat*com ponent around the 7th sphere located 
at Tj. T h e s ^ r tftœ m j^ n e n t  U f p )  can be expanded in term s of the spherical solutions of

L (p )  =  l ^ ( p - ‘ -^+Y,p ‘W A . M  (5)

w here L  denotes collectively the angular label / and the azimuthal label m, denotes
a real norm alized spherical harmonic (Segall and Ham  1961), and the coefficients are 
to be determ ined.
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4Go,oo(k) = 47tC(%(o() 2  — ^

)'*) >'}'j

-  -^G o.io(k) -  —  G’laoo 2  ~  (25)A Ay ŷy

3 y Ay ^yy

M'hese structure constants have been estimated by replacing the sum s by integrals, whence

-^oo.oo(k) — -^io.oo(k) — —-^oo.io(k) — 3'i/2^ ijjj’ ■^io.io(k) — (26)

In the lim it of small Ikl

OJ
/X 1 + 2 f /A

-  o l_qA ''‘I"
where v is the volume of a sphere and D  is the mean density. T h e m odel, therefore, 
behaves like a continuum with an effective elastic constant

ffoff =  t^- T -- (28)1 — v/A
T h e value of to at the band edge may also be obtained in a sim ple way. If the wave 

vector k is written as

k — -  (kj +  t y +  (29)
77 
a 

then

J3^Xk) oc Ik'I' + L (30)
I'h is conclusion is arrived at splitting the summation in (19) into negative and positive
parts using (29), and replacing the sum mations by integrals. Only the I — i) harmonic
need be retained to determine the band-edge frequency. T he zero-order structure constant 
at the zone boundary is simply

t  1 -75
-̂ 0̂0,00 = -----— - (31)

a a

where Ç is the M adelung constant for an N a-C l type lattice. T he band-edge frequency cô  
is therefore given by

<X)t̂ • (32)
M  \  a J

T hese lim iting formulae for m(k) indicate that the loaded continuum  behaves like a 
lattice of point masses coupled by harmonic springs. For example, the ratio of oj  ̂ to the 
frequency œ f ,  which would be obtained using (27) without dispersion, is

t o f  (37ra(l -t- 2v/A )(l — ^jRg/a)

T he parameter Rg can be adjusted to give a value of this ratio typical of the values found 
for more conventional systems. It is interesting to consider the formulation of the perfect 
lattice problem in terms of a plane-wave representation. T his is discussed in the appendix 
where some modifications of the corresponding procedure for electrons are also derived.
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T h e coefficients then satisfy the equation

K-( 1 — cot 7/,)̂;;’ = 2  2 (16)
V  V  A

T h e sim ilarité between (14) and (16) makes clearer the m otive for studying the loaded 
continuum . There is, however, an important diil’crence between these two equations. T he  
loaded continuum  equations are sim pler because the frequency does not occur in the 
matrix on the right-hand side. This means that the frequencies can be found explicitly. 
In the electron case the energy E  — lE occurs in the matrix and the energy le \e ls  com e out 
as the solution of an im plicit equation.

3. The perfect lattice
T h e solution of equation (14) will now be considered for spheres arranged on perfect 

lattice sites. T he problem is enorm ously sim plified for a perfect lattice of spheres. 'The 
Bloch theorem  can be irn oked whereby there exists a real wa\ e vector k such that

^ 2  =  exp(/k . r,) (17)
and the equation is reduced to

( 2 / + l ) - V , ^ t =  2  (18)
where

(k )  =  2  ^ L r ( r ; y ) e x p ( - / k  . r , y ) .  (19 )
r * J

The axis of the spherical harm onics is taken in the direction of k. 'The am plitude of 
m otion of the /th sphere, H ,, is obtained from (5):

M L )
U ; — I ^0,0 exp(;k  . r,). (20 )

It is clear from the form of the structure constants I f f { k )  that equation (18) will give a
periodic dispersion law for cu(k). T h is is because the structure constants are unaltered
by adding a reciprocal lattice vector to k.

In order to obtain som e idea of how the loaded continuum  depends on the parameter Rg, 
the lim iting behaviour of cu(k) will be obtained near |k| — 0 and at the zone boundary 
for a sim ple cubic lattice with k in the (111) direction. T h e vibrational frequencies o f the 
loaded continuum  are given by the usual determinantal condition for a non-trivial solution  
to a set of sim ultaneous equations, i.e.

d e t | B , , , - ( 2 / - ( - l ) - % , . |  =  0 . (21 )

Near jk =  0 the structure constants may be estim ated by replacing the sum m ation  
by an integral, i.e.

^LL-(k) ~  A -  L  ^LL'(r) exp( -  zk . r) dr (22 )

where A =  a® and a is the lattice spacing. For small values of |k|

B,, .(k) o: | k r ' ' - L  (23)

U sin g  (23) it can readily be ascertained that for small |k| the only important spherical
harm onics in determ ining w(k) are those with 1 = 0  and 1 = 1 .  A long the (111) direction,
svm m etry argum ents can be used to show  that only spherical harmonics with

m  =  0, -f 3, -f-6, ...
need be retained in the expansion (5) (Segall and Ham  1961). T h e determ inantal condition  
then gives

ATTfxRg ^ ^ 3i?ŝ 5io.00̂ 00.106Ü (k) = 14- î ŝ oo.oo - - .r:; • - (24)
-1
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llc iicc  equation (37) is simplified to

(2 /+ 1)-'< ^ ,.(r)>  =  (A'-l) V |'< /r';,(r'|r)/i„ ,(r-r')8 /3 ,,(r')> . (40)

In an isotropic hom ogeneous medium when />(r'|r) — /)(|r' —r|) the spatial dependence 
of f t i {r)y  can he removed by writing

/  c x p ( / k  . r )  (41)
]iroviding d[ f  /  satisfies

(2/-I I)-v/P,,/ = ,.(k) '/3,.>. (42)
//

T he matrix l i f  f k )  is defined by

«;',.,(k) =  ( .V -  1) |'</R / .( |R |)B ,, , .(R )e x p ( - ,'k  .R )  (43)

and 7J^;/(k) is purely real. T h is means that the solution of (43) will yield a purely real 
relation between the frequency oj and the wave vector k, in contrast with the electron 
case.

This is not a peculiarity of the loaded continuum, as can be demonstrated by averaging 
the equations of motion for a ‘spring’ model of a disordered solid. Let us assume that the 
Hamiltonian of a disordered solid can be written in the form

P ^(/)

w >'a;« ]
(44)

where pu{}) and aj^j) are Cartesian components of the momentum  and displacement of the 
/th atom located at Tj. — is a harmonic force constant which depends only on the
separation of the atoms at Tj and t j .  and M  is the mass of an atom. From (44) the tim e- 
independent equation of motion is

Mm%(;) = 2 2  2  -%/«{/"')} (45)
a' y A ;

and this equation can be averaged in precisely the same way as before. Let us set j  =  1 in 
(45), m ultiply by p { r 2 ... % k i) ^nd integrate over t 2  ... T h e equation analogous 
to (37) is

Moj^(u^{r^)}  =  2 2 1  d r 2 p { \ r 2 - r f ) : f d ^ _ ^ . { r ^ - r 2 ) { ( u ^ i r f r 2 ) y -  ( « « ( r g l r j ) ) .  (46)
/!«' '

Using the approximations

('(«(ritrg)) - W r J )
<««(r2|ri)> - (««(rg))

and writing 

then

where

<"«(r) > =  <«„> exp(ik  . r) (48)

= 2 2  ^ .y k )< « „ .>  (49)
cC

» . . ( k )  =  (/V -1 ) I r f R ^ ( |R |) ^ .„ . ( R ) { l - e x p ( - ik .R ) } ,  (50)

It is obvious that equations (49) and (50) will also yield a purely real relation between 
a> and k.

Before we go on to discuss the reason for the absence of attenuation in the average 
wave am plitude, the sort of dispersion law generated from (42) will be briefly considered. 
Because of the spherieal symmetry of the disordered system it is unnecessary to use
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4. T h e  d is o r d e r e d  lo a d e d  c o n t in u u m
Hm ing obtained a general idea o f the properties o f the perfeet loaded eontim ium , we 

shall now consider the disordered case.
4 he sim ilarity between the angular m om entum  representation of the Schriklinger 

equation (16) and the equations for the loaded continuum  (14) suggests that a\ eraging 
m ethods which ha\ e been applied successfully to (16) m ight also provide useful information  
here. T he properties of an amorphous loaded continuum  will be considered, perhajis 
som ething like a 'm onatom ic glass’.

T h e basic idea bebind a\ eraging m ethods is that, although the fine details of waves in 
disordered system s depend on the m ieroscopie nature of the m edium in which the waxes 
travel, there exist grosser features of the waves which are insensitive to the precise m icro­
scopic structure. It is convenient to consider an ensem ble of disordered system s each of 
unit volum e, containing a large number (.V) of rigid spheres. U sing the conventional notation 
(Lax 1951, Ziman 1966), /)(r ir2 ... r^) will denote the probability of finding the first 
particle in the second in z/to and so on.'The conditional probability^(r^_p  ̂ ...ry lr^  ... r<.) 
will denote the probability of finding the ( L + l ) t h  particle in + etc., when particles 
1 ... 5 are definitely at ... r^. A useful relation between the conditional probabilities is

p{Ts^i  ... rv'ri ... rg) = + ...  rg)/)(r.s + 2 ••• r x k i  ••• r,s + i)- (34)

A hierarchy of equations can be constructed in the usual way for various averages of the 
coefficients which occur in equation ( 14). T h e for a particular disordered system  depend  
on the positions of all the other rigid spheres. 4'he sim plest type of average coefficient will 
be denoted by jS()(r.) and is defined by

^ :(ry )> =  | Pi^i dr^ dr^ (35)

where the prime denotes om ission of a position coordinate. \  general type of average is 
defined by

L (r ; |r ; .  . . . )>  =  I p (r i . . ."  ■ |r^r,.. dr^ dr -̂. (36)

T he series of equations for these functions is generated by m ultiplying equation (14) by a 
probability function and integrating over all positions not held fixed. For exam ple, setting  
y =  1 in (14), m ultiplying by ^(rg ... rvjri) and integrating over rg ... gives

(2 / ^ l ) - i y ,  ' L ( U ) /  =  ( A ' - l )  2 I d r 2 p { r 2 \ r f B ^ y { r ^ - r 2 )  ' f i f { r 2 \ r f / .  (37)
L' ‘

T h is equation is linked to a second equation containing /^^(r^lr^)/ and 'Mz.(**il*’2 '̂3))>
obtained by setting y =  1 in (14), m ultiplying by p{r^  ... r^lr^rg) and integrating over
Tg ... Ty. By this m eans it is found that

(2/+1)-V,-W«-iI<-2)/ =
L '

+  ( ^ ' - 2 ) 2  I (38)

Each successive equation contains more and more inform ation about the precise details 
of the vibrations of the rigid spheres. T h e final equation in the series is (14), i.e. the equation  
for a particular configuration of rigid spheres. O nly the sim plest equation (37) w ill be 
considered here.

In a recent paper by Ziman (1966) it was show n that the equivalent equation to (37) 
for electrons in liquid m etals could be solved using the quasi-crystalline approximation  
of Lax (1951). T h is is equivalent to the assum ption that

< ^ ,( r J r ,)> = ;  (39)
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'i'hc spatial dependence may be removed by writing

=  'ftif/  exp(zk . r) (55)

which reduces ccpiation (54) to

/<•(/ — cot r/,) ^ f t 2 — 2  k) fti/ /  (56)

where

/L;y(;̂ ,k) = (TV-1) I z/R/)(|R|)/W'^,R)cxp(-/k.R). (57)

It is not possible to satisfy equation (56) for real values of k (except when E  <  0); but, on 
the other hand, the integral in (57) diverges for complex values of k. Equation (54) is in 
fact not appro]u iate for the average standing-wave solutions of the Schrodinger equation. 
It is the ecpiation for a plane wave with energy E  =  which is scattered by a system of 
potential wells, but with the inhom ogeneous terms representing the incident plane wave 
omitted. Lax (1951) and Waterman and Truell (1961) have shown that it is legitimate to 
ignore the inhom ogeneous terms providing the contributions from the upper limits of the 
integral in (57) are also ignored. T his is a case of the extinction theorem whereby waves 
produced at the boundary of the system of scatterers cancel the incident wave within the 
system.

The reason why the loaded continuum and the spring models do not produce a complex 
propagation constant is that the equations are appropriate to ‘standing-wave’ boundary 
conditions. Apart from localized m odes (which this theory is not sensitive enough to 
show), there is no reason to suppose that the standing waves should not be spread through­
out the system, in view of the assumption of hom ogeneous disorder. Because the propaga­
tor (3) in the em pty space between the spheres satisfies the Laplace ecpiation rather than 
the wave ecpiation it is not possible to set up the scattering type of boundary condition in 
this case. W e should have to modify the model by considering waves travelling through a 
continuum of finite density before they impinge upon the loaded continuum. If this is 
attempted the sim plicity of the ecpiations (14) is lost. It is possible that attenuation effects 
m ight be calculated by using higher-order approximations to the hierarchy of averaged 
equations. The renormalization procedure used by Lloyd (1967) may be applicable to 
this problem.

'i’he conclusion of this work is that, although the work of Phariseau and Ziman (1963) 
and Ziman (1966) seem s to be a way of circum venting the need for introducing a set of 
basic states, their work im plicitly involves the use of free-electron waves as a basic set. 
'The use of averaging m ethods m ight provide interesting information about the vibrations 
of disordered system s if investigated in greater detail, but the route seems paved with 
difficulties, for example, the need to know higher particle-correlation functions. One 
approach which m ight prove useful is a direct attempt to calculate a Green function for the 
loaded continuum  or spring model by averaging the inhom ogeneous form of (14) or the 
equations of m otion (45). In the electron problem Edwards (1958) showed that the Green 
function was of the form exp(zA|R|)/|R|, where A is complex. Surely it must be possible to 
obtain a similar result for vibrating harmonic solids without using a perturbation method 
which starts from unperturbed lattice waves. There seem s to be a real need for a set of 
basic states suitable for describing the vibrations and transport properties of a disordered 
solid. It is this problem which will be broached and partially answered in a later paper.

Appendix. The plane-w ave representation
T he atraift-field in the elastic m edium  can be expanded in plane waves in the usual way

M(p) = 2  ='-u + g exp(f(k + g) . p} (Al)
g

where g denotes a reciprocal lattice vector. Once the coefficients fti  are known, the Fourier 
coefficients can be determined using the procedure given by Ham and Segall (1961). T he
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spherical harmonies with m >  0 il tire axis ol the harm onies is taken to he in the hireetion  
of k (Phariseau and Ziman 1963). If just the / =  I) term is retained, then

w here

w\k) ̂ (51)

=  (52)

'I’he 'dispersion law' obtained from (42) when /)(|R |) =  I for |R[ ^ 2R^ and />(|R|) =  d 
for R < 2/\^ is sketeiied in tiie hgnre using just the / =  0 and / =  1 harmonies.

2

3

0
k

S k e tc h  o f  {Dcd 4t7/x)* ~oj a g a in s t x  =  2 k  /? ,, w h ere  is th e  v o lu m e  p er  sp h e r e .

In the figure it is noticeable that for high densities the ‘dispersion law’ echoes the 
perfectly repeating structure of a perfect lattice. T h e long-w avelength region corresponds 
to acoustic waves, but the significance o f the short-wavelength oscillations is not clear. 
A lthough one m ight be tem pted to im pose periodic boundary conditions on the plane waves, 
the counting of m odes loses its significance because of the averaging process. T h is pre­
sum ably occurs because an infinite num ber of atoms are introduced by taking an ensem ble  
average, turning the discrete structure of a single system  into a smeared continuum .

T he reason why unattenuated plane-wave solutions are found for the loaded continuum  
can be found by exam ining the corresponding electron theory. Equation (16) constitutes a 
precise form ulation o f the Schrodinger equation for an electron wdth E  =  i<̂  m oving  
through a system  of spherical potential wells. H owever, if we had used ‘standing wave 
boundary conditions’, (16) would have been replaced by the equally valid pair of equations 
(Ziman 1965 b)

= %  Z  (g > Ü) (53̂ )
L' r^i

k ( i — co t  =  Z  Z  ^LL’i' ŷ (53^)
L' n=j

where B n ' '  denotes the real part of the
In  this form  the Greenian theory for electrons also seem s to have purely real solutions. 

T h e question that m ust be answered is; w hy does the average form of (16) (for E  >  0) 
have an attenuated plane-wave solution while (53a) yields an unattenuated solution after 
averaging? T h e answer to this paradox lies in the work o f Lax (1951) and W aterman and 
T ruell (1961).

After making the quasi-crystalline approximation the averaged form of (16) is

K(z-cot77,X,3,(r)) = (Ar_-1 ) 2
V

(54)
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in the electron jirohlein (Ziman 1965 b) by using 

y  ‘̂̂ P ly '(k 3-g ).(p -p ^ )} _  1 1
7  47t |p - p ' |

= Z  Z  yf/u/(k)p'p"'/^,(p).V;Xp') 

=  \  Z  TV , 71 Z  Z  (47r): /̂'- ' ' .V,(k4 g)'/^,;(k + g)j;(|k + g|p)jX|k + g|/]')
u m  I 81 /. //

X •"/,.(?)."/,,(?')- I  ■ , /2 //-'-- .V ,,(p )V ,.(p '). ( A l l )/, 4/+J
M'lie structure constants can be obtained from ( A l l)  as it stands, setting p =  p' =  or 
by taking the derivative of both sides with respect to p and p' and then taking p =  p' =  R^, 
T he best form for the present purpose is obtained by taking the derivative of ( A l l)  with 
respect to p or p' for terms with / or /' greater than zero. The structure constants may 
then be written as

=  I  +  S ,S „ ,  (A12)

where
/'oo.K = 47TA'i''̂ jo(|k4-g|7̂ jYyoo(k4-g) 

47r.W/%%|^g|j?J1^,(k + g) 
IR

(A13)

= — --- — IThli - - - (/ > 0)*•3
anc

.So =
^ ^ 1 ) ^  (A14)

' /(2/+1) ^
Substitution for the /3;̂  from equation (A14) and use of (A12) finally gives

Z  i k(I gg' -  |k + g|^Sgg-) = 0 (A15)
where

(A16)

and
MoV

tn =
A-TTjlN̂ 12

/ / C '  + I (A17)

'' = - - i X -
T his is the required result, an equation which looks as if the rigid spheres can be treated 
as weak perturbation to the elastic m edium  of zero density.

T he procedure used here for deriving (A15) may be of interest in the corresponding 
problem of electrons in a periodic lattice. In Ziman’s (1965 b) original derivation of a 
reciprocal representation of equation (16) effective matrix elements of the lattice potential 
were obtained in the form

1 - ,  =  -  ( 2 / .  1) ( A , 8)

with

tan 7]/ =  L o t  Tj- - - y - ^ )  (A19)

and with the usual meaning for the other symbols. T his effective matrix element can 
becom e infinite, at the zeros of jiiisRf) or at the zeros of where 6^;(p) is a radial
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strain field outside the spheres is given by

r(p) = R,- )' { -  p') T-v ' ■(?') - ' Xp')7  - p')| '/̂ !(p') (-'2)
•' I op (p 1 K,

where Z[p  — p') is the Greenian (Ziman 1965 b)

,, 1 e\p(,k . r,.y.) I exp ;/(k  +  g) .(p-p')l

Adopting the proeedure of Ham and Segall, we can expand the Greenian (for p > p') in 
the form

/;,p-p')= /)ap)p"."/,.(p') (A4)
L

where

I\ (9)  =  -  ”  Z  ^ ^ T A l A A  j,(|k  + g[R,),2/,(k + g). (A5)A B }k + g{-
U sing (A4) and (A5) in (A l), then

-  g  —
_  V

L |k + g
4r-^/.j.(lk + g!«,)22,.(k + g). (A6)

At low frequencies it has been show n that only the / =  0 and the / =  1 harm onics are 
important, so that ^ qq and will be assumed to be the only non-zero coefficients. U sing  
equation (18) and the approximate values o f the structure constants (26), then

A . ^ ^  %0. (A7)
Aik! ' /x/xgff /

From equation (A6 ) it can be seen that is larger than any of the other coefficients by a 
factor k

T his suggests that a reciprocal lattice representation (Zim an 1965 b, Alorgan 1966) 
m ight be a useful m eans of investigating the loaded continuum . T h is approach turns out 
to be o f lim ited usefulness, however, but the derivation of the equations illustrates a 
num ber of points w hich can arise in the corresponding electron theory, and so the oppor- 
tunit}' to set them  out will be taken here.

A sim ple way of obtaining the equations satisfied by the z^ + g is straightforward 
substitution for the in (18) in terms o f the z^ + g- Gn the surface of a sphere the expan­
sion (5) m ust be m atched to the expansion in plane waves (A l). T o  obtain the in 
terms of the Fourier coefficients it is necessary in this case to consider the m atching of both  
the am plitude and radial derivative. T h is is because the term s with / > 0 in equation (5) 
vanish for p — R̂ . By this m eans it is found that

+ g (A8)
g

'here

and

^00.g -  jo(|k + gli?s)̂ oo(k + g)

= - 47r % ' + ̂ j/(|k-pg|T?J^^(k-bg) (/ > 0) (A9)

j/dk + gl-Rs) = j;(lk4-g|/?s). (AlO)
aK^

T h e next step is to obtain a suitable expression for the structure constants in term s of a 
sum m ation over reciprocal lattice vectors. T h is can be done in precisely the same way as
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Variational estim ates o f  the scattering o f  
phonons from  static la ttice  im perfections

Abstract. A comparison is made between the results of a calculation using the  
Schw inger variational m ethod  (L ip p m an n  and  Schwinger 1950) and an exact 
calculation of the single mode relaxation tim e for phonons scattered by pairs of 
isotopes. T h e  aim is to provide a guide to the  accuracy which can be expected 
for more complicated defects.

T he calculation of the scattering of phonons from small lattice imperfections is 
sim ple in principle. T he isotope problem can be solved easily enough (Lifshitz 1956, 
Takeno 1963) but, once changes in force constants are introduced, the labour required 
to obtain an exact solution increases rapidly. T he merit of using an approximate method 
is that more complicated models can be used and the effect of changes in the details of a 
model investigated more easily. A pair of isotopes is the only lattice defect (apart from a 
single isotope) for which an exact solution of the scattering problem has been given 
(Takeno 1963).
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solution of Schrôdinger’s equation for a spherical potential well. T h e procedure used for
the loaded continuum  to a\ oid such singularities may be em ployed to show that

I n,(B-R,)p’ j,(|k +  g|KJj,(|k +  g'|R.)

in (A IS) can be replaced by

( n ,'('-'R Jr‘ i''(|k + g l« a i , ' ( lk lS ' |R „ )  , , , , ,

whenever it is convenient.
Returning to the loaded continuum  equations (A15), if all the coefficients except 

are assumed to be zero, then we find that the long-w a\ elength form for w"(k) is

= (.A22)

d’his result contradicts equation (27). d'he reason is that it is not possible to ignore higher 
Fourier coefficients, even for long waves, despite the fact that y.̂  ̂ is m uch larger than the 
other terms. T h is can be seen by setting g  =  0 in (A15) and writing

l ’o o - |k I =  =  4  2  (A23)g'#0
If the right-hand side of (A23) can be neglected then (A22) is obtained, but, in fact, 
^■k-g is of the order |k from (A6), and F ĝ is of the order |k|. T h is means that the 
right-hand side of (A23) is o f the order !k!  ̂ and cannot be neglected. T h is seem s to be a 
peculiarity o f the elastic wave equation and not a defect of the method.
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Variation of p with a : :  (a) Q = 1 {b) Q — ~  1 ; (c) Q =  —10; broken lines cor­
respond to the  approxim ate  solutions, and full lines correspond to the  exact

solutions.

'I’wo dircctiops of the incident wave are considered : A, when k is the same direction as 
the line joining the two isotopes and Jl, when k is normal to this line, h'or case B the 
\ariational answer is exact. 'The exact solutions given by 'I’akeno (1963) are also plotted 
and a sketch of the fractional error is given, kor 0 — 1 the maximum fractional error 
is about (11, while for Q — —1 and O =  —10 where resonance occurs the error rises 
to about 0 3.

T he variational approximation, therefore, gives quite reasonable accuracy using the 
unperturbed solutions as trial functions even when resonant scattering occurs. It is 
suggested that the errors involved in a variational calculation of the scattering from other 
localized defects will not be very different from those found for a pair of isotopes.

Zenith Radio Research Corporation (U .K .) Ltd., 
Stanmore,
M iddx.

G. J. M organ 
Hth August 1966
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I'h e equation of motion tor a perfeet lattice can he written sym holically as ('I'akeno 
1%3)

{u r  — .L)u{l) =  0

where u(/) is the displacem ent ot the /th atom. The scattering of a perfect lattice wave 
u^A(/) o f frequency co is descrihcd h\' the ecpiation

r

where I' is an operator sym bolizing a perturbation to the perfect lattice and G („(/,/') 
is a Green dyadic. T he important cpiantity to determ ine is

M ( k j ,  k j )  =  V  u„., ,» * ( /) . I u ,,(/)
I

where û . : is a perfect lattice wave having the same frecpiency as The
quantum -m echanical T-matrix elem ent can be written as

T(k),ky) =
Zoj

and using the optical theorem the single-m ode relaxation time of a system  containing 
n defects per unit volum e can be expressed in term s of the imaginary part of M,  i.e.

= --./A/(ky,ky j.
O J

Let Uj.-,-(/) denote the solution to

k̂'j'(0 ~ T ^  I ) • )■
I’

Schw inger’s variational m ethod states that

reduces to d/(kj, k'j') and is stationary when the trial functions u^^y and are equal 
to Ujjy and Furthermore, an error 0{-q) in û -̂ y and U/k-y- leads to an error G(r/^)
in M .  U sing  Schw inger’s m ethod M  has been calculated for a pair of isotopes in a 
m onatom ic sim ple cubic lattice using a nearest-neighbour m odel with equal non-central 
and central spring constants (denoted by y). T h is is the only m odel for which tables of 
the Green dyadic are available (Y ussouff and M ahanty 1965). T h e  only trial functions 
w hich have been considered are u^^y =  Uĵ ŷ  and =  U; ,̂y,°. It is found that M  is
given correctly in the lim its o f very long and very short waves using these trial functions. 
It is convenient to write in the form

r

where x =  m o E j ly  and N  is the number of atoms per unit volum e. Let

Q ----- (wz —m 'j/m

where m is the mass of a host atom and m is the isotope mass. In the figure p{x) is 
plotted for 0  =  1 , — 1 and —10 , when the isotopes occupy nearest-neighbour sites.
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B loch w aves and scattering by im purities

C;. J. MORGAN

Z enith  Radio Research Ciorporation (U .K .)  L td . ,  S tanm ore , Middlesex 

M S . received 9 th  June  1966

Abstract. T h e  reciprocal lattice representation  of the U reen  function m ethod  used 
hy Z im an  in 1965 for calculating han d  s tructures  is derived, f t  is shown th a t  the  
coefficients /■(, in troduced  hy  Z im an  are the  F o u r ie r  coefficients of the  wave 
function outs ide  the  potential wells of a ‘muffin t in ’ lattice. T h e  relationship b e ­
tween the  m eth o d  and  the  augm en ted  plane wave ap p roach  is discussed.

vVn exact form ulation of the prob lem  of Bloch wave scattering from  an im puri ty  
potentia l is g iv en . S im ple  approx im ations  are suggested for tightly h o und  electrons 
for nearly  free electrons and  for d -h a n d  electrons.

1. The G reen function m ethod

T ile  Green function m ethod for electronic band structure has been developed by 
various authors (Korringa 1947, Kohn and Rostoker 1954, H am  and Segall 1961). It 
is assumed there that the potential wells of a lattice can be considered as spherically 
sym m etric and that the potential in between the wells is zero. Let denote the cut-off 
radius of the spherical wells. T he wave function i/j(p) must satisfy a condition

ffG(p,pl^'^pA(p')-'A(P%7G(p,pl) m(p') = U (1)J y (ip (ip =
where G(p, p') is the Greenian (Ziman 1965), e is an infinitesimal positive quantity and 
f) <  —€. Let îiip) denote a solution to the radial Schrodinger equation for a single
potential well, w ith energy E  =  and ^ i { 0 ,  0) denote a real normalized spherical 
harmonic. It may be assum ed that

»A(p) = %  9̂) (p <
^ y (2)

with the usual notation for the spherical Bessel functions and with

/] = (3)dR^ dRs

K ohn and Rostoker (1954) have shown that the coefficients satisfy the equation

2  + '((cot 7]̂ - = 0- (4)
L'

rji is the /th phase shift for a potential well and the are structure constants. It has 
recently been shown (Ziman 1965) that the equation for the can be transformed to a 
reciprocal lattice representation and effective matrix elem ents o f the lattice potentials
can be defined. T h is will now be derived in a less abstract manner but with less
generality.

365
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T h e wave function outside the spherieal wells can be expanded in terms o f plane 
waves, i.e.

V'k(p) = 2  ̂ kfg cxp[/(k I g) . pi. (5)

T h e eoefheients in this I'ourier expansion are not unique because the sum is required to 
converge to the correct answer only in a restricted region of space (11am and Segall 
1961). T he expansion (5) must be matched to the expansion (2) which is \ alid for 
p ^ /\g. Therefore

Ig L L'^o .l/J / f  = yq
U sing the orthogonality o f the spherieal harmonies and the usual expansion of a plane 
wave in spherical Bessel functions it is found that

,  j J + g)ji( |k + g i AJzk f g
=  T  T(«:r
~ 2  ̂ 8̂̂ k ! g- g

(7)

T h e structure constants B u  > may be expressed as (Ziman 1965)

P ^  y'r.gky.'g  ̂8> 1̂1,1 k\\i{k R̂ )

where
+„.\'"^»ak+g)j,(tk + g!&)

^
and

P(g) =  |k +  g |2-,(2 ( 10)

-V is the num ber of atoms in the lattice. If we substitute for the coefficients in terms 
o f the plane wave am plitudes in the K ohn-R ostoker equation (4), it is found that

IF,,
g

( -tan?);TrgFL'K' )
^  p(g)« Tg' ' L'

T h is form  is obtained by using (M orse and Feshbach 1953)

= 0. (11)

and by defining

t a n , /  =  [ c o t „ -  (13)

C ondition (11) will be satisfied for all values of L  if

2  -̂k + g'(^gg'Tp(g)^gg'} ~   ̂ (14)g'
where

r „ .  =  -  —  2  (2 / +  l ) t a n „ -  ^gg.) (15)

and 0gg- is the angle betw een k  +  g  and k  +  g'. P;°(cos 0gg-) is a Legendre polynomial.
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Iu[uation (14) is similar to the equation

2  Zk I g'lTgfi'Tp(ê)^gg'} ~  (16)K'
which can be obtained by expanding a Bloch wave in plane waves. Fgg- is a matrix 
elem ent of the lattice potential between the states k +  g  and k +  g'. Therefore Fgg. can 
be thought of as an effective matrix elem ent. Equation (14) and the definition of Egg, are 
identical w ith the results obtained by Ziman (1965) when the arbitrary radii R  and R'  
occurring in his ecpiation (52) are taken to be R^.

T h e significance of replacing R^ by a smaller radius is not apparent, nor is the 
m eaning of taking R  ^  R'  in Zim an’s equation (52) readily interpretable. R^ can, of 
course, be replaced by any radius between R^ and the inscribed sphere radius.

2. The relationship betw een  the G reen function m ethod and the augm ented  
plane w ave approach

W ithin a single unit cell a Bloch wave can be constructed from a set of basis functions 
called augm ented plane waves (Slater 1937). T hese are of the form

=  / / ( p -  R Jexp{,-(k + g )  . p) + / / ( « . - p )  2

where l l {x )  is H eaviside’s unit function and the ^^g are defined by equation (7). At 
p =  R^ the augm ented plane waves are continuous but have a discontinuous normal 
derivative. A Bloch wave can be expanded in the form

'Ak(p) — 2  “k + g'̂ f̂ k + g'(p)- (18)g'
Usual augm ented plane wave theory involves calculating the matrix elem ents of the 
I lam iltonian between two augm ented plane waves. I 'h e  Green function method, 
however, is only concerned with that part o f an augmented plane wave which lies w ith­
in a spherical well. I f  the expansion (18) is substituted into the matching condition (1), 
p' is less than R^ and the plane wave part o f the augm ented plane wave is irrelevant. 
T h is substitution gives

2 <̂ k + g'{ 2 +  K(cot } =  0 . (19)
g' L’

From  the definition (7) o f the j8 ;g.

U sing the Wronskian (12), equation (19) can be reduced to

0 (21)
g

which is precisely the same as equation (13). T his illustrates that there is no fundamental 
difference between an expansion in augm ented plane waves and the usual Green function  
m ethod. Every plane wave can be associated with a set of interior functions which are 
matched at p =  7?g, or each interior function can be matched to a set o f plane waves.
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T h e conventional augm ented plane wave t’onuulae can be derived by putting the 
sum  (18) into a variational formula which gives the energy of a Bloch state (Slater 1937). 
Bv this m ethod the form

2  I K Kg' T P(ë)̂ gg') ~ (22)

can be obtained. I'gg ' is defined by

[(k+g) • ( k + g ') - K - “| j | ( | g - g ^ O

I g - g ' l
^ (2/+i).^/(&)jX|k+g!y^jjX|k+g'|y^jp/(cos(/gg.)
^ T  '̂ y(/4)

where

A'{R.) = (24)

T his definition of the effective matrix elem ent can be compared with that obtained
from the K ohn-R ostoker equations by using the relation

- ^ /( & )  ^  jiX'^y^s) _  tan 77/

w hich is just the definition of tan 77/ ,  equation (11). It is found that

Tgg' = I gg' +1 gg'° (26)
where hgg ° is the value of Egg ' when .^,(p) =  }i{i<p), i.e. it is the value of I'gg' for an
em pty lattice. In general Egg+ is not zero unless =  }kj^. T h is is an example of how
different effective matrix elem ents can yield the same final result if the equations are
solved exactly. In contrast w ith the behaviour of Egg/, Egg. vanishes for all values of 
K and k  for an em pty lattice.

3. The scattering o f Bloch w aves by an im purity

T h e scattering o f a Bloch wave i/r (̂p) by a perturbation V(p) centred on a perfect 
lattice site will be considered, where V(p) is the difference between an impurity potential 
and the perfect lattice potential. T h e transition probability per unit time from k  to k' 
is given by

A.k =  / /A ,k 7 S { £ ( k ) - £ ( k ' ) )  (27)
n

where is the T-matrix elem ent, defined by

A.k- = j+k*(p)Up)./'(p)'yp. (28)
i/fĵ.(p) is a Bloch state having the same energy as the initial state i/fĵ(p). ifj{p) is the
solution to the tim e-independent Schrodinger equation when a wave ipj^p) is scattered
by V(p). It will be assum ed that the perturbation is spherically sym m etric w ith the 
same radius Rg as the host atoms. T he perfect lattice potentials them selves will be 
slightly altered owing to screening and other effects. A  Bloch state will now m ean a
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state calculated for the ‘perfect perturbed’ lattice. 7’̂  can be expressed as a surface 
integral over the volum e of the perturbation by using standard m ethods, i.e.

'̂ k.k' =  ( IVv*(p);, ’A (p )-'/’(p)7-'Ak*(p) j </n(p). (29)
J 1 ôp cp = a

V'lj 1̂- will be expressed in terms of the I'Ourier coefficients of the initial and final Bloch 
states in the form

/ k,k' =  ^  ' ^ ■ k '  I K ' * ' ^ - k  +  g ^ e f f ( k + g ,  k ' + g ' )  (30)K«'
and K cft(k+g, k' +  g') will be defined as an effective matrix elem ent between the states 
k +  g  and k' +  g'.

On the surface of, and just outside, the perturbation «Ak(p) can be expanded as

'Ak(p) =  1  i^ar^{k){ji{Kp) +  isln7]iQxp{irji)hi{Kp)}'WL{e,<f>) (31)
L

where the coefficients a,{k) are assumed known, say by a K ohn-R ostoker calculation.
Inside the perturbation the wave function will be of the general form

-/'(P) = 2  <k) (P K) (32)
L

where .^ /(p )  is a solution of the radial Schrodinger equation for the impurity potential 
and the C; are to be determ ined. T h e scattered wave can be written as

Up) = I i'ii’MhUp) + 1 T,,̂h,.(k)i,(Kp)]9,(e, 4,) (33)
L  L '

for p just greater than, or equal to, R^. T h e significance o f the matrix 7’̂ .̂ is that an out­
going wave /+ -(k)h,.(/cp)'?!/;/((?, (fj) diverging from the impurity is scattered by the sur­
rounding lattice and produces a wave 7’/̂ ,̂-/;; .(k)j,(/<p)'2/ j{9, 0 ) at the origin. T he impurity 
potential itself is not counted, as a scattering centre. 'I'he wave function and its 
normal derivative m ust be continuous at p =  R^. I'h is gives

K {jf(/fp ) +  / s in  Vi exp(f7);)h;(/cp)}+6^h;(Kp) +  % =  CA'^/(p)]p = A, (34)
1/

and

+-[«L{j(('̂ p) + ̂ sin7j,exp(/rp)h,(/<p)}+èih,(Kp)+ %  7\^.6^+(Kp) = r^^/(p)]
“P L’ = A

(35)
From  (34) and (35) it is found that the coefficients 6^(k) satisfy the equation

è ^ - /s in 7 7 ,‘ ex p (;V ) 2  sin  exp(^V ) -  f sin  exp(/7;,)} (36)
L'

where 37/  is the /th phase shift for the impurity potential. T h e coefficients are given  
in terms of the 6  ̂ by

U sing an expression o f the form (31) for *Aĵ '(p) and expansion (32) for i/j(p) it is found
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that
( 2  ^

^k.k- =  2  ^h*(k'Vu(k)oxp(/27;/) 1 + - -----(

X [siii i]i cxp( -  iiji) -  sin oxp( -  A,/)}. (3S)
If th e  p ro d u c t  Uf *(k')<7j(k) is ex p re ssed  in t e n u s  ot th e  l-'ourier eoe the ien ts  o f  a n d  
i.'/j., t l ien

 ̂ efî(k -  g , k ' - g ' )

..w  ̂  ̂, I 2   ̂iaA jA
=  2  A ^ - e x p ( /2 7 ; / ) ( s in  exp( -  Ap) - s i n  77/  exp( -  A;/)) I + —— —  —

/V- ^ s in -7 /;  I rt^(k) J

^ g).y,(k' + g lj , (  k +  g ' |k' + g' I J

jr(''74) '..........■ ^

l'h ere  are two main ditîiculties in calculating the scattering o f Bloch states. Firstly, 
knowledge of the matrix l \ i  > is required. Other form ulations of the problem  involve 
calculating the lattice Green function (Dupree 1961) which requires the evaluation of  
rather difficult integrals over the Brillouin zone. T h is difficulty has not been evaded, 
but phrasing the problem  in terms of gives more insight into the scattering process, 
and sim ple approximations to can be envisaged more easily. I 'h e  problem of
calculating the Green function is replaced by the problem of determ ining the scattering 
bv the surrounding lattice of a wa\ e diverging from a lattice point. T h e second difficulty 
is solving equations like (36). If a large number of phase shifts are required to describe 
the scattering, this becom es rather difficult. Som e situations will now be considered  
where sim plifications can be introduced.

3.1. X ea rly  free  electrons

A free electron travelling through a metal, with an energy lying in the conduction  
band, can be scattered very little by a single potential well, and strong reflection occurs 
onlv w hen the electron is Bragg reflected. T he same type of behaviour is to be expected  
for a spherical wave spreading out from a lattice point. I f  the reflected waves are ignored, 
i.e. if is put equal to zero, it is found from equation (39) that

W k - g , k ' + g ' )

-  —  2  (2 / +  I ) % Y ^  exp(f277/)(sin 77, exp( -  Z77J -  sin  77/  exp( -  777/)}
K I siMpi

(40)
JiT'<̂ s)

where ^k-pg,k'-^g' the angle between k  +  g  and k' +  g'. T h e above approximation is 
especially good w hen the outgoing waves are weak, because in equation (39) the product 

is then small. In  other words f i p )  can be very nearly matched to the incom ing  
wave alone. It is interesting to compare (40) wdth the form for Gej-f(k, k') suggested by 
Ziman (1964). T h is was

U eff(k ,k ') ~  —  2  (2 / +  l){sin77;exp(777;)-sin77;iexp(7V)}P;°(cos0k.j,-). (41)
K I
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Fquiition (40) reduces to this when sin -17, and sin 77/  are small and ~  |k|^. For an 
outgoing wave with an energy close to the band edge, coherent reflection will occur. 
T his cfl'cct should be of secondary importance if the outgoing wave is weak. could 
be calculated approximately by ignoring m ultiple scattering efl'ects, but even this 
sim plification would involve (juilc a considerable amount of computation.

3.2. Tightly bound electrons

T he transition ])robability from k to k' for tightly bound electrons is not as important 
a problem  as for electrons which can participate in electrical conduction. However, it is 
interesting to note that equation (40) is also a good approximation in this situation. T his  
is because the energy of these states is negative, d'he outgoing waves now decay rapidly, 
and in consequence barely reach the surrounding lattice. T his conclusion can also be 
obtained by using the tight-binding approximation for the lattice Green function given 
by Beeby and kid wards (1963).

3.3. d-band electrons

T h e m ost interesting and apparently m ost difficult situation is when an electron band 
crosses a resonant d level as in the noble metals. A  free electron introduced into the 
lattice with these energies can be scattered strongly by a single potential well. However, 
if  an im purity potential is introduced which has phase shifts 77/  close to the unperturbed 
77; then the scattered wave m ust be weak and the remarks made in § 3.1 will be valid. 
Even in this extreme case, (40) should provide a reasonable estimate of the scattering.

W hen the outgoing waves are not weak and the lattice reflects strongly it is difficult 
to construct a sim ple approximation. It is suggested that m ight be calculated
approximately by considering only the scattering from the nearest neighbours of the 
impurity. T h e outgoing wave may be ‘trapped’ in the region of the impurity if the 
scattering from the surrounding atoms is large.
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