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ABSTRACT

For positivé integers &, y, the equation 't + (n2 - 2)n2y2
+ yl+ = 22 always has the trivial solution x =y. In Chapter 1, we
discuss the conditions under which the above equation cannot have
any non-trivial solutions in positive integers. We also prove that
if the above équation has no non-trivial solutions, then the lSt,
3rd’ (n + l)th, (n + 3)th terms of an arithmetical progression
cannot each be square. |

In Chapter 2, we prove that any set of positive integers,
with the property that the product of any two integers increaéed
by 2 is a perfect square, can have at most three elements. We.also
prove that there exist infinitely many sets of four positive integers
with the property that the product of any two increased by i is a
perfect square. Although in general we could not prové that a fifth
integer cannot be added to these sets without altering the property,
we prove it for a particular set {2, 4, 12, uéo}. We also give an
algebraic formula to find the fourth member of the set, if any three
members are given.

In Chapter 3, we prove'that the only positive integer solu-
tions of the equation (x(x - 1))2 = 3y(y - 1) are (x, y) =V(l, 1) &
(3, u). |

In Chapter 4, we prove that the only positive integer solu-
tion of the equation 3y(y + 1) = x(x + 1)(x + 2)(x + 3) is (x, ¥)
= (12, 1ou4).

The results of this thesis are, to the best of my knowledge

original and my own, except for Theorem 1.1 (Chapter 1) & Theorem



2.4 (Chapter 2), which have been proved by my Supervisor.
Chapter 3 has been published in the Glasgow Mathematical

Journal, Volume 17, Part 2, July 1976.
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NOTATIONS, DEFINITIONS, AND PREREQUISITES

An integer q is said to be divisible by an integer b # 0O,
if there exists an integer ¢, such that ¢ = be. We indicate this
by writing b | a. We write b } a to indicate that b does not divide
a. The greatest common divisor of ¢ & b, denoted by (a, b), is
defined to be the largest positive integer which divides both a & b.
We say that a is congruent to b modulo m, if m | (a - b).
We express this in symbols as @ = b (mod m). We say that a is a
quadratic residue of m if the congruence x2 = a (mod m) is solvable.
If this congruence has no solutions, then a is said to be a quadratic
non-residue of m.

For an odd prime p, we define the Legendre symbol as follows:

n

(a/p)
(a/p)

+1, when a is a quadratic residue of p,

-1, when a is a quadratic non-residue of p.

]

The following relations are valid for this symbol:
(a/p) = (a'/p), when a= a' (mod p),
(aa'/p) = (a/p)dlp), .
(2/p) = (-1)", where 7 = 3(p - 1).3(p + 1),
(p/q)(q/p) = (-l)h, where p, q are odd primes and h =
3(p - 1).3(p + 1).

When I)='EEFE_--_2n’ where Ei, Pys----P,, are primes, distinct
or not, and D is an integer prime to P, we define the Jacobi symbol
(D/P) ‘as |

(D/P) = (D/p))(D/p,)--=-(D/p,).

We also assume the following results:

i
[ 2 2
(1) If gb = x2, with (a, p) .= 1, then a = s b= T,y T = X T,



(ii) I£d = a? + y2, with (x, y) = 1, then d cannot have a

prime factor = 3 (mod U4).



Chagter 1

Introduction:

2

Equations of the form a;z:L+ + bxgy + cyq = d32 have

a long history going back to Fermat and Euler E+} . One of Euler's

results is that the equation x4+ lux2y2

+ yu is not a square if x
and y are relatively prime and x is even and y odd (excluding x = O,
Yy = 1) or if x and y are both odd (excluding £ =1, y = 1). An

interesting corollary by Fermat is that there cannot be four squares

in arithmetical progression. Pocklington [8] has also discussed

the solutions of the equation mu + nx2y2 + yu = z2 for certain
values of n. Equations of the form,
a' + (n? - 2)x2y2 + y& = 2 (1)

always have the solution x = y.
In this chapter we shall prove some results

concerning the integer solutions of (1).

Definition:
- (1) is said to have a non-trivial solution if it has a

solution (x, y, 2z) with xy(x2 - y2) # 0.

Theorem 1.1:

A necessary condition for (1) to have a non-trivial
solution when # = p, a prime, is that ‘there exist a factorisation
of p2 - 4 in the form rs with (»,8) not divisible by any prime

= 3 (mod 4) satisfying,

either (i) r =1 (mod 8), » #1 , » has no prime factor = 3(mod 4)



or (ii) 2 = 3 (mod 8), » has no prime factor = 5 or 7(mod 8)

and & has no prime factor = 3 or 5 (mod 8).

Lemma 1.1
. 2 2 2 .
The equation x° + y~ = 27, with (z, y) = 1, 2 > O has the

solution & = X2 - YQ_, y = 2XY¥, &z = X2 + Yz, when y is even.

Proof of Theorem 1.1:

When n = p, (1) becomes,
" (p2 - 2):1:23/2 + yL+ = 52 . (2)

Suppose (x, ¥, 3) is a non-trivial solution of (2), with z > 0 and
minimal. Then (x, y) = 1 and in~p§rticular at least one of x and y
must be odd. Without loss of génerality, we can assume that y is
odd. Then aléo z is odd.
Case T

Suppose ©? = y2 (mod p) and = 1 (mod 2).

Then p|z and we can write (2) as

2 _ 2 ) 2
Z ¥ )y (ay) = (3_) (3)
? 2 v 2
Since (&, y) = 1, we have, (—ELE:—Z s XYy) = 1. Hence by lemma

1.1.1, we must have for integers X, Y

oy = X2 - ¥°
5 z2 - y2 = 2pXY . :
2 2 :
Then, (ac__;y_) = pQXz.Y2 v (X2 - ¥H? = Xt o+ (p2 - %%y + ¥4,
xo o+ 2 2 2
Since Y < z and XY(X° - Y°) # 0, descent applies.

2

Hence this case is impossible.



Case II
‘ 2 _ .2 -
Suppose £~ = y“(mod p) and x = 0 (mod 2).

Then again we have (3) and now,

xy = 2XY,
x? - y2 = p(X2 1.
Now, (z2 + 322 = p2(x? - ¥%)? + 16x%¥°.

1

A (p2 - 2)12m2 + m4 , where 2 = X + Y, m =|x - ¥]|.
Since z2 + y2< 2z and Zm(Z2 - m2) = 4XY|X2 - Y2| # 0, descent applies.

Hence this case is impossible.

Case III
2 2
Suppose z° # y~ (mod p).

We can write (2) as,

2,2 _ 42 2

) yp (p2 - 4) = y43°,

(2x2+ (p2 - 2)y2 + 2z)(2x2 + (p2 - 2)y2 - 2z2),

(222 + (p2 - 2)y

Hence, p2(p2 - 4)y”

A.B, say.

Now, let gq Be a prime dividing (4, B).

Then, q|4B and q|4 + B.

ie q|p?@2 - Wy" and q]2x2~+ (p? - 2)y%

Now, q | y, since qly + q|x, which is impossible as (x, y) = 1.

Also q # p, since g = p would imply that pl(x2 - y2).

Hence (4, B)2 | (p2 - 4), and so (4, B)2 |(ac2 + y2).

Since (x, y) = 1, A and B cannot have a prime factor = 3 (mod 4) in
common. Thus we have,

2% + (p2 - 2)y2

pQRaq, (4)

I+

2z

2x2 + (p2 - 2)y2 ¥ 2z Sdu, (5)
where ¥ = cd, Rg = p2 - 4, R&S have no prime factor = 3 (mod 4) in

common, and (pe, d) = 1. .



(4) + (5) + bx’ p%??cl+ - 2(p2 - 2)(32d2 + ‘S‘a'fl_:L

(Re? - &®)(p2e? - sd%),

C.D, say.
2 2 .
Now, D - SC = 4e“, RD - p°C = ud”. Since (e, d) = 1, vwe have
(c, D)]H. Hence we have to consider the following cases:
Case IIla
Suppose R = 1 (mod 8).
Then S =5 (mod 8), C = 0 (mod 8), D = 4 (mod 8).

Thus we must have

C = Re? - d2 = ilsxi R
D = p202 _ 5d° = iuxg,
X = 4xlx2.
2_1 2 2 y . . .
Then ¢” = (D -5C) = i(x2 - uaxl) and so the minus sign is

impossible. Thus,
2
l.

Since L) | z, d | y, we must have (d, xl) = 1 and hence R

R02 e d2 + léx

cannot have a prime factor = 3 (mod 4).

2
Suppose R = [],'say.Rl. Then we should Have -
d =Xx* - Y%, 2z = XY, Rje = X + Y2

2 2.2 2

2 2
But then URjx, = p"Rje” - Rsd",

P22 + 12 - p? - w? - 1H2,

n

ux" + 4(p2 - 2)X2Y2 + uy™,

e p? - 2x%? v 1t

. 2
i.e (le2)
Since (ﬁix2)2 = ng < (p2 - '+).'Jc2 < 2° and XY(X2 - 12) # 0,
descent applies. Thus R # 0.

Thus, taking R = r, S =s , we see that this case is impossible

if condition (i) does not hold.
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Case IIIb

Suppose R = 5 (mod 8).

Then S = 1 (mod 8), € = 4(mod 8), D = O(mod 8).
Thus,

C = Re? - 4% = iuxi

D = pe® - sd® = 16z,

x = umlxz.
Then ¢? =_i(4x§ - Smi) and hence the plus sign is impossible
modulo 4. Thus Sd° = p°e’ + 16x%. Since (pe, x25 =1, 5
cannot have a prime factor = 3 (mod 4).

Suppose 5= [}, Si, say. ~Then we should have

2

5,d = X% + ¥2, pe = X% - ¥°, 2, = XY,

2)'
2

= 1x?2 + ¥H2 %(2—;—”)0(2 - %)
p

2 2
- X2Y2 + (X ; Y )2

2 2, .2
and then, (5,x,)° %sl(d - Re

Thus, XY = 2Au, X2- 72 = (A2 - u2),(x2 + Y52 = p2(3? - )2

+ 16222,

Putting A + y = 72, A - p = m, we have,

x? + %) p212m2 + (22 - m2)2s

A (p2 - 2)1%m? + mu,

2
Since, x? + 192 = g < (p2 - u)y2 < 22 and (1% w?) # O,
descent applies. Thus S #[3.
Hence, taking R = s, § = r, we see that this case is impos-

sible if condition (i) does not hold.

Case Illc
Suppose £ = 3 (mod 8).

Then S = 7 (mod 8), € = 2 (mod 8), D = 2 (mod 8).
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Hence we should have,

¢ =Re? -4% = in R (6)
D = p202 - Sd2 = 2.’275 ’ (7)
X = xle.

We see that (6) & (7) cannot hold simultaneously if
R has a prime factor = 5 or 7 (mod 8) or S has a prime
factor = 3 or 5 (mod 8).
Thus taking R = r, S = s we see that this case is imposs-

ible if condition (ii) does - net hold.

Case IIId

Suppose R = 7 (mod 8)

Then S = 3 (mod 8), C 2 6 (mod 8), D = 6 (mod 8).

Hence we should have,
¢ =d? - R? = 2xi R ' (8)
D = sd° - p2c? = ng s : (9)

X = X .
%1%,

Now, (8) .& (9) cannot hold simultaneously if R has a

"
wn

prime factor = 3 or 5 (mod 8) or S has a prime factor =
or 7 (mod 8).
Thus taking R =8, S=r we see that this case is imposs-

ible if condition (ii) does: not hold.

Hence the theorem,

Theorem 1.2:
The equation (1) has no non-trivial solutions if n = P,
where P is a prime such that p = #3(mod 8) and p2 - 1lhas no prime

factor £ 1(mod 4).
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To prove this theorem , we use principally lemms 1.1, and.
Lemma 1.2;
If xy = uv, then x =oB, y =v8, u =oy, v =88,

(The proofs of both lemmas can be found in Pocklington Eﬂ)-

Proof of Theorem 1.2:

When n = 2p, (1) becomes,
g (up2 - 2)x2y2 + yL+ = 52 (10)
Suppose (x, ¥, 2) is a non-trivial solution of (10) with z > 0O
and minimal. Then (x, y) = 1 and without loss of generality we
can assume that y is odd.
Case I

Suppose x2 = y2 (mod p) and « = 1 (mod 2).

Then we can write (10) as,

(L) N CATA v 232,
2p \ @
2

: 2
Since ( Eizgili— s £Y) = 1, and xy is odd we should have,
oy = X2 - ¥
22 _ 2
£_"Y = oy,

Then 3(x2 + y2)2 = x* + (up? - 2)x2¥% + ¥'.
s 1.2 2 2 2 .
Since z(x” + y“) < 2z, and XY(X° - Y°) # O, descent applies.

Hence this case is impossible,

Case IT

[l

Suppose 2 y2 (mod p) and « = 0(mod 2)

Then 2 is odd and we can write (10) as,

2 2\2 2
p ‘ ‘ P
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Thus, we have,
C A T R C S (11)
Ty = XY . | (12)
By lemma 1.2, (12) +z = aB, y = y§, X = o;y, Y = BS, where
a; By, Y, 8§ are integers.
Now, suppose p = 3 (mod 8). Then X is odd and Y is even. Hence
B is even a, y, 8§ are odd.
Then (11) - a262 - 7262 = p(a2Y2 - 3262).

3(1 - 82) (mod 8).

Hence, 82 -1

i.e 4(82 - 1) = 0 (mod 8), which is impossible as B is even.
Next suppose that p = -3 (mod 8).
Then X is even, Y is odd. So, in this case a is even, B, vy, §

are odd. Thus we have, a2 -1= —3((12 - 1) (mod 8).

i.e, 4(a2 -1

0 (mod 8), which is impossible as a is even.

Hence case II is impossible.

Case III

Suppose x2 Z y2 (mod p) and * = 1 (mod 2)

2

Now, (10) ~ (z® + (2p2 - l)y2 +2)(x? + (2p2 - Dy° -2) = up2(p2 - l)yu.

Let 4 = x2 + (2p2 - l)y2 + 3, B = x2 + (2p2 - l)y2 - 2.

B. Ia fact 2°||(4, B).

Then 4|4 and U
Suppose an odd prime q | (4, B). Then qlz, qlx2 + (Qp2 - l)y2 and
1o’ @ - 1y

Now, qu > qlx, which is impossible since (x, y) = 1. So q*y,

qQ=p~ @

1]

y2 (mod p), which is impossible. Hence q # p.
Thus q2](p2 -1) > ql(x2 + p2y2). But since p2 - 1 has no prime factor

= 1 (mod 4), this is impossible.
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Thus (4, B) = 4,

Hence we should have,

z? + (2p2 - l)y2 + 23 = U;pzl?cu,

%+ (2p2 - l)y2 -2 = Sdu,
or :

x2 + (2p2 - l)y2 +z = uRcu,

22 + (2p2 - l)y2 -3z = pQSiu,

where y = ed, RS = p2 -1, (pRe, 8d) = 1. Also, since p2 = 9 (mod 16)

"we have RS 8 (mod 16). Hence R is odd and QSIIS.

So we have,

either

222 = upQRc” - 2(2p2 - 1)ed? + Sd”,
or

2z% = uRe" - 2(2p2 - 1)e%d? + pQSdu.

i.e , either

252 (mﬁ-fﬁw%{sf)

2y,

o

(2Re? - p2d®)(2e% - o

Hence we should have,

either 2Rb2 - d2 = ixi, or 2Rc2 - p2d2 = ixi,
2;92302 -s5d? = i2x§, 26% - 54 = t2x§,

Xz X .,
where £o

In both cases the minus sign is impossible modulo 4. Hence we

have,
2 2

either ch2 - %S’d2 = xg - or e? - 35d” = Lo

Since 2%’5, both equations are impossible modulo 8.



Case IV
| : 2, 2
Suppose & is even and *° #Z ¥y~ (mod p).
Now, we can write (10) as,

2)2 2.2 2 2

(z° - Y + Up“xy” = 3%,

Since (x2 - y2, xy) = 1 and pxry is even, we should have,
P N . (13)
pry = XY¥. (14)

Since x is even and y is odd, we have X is even and Y is odd.

(14) + either x = 0B, y = Y8, X = pay, Y = BS,

or X

or aB = ¥8, X = av, ¥ = pBs.
H

Then (13) - either a262 -'y262 p2a2Y2 - 6262,

or o28% _ 4262 = o2y2 - p2262,

Case IVa

suppose o282 - 262 = p2a2y? - p%s2.

" Then a2(B2 - p2Y2) = 62(Y2 - 82)

2y

2

Now, 23]|(82 - P2Y2a y? - 8%). Hence we have (8% - pQY i

Y2 - 32) = 8R, where R is odd and Rl(p2 -1).
Since (o, 5)I(xa y) = 1, we have (o, 8§) = 1.
Thus we have,

2 _ +8Rs?, | (15)

1

8% - py

v2 - 82 = s8Rl?, (16)

(15) + (16) » y2(1 - p2) = +8R(82 + 02) .

The plus sign is impossible since (1 - p2) <0

Hence Yz(p? -1) = 8R(8% + a2).

i.e, Y2(pi—_l) =862 + o2, (17)
8R

If R=1 and p# 3, then the above equation is impossible

15



modulo 3. If 8RR = p2 - 1, then
2 2 2 . .
(17) vy~ = 6" + o, Since (a, §) = 1 and a is even
should have,
2 2 2 2 2
§ =& -n", a=2En, vy =& +n.

Then 82

72 + (p2 - l)ag

(g2 + 092 + (2 - 1). ug2n2,

et + (p? - 20e%? + ot

)

I

Since B < & < z, gn(52 - n2) # 0, descent applies.
2
Hence 8R # p2 - 1. Since (a, §) = 1, and B—gé%l-has

a prime factor = 3 (mod 4), this case is impossible.

Case IVb

suppose o282 - 1262 = o242 _ 26252,

i.e, 0282 - v2) = 62(y2 - p%8?).
2 2 4

Since, 23|[(B2 -Y ., Y - p282), we have (82 - Y . Y

= BR, where R is odd. Hence we should have,

2 2

B” - v i8R62,

y2 - p282 = iBRaz.

(18) + (19) = B2(1 - p?) = +8R(52 + o2)
The plus sign is impossible, since (1 - r?) <o.

Hence,

82(p2- 1) = 8R(6% + a°)
IfR=1, p # 3, then (20) is impossible modulo 3.
R=1,p =3 >~ B8R = p2 - 1 and hence,

82 = 6% + o’.
Hence, we should have,

6= - n'ya = 20, B = (£2 + n?).

2 22
But then, y? = p2(§2 - n2) + 4En .

16

s We

2 p282)
(18)
(19)

(20)



17

2 2,2

Yyy© = L;,p2(52 - N7 4 16€2n2-

So if weputZ =& +n, m=¢& -n, then we have,

m

oy (sz - 2)221712 +m .

(29)? = 1
. 2 2 .
Since 2y < 2y < z and Im(1l” - m") # O, descent applies.
If 8R # p2 - 1, then again (20) is impossible as (a, y) = 1

2
and 2—5:—£ has a prime factor = 3 (mod 4).

Hence the theorem .

Theorem 1.3:

A necessary condition for the equation (1) to have a non-
trivial solution when y = 4p, where P is a prime =3 (mod 4) is that
there exists a factorisation of HFQ - 1 in the form »rs with (r,s )

3 (mod u4) satisfying,

not divisible by any prime

either (i) ? = 1(mod 8), r # 1, » has no prime factor = 3 (mod 8),

or (ii)r = 7(mod 8), (r/p) = -1.
Proof:
When # = 4p, (1) becomes,
z o+ (16p2 - 2)m'2y2 + yur = 2. (21)
Suppose (21) has a solution (&, ¥, %) with 2 > 0 and minimal. Then

(x, y) = 1 and without loss of generality we can assume that y is

odd .

Case T ,
2 - .2 =
Suppose £° = ¥~ (mod p) and = = 1(mod 2).
Then we can write (21) as,
22 55 rz)2
—_— + T7Y" =(—) .
up up

7

Since Q——é;—- » TY) = 1, we should have,



18

T ¥ - oxy,

x? - ¥2,

1l

Yy

eup’r? + ux? - 15D,
2

Then (%(x2 + y2))2

Xty (16p~ - 2))(2Y2 r Y

' Since %(ac2 + y2) < 2z, descent applies.

Hence this case is impossible.

Case II
Suppose m2 # y2 (mod p) and & = 1(mod 2).
We can write (21) as,
(2 + (8p% - 1)y2 + 2)(x2 + (8p2 - )y? - 2) = u2.p2.(up? - 1)yt
LetA=x2+(8p2—l)y2+zandB=x2+ (8p2-1)y2-z.‘
Then A and B are both even and 22]](A, B).
Suppose ¢ is an odd prime dividing (4, B).
Then q2[p2(4p2 -y, q|2:x:2 + (lESp2 - 2%, qlz.
Now, qly + q|«, which is impossible as (x, y) = 1. So qly.
q=p~* p|2.7c:2 - 2y2 + a:2 = y:2 (med p), which is not true. Hence q # p.
Thus q|(4p2 -1). So ql z? + 4p2y2. Thus ¢ # 3 (mod 4).
Hence we should have,

n

z + (8p2 - 1)y2 * bRe ',

n
n

z2 + (8p2 - L)y? % z = usp2dy

1, R&S have no prime factors

where y = ed, RS = '+p2 -1, (e, pd)

= 3 (mod 4) in common.

Thus, z% = 2Ret - (8p2 - 1%d? + 2sp2d”.
= (262 - 5d%) (Re? - 2p%d?)
=C. D, say.
Since RC - 2D = d°, 2p°C - SD = e and (e, d) = 1, we have (C, D) = 1.
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Hence we must have,

202 - 5d? = tx?

= _xl,
2 2 2
Re® - 2p 42 = 2z, (22)

From (22) we have, R 2 5 or 7 (mod 8). Hence we only have to
consider the following two cases:
Case IIé
Suppose R = 1 (mod 8)
Then S = 3 (mod 8), C = -1 (mod 8), D = -1 (mod 8).
Hence we have,

202 - 54° = ﬁxi, : (23)

R02 - 2p2d2 = —x; .

R =1-> (R/p) = +1 and in this case (24) is impossible

(24)

modulo p. So R # 1. Now, (24) is impossible if R has a
prime factor = 3 (mod 8). Taking R =»r, S =8, we see
that this case is impossible if condition (i) does ;ot

hold.

Case IIb:
Suppose R = 3 (mod 8).
Then 'S = 1 (mod 8), C = 1 (mod 8), D = 1 (mod 8).

Hence we should have,

2% - 58 = a2, (25)
Re? - Qde? = mgo (26)

Suppose S = 1. Then R = upz - 1 and (26) is impossible
modulo p. Hence S # 1. Now, (25) is impossible if §
has a prime factor = 3 (mod 8). Thus taking R =5 ,5 = n

we see that this case is.impossible if (i) does.not hold.
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Case ITI
| Suppose £ = 0 (mod 2).
Then 2z is odd and we have,
42, p2up? - 1y" = 4.3,
where 4 = x2 + (8p2 - 1)y2 + 3, B = x2 +'(8p2 - l)y2 -3
(4, B)|23 . Since A& B are both even, we have 2|[(4, B).
Suppose an odd prime g|(4, B).
Then q2[p2(up2_— l)yu, q|2x2 + (16p2 - l)yz.
As in case II qky.
Suppose ¢ = p. Then q [ (L+p2 -1). Ifq #p, then ql('-l,p2 - 1)
and therefore g l(x2 + 4p2y2). Thus ¢ # 3 (mod 4).
Case IIIa
Suppose 2|(4, B), pl(4, B).
Then we have,

x2 + (8p2 - l)y2

x? + (8p2 -Al)y?'

BRcu ,

1+

3

_2p2Sdu, where y = ed,

—+1

2
L]

(e, pd) = 1, R,S have no factor = 3 (mod 4) in common.

Thus we have,

x2 = Lu?c'+ - (8p2 - 1)02d'2 + p2Sdu,
= (4e? - s (R? - p2d?),
= (C.D 4 say.
Now (C, D) = 1 and hence we should have,
he? - sd° = ixi, (27)
Re? - p°d = ma, (28)
T =z,

where x is odd, x, is even.

Since Z, is even, B =3 (mod 4) is impossible. Hence

R =21 (mod u).
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Suppose R = 5 (mod 8). Then S = 7 (mod 8) and in this

case (27) is impossible modulo 8.

Hence R = 1 (mod 8) and we have,

402 - Sdz = xi,
Re? - p2d2> = xé . (29)

Suppose R = 1. Then we have,
2
e}

= p2d2 + xg.
Hence, pd = x? - YQ, x, = 2XY, e = (X2 + Y2)2.
2 ,2\2
Then m:2L=4(X2+Y2)2-(4p2-1)X b
2 2\2 p

Xx° -y

16X2Y2 +
Thus p’z: = X' + (1ep” - 2)2°%° + 1",

2

Since p2mi < p2x < 22, descent applies. Hence R # 1.

(29) is impossible if R has a prime factor = 3 (mod 4).
Thus taking R = r, S = 8, we see that this case is impo-
ssible if (i) does not hold.
Case IIIb

Suppose 2p | (4, B) .

Then we have,

8pRcu,

x? + (Bp2 - l)y2 t oz

z? + (8p% - 1)y2 ¥ z = 2psd*.
Hence, %% = upﬁbu - (8p2 - 1)02d2 + psdq,
= (upe® - &%) (Re? - pd®),
= C.D, say.
Since (4, B) = 1, we should have,

4p02 - Sd2. ixi, (30)

Re? - pd® = sx2. (31)

Since p = 3 (mod 4), @, = 0 (mod 2), we have, R # 1 (mod 4).
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Suppose R = 3 (mod 8)., Then S =1 (mod 8)

and we cannot have (30). Hence R = 7 (mod 8). Then,
2

l’

2

2.

(32) cannot hold if (R/p) = +1.

4p02 - sd? = =

Re? - pd2 = -

(32)
Thus taking S = s, R = r, we see that this case is impos~

sible if (ii) does not hold.

Hence the theorem.

Theorem 1.4

A necessary condition for the equation (1) to have a
non-trivial solution when n = 8p, where p is a prime = 5, 11, 17
or 23.(mod 24), is that there exist a factorisation of 16p2 -1

in the form rs with (», s) not divisible by any prime = 3 (mod 4)

satisfying,
either (1) r=1(mod 8), r # 1, (r/p) = +1,
or (ii1) » = 3 (mod 8), 3{r, (-r/p) = +1, s has no prime

factor = 3 (mod 4).

Proof:
When n = 8p, (1) becomes,
2"+ (sup? - )22y’ + o = &2 (33)
Suppose (x, y, z) is a non-trtivial solution of (33) with z > O
and minimal. Then (x, y) = 1 and without loss of.generality
we can assume that y is odd.
Case I

Suppose & = y2 (mod p) and * =1 (mod 2)

Then we can write (33) as,
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2 2\2
T -y +x2y2_=(£-2v

T -Y 2XY,
xy = X2 - Y2-
But then,

(3z? + 202 = L(256x°7% + w(x? - ¥%)2)

= x* 4 (eup? - 2x°¥% + 1

Since %(:L‘2 + y2) < 3, descent applies.

Hence this case is impossible.

Case II .
Suppose %’ = y2 (mod p) and z = 1 (mod 2).
we can write (33) as,
(z2 + (32p2 - 1)y2 +2)(a + (32p2 - 1)y2 -g) = p2.6u(16p2 - 1)y”.

2, (32p2 - l)y2 - 2Z.

Let A = x> + (32p2 - l)y2 + 2 and B=x
Now, 23||(A, B). Suppose a prime q|(4,B). Then qlx2 + (32p2 - l)y2
7 |p2aep? - 1)yt

q[y > q]x, which is impossible. so. qfy.

q=p-~ @2 = y2 (ﬁod p), which is not true. So q #p
Hence ql(lsp’2 - 1). Thus ¢ # 3 (mod 4) and we have
x> + (32p2 - l)y2 t gz = 8Rcu,
22 + (32p2 - l)y? t 3= 85p2du,

where y = ed, (¢, pd) = 1, RS = 16p2 - 1, R, S have no prime factor
= 3 (mod 4) in common.

By adding the two equations we have,

2 4

x° = 4Re’ + (32p2 - 1e%d? + uspzd“.



Since RC - 4D

24

(Llc2 - SdQ)(Rc2 - 4p2d2),

C.D, say.

n

dz, up%’ + 8D = 02, (e, d) = 1, we have, (C, D) = 1.

Hence we have,

ne? - sd? = ixi,' BELY
Re® - l+p2d2 = J_rxg, (35)

(35) » R = %1 (mod 8) is impossible. Hence we only have to

consider the following two cases:

Case IIa
Suppose R = 3 (mod 8).
Then S = 5 (mod 8), ¢ = -1 (mod 8), D = -1 (mod 8),

Thus we have,

2

ue? - 542 = 2, (36)
Re® - l+p2d2 = —xg. (37)

Now, 3 } R+ 3 | S. Then (36) is impossible modulo 3.
Hence 3|R. (36) & (37) cannot hold simultaneously if
S has a prime factor = 3 (mod 4) or (-R/p) = -1. Thus
taking R = », S = 8, we see that this case is impossible

if (ii) does not hold.

Case IIb
-Suppose R £ 5 (mod 8).
Then S = 3 (mod 8), € =1 (mod 8), D =1 (mod 8).

Thus we should have,

2

ne? - sd® = x32_’ (38)
Re® - wp?d® = o, o (39)

3} > 3|R. In this case (39) is impossible modulo 3.

Hence 3|S.
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Now, (38) and (39) cannot hold simultaneously if either

R has a prime factor = 3 (mod 4) or (R/p) = -1.

Since RS = 16p° - 1, (R/p) = -1 + (-§/p) = -1.

Thus taking R = 5,3 = r, we see that this case is impossi-

ble if (ii) does not hold.

Case III

Suppose £ = 0 (mod 2)
Then again we have’

64p2(16p2 - l)yu = 4.B ;

but in this case.z is odd.
Since (4, B)|2z, we have 2||(4, B).
Now, suppose an odd prime q |(4, B). Then q]x2 + (32p2 - l)yz,
q2|p2(16p2 - 1). qu -+ q[m, which isAimpossible. Hence qky

Soq=p or ql(le2 - 1). Thus we have the following cases:

Case IIla
Suppose p [ (4, B)
Then we have

' )
32Ra ",

x? + (32p2 - l)y2 t z

25p%d™*.

z2 + (32p2 - 1)y2 + 3
Thus, x° = 16Re" + (32p° - 1)e2d> + p2d

(1662 - sd®)(Re? - p2d®)

= .C.D, say.

Now, (C, D) = 1 and hence we have,

1602 - sd2 = ixi, (40)
2 2.2 2
Re” - p'd” =iz, , (41)
x = xlmz,

" where xlis odd, x, is even.
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(41) + R = 1 (mod u4).

Supposé R =5 (mod 8). Then S = 3 (mod 8) and we cannot

have (40). Hence R = 1 (mod 8) and therefore we must bave,
l6c2 - Sd = xi,
Re? - p 242 = xg. (42)
2 2.2 2 -
Suppose R = 1, Then ¢” = p°d” + x, . Thus we should have
pd = X2 - = 2XY. Then

Y 2
a:i 16(x% + Y2 )2 - (16p - 1)< )
2
6ux2r? + 6 >

i.e, p2x2 X”+(6L+p - )x%y? + ¥t

I

Since p 2x2 < p2x2 < z2, descent applies. Hence R # 1.

1
(42) is impossible if (R/p) = -1. Thus taking R =», S =

we see that this case is impossible if (i) does not hold.

Case IITIb
Suppose p | (4, B).

Then we have,

x2 + (32p2 - l)y2 3= 32Rpcu,
x? + (32p2 - 1)y2 tz-= zspd”.
Thus @2 = 16Rpcu + (32p2 - 1)e%d? + Spdu

(16pc® - Sd%)(Re? - pd?)

= C.D, say.

Since (C, D) = 1, we should have

16pc2 - sd® = mi, (43)
Re® - pd2 = ixg s (uy)
T = LT
where xy is odd, %, is even,

First consider p =11 or 23 (mod 24). Then R =3 (mod 4).
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Suppose R = 3 (mod 8). Then S = 5 (mod 8) and we cannot

have (43). Thus R = 7 (mod 8). Then we should have,

16p02 - 5d? = "”i’ (45)
Re® - pd2 = —:Jc; . (48)

If S = 1 then 3|R and (46) is impossible modulo 3. Hence
.8 # 1. Also (45) cannot hold if (S/p) = -1.
Thus taking R = 8 S = r, we see that this case is
impossible if condition (i) does not held.

Next consider p = 5 or 17 (mod 24). Then R = 1 or 5 (mod

8). Suppose R = 5 (mod 8). Then S = 3 (mod 8) and in

this case we cannot have (45). Hence R = 1 (mod 8), and

we have
16pe” - sd° = 22, (47)
Re? - pd2 = mg. ’ (u8)

If R = 1 then 3|5 and (47) is impossible modulo 3. Hence
R # 1. Now, we cannot have (48) if (R/p) = -1.
Thus taking R = r, S = 8, we see that this case is impos-

sible if (i) does. not hold.

Hence the theorem.

Theorem 1.5:

A necessary condition for (1) to have a non-trivial
solution when n = P1Pg: where P> b, are primes such that P, =P,
=7, 11, 13, 17 (mod 24), is that there exist a factorisation of

p12p22 - 4 in the form rs, with (r, s) not divisible by any prime
= 3 (mod u4) satisfying,



either (i) r=1(mod 8), r # 1, (—s/pl) = +1, (—s/p2) = +1,
or (ii) » = 3 (mod 8), (—28/pl) = +1, (-23/p2) = +1.
Proof:

When »n = PP, (1) becomes,

xt o+ (pipg - 2)x2y2 + y‘1L = z2: ' (49)
Suppose (x, ¥, z) is a non-trivial solution of (49) with z > 0
and minimal. Then’(x, y) = 1 and without loss of generality

we can assume that y is odd.

Case I

Suppose x? = y2 (mod plp2) and x = 1 (mod 2).

Then we can write (49) as,

28

2 2\ 2 '
G——y—> + x2y2 = (& (50)
PP, P1P5

Hence we should have

2 2
X -y
PPy

2XY,

ay = X2 - ¥°.
ip§X2Y2 r (X% - Y2)2,

=1t + %2 - 2 4 ¥

2
Then (%(x2 + y2)) =p

Since %(:x:2 + y2) < z, descent applies.

Hence this case is impossible.

Case II
2 _ .2 -
Suppose xz° = y“ (mod plpz) and £ = 0 (mod 2).
Then again we have (50), but now

xy = 2XY,
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2 + 16){21'2

2 2 L
2)1°m" +m ,

2 2
plpg x? - 1)
2.2
1P2
with 2 =X+ Y, m=X - Y. Since x2 + y2 < z, descent applies.

Then (z° + y2)2

A (p

Hence this case is impossible.

Case IIT
2 2
Suppose x° # y° (mod plpz).
We can write (49) as,

22, 272 L 2 2 2 2 2 2 2 2
ppo(plp:2 - Wy = (22" + (pip, - 2)y~ + 2z)(2x" + (plp2 - 2)y" - 2z)

A.B, say.

Then A and B are both odd and if ¢ is an odd prime dividing (4, B)

2 2 2 2 212 2, 2 2 L
we have q|2m + (plp2 -2)y, q Iplpz(plp2 - Wy .

Now q|y -+ qlm » which is impossible as (x, y) = 1. Hence q!y,
' 2 2 22 2 2
q=py orp, > qllplp, - M. qlpip, - ) > ql@” + ") and

in this case ¢ # 3 (mod 4).

Hence we have the following possibilities:

Case Illa
Suppose p, ! 4, B), p, ! (4, B)

Then we have, .

either 2x2 + (pipg - 2)y2 t 2z = pipchu,
2 2 - 4
2x +(pip‘2?-2)y + 2z =254,
or 2x2 + (pipg - 2)y2 + 2z = piRcu,

2

2¢° + (pipg - 2)y2

2z = piSdu,

+1

where y = ed, (e, d) = 1, RS = pipg -4, R & S have no

factor = 3(mod 4) in common.

Hence either x> pJQ_p;Rcl‘l - (2pip§ - 4)02d2 + qu,

or umg

piRcl’L - (2pip§ - 1)e2d? + pgsdu’.



i.e either ux? = (Re? - dz)(pip302 - SdQ) = C.D, say,
or be? = (Re? - png)(piGQ - 5d%) = E.F, say.

Now (C, D)|4, (E, F)|4. Clearly C, D, E, F are all even

and there are four cases.

Case IIIal

Suppose R = 1 (mod 8).

Then S = 5 (mod 8) and we should have,

2 2 2 2,2 2
*16 ;, or FRe® - p2d = t16x,,

either Rb2 -d

222 2 2 2 2 2
- = + - = +
pip,e fe thr, s rie 542 e,
x = uxle, g = uxlxz.

We notice that. In both cases the minus
sign is impossible. Thus we have,

2

EEEEEE.RCQ = d2 + 16x1’ (51)
222 2 9
plPZC - 5d° = LI\'EQ, (52)
or Re® = pgd2 + 16x§, (53)
2 2 2 .2 ‘
pie - 5d° = x, . (54)
Suppose R = '
2 _ 2 2
Then (51) + e“ =d° + 16z). Thus we should have,
d=x*-Y, 2 =XI. Then
2 2 2 2 2,2
ha,, = plp2 r? 4 uwx? - 192,

iea?=xt+ (pzp2 - 2)x%7% + v*. Since xz, < x < 2,
2 172 2
descent applies. Thus we cannot have R = 1 in (51).

2 2 2

Now (53) > " = png + 16x;. Thus p2

= XY. Then 4. = po(x° + ¥°)- Glpz )(X - 12

i.e upiza = pipax? + ¥ - plps - mx® - 1Y
ie pyuy = X'+ (plpy - XY+ ¥,
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Since P %, < PST < 3, descent applies.

Hence we cannot have R = 1 in (53).

Now (52) cannot hold if (—S/pl) or (—S/pQ) = -1, Also,
we cannot have (53) & (54) if (R/p,) = -1 or (-8/py) = -1.
Since (R/p,) = -1 > (-5/p,) = -1, (58) & (54) cannot hold
simultaneously if (-8/p;) or (-5/p,) = -1.

Thus taking R = », S = 8, we see that this case is impos-

sible if (i) does mot hold.

Case III a2

Suppose R =5 (mod 8).

Then S = 1 (mod 8) and we have
2 2 252 _ 02

either Re? - d? = thal, or Re® - p,d” = thxl,
pipgcQ - 5d? = ilsxg , picz - 5d? = ilGxg,
x = hzx, , z = hx,z, .
In both cases the plus sign is impossible. Thus
either _
5d° = pipgc?-+ lﬁxg, (55)
ue? = d° - Re’, | (56)
o sd® = ple® + 16a3, (57)
ur? = p2d® - Re’- | (58)

Suppose S = 1,

2 2 2 2 2
Then (55) + 4° = pipye t 16x2. Thus we should have

piPye = x% - Y2, 2z, = XY. But then (56) would imply

2 2 2
2 _ ;42 2\2 .22 X< -y
that bz = (X + Y°) (plp2 4) __p1p2 )

222 _ M4 2.2 \y242 L oM s
Thus  pip,®; = X + (plp2 2)X°Y" + Y'. Since P1P %
< PP,% S 2, descent applies.

(57) ~» d2 = p%;Q + lsxg. Thus we should have,
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x> - ¥%, 20, = X¥. Then (58) would imply that
2 2\2
= pg(X2 + 192 - (pipg - 4)’(X———p Y )
1

pie

2
Hml

lx

Thus pixi =xt+ (pipg - H)XQY2 + Y%, since pPy%y <P
< z, descent applies.

Thus § # 1. Now we cannot have (55) if (S/p;) or (S/p2)
= -1, i.e if (—R/pl) or (—R/p2) = =1. Also (57) & (58)
cannot hold simultaneously if C?/pl) or (—R/pz) = -1.

i.e if (—R/pl) or (—R/pz) = -1. Thus taking R =8,S5 =r

we see that case IIIa, is impossible if (i) does not hold.

2

Case IIIa3

Suppose R = 3 (mod 8).,

Then S = 7 (mod 8) and we should have,

either Rc2 - d? = 2xi,
Pip§c2 - sd’ = 2x§, (59)
or Re? - pgd? = Qxi , (60)
prQ - sd? = ng. ‘ _ (1)

(59) is impossible if (—2S/pl) or (—2S/p2) = -1. (60) &
(61) cannot hold simultaneously if (-25/p,) or (2R/p,)
= -1; i.e if (-25/p;) or (-25/p,) = -1. Thus taking
R =r, S = g we see that this case is impossible if

(ii) doesnot hold.

Case IIIa!

Suppose R = 7 (mod 8).
Then S = 3 (mod 8) and we have
either 'Rcz —d2 = —2x§,

2 22 2 2 ;
ppF - -5d° = -2x,, : (62)



O pe? - pgd? = —Qxi > (63)
Cp2e? - 5d? = -Qacg- (64 )

(62) is impossible if (25/p,) or (25/p,) = -1. i.e if
(—QR/pl) or (-2R/p,) = -1. Also (83) & (64) cannot hold
simultaneously if (—2R/p2) or (QS/pi) = -1, 1i.e if
(-2R/p,) or (-2R/p,) = -1. Thus taking R = &, § = r we

see that this case is impossible if (ii) does not hold.

Case IIIb
Suppose plI(A, B), p2}’(A, B).
Then we have
222 + (pipg - Q)y2 + 2z = plpchu,

2 2.2 2 _ M
2x¢° + (plp2 -2yt 2z = plSd .

Hence umz = plpgl?cL+ - (2pipg - 1)e?d?

+ plsd”,
= (Re? - pld2)(plp302 - sd?)
= C.D , say.

Now (¢, D) = 1 and we have the following cases:
Case IIIb:L

Suppose R = 1 (mod 8).

Then we have

Re? - p,d° = elex? (65)
plpgc:2 - sd® = eﬂ:ng s (66)
when py = 17 (mod 24),
2 2 _ 2 "
Re® - p,d” = elx, (67)
plp§c2 - 5d° = 916x§ ’ (68)
when p; = 13 (mod 24),
Re? - pld? = 2xi, (69)
plpgc2 - gd® = 2x§, (70)

33



when p, = 7 (mod 24),
2

2 _
Re -pld = —Qxl, (71)
2 2 2
ppoe’ - 5d° = ~2z5, (72)

when p, = 11 (mod 24), where § = #1.

(65) & (66) + c?

2 2 _
(plx2 - qul) and hence 6 = +1.

(67) & (88) + &2

(upl¢§ - Sxi) and hence in this case

6 = -1.

Suppose R = 1. Then 3|S and (66), (68), (70), & (72) are
impossible modulo 3. Hence R # 1. Also, we cannot have
(66), (68), (70), (72) if (-5/p;) or (-5/p,) = -1.

Thus taking R = r», S = 8, we see that case IIIbl is

impossible if (i) does mot hold.

Case IIIb2
Suppose R = 5 (mod 8).

Then § = 1 (mod 8) and we have

Re® - p,d® = otz » (73)
plp§c2 - Sd2‘ =, elﬁxg > ‘ (74)
when p, = 17 (mod 24)3
2 2 2
Re” - p,d” = plbz> _ (75)
2
plpgc2 - Sd? = o4z, (76)
when p, = 13 (mod 24)%
2 2 _ 2
Re - pld - -Z'I?l, (77)
pipac’ - 8d° = ~2x5, | (78)
when p, = 7 (mod 24)}
R - P d? = Zri, (79,
22 2 2 .
pipoe — Sd = 2x,» (80)

when p, = 11(mod 24), where g = #1,
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(73) & (7T4) + e? = e(uplxg - Sxi) and hence 6 = -1.
(75) & (76) ~ e? = e(plxg - qui) and hence in this case

6 = +1.

Suppose S = 1. Then 3|R and (73), (75), (77), (79) are

impossible modulo 3. Hence § # 1. Now suppose (wRﬂol)

= -1. Then

p; =1 (mod u4) > (—S/pl) (S[pl) = -1 and hence (74),

(76) are impossible,

Py = 7 (mod 8) (QS/pl) -1, and hence (78) is imposs-

ible, .

p; =3 (mod 8) (—2S/pl) = -1, and hence (80) is impos-
sible.

Similarly if (-R/pz) = -1,we cannot have (74), (76), (78)
& (80)., Thus taking R = s, S = r, we see that this case

is impossible if (i) does not hold. -.

Case ITIb,
Suppose R = 3 (mod 8).

Then § = 7(mod 8) and we have

2 2 _,.2
Re” -pyd = 22,
2 2 Va2 2
when p, = 17 (mod 24)5
2 2 2
RC - pld = _Qxlﬁ
22 2 2
ppg —Sd = 2%y, (82)
when p, = 13 (mod 24)3 ‘
2 2
2,2 2 2
e4 - 5d° =
PiPy 8167, (84)

when p, = 7 (mod 24)3
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2 2 2
Re® - p.d = 616, (85)
plpgc2 - Sd2 = euxg (86)

when p, = 11 (mod 2u4), where 8 = 1,

In (83) & (8%) we have 8 = +1 and in (85) & (86) we have
6 = -1,

Now (81), (82), (84) & (86) are impossible if (-QS/pl)
or (—QS/pQ) = -1, Thus taking R = », S = s, we see that

this case is impossible if (ii) does nct hold.

Case IIIb!+
Suppose R = 7 (mod 8).

Then § = 3 (mod 8) and we have,

2 2 2
Re® - p,d® = -2,
2 2
plp2c - Sd2 = "ngs (87)
when p, = 17 (mod 24)5
2 2 _ .2
Re® - p,d” = 2z,
pypae’ - 8d° = 254 (88)
‘when p, =18 (mod 24),
2 2 2
Re® - p,d” = 6l6x], (89)
plpgc2 - 4% = euwg, (90)
vhen p, = 7 (mod 24);
2 2 2
Re“ - pld = Guml, (81)
plp§c2 - 5d° = elsxg, (92)
when p, = 11 (mod 24), where 6 = %1,

In (89) & (90 ) we have 6 = -1 and in (91) & (92) we have
0 = £1.
Now suppase (-2r/p,) = -1. Then

12 =1 (mod 4) + (—QS/pl) = (2S/pl) = -1, and hence we
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cannot have (87) & (88),

py = 7 (mod 8) +~ (R/p;) = -1, and hence we cannot have
(89),

Py = é (mod 8) ~» (R/pl) = -1, and hence we cannot have
(91). sSimilarly if (-R/pz) = -1, we cannot have (87)
(88), (89) & (91).

Thus taking R = s, S = r, we see that this case is-impo—

ssible if (ii) does not hold.

Case IT1lIec

Suppose pQI(A, B), plY(A’ B).

This case is similar to case IIIb. We will get the same set
of equations with Py & Py interchanged. We notice that the
“conditions for case IIIb to be impossible, are all involving
modulo 24. Since p, = P, (mod 24), this case is also imposs-

ible under the same conditions.

Hence the theorem.

Theorem 1.6:

The equation (1) has no non-trivial solutions when n =

3p, where p is a prime such that p = 5 er 7.(mod 8), 3p.+ 2 & 3p - 2

are primes.

Proof:

When n = 3p (1) becomes

y 2

x + (9p2 - 2)m2y2 + y& =3z (93)

Suppose (&, ¥, 2) is a non-trivial solution of (91) with z > 0 and
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minimal. Then (X, y) = 1 and without loss of generality we can

assume that Y is odd.

From case I & case II of theorem 1.5, it
. 2 - 2
follows that £ = y~ (mod 3p) is impossible. So we only have to
consider the case when &2 7 yz (mod 3p).

We can write (91) as

9p2(9p2 - 4)y” (222 + (9p2 - 2)y2+ 2z)(2.7c2 + (9p2 - 2)y2 - 22),

"

1}

A.B, say.
Then (4, B) =1, 3orp .
case 1

Suppose (4, B) = 1.

Then we have

either 22 + (9p2 - 2)y2 23 = 9p2Rcu,
0z’ + (9p2 _ 2)y2 + 23 = Sdu,
or 2? + (Qp2 - 2)y2 * 23z = 9}?04,

oz + (9p? - 2)y? ;23 = p2sd®,

where y = ed, (Re, Sd) = 1, RS = 9p2 - L,

Thus either ux? = (Re? - dz)(gch2 - Sd2),

or  ux? = (Re? - p2d®)(9c? - 5d°).

Case Ja
Suppose R = 1(mod 8)

Then we have

either Re? - d? = lﬁxi,
op2c? - sd° = vz, (94)
| 2.2 2
or RcQ-pd}=16xl,
90’ - 5d° = uxg. (95)

As in case IIIal of Theorem 1.5, we cannot have R = 1.



We only have to consider R = 3p + 2, p = 5 (mod 8).
Now, R = 3p + 2+ S = 3p - 2. But then (94) & (95) are
impossible modulo 3.

Thus we cannot have this case.

Case Ib
Suppose R = 5 (mod 8).
Then we have -

either  Re? - 4% = -uz?

l’
2.2

9pe” - sd? = -16x2

2,

2

l,
2

9c? - sd° = -1622. | (97)

(96)

or RcQ - p2d2 = -4

As in case IIIa2 of Theorem 1.5, we cannot have S = 1.

So we only have to consider S = 3p + 2, p = 5 (mod 8).
But in this case (96) & (97) are impossible modulo 3.

Thus we cannot have this case.

Case Ic
Suppose R £ 3 (mod 8).

Then we have

2

l’

op?e?. sd° = 223, (98)
2 242 2

or Re® - p"d” = 2z,

2

92 - gd® = 2 . (99)

' 2 . -
The only factor = 3 (mod 8) of 9p” - 4 is 3p - 2, p =

either Re? - 4% = 2

i
~

(mod 8). Now R =3p - 2+ 5 =3p + 2 and both (98) & (99)
are impossible modulo 3.

Thus this case is impossible.
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Then we have x> = (Re> - 3d°)(3p2e? - 5d2).
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Case Id

Suppose R = 7 (mod 8).

Then we have

either Re? - 42 - —in,

9p202 L sd? = —2ac§, (100)
or Re? - de2 = —Qxi,

9e? - 5d? = —ng. (101)

The only factor = 7 (mod 8) of_9p2 -4is3p +2,p=7
(mod 8). Now, R =3 + 2+ S = 3p - 2, and both (100) &
(101) are impossible modulo 3.

Hence we cannot have this case.

Suppose (4, B) = 3.

2

Case ITa

Suppose R = 1 (mod 8).
Then we have
‘Re? - 3d% = -m?, (102)

ap2e? - 5d% = 2w, (103)

NNNHEN

Suppose R = 1. Then S = 9p” - 4 and (108) is impossible
modulo p. Thus R # 1. So we only have to consider R=3p
+ 2, p =5 (mod 8). But then (102) is impossible modulo 3.

Thus this case is impossible.

Case IIb

Suppose R = 5 (mod 8).
Then we have
Re® - 3d" = 2y, ‘ (104)

p2e? - 5d® = 2. (105)
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Suppose S = 1, Then (105) is impossible modulo 3. Hence
‘we cannot have § = 1. So we only have to consider the
case when R = 3p - 2, p = 5 (mod 8). Since (104) is impos-

sible modulo 3, we cannot have this case.

Case Ilec
Suppose R = 3 (mod 8).

Then we have

Re? - 34% = _16xi, (106)
3p2'::2 - 5d? = -mrg.r

If p = 5 (mod 8) then 9p2 - 4 has no factor = 3 (mod 8)

and this case doesn't arise. So we only have to consider
the case when R = 3p - 2, p = 7 (mod 8). But then (106)
is impossible modulo 3.

Thus we cannot have this case.

Case IId
Suppose R = 7 (mod 8).

Then we have

2
l’
3p202 - Sdz_ = 16x§.

Re? - 3d® = (107)
If p = 5 (mod 8) then 9p2 - 4 has no factor = 7 (mod 8)
and this case doesn't arise. When p = 7 (mod 8) we have
3 + 2 =7 (mod 8). Since then (107) is impossible modulo

3, we cannot have this case.

Case III

Suppose (4, B) = p.

2 2
Then we have 4x = (Re® - pdz)(gpc - 5d°)



Case IIla
Suppose R = 1 (mod 8).

Then we have

9

Re? - ;pd2 = -hel,
pe? - sd? = —1eac§,
when p = 5 (mod 8);
Re? --pd2 = Zri,
ope? - 8d? = ng,
when p = 7 (mod 8).

42

(108)

(109)

The only factors = 1 (mod 8) of 9p2 -4 are 1l & 3p - 2,

p =5 (mod 8). In both cases 3p + 2|8 and since (-QPCQ/

3 +2) = -1, when p = 5 (mod 8) & (18pe>/3p + 2) = -1,

when p = 7 (mod 8), we cannot have (108) & (109).

Hence this case is impossible.
Case IITb
Suppose R = 5 (mod 8)

Then we have

Re® - pd2 = l&ri,
9p02 - Sd2 = ng,
"when p = 5 (mod 8);
Re? - pd2 = -Qxi,
9p02 - 5d? = —ng,
when p = 7 (mod 8).

' The possibilities are R = 9p2 -4 &R=3p -2, wvhenp =5

(mod 8)3 R = 9p2-- 4 when p = 7 (mod 8). Thus we have

16x

Y

NN

- p(mod 3p - 2), p = 5 (mod 8),
2pd2 (mod 3p - 2), pz 7 (mod 8).
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5 (mod 8)

Since (-p/3p - 2) = (3p - 2/p) = -1, when p

11}

and (2pd?/3p - 2)

n

7 (mod 8),

(3p - 2/p) = -1, when p
both congruences are impossible.

Thus we cannot have this case.

Case IIlc
Suppose R = 3 (mod 8).
The only possibility is R = 3p - 2, p = 7 (mod 8).

Then we have

2
l,

9p02 - (3p + 2)d2 = 16x§.

(3p - 2)e? - pd2 = Lx (110)
Since (3p - 2/p) = (-2/p) = -1, we cannot have (110).

Thus this case is impossible.

Case ITId
Suppose R = 7 (mod 8).
Then the only possibility is R = 3p + 2, p = 7 (mod 8).
Then we have
(3p + 2)e? - pd2 =v—1exi, (111)
%f—-&p-2ﬂ2=—m;
Since (3p + 2/p)(-1/p) = -1, we cannot have (111).

Hence this case is impossible.

Hence the theorem.

Theorem 1.7

The equation (1) has no non-trivial solutions whenn = 4

PPy where p,s P, are primes such that py= 5 or 17 (mod 24), Py=

7 or 19 (mod 24), and if up§p§ - 1 has prime factorisation of the form



4y

3* PP "1 app, +1, 31 and oda.

3t

Proof:
When n = 4p.p,, (1) becomes
g (l6pip§ - 2)x2y2 + y” = 52 (112)
Suppose {x, y, 2z} is a non-trivial solution of (112) with z>0&
minimal. Then (x, y) = 1 and without loss of generality we can
assume that y is odd.
Case 1

y2 (mod p ) and x = 1 (mod 2). Then we have

Suppose x2
PD lPQ

2 2\ 2 . 2
xu—g> +3022'12:€z )
P1P, P1Po

Thus we should have

2 2
x_u;_L = 2X_Y,
PP,

But then (3(a? + y*))? = (wxypip)? + (X° - 72)?

x* +.(16pip§ - 2)X2Y2 + Y
Since %(xQ + y2) < z, descent applies.

Hence this case is impossible.

Case II

Suppose 22 2 y2 (mod p;p,) and z = 1 (mod 2).

We can write (112) as

pipg(upipg - l)y* (2 + (8pip§ - l)y2 ¥ 2)(a? + (8pip§ - l)y2 -.8)

A.B , say. (113)

Then A & B are both even and 22||(A, B)
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Suppose” an odd prime q|(4, B). Then q = p, or p, .

Thus (4, B) = 4 or 4p, or 4p, .

Case Ila

Suppose (4, B) = u,

Then
either x® + (Bpipg - l)y2 t gz = uRcu,
2 2.2 2 - 2204
x° + (Bplp2 -1y +2 = uSppod R
2 2 2 2 2 4
or x° + (8p1p2 -y 2z = 4Rple’,
2 2.2 2 - 2 .4
x° + (Bplp2 -1y + 2= usp2d ’
where RS = Hpipg -1, (Re, &) = 1.

Thus we have

either x° = 2Re" - (Spipg - 1)e%d? + QSpipidu,
= (2% - 8d°)(Re® - 2plpid),
or z? = 21%‘pic'1L - (Bpipg - 1)e%d® + QSpgdu,
= (2p32_c2 - 5d°)(Re? - 2p§d2).
Hence either 202 - gd? ='ixi,
2 2 2 L2
- = +
Re 2p1p,d2 = *z,, (114)
22 2 2
O_I‘ 2plc - Sd = ixl’
Re® - opid’ = s, (115)

Both (114) & (115) implies that R # 5 or 7 (mod 8)

Thus R = 1 or 3 (mod 8).

Case IIal

Suppose R = 3 (mod 8). Then we have to consider

t o, oo 7,22
& R'= upipy - 1.

R =23
Now we have
either

209 "Sd2 = “’123

’? - 25pd = &, (11 6)
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22 2 _ 2
or pe” - 5d° = L
Re? - 2p2d® =z} (117)

First suppose that R = St.

Then both (116) & (117)'implies that

2 _ .t
5 3

1]

x 02 (mod pz).

‘Since (3t02/p2) = (St/pQ) = (3/p2) = -1, we cannot have
(116) or (117). Thus R # Bt.

Next suppose that R = upipg - 1.

Then both (116) & (117) would imply that

2.2 2
2% 1)e” (mod p2).

Since (upipg - l/pz) = (-l/p2) = -1, we cannot have (116)

2:
x, = (up

or (117).

Thus this case is impossible.

Case IIa2

Suppose R = 1 (mod 8).

Then we have

either 202 - 5d? = 4ri,
2 222 2
Re“ - 2plp2d = @, (118)
: 2 2 2 - - .
or 2pie” - Sd e
Re? - 2p§d2 = —xg. (119)
-t 2 2

The possibilities are R =1 & R = 3 (.plp2 -1).

Suppose R = 1. Then (118) & (119) are impossible modulo

2% Thus R # 1.
o=t 22
Next suppose that R = 3 (uplp2 - 1). Then both (118)

& (119) would imply that

2

)

= -S_t(upipg - 1)62 (mod p,).
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. -t 22
since (-3 "(up2p2 - 1)e?/p)) = (-1/p,)(8%/p,)(~1/p,)
.+ = -1, we cannot have (118) or (119).

Thus this case is impossible.

Case IIb
Suppose (4, B) = bp, .

Then we have

z? + (8pip§ - l)y2 t g = uRplcu,
- 2
x2 + (Bpipg - l)y2 + 2 = usppod”.

Thus . x? = (2plc2 - 5d%)(Re? - Qplp§d2).

Hence we should have

2

2p,e” - sd? = #x°

l’

2 242 2
- = +
Re 2p1p2d +r

2.

1l or 5 (mod 8), we cannot have R = 5 or 7 (mod 8).

Since 129

Thus R = 1 or 3 (mod 8).

n

Case IIbl
Suppose R = 1 (mod 8).
Then we have

Qplc2 - Sd2 = —xi, (120)

2 .. 22 2
Re® - 2plp2d = .

' -t, 22
The only possibilities are R =1 & R = 3 (Mplp2 - 1).
But then 3|S and (120) is impossible modulo 3.

Thus we cannot have this case.

Case IIb2
Suppose R = 3 (mod 8).
Then we have
2 _ 2
2plc - Sd2 = xl’

RS - 2plggd? = xg. (121)



But in this case 3|R and (121) is impossible

Thus we cannot have this case.

Case Ilc
Suppose (4, B) = upQ.
Then we have
2 2 2
- =
2p20 sd” 2],
2 2 2 2
- = %
Re Qplpzd .
Since p, = 3 or 7 (mod 8), we cannot have R.Z 1
Thus R = 5 or 7 (mod 8).
Case IIcl

Suppose R = 5 (mod 8).

Then we have

2 .2 _ 2
p,e - sd” = -7
2 2 2 2

Re” - QppodA = .

The only value that R can take is p,p, - 1.
and (122) is impossible modulo 3.
Hence we cannot have this case.

Case IIc2

Suppose B = 7 (mod 8)

Then we have

2p2c32 - Sd2 = xi,

2 2 2 2
Re® - 2plp2d =z,

48

modulo 3.

or 3 (mod 8).

(122)

Thus SIR

(123)

The only possibilities are R = S—t(2p1p2 =1) & p= 2P1P2

+ 1.

Thus we cannot have this case.

In both cases 3|9 and (123) is impossible modulo 3.
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Case III

Suppose £ = 0 (mod 2)
Then again we have (113), but now z is odd. Thus 2||(4, B).and we
have the following possibilities:

Case IIIa

i
N
.

Suppose (4, B)

Then we have

n

either x° + (Spipg -1y t g = gRo,,
z° + (8pip§ - l)y2 + 3 = Sspipgd’u,
or x? + (Bpipg -1y’ t g = szic”,
2% + (8pip§ - l)y2 tz= BSpgdu,
where RS = 4pops - 1, (Re, 54) = 1.
Hence
either 2% = Ret - (Bpipg - 1)e?d? + uspipgd”,

(re? - upZp2d*)(e® - 5a%)

n

2
op 25 = Rp2cu _ (8p2p2 _ 1)02d2 + uspzdu’
— 1l 1¥2 2
= (R - wpld®)(pPe” - sdd).
Thus we must have
| ) 2 222 .2
‘elther Re® - uplp2d = X,
02 - Sd2 = ixg,
2 242 2
- = &
or Re ude 2]
2 2 2 _ .2
pie” - Sd° = tx,,
where x, is odd, z, is even, x = L L,

In both cases we cannot have R = $1(mod 8). Hence R = 3 or

5 (mod 8).

Case IIIal

Suppose R = 3 (mod 8).



Then we have

. 2 2 2,2 2
either Re” - uplPQd- = %],
e? - Sd2 = -xg,

2 2.2 9

or Re” - Ude = %],

pic2 R ﬂrg.

Suppose R = upipg - 1.

Then S = 1 and

(125) » o2 + ¢§ = d2,
(127) » pic2 + xg = d°.
Hence we should have either
e = A2 - u2, x2 = 2Ay, d2 = (l2 + u
or
piC = 12 - u2, x, = 2Au, d2 = (lz +

Now from (124) & (126) we have

either xi = Au + (lspipg - 2)A2u2 + uu,
or pixi =t + (pripg - 2)A2p2 + uq.

2)2

2)2

]
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(124)

(125)

'(126)

(127)

Since x.< x < z, p%, < p,x < 2, we cannot have R = upipg

1
- 1 in (124) or (126).

1

t
So we only have to consider R = 3 . In this case

(124) >z -3%? (mod p,), and

-t 2.2 2
(127) + x 3 (uppo - 1)d° (mod pl).

SN NN

Since (-3 cz/pl) = (3/pl) = -1, and (S—t(up

2.2
1P

2
- 1) /pl)

= (St/pl) = (3/pl) = -1, we cannot have (124) or (127).

Thus this case-is impossible.

Case Illa,

Suppose R = 5 (mod 8).



Then we have

2

2 2,2
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either Re” - 4pip.d” = x], (128)
e? - Sd2 = :cg,
or Re? - Hpng = xi, (129)
pJQ.CQ - Sd2 - x;.

The only value that R can take in this case is Qplp2 - 1.

But then both (128) & (129) would imply that

2 _ 2

Since (2p,p, - 1/p,) = (-1/p,) =
impossible.

Thus we cannot have this case.

Case IITDb
Suppose (4, B) = 2p,.
Then we have
2 2.2 2
- +
x4+ (eplp2 Ly +z
2 . 2 2 2 -
"+ (8plp2 -y + =

od p,).

-1, (128) & (129) are

mn
2Rp.c

= ssp2d”.

Thus = = (Ro? - up,p2d?)(p,c? - sd°).

Hence we must have
2

Re? - uplpgd
p102 - sd?

We notice that R cannot be congrue

Case IIIbl
Suppose R = 3 (mod 8).
Then we have
‘ 2 22 _ 2
2 2
p102 -8d = 52X

nt to *1 (mod 8).

(130)

Since SIR, (130) is impossible modulo 3.



Case IIIb2
Suppose R = 5 (mod 8).
Then we have
2 2.2 _ 2
Re” - uplpzd =X,

plc2 - 8d° = xg.
Since the only value that R can take in this case is

2pip, - 1, (131) is impossible modulo 2%

Case ITIc
Suppose (4, B) = 2p,-

Then we have

R02 - 4p2pid2v = 2

2 2
pye” - sd” = fx7.

g
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(131)

From the fitst equation it follows that R = 3 or 5 (mod 8)

Case IIIcl

Suppose R = 3 (mod 8)

Then we have

2 2,2 2
Re® - 4p2pld_ 1

n
&

p202 - 8% =

Supposé R = upipg - 1.

Then (132) would imply that

x2
1

upip2d2 (mod 2p,p, + 1)

(132)

Since (4ppid /2pp, + 1) = (py/2p;p, + 1) =-1, (132) is

impossible. Thus we cannot have R = upipg - 1.

Next suppose that R = 3t.

Then (132) would imply that

x —Sth (mod pl).

<t N

since (-3"¢%/p;) = (3/p)) = -1, (132) is impossible.



Hence we cannot have this case.

" Case IlTc,

Suppose R = 5 (mod 8)

Then we have
2 2.2 _ 2
Re® - Hprld =@,
2

2 2 _
P, - 5d =z,

Since R = 2p,p, - 1, (133) is impossible modulo 2%

Thus we cannot have this case.

Case ITIId

Suppose (4, B) = 2p.pye

Then we have

2 2 2
Re” - Hpip,d = &2y,

2 2 2
pipye — 8d = xx,.

53

(133)

Since PPy = -1 or 3 (mod 8), we cannot have R = 41(mod 8).

Case IIIdl

Suppose R = 3 (mod 8).

Then

2 2 2
Re” - 4pp,d = -&q»

2 2 2
pPipc - 8d = &,
Since 3|R, (134) is impossible modulo 3.

Thus we cannot have this case.

Case IIId2
Suppose R = 5 (mod 8).

Then we have

2 2 _ 2
Re™ - Hpip,d” = &7»
2 2 2

pip,e” ~ Sd = Xy

(134)

(135)
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Since the only value that R can take in this case is

PP, - 1, (135) would imply that

x2
1

it

pp, -1 (mod p2), which is impossible
modulo Py

Hence we cannot have this case.

Hence the theorem.

Corollary 1.1.1:

If the equation (1) has no non-trivial solutions, then
the lSt, 3rd’ (n + l)th, n + 3)th terms of an arithmetical progres-r
sion cannot each be square;
Proof:
\ Suppose the lSt, 3rd, (n + l)th, (n + S)th terms of an arithm-
etical prpgression are ;ll squares. Then there exist integers a, d

Ps 4, P, S, satisfying the following equations:

2

a=p°,
a+2d=q2,

2

a+nd=r,

a+ (n+2)d =8,

Let o° = ala + 2d) and y° = (a +.nd) (a + (n + 2)d).

{na2 + n(n + 2)ad + n(n + 2)d2}2

Then z' + (n? - :2).702y2 + yL+

2
z°, say.
Thus we see that if the equation (1) has no non-trivial solutions,

then the 1St, Srd, (n + 1)th, (n + 3)th terms of an A.P cannot each

be squares.

Note:

h nd nt

From Corollary 1.1.1, it follows that the 0t s 2 7, h, (n + 23th
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terms of an A.P cannot be each square if (1) has no non-trivial
solutions. So when n is even we can write n = 2V, and we have the
following result:

If the equation zt + (4N2 - 2):1:2y2 + y4 = z2 has ﬁo

non-trivial solutions, then the Oth, lSt

VP, L 1T,

d th t!
2", (W + 1), (W + 2) h] terms of an A.P cannot each be square.
We notice that the corollary by Fermat [6] is the

case when N = 2,

Note:
In Theorem 1.4, we notice that, when p = 11 or 23 (mod 24),
condition (i) could be improved as follows:

(i) 2= 1 (mod 8), » # (3, (z/p) = +1.

We shall now discuss ﬁhe existence of a non-trivial
solution in positive integers, of the equation (1), for integer
values of n < 100.

From Theorems 1.1 - 1.6, it follows that (1) cannot
have a non-trivial solution when n = 3, 6, 7, 10, 11, 12, 13, 15,17,
21, .23, 26, 31, 39, 40, 41, 47, 49, 59, 69, 73, 74, 86, 88, 92, 97.

We find that non-trivial solutions exist when »n =
2, 5, 9, 14, 19, 20, 22, 24, 25, 27, 28, 29, 33, 34, 35, 37, 38, 43
44, u6, 53, 54, 55, 56, 58, 60, 61, 63, 65, 66, 67, 71, 75, 76, 77,
78, 79, 80, 82, 83, 85, 89, 90, 91, 95, 96, 99.

The following table gives one solution for each of

the above values of n.



x Y 2
2 2 1 5
5 3 1 17
9 3 133 18041

1n 5 1 i

19 11 1 o4l

20 & 1 125

22 21 1 638

2y 15 1 oY

25 21 1 685

27 7 1 195

28 Y 1 113

29 2967 517 45295769

33 19 1 723

34 88 3 11849

35 8 1 287

37 77 3. 10397

38 3y 1 1733

43 976 5365 226871801

4y 9 1 Bou

16 35 17 27386

53 8 13 5513

54 10 1 549

55 Y 95 22759

56 65 1 5576

58 2 13 1517

56



n x Y P4
60 55 1 4476
61 23 3 4241
63 55 1 4599
65 11 1 725
66 51 5 17026
67 1306 22631 2124341489
71 41 1 3361
75 51 1 4625
76 8 195 124489
77 12 1 935
78 40 77 240279
79 267 133 2805881
80 20 1 1649
82 29 1 2522
83 42304 91039 319725098177
85 76 1 8665
89 18040 26381 42357898889
30 13 1 1182
91 21 1 1961
g5 56 1 6175
96 35 1 3576
99 56 1 6369
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Pocklington [8] has proved that (1) cannot have a non-
trivial solution when n =1, 4. So the cases still not considered
are n = 8, 16, 18, 30, 32, 36, 42, u5, u8, 50, 51, 52, 57, 62, 64,
68, 70, 72, 81, 84, 87, 93, 94, 98, 100. Tor some of these values
of n, we could prove that (1) cannot have a non-trivial solution;

but, we could not generalize our method in these cases.
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ChaEter 2

Introduction:

The four numbers 1, 3, 8, 120 have the property that
the product of any two increased by 1 is a perfect square. Baker
and Davenport [l] proved that no other positive integer can replace
120 while preserving the property. In fact we can find infinite
number of sets of four positive integers with the above mentioned
property. A set of five positive integers with this property is
not known.

However, if we consider the sets of positive integers
with the property that the product of any two increased by 2 is a
perfect square, then we can prove that those sets can have at moét
three elements. In this chapter we shall prove some resﬁltsucon-

cerned with the two properties mentioned.

Notation:
A set S of positive integers is said to have property (*M)

ifa, be S+ ab + M is a perfect square.

Lemma 2.1:
If {a, b},.a # b has property (*M) with ab + M ='02, then
{a, b, a + b + 2¢} has property (*M), where a, b, e, M are positive

integers.

Proof:

We have,

ala + b + 2e)+M a2+2ac+ab+M=a2+2ac+02

(a + e)
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and
bla + b + 2¢) % M=(b + c)2.

Hence the lemma.

Note:
In the above lemma a@ + b + 2¢ can be replaced by a + b - 2¢.

b

But it is not necessarily a positive integer distinct from a, b.

Lemma 2.2:
Let S be a set of positive integers having property (%*2).

Then S can have atmost three elements.

Proof:
ae S+a#0 (mod 4), since then ab + 2 = 2 (mod 4), which ..
is impossible. |
a, beSanda=b=1, 2, or 3 (mod 4) »ab + 2 =2 or 3
(mod 4), which is also impossible.
Since any positive integer is congruent to 0, 1, 2, or 3

modulo 4, the set S can have atmost three elements. //

Note:

The above lemma is true for any M = 2 (mod 4).

Corollary 2.2.1:

If S = {a, b, e} is a set having property (*2),
then without loss of generality we can assume that,

a=1(mod 4), b =2 (mod 4), ¢ = 3 (mod 4).

Theorem 2.1:

Given a positive integer @, such that 2 is a quadratic
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residue of a there exist a set of three elements having property

(*2).

Proof:

2 is a quadratic residue of a implies that there exist x

4 2 z’- 2
such that 2|x“- 2. For one such value of z define b= FE
Then ab + 2 =.’B2.

Now, by lemma 2.1, we can find a third distinct element
d (say), such that
ad + 2 = a perfect squafe,
and bd + 2 = a perfect square.
Hence there exist a set {a, b, d}, having property (*2)., //
Note that by lemma 2.2, a fourth element cannot be added to the

above set.

Theorem 2.2:
There exist infinite number of sets of four positive

integers having property (%*1).

Proof:
For any positive integer a, consider the numbers a, a + 2,

4b(a + 1), 4(a + 1)(2a + 1)(2a + 3).
We have,

ala +2)+ 1 = (a + 12,

at(a +1) +1=(2a +1)%

a.4(a + 1).4(a + 1)(2a + 1)(2a + 3) + 1 = (4a2+-6a + 1)2J

a+2.4a+1) +1=(2a+ 3)2,

a + 2.4(a + 1)(2a + 1)(2a + 3) = (4a? + 10a + 5)%



B(a + 1).4(a + 1)(2a + 1)(2a + 3) + 1 = (8a> + 16a + 7)°.

Hence the set {a, a + 2,4(a + 1), 4(a + 1)(2a + 1)(2a + 3)} has
property (*1).

The theorem follows from the fact that a is an arbitary positive

integer.

Note:

For a = 1, we get the set {1, 3, 8, 120}

1]

a = 2, we get the set {2, 4, 12, 420%}.

Theorem 2.3:

A fifth integer cannot be added to the set {2, 4, 12,420}

Proof:
Suppose there exist such an integer N. Then we can replace
420 by that integer.

Now, N must satisfy the equations,

2N + 1 = m2,
Ly + lv= y2,
128 + 1 = 22.

Eliminating N from the above equations we have,

2
22— 3y2= -2 and z2— 6x~ = -5.

Now, the equation z2- 3y2 can be written in the form

2 2

62

Where u = 32 +1, v = zy.
. . 2, 2 2
Substituting for z° in 2° - 6x" = -5, we have
X% = bu + 24 , (2

where X = b2 .



Hence to solve the equations,

22 - 3y? = -2, and 2 - 6x° = - 5,

it is sufficient to solve (1), and (2) simultaneously.

Now all the positive integral solutions of (1) are given by the

formula,
_ n
u, * Vévn = (2 + V3) (3)
(See e.g. [7] ).
Hence we have
n n n n
a + B a -8B

Uy =~ ad v, =T
Where o = 2 + ¥3 and B = 2 - V3.

So, we have,

o+ B =4 and aB = 1.

_ - n n

Now u _a n + B n _ an + Bn _ o + B
3 - h __ . '_ 3
N 2 2uan 2

Hence we have,

U _ =u (u)

-n n

- - n

. ) q no_ 8 n ) Bn _ an _ o‘n _B
o> -n~  2V3 - n,n 2V :
2v/30 B

Hence we have,

v _ = - (5)

-n n .

+

. ) _ 0‘m tno Bm n
oW, m+ n 2

IR G SN G L

- 2 ’ 2 *2vY3 T 2v3

Hence we have,

Uy oy T Ulhy t 30D - (6)



Now, ) =

+n 2Y3

_ My gt ot - g” . o g? Mo gm
2 " 2Y3 2 - " 2/3
Hence,
R (7)
Now, using (6), wehave,
_ _ 2 2 _ 2
Upy = Ul + v v, =u,  + v, = Qun 1.
Hence,
2
= - 8
Uon = 2%y 1 (8)
Now, using (7), we have,
Uzn = unvn + unvn = Zunvn.
Hence,
Uy, = 24,0, (9)
Now, Uy = Uy, + 3,0, > (Using (6))
_ 2
=u(2u® -1) +3v, . 2uv,
= u (o ? - 1) + 2u(u 2 _ 1 =u (s ?-3)
n“n n'n n o n
Heﬁce,
= . 0
Yan = Un fi(un) (10)

_ 2
where fi(un) = bu, 3.
Now, using (7), we have,
Yan = %nlon t Vnton

"

n
_ 2
cF v, (b " - 1)

2 .
u, . v+ vn(Qun - 1), using (8) & (9),

n



Hence,

where f2

Now,

Hence,

(u )

n

5n

where fé(u )

Now,

v

5n
Hence,
where fh(u )
Now, u7n
Hence,'

where f%(un)

Now,

v

n

65

Vg, =V f2(u ) (11)

'—J-u2—l.
n

u2nu3n * 31’271”371

2un2-l.u fl(u)+32uv S fz(u)

B 2
un(lsun - 20u " + 5).

U, = U Fa(u), (12)

l6u p 20u 2 + 5.
n n
uQnUBn + vznuSn
2
u” -1 v flu) +2uv, - u, f(w)

4 2

Vsn ~ vn'fu(un) (13)

N 2
lBun - l2un + 1.

u, u + 3v, vV

2n 5n 2n 3n
2u2—1 U of(u ) +3.2uv . v f(u)
n * "3t nn n'uyn
) 4 2
u (B = - 112u ° + 56u, " - 7).
= 1y
Uy, = U, fs(u) (14)

6 i 2
61+un - 112un + Ssun - 7.

uanSn + uSnUZn



_ 2
= -1 . v f () 2w, . u.falu,)
_ 6 4 2
.= vn(suun - 80u, -+ 24w " - 1).
Hence,
v, = vn.fb(un) (15)
- 6 4 2
where fs(un) = 64w~ - 80w+ 2t = - 1.
Now, g, = Uy g, = UgyF1(%ay)
6 L 2
= un.fi(un). (Buun - 96un + 36u, -3).
Hence, p
Ug,, = un.fi(un).f7(un) (16)

where f&(un) = 6uun6'——98un%'+ 36un2_-'3.

Now, Vg = V3 4, = v3n'fé(u3n)
_ 6 n 2
= vn.fé(un).(euun - 96u -+ 36un - 1.

Hence,

Vg, = vn.fé(un).fé(un) , (17)

where fé(un) = 64un6 - 96un‘+ + ssun2 - 1.

Now, Uisy = Ua.5m = Ysn ° fi(uSn)

Also, = U = U, . fs(un).

Uisp = Us.3n = Yan

Hence we have, .. = un.fi(un).fé(un).(256un8 -uusune + 22L+un4 -
szun2 + 1). Let folu,) = 256un8 -4u8un6 + 22uunu - 32un2 + 1.
Then we have,

Ui, = un.fi(un).fé(un).fé(un) (18)

Now, Visn = Ya.sn - vSn -fé(u n)
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We also have, Visn = Ys.3n = Vs fﬁ(uSn)'

- 8 6 m
Hence, . Visy, = VpeFolt))f), (). (256u - 576u -~ + 4l6u =~ -
96un2 + 1). So if we denote the last expression by fio(un), then

Ve, = vn.fé(un).fh(uﬁ).flo(un) : (19)

Using (6)—(9), we have,

1H

u, + 2p U, (mod vr) (20)

and

Uy 4 op 5, (mod ur) . (21)

We have also the following table of values;

n u, v,
o} 1 0
1 2 1
2 7 y
3 26 15
4 97 56
5 362 209
6 1351 780
7 5042 2911
8 18817 . 10864
9 70226 LO545
10 262087 151316
11 978122 564719
12 3650401 © 2107560

13 13623482 7865521



We note that both z and y are odd and hence u is even and v is

odd. Hence we have to consider only the odd values of n.

" The proof is now accomplished in eleven stages:

(i)

(ii)

(iii)

(iv)

(2) is impossible if n = 3 (mod 6)
For, u, = 0 (mod 13) and then X2 = -2 (mod 13) and
since the Jacobi-Legendre symbol (-2/13) = -1, (2) is

impossible

(2) is impossible if n = 5 (mod 10).

For, using (20), u, = u (mod 05)

5
362 (mod 209)

= -1 (mod 11)
But then X2 = 7 (mod 11) and ( 7/11) = -1, and hence

(2) is impossible.

(2) is impossible if n = = 5 (mod 14).

For, using (20), we have,

u, = U, (mod v7)‘
= ug (mod v7), using (4).
Now 71|v_, u = 7 (mod 71) and then X° = -5 (mod 71).

* Since (-5/71) = -1, (2) is impossible.

11}
+

(2) is impossible if n 3 (mod 20).

For, using (21), u, =tu

{1l

43 = fUg (mod‘ulo) and

then X2 180 or -132 (mod 7.37u44l1). Now since

1]

(180/7) -

1]

-1 and (-132/37441) = -1, (2) is imposs-

- ible.
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(v)

(vi)

(vii)

(viii)

69

(2) is impossible if n = * 3, + 11, * 13 (mod 28).
For, when #n £ + 11 (mod 28), using (4) and (20) we

have, un = ull (mod vl ). Now, 2521[1)lu and Uy -26

4 17
(mod 2521)., But then X% = <132 (mod 2521) and since

(-132/2521) = -1, this is impossible.

n

When n = #3, #13 (mod 28), using (4) and (21) we have

=+ +
U, = = Ugs = U3 14

13 =5 (mod 7), ug = 26 (mod 337) and Ug =

2 _ _
1986 (mod 3079). Hence X° = 24 + bu_, x2°= o4 + 6y

(mod u,,). Now, 7, 337, 3079)u,

and Ugs U

13

are impossible modulo 7, x? - 6uy is impossible modulo

337 and X2-E 24 - Bulsris impossible modulo 3079.

(2) is impossible if n = + 11, + 13 (mod 30).

For, u (mod v, ). Now, 29|v15 and u,, =

n - %11° %13

5 11
10 (mod 29) and Ujg =7 (mod 29). Hence x% = - 3 (mod
29) and X% = 8 (mod 29) and since (-3729) = -1,
(8/29) = - 1, both are impossible.

(2) is impossible if n = + 13 (mod 42).

For, u, = u;4 (mod ”21) and then X2 = 24 + 6u, 4 (mod

n

le). Now 2017[7)21 and»X2 = 1991 (mod 2017), and

since (1991/2017) = -1, (2) is impossible.

+ 21 (mod 70).

(2) is impossible if n

For, u Eum_hwdv ), and

n 35

Va5 = V7.5 % ¥ Fe )

5
= 209 . 2911 . 9243361 . 5352481
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(ix)

(x)

Now, Uy = u7(1+u72 -3) .
Hence X° = 24 + 6 . u7(uu72 ~ 3) (mod 5352481)
=24 -6 , 5042 . 10086 (mod 5352u481)
= - 305121648 (mod 5352481)
Since (-305121648/5352481) = - 1, (2) is impossible.

(2) is impossible if n = + 29, * 31 (mod 90)
For, u, = u,g, Uy (mod ”us)' Now, 83609|v45 and
- - 2 _ _ 2
Upg = gy = 3040 = zulo(uulo 3) 3vlo(4ulo - 1)

9253 (mod 83609).

Hence X2 = 55542 (mod 83609) and since (55542/83609)

= - 1, (2) is impossible.

Also l7|v,45 and Ugy = 2u30 t 3,y =5 (mod 17). and hence
x% =3 (mod 17). Since(3/17 ) = -1, (2) is impossible.

(2) is impossible if n = # 1 (mod 252), n # * 1.
For, we can write n =tl1 + 63k(27 + 1) where 7 is an
integer, and k = Qt, t 2 2. Then,

Uy S EU, L eap = 3”63k (mod u63k).

Now, Vgaz = Vg . 7% = Vg% (mod u7k)

= Y (32uk4 - 32uk2 + 6)(mod

f%(“k))'
Also, Veax = Y7.0%k = = Ygx (mod ugk)

- 2

= - 2v,(4uy” - 1) (mod f7(uk))
Hence X° = 24 # lek(32uku - 32uk2 + 6) (mod fb(“k))

24 ¥ 36vk(uuk2 - 1) (mod f;(uk)).

First consider X2 = 24 * l8vk (32 u]:r - 32uk2. + 6) (mod

Fug)).
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24 + lek(SQu - 32uk2 + 6)

fs(uk)

y 2
o4 + 18vk(288vk + 96vk + 6)
i

7281746 + 7200 4 + 72v 2 + 1
k k.
I 2 2
_ uugk + 367)k - 87)k + 1
5(43207( + luuvk + 9 + 2)
| 360, ° + 24p,° + 6y, + 2
_ k k k
1uuv by 36v," - 8y + 1
k k
2280,% + 19
(:j 3 k :
1 3 2 1 3 2
2(36v, " + 2u4v, " + 6vy + 2) 2(36v; " + 24y + 6y + 2
360k + zuvk + 6vy + 2
= (-)

Slmllarly, we have,

24 - 18vk(32uk - 32uk + 6) _ 360k3 - 240k2 + Gvk - 2
fs(uk) lg

Next consider x? = 24 N 360k(4uk2 - 1) (mod fﬁ(uk))

2
o 2y - 36vk(4uk -1) 24 - ssvk(lzvk + 3)
? 2
j;(uk) 1728vk + ssuvk + 108vk +1

v 2
<\7280k + 86uvk + 108vk +1

%(36”k3 + gvk - 2)

3
_ 961)k + 2uvk + 1 :
‘. ’1 3 ‘.

3(36v;° + 9vp - 2)
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3
361}k + gvk - 2

=

19
Similarly, we have,
2 3
24 + 36vk(4uk -1) . O 36v, + 9y + 2
f}(uk) 19

. 3 2 3
+
The residues of Vg 36vk * 240k + 6vk + 2 and 36vk + 9vk 2

modulo 19 are periodic and the length of the period is 4. The

following table gives these residues and the signs of

y 2

(24 + 180, (32w, " - 32w, " + 6)/f () and

- 2 .
(on ¥ 36vy (buy,” - 1) /f,(ug)).

k =% t=2 3 4 5 6
Vg (mod 19) -1 -4 1 4 -1

3 2 ’
stk + 2uvk + 6vk + 2 (mod 19) 3 -4 -8 -3

3 2
36”k - 24"+ 6Yy - 2 (mod 19) 8 3 -3 y
360k3 + gvk + 2 (mod 19) -5 -1 9 5§
36vk3 + gvk - 2 (mod 19) - 9 -5 5 1

24 + 180k(32uk4 - 32uk2 + 6)|f5(uk)) +1 +1 -1 -1

(24 - 36vk(uuk2 - 1)|f5(“k) ) -1 -1 +1 +1
4 2

(24 - 180, (32w, - 32" + 6)|F(y)) -1 -1 +1 +1

(24 + 36vk(uuk2 - l)lfﬁ(“k)) +1 41 -1 -1

From the above table, we see that the congruences

2 4 2

X +6) (mod fi(uy))

and X2

24 - 36v, (g = 1) (mod £ (up))

cannot hold simultaneously and the congruences



(xi)
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X% = oy = 18vk(32ukl+ - szuk2 + 6) (mod fs(“k))’

N
A

- 2
and  X° = 24 + 36v,(uu, " - 1) (mod f5(uk))
cannot hold simultaneously.

Hence (2) is impossible.

(2) is impossible if n = + 7 (mod 60); n # * 7.

t

For, we can write # = * 7 + 2.15kl where k = 2~ 4, t > 1 and 1

is an odd integer.

Then by applying (21), 7 times we have,
u, = -u; (mod u, g )
= -5042 (mod uy, . fl(uk).fs(uk).fg('uk))

Hence X2 = 24 - 6.5042

-30228 (mOd uk . fl(uk)-fs(uk)ofg(uk))o

1"

Note that when ¢ = 1, u -2 (mod 7) and then X2 =5 (mod 7)

11)

n
and (5/7) = -1.

When £ > 2, we have,

(- 30228/ug) = (up/11) (uy/229) = (=) (u;/229) when u; = -b

(mod ll)’

(uk/zzg) when Up = -2(mod 11),

(- 30228/f; (4)) (=) (fi(“k)/229):

1]

(- 30228/fé(uk)) = (=) (£3(uy)/229), when uy = -4#(mod 11) »

-2(mod 11) ,

(f%(uk)/229), when uy,

(- 30228/fy(u)) = (-) (fb(uk)/zzg).
The residues of uy, fi(uk), fé(uk),and fé(uk) modulo 229 are
periodic and the lenth of the period is 9. The following

table gives the values of these residues and the signs of

(- 30228/uk), (- 30228/f; (up)), (- 30228[fé(uk)), & (-30228/f:(uz)).



i

k = 2t t =2 3 4 5 6 7 8 9 10
uk(mod 229) 97 39 64 -53 121 -31 89 4o -7
fi(uk)(mod 229) 77 127 122 12 -63 177 79 -15 193
fé(uk)(mod 229) 51 -4 -109 12 132 -93
fé(uk)(mod 229) 103 4 159 58
when up = - 4 (mod 11)
(- 30228/uk) s A o R, | -1 -1 +1 +1  +1 41
(- 30228/f, (u)) +1 1 41 -1 -1
(- 30228/fé(uk)) -1 -1 +1
(- 30228/f9(uk)) -1

when ug, = -2 (mod 11)

(- 30228 /uy) 41 -1 41 41 41 -1 -1 -1 -1
(- 30228/fi(uk)) +1 +1 -1 41
(- 30228/f5(uk)) +1 -1 +1
(- 30228/f§(uk)) -1 -1

Hence (2) is impossible.

Since, from (i), (ii) and (vi) we have (2) is impossible

3 (mod 86), 5 (mod 10), #11, #13 (mod 30), it follows that

when #»
(2) is impossible for all values of 7 except when n % #1, *7 (mod 30)
From (iv), we have (2) is impossible when n = +3 (mod 20). Hence we

have (2) is impossible for all Vvalues of n except when n 2 *1, 37,



75.

+29 (mod 60).

Now, from (xi) we have (2) is impossible when n = #7 (mod 60),n # #7.
Hence (2) is impossible for all values of 7 except when # = 7 and

n = 1, +29 (mod 60).

Now, from (iii) and (v) it follows that (2) is impossible for all
values of n except when n = #1, *7 (mod 28)

Combining the last two statements, we have (2) is impossible for

all values of n except when n = 7 and n = #1, %29, %91, %119 (mod 420).
From (vii) and (viii) wé have, (2) is impossible when 7 = #13 (mod u2),
n = 21 (mod 70).

So we cannot have n = #29, %91, %119 (mod 420)?

Hence (2) is impossible for all values of n except when 7 = 7 and

7n £ *1 (mod 420); That is when n = 7, n = %1, 421, #419(mod. 1260).
Now, since from (ix) and (x) we have, (2) is impossible when n = %29,
+31 (mod 90), #1 (mod 252), n # %1, we can conclude that (2) is

impossible for all values of n except when n = £1, 17,

Summarising the results, we see that (1) and (2)
can hold for #n odd, only:fbr n :iliand n = =7 and these values do
indeed satisfy withu =2, v =1, =1 and u = 5042, v = 2911, & = 29.

2 = 1 give the trivial solution ¥ = 0 and x* = 29
give the solution N = 420.

Hence no other positive integer can replace 420
in the set {2, 4, 12, 420}. In other words a fifth integer cannot be

added to the set {2, 4, 12, u20}. //
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Theorem 2.4:
Given a set S of three positive integers, having property
(*1), there exist an algebraic formula which gives a fourth element

of the set.

Proof:

- Soppose & e S.

12 oo %3

If another positive integer x distinct from x € S, then &

12 T2 T3

must satisfy the following equations:

2
mxl +1=a

2
Xz, +1=5

2
xxa +1l=c.

Eliminating & from the first two equations, we have,

2 2
T,a - xlb =X, - X

. 2 2 _ 2
i.e (xza) -x,x2.b" = x - T

12 2 2 °

Now, one solution of this equation is x = z, ,

Nl= W

1
2 32
ar= (zx,+1)°, b= (f2m3 + 1),

Hence a class of solution is given by,

1 1 3 1
. - 2 2
z,a + (xlxz)zb = (xz(mlx f 1)% + (leQ) (x2x + 1)%e

3 3

where € is any unit in Q(xlef.

n=

l .
The fundermental unit is (xlx2 +1)° ¢ (xlx2) .

Try the solution

x,a + (mlxz)%b = (x2(x1m3+ 1)% + (xle)%(x2x3 + l)%)
((zym, + 1)1§ +(mlx2)%)
i.e r.a = x2(xlx3 + l)%(xlx2+ 1)% + xlx2(x2x3 + 1)%
Hence, a-= (:2vlac3 + 1)% (xlm2 + 1)‘12 + xl(x2m3 + l)%
. So, x =2 x; Lo 2T Ly + Xy Ty Tyt 2(xlx2 + l)%
(zym, + 1)%¢rfp3 + 1)%.
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This x satisfies the first two equations and by symmetry it will also

satisfy the third equation. //
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Chapter 3

Introduction:

The only positive integer solutions of the equation

(xx - 12 = 2%(Y - 1) |
aré (x,Y) = (1,1),(2,2),(4,9). A complicated proof was given by
Ljunggren [§] depending upon the p-adic methods applied to a
quartic field and a simple method’was given by Cassels Eﬂ depending
upon Fhe properties of the quartic field @(4v2). 1In this chapter
we shall discusé the\positive integer solutions of the equation

x(x - 1)? = 37(¥ - 1).

Our method is based on the ideas used by Cohn [3].

Theorem:
The only positive integer solutions of the equation
(x(x - 1)? = 3x(¥ - 1)

are (X,Y) = (1,1), (3,4).

Proof:

Substituting @ = 2X -1, y = 2Y - 1 in the above equation we

Gt =) )65

have,

. 2 m2 - l2 _
2 2 ’ !
This is of the form u~ - 3v° = 1, where u =y and v = —— .

Hence we must have,

m2 =1+ 6v (22)



We have already discussed the integral solutions of the equation
u2 - 3v2‘= 1 in chapter 2. 1In this chapter We shall assume the
results that we have derived in chapter 2.

Using the equations (6) - (9), we have,

Uy s oop = Uy (mod vr)

n

Uy yoop = TV, (mod ur)
We note that y is odd and hence u is odd. Thus we have to
consider only the even values of #.
The proof is now accémplised in six stages:
(i) (22) is impossible if n = #4 (mod 10)

For,

v, =V, (mod vs), using (23),

v, (mod v5), using (5),

+56 (mod 209);
whence v, = #1 (mod 11). Then x2 =1+ 6vn =7 or -5
11), and since the Jacobi-Legendre symbol (7/11) = -1,

(-5/1D = -1, (22) is impossible.

(ii)  (22) is impossible if # = 8 (mod 10)

For,
v, S Vg 2V, (mod vs),
= -4 (mod 209).
However, then 1 + 6v_ = -1 (mod 11) and since (-1/11)

n

(22) is impossible.

(iii) (22) is impossible if n = 12 (mod 20).

For,

v =Y 2V g (mod ?10)

79

(23)

(24)

(mod

= -1’
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i.e vn = -10864 (mod 151316).
Now, 181[151316 and 1 + 6v = -23 (mod 181). Since (-23/181)
= -1, (22) is impossible.
(iv) (22) is impossible if ﬁ = 10 (mod 20).
For,

v. = 2. (mod u, ), using (24),

n 10 10

= 4151316 (mod 262087).
Hence, x2 =1 % 6.151316 (mod 7.37441). That is either x2 = 90
907897 or x2 = -907895 (mod 7.37441). Since (807897/37u441) and

(-907895/7) = -1, (22) is impossible.

(v)  (22) is impossible if n = 0 (mod 20), n # O.
For, if n # 0, we may write,
n=5.2° (21 + 1)
where 1 is an integer, odd or even, and £ > 2.
i.e .ﬁ = 5k + 2.5k.1, where k = 2t .

Then by using (24) 7 times, we obtain,

<
m

ie, v =% vk(leuk” - l2uk2 + 1)(mod uk'(lsukLL - 20uk2 + 5)

vk(euk2 - 4) (mod 16ukLL - 2°”k2 + 5)

m
I+

1]
I+

vk(zuka + 4) (mod 1t+1+vkLl + 36vk2 + 1)

Hence x2 =1 %6y, (24vk2 + 4) (mod 11441)7:L + 36vk2 + 1)

First consider

2 2 Y

=1+ evk(zuvk

1+ svk(zuvk + u’t) <;12vk -+ 1 j)
— 4
1u4vk + 36vk 1uuvk + 2uvk + 1

+ 4) (mod 1ub, "+ 360k2 + 1)

Now,




12vk2 + lek + 1

2

1avk

2
lek - Uk + 1

13
Similarly, we have,
2 2.
1l- svk(zuvk +4) 120"+ v, + 1
m 2 T
1440k + 36vk + 1 13

1+ Gvk(quk + 4) 12v ¥ vk +1
Hence, m
1uuvk + SGvk + 1

Now, vy =% 4 (mod 13) and hence,

n
I
-

léka + v t 1
13

Hence (22)is impossible.

2 (med 20), n # 2.

m

(vi) (22) is impossible if n
For, we can write,
= 2 + 2k.51

t

where k= 27, £ 2 1, and 7 is an integer.

Using (24) 7 times, we obtain,

v, = -, (mod uSk)
- L 2
Hence, x2 = - 23 (mod uk(lSukl1l - 20uk2'+ 5)).

Now, (- 23/up) = (u;/23) and

Y
i

81
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m 2 _ " 2
(-23/16u; " - 20u;” + 5) = (16w~ - 20u,” + 5/23).
The residues of Ups lSuk4 - QOuk2 + 5 modulo 23 are peridoic and

the length of the period is 5. The following table gives these
4 2

residues and the signs of (uk/23) and (16u; " - 20u,°~ + 5/23)."
k=20 w (mod 23) Gu/23)  fy(w) (mod 23) (f£y(u;)/23)
t=1 7 -1

= 2 5 -1

= 3 3 +1 -6 -1

= 4 -6 -1

=5 2 +1 -3 -1

=6 7

From the above table we see that the congruences x2 = - 23
(mod uk) and x’ = - 23 (mod f3(uk)) cannot hold simultaneously

and hence (22) is impossible.

Summarising the results, we see that (22) can hold for n even,
only forn =0 &n = 2 and these values do indeed satisfy with
‘u=l,v=0,x=l,y=landu=7,v=4,x=5,y=7. x =1,

1 give the solution (X,Y) = (1,1) and x = 5, y = 7 give the

Yy
solution (X,Y¥) = (3,4). //
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ChaE'ter' “4;_

Introduction:

Cobn (3] has proved that the only solution in positive

integers of the equation,

) XYY+ D@+ 2)(Y +3) = 2X(X .+ 1)(X + 2)(X + 3)
is (X,Y) = (4,5)..
Our aim in this chapter is to prove that the only
solution in Eositive integers of the equation,

37(Y + 1) = X(X + 1)(X + 2)(X + 3)

is (X,Y) = (12,104),

Proof:
To prove the result, we put y = 2Y + 1, and « = 2X + 3

which gives the equation,

2 2 5 2
s? - v = (55 -
This is of the form
u2 - 302 =1
2

where u = E——%—E s V=Y.
Hence we must have,

x> = 5+ ou. (25)

We have already discussed the positive integral solutions of the

equation u2 - 3v2 = 1 in chapter 2. In addition to the equations

derived in chapter 2, we also need the following equations:

+ 30, v

u =u = UMion n.10n

17 - %+ 10n

2
un(2u5n - 1) + Svn. U, Ve



. 2
un(QuSn - 1) + 3V, . QuSnUSn

2 2 .
un(2u5n -1) + 3vn'2u5nfﬂ(un)

2 2
un(2u5n - 1) + un(un - l).2f5(un).fh(un)

U, fil(un) (26)

10

- 8 6 4 2
where fil( u, ) = 1024w, = - 2816w, + 28l6u - 1232u, + 220u - 1l.

2 g

Usan = U3.11n = %110 (M010
= gy o P10 (27)
where fiQ(un)= uuiln -3

We note that both & and y are odd and hence v is odd. Hence
we have to consider only the odd values of n. The proof is now

accomplished in ten stages:

(i) (25) is impossible if n = 3 (mod 6).

For, using (20), we find that for such =,

U

” ua(mod v3)

mn

26 (mod 15)
But then m2 z 2 (mod 5), and since the Jacobi-Legendre

(2/5) = -1, (25) is impossible.

(ii) (25) is impossible if n = * 3 (mod 10).

For,

&
n

Uyq (mod vs)

u, (mod vs), using (4),

3
26 (mod 209),

whence u, = 4 (mod 11), and then x? = 2 (mod 11), and

since (2/11) = -1, (25) is impossible.

8y



(iii)

(iv)

(v)

(vi)

(25) is impossible if n

For,

But thenvx2

“n

Uygs Uygothygoliyy

Ugs Ugs Ugs Upg
3,5, 7, 1 (mod 23)

= -1, (15/23)

impossible.

(25)
For,

Uu

Now, using (10), we have, v

is

m

n

1]

impossible if n

85

+3, +7, +9, 11(mod 22).

(mod vll)

(mod 564719)

11, 15, 19, 7 (mod 23), and since (11/23)

= -1, (19/23) =

Uyq (mod vy

g)

978122 (mod ”15)'

and since 2u

5

-1 = 723, zullvls.

-1, (7/23) = -1, (25) is

+11(mod 30).

15

= v5(2u5 - l)(2u5 + 1)

Then x2 = 52 (mod 241)

and since, (52/241) = -1, (25) is impossible.

(25) 'is impossible if n

For, using (21), we have,

*+ 17 (mod Luh).

-719 (mod 489061), and since (-719|489061)

u, = U, (mod ull)
= ~ 362 (mod 489061).
Then, x2 =
= -1, (25) is impossible.

(25) is impossible if n

For,

3v

+29

30 ~

(mod 60).

-804, (mod ”%O)’
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)s

(mod u

I+

U, = T Uyq 30

= ¥ 8v,, (mod “30) ,

) 2 - -
and hence £~ = 5 F 6v30 (mod uao) .

_ 2 2 _
Now, Usg = ulo(““lo - 3) and ”“10 - 3 = 274758382273
= 193.1201.1185361, and
_ 2 - _ L
Vap = ”10(””10 - 1) = -20 (mod 1201), 302632 (mod 1185361).
Hence ;

either @22 - 115 (mod 1201)

or x25 - 630426 (mod 1185361).

Since (- 115/1201) = -1, and (- 630426/1185361) = -1,

(25) is impossible.
(vii) (25) is impossible if n = * 23 (mod 66).

For,

U = u = Uy, (mod Vg )

n 123 3

- 1)(2u,, + 1) and 2u,, +1 =

Now, since v 11

= vy (2ug,

1956245, -we have 3912u9|v33.

11

Also,

Ugg T gy, = 30y,
= 2(2u2 -1) - 3.2u. v
12 12%12
= - 129162 (mod 391249).
Hence x2 = - 258319 (mod 391249) and since (-258319/

391249) = -1, (25) is impossible.

e
(2]

(viii) (25) impossible if n = + 65 (mod 132).

For,

+ (mod u..)

u, = Tlyg = gy

66



Now,

Hence u

2 _
X =

Now,

Ly

U

N N+

Now, v

(5v22i
37

u_l + 3v66v—l

)

= U

65 66

- 3”66 (mod Ueo

+ 3066 (mod u66) and

6v66 (mod u66)

¥ 6v2 (Lm2 - 1) (mod ng

2 22

2
+ 12022 (mod 4u22

+1

2—3)

- 3)

l2v22 5 + 12‘022

-3 12v,_, + 1

99 = Qullvll £ 2,27.25 = 18(mod 37) and hence

. .
> = (91/37) or (89/37).

Since (91/37) and (89/37) = -1, (25) is impossible.

bor’

87.
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(ix) (25) is impossible if n = * (mod 12), n # *1.
For, if n # 1, we may write,
n = *1 + 3k + 6kZ,
where k = 27, ¢ 3 2 and L is an integer. Then using

(21) we have

m

U

" iusk +1 (mod usk)

ie u = isvsk (mod uk(l + 12'073))

= iBUk(Hui - 1) (mod uk(l + 12vi))

Hence @° = 5 + 2u = 5+ 6oy (tup - 1) (mod up (1 + 1202))
which implies that

z® = 5+ 2u, = 5 F 6 (mod uy)
and

22 =z5+ 12v; (mod (1 + 12v72())

First consider £ = 5 - svk (mod uk)‘ Let k¥ = 28,

2 2
5 - 6vy i 5 - 6”23 _ s(uS - avs) - 12usvs
Uy Uss W+ 3u2
S (]
2
10uS - 12u (A
W o+ 3v
S

5
(23)(1{ +3v> u +3v
Now (-u—Q— = ————;———) = 41,
28 2u” -
u + 3v (
u + 3v 3 E
2N\ 2

5u, - (LS'{':BU _ (1111)s )
u +3v 5u —Gvs 5us—6vs

{ 3 {37
k‘ius - svs) %us - 6V,

[
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Cu - 6v>[ - 61))
- ) Gi‘_s__i’z) _ (C_“s_ev_s)
3) 37 37
5 - 60 Su, , - 6V
Hence <: %) = (=) (:\ k/z k/%:>
<f - sv?)fg + sé%) (?5 - 360k:>
Uz
_ (fs - 12, - 1i>
_ =
AR (’“k :
- Z) ~\37,

12v;, (mod (1 + 12v£))

n

I+

Next consider x2 =5

5+ 1200\ /35 4 12”k
1+ 12v£ 1+ 12vk . .2”k
i 12 12°v, - 5 %)+ 37
20, % T2, *
=<3>( )
v, 120, %
120, + 5
37 )"

The residues of “k"vk’ Suk - Gvk, 5t l2vk, modulo |
37 are periodic and the length of the period is 6. The
following table gives these residues and the signs of
the Legendre symbols (5 + svk/uk), (5 - 120, /1 + 12vi)

(5 - avk/uk) and (5 + l2vk/l + 12v§).



30

k=2 t =2 3 4 5 6 7 8
Uy, (mod 37) -4 21 -7 =14 21 -7 -14
vy (mod 37) -18 -1u 4 18 14 -4 -18
Sy, - 64 (mod 37) 1 4 =22 7 21 -11 1
12vy, - 5 (mod 37) 1 12 6 -11 15 -16 1
5 + 12v;, (mod 37) 11 -15 16 -1 -12 -6 11
(5 + Gvk/uk) +1 -1 -1 +1 -1 -1 +1
(5 - 12v, /1 + 12vi) -1 -1 41 -1 41 -1 -1
(5 - svk/uk) -1 -1 -1 +1 -1 -1 -1
(5 + 120, /1 + 12v£) -1 41 -1 -1 -1 +1 -1

From the above table we

2:
5 - evk (mod uk) and £° = 5 + ;2vk (mod (1

hold simultanacusly and the

uk) and m2 =5 - 12vk (mod (1 + 12v£)) cannot hold simult-

aneously.

Hence (25) is impossible.

see that the congruences x2

+

congruences I

(x) (25) is impossible if # = *5 (mod 60), n # %5.
For, we can write n = +5 + 21.165k, where Kk = 2t, t21
Then u, = -u, (mod ulBSk)

= -362 (mod ulBSk)’
and hence we should have z° = -719 (mod ulssk)‘
Since wyger = Up) 1K= 5,33k Me Daves Uygluge and

“33k|u165k'

Thus we have,

lei)) cannot

5 + 6y, (mod
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Ly

69

89

110

134

154

173

198

218

235

262

276

299

318

341

356

381

398

n

-718

~719

-719

-718

-718

-719

Now, the quadractic non-residues of

17

L6

71

92

114

136

157

176

199

219

237

264

278

301

319

342

357

383

399

(mod fé(uk)),
(mod fg(uk)) Py

(mod fil(uk))’

(mod fi2(uk))

19

u7

73

oy

115

138

158

178

201

220

238

265 -

282

303

322

3ul

358

385

402

22

51

76

95

119

139

159

179

202

221

239

266

284

304

327

3u5

359

386

4Ou

23

53

77

97

123

141

161

184

204

223

246

267

285

306

328

346

365

387

407

33

55

79

g9

127

142

164

188

205

228

ou7 -

268

286

307

329

3u7

368

388

408

3y

57

82

101

129

143

165

180

207

229

251

269

287

308

330

343

369

393

409

719 are
38 41
66 67
85 86

102 106

131 132

146 152

170 171

193 194

212 213

230 231

254 255

271 272

291 292

313 314

335 337

352 353

371 376

39y 395

410  4lu

(28)
(29)
(30)
(31)
(32)

(33)

43
68

88

109

133

153

172

197

215

233

258

275

297

316

340

355

380

396

417

91
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419 421 423 424 425 426 429 430 431 436
. 438 439 440 442 4ys Lys 449 456 458 459
LBO 462 463 L66 467 469 470 471 474 475
476 77 478 . 479 483  u85 487 492 493 - 494
4395 497 502 503 505 508 509 510 §511- 513
516 519 523 524 527 528 530 532 533 534
536 537 538 539 542 544 545 550 551 552
553 556 557 559 563 564 568 569 570 571
572 574 575 579 582 584 589 591 593 594
595 597 598 599 601 602 603 606 607 608
611 612 614 615 616 619 621 623 626 628
629 632 635 636 638 639 6Ll 6u4L 645 .647
649 654 655 656 657 658 - 659 660 661 663
665 667 669 670 671 674 677 679 680 682
683 684 687 688 689 690 691 692 693 694
635 698 699 701 703 704 705 706 707 708

710 711 712 713 714 715 716 717  718.

The residues of wuy, fi(u)s Fuug), Folug)s £1,0u)

fi2(uk) are periodic and the length of the period is 179.
Consequently we obtain the following results:
(a) The residues of #;, modulo 719, for =1, 2,---179
are

7 97 123 59 490 626 41 485 223 235
uy2 310 226 53 584 499 453 587 335 vl2l
521 36 43y 674 L54 244 436 559 150 L21

14 391 186 167 b1y 547 209 362 371 623

456 - 289 233 8 127 621 513 29 243 181
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92 390 62 497 oL 282 148 667 374 60

9 16l 73 591 412 119 280 57 26 632

38 11 241 402 376 184 125 332 433 378
324 3 17 - 577 63 28 129 207 | 136 322
295 51 168 365 419 249 333 325 582 149
542 104 61 251 176 117 55 297 262 677
651 619 586 146 210 481 4oy 5 49 487
516 451 566 82 505 278 701 647 301 13
337 652 349 579 373 L 31 483 665 79
258 112 541. 663 519 180 299 489 106 182
99 188 225 589 6 71 15 449 561 316
548 242 649 452 215 u17 500 294 311 30
361 363 25 530 260 27 19 2
and therefore (28) is impossible for ¢t =2, 3, 6, 7, 8, 9,
10, 11, 14, 15, 19, 24, 27, 28, 30, 35, 39, 40, 41, 43, 45,
46, 47, 51, 54, 56, 58, 62, 63, 64, 66, 68, 70, 71, 72, T4,
75, 76, 83, 87, 88, 89, 90, 92, 94, 95, 99, 101, 104, 105,
107, 108, 109, 110, 112, 114, 117, 120, 121, 124, 125, 126,
127, 128, 129, 131, 133, 134, 138, 139, 140, 141, 143, 1ul,
145, 146, 147, 149, 151, 152, 154, 156, 158, 160, 163, 165,

166, 173, 175, 178.

(b) The residues of fi(uk) modulo 719, for ¢t = 1, 5, 18,
20, 21, 23, 25, 26, 32, 36, 38, 48, 52, 55, 57, 59, 60, 65,
69, 77, 78, 80, 82, 85, 91, 96, 97, 106, 113, 116, 118, 119,

137, 150, 153, 155, 157, 161, 164, 168, 172, 174, 176, are

193, 532,669, 322, 71, 628, 487, 152, 371, 417, 22, 485, 123



9y

563, 614, 119, 17, 237, 544, 663, 1lu6, 647, 33, 55, 101,
. 665, 649, 109, 291, 88, 97, 254, 246, 197, 458, 1u4l, 178,
483, 429, 621, 46, 340, 53, respectively and therefore

(29) is impossible for the above values of t.

(c) . The residues of fa(uk) modulo 719 for ¢t = 13, 16,
33, 34, 37, 49, 50, 61, 67, 79, 86, 93, 100, 102, 103, 111,
112, 122, 135, 148, 169, 171, 179, are

4L, 269, 495, 267, 19, 542, 597, 5ul, 658, 612, 157, 109,
563, 381, 570, 654, 471, 55, 153, 663, 41, 57, respectively

and therefore (30) is impossible for the above values of %.

(@) The residues of fg(uk) modulo 719, for t = 17, 22,
31, 42, uu, 53, 81, 115, 123, 130, 136, 142, 159, 162, 167,
177, are

Ly, 141, 635, 306, 344, 701, 626, 299, 497, 3u6, 701, 127,
213, 693, 86, 89, respectively and therefore (31) is impos-

sible for the above values of t.

(e) The residues of fil(uk) modulo 719, for t = 12,
73, 84, 98, 132, 170, are
86, 46, 683, 89, and therefore (32) is impossible for the

above values of t.

(£)) The residues of fiQ(uk) modulo 719, for ¢ = 4,
29, are 17, 55 respectively and therefdre (33) is impossi-

ble for these values of t.

Thus we .see that at least one of (28), (29),

(30), (31), (32), (33) is impossible for t = 1, 2, --- 719.
Thus (25) is impossible.



Summarizing the results we see that (25) can hold
for n odd, only when n = 1 and n = 5 and these values do indeed

satisfy withu =2, v =1, =38, y =1, and 4 = 362, v = 209, X

0, Y=0, and X

19, y = 209. x = 3, y = 1 give the solution X

19, Y = 209 give the solution X = 12, ¥ = 10u4.

Hence the theorem.

85
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