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ABSTRACT

The t h e s i s  c o n s i s t s  o f  t h r e e  p a r t s ,  d e a l in g  w ith  th r e e  

p rob lem s o f  r e l a t i v i t y  and co sm o lo g y , whose t i t l e s  and a b s t r a c t s  

a re  a s  f o l lo w s »

PART I :  TH  ̂ THEORY OF OBSMTABLS CRITERIA FOR THE SOLÜTIOH 
OF THE COSMOLOGICAL PROBLm.

A s y s te m a t ic  d e r iv a t io n  and c r i t i c a l  a n a l y s i s  o f  o b s e r v a b le  

r e l a t i o n s  i n  cosm ology  i s  p r e se n te d »  Many new fo rm u la e  a r e  

o b ta in e d  by th e  a u th o r , a p p l ic a b le  to  b o th  an e v o lu t io n a r y  

u n iv e r s e  and th e  s te a d y  s t a t e  u n iv e r s e »  I t  i s  d em o n stra ted  

how t h e  o b s e r v a b le  r e l a t i o n s  c a n , i n  p r i n c i p l e ,  d e c i s i v e l y  

d i s t i n g u i s h  b etw een  t h e s e  two ty p e s  o f  u n iv e r s e »  The r e s u l t s  

a re  u sed  to  a n a ly s e  th e  r e d s h i f t  d a ta  p u b lis h e d  by Huma s o n ,

M a y a ll and Sandage i n  1 9 5 6 »

The a u th o r  h as a l s o  d e r iv e d  fo rm u la e  to  u t i l i s e  th e  

d e v e lo p in g  te c h n iq u e s  o f  c o lo u r  p h otom etry  and r a d io  astronom y»  

T hese a re  a p p l ie d  to  th e  S te b b in s -W h itfo r d  ty p e  o f  a n a l y s i s  

o f  d i s t a n t  s p e c t r a ,  and to  R y le * s  phenomenon o f  c o l l i d i n g  

g a la x ie s  r e s p e c t iv e ly »

PART I I :  GENERAL RELATIVITY AND MACH»S PRINCIPLE.

B e l i e v i n g  t h a t  c o s m o lo g ic a l  s o lu t io n s  in v o lv in g  empty 

sp a c e  a t  i n f i n i t y  a r e  l o g i c a l l y  in a d m is s ib le  i n  g e n e r a l  

r e l a t i v i t y ,  th e  a u th o r  h as g e n e r a l i s e d ,  w ith  c e r t a in  r e s t r i c t i o n s ,  

a n  a n a ly s i s  by  E in s t e in  o f  Mach’ s  P r in c ip le  i n  q u a s i - G a li le a n  

s p a c e - t im e  to  an  a r b i t r a r y  sp a c e -t im e »  I t  i s  shown t h a t  by  

a d o p t in g  a  s te a d y  s t a t e  co sm o lo g y , w h ich  recommends i t s e l f  on



th e  grou n d s o f  l o g i c a l  s i m p l i c i t y ,  g e n e r a l  r e l a t i v i t y  can  

f u l l y  a cco u n t f o r  i n e r t i a »  The p r e s e n t a t io n  i s  c o n s id e r e d  to  

b e a s u b s t a n t ia l  im provem ent on a p r e v io u s  p u b l i c a t io n  by  th e  

a u th o r»  A d d it io n a l  su p p o r t in g  m a t e r ia l  i s  advan ced  t o g e t h e r  

w ith  a  com p reh en sive  h i s t o r i c a l  and c r i t i c a l  a n a ly s i s  o f  th e  

problem »

PART I I I :  THE MECHANISM OP STEADY STATE COSMOLOGY ACCORDING 
TO a m Æ A L  RELATIVITY.

The s t a t io n a r y  e x t e r i o r  and i n t e r i o r  s o l u t i o n s  f o r  a  

s p h e r i c a l l y  sym m etric  c o n c e n tr a t io n  or r a r e f a c t io n  o f  m ass i n  

th e  s te a d y  s t a t e  u n iv e r s e  are  o b ta in e d  and a n a ly se d »  I t  i s  

shown th a t  i n  a r a r e f a c t i o n  th e  d e n s i t y  o f  i n e r t i a  becom es  

n e g a t iv e »

T h ese  s o l u t i o n s  are  u t i l i s e d  i n  t h e  develop m en t o f  a  

th e o r y  o f  th e  s te a d y  s t a t e  a s  one o f  dynam ic e q u ilib r iu m ,'  

b e tm e w  m a tte r  on th e  one heind and r a d ia t io n  o f  n e g a t iv e  a v e r a g e  

en erg y  d e n s i t y  on th e  o th e r»  I t  i s  shown t h a t  th e  c r e a t io n  o f  

m a tte r  l e a d s  t o  th e  e m is s io n  o f  g r a v i t a t i o n a l  w aves c a r r y in g  

n e g a t iv e  e n e r g y , and th e  v ie w  i s  p u t forw ard  th a t  a r a d ia t io n  

f i e l d  m ust be i d e n t i f i e d  w ith  a q u a n tise d  g r a v i t a t i o n a l  f i e l d »

A cknow ledgm ents  

I  w ish  t o  ack n ow led ge h ere  th e  p a t i e n t  t r a in in g  i n  r e s e a r c h  

m eth o d s , a s  w e l l  a s  th e  e d u c a t io n  and p ro p er  p e r s p e c t iv e  in  

sub j e c t  m a t te r , w h ich  I  have r e c e iv e d  from  my s u p e r v is o r  o f  

r e s e a r c h .  P r o f e s s o r  W» H» McCrea» For h i s  s t im u la t in g  

c r i t i c i s m ,  en cou ragem en t, and f r i e n d ly  a d v ic e  a t  a l l  t im e s
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PART I

THE THEORY OP OBSERVABLE CRITERIA FOR THE 
SOLUTION OF THE COSMOLOGICAL PROBLEM



I N T R O D U C T I O N

A c o m p r e h e n s i v e  r e v i e w  o f  t h e  l i t  e r a t u r e  on c o s m o l o g y ,  and  

of p a p e r s  on t h e  t h e o r y  o f  o b s e r v a b l e  r e l a t i o n s  i n  p a r t i c u l a r ,  

w i l l  n o t  b e  g i v e n  i n  t h i s  i n t r o d u c t i o n  s i n c e  i t  h a s  b e e n  t h o u g h t  

b e s t  t o  d e a l  w i t h  t h e  work  o f  p r e v i o u s  a u t h o r s  i n  t h e  c o n t e x t  o f  

t h e  s u b j e c t  m a t t e r  d e a l t  w i t h  p r o g r e s s i v e l y  i n  t h i s  t h e s i s .  

S u f f i c e  i t  t o  s a y  h e r e  t h a t ,  i n v a l u a b l e  a s  t h e  p i o n e e r  w ork  of  

t h e s e  a u t h o r s  h a s  b e e n ,  much of i t  i s  i n a d e q u a t e  t o  d e a l  w i t h  t h e  

c o s m o l o g i c a l  o b s e r v a t i o n a l  programme o f  t h e  p r e s e n t  d a y ,  b o t h  b y  

v i r t u e  o f  t h e  new t h e o r e t i c a l  p r o b le m s  t h a t  h a v e  a r i s e n  -  t h e  

s t e a d y  s t a t e  t h e o r y ,  t h e  so  c a l l e d  S t e b b i n s  W h i t f o r d  e f f e c t ,  

r a d i o  s t a r s ,  t o  m e n t i o n  b u t  a  few -  and  a l s o  b e c a u s e  o f  new 

i n s t r u m e n t a l  t e c h n i q u e s ,  such  a s  p h o t o e l e c t r i c  p h o t o m e t r y  and 

r a d i o  a s t r o n o m y .  A s y s t e m a t i c  p r e s e n t a t i o n  o f  t h e  o b s e r v a b l e  

r e l a t i o n s ,  w i t h  a  t h o r o u ^  i n v e s t i g a t i o n  o f  t h e i r  s i g n i f i c a n c e  

f o r  p r e s e n t  d a y  c o s m o lo g y ,  h a s  b e e n  w a n t i n g  i n  r e c e n t  y e a r s  and  

t h i s  p a r t  o f  t h e  p r e s e n t  t h e s i s  was i n i t i a t e d  e a r l y  i n  1955 t o  

h e l p  t o  f i l l  t h i s  g a p .

S i n c e  t h e n  t h e  o n l y  p u b l i c a t i o n  w hich  h a s  g o n e  some way t o  

a n s w e r i n g  t h e  same n e e d  i s  a  b o o k  by  G. G. M c V i t t i e  (16 )  w h ic h  

i n c l u d e s  a  d i s c u s s i o n  o f  t h e  o b s e r v a b l e  r e l a t i o n s  m t h  a t t e n t i o n  

t o  some o f  t h e  p r e s e n t  day  p r o b l e m s .  However ,  b e c a u s e  o f  i t s  

l e s s  e x h a u s t i v e  a n a l y s i s  a n d  c o n s i d e r a b l y  s m a l l e r  r a n g e  of  

i n v e s t i g a t i o n ,  i t  h a s  by  no means d i s p e n s e d  w i t h  t h e  n e e d  f o r  

t h i s  t h e s i s .

A l l  t h e  f o r m u l a e  t o  f o l l o w  h a v e  b e e n  d e r i v e d  i n d e p e n d e n t l y  

b y  t h e  p r e s e n t  a u t h o r  b u t  m a n i f e s t l y  some w i l l  h a v e  b e e n  o b t a i n e d



—2 —

by p r e v i o u s  w r i t e r s .  Where t h e  a u t h o r  h a s  b e e n  a w a r e  o f  t h i s  

r e f e r e n c e  i s  made t o  t h e  o r i g i n a l  d e r i v a t i o n  -  a l t h o u g h  i t  w i l l  

n o t  n e c e s s a r i l y  b e  t h e  same a s  t h a t  g i v e n  i n  th e t h e s i s .  L i k e 

w i s e  i t  i s  s t a t e d  en t h e  a u t h o r  ^s w ork  i s  b e l i e v e d  t o  b e  

o r i g i n a l .
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CHAPTER I :  OBSERVABLE QUANTITIES RELATED TO THE
ThBORHd ÜAL PARAi/ETERS OP THE COSMOLOGICAL METRIC

(1 )  The  c o s m o l o p d c a l  m e t r i c

The g e n e r a l  t h e o r y  o f  r e l a t i v i t y  a s s u m e s ,  a s  a  n a t u r a l  

g e n e r a l i s a t i o n  of s p e c i a l  r e l a t i v i t y ,  t h a t  t h e  m e t r i c a l  

p r o p e r t i e s  of 4 - d i m e n s i o n a l  s p a c e - t i m e  a r e  c h a r a c t e r i s e d  by  t h e  

' i n t e r v a l   ̂ S b e tw e e n  a n y  two e v e n t s  i n  s p a c e - t i m e .  T h is  

q u a n t i t y  i s  r e l a t e d  t o  t h e  s p a c e - t i m e  c o o r d i n a t e s  a c c o r d i n g  t o  

t h e  d i f f e r e n t i a l  q u a d r a t i c  f o r m  ( i n v a r i a n t )

  (1.1)

w i t h  sum m at io n  o v e r  ^  and V w h ic h  t a k e  t h e  v a l u e s  1 , 2 , 3 , 4 ,  

c o v e r i n g  t h e  c o o r d i n a t e s  o f  s p a c e  a n d  t i m e .  Thus t h e  g e o m e t r y  

of s p a c e - t i m e  i s  R i e m a n n i a n .

The f u n c t i o n s  o f  t h e  a n d ,  a c c o r d i n g  t o  g e n e r a l

r e l a t i v i t y ,  a r e  r e l a t e d  t o  t h e  d i s t r i b u t i o n  o f  m a t t e r  and e n e r g y  

i n  t h e  r e f e r e n c e  f r a m e  u s e d  ( i n  p r i n c i p l e  a r b i t r a r y )  a c c o r d i n g  t o  

E i n s t e i n ' s  g r a v i t a t i o n a l  f i e l d  e q u a t i o n s  ( l ) .  Thus e q u a t i o n  

( l . l )  ^  V68 t h e  ' l i n e  e l e m e n t  ' or  ' m e t r i c  ' of  s p a c e - t i m e  

c o r r e s p o n d i n g  t o  a  g i v e n  d i s t r i b u t i o n  of i m s s .

The i n t e r v a l  d S  b e t w e e n  a d j a c e n t  e v e n t s  i n  s p a c e - t i m e  i s  

p h y s i c a l l y  m e a s u r a b l e  by  r i g i d  m e t r e  s t i c k  or by a  c l o c k  a c c o r d i n g  

t o  #1 e t h e r  t h e  i n t e r v a l  i s  s p a c e - l i k e  ( d s  20  ̂ t a k i n g  t h e  

s i g n a t u r e  of  t h e  q u a d r a t i c  f o r m  a s  n e g a t i v e ) ,  o r  t  i m e - l i k e  ( d s  7 o )  

r e s p e c t i v e l y .  T h is  i s  b e c a u s e  b y  a  s u i t a b l e  t r a n s f o r m a t i o n  o f  

c o o r d i n a t e s  t h e  i n v a r i a n t  fo rm  ( l . l )  can  b e  r e d u c e d ,  i n  t h e  

n e i g h b o u r h o o d  o f  a n y  a s s i  g i  ed e v e n t ,  t o  t h e  c a n o n i c a l  f o r m  o f  

s p e c i a l  r e l a t i v i t y  ( w i t h o u t  c h a n g e  o f  s i g n a t u r e ) ,  w h e r e  t h e  |
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p h y s i c a l  i d e n t i f i c a t i o n  o f  t h e  c o o r d i n a t e s  i s  w e l l  known f ro m  

t h a t  t h e o r y .  We s h a l l  r e t u r n  t o  t h i s  m a t t e r  i n  S e c t i o n  ( i i ) .

The g r a v i t a t i o n a l  e q u a t i o n s  i m p ly  t h a t  w h e r e  t h e r e  i s ,  

f o r  e x a m p le ,  s p h e r i c a l  symmetry  a b o u t  t h e  s p a t i a l  o r i g i n  i n  t h e  

d i s t r i b u t i o n  o f  mass t h e n  t h i s  w i l l  b e  r e f l e c t e d  i n  t h e  ^ ^ - 9  

i n  t h a t  t h e  m e t r i c  w i l l  b e  u n a l t e r e d  f o r  p u r e  r o t a t i o n  o f  t h e  

a x e s  a b o u t  t h e  s p a t i a l  o r i g i n .  Th is  p r i n c i p l e  i m p l i e d  by  t h e  

f i e l d  e q u a t i o n s  h a s  b e e n  c a l l e d  t h e  ' P r i n c i p l e  of t h e  g e o m e t r i z -  

a t i o n  o f  p h y s i c s ' .

On t h e  b a s i s  o f  t h i s  p r i n c i p l e ,  w i t h o u t  r e f e r e n c e  t o  t h e  

f i e l d  e q u a t i o n s  a s  s u c h ,  i t  i s  p o s s i b l e  f ro m  p u r e l y  g e o m e t r i c  

and  k i n e m a t i c  c o n s i d e r a t i o n s  t o  d e d u c e  t h e  fo rm  o f  m e t r i c  

c o r r e s p o n d i n g  t o  a g i v e n  p h y s i c a l  s i t u a t i o n ,  p o s s e s s i n g  a  d e g r e e  

of sym m etry  o r  u n i f o r m i t y ,  up t o  a  minimum number o f  r e s i d u a l  

u n d e t e r m i n e d  p a r a m e t e r s .

P e r  t h e  c a s e  o f  t h e  co sm ic  m e t r i c  o f  t h e  e x p a n d i n g  u n i v e r s e ,  

w i t h  w h ic h  we a r e  c o n c e r n e d  i n  t h i s  t h e s i s ,  t h i s  h a s  b e m  

a c h i e v e d  by  H« P .  R o b e r t s o n  by  tw o  d e r i v a t i o n s .  The f i r s t  (2_) 

was w i t h o u t  r e g a r d  t o  t h e  p h y s i c a l  d e f i n i t i o n  o f  t h e  c o o r d i n a t e s  

and  b a s e d  on t h e  p o i n t  o f  v iew  o f  t h e  i n v a f ^ i a n t  p r o p e r t i e s  o f  a  

R ie m a n n ia n  m e t r i c  u n d e r  c e r t a i n  g ro u p  t r a n s f o r m a t i o n s  w h ic h  

e x p r e s s e d  t h e  d e s i r e d  g e o m e t r i c a l  sy m m et ry .  The s e c o n d  (3 )  

was f r o m  t h e  p o i n t  o f  v iew  o f  t h e  s p a c e - t i m e  ( R ie m a n n ia n )  

g e o m e t r y  d e t e r m i n e d  by  t h e  m e a s u r e m e n ts  o f  a 3 p a r a m e t e r  s e t  o f  

' e q u i v a l e n t  o b s e r v e r s *  w hose  p h y s i c a l  o b s e r v a t i o n s  h a d  t h e  

d e s i r e d  sym m etry ,  t h e  s p a c e  t i m e  c o o r d i n a t e s  b e i n g  d e f i n e d  i n  

t e r m s  o f  t h e s e  m e a s u r e m a i t s  a c c o r d i n g  t o  t h e  o p e r a t i o n a l
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m e t h o d c l o g y  o f  l i g h t  s i g n a l s ,  t h e o d o l i t e s  and c l o c k s  o n l y ,  t h a t  

was f i r s t  employed by E. A. M i ln e  i n  h i s  t h e o r y  o f  k i n e m a t i c  

r e l a t i v i t y .  A d e r i v a t i o n  s i m i l a r  t o  t h i s  l a s t  m ethod  was g i v e n  

i n d e p e n d e n t l y  by A. G. W a lk e r  ( 4 ) .

The sym m etry  p r o p e r t i e s  r e f e r r e d  t o  i n c l u d e  a  c e r t a i n  body  

of a s s u m p t i o n s  r e g a r d i n g  t h e  u n i v e r s e  a s  w h o le  w h ic h  i n  v a r i o u s  

fo rm s  i s  Imown a s  t h e  ' c o s m o l o g i c a l  p r i n c i p l e  ' .  The f o r m  w h ic h  

i s  m os t  e c o n o m ic a l  w i t h  r e s p e c t  t o  t h e  d e r i v a t i o n  o f  t h e  

c o s m o l o g i c a l  m e t r i c  i s  t h a t  a d o p t e d  by R. C* Tolman ( ^ ) .  Telman 

d e r i v e s  t h e  m e t r i c  b a s e d  on t h e  s i n g l e  i n f e r e n c e  f r o m  

a s t r o n o m i c a l  o b s e r v a t i o n s ,  t h a t  a s  r e g a r d s  t h e  l a r g e  s c a l e  

f G s t u r es  o f  t h e  u n i v e r s e  t h e r e  i s  s p h e r i c a l  symmetry  a b o u t  e v e r y  

o b s e r v e r  w i t h  r e s p e c t  t o  vhom t h e  a v e r a g e  m o t io n  o f  m a t t e r  i n  h i s  

( s u f f i c i e n t l y  l a r g e )  n e i g h b o u r h o o d  i s  z e r o .  Such o b s e r v e r s  w i l l  

l a t e r  b e  d i s c u s s e d  a s  ' f u n d a m e n t a l  o b s e r v e r s * .  A d o p t i n g  

' CO-moving ' c o o r d i n a t e s ,  i . e .  s o  t h a t  an  e le m e n t  o f  m a t t e r  h a s  

p e r m a n e n t  s p a t i a l  c o o r d i n a t e s ,  Tolman shows t h a t  t h i s  c o n s i d e r 

a t i o n ,  i f  l o c a l  i r r e g u l a r i t i e s  a r e  n e g l e c t e d  an d  i d e a l  s p a t i a l  

i s o t r o p y  assu m ed  f o r  e v e r y  p o i n t ,  l e a d s  t o  h o m o g e n e i t y  i n  t h e  

s p a t i a l  m e t r i c  and  t o  t h e  e x i s t e n c e  of a c o sm ic  t i m e .  I n  f a c t  

t h e  c o s m o l o g i c a l  m e t r i c  d e t e r m i n e d  i n  t h i s  way h a s  t h e  fo rm

dŝ  =r c^oU^- d£:)....................  (1.2)
( t  +

The f u n c t i o n  R fr )  i s  a  d i s p o s a b l e  f u n c t i o n  o f  t h e  cosm ic

t i m e  t  w h i c h ,  i n t e r p r e t e d  g e o m e t r i c a l l y ,  i s  s u c h  t h a t  k / ^

i s  t h e  c u r v a t u r e  o f  t h e  3 - s p a c e  t -  c o n s t a n t  a t  t h e  c o sm ic  t i m e  t .  

The p a r a m e t e r  fe i s  a  c o n s t a n t  w h i c h  t a k e s  t h e  v a l u e s  1 , 0 , - 1
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a c c o r d i n g  a s  t h i s  c u r v a t u r e  i s  p o s i t i v e ,  z e r o ,  o r  n e g a t i v e .

I n  d e d u c i n g  t h i s  m e t r i c  t h e  assum ed  s p a t i a l  i s o t r o p y  

i m p l i e s  t h a t  t h e  c o n t e n t s  o f  t h e  u n i v e r s e  a r e  sm o o th ed  o u t  t o  

an i d e a l l y  hom ogeneous  s t a t e .  Such a m e t r i c  i s  t h e r e f o r e  

r e l e v a n t  t o  t h e  s t u d y  o f  c o sm ic  p r o p e r t i e s  i n  w h i c h  s m a l l  s c a l e  

i r r e g u l a r i t i e s  a r e  u n i m p o r t a n t ,  and  p a r t i c u l a r l y  u s e f u l  a s  a  

t h e o r e t i c a l  b a c k g r o u n d  a g a i n s t  w h ic h  may b e  p l o t t e d  t h e  now f a r  

r e a c h i n g  o b s e r v a t i o n s  o f  t h e  e x p a n d in g  u n i v e r s e .

I n  th e  r e s t  o f  t h i s  c h a p t e r  t h e  t h e o r e t i c a l  p a r a m e t e r s  

o c c u r r i n g  i n  t h e  u n i v e r s e s  o f  m e t r i c  g i v e n  by (1. 2) w i l l  b e  

r e l a t e d  t o  t h e  o b s e r v a b l e  q u a n t i t i e s  employed by  a s t r o n o m e r s .

The o b j e c t  o f  t h i s  programme w i l l  b e  t o  d e v e l o p  r e l a t i o n s  b e t w e e n  

t h e  o b s e r v a b l e  q u a n t i t i e s  c o r r e s p o n d i n g  t o  d i f f e r e n t  v a l u e s  o f  

R ( t )  a n d  b  w i t h  w h ic h  t h e  o b s e r v e d  r e l a t i o n s  may b e  c o m p a re d ,  

and  s o  t o  p r o v i d e  t h e  means t o  d e t e r m i n e  t h o s e  v a l u e s  of 

and  k  w h ic h  f i t  t h e  a c t u a l  u n i v e r s e ,

( i i ) L o c a l l y  m e a s u r e d  t i m e  a n d  d i s t a n c e  by f u n d a m e n t a l  o b s e r v e r s  

I t  i s  a n  e s s e n t i a l  f e a t u r e  o f  g e n e r a l  r e l a t i v i t y  t h a t  a t  

any  p o i n t  o f  s p a c e - t i m e  t h e  d i f f e r e n t i a l  q u a d r a t i c  f o rm  (1, 1) 

l i n k i n g  a d j a c e n t  e v e n t s  i n  i t s  i m m e d i a t e  n e i g h b o u r h o o d  c a n ,  by  a  

s u i t a b l e  t r a n s f o r m a t i o n  o f  c o o r d i n a t e s ,  b e  r e d u c e d  t o  t h e  

c a n o n i c a l  fo rm  o f  s p e c i a l  r e l a t i v i t y . As s t a t e d  i n  S e c t i o n  ( i )  

t h i s  i s  a  consecp. m c e  o f  t h e  i n v a r i a n t  c h a r a c t e r  a s c r i b e d  t o  t h e  

i n t e r v a l  S. T h e s e  ' l o c a l *  c o o r d i n a t e  s y s t a n s  h a v e  t h e r e f o r e

t h e  m e t r i c   ( l . S )

I n  g e n e r a l  t h e  f i r s t  d e r i v a t i v e s  o f  t h e  i n  t h e s e  l o c a l

s y s t e m s  do  n o t  v a n i s h  a t  t h e  p o i n t  i n  q u e s t i o n .  I t  i s  a
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c o n s e q u e n c e  o f  t h e  p r i n c i p l e  of e q u i v a l e n c e  t h a t  g e n e r a l  

r e l a t i v i t y  t h e o r y  a lw a y s  p e r m i t s  t h e  s e t t i n g  up o f  ' n a t u r a l  ' l o c a l  

c o o r d i n a t e  s y s t e m s  i n  w h ic h  t h e  f i r s t  d e r i v a t i v e s  of  th e  

do v a n i s h  a t  t h e  p o i n t  i n  q u e s t i o n *  Such s y s t e m s  a r e  c h a r a c t e r 

i s e d  by  t h e  f a c t  t h a t  i n  them  t h e  g r a v i t a t i o n a l  f i e l d  v a n i s h e s  

a t  t h e  p o i n t  i n  q u e s t i o n ,  t h a t  i s  t h e y  a r e  ' f r e e l y  f a l l i n g  ' 

l o c a l  c o o r d i n a t e  s y s t e m s .  I n  t h e s e  s y s t a n s  a  f r e e  p a r t i c l e  

( s t r e s s  a b s e n t )  moves l o c a l l y  w i t h o u t  a c c e l e r a t i o n  and t h e  l o c a l  

p o r t i o n  o f  i t s  w o r l d  l i n e  s a t i s f i e s  t h e  d i f f e r e n t i a l  e q u a t i o n s  

o f  t h e  s t r a i g h t  l i n e  p a t h  o f  a  f r e e  p a r t i c l e  i n  s p e c i a l  

r e l a t i v i t y .  Thus n a t u r a l  c o o r d i n a t e  s y s t e m s  a r e  l o c a l l y  

i n e r t i a l .

I n  a  g e n e r a l  s p a c e - t i m e  t h e  v /o r ld  l i n e s  o f  f r e e l y  moving  

p a r t i c l e s  i n  g e n e r a l  r e l a t i v i t y  a r e  g e o d e s i c  c u r v e s ,  on w h ic h  

t h e  i n t e r v a l  b e tw e e n  a d j a c e n t  p o i n t s  i s  t i m e - l i k e  'o)

and W i ic h  s a t i s f y  d i f f e r e n t i a l  e q u a t i o n s  w h ic h  a r e  t h e  

c o v a r i a n t  g e n e r a l i s a t i o n  o f  t h e  e q u a t i o n s  o f  t h e  s t r a i g h t  l i n e  

p a t h s  o f  s p e c i a l  r e l a t i v i t y .

I t  f o l l o w s  t h a t  a t  any  e v e n t  we c a n  i m a g i n e  a  l o c a l  ' f r e e  

f a l l i n g '  o b s e r v e r  moving on a  g e o d e s i c  t h r o u ^  t h e  p o i n t  m ak in g  

l o c a l  m e a s u r e m e n ts  i n  a  n a t u r a l  c o o r d i n a t e  s y s t e m  f o r  w h ic h  t h e  

m e t r i c  i s  ( 1 . 3 ) .  F o r  a  t i m e - l i k e  i n t e r v a l  c(S b e tw e e n  a d j a c e n t  

e v e n t s ,  g i v e n  i n  a  g e n e r a l  r e f e r e n c e  s y s t e m  by ( l . l ) ,  we c a n  

t h e r e f o r e  p r o v i d e  a  d i r e c t  p h y s i c a l  i n t e r p r e t a t i o n  o f  i n

p r i n c i p l e  by i m a g i n i n g  an  o b s e r v e r ,  m oving on a s u i t a b l e  c h o s e n  

g e o d e s i c  v m r id  l i n e ,  i n  f a c t  t h r o u g h  t h e  e v o i t s ,  who r e g i s t e r s



- 8 -

(ts/c a s  d T  on h i s  c l o c k ,  w h i l e  f o r  h im  d Y  ~ d 'z .  -  O.

S i m i l a r l y  f o r  a s p a c e - l i k e  i n t e r v a l  (ÀS a  s u i t a b l y  c h o s e n  

o b s e r v e r  v d l l  m e a s u r e  ( t - ^ ) a s  t h e  s p a t i a l  l e n g t h  dJL  

w h e r e   ̂ w h i l e  f o r  h im  d T -  o .

The t i m e  cL T  r e g i s t e r e d  on a  c l o c k  m oving  w i t h  s u c h  an  

o b s e r v e r , b e t w e e n  n e i g h b o u r i n g  e v e n t s  on h i s  w o r l d  l i n e ,  may b e  

c a l l e d  t h e  ' p r o p e r *  t i m e  b e tw e e n  s u c h  e v e n t s ,  w h i l e  t h e  d i s t a n c e  

(Xt * ^ r e g i s t e r e d  on h i s  m e t r e  s t i c k  b e tw e e n

e v e n t s  i n  h i s  n e i g h b o u r h o o d  v&iich a r e  s i m u l t a n e o u s  f o r  h im  ( d T « o )  

may b e  c a l l e d  t h e  p r o p e r  d i s t a n c e  betw^een s u c h  e v e n t s .

I n  t h e  c a s e  o f  t h e  cos mo l o g i c a l  m e t r i c  (1. 2) i t  i s  e a s i l y  

shown t h a t  th e  c u r v e s  i n  s p a c e - t i m e  g iv e n  by  r  -  G =

= CkKwt) a r  e t i m e - l i k e  g e o d e s i c s .  Thus t h i s  r e f e r e n c e  f r a m e  

w h i c h  was d e s i g n e d  t o  b e  c o -m o v in g  w i t h  th e  c o n t e n t s  o f  t h e  

u n i v e r s e  c a n ,  a t  a l l  p o i n t s  o f  s p a c e - t i m e ,  b e  l o c a l l y  i d e n t i f i e d  

w i t h  a  CO-moving l o c a l  i n e r t i a l  s y s t a n  o f  m e t r i c  g i v e n  b y  ( 1 . 3  ) 

w hose  s p a c e  o r i g i n  h a s  c o n s t a n t  i r , 6) ^  c o o r d i n a t e s .  O b s e r v e r s  

a t  t h e  s p a c e  o r i g i n  o f  s u c h  l o c a l l y  i n e r t i a l  r e f e r e n c e  s y s t e m s  

w i l l  b e  c a l l e d  ' f u n d a m e n t a l  o b s e r v e r s '  s i n c e  t h e y  a r e  p e r m a n e n t l y  

a t t a c h e d  t o  f r e e l y  m oving  m a t e r i a l  o f  t h e  u n i v e r s e .  T h a t  t h e  

w o r l d  l i n e s  o f  m a t t e r  a r e  g e o d e s i c s  h e r e  d o e s  n o t  d e p e n d  on t h e  

a b s e n c e  o f  s t r e s s ,  s i n c e  such  s t r e s s  m u s t  b e  i s o t r o p i c  and a  

f u n c t i o n  o f  cosm ic  t i m e  o n l y ,  b e c a u s e  o f  t h e  i s o t r o p i c  and  

h om ogeneous  c h a r a c t e r  of t h e  g e o m e t r y .

By a  c o m p a r i s o n  o f  ( 1 . 2  ) an d  ( 1 . 3 )  i t  i s  s e e n  t h a t  t h e  

c o sm ic  t i m e  fc m e a s u r e s  p r o p e r  t i m e  f o r  f u n d a m e n t a l  o b s e r v e r s  

e v e r y w h e r e .  I t  f o l l o w s  a l s o  t h a t  t h e  s p a t i a l  p a r t  o f  t h e
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m e t r i c  (1.2) i s  t o  b e  i d e n t i f i e d  w i t h  t h e  l o c a l  p r o p e r  d i s t a n c e s , 

m e a s u r e d  by  t h e  f u n d a m e n t a l  o b s e r v e r  a t  ( V", 9$ ) a t  epoch

c o r r e s p o n d i n g  t o  c o o r d i n a t e  v a r i a t i o n s  ^

( i i i )  R e d s h i f t  o r  D o p p le r  e f f e c t

I t  i s  a n o t h e r  n a t u r a l  g e n e r a l i s a t i o n  o f  s p e c i a l  r e l a t i v i t y  

t h a t  i n  g e n e r a l  r e l a t i v i t y  t h e  w o r l d  l i n e s  o r  t r a j e c t o r i e s  

i n  s p a c e - t i m e  o f  l i g h t  r a y s  a r e ,  i n  t h e  a b s e n c e  o f  m a t t e r  

(empty  s p a c e ) ,  n u l l  g e o d e s i c s  c h a r a c t e r i s e d  by  c e r t a i n  

c o v a r i a n t  d i f f e r e n t i a l  e q u a t i o n s  and  f o r  w h ic h  t h e  i n t e r v a l  dS  

b e tw e e n  n e i g h b o u r i n g  p o i n t s  v a n i s h e s .  I n  t e r m s  o f  t h e  l o c a l l y  

i n e r t i a l  m e t r i c s  a s  g i v e n  by ( 1 . 3 )  t h i s  means t h a t  t h e  l o c a l l y  

m e a s u r e d  v e l o c i t y  o f  l i g n t  i s  t h e  c o n s t a n t  C

A l t h o u ^  i n  o u r  sm oothed  o u t  c o s m o l o g i c a l  medium s p a c e  

c a n n o t  b e  r e g a r d e d  a s  em pty ,  we s h a l l  n e v e r t h e l e s s  s u p p o s e  i n  

a g r e e m m t  w i t h  o b s e r v a t i o n  t h a t  t h e  sm oo thed  o u t  d e n s i t y  w o u ld  

b e  so  s m a l l  a s  n o t  t o  a f f e c t  t h e  v e l o c i t y  o f  l i g h t .  F o r  t h e  

c o s m o l o g i c a l  m e t r i c  (1. 2) i t  i s  e a s i l y  shown t h a t  t h e  n u l l  

g e o d e s i c s  t h r o u ^  t h e  s p a c e  o r i g i n  a r e  t h e  l i n e s

A c c o r d i n g l y  c o n s i d e r  t h e  r a d i a l l y  m oving  l i ^ t  p u l s e ,  

e m i t t e d  f ro m  a ' p a r t i c l e *  a t  ( 0̂  ̂ ^  ) a t  e p o c h  fc w h ic h  r e a c h e s

t h e  o r i g i n  0 a t  epoch  • S i n c e  (X̂ =-0 we h a v e

-  o  a l o n g  t h e  l i g h t  p a t h  so  t h a t  

on i n t e g r a t i o n  we o b t a i n

.................................................................................................
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I f  t h e  e m i s s io n  i s  o f  d u r a t i o n  ^  and t h e  c o r r e s p o n d i n g

r e c e p t i o n  i s  o f  d u r a t i o n  d tç  ,  t h e n  d i f f e r e n t i a t i n g  ( 1 . 4 )

k e e p i n g  )T c o n s t a n t  we g e t
— c. -I- C- ~— Q

W )  ^

w h en ce     (1, 5)
o tt. RCw

I f  V i s  t h e  f r e q u © i c y  o f  e m i s s i o n  and V© t h a t  o f  t h e  o b s e r v e d  

r e c e i v e d  l i g h t  t h e n ,  c o u n t i n g  wave  c r e s t s ,  we m ust  h a v e

Vo cUo = V d / t     (1. 6)

30 t h a t  ^  ^  ........................................................

w h e r e  a r e  t h e  l o c a l l y  o b s e r v e d  w a v e l e n g t h s  of e m i s s i o n

an d  r e c e p t i o n  r e s p e c t i v e l y .

F o r  an  e x p a n d in g  u n i v e r s e  t h e  p r o p e r  d i s t a n c e  b e t w e e n  

n e i ^ b o u r i n g  p a r t i c l e s  o f  f i x e d  m us t  i n c r e a s e  m t h  epoch

so  t h a t  i t  f o l l o w s  f ro m  t h e  a n a l y s i s  i n  S e c t i o n  ( i i )  t a  a t

7  R(^) • E q u a t i o n  ( 1 . 7 )  t h e r e f o r e  i n d i c a t e s  t h a t  t h e r e  

w i l l  b e  a  s h i f t  o f  t h e  s p e c t r u m  o f  d i s t a n t  s o u r c e s  t o w a r d s  t h e  

l o n g e r  w a v e l e n g t h s ,  d u e  t o  t h e  D o p p l e r  e f f e c t  o f  r e c e s s i o n ,  by  a  

f r a c t i o n  S = * w h ic h  i s

i n d e p e n d e n t  of w a v e l e n g t h .  I n  d e d u c i n g  t h i s  r e s u l t  i t  i s  

a s su m ed  t h a t  t h e  c h a r a c t e r i s t i c  e m i s s i o n s  o f  a n  a tom  a r e  o f  

f r e q u e n c y  i n d e p e n d e n t  of epoch  and of l o c a t i o n .

T he  r e d s h i f t  f o r m u l a  ( 1 . 7 )  i s  now w e l l  known b u t  seems t o  

h a v e  b e e n  f i r s t  d e r i v e d  by  G. L e m a i t r e  (_6) f o r  e x p a n d i n g  

c o s m o l o g i c a l  m o d e l s .  A l t e r n a t i v e  e x p l a n a t i o n s  o f  t h e  

o b s e r v e d  s y s t e m a t i c  r e d s h i f t ,  o t h e r  t h a n  b y  t h e  D o p p l e r  e f f e c t  

d u e  t o  a  g e n u i n e  e x p a n s i o n  o f  t h e  u n i v e r s e ,  h a v e  b e e n  p u t
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f o r w a r d  i n  t h e  p a s t ,  s o  t h a t  o b s e r v a t i o n a l  t e s t s  w h i c h  c o u l d  

d i s c r i m i n a t e  b e tv / e e n  t h e s e  d i f f e r e n t  t h e o r i e s  w o u ld  b e  a  

V a l u a b l e  a s s e t .  T h i s  m a t t e r  w i l l  b e  d e a l t  w i t h  i n  C h a p t e r  I I  

S e c t i o n  ( v i i i ) .

( i v  ) L o c a l  r e d s h i f t  -  d i s t a n c e  r e l a t i o n

I f  we c h a r a c t e r i s e  t h e  r e d s h i f t  b y  t h e  f r a c t i o n  ^ X/X = T

t h  en

 ̂   (1 . 8 )
E x p an d in g  t h e  r i g h t  h a n d  s i d e  i n  p o w e rs  o f  T  =  fc by  

T a y l o r  s e r i e s  we g e t  a s  a  f i r s t  a p p r o x i m a t i o n  f o r  n e a r  s o u r c e s  

% R jh )  r    ( 1 . 9 )
,  W o ) ,

w h e r e  =  d f R ( t , ) } / « ( •

T he  i n t e g r a t e d  p r o p e r  d i s t a n c e ,  a s  m e a s u r e d  b y  r i g i d  

m e a s u r i n g  r o d s ,  b y  a  s u c c e s s i o n  o f  f u n d a m e n t a l  o b s e r v e r s  i n  t h e  

s i m u l t a n e i t y  o f  t h e i r  c l o c k s  when th  ^  a l l  r e g i s t e r  c o s m ic  

p r o p e r  t i m e  t  ,  f r o m  T - o  t o  a  p o i n t  ( ^ ,  ) ,  we s h a l l

c a l l  t h e  t o t a l  p r o p e r  d i s t a n c e  b e t w e e n  t h e s e  p o i n t s  a t  e p o ch  fc- 

By o u r  a n a l y s i s  o f  e l e m e n t a r y  p r o p e r  d i s t a n c e  t h i s  i s  c l e a r l y ,  

f o r  e p o c h  t o  , ^

2  = K(to)  ...............................................

By e q u a t i o n  ( 1 . 4 ) ,  t o  a  f i r s t  a p p r o x i m a t i o n  f o r  s m a l l  T  we

c a n  w r i t e
f  d i -  ^  c  7-
jT h k ^  # . )    ( I ' l l )

w h e n c e  ^  c  T    ( 1 . 1 2 )

Hence  b y  ( 1 . 9 )  d(l )
S  =a= K I N  - c    ( 1 . 1 3 )
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Thus r e d s h i f t  o i s  d i r e c t l y  p r o p o r t i o n a l  t o  m e a s u r e d  d i s t a n c e  

i n  t h e  n e i ^ h o u r h o o d  o f  a n y  f u n d a m e n t a l  o b s e r v e r .

I f  we d i f f e r e n t i a t e  ( l . 1 0 )  w i t h  r e s p e c t  t o k e e p i n g  t - 

c o n s t a n t ,  we o b t a i n  t h e  l o c a l  v e l o c i t y - d i s t a n c e  r e l a t i o n  

c h a r a c t e r i s i n g  t h e  e x p a n s i o n

d  — { ^ 0: ^  / ..................................... ( 1 . 1 4 )

^  ^  . . • • • • • • • • • • • • •  ( l .  15}
on u s i n g  ( 1 .1 3  ) .  Thus we s e e  t h a t  t h e  r a t e  of  c h a n g e  o f

p r o p e r  d i s t a n c e  a s  t h e  e p o ch  a d v a n c e s  i s  e q u a l ,  i n  t h e  f i r s t  

a p p r o x i m a t i o n ,  t o  t h e  D o p p l e r  v e l o c i t y  C 5  g i v e n  by  t h e  c l a s s i c a l  

f o r m u l a  a n d  b o t h  a r e  p r o p o r t i o n a l  t o  p r o p e r  d i s t a n c e  a t  t h e  

epoch  o f  o b s e r v a t i o n .

T he  d i s t a n c e  a s s i g n e d  t o  l u m i n o u s  o b j e c t s  b y  a s t r o n o m e r s  

i s  i n  g e n e r a l  d i f f e r e n t  f r o m  ^  a s  g i v e n  by  ( l . l O )  b u t ,  a s  w i l l  

b e  shown i n  t h e  n e x t  s e c t i o n ,  i t  i s  i d e n t i f i a b l e  w i t h ^  f o r  

s o u r c e s  n e a r  t h e  o b s e r v e r .  A c c o r d i n g l y  we r e c o g n i z e  f r o m  ( l . l 4 )  

and ( 1 . 1 5 )  t h a t  t h e  c o n s t a n t  y / R W  h a s  t o  b e  i d e n t i f i e d

w i t h  t h e  s o - c a l l e d  H ub b le  p a r a m e t e r  i n  t h e  r e d s h i f t - d i s t a n c e  l a w  

o b t a i n e d  b y  E ,  H u b b le  ( 7 ) ,  who f o u n d  t h a t  t h e  D o p p l e r  v e l o c i t y  o f  

r e c e s s i o n  o f  t h e  n e b u l a e  was p r o p o r t i o n a l  t o  a s t r o n o m i c a l  

d i s t a n c e .  As we s h a l l  s e e  i n  t h e  n e x t  s e c t i o n  t h i s  r e l a t i o n  

i s  o n l y  l i n e a r  i n  t h e  f i r s t  a p p r o x i m a t i o n  i . e .  f o r  n e a r b y  

n e b u l a e  o n l y .
(v )  A s t r o n o m i c a l  d i s t a n c e ,  b o l o m e t r i c  l u m i n o s i t y ,  b o l o m e t r i c

The d i s t a n c e  D a s s i g n e d  t o  a  l u m i n o u s  o b j e c t  b y  
a s t r o n o m e r s  i s  d e t e r m i n e d  by  i t s  a p p a r e n t  l u m i n o s i t y  L  ,

a s s u m i n g  a n  i n v e r s e  s q u a r e  law  of  d i m i n u t i o n  o f  i n t e n s i t y ,  I
I

p r o v i d e d  t h e  a b s o l u t e  power  t  o f  t h e  s o u r c e  i s  knc#h  I
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Thus  i f  6 i s  Uae e n e r g y  r a d i a t e d  i n  u n i t  t i m e  f r o m  t h e  

s o u r c e  o v e r  a l l  f r e q u e n c i e s ,  w h i l e  L ^ i s  t h e  r e c e i v e d  e n e r g y  

f l u x  p e r  u n i t  a r e a ,  t h e n  D i s  g i v e n  by  t h e  e q u a t i o n

~    ( 1 . 1 6 )

The d i s t a n c e  0 d e f i n e d  i n  t h i s  way we s h a l l  c a l l  t h e  

' l u m i n o s i t y  d i s t a n c e ' .

The q u a n t i t y  E i s  m e a s u r e d  b y  a b s o l u t e  b o l o m e t r i c  

n n g n i t u d e  w h i l e  i s  m e a s u r e d  b y  a p p a r e n t  b o l o m e t r i c

m a g n i t u d e  t h e  a p p a r e n t  im g n i t u d e  a t  a

d i s t a n c e  o f  10 p a r s  e e s . A s o u r c e  cf a p p a r e n t  rra g n i t u d e  

i s  ( a p p a r e n t l y )  \ o ^  t i m e s  a s  b r i g h t  a s  o n e  o f  a p p a r e n t  m a g n i t u d e  

b y  d e f i n i t i o n . The t e r m  b o l o m e t r i c  i n d i c a t e s  t o t a l

e n e r g y  r a d i a t e d  o v e r  a l l  f r e q u e n c i e s  when a p p l i e d  t o  a b s o l u t e  

i n t e n s i t y  E  ̂ a n d  when a p p l i e d  t o  a p p a r e n t  l u m i n o s i t y  i t  

i n d i c a t e s  t o t a l  f l u x  o f  e n e r g y ,  r e c e i v e d  p®p u n i t  a r e a ,  o v e r  a l l  

f r e q u e n c i e s ,  a t  a  p o i n t  o u t s i d e  t h e  e a r t h ' s  a t m o s p h e r e  ( t h a t  i s

b e f o r e  t h e  r a d i a t i o n  s u f f e r s  h e t e r o o h r o m a t i c  a b s o r p t i o n ) .  
If

l&A
'If

I f  L o  i s  t h e  l u m i n o s i t y  a t  10 p a r s e o s  i t  f o l l o w s  t h a t

............................................

By d e f i n i t i o n  o f  m a g n i t u d e s

  ( 1 . 1 8 )

Hence  i f  D i s  i n  p a r s e o s  i t  f o l l o w s  t h a t

^  4-1   ( 1 - 1 9 )

The i n t r o d u c t i o n  o f  a  t h e o r e t i c a l  d i s t a n c e  a r i s i n g  f r o m  

t h e  a s s u m p t i o n  o f  a n  i n v e r s e  s q u a r e  law  cf d i m i n u t i o n  o f  

l u m i n o s i t y ,  i n  a g r e e m e n t  i v i t h  t h e  p r a c t i c e  cf a s t r o n o m e r s ,  i s
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d u e  t o  E .  T .  W h i t t a k e r  (8) who d e f i n e d  t h e  a s t r o n o m i c a l  d i s t a n c e  

p r e c i s e l y  a s  we h a v e  d e f i n e d  t h e  l u m i n o s i t y  d i s t a n c e  D.

I n  t h e  p a p e r  q u o t e d  W h i t t a k e r  o b t a i n e d  t h e  e x p r e s s i o n  f o r  

a s t r o n o m i c a l  d i s t a n c e  i n  t h e  d e  S i t t e r  u n iv g ?  s e ,  a l t h o u ^  f o r  

an  u n u s u a l  f o r m  o f  t h e  m e t r i c .  The e x p r e s s i o n  f o r  D was 

i m p l i c i t  i n  a  f o r m u l a  f o r  l u m i n o s i t y  d e r i v e d  i n  a n  e a r l i e r  p a p e r  

(9^) b y  R .  G,  To lm an  f o r  t h e  g e n e r a l  c o s m o l o g i c a l  m e t r i c ,  t a k e n  i n  

a  f o r m  r e l a t e d  b y  a  s i m p l e  c h a n g e  of r a d i a l  c o o r d i n a t e  t o  (1. 2 ) ,  

a l t h o u g h  T o lm an  d i d  n o t  c o n c e r n  h i m s e l f  w i t h  a  f o r m u l a  f o r  D 

a s  s u c h .  T h e  f o r m u l a  f o r  O a p p r o p r i a t e  t o  o u r  m e t r i c  (1. 2) was 

d e r i v e d  b y  W. H. McGrea i n  a  l a t e r  p u b l i c a t i o n  ( 1 0 ) .  As t h e  

r e s u l t  r e q u i r e s  s p e c i a l  i n t e r p r e t a t i o n  f o r  t h e  r e c e n t  d e v e l o p 

m e n t s  i n  c o s m o l o ^ c a l  t h e o r y  and  i n  o b s e r v a t i o n a l  t e c h n i q u e ,  t o  

b e  d e a l t  w i t h  i n  t h i s  t h e s i s ,  we s h a l l  g i v e  o u r  own d e r i v a t i o n  

h e r e .

S u p p o s e  t h a t  f r o m  t h e  s o u r c e  a t  ( ) t h e  e n e r g y  of

r a d i a t i o n  i n  t h e  w av eb an d  X) w h i c h  i s  e m i t t e d  i n  t h e

i n t e r v a l  t  > i s

T h i s  r a d i a t i o n  w i l l  s u b s e q u e n t l y  l i e  i n  a  s p h e r i c a l  s h e l l  w h i c h  

w i l l  p a s s  o v e r  t h e  o r i g i n  iT-  O i n  t h e  i n t e r v a l  t o  ; t  ( t t o

s a y .  At  t i m e  t h e  i n t e g r a t e d  p r o p e r  a r e a  o f  t h e  s h e l l

a c c o r d i n g  t o  f u n d a m e n t a l  o b s e r v e r s  on i t  w i l l  b e
4TT

The t o t a l  i n t e g r a t e d  e n e r g y  of  t h e  r a d i a t i o n  a p p a r e n t  t o  su c h  

o b s e r v e r s  id. 11 b e

E ( > , t )  cl)»
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d u e  t o  t h e  d e g r a d a t i o n  c a u s e d  b y  t h e  r e c e s s i o n  ( e q u a t i o n  (1. 7) ) .  

A c c o r d i n g l y  t h e  f l u x  of e n e r g y  p e r  u n i t  p r o p e r  a r e a  a t  t h e  o r i g i n  

w i l l  b e

.“ ï ® '
^  k v )  p e r  u n i t  t i m e

By e q u a t i o n  ( 1 . 5 )  we h a v e  =  R W - and  i f  we c o n s i d e r
Wo

now e m i s s i o n  a n d  r e c e p t i o n  o f  r a d i a t i o n  o f  a l l  v / a v e l e n g t h s  and 

|\.u>t =r E * ( t )     (1.20)

^  .........................................

iO
We c a n  w r i t e  .

• - %  =  ..................................

w h e r e  r \  _   ^  .................................. ( 1 . 2 3 )

T l i i s  i s  t h e  r e q u i r e d  r e l a t i o n  o f  l u m i n o s i t y  d i s t a n c e  0 t o  

t h e  t h e o r e t i c a l  p a r a m e t e r s  o f  t h e  c o s m o l o g i c a l  m e t r i c  (1. 2) ,  a n d  

i s  t h e  e x p r e s s i o n  f o r  D o b t a i n e d  by  M cG rea .  We n o t e  t h a t  i f  

T  i s  s m a l l ,  s o  t h a t  R(,t)  ̂ t h e n  D —  R^o)->r w h i c h

a g r e e s  v / i t h  t h e  e x p r e s s i o n  f o r  p r o p e r  d i s t a n c e  ^  g i v e n  by  ( l . l O ) ,  

lAh en T- i s  s m a l l .  T h i s  j u s t i f i e s  t h e  a s s e r t i o n  made a t  th©  end 

o f  S e c t i o n  ( i v )  t h a t  t h e  d i s t a n c e  a s s i g n e d  b y  a s t r o n o m e r s  t o  

l u m i n o u s  o b j e c t s  a g r e e s ,  f o r  t h e  n e i ÿ i b o u r h o o d  o f  a  f u n d a m e n t a l  

o b s e r v e r ,  w i t h  t h e  d i s t a n c e  'ijshich w ou ld  b e  o b t a i n e d  by  t h a t  

o b s e r v e r  u s i n g  o r d i n a r y  t r i g o n o m e t r i c  m e a s u r e m e n t  b a s e d  on  

E u c l i d e a n  g e o m e t r y .  Thus we may w r i t e  t h e  r e d s h i f t - d i s t a n c e  

law  e x p r e s s e d  by  ( 1 . 1 3 )  i n  t h e  f o r m

...............................................
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f o r  o b s e r v a t i o n s  i n  t h e  v i c i n i t y  o f  a  f u n d a m e n t a l  o b s e r v e r  

a t  epoch  •

I n  o u r  d e r i v a t i o n  o f  D  a b o v e  we h a v e  e x p r e s s l y  a n d  

f o r m a l l y  a l l o w e d  f o r  t h e  d e p e n d e n c e  o f  t h e  a b s o l u t e  i n t e n s i t y  o f  

t h e  s o u r c e  on e p o c h  v i z . £ \ b )  , R e c e n t  d e v e l o p m e n t s  i n

o b s e r v a t i o n a l  t e c h n i q u e  h a v e  made f e a s i b l e  t h e  d e t e c t i o n  o f  

a n  e v o l u t i o n a r y  p r o c e s s  i n  t h e  n e b u l a e ,  and  a t t e m p t s  h a v e  b e e n  

made w i t h  t h i s  o b j e c t i v e  by  J .  S t e b b i n s  a nd  A. E .  Whit  f o r d  ( 1 1 , 1 8 )  

b a s e d  on t h e  d e t e r m i n a t i o n  o f  t h e  c o l o u r  i n d i c e s  o f  t h e  g a l a x i e s .  

Such  a  c o n s i d e r a t i o n  i s  of g r e a t  i m p o r t a n c e  a s ,  f o r  i n s t a n c e ,  i t  

w o u ld  d i s t i n g u i s h  b e t w e e n  t h e  e x p a n d in g  m o d e l s  of g e n e r a l  

r e l a t i v i t y  (12 ) , f o r  A i c h  e v o l u t i o n  c a n  b e  e x p e c t e d  on  t h e  b a s i s  

of c o n s e r v a t i o n  o f  e n e r g y ,  and t h e  s t e a d y  s t a t e  m o d e l s  o f  

H, B o n d i  and  T ,  Gold ( 15 ) , a n d  cf  F . H o y le  ( l ^ ) , w h e r e  i n  c o n t r a s t  

t h e r e  m u s t  b e  a n  a b s e n c e  o f  s y s t e m a t i c  e v o l u t i o n  d u e  t o  c o n t i n u a l  

c r e a t i o n  o f  new g a l a x i e s .  To c a s t  o u r  t h e o r e t i c a l  f o r m u l a  ( 1 . 1 9 ) ,  

r e l a t i n g  d i s t a n c e  and  a p p a r e n t  m a g n i t u d e ,  i n t o  a  f o r m  s u i t a b l e  f o r  

t h e  d e t e c t i o n  o f  s u c h  e f f e c t s  i n  p r i n c i p l e  we p r o c e e d  a s  f o l l o w s :

S u p p o s e r a i s  t h e  a b s o l u t e  b o l o m e t r i c  m a g n i t u d e  of  nea.rby  

n e b u l a e  a t  t h e  t i m e  t©  ̂ and  t h e  c o r r e s p o n d i n g  a b s o l u t e

i n t e n s i t y .  Then we h a v e  t h e  e q u a t i o n

IÎ
............................................ ( 1 . 2 5 )

w h e r e  i s  t h e  a p p a r e n t  m a g n i t u d e  o f  a d i s t a n t  n e b u l a ,  L

i t s  c o r r e s p o n d i n g  a p p a ren t l u m i n o s i t y  g i v e n  b y  (1*22) ,  a n d

Li) = W  . .  ..................................................... ( 1 . 2 6 )
M  4-7TIO '-

i s  th e  l u m i n o s i t y  o f  a  nesiiby s o u r c e  a t  t h e  d i s t a n c e  of 10 k/o.
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H ence  we c a n  w r i t e

^  ' ..............  ( 1 . 2 7 )

S i n c e ,  a s  w i l l  b e  shown i n  t h e  n e x t  c h a p t e r ,  D c a n  b e  e x p a n d e d  

i n  p o w e r s  o f  Î  w i t h  c o e f f i c i e n t s  d e p e n d i n g  on t h e  m od e l  

c o n c e r n e d ,  w h i l e  E ^ ( t )  c a n  a l s o  b e  e x p a n d e d  r e l a t i v e  t o  

i n  p o w e rs  o f  ^ ,  e q u a t i o n  ( 1 . 2 7 )  d e m o n s t r a t e s  t h e  p o s s i b i l i t y

i n  p r i n c i p l e  o f  d e t e c t i n g  e v o l u t i o n a r y  e f f e c t s .  However we 

s h a l l  s e e  i n  t h e  n e x t  s e c t i o n  t h a t  t h e  u s e  o f  t h e  h e t e r o c h r o m a t i c  

m a g n i t u d e s  a c t u a l l y  m e a s u r e d  b y  a s t r o n o m e r s  i s  m ore  c o n d u c i v e  

t o  t h e  p r a c t i c a l  d e t e r m i n a t i o n  o f  s u c h  r e s u l t s ,  r a t h e r  t h a n  t h e  

b o l o m e t r i c  r m g n i t u d e s  o n l y  o b t a i n a b l e  i n d i r e c t l y .

( v i )  H e t e r o c h r o m a t i c  m a g n i t u d e s

Th.e m a g n i t u d e s  d i r e c t l y  m e a s u r e d  b y  a s t r o n o m e r s  a r e  n o t  

b o l o m e t r i c  c o r r e s p o n d i n g  t o  t o t a l  e n e r g y  r e c e i v e d  o u t s i d e  t h e  

e a r t h ' s  a t m o s p h e r e ,  b u t  ' h e t e r o c h r o m a t i c *  c o r r e s p o n d i n g  t o  t h e  

s e l e c t i v e  e f f e c t s  o f  t h e  a t m o s p h e r e  and  s e n s i t i v i t y  o f  p h o t o 

g r a p h i c  p l a t e s  a nd  o t h e r  d e t e c t i v e  d e v i c e s .  A c c o r d i n g l y  t h e s e  

h e t e r o c h r o m a t i c  m a g n i t u d e s  m u s t  b e  ' c o r r e c t e d '  t o  o b t a i n  

b o l o m e t r i c  m a g n i t u d e s .  I f  b o l o m e t r i c  m a g n i t u d e s  a r e  u s e d  t o  

t h e o r e t i c a l l y  i n v e s t i g a t e  t h e  r e s u l t s  o f  t h e  a s t r o n o m i c a l  

o b s e r v a t i o n s ,  a s  h a s  b e e n  t h e  c u s t o m  i n  t h e  l i t e r a t u r e ,  i t  i s  

i m p o r t a n t  t o  a p p l y  t h i s  c o r r e c t i o n  a s  a c c u r a t e l y  a s  p o s s i b l e .

As t h e  e x i s t i n g  t h e o r y  o f  t h e  c o r r e c t i o n  g i v e n  i n  t h e  l i t e r a t u r e  

d o e s  n o t  a p p e a r  t o  b e  i n  t h e  b e s t  f o r m  f o r  d e a l i n g  w i t h  t h e  

t h e o r e t i c a l  p r o b l e m s ,  s u c h  a s  t h e  d e t e r m i n a t i o n  of  a  p o s s i b l e  

e v o l u t i o n a r y  e f f e c t ,  we s h a l l  e x a m in e  t h i s  m a t t e r  h e r e .
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We s h a l l  f i n d  t h a t  no  r e f e r e n c e  a t  a l l  t o  b o l o m e t r i c  m a g n i t u d e s  

i s  n e c e s s a r y  i n  t h e  f o r m u l a e  c o n n e c t i n g  o b s e r v a t i o n a l  q u a n t i t i e s ,  

w h i c h  i n  f a c t  f i n d  t h e i r  m o s t  n a t u r a l  e x p r e s s i o n  i n  t e r m s  o f  t h e  

m a g n i t u d e s  a c t u a l l y  m e a s u r e d .

A b r i e f  t h e o r e t i c a l  a n a l y s i s  o f  t h e  m a g n i t u d e  c o r r e c t i o n  

was i n c l u d e d  i n  t h e  i m p o r t a n t  r e p o r t  on t h e  l a t e s t  r e d s h i f t  

m e a s u r e m e n t s  b y  Hum ason ,  M a y a l l ,  a n d  S a n d a g e  ( l ^ ) «  However t h e  

a n a l y s i s  t h e r e  i s  u n s a t i s f a c t o r y  a n d  a m b ig u o u s  f o r  r e a s o n s  t h a t  

w i l l  b e  p o i n t e d  o u t  i n  C h a p t e r  I I  i n  c o n n e c t i o n  w i t h  e q u a t i o n  

( 2 . 3 0 ) .  The f o l l o w i n g  a n a l y s i s  by  t h e  p r e s e n t  w r i t e r  i s  s i m i l a r  

i n  i t s  g e n e r a l  f o r m  t o  a  r e c e n t  e x p o s i t i o n  i n  a  b o o k  b y  

C. 0. M c V i t t i e  ( 1 6 ) , b u t  f o l l o w s  i n d e p e n d e n t  l i n e s  b o t h  i n  t h e  

d e r i v a t i o n  and  d e t a i l  o f  t h e  r e s u l t i n g  ' c o r r e c t i o n *  f o r m u l a  w h i c h ,  

f o r  r e a s o n s  t h a t  w i l l  b e  g i v e n  l a t e r ,  i s  c o n s i d e r e d  t o  b e  m ore  

s a t i s f a c t o r y  t h a n  M c V i t t i e ' s  a n a l o g o u s  r e s u l t .  I t  w i l l  f o r m  t h e  

b a s i s  f o r  much o r i g i n a l  a p p l i c a t i o n  and  c r i t i c a l  a n a l y s i s  i n  t h i s  

t h e s i s  .

C o r r e s p o n d i n g  t o  t h e  e m i s s i o n  a s  i n  S e c t i o n  ( v )  o f  a n  am ount  

of r a d i a t i o n  E ( X ) t ) d A d t  f r o m  t h e  s o u r c e  a t  ( ^ ) D ; ^  ) i n  t i m e  

d t  t h e  e n e r g y ,  r e c e i v e d  now p e r  u n i t  a r e a  a t  t h e  s u r f a c e  o f  t h e  

e a r t h  b y  t h e  d e t e c t i v e  d e v i c e ,  w i l l  b e  g i v e n  b y  m u l t i p l y i n g  t h e  

p r e v i o u s  r e s u l t  f o r  t h e  e n e r g y  a r r i v i n g  o u t s i d e  t h e  e a r t h ' s  

a t m o s p h e r e  b y  a  s e n s i t i v i t y  f u n c t i o n  of  r e c e i v e d  w a v e l e n g t h

Liic) ((k =

w h e r e  D i s  g i v e n  by  ( 1 . 2 3 ) .  Now b y  e q u a t i o n  ( 1 . 7 )

\  _  _  (f)»*  ( 1 . 2 8 )
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Hen c e

Q s t t  =  ^  =  ( 7^  f , ^  ( r J r  '  c t ^ « | y ^ / T D  j  .............( 1 . 2 9 )

The c o r r e s p o n d i n g  o b s e r v e d  l u m i n o s i t y  o f  a  l o c a l  s o u r c e  o f  t h e  

same g e n e r a l  t y p e  a t  a  d i s t a n c e  o f  1Ü p a r s e e s  w i l l  b e

-  I s \ x O I "  . . . . . ( l * 3 0 )

w h e r e  we h a v e  p u t  t t i e  p a r a m e t e r  t  e q u a l  t o  a l l o w i n g  f o r  t h e  

d i s t i n c t i o n  b e t w e e n  n e a r  a n d  d i s t a n t  n e b u l a e  w h i c h  m ig h t  a r i s e  

f r o m  a n  e v o l u t i o n a r y  e f f e c t .

I t  i s  t o  b e  n o t e d  t h a t  t h e  d i f f e r e n c e  i n  t h e  a p p a r e n t  

a b s o l u t e  i n t e n s i t y  o f  a  n e a r  a n d  d i s t a n t  s o u r c e  ( c o m p a r in g  ( 1 . 2 9 )  

and ( 1 . 3 0 ) )  a r i s e s  n o t  s o l e l y  f r o m  a  p o s s i b l e  e v o l u t i o n a r y  

e f f e c t ,  b u t  i n c l u d e s  a l s o  a n  e f f e c t  on  s e l e c t i v i t y  w h i c h  i s  

a  f u n c t i o n  o f  t h e  r e d s h i f t  5̂ . M a t h e m a t i c a l l y  t h i s  i s

b e c a u s e  sQlo) i s  a  f u n c t i o n  o f  r e c e i v e d  w a v e l e n g t h .  T h i s  g i v e s  

r i s e  t o  a  t e r m  i n  t h e  r e l a t i o n  b e t w e e n  h e t e r o c h r o m a t i c  a n d  

b o l o m e t r i c  m a g n i t u d e s  w h i c h  h a s  b e e n  c a l l e d  t h e  K c o r r e c t i o n .

To f i n d  t h e  t o t a l  c o r r e c t i o n  we p r o c e e d  a s  f o l l o w s .

L e t^ '^ ^ ^ b e  t h e  a p p a r e n t  h e t e r o c h r o m a t i c  m a g n i t u d e  of  a  

d i s t a n t  s o u r c e  and  t h e  a b s o l u t e  h e t e r o c h r o m a t i c  m a g n i t u d e

of  a  n e a r b y  s o u r c e .  Then  we m u s t  h a v e

.........................................
I t  f o l l o w s  f r o m  ( 1 . 2 5 )  a n d  ( 1 . 3 1 )  t h a t  t h e  b o l o m e t r i c  m a g n i t u d e  

o f  t h e  d i s t a n t  s o u r c e  i s  d e r i v e d  f r o m  t h e  m e a s u r e d  

h e t e r o c h r o m a t i c  m a g n i t u d e  b y  t h e  r e l a t i o n

- W -  j
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T h a t  i s  f r o m  t h e  h e t e r o c h r o m a t i c  m a g n i t u d e  m o d u lu s  on t h e  r i g h t  

we s u b s t r a c t  t h e  q u a n t i t y

......................... ( 1 . 3 3 )

I f  t h e r e  w e r e  no e v o l u t i o n a r y  e f f e c t  t h e n  we c o u l d  p u t  6 - 6 .  

i n  t h i s  e x p r e s s i o n ,  so  t h a t  i t s  f i r s t  t e r m  w o u ld  t h a i  v a n i s h .

The s e c o n d  t e r m  w o u ld  t h e n  r e p r e s e n t  a  K c o r r e c t i o n ,  a r i s i n g  

f r o m  t h e  s e l e c t i v e  e f f e c t  o f  r e d s h i f t  o n l y .  T h i s  h a s  b e e n  t h e

o n l y  c o r r e c t i o n  a t t e m p t e d  u n t i l  r e c o i t l y  i n  t h e o r y  or  p r a c t i c e .

I n  g e n e r a l  h o w e v e r ,  i f  we a l l o w  f o r  an  a g e  e f f e c t  b o t h  t e r m s

m u s t  b e  c o n s i d e r e d .  The f i r s t  t e r m  i s  j u s t

w h i c h  o c c u r s  i n  e q u a t i o n  ( 1 . 2 7 ) .  I t  t h e r e f o r e  f o l l o w s  f r o m

( 1 . 2 7 ) ,  ( 1 . 3 2 ) ,  ( 1 . 3 3 )  t h a t  ^

.............................. ( 1 . 3 4 )

From  t h i s  r e l a t i o n  i s  s e e n  t h e  a d v a n t a g e  o f  n o t  c o n s i d e r i n g  

b o l o m e t r i c  m a g n i t u d e s  a t  a l l  i n  r e l a t i n g  l u m i n o s i t y  d i s t a n c e  t> \ 

( w h ic h  can  b e  e x p a n d e d ,  a s  we s h a l l  show i n  t h e  n e x t  c h a p t e r ,  ; 

i n  p o w e rs  of  S ) t o  t h e  m e a s u r e d  h e t e r o c h r o m a t i c  m a g n i t u d e s .

T h e  f i r s t  tv;o t e r m s  i n  t h e  s q u a r e  b r a c k e t s  a r e  m e a s u r e d  

q u a n t i t i e s .  T he  t h i r d  i n v o l v e s  a  K ' c o r r e c t i o n *  d e p e n d i n g  on 

t h e  e n e r g y  d i s t r i b u t i o n  i n  t h e  n e b u l a r  s p e c t r u m  and  on  &  ̂ ^

t o g e t h e r  w i t h  a  ' c o r r e c t i o n '  d u e  t o  a  p o s s i b l e  e v o l u t i o n a r y  

e f f e c t ;  t h e r e  i s  a l s o  a  d e p e n d e n c e  on  t h e  d e t e c t i v e  d e v i c e
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u s e d  -  v i a  t h e  s e n s i t i v i t y  f u n c t i o n *  A k n o w l e d g e  o f  t h e  

o r t h o d o x  K c o r r e c t i o n  may b e  d e r i v e d  by  e m p i r i c a l  means  

i n v o l v i n g  a  s t u d y  o f  t h e  e n e r g y  d i s t r i b u t i o n  i n  t h e  s p e c t r a  of  

n e a r b y  n e b u l a e ,  f o r  w h ic h  t h e  e v o l u t i o n a r y  c o r r e c t i o n  w o u ld  b e  

z e r o ,  and  a p p l y i n g  t h i s  t o  t h e  m a t h e m a t i c a l l y  w e l l  d e f i n e d  

c o r r e c t i o n  t e r m  g i v e n  i n  ( 1 . 3 4 ) .  To s e p a r a t e  t h e  K c o r r e c t i o n  

f r o m  t h e  e v o l u t i o n a r y  e f f e c t  f c r  n e b u l a e  a t  a r b i t r a r y  d i s t a n c e  

we s h a l l  e x p a n d  t h e  t o t a l  c o r r e c t i o n  t e r m  i n  p o w e r s  of  ^

I t  w i l l  b e  s u f f i c i e n t  f o r  t h e  p u r p o s e  o f  t h e  t h e o r y  t o  r e t a i n  

t e r m s  a s  f a r  a s  f i r s t  o r d e r  i n  S' o n l y .  Thus . te r  i, I /••o , _ /A. I . . J ^

V 5- A .  J  H i  I
^  J  sfyo) d  L  J

? - =  U - t  , =  r | x { e C > ; t ) }  t - - u  ,
Now b y  (/-9  T= J / c / ,  J hrAt^ «V, ~

Thus t h e  c o r r e c t i o n  t e r m  beco m es  t o  o r d e r  T

I  f  Ï J o  s^ 'o ) ^  (i\\
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w h i c h  t o  t h e  r e q u i r e d  o r d e r  c a n  f i n a l l y  b e  w r i t t e n ,  on c h a n g i n g

t o  n a t u r a l  l o g a r i t h m s  a n d  e x p a n d i n g  t h e  l o g . ,

=  -  I O » i  [ K + ' Q f '  ......................... ..............................  ( 1 . 3 5 )

w h e r e  K  =  ........................................................ ( 1 , 3 6 )

a n d  l_ =  ^  L  4 ^ ^  ^  d h    ( 1 . 3 7 )

r ^ , )  e(Xo, f'o) d h

The K t e r m  a r i s e s  d i r e c t l y  f ro m  t h e  s e l e c t i v e  e f f e c t  o f  th  e 

r e d s h i f t  a n d  w o u ld  o c c u r  e v e n  i n  t h e  a b s e n c e  o f  a n  e v o l u t i o n a r y  

p r o c e s s .  The L  t e r m  w o u ld  a r i s e  s o l e l y  i n  t h e  c a s e  o f  a n  

e v o l u t i o n a r y  u n i v e r s e .

To t h i s  a p p r o x i m a t i o n  i n  t h e  c o r r e c t i o n  t e r m  we c a n  t h e r e 

f o r e  w r i t e  ( 1 . 3 4 )  i n  t h e  f o rm

/ ^ O n [ K ^ - L ) ê j + - ^  ........................ ( 1 . 3 8 )

As we s h a l l  show i n  t h e  n e x t  c h a p t e r  t h e  l u m i n o s i t y  d i s t a n c e  

may a l s o  b e  e xp an ded  i n  p o w e rs  o f  J  w i t h  c o e f f i c i e n t s  g i v e n  i n  

t e r m s  o f  t h e  p a r a m e t o s o f  t h e  m o d e l .  I t  m i l  t h e n  b e  i n d i c a t e d  

h o w ,  a s s u m i n g  ^  s ire  known f r o m  o b s e r v a t i o n s ,

t h e  p a r a m e t e r s  o f  t h e  m o d e l  an d  t h e  e v o l u t i o n a r y  t e r m  c a n  b e  

d e t e r m i n e d .

I n  c o n t r a s t  t h e  e q u a t i o n  ( 1 . 2 7 )  c o n t a i n s  n o  t e r m  t h a t  i s  

d i r e c t l y  o b s e r v e d .  E q u a t i o n  ( 1 . 2 7 )  i s  r e l a t e d  t o  a n  e q u a t i o n  

g i v e n  by  H. P .  R o b e r t s o n  (1 7 )  i n  a  s h o r t  t h e o r e t i c a l  a n a l y s i s  o f  

o b s e r v a b l e  q u a n t i t i e s  i n  c o s m o l o g y ,  w h e r e  h e  e x p r e s s e s  a l l  h i s  

r e s u l t s  i n  t e r m s  o f  b o l o m e t r i c  m a g n i t u d e s .  F o r  t h i s  r e a s o n
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h i s  a n a l y s i s  s u f f e r s  f r o m  t h e  h a n d i c a p  t h a t  i n  t e r m s  o f  i t  

t h e  s i g n i f i c a n c e  o f  t h e  o b s e r v a t i o n a l  r e s u l t s  i s  o b s c u r e  -  s i n c e  

t h e  s t e p  f r o m  m e a s u r e d  t o  b o l o m e t r i c  m a g n i t u d e s  i s  c r u c i a l  f o r  

t h e  d e t e r m i n a t i o n  o f  t h e  unknowns*  I n d e e d  t h e  u s e  of 

R o b e r t s o n ' s  e q u a t i o n  by  Hum ason ,  M a y a l l  and  S a n d a g e  h a s  l e d  t o  

a m b i g u i t y  i n  t h e  c o r r e c t i o n s  o f  t h e  m a g i i t u d e s  a s  w i l l  b e  shown 

i n  C h a p t e r  I I  S e c t i o n  ( i v ) .

An i m p o r t a n t  c o n c l u s i o n  t o  b e  d ra w n  f r o m  o u r  a n a l y s i s  i s  

t h a t  i f  i s  s u c h  t h a t  o n l y  r a d i a t i o n  i n  a  n a r r o w  w av eb a n d

i s  r e g i s t e r e d  on t h e  d e t e c t i v e  d e v i c e ,  e*g# b y  t h e  u s e  of  

f i l t e r s  i n  c o l o u r  p h o t o m e t r y ,  so  t h a t  o o u t s i d e  t h i s

w a v e b a n d ,  t h m  e q u a t i o n s  ( 1 . 3 6 )  and  ( 1 . 3 7 )  c a n  b e  w r i t t e n ,  w i t h  

a p p r o x i m a t i o n  d e p e n d i n g  on  t h e  w a v e l e n g t h  and w i d t h  of w a v e b a n d  

us  e d ,

K  =  f  Xc   ( 1 . 3 9 )

L  =    ( 1 , 4 0 )

f o r  t h e  n e i ^ b o u r h o o d  o f  a n y  g i v e n  w a v e l e n g t h  Ao. I t  f o l l o w s  

t h a t  i f  i s  c h o s e n  so  t h a t

) 4- E o  ^  . . . . . .  ( 1 . 4 1 )

t h e n  — o  J
s o  t h a t  t h e  K c o r r e c t i o n  d u e  t o  r e d s h i f t  i s  t h e n  z e r o .  I t  i s  

c l e a r  f r o m  ( 1 . 3 9 )  t h a t  t h i s  c o n d i t i o n  i s  l i k e l y  t o  b e  m o s t  

n e a r l y  s a t i s f i e d  a t  t h e  r e d  end  of t h e  s p e c t r u m  b e c a u s e  o f  t h e
!

p e a k e d  n a t u r e  o f  t h e  l i ^ t  c u r v e .
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The a d v a n t a g e s  o f  u s i n g  s e l e c t e d  w a v e l e n g t h s  and  s o  

m i n i m i s i n g  t h e  K c o r r e c t i o n  h a v e  b e e n  p o i n t e d  o u t  by  M, P ,

W a lk e r  w hose  u n p u b l i s h e d  r e s u l t s  o f  c o m p u t i n g  t h e  K c o r r e c t i o n  

w e r e  made a v a i l a b l e  t o  Humason,  î ^ ïa y a l l ,  an d  S a n d a g e  ( 15 ) .

W a lk e r  fo u n d  t h a t  t h e  op t im um  e f f e c t i v e  w a v e l e n g t h s  f o r
I

minimum K c o r r e c t i o n  f o r  S - o  t a  ' 3 w e r e  u )

f o r  iz n e b u l a e ,  f o r  n e b u l a e  a nd  -  S'sro-o

f o r  n e b u l a e ,  f o r  w h i c h  */ m a g n i t u d e s .  S u c h  a

c o n s i d e r a t i o n  i s  i m p o r t a n t  f o r  a c c u r a t e  d e t e r m i n a t i o n  o f  

o b s e r v a b l e  r e l a t i o n s  w i t h  a  v ie w  t o  f i t t i n g  an y  g i v e n  

c o s m o l o g i c a l  m o d e l .  I n  th  e c a s e  o f  t h e  s t e a d y  s t a t e  m o d e l  

we c a n  a l s o  p u t  L - 0  c o r r e s p o n d i n g  t o  t h e  s t a t i s t i c a l  c o n s t a n c y  

o f  t h e  i n t e n s i t y  o f  t h e  s o u r c e s .  We s h a l l  i n  C h a p t e r  I I I  make 

u s e  o f  t h i s  f a c t  t h a t ,  f o r  a  s u i t a b l e  c h o i c e  o f  w a v e l e n g t h ,  

no  c o r r e c t i o n  a t  a l l  i s  n e c e s s a r y  t o  t h e  h e t e r o c h r o m a t i c  

m a g n i t u d e  m o d u lu s  i n  a n  e x a c t  a n a l y s i s  o f  t h e  o b s e r v a t i o n a l  

r e s u l t s  t o  b e  e x p e c t e d  o f  t h e  s t e a d y  s t a t e  m o d e l .

F o r  n a r r o w  w a v e b a n d s  f o r  w h ic h  K 4 ^ 0  e q u a t i o n s  ( 1 . 3 9 )  and  

( 1 . 4 0 )  w i l l  a p p l y .  We m e n t i o n  p a r t i c u l a r l y  t h e  two c o l o u r  

and  s i x  c o l o u r  p h o t o m e t r y  b y  J .  S t e b b i n s  and A, 2 .  Whit  f o r d  ( 1 1 j . 

By c o m p a r i n g  t h e  n e b u l a r  s p e c t r u m  i n  t h e  l o c a l  g r o u p  w i t h  t h a t  

i n  t h e  d i s t a n t  c l u s t e r s  t h e y  o r i g i n a l l y  f o u n d  t h a t  f o r  t h e  

e l l i p t i c  n e b u l a e  (w h ic h  l o c a l l y  w e r e  b e l i e v e d  t o  h a v e  a  u n i f o r m  

e n e r g y  c u r v e )  t h e r e  was a n  e x c e s s  o f  r e d  m ore  t h a n  d o u b l e  t h a t  

e x p e c t e d  f r o m  s h i f t i n g  t h e  l o c a l  e n e r g y  c u r v e  by  a n  amount 

c o r r e s p o n d i n g  t o  t h e  r e d s h i f t .  T h i s  was t e n t a t i v e l y  

a t t r i b u t e d  b y  1/Vhitford t o  a n  a b u n d a n c e  i n  t h e  d i s t a n t  c l u s t e r s
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o f  s h o r t l i v e d  r e d  s u p e r g i a n t s  w h i c h  i n  t h e  much o l d e r  l o c a l  

e l l i p t i c  g a l a x i e s  h a v e  now e x p i r e d ,  w i t h  no  i n t e r s t e l l a r  

m a t t e r  i n  t h e s e  g a l a x i e s  t o  r e p l a c e  t h e m .  Such  e f f e c t s ,  i f  

s u b s t a n t i a t e d ,  w o u ld  p r o v i d e  d i r e c t  e v i d e n c e  o f  e v o l u t i o n  i n  t h e  

u n i v e r s e .

As r e p o r t e d  r e c e n t l y  ( 2 ^ )  W h i t f o r d  h a s  now c o m p l e t e d  

e x a m i n a t i o n  o f  t h e  e l l i p t i c  s p e c t r a  i n  f o u r  c l u s t e r s  a t  v a r y i n g  

d i s t a n c e s  b y  a  p h o t o e l e c t r i c  s e v e n  c o l o u r  f i l t e r  s y s t e m .  A f t e r  

a l l o w i n g  f o r  r e d s h i f t  h e  now f i n d s  t h e  fo rm  o f  t h e  o u t p u t  c u r v e s  

t o  b e  i n t r i n s i c a l l y  t h e  same i n  a l l  c l u s t e r s ,  and t h a t  t h e  

d i s c r e p a n c y  o r i g i n a l l y  f o u n d  i n  t h e  two c o l o u r  m e a s u r e m e n t s  was 

s p u r i o u s  and a r o s e  f r o m  t h e  p e c u l i a r  p r o p e r t i e s  o f  t h e  e n e r g y  

c u r v e  o f  M 31 t h a t  was u s e d  a s  a  s t a n d a r d .

However i t  h a s  n o t  p e r h a p s  b e e n  s u f f i c i e n t l y  e m p h a s i s e d  

t h a t  t h e  S t e b b i n s  W h i t f o r d  m e a s u r e m e n t s  o f  t h e  s p e c t r a  a r e  

r e l a t i v e  m e a s u r e m e n t s  b e t w e e n  o n e  p a r t  o f  t h e  s p e c t r u m  and 

a n o t h e r .  An a b s o l u t e  e v o l u t i o n a r y  c h a n g e  o f  t h e  o u t p u t  o i e r g y  

w h i c h  w a s  s u b s t a n t i a l l y  u n i f o r m  o v e r  t h e  w h o l e  s p e c t r u m  w o u ld  b e  

u n d e t e c t e d  b y  t h e i r  a n a l y s i s .  I n  t h e  n e x t  c h a p t e r  we s h a l l  show 

how t h e  u s e  o f  t h e  number  c o u n t s ,  t h e  r e d s h i f t - m a g n i t u d e  

r e l a t i o n ,  an d  t h e  S t e b b i n s  W h i t f o r d  t y p e  o f  s p e c t r u m  a n a l y s i s  c a n  

l e a d  t o  t h e  d e t e c t i o n  o f  a n y  s y s t e m a t i c  e v o l u t i o n  o f  t h e  n e b u l a e  

t h a t  may e x i s t .

A n o t h e r  i m p o r t a n t  a p p l i c a t i o n  o f  f o r m u l a s  ( 1 . 3 9 ) ,  ( 1 . 4 0 )  i s  

t o  r e c e p t i o n  a t  r a d i o  w a v e l e n g t h s  w h e r e  t h e  u s u a l  ' o b s e r v a t i o n s '  

a r e  made i n  n a r r o w  w a v e b a n d s .  M e th o ds  o f  u t i l i s i n g  t h e  

p o s s i b i l i t i e s  o f  t h i s  i m p o r t a n t  f i e l d  o f  c o s m ic  i n v e s t i g a t i o n
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w i l l  a l s o  b e  d e a l t  w i t h  i n  t h e  n e x t  c h a p t e r .

An a n a l y s i s  o f  t h e  K  c o r r e c t i o n  was g i v e n  i n  1935 by  

E ,  H u b b le  a n d  R. G. Tolman ( l 9 )  on t h e  a s s u m p t i o n  t h a t  t h e r e  

was no  e v o l u t i o n a r y  e f f e c t .  U n f o r t u n a t e l y  t h e i r  e q m t i o n  

w h i c h  c o r r e s p o n d s  t o  ( 1 . 3 8 )  i n v o l v e s  a  d i s t a n c e  w h i c h  i s  n o t  

t h e  l u m i n o s i t y  d i s t a n c e  D so  t h a t  t h e y  h a v e  t o  i n t r o d u c e  an 

e x t r a  t e r m  d e p e n d i n g  on S  i n  t h e  r i g h t  h a n d  s i d e .  However 

t h e r e  i s  now no  d o u b t  t h a t  D i s  tei e d i s t a n c e  # i i c h  i s  g i v e n  

by  t h e  a s t r o n o m e r s  f r o m  t h e i r  m e a s u r e  o f  m a g n i t u d e s .

McVittie^ s  a n a l y s i s  l e a d i n g  t o  an  e q u a t i o n  a n a l o g o u s  t o  

( 1 . 3 8 ) ,  m e n t i o n e d  e a r l i e r ,  o b t a i n s  t h e  c o r r e c t i o n  t e r m  t o  

o r d e r  S . However h i s  c o e f f i c i e n t s  a r e  e v a l u a t e d  f o r  t h e  

e p o ch  o f  e m i s s i o n  so  t h a t  a l t h o u ^ i  h e  c l a i m s  t o  d e r i v e  a  t e r m  

w h ic h  h e  c a l l s  t h e  S t e b b i n s  W h i t f o r d  c o r r e c t i o n ,  h e  h a s  n o t  i n  

f a c t  e x c l u d e d  e v o l u t i o n a r y  e f f e c t s  f r o m  h i s  o t h e r  t e r m s  \i jhich 

h e  seem s t o  r e g a r d  a s  t h e  o r ü i o d o x  K c o r r e c t i o n  a s s o c i a t e d  

w i t h  r e d s h i f t  o n l y .  I n  t h i s  t h e s i s  we s h a l l  show t h a t  t h e  

s e c o n d  o r d e r  t e r m s  a r e  u n n e c e s s a r y  f o r  t h e  s o l u t i o n  o f  t h e  

c o s m o l o g i c a l  p r o b l e m  and i n  a n y  c a s e  i n v o l v e  a  r e f i n e m e n t  

b e y o n d  t h e  means o f  d e t e c t i o n  a t  t h e  p r e s e n t  t i m e .

( v i i )  D i s t a n c e  by  a p p a r e n t  s i z e

The l u m i n o s i t y  d i s t a n c e  D was o b t a i n e d  b a s e d  on t h e  

a s s u m p t i o n  t h a t  t h e  i n t e n s i t y  of  a  l i g h t  s o u r c e  w as  i n v e r s e l y  

p r o p o r t i o n a l  t o  t h e  s q u a r e  o f  t h e  d i s t a n c e ,  a s  i n  E u c l i d e a n  

g e o m e t r y .  We c a n  a l s o  f i n d  a  d i s t a n c e  T i n  t e r m s  o f  w h ic h  

a p p a r e n t  s i z e  i s  r e l a t e d  t o  s o l i d  a n g l e  a s  i n  E u c l i d e a n  g e o m e t r y ,
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A n g u l a r  m e a s u r e m e n t s  o f  t h e  g a l a x i e s  h a v e  h i t h e r t o  p r o v e d  t o  b e  

t e c h n i c a l l y  d i f f i c u l t  b u t  h a v e  b e e n  u n d e r t a k e n  a g a i n  r e c e n t l y  

i n  r e l a t i o n  t o  a p p a r e n t  l u m i n o s i t i e s  by  W. A. Baum (2 0 ) .

S u p p o s e  v/e make a n g u l a r  m e a s u r e m e n t s  on t h e  c e l e s t i a l  s p h e r e  

i n  t e r m s  o f  t h e  a n g l e s  © and  <f> w h i c h  o e c u r  i n  t h e  

c o s m o l o ^ c a l  m e t r i c  ( 1 . 2 ) .  L e t  l i g h t  b e  e m i t t e d  a t  e p o c h  t  

f r o m  o n e  c o r n e r  o f  a  r e c t a n g l e  w hose  a n g u l a r  d i m e n s i o n s  a r e  

rf© ; t h e  s o u r c e  o f  l i g h t  a t  t h i s  c o r n e r  h a v i n g

c o o r d i n a t e s  ( ^  ) 9̂  ) i n  t e r m s  o f  t h e  m e t r i c  ( 1 . 2 ) .  The

p r o p e r  a r e a  o f  t h i s  r e c t a n g l e  ( i . e .  a s  m e a s u r e d  by  a  f u n d a m e n t a l  

o b s e r v e r  a t  t h e  s o u r c e )  w i l l  b e ,  a t  t h e  t i m e  o f  e m i s s i o n .

The s o l i d  a n g l e  o f  t h i s  a r e a  s u b t e n d e d  a t  t h e  o r i g i n  i r = 0  

( i . e .  a s  v i e w e d  t h e r e  by  t h e  l i ^ t  f r o m  t h e  s o u r c e )  w i l l  b e

cito — f  d o

s o  t h a t  t h e  d i s t a n c e  r  ,  a s s i g n e d  a s  i n  E u c l i d e a n  g e o m e t r y  on 

t h e  a s s u m p t i o n  t h a t  rfA i s  known t o  t h e  o b s e r v e r  a t  t h e  o r i g i n ,  

w i l l  b e  g i v m  by

= d f i    ( 1 . 4 2 )

Hence  f =    ( 1 . 4 3 )

w h i c h  i s  t h e  r e q u i r e d  d i s t a n c e  b y  a p p a r e n t  s i z e  i n  t e r m s  o f  t h e

c o s m o l o g i c a l  p a r a m e t e r s .

By c o m p a r in g  ( 1 . 4 3 )  w i t h  ( 1 . 2 3 )  we s e e  t h a t  t h e  r e l a t i o n  

b e t w e e n  t h e  l u m i n o s i t y  d i s t a n c e  and  t h e  d i s t a n c e  by  a p p a r e n t  

s i z  e i s  _ r p f k J l  ^  -

w h i c h  by  ( 1 . 8 )  c a n  b e  w r i t t e n
D =  ( 1 . 4 4 )
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F o r m u l a  ( 1 . 4 3 )  i s  w e l l  known a n d  was g i v e n  for i n s t a n c e  by  

W. H. McGrea i n  1935 ( l O ) . I t s  a p p l i c a t i o n  h a s  u s u a l l y  b e e n  

b a s e d  on t h e  a s s u m p t i o n  t h a t  t h e  a v e r a g e  i n t r i n s i c  s i z e  o f  a  

g a l a x y  r e m a i n e d  c o n s t a n t  w i t h  e p o c h .  I n  t h i s  t h e s i s  we s h a l l  

( C h a p . I I  S e c t o ( v i ) ) u t i l i s e  e q u a t i o n  ( 1 . 4 3 )  i n  an  a p p l i c a t i o n  

o f  t h e  c r i t e r i o n  o f  a p p a r e n t  s i z e  p a r t i c u l a r l y  a s  a  t e s t  f o r  an 

e v o l u t i o n a r y  u n i v e r s e .

( v i i i  ) C o u n t s  o f  t h e  N e b u l a e

W i th  t h e  a d v a n c e s  now b e i n g  made i n  o b s e r v a t i o n a l  t e c h n i q u e ,  

t h e  c o u n t s  o f  n e b u l a e  i n  t h e  s k y  c o r r e s p o n d i n g  t o  g i v e n  l i m i t s  

o f  a p p a r e n t  m a g n i t u d e  becom e o f  i n c r e a s i n g  t h e o r e t i c a l  

i m p o r t a n c e .  P r e l i m i n a r y  t o  r e l a t i n g  t h e s e  c o u n t s  t o  o t h e r  

o b s e r v a b l e  q u a n t i t i e s  i n  t h e  n e x t  c h a p t e r ,  we d i a l l  f i n d  h e r e  

t h e  t h e o r e t i c a l  num ber  N(^) o f  n e b u l a e  o f  a  g i v e n  c h a r a c t e r  

i n  t h e  v o lu m e  o f  s p a c e  c o r r e s p o n d i n g  t o  t h e  l i m i t s  r  = o  t o  

g e n e r a l  t  o f  t h e  c o s m o l o g i c a l  m e t r i c  ( 1 . 2 ) ,  v i s i b l e  a t  t h e  

t i m e  o f  o b s e r v a t i o n  t o  • A l t h o u ^  t h e  m e t r i c  ( 1 . 2 )  c o r r e s p o n d s  

t o  a  hom ogeneous  m o d e l  c o n t r a r y  t o  t h e  o b s e r v e d  phenom enon  o f  

c l u s t e r i n g  o f  g a l a x i e s  we c a n  i m a g i n e  t h e  r e g i o n  d e a l t  w i t h  a s  

s o  l a r g e  a s  t o  n u l l i f y  t h e  e f f e c t  o f  c l u s t e r i n g .

The  t o t a l  l o c a l l y  m e a s u r e d  p r o p e r  v o lu m e  b e t w e e n  

c o o r d i n a t e  T  and  Ti-cU ’ ,  b y  t h e  d i s c u s s i o n  i n  S e c t . ( i i ) ,  i s  

a t  epoch  t
4 J y  HH t) d r / / f ^

I f  n(t) I s  t h e  num ber  o f  th  e n e b u l a e  b e i n g  o o m t e d ,  p e r  u n i t  

p r o p e r  vo lu m e  a t  t h i s  e p o c h ) t h en 

c t N =  4 T  >y(t) Â ^ i t )
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F o r  t h e  c o s m o l o g i c a l  m o d e l s  o f  g e n e r a l  r e l a t i v i t y  i n  w h ic h  i t  

i s  a s su m e d  g a l a x i e s  a r e  c o n s e r v e d  t h i s  number b e t w e e n  T,

o f  t h e  c o - m o v i n g  c o o r d i n a t e s  m u s t  r e m a i n  s t a t i s t i c a l l y  c o n s t a n t .

Henc 6 .
'yt{b) =. yiç /?o

w h e r e  s u f f i x  0 i n d i c a t e s  v a l u e s  a t  fe ~ - Thus b e tw e e n

and g m e r a l  T  t h e  number  o f  g a l a x i e s  i s

W  =   ( 1 . 4 5 )

a  w e l l  known f o r m u l a  a l s o  t o  b e  f o u n d  i n  t h e  p a p e r  b y  

W. H .  McGrea ( l O ) . We h a v e  p r e s e n t e d  a  p r o o f  h e r e  t o  e m p h a s i s e  

t h e  a s s u m p t i o n  o f  c o n s e r v a t i o n  and  p e rm a n e n c y  of  l u m i n o u s  

g a l a x i e s  a s  t h e  u n i v e r s e  e x p a n d s .  T h i s  a s s u m p t i o n  can  b e  

j u s t i f i e d  b y  t h e  p l a u s i b l e  a r g u m e n t  t h a t  w h e r e  t h e r e  i s  no 

c r e a t i o n  o f  m a t t e r  t h e  i n t e r g a l a x i a l  d e n s i t y  o f  m a t t e r  b e c o m e s  

so  low d u e  t o  t h e  e x p a n s i o n  t h a t  a f t e r  a  c e r t a i n  s t a g e  no 

f u r t h e r  c o n d e n s a t i o n  i n t o  n m  g a l a x i e s  i s  p o s s i b l e ;  on  t h e  

o t h e r  h a n d  e x i s t i n g  g a l a x i e s  a r e  n o t  l i k e l y  t o  beco m e  n o n  

lu m i n o u s  u n t i l  much l a t e r  t h a n  t h e  p r e s e n t  epoch j u d g i n g  f r o m  

t h e  p l e n t i f u l  s u p p l y  o f  g a s  and  d u s t  i n  m o s t  n e i g h b o u r i n g  ( o l d ) 

g a l a x i e s ,  o u t  o f  w h ic h  new s t a r s  a r e  s t i l l  b e i n g  f o r m e d .  The  

e l l i p t i c  g a l a x i e s  a r e  an e x c e p t i o n  t o  t h e  l a s t  r e m a r k  b u t  ev en  

h e r e  we can  f a l l  b a c k  on t h e  a r g u m e n t  t h a t  a l l  g a l a x i e s  p o s s e s s  

s t a r s  v / i t h  a  p o t e n t i a l  f u t u r e  l i f e t i m e  c o m p a r a b l e  t o  t h e  p r e s e n t  

a g e  o f  t h e  u n i v e r s e ,  a s  c a l c u l a t e d  f r o m  t h e  H u b b le  ex pan s i  o n .

I t  i s  t o  b e  n o t i c e d  h o w e v e r  t h a t  t h e  a s s u m p t i o n  of
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o f  c o n s e r v a t i o n  w o u ld  a p p l y  o n l y  t o  t h o s e  r e g i o n s  w h i c h  a r e  n o t  

s o  d i s t a n t  t h a t  t h e  e p o c h  o f  e m i s s i o n  o f  l i ^ t  f r o m  th em  w o u ld  

h a v e  t o  b e  e a r l i e r  t h a n  t h e  t i m e  when g a l a x i e s  c e a s e d  t o  f o r m .  

I f ,  a s  a r g u e d  a b o v e ,  t h i s  t i m e  was a f t e r  t h e  s t a r t  o f  t h e  

e x p a n s i o n ,  v i i i c h  i s  c a l c u l a t e d  a p p r o x i m a t e l y  b y  H u b b l e ' s  l a w ,  

s u c h  r e ^ o n s  wDuld b e  a t  a  d i s t a n c e  w h i c h  m ig h t  w e l l  come i n t o  

t h e  r a n g e  o f  p r e s e n t  i n s t r u m e n t s ,  i n  p a r t i c u l a r  t h e  r a d i o  

t e l e s c o p e s  w h i c h  seem t o  h a v e  a  r a n g e  c o n s i d e r a b l y  g r e a t e r  t h a n  

t h e  o p t i c a l  (21_). Such  a  s u d d e n  d e c r e a s e  i n  t h e  n e b u l a r  c o u n t s  

o c c u r r i n g  a t  t h i s  r a n g e  w o u ld  b e  d i r e c t  c o n f i r m a t i o n  o f  an  

e v o l u t i o n a r y  u n i v e r s e .  I n d e e d  t h i s  i s  a  phenom enon  r e p o r t e d  

i n  t h e  c o u n t s  o f  e x t r a  g a l a c t i c  r a d i o  s o u r c e s  b y  M. R y l e  a n d  

P .  S c h e t t e r  (22 ) . a l t h o u g h  i t s  e x p l a n a t i o n  a s  t h e  l i m i t  o f  d i e  

i n s t r u m e n t  c a n n o t  a s  y e t  b e  r u l e d  o u t  ( c . f .  B .  Y .  M i l l s  3 4 ) .

We s h a l l  d e a l  f u r t h e r  w i t h  t h i s  i m t t e r  i n  O h a p .  I I  S e c t i o n  ( v ) .

I n  c o n t r a s t  w i t h  a  u n i v e r s e  e x h i b i t i n g  s y s t e m a t i c  

e v o l u t i o n  we m u s t  c o n s i d e r  t h e  s t e a d y  s t a t e  t h e o r y  i n  w h ic h  

t h e r e  i s  c o n t i n u o u s  c r e a t i o n  o f  m a t t e r  l e a d i n g  t o  c o n t i n u o u s  

c r e a t i o n  o f  g a l a x i e s  -  a c c o r d i n g  t o  t h e  a u t h o r s  o f  t h e  t h e o r y ,

H. B o nd i  a n d  T .  Gold ( l 3 ) ,  a n d  i n d e p a i d e n t l y  F .  H o y le  ( 1 4 ) .  F o r  

t h i s  c a s e  i s  s t a t i s t i c a l l y  c o n s t a n t ,  a n d  a l s o  t h e  m e t r i c  i s  

( 1 . 2 )  f o r  t h e  p a r t i c u l a r  c a s e  when R ( t} -= C ) T  c o n s t a n t ,  

a n d  . F o r  t h e  s t e a d y  s t a t e  m ode l  t h e r e f o r e

N ^ ) = 4 i ï K \ |      ( 1 . 4 6 )

w h e r e  t  i s  t h e  c o s m o l o g i c a l  epoch  o f  e m i s s i o n  o f  t h e  l i g h t  

s e e n  a t  T=0 a t  t h e  e p o c h  o f  o b s e r v a t i o n  tç   ̂ and A, i s  a
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c o n s t a n t  e q u a l  t o  t h e  a v e r a g e  num ber  o f  n e b u l a e  p e r  u n i t  

v o l u m e .  F o r m u l a  ( 1 , 4 6 )  i s  a  v a r i a n t  i n  f o r m  o f  a  r e s u l t  

g i v e n  f o r  Nl(r)by B o nd i  a n d  Gold  ( s e e  e q u a t i o n  ( 3 . 1 9 )  ) .  The 

o b s e r v a b l e  phenomena  e x p e c t e d  o f  t h e  s t e a d y  s t a t e  w i l l  b e  

ex am in ed  i n  t h e  n e x t  c h a p t e r  w i t h  t h o s e  o f  o t h e r  m o d e l s ,  a n d  

a l s o  s e p a r a t e l y  i n  C h a p t e r  I I I .
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CHAPTER I I :  RELATIONS BETWEEN OBSERVABLE QUANTITIES
IJM WCRLD MODELS BY THE METHOD OF EXPANSION IN SERIES

( i )  I n t r o d u c t i o n

I n  C h a p t e r  I  we o b t a i n e d  e x p r e s s i o n s  f o r  t h e  o b s e r v a b l e  

q u a n t i t i e s  i n  c o s m o l o g y  i n  t e r m s  o f  t h e  t h e o r e t i c a l  p a r a m e t e r s  

V)b ) RCb") and  k  o c c u r r i n g  i n  t h e  m e t r i c  ( 1 . 2 ) .  I n  p r i n c i p l e  we 

m i g h t  e l i m i n a t e  and  t  c o r r e s p o n d i n g  t o  'f* b y  e q u a t i o n  ( 1 . 4 ) ,  

acd  o b t a i n  e x a c t  r e l a t i o n s  b e t w e e n  t h e s e  o b s e r v a t i o n a l  

q u a n t i t i e s  i n v o l v i n g  t h e  unknovm p a r a m e t e r s  R and  k  ; t h e s e  

l a s t  p a r a m e t e r s  w h i c h  a r e  r e q u i r e d  t o  s p e c i f y  c o m p l e t e l y  t h e  

m e t r i c  o f  c l a s s  ( 1 . 2 )  r e l e v a n t  t o  t h e  a c t u a l  u n i v e r s e ^ c o u l d  

t h e n  b e  o b t a i n e d  i n  p r i n c i p l e  b y  a  c o m p a r i s o n  w i t h  o b s e r v a t i o n .  

The  m a t h a n a t i c a l  d i f f i c u l t y  i s  h o w e v e r  p r o h i b i t i v e  o f  t h i s ,  a s  

w e l l  a s  t h e  f a c t  t h a t  e x a c t  r e l a t i o n s  w o u l d  n o t  l e n d  t h o n s  e l v e s

t o  p r a c t i c a l  t e s t s .

T h e  m eth o d  o f  e x p a n s i o n  i n  s e r i e s  h a s  b e e n  a d o p t e d  b y  

p r e v i o u s  w r i t e r s ,  n o t  ab l y  G. C # M c V i t t i e  (2 3 ) ,  0 .  Heckman n (2 4  ) 

and  m ore  r e c e n t l y  H .  P .  R o b e r t s o n  ( 1 7 ) .  T h i s  m e th o d  w i l l  a l s o  

b e  a d o p t e d  i n  t h i s  t h e s i s ,  a l t h o u g h  f o r  t h e  p a r t i c u l a r  c a s e  o f  

t h e  s t e a d y  s t a t e  m o d e l  e x a c t  r e l a t i o n s  w i l l  b e  o b t a i n e d  i n  

C h a p t e r  I I I  b e c a u s e  o f  t h e  s p e c i a l  c h a r a c t e r  o f  t h a t  m o d e l .

T h e  w o r k  o f  t h e  p r e s e n t  c h a p t e r  i s  e n t i r e l y  i n d e p e n d e n t  a s  

r e g a r d s  t h e  n a t u r e  a n d  d e r i v a t i o n  o f  t h e  o b s e r v a b l e  r e l a t i o n s  

o b t a i n e d ,  u n l e s s  o t h e r w i s e  s t a t e d ,  a n d  a l s o  a s  r e g a r d s  t h e i r  

i n t e r p r e t a t i o n  a n d  a p p l i c a t i o n  t o  t h e  c o s m o l o g i c a l  p r o b l e m .

Comment on w o r k  b y  p r e v i o u s  w r i t e r s  w i l l  b e  made a s  n e c e s s a r y  

and  t h e  o r i g i n a l  f e a t u r e s  d e r i v e d  b y  t h e  p r e s e n t  a u t h o r  

w i l l  b e  i n d i c a t e d .
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( i i  ) E x p a n s i o n  i n  s e r i e s

I t  i s  c o n v e n i e n t  t o  r e p l a c e  c o o r d i n a t e  ^  i n  t h e  

c o s m o l o g i c a l  m e t r i c  (1. 2) b y  m eans o f  t h e  s u b s t i t u t i o n  ^  

w h e r e  /?« = R ^ c ja n d  i s  t h e  p r e s e n t  ep och  o f  o b s e r v a t i o n ;  

t h e  new c o o r d i n a t e  ^  h a s  t h e n  t h e  d i m e n s i o n  o f  d i s t a n c e .  We 

t h e n  h a v e

 , 3 . 1 )

e r e  A. = 4^«/fe*Thus i s  i n f i n i t e ,  p o s i t i v e  f i n i t e ,  o r

n e g a t i v e  f i n i t e  a c c o r d i n g  a s  t h e  3 - s p a c e  t  = c o n s t a n t  i s  f l a t ,

o f  p o s i t i v e  c u r v a t u r e ,  or  o f  n e g a t i v e  c u r v a t u r e  r e s p e c t i v e l y .

P u t t i n g  L -  7- w r i t e  
R{k} =  R { k - T )

=  R ,  -  r  Ro +  1

=  R « ( l — ^  7" ■(------- )   (2 , 2 )

w h e r e   ̂  ̂ and  so  on . . . .  ( 2 . 3 )

Now t h e  l i ^ t  p a t h  f r o m  t h e  t i m e  o f  e m i s s i o n  t  t o  t h a t  o f

r e c e p t i o n  a t  t h e  o r i g i n  ^  - o  i s  g i v e n  b y

. . . . ( 2 . 4 )

Hence  b y  (2. 2) ,  ( 2 . 3 ) ,  ( 2 . 4 ) ,

c t { i +  r  + r V - - ^  =
A f i r s t  a p p r o x i m a t i o n  t o  t h i s  r e l a t i o n  i s

^  = C 7-  (2 . 5 )

A s e c o n d  w h i c h  w i l l  b e  s u f f i c i e n t  f o r  o u r  p u r p o s e s  i s

^  = C T (  /  f  7 )    (2 . 6 )
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Thus t o  t h i s  a p p r o x i m a t i o n  t h e  c u r v a t u r e  i s  i r r e l e v a n t  a n d  

o b s e r v a t i o n a l  m e th o d s  a r e  n o t  s u f f i c i e n t l y  r e f i n e d  t o  o b t a i n  

i t  b y  t a k i n g  a c c o u n t  o f  h i g h e r  m o re  c o m p l i c a t e d  a p p r o x i m a t i o n s .  

An i n d e p m d e n t  m e th o d  of  o b t a i n i n g  t h e  c u r v a t u r e  b y  u t i l i s i n g  

t h e  f i e l d  e q u a t i o n s  o f  g e n e r a l  r e l a t i v i t y  w i l l  b e  g i v e n  i n  

C h a p t e r  XV.

We may now e x p an d  t h e  l u m i n o s i t y  d i s t a n c e  D i n  p o w e r s  o f  7̂ . 

By e q u a t i o n  ( 1 . 2 3  j we may w r i t e  p u t t i n g  ^  -  Ifo X*

^  ............................................
S u b s t i t u t i n g  f r o m  ( 2 . 2 )  and ( 2 . 6 )  we f i n d  on a p p r o x i m a t i o n

t ) = c r ( » +  — )    ( 2 .8 )

SO t h a t  b y  ( 2 . 5 )  a n d  ( 2 , 8 )  ^  -  D t o  a  f i r s t  a p p r o x i m a t i o n .

T he  e x p r e s s i o n  f o r  (T t h e  r e d s h i f t  g i v e n  b y  ( 1 . 8 )  i s

[  =  &  - I

s o  t h a t  on e x p a n s i o n  i n  p o w e rs  ^

Î  =o / ,  r  4 - ^ 1-      (2 . 9 )

The d i s t a n c e  b y  a p p a r e n t  s i z e ,  b y  p u t t i n g  ^  = R.  Y" 

i n  ( 1 . 4 3 ) ,  h a s  t h e  f o r m u l a

f  = ^

s o  t h a t  on e x p a n s i o n  we c a n  w r i t e  t o  s u f f i c i e n t  a p p r o x i m a t i o n  

f  = C 7“(  f -  7 - .............. ( 2 .1 0 )

We now t u r n  t o  t h e  e x p r e s s i o n  N ^ )  f o r  t h e  num ber  c o u n t s  

o f  t h e  n e b u l a e .  F o r  t h e  m o d e l s  i n  w h i c h  t h e r e  i s  c o n s e r v a t i o n  

o f  g a l a x i e s  we c a n  w r i t e  i n s t e a d  o f  ( 1 . 4 5 )

=  f 1 ï n o (  9 i f  4---  - )
^ ^  SA '-
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30 t h a t  s u b s t i t u t i n g  f r o m  ( 2 . 6 )  we h a v e  t o  s u f f i c i e n t  a p p r o x i 

m a t i o n

N(r)= | î r n . c ^ ( r %    (2.11)
S i n c e  <^“ D ~ C 7  t<r a  f i r s t  a p p r o x i m a t i o n  we s e e  t h a t  t h e  n e b u l a r  

c o u n t  c a n  b e  made l o c a l l y  i n  a n y  n e i ^ b o u r h o o d  u s i n g  E u c l i d e a n  

g e o m e t r y  i n  D v i z . ,  f o r  a  ' s p h e r e '  o f  r a d i u s  D a  f i r s t  

a p p r o x i m a t i o n  t o  N i s

-fllD) ^  ^  Î T . . . . ( 2 . 1 2 )

I n  t h e  c a s e  o f  t h e  s t e a d y  s t a t e  m o d e l  we h a v e  t o  u s e  

e q u a t i o n  ( 1 . 4 6 ) .  We c a n  e v a l u a t e  t h i s  i n t e g r a l  e x a c t l y .  F o r  

an  o b j e c t  w i t h  c o o r d i n a t e  T  s e e n  a t  0 a t  t i m e  t h e  l i ^ t

was e m i t t e d  a t  t i m e  t  w h e r e ,  b y  e q u a t i o n  ( 1 . 4 ) ,

s .c  /  =  f
J t  e

so  t h a t

Hence  f o r  f i x e d  t i m e  o f  o b s e r v a t i o n  t o ,

ç tr  ~ — c  c  d/b

so  t h a t  N ( t )  .

Thus N(t) .  ^  -H-a - i  <‘ ‘■’''’7    (2.13)

w h e r e  T  5  -  t  .

To t h e  same a p p r o x i m a t i o n  a s  i n  ( 2 . 1 1 )  we c a n  t h e r e f o r e  w r i t e  

f o r  t h e  s t e a d y  s t a t e  m o d e l

N ^ )  -  )  . . . .  (2 .14)

By e l i m i n a t i n g  T  b e t w e e n  p a i r s  o f  t h e s e  r e l a t i o n s  we c a n  

now f i n d  r e l a t i o n s  b e t w e e n  o b s e r v a b l e  q u a n t i t i e s  w h i c h  w i l l  

d e p e n d  on t h e  m o d e l  a s s u m e d .
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( i l l )  D j ^  r e l a t i o n

From ( 2 . 9 )  s o l v i n g  f o r  T  we c a n  w r i t e

^ ^   ( 2 . 1 5 )

w h i c h  c o n n e c t s  r e d s h i f t  v h t h  t h e  l a p s e  i n  c o s m o l o g i c a l  t i m e  

b e t w e e n  e m i s s i o n  o f  t h e  l i g h t  a n d  i t s  r e c e p t i o n .  ' 'iïhenoe b y  

( 2 . 8 )  a n d  ( 2 . 1 5 )

n  = 1 1  +- (q(i f  +■ —  y ............... ( 2 . 1 6 )I 1

r e l a t i n g  l u m i n o s i t y  d i s t a n c e  t o  r e d s h i f t .

( i v ) V A , r  r e l a t i o n

E q u a t i o n  ( 1 . 3 8 )  g i v e s  t h e  r e l a t i o n  b e tv / e e n  l u m i n o s i t y  

d i s t a n c e  0  a n d  t h e  h e t e r o c h r o m a t i c  a p p a r e n t  m a g n i t u d e  ' ^ 4^ ^   ̂

a l l o w i n g  f o r  t h e  ' c o r r e c t i o n *  t e r m  g i v e n  t o  o r d e r  I  . H a v in g  

p o i n t e d  o u t  i n  t h a t  p l a c e  t h e  a d v a n t a g e s  o f  u s i n g  h e t e r o c h r o m a t i c  

m a g n i t u d e s  d i r e c t l y  i n  t h e  t h e o r e t i c a l  r e l a t i o n s  b e tv / e e n  t h e  

o b s e r v a b l e  q u a n t i t i e s  we s h a l l  now d r o p  t h e  s u f f i x  t o  

h e n c e f o r t h ,  v â t h  t h e  u n d e r s t a n d i n g  t h a t  Wv i s  t h e  a p p a r e n t  

m a g n i t u d e  a c t u a l l y  m e a s u r e d  b y  t h e  d e t e c t i n g  d e v i c e ,  w i t h  t h e  

a p p r o p r i a t e  s e n s i t i v i t y  f u n c t i o n  u s i n g  i n  t h e  ' c o r r e c t i o n *

t e r m s  g i v e n  b y  ( 1 . 3 6 )  a n d  ( l « 3 7 ) .

S u b s t i t u t i n g  ( 2 . 1 6 )  i n t o  ( l . 3 8 )  we g e t  a  r e l a t i o n  b e t w e e n  

a p p a r e n t  m a g n i t u d e  and  r e d s h i f t ,  t o  f i r s t  o r d e r  i n  î  :

-t km   ̂ -  i onlK-»-L-)ïj)-i

w h e r e  we h a v e  c h a n g e d  t h e  l o g  t o  b a s e  a n d  e x p a n d e d  t o  g e t

t h e  l i n e a r  t e r m  on t h e  l e f t .  R e a r r a n g i n g  we h a v e
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The o b s e r v a b l e  d a t a  i n  t h e  f o r m  o f  h e t e r o c h r o m a t i c  

a p p a r e n t  .m a g n i tu d e s  a n d  c o r r e s p o n d i n g  r e d s h i f t  c a n  b e  f i t t e d  

t o  t h i s  r e l a t i o n  and  t h e  c o n s t a n t  c o e f f i c i e n t s  c a n  b e  fo u n d  

b y  l e a s t  s q u a r e s .  T h i s  w o u l d  y i e l d  t h e  c o n s t a n t  q u a n t i t i e s

' ^  -bL-   ( 2 . 1 8 )

a n d  5  t  M ,  -  $   ( 2 , 1 9 )

A k n o w l e d g e  o f  t h e  a v e r a g e  m e a s u r e d  ( h e t e r o c h r o m a t i c )  a b s o l u t e  

m a g n i t u d e  o f  l o c a l  n e b u l a e ,  c o u p l e d  w i t h  t h e  c o n s t a n t  o f

( 2 , 1 9 )  g i v m  b y  l e a s t  s q u a r e s ,  w o u ld  d e t e r m i n e  t h e  c o n s t a n t  

o i  I =. Ro/Ro w h i c h  i s  H u b b l e ' s  c o n s t a n t  o c c u r r i n g  i n  t h e  

e q u a t i o n  ( 1 , 2 4 ) ,  I n  f a c t  t h e  r e d s h i f t  l aw  g i v e n  by  ( 1 , 2 4 )  f o r  

t h e  n e i g h b o u r h o o d  o f  a n  o b s e r v e r  ( % i s  e x p r e s s e d  b y

( 2 , 1 7 )  i f  we n e g l e c t  t h e  l i n e a r  t e r m  i n  I and  u s e  t h e  

c o r r e s p o n d i n g  a p p r o x i m a t i o n  i n  ( 1 , 3 8 ) .  T h i s  y i e l d s ,  i n  a g r e e 

m en t  w i t h  ( 1 , 2 4 ) ,

C ^ ^  D   ( 2 , 2 0 )

S u b s t i t u t i o n  o f  t h e  d e t e r m i n e d  v a l u e  o f  ( 2 , 1 8 )  l e a d s

t o  t h e  s i g n  a n d  m a g n i t u d e  o f  # p r o v i d e d  t h a t  we know

K-^L- '  We s h a l l  show i n  S e c t i o n  ( v )  t h a t  t h e  q u a n t i t y  K+ L

may b e  d e r i v e d  f r o m  t h e  num ber  c o u n t s ,  s o  t h a t  i f  we a d o p t e d  

t h i s  V a l u e  f o r  K - fU  t h e n  t h e  d e d u c e d  v a l u e  <r( /  R* w ou ld

i n d i c a t e  w h e t h e r  t h e  u n i v e r s e  was  u n d e r  a c c e l e r a t i n g  or 

d e c e l e r a t i n g  e x p a n s i o n  a t  t h e  p r e s e n t  t i m e .  A l t e r n a t i v e l y  t h e  

q u a n t i t y  K d e f i n e d  by  ( 1 , 3 6 ) ,  o r  f o r  a  s u f f i c i e n t l y  n a r r o w  

w a v e b a n d  b y  ( 1 , 3 9 ) ,  m i ^ t  b e  d e t e r m i n e d  e m p i r i c a l l y  f r o m  s t u d i e s

of  l o c a l  n e b u l a e .  T h e  q u a n t i t y  L  d e f i n e d  b y  ( l , 3 7  ) ,  o r  b y
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( l o 4 0 ) ,  d e p o i d s  i n d i r e c t l y  on o(^ a n d  o ^ ^ s i n c  e t h e s e  q u a n t i t i e s  

s e r v e  t o  c h a r a c t e r i s e  t h e  m o d e l .  I n  an  e x p a n d i n g  u n i v e r s e  i t  

i s  r e a s o n a b l e  t o  s u p p o s e  t h a t  Ê ( \ jb )£ -O a n d  l_ & o  I f  t h e r e 

f o r e  we c o n f i n e d  L t o  a  r e a s o n a b l e  l i m i t  i n  m a g n i t u d e  we c o u l d  

d e t e r m i n e  f r o m  t h e  q u a n t i t y  g i v e n  i n  ( 2 . 1 8 ) ,  t o  w i t h i n  a  

c e r t a i n  l i k e l y  e r r o r .

The  l a t e s t  o b s e r v a b l e  d a t a  on t h e  m a g n i t u d e  -  r e d s h i f t  

r e l a t i o n  h a v e  b e e n  p r e s e n t e d  i n  t h e  p a p e r  b y  Hum ason ,  M a y a l l  

a n d  S a n d a g e  ( 1 5 )  a l r e a d y  r e f e r r e d  t o  i n  C h a p t e r  I ,  S e c t . ( v l ) .

I n  t h i s  p a p e r  t h e y  i n c l u d e d  a  b r i e f  d i s c u s s i o n  o f  t h e  

c o s m o l o g i c a l  s i g n i f i c a n c e  o f  t h e  r e s u l t s .  F o r  t h i s  p u r p o s e  

t h e y  u s e d  an  e q u a t i o n ,  o b t a i n e d  b y  H.  P .  R o b e r t s o n  ( 1 7 ) , 

c o n n e c t i n g  r e d s h i f t  w i t h  b o l o m e t r i c  m a g n i t u d e .  T h i s  

n e c e s s i t a t e d  c o n v e r s i o n  o f  t h e  m e a s u r e d  i m g n i t u d e s  t o  b o l o m e t r i c  

o n e s  and  t h e  a u t h o r s  i n c l u d e d  a n  a l l o w a n c e  f o r  e v o l u t i o n  on t h i s  

p r o c e s s .  However a s  R o b e r t s o n  h a d  a l r e a d y  a l l o w e d  f c r  a  c h a n g e

i n  a b s o l u t e  b o l o m e t r i c  m a g n i t u d e  w i t h  e p o c h  i t  d o e s  n o t  se em

c l e a r  f r o m  t h e i r  a n a l y s i s  t h a t  t h e  c o r r e c t i o n  h a s  b e e n  p r o p e r l y  

m a d e .  I t  w o u ld  a p p e a r  t o  b e  w o r t h  w h i l e  t h e r e f o r e  t o  a p p l y  

t h e  a n a l y s i s  o f  t h i s  t h e s i s  t o  t h e  o b s e r v a t i o n a l  r e s u l t s  

d e t e r m i n e d  b y  Humason,  M a y a l l  a n d  S a n d a g e ,  a s  f o l l o w s .

By t h e  m e th o d  o f  l e a s t  s q u a r e s  Humason,  M a y a l l  a n d  S a n d a g e

f i n d  v a l u e s  f o r  A an d  B i n  t h e  r e l a t i o n

= 5“ t  A ^ 4  B • • . , • • ( 2 , 2 1 )
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C o n f i n i n g  o u r  a n a l y s i s  t o  t h e  p h o t o g r a p h i c  d a t a  ( - d u f f ix  P )  o n l y ,  

we g i v e  t h e i r  r e s u l t s  f o r  t h e  n e b u l a e  i n  t h e  d i s t a n t  c l u s t e r s ,  

v i z  . ,

^  ( 2 . 2 8 )

Bp = - Ç % \  ± 0 1  ......................( 2 . 2 3 )

The  m a g n i t u d e s  u s e d  i n  ( 2 , 2 1 )  a r e  c o r r e c t e d  f o r  t h e  l a t i t u d e  

o b s c t n r a t i o n  e f f e c t  o f  t h e  G a l a x y ,  a p e r t u r e  e r r o r ,  and  a l s o  

f o r  t h e  o r t h o d o x  r e d s h i f t  c o r r e c t i o n  b a s e d  on  e m p i r i c a l  

e x a m i n a t i o n  of l o c a l  s p e c t r a  s u c h  a s  M j l  • The  q u a n t i t y

r e g a r d e d  a s  t h e  g e n e r a l  K c o r r e c t i o n  b y  Humason,  IViayall,  a n d

S a n d a g e ^ a s  g i v e n  b y  t h e i r  e (^ u a t io n  G i ^  w o u ld  a p p e a r  t o  b e  t h e  

same a s  o u r  e x p r e s s i o n  ( 1 . 3 3 ) ,  a l t h o u g h  t h e  s y m b o l s  t h e y  u s e  

a r e  r a t h e r  l o o s e l y  d e f i n e d .  T h i s  i s  t h e  same q u a n t i t y  a s  t h e  

m in u s  o f  o u r  t o t a l  m a g n i t u d e  c o r r e c t i o n  i n v o l v e d  i n  ( 1 . 3 4 )  o n l y  

i f  e v o l u t i o n  i s  n e g l e c t e d ,  t h a t  i s  i f  — E ( ^ )   ̂ a n d

f o r  t h i s  c a s e  v h a t  t h e y  c a l l  K v / i l l  b e  e q u a l  i n  o u r  n o t a t i o n  t o

t h e  e x p r e s s i o n  K  % , w hen  a p p r o x i m a t e d  t o  f i r s t  o r d e r  i n

A c c o r d i n g l y  b y  c o m p a r i n g  t h e  f i r s t  and  t h i r d  c o lu m n s  o f  t h e i r  

t a b l e  X I I I  we f i n d  t h a t  t h e i r  K c o r r e c t i o n ,  a s s u m i n g  no 

e v o l u t i o n ,  i s  e f f e c t i v e l y  i n  o u r  n o t a t i o n  h O V t  w i t h

4*3 .............................  (2.24)

S i n c e  t h i s  o r t h o d o x  K  c o r r e c t i o n  h a s  a l r e a d y  b e e n  made 

i n  t h e  m a g n i t u d e s  u s e d  i n  ( 2 . 2 1 )  we m u s t  a c c o r d i n g l y  o m i t  K  

f r o m  o u r  e x p r e s s i o n  ( 2 , 1 8 ) .  C o n s e q u e n t l y  u s i n g  ( 2 . 2 2 )  

we m u s t  p u t

I +  ^  +  L ,  =  - 1  + ■ ?  .................(3.25)
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w h e r e  Lp i s  g i v æ .  b y  ( 1 . 3 7 )  f o r  p h o t o g r a p h i c  w a v e l e n g t h s .  T h i s  

q u a n t i t y  L p  c a n  b e  w r i t t e n  i n  t e r m s  o f  t h e  r a t e  o f  c h a n g e  o f  

( h e t e r o c h r o m a t i c )  a b s o l u t e  m a g n i t u d e  o f  n e a r b y  n e b u l a e ,  v i z . M o  

Thus  Mq =  ^  j  E Qio,

=  - i  s  -Ctje . A ' )

I '* [ ^ o )  E  ̂ W ) d.

-  - I  S’

( u s i n g  ( 1 . 3 7 )

W hence L. ^  M o  ̂ ............................  ( 2 . 2 6 )

Humason,  Ivïayall and  S a n d a g e  i n c l u d e  t h e  e x p r e s s i o n  on  t h e  

r i g h t  ( m u l t i p l i e d  b y  1 . 0 8 6 ) ^  f o r  t h e  c a s e  o f  b o l o m e t r i c  m a g n i t u d e ,  

i n  t h e i r  a n a l y t i c  e x p r e s s i o n  f o r  k  d e r i v e d  b y  R o b e r t s o n .

T hey  e s t i m a t e  f r o m  t h e  t h e o r y  of  e v o l u t i o n  o f  s t a r s  t h a t

' 5  10^ A c c o r d i n g l y  we c a n  m ake  t h e  sa m e  s t a t e m e n t

f o r  p h o t o g r a p h i c  a b s o l u t e  m a g n i t u d e ,  v i z . ,

lÂo 4  i  Vv-v.^yiD^ ̂    ( 2 . 2 7 )

A l s o  b y  i n v e s t i g a t i o n  o f  t h e  t e r m  8 g i v e n  i n  ou r  n o t a t i o n  b y

( 2 . 1 9 )  t h e y  f i n d  f o r  t h e  r e c i p r o c a l  o f  H u b b l e ' s  c o n s t a n t

7 ^ I = ( 5  4  ± 1) 10“* y o   ( 2 . 2 8 )

Hence  b y  ( 2 . 2 6 ) ,  ( 2 . 2 7 ) ,  ( 2 . 2 8  ) we c a n  w r i t e

L p  >  -  I ?   ( 2 . 2 9 )

on t a k i n g  t h e  u p p e r  b o u n d  f o r  ^  . H o i c e  b y  ( 2 . 2 5 ) ,  ( 2 . 2 9 )

^  -  ( l - ï -  t  ? )   ( 2 . 3 0 )

T h i s  r e s u l t  d o e s  n o t  a g r e e  ' j ^ t h  t h a t  o b t a i n e d  b y  Humason,  

M a y a l l ,  a n d  S a n d a g e  who g e t  ^  t  f r o m  P d a t a .
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The d i s c r e p a n c y  seems t o  a r i s e  i n  t h e i r  e v a l u a t i o n  o f  a  t e r m  

i n  t h e i r  e x p r e s s i o n  f o r  A w h i c h  d e p e n d s  on t h e  e v o l u t i o n a r y  

r a t e  o f  c h a n g e  o f  t h e i r  K c o r r e c t i o n ,  v i z .  K I t  i s  b y  no 

means c l e a r  f r o m  t h e i r  d e f i n i t i o n  o f  K how t h i s  ttnrvwis t o  b e  

e v a l u a t e d ®  T h e i r  a c t u a l  e s t i m a t e  i s  b a s e d  on t h e  a s s u m p t i o n  

t h a t  t h e  d i s t a n t  s p e c t r a  o f  t h e  n e b u l a e  w i l l  b e  s i m i l a r  t o  t h a t  

o f  l o c a l  t y p e  X G-o s u p e r  g i a n t s , f o l l o w i n g  W h i t f o r d ' s  e a r l i e r  

h y p o t h e s i s  t o  e x p l a i n  t h e  S t e b b i n s  W h i t f o r d  e f f e c t ®  As h a s  

b e e n  m e n t i o n e d  i n  C h a p t e r  I  Sec t®  ( v i )  t h i s  e f f e c t  seems t o  

h a v e  b e e n  s p u r i o u s  i n  a n y  c a s e  a c c o r d i n g  t o  W h i t f o r d  *s l a t e s t  

r e s u l t s ®  T h e  a d v a n t a g e  o f  o u r  a n a l y s i s  i s  t h a t  i t  d o e s  n o t  

r e q u i r e  t h e  e v a l u a t i o n  o f  s u c h  a  term®

We c a n  a s s e r t  t h e r e f o r e  t h a t ,  f o r  t h e  c a s e  o f  a n  

e v o l u t i o n a r y  u n i v e r s e ,  o u r  a n a l y s i s  o f  t h e  o b s e r v a t i o n a l  r e s u l t s  

of  Humason,  M a y a l l  a n d  S a n d a g e  m akes  t h e  n e g a t i v e  c h a r a c t e r  o f  

^ x . =  Ü o / R .  f d e d u c e d  f r o m  t h e i r  r e s u l t s ,  much l e s s  c e r t a i n ®

On t h e  o t h e r  h a n d  i t  c a n n o t  b e  s a i d  t h a t  c o n s e q u e n t l y  t h e  

r e s u l t s  a r e  m ore  f a v o u r a b l e  t o  t h e  s t e a d y  s t a t e  m o d e l ,  f o r  

w h i c h  • F o r  i n  t h e  s t e a d y  s t a t e  t h e  e v o l u t i o n a r y

t e r m  L  i s  z e r o  a n d  so  e q u a t i o n  ( 2 , 2 5 )  w o u l d  i n d i c a t e  t h a t  f o r  

t h a t  c a s e  a c c o r d i n g  t o  P d a t a .  I t  w o u ld

f o l l o w  t h a t  i f  t h e  d a t a  o f  Humason,  M a y a l l ,  and S a n d a g e  a r e  f r e e  

f r o m  s y s t e m a t i c  e r r o r s ,  s u c h  a s  s e l e c t i v e  e f f e c t ,  t h e n  t h e y  

i n d i c a t e  t h a t  t h e  u n i v e r s e  i s  s i g n i f i c a n t l y  d i f f e r e n t  f r o m  t h e  

s t e a d y  s t a t e  m o d e l .
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A s y s t e m a t i c  e f f e c t  of s e l e c t i o n  m ig h t  a r i s e  b y  f a v o u r i n g  

g a l a x i e s  o f  t h e  d i s t a n t  c l u s t e r s  t h a t  a r e  i n  f a c t  i n t r i n s i c  a l l y  

b r i ^ t e r  t h a n  t h e  l o c a l  g a l a x i e s ,  u p s e t t i n g  t h e  a s s u m p t i o n  t h a t  

t h e  t e r m  B i s  a  c o n s t a n t  d e p e n d i n g  on t h e  a b s o l u t e  m a g n i t u d e

o f  n e a r b y  g a l a x i e s  -which a r e  l o c a l  r e p r e s e n t a t i v e s  o f  t h e  

s u p p o s e d l y  h om o g en e o u s  s y s t e m  b e i n g  a n a l y s e d .  I t  i s  c l e a r  

t h a t  t h i s  w o u ld  h a v e  t h e  same e f f e c t  on t h e  ^  t e r m  o f  ( 2 . 2 1 )  a s  

a n  e v o l u t i o n a r y  e f f e c t  c o v e r e d  b y  o u r  L t e r m ,  b u t  a r i s i n g  i n  

t h i s  c a s e  f r o m  t h e  s c a t t e r  i n  a b s o l u t e  m a g n i t u d e  among t h e  

n e b u l a e .  C o n s e q u e n t l y  s u c h  an  e f f e c t  w o u ld  g i v e  a  v a l u e  o f  

m ore  n e g a t i v e  t h a n  vh a t  w o u ld  b e  o t h e r w i s e  d e d u c e d .  Huma s o n , 

M a y a l l ,  a n d  B a n d a g e  a t t e m p t  t o  e l i m i n a t e  t h i s  e f f e c t  f o r  t h e  

c l u s t e r  d a t a  b y  l e t t i n g  t h e  o r d e r  o f  b r i ÿ i t n e s s  o f  t h e  g a l a x i e s  

i n  t h e  c l u s t e r s  d e t e r m i n e  t h e  h o m o g e n e i t y  o f  s a m p l e .

( v )  R e l a t i o n s  i n v o l v i n g  t h e  nu m ber  c o u n t s

F o r  t h e  m o d e l s  i n  w h ic h  t h e r e  i s  c o n s e r v a t i o n  o f  l i g h t  

s o u r c e s  e q u a t i o n  ( 2 , 1 1 )  g i v e s  t h e  num ber  s e e n  a t  e p o c h  w h o s e

l i g h t  was e m i t t e d  a t  a n y  ep o ch  t  s u c h  t h a t  o  C - 1  ^  T

T a k in g  l o g a r i t h m s  we g e t

N (T ) =  4-3 -4 f - . -

..................................  ( 2 . 3 1 )

U s i n g  ( 2 . 1 5 )  we c a n  o b t a i n  a  r e l a t i o n  b e t w e e n  t h e  num ber  c o u n t s  

and r e d s h i f t ,  t o  o r d e r  ^

I

  ( 2 , 3 2 )  I
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Prom  t h i s  r e l a t i o n ,  f i t t e d  t o  t h e  o b s e r v a b l e  d a t a ,  we 

may d e d u c e  t h e  q u a n t i t i e s  >»o/o<' ,^and A k n o w l e d g e  o f

>lo # i i c h  i s  t h e  a v e r a g e  number  d e n s i t y  ( l o c a l l y )  o f  t h e  s o u r c e s  

b e i n g  c o u n t e d  a t  epoch  ( t h e  p r e s e n t )  w o u ld  y i e l d  a  c h e c k  on  ,

t h e  H u b b le  p a r a m e t e r ,  o b t a i n e d  o t h e r w i s e  f r o m  t h e  m a g n i t u d e  -  

r e d s h i f t  r e l a t i o n  ( e x p r e s s i o n  ( 2 , 1 9 )  w h e r e  a  k n o w l e d g e  of  

i s  r e q u i r e d *  V i c e  v e r s a  a n  a c c u r a t e  k n o w l e d g e  o f  o l \  f r o m  t h e  

mag n i t u d e - r e d s h i f t  d a t a  s u b s t i t u t e d  i n  t h e  v a l u e  'Vxt^^fX^^given 

f r o m  t h e  number  c o u n t s  s h o u l d  g i v e  a  v a l u e  o f  7\o c o n s i s t e n t  

1/d . th  o b s e r v a t i o n ,  a n d  p r o v i d e  a  c h e c k  on t h e  t h e o r y  o f  t h e  

r e d s h i f t  a s  a r i s i n g  f r o i r / ^ g e n u i n e  e x p a n s i o n .

The p r o v i s i o n  o f  (  c  Ro f r o m  t h e

n um ber  c o u n t  t h e o r y  p r o v i d e s  an i n d e p e n d e n t  c h e c k  on t h e  v a l u e  

o b t a i n e d  t h e  same q u a n t i t y  f r o m  t h e  m a g n i t u d e - r e d s h i f t  d a t a .

I t  i s  t o  b e  n o t e d  t h a t  a s  r e g a r d s  t h e  n u n b e r  c o m t s  v a l u e  t h e r e  

i s  no  u n c e r t a i n t y  i n v o l v e d  d u e  t o  t h e  p r e s e n c e  o f  t h e  * c o r r e c t i o n  ' 

t e r m  KVL. ,  a s  i n  t h e  u s e  o f  e q u a t i o n  ( 2 . 1 7 ) .  I n  f a c t  b y  m eans  

o f  t h e  n u n b e r  c o u n t s  we can  d e d u c e  t h e  v a l u e  o f  K t-L. b y  

s u b s t i t u t i n g  t h e  v a l u e  o f  o(|^ d e r i v e d  f r o m  th em  i n  t h e  

e x p r e s s i o n  ( 2 . 1 8 )  o b t a i n e d  f r o m  t h e  r e s u l t s .  H ence  i f  h

i s  known e m p i r i c a l l y  L c a n  b e  d e d u c e d ,  and  so  k n o w l e d g e  w o u ld  

b e  p r o v i d e d  r e g a r d i n g  t h e  e v o l u t i o n  o f  t h e  u n i v e r s e .

A n o t h e r  i m p o r t a n t  o b s e r v a b l e  q u a n t i t y  i s  t h e  g r a d i e n t  o f  t h e  

l o g  1*4 , r e l a t i o n .  T h i s  i s  c o n v e n i e n t l y  o b t a i n e d  i n  t e r m s  o f  

J  b y  d i f f e r e n t i a t i n g  e q u a t i o n s  ( 2 . 3 2  ) a n d  ( 2 . 1 7 )  w i t h  r e s p e c t  

t o  ^  o Thus
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The q u a n t i t y  K4-L i s  p r o v i d e d  o n c e  a g a i n  f r o m  t h i s  r e l a t i o n ,  

t h i s  t i m e  d i r e c t l y ,  s o  t h a t  i f  K i s  known L  i s  d e r i v e d .  I f  

i t  c o u l d  b e  made t e c h n i c a l l y  f e a s i b l e ,  o f  c o u r s e ,  t h e  w aveb an d  

m ig h t  b e  c h o s e n  so  t h a t  k ^ o ,  a s  e n v i s a g e d  i n  c o n n e c t i o n  v A th  

e q u a t i o n  ( 1 * 4 1 ) ,  s o  t h a t  t h e  i s o l a t i o n  o f  t h e  e v o l u t i o n a r y  t e r m  

w o u ld  b e  c o m p l e t e .

S i n c e  m a g n i t u d e s  c a n  b e  m e a s u r e d  a t  r a n g e s  w h e r e  t h e  r e d 

s h i f t  c a n n o t  i t  m i g h t  b e  c o n v e n i e n t  t o  e l i m i n a t e  T e n t i r e l y  

f r o m  ( 2 , 3 3 )  b y  u s i n g  t h e  f i r s t  a p p r o x i m a t i o n  to -  ( 2 . 1 7 ) ,  v i z . ,

............... ( , . 3 , ,

I t  i s  b e l i e v e d  t h a t  e q u a t i o n s  ( 2 . 3 2 ) ,  ( 2 . 3 3 ) ,  ( 2 . 3 4 )  a s  

p r e s e n t e d  i n  t h i s  t h e s i s  a r e  t h e  f i r s t  t o  s a t i s f a c t o r i l y  t a k e  

a c c o u n t  o f  b o t h  t h e  K c o r r e c t i o n  a n d  t h e  e v o l u t i o n a r y  L 
c o r r e c t i o n .  I n  a d d i t i o n  t h e  i m p o r t a n c e  o f  t h e  s i m p l e  r e l a t i o n  

( 2 . 3 2 )  seem s t o  h a v e  b e e n  o v e r l o o k e d  a s  r e g a r d s  i t s  a b i l i t y  t o  

p r o v i d e  t h e  f u n d a m e n t a l  p a r a m e t e r  w i t h o u t  b e i n g

d e p e n d e n t  on  m a g n i t u d e  m e a s u r e m e n t s  a n d  t h e i r  a s s o c i a t e d
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’c o r r e c t i o n s * ,  r e l y i n g  a s  i t  d o e s  o n l y  on t h e  number c o u n t s  

a n d  t h e  d e p e n d a b l e  r e d s h i f t  m e a s u r e m e n t s .  The r e m a i n d e r  of 

t h i s  d i s c u s s i o n  on t h e  num ber  c o u n t  r e l a t i o n s  i s  a l s o  b e l i e v e d  

t o  b e  p r e s e n t e d  f o r  t h e  f i r s t  t i m e ;  i t  d e a l s  w i t h  i m p o r t a n t  

a p p l i c a t i o n s  t o  r a d i o  r e c e p t i o n  an d  t o  t h e  s t e a d y  s t a t e  m o d e l .

I n  t h e  f o r m  g i v e n  b y  ( 2 . 3 4 )  t h e  r e l a t i o n  i s  s u i t a b l e  f o r  

a p p l i c a t i o n  t o  r a d i o  r e c e p t i o n  f r o m  e x t r a - g a l a c t i c  r a d i o  s o u r c e s .  

The r a n g e  o f  p e r c e p t i o n  b y  t h e  r a d i o  w a v eb a n d  d e t e c t o r s  i s  

b e l i e v e d  t o  b e  c o n s i d e r a b l y  g r e a t e r  t h a n  t h a t  o f  t h e  p r e s e n t  

o p t i c a l  i n s t r u m e n t s ,  b e c a u s e  o f  t h e ' m o r e  u n i f o r m  s p e c t r a l  

d i s t r i b u t i o n  o f  e n e r g y  i n  t h e  r a d i o  w a v eb a n d  w i t h  l e s s  f a l l i n g  

o f f  o f  e n e r g y ,  i n  c o n s e q u e n c e ,  v / i t h  t h e  r e d s h i f t  o f  t h e  

s p e c t r u m  ( J . R .  S h a k e s h a f t  (21 ) ) .

As h a s  b e e n  m e n t i o n e d  i n  C h a p t e r  I  S e c t .  (v i  ) t h e  r a d i o  

r e c e p t i o n  i s  g e n e r a l l y  r e s t r i c t e d  t o  n a r r o w  w a v e b a n d s  s o  t h a t  

t h e  p a r t i c u l a r  f o r m  g i v e n  b y  ( 1 . 3 9 ,  ( 1 . 4 0 )  f o r  t h e  K , L  t e r m s  

i s  h i ÿ i l y  a p p r o p r i a t e .

We s e e  f r o m  ( 2 , 3 3 )  t h a t  t h e  l o c a l  v a l u e  o f  t h e  l o g  N 9 t n  

g r a d i e n t  i s  e q u a l  t o  . 6 ,  t h a t  i s  when i ^ o . A  s t e e p e r  g r a d i e n t  

t h a n  t h i s  a s s o c i a t e d  w i t h  m o re  r e m o t e  r e g i o n s  o f  s p a c e  c o u ld  

a r i s e  o n l y  i f  K 4 - L  —2. . F o r  p h o t o g r a p h i c  m a g n i t u d e s  we h a v e  

i n f e r r e d  t h a t  Huma s o n , M a y a l l ,  and S a n d a g e  a d o p t  K p = -4 * 3  

( e q u a t i o n  ( 2 . 2 4 )  ) .  C o n s e q u e n t l y  s u c h  a  g r a d i m t  i f  fo u n d  w o u ld  

p o i n t  d i r e c t l y  t o  a n  e v o l u t i o n a r y  m o d e l  w i t h  Lp I t  w i l l

b e  shown i n  t h e  n e x t  c h a p t e r  t h a t  t h e  non  e v o l u t i o n a r y  s t e a d y  

s t a t e  m ode l  can  g i v e  o n l y  a  m o n o to n i e  d e c r e a s i n g  g r a d i e n t  f r o m
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t h e  l o c a l  v a l u e  o f  # 6 .  T h i s  i s  t h e r e f o r e  a  c r i t e r i o n  f o r  

c o s m o l o g i c a l  m o d e l s .

However a s  f a r  a s  t h e  p h o t o g r a p h i c  and p h o t o v i s u a l  

r e g i o n s  o f  t h e  s p e c t r u m  a r e  c o n c e r n e d  a  g r a d i e n t  s t e e p e r  t h a n  

• 6 f o r  r e m o t e  r e g i o n s  w ou ld  seem  i m p r o b a b l e  b e c a u s e  o f  t h e  

r a p i d  e v o l u t i o n a r y  t r e n d  i t  d e m a n d s .  We h a v e  s e e n  t h a t  t h e  

e s t i m a t e  o f  H-umason, M a y a l l ,  a n d  S a n d a g e  b a s e d  on t h e  t h e o r y  

of s t e l l a r  e v o l u t i o n  h a s  i m p l i e d ^ i n  o u r  n o t a t i o n ^  L p  7 —I ( 

( e q u a t i o n  ( 2 . 2 9 ) ) .  At  r a d i o  w a v e l e n g t h s  on t h e  o t h e r  h a n d  

a  g r a d i e n t  s t e e p e r  t h a n  .6  h a s  b e e n  f o u n d  b y  M. R y l e  a n d  h i s  

c o - w o r k e r s  f o r  t h e  c o u n t s  o f  e x t r a  g a l a c t i c  r a d i o  ’s t a r s ’ (22 ) .  

R y l e  h a s  s u g g e s t e d  t h a t  t h e s e  r a d i o  s o u r c e s  W i ic h  number  so 

f a r  o n l y  i n  t h o u s a n d s  may b e  c o l l i d i n g  g a l a x i e s .  W hether  

t h i s  g r a d i e n t  phenom enon  i s  u l t i m a t e l y  c o n f i r m e d  or  n o t ,  i t  

i s  o f  i n t e r e s t  t o  show t h a t  r a d i a t i o n  a r i s i n g  f r o m  s o u r c e s  

g e n e r a t e d  b y  a  k i n e t i c  e f f e c t  m ig h t  c e r t a i n l y ,  i n  an  

e v o l u t i o n a r y  u n i v e r s e ,  i n d i c a t e  a  s o u r c e  n u m b e r - m a g n i t u d e  

g r a d i e n t  h i g h e r  t h a n  .6 .

The f o r m u l a  f o r  g i v e n  b y  ( 1 . 4 5  ) now r e q u i r e s  m o d i f i c 

a t i o n  f o r  s o u r c e  nu m bers  b a s e d  on a  k i n e t i c  e f f e c t .  I f  

i s  t h e  number d e n s i t y  o f  o r d i n a r y  g a l a x i e s  d e f i n e d  e a r l i e r  a n d  CL 

i s  t h e  c r o s s  s e c t i o n  f o r  c o l l i s i o n s  o f  g a l a x i e s  t h e n  a  g a l a x y  

v d l l  m ake  a p p r o x i m a t e l y  c o l l i s i o n s  p e r  u n i t  t i m e  v h e r e

i s  t h e  p e c u l i a r  v e l o c i t y  o f  a  g a l a x y  r e l a t i v e  t o  t h e  

sm o o th e d  o u t  s u b s t r a t u m  o f  m a t t e r  a t  ep och  t  . E ach

c o l l i s i o n  w i l l  l a s t  a  t i m e  o f  o r d e r  so  t h a t  t h e  nuniber
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o f  c o l l i s i o n s  o c c u r r i n g  p e r  u n i t  v o lu m e  a t  a n y  t im e  v^rill b e  

of  o r d e r  'vx cl T h a t  i s  we c a n  p u t

I n s t e a d  o f  ( 1 . 4 5  j we t h e r e f o r e  g e t
N ( r )  -  qCb) ^ ( U

( l - V - t e v 'A ) ^

=  4 7 re> R K t)/<tr
, , ^  y  ( i V k ^ i v ^

How a s  b e f o r e  v\(b/= s u f f i x  o i n d i c a t e s  t h e

e p o ch  t o  o f  o b s e r v a t i o n .  Hence

Make now t h e  t r a n s f o r m a t i o n  = RoTus ed i n  S e c t .  ( i i  ) a n d  so

N (t.) ^ 4  IT? ................ B  .3 61

U s i n g  ( 2 . 2 )  and  ( 2 . 6 )  we t h e n  g e t  on e x p a n s i o n  i n  p o w e rs  o f  7*

N(t ) -  «fFT/S ne*-C^ ^ 21 -k f  X ,  +  )
3  4

s o  t h a t  b y  ( 2 . 1 5  )

 ( 2 . 3 7 )

T h e  l o g  Kv\ g r a d i e n t  now b e c o m e s ,  i n  t e r m s  o f  Tj

=  f  + T  + - -

=  t | |  -  4- & +  j  ( 2 . 3 8 )

H e r e  o f  c o u r s e  i s  t h e  K t e r m  e v a l u a t e d  f r o m  

e q u a t i o n  ( 1 . 3 9 )  f o r  n a r r o w  w a v e b a n d s  o f  r a d i o  e m i s s i o n  f r o m  a
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p a i r  o f  c o l l i d i n g  g a l a x i e s .  The t e r m  a l l o w s  f o r  an  

e v o l u t i o n a r y  v a r i a t i o n  o f  i n t e n s i t y  o f  t h e  e m i s s i o n  a r i s i n g  

v i a  t h e  s e c u l a r  c h a n g e  i n  t h e  p e c u l i a r  v e l o c i t i e s  V(t)  ̂ a n d  i s  

d e f i n e d  b y  ( l . 4 0 ) .  We s e e  t h e r e f o r e  t h a t  t h e  g r a d i e n t  o f  t h e  

l o g  l \ l , >n r e l a t i o n  f o r  c o l l i d i n g  g a l a x i e s  w o u ld  t a k e  v a l u e s  

g r e a t e r  t h a n  .6  i f  &nd s i n c e  f o r  t h e  r a d i o  v /aveband

t h e  d i s  t r i b u t  io n  c u r v e  i s  r e l a t i v e l y  f l a t  a s  m e n t i o n e d  e a r l i e r ,  

we m ig h t  ' e x p e c t  rfir o  and s o  t h e  c o n d i t i o n  w o u ld  r e d u c e  t o  

. T h i s  i m p l i e s  a  much m i l d e r  demand on e v o l u t i o n a r y

t r e n d s  t o  a c h i e v e  t h i s  t h a n  i n  t h e  c a s e  o f  t h e  g a l a x y  c o u n t s  a t

o p t i c a l  w a v e l e n g t h s  w h ic h  dem anded  Lp ^  - 1 3 . Thus R y l e ’s 

p h e n o m m o n  g a i n s  i n  p l a u s i b i l i t y ,  e s p e c i a l l y  when i t  i s  r e a l i s e d  

t h a t  e v o l u t i o n a r y  v a r i a t i o n  i n  i n t e n s i t y  i n  t h i s  c a s e  i s  much

m ore  l i k e l y  s i n c e  t h e  ra n d o m  v e l o c i t i e s  o f  t h e  g a l a x i e s  w ou ld

d e c r e a s e  w i t h  e x p a n s i o n .

The a p p r o p r i a t e  f o r m  f o r  t h e  g r a d i e n t  i n  t e r m s  o f  m g n i t u d e s  

v jou ld  now b e

=  ' 4 ' '  ' « " ■ ' ‘" " ' • ' " -  j
. » • • • •  ( 2 . 3 9 )

r a t h e r  t la an  t h e  e q u a t i o n  ( 2 . 3 4 )  b a s e d  on a  n o n - k i n e t i c  o r i g i n .

I t  i s  u n d e r s t o o d  o f  c o u r s e t h a t  > n  a n d  a r e  t h e  r a d i o  

m a g n i t u d e s  o f  t h e  s o u r c e ,  a p p a r e n t  a n d  a b s o l u t e  r e s p e c t i v e l y .

I n  t h i s  f o r m  t h e  r e l a t i o n  i s  a p p l i c a b l e  t o  r e g i o n s  w h e r e  

r e d s h i f t  i n  t h e  o p t i c a l  w a v eb a n d  w o u ld  b e  i m p o s s i b l e  t o  m e a s u r e ,  

r e g i o n s  i n  f a c t  w h i c h  m i ^ t  b e  w e l l  b e y o n d  t h e  l i m i t s  o f  t h e  

o p t i c a l  i n s t r u m e n t s .  The c o s m ic  e p o ch  of t h e  e v e n t s  r e c o r d e d
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w ould  t h e r e f o r e  b e  v e r y  e a r l y ,  p e r h a p s  e a r l i e r  t h a n  t h e  epoch  

b e f o r e  w h ic h  t h e  a s s u m p t i o n  of  c o n s e r v a t i o n  o f  g a l a x i a l  n u m b ers  

w o u ld  b e  i n a p p l i c a b l e ,  c o r r e s p o n d i n g  t o  r e g i o n s  w h e r e  g a l a x i e s  

w e r e  s t i l l  b e i n g  fo rm e d  o r  ev en  t o  r e g i o n s  w h e r e  no  g a l a x i e s  

h a d  y e t  f o r m e d .  I n d e e d  a s  m e n t i o n e d  i n  C h a p t e r  I  ( S e c t . ( v i i i )  

t h e  g r a p h  o f  l o g  N a g a i n s t  l o g  X ( I n t e n s i t y )  o b t a i n e d  by  

R y l e  a n d  S c h e a e r  (22^) f o r  r a d i o  s t a r s  m i ^ t  i n d i c a t e  su ch  a  

phenomenon s i n c e  i t  u l t i m a t e l y  b e n d s  o v e r  a n d  f l a t t e n s  o u t .

As f a r  a s  t h e  a p p r o x i m a t e  t h e o r y  i s  c o n c e r n e d ,  w i t h  w h i c h  

we a r e  now d e a l i n g ,  we s h a l l  now c o n s i d e r  t h e  r e s u l t s  o f  t h e  

num ber  c o u n t s  e x p e c t e d  o f  t h e  s t e a d y  s t a t e  t h e o r y .  E q u a t i o n

( 2 . 1 4 )  i s  now a p p l i c a b l e  a n d  t o  e l i m i n a t e  T  we u s e  (2 * 1 5 )  f o r

t h e  c a s e  o f  t h e  s t e a d y  s t a t e  ^ d i c h  i s

. . ♦ • • • • • • .  (2 * 40  )

w h e r e  T  i s  a  c o n s t a n t  w h ic h  i s  t h  e r e c i p r o c a l  o f  t h e  H u b b le  

p a r a m e t e r  f o r  t h e  m o d e l .  Hence ( 2 . 1 4 )  b eco m es

“I  i\ h F p -  1  ^ - - - -  )

30 tLiat

^  m (Î) = i lh j  i  •  ( 2 , 4 1 )

T h i s  i m p o r t a n t  r e s u l t  makes  d e f i n i t e  demands of  t h e  

o b s e r v a b l e  d a t a  f o r  t h e  s t e a d y  s t a t e  m o d e l .  The  f i r s t  t e r m  

g i v e s  t h e  p r o d u c t  r \ T ^ w h e r e  y \  i s  t h e  s t a t i s t i c a l l y  c o n s t a n t  

n um ber  d e n s i t y  o f  g a l a x i e s  ( a s  m e a s u r e d  l o c a l l y )  a n d  T  i s  t h e  

r e c i p r o c a l  o f  t h e  H u b b le  p a r a m e t e r .  The t h i r d  t e r m  g i v e s  a  

d e f i n i t e  c o e f f i c i e n t  o f  6 w h ic h  w o u ld  h a v e  t o  b e  r e a l i s e d
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b y  t h e  s t e a d y  s t a t e  f o r  s u i t a b l e  ï  ( P  s u f f i c i e n t l y  s m a l l ) .

On c o m p a r i n g  w i t h  t h e  c o r r e s p o n d i n g  r e s u l t  f o r  t h e  

c o n s e r v a t i o n  m o d e l s  g i v e n  b y  ( 2 . 3 2 )  we s e e  t h a t  a  c o e f f i c i e n t  

oj  ^ o f  t h e  s a m e  s i g n  and m a g n i t u d e  i n  ( 2 , 3 2 )  w o u ld  r e q u i r e  

oij, 0 w h e r e a s  f o r  t h e  s t e a d y  s t a t e  (_ = * / 0 .  The tv/o 

p o s s i b i l i t i e s  w o u ld  t h e r e f o r e  b e  d i s t i n g u i s h e d  b y  a p p e a l i n g  t o  

t h e  S r e s u l t s ,  c o r r e s p o n d i n g  t o  t h e  e q u a t i o n  ( 2 , 1 7 ) ,  w h i c h  

w o u ld  e s t a b l i s h  t h e  s i g n  i f  we a s su m e  t h a t  L  ^ 0  ^

K i s  know n,  and  u s e  t h e  c r i t e r i o n  e s t a b l i s h e d  f r o m  t h e  number  

c o u n t s .  V i c e  v e r s a  i f  t h e  s t e a d y  s t a t e  w e r e  n o t  r u l e d  o u t  b y  

t h e  r e s u l t s  o f  t h e  r e l a t i o n  ( w h ic h  o c c u r s  A i e n ,  a s su m in g

t h a t  K i s  known an d  L A o  a s  b e f o r e ,  t h e  e x p r e s s i o n  ( 2 , 1 8 )  

y i e l d s  4- L > o  ) i t  w ou ld  b e  d i s t i n g u i s h e d  f r o m  an

e v o l u t i o n a r y  m o d e l  b y  c h e c k i n g  t h e  c o e f f i c i e n t  o f  S' i n  t h e

number  c o u n t s .  I n  t h e  c a s e  o f  a n  e v o l u t i o n a r y  m ode l  t h i s

c o e f f i c i e n t  w o u ld  b e  >  — u n d e r  t h e  s u p p o s e d  c o n d i t i o n ,  

s i n c e  i t  i m p l i e s  o  , F o r  t h e  s t e a d y  s t a t e  t h e  c o e f f i c i e n t

i s  - .  q n .

By d i f f e r e n t i a t i o n  o f  ( 2 . 4 1 )  a n d  ( 2 , 1 7 )  we g e t  f o r  

t h e  g r a d i e n t  o f  t h e  l o g  N , r e l a t i o n

A  _  a  4_ . . .

P + £  f i + K )  'i z '•

— I  -̂-- I
( 2 . 4 3 )
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w h e r e  we h a v e  p u t  ® c o r r e s p o n d i n g  t o  t h e  a b s e n c e  of  g e n e r a l  

e v o l u t i o n  i n  t h e  s t e a d y  s t a t e ,  and p u t  I f o r  t h a t

mod e l  o

H e re  a g a i n  a n  i m p o r t a n t  d i f f e r e n c e  a r i s e s  b e t w e e n  t h e  

s t e a d y  s t a t e  a n d  t h e  m o de ls  f o r  w h i c h  t h e r e  i s  c o n s e r v a t i o n  o f  

g a l a x i e s  -  f o r  w h i c h  t h e  a p p r o p r i a t e  e q u a t i o n  i s  ( 2 , 3 3 ) ,  As

h a s  b e e n  r e m a r k e d  i n  S e c t ,  ( i v )  we c a n  e x p e c t  L ^ o  i n  an  

e x p a n d i n g  u n i v e r s e ,  s o  t h a t  w h a t e v e r  b e  t h e  v a l u e  o f  K ( c  4*5 

a t  mos t  ) a  s h a r p  d i f f e r e n c e  a r i s e s  i n  t h e  c o e f f i c i e n t s  S i n  

t h e  two c a s e s .  T h i s  w o u ld  b e  e s p e c i a l l y  n o t i c e a b l e  i f  t h e  

n e b u l a e  w e r e  p h o t o g r a p h e d  i n  r e d  l i ^ t  a t  w a v e l e n g t h s  w h e r e  

( e q u a t i o n  ( 1 , 4 1 ) )  when t h e  r a t i o  o f  t h e  c o e f f i c i e n t s  

w o u ld  ^  ^  i f  p o s i t i v e ,  and m i ÿ i t  even  b e  n e g a t i v e .

P u t t i n g  a s  a  f i r s t  a p p r o x i m a t i o n  t o  S a s  g i v e n  b y  ( 2 , 1 7 )

5 ^  IQ 
C T

and  s u b s t i t u t i n g  i n  ( 2 ,4 2  ) we h a v e  t h e  l o g  g r a d i e n t  i n

t e r m s  of vv> f o r  t h e  s t e a d y  s t a t e

• Vv̂ -

• • • (2 ,  43 )

I t  i s  t o  b e  n o t i c e d  t h a t  t h i s  f o r m u l a  a p p l i e s  a l s o  t o  

t h e  c o u n t s  o f  r a d i o  s o u r c e s  i n  t h e  s t e a d y  s t a t e ,  s i n c e  f o r  

t h a t  m o de l  t h e r e  i s  no  m a t h e m a t i c a l  d i f f e r e n c e  b e tv /e e n  t h e  

d i s c u s s i o n  o f  a  u n i f o r m  s u b - g r o u p  o f  t h e  g a l a x i e s  a n d  t h a t  o f  

t h e  g a l a x i  es th e m s  e l v es ,  T h e  d i f  f  e r  enc e t h e r  e f o r  e b e t w e e n  

t h e  f o r m u l a  ( 2 . 4 3  ) f o r  r a d i o  s o u r c e s  i n  t h e  s t e a d y  s t a t e  a n d
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t h e  c o r r e s p o n d i n g  f o r m u l a  ( 2 , 3 9 )  f o r  r a d i o  s o u r c e s  i n  t h e  

c o n s e r v a t i o n  m o d e ls  p r o v i d e s  s c o p e  f o r  a  d e c i s i v e  p a r t  t o  b e  

p l a y e d  b y  r a d i o  a s t r o n o m e r s  i n  t h e  s o l u t i o n  of t h e  c o s m o l o g i c a l  

p r o b l e m .  F o r  even i f  t h e  g r a d i e n t  d o e s  n o t  e xceed  . 6  i n  t h e  

c a s e  o f  t h e  e v o l u t i o n a r y  m o d e l s ,  a s  fo u n d  by  R y le  and S c h e a e r ,  

t h e  c o e f f i c i e n t  o f  L "  V   ̂ w h e re  W i s

H u b b l e ’s c o n s t a n t ,  i s  l i k e l y  t o  b e  s i g n i f i c a n t l y  d i f f e r e n t  

i n  t h e  two c a s e s .  T a k in g  o f o r  r a d i o  w aves  and c o

t h e  r a t i o  o f  t h e  c o e f f i c i e n t s  i s  a t  l e a s t  e q u a l  t o  7 ,

We s h a l l  end t h i s  d i s c u s s i o n  of  t h e  number c o u n t s  w i t h  a 

r e f e r e n c e  t o  s y s t e m a t i c  e r r o r  d u e  t o  s e l e c t i o n .  T h i s  i s  a 

g r a v e  d i f f i c u l t y  i n  t h e  c a s e  o f  t h e  number c o u n t s  s i n c e  a t  t h e  

d i s t a n c e s  w h e r e  t h e  c o u n t s  becom e  i m p o r t a n t  t o  e s t a b l i s h  a 

s e c o n d  o r d e r  t e r m  ( su c h  a s  t h e  t e r m  i n  f  i n  ( 2 , 3 2 ) )  t h e  l e s s  

b r i g h t  g a l a x i e s  may e s c a p e  d e t e c t i o n .  The e f f e c t  o f  t h i s  would  

b e  t o  lo w e r  t h e  a d j u s t a b l e  c o e f f i c i e n t s  i n  t h e  o b s e r v a b l e  

r e l a t i o n ,  w h ic h  i n c l u d e  t h e  s e c o n d  o r d e r  t e r m  o f  c r u c i a l  

impcr t a n c e .

In  t h e  c a s e  o f  t h e  r e l a t i o n  ( 2 , 3 2 )  f o r  t h e  c o n s e r v a t i o n  

m o d e ls  we s e e  t h a t  t h i s  l e a d s  t o  a  lo w e r  e s t i m a t e  of ^

t h a n  t h e  t r u e  v a l u e .  However t h e  d i s t i n c t i o n  b e tw e e n  a  

c o n s e r v a t i o n  m odel  and  t h e  s t e a d y  s t a t e  m odel  seems a t  t h e  v e r y  

l e a s t  a  p o s s i b i l i t y  b e c a u s e  o f  t h e  p r o n o u n c e d  d i f f e r e n c e  i n  

t h e  number c o u n t  f o r m u l a e  i n  t h e  two c a s e s .

A m ethod  w h ich  we s u g g e s t  i n  t h i s  t h e s i s  t o  e l i m i n a t e  

s e l e c t i v e  e f f e c t  i n  t h e  number c o u n t s  i s  a s  f o l l o w s .
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We h a v e  p o i n t e d  o u t  t h e  immense v a l u e  o f  t h e  l o g  

r e l a t i o n  g iv e n  by  ( 2 . 3 2 ) ,  and  i t s  c o u n t e r p a r t  f o r  t h e  s t e a d y  

s t a t e  ( 2 o 4 l ) ,  \ t i lo h .  m i ÿ i t  j u s t i f y  t h e  l a b o r i o u s  m e a su re m e n ts  

o f  r e d s h i f t  t o  t h e  same e x t e n t  a s  t h e  c o u n t s .  A c c o r d i n g  t o  

t h e  Tn ,  r  r e l a t i o n  ( 2 , 1 7 )  t h e  r e d s h i f t  o b s e r v a t i o n s  p r o v i d e  

v a l u e s  of  A and  6  i n  t h e  r e l a t i o n  = S 4- A 1 4-B

By e s t a b l i s h i n g  t h i s  p a r t i c u l a r  r e l a t i o n  f ro m  g a l a x i e s  of  t h e  

same o r d e r  o f  b r i g h t n e s s  i n  each  c l u s t e r  ( 5 t h  b r i g h t e s t  f o r  

ex am p le )  a  homogeneous sa m p le  o f  g a l a x i e s  i s  o b t a i n e d  w h ich  

f r e e s  t h i s  r e l a t i o n  f ro m  s e l e c t i v e  e r r o r .  A u n i f o r m  sam p le  

of  g a l a x i e s  would now a l s o  b e  o b t a i n e d  f o r  t h e  num ber  c o u n t s  

i f  o n l y  t h o s e  g a l a x i e s  w e re  c o u n t e d  whose  m a g n i t u d e s  n e v e r  

e x c e e d e d  b y  more t h a n  a  s u i t a b l e  f i x e d  amount a m a g n i t u d e  whose  

d e p e n d e n c e  on t h e  r e d s h i f t  would  b e  a c c o r d i n g  t o  t h e  

r e l a t i o n  g i v e n  a b o v e .  T h i s  r e l a t i o n  would b e  b a s e d  on t h e  

a v e r a g e  s t a n d a r d  m a g n i t u d e  Me o f  t h e  5 t h  b r i ^ t e s t  g a l a x y  i n  

l o c a l  c l u s t e r s ,  a  p o s s i b l e  e v o l u t i o n a r y  c h a n g e  of b e i n g

t a k e n  a c c o u n t  o f  b y  t h e  (\ t e r m  ( e q u a t i o n  ( 2 . 1 7 ) ) *  T h e  f i x e d  

m a g n i t u d e  r a n g e  w o u ld  o f  c o u r s e  b e  a r r a n g e d  t o  i n c l u d e  n e a r l y  

a l l  t h e  v i s i b l e  g a l a x i e s  o f  t h e  m ost  d i s t a n t  c l u s t e r s  b u t  would 

e x c l u d e  many n e a r e r  g a l a x i e s  o f  low i n t r i n s i c  l u m i n o s i t y .

(v i  ) M easu rem en ts  of  a n g u l a r  d i a m e t e r

M easu rem en ts  of  t h e  a n g u l a r  d i a m e t e r s  o f  t h e  g a l a x i e s  w e re  

made lo n g  ago b y  E .  H ubb le  ( M )  b u t  no i n f o r m a t i o n  o f  v a l u e  

was o b t a i n e d ,  p a r t l y  b e c a u s e  t h e  a n a l y s i s  was b a s e d  on E u c l i d e a n  

g e o m e t r y  i n  a  s t a t i c  u n i v e r s e  a n d  a l s o  b e c a u s e  o f  t h e
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t e c h n i c a l  d i f f i c u l t y  o f  d e t e r m i n i n g  a  d i a m e t e r  w h i c h  d i d  n o t  

d e p e n d  on t h e  t i m e  o f  p h o t o g r a p h i c  e x p o s u r e .  O b s e r v a t i o n s  

h a v e  b e e n  made a g a i n  r e c e n t l y  b y  W. A. Baum (2 0 ) , A s u i t a b l e  

e m p i r i c a l  d e f i n i t i o n  o f  t h e  d i a m e t e r  such a s  i s  s p e c i f i e d  b y  

l o c a t i n g  i t s  e x t r e m i t i e s  a t  p o i n t s  inhe re  t h e  b r i ^ t n e s s  f a l l s  

t o  a  c e r t a i n  f r a c t i o n  o f  t h a t  a t  t h e  c e n t r e ,  c o u p l e d  w i t h  

i m p r o v e d  i n s t r u m e n t a l  t e c h n i q u e  may make t h i s  a n  i m p o r t a n t  

c r i t  e r i o n  f o r  t h e  c o s m o l o g i c a l  p r o b l e m .  T he  measurement o f  

t h e  a n g u l a r  d i a m e t e r s  o f  c l u s t e r s  o f  g a l a x i e s  m i g h t  a l s o  l e a d  

t o  r  e s u l t s  o f  t h e o r e t i c a l  i m p o r t a n c e .

T he  t h e o r e t i c a l  f o r m u l a e  e s t a b l i s h e d  i n  t h e  p a p e r  by  

McGpea ( 1 0 ) , a l r e a d y  q u o t e d  i n  C h a p t e r  I  S e c t ,  ( v i i ) ,  f o r  t h e  

m easuream ents  o f  a n g u l a r  d i a m e t e r  w e r e  b a s e d  on  t h e  a s s u m p t i o n  

of a  c o n s t a n t  i n t r i n s i c  l i n e a r  d i a m e t e r  o f  t h e  g a l a x y  i n d e p e n d e n t  

o f  e p o c h ,  a n d  a  c o n s t a n t  a b s o l u t e  l u m i n o s i t y .  The  f o r m u l a e  

v /e re  i n  f a c t  s u g g e s t e d  a s  a  b a s i s  f o r  an  o b s e r v a t i o n a l  c h e c k  

on t h e  V a l i d i t y  o f  t h e  m e t r i c  ( 1 , 2  ) o f  t h e  e x p a n d i n g  u n i v e r s e  

and  i n  p a r t i c u l a r  o f  t h e  D o p p l e r  e f f e c t  d e r i v e d  t h e r e f r o m ,  

B o l o m e t r i c  l u m i n o s i t i e s  w e r e  u s e d  s o  t h a t  t h e r e  was no  i n c o r p o r 

a t i o n  o f  t h e  K c o r r e c t i o n ,  o r  o f  c o u r s e  o f  t h e  e v o l u t i o n a r y  L  

c o r r e c t i o n ,  w h i c h  we s h a l l  i n c l u d e  i n  o u r  a n a l y s i s  h e r e ,  A 

s i m i l a r  a n a l y s i s  t o  t h a t  o f  M cGrea,  b u t  w i t h  c o n s i d e r a b l y  m o re  

e l a b o r a t i o n ,  was i n c l u d e d  i n  a  p a p e r  b y  E ,  H u b b l e  a n d  R .G .T o lm a n  

( 1 9 )  l a t e r  i n  1 9 3 5 ,  T h i s  i n c l u d e d  a n  a n a l y s i s  o f  t h e  K t e r m ,

b u t  o t h e r w i s e  t h e  a s s u m p t i o n s  w e r e  t h e  same a s  i n  M c G re a ’s p a p e r ,
I

I n  a d d i t i o n ,  a s  a l r e a d y  m e n t i o n e d  i n  C h a p t e r  S e c t ,  (v \) ,  t h e i r



—55 —
f o r m u l a e  i n c o r p o r a t e  a  d i s t a n c e  w h i c h  i s  n e i t h e r  t h e  l u m i n o s i t y  

d i s t a n c e  n o r  t h e  d i s t a n c e  b y  a p p a r e n t  s i z e .

T h e r e  i s  a  n e e d  t h e r e f o r e  f o r  a n  a n a l y s i s  w h ic h  d o e s  n o t  

m ak e  t h e  a s s u m p t i o n s  m e n t i o n e d  a b o v e ,  b u t  i s  i n  f a c t  d i r e c t e d  

t o w a r d s  p r o v i d i n g  a  b a s i s  f o r  d e t e c t i n g  t h e  e v o l u t i o n ,  i f  a n y ,  

o f  t h e  u n i v e r s e .  The p a p e r  b y  H. P .  R o b e r t s o n  ( 1 7 )  i n  1955 

c o n t a i n s  o n l y  a  r e p r o d u c t i o n  o f  t h e  p r e v i o u s  w o r k  a s  r e g a r d s  

a n g u l a r  d i a m e t e r s ,  w h i l e  i n  h i s  r e c e n t  b o o k  t h e  a n a l y s i s  by  

G-, C,  Me V i t  t i e  ( 16} s e a n s  t o  b e  b a s e d  on  i n f e r e n t i a l  e r r o r  

and  i s  l o g i c a l l y  u n s a t i s f a c t o r y .  The  f o l l o w i n g  a n a l y s i s  b y  

t h e  p r e s e n t  a u t h o r  i s  c o n s o n a n t  w i t h  t h e  o t h e r  f o r m u l a e  o f  

t h i s  t h e s i s .

I f  &  i s  t h e  p r o p e r  l i n e a r  d i a m e t e r  o f  a  g a l a x y ,  a s  i t  

w o u ld  b e  i iB a s u r e d  b y  a n  o b s e r v e r  on i t  a t  t h e  t i m e  o f  e m i s s i o n ,  

t h e n  t h e  a n a l y s i s  of C h a p t e r  I  S e c t ,  ( v i i )  i m p l i e s  t l i a t  we c a n  

w r i t e  ( c o f  #C..42 ) )

cC =  T G............................... ......................................... (2 ,4 4  )

w h e r e  A© i s  t h e  a n g u l a r  d i a m e t e r  m e a s u r e d  b y  t h e  o b s e r v e r  a t  

t h e  s p a t i a l  o r i g i n  o f  t h e  c o o r d i n a t e s  o f  t h e  m e t r i c  ( 1 , 2 } ,  u s i n g  

t h e  e m i t t e d  l i ^ t ,  v ; h i l e  T  i s  t h e  d i s t a n c e  b y  a p p a r e n t  s i z e  

i n t r o d u c e d  i n  ( l , 4 2  ) .  (However t h i s  d i s t a n c e  w o u ld  o n l y  b e  

a r r i v e d  a t  b y  t h e  o b s e r v e r ,  u s i n g  E u c l i d e a n  g e o m e t r y  c a l c u l 

a t i o n s ,  i f  oL was t h e  same a s  t h e  d i a m e t e r  d o  o f  g a l a x i e s  l o c a l  

t o  t h e  o b s e r v a *  a t  t h e  o r i g i n ,  i . e .  i f  t h e r e  was no  e v o l u t i o n a r y  

c h a n g e ) .  The  e x p a n s i o n  o f  T  i n  p o w e r s  of  T  i s  g i v e n  b y

( 2 . 1 0 ) ,  s o  t h a t  e l i m i n a t i n g  7  b y  ( 2 . 1 5 )  we g e t

 - ( 2 . 4 5 )
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Whence b y  (2 ,  44 )

_  ^ 3 -  ........... ( 2 . 4 6  )

On t a k i n g  l o g a r i t h m s  we h a v e  on  e x p a n s i o n  t o  o r d e r

4 ,A "  +  H I ................................................................................................................................

The q u a n t i t y  i s  known f r o m  e i t h e r  t h e  Y n o b s e r v a t i o n s

b a s e d  on ( 2 * 1 7 )  ( a s s u m in g  K a n d  L_ a r e  k n o w n ) or d i r e c t l y  

f r o m  t h e  number  c o u n t s ,  v i a  s a y  ( 2 , 3 2 ) ,  The s y s t e m t i c  

v a r i a t i o n  o f  t h e  q u a n t i t y  on t h e  l e f t  of  ( 2 , 4 7 )  would, t h e r e f c r e  

i n d i c a t e  t h e  e v o l u t i o n a r y  c h a n g e  i n  i n t r i n s i c  l i n e a r  d i a m e t e r  

o f  t h e  g a l a x i e s .  F o r  t h e  c a s e  o f  t h e  s t e a d y  s t a t e  i n  w h i c h  (L 

m u s t  b e  s t a t i s t i c a l l y  c o n s t a n t ,  p u t t i n g  I we h a v e  t h e

i m p o r t a n t  r e l a t i o n  f o r  o b s e r v a b l e  d a t a

^  ^ 434^ — C o n s t a n t .( 2 . 4 8 )

The q u a n t i t i e s  m e a s u r e d  b y  Baum seem t o  b e  a n g u l a r  d i a m e t e r

ÙG a n d  l u m i n o s i t y  (o r  e q u i v a l e n t l y  a p p a r e n t  m a g n i t u d e  v a  ) ,

To d e a l  w i t h  t h i s  t h e  o n l y  s a t i s f a c t o r y  p r o c e d u r e  seems to  b e 

a s  f o l l o w s .  E q u a t i o n  ( 1 . 4 4 )  g i v e s  t h e  r e l a t i o n  b e t w e e n  

l u m i n o s i t y  d i s t a n c e  a n d  d i s t a n c e  b y  a p p a r e n t  s i z e .  E l i m i n a t i n g  

^  b y  ( 2 * 4 4 )  we g e t ,

n =  .( 2 , 4 9 )
—so  t h a t  on t a k i n g  l o g s  and u s i n g  ( 1 .3 8  ) we d e r i v e  

I  -  i - o î t ( K ^ - L )  J I +.» =  f  1

E x p a n d i n g  t h e  b i n o m i a l  l o g  we w r i t e  t o  o r d e r  ^

-t--1 -  I Oît (K+1-++') - I  . . . . ( 2 , 5 0 )

We h a v e  shown t h a t  L  o r K + L m a y  b e  d e r i v e d  f r o m  t h e  num ber  c o u n t s
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S u b s t i t u t i o n  i n  t h i s  e q u a t i o n  w o u ld  t h e r e f o r e  p e r m i t  t h e  

d e t e c t i o n  o f  a  s y s t e m a t i c  v a r i a t i o n  i n  d  . A l t e r n a t i v e l y  we 

c a n  t r a n s p o s e  t h e  e q u a t i o n  a n d  p u t  a l l  t h e  t e r m s  w h i c h  d e p e n d  

on e v o l u t i o n  on t h e  r i ^ t ,  t h u s

- f r t  Û Ô  t  I  y -  -  I O Ÿ k  ^  • i - n  L - ' i  - 1
"  ^  ’ . . . . ( 2 . 5 1 )

I n  t h e  a b s e n c e  o f  e v o l u t i o n  t h e n  c o n s t a n t ,  so  t h a t

t h e  l e f t  h a n d  s i d e  w o u ld  b e  c o n s t a n t  # We c a n  e l i m i n a t e  t h e

n e c e s s i t y  f o r  r e d s h i f t  m e a s u r e m e n t  b y  s u b s t i t u t i n g  f o r

t h e  f i r s t  a p p r o x i m a t i o n  t o  ( 2 . 1 7 ) ,  v i z *  ^  j  ID

and d e r i v e  t h e  r e s u l t  d i r e c t l y  a p p l i c a b l e  t o  B aum ’s m e a s u r e m e n t s

- ( j - e s b I I ,

............... ( 2 . 5 2 )

30 t h a t  i n  t h e  a b s e n c e  o f  d e t e c t a b l e  e v o l u t i o n a r y  e f f e c t ,  w h i c h  

must  c e r t a i n l y  h o l d  i n  t h e  c a s e  o f  t h e  s t e a d y  s t a t e  t h e o r y  t h e  

f o l l o w i n g  o b s e r v a t i o n a l  r e l a t i o n  m u s t  b e  s a t i s f i e d  

6 6  4- 1  - || t68rV,ot,yK-M) j  ^

e . e • (2 . 53  }

w o u l d  b e  known f r o m  t h e  B u b b le  e x p a n s i o n ,  w h i l e  K c o u l d  b e  

d e r i v e d  e m p i r i c a l l y  f r o m  l o c a l  g a l a x i e s  a c c o r d i n g  t o  ( 1 * 3 6 ) .

I t  i s  p o s s i b l e ,  t h o u ÿ i  u n l i k e l y ,  t h a t  t h e  v a r i a t i o n s  i n  t h e  

tw o  e v o l u t i o n a r y  t e r m s  on t h e  r i g h t  of  ( 2 , 5 2 )  m ig h t  c a n c e l  o u t *  

I n  t h i s  c a s e  t o  d i s t i n g u i s h  f r o m  t h e  s t e a d y  s t a t e  we m us t  

a p p e a l  t o  ( 2 , 4 7 ) .

The a n a l y s i s  b y  G. 0 .  Me V i t  t i e ,  a l r e a d y  r e f e r r e d  t o ,  i s  

b a s e d  on  a  q u a n t i t y  j  w h i c h  i n  o u r  n o t a t i o n  m i g h t  b e  w r i t t e n  

(y(Xo) e ( -A o  ) b ) r f ) ^o  w h ic h  h e  c a l l s  t h e  t o t a l  e n e r g y  o f
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t h e  s o u r c e .  However t h i s  q u a n t i t y  d e p e n d s  on S e v a i  i f  we 

i g n o r e  t h e  p r e s e n c e  o f  t h e  s e n s i t i v i t y  f u n c t i o n .  He t h e n  g i v e s  

a  r e l a t i o n  i n v o l v i n g  a n g u l a r  d i a m e t e r s ,  l u m i n o s i t i e s ,  a n d  t h e  

q u a n t i t y  3 f o r  two d i f f e r e n t  s o u r c e s  a n d  c o n c l u d e s  t h a t  i f  t h e  

J  c a l c u l a t e d  t h e r e f r o m  a r e  d i f f e r e n t  t h e n  t h i s  g i v e s  i n f o r m 

a t i o n  a s  t o  e v o l u t i o n .  T h i s  i s  n o t  so  s i n c e  t h e y  w o u ld  b e  i n  

g e n e r a l  u n e q u a l  d u e  t o  t h e  d e p e n d e n c e  on S e x p l i c i t l y ,  r e g a r d 

l e s s  o f  a n y  a d d i t i o n a l  e v o l u t i o n a r y  e f f e c t .

( v i i )  T h e  m e a s u r e m e n t s  of  S t e b b i n s  and  W hit  f o r d

T h e  n a t u r e  o f  t h e  m e a s u r e m o i t s  o f  t h e  n e b u l a r  s p e c t r a  

b y  S t e b b i n s  a n d  Whit  f o r d  ( 1 1 ,  18} h a s  b e e n  d e s c r i b e d  i n  

C h a p t e r  I  S e c t .  ( v i  ) .  T he  t h e o r y  o f  t h  dLr i m p o r t a n t  a n a l y s i s ,  

w i i ich  f o l l o w s  l o g i c a l l y  f r o m  t h e  p r e v i o u s  t h e o r y  i n  t h i s  t h e s i s ,  

i s  a s  f o l l o w s .

S u p p o s e ,  b y  m eans  o f  f i l t e r i n g ,  t h e  r a d i a t i o n  f r o m  a 

d i s t a n t  g a l a x y  i s  c o n f i n e d  t o  a  n a r r o w  w ave  b a n d  f o r  w h i c h  t h e  

e f f e c t i v e  w a v e l e n g t h  o f  r e c e i v e d  e n e r g y  i s  Xo • L e t  t h e  

c o r r e s p o n d i n g  h  e t  e r o  ch rom a t i c  m a g n i t u d e  b e vn ,  a n d  s u p p o s e  t h a t  

h e t e r o c h r o m a t i c  a b s o l u t e  m a g n i t u d e  of  a  l o c a l  g a l a x y  o f  t h e  

same t y p e ,  c o r r e s p o n d i n g  t o  t h e  same w av e  b a n d  i s  tAo « Then  

e q u a t i o n  (1 * 3 8 )  a p p l i e s  w i t h  K and L  g i v e n ,  f o r  n a r r o w  w a v e 

b a n d s  b y  (1. 39) ,  1. 40) .  L e t  a l l  t h e s e  q u a n t i t i e s ,  w i t h  d a s h e s ,  

r e f e r  t o  a n o t h e r  n a r r o w  w a v e b a n d  e l s e w h e r e  i n  t h e  r e c e i v e d  

s p e c t r u m .  H ence  we c a n  w r i t e3Ci:rum. nenuw >

D =  +1

M , ?  =  1 { w ! - M ' . '  -  )  +1
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t o  o r d e r  ^ ,  s o  t h a t  on s u b t r a c t i o n  we g e t  

V-.Vw'-= fA o - rA o - I -  l   ( 2 . 5 4 )

I f  C i s  t h e  c o l o u r  i n d e x  f o r  t h e s e  two w a v e b a n d s  i n  t h e  

c a s e  o f  t h e  d i s t a n t  g a l a x y ,  an d  i s  t h e  same i n d e x  f o r  t h e  

l o c a l  g a l a x y  ( o r  o t h e r  s u i t a b l e  l o c a l  s t a n d a r d )  t h e n

t  •  t ,  +  |  O U { ( K - K ' ) i - ( ! - - U ' ) j T   ( 2 . 5 5 )

S u p p o s e ,  i n  t h e  f i r s t  i n s t a n c e ,  t h a t  L - L *  -  O s o  t h a t  b y  

e q u a t i o n  ( 1 , 4 0 )  t h e r e  i s  no  s e c u l a r  v a r i a t i o n  i n  a b s o l u t e  

l u m i n o s i t y ,  t h e n  p r o v i d e d  k  ^  K* we h a v e  The

d i f f e r e n c e  i n  t h e  c o l o u r  i n d i c e s  f o r  n e a r  a n d  d i s t a n t  g a l a x i e s  

o f  t h e  sam e t y p e  a r i s e s  i n  t h i s  c a s e  f r o m  t h e  d i f f e r e n t i a l  

e f f e c t  o f  t h e  r e d s h i f t  on t h e  r e c e i v e d  s p e c t r u m .  T h i s  i s  a  

q u a n t i t y  w h i c h  h a s  t o  b e  a l l o w e d  f o r  i n  t h e  i n v e s t i g a t i o n  o f  a

p o s s i b l e  e v o l u t i o n a r y  e f f e c t .  K and  VC*will o f  c o u r s e  b e

known f r o m  a n  a n a l y s i s  o f  a  l o c a l  s p e c t r u m  o f  t h e  same t y p e  o f  

n e b u l a  a n d  an e m p i r i c a l  k n o w l e d g e  o f  t h e  s e n s i t i v i t y  f u n c t i o n  

f o r  t h e  c o m b in e d  e f f e c t s  o f  a t m o s p h e r e  and  p h o t o g r a p h i c  p l a t e ,  

a p p l i e d  to  e q u a t i o n  ( 1 . 3 9 ) .

An a d d i t i o n a l  e f f e c t  on t h e  c o l o u r  i n d e x ,  a r i s i n g  f r o m  

a d i f f e r e n t i a l  e f f e c t  w i t h  r e s p e c t  t o  w a v e l e n g t h  o f  a  s y s t e m a t i c  

e v o l u t i o n a r y  c h a n g e  i n  t h e  s p e c t r u m ,  a p p e a r s  i f  L —^

E q u a t i o n  ( 2 . 5 5 )  d e t e r m i n e s  U - l ! f o r  d i f f e r e n t  p a i r s  o f  w a v e 

b a n d s .  As h a s  b e e n  m e n t i o n e d  i n  C h a p t e r  I  S e c t .  ( V i ) ^ i n  t h e i r  

o r i g i n a l  tv/o c o l o u r  m e a s u r e m e n t s  i n  t h e  b l u e  a n d  y e l l o w  

S t e b b i n s  and  W hit  f o r d  f o u n d  r e l a t i v e l y  e x c e s s  r a d i a t i o n  i n  t h e

y e l l o i v  f o r  e l l i p t i c  n e b u l a e .  As a l s o  s t a t e d  i n  C h a p t e r  I  ^
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W hit  f o r d  ( 1 8 )  ^by s e v e n  c o l o u r  p h o t o e l e c t r i c  a n a l y s i s  n m  f i n d s  

no  s i g n i f i c a n t  d i f f e r e n c e  i n  t h e  d i f f e r e n t  e l l i p t i c  s p e c t r a  

a t  v a r y i n g  d i s t a n c e s .  T he  o r i g i n a l  e f f e c t  h a s  b e e n  t r a c e d  t o  

t h e  s h a r p  d i p  i n  t h e  e n e r g y  c u r v e  o f  t h e  e l l i p t i c  g a l a x y  

w h i c h  was u s e d  a s  a  s t a n d a r d ,  i n  t h e  n e i ^ b o u r h o o d  o f  t h e  v i o l e t  

end o f  t a  e s p e c t r u m .

However we e m p h a s i s e  a g a i n  h e r e  t h a t  m e a s u r e m e n t s  o f  t h i s  

t y p e  p r o v i d e  o n l y  r e l a t i v e  m e a s u r e s  o f  t h e  e n e r g y  i n  d i f f e r e n t  

c o l o u r s .  W h i t f o r d ’s l a t e s t  r e s u l t s  w o u ld  t h e r e f o r e  a p p a r e n t l y  

r u l e  o u t  r e l a t i v e  e v o l u t i o n a r y  t r e n d s  i n  d i f f e r e n t  p a r t s  o f  t h e  

s p e c t r u m .  U n t i l  we p o s s e s s  a  k n o w l e d g e  o f  t h e  a b s o l u t e  v a l u e  

of L f o r  o n e  c o l o u r  o f  t h e  s p e c t r u m  h o w e v e r  we c a n n o t  s a y  t h a t  

t h e  t o t a l  e n e r g y  i s  n o t  c h a n g i n g  v / i t h  e p o c h . A k n o v / le d g e  o f  L  

c a n  b e  p r o v i d e d  f r o m  t h e  number c o u n t s ,  o r  a  c o m b i n a t i o n  o f  t h e  

num ber  c o u n t s  a n d  r e d s h i f t  d a t a ,  a s  we h a v e  s e e n  e a r l i e r  i n  t h i s  

c h a p t e r .  F o r  t h i s  p u r p o s e  t h e  c o u n t s  w o u ld  h a v e  t o  b e  made 

of  a  p a r t i c u l a r  t y p e  o f  g a l a x y  ( e l l i p t i c  s a y )  a n d  p h o t o g r a p h e d  

i n  a  d e f i n i t e  c o l o u r ,  w i t h  t h e  same p r o c e d u r e  f o r  t h e  r e d s h i f t  

m e a s u r e m e n t s .  I n  t h e  c a s e  o f  t h e  u s e  o f  t h e  r e l a t i o n  ( 2 , 3 2 )  

t o  o b t a i n  t h i s  l i m i t a t i o n  w o u ld  o f  c o u r s e  n o t  b e  n e c e s s a r y

f o r  t h e  num ber  c o u n t s  .  S u b s t i t u t i o n  i n t o  t h e  m a g n i t  ud e - r  e d s h i f  t  

r e l a t i o n ,  f o r  t h e  p a r t i c u l a r  t y p e  o f  g a l a x y  a t  t h e  p a r t i c u l a r  

w a v e l e n g t h ,  o f  t h e  v a l u e  f o r  d e r i v e d  f r o m  t h e  number

c o u n t s  w o u l d  p r o v i d e  t h e  a b s o l u t e  v a l u e  o f  L_ f o r  t h a t  t y p e  

of g a l a x y  a t  t h e  p a r t i c u l a r  w a v e l e n g t h .

F o r  t h e  p a r t i c u l a r  c a s e  o f  t h e  s t e a d y  s t a t e  we m us t  h a v e
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on t h e  a v e r a g e  L= L = O and  s o  t h e  S t e b b i n s  W h i t f o r d  t y p e  of  

m e a s u r e m e n t s  may p r o v i d e  a n  i m p o r t a n t  o b s e r v a b l e  c r i t e r i o n  f o r  

t h e  s o l u t i o n  o f  t h e  c o s m o l o g i c a l  p r o b l e m ,  i f  t h e y  a r e  u s e d  i n  

c o n j u n c t i o n  m t h  t h e  o t h e r  o b s e r v a b l e  r e l a t i o n s .

( v i i i )  T e s t s  on t h e  n a t u r e  o f  t h e  r e d s h i f t

As m e n t i o n e d  i n  c o n n e c t i o n  w i t h  t h e  f o r m u l a  ( 1 . 7 )  f c r  t h e  

D o p p l e r  r e d s h i f t ,  a r i s i n g  i n  an e x p a n d in g  u n i v e r s e  c o v e r e d  b y  

our  g e n e r a l  m e t r i c  ( 1 . 2 ) ,  a l t e r n a t i v e  e x p l a n a t i o n s  a s  t o  t h e  

o r i g i n  o f  t h e  o b s e r v e d  r e d s h i f t  h a v e  b e e n  g i v e n  i n  t h e  p a s t .  

D e n i a l  o f  t h e  D o p p l e r  o r i g i n  o f  t h e  r e d s h i f t  l o g i c a l l y  i m p l i e s  

a  s t a t i c  u n i v e r s e ,  f o r  w h ich  a  m echan ism  m ust  b e  f o u n d  t o  

e x h i b i t  a  r e d s h i f t  p r o p o r t i o n a l  t o  d i s t a n c e .

I n  l o o k i n g  f o r  t e s t s  t o  e s t a b l i s h  t h e  D o p p l e r  e f f e c t  we do
n e e d  no t  c o n c e r n  o u r s e l v e s  w i t h  t h o s e  s t a t i c  u n i v e r s e s ,  a c h i e v e d ^  

b y  E ,  A. M i ln e  (26 ) by  t h e  a r t i f i c e  o f  a  t i m e  t r a n s f o r m a t i o n  on 

an  ex p an d in g  u n i v e r s e  i n  A^hich t h e  f r e q u e n c i e s  o f  t h e  c h a r a c t e r 

i s t i c  a t o m i c  e m i s s i o n s  i n c r e a s e  w i t h  e p o c h ,  s i n c e  i t  would  b e  

j u s t  a s  l e g i t i m a t e  t o  c h o o s e  o u r  c l o c k  m ech an ism  a p p r o p r i a t e  t o  

t h e  e x p a n d in g  m odel  w i t h  t h e  u s u a l  a s s u m p t i o n  t h a t  t h e  

f r e q u e n c i e s  o f  a to m i c  v i b r a t i o n s  a r e  i n d e p e n d e n t  o f  e p o c h ,  i . e .  

we c a n  p o s t u l a t e  a to m ic  c l o c k s .  T h e r e  r e m a i n  t h o s e  h y p o t h e s e s  

su c h  a s  t h a t  b y  F . Z w icky  (2 7 )  by  w h i c h  f o r  some unknown r e a s o n  

t h e  e n e r g y  o f  a  p h o t o n  becom es d e g r a d e d  w i t h  t h e  p a s s a g e  of 

t i m e  b e tw e e n  e m i s s i o n  and r e c e p t i o n  ( i n  a  manner p r o p o r t i o n a l  

t o  d i s t a n c e ) ,  and p e r h a p s  t h e  t y p e  o f  p r o j e c t i v e  u n i v e r s e  

r e c e n t l y  p r o p o s e d  b y  E .  H o lm b erg  ( 2 8 ) .
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T e s t s  b a s e d  on t h e  number  c o u n t s  and a p p a r e n t  d i a m e t e r  

o f  g a l a x i e s  w e r e  p r o p o s e d  by  E. H u bb le  and  R .G .  Tolman (19 )  

i n  1 9 3 5 .  F o r  t h e  p u r p o s e s  of c o m p a r i s o n  t h e y  a d o p t e d  t h e  

E i n s t e i n  u n i v e r s e  a s  t h e  s t a t i c  u n i v e r s e .  T h i s  i s  r a t h e r  

u n s a t i s f a c t o r y  s i n c e  on t h e  u s u a l  i n t e r p r e t a t i o n  t h e  E i n s t e i n  

u n i v e r s e  p r o v i d e s  no  a p p a r e n t  m echan ism  f o r  r e d s h i f t  Ah a t  e v e r  

and was i n  any  c a s e  p r o v e d  by  E d d in g t o n  t o  b e  u n s t a b l e .  

F u r t h e r m o r e  t h e  a n g u l a r  d i a m e t e r  t e s t  was b a s e d  on t h e  

a s s u m p t i o n  o f  c o n s t a n t  i n t r i n s i c  d i a m e t e r ,  and t h e  number c o u n t s  

on c o n s t a n t  a b s o l u t e  m a g n i t u d e ,  w h ic h  i n  a s t a t i c  u n i v e r s e  i s  

u n l i k e l y  s i n c e  i t  d e n i e s  t h e  p o s s i b i l i t y  of e v o l u t i o n  to v fa rd s  a 

s t a t e  o f  t h e rm o d y n a m ic  e q u i l i b r i u m .

L a c k in g  s t a t i c  u n i v e r s e s  Y d th  c o n c r e t e  p r o p e r t i e s  t o  

p r o v i d e  a  b a s i s  f o r  an a l t e r n a t i v e  t h e o r y  (which  of c o u r s e  

s t r e n g t h e n s  t h e  p o s i t i o n  o f  t h e  e x p a n d in g  u n i v e r s e  t h e o r y )  

p e r h a p s  t h e  b e s t  t y p e  o f  a p p r o a c h  i s  a s u g g e s t i o n  b y  WoH.McGrea 

( i Q ) t h a t  any  p e r i o d i c  phenomenon such  a s  t h e  l u m i n o s i t y  o f  t h e  

G e p h e id s  m us t  e x h i b i t  t h e  D o p p l e r  e f f e c t  i f  i t  i s  g e n u i n e .

I t  w ould  b e  h a r d  to  i m a g i n e  an  a l t e r n a t i v e  t h e o r y  of  t h e  r e d 

s h i f t  w h ich  c o u ld  a f f e c t  s u c h  a d i f f e r e n t  phenomenon i n  t h e  same 

way a s  l i g h t  i t s e l f .

U n f o r t u n a t e l y  t h e  G e p h e id s  c a n n o t  b e  d e t e c t e d  i n  r e g i o n s  

of s i g n i f i c a n t  r e d s h i f t .  A m ost  p r o m i s i n g  a l t e r n a t i v e  h a s  

b e e n  s u g g e s t e d  and a n a l y s e d  r e c e n t l y  b y  S . N . M i l f o r d  (2 9 )  >

He s u g g e s t s  t h e  s t u d y  o f  t h e  v e r y  b r i  g h t  t y p e  I  s u p e r n o v a  f o r  

v h i c h  t h e  c o n s i s t e n t  n a t u r e  o f  t h e  l i g h t  c u r v e  h a s  b e e n
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e s t a b l i s h e d *  M i l f o r d  h o w e v e r  makes a s s u m p t i o n s  i n  h i s  

d e r i v a t i o n  Wnioh a r e  i n c o r r e c t ,  a r i s i n g  f r o m  t h e  f a c t  t h a t  i n  

h i s  a n a l y s i s  h e  e f f e c t i v e l y  w o r k s  i n  t e r m s  of  b o l o m e t r i c  

m a g n i t u d e s  and  d o e s  n o t  a l l o w  f o r  t h e  s e l e c t i v e  e f f e c t s  a r i s i n g  

f r o m  r  e d s h i f t . A l t h o u g h  M i l f o r d  rm k es  r e f e r e n c e  to  t h e  K 

c o r r e c t i o n  w h ic h  w ou ld  a c t u a l l y  h a v e  t o  b e a p p l i e d  we s h a l l  show 

t h a t  i t  i s  n o t  i n  f a c t  t h e  u s u a l  K c o r r e c t i o n  t h a t  i s  i n v o l v e d .  

C o n s e q u e n t l y  M i l f o r d ’s r e s u l t  i s  i n c o r r e c t .

A c c o r d i n g  t o  e q u a t i o n  ( l . 2 y j  we c a n  e x p r e s s  t h e  m e a su re d  

( h e t e r o c h r o m a t i c ) l u m i n o s i t y  o f  a  d i s t a n t  s u p e r n o v a  i n  t h e  

f o r m

4 ^ =  ^  ^  . . . . ( 2 . 5 6 )

ih. er e a l l  t h e  q u a n t i t i e s  h a v e  t h e  i n t e r p r e t a t i o n s  o b v i o u s  f r o m  

t h e  a n a l y s i s  i n  c o n n e c t i o n  v d t h  ( 1 . 2 9 ) ;  i n  p a r t i c u l a r  t  i s  

t h e  c o s m o l o g i c a l  epoch o f  e m i s s i o n ,  t h a t  i s  a s  w o u ld  b e  

r e g i s t e r e d  on t h e  c l o c k  o f  a n  o b s e r v e r  i n  t h e  n e i g h b o u r h o o d .  By 

d e f i n i t i o n  o f  m a g n i t u d e  t h e  a p p a r e n t  ( h e t  e ro  c h ro m â t  i c  ) m a g n i t u d e  

r e g i s t e r e d  i s

-  L ’S  4- c o n s t a n t   ( 2 , 5 7 )

ITow ^ ( [A c )  E ̂  , t )  >o

.................... e . , 3 )

Hence Vw
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We now d i f f e r e n t i a t e  m w i t h  r e s p e c t  t o  t h e  t i m e  of  o b s e r v a t i o n

to  , n o t i n g  t h a t  f o r  a  s u p e r n o v a  e x p l o s i o n  t h e  v a r i a t i o n  of
^  C fHm a g n i t u d e  t a k e s  p l a c e  i n  a  p e r i o d  d u r i n g  w h ic h  ̂ c h a n g e  i n  c o r  U

i s  u t t e r l y  n e g l i g i b l e *  Hence  t o  o r d e r  J  we can  w r i t e

(A.WA. _  — I'S: ^0— i  é  ^  1

I  e ChG dh -  ^J^rOc) e'C>0, t) ^Ao )

« H e r e  É ^ « ) t ) = -  ^  ^ E(Ao,t:)j

Ê  0 « ) t )  -  ^ 6 ) j

By (1*5 J , (1*8 ) we h a v e  ~ ~hT* * Hence t o  o r d e r  I'O

roQ
Ab .-z rW. L4’)é(Kt)ctu
'**• ”  / " W  £ 0 ' * . t )    °

‘* ® ‘ ® r / ^ î N A o E j » , ^ }
( -  * t r w  éM,() eii. 7   (2.60)

^  t )  /

We now c o n s i d e r  a  s u p e r n o v a  n e a r  t h e  o b s e r v e r  f o r  w h ic h  J”

i s  e f f e c t i v e l y  z e r o .

L e t  s u f f i x  s ta r t l e  a p p l y  t o  t h i s  c a s e  .

J^j(d^)é{k,(r)f fh  I ............ (2.61)

-  PÎyr\^ . -^(j,  b) . /  1  ^ Q o f h )  d h

I

k - C * ^  (*« » ^*)
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S i n c e  M i l f o r d  d o e s  n o t  i n c l u d e  t h e  s e n s i t i v i t y  f u n c t i o n  slXo) 

i n  h i s  d e f i n i t i o n  o f  a b s o l u t e  l u m i n o s i t y ,  so  t h a t  h e  e f f e c t i v e l y  

t a k e s  I ,  h e  i s  a b l e  t o  p u t  t h e  e x p r e s s i o n  i n  c u r l y  b r a c k e t s

e q u a l  t o  u n i t y  by  i d e n t i f y i n g  t h e  p h a s e  of  t h e  l o c a l  l i g h t  c u r v e  

c o r r e s p o n d i n g  t o  ^jvith th a . t  o f  t h e  d i s t a n t  s u p e r n o v a  a t  

p h a s e  c o r r e s p o n d i n g  t o  t  ,  w i t h o u t  n e c e s s a r i l y  a s s u m in g  t h a t  t h e  

a b s o l u t e  l u m i n o s i t i e s  a t  c o r r e s p o n d i n g  p h a s e s  a r e  e q u a l .  We 

c a n  o n l y  do  t h i s  c l e a r l y  i f  ^ h i c h  i s  c e r t a i n l y  n o t  t h e

c a s e  i n  p r a c t i c e .  However i f  we exam ine  t h e  s u p e r n o v a  i n  a  

s u f f i c i e n t l y  n a r r o w  wave b a n d  (a p a r t i c u l a r  c o l o u r  f i l t e r )  t h e n  

we n e e d  o n l y  c o n s i d e r  t h e  e x p r e s s i o n s  i n  c u r l y  b r a c k e t s  i n  t h e  

s m a l l  r a n g e  dAo a t  t h e  p a r t i c u l a r  w a v e l e n g t h  s o  t h a t  t h e  

t o t a l  f a c t o r  a p p r o x i m a t e s  t o  u n i t y  a s  M i l f o r d  a s s u m e s .

We n o t e  h o w e v e r  t h a t  e v e n  on t h i s  a s s u m p t i o n  t h e  e x p r e s s i o n  

g i v e n  by  ( 2 , 6 0 )  d o e s  n o t  becom e  u n i t y .  I n  f a c t  our  f i n a l  

r e s u l t  i s  ,  )

c t t o  I 4  \  dAr^ • » ..................

Thus t h e  t i m e s  b e t w e e n  c o r r e s p o n d i n g  p h a s e s  a r e  n o t  e x a c t l y  i n

t h e  D o p p l e r  r a t i o  I - I+-X a s  f o u n d  by  M i l f o r d .  However a  

s y s t e m a t i c  a n a l y s i s  o f  t h e  s u p e r n o v a  l i g h t  c u r v e s  c o u l d  no 

d o u b t  y i e l d  l i m i t s  f o r  b) i n  t h e  n e i ^ b o u r h o o d  o f  u n i t y  so  

t h a t  t h i s  t e s t  may i n d e e d  p r o v i d e  a  s a t i s f a c t o r y  v e r i f i c a t i o n  o f  

t h e  D o p p le r  e f f e c t .

I n  c o n c l u s i o n  we r e m a r k  t h a t  t h e  c o n c e p t  o f  an e x p a n d in g  

u n i v e r s e  would  r e c e i v e  i t s  b e s t  s u p p o r t  i f  t h e  o b s e r v a b l e
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r e l a ' b i o n s ,  i n t e r p r e t e d  i n  t e r m s  o f  t h e  m e t r i c  (1*2) ,  c a n  

e s t a b l i s h  t h e  p a r a m e t e r s  of a  model  o f  t h a t  m e t r i c  c o n s i s t e n t  

w i t h  t h e s e  r e l a t i o n s .
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QHAPTSR I I I : EXACT OBSERVABLE REIATIONS FOR THE

' üï'EADY STATE MODEL ASSFMING- K  =  O  .

( i )  I n t r o d u c t i o n

As we h a v e  a l r e a d y  p o i n t e d  o u t ,  b e c a u s e  o f  t h e  s t a t i s t i c a l  

c o n s t a n c y  o f  t h e  a b s o l u t e  m a g n i t u d e  o f  t h e  g a l a x i e s  i n  t h e  

s t e a d y  s t a t e ,  t h e  e v o l u t i o n a r y  I— ' c o r r e c t i o n *  g i v e n  b y  

e q u a t i o n  ( 1 . 3 7 )  v a n i s h e s  f o r  t h a t  m o d e l .  We h a v e  shown a l s o  

i n  c o n n e c t i o n  w i t h  e q u a t i o n  ( l . 4 l )  t h a t ,  by  a  s u i t a b l e  c h o i c e  

of  w a v e b a n d  ( i n  t h e  r e d ) ,  t h e  K c o r r e c t i o n  may b e  t a k e n  t o  b e  

z e r o  a s  w e l l .  We s h a l l  make u s e  o f  t h i s  p o s s i b i l i t y  t o  o b t a i n  

m ore  i n s i s t  i n t o  t h e  o b s e r v a b l e  f e a t u r e s  t o  b e  e x p e c t e d  of t h e  

s t e a d y  s t a t e ,  b y  d e r i v i n g  e x a c t  r e l a t i o n s  w h e r e  i n  some o a s e s  i t  

w o u ld  n o t  o t h e r w i s e  b e  f e a s i b l e .  T h e  w o r k  i s  o r i g i n a l  u n l e s s  

o t h e r w i s e  s t a t e d .

( i i )  L u m i n o s i t y  d i s t a n c e ,  r e d s h i f t  an d  a p p a r e n t  m a g n i t u d e  

The  l u m i n o s i t y  d i s t a n c e  f o r  t h e  s t e a d y  s t a t e  i s  g o t  b y

p u t t i n g  ^  ^  k  -  o  i n  e q u a t i o n  ( 1 . 2 3 ) ,  Thus
t , ,  ,

o r  p u t t i n g  — t  = T

0  = TT r /z 'T '    ( 3 . 1 )

The r e l a t i o n  o f  ^  to- t  i s  g o t  f o r  t h e  s t e a d y  s t a t e  f ro m

( 1 . 4 )  i n  t h e  fo rm

y i e l d i n g  L T  = .....................................................  ( 3 . 2 )

Whence , . \
0 =  ^  /    ( 3 . 3 )
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T h i s  c o n n e c t a  l i m i i n o s i t y  d i s t a n c e  to  c o s m o l o ^ d c a l  t im e  l a p s e  7  ̂

b e t w e e n  e m i s s i o n  a n d  r e c e p t i o n ,  a l t h o u g h  n e i t h e r  o f  t h e s e  

q u a n t i t i e s  i s  d i r e c t l y  o b s e r v e d *

F o r  t h e  r e d s h i f t  f  e q u a t i o n  ( 1 . 8 )  y i e l d s  f o r  t h e  s t e a d y  

s t a t e
C ’■/t _  I

'  ( 3 . 4 )

By ( 3 . 3 )  and 3 . 4 }  we h a v e  t h e  D,V r e l a t i o n

D =  I f - T )   ( 3 . 5 )

We s h a l l  f o r m a l l y  d e f i n e  t h e  v e l o c i t y  of r e c e s s i o n  i n  t œ m s  of  

t h e  r e d s h i f t  a c c o r d i n g  t o  t h e  c l a s s i c a l  D o p p l e r  r e l a t i o n ,  v i z . ,

^  ^  ( 3 . 6 )

S i n c e  by  ( 3 . 5 )  en ^ l a  s m a l l  D =a= C T  T we h a v e

\ l  ^  ( S s m a l l )  ................................ ( 3 . 7 )

F o r  s m a l l  S  ̂ V  w i l l  b e  t h e  u s u a l  v e l o c i t y  a n d ,  a s  we h a v e  

shown i n  C h a p t e r  I ,  D i s  t h e n  t h e  u s u a l  d i s t a n c e  by  m e a s u r i n g  

r o d  o r  t r i g o n o m e t r i c  p a r a l l a x ,  s o  t h a t  ( 3 . 7 )  r e p r e s e n t s  t h e  

H u b b le  l a w  f o r  t h e  s t e a d y  s t a t e  i n  t h e  n e i g h b o u r h o o d  of t h e  

o b s e r v e r .  Thus {/ t  i s  t h e  H u b b le  p a r a m e t e r  i n  a g re e m e n t  w i t h  

t h e  g e n e r a l  r e s u l t  g i v e n  b y  e q u a t i o n  ( 1 . 2 4 ) .

The  r e s u l t s  p u b l i s h e d  b y  Huma s o n , May a 11 a n d  Bandage  ( l 5  ) 

i n d i c a t e  t h a t  we m u s t  t a k e  a t  p r e s e n t  f o r  t h e  r e c i p r o c a l  of t h e  

H ubb le  p a r a m e t e r

nr — ^  ^  ^  ID (3. 8)

w i t h  a  p o s s i b l e  e r r o r  of 20%^ An e r r o r  o f  t h i s  o r d e r  c a n  a r i s e

even  f r o m  t h e  a s s u m p t i o n  o f  l i n e a r i t y  i n  t h e  H ubb le  law  o u t  t o

t h e  d i s t a n c e  o f  t h e  m o s t  r e m o t e  c l u s t e r s  so  f a r  o b s e r v e d .  F o r
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b y  ( 3 . 5 ) ,  (3 .6 ) t h e  g e n e r a l  r e l a t i o n  b e tw e e n  \ l  and  D ±q

r f i r w i  ...................................................................
T he  m os t  d i s t a n t  s p e c t r a  m e a s u r e d  f o r  r e d s h i f t  s o  f a r  c o r r e s p o n d  

t o  X*=fi=‘2., w h i c h  b y  ( 3 * 6 )  means a  v e l o c i t y  of r e c e s s i o n  e q u a l  

t o  i c  o r  one  f i f t h  o f  t h e  v e l o c i t y  o f  l i g h t .  By ( 3 . 9 )  t h i s  

m eans  t h e  H u b b le  ' c o n s t a n t *  i s  17% l e s s  t h a n  t h e  l o c a l  v a l u e .

By ( 3 . 5 )  we n o t e  t h a t  f o r  t h i s  r e d s h i f t  t h e  d i s t a n c e  o b t a i n e d
(jj j

by  a s t r o n o m e r s  w o u ld  b e  / ’3 X I o <À:

The r e l a t i o n  o f  l u m i n o s i t y  d i s t a n c e  t o  a p p a r e n t  m a g n i t u d e  

i s  e s p e c i a l l y  s i m p l e  f o r  t h e  s t e a d y  s t a t e  ,  a s s u m in g  t h a t  t h e  

w av eb an d  i s  c h o s e n  so  t h a t  K = ; 0  .  By (1 .3 8  ) t h i s  r e l a t i o n  i s

+  |  ( 3 . 1 0 )

w h e r e  'vn and Me a r e  t h e  a p p a r e n t  and  a b s o l u t e  h e t e r o c h r  o m a t i c  

m a g n i t u d e s  f o r  t h i s  w aveband  o f  s e n s i t i v i t y .  I t  f o l l o w s  f ro m

( 3 . 1 0 )  and  ( 3 . 5 )  t h a t  t h e  e x a c t  m a g n i t u d e - r e d s h i f t  r e l a t i o n  i s

+   ( 3 . 1 1 )

w h ic h  w o u ld  h a v e  t o  b e  s a t i s f i e d  by  t h e  s t e a d y  s t a t e  w hen  O,

A u n i q u e  o b s e r v a b l e  f e a t u r e  o f  t h e  s t e a d y  s t a t e  m odel  i s  

t h a t  o v a r  a  s u f f i c i e n t l y  lo n g  p e r i o d  new g a l a x i e s  c a n  b e  s e e n  

t o  f o r m  i n  t h e  s p a c e s  b e t w e e n  t h e  d i s p e r s i n g  g a l a x i e s ,  d u e  t o  

c o n t i n u a l  c r e a t i o n .  Such c r e a t i o n  e v e n t s  i n  o t h e r  c o s m o l o g i c a l  

m o d e l s  o f  g e n e r a l  r e l a t i v i t y  a r e  c o n f i n e d  t o  t h e  p r e c i n c t s  o f  

so c a l l e d  o b s e r v a t i o n a l  h o r i z o n s  w h ic h  e x i s t  i n  some o f  t h o s e  

m o d e l s ,  e . g .  t h e  E i n s t e i n  -  de  S i t t e r  u n i v e r s e .  I n  t h i s  l a t t e r  

u n i v e r s e  t h e  o b s e r v a t i o n a l  h o r i z o n  o f  e v e r y  o b s e r v e r  a d v a n c e s
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t h r o u g h  m a t t e r  m  t h  a speed, w h ic h  i s  l o c a l l y  t h a t  o f  l i g h t ,  

b r i n g i n g  i n t o  v iew  ( p r o v i d e d  i t  i s  l u m i n o u s  a t  t h a t  e p o ch )  

i m t t e r  n e w ly  c r e a t e d  i n  t h e  e x p e r i e n c e  o f  t h e  o b s e r v e r . I n  

t h e  s t e a d y  s t a t e  t h e s e  e v a i t s  c an  o c c u r  a n y w h ere  i n  i n t e r g a l a x i a l  

s p a c e .  T h e r e  a r e  how ever  o b s e r v a t i o n a l  l i m i t s  i n  t h e  s t e a d y  

s t a t e  and  t h e s e  we s h a l l  now i n v e s t i g a t e .

E q u a t i o n  ( 3 . 2 )  c o n n e c t s  t h e  t i m e  o f  e m i s s i o n  t  of l i g h t  

f ro m  a p a r t i c l e  o f  f i x e d  c o o r d i n a t e  T  w i t h  t h e  t i m e  o f  i t s  

r e c e p t i o n  a t  t h e  s p a c e  o r i g i n .  We c a n  w r i t e  t h i s  e q u a t i o n  i n  

t h e  f o r m  , . . v
=  .................................................

w h e r e  i s  b y  ( l . l O )  t h e  i n t e g r a t e d  p r o p e r  d i s t a n c e

f r o m  t h e  o r i g i n  a t  t h e  t i m e  o f  e m i s s i o n .  We s e e  t h a t  w h en 

i n o f  e a s e s  t h e  l a p s e  o f  t i m e  T  E to - t  b e tw e e n  e m i s s i o n  a n d  

r e c e p t i o n  s t e a d i l y  i n c r e a s e s  u n t i l  i t  i s  i n f i n i t e  \ t i e n  

Thus  n o t h i n g  b e y o n d  t h i s  d i s t a n c e ,  a t  t h e  t i m e  o f  e m i s s i o n ,  can  

e v e r  b e  s e e n  by  t h e  o b s e r v e r .  The h o r i z o n  i n  t h i s  s m s e  w h ic h  

e x i s t s  i n  t h e  s t e a d y  s t a t e  i s  # i a t  b a s  b e e n  d e f i n e d  a s  a n  

* e v e n t  h o r i z o n *  b y  W. Rind 1 e r  (3 0 )  i n  a  r e c e n t  i n v e s t i g a t i o n  

o f  v i s u a l  h o r i z o n s  i n  w o r l d  m o d e l s .  S i n c e  t h i s  h o r i z o n  i s  

a t  c o n s t a n t  p r o p e r  d i s t a n c e  f r o m  t h e  o b s e r v e r  i n  t h e  s t e a d y  

s t a t e  m o d e l  t h e  m a t t e r  o f  t h e  u n i v e r s e  s t e a d i l y  p a s s e s  b e y o n d  

t h i s  h o r i z o n  i n  t h e  e x p a n s i o n  o f  t h e  m o d e l .  However i t  i s  

i m p o r t a n t  t o  n o t i c e  t h a t  t h e  o b s e r v e r  n e v e r  w i t n e s s e s  t h i s  -  no 

p a r t i c l e  ev e r  d i s a p p e a r s  f r o m  v ie w  i n  h i s  f i n i t e  e x p e r i  m c e ;  

t h i s  we s e e  a s  f o l l o w s .
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S u p p o so  a  m r t i o l e  V ’ i s  s e e n  a t  f i n i t e  t i m e  t o  t h e n  t h e  

t i m e  of  e m i s s i o n  t  m ust  b e  g i v e n  by ( 3 , 2 ) ,  and  r ^ ^ \ d . l l  b e e  CT. 

As t o  i n c r e a s e s  t o  4-oo t h e r e  i s  a lw a y s  a  f i n i t e  s o l u t i o n  f o r  t  

f r o m  (3 « 2 )  f o r  c o n s t a n t  T  , an d  i n  t h e  l i m i t  a s  t o  -voo 

Thus t h e  p a r t i c l e  o n c e  s e e n  n e v e r  d i s a p p e a r s .  A g a in  f r o m  (3. 2) 

we s e e  t h a t  f o r  a  f i n i t e  t i m e  of o b s e r v a t i o n  t g  # i e n  t  — oo 

t h e n  T — 4- oo • Thus t h e  w h o l e  r a n g e  o f  p a r t i c l e s  i c h  

c a n  b e  s e e n  a t  t i m e  i s  c o v e r e d  b y  t h e  i n f i n i t e  r a n g e  cf  ^

T h is  o b s e r v e d  p o p u l a t i o n  i s  i n  f a c t  i n f i n i t e  a s  we s h a l l  show 

l a t e r .  Thus t h e r e  i s  no a n o m a ly  a r i s i n g  f r o m  t h e  f a c t  t h a t  

a l t h o u g h  no g a l a x y  d i s a p p e a r s  f r o m  v iew  and g a l a x i e s  a r e  

c o n t i n u a l l y  b e i n g  c r e a t e d ,  t h e r e  i s  n e v e r t h e l e s s  a s t e a d y  s t a t e ,  

s i n c e  t h e  v i s i b l e  p o p u l a t i o n  i s  i n  f a c t  i n f i n i t e .

On t h e  o t h e r  h a n d  t h e r e  i s  a  p r a c t i c a l  l i m i t  t o  t h e  number 

o f  g a l a x i e s  w h i c h  can  b e  o b s e r v e d  i n  t h e  s t e a d y  s t a t e  d e p e n d i n g  

on t h e  s e n s i t i v i t y  o f  t h e  i n s t r u m e n t s  o f  d e t e c t i o n .  F o r  b y

( 3 . 4 )  v h en t h e  l a p s e  o f  t i m e  7- —5» oo  we s e e  t h a t  t h e  D o p p le r

r e d s h i f t  a l s o  becom es i n f i n i t e .  The a s t r o n o m i c a l  d i s t a n c e  D 

a l s o  t e n d s  t o  i n f i n i t y  t h e o r e t i c a l l y  b u t  i s  c o r r e s p o n d i n g l y  

l i m i t e d  i n  p r a c t i c e .

( i i i )  Number c o u n t s

The e x a c t  v a l u e  of  t h e  nujriber o f  v i s i b l e  g a l a x i e s  c o r r e s p o n d 

i n g  t o  l a p s e  o f  t i m e  ^ 7 “ h a s  b e e n  g i v e n  b y  e q u a t i o n  ( 2 . 1 3 ) ,  

v i z .

N (r)  =  41VK, t^T^ - 1 ^  ^  ( 3 . 1 3 )

w h e r e  W i s  t h e  s t a t i s t i c a l l y  c o n s t a n t  number of  g a l a x i e s .
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c o u n t  ed l o c a l l y ,  p e r  u n i t  v o lu m e .  F o r  T a v a i l  t h i s  r e d u c e s  t o

N ( r )  ^

W n ic h ,  s i n c e  O^i^CTby ( 3 . 3 )  vfaen 7  i s  s m a l l ,  means t h a t

N ( D ) ^ 4 T T W 0 ^    ( 3 . 1 4 )

Thus  the  c o u n t  c a n  b e  made l o c a l l y  a t  a n y  p o i n t  u s i n g  E u c l i d e a n  

g e o m e t r y  i n  D , However i f  D i s  n o t  s m a l l  t h i s  i s  n o t  t h e

c a s e  a n d  such  a n  a s s u m p t i o n  f o r  r e m o t e  r e g i o n s  would  n o t  r e v e a l  

a  c o n s t a n t  number of n e b u l a e  per u n i t  vo lum e by  m e a s u r e  D , 

w h ic h  m ig h t  b e  s u p p o s e d  t o  i n d i c a t e  th e  s t e a d y  s t a t e  a s  d i s t i n c t  

f ro m  t h e  expanding  c o n s e r v a t i o n  m o d e ls  i n  v h i c h  t h e r e  i s  no 

c r e a t i o n  o f  new g a l a x i e s .  However s i n c e  i t  i s  m o s t  p r a c t i c a l  

t o  u s e  D m e a s u r e  l e t  us  f i n d  w h a t  num ber  d e n s i t y  can b e  e x p e c t e d  

a t  any p a r t i c u l a r  r a n g e  i n  D .

At r a n g e  D t h e  E u c l i d e a n  v o lu m e  o f  a s p h e r e  r a d i u s  0  i s

v ( p )  =  ^   ( 3 . 1 5  )

I t  ivi 11 b e  e a s i e r  t o  u s e  T  a s  p a r a m e t e r  r e l a t e d  t o  D b y  ( 3 . 3 J ,

The number d e n s i t y  a t  r a n g e  0 i n  t e r m s  of T  i s  t h e r e f o r e

dv- "  .......................

We h a v e  s e e n  i n  S e c t ,  ( i i )  t h a t  t h e  t h e o r e t i c a l  r a n g e  o f  

v i s i b i l i t y  c o r r e s p o n d s  to  i n f i n i t e  7“ and  i n f i n i t e  0  f b o t h  

t h e s e  q u a n t i t i e s  t e n d i n g  t o  i n f i n i t y  m o n o t o n i c a l l y  ova r  t h e  

e n t i r e  r a n g e  o f  t h e  c o o r d i n a t e  T ,  Prom  ( 3 , 1 5 )  i t  f o l l o w s  t h a t  

t h e  t h e o r e t i c a l  r a n g e  of o b s e r v a t i o n  c o r r e s p o n d s  t o  i n f i n i t e  

' E u c l i d e a n *  v o lu m e  i n  m e a s u r e  D and  f r o m  ( 3 . 1 7 )  we s e e  t h a t  t h e
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number d e n s i t y  t e n d s  m o n o t o n i c a l l y  t o  z e r o  f ro m  t h e  l o c a l  v a l u e  

'Vv , At t h e  r a n g e  c o r r e s p o n d i n g  t o  S ^ - 1 .  f o r  w h i c h  we f o u n d
a

i n  S e c t .  ( i i  ) t h a t  D I 3 X lo  t t ^ ^ e  o b t a i n  f r o m  ( 3 . 4 ) ,  
t / t

t  — I-1 so  t h a t

 ( 3 . 1 8 )

Thus t h e  a p p a r e n t  number d e n s i t y  a t  t h i s  r a n g e  (no?; a c c e s s i b l e )  

w ou ld  b e  l e s s  t h a n  of  t h e  l o c a l  v a l u e ,  v h i c h  a f f o r d s

a n o t h e r  o b s e r v a b l e  r e q u i r e m e n t  t o  b e  s a t i s f i e d  by  t h e  s t e a d y  

s t a t e .  T h e s e  r e s u l t s  a r e  o f  c o u r s e  i n d e p e n d e n t  o f  vh e t h e r  v;e

t a k e  K t o  b e  z e r o  or  n o t ,  a l t h o u ^  t h e  m e a s u r e  o f  D v i a  t h e  

m a g n i t u d e s  d e p e n d s  on K .

We s h a l l  n m  f i n d  t h e  e x a c t  e x p r e s s i o n s  f o r  an d  "bCjt

g r a d i e n t  o f  log^J^ ? , f o u n d  a p p r o x i m a t e l y  i n  C h a p te r  I I .  By -

e l i m i n a t i o n  o f  T  b e tw e e n  ( 3 . 4 )  a n d  ( 3 . 1 3 )  we f i n d

+ % * S )  +  - J ^  -  .............. (3 .1 9 )

T h is  f o r m u l a  and  a l s o  e q u a t i o n  ( 3 . 1 1 )  w e r e  g i v e n  w i t h o u t  p r o o f  i n

t h e  o r i g i n a l  p a p e r  b y  H. Bondi  and  T ,  C o ld  (1 5 )  p r e s e n t i n g  t h e

s t e a d y  s t a t e  t h e o r y .

We n o t e  t h a t  t h e  t o t a l  v i s i b l e  p o p u l a t i o n ,  w h i c h  we h a v e  

s e e n  c o r r e s p o n d s  t o  ^ i n f i n i t e ,  i s  i n f i n i t e .

By ( 3 . 1 1 )  and  ( 3 . 1 9 )  we f i n d  t h a t  t h e  g r a d i e n t  o f  t h e  

log^ N j vn r e l a t i o n  i s  e x a c t l y ,  f o r  K - o  , on r e d u c t i o n

_________________________
^  . . . . . ( 3 . 2 0 )
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I t  i s  e a s i l y  v e r i f i e d  t h a t  t h i s  g r a d i e n t  i s  a monotonie  

e x p r e s s i o n ,  d e c r e a s i n g  f rom  t h e  l o c a l  v a l u e  of  .6 i n  t h e  

n e ig h b o u rh o o d  o f  t h e  o b s e r v e r  o )  t o  z e r o  a t  t h e  l i m i t  of

o b s e r v a t i o n  . T h i s  j u s t i f i e s  t h e  a s s e r t i o n  made i n

C h a p te r  I I  S e c t .  (v )  t h a t  t h e  s t e a d y  s t a t e  model c a n n o t  y i e l d  

g r a d i e n t s  h i g h e r  t h a n  . 6 ,  ^ t h e r  f o r  t h e  g a l a x i e s  t h e m s e lv e s  

o r  f o r  a u n i f o r m  su b - g r o u p  such as  s a y  c o l l i d i n g  g a l a x i e s ,  so 

t h a t  t h i s  model  c o u ld  not  s u p p o r t  R y le  *s phenomenon fo u n d  f o r  

r a d i o  s t a r s .

C o n s i d e r i n g  once  aga in  th e  r a n g e  f o r  \ h i c h  ‘ we f i n d

- 4-t  ( 3 . 2 1 )

A n o th e r  c r i t e r i o n  f o r  t h e  s t e a d y  s t a t e  m o de l ,  which  i s  e x a c t ,  

f o r  the c a s e  K = 0  and t h e  assumed v a l u e  o f  T  •

( i v )  A n g u la r  d i a m e t e r

F o r  t h e  d i s t a n c e  T  by  a p p a r e n t  s i z e  t h e  fo rm ula  ( 1 .4 3 )  

y i e l d s  f o r  t h e  s t e a d y  s t a t e

^ ....(& 2 2 ) 
E l i m i n a t i n g  T  by  ( 3 , 2 )  we f i n d

f  = C T ( | -  . . . ( 3 . 2 3 )

Comparing ( 3 . 2 3 )  v d th  ( 3 . 1 2 )  we s e e  t h a t  f o r  t h e  s t e a d y  s t a t e  

t h e  d i s t a n c e  by  a p p a r e n t  s i z e  i s  e q u a l  t o  t h e  i n t e g r a t e d  p ro p e r  

d i s t a n c e  o f  t h e  s o u r c e  a t  t h e  t i m e  o f  e m i s s i o n . Using  ( 3 , 4 )  

we h a v e  t h e  r e l a t i o n  be tw een  d i s t a n c e  by  a p p a r e n t  s i z e  and 

r e d s h i f t  :

f  =  1 % ^   ( 5 . 2 4 )
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Tlius v/e s e e  t î m t  w h i l e  t h e  l u m i n o s i t y  d i s t a n c e  D of  s o u r c e s  

i s  t h e o r e t i c a l l y  u n b o un d ed  t h e  d i s t a n c e  by  a p p a r e n t  s i z e  h a s  

t h e  u p p e r  bound  C T  , w h ic h  o f  c o u r s e  i s  t h e  maximum p r o p e r  

d i s t a n c e  o f  o b s e r v a b l e  s o u r c e s  a t  t h e  t im e  o f  e m i s s i o n ,  a l r e a d y  

d e a l t  w i t h  i n  S e c t*  ( i i ) *

I f  we now u s e  t h e  r e l a t i o n  imp l i e d  b y  ( l * 4 2 ) ,

c o n n e c t i n g  l i n e a r  d i a m e t e r  and  a n g u l a r  d i a m e t e r ,  and e l i m i n a t e  Y 

b y  ( 3 , 2 4 )  we o b t a i n  t h e  i m p o r t a n t  r e l a t i o n ,  w h ich  m ust  b e  

s a t i s f i e d  e x a c t l y  b y  t h e  s t e a d y  s t a t e  m o d e l ,  b e tw e e n  a n g u l a r  

d i a m e t e r  and r e d s h i f t  :

=  ^  ( 3 . 2 5 )

T he  l i n e a r  d i a m e t e r  ct  i s  s t a t i s t i c a l l y  c o n s t a n t  f o r  t h e  s t e a d y  

s t a t e  so  t h a t  we f i n d  t h a t  d e c r e a s e s  m o n o t o n i c a l l y  v / i t h  

r e d s h i f t  t o  a  l o w e r  l i m i t  j  C X  f o r  t h e  m ost  d i s t a n t  s o u r c e s  

4 - 0 ^  * T h i s  m i ÿ i t  b e  r e g a r d e d  a s  a  r e m a r k a b l e  o b s e r v a b l e  

a s p e c t  o f  a  m ode l  f o r  w h ic h  t h e  o b s e r v a b l e  p o p u l a t i o n  o f  g a l a x i e s  

i s  t h e o r e t i c a l l y  i n f i n i t e .  I t  i s  o f  c o u r s e  a s s o c i a t e d  w i t h  t h e  

f a c t  t h a t  t h e  d i s t a n c e  by  a p p a r e n t  s i z e ,  i n  t h i s  c a s e  e q u a l  t o  

t h e  p r o p e r  d i s t a n c e  a t  t h e  t i m e  of  e m i s s i o n ,  h a s  t h e  u p p e r  b o un d  

CT • Such a  r e s u l t  c a n n o t  b e  d e d u c e d  f o r  t h e  c o n s e r v a t i o n  

m o d e ls  b e c a u s e  o f  t h e  u n c e r t a i n t y  r e g a r d i n g  t h e  e v o l u t i o n a r y  

e f f e c t  on t h e  l i n e a r  d i a m e t e r  cL . I t  i s  n e v e r t h e l e s s  a n  

i m p o r t a n t  o b s e r v a b l e  c h a r a c t e r i s t i c  o f  t h e  s t e a d y  s t a t e  w h ic h  c a n  

b e  a p p l i e d  a s  a  t e s t  t o  t h e  a c t u a l  u n i v e r s e ,  t o  i n d i v i d u a l  

g a l a x i e s  or t o  a  c l u s t e r .
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The l i m i t i n g  v a l u e  of 0  i s  v e r y  s e n s i t i v e  t o  t h e  a v e r a g e

v a l u e  o f  cL a s sum ed  and t h i s  w ou ld  f i r  s t  h a v e  t o  b e  d e t e r m i n e d  

f ro m  l o c a l  o b s e r v a t i o n s .  I f  we t a k e  ^  o-oo t t .  a n d  T

t h e  r e c i p r o c a l  o f  t h e  Hubble  p a r a m e t e r  e q u a l  t o  S'*4 X 

we f i n d  t h a t  t h e  l i m i t i n g  a n g u l a r  d i a m e t e r  i s  .7 7  s e c o n d s  o f  a r c .  

For  t h e  d i s t a n c e  c o r r e s p o n d i n g  t o  a t  p r e s e n t  u n d e r

o b s e r v a t i o n ,  t h e  s t e a d y  s t a t e  w o u ld  g i v e ,  on t h e s e  a s s u m p t i o n s ,  

^  4"'L s e c o n d s  o f  a r c  «

The p r e v i o u s  e x a c t  r e s u l t s  o f  t h i s  s e c t i o n  do n o t  d e p e n d  

on t h e  K t e r m .  A ssu m in g  K=0 we s h a l l  now r e l a t e  a n g u l a r  

d i a m e t e r  t o  a p p a r e n t  m a g n i t u d e  w  . The g e n e r a l  r e l a t i o n  

b e tw e e n  l u m i n o s i t y  d i s t a n c e  D an d  d i s t a n c e  b y  a p p a r e n t  s i z e  Y 

i s  g i v e n  b y  ( 1 . 4 4 ) ,  so  t h a t  p u t t i n g  d  ~ Y & we f i n d

^   ( 3 , 2 6 )
A. ©

Whence b y  ( 3 . 1 0 )  f o r  K = O

 ( 3 . 2 7 )
A 6

E l i m i n a t i n g  8 b y  ( 3 . 2 5 )  v/e o b t a i n  f o r  t h e  >v\ , Û.6 r e l a t i o n

= A û 6 ^  ( 3 . 2 8 )
( a e -  d / t r ) ^

w h ic h  would  h a v e  t o  b e  s a t i s f i e d  b y  t h e  s t e a d y  s t a t e  when K = o  •

(v )  C o n c lu d i n g  r e m a r k s

T he  e x a c t  r e s u l t s  o f  t h i s  c h a p t e r  (some d e p e n d i n g  on t h e  

p o s s i b i l i t y  o f  m ak ing  K - O  ) a r e  t o  b e  r e g a r d e d  a s  a n c i l l a r y  

t o  t h o s e  a p p r o x i m a t e  r e s u l t s  o b t a i n e d  i n c i d e n t a l l y  f o r  th e  

s t e a d y  s t a t e  i n  t h e  g e n e r a l  a n a l y s i s  of C h a p t e r  I I ,
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I n  g e n e r a l  t h e  v a l u e  o f  t h e s e  r e s u l t s  f o r  t h e  s t e a d y  s t a t e  

i s  o f  a  n e g a t i v e  c h a r a c t e r .  I f  a ny  of  t h e  r e l a t i o n s  i s  

s i g n i f i c a n t l y  c o n t r a d i c t e d  b y  o b s e r v a t i o n  t h e n  t h e  s t e a d y  s t a t e  

i s  r u l e d  o u t ,  so  t h a t  t h e  o n l y  a l t e r n a t i v e  c o n s i s t e n t  w i t h  

p r e s e n t  t h e o r y  i s  an e v o l u t i o n a r y  m o d e l .  On t h e  o t h e r  h a n d  i f  

a  p a r t i c u l a r  r e l a t i o n  i s  s a t i s f i e d ,  wi t h i n  e r r o r ,  b y  a c t u a l  

o b s e r v a t i o n s  t h e n  we can  c o n c l u d e  t h a t  t h e  u n i v e r s e  d o e s  n o t  

d i f f e r  s i g n i f i c a n t l y  f ro m  t h e  s t e a d y  s t a t e  i n  t h i s  r e s p e c t  a t  

l e a s t ,  b u t  t h a t  i n  g e n e r a l  i t  w o u ld  b e  c o n c e i v a b l e  t h a t  an 

e v o l u t i o n a r y  m ode l  m ig h t  b e  a b e t t e r  f i t .

However t h e r e  a r e  p a r t i c u l a r  r e l a t i o n s  i n v o l v i n g  t h e  

number c o u n t s  w h i c h ,  a s  h a s  b e e n  c a r e f u l l y  p o i n t e d  o u t  i n  

C h a p t e r  I I ,  a r e  s i g n i f i c a n t l y  d i f f e r e n t  f o r  t h e  s t e a d y  s t a t e  

and  i r r e c o n c i l a b l e  vd t h  any  o t h e r  m o d e l .  T h e s e  a l o n e ,  i f  

s a t i s f i e d  b y  t h e  o b s e r v a t i o n a l  d a t a ,  w o u ld  s e r v e  t o  c o n f i r m  

t h e  s t e a d y  s t a t e ,  p r o v i d e d  t h e  r a n g e  o f  l i k e l y  e r r o r  can  b e  

s u f f i c i e n t l y  r e s t r i c t e d .
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QHAFTER IV: APPLICATION OP THE FIELD EQUATIONS OF GENERAL
REIATIVITY TO OBTAIN THE CURVATURE

(l ) I n t r o d u c t i o n

I n  t h e  o b s e r v a b l e  r e l a t i o n s  d e v e l o p e d  i n  t h i s  t h e s i s  we 

h a v e  g i v e n  t h e  e x p a n s i o n s  i n  s e r i e s  t o  o r d e r  S o n l y  i n  t h e  

r e d s h i f t  o r  e q u i v a l e n t  v a r i a b l e ,  n e g l e c t i n g  t e r m s  i n  0 and o f  

h i g h e r  o r d e r .  We h a v e  d e m o n s t r a t e d  t h a t  t o  t h i s  a p p r o x i m a t i o n  

t h e s e  r e l a t i o n s  a p p l i e d  t o  t h e  o b s e r v a t i o n a l  d a t a  c o u l d  p r o v i d e  

t h e  H ubb le  p a r a m e t e r  d e t e r m i n i n g  t h e  p r e s e n t  r a t e  o f  

e x p a n s i o n  o f  t h e  u n i v e r s e ,  t h e  p a r a m e t e r  d e t e r m i n i n g  t h e  

s i g n  and  i m g n i t u d e  o f  t h e  a c c e l e r a t i o n  o f  t h e  e x p a n s i o n ,  and  

f i n a l l y  t h e  q u a n t i t y  L w h ic h  g i v e s  t h e  f i r s t  a p p r o x i m a t i o n  t o  

t h e  r a t e  o f  e v o l u t i o n  o f  t h e  e m i s s i o n  s p e c t r u m  a t  a r b i t r a r y  

w a v e l e n g t h .  Ample d i s t i n c t i o n s  b e tw e e n  t h e  s t e a d y  s t a t e  m odel  

and  an e v o l u t i o n a r y  m odel  h a v e  b e e n  p r o v i d e d  b y  t h i s  

a p p r o x i m a t i o n •

I t  c a n  b e  shovm t h a t  t e r m s  i n  & ,  o r  t h e  e q u i v a l e n t  i n

a l t e r n a t i v e  v a r i a b l e ,  may i n v o l v e  t h e  t h i r d  d e r i v a t i v e  of t h e  

f u n c t i o n  ,  t h e  c u r v a t u r e  o f  t h e  3 - s p a c e  t  -  c o n s t a n t  g i v e n  

b y  i n c l u d i n g  i t s  s i g n  i n d i c a t e d  b y  k ,  t o g e t h e r  w i t h

t e r m s  i n v o l v i n g  s e c o n d  o r d e r  ' c o r r e c t i o n s  * r e s u l t i n g  f r o m  t h e  

e x p a n s i o n  o f  t h e  e x a c t  c o r r e c t i o n  t e r m  i n v o l v e d  i n  e q m t i o n  (1 .34  

t o  o r d e r  6 # E xam ples  o f  r e l a t i o n s  i n v o l v i n g  su c h  t e r m s  o f  

o r d e r  a r e  t o  b e  f o u n d  i n  t h e  p u b l i c a t i o n s ,  a l r e a d y  r e f e r r e d  

t o ,  by  H, P .  R o b e r t s o n  ( l 7 ) an d G. G. M c V i t t i e  (16 ) .

A l t h o u g h  i t  i s  o f  f u n d a m e n t a l  t h e o r e t i c a l  i m p o r t a n c e  t o
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o b t a i n  t h e  s i g n  o f  t h e  c u r v a t u r e ,  t h e r e  a r e  to o  many a s s o c i a t e d  

unknowns i n  t h e  c o e f f i c i e n t s  o f  Û i n  t h e s e  r e l a t i o n s  f o r  even

t h e  s i g n  o f  t h e  c u r v a t u r e  t o  b e  r e l i a b l y  d e t e r m i n e d  i n  t h i s  way

a t  t h e  p r e s e n t  t i m e .  Such k n o w le d g e  r e q u i r e d  t o  e v a l u a t e

i t  w o u ld  i n v o l v e  r e f i n e m e n t s  o f  d e t a i l  r e g a r d i n g  t h e  s p e c t r a  of

t h e  n e b u l a e  i n c l u d i n g  t h e i r  p o s s i b l e  e v o l u t i o n a r y  c h a n g e  much 

i n  e x c e s s  of  t h a t  p o s s e s s e d  a t  t h e  p r e s e n t  t i m e .  I n  a d d i t i o n  

t h e s e  t e r m s  a r e  u n l i k e l y  t o  b e  l a r g e r  t h a n  t h e  o b s e r v a t i o n a l  

e r r o r s  a t  t h e  p r e s e n t  r a n g e  o f  t h e  i n s t r u m e n t s  ( Ï -r  ) .

( i i  ) A n a l y s i s  o f  t h e  f i e l d  e q u a t i o n s

We t h e r e f o r e  t u r n  t o  t h e  f i e l d  e q u a t i o n s  o f  g e n e r a l  

r e l a t i v i t y ,  i n  an a t t e m p t  to  o b t a i n  t h e  c u r v a t u r e  and  o t h e r  

i n f o r m a t i o n  r e l e v a n t  t o  t h e  s o l u t i o n  o f  t h e  c o s m o l o g i c a l  p r o b l e m .  

F o r  t h e  m e t r i c  ( l , 2 )  t h e  f i e l d  e q u a t i o n s ,  v d t h  t h e  c o s m o l o g i c a l  

c o n s t a n t  p u t  e q u a l  t o  z e r o ,  y i e l d  ( s e e  f o r  e x a m p le  H, B ond i  (31 ) )

• « • • • •  (4 a l )

.............. ( 4 . 2 )

w h e re  R. 5 Rt)   ̂ i s  t h e  a v e r a g e  c o s m o l o g i c a l  e n e r g y  d e n s i t y  

i n  mass u n i t s ,  i s  t h e  a v e r a g e  p r e s s u r e ,  a n d  (r i s  t h e  

rJew ton ian  c o n s t a n t  o f  g r a v i t a t i o n .

A c c o r d i n g  t o  t h e  s u b s t i t u t i o n s  made i n  O h a p te r  I I  S e c t . ( i i ) 

we c a n  w r i t e  t h e s e  e q u a t i o n s ,  f o r  t h e  p r e s e n t  c o s m o l o g i c a l  

epoch t  -  ,  i n  t e r m s  o f  t h e  q u a n t i t i e s  i n v o l v e d  i n  t h e

o b s e r v a b l e  r e l a t i o n s  d e r i v e d  i n  t h i s  t h e s i s .

6p  ( 4 .3 )

4- 4 ^  =  -  î j î t  L
a ’- I ( 4 . 4 )
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w h e r e  a s  i n  C h a p t e r  I I  t h e  s i g n  o f  t h e  c u r v a t u r e  h a s  b e e n
% k .

a b s o r b e d  i n t o  (X  a c c o r d i n g  t o  t h e  r e l a t i o n  •
K-o ^

The f o r m u l a e  r e l a t i n g  t h e  o b s e r v a b l e  q u a n t i t i e s  a s  f a r  a s  

o r d e r  ^ v;e h a v e  sho?/n a r e  i n  p r i n c i p l e  a d e q u a t e  t o  d e t e r m i n e  

b o t h  and  # T h e r e f o r e ,  p r o v i d e d  t h a t  o b s e r v a t i o n a l

e r r o r  can  b e  r e d u c e d  t o  a  minimum and s e l e c t i v e  b i a s  e l i m i n a t e d ,  

t h e  r a n g e  o f  t h e  p r e s e n t  o p t i c a l  an d  o t h e r  i n s t r u m e n t s  i s  

s u f f i c i e n t  t o  u l t i m a t e l y  p r o v i d e  r e l l a . b l e  v a l u e s  f o r  t h e s e  

q m n t i t i e s .  By c o m b i n i n g  ( 4 . 3 ) ,  ( 4 . 4 )  we g e t

T  ( f  +   (4 .S )

Thus i f  O t h e n  ^  ^   ( 4 , 6 )

and i f  o  t h e n  f  i - ^  'y  q  ( 4 . 7 )

I n  t h e  c a s e  o f  ( 4 . 6 )  we c a n n o t  e s c a p e  t h e  c o n c l u s i o n  t h a t  

o n e ,  o r  b o t h ,  o f  p and  jv i s  n e g a t i v e .  I n  e i t h e r  e v e n t  t h i s  

w ou ld  i n v o l v e  a c o m p l e t e  r e v i s i o n  o f  o u r  c o n c e p t  of e n e r g y  and  

s t r e s s ,  p a r t i c u l a r l y  a s  t o  t h e i r  z e r o  p o i n t s .  I n  t h e  c a s e  of 

t h e  s t e a d y  s t a t s  m o d e l ,  t r e a t e d  a c c o r d i n g  t o  t h e  e q u a t i o n s  o f  

g e n e r a l  r e l a t i v i t y ,  t h i s  c o n c l u s i o n  h a s  a l r e a d y  b e e n  a r r i v e d  a t ,  

b y  W. Ho Me Or ea ( 52 ) . I n  t h e  c a s e  o f  t h e  ' p o i n t ' s o u r c e  m o de ls  

h o w e v e r  t h e  a p p l i c a t i o n  o f  t h e  c o n d i t i o n  ( 4 . 6 )  m igh t  a l s o  b e  

n e c e s s a r y  on t h e  g ro u n d  t h a t  i f  t h e n  t h e  p r e s e n t  a g e  o f

t h e  u n i v e r s e  m us t  b e  l e s s  t h a n  t h e  r e c i p r o c a l  o f  t h e  H u b b le  

p a r a m e t e r ,  w h ic h  a c c o r d i n g  t o  Humas o n .  Maya11 and  B an dag e  

( e q u a t i o n  ( 3 . 8 )  ) i s  5^4 y e a r s .  T h is  f i g u r e  i s  v e r y

c l o s e  t o  t h e  e s t i m a t e d  a g e  o f  some s t a r s .



- 8 1 -

N e v e r t h e l e s s  i s  t h e  r e s u l t  found  i n  C h a p t e r  I I

S e c t ,  ( i v )  on a p p l y i n g  t h e  a n a l y s i s  o f  t h i s  t h e s i s  t o  t h e  

o b s e r v a t i o n a l  d a t a  o b t a i n e d  by  Humason, Ivlayall and  B a n d a g e .

However t h e  r e s u l t  i s  u n c e r t a i n ,  a s  was p o i n t e d  o u t  i n  C h a p te r  I I ,  

n o t  l e a s t  b e c a u s e  o f  t h e  l a c k  o f  kno? ; ledge  r e g a r d i n g  a p o s s i b l e  

e v o l u t i o n a r y  e f f e c t .  I t  h a s  how ever  b e e n  p o i n t e d  o u t  i n  

C h a p t e r  I I  how t h e  number c o u n t s  can  e i t h e r  i n d e p e n d e n t l y  o r  i n  

a s s o c i a t i o n  w i t h  t h e  r e d s h i f t  d a t a  ,  p r o v i d e  t h e  n e c e s s a r y  

knov ; ledge  o f  t h e  m a g n i t u d e  o f  t h e  e v o l u t i o n a r y  e f f e c t .

I f  we a ssum e  f o r  t h e  moment t h a t  <  0 t h e n  e q u a t i o n

( 4 . 7 )  p e r m i t s  t h e  o r t h o d o x  i n t e r p r e t a t i o n  o f  ^  a n d  ^  . 

A c c o r d i n g l y  o b s e r v a t i o n  w ould  i n d i c a t e  t h a t  j\.y a s s o c i a t e d  w i t h  

t h e  p r e s s u r e  o f  r a d i a t i o n ,  cosm ic  r a y s ,  and  t h e  random  m o t io n  

o f  t h e  g a l a x i e s ^ i s  v e r y  s m a l l  com pared  v / i t h  ,  so t h a t  we

c a n  t a k e  |v-E= o and  ^  t o  b e  a p p r o x i m a t e l y  t h e  a v e r a g e  d e n s i t y  

o f  m a t t e r  i n  t h e  u n i v e r s e .  E q u a t i o n  ( 4 . 5 )  would  t h e r e f o r e  

p r o v i d e  t h i s  v a l u e  o f  ^  on s u b s t i t u t i n g  t h e  v a l u e  of o b t a i n e d  

f ro m  t h e  o b s e r v a t i o n a l  d a t a .  O b s e r v a t i o n  o f  t h e  s t a r  

p o p u l a t i o n  i n  n e a r b y  g a l a x i e s  p r o v i d e s  a c h e c k  on t h i s  v a l u e  o f  

i n  t h e  fo rm  o f  an  u p p e r  l i m i t ,  a r i s i n g  f rom  a  l a v e r  l i m i t  

f o r  ^ • The c u r v a t u r e  i s  t h e n  o b t a i n e d  d i r e c t l y  f rom  ( 4 . 3 )  on

s u b s t i t u t i n g  t h i s  v a l u e  of  ^  and  t h e  v a l u e  o f  t h e  H ubb le  

p a r a m e t e r  .

F o r  t h e  c o n v e n t i o n a l  i n t e r p r e t a t i o n  o f  ^  a n d  jv 

w h ic h  we h a v e  a s s o c i a . t e d  w i t h  t h e  c o n d i t i o n  f o r  a  d e c e l e r a t i n g  

e x p a n s i o n  ( ^  O )> com bined  w i t h  ou r  a s s u m p t i o n  t h a t  t h e
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c o s m o l o g i c a l  c o n s t a n t  i s  z e r o ,  t h e  g e n e r a l  b e h a v i o u r  f o r  t h e  

m ode ls  o f  g e n e r a l  r e l a t i v i t y  t h e o r y  c o r r e s p o n d i n g  t o  t h e  

d i f f e r e n t  s i g n s  o f  t h e  c u r v a t u r e  i s  w e l l  known ( s e e  f o r  e x am ple  

R.  G. Tolman ( l2 ) ) .  I f  t h e  c u r v a t u r e  i s  p o s i t i v e  t h e n  s p a c e  i s  

c l o s e d  a n d  t h e  m ode l  can  o n l y  o s c i l l a t e  b e tw e e n  z e r o  r a d i u s  and 

a r a d i u s  o f  f i n i t e  v a l u e ,  w h i l e  i f  t h e  c u r v a t u r e  i s  z e r o  or 

n e g a t i v e  t h e n  s p a c e  i s  open a n d  t h e  f u n c t i o n  R(b) can  o n l y  

i n c r e a s e  f r o m  z e r o  m o n o t o n i c a l l y  t o  i n f i n i t y  so  t h a t  t h e  c o n t e n t s  

o f  t h e  u n i v e r s e  a r e  u l t i m a t e l y  i n f i n i t e l y  d i f f u s e d .

I f  o n c e  a g a i n  we t a k e  th e  r e c i p r o c a l  of  t h e  H u b b le  p a r a m e t e r  

t o  b e  S'*4 ^  ^  t h e n  we f i n d  f rom  ( 4 . 1 )  t h a t

k =  0 a c c o r d i n g  a s   ̂ =  k Z ............. ( 4 . 8 )

T h i s  r e s u l t  h o l d s  w h a t e v e r  b e  t h e  s i g n  o f  o r  w h e t h e r  we t a k e  

jv t o  b e  z e r o  o r  n o t ,  and  i s  t h e  c r i t e r i o n  f o r  c u r v a t u r e  i n  

t e r m s  o f  t h e  t o t a l  e n e r g y  d e n s i t y  ^  i n  mass  u n i t s ,  a t  t h e  

p r e s e n t  e p o c h . The c r i t i c a l  v a l u e  o f  ^  i s  l a v e r  t h a n  t h e  

g e n e r a l l y  e s t i m a t e d  v a l u e  o f  t o t a l  d e n s i t y  (55 )  so  t h a t  on 

p r im a  f a c i e  e v i d e n c e  s p a c e  would  a p p e a r  t o  b e  c l o s e d .

The p r e v i o u s  a n a l y s i s  d e p e n d s  on t h e  g e n e r a l  a s s u m p t i o n  

t h a t  - A .  t h e  c o s m o l o g i c a l  c o n s t a n t  i s  z e r o .  C o n s e q u e n t l y  

su c h  u n i v e r s e s  o f  p o s i t i v e  c u r v a t u r e  w h ic h  d e p e n d  on a non z e r o  

—A» , s u c h  a s  t h e  e v e r  e x p a n d in g  E d d in g t o n  -  L e m a i t r e  u n i v e r s e  

f o r  w h i c h  - A - 7 0 ,  a r e  e x c l u d e d  f rom  c o n s i d e r a t i o n .  T a k in g  

t o  b e  z e r o  i s  j u s t i f i e d  i n  t h e  f i r s t  p l a c e  f rom  t h e  p o i n t  o f  

v iew  o f  l o g i c a l  economy, s i n c e  t h e  i n t r o d u c t i o n  o f  non s t a t i c  

m o d e ls  p e r m i t s  a  non z e r o  d m s i t y  (and p o s i t i v e  p r e s s u r e )  w i t h o u t
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-W_ • I n  t h e  s e c o n d  p l a c e ,  a l t h o u g h  o r i g i n a l l y  i n t r o d u c  ed 

b y  E i n s t e i n  t o  p e r m i t  t h e  f u l l  i n c o r p o r a t i o n  o f  Ivlach *s p r i n c i p l e  

i n  g e n e r a l  r e l a t i v i t y ,  t h e  p r e s e n c e  o f  -A. i s  i n  f a c t  

i n c o n s i s t e n t  w i t h  ivlach's p r i n c i p l e  s i n c e  i t  p r e v e n t s  t h e  c o m p l e t e  

d e p e n d e n c e  o f  i n e r t i a  on m a t t e r  a l o n e ,  g i v i n g  r i s e  a s  i t  d o e s  

t o  t h e  p a r t i a l  d e p e n d e n c e  o f  i n e r t i a  on a  d e m a t e r i a l i s e d  c o n s t a n t .  

R e t u r n i n g  a g a i n  t o  our  e q u a t i o n s  ( 4 , 3 ) ,  ( 4 , 4 )  l e t  u s  now 

c o n s i d e r  t h e  p o s s i b i l i t y  t h a t  o b s e r v a t i o n  i n d i c a t e s  t h a t  ^ 2 , ^ 0  . 

Then a c c o r d i n g  to  ( 4 , 6 ) ,  a s  h a s  b e e n  s a i d ,  r e v i s i o n  i s  n e c e s s a r y  

o f  ou r  i d e a s  o f  e n e r g y  and s t r e s s ,  s i n c e  t h e r e  i s  no v i s i b  1 e 

e v i d e n c e  o f  n e g a t i v e  e n e r g y  o r  n e g a t i v e  s t r e s s  on t h e  

c o s m o l o g i c a l  s c a l e .  In  t h i s  c a s e  t h e  f i e l d  e q u a t i o n s  c o u l d  

n o t  p r o v i d e  d i r e c t l y  a  k n o w le d g e  o f  t h e  c u r v a t u r e  u n t i l  t h e  

n a t u r e  o f  p and jv. was f u l l y  e s t a b l i s h e d ,  and  c o sm o lo g y  would 

h a v e  t a k e n  on a  r a d i c a l l y  d i f f e r e n t  s i g n i f  i c a n c  e .  ( S-cL P o ^

( i i i )  T h e  s t e a d y  s t a t e  model

As h a s  b e e n  s t a t e d ,  i n  t h e  c a s e  o f  t h e  s t e a d y  s t a t e  model 

f o r  w h i c h  O , Mo Or ea h a s  shown how t h e  a d m i s s i o n  o f  a

n e g a t i v e  p r e s s u r e  p e r m i t s  t h e  c r e a t i o n  p r o c e s s  i n  t h a t  model 

t o  b e  c o n s i s t e n t  m t h  t h e  f i e l d  e q u a t i o n s  o f  g e n e r a l  r e l a t i v i t y .  

The n e w ly  c r e a t e d  m a t t e r  i s  r e g a r d e d  a s  t h e  mass e q u i v a l e n t  

o f  t h e  w o r k  done  by  t h e  n e g a t i v e  p r e s s u r e  i n  t h e  e x p a n s i o n  of 

t h e  mod e l  •
Y  I

The m e t r i c  i n  t h i s  c a s e  i s  d e s c r i b e d  by  R(k) = ^  ; k - 0

so  t h a t  s u b s t i t u t i o n  i n  ( 4 . 3 ) ,  ( 4 , 4 )  g i v e s

 , ( 4 . 9 )= - J .  ,
^  r  j J .   . . ( 4 . 1 0 )
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S i n c e  p h a s  t h e  v a l u e  o f  t h e  c r i t i c a l  d e n s i t y  g iv e n
A

i n  ( 4 . 8 )  i f  we assutne t h a t  T -  ^*4 ^ *0 . T h is  would

i n  p r i n c i p l e  p r o v i d e  a n o t h e r  o b s e r v a b l e  c r i t e r i o n  f o r  t h e  s t e a d y  

s t a t e .  However i t  i s  d o u b t f u l  i f  a  z e r o  p o i n t  s t r e s s  o f  a  

n e g a t i v e  c h a r a c t e r  can b e  a d m i t t e d  v d t h o u t  a l l o w a n c e  f o r  t h e  

p o s s i b i l i t y  o f  p  i n c o r p o r a t i n g  a  z e r o  p o i n t  e n e rg y  d e n s i t y .  

In  f a c t  i t  w ould  a p p e a r  t o  b e  t h i s  p o s s i b i l i t y  t h a t  w o u ld  a l o n e  

p e r m i t  t h e  a c c e p t a n c e  o f  m o d e ls  i n  w h ic h  t h e  c u r v a t u r e  i s  z e r o  

or n e g a t i v e ,  b e c a u s e  o f  t h e  v e r y  low d e n s i t y  a s s o c i a t e d  w i t h  

t h e m , a c c o r d i n g  t o  e q u a t i o n  ( 4 . 8 ) .

I f  we do n o t  a c c e p t  t h a t  t h e  f i e l d  e q u a t i o n s  of  g e n e r a l

r e l a t i v i t y  a r e  t h e  p r o p e r  f i e l d  e q u a t i o n s  t o  d e s c r i b e  t h e  s t e a d y  

s t a t e ,  as  r a i ^ t  b e  t h e  p o i n t  o f  v i e w  o f  t h e  o r i g i n a t o r s  o f  t h e  

t h e o r y ,  t h e n  we m ust  r e l y  on t h e  o b s e r v a b l e  r e l a t i o n s  d e a l t  w i t h  

i n  C h a p t e r  I I  and  C h a p t e r  I I I ,  s i n c e  t h e  s t e a d y  s t a t e  t h e o r y  i s  

a t  p r e s e n t  v / i t h o u t  an a l t e r n a t i v e  f i e l d  t h e o r y . F o r t u n a t e l y ,

a s  we h a v e  d e m o n s t r a t e d  i n  C h a p t e r  I I ,  t h e  u n i q u e  c h a r a c t e r  o f

t h e s e  r e l a t i o n s  f o r  t h e  s t e a d y  s t a t e , e s p e c i a l l y  t h o s e  i n v o l v i n g  

t h e  num ber  c o u n t s ,  and  t h e  a b s e n c e  o f  e v o l u t i o n a r y  e f f e c t s ,  

make t h i s  a l t e r n a t i v e  a p r a c t i c a b l e  o n e .
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CHAPTER I :  TRM PRINCIPLE Qg MAOH

( i )  N e w to n la n  M e c h a n ic s

I n  N e w to n ia n  m e c h a n i c s  s p a c e  a n d  t i m e  w ere  r e g a r d e d  a s  

a b s o l u t e ,  f o r m i n g  a  b a c k g r o u n d  t o  p h y s i c a l  e v e n t s  b u t  r e m a i n i n g  

i n d e p e n d e n t  o f  a n d  u n a f f e c t e d  b y  t h e  m a t t e r  f e a t u r i n g ,  i n  t h e s e  

e v e n t s .  R e l a t i v e  t o  a b s o l u t e  s p a c e  m a t t e r  moved a c c o r d i n g  t o  

Nevfton*s t h r e e  l a w s  o f  i n e r t i a .  The g e o m e t r y  was a ssum ed  t o  b e  

E u c l i d e a n  i n  a b s o l u t e  s p a c e .

A l o g i c a l  s h o r t c o m i n g  o f  t h e  t h e o r y  i s  t h a t  i t  g a v e  no means 

o f  i d e n t i f i c a t i o n  o f  t h i s  s p a c e  r e l a t i v e  t o  m a t t e r ,  e x c e p t  f o r  

t h e  s t a t e m e n t  i n  t h e  f i r s t  l a w  t h a t  m a t t e r  u n d e r  no f o r c e  would  

b e  w i t h o u t  a c c e l e r a t i o n  i n  t h i s  s p a c e .  The a b s e n c e  o f  f o r c e  

h o w e v e r  i s  n o t  d e t e c t a b l e  i n  a n y  o t h e r  w ay .  I n  p r a c t i c e  i t  i s  

f o u n d  t h a t  r e l a t i v e  t o  t h e  i n e r t i a l  p l a n e  o f  a  s w in g i n g  

p e n d u lu m  ( F o u c a u l t  pend u lum )  t h e  e a r t h  r o t a t e s  w i t h  t h e  same 

a n g u l a r  v e l o c i t y  a s  i t  d o e s  r e l a t i v e  t o  t h e  d i s t a n t  s t a r s .  Thus 

t h e  d i s t a n t  s t a r s  w ou ld  seem t o  be  a t  r e s t  i n  a b s o l u t e  s p a c e .

The f o r c e s  t a k e n  a c c o u n t  o f  i n  t h e  t h e o r y  i n c l u d e d  

g r a v i t a t i o n a l  f o r c e ,  w h ich  a c c o r d i n g  t o  N e w t o n ' s  u n i v e r s a l  l aw  

o f  g r a v i t a t i o n  was p r o p o r t i o n a l  t o  t h e  m ass  o f  t h e  b ody  upo n  

w h i c h  i t  a c t e d .  I n  t h e  a b s e n c e  o f  a  g r a v i t a t i o n a l  f i e l d  i n

a b s o l u t e  s p a c e  t h e  e q u a t i o n  o f  m o t i o n  o f  a  p a r t i c l e  would  be  i n

a c c o r d a n c e  w i t h  t h e  i n e r t i a l  l a w s ,  u n d e r  i n e r t i a l  f o r c e s  o n l y  

t n o n - g r a v i t a t i o n a l ) . T h i s  i s  fo u n d  t o  a p p l y  i n  p r a c t i c e  i n  a n y

f r a m e  o f  r e f e r e n c e  i n  w h ich  t h e  l o c a l  g r a v i t a t i o n a l  f i e l d
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v a n i s h e s  a n d  i n  w h ic h  t h e  p l a n e  o f  a  s w i n g i n g  p e n d u lu m  r e m a i n s  

w i t h o u t  r o t a t i o n *  T h e s e  a r e  t h e  s o - c a l l e d  i n e r t i a l  f r a m e s ,  

' f r e e l y  f a l l i n g *  an d  w i t h o u t  r o t a t i o n  r e l a t i v e  t o  t h e  d i s t a n t  

s t a r s .  Thus  t h e  f r a m e  o f  r e f e r e n c e  w h ic h  e f f e c t i v e l y  

c o n s t i t u t e d  a b s o l u t e  s p a c e  f o r  Newton ,  t h a t  i s  i n  w h ic h  t h e  s u n  

a n d  d i s t a n t  s t a r s  a r e  a t  r e s t ,  i s  i n e r t i a l  i f  we n e g l e c t  t h e  

l o c a l  g r a v i t a t i o n a l  f i e l d  o f  t h e  s o l a r  s y s t e m .

However  i f  a  r e f e r e n c e  f ra m e  i s  c h o s e n  r o t a t i n g  and  

a c c e l e r a t i n g  r e l a t i v e l y  t o  a n  i n e r t i a l  f r a m e  t h e n  t h e  N e w to n ia n  

l a w s  h o l d  f o r  t h e  m o t i o n  o f  a  p a r t i c l e  o n l y  b y  t h e  i n t r o d u c t i o n  

o f  t h e  s o - c a l l e d  f i c t i t i o u s  f o r c e s  -  c e n t r i f u g a l  f o r c e  a n d  f o r c e  

o f  C o r i o l i s ,  t o g e t h e r  w i t h  a n  a r t i f i c i a l  homogeneous g r a v i t a t i o n 

a l  f i e l d .  T h u s  t h e  i n e r t i a l  f r a m e s  a p p e a r  a s  p r e f e r r e d  f r a m e s  

o f  r e f e r e n c e  i n  v/hich i t  h a p p e n s  t h a t  t h e  d i s t a n t  s t a r s  a r e  n o t  

r e v o l v i n g .  The t h e o r y  s u p p l i e d  no c a u s a l  c o n n e c t i o n  b e tw e e n  

t h e s e  two f a c t s .

The p h i l o s o p h e r  a n d  s c i e n t i s t  E .  Mach (3^) r e g a r d e d  t h i s  a s  

u n s a t i s f a c t o r y  and  p u t  f o r w a r d  t h e  v iew  t h a t  t h e  n o t i o n  o f  

a b s o l u t e  s p a c e  was a  ' f o r l o r n *  c o n c e p t  ' b e r e f t  o f  a l l  s c i e n t i f i c  

s i g n i f i c a n c e *  ( o p . c i t .  p . 2 2 9 ) .  Thus Mach o b s e r v e s  ( p . 2 2 9 ) :

'When we s a y  t h a t  a  b o d y  K a l t e r s  i t s  d i r e c t i o n  a n d  v e l o c i t y ,  

s o l e l y  t h r o u g h  t h e  I n f l u e n c e  o f  a n o t h e r  b o d y  K , we h a v e  

a s s e r t e d  a  c o n c e p t i o n  t h a t  i t  i s  i m p o s s i b l e  t o  come t o ,  u n l e s s

o t h e r  b o d i e s  ............... a r e  p r e s e n t  w i t h  r e f e r e n c e  t o  w h ic h

t h e  m o t i o n  o f  t h e  body  K h a s  b e e n  e s t i m a t e d .  I n  r e a l i t y

a



—89“'

t h e r e f o r e  we a r e  s i m p l y  c o g n i s a n t  o f  a  r e l a t i o n  o f  t h e  body  K 

t  o A , B, C ................' .

I n s t e a d  o f  a b s o l u t e  s p a c e  Mach p r o p o s e d  t o  s u b s t i t u t e  

t h e  h y p o t h e s i s ,  g e n e r a l l y  known a s  M a c h ' s  P r i n c i p l e ,  t h a t  

i n e r t i a  a n d  t h e  i n e r t i a l  f r a m e s  a r e  d e t e r m i n e d  by  a  k i n d  o f  

g r a v i t a t i o n a l  e f f e c t  o f  a l l  t h e  m a t t e r  i n  t h e  u n i v e r s e *  Thus 

he  s a y s  (p  *231) :  * When we r e f l e c t  t h a t  we c a n n o t  a b o l i s h  t h e

i s o l a t e d  b o d i e s  C ...............  t h a t  i s  c a n n o t  d e t e r m i n e  b y

e x p e r i m e n t  w h e t h e r  t h e  p a r t  t h e y  p l a y  i s  f u n d a m e n t a l  o r  c o l l a t e r a l  

t h a t  h i t h e r t o  t h e y  h a v e  b e e n  t h e  s o l e  a n d  o n l y  c o m p e te n t  m eans  o f  

t h e  o r i e n t a t i o n  o f  m o t i o n s  and  o f  t h e  d e s c r i p t i o n  o f  m e c h a n i c a l  

f a c t s  i t  w i l l  be  f o u n d  e x p e d i e n t  p r o v i s i o n a l l y  t o  r e g a r d  a l l  

m o t i o n s  a s  d e t e r m i n e d  by  t h e s e  b o d i e s * .

I t  was e n v i s a g e d  by  Mach t h a t  t h e  i n e r t i a l  f r a m e s  a r e  

d e t e r m i n e d  by  t h e  f a c t  t h a t  i n  them  t h e  a v e r a g e  m o t i o n  o f  

u n i v e r s a l  m a t t e r ,  m e a s u r e d  i n  some d e f i n i t e  way,  i s  z e r o .  Thus  

he  a s s e r t s  ( p * 2 ) 4 ) :  ' I n s t e a d  o f  s a y i n g ,  t h e  d i r e c t i o n  and

v e l o c i t y  o f  a  m ass  yu. i n  s p a c e  r e m a i n  c o n s t a n t ,  we may a l s o  

employ  t h e  e x p r e s s i o n ,  t h e  mean a c c e l e r a t i o n  o f  t h e  m a s s w i t h

r e s p e c t  t o  t h e  m a s s e s  ................a t  t h e  d i s t a n c e s  v ’jV**

i s  z e r o , .............. .* I n  v ie w  o f  t h i s  r e m a r k ,  a s s o c i a t e d  w i t h  t h e

q u o t a t i o n  t o  f o l l o w ,  i t  i s  c l e a r  t h a t  Mach l o o k e d  u po n  i n e r t i a  

i t s e l f  a s  a r i s i n g  f r o m  a c c e l e r a t i o n  r e l a t i v e  t o  t h e  u n i v e r s e  

a s  a  w h o le :  ' I t  i s  known f r o m  r e c e n t  h y d r o d y n a m i c a l

i n v e s t i g a t i o n s  t h a t  a  r i g i d  body  e x p e r i e n c e s  r e s i s t a n c e  i n  a
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f r i c t i o n l e s s  f l u i d  o n l y  when, i t s  v e l o c i t y  c h a n g e s . T r u e ,  t h i s  

r e s u l t  i s  d e r i v e d  t h e o r e t i c a l l y  f ro m  t h e  n o t i o n  o f  i n e r t i a ;  b u t  

i t  m ig h t , ,  c o n v e r s e l y ,  be  r e g a r d e d  a s  t h e  p r i m i t i v e  f a c t  f rom  

w h ic h  we have  t o  s t a r t * .

By Mach*s P r i n c i p l e  t h e  c h a i n  o f  c a u s e  a nd  e f f e c t  i n  t h e  

p h y s i c a l  phenomena  would  a c c o r d i n g l y  be c l o s e d ,  a s  Mach d e s i r e d ,  

a n d  t h e  a  p r i o r i  c o n c e p t  o f  a b s o l u t e  s p a c e  would  be e l i m i n a t e d *  

However t h e  l i m i t a t i o n s ,  a t  t h a t  p e r i o d ,  o f  t h e  n o t i o n s  o f  

d i s t a n c e  and  t i m e  p r e v e n t e d  Mach f ro m  p r o v i d i n g  an  a n a l y t i c  

t h e o r y  o f  h i s  g e n e r a l  i d e a s  w h ich  would  s a t i s f a c t o r i l y  p r o v i d e  

f o r  t h e  c o n v e r g e n c e  o f  t h e  w o r l d  e f f e c t s  o f  m a t t e r  on m a t t e r *

I f  h i s  v i e w s ,  w h ic h  have  a p p e a l e d  t o  many s c i e n t i s t s ,  a r e  

c o r r e c t ,  t h e n  b o t h  t h e  e x p e r i m e n t  o f  F o u c a u l t  * s p e n d u lu m  and  t h e  

p r a c t i c a l  c o n s t a n c y  o f  i n e r t i a l  m ass  i n d i c a t e  t h a t  t h e  e f f e c t  o f  

d i s t a n t  m a t t e r  i n  t h e  u n i v e r s e  m u s t  h e a v i l y  p r e d o m i n a t e  o v e r  

t h a t  o f  l o c a l  m a t t e r ,  s u c h  a s  t h e  r o t a t i n g  e a r t h  o r  t h e  r e v o l v i n g  

p l a n e t s ,  i n  d e t e r m i n i n g  i n e r t i a  and  t h e  i n e r t i a l  f r a m e s*  To 

t h e  a c c u r a c y  o f  t h e  p r e s e n t  means o f  d e t e c t i o n  no e f f e c t  o f  

l o c a l  m a t t e r ,  i n  t h e  s e n s e  o f  Mach*s P r i n c i p l e ,  h a s  y e t  b e e n  

o b s e r v e d *

N e v e r t h e l e s s ,  a  p h y s i c a l  t h e o r y  t h a t  d e s c r i b e d  p h y s i c a l  

phenom ena  a t  l e a s t  a s  w e l l  a s  N e w to n ia n  m e c h a n i c s ,  and  w h ic h  i n  

a d d i t i o n  was i n d e p e n d e n t  o f  t h e  c o n c e p t  o f  a b s o l u t e  s p a c e ,  b u t  

i n c o r p o r a t e d  a  b a s i s  f o r  t h e  e f f e c t  o f  m a t t e r  on i n e r t i a ,  a t  

l e a s t  i n  p r i n c i p l e ,  w ould  be h e u r i s t i c a l l y  p r e f e r a b l e  t o  

N e w to n ia n  m e c h a n ic s *



- 91-

( i i )  R e l a t i v i t y  M e c h a n ic s  an d  t h e  G e n e r a l  t h e o r y  o f  R e l a t i v i t y

A n o t h e r  f a c t  f o r  w h ic h  t h e  N e w to n ia n  t h e o r y  o f f e r e d  no 

f u n d a m e n t a l  e x p l a n a t i o n  was t h a t  a c c o r d i n g  t o  t h e  g r a v i t a t i o n a l  

l a w  t h e  g r a v i t a t i o n a l  f o r c e  on a  b o d y  was p r o p o r t i o n a l  t o  i t s  

m ass  so  t h a t  a l l  b o d i e s  f e l l  w i t h  t h e  same a c c e l e r a t i o n  i n  a  

g r a v i t a t i o n a l  f i e l d ,  i n d e p e n d e n t l y  o f  t h e i r  m a s s e s *  F o r  a l l  

o t h e r  f o r c e s  t h e  a c c e l e r a t i o n  p r o d u c e d  was i n v e r s e l y  p r o p o r t i o n a l  

t o  t h e  m a s s .  A c c o r d i n g l y  t h e  m a s s e s  o f  two b o d i e s  c o u l d  be  

com pared  e i t h e r  b y  t h e  r a t i o  o f  t h e i r  a t t r a c t i o n s  on a  s t a n d a r d  

b o d y ,  o r  by  t h e  i n v e r s e  r a t i o  o f  t h e  a c c e l e r a t i o n s  p r o d u c e d  i n  

th em  b y  t h e  same f o r c e .  The e q u a l i t y  o f  t h e  ' g r a v i t a t i o n a l *  

m ass  and  t h e  ' i n e r t i a l '  m a s s ,  c o n f i r m e d  t o  g r e a t  a c c u r a c y  b y  

t h e  e x p e r i m e n t s  o f  R .  E o t v o s  C ^ ) , was w i t h o u t  p h y s i c a l  

e x p l a n a t i o n  i n  t h e  N e w to n ia n  t h e o r y .

As i s  w e l l  known t h i s  e q u a l i t y  was made a  l o g i c a l  c o n s e q u e n c e  

o f  t h e  P r i n c i p l e  o f  JS q u iv a le n c e ,  p u t  f o r w a r d  b y  A. iS L n s te in  t o  

fo r m  t h e  b a s i s  o f  t h e  g e n e r a l  t h e o r y  o f  r e l a t i v i t y .  P r e v i o u s  t o  

t h i s  N e w to n ia n  m e c h a n i c s  i n  i n e r t i a l  f r a m e s  had  g i v e n  p l a c e  t o  

t h e  m e c h a n i c s  o f  s p e c i a l  r e l a t i v i t y .  A c c o r d i n g  t o  t h e  P r i n c i p l e  

o f  S p e c i a l  R e l a t i v i t y  t h e  same l a w s  o f  e l e c t r o d y n a m i c s  a n d  

m e c h a n i c s  w ere  t o  be  v a l i d  i n  a l l  i n e r t i a l  f r a m e s  i . e .  f r a m e s  i n  

w h ic h  t h e r e  was no g r a v i t a t i o n a l  f i e l d ,  r e a l  o r  f i c t i t i o u s .

T h u s ,  a s  had  a l r e a d y  b e e n  f o u n d  f o r  N e w to n ia n  m e c h a n i c s ,  a l l  

i n e r t i a l  f r a m e s  m oving  r e l a t i v e l y  t o  one a n o t h e r  w i t h  u n i f o r m  

v e l o c i t y  were  t o  be  p h y s i c a l l y  e q u i v a l e n t ,  t h u s  e l i m i n a t i n g  t h e
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n o t i o n  o f  a b s o l u t e  r e s t .  T h i s  was e m p h a s i s e d  by  t h e  p a r t i c u l a r  

p o s t u l a t e  t h a t  t h e  v e l o c i t y  o f  l i g h t  i n  a  vacuum was t o  be  t h e  

same i n  a l l  i n e r t i a l  f r a m e s .  Thus s p e c i a l  r e l a t i v i t y ,  w h ich  

was d e v e l o p e d  k i n e m a t i c a l l y  f ro m  t h i s  p o s t u l a t e ,  was i n  a g r e e m e n t  

w i t h  t h e  f a c t  t h a t  no v e l o c i t y  o f  t h e  e a r t h  c o u l d  be o b t a i n e d  

r e l a t i v e  t o  t h e  s u p p o s e d  a e t h e r  ( M i c h e l s o n - M o r l e y  e x p e r i m e n t ) .

I n  a d d i t i o n  i t  was i n  a g r e e m e n t  w i t h  t h e  o b s e r v e d  f a c t  t h a t  t h e  

e l e c t r o d y n a m i c  phenomena  seemed t o  d e p en d  o n l y  on t h e  r e l a t i v e  

m o t i o n  o f  c o n d u c t o r s ,  m a g n e t s  e t c . ,  and  n o t  on t h e  c o n c e p t  o f  

a b s o l u t e  s p a c e .

An i m p o r t a n t  f e a t u r e  i n  t h e  d e v e lo p m e n t  o f  s p e c i a l  r e l a t i v i t y  

was t h a t  i t  l e d  t o  t h e  c e l e b r a t e d  m a s s - e n e r g y  r e l a t i o n s h i p  E -  

Lnd t o  t h e  r e a l i s a t i o n  t h a t  e n e r g y  had  i n e r t i a  a s  w e l l  a s  m a t t e r  

i n  a c c o r d a n c e  w i t h  t h i s  r e l a t i o n ,  w h ich  h a s  b e e n  am ply  c o n f i r m e d  

b y  e x p e r i m e n t .  I n  a d d i t i o n  i t  was r e a l i s e d  t h a t  t h e  e s t i m a t e d  

l e n g t h  o f  a r o d  w ould  d ep en d  on t h e  o b s e r v e r ' s  r e l a t i v e  v e l o c i t y  

t o  t h e  r o d ;  n e i t h e r  would  o b s e r v e r s  m oving  r e l a t i v e l y  t o  one 

a n o t h e r  w i t h  u n i f o r m  v e l o c i t y  a g r e e  a s  t o  t h e  i n t e r v a l  o f  t i m e  

b e tw e e n  two e v e n t s .  Thus t h e  n o t i o n s  o f  a b s o l u t e  s p a c e  and  

a b s o l u t e  t i m e  hc.d no p l a c e  i n  t h e  a n a l y s i s  o f  t h e  p h y s i c a l  

phenomena  i n  i n e r t i a l  f r a m e s .  N e v e r t h e l e s s  s p e c i a l  r e l a t i v i t y  

had  n o t h i n g  t o  s a y  a b o u t  t h e  c o m p a r i s o n  o f  o b s e r v a t i o n s  b e tw e e n  

r e l a t i v e l y  a c c e l e r a t i n g  o b s e r v e r s .

By t h e  P r i n c i p l e  o f  ja iquivalence  A i n s t e i n  m a i n t a i n e d  t h a t  

a  r e f e r e n c e  f r am e  h a v i n g  a c c e l e r a t i o n  ^  r e l a t i v e  t o  an  i n e r t i a l

f r a m e  was p h y e i e a l l y  e q u i v a l e n t  t o  one t h a t  was s t a t i o n a r y  i n  a
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hom ogeneous  g r a v i t a t i o n a l  f i e l d  o f  i n t e n s i t y - A c c o r d i n g  

t o  t h e  f i r s t  way o f  l o o k i n g  a t  i t ,  t h e r e f o r e ,  a  g i v e n  m ass  

c o u l d  b e  m e a s u r e d  by  i t s  i n e r t i a ,  w h i l e  a c c o r d i n g  t o  t h e  s e c o n d  

by  i t s  w e i g h t .  Thus  t h e  i d e n t i t y  o f  t h e  g r a v i t a t i o n a l  a n d  

i n e r t i a l  m a s s e s  f o l l o w e d  a s  a  m a t t e r  o f  c o u r s e .

The c o n f i r m a t i o n  by  t h e  e x p e r i m e n t s  o f  E o tv o s  o f  t h e  t r u t h  

o f  t h i s  l o g i c a l  i n f e r e n c e  f ro m  t h e  P r i n c i p l e  o f  E q u i v a l e n c e  

d e m o n s t r a t e s  t h e  v a l i d i t y  o f  t h i s  f u n d a m e n t a l  p r i n c i p l e  o f  

g e n e r a l  r e l a t i v i t y .  I t  a l s o  makes  p o s s i b l e  t h e  o r i g i n  o f  

i n e r t i a  a c c o r d i n g  t o  M a c h ' s  P r i n c i p l e  so  t h a t  g e n e r a l  r e l a t i v i t y  

may be a n  e x p r e s s i o n  o f  t h a t  p r i n c i p l e .  F o r  c o n s i d e r  t h e  

f o l l o w i n g  o b s e r v a t i o n s  ( b y  t h e  p r e s e n t  w r i t e r ) .

( a )  I f  a  p a r t i c l e  i s  a t  r e s t  i n  a n  i n e r t i a l  f r a m e  t h e n  t h e  

b r i n g i n g  up o f  a  l a r g e  g r a v i t a t i n g  b o d y  w i l l  r e n d e r  t h e  f r a m e  

n o n - i n e r t i a l .  On t h e  o t h e r  hand  a  r e f e r e n c e  f r a m e  c o -m o v in g  

w i t h  t h e  p a r t i c l e ,  now a c c e l e r a t i n g  ( w i t h o u t  r o t a t i o n )  r e l a t i v e l y  

t o  t h e  o l d  f r a m e ,  w i l l  have  become i n e r t i a l .  Thus t h e  i n e r t i a l  

f r a m e s  a r e  c e r t a i n l y  a f f e c t e d  by  t h e  d i s t r i b u t i o n  o f  m a t t e r  i n  

t h e  u n i v e r s e .  S i n c e  a n  i n e r t i a l  f r a m e ,  t o  c o n t i n u e  i n e r t i a l ,  

m u s t ,  i f  a l l o w e d ,  a l w a y s  move so  a s  t o  n u l l i f y  a n y  s u g g e s t i o n  o f  a  

g r a v i t a t i o n a l  f i e l d  on  a  p a r t i c l e  a t  r e s t  r e l a t i v e  t o  i t ,  i t  

seem s i n e v i t a b l e  t o  c o n c l u d e  t h a t  i n  f a c t  i n  so d o i n g  i t  c a n c e l s  

t h e  f i e l d ,  m e a s u r e d  i n  a  s u i t a b l e  way,  o f  t h e  w hole  u n i v e r s e .

We c a n  j u s t i f y  a nd  i l l u s t r a t e  t h i s  c o n c l u s i o n  a s  f o l l o w s .
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l b )  I f ,  a c c o r d i n g  t o  t h e  P r i n c i p l e  o f  E q u i v a l e n c e ,  we c a n n o t  

d i s t i n g u i s h  b e t w e e n  t h e  a p p a r e n t  g r a v i t a t i o n a l  f i e l d  g e n e r a t e d  

b y  a n  i n e r t i a l  f o r c e  and  a  ' r e a l *  g r a v i t a t i o n a l  f i e l d ,  i t  f o l l o w s  

t h a t  t h e  i n e r t i a l  m ass  o f  a  p a r t i c l e  a c c e l e r a t i n g  r e l a t i v e l y  t o  

a n  i n e r t i a l  f r a m e  m u s t  b e  i n t e r p r e t e d  a s  p r o p o r t i o n a l  t o  i t s  

w e i g h t  i n  t h e  f i e l d  o f  t h e  r e s t  o f  t h e  u n i v e r s e .  I f ,  a s  we 

h a v e  s e e n  Mach s u g g e s t e d ,  u n i v e r s a l  m a t t e r  i s  on t h e  a v e r a g e  a t  

r e s t  i n  a n y  i n e r t i a l  f r a m e  t h e n  t h e  u n i v e r s e  a s  a  w h o le  i s  

a c c e l e r a t i n g  r e l a t i v e  t o  t h e  p a r t i c l e .  I t  i s  c l e a r  t h e r e f o r e  

t h a t  t h e  m e a s u r e  o f  t h e  e f f e c t  o f  t h e  w ho le  u n i v e r s e  o n  i n e r t i a  

m u s t  t a k e  a c c o u n t  o f  i t s  m o t i o n  i n  a d d i t i o n  t o  i t s  N e w to n ia n  

a t t r a c t i o n .  We s h a l l  s e e  l a t e r  t h a t  g e n e r a l  r e l a t i v i t y  p e r m i t s  

s u c h  a  m e a s u r e  i n  d e t a i l .

( e )  L e t  u s  now rem ove  t h e  i n e r t i a l  f o r c e ,  b u t  a l l o w  t h e  p a r t i c l e  

t o  m a i n t a i n  t h e  same a c c e l e r a t i o n  ( a t  t h e  i n s t a n t )  a s  b e f o r e ,  

r e l a t i v e l y  t o  t h e  o l d  i n e r t i a l  f r a m e ,  b y  p l a c i n g  a  l a r g e  g r a v i t a t 

i n g  b o d y  i n  a  s u i t a b l e  p o s i t i o n .  The r e s t  f r a m e  o f  t h e  p a r t i c l e  

w i l l  now be  i n e r t i a l ,  a s s u m i n g  t h a t  i t  d o e s  n o t  r o t a t e  r e l a t i v e l y  

t o  t h e  p r e v i o u s  i n e r t i a l  f r a m e .  I t  f o l l o w s  t h a t  t h i s  body  h a s  

c a n c e l l e d  t h e  f i e l d  o f  t h e  r e s t  o f  t h e  u n i v e r s e  a t  t h e  p a r t i c l e .

We s e e  t h e r e f o r e  how u n i v e r s a l  m a t t e r  c a n  d e t e r m i n e  i n e r t i a  and  

t h e  i n e r t i a l  f r a m e s  i n  a c c o r d a n c e  w i t h  M a c h ' s  P r i n c i p l e ,  i f  we 

i n v o k e  t h e  P r i n c i p l e  o f  E q u i v a l e n c e .

As s o o n  a s  we a c c e p t  t h a t  t h e  d i f f e r e n c e  b e tw e e n  i n e r t i a l  

a n d  n o n - i n e r t i a l  f r a m e s  i s  e q u i v a l e n t  t o  t h e  d i f f e r e n c e  b e tw e e n



- 93-

f r am e s  i n  w h ic h  t h e r e  i s  o r  i s  n o t  a  g r a v i t a t i o n a l  f i e l d ,  t h e n  

b o t h  t y p e s  o f  f r a m e s  'm ay  w i t h  e q u a l  r i g h t  be  l o o k e d  u p o n  a s  

" s t a t i o n a r y " ,  t h a t  i s  t o  s a y  t h e y  have  a n  e q u a l  t i t l e  a s  s y s t e m s  

o f  r e f e r e n c e  f o r  t h e  p h y s i c a l  d e s c r i p t i o n  o f  phen om en a* .

(A .  E i n s t e i n  C^) ) •  T h i s  l e d  E i n s t e i n  t o  make t h e  g e n e r a l  

p o s t u l a t e  o f  r e l a t i v i t y  t h a t  t h e  l a w s  o f  p h y s i c s  m u s t  be  

c o v a r i a n t  w i t h  r e s p e c t  t o  a r b i t r a r y  c h a n g e s  o f  t h e  r e f e r e n c e  

s y s t e m s  by means o f  c o o r d i n a t e  t r a n s f o r m a t i o n s ,  t h e  c o o r d i n a t e s  

t h e m s e l v e s  t o  be o f  a r b i t r a r y  p h y s i c a l  d e f i n i t i o n .  E i n s t e i n  

f u r t h e r  j u s t i f i e d  t h i s  r e q u i r e m e n t  o f  g e n e r a l  c o v a r i a n c e  o f  t h e  

p h y s i c a l  l a w s  b y  t h e  o b s e r v a t i o n  t h a t ,  s i n c e  t h e  d e s c r i p t i o n  o f  

t h e  u n i v e r s e  d e p e n d e d  f u n d a m e n t a l l y  on t h e  c o i n c i d e n c e  o f  s p a c e 

t i m e  e v e n t s  w i t h  p o i n t e r  r e a d i n g s  on m e a s u r i n g  i n s t r u m e n t s ,  t h e n  

t h e r e  i s  no a  p r i o r i  r e a s o n  f o r  p r e f e r r i n g  t h e  p h y s i c a l  

d e s c r i p t i o n  o f  one o b s e r v e r  t o  a n y  o t h e r .

I t  i s  now w e l l  known how^ i n  t h e  t h e o r y  o f  g e n e r a l  r e l a t i v i t y ,  

t h i s  c o v a r i a n c e  o f  t h e  p h y s i c a l  l a w s  was a c h i e v e d  ( ^ )  . By a n  

a r b i t r a r y  t r a n s f o r m a t i o n  o f  c o o r d i n a t e s  t h e  i n v a r i a n t

-  c} c i T * ‘-  o t x ' ’ — • t y ' ’-  d z .  . . . . . . 11 . 1)

c h a r a c t e r i s i n g  the. s p a c e - t i m e  m e a s u r e m e n t s  o f  s p e c i a l  r e l a t i v i t y ,  

a p p l i c a b l e  i n  a n y  l o c a l l y  i n e r t i a l  f r a m e ,  was g e n e r a l i s e d  t o  

t h e  fo rm

 (1 . 2 )
a p p l i c a b l e  i n  a  r e f e r e n c e  f r am e  m o v in g  a r b i t r a r i l y  r e l a t i v e l y  

t o  t h e  l o c a l l y  i n e r t i a l  f r a m e .  The r e l a t i o n  o f  t h e  i n v a r i a n t



- 96-

i n t e r v a l  Cis t o  t h e  m e a s u r e m e n t s ,  by  m e t r i c  s t i c k  and  c l o c k ,  

o f  f r e e l y  f a l l i n g  o b s e r v e r s  i n  t h e  n e ig h b o u r h o o d  o f  t h e  e v e n t s  

c o n n e c t e d  by  ( 1 . 2 )  h a s  b e e n  d e s c r i b e d  i n  P a r t  I ,  C h a p t e r  I  o f  

t h i s  t h e s i s .  S i n c e  t h e  a r e  f u n c t i o n s  o f  t h e

i t  i s  e v i d e n t  t h a t  t h e  s p a t i a l  g e o m e t r y  i n  a  g e n e r a l  r e f e r e n c e  

f ram e  w i l l  n o t  be  E u c l i d e a n ;  n o r  w i l l  c l o c k s ,  l o c a t e d  a t  

d i f f e r e n t  s p a t i a l  p o i n t s  o f  t h e s e  g e n e r a l l y  n o n - i n e r t i a l  f r a m e s ,  

k e e p  t im e  w i t h  one a n o t h e r  a s  i n  t h e  c a s e  o f  s p e c i a l  r e l a t i v i t y .

The d i f f e r e n t i a l  e q u a t i o n s  o f  m o t i o n  o f  a  f r e e  p a r t i c l e  i n  

s o e c i a l  r e l a t i v i t y ,  v i z .  ^  Y = =• _

a p p l i c a b l e  i n  a  l o c a l l y  i n e r t i a l  f r a m e ,  become i n  g e n e r a l  

r e l a t i v i t y  t h e  c o v a r i a n t  d i f f e r e n t i a l  e q u a t i o n s  o f  t h e  t i m e - l i k e  

g e o d e s i c  i n  t h e  s p a c e - t i m e  o f  a n  a r b i t r a r y  r e f e r e n c e  f r a m e ,  v i z .

^  r  d * P  _ _ds* j inr dir ' '  (lo)
w h ere  t h e  d e p e n d  on t h e  and  t h e i r  f i r s t

d e r i v a t i v e s .

As e x p l a i n e d  i n  P a r t  I ,  C h a p t e r  I  t h e  g e n e r a l  m e t r i c  ( 1 . 2 )  

c a n  o n l y  l o c a l l y  i n  a n  i n f i n i t e s i m a l  r e g i o n  o f  s p a c e - t i m e  be 

r e d u c e d  t o  t h e  m e t r i c  ( l . l )  o f  s p e c i a l  r e l a t i v i t y .  A c c o r d i n g l y  

t h e  g e n e r a l  s p a c e - t i m e  v a r i a b i l i t y  o f  t h e  i n  ( 1 . 2 )

m u s t  be  a s s o c i a t e d  w i t h  t h e  p r e s e n c e  o f  t h e  g r a v i t a t i o n a l  f i e l d  

i n  t h i s  g e n e r a l  r e f e r e n c e  f r a m e .  I n d e e d  by  s u p p o s i n g  t h a t  

t h e  a r e  i n d e p e n d e n t  o f  t h e  t im e  c o o r d i n a t e  ( s t a t i c  f i e l d )

a n d  d i f f e r  o n l y  i n f i n i t e s i m a l l y  f ro m  t h e  ' G a l i l e a n *  v a l u e s  o f
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s p e e i a l  r e l a t i v i t y ,  t h e  e q u a t i o n  ( 1 . 3 )  f o r  t h e  m o t i o n  o f  a  f r e e  

p a r t i c l e  i n  s p a c e  c a n  be  w r i t t e n  t o  a  f i r s t  a p p r o x i m a t i o n  

( a s  i s  e a s i l y  sh o w n ) ,

=  ■ - à * '  = ' ' " ' 4
A c c o r d i n g l y  t h e  p o t e n t i a l  o f  t h e  g r a v i t a t i o n a l  f i e l d ,  i n  t h e  

N e w t o n i a n  s e n s e ,  h a s  t o  b e  i d e n t i f i e d  w i t h  ■£“ J 4 4 ,  o r  a t  l e a s t  

i t s  d e r i v a t i v e s  w i t h  t h o s e  o f  x  J 4 4  .

F o r  t h e  e q u a t i o n s  o f  t h e  g r a v i t a t i o n a l  f i e l d  E i n s t e i n  

t h e r e f o r e  l o o k e d  f o r  c o v a r i a n t  r e l a t i o n s  b e tw e e n  t h e  J /v \v  

and  t h e  s o u r c e  o f  t h e  g r a v i t a t i o n a l  f i e l d ,  t h a t  i s  t h e  

d i s t r i b u t i o n  a n d  m o t i o n  o f  m a t t e r  i n  t h e  r e f e r e n c e  f r a m e .  T h i s  

l a t t e r  was c h a r a c t e r i s e d  by  t h e  c o v a r i a n t  s t r e s s - e n e r g y - m o m e n t u m  

t e n s o r  ,  whose com p o n e n ts  i n  a  l o c a l l y  i n e r t i a l  s y s t e m  were 

t o  have  t h e  u s u a l  i n t e r p r e t a t i o n  o f  s p e c i a l  r e l a t i v i t y .  S i n c e  

t h e  o r d i n a r y  d i v e r g e n c e  o f  v a n i s h e d  i n  s p e c i a l  r e l a t i v i t y ,

E i n s t e i n  p o s t u l a t e d  t h e  v a n i s h i n g  o f  a  g e n e r a l l y  c o v a r i a n t  t e n s o r  

d i v e r g e n c e  o f  ,  a l r e a d y  known f rom  t h e  work o f  R i c c i  a nd

L e v i - C i v i t a .  E i n s t e i n  t h e r e f o r e  l o o k e d  f o r  a  t e n s o r  o f  t h e  

s e c o n d  r a n k ,  i n v o l v i n g  ^ r l in ea r lyL )  d e r i v a t i v e s  o f  t h e  ^ / hv up 

t o  t h e  s e c o n d  o r d e r  o n l y  ( i n  a n a l o g y  w i t h  P o i s s o n * s e q u a t i o n ) ,  

an d  whose t e n s o r  d i v e r g e n c e  v a n i s h e d ,  w h ich  he c o u l d  e q u a t e  t o

t h e  » He t h u s  f i n a l l y  o b t a i n e d  t h e  g e n e r a l l y  c o v a r i a n t

e q u a t i o n s  o f  t h e  f i e l d

........................ ( 1. 4)

w here  i s  a  t e n s o r  i n v o l v i n g  d e r i v a t i v e s  o f  t h e  up

t o  t h e  s e c o n d  o r d e r  a n d  R i s  t h e  i n v a r i a n t  o b t a i n e d  by  t h e
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c o n t r a c t i o n  o f  t h i s  t e n s o r .  K i s  a  c o n s t a n t  w hich  i s  i d e n t i f i e d  

a s  ,  w h e re  C i s  t h e  N e w to n ia n  g r a v i t a t i o n a l  c o n s t a n t ,

b y  o b t a i n i n g  t h e  a n a l o g u e  o f  P o i s s o n ’ s e q u a t i o n  f ro m  ( 1 . 4 )  f o r  

a  weak s t a t i c  f i e l d .  The e n e r g y  d e n s i t y  o f  m a t t e r  f o r  t h i s  

p u r p o s e  i s  t a k e n  i n  m ass  u n i t s .

By t h e s e  t e n s o r  e q u a t i o n s ,  w h ich  a r e  s e c o n d  o r d e r  

d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  i n  t e r m s  o f  t h e  c o m p on en ts

o f  t h e  m a t t e r  t e n s o r  ,  E i n s t e i n  hoped  t h a t  M a c h ' s  P r i n c i p l e

h a d  b e e n  f u l l y  i n c o r p o r a t e d  i n  g e n e r a l  r e l a t i v i t y .  I n  C h a p t e r  

I I  we s h a l l  exam ine  how f a r  t h i s  hope  would  a p p e a r  t o  have  b e e n  

r e a l i s e d .

( i i i )  S c i a m a ’ s t h e o r y  o f  M ach’ s P r i n c i p l e

An i n d e p e n d e n t  t h e o r y  o f  M ach’ s P r i n c i p l e  h a s  b e e n  p u t  

f o r w a r d  t e n t a t i v e l y  by  D. W. S c iam a  ( 4 ) .  S c iam a  t a k e s  t h e  v ie w  

t h a t  g e n e r a l  r e l a t i v i t y  h a s  f a i l e d  t o  a c c o u n t  s a t i s f a c t o r i l y  f o r  

t h e  i n e r t i a l  p r o p e r t i e s  o f  m a t t e r .  H i s  v i e w s  i n  t h i s  

c o n n e c t i o n  and  t h o s e  o f  o t h e r s  who h o l d  t h e  same o p i n i o n  w i l l  be  

p r e s e n t e d  i n  C h a p t e r  I I .  S u f f i c e  i t  t o  s a y  h e r e  t h a t  he 

r e s t e d  on t h e  c o n c l u s i o n  t h a t  t h e  f i e l d  e q u a t i o n s  o f  g e n e r a l  

r e l a t i v i t y  im p ly  t h a t  a  s i n g l e  g r a v i t a t i n g  body  i n  an  o t h e r w i s e  

em pty  u n i v e r s e  p r o d u c e s  i n e r t i a l  e f f e c t s  e q u a l  t o  t h a t  p r o d u c e d  

b y  a  f u l l  u n i v e r s e .  A c c o r d i n g l y  Sc iam a  d e s i r e d  t o  f i n d  a 

t h e o r y  o f  g r a v i t a t i o n  t h a t  would  i m p ly  t h a t  m a t t e r  h a s  i n e r t i a  

o n l y  i n  t h e  p r e s e n c e  o f  o t h e r  m a t t e r .  The t h e o r y  w i t h  t h i s  

p r o p e r t y  w h ich  a p p e a r  t o  him t o  b e  t h e  s i m p l e s t  i s  o u t l i n e d  

b e l o w .
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F o r  t h e  i n f l u e n c e  o f  m a t t e r  on m a t t e r  Sc iam a  d e f i n e s  a  

s c a l a r  and  v e c t o r  p o t e n t i a l  f i e l d  a n a l o g o u s  t o  t h a t  i n  c l a s s i c a l  

e l e c t r o m a g n e t i c  t h e o r y ,  w i t h  a s s o c i a t e d  ' g r a v o - e l e c t r i e * and  

' g r a v o - m a g n e t i c * f i e l d  i n t e n s i t i e s .  He makes t h e  f u n d a m e n t a l  

p o s t u l a t e  t h a t  ' i n  t h e  r e s t  f r a m e  o f  a n y  b o dy  t h e  g r a v i t a t i o n a l  

f i e l d  o f  t h e  u n i v e r s e  a s  a  w ho le  c a n c e l s  t h e  g r a v i t a t i o n a l  

f i e l d  o f  l o c a l  m a t t e r ,  so  t h a t  i n  t h i s  f r a m e  t h e  body  i s  " f r e e * .  

Thus i n  t h i s  t h e o r y  i n e r t i a l  e f f e c t s  a r i s e  f r o m  t h e  g r a v i t a t i o n a l  

f i e l d  o f  a  m ov ing  u n i v e r s e ’ . A ssum ing  f l a t  s p a c e - t i m e  Sciam a 

t h e r e f o r e  p o s t u l a t e s  t h e  f o l l o w i n g  e q u a t i o n  t o  h o l d  a t  t h e  

p a r t i c l e  i n  i t s  r e s t  f r a m e

..................................

v f iC T  T iC T
Where A   ̂.  I < r d V  f t  -  - f e r - t c o t V

J ^  ) J c r     (1 . 6)
iT«o r« o

H e re  c r  i s  t h e  c o sm ic  g r a v i t a t i o n a l  mass  d e n s i t y ,  b u t  i t  i s

c l e a r  t h a t  Sc iam a  d o e s  n o t  d i s t i n g u i s h  b e t w e e n  t h i s  an d  t h e  

c o s m ic  i n e r t i a l  m ass  d e n s i t y .  The l i m i t s  o f  i n t e g r a t i o n  

c o r r e s p o n d  t o  a  co sm ic  vo lum e o f  r a d i u s  C T ,  w h e re  T  i s  t h e  

r e c i p r o c a l  o f  t h e  H u b b le  p a r a m e t e r ,  t o  a l l o w  i n  a  p l a u s i b l e  

m ann e r  f o r  r e l a t i v i s t i c  o u t  o f f  i n  a n  e x p a n d i n g  u n i v e r s e .  The 

p a r t i c l e  i s  i n  t h e  p o s i t i o n  iT « o

By a p p l i c a t i o n  o f  h i s  t h e o r y  t o  t h e  m o t i o n  o f  a  f r e e  

p a r t i c l e  r e l a t i v e  t o  a  l o c a l  mass  M a t  r e s t  i n  t h e  u n i v e r s e ,  

w h ic h  i s  r e g a r d e d  a s  o t h e r w i s e  sm oothed  o u t ,  Sc iam a  d e r i v e s  t h e  

e q u a t i o n

........................ ( 1 . 7 )
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w h e re  an d  v  i s  t h e  s p e e d  o f  t h e  p a r t i c l e  r e l a t i v e

t o  t h e  mass  M ,

M aking  c o n t a c t  w i t h  t h e  c o r r e s p o n d i n g  N e w to n ia n  e q u a t i o n  

S c ia m a  c o n c l u d e s  t h a t  t h e  i n e r t i a l  mass  o f  t h e  p a r t i c l e  h a s  t o  

h e  i n t e r p r e t e d  as, p r o p o r t i o n a l  t o

 ( 1 . 8 )
w h ere  t h e  c o n s t a n t  o f  p r o p o r t i o n a l i t y  i s  a n  i n v a r i a n t  f o r  t h e  

p a r t i c l e  i n d e p e n d e n t l y  o f  p o s i t i o n .  T h i s  r e q u i r e s

G §  =2= -C-* 1  ( 1. 9)

or  G (T I J
Thus a  k n o w le d g e  o f  C a n d  T  b y  e x p e r i m e n t  a n d  o b s e r v a t i o n  l e a d s  

t o  t h e  v a l u e  o f  t h e  a v e r a g e  g r a v i t a t i o n a l  mass d e n s i t y  o f  t h e  

u n i v e r s e ,  and  t h e r e f o r e  p r o v i d e s  k n o w le d g e  o f  t h e  e f f e c t i v e  

m ass  o f  t h e  u n i v e r s e .

Sc iam a  c l a i m s  t h e r e f o r e  t h a t  h i s  t h e o r y  i n c o r p o r a t e s  a  

c o m b i n a t i o n  o f  N e w t o n ' s  law s  o f  m o t i o n  a n d  o f  g r a v i t a t i o n ,  w i t h  

i n e r t i a  and  t h e  i n e r t i a l  f r a m e s  d e t e r m i n e d  i n  a c c o r d a n c e  w i t h  

M ach' 8 P r i n c i p l e .  T h i s  c l a i m ,  a s  f a r  a s  h i s  t e n t a t i v e  t h e o r y  

g o e s ,  a p p e a r s  t o  be  j u s t i f i e d .  However  i t  w i l l  be  shown i n  

C h a p t e r  I I  t h a t  g e n e r a l  r e l a t i v i t y  i s  f u l l y  c o n s i s t e n t  w i t h  t h i s  

i n t e r p r e t a t i o n  o f  M a o h 's  P r i n c i p l e  by  S c i a m a ,  and  w i l l  i n  f a c t  

a p p e a r  t o  be  t h e  g e n e r a l  t e n s o r  t h e o r y  w h ic h  Sc iam a  d e s i r e d  t o  

f i n d ,  t o  which  he  r e c o g n i z e d  h i s  t h e o r y  c o u l d  o n l y  b e  a  f i r s t  

a p p r o x i m a t i o n .  I n d e e d  we have  a l r e a d y  shown i n  S e c t i o n  ( i i )
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o f  t h i s .  C h a p t e r  how, “ on  t h e  b a s i s  o f  t h e  P r i n c i p l e ^  o f  E q u i v a l e n c e ,  

i n e r t i a  c a n  be  r e g a r d e d  a s  a r i s i n g  f ro m  t h e  g r a v i t a t i o n a l  

i n f l u e n c e  o f  t h e  whole  u n i v e r s e ,  w i t h  t h e  i n e r t i a l  f r a m e s  

d e t e r m i n e d  b y  t h e  f a c t  t h a t  t h e  g r a v i t a t i o n  o f  l o c a l  m a t t e r  i s  

c a n c e l l e d  a t  a  t e s t - p a r t i c l e  b y  t h e  g r a v i t a t i o n  a r i s i n g  f rom  a  

m o v in g  u n i v e r s e .  T h i s  i s  p r e c i s e l y  t h e  q u a l i t a t i v e  b a s i s  o f  

S c i a m a * s  t h e o r y .  I n  C h a p t e r  I I  we s h a l l  show f u r t h e r  t h a t ,  

i n  t h e  f i r s t  a p p r o x i m a t i o n ,  g e n e r a l  r e l a t i v i t y  s u p p o r t s  t h i s  

i n t e r p r e t a t i o n  by  e q u a t i o n s  o f  t h e  same m a t h e m a t i c a l  fo rm  a s  i n  

S c i a m a ' s  t h e o r y .  T h a t  i s , t h e  e q u a t i o n s  p o s t u l a t e d  b y  Sc iam a  

a r e  a l r e a d y  c o n t a i n e d  i n  g e n e r a l  r e l a t i v i t y .
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CHAPTER I I :  GENERAL RELATIVITY AS AN EXPRESSION OF
MACH’S PRINCIPLE U T

(1 )  The m o t i o n  o f  a  f r e e  p a r t i c l e  when s p a c e - t i m e  i s  
q u a s i - G a l i l e a n

The d e v i a t i o n s  o f  t h e  f ro m  t h e  ’ G a l i l e a n ’ v a l u e s  w h ic h  

o b t a i n  i n  s p e c i a l  r e l a t i v i t y  ( c . f .  e q u a t i o n  ( 1. 1))  a r e  a  

m e a s u r e  o f  t h e  d e p a r t u r e  o f  t h e  r e f e r e n c e  f r a m e  f ro m  a n  i n e r t i a l  

s y s t e m .  The a l s o  d e t e r m i n e  t h e  g e o d e s i c  w o r ld  l i n e  o f  a  

f r e e  p a r t i c l e  p r o j e c t e d  i n  t h e  s y s t e m .  To t h i s  e x t e n t  t h e r e 

f o r e  t h e  f i e l d  e q u a t i o n s  ( 1 . 4 )  a r e  c o n s i s t e n t  w i t h  M ach’ s 

P r i n c i p l e  s i n c e ,  a s  we have  p o i n t e d  o u t  i n  C h a p te r  I ,  t h e y  

i n d i c a t e  t h a t  t h e  d e p en d  on t h e  d i s t r i b u t i o n  a n d  m o t i o n  o f

m ass  i n  t h e  r e f e r e n c e  f r a m e .  We s h a l l  now ex am ine  i n  d e t a i l  

how f a r  t h e  i n e r t i a  o f  a  f r e e  p a r t i c l e  a p p e a r s  t o  d e p e n d  on t h e  

» und  t o  w ha t  e x t e n t  i n e r t i a ,  t h e  i n e r t i a l  f r a m e s ,  and  

t h e  a r e  d e t e r m i n e d  i n  a c c o r d a n c e  w i t h  M ach’ s  P r i n c i p l e .

We r e s t r i c t  o u r  c o n s i d e r a t i o n s  i n  t h e  f i r s t  i n s t a n c e  t o  a  

q u a s i - G a l i l e a n  s y s t e m ,  t h a t  i s  whose d e p a r t u r e  f r o m  a n  i n e r t i a l  

s y s t e m  i s  s l i g h t  and  c o n f i n e d  t o  t h e  n e i g h b o u r h o o d  o f  t h e  

s p a t i a l  o r i g i n  so  t h a t  t h e  t a k e  on t h e  G a l i l e a n  v a l u e s

a t  s u f f i c i e n t  d i s t a n c e .  F o r  t h i s  c a s e  o f  a  weak g r a v i t a t i o n a l  

f i e l d ,  i n  w h ich  t h e  s p a t i a l  v e l o c i t y  o f  a  f r e e  p a r t i c l e  i s  s m a l l  

co m p ared  w i t h  t h e  v e l o c i t y  o f  l i g h t ,  t h e  m o t i o n  o f  s u c h  a  

p a r t i c l e  can  be  d e s c r i b e d  b y  a  M axw e l l  t y p e  p o n d e r m o t i v e  

e q u a t i o n .  T h i s  i d e a  i s  n o t  new and  h a s  i n  f a c t ,  w i t h  l i m i t e d  

a p p l i c a t i o n ,  b e e n  p r e s e n t e d  by  E i n s t e i n  (%) .  But  s i n c e
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B i n s t e i n ’ s d e r i v a t i o n  o f  t h e  r e s u l t  a p p e a r s  t o  c o n t a i n  e r r o r s  

o f  d e t a i l  we g i v e  o u r  own d e r i v a t i o n  h e r e ,  b e f o r e  i n v e s t i g a t i n g  

i t s  s i g n i f i c a n c e  f o r  Monh’ s P r i n c i p l e .

H e r e ,  and  h e n c e f o r t h  i n  t h i s  t h e s i s ,  l e t  L a t i n  l e t t e r s  

r e f e r  t o  t h e  nu m b ers  1, 2,3 a s s o c i a t e d  w i t h  s p a t i a l  c o o r d i n a t e s ;  

G reek  l e t t e r s  w i l l ,  a s  p r e v i o u s l y ,  c o v e r  a l l  s p a c e - t i m e  

c o o r d i n a t e s .  I t  i s  w e l l  known t h a t  t h e  e q u a t i o n s  o f  t h e  

g e o d e s i c  f o l l o w e d  by  a  f r e e  p a r t i c l e ,  g i v e n  by  ( I . 3) ,  c a n  be  

w r i t t e n  i n  t h e  e q u i v a l e n t  fo rm

i ^  ^   (2.1)
w h e re  b y  ( 1. 2)

^  2 f   ( 2. 2)

F o r  ^  e q u a t i o n s  ( 2 . 1 )  may be w r i t t e n

W r i t e  now 5  t  ,  ^  a n d  n e g l e c t  s q u a r e s  and

p r o d u c t s  o f  t h e  s p a t i a l  c o o r d i n a t e  v e l o c i t i e s  ,  g e t t i n g

( 2. 3)

The g e n e r a l  m e t r i c  ( 2 . 2 )  may be e x p r e s s e d  i n  t h e  form 
CtS ^  f  ^44̂  4" 2 ^4^ ^ ^ ^  -  (j -̂

.............. ( 2 . 4 )

Where we have taken C the velocity of light a s  unity.
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I t  i s  e v i d e n t  t h a t  t h e  a r e  t h e  d e v i a t i o n s  o f  t h e  

f r o m  t h e  G a l i l e a n  v a l u e s .  They a r e  t h e  Y ^ -ÿ  o f  E i n s t e i n ’ s 

a n a l y s i s  e x c e p t  f o r  t h e  m o d i f i c a t i o n  due t o  h i s  employment  o f  

i m a g i n a r y  .

We now make t h e  a s s u m p t i o n  t h a t  t h e  s q u a r e s  and p r o d u c t s  

o f  t h e  and  t h o s e  o f  t h e i r  d e r i v a t i v e s  c a n  be n e g l e c t e d .

To t h i s  a p p r o x i m a t i o n  t h e r e f o r e ,  r e t a i n i n g  o n l y  f i r s t  o r d e r  

t e r m s ,  we c a n  r e d u c e  e q u a t i o n  ( 2*3) t o

o n  u s i n g  ( 2. 2) t o  f i n d  t h e  a p p r o p r i a t e  a p p r o x i m a t i o n  f o r  

i n  e a c h  t e r m .  On r e a r r a n g i n g  we c a n  w r i t e

s o  t h a t  i n  t e r m s  o f  t h e  m e t r i c  ( 2 . 4 )  t h e  e q u a t i o n s  c a n  b e  

e x p r e s s e d ,  t o  t h e  r e q u i r e d  a p p r o x i m a t i o n

1  [(• -ru- i
'  . . .(2 .6)

I n  s o l v i n g  t h e  f i e l d  e q u a t i o n s  t o  t h i s  a p p r o x i m a t i o n  

E i n s t e i n  showed ( W t h a t  t h e  were  t h e  s o l u t i o n s  t o  t h e

e q u a t i o n s

' ( s t )  . . . ( 2.71
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t o  t h e  o r d e r  o f  t h e  a p p r o x i m a t i o n .  H e re  K i s  a s  d e f i n e d  w i t h

e q u a t i o n s  ( 1 . 4 ) ,  and  w h e re  a r e  t h e

G a l i l e a n  v a l u e s  o f  t h e  .  Assum ing  t h e  c o n t r i b u t i o n  o f  s t r e s s  

t o  t h e  s t r e s s - e n e r g y - m o m e n t u m  t e n s o r  t o  be  v a n i s h i n g l y  s m a l l  

com pared  w i t h  d e n s i t i e s  o f  mass  an d  momentum f o r  t h e  c a s e  he was 

c o n s i d e r i n g ,  E i n s t e i n  o b t a i n e d  t h e  s o l u t i o n :

;  . . ( 2 . 9 )

and. 4 ^ 4 = 0  ,  h

I n  t h i s  s o l u t i o n  i s  t h e  m ass  d e n s i t y ,  u!*' t h e  s p a c e

c o o r d i n a t e  v e l o c i t y ,  o f  t h e  e l e m e n t  o f  m ass  i n  t h e  c o o r d i n a t e  

v o lum e  dM  (^= d j  (4a  dx, ^ a t  d i s t a n c e  T  f ro m  t h e  p o i n t  

w h e re  t h e  a r e  e v a l u a t e d .  S q u a r e  b r a c k e t s  i n d i c a t e

r e t a r d e d  v a l u e s  c o r r e s p o n d i n g  t o  t h e  p r o p a g a t i o n  o f  t h e  f i e l d  

w i t h  t h e  u n i t  v e l o c i t y .

The i n t e g r a l s ,  s u p p o s e d  c o n v e r g e n t ,  a r e  o v e r  a l l  m a t t e r  

p r o d u c i n g  t h e  f i e l d .  Such  a  s o l u t i o n  o f  t h e  wave e q u a t i o n  o f  

L o r e n t z  ( e q u a t i o n  ( 2. 7))  i s  w e l l  known t o  be  v a l i d  o n l y  i f  t h e  

q u a n t i t i e s  s o l v e d  f o r  ( t h e  ) t e n d  t o  z e r o  i n  a  s u i t a b l e  way,

T h i s  i s  a s s o c i a t e d  w i t h  t h e  f a c t  t h a t  t h e  s o l u t i o n  i m p l i e s  t h a t  

t h e  d e n s i t i e s  o f  m ass  an d  momentum m u s t  v a n i s h  a t  ’ i n f i n i t y ’ .

Thus  i t  i s  c l e a r  t h a t  t h e  s o l u t i o n  c o n s i d e r e d  by  E i n s t e i n  

i n v o l v e s  a  m e t r i c  w h ic h  i s  G a l i l e a n  a t  s u f f i c i e n t  d i s t a n c e ,  

a s s o c i a t e d  w i t h  m ass  c o n c e n t r a t i o n s  o n l y  i n  t h e  n e i g h b o u r h o o d  

o f  t h e  s p a c e  o r i g i n ,  w i t h  e m p t y  s p a c e  a t  i n f i n i t y .
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The s o l u t i o n  h a s  t o  be  c o n s i s t e n t  w i t h  t h e  c o n d i t i o n  ( 2 . 8 )  

w h ic h  w i l l  be  s a t i s f i e d  i f  t h e  e x p r e s s i o n s  1

v a n i s h ,  f o r  a l l  ,  t o  t h e  f i r s t  o r d e r  i n  t h e  .  U s i n g

( 2. 9) an d  t h e  f u n d a m e n t a l  c o n s e r v a t i o n  e q u a t i o n s  T ^ y  =0 ,

i t  i s  e a s i l y  s e e n  t h a t  f o r  i n t e g r a l s  o v e r  a  f i n i t e  r e g i o n  o f  

m ass  t h e s e  e x p r e s s i o n s  a r e  i n d e e d  s e c o n d  o r d e r  q u a n t i t i e s .

I f  we now p u t

.............

so  t h a t  Vii® '’fj.x =- <iî = V 4 4 = 1 ^  , = - 4  ̂  ( 2 , 1 1 )

t h e n  e q u a t i o n  ( 2 . 6 )  c a n  be w r i t t e n  i n  v e c t o r  f o r m ,  c o v e r i n g 3

^ ^ - J ^ ) v r |  = t - v ^ A  . . . . , ( 2 . 1 2 )

T h i s  i s  t h e  r e q u i r e d  M a x w e l l  t y p e  p o n d e r m o t i v e  e q u a t i o n  o f  t h e  

f i e l d .  The t h r e e  a s s u m p t i o n s  made d u r i n g  i t s  d e r i v a t i o n  a r e :

( a )  The p a r t i c l e  v e l o c i t y  }T i n  t h e  r e f e r e n c e  f ra m e  i s  a ssum ed  

s m a l l  s u c h  t h a t  v ^ / i s  n e g l i g i b l e  com pared  w i t h  v * / c  ^

( b )  The d e v i a t i o n s  o f  t h e  f r o m  t h e  G a l i l e a n  v a l u e s  a r e  

s m a l l  s u c h  t h a t  t h e i r  s q u a r e s  a n d  p r o d u c t s ,  a n d  t h o s e  o f  t h e i r  

d e r i v a t i v e s ,  c a n  b e  n e g l e c t e d .

( c )  The d e v i a t i o n s  ) ^ y  v a n i s h  a t  ’ i n f i n i t y ’ so  t h a t  t h e  

q u a n t i t i e s  A > P  a r e  d e f i n e d  i n  t e r m s  o f  c o n v e r g e n t  i n t e g r a l s .  

I f  i n  a d d i t i o n  we now f u r t h e r  a ssum e  t h a t

( d )  The s o u r c e  v e l o c i t i e s  o f  t h e  f i e l d  a r e  a l s o  s m a l l  i n  t h e  

r e f e r e n c e  f r a m e  so  t h a t  t h e  same r e m a r k  a s  i n  ( a )  a p p l i e s  f o r  

th em  t h e n  e q u a t i o n  ( 2 . 1 2 )  r e d u c e s  t o

— -  A rN i^  -f- y  A A  ̂ * ( 2 . 1 3 )
cU:
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The e q u a t i o n  o b t a i n e d  by  E i n s t e i n  was ( o u r  n o t a t i o n )

^ 1̂(1 4

S i n c e  he  assum ed  c o n d i t i o n  (d )  a s  w e l l  a s  ( a ) ,  (b )  an d  ( c )  h i s  

r e s u l t  i s  i n c o r r e c t  t o  t h e  o r d e r  he was c o n s i d e r i n g  and  m i s l e a d 

i n g .  I n  o b t a i n i n g  t h i s  r e s u l t  he  p u t   ̂ j
t h e r e b y  o m i t t i n g  o r  n e g l e c t i n g  t h e  t e r m  w h ic h

when ^  ^  c o n t r i b u t e s  t o  o u r  r e s u l t  i n  e q u a t i o n  ( 2. 6) a s  t h e

t e r m  iCii )  i n  t h e  c o e f f i c i e n t  o f  i n  t h e  l e f t  h and

s i d e .  The n e g l e c t  o f  t h i s  t e r m  i s  o f  c o u r s e  c o n s i s t e n t  w i t h  

c o n d i t i o n  ( d ) ,  b u t  on t h e  o t h e r  h a n d  t h e  r e t e n t i o n  o f  t h e  t e r m  

1̂  t h e  c o e f f i c i e n t  o f  V ,  a r i s i n g  i n  o u r  a p p r o x i m 

a t i o n  f ro m  t h e  t e r m  % (44^ i n  t h e  c o e f f i c i e n t ,  i s  n o t

c o n s i s t e n t  w i t h  E i n s t e i n ’ s a s s u m p t i o n s .

( i i )  I n t e r p r e t a t i o n  o f  t h e  p o n d e r m o t i v e  e q u a t i o n  f o r
q u a s i - G a l i l e a n  f i e l d s

As E i n s t e i n  p o i n t e d  o u t  e q u a t i o n  ( 2 . 1 2 )  i n d i c a t e s  t h a t  

g e n e r a l  r e l a t i v i t y  g o e s  f a r  t o w a r d s  i n c o r p o r a t i n g  Maoh’ s 

P r i n c i p l e .  I t  may be com pared  w i t h  t h e  N e w to n ia n  e q u a t i o n ,  

v i z . :

AML = -  ^
(tt

The a d d i t i o n a l  t e r m s  a r e  s m a l l  i n  t h e  q u a s i - G a l i l e a n  f r a m e  

c o n s i d e r e d  b y  E i n s t e i n  a n d ,  a s  he s a i d ,  b ey o n d  p h y s i c a l  m e a s u r e 

m e n t .  N e v e r t h e l e s s  t h e y  show i n  t h e  s e n s e  o f  Mach’ s  P r i n c i p l e  

how c o n c e n t r a t e d  m a t t e r  a f f e c t s  t h e  i n e r t i a l  m ass  o f  a  f r e e l y  

m ov ing  p a r t i c l e ,  and  t h e  a c c e l e r a t i o n  o f  i t s  c o -m o v in g  l o c a l  

i n e r t i a l  f r a m e  r e l a t i v e  t o  t h e  g i v e n  f r a m e ,  i n  t h e  f o l l o w i n g
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r e s p e c t s :

t a )  The i n e r t i a l  m ass  i s  a p p a r e n t l y  p r o p o r t i o n a l  t o  i - 3ÿ  »

( h )  The l o c a l l y  i n e r t i a l  r e s t  f r a m e  o f  t h e  p a r t i c l e  i s  

a c c e l e r a t e d  b y  means o f  t h e  f o l l o w i n g  e f f e c t s :

( i )  G r a v i t a t i o n a l  a t t r a c t i o n  t o w a r d s  t h e  l o c a l  m ass  

c o n c e n t r a t i o n s  i n d i c a t e d  by  t h e  t e r m  -  .

t i i )  An i n d u c t i v e  e f f e c t  o f  l o c a l  a c c e l e r a t i n g  m a t t e r  i n  t h e  

same s e n s e  a s  t h e  a c c e l e r a t i o n ,  i n d i c a t e d  by  t h e  t e r m  

( i i i )  An i n d u c t i v e  e f f e c t  o f  m a t t e r  w h ich  i s  r o t a t i n g  r e l a t i v e

t o  t h e  com pass  o f  i n e r t i a  ( t o  u s e  G o d e l ’ s p h r a s e )  a t  ’ i n f i n i t y ’ 

i n  t h e  s e n s e  o f  t h e  r o t a t i o n ,  a s  i n d i c a t e d  by  t h e  t e r m  

• T h i s  i s  o f  t h e  same t y p e  a s  t h e  ’ f i c t i t i o u s ’

C o r i o l i s  f o r c e  f a m i l i a r  i n  N e w to n ia n  d y n a m i c s ,  w i t h  i t s  

a s s o c i a t e d  c e n t r i f u g a l  f o r c e ,  when a  r e f e r e n c e  f r a m e  i s  u s e d  

w h ich  i s  r o t a t i n g  r e l a t i v e  t o  t h e  com pass  o f  i n e r t i a .

I t  i s  c l e a r  t h e r e f o r e  t h a t  g e n e r a l  r e l a t i v i t y  c e r t a i n l y  

i n c o r p o r a t e s  i n  d e t a i l e d  m anner  t h e  a s p e c t s  o f  M ach’ s P r i n c i p l e  

i n d i c a t e d  a b o v e .  F o r  a  s a t i s f a c t o r y  t h e o r y  o f  Mach’ s P r i n c i p l e  

h o w e v e r  E i n s t e i n  r e a l i s e d  t h e  n e c e s s i t y  o f  sh o w in g  how i n e r t i a  

d e p e n d e d  on t h e  e n t i r e  cosm ic  d i s t r i b u t i o n  o f  m a t t e r .  The 

p o s i t i o n  o f  g e n e r a l  r e l a t i v i t y  w i t h  r e g a r d  t o  t h i s  f u n d a m e n t a l  

i s s u e  w i l l  now be  d i s c u s s e d .

( i i i )  The i n f l u e n c e  o f  t h e  c o s m o l o g i c a l  d i s t r i b u t i o n  o f  m ass  
on i n e r t i a

S i n c e  t h e  f i e l d  e q u a t i o n s  ( 1 . 4 )  o f  g e n e r a l  r e l a t i v i t y  a r e  

d i f f e r e n t i a l  e q u a t i o n s  ( s e c o n d  o r d e r )  f o r  t h e  i n  t e r m s
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o f  t h e  c o m p o n e n ts  o f  t h e  s t r e s s - e n e r g y - m o m e n t u m  t e n s o r ,  t h e  

b o u n d a r y  c o n d i t i o n s  r e g a r d i n g  t h e  c o s m o l o g i c a l  d i s t r i b u t i o n  o f  

m ass  a r e  n e c e s s a r y  f o r  t h e i r  c o m p l e t e  s o l u t i o n .  The c r u c i a l  

q u e s t i o n  v i s - a - v i s  Maoh’ s P r i n c i p l e  i s  w h e t h e r  t h e  b o u n d a r y  

c o n d i t i o n s ,  im p o s e d  t o  d e t e r m i n e  t h e  f u l l y ,  a r e  c o n s i s t e n t

w i t h  t h e  i d e n t i f i c a t i o n  o f  t h e  w ho le  o f  t h e  i n e r t i a  o f  a  p a r t i c l e ,  

a n d  o f  t h e  e x i s t e n c e  o f  i n e r t i a l  f r a m e s ,  w i t h  a n  i n t e g r a t e d  

i n f l u e n c e  o f  c o sm ic  m a s s .

I n  h i s  e a r l y  a t t e m p t s  a t  a  c o s m o l o g i c a l  s o l u t i o n  E i n s t e i n  

r e g a r d e d  t h e  f u l l  d e t e r m i n a t i o n  o f  t h e  i n  t e r m s  o f  b o u n d a r y

c o n d i t i o n s  a t  s p a t i a l  i n f i n i t y .  He a r g u e d  t h a t  a c c o r d i n g  t o  

M ach’ s  P r i n c i p l e  t h e  i n e r t i a  o f  a  p a r t i c l e  s u f f i c i e n t l y  f a r  f rom  

o t h e r  m a t t e r  s h o u l d  f a l l  t o  z e r o .  By o u r  e q u a t i o n  ( 2 . 5 )  w h ich  

h o l d s  q u i t e  g e n e r a l l y  s u b j e c t  o n l y  t o  c o n d i t i o n s  ( a )  a n d  (b )  o f  

S e c t i o n  ( i )  we s e e  t h a t  t h e  i n e r t i a  o f  a  p a r t i c l e ,  i n  a  s p a c e -  

t i m e  i n  w h ic h  ,  i s  p r o p o r t i o n a l  t o  ^

I t  f o l l o w s  t h a t ,  a s  E i n s t e i n  h a s  p o i n t e d  o u t  i j ) ,  i f  t h e  d e n s i t y  

o f  c o s m ic  m ass  t e n d s  t o  z e r o  a t  s p a t i a l  i n f i n i t y  t h e n  Mach’ s 

P r i n c i p l e  would  r e q u i r e  t h a t   ̂ #-r ^ 44--=» o* ,  a t

s p a t i a l  i n f i n i t y .  Y e t  i t  i s  c l e a r  t h a t ,  a s  we have  d e m o n s t r a t e d  

i n  S e c t i o n  ( i ) ,  E i n s t e i n ' s  s o l u t i o n  o f  t h e  f i e l d  e q u a t i o n s  

a s s u m i n g  empty s p a c e  a t  i n f i n i t y ,  e v e n  a l l o w i n g  f o r  t h e  p r e s e n c e  

o f  m a t t e r  i n  f i n i t e  s p a c e ,  l e a d s  d i r e c t l y  t o  a  m e t r i c  w h ic h  i s  

G a l i l e a n  a t  i n f i n i t y .  The e x a c t  S c h w a r z s c h i l d  s o l u t i o n  f o r  a
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s i n g l e  b o d y  i n  em pty  s p a c e  l e a d s  t o  t h e  same r e s u l t .  A c c o r d i n g  

t o  t h e  m e t r i c s  o f  t h e s e  s o l u t i o n s ,  g i v e n  f o r  t h e  a p p r o x i m a t e  

s o l u t i o n  b y  ( 2*9) ,  t h e  m a t t e r  p r e s e n t  i n  f i n i t e  s p a c e  a c c o u n t s  

f o r  o n l y  t h a t  p a r t  o f  t h e  w h ic h  r e p r e s e n t s  t h e

d e v i a t i o n s  f r o m  t h e  v a l u e s  a t  s p a t i a l  i n f i n i t y .

T h i s  f a i l u r e  by  E i n s t e i n  t o  o b t a i n  b o u n d a r y  c o n d i t i o n s  

a t  s p a t i a l  i n f i n i t y  c o n s i s t e n t  w i t h  Maoh’ s P r i n c i p l e  l e d  him 

t o  c o n s i d e r  t h e  p o s s i b i l i t y  o f  a  c o s m o l o g i c a l  s o l u t i o n  i n  w h ich  

t h e  u n i v e r s e  was s p a t i a l l y  f i n i t e  ( r e - e n t r a n t ) ,  so  t h a t  t h e  

d i f f i c u l t y  o f  b o u n d a r y  c o n d i t i o n s  a t  s p a t i a l  i n f i n i t y  w ould  be  

e l i m i n a t e d .  He fo u n d  t h a t  t h e  g r a v i t a t i o n a l  e q u a t i o n s  a d m i t t e d  

a  s t a t i c ,  homogeneous a n d  i s o t r o p i c ,  u n i v e r s e  i n  w h ich  s p a c e  

was s p h e r i c a l  o f  a  r a d i u s  R r e l a t e d  t o  c o sm ic  m ass  d e n s i t y  p  .  

The s o l u t i o n  demanded h o w ever  a  n e g a t i v e  p r e s s u r e  |l e q u a l  i n  

m a g n i t u d e  t o  one t h i r d  o f  t h e  e n e r g y  d e n s i t y  .  A c c o r d i n g l y  

E i n s t e i n  m o d i f i e d  t h e  f i e l d  e q u a t i o n s  by  i n t r o d u c i n g  a  l o g i c a l l y  

p e r m i s s i b l e  c o s m o l o g i c a l  c o n s t a n t  - /V  w h ic h  a l l o w e d  t h e  E i n s t e i n
#-r

u n i v e r s e  t o  c o r r e s p o n d  t o ^ z e r o  p r e s s u r e  ( 2) .

H ow ever ,  a l t h o u g h  l o g i c a l l y  p e r m i s s i b l e  on o t h e r  g r o u n d s ,  i t  

c a n n o t  be  s a i d  t h a t  E i n s t e i n  s a t i s f a c t o r i l y  a c c o u n t e d  f o r  i n e r t i a  

i n  t e r m s  o f  M ach’ s P r i n c i p l e  by  t h e  d e v i c e  o f  t h e  c o s m o l o g i c a l  

c o n s t a n t .  F o r  now i n e r t i a  ( t h e  ) d e p e n d e d ,  v i a  t h e

r a d i u s  o f  c u r v a t u r e ,  on a  d e m a t e r i a l i s e d  c o n s t a n t  a s  w e l l  a s  on 

c o sm ic  m ass  d e n s i t y *

On t h e  o t h e r  h a n d ,  i f  we a c c e p t  t h e  p o s s i b i l i t y  o f  a
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n e g a t i v e  z e r o  p o i n t  s t r e s s ,  t h e n  t h e  o o s m o l o g i c a l  c o n s t a n t

c a n  be  r e g a r d e d  a s  n e v e r  n e c e s s a r y  f o r  E i n s t e i n ’ s p u r p o s e .

By t h e  same t o k e n  t h e  co sm ic  s p a c e - t i m e  d i s c o v e r e d  by  de S i t t e r
b e e n

( 8) ,  w h ic h  h a s  u s u a l l y  /  r e g a r d e d  a s  empty  t h e r e b y  e s c h e w in g  

M ach’ s P r i n c i p l e  i n  g e n e r a l  r e l a t i v i t y  ( s e e  f o r  exam ple  H.  B ond i

(2 )  ) » n e e d  n o t  be  so  r e g a r d e d .  F o r  t h e  f i e l d  e q u a t i o n s ,  

w h e t h e r  - A -  b e  p r e s e n t  o r  n o t ,  demand o n l y  o f  t h e  de  S i t t e r  

m e t r i c  t h a t  4- |v = o „

The de S i t t e r  m e t r i c  h a s  b e e n  fo u n d  t o  be  a p p r o p r i a t e  t o  

t h e  s p a c e - t i m e  o f  t h e  s t e a d y  s t a t e  model p r o p o s e d  b y  H .  B on d i  and  

T .  G o ld  ( 1 £ ) ,  and  by  F .  H o y le  ( 1 1 ) .  I n d e e d  t h e  n e g a t i v e  

p r e s s u r e  a s s o c i a t e d  w i t h  t h e  de S i t t e r  m e t r i c  h a s  b e e n  in v o k e d  

b y  W. H.  MoCrea (12^) t o  r e n d e r  t h e  c r e a t i o n  o f  m a t t e r  i n  t h e  

s t e a d y  s t a t e  c o n s i s t e n t  w i t h  g e n e r a l  r e l a t i v i t y .  I t  w i l l  i n  

f a c t  be  shown l a t e r  ( C h a p t e r  IT )  t h a t  t h e  s t e a d y  s t a t e  m o d e l  

i n t e r p r e t e d  a c c o r d i n g  t o  g e n e r a l  r e l a t i v i t y ,  would  seem t o  

p r o v i d e  a n  o r i g i n  f o r  i n e r t i a  c o m p l e t e l y  c o n s i s t e n t  w i t h  M ach’ s 

P r i n c i p l e .

The f a i l u r e  b y  E i n s t e i n  t o  f i n d  b o u n d a r y  c o n d i t i o n s  a t  

s p a t i a l  i n f i n i t y  t o  a l l o w  i n e r t i a  t o  be f u l l y  d e t e r m i n e d  b y  

m a t t e r  h a s  r e m a in e d  a n  e s s e n t i a l  r e a s o n  f o r  t h e  v i e w  h e l d  b y  

many t h a t  g e n e r a l  r e l a t i v i t y  d o e s  n o t  f u l l y  i n c o r p o r a t e  M ach’ s 

P r i n c i p l e  ( £ ) ,  (2 )  •> However i n  t h e  v ie w  o f  t h e  w r i t e r  o f  t h i s  

t h e s i s  i t  i s  n o t  l e g i t i m a t e  t o  p o s t u l a t e  empty  s p a c e  a t  i n f i n i t y
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a s  a  co sm ic  s o l u t i o n  t o  t h e  f i e l d  e q u a t i o n s .  F o r  empty s p a c e  

c a n  o n l y  be  d e s c r i b e d  b y  a  r e f e r e n c e  f r a m e  w h ic h  i s  p u r e l y  

c o n c e p t u a l ,  d e f i n e d  w i t h o u t  r e f e r e n c e  t o  m a t t e r  o r  r a d i a t i o n ,  

a n d  r e s t o r i n g  t o  s p a c e  a n  o b j e c t i v e  q u a l i t y ,  i n d e p e n d e n t  o f  

m a t t e r ,  w h ic h  t h e  f i e l d  e q u a t i o n s  o f  g e n e r a l  r e l a t i v i t y  w ould  

p a t e n t l y  d e n y .  I t  i s  u n s a t i s f a c t o r y  t o  s u p p o s e  t h a t  m a t t e r  

c a n  a f f e c t  i n e r t i a ,  a s  h a s  b e e n  shown i n  d e t a i l  i n  S e c t i o n s  ( i ) ,  

( i i ) ,  and  y e t  n o t  w h o l l y  c a u s e  i t ;  b u t  t h i s  s i t u a t i o n  a r i s e s  

i n  S e c t i o n  ( i )  f ro m  t h e  u n r e a l i s t i c  p o s t u l a t e  o f  empty  s p a c e  a t  

i n f i n i t y .

I n  a d d i t i o n  i t  s h o u l d  be  p o i n t e d  o u t  t h a t  t h e  m e t r i c  o f  

g e n e r a l  r e l a t i v i t y  a r i s e s  f ro m  a  g e n e r a l  t r a n s f o r m a t i o n  o f  t h e  

m e t r i c  o f  s p e c i a l  r e l a t i v i t y ,  w h ic h  was b a s e d  on t h e  r e a l  

e x i s t e n c e  o f  a  q u a s i - G a l i l e a n  r e f e r e n c e  s y s t e m  e x t e n d i n g  a t  

l e a s t  o v e r  t h e  whole  s o l a r  s y s t e m .  I f  t h i s  q u a s i - G a l i l e a n  f r a m e  

owes i t s  e x i s t e n c e  i n  f a c t  t o  w o r l d  g r a v i t a t i o n ,  a s  t h e  

e x p e r i m e n t  o f  t h e  F o u c a u l t  p e n d u lu m ,  e t c .  w ou ld  i m p l y ,  t h e n  i t  

i s  n o t  s u r p r i s i n g  t h a t  we do n o t  o b t a i n  c o n s i s t e n c y  i f  we 

p o s t u l a t e  t h e  a b s e n c e  o f  w o r l d  g r a v i t a t i o n .  Ue c a n  o f  c o u r s e  

a r r i v e  a t  t h e  n o t i o n  o f  empty  s p a c e  a s  a  l i m i t i n g  p r o c e s s  by  

l e t t i n g  t h e  c o sm ic  d e n s i t y  t e n d  t o  z e r o .  We s h a l l  s e e  i n  

C h a p t e r  IV t h a t ,  i n  t h e  c a s e  o f  t h e  s t e a d y  s t a t e  m o d e l  a t  l e a s t ,  

t h i s  would  be  c o m p e n s a te d  by  t h e  f a c t  t h a t  t h e  r a d i u s  o f  s p a c e  

w ou ld  t e n d  t o  i n f i n i t y  i n  su c h  a  way t h a t  i n e r t i a  c a n  a lw a y s  

be  a c c o u n t e d  f o r .
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I n  t i l e  n e x t  C h a p t e r  we s h a l l  p u t  f o r w a r d  a n  a n a l y s i s  t o  

show t h a t  g e n e r a l  r e l a t i v i t y  p e r m i t s  a  t h e o r y  o f  Maoh’ s 

P r i n c i p l e  w h i c h ,  i n  t h e  f i r s t  a p p r o x i m a t i o n ,  i s  e n t i r e l y  

c o n s i s t e n t  i n  e s s e n c e  w i t h  t h a t  a d v a n c e d  by  S c i a m a .
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CHAPTER I I I :  GENEEtxL RELATIVITY ..o AN EXPRESSION OP
iLiCH rs p r in c ip l e  iz T

( i )  The i n d u c t i v e  e f f e c t  o f  t h e  u n i v e r s e  i n  g e n e r a l  r e l a t i v i t y

I f  we r e j e c t  a s  i n a d m i s s i b l e  i n  g e n e r a l  r e l a t i v i t y  t h e  

c o n s i d e r a t i o n  o f  t h e  h y p o t h e t i c a l  s i t u a t i o n  o f  empty s p a c e  a t  

i n f i n i t y ,  we have  t o  l o o k  upon  E i n s t e i n ’ s q u a s i - G a l i l e a n  

s o l u t i o n ,  p r e s e n t e d  i n  C h a p te r  I I ,  S e c t i o n  t i ) >  a s  a p p l i c a b l e  

t o  a  r e f e r e n c e  f r am e  w h i c h ,  o v e r  a n  e x t e n s i v e  r e g i o n ,  would  be  

i n e r t i a l  i n  t h e  f i e l d  o f  t h e  d i s t  n t  m a t t e r  o f  t h e  u n i v e r s e  

b u t  i s  d i s t u r b e d  f ro m  t h i s  s to . t e  i n  t h e  n e ig h b o u r h o o d  o f  t h e  

s p a t i a l  o r i g i n  by  c o n c e n t r a t e d  m a t t e r  t h e r e .  Thus t h e  i n t e g r a l s  

g i v i n g  t h e  i n  ( 2. 9) would  be t a k e n  o v e r  t h i s  c o n c e n t r a t e d

m a t t e r  o n l y .  At much g r e a t e r  d i s t a n c e s  t h e  r e f e r e n c e  f ram e 

would  c e a s e  t o  be  q u a s i - G a l i l e a n  and  d e v i a t i o n s  ,  n o t

n e c e s s a r i l y  r e m a i n i n g  s m a l l ,  would  b e g i n  t o  a p p e a r  d e p e n d in g  now 

on t h e  cosm ic  d i s t r i b u t i o n  o f  mass and  i t s  m o t i o n .  On su c h  a  

s c a l e  o f  c o u r s e  l o c a l  d i s t u r b a n c e s  o f  s p a c e - t i m e  would c e a s e  

t o  be  imp0r t a n t .

A c c o r d i n g l y ,  i f  l o c a l  c o n c e n t r a t e d  m a t t e r  h a s  t h e  e f f e c t  

on t h e  i n d i c a t e d  by  e q u a t i o n s  ( 2. 9)> and  on t h e  m o t i o n

o f  a  f r e e  p a r t i c l e  a s  i n d i c a t e d  i n  t h e  p o n d e r m o t iv e  e q u a t i o n  

( 2 . 1 2 )  (whose  i n t e r p r e t a t i o n  i n  a c c o r d a n c e  w i t h  Mach’ s P r i n c i p l e  

i s  g i v e n  i n  C h a p t e r  I I ,  S e c t i o n  ( i i ) ) ,  we now e n q u i r e  t o  what  

e x t e n t  and  i n  what  m anner  do t h e  and  i n e r t i a  depend  on t h e

c o sm ic  d i s t r i b u t i o n  o f  m a s s .  T h i s  i s  a  q u e s t i o n  t h a t  E i n s t e i n
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d i d  n o t  a n s w e r ,  be yond  sh o w in g  t h a t  i n  t h e  E i n s t e i n  u n i v e r s e  t h e  

d ep en ded  on t h e  mass d e n s i t y  o f  t h a t  u n i v e r s e ,  v i a  t h e  

r a d i u s  o f  c l o s e d  s p a c e  w h ich  e n t e r e d  e x p l i c i t l y  i n t o  t h e  •

I t  i s  n a t u r a l  t o  l o o k  f o r  a n  a n a l y t i c  t h e o r y  o f  t h e s e  cosm ic  

e f f e c t s  t h a t  w i l l  g i v e  e x p r e s s i o n  t o  t h e  q u a l i t a t i v e  a s p e c t s  

o f  w o r ld  g r a v i t a t i o n  w h ich  we have  shown, i n  C h a p te r  I ,  S e c t i o n

( i i ) ,  t o  be  c o n s i s t e n t  w i t h  t h e  P r i n c i p l e  o f  E q u i v a l e n c e .  

F u r t h e r m o r e  we l o o k  t o  t h i s  t h e o r y  t o  be f o r m a l l y  c o n s i s t e n t  w i t h  

t h e  i n e r t i a l  e f f e c t s ,  d e m o n s t r a t e d  by  E i n s t e i n  t o  be i n h e r e n t  i n  

g e n e r a l  r e l a t i v i t y ,  o f  c o n c e n t r a t e d  m a t t e r  i n  a  q u a s i - G a l i l e a n  

r e g i o n ,  b u t  now i n  r e l a t i o n  t o  t h e  d i s t r i b u t i o n  o f  mass  i n  t h e  

u n i v e r s e  a s  a  w h o le ,  and  t a k i n g  a c c o u n t  o f  i t s  m o t i o n  r e l a t i v e  

t o  t h e  p a r t i c u l a r  r e f e r e n c e  f r am e  a d o p t e d .

A c c o r d i n g l y  we i n v e s t i g a t e  t h e  e x t e n t  t o  which  we may 

g e n e r a l i s e  t h e  c i r c u m s t a n c e s  when t h e  m o t i o n  o f  a  f r e e  p a r t i c l e  

may be d e s c r i b e d  by  a  M axwell  t y p e  p o n d e r m o t iv e  e q u a t i o n .  F o r  

t h i s  p u r p o s e  we make t h e  a s s u m p t i o n s  l e s s  r e s t r i c t i v e  t h a n  i n  t h e  

q u a s i - G a l i l e a n  c a s e  c o n s i d e r e d  by  E i n s t e i n ,  a s  f o l l o w s :

( a )  The p a r t i c l e  v e l o c i t y  y  i n  t h e  r e f e r e n c e  f ram e  i s  assum ed 

s m a l l  su c h  t h a t  i s  n e g l i g i b l e  compared  w i t h  v / c  *

( b )  The v e l o c i t i e s  o f  t h e  s o u r c e s  o f  t h e  f i e l d  i n  t h e  r e g i o n  o f  

s p a c e  t im e  i n  t h e  n e i g h b o u r h o o d  o f  t h e  p a r t i c l e  e v e n t  a r e  a l s o  

s m a l l  o f  t h e  same o r d e r ,  so t h a t  t h e  same re m a rk  a p p l i e s  a s  i n  

( a ) .  T h i s  d o e s  n o t  r e s t r i c t  t h e  v e l o c i t i e s  o f  s o u r c e s  o u t s i d e  

t h e  r e g i o n  o f  i n t e r e s t ,  and  s u c h  s o u r c e s  w i l l  o f  c o u r s e



- 116-

i n f l u e n c e  t h e  f i e l d  i n  t h e  r e g i o n  o f  i n t e r e s t *

( c )  The d e v i a t i o n s  o f  t h e  f r o m  t h e  G a l i l e a n  v a l u e s  a r e

s m a l l  i n  t h e  r e g i o n  o f  i n t e r e s t ,  s u c h  t h a t  t h e i r  s q u a r e s  a n d  

p r o d u c t s  a n d  t h o s e  o f  t h e i r  d e r i v a t i v e s  c a n  b e  n e g l e c t e d .  We 

do n o t  h o w e v e r  a s s u m e  t h a t  t h e  d e v i a t i o n s  v a n i s h  a t  ^ i n f i n i t y ^ ,  

n o r  t h a t  t h e y  e v e n  r e m a i n  s m a l l  o u t s i d e  t h e  s p e c i f i e d  r a n g e *

I t  i s  c l e a r  f r o m  e q u a t i o n  ( 2 * 5 )  t h a t  t h e  e q u a t i o n  o f  m o t i o n  

o f  a  f r e e  p a r t i c l e  c a n  i n  t h e s e  c i r c u m s t a n c e s  be  w r i t t e n

f o r  ^  «  1 , 2 , 5 *  C o m p a r in g  w i t h  ( 2 * 5 )  i t  i s  t o  b e  n o t e d  t h a t  we 

h a v e  o m i t t e d  t h e  c o e f f i c i e n t  o f  on  t h e  l e f t  h a n d  s i d e  s i n c e  

i t s  t i m e  d e r i v a t i v e  w i l l  be  o f  t h e  same o r d e r  a s  t h e  v e l o c i t y  

o f  t h e  p a r t i c l e ,  a n d  so  t h e  c o r r e s p o n d i n g  t e r m  i n  t h e  e x p a n s i o n  

o f  t h e  l e f t  h a n d  s i d e  i s  n e g l e c t e d  b y  c o n d i t i o n s  ( a ) ,  ( b ) *  On 

t h e  o t h e r  h a n d  t h e  c o e f f i c i e n t  o f  on t h e  r i g h t  h a n d  s i d e  i s  

r e t a i n e d  s i n c e  i t  i s  o f  t h e  d i m e n s i o n s  o f  a n  a n g u l a r  v e l o c i t y  o f  

t h e  f i e l d  s o u r c e s ,  so  t h a t  t h e  w h o le  t e r m  i s  a n  a c c e l e r a t i o n  

w h i c h  i n  g e n e r a l  i s  o f  t h e  same o r d e r  a s  t h e  l e f t  h a n d  s i d e *

The e q u a t i o n s  (5 * 1 )  a r e  g e n e r a l l y  c o v a r i a n t  i n  t h e  s e n s e  

t h a t ,  i n  a l l  r e f e r e n c e  f r a m e s  a n d  r e g i o n s  o f  s p a c e - t i m e  w h ic h  

do n o t  v i o l a t e  t h e  a s s u m p t i o n s  a b o v e ,  t h e y  d e s c r i b e  t h e  s p a c e  

m o t i o n  o f  a  f r e e  p a r t i c l e  i n  t e r m s  o f  t h e  d e r i v a t i v e s  o f  t h e  

i n v o l v e d *  We now g e n e r a l i s e  t h e  q u a n t i t i e s  A > 9̂  o c c u r r i n g  

i n  t h e  q u a s i - G a l i l e a n  a n a l y s i s  b y  d e f i n i n g

................. ( 3. 2 )
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The t h r e e  e q u a t i o n s  i n  (5 * 1 )  may t h e n  be  w r i t t e n  c o n c i s e l y

+  Y  A c w X . A   ( 5 . 5 )

The v e c t o r  n o t a t i o n  i m p l i e s  t h e  v e c t o r  c h a r a c t e r  o f  t h e  t e r m s  

f o r  p u r e l y  s p a t i a l  t r a n s f o r m a t i o n s .  F o r  s p a c e - t i m e  t r a n s f o r m 

a t i o n s  h o w e v e r  t h e  q u a n t i t i e s  ( A > $  ) do n o t  t r a n s f o r m  a s  a

4 - v e c t o r  b u t  a s  c o m p o n e n ts  o f  t h e  t e n s o r  . T h i s  i s  b e c a u s e

u n l i k e  t h e  c o r r e s p o n d i n g  e l e c t r o m a g n e t i c  p o n d e r m o t i v e  e q u a t i o n ,  

t h e  p e r m i t t e d  t r a n s f o r m a t i o n s  a r e  n o t  n e c e s s a r i l y  b e t w e e n  

i n e r t i a l  f r a m e s  a n d  t h e r e f o r e  n o t  i n  g e n e r a l  l i n e a r #

I t  i s  t o  be n o t e d  t h a t  h e r e  we h a v e  n o t  a s  i n  t h e  q u a s i -  

G a l i l e a n  c a s e  i d e n t i f i e d  A ,  $  w i t h  t h e  d e v i a t i o n s  f r o m  t h e i r  

G a l i l e a n  v a l u e s  o f  t h e  i n v o l v e d ,  b u t ,  c o n s i s t e n t  w i t h

o u r  e n d e a v o u r  t o  a c c o u n t  f o r  t h e  w h o le  o f  i n e r t i a  a c c o r d i n g  t o  

M ach*s P r i n c i p l e ,  i n  t e r m s  o f  t h e  t o t a l  . The c o v a r i a n c e

o f  ( 5*3) i s  s e c u r e d  b y  t h e  t e n s o r  c h a r a c t e r  o f  t h e  t o t a l  

i n v o l v e d ;  t h e  d e v i a t i o n s  do n o t  t r a n s f o r m  a s  t e n s o r s  f o r  

g e n e r a l  t r a n s f o r m a t i o n s #  I n d e e d  a c c o r d i n g  t o  t h e  f i e l d  

e q u a t i o n s  ( l # 4 )  i t  i s  t h e  t o t a l  f i e l d  t h a t  i s  r e l a t e d  

i n s e p a r a b l y  t o  t h e  d i s t r i b u t i o n  o f  m ass  i n  t h e  w h o le  u n i v e r s e #  

B e a r i n g  i n  m in d  t h e r e f o r e  t h e  p h y s i c a l  i n t e r p r e t a t i o n  o f  

t h e  q u a n t i t i e s  A , V) i n  t h e  q u a s i - G a l i l e a n  c a s e  we s h o u l d  

e x p e c t  a n a l o g o u s  i n t e r p r e t a t i o n  o f  A  ̂ $  i n  (5 * 3 )  w h ic h  w o u ld ,  

i f  M achos  P r i n c i p l e  i s  t o  be  s a t i s f i e d ,  t a k e  a c c o u n t  o f  t h e  

d i s t r i b u t i o n  a n d  m o t i o n  o f  m a t t e r  i n  t h e  w h o le  u n i v e r s e ,  

r e l a t i v e  t o  t h e  p a r t i c u l a r  r e f e r e n c e  f r a m e  b e i n g  u s e d #  I t
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w o u ld  b e  a n  i m m e d i a t e  c o n s e q u e n c e  o f  s u c h  a n  i n t e r p r e t a t i o n  t h a t  

t h e  ' f i c t i t i o u s *  f o r c e s  o f  N e w t o n i a n  m e c h a n i c s  i n  a c c e l e r a t i n g  

o r  r o t a t i n g  r e f e r e n c e  f r a m e s  w ou ld  become d i r e c t l y  a t t r i b u t a b l e  

t o  t h e  i n d u c t i v e  e f f e c t  o f  a  m o v in g  u n i v e r s e *

I n  p a r t i c u l a r  i n  a  r e f e r e n c e  f r a m e  i n  w h i c h  a  f r e e l y  m o v ing  

p a r t i c l e  was p e r m a n e n t l y  a t  r e s t  e q u a t i o n  ( 3 * 3 )  w o u ld  r e d u c e  t o

-  ^  ~  ® )  . ( 3 . 4 )

h o l d i n g  a t  t h e  p a r t i c l e *  T h i s  i s  t h e  e q u a t i o n  p o s t u l a t e d  b y  

S c ia m a *  To u s e  S c i a m a ’‘s e x p r e s s i o n  t h e  ' g r a v o - e l e c t r i c '  f i e l d  

o f  t h e  w ho le  u n i v e r s e  w o u ld  b e  z e r o  a t  t h e  p a r t i c l e  a n d  i t  w o u ld  

b e  g r a v i t a t i o n a l l y  f f r e e ?  i n  i t s  own r e s t  f r a m e *  Thus  e q u a t i o n  

( 3 * 4 )  d e m o n s t r a t e s  t h a t  g e n e r a l  r e l a t i v i t y  p e r m i t s  t h e  same 

i n t e r p r e t a t i o n  o f  M a c h ' s  P r i n c i p l e  a s  i s  g ivem  b y  S c ia m a  -  t h a t  

t h e  N e w t o n i a n  a t t r a c t i o n  o f  l o c a l  m a t t e r  i s  c a n c e l l e d  i n  t h e  

r e s t  f r a m e  o f  a  f r e e  p a r t i c l e  b y  t h e  i n d u c t i v e  e f f e c t  o f  a  m o v in g  

u n i v e r s e *  I n d e e d  ( 3 * 4 )  g i v e s  a n a l y t i c  e x p r e s s i o n  t o  t h e  

q u a l i t a t i v e  i n t e r p r e t a t i o n ,  o f  t h e  P r i n c i p l e  o f  % u i v a l e n c e ,  

c o n s i s t e n t  w i t h  M achos  P r i n c i p l e ,  w h ic h  was g i v e n  I n  C h a p t e r  I ,  

S e c t i o n  ( i l ) *

The c h o i c e  o f  r e f e r e n c e  f r a m e s  c o - m o v in g  w i t h  a  f r e e  

p a r t i c l e  i s  i n f i n i t e *  How ever  g e n e r a l  r e l a t i v i t y  a l l o w s  t h e  

p a r t i c u l a r  c h o i c e  o f  a  g e o d e s i c  l o c a l  c o o r d i n a t e  s y s t e m ,  w i t h  

s p a t i a l  o r i g i n  p e r m a n e n t l y  l o c a t e d  a t  t h e  p a r t i c l e ,  i n  w h ic h  

f o r  a n  i n f i n i t e s i m a l  r e g i o n  o f  s p a c e - t i m e  c o n t a i n i n g  t h e  p a r t i c l e
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e v e n t  t h e  t a k e  t h e  G a l i l e a n  v a l u e s  o f  s p e c i a l  r e l a t i v i t y *

T hus  i n  t h i s  r e g i o n  t h e  m e t r i c  i s

ols*-=  ...(3.5)
I n  t h i s  s y s t e m  t h e  c o o r d i n a t e s  r e p r e s e n t  l o c a l l y  t h e  n a t u r a l  

m e a s u r e s  o f  s p a c e  a n d  t i m e  b y  a n  o b s e r v e r  m ov ing  w i t h  t h e  

p a r t i c l e ,  a n d  we n o t e  t h a t  t h e  t e r m s  i n  ( 3*4) now v a n i s h  

i n d i v i d u a l l y  a t  t h e  p a r t i c l e ,  on a c c o u n t  o f  t h e  s t a t i o n a r y  

v a l u e s  o f  t h e  a t  t h e  p a r t i c l e  e v e n t *

I n  t h i s  t h e s i s  we a t t a c h  i m p o r t a n c e  f o r  M a c h ' s  P r i n c i p l e  

t o  t h e  t o t a l  a n d  n o t  j u s t  t h e i r  d e r i v a t i v e s *  J u s t i f i 

c a t i o n  o f  t h i s  h a s  a l r e a d y  b e e n  g i v e n  i n  c o n n e c t i o n  w i t h  

e q u a t i o n  ( 3*2) a n d  w i l l ,  be  g i v e n  f u r t h e r  i n  t h e  p h y s i c a l  

i n t e r p r e t a t i o n  o f  t  A i ) d e a l t  w i t h  i n  C h a p t e r  IT *  I t  

f o l l o w s  f r o m  ( 3*2) t h a t  t h e  s t a t i c  p o t e n t i a l  $  i n  t h e  f i e l d  

o f  t h e  w ho le  u n i v e r s e ,  a t  t h e  s p a t i a l  o r i g i n  o f  a  f r a m e  whose  

m e t r i c  i n  t h e  n e i g h b o u r h o o d  i s  g i v e n  by  { 3*3)> w o u ld  b e

= ^  i n  g e n e r a l  u n i t s l  * * . ( 3*6)

w h i l e  O J

The d i m e n s i o n s  o f  ^  an d  t h e  s i g n i f i c a n c e  we a r e  t r y i n g

t o  a s s o c i a t e  w i t h  i t  w ou ld  r e q u i r e  t o  be  o f  o r d e r  - C H / R  ,

w h e re  M i s  t h e  e f f e c t i v e  g r a v i t a t i o n a l  m ass  o f  t h e  u n i v e r s e  

a n d  R  i t s  e f f e c t i v e  r a d i u s *  S c i a m a ' s  a p p r o a c h  i s  t o  d e f i n e  

w h a t  c o r r e s p o n d s  t o  o u r  by  t h e  e x p r e s s i o n  -  j c r^ V  a s  i n

Y = o
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e q u a t i o n  ( 1. 6) ,  w h e re  T  i s  t h e  g r a v i t a t i o n a l  m ass  d e n s i t y  i n  

t h e  u n i v e r s e .  As i n  ( I . 9 ) g e t s  C $ *C . B o t h  r e s u l t s  

a r e  s e e n  t o  be  o f  t h e  same o r d e r ,  n o t i n g  t h a t  iSciama o m i t s  C 

f r o m  h i s  d e f i n i t i o n  o f  $  .  The d i s c r e p a n c y  i n  s i g n  w i l l

o c c u p y  u s  l a t e r  ( C h a p t e r  IV) when we i n v e s t i g a t e  t o  w h a t  e x t e n t  

g e n e r a l  r e l t t i v i t y  j u s t i f i e s  t h i s  t e n t a t i v e  p h y s i c a l  i n t e r p r e t 

a t i o n  o f  A )  $  * we f i r s t  g i v e  some a p p l i c a t i o n s  o f  t h e

f o r e g o i n g  a n a l y s i s .

( i i )  A p p l i c a t i o n s  o f  t h e  i n d u c t i v e  t h e o r y  i n  g e n e r a l  r e l a t i v i t y

( a )  S c ia m a  c o n s i d e r s  t h e  c a s e  o f  a  f r e e  p a r t i c l e  i n  r e c t i l i n e a r  

m o t i o n  i n  t h e  g r a v i t a t i o n a l  f i e l d  o f  a  m ass  M w h ic h  i s  a t  r e s t  

r e l a t i v e  t o  t h e  ' s m o o th e d  ou t*  u n i v e r s e .  H i s  a n a l y s i s  a n d  

r e s u l t s  w e re  b r i e f l y  o u t l i n e d  i n  C h a p t e r  I ,  S e c t i o n  ( i i i ) .  We 

s h a l l  now c o n s i d e r  t h e  same p r o b l e m  a c c o r d i n g  t o  g e n e r a l  

r e l a t i v i t y .

I f  we c h o o s e  a  r e f e r e n c e  f r a m e  a t  r e s t  r e l a t i v e  t o  t h e  

s m o o th e d  o u t  u n i v e r s e ,  a s s u m e d  hom ogeneous  a n d  i s o t r o p i c ,  i n  t h e  

f o r m  o f  t h e  w e l l  known c o s m o l o g i c a l  r e f e r e n c e  s y s t e m s  o f  

o o - m o v in g  c o o r d i n a t e  m e s h ,  t h e n  t h e  m e t r i c  v / i l l  b e  o f  t h e  g e n e r a l

' d , - .  ÿ J V f o ' n

H e r e  ^ a  c o n s t a n t  t a k i n g  t h e  v a l u e s  

I ) O j ^  — I a c c o r d i n g  t o  t h e  ^ n a t u r e  o f  t h e  u n i v e r s e ,  a n d  

R(k) i s  a  f u n c t i o n  o f  c o s m ic  t i m e  w h ic h  a l s o  d e p e n d s  on t h e
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n a t u r e  o f  t h e  m o d e l*  As h a s  b e e n  shown i n  P a r t  I ,  C h a p t e r  I  

o f  t h i s  t h e s i s ,  w h e re  t h e  p r o p e r t i e s  o f  t h e  m e t r i c  ( 3*7) h a v e  

b e e n  e x a m in e d  i n  d e t a i l ,  t h i s  m e t r i c  c a n  b e  i d e n t i f i e d  f o r  t h e  

n e i g h b o u r h o o d  o f  a n y  ' f u n d a m e n t a l '  p a r t i c l e  o f  t h e  m o d e l  ( h a v i n g  

c o n s t a n t  w i t h  t h e  G a l i l e a n  ( i n e r t i a l )  m e t r i c  g i v e n  b y

( 3 * 5 ) .  T h a t  i s  t  i s  t h e  n a t u r a l l y  m e a s u r e d  t i m e  on a  

f u n d a m e n t a l  p a r t i c l e ,  a n d  t h e  n a t u r a l l y  m e a s u r e d  s p a t i a l  

d i s t a n c e s  a t  t i m e  t  c o r r e s p o n d i n g  t o  c o o r d i n a t e  i n c r e m e n t s  

d j t '  ,  , d y  w i l l  b e  d.x. = @to.

A c c o r d i n g l y , a n y  f u n d a m e n t a l  o b s e r v e r  a t  r e s t  r e l a t i v e  t o  

t h e  s m o o t h e d  o u t  u n i v e r s e  c a n  d e s c r i b e  l o c a l  e v e n t s  i n  t e r m s  o f  

t h e  m e t r i c  ( 3*5)> j u s t  a s  i n  t h e  c a s e  o f  a n  o b s e r v e r  on a n y  f r e e  

p a r t i c l e ,  e v e n  a l t h o u g h  on  t h e  c o s m o l o g i c a l  s c a l e  t h e r e  may be  

s t r e s s  p r e s e n t *  As p o i n t e d  o u t  i n  P a r t  I ,  C h a p t e r  I  t h i s  i s  

b e c a u s e  s u c h  s t r e s s  m u s t  n e c e s s a r i l y  b e  u n i f o r m  i n  t h e  sm o o th e d  

o u t  m o d e l s  o f  m e t r i c  ( 3*7) ,  a n d  t h e  w o r l d  l i n e s  o f  f u n d a m e n t a l  

p a r t i c l e s  a r e  c o n s e q u e n t l y  g e o d e s i c s  -  a n  a s p e c t  o f  M a c h ' s  

P r i n c i p l e ,  i n  v i e w  o f  o u r  a n a l y s i s  o f  t h e  g e o d e s i c  w o r l d  l i n e *

L e t  u s  now i m a g i n e  a  c o n c e n t r a t i o n  o f  m ass  M a t  t h e  s p a t i a l  

o r i g i n  o f  a  f u n d a m e n t a l  o b s e r v e r ' s  l o c a l  f r a m e  a t  c o s m ic  e p o c h  t * 

I n  a  s u f f i c i e n t l y  s m a l l  n e i g h b o u r h o o d  we c a n  n e g l e c t  t h e  

d e v i a t i o n s  f r o m  t h e  G a l i l e a n  v a l u e s  o f  t h e  ,  a s  f a r  a s  t h e y

a r i s e  f ro m  t h e  u n i v e r s e  a s  a  w h o l e ,  a n d  i n c l u d e  o n l y  t h e  

d e v i a t i o n s  d ue  t o  t h e  m ass  M * Thus  t o  t h i s  a p p r o x i m a t i o n  

t h e  m e t r i c  c a n  b e  t a k e n  a s

ds’-s ^1- - ( 1  +  ( 5 . 8 )
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T h i s  f o l l o w s  f r o m  E i n s t e i n ' s  a p p r o x i m a t e  s o l u t i o n  f o r  a  m e t r i c  

t h a t  i s  G a l i l e a n  a t  ' i n f i n i t y '  g i v e n  by  ( 2. 9) ,  o r  d i r e c t l y  f r o m  

S c h w a r J s c h i l d ' s  s o l u t i o n  b a s e d  on t h e  same a s s u m p t i o n ,  a n d  t a k e n  

t o  t h e  same o r d e r *

I t  i s  t o  b e  n o t e d  t h a t ,  a c c o r d i n g  t o  t h e  i d e a s  p r e s e n t e d  

i n  t h i s  t h e s i s ,  t h e  c o n t r i b u t i o n  t o  t h e  ' p o t e n t i a l s '  f r o m  

t h e  u n i v e r s e  a s  a  w h o le  i s  p r e s e n t  i n  t h e  G a l i l e a n  t e r m s  o f  t h e  

» S i n c e  t h e  u n i v e r s e  i s  a t  r e s t  i n  t h i s  f r a m e  we h a v e

b y  ( 3. 2)

A = 1  ( 3. 9)

w h i l e  f  = i(' - 4^) j

S u p p o s e  a  p a r t i c l e  i s  m o v in g  f r e e l y  t o w a r d s  t h e  m ass  M

a l o n g  t h e  X  a x i s .  I f  i t s  s p a c e  c o o r d i n a t e s  a r e  ( X , , o , o )

a t  c o o r d i n a t e  t i m e  t  t h e n  i t s  c o o r d i n a t e  s p e e d  i s  :=■ -  i r  ^

w h e r e  \ t 7 0 * Make now t h e  t r a n s f o r m a t i o n  t o  a  s u i t a b l e  r e s t

f r a m e  f o r  t h e  p a r t i c l e ,  b y  m eans  o f  t h e  r e l a t i o n s

X c x + x ,  = , t  = T   13. 10)

y i e l d i n g  cloc = d x  -  iT d x  ,  = d y  ,  d ^ z r d z .  j  d t  -  d T   ̂ We

g e t  t h e r e f o r e  t o  s u f f i c i e n t  o r d e r  f o r  t h e  c o v a r i a n c e  o f  

e q u a t i o n  ( 3*3) .

ds* = ^ 1 - 1  ( T d X d T - ^ 1 + 4 -  . . { 3, 11)

T hu s  i n  t h e  p a r t i c l e ' s  r e s t  f r a m e

ft = ^  V ,  o , o j  ^   . . ( 3. 12)
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A p p ly  now e q u a t i o n  ( 3* 4 )  i n  t h e  p a r t i c l e ' s  r e s t  f r a m e ,  y i e l d i n g

■bXlM ' t  fi -a-r' ' ''   (3.13)
leading to

........... ..(3.14)
on substituting the original coordinates. This is the
Newtonian equation of motion of the particle and is also the
equation which would follow from the general pondermotive
equation (3*3)» applied to the original frame, by (3*9 )*

On examining (3*12) and (3*13) we see that the origin of
the inertial term ^  in (3 .1 3) lies in the relative

d r
motion of the universe, yielding A =  (-V", o , O ) in the 
particle's rest frame, and thus creating at the particle an 
inductive field which balances the local attraction due to the 
mass M  , thus connecting with Sciama's ideas*

We note also that the A ; $  in (3*1 2) arise by trans
formation of the whole and not just their deviations from 
the Galilean values, in accordance with our tentative interpret
ation of the Galilean values as the static 'potentials' of the 
whole universe.
(b) The other case considered by Sciama is that of a particle 
moving with uniform motion in a circle under the attraction of a 
mass M  at the centre, this mass being again at rest relative 
to the smoothed out universe.

Transform therefore from the metric (3.8) to a suitable
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r e s t  f r a m e  f o r  t h e  p a r t i c l e  a c c o r d i n g  t o  t h e  r e l a t i o n s

XI — X On u) T — y  Su*>. CO T

\A ST y  on  w T  +  X T

> .........................................

t =  T
s o  t h a t  t o  s u f f i c i e n t  o r d e r ,  p u t t i n g  x*+'y*’= R >

( i -  -  i u j  ( - y d x d T  +  X d y  <It )

.......................................... ( 3 . 1 6 ,

Thus i n  t h i s  f r a m e

^  '  ( - “ ■/> “ ’' ■ o )  ]   ( 3 . 1 7 )

The e q u a t i o n  ( 3 *4 )  t h e n  y i e l d s

~ C n  +  = o   ( 3 . 1 8 )

w h i c h  i s  t h e  N e w t o n i a n  e q u a t i o n  o f  m o t i o n ,  a n d  i n c i d e n t a l l y , 

p u t t i n g  R -V  , w h a t  w o u ld  be  g i v e n  b y  ( 3*3) when a p p l i e d  t o  t h e  

o r i g i n a l  f r a m e ,  u s i n g  ( 3*9)*

C o n n e c t i n g  w i t h  S c i a m a ' s  i d e a s  we s a y  t h a t  t h e  g r a v i t a t i o n a l  

a t t r a c t i o n  b y  M  i s  b a l a n c e d  b y  t h e  g r a v i t a t i o n a l  f i e l d  

i n d u c e d  by  a  r o t a t i n g  u n i v e r s e ,  g i v i n g  r i s e  t o  t h e  ' v e c t o r  

p o t e n t i a l '  i n d i c a t e d  b y  A  i n  ( 3*17)*

( o )  As a  f i n a l  e x a m p le  we s h a l l  show how, b y  m ea n s  o f  t h e  

c o v a r i a n c e  o f  (3*3)» t h e  N e w t o n i a n  ' f i c t i t i o u s '  f o r c e s  may b e  

a t t r i b u t e d  t o  t h e  i n d u c t i v e  e f f e c t  o f  a  m o v in g  u n i v e r s e ,  i n  t h e  

m o s t  g e n e r a l  N e w t o n i a n  m o t i o n  o f  t h e  r e f e r e n c e  f r a m e  r e l a t i v e  

t o  a  l o c a l l y  i n e r t i a l  f r a m e .
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Consider a free particle in a reference frame which is at 
rest relative to the smoothed out universe. Then by a suitable 
transformation to local natural coordinates we can as before 
describe neighbouring events, in terms of the metric (3.5), 
assuming the absence of local concentrated matter. Let Y" be 
the position vector of the particle relative to this locally 
inertial frame. Then by (3*3)* (3*2), (3*3) we have

T = ^  *..(3*19)
Transform to a second frame whose space origin has variable 

velocity V and which has variable spin W relative to the first 
frame. If the position vector of the particle in this frame 
is R then a well known kinematic result of Newtonian motion 
gives

T = V +R + W' n Ç   (3.20)

2  =  V  4- w /k V  4- z  R ^ ^ 3  t  y ) ^ 5)  + R • • • •  * * ( 3*21)

differentiation being with respect to the common Newtonian time 
of either frame. Thus for the particle in the second frame

R = - [ v  4- W A V  2. WAR ^  ^  w ^ ^ w a Ç ) ]  ............13. 22)

on using (3*19)* It is to be noted that in this equation 
V ; V  ,W  ̂  W  are as measured relative to the non-inertial 
frame .

The transformation connecting the two frames is by (3*20) 
in differential form

^  = ( v  + i -  w_ie

d t  ~ c i  I
( 3. 23)
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H ence
d s ‘ =

-  (_ v a  i  V  - (wA r )  -(w r ) " j  d r a  2. ( y + WA r ) . / r  o(T -  c/R ̂   ̂  ̂  ̂  ̂̂  ^

Th us  i n  t h e  n o n - i n e r t i a l  f r a m e

A = V + R 1
$  = i [ » - y " - i V ' ( ‘d»'‘ ? ) J  (3 .2 5 )

Now .$ = WA y -V wâwarj

"bT -gT 3 T
=  V  1- w  A f

w h i l e  cxwdfl  =  % w

H e n e e  by  ( 3*3)

? = ~[V+^''V t A R + WAR f «̂ a[war)^  (3.26}
g i v i n g  c o m p l e t e  a g r e e m e n t  w i t h  ( 3*22) .

Thus  o u r  t h e o r y  g i v e s  a n  e x a c t  t r e a t m e n t  o f  t h e  f i c t i t i o u s  

f o r c e s  a s  t h e  i n d u c t i v e  e f f e c t  o f  a  m o v in g  u n i v e r s e .
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CHAPTER IV :  THE UNITimtSE ....S A SOLUTION
OF THE FIBLP EOXinTICHS'IHC0H:-^QR,.TIHG 
Mi-CH'S PRINCIPLE

( i )  The c o s m ic  d i s t r i b u t i o n  o f  m a t t e r

A c c o r d i n g  t o  o u r  a n a l y t i c  t h e o r y ,  d e v e l o p e d  i n  t h e  l a s t  

C h a p t e r ,  i n e r t i a  a n d  t h e  i n e r t i a l  f r a m e s  a p p e a r  t o  be  

d e t e r m i n e d  i n  g e n e r a l  r e l a t i v i t y  i n  a c c o r d a n c e  7à t à  M a c h ' s  

P r i n c i p l e ,  p r o v i d e d  t h a t  A ;  o c c u r r i n g  i n  e q u a t i o n s  ( 3. 3) ,

( 3 * 4 )  c a n  be  p h y s i c a l l y  i n t e r p r e t e d  i n  t e r m s  o f  t h e  d i s t r i b u t i o n  

a n d  m o t i o n  o f  m ass  i n  t h e  w h o le  u n i v e r s e .

I t  w o u ld  be n a t u r a l  t o  l o o k  f o r  p h y s i c a l  i d e n t i f i c a t i o n s  

o f  A , $  ,  d e f i n e d  i n  t e r m s  o f  t h e  t o t a l  by  ( 3. 2) ,

w h i c h  a r e  s i m i l a r  t o  t h o s e  f o u n d  b y  E i n s t e i n  i n  t e r m s  o f  l o c a l  

m a t t e r  f o r  t h e  A > 5̂  a r i s i n g  i n  t h e  q u a s i - G a l i l e a n  c a s e ,  

w h e re  t h e y  w ere  d e f i n e d  i n  t e r m s  o f  t h e  * T h i s  o f  c o u r s e

i m p l i e s ,  a s  was i n d i c a t e d  i n  C h a p t e r  I I I ,  t h a t  i n  some way t h e  

G a l i l e a n  t e r m s  t h e m s e l v e s  a r e  r e l a t e d  t o  w o r l d  g r a v i t a t i o n .  

I n d e e d ,  f o r  t h e  p a r t i c u l a r  c a s e  when t h e  $  a r e  e v a l u a t e d  

a t  t h e  s p a c e  o r i g i n  o f  a  r e f e r e n c e  f r a m e  o f  l o c a l l y  G a l i l e a n  

m e t r i c ,  we f o u n d  t h e  A j ^  d e p e n d e n t  on t h e  v a l u e s  o f  t h e

G a l i l e a n  o n l y ,  v i z .  o  a n d  r: c / z  e q u a t i o n

3. 6) ) .  We a s su m e  t h a t  t h e s e  s p e c i a l  v a l u e s  a r e  r e l a t e d  t o  t h e  

f a c t  t h a t ,  f o r  a n  o b s e r v e r  p e r m a n e n t l y  l o c a t e d  a t  t h e  s p a c e  

o r i g i n ,  t h e  c o o r d i n a t e s  r e p r e s e n t  t h e  n a t u r a l l y  m e a s u r e d  p r o p e r  

d i s t a n c e  a n d  p r o p e r  t i m e  w h ic h  w e re  d i s c u s s e d  i n  C h a p t e r  I ,

P a r t  I  o f  t h i s  t h e s i s *
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As h a s  b e e n  p o i n t e d  o u t  i n  d e t a i l  i n  P a r t  I  o f  t h i s  t h e s i s  

t h e  s i m p l e s t  p o s s i b l e  a s s u m p t i o n  c o n s i s t e n t  w i t h  o b s e r v a t i o n  i s -  

t h a t  t h e  u n i v e r s e  i n  t h e  l a r g e  c o n s i s t s  o f  g a l a x i e s  ( o f  s t a r s )  

w hose  d i s t r i b u t i o n  h a s  a  s t a t i s t i c a l l y  ho m ogeneous  a n d  i s o t r o p i c  

c h a r a c t e r ;  f u r t h e r m o r e  t h i s  s y s t e m  i s  i n  t h e  p r o c e s s  o f  

h o m o g en e o u s  e x p a n s i o n .  The m e t r i c  o f  s u c h  u n i v e r s e s ,  a s s u m i n g  

t h e  c o n t e n t s  sm o o th e d  o u t  t o  a n  i d e a l l y  hom ogeneous  s t a t e  h a s  

a l r e a d y  b e e n  g i v e n  ( e q u a t i o n  ( 3*7))* sind was d i s c u s s e d  i n  d e t a i l  

i n  P a r t  I .

As was p o i n t e d  o u t  i n  c o n n e c t i o n  w i t h  (3*7) t h i s  m e t r i c  

c a n  be  i d e n t i f i e d  i n  t h e  n e i g h b o u r h o o d  o f  a n y  s p a t i a l  p o i n t  

( 3L ; y  ) w i t h  a  G a l i l e a n  m e t r i c ,  t h e  c o o r d i n a t e  t  b e i n g  

i n  f a c t  t h e  n a t u r a l l y  m e a s u r e d  ( p r o p e r )  t i m e  o f  a l l  f u n d a m e n t a l  

o b s e r v e r s .  A c c o r d i n g l y  we i d e n t i f y  t h e  v a l u e s  o f  Ao a n d  ,  

f o u n d  a p p r o p r i a t e  i n  ( 3* 6) t o  t h e  s p a c e  o r i g i n  o f  a n y  l o c a l l y  

G a l i l e a n  f r a m e ,  w i t h  t h e  v a l u e s  a p p r o p r i a t e  t o  t h e  s p a c e  o r i g i n  

o f  t h e  w o r l d  m e t r i c  ( 3 * 7 ) *  F u r t h e r m o r e  i t  w i l l  b e  o u r  p u r p o s e  

t o  i n t e r p r e t  t h e s e  v a l u e s  i n  t e r m s  o f  t h e  d i s t r i b u t i o n  o f  m a s s ,  

a n d  i t s  m o t i o n ,  i n  t h a t  p a r t i c u l a r  u n i v e r s e  among t h o s e  g i v e n  

b y  ( 3*7) w h ic h  seem s t h e  m o s t  s a t i s f a c t o r y  f r o m  t h e  p o i n t  o f  

v i e w  o f  M a c h ' s  P r i n c i p l e .  I n  d o i n g  so  we s h a l l  a d o p t  w h a t  

se em s  t h e  m o s t  a p p r o p r i a t e  a n d  p h y s i c a l l y  m e a n i n g f u l  e x t e n s i o n  

o f  l o c a l  p r o p e r  c o o r d i n a t e s ,  n a m e ly  c o s m ic  t i m e  t ,  a n d  

i n t e g r a t e d  p r o p e r  d i s t a n c e  m e a s u r e d  by  t h e  a g g r e g a t e  o f  

f u n d a m e n t a l  o b s e r v e r s  i n  t h e  s i m u l t a n e i t y  o f  c o s m ic  e p o c h  t  ^
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A k n o w l e d g e  o f  t h e  u n d e t e r m i n e d  p a r a m e t e r s  i n  t h e  m o d e l s  

o f  m e t r i c  ( 3*7)* n a m e ly  t h e  e x p a n s i o n  f a c t o r  R(t) ,  whose  

r e c i p r o c a l  s q u a r e d  r e p r e s e n t s  t h e  m a g n i t u d e  o f  t h e  c u r v a t u r e  o f  

t h e  s u b s p a c e  t  = c o n s t a n t ,  a n d  k w h i c h  g i v e s  t h e  s i g n  o f  t h e  

c u r v a t u r e ,  i s  i n  e f f e c t  a  k n o w le d g e  o f  t h e  b o u n d a r y  c o n d i t i o n s  

o f  t h e  u n i v e r s e .  F o r  t h e s e  q u a n t i t i e s  d e t e r m i n e  t h e  r a t e  o f  

e x p a n s i o n  o f  s p a c e ,  w h e t h e r  t h i s  i s  a c c e l e r a t i n g  o r  r e t a r d i n g ,  

w h e t h e r  s p a c e  i s  o p e n  o r  c l o s e d ,  a n d  a c c o r d i n g  t o  t h e  f i e l d  

e q u a t i o n s  t h e y  t o g e t h e r  d e t e r m i n e  t h e  d e n s i t y  a n d  p r e s s u r e  o f  

t h e  sm o o th e d  o u t  u n i v e r s e .

I t  seem s p o s s i b l e  t h e r e f o r e  t h a t  t h e  s a t i s f a c t o r y  

i n c o r p o r a t i o n  o f  M a c h ' s  P r i n c i p l e  i n  g e n e r a l  r e l a t i v i t y  may b e  

b o u n d  up w i t h  t h e  d e t e r m i n a t i o n  o f  t h e s e  p a r a m e t e r s  f o r  t h e  

a c t u a l  u n i v e r s e .  I n d e e d  i t  may w e l l  b e  t h a t  b y  a  s a t i s f a c t o r y  

t h e o r y  o f  M a c h ' s  P r i n c i p l e  t h e s e  b o u n d a r y  c o n d i t i o n s  may be  

i n f e r r e d .  I t  i s  o f  c o u r s e  c o n c e i v a b l e  t h a t  b y  a n  a u t o m a t i c  

a d j u s t m e n t  o f  t h e  r a d i u s  o f  s p a c e  t o  c o s m ic  d e n s i t y  a n y  

c o s m o l o g i c a l  d i s t r i b u t i o n  o f  m a t t e r  i s  c o n s i s t e n t  w i t h  M a c h ' s  

P r i n c i p l e ,  i n  t h a t  i n e r t i a  c a n  b e  s a t i s f a c t o r i l y  a c c o u n t e d  f o r  

i n  t e r m s  o f  t h i s  d i s t r i b u t i o n ,  a n d  i t s  m o t i o n .

I n  t h i s  c o n n e c t i o n , h o w e v e r ^ i t  m u s t  b e  rem em b ered  t h a t  t h e  

c o n s t a n t s  o c c u r r i n g  i n  t h e  f i e l d  e q u a t i o n s ,  n a m e ly  C a n d  C ,  

a r e  d e r i v e d  f r o m  l o c a l  e x p e r i m e n t a l  e v i d e n c e  f o r  t h e  p r e s e n t  

c o s m i c  e p o c h  o n l y ,  b u t  a r e  n e v e r t h e l e s s  a s su m e d  t o  b e  i n d e p e n d e n t  

o f  e p o c h  when c o s m o l o g i c a l  s o l u t i o n s  i n v o l v i n g  c h a n g i n g  u n i v e r s e s
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a r e  c o n s i d e r e d .  I t  seem s  v e r y  l i k e l y  t h a t  many s u c h  d i m e n s i o n a l  

' ' c o n s t a n t s '  w o u ld  i n  f a c t  be a  f u n c t i o n  o f  e p o c h  i n  a  c h a n g i n g  

u n i v e r s e .  I n  t h i s  c a s e  t h e  s o l u t i o n  o f  t h e  c o s m o l o g i c a l  

p r o b l e m  m i g h t  w e l l  becom e i m p o s s i b l e .  F o r  t h e s e  r e a s o n s  i t  

w o u ld  a p p e a r  s i m p l e s t  a n d  l o g i c a l l y  m o s t  a p p r o p r i a t e  t o  r e g a r d  

t h e  s t e a d y  s t a t e  m o d e l ,  f i r s t  p r o p o s e d  b y  H.  B o n d i  a n d  T .  G o ld

( 10) a a s  p r o v i d i n g  t h e  u n i q u e  c o s m o l o g i c a l  b o u n d a r y  c o n d i t i o n s  

i n  g e n e r a l  r e l a t i v i t y  i n  i t s  p r e s e n t  f o r m .

B o n d i  a n d  G o ld  i n t r o d u c e d  t h e  s t e a d y  s t a t e  m o d e l  f o r  t h e  

r e a s o n s  o f  s i m p l i c i t y  a n d  l o g i c a l  economy m e n t i o n e d  a b o v e ,  b u t  

a t  t h e  t i m e  d i d  n o t  r e g a r d  g e n e r a l  r e l a t i v i t y  a s  a  r e l e v a n t  

f i e l d  t h e o r y  b e c a u s e  o f  t h e  a p p a r e n t  n o n  c o n s e r v a t i o n  o f  e n e r g y ,  

due  t o  t h e i r  p o s t u l a t e d  s p o n t a n e o u s  c r e a t i o n  o f  m a t t e r  t o  m a i n 

t a i n  t h e  s t e a d y  s t a t e .  The s t e a d y  s t a t e  m o d e l  was p r o p o s e d  

i n d e p e n d e n t l y  b y  F .  H o y le  (1 2 )  a n d  i n  h i s  t h e o r y  t h e  r a t e  o f  

c r e a t i o n  o f  m a t t e r ,  a n d  t h e  r a t e  o f  e x p a n s i o n ,  w e re  made 

d e p e n d e n t  on a n  a d d i t i o n a l  t e r m  i n t r o d u c e d  i n t o  t h e  f i e l d  

e q u a t i o n s  o f  g e n e r a l  r e l a t i v i t y .  I n  H o y l e ' s  m o d e l  t h e  c o s m ic  

p r e s s u r e  was t a k e n  t o  be  z e r o .  By i n t r o d u c i n g  t h e  c o n c e p t  o f  a  

n e g a t i v e  c o s m ic  s t r e s s  a .  H .  McCrea ( 12)  was a b l e  t o  show t h a t  

t h i s  s t r e s s  p e r f o r m e d  t h e  same f u n c t i o n  m a t h e m a t i c a l l y  i n  t h e  

c o n v e n t i o n a l  f i e l d  e q u a t i o n s  a s  H o y l e ' s  m o d i f y i n g  t e r m .  I n  

a d d i t i o n  t h e  c r e a t i o n  o f  m a t t e r  c o u l d  be  r e g a r d e d  a s  t h e  

m a t e r i a l i s a t i o n  o f  t h e  w ork  p e r f o r m e d  b y  t h i s  s t r e s s  i n  t h e  

e x p a n s i o n  o f  t h e  u n i v e r s e .
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We t h e r e f o r e  p r o p o s e  t o  e x a m in e  t h e  s t e a d y  s t a t e  m o d e l  

a c c o r d i n g  t o  M c C r e a ' s  i n t e r p r e t a t i o n ,  w i t h  a  v i e w  t o  f i n d i n g  a  

p h y s i c a l  j u s t i f i c a t i o n  o f  o u r  a n a l y t i c  t h e o r y  o f  M a c h ' s  P r i n c i p l e  

i n  g e n e r a l  r e l a t i v i t y .

( i i )  P h y s i c a l  i d e n t i f i c a t i o n  o f  & i n  t h e  s t e a d y  s t a t e
u n i v e r s e

The m e t r i c  o f  t h e  s t e a d y  s t a t e  m o d e l  i s  t h a t  o f  t h e  

de  S i t t e r  u n i v e r s e  w h i c h  i n  t h e  R o b e r t s o n - L e m a i t r e  f o r m  ( 14)

“  .......................................

o r  i n  p o l a r s

ds* = t ‘ <u> -   ( 4. 2)

H e r e  c  i s  t h e  v e l o c i t y  o f  l i g h t ,  r e t u r n i n g  t o  g e n e r a l  u n i t s ,  

a n d  T i s  a  c o n s t . n t  w h i c h  w i l l  be  i d e n t i f i e d  b e l o w  i n  t e r m s  o f  

o b s e r v a b l e  c h a r a c t e r i s t i c s  o f  t h e  m o d e l .  The m o d e l  i s  c l e a r l y  

t h a t  one  among t h e  g e n e r a l  m o d e l s  o f  m e t r i c  ( 3*7) g o t  b y  p u t t i n g  

R!̂ b) =- ,  a n d  O . The g e o m e t r y  o f  t h e  sub  s p a c e  t *

( c o n s t a n t )  i s  t h u s  E u c l i d e a n .

A c c o r d i n g  t o  t h e  e x p r e s s i o n  g i v i n g  t h e  H u b b l e  p a r a m e t e r  f o r  

t h e  e x p a n d i n g  m o d e l s  o f  g e n e r a l  m e t r i c  (3*7)* d e r i v e d  i n  P a r t  I  

( e q u a t i o n  ( 1 . 1 4 ) ) ,  we s e e  t h a t  i n  t h e  c a s e  o f  t h e  s t e a d y  s t a t e  

m o d e l  t h e  r e c i p r o c a l  o f  t h e  H u b b l e  p a r a m e t e r  i s  t h e  c o n s t a n t  T  .  

F o r  t h e  s a k e  o f  c l a r i t y  i n  t h e  s u b s e q u e n t  work  o f  t h i s  C h a p t e r  

we r e p r o d u c e  h e r e  t h e  a n a l y s i s  f o r  t h e  s t e a d y  s t a t e .

The  i n t e g r a t e d  p r o p e r  d i s t a n c e  f r o m  t h e  s p a c e  o r i g i n  o f
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t h e  f r a m e  o f  m e t r i c  ( 4 . 2 )  t o  t h e  f u n d a m e n t a l  p a r t i c l e  a t  (  ̂

a s  m e a s u r e d  i n  t h e  s i m u l t a n e i t y  o f  c o s m i c  t i m e  t  b y  t h e  

a g g r e g a t e  o f  f u n d a m e n t a l  o b s e r v e r s  on  t h e  r a d i a l  l i n e  j o i n i n g  

t h e s e  two p o i n t s ,  i s  ,

o

=  ( 4 0 )

The r a t e  o f  i n c r e a s e  o f  ^  f o r  t h i s  p a r t i c l e  i s

j i  = V c t/T  /  r
^  - e / T  .................................................. ( 4 . 4 )

From  t i l l s  we s e e  t h a t  i / t  i s  t h e  H u b b le  p a r a m e t e r  o f  t h e  m o d e l  

a s  d e r i v e d  l o c a l l y  b y  a n y  f u n d a m e n t a l  o b s e r v e r  s i n c e ,  a s  was 

e x p l a i n e d  i n  P a r t  I ,  C h a p t e r  I ,  S e c t i o n  t v ) ,  f o r  n e a r  o b j e c t s  

t h e  d i s t a n c e  ^  c a n  b e  i d e n t i f i e d  w i t h  d i s t a n c e  a s  m e a s u r e d  b y  

a s t r o n o m e r s .

From ( 4 . 4 )  we n o t e  t h a t  when

..............................................( 4 . 5 )

t h e n  -  C T =. R ( s a y )

T h i s  d i s t a n c e  i s  i n  f a c t  t h e  I n t e g r a t e d  p r o p e r  d i s t a n c e  t o  t h e  

h o r i z o n  o f  t h e  m o d e l  a t  a l l  e p o c h s .  An o b j e c t  b e y o n d  t h i s

d i s t a n c e  a t  t h e  t i m e  o f  e m i s s i o n  o f  i t s  l i g h t  c a n  n e v e r  be  s e e n

b y  t h e  f u n d a m e n t a l  o b s e r v e r  a t  t h e  s p a c e  o r i g i n .  T h i s  p r o p e r t y  

o f  t h e  m o d e l  was c a r e f u l l y  e x a m in e d  i n  P a r t  I ,  C h a p t e r  I I I  

( i n  c o n n e c t i o n  w i t h  e q u a t i o n  ( 3 * 1 2 ) ) .  T h e r e  i t  was p o i n t e d  o u t  

t h a t  when t h e  d i s t a n c e  a t  t h e  t i m e  o f  e m i s s i o n  a p p r o a c h e d  t h e  

d i s t a n c e  ^  t h e n ,  f o r  a  f i n i t e  t i m e  o f  o b s e r v a t i o n  t o ,  t h e  t i m e
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o f  o m i s s i o n  t e n d e d  t o  -  oo  .  I n  a d d i t i o n  i t  was  n o t e d  t h a t  

t h e  t o t a l  p o p u l a t i o n  o f  o b j e c t s  s e e n  a t  t h e  s p a c e  o r i g i n  a t  

t i m e  to c o r r e s p o n d e d  i n  f a c t  t o  t h e  t o t a l  r a n g e  o f  the 
c o o r d i n a t e  r* o f  t h e  m e t r i c  ( 4 . 2 ) .

The i m p o r t a n c e  f o r  M a c h ' s  P r i n c i p l e  i s  t h a t  t h e  h o r i z o n  

d i s t a n c e  R i s  r e l a t e d  t o  ^  t h e  d e n s i t y  o f  g r a v i t a t i o n a l  m a s s / 

i n  t h e  m o d e l .  I n  g e n e r a l  r e l a t i v i t y  g r a v i t a t i o n a l  m a s s  d e n s i t y  

i n  a  c o n t i n u o u s  d i s t r i b u t i o n  o f  m a s s  i s  d e f i n e d  so  a s  t o  l e a d  

t o  t h e  G a u ss  f l u x  t h e o r e m  f o r  s m a l l  r e g i o n s  o f  s p a c e  ( s e e  f o r  

e x a m p le  J .  L .  S y n g e  ( 1 5 ) ) *  F o r  t h e  i s o t r o p i c  c o s m o l o g i c a l  

m o d e l s  cr = p -v - j /v /c*’,  w h e r e  ^  i s  t h e  p r o p e r  i n e r t i § , l  m a s s  

d e n s i t y  a s  m e a s u r e d  b y  f u n d a m e n t a l  o b s e r v e r s  a n d  /v i s  t h e  

p r o p e r  p r e s s u r e .  The g r a v i t a t i o n a l  ' f o r c e '  on  u n i t  m a s s  w h i c h  

i s  i n v o l v e d  i n  t h e  f l u x  t h e o r e m  h a s  t o  b e  i d e n t i f i e d ,  i n  t h e  

c a s e  o f  t h e s e  w o r l d  m o d e l s ,  w i t h  t h e  r e l a t i v e  p r o p e r  a c c e l e r 

a t i o n ^  *

F o r  t h e  g e n e r a l  m o d e l  o f  m e t r i c  ( 3 * 7 )  t h e  f i e l d  e q u a t i o n s  

o f  g e n e r a l  r e l a t i v i t y ,  t a k i n g  t h e  c o s m o l o g i c a l  c o n s t a n t  t o  b e  

z e r o ,  y i e l d  f o r  j \  ( l 6) >

3  k C ;   . ( 4. 6)

'-îHi-h* = 2 R -h R + k.c . . . . . . . . . . . . .  ( 4 . 7  )

W here  R = R ( t )  a n d  dtf ta  i n d i c a t e  d i f f e r e n t i a t i o n .  Thus  i n
t / T

t h e  s t e a d y  s t a t e  f o r  w h i c h  R M  =r ^  k  — o  we o b t a i n

-  -L C _ =  —^ .  .( 4 , 8 )
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s o  t h a t  b o t h  i n e r t i a l  m a s s  d e n s i t y  a n d  t h e  p r e s s u r e  a r e  c o n s t a n t  

i n  t h e  s t e a d y  s t a t e .  The  n e g a t i v e  p r e s s u r e  i s  t h e  z e r o - p o i n t  

s t r e s s  i n t r o d u c e d  b y  M c C r e a .  I t  f o l l o w s  f r o m  ( 4 . 8 )  t h a t  t h e  

d e n s i t y  o f  g r a v i t a t i o n a l  m ass  i n  t h e  m o d e l  i s  n e g a t i v e ,  v i z . ,

cr  ̂ Î
-  4 , r c r  ......................... ( 4 . 9 )

By d i f f e r e n t i a t i n g  ( 4 . 4 )  we o b t a i n

= ~  ......................... ( 4 . ] 0

a n d  h e n c e  u s i n g  ( 4 . 9 )

■ Ï =  ~  fir&cr-t .............................(4.11)

T h i s  e q u a t i o n  i s  i d e n t i c a l  i n  f o r m  w i t h  t h e  N e w t o n i a n  g r a v i t a t i o n *  

a l  f i e l d  e q u a t i o n  i n  a  s p h e r e  o f  c o n s t a n t  d e n s i t y  O' .

C o m p a r in g  ( 4 . 1 1 )  w i t h  t h e  p o n d e r m o t i v e  e q u a t i o n  (3*3) we 

s e e  t h a t ,  f o r  a  f u n d a m e n t a l  o b s e r v e r  whose  r a d i a l  s p a c e

c o o r d i n a t e  i s  t h e  p r o p e r  d i s t a n c e  a n d  w hose  c o o r d i n a t e  t i m e

i s  t h e  c o s m ic  t i m e  t  ,  we o b t a i n

..............................(4.181

We n o t e  h o w e v e r  t h a t  w h i l e  i n  t h e  c a s e  o f  t h e  p o n d e r m o t i v e  

e q u a t i o n  ( 3*3)* when A a n d  ^  a r e  d e f i n e d  i n  t e r m s  o f  t h e

( 3*2) ,  t h e  v a l i d i t y  o f  t h e  e q u a t i o n  i s  r e s t r i c t e d  t o

a  r e g i o n  o f  s p a c e - t i m e  i n  v /h ich  t h e  d e v i a t i o n s  o f  t h e  f r o m

t h e  G a l i l e a n  v a l u e s  a r e  s m a l l ,  t h e  e q u a t i o n  ( 4 . 1 1 )  on t h e  o t h e r  

h a n d  i s  t r u e  f o r  a l l  ^  .  C o n s e q u e n t l y  so  i s  ( 4. 12) .  We 

a s s u m e  t h a t  t h i s  d i f f e r e n c e  c a n  b e  a t t r i b u t e d  t o  t h e  p h y s i c a l
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s i g n i f i c a n c e  o f  p r o p e r  d i s t a n c e  a n d  c o s m ic  t i m e  e m p lo y e d  i n  

( 4 . 1 2 ) .  I t  i s  c l e a r  h o w e v e r  t h a t  a n y  s i g n i f i c a n c e  p h y s i c a l l y  

w h i c h  we c a n  a t t a c h  t o  ÿ  i n  ( 4 . 1 2 )  m u s t  be  a t t a c h e d  a l s o  t o  $  

d e f i n e d  b y  ( 3*2) ,  s i n c e  when ^  i s  s m a l l  i t  b e c o m e s  t h e  r a d i a l  

s p a c e  c o o r d i n a t e  o f  t h e  f u n d a m e n t a l  o b s e r v e r ' s  l o c a l l y  G a l i l e a n  

m e t r i c .

S i n c e ,  a s  we h a v e  show n,  t h e  p r o p e r  d i s t a n c e  R =  C T  

c o n s t i t u t e s  a n  e f f e c t i v e  r a d i u s  o f  t h e  m o d e l  a s  r e g a r d s  o p t i c a l  

e f f e c t s  we s h a l l  a s s u m e  t h a t  t h i s  d i s t a n c e  c o n s t i t u t e s  a l s o  a n  

e f f e c t i v e  l i m i t  o f  g r a v i t a t i o n a l  i n f l u e n c e  i n  t h e  m o d e l .

C o n s i d e r  t h e r e f o r e ,  i n  a n a l o g y  w i t h  N e w t o n i a n  g r a v i t a t i o n a l  

t h e o r y ,  t h e  ' w o r k '  d o n e  b y  t h e  g r a v i t a t i o n a l  f i e l d  o f  t h e  s t e a d y  

s t a t e  u n i v e r s e  i n  m o v i n g ,  u n d e r  i t s  e x p a n s i o n ,  a  p a r t i c l e  o f  

u n i t  m as s  f r o m  a  p o s i t i o n  a t  p r o p e r  d i s t a n c e  ^  f r o m  t h e  

f u n d a m e n t a l  o b s e r v e r  t o  h i s  o p t i c a l  a n d  g r a v i t a t i o n a l  h o r i z o n .  

T h i s  w i l l  b e

d i

]  V

w h i c h  b y  ( 4 . 9 )  i s  Ĵ - j    ( 4 . 1 3 )

T h i s  q u a n t i t y  may be  r e g a r d e d  a s  t h e  a n a l o g u e  o f  t h e  

N e v f to n ia n  p o t e n t i a l  a t  d i s t a n c e  X  f r o m  t h e  c e n t r e  o f  a  s p h e r e  

o f  c o n s t a n t  d e n s i t y  G" a n d  r a d i u s  R ,  i s o l a t e d  i n  o t h e r w i s e  

e m p ty  s p a c e .  P u t t i n g  -6=0 we o b t a i n

=  —   ( 4 . 1 4 )
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which,  t h e r e f o r e  p r o v i d e s ,  i n  a  n a t u r a l  v/ay,  a  p h y s i c a l  

i d e n t i f i c a t i o n  o f  t h e  $  o f  o u r  a n a l y t i c  t h e o r y  i n  C h a p t e r  I I I  

w hen  e v a l u a t e d  a t  t h e  s p a c e  o r i g i n  o f  a  G a l i l e a n  f r a m e  

( e q u a t i o n  ( 3*6) ) .

U n l i k e  t h e  r e s t  o f  t h e  g e n e r a l  m o d e l s  o f  m e t r i c  (3*7) t h e  

s t e a d y  s t a t e  m o d e l  a l l o w s  a  s t a t i c  m e t r i c  t o  b e  u s e d  w h i c h  i s  

G a l i l e a n  a t  t h e  s p a c e  o r i g i n  v / i t h o u t  f u r t h e r  c h a n g e  o f  

c o o r d i n a t e s .  T hus  t h e  m o t i o n  o f  a  p a r t i c l e  i n  t h e  n e i g h b o u r 

h o o d  o f  t h e  s p a c e  o r i g i n  c a n  be  d e s c r i b e d  i n  t e r m s  o f  t h e  s t a t i c  

c o o r d i n a t e s  i n  a c c o r d a n c e  w i t h  t h e  p o n d e r m o t i v e  e q u a t i o n  ( 3. 3) .  

The  m e t r i c  i s  t h e  w e l l  known f o r m  o f  t h e  de  S i t t e r  m e t r i c

d s ‘ = 2 ( , -  <!»■■
*  '   14 .15)

c o n n e c t e d  t o  ( 4 . 2 )  b y  t h e  R o b e r t s o n - L e m a i t r e  t r a n s f o r m a t i o n .

H e r e  R = CT a s  i n  ( 4. 5) ,  a n d  t h e  c o o r d i n a t e  ^  o f  t h e  e v e n t  

( ^ ) k  ) i s  i n  f a c t  t h e  i n t e g r a t e d  p r o p e r  d i s t a n c e  o f  o u r  

p r e v i o u s  a n a l y s i s  b e t w e e n  t h e  f u n d a m e n t a l  p a r t i c l e  a t  t h e  s p a c e  

o r i g i n  a n d  t h e  p a r t i c l e  a t  t h e  e v e n t .  ( -6.^ t  )  ̂ e v a l u a t e d  a t  

t h e  c o s m ic  t i m e  t  o f  t h e  e v e n t .

I n  t e r m s  o f  t h i s  m e t r i c  t h e  $  o f  o u r  a n a l y s i s  i n  C h a p t e r  

I I I ,  d e f i n e d  b y  ( 3 * 2 ) ,  w i l l  b e

^  = f f i -  )   ( 4 . 1 6 )
z  I  V - I .

w h i c h  a g r e e s  w i t h  t h e  0 ^  Of ( 4 . 1 3 )  &nd t h e r e f o r e  a l l o w s  t h e  

p h y s i c a l  i n t e r p r e t a t i o n  a s s o c i a t e d  w i t h  ( 4 . 1 3 ) .  S i n c e  a l s o  

A - O  f o r  t h i s  m e t r i c  t h e  p o n d e r m o t i v e  e q u a t i o n  ( 3. 3) y i e l d s
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f o r  t h e  r e g i o n  o f  a p a c e  i n  v jh ioh  A , i s  s m a l l

^  .....................................................................
T h i s  a g r e e s  w i t h  ( 4 * 1 0 )  f o r  s m a l l  ^  s i n c e  t h e n  t  b e c o m e s  e q u a l

t o  t  *

We s h a l l  now show t h a t  t h e  v a l u e  o f  c/z. g i v e n  i n  (3 * 6 )  

a n d ' i d e n t i f i e d  b y  ( 4 * 1 4 )  w i t h  t h e  p o t e n t i a l  e n e r g y  o f  u n i t  m a s s  

i n  t h e  f i e l d ,  r e l a t i v e  t o  a  f u n d a m e n t a l  o b s e r v e r ,  o f  t h e  w h o le  

u n i v e r s e ,  c a n  a l s o  b e  i d e n t i f i e d  w i t h  a  N e w t o n i a n  t y p e  p o t e n t i a l  

i n t e g r a l  o v e r  t h e  u n i v e r s e  o f  m a t t e r  w i t h i n  t h e  h o r i z o n  o f  s u c h  

a n  o b s e r v e r *  T h i s  was e n v i s a g e d  i n  C h a p t e r  I I I ,  i n  c o n n e c t i o n  

w i t h  ( 3*6) ,  a s  a  n a t u r a l  e x t e n s i o n  o f  t h e  r e s u l t  f o u n d  f o r  gf 

i n  t e r m s  o f  m a t t e r  i n  a  q u a s i - G a l i l e a n  f r a m e  ( e q u a t i o n  ( 2 * 1 0 ) ) *  

F o r  t h e  s t e a d y  s t a t e  <r a n d  R a r e  c o n s t a n t s .  We may 

t h e r e f o r e  w r i t e  f o r  t h e  p o t e n t i a l  e n e r g y  i n  t h e  f i e l d  o f  u n i t  

m a s s  a t  t h e  s p a c e  o r i g i n ,  o f  t h e  c o s m ic  m a s s  i n  t h e  v o lu m e  

e l e m e n t  <À\I a t  c o o r d i n a t e  -6

......................................( 4 . 1 8 ,

H e n c e  = _ C<T ^  j  r fV  ( 4 , 1 9 )

H e r e  we h a v e  a s s u m e d  a " N e w t o n i a n  i n v e r s e  s q u a r e  l a w  w h i c h  i s  

j u s t i f i e d  b y  t h e  N e w t o n i a n  t y p e  f i e l d  e q u a t i o n  ( 4 * 1 1 ) ,  a n d  a l s o  

m ore  g e n e r a l l y  b y  W* H .  M c C r e a ' s  N ev^ ton ian  c o s m o l o g y ,  w h i c h  i s  

b a s e d  on  p r o p e r  d i s t a n c e  a n d  c o s m ic  t i m e  t  ,  a n d  l e a d s  t o  t h e  

same f i e l d  e q u a t i o n s  ( 4 * 6 ) ,  a n d  ( 4 * 7 ) ,  a s  a r e  g i v e n  b y  g e n e r a l  

r e l a t i v i t y  ( 1 2 ) *  E q u a t i o n  ( 4 * 1 9 )  may b e  r e g a r d e d  a s  t h e
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e x t e n s i o n  o f  f o r m u l a  ( 2*10) t o  a  c o s m i c  r a n g e  o f  i n t e g r a t i o n  i n  

t h e  s t e a d y  s t a t e  u n i v e r s e *  On p e r f o r m i n g  t h e  i n t e g r a t i o n  we 

d e r i v e

o
1

~ \  )    ( 4 , 2 0 )

T h i s  r e s u l t  i s  i n  a g r e e m e n t  w i t h  ( 4 * 1 4 )  a n d  j u s t i f i e s  o u r

i n t e r p r e t a t i o n  o f  ,  g i v e n  b y  ( 3*6) ,  a s  t h e  g r a v i t a t i o n a l  

p o t e n t i a l  o f  u n i t  m a s s  a t  t h e  s p a c e  o r i g i n  o f  a  f u n d a m e n t a l  

o b s e r v e r ' s  l o c a l l y  G a l i l e a n  f r a m e ,  i n  t h e  f i e l d  o f  a l l  t h e  m ass  

i n  t h e  u n i v e r s e  w h i c h  h a s  g r a v i t a t i o n a l  i n f l u e n c e  o n ,  o r  i s  

a p p a r e n t  t o , - s u c h  a n  o b s e r v e r *

The q u a n t i t y  A  o f  o u r  a n a l y t i c  t h e o r y  i n  C h a p t e r  I I I ,  

d e f i n e d  b y  ( 3#2) ,  i s  z e r o  f o r  t h e  m e t r i c s  o f  t h e  s t e a d y  s t a t e  

t h a t  we h a v e  d i s c u s s e d *  S i n c e  h o w e v e r ,  i n  t h e  r e g i o n  w h e r e  -C 

i s  s m a l l ,  t h e  m e t r i c  ( 4 * 1 5 )  i s  a p p r o x i m a t e l y  G a l i l e a n  we c a n ,

o n  c h a n g i n g  t o  C a r t e s i a n  s p a c e  c o o r d i n a t e s ,  a p p l y  t h e  t r a n s f o r m 

a t i o n  e m p lo y e d  i n  t h e  f i r s t  e x a m p le  o f  S e c t i o n  ( i i ) .  C h a p t e r  I I I *  

I n  t h a t  e x a m p le  Vfe show ed  t h a t  a  n o n - z e r o  A a r i s e s ,  b y  

t r a n s f o r m a t i o n  o f  t h e  i n  t h e  r e s t  f r a m e  o f  a  p a r t i c l e  m o v in g

w i t h  s p e e d  V a l o n g  t h e  common a x e s  t o w a r d s  t h e  o r i g i n  o f  t h e

G a l i l e a n  f r a m e .  I n  f a c t  i n  d e r i v i n g  A i n  t h e  p a r t i c l e ' s  r e s t  

f r a m e  we h a d  t o  m u l t i p l y  t h e  G a l i l e a n  i n  t h e  o r i g i n a l  f r a m e ,  

v i z *  § m(P) — ,  b y  IT i n  t h e  c o u r s e  o f  t h e  t r a n s f o r m a t i o n  o f

t h e  * T h i s  l e d  t o ,  r e s t o r i n g  g e n e r a l  u n i t s  ^

ft = t-U- , O ,  O )  ( 4 . 2 1 )
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i n  t h e  p a r t i c l e ' s  r e s t  f r a m e ,  w h i c h  was i n t e r p r e t e d  a s  t h e  

' v e c t o r '  p o t e n t i a l  a r i s i n g  f r o m  t h e  r e l a t i v e  m o t i o n  w i t h  s p e e d  v  

o f  t h e  s m o o th e d  o u t  u n i v e r s e *

A c c o r d i n g  t o  t h e  s u b s e q u e n t  a p p l i c a t i o n  o f  t h e  p o n d e r m o t i v e  

e q u a t i o n  i n  t h i s  e x a m p le  t h e  q u a n t i t y - ^ u ( o ) t u r n s  o u t  t o  b e  

p r o p o r t i o n a l  t o  t h e  i n e r t i a l  m a s s  o f  t h e  p a r t i c l e  i n  i t s  m o t i o n  

r e l a t i v e  t o  t h e  G a l i l e a n  f r a m e *  F ro m  t h e  p o i n t  o f  v i e w  o f  t h e  

p a r t i c l e ' s  r e s t  f r a m e  t h e  i n e r t i a l  t e r m  i n  t h e  e q u a t i o n  o f  m o t i o n  

w as  i n t e r p r e t e d  a s  d ue  t o  t h e  i n d u c t i v e  e f f e c t  o f  t h e  m o v in g  

u n i v e r s e *  Gan væ i n  f a c t  j u s t i f y  t h i s  p h y s i c a l  i n t e r p r e t a t i o n  

o f  A i n  ( 4 * 2 1 )  a s  we h a v e  done  f o r  $  ?

I n  t h i s  c o n n e c t i o n  we r e c a l l  t h e  r e s u l t  f o r  A  i n  t h e  

q u a s i - G a l i l e a n  c a s e  g i v e n  b y  ( 2*10)* A s s o c i a t i n g  A w i t h  

i n e r t i a l  m ass  r a t h e r  t h a n  g r a v i t a t i o n a l  m a s s ,  we t e n t a t i v e l y  

a d o p t  t h e  f o l l o w i n g  a n a l o g u e  o f  ( 2*10) f o r  t h e  A a r i s i n g  f r o m  

t h e  r e l a t i v e  m o t i o n ,  w i t h  v e l o c i t y  V  ,  of. t h e  s m o o th e d  o u t  

u n i v e r s e  i n  t h e  s t e a d y  s t a t e  

A . - 4 -
■ « ) - * ' '   1 4 - 2 2 )

! ( . o  .

=  .  C  y  b y  ( 4 * 8 ) , ....................   ( 4 * 2 3 )

w h i c h  a g r e e s  w i t h  ( 4 * 2 1 ) *

We c o n c l u d e  t h e r e f o r e  t h a t  t h e  a n a l y t i c  t h e o r y  o f  M a c h ' s  

P r i n c i p l e  i n  g e n e r a l  r e l a t i v i t y ,  p r e s e n t e d  i n  C h a p t e r  I I I ,  c a n  i n  

f a c t  b e  s u b s t a n t i a t e d  i n  t e r m s  o f  t h e  d i s t r i b u t i o n  a n d  m o t i o n  o f  

m a s s  i n  t h e  s t e a d y  s t a t e  u n i v e r s e *
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( i i i )  C o m p a r i s o n  w i t h  S c i a m a ' s  t h e o r y

I n  h i s  p a p e r ,  a l r e a d y  r e f e r r e d  t o ,  S c i a m a  c l a i m e d  t h a t  h i s  

t h e o r y  o f  t h e  o r i g i n  o f  i n e r t i a  d i f f e r e d  f r o m  g e n e r a l  r e l a t i v i t y  

p r i n c i p a l l y  i n  t h e  f o l l o w i n g  r e s p e c t s :

( a )  I t  e n a b l e d  t h e  a m o u n t  o f  m a t t e r  i n  t h e  u n i v e r s e  t o  b e  

e s t i m a t e d  f r o m  a  k n o w l e d g e  o f  t h e  g r a v i t a t i o n a l  c o n s t a n t ,  

w h e r e a s  no  s u c h  e s t i m a t e  was a f f o r d e d  b y  g e n e r a l  r e l a t i v i t y *

Cb) The P r i n c i p l e  o f  E q u i v a l e n c e  was a  c o n s e q u e n c e  o f  h i s  

t h e o r y  a n d  n o t  a n  i n i t i a l  a x io m *

Cc) I t  i m p l i e d  t h a t  g r a v i t a t i o n  m u s t  b e  a t t r a c t i v e ,  w h e r e a s

i n  g e n e r a l  r e l a t i v i t y  t h e  s i g n  o f  t h e  f i e l d  was n o t  d e t e r m i n e d *  

We s h a l l  d i s c u s s  t h e s e  c l a i m s  i n  t u r n :

( a )  We h a v e  i n d i c a t e d  i n  C h a p t e r  I ,  S e c t i o n  ( i i i )  t h a t  i n  

S c i a m a ' s  t h e o r y  t h e  p o s s i b i l i t y  o f  e s t i m a t i n g  t h e  am oun t  o f  

m a t t e r  i n  t h e  u n i v e r s e  a r i s e s  f r o m  h i s  e q u a t i o n  

( e q u a t i o n  ( 1 * 9 ) ) ,  b y  w h i c h  a  k n o w l e d g e  o f  & ,  a n d  o f  H u b b l e ' s  

c o n s t a n t  7- ,  w o u ld  l e a d  t o  a  k n o w l e d g e  o f  (T t h e  a v e r a g e  

g r a v i t a t i o n a l  m a s s  d e n s i t y  i n  t h e  u n i v e r s e *  H o w e v e r y a s  we 

p o i n t e d  o u t  i n  C h a p t e r  I ^ a c i a m a  t a c i t l y  a s s u m e s  t h a t  c o s m ic  

g r a v i t a t i o n a l  m a s s  d e n s i t y  i s  e q u a l  t o  i n e r t i a l  m ass  d e n s i t y ,  

t h a t  i s ^ i n  o u r  n o t a t i o n ^ h e  a s s u m e s  T r ^  * C o n s e q u e n t l y  CT 

o c c u r s  n o t  o n l y  i n  h i s  d e f i n i t i o n  o f  ÿ  ,  b u t  a l s o  i n  h i s  

d e f i n i t i o n  o f  A ( e q u a t i o n  ( 1*6) ) *  T h i s  a l l o w s  h im  t o  w r i t e  

f o r  t h e  i n d u c t i v e  f o r c e  due  t o  t h e  r e l a t i v e  m o t i o n ,  w i t h  v e l o c i t y  

-vf ,  o f  t h e  s m o o th e d  o u t  u n i v e r s e ,

_1  ^  -  -  #  t i y  
b t  dUt
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A o c o r l i n g l y  ^ c l a m a  b a s  t o  i d e n t i f y  t h e  i n e r t i a l  nx.ss  o f  a  

p a r t i c l e  w i t h  t h e  n e g a t i v e  o f  i t s  g r a v i t a t i o n a l  p o t e n t i a l  

e n e r g y ,  i . e .  o r  & 0“ T**ra=-| ^

On t h e  o t h e r  h a n d  i f  b o ia m a  h a d  e m p lo y e d  ^  i n  h i s  

d e f i n i t i o n  o f  $  > a n d  p i n  h i s  d e f i n i t i o n  o f  A ,  t h e n  $

¥ /ou ld  n o t  h a v e  come i n  t o  h i s  i n d u c t i v e  t e r m  a n d  he  w o u ld  h a v e  

o b t a i n e d  G ̂  T=fis I

I n  t h e  a n a l y t i c  t h e o r y  o f  M a c h ’ s  P r i n c i p l e  p r o v i d e d  b y  

g e n e r a l  r e l a t i v i t y ,  a s  p r e s e n t e d  i n  C h a p t e r  I I I ,  t h e  g r a v i t a t i o n 

a l  p o t e n t i a l  e n e r g y  o f  a  p a r t i c l e  o f  u n i t  m a s s ,  a t  r e s t  i n  t h e  

n e i g h b o u r h o o d  o f  a  f u n d a m e n t a l  o b s e r v e r ,  was v i e w e d  b y  h im  t o  

b e  = c / z  ( e q u a t i o n  ) •  I n  t h e  p r e s e n t  C h a p t e r  we

h a v e  i d e n t i f i e d  t h i s  e x p r e s s i o n  w i t h  t h e  i n t e g r a l  ( 4 . 1 9 ) ,  

d e f i n e d  i n  t e r m s  o f  t h e  g r a v i t a t i o n a l  mo,ss d i s t r i b u t i o n  i n  t h e  

s t e a d y  s t a t e  m o d e l .  F o r  t h a t  m o d e l  i t  f o l l o w s  f r o m  ( 4 * 9 )  t h a t

................................................. ( 4 . 2 4 )

P h u s  CT i s  n e g a t i v e  ( d u e  t o  t h e  c o n t r i b u t i o n  o f  n e g a t i v e  s t r e s s ) ,  

w h i c h  c a n  be  i n t e r p r e t e d  v i a  e q u a t i o n  ( 4 . 1 1 )  a s  b e i n g  c o n s i s t e n t  

w i t h  a  c o s m ic  g r a v i t a t i o n a l  r e p u l s i o n *

F o r  t h e  c a s e  o f  t h e  r e l a t i v e  m o t i o n ,  w i t h  v e l o c i t y  vT , 
o f  t h e  s m o o th e d  o u t  u n i v e r s e  o u r  a n a l y t i c  t h e o r y  o f  C h a p t e r  I I I  

l e d  t o  A = ~ C y  ( e q u a t i o n  ( 4 . 2 1 ) )  w hose  t i m e  d e r i v a t i v e  

a c c o u n t e d  f o r  t h e  i n e r t i a l  t e r m  i n  t h e  e q u a t i o n  o f  m o t i o n .

T h i s  v a l u e  o f  A was i n  t u r n  i d e n t i f i e d ,  i n  a  m a n n e r  a n a l o g o u s
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t o  t h e  q u a s i - G a l i l e a n  c a s e ,  w i t h  t h e  i n t e g r a l  ( 4 . 2 2 ) ,  l e a d i n g  

t o  ( 4 . 2 2 ) .  T h i s  i n t e g r a l  was d e f i n e d  i n  t e r m s  o f  t h e  i n e r t i a l  

m a s s  d i s t r i b u t i o n  i n  t h e  s t e a d y  s t a t e  m o d e l ,  f o r  w h i c h  ( 4. 8) 

y i e l d s
1

'ÿïT •  . . ( 4 . 2 5 )

From ( 4 . 2 4 )  a n d  ( 4 . 2 $ )  i t  f o l l o w s  t h a t  g e n e r a l  r e l a t i v i t y

d o e s  i n d e e d  p r o v i d e  f o r  t h e  o r i g i n  o f  i n e r t i a  i n  a c c o r d a n c e

w i t h  M achos  P r i n c i p l e ,  a n d  i m p l i e s  t o o  t h e  same c o n s i s t e n c y

r e l a t i o n  b e t w e e n  t h e  g r a v i t a t i o n a l  c o n s t a n t ,  H u b b l e ’ s c o n s t a n t

a n d  t h e  c o s m i c  m a s s  d e n s i t y  ( a p a r t  f r o m  s i g n )  a s  d o e s  S c i a m a ’ s

t h e o r y .  l i k e  S c i a m a  we c a n  i n f e r  ( i n  o u r  c a s e  f r o m  ( 4. 22))  t h a t

99̂  o f  t h e  c o n t r i b u t i o n  t o  l o c a l  i n e r t i a  i s  due  t o  m a t t e r  a t  a
»

d i s t a n c e  e x c e e d i n g  10 l i g h t  y e a r s .

( b )  As was m e n t i o n e d  i n  C h a p t e r  I ,  S e c t i o n  ( i i i )  S c i a m a  t a k e s  

t h e  v ievf  t h a t  i n  g e n e r a l  r e l a t i v i t y  one  g r a v i t a t i n g  m a s s  i n  a n  

o t h e r w i s e  e m p ty  u n i v e r s e  p r o d u c e s  t h e  same i n e r t i a l  e f f e c t s  a s  

i n  h i s  t h e o r y ,  a n d  s i n c e  t h e r e  i s  no u n i v e r s e  i n  t h i s  c a s e  t o  

g i v e  r i s e  t o  a n  i n d u c t i v e  f i e l d  a t  a  t e s t  p a r t i c l e  ’ i t  i s  

d i f f i c u l t  t o  s e e  why t h e  P r i n c i p l e  o f  ^ E q u iv a le n c e  s h o u l d  be  t r u e ’ .

P h i s  a r g u m e n t  i s  o f  c o u r s e  b a s e d  on a  q u a s i - G a l i l e a n  

s o l u t i o n  o f  t h e  f i e l d  e q u a t i o n s .  I n  C h a p t e r  I I ,  S e c t i o n  ( i i i )  

we h a v e  g i v e n  d e t a i l e d  r e a s o n s  why v/e r e j e c t  a s  i n a d m i s s i b l e  

i n  g e n e r a l  r e l a t i v i t y  a  s o l u t i o n  b a s e d  o n  em p ty  s p a c e  a t  

i n f i n i t y .  The l o g i c a l  f u n c t i o n  o f  g e n e r a l  r e l a t i v i t y ,  

a c c o r d i n g  t o  t h e  f i e l d  e q u a t i o n s ,  i s  t o  e x p l a i n  t h e  e x i s t e n c e
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o f  q u a s i - i n e r t i a l  f r a m e s ,  w h ic h  e x t e n d  o v e r  r e g i o n s  a s  l a r g e  a s  

t h e  s o l a r  s y s t e m ,  i n  t e r m s  o f  t h e  m a t t e r  i n  a  f u l l  u n i v e r s e .

I t  i s  t h i s  m a t t e r  t o o  t h a t  s e r v e s  t o  c h a r a c t e r i s e  a n d  p h y s i c a l l y  

d e f i n e  t h e  c o o r d i n a t e s  o f  t h e  w o r l d  r e f e r e n c e  f r a m e .  The 

m e t r i c  o f  s p e c i a l  r e l a t i v i t y ,  a p p r o x i m a t e l y  v a l i d  i n  t h e s e  

q u a s i - i n e r t i a l  f r a m e s ,  f o r m s  t h e  b a s i s  t o  w h ic h  t h e  m e t r i c  o f  a n  

a r b i t r a r y  r e f e r e n c e  f r a m e  c a n  be  r e d u c e d  l o c a l l y .  I t  c a n n o t  b e  

t a k e n  f o r  g r a n t e d  t h a t  t h i s  w o u ld  be  p h y s i c a l l y  v a l i d  i n  a  

h y p o t h e t i c a l l y  e m p ty  u n i v e r s e  ( o r  e m p ty  s a v e  f o r  a  s i n g l e  m a s s i v e  

b o d y ) . Thus  t h e  o n l y  c o s m ic  b o u n d a r y  c o n d i t i o n s  l o g i c a l l y  

v a l i d  f o r  g e n e r a l  r e l a t i v i t y  a r e  t h o s e  o f  t h e  a c t u a l  u n i v e r s e .

I n  t h e s e  v i e w s  t h e  p r e s e n t  a u t h o r  i s  a i p p o r t e d  b y  M a ch ,  f o r  

h e  s a y s  ( o p .  c i t .  ( 1 )  p . 2 2 9 ) :  ’ I f  we now s u d d e n l y  n e g l e c t

A, B, C ..................^  t h e  a c t u a l  m a s s i v e  b o d i e s  o f  t h e  u n i v e r s e  ^

a n d  a t t e m p t  t o  s p e a k  o f  t h e  d e p o r t m e n t  o f  t h e  b o d y  K i n  a b s o l u t e  

s p a c e  we i m p l i c a t e  o u r s e l v e s  i n  a  t w o - f o l d  e r r o r .  I n  t h e  f i r s t  

p l a c e  v;e c a n n o t  know how K w o u ld  a c t  i n  t h e  a b s e n c e  o f  A , B , C . . . . ;  

a n d  i n  t h e  s e c o n d  p l a c e  e v e r y  m eans  w o u ld  b e  w a n t i n g  o f  f o r m i n g  

a  j u d g m e n t  o f  t h e  b e h a v i o u r  o f  K a n d  o f  p u t t i n g  t o  t h e  t e s t  

w h a t  we h a d  p r e d i c a t e d  -  w h i c h  l a t t e r  t h e r e f o r e  w o u ld  b e  b e r e f t  

o f  a l l  s c i e n t i f i c  s i g n i f i c a n c e ! .  x g a i n  o n  p . 225 s a y s :  ’ When

we r e f l e c t  t h a t  t h e  t i m e - f a c t o r  t h a t  e n t e r s  i n t o  t h e  a c c e l e r a t i o n  

i s  n o t h i n g  m ore  t h a n  a  q u a n t i t y  t h a t  i s  t h e  m e a s u r e  o f  t h e  

d i s t a n c e s  ( o r  a n g l e s  o f  r o t a t i o n )  o f  t h e  b o d i e s  o f  t h e  u n i v e r s e  

we s e e  t h a t  e v e n  i n  t h e  s i m p l e s t  c a s e ,  i n  w h ic h  a p p a r e n t l y  we
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d e a l  w i t h  t h e  m u t u a l  a c t i o n  o f  o n l y  two m a s s e s  t h e  n e g l e c t i n g  o f  

t h e  r e s t  o f  t h e  w o r l d  i s  i m p o s s i b l e .  H a t u r e  d o e s  n o t  b e g i n  

v / i t h  e l e m e n t s  a s  we a r e  o b l i g e d  t o  b e g i n  w i t h  th e m .  ’

F o r  r e a s o n s  s t a t e d  i n  S e c t i o n  ( i )  o f  t h e  p r e s e n t .  C h a p t e r  

we h a v e  r e g a r d e d  t h e  s t e a d y  s t a t e  m o d e l  a s  t h e  s i m p l e s t ,  a n d  

l o g i c a l l y  m o s t  a p p r o p r i a t e  t o  t h e  e q u a t i o n s  o f  g e n e r a l  r e l a t i v i t y .  

I n  t e r m s  o f  t h a t  m o d e l  g e n e r a l  r e l a t i v i t y  c a n  i n d e e d  a c c o u n t  f o r  

i n e r t i a  b y  m ea n s  o f  t h e  a n a l y t i c  t h e o r y  o f  M a c h ’ s P r i n c i p l e  

p r e s e n t e d  i n  t h i s  t h e s i s .

We s e e  b y  e q u a t i o n s  ( 4 . 2 4 )  a n d  ( 4 . 2 5 )  t h a t  h o w e v e r  n e a r  

t h e  c o n c e p t  o f  a n  e m p ty  u n i v e r s e  we a p p r o a c h  a s  a  l i m i t  

( O’ o ^ c i  p  o  ) ,  t h e n  t h i s  i s  c o m p e n s a t e d  i n  t h e  s t e a d y  

s t a t e  b y  t h e  f a c t  t h a t  t h e  e f f e c t i v e  r a d i u s  o f  s p a c e  R = C.T 

m u s t  t e n d  c o r r e s p o n d i n g l y  t o  i n f i n i t y ,  so  t h a t  i n e r t i a  i s  

a l w a y s  a c c o u n t e d  f o r .

( c )  S c i a m a ’ s c l a i m  t h a t  h i s  t h e o r y  i m p l i e s  t h a t  g r a v i t a t i o n  

i s  a t t r a c t i v e  ( f o r  c o n c e n t r a t e d  m a t t e r )  i s  o f  d o u b t f u l  

s i g n i f i c a n c e .  I t  i s  b a s e d  on. h i s  e q u a t i o n  o f  m o t i o n  f o r  a  t e s t  

p a r t i c l e  i n  t h e  f i e l d  o f  a  c o n c e n t r a t e d  m a s s  M a t  r e s t  i n  t h e  

s m o o t h e d  o u t  u n i v e r s e .  T h i s  e q u a t i o n  i s  g i v e n  by  (I.7 ), a n d  

i n  t h e  f o r m  i n  w h i c h  S c i a m a  d i r e c t l y  d e r i v e s  i t  f r o m  h i s  

p o s t u l a t e d  b a s i c  e q u a t i o n  ( I . 5) i t  may b e  w r i t t e n

w h e r e  Y i s  a  u n i t  v e c t o r  d r a w n  f r o m  M t o w a r d s  t h e  t e s t  p a r t i c l e .
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a n d  IT i s  t h e  v e l o c i t y  o f  t h e  u n i v e r s e  r e l a t i v e  t o  t h e  p a r t i c l e  

i n  t h e  d i r e c t i o n  o f  f  .  The  e q u a t i o n  e x p r e s s e s  t h a t  t h e  

t o t a l  ’ g r a v o e l e c t r i c ’ f i e l d  i s  z e r o  a t  t h e  p a r t i c l e .

S c i a m a  c o n c l u d e s  t h a t  f o r  E t o  v a n i s h  t h e n  m u s t  b e
dût

p o s i t i v e ,  so  t h a t  t h e  p a r t i c l e  m u s t  a c c e l e r a t e  t o w a r d s  t h e  m a s s  

a t  r e s t  i n  t h e  s m o o t h e d  o u t  u n i v e r s e .  T h i s  a s s e r t i o n  i s  

h o w e v e r  b a s e d  o n  t h e  a s s u m p t i o n  t h a t  h i s  §  a s  d e f i n e d  b y  ( 1. 6) 

s h o u l d  b e  n e g a t i v e ,  w h i c h  m eans  t h a t  t h e  g r a v i t a t i o n a l  m ass  

d e n s i t y  o f  t h e  s m o o t h e d  o u t  u n i v e r s e  m u s t  be  p o s i t i v e .  T h e r e  

a r e  no  g r o u n d s  i n  h i s  t h e o r y  f o r  t h i s  a s s u m p t i o n ;  n o r  w o u ld  

t h e r e  b e  g r o u n d s  i n  h i s  t h e o r y  f o r  t a k i n g  ^  ,  t h e  s m o o th e d  o u t  

c o s m i c  i n e r t i a l  m a s s  d e n s i t y ,  t o  be  p o s i t i v e ,  s u p p o s i n g  t h a t  h e  

d i d  i n  f a c t  d i s t i n g u i s h  b e tv / e e n  ^  a n d  cr  ̂ a n d  i t  was g r a n t e d  

t h a t  t h e  i n e r t i a  o f  c o n c e n t r a t e d  m a t t e r  was p o s i t i v e .

I n  g e n e r a l  r e l a t i v i t y  t h e  s i g n  o f  t h e  c o e f f i c i e n t  o f  

i n  t h e  f i e l d  e q u a t i o n s  ( 1 . 4 )  i s  c h o s e n  n e g a t i v e ,  so  t h a t  t h e  

g r a v i t a t i o n  o f  l o c a l  c o n c e n t r a t e d  m a t t e r  s h o u l d  be  a t t r a c t i v e .  

H ow ever  t h i s  l e a d s  t o  c o s m i c  g r a v i t a t i o n a l  m a s s  d e n s i t y  (T b e i n g  

i n t e r p r e t e d  a s  n e g a t i v e  i n  a n y  m o d e l ,  s u c h  a s  t h e  s t e a d y  s t a t e  

m o d e l ,  i n  v /h ic h  t h e  e x p a n s i o n  i s  a c c e l e r a t i n g  ( c . f . e q u a t i o n  ( 4. 11), 

T h u s  i n  t h e  s t e a d y  s t a t e  m o d e l ,  i f  l o c a l  c o n c e n t r a t e d  m a t t e r  i s  

r e g a r d e d  a s  a t t r a c t i v e ,  t h e n  CTAO a n d ^ ? o b y  ( 4 . 8 )  e n d  ( 4 . 9 ) .  

H o w eve r  i f  t h e  c o e f f i c i e n t  o f  i n  t h e  f i e l d  e q u a t i o n s  i s  

c h o s e n  p o s i t i v e ,  t h e n  c o n c e n t r a t e d  m a t t e r  i s  r e p u l s i v e ,  and  t h e  

s i g n s  o f  O’ a n d  ^  a r e  r e v e r s e d  i n  t h e  c a s e  o f  t h e  s t e a d y  s t a t e .
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The p h y s i c a l  i n t e r p r e t a t i o n  g i v e n  i n  t h i s  C h a p t e r  o f  t h e  a n a l y t i c  

t h e o r y  o f  M a c h ’ s  P r i n c i p l e  p r e s e n t e d  i n  C h a p t e r  I I I  i s  v a l i d  i n  

e i t h e r  c a s e ,  w i t h  a p p r o p r i a t e  c h o i c e  o f  s i g n s  t h r o u g h o u t .

T h u s  t h e  s i g n  o f  t h e  f i e l d  w o u ld  a p p e a r  t o  b e  o f  no  i n t r i n s i c  

i m p o r t a n c e  i n  a n y  t h e o r y  t h a t  a l l o w s  f o r  i t s  d e p e n d e n c e  on t h e  

s t a t e  o f  t h e  g r a v i t a t i n g  m a s s .

C o n c l u s i o n

Our  b r o a d  c o n c l u s i o n  i s  t h a t  g e n e r a l  r e l a t i v i t y  i s  e n t i r e l y  

c o n s i s t e n t  i n  e s s e n c e  w i t h  t h e  t h e o r y  o f  M a c h ’ s P r i n c i p l e  p u t  

f o r w a r d  b y  D .  ü . S c i a m a  a n d ,  on t h e  b a s i s  i n d i c a t e d  i n  t h i s  t h e s i s ,  

g e n e r a l  r e l a t i v i t y  w o u ld  a p p e a r  t o  f u l l y  i n c o r p o r a t e  M a c h ’ s 

P r i n c i p l e  i n  t h e  c a s e  o f  a  s t e a d y  s t a t e  c o s m o l o g y .
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INTRODUCTION

As we bave had o c c a s io n  to  s t a t e  e ls e w h e r e  in  t h i s  t h e s i s ,  

i t  h a s  b e e n  shown b y  W.E JlcO rea ( 1 ) t h a t  th e  c o n t in u o u s  

c r e a t io n  o f  m a tte r  r e q u ir e d  by s t e a d y  s t a t e  c o sm o lo g y , f i r s t  

p r o p o se d  by  H . B ondi and T . G old (^.l i and by F .  H oy le  ( 2 ) ,  can  

be b a se d  on  th e  e x i s t i n g  e q u a t io n s  o f  g e n e r a l  r e l a t i v i t y ,  w ith o u t  

in t r o d u c in g ,  ad h o c , e x tr a  term s in t o  th e s e  e q u a t io n s .  I n  

th e  th e o r y  o f  c o n t in u o u s  c r e a t io n  advan ced  by H oy le  an  e x tr a  

te r m  i s  added to  th e  f i e l d  e q u a t io n s  o f  g e n e r a l  r e l a t i v i t y ,  

d i s t i n c t  from  th e  e n e r g y  t e n s o r ,  s o  t h a t  e n e rg y  i s  no lo n g e r  

c o n se r v e d  and m a tte r  i s  i n  f a c t  c r e a te d  o u t o f  n o th in g  a t  a 

r a t e  d e term in ed  b y  th e  e x tr a  te r m .

MeCrea showed t h a t  by a b so r b in g  th e  e x tr a  term  p ro p o sed  b y  

H o y le  in t o  th e  e n e rg y  t e n s o r  i t  c o u ld  be  in t e r p r e t e d  a s  a  

e o s m o lo g ic a l  s t r e s s  term , w h ich  i n  H o y le * s  m odel was ta k e n  to  

b e a ero #  The m e tr ic  o f  s p a c e - t im e  i n  th e  s te a d y  s t a t e  m odel 

i s  e s t a b l i s h e d ,  on th e  b a s i s  o f  B ondi and G old^s ’p e r f e c t  

c o s m o lo g ic a l  p r i n c i p l e ’ ,  a s  t h a t  o f  th e  de  S i t t e r  u n iv e r s e .  

A c c o r d in g ly ,  th e  a p p l i c a t io n  by McCrea o f  th e  f i e l d  e q u a t io n s  

o f  g e n e r a l  r e l a t i v i t y  to  t h i s  m e tr ic  showed t h a t  th e  s t r e s s  

m ust be u n ifo r m , in d ep en d e n t o f  co sm ic  e p o c h , and n e g a t iv e ^  

b e in g  th e  n e g a t iv e  o f  th e  c o n s ta n t  en erg y  d e n s i t y  i n  th e  m o d e l. 

The m a tte r  c r e a te d  i n  th e  m o d e l, a t  th e  c o n s ta n t  r a t e  n e c e s s a r y  

t o  m a in ta in  th e  s te a d y  s t a t e ,  was th e n  i n t e r p r e t e d  by  McCrea 

a s  t h e  m ass e q u iv a le n t  o f  th e  work done by th e  n e g a t iv e  s t r e s s  

i n  th e  e x p a n s io n  o f  th e  m o d e l.
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McCrea d id  n o t  p r o p o se  any  p h y s i c a l  b a s i s  f o r  t h i s  n e g a t iv e  

s t r e s s , '  e x c e p t  t o  p o in t  o u t  t h a t  a a e r o - p o in t  o f  s t r e s s ,  o th e r  

th a n  what w is  u s u a l l y  assum ed a r b i t r a r i l y  on th e  b a s i s  o f  

c l a s s i c a l  m e c h a n ic s , was c o n s i s t e n t  w ith  th e  f i e l d  e q u a t io n s  o f  

g e n e r a l  r e l a t i v i t y ,  and w ith  th e  v i r t u a l  a e r o - p o in t  p r o p e r t i e s  

a c c o r d e d  t o  sp a c e  by  th e  quantum th e o r y  o f  f i e l d s #  Such a  s t r e s s  

c o u ld  be im p o r ta n t c o s m o lo g ic a l ly  and y e t  b e  beyond d e t e c t i o n  

i n  th e  la b o r a to r y  b e c a u se  o f  i t s  m in u te  o r d e r  and u n ifo r m ity  on 

t h a t  s c a le #

I n  th e  e v e n t  o f  th e  s te a d y  s t a t e  b e in g  e s t a b l i s h e d  a s  th e  

t r u e  co sm ology  th e n  th e  p r i n c ip l e  o f  c o n s e r v a t io n  o f  en erg y ,' 

a lth o u g h  h i t h e r t o  a d ep en d a b le  f e a t u r e  o f  th e  p h y s i c a l  la w s ,  

w ould be  s e r i o u s l y  je o p a r d is e d  by th e  t h e o r i e s  o f  B ondi and G old , 

and o f  H o y le . I t  w ould b e  s a t i s f a c t o r i l y  redeem ed by McCrea^s 

i n t e r p r e t a t i o n  o n ly  i f  a  p h y s i c a l  i n t e r p r e t a t i o n  o f  th e  a e r o - p o in t  

s t r e s s  can be fo u n d . T h is  p h y s ic a l  i n t e r p r e t a t i o n  m ust b e , a s  

f a r  a s  p o s s i b l e ,  c o n s i s t e n t  w ith  t h e  a c c e p te d  p h y s ic a l  phenomena# 

I t  w ould a l s o  b e  d e s ir a b le  t h a t  i t  sh o u ld  b e  s u g g e s te d  b y  e x i s t 

in g  p h y s i c a l  t h e o r y ,  o r  a t  l e a s t  in v o lv in g  o n ly  n a t u r a l  g e n e r a l

i s a t i o n  o r  e x te n s io n  o f  su ch  t h e o r y .

I t  i s  o u r  p u rp o se  i n  th e  f o l lo w in g  p a g e s  t o  p r e s e n t  su ch  a  

p h y s i c a l  b a s i s  f o r  & e r o -p o in t  s t r e s s ,  and a s s o c ia t e d  z e r o  p o in t  

e n e r g y .  The work i s  e n t i r e l y  o r i g i n a l ,  a l th o u g h , a s  w i l l  be  

p o in te d  o u t ,  th e r e  i s  a  q u a l i t a t i v e  s i m i l a r i t y  o f  p a r t  o f  th e  

th e o r y  i n  C hapter I I I  t o  c e r t a in  id e a s  advan ced  by  F .  P ir a n i  ( 4 ) ,  

t h e s e  id e a s  h a v in g  b e e n  a r r iv e d  a t  in d e p e n d e n t ly  by  th e  a u th o r  

b e fo r e  h e  le a r n e d  o f  P ir a n i* s  p a p e r s
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CHAPTER I :  MASS CONCMTRATIOH IB  THE STSADY STATE UNIVERSE

.1)

ACCORDING TO GENERAL RELATIVITY -  EITERIOR SOLUTION

C i) The s te a d y  s t a t e  m e tr ic  in t e r p r e t e d  a c c o r d in g  to  g e n e r a l  
r e l a t i v i t y .

The m e t r ie  o f  t h e  g e n e r a l  ex p a n d in g  c o s m o lo g ic a l  m o d e ls ,  

w h ich  a r e  s p a t i a l l y  i s o t r o p i c  a t  e v e r y  p o i n t ,  h as th e  form

I S '  = d t -  -

w here we have ta k e n  C th e  v e l o c i t y  o f  l i g h t  a s  u n i t y .  T h is  

m e tr ic  has b een  exam ined i n  d e t a i l  i n  P a r t  I  o f  t h i s  t h e s i s .

I t  i s  to  be c o n s id e r e d  a s  a p p l ic a b le  t o  a u n iv e r s e  w hose l o c a l  

i r r e g u l a r i t i e s  due t o  m ass c o n c e n tr a t io n s  have b een  i d e a l l y  

sm oothed  o u t .

The f i e l d  e q u a t io n s  o f  g e n e r a l  r e l a t i v i t y  a p p lie d  to  t h i s

m e tr ic  y i e l d  f o r  th e  u n ifo r m , and i n  g e n e r a l  tim e d e p e n d e n t,

e n e r g y  d e n s i t y  ^  and p r e s s u r e  f t  (P a r t  I ,  C hapter I V ) ,

^  ^  ^  ^  . . . . 11. 2)

- K k  =  J j .  +  +  Jl  __ ( 1 .3 )

w here R r  ci[R(b)J^oU: ,  and =  V'ïT i f  we a d o p t c  -  I and & = 1 ,

G b e in g  th e  N ew ton ian  g r a v i t a t i o n a l  c o n s t a n t .  The 

c o s m o lo g ic a l  c o n s ta n t  has no p la c e  i n  th e  f o l lo w in g  th e o r y  o f  

th e  s te a d y  s t a t e  and has b e e n  p u t  e q u a l  t o  z e r o .

The s t e a d y  s t a t e  m od el has t h e  m e tr ie  c o r r e sp o n d in g  t o

t Rg c o n s t a n t ) ,  and k - o  ( z )  ,  v i a .

. . . . ( 1 . 4 )

F or  t h i s  m e tr ic  e q u a t io n s  ( 1 . 2 ) ,  ( 1 .5 )  y i e l d

. . . . ( 1 . 5 )
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I t  sh o u ld  h e  n o te d  t h a t  ^  and a re  b y  d e f i n i t i o n  th e  

d e n s i t y  and p r e s s u r e  a s  m easured  l o o a l l y  b y  an o b s e r v e r  m oving  

a lo n g  w ith  th e  f l u i d  o f  th e  m o d e l.

The m e t r ic  ( 1 .4 )  i s  th e  l i n e  e le m e n t  o f  th e  de S i t t e r  

u n iv e r s e  i n  th e  form  o b ta in e d  by  G. L e m a itr e , and in d e p e n d e n t ly  

by H .P . R o b e r tso n , (% ). T h is  was r e l a t e d  t o  one o f  th e  e a r l i e r  

fo r m s , vi&V

(i -  &  ^  i
\  Rc / I -  . . . . ( l . o )

a c c o r d in g  t o  t h e  tr a n s fo r m a t io n

r =  t  = r  +  i  R i . . . . ( 1. 7)
V I  -  -e*/Rs* ’ <t{ /

The m a in te n a n c e  o f  c o n s ta n t  e n e r g y  d e n s i t y  and p r e s s u r e  

i n  t h e  s t e a d y  s t a t e  w i l l  be exam ined i n  a cco r d a n ce  w ith  g e n e r a l  

r e l a t i v i t y  i n  C hapter I I I .

( i i )  M ass c o n c e n tr a t io n  su p erim p osed  on th e  s t e a d y  s t a t e  -  th e  
m e tr ic  o f  th e  e x t e r i o r  s o l u t i o n  and i t s  p r o p e r t i e s .

C on sid er  th e  m e tr ic

w here In i s  a c o n s ta n t*  F or s u f f i c i e n t l y  s m a ll  ( J l }  f

n e g l i g i b l e  compared w ith  iK ^ y^ ) t h i s  r e d u c e s  to  th e

S o h w a r z se h ild  m e tr ic  f o r  th e  e x t e r i o r  f i e l d  due to  a m ass  

l o c a t e d  a t  th e  sp a ce  o r ig i n  = o  .  F or X  s u f f i c i e n t l y  l a r g e

th e  m e tr ic  g o e s  o v e r  t o  th a t  o f  th e  s te a d y  s t a t e  g iv e n  b y  ( 1 . 6 ) .

We t h e r e f o r ^ in f e r  t h a t  ( 1 .8 )  r e p r e s e n t s  th e  s t a t io n a r y  s p a c e -  

t im e  due t o  a s p h e r i c a l l y  sym m etric  m ass c o n c e n tr a t io n  ^
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su p er im p o sed  on th e  sm oothed o u t  s t e a d y  s t a t e  u n iv e r s e #  

We s h a l l  exam ine t h i s  m e tr ie  a c c o r d in g  t o  g e n e r a l  r e l a t i v i t y #  

A s t a t io n a r y  m e t r ie  e x h ib i t in g  s p h e r i c a l  sym m etry a b o u t  

' t - o  h as th e  g e n e r a l  form

(3fs^= z '^ oL C '  ~  ~ . . . . ( 1 .9 )
w here A , V a re  f t m o t io n s  o f  A  o n l y ,  F or th e  n o n -z e r o  

eom ponents o f  th e  s t r è s s-energy-m om entum  t e n s o r  th e

f i e l d  e q u a t io n s  g iv e  f o r  t h i s  m e tr ie  ( 6 ) ,

K t ', =  -

KT^ K - e : Y f  \
\  ^  4 4 2 t  I

KTj= “ i'l >■ k
* . .# ( 1 # 1 0 )

w here d a sh e s  d e n o te  d e r iv a t iv e s #  H ere th e  i n d ic e s  1, 2, 3,4 

a r e  a s s o c ia t e d  w ith  th e  c o o r d in a te s  G ^ T  r e s p e c t i v e l y *  

S u b s t i t u t in g  from  ( 1#8) we e a s i l y  o b t a in

t ) =  L  = T j = . . , . ( 1 , 1 1 )

We now assum e t h a t  th e  s t r e s s  i n  th e  f l u i d ,  a s  m easured  

l o c a l l y  b y  co -m ov in g  o b s e r v e r s ,  i s  s t i l l  everyw h ere  i s o t r o p i c  

d e s p i t e  th e  p r e se n c e  o f  th e  m ass c o n c e n t r a t io n  i # e #  th e  

medium o o n s t i t u t e s  @ p e r f e c t  f l u i d  c h a r a c t e r i s e d  b y  a  p ro p er  

e n e r g y  d e n s i t y  p  and p r e s s u r e  The a r e  t h e r e f o r e

r e l a t e d  to  t h e  4- v e o t o r  o f  v e l o c i t y  o f  th e  f l u i d  b y  th e  f o l lo w 

i n g  r e l a t i o n ,  h o ld in g  a t  an a r b i t r a r y  p o in t  o u t s id e  th e  m ass  

c o n c e n tr a t io n s

^  k , . , . ( 1 , 1 2 )
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A o e o r d ln g ly , f o r  th e  n on—T a n is h in g  c o r r e sp o n d in g  t o

m e t r ic  ( 1# 8 )  we d e r iv e

t : -  4

T i -
(1 .13)

By s p h e r i c a l  sym m etry we can p u t
.3

• # » * ( 1#14)

d o / f l l s  = d ^ / 4 s ~  o  

w hence ,  s o  t h a t  by ( 1 .1 1 )

F urtherm ore we can  s u b s t i t u t e  -  [l i n  th e  l a s t  e q u a t io n

o f  ( l e l 3 )  so  t h a t  we f in d

and s i n e e  ^ 44  ^ : 0 ,  d r / d S  * 0  

w hence

p -- —

we m ust have =.q

t l . 1 5 )

I t  t r a n s p ir e s ,  t h e r e f o r e ,  t h a t  a t  a l l  p o in t s  f o r  w h ich  th e  

m e t r ic  ( 1 . 8 )  i s  v a l i d ,  i . e .  o u t s id e  th e  m ass nnr\ ,  th e  d e n s i t y  

and p r e s s u r e  a r e  th o s e  o f  th e  sm oothed o u t  s t e a d y  s t a t e .  We 

in t e r p r e t  t h i s  a s  r e q u ir in g  th a t  th e  n a t u r a l  e q u i l ib r iu m  s t a t e  o f  

i n t e m e b u l a r  g a s  and r a d ia t io n  i n  th e  s te a d y  s t a t e  u n iv e r s e  sh o u ld  

be c h a r a c t e r i s e d  b y  a  t o t a l  d e n s i t y  5̂ and p r e s s u r e  jv-s a s  g iv e n  

b y  ( 1 . 5 ) .  A lth o u g h  o u t s id e  th e  m ass "Vn we have ig n o r e d  th e  

o th e r  m ass c o n c e n tr a t io n s  i n  th e  a c t u a l  u n iv e r s e  ( g a l a x ie s )  t h i s
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i s  p r o b a b ly  j u s t i f i e d  b e c a u se  o f  t h e i r  g r e a t  d i s t a n c e  a p a r t ,  

s o  t h a t  t h e i r  a g g r e g a te  e f f e c t  i s  t h a t  o f  t h e  sm oothed ou t  

u n iv e r s e  we a r e  c o n s id e r in g .  I t  i s  a l s o  j u s t i f i e d  by ou r  

i n t e r p r e t a t i o n  o f  th e  co n seq u en ce  o f  t h i s  a ssu m p tio n  -  t h a t  

t h e  in t e m e b u la r  d e n s i t y  i s  l i k e l y  t o  b e  com parab le  w ith  t h e  

sm oothed o u t  d e n s i t y .  I n  w hat f o l lo w s  t h e  m ass "m w i l l  have  

s e v e r a l  i n t e r p r e t a t i o n s .  I t  may be i d e n t i f i e d  w ith  a  g a la x y ,  

o r  a c l u s t e r  o f  g a l a x ie s  w here th e  a v e r a g e  d e n s i t y  i s  o n ly  a  

few  t im e s  t h e  a v e r a g e  c o s m o lo g ic a l  d e n s i t y ,  o r  a  m ass o f  

in t e m e b u la r  f l u i d  whose d e n s i t y  may be s l i g h t l y  h ig h e r ,  o r  

s l i g h t l y  lo w e r  ( ^  ^  o  ) ,  th a n  th e  e q u il ib r iu m  d e n s i t y .

The r e g io n  o f  sp a c e  w here th e  m e tr ic  ( 1 . 8} i s  n o t  v a l i d  

w i l l  d e f in e  th e  i n t e r i o r  o f  th e  m ass c o n c e n tr a t io n  (o r  

r a r e f a c t io n )  and t h e r e  p and j l  m u st d i f f e r  from  and jis #

s i n c e  o th e r w is e  y y \  w ould  v a n is h .

Among t h e  com ponents o f  w h ich  v a n is h  i d e n t i c a l l y

f o r  t h e  m e tr ic  ( 1 . 9) i s  ♦ F or a  g e n e r a l  o r th o g o n a l m e tr ic  

d e s c r ib in g  th e  s p a c e - t im e  o c c u p ie d  by  a p e r f e c t  f l u i d  we have

T4 " § 4 + ( f + l 9 ^  ^  . . . . ( 1 . 1 6 )

S in c e  t h i s  com ponent v a n is h e s  i d e n t i c a l l y  one w ould  n o r m a lly  

c o n c lu d e  t h a t  = 0  ,  and t h i s  w ould mean t h a t  th e  f l u i d

w as a t  r e s t  r e l a t i v e  t o  th e  r e f e r e n c e  fra m e , t h a t  i s  th e  

c o o r d in a te  sy s te m  w ould be c o -m o v in g . B ut f o r  our c a s e  when

p-f-jv ~ o  t h i s  i s  n o t  th e  c o n c lu s io n ,  b u t  r a th e r  th e  v a n is h in g  

o f  p f  i n d i c a t e s  t h a t  th e  n e t  a lg e b r a ic  r a t e  o f  f lo w  o f
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p o s i t i v e  and n e g a t iv e  e n e r g y  (w h ioh  w i l l  in c lu d e  th e  r a t e  o f  

work by th e  n e g a t iv e  p r e s s u r e  |v ) i s  z e r o #  The 4- v e l o c i t y  

o f  th e  medium o f  n e t  p o s i t i v e  d e n s i t y  b u t  n e g a t iv e  p r e s s u r e  

w i l l  n o t  how ever v a n is h #

I t  i s  a w e l l  known r e s u l t  i n  g e n e r a l  r e l a t i v i t y  t h a t  i f  

t h e  p r e s s u r e  i n  a f l u i d  ( i s o t r o p i o )  i s  everyw h ere  c o n s ta n t  

th e n  th e  w orld  l i n e s  o f  t h e  f l u i d  e le m e n ts  a re  g e o d e s ic s  i n  

s p a c e - t im e #  T h is  th eorem  n o r m a lly  f o l lo w s  from  th e  f a c t  

t h a t  th e  c o v a r ia n t  d iv e r g e n c e  o f  v a n is h e s #  B ut i n

our c a s e  when />tfv a c t u a l l y  v a n is h e s  th e  p r o o f  b r e a k s  down# 

However we s h a l l  assum e f o r  two r e a so n s  t h a t  th e  r e s u l t  n e v e r 

t h e l e s s  h o ld s  i n  t h i s  c a s e  t o o ;  f i r s t l y  b y  r e a so n  o f  

c o n t in u i t y  s i n c e  th e  p r o o f  h o ld s  how ever n ea r  i s  t o  z e r o

w ith o u t  a c t u a l l y  v a n is h in g ,  and s e c o n d ly  b e c a u se  th e  c o n s t i t u e n t  

o f  th e  medium th a t  i s  o r d in a r y  m a tte r  m u st, i n  a l o c a l l y  i n e r t i a l  

fr a m e , f o l lo w  th e  la w  o f  i n e r t i a  f o r  a medium o f  u n ifo rm  

p r e s s u r e #  B ecau se  o f  t h e  hom ogeneous c h a r a c te r  o f  th e  m odel 

a l l  c o n s t i t u e n t s  o f  th e  f l u i d  w i l l  have th e  same a v e ra g e  m otion #  

C o n sid er  t h e r e f o r e  a r a d ia l  g e o d e s ic  i n  th e  s p a c e - t im e  o f  

m e tr ic  ( l # 8 j ,  c o r r e sp o n d in g  t o  6  -  ^

F or th e  more g e n e r a l  m e tr ic  t l # 9) t h e  d i f f e r e n t i a l  e q u a t io n s  

a r e  e a s i l y  shown to  b e
"A
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I n t e g r a t io n  o f  th e  se co n d  e q u a t io n  y i e l d s

cL t  =  oL.
( t s  (  oc c o n s ta n t )  # . . . t l # 18)

The f i r s t  e q u a t io n  th e n  becom es

1
°  ....(1 .1 9 )

T h is  h as a f i r s t  i n t e g r a l  p r o v id e d  by th e  m e tr ic  ( l # 9) i t s e l f ,  

w h ich  w ith  ( 1 . 18) l e a d s  t o

~  0  . . . . ( 1. 20)

F or th e  m e tr ic  o f  i n t e r e s t  ( 1 . 8) we t h e r e f o r e  g e t

W  °  %  V  . . . . ( 1 . 2 1 )

w h ile  ( 1 .1 9 )  b ecom es

...............................

We s e e  t h a t  b y  ( 1 . 21) ,  w h a tev er  th e  p aram eter  OC o f  th e  

m o tio n  o f  an  i n d iv id u a l  p a r t i c l e ,  th e  v e l o c i t y  f o r  s u f f i c i e n t l y  

la r g e  Z  i s  a p p r o x im a te ly  d i / d S =  I n  f a c t  th e  d i f f e r e n c e

b etw een  th e  a c t u a l  v e l o c i t y  and th e  v a lu e  c l e a r l y  te n d s

t o  z e r o  f o r  a l l  o L  ^ I t  f o l lo w s  t h a t  th e r e  i s  a n a tu r a l  m o tio n

f o r  th e  f l u i d  su b str a tu m  w hich  can b e  c h a r a c t e r i s e d  i n  th e  

u n d is tu r b e d  s t a t e  { o n  = o ) b y  ta k in g  (o>L ^  \ .  There a r e  now

th r e e  c a s e s  to  c o n s id e r  i n  th e  d is tu r b e d  s t a t e .

( a )  Suppose f i r s t  t h a t  nry\. i s  s u f f i c i e n t l y  la r g e  so  a s  t o

p r o v id e  a  s o l u t i o n  f o r  i n  th e  e q u a t io n

o t  i o  =  ,  ( 1 . 2 3 )
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w h ich  i s  g r e a t e r  th a n  ,  th e  r a d ia l  c o o r d in a te  o f  th e

s p h e r i c a l  boundary t o  t h e  m ass ' y ^  .  I n  t h i s  c a s e  th e  s u r fa c e  

X  = form s a n e u t r a l  s u r f a c e  w here th e  a t t r a c t i o n  o f  th e  

m ass 0^ i s  b a la n c e d  by th e  c o s m ic a l  r e p u l s io n ,  w h ich  i s  

c h a r a c t e r i s e d  i n  t h e  s t e a d y  s t a t e  by th e  se c o n d  term  i n  ( 1 . 2 2 } .  

A  m a t e r ia l  p a r t i c l e  s h o t  from  th e  m ass ^  w ith  s u f f i c i e n t  

v e l o c i t y  t o  r ea c h  th e  n e u t r a l  s u r fa c e  w ould  e sc a p e  f o r  e v e r  

i n t o  o u te r  s p a c e .  I t s  a c t u a l  b e h a v io u r  w ou ld  depend on th e  

p a ra m eter  CA o f  i t s  m o t io n . I t  i s  e a s y  t o  s e e  th a t  i f  th e  

v e l o c i t y  J u s t  v a n is h e s  a t  f .  th e n

...................... . . . . . ( 1 . 24)

T h is  i s  v e r y  n e a r  u n i t y  ev en  i f  'ho. r e p r e s e n t s  a  c l u s t e r  o f  

g a l a x i e s ,  s in c e  i s  e q u a l t o  th e  r a d iu s  o f  th e  o b s e r v a b le  

u n iv e r s e  (P a r t  I I ,  C hapter I V ) .

I t  f o l lo w s  t h a t  th e  su b stra tu m  i t s e l f  w i l l  be a t  r e s t  a t  

th e  n e u t r a l  s u r f a c e .  I n  f a c t  i f  th e  f l u i d  had an inw ard  

v e l o c i t y  a t  th e  n e u t r a l  s u r fa c e  th e n  i t  w ould  have an e v e n  

h ig h e r  v e l o c i t y  in w a rd s a t  more rem ote p o i n t s  t o  overcom e  

c o s m ic a l  r e p u l s i o n .  T h is  i s  c o n tr a r y  t o  our p r e v io u s  

c o n c lu s io n  r e g a r d in g  th e  n a t u r a l  m o tio n  o f  th e  f l u i d  a s  one  

o f  e x p a n s io n . Nor c o u ld  th e r e  b e  an outw ard v e l o c i t y  o f  th e  

medium a t  th e  n e u t r a l  s u r f a c e ,  f o r  t h i s  w ou ld  im p ly  t h a t  th e  

medium , in c lu d in g  i t s  m a t e r ia l  c o n s t i t u e n t ,  was s t e a d i l y  l e a v i n g  

th e  m ass M  w ith  a v e l o c i t y  g r e a t e r  th a n  t h e  e sc a p e  v e l o c i t y .  

T h is  w ould  b e  su ch  an u n n a tu r a l phenom enon t h a t  i t  m ust  

im m e d ia te ly  be r e j e c t e d .
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A c c o r d in g ly i' we have t o  r e g a r d  th e  f l u i d  medium a s  a t  

r e s t  o n  th e  n e u t r a l  s u r f a c e  a c c e l e r a t i n g  tow ards th e

m a ss  w  f o r  t  ^  ,  and a c c e l e r a t i n g  ou tw ard s f o r  .

I t  sh o u ld  be n o t ic e d  how ever t h a t  th e r e  i s  no n e t  a c c r e t io n  

o f  m ass by th e  m ass c o n c e n t r a t io n ,  i n  agreem en t w ith  th e  

assum ed s te a d y  s t a t e  and c o n s ta n c y  o f  ,  s i n c e  th e  c o n d i t io n  

Ps i- |is  ~ o  $ w h ich  h o ld s  i n  th e  e x t e r i o r  f i e l d ,  means t h a t  

th e r e  i s  no n e t  f l u x  o f  e n e rg y  th rou gh  an y  s p h e r ic a l  s u r f a c e ,  

c o n c e n t r ic  w ith  th e  sp a c e  o r ig i n  and o f  f i x e d  r a d iu s ,  w hich  

l i e s  e n t i r e l y  i n  th e  e x t e r i o r  f l u i d  o u t s id e  t h e  m ass 

c o n c e n t r a t io n .  We can assum e th e  w h o le  m ass in s id e  t h i s  

s u r f a c e  to  be c o n t r a c t in g  o r  ex p a n d in g  i n  g r a v i t a t i o n a l  p u l s 

a t i o n s ,  i f  we p l e a s e ,  w ith o u t u p s e t t in g  th e  e x t e r io r  f i e l d ,  

p r o v id e d  s p h e r ic a l  sym metry i s  m a in ta in e d . T h is  i s  th e  

a n a lo g u e  o f  B ir k h o f f ’ s  th eorem  f o r  th e  s te a d y  s t a t e  u n iv e r s e  

( s e e  S e c t io n  ( i v ) ) .  I f  th e  m ass was lu m in o u s , and a c t u a l l y  

r a d ia t in g  e n e r g y , t h i s  s te a d y  s t a t e  c o n d i t io n  would o f  c o u r se  

be v i o l a t e d ,  and i n  t h e  e x t e r io r  f l u i d  th e r e  w ould b e  a n e t  

f lo w  o f  en erg y  r a d i a l l y  outw ards*

The a ssu m p tio n  o f  a s te a d y  s t a t e ,  h ow ever, s e r v e s  to  

i l l u s t r a t e  th e  e f f e c t  o f  m ass c o n c e n tr a t io n s  on th e  su rro u n d in g  

su b str a tu m  ( i n t e r - g a l a c t i c  sp a ce  f o r  in s t a n c e )  i n  w h ich  th e  

d e n s i t y  and p r e s s u r e  m a in ta in  th e  v a lu e s  and jxs 

r e s p e c t i v e l y .  We q u ote  h ere  r e s u l t s  w h ich  w i l l  be p roved  

i n  C hapter I I I  ( S e c t . ( v i )  and w h ich  show th a t  th e  r a te  o f  

c r e a t io n  o f  m a tte r  i n  t h e  s te a d y  s t a t e  u n iv e r s e ,  t r e a t e d  i n
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a e c o r d a n c e  w ith  g e n e r a l  r e l a t i v i t y ,  i s  n o t  a  s t a t i s t i c a l l y  

u n ifo rm  p r o c e s s  th ro u g h o u t sp a ce  b u t  i n  f a c t  s t r o n g ly  d ep en d en t  

upon th e  l o c a l  g r a v i t a t i o n a l  f i e l d #

I n s id e  t h e  n e u t r a l  s u r fa c e  th e  r a te  o f  c r e a t io n  o f  m a tte r  

i s  so  red u ced  i n  r e l a t i o n  t o  th a t  o b ta in in g  i n  th e  u n d is tu r b e d  

s t e a d y  s t a t e ,  due to  th e  g r a v i t a t i o n a l  in f lu e n c e  o f  t h e  m ass 

c o n c e n tr a t io n ,  t h a t  i n  f a c t  a n n i h i la t i o n  p r e v a i l s  f o r

=̂0= GZ O u ts id e  th e  n e u t r a l  s u r f a c e  th e

r a t e  o f  c r e a t i o n  in c r e a s e s  s t e a d i l y  to  r e a c h  th e  u n d is tu r b e d  

s te a d y  s t a t e  v a lu e  a t  g r e a t  d is ta n c e #

(b ) I f  y y \  i s  s t i l l  p o s i t i v e  b u t n o t  s u f f i c i e n t l y  la r g e  to  

p r o v id e  a s o l u t i o n  f o r  ^ ,  th e n  th e  n e u t r a l  s u r f a c e  d o es

n o t  e x i s t #  In  t h i s  c a s e  th e  su b stra tu m  everyw h ere  expands b u t  

i s  r e ta r d e d  i n  th e  n e igh b ou rh ood  o f  th e  m ass n m  ,  when compared ; 

w ith  th e  u n d is tu r b e d  s t e a d y  s t a t e #  The r a te  o f  c r e a t io n  o f  

m a tte r  n e a r  ^  w i l l  be l e s s  th an  th e  a v e r a g e  r a t e  i n  sp a ce*

( c )  I f  "Vn i s  n e g a t i v e ,  so  t h a t  th e r e  i s  a ’ h o le^  i n  t h e  

su b s tr a tu m , th e n  i n  th e  n e igh b ou rh ood  o f  ^  c o s m ic a l  r e p u ls io n  

i s  a s s i s t e d  by t h e  l o c a l  g r a v i t a t i o n a l  r e p u ls io n  o f  'Vkx i t s e l f .  

In  t h i s  n e ig h b o u rh o o d  th e  r a te  o f  c r e a t io n  o f  m a tte r  w i l l  e x c e e d  

th e  a v e ra g e  r a te  i n  sp a ce*

T h ese  c o n c lu s io n s  a re  r e m in is c e n t  o f  c e r t a in  v e r y  g e n e r a l  

argum en ts t h a t  have b e e n  p u t forw ard  i n  th e  p a s t  b y  R.O# Kapp ( j ) , 

a s  th e  p r e s e n t  a u th o r  r e a l i s e d  when he had fo rm u la te d  t h i s  

a n a ly s i s #  Kapp ad van ced  th e  n o t io n  o f  a n n i h i la t i o n  o f  m a tte r
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p r o c e e d in g  s im u lta n e o u s ly  w ith  i t s  c r e a t i o n ,  and s u g g e s te d  t h a t  

w h eth er  a n n i h i la t i o n  o r  c r e a t io n  p red om in ated  i n  a r e g io n  m ust 

h e  r e la t e d  to  th e  d e g r e e  o f  l o c a l  c o n c e n tr a t io n  o f  m a t te r .  The 

a n a l y s i s  t h e r e f o r e  s e r v e s  t o  s u b s t a n t ia t e  Z app’ s id e a s  to  t h i s  

e x t e n t .

The c a s e s  o f  (b ) and ( c )  have p a r t i c u la r  r e le v a n c e  to  th e  

th e o r y  o f  th e  m a in te n a n c e  o f  th e  s t e a d y  s t a t e ,  i n  a  manner 

c o n s i s t e n t  w ith  th e  c o n s e r v a t io n  o f  e n e r g y , w h ich  w i l l  be p u t  

forw ard  i n  C hapter I I I *

( i i i )  A l t e r n a t iv e  form  o f  th e  m e tr ic  o f  th e  e x t e r io r  s o l u t i o n  

I t  i s  o f  i n t e r e s t  t o  c o n s id e r  i n  r e l a t i o n  t o  th e  m e tr ic  

( 1* 8 )  a  m e tr ic  w h ich  i s  a  s p e c i a l  c a s e  o f  a more g e n e r a l  l i n e  

e le m en t o b ta in e d  by G .C .M c T itt ie  (£ )  .  M c T it t ie  o b ta in e d  t h e  

m e t r ic  o f  s p a c e - t im e  c o r r e sp o n d in g  to  a m a ss iv e  p a r t i c l e  su p e r -  

in p o s e d  on th e  g e n e r a l  sm oothed  o u t c o s m o lo g ic a l  m odel w hose  

l i n e  e le m en t i s  g iv e n  by ( 1 . 1 ) ,  and i n  w h ich  th e  r e f e r e n c e  fram e  

was d e s ig n e d  to  be eo -m o v in g  w ith  th e  f l u i d .  T h is  m e tr ic  to o k  

th e  g e n e r a l  form , i n  our n o t a t io n ,

ds'-- -  fe 4- AVri.%4\| + + \  (| + k.‘/4y j ^
• • • . # . . . . ( 1 . 2 5 )

v k & r »  - Â  =  - A     (1 .2 6 1
p  K

I t  f o l lo w s  t h a t ,  f o r  th e  s te a d y  s t a t e  background o f  m e tr ic  ( 1 . 4) ,  

e q u a t io n  ( 1 . 2 6 )  y i e l d s

........................U.271
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w here w  i s  a c o n s t a n t  w h ich  we i d e n t i f y  w ith  th e  c o n s ta n t  

i n  th e  m e tr ic  ( 1 . 8) .  A c c o r d in g ly , s i n c e  k - o  f o r  th e  s t e a d y  

s t a t e ,  ( 1 . 2 5 )  becom es

= ~  jo lt*  -  y

....(1.28)
When V i s  la r g e  t h i s  m e tr ic  g o e s  o v er  to  t h a t  o f  t h e  

s t e a d y  s t a t e  g iv e n  i n  th e  form  ( 1 . 4) .  Supp ose now f  i s  s m a ll  

and p u t V=? T s o  t h a t  t '  i s  a l s o  s m a ll  f o r  a f i n i t e  v a lu e  

o f  b "p th e n  d i  ^  d/T i f  we n e g l e c t  • I n  t h e s e

c ir c u m sta n c e s  ( 1 . 28) becom es a p p r o x im a te ly

w h ich  i s  th e  w e l l  known i s o t r o p i c  form  o f  th e  S c h w a r z se h ild  

m e tr ic  f o r  a m ass i n  i n  o th e r w is e  em pty s p a c e .  T hat i s ,  b y  

o u r  a p p ro x im a tio n  i n  ( I . 2 9 ) ,  we have n e g le c t e d  t h e  e f f e c t  o f  

t h e  c o s m o lo g ic a l  background t o  th e  same e x t e n t  a s  i s  done i n  

d e r iv in g  th e  S c h w a r z sc h ild  m e tr ic  from  th e  f i e l d  e q u a t io n s .

To v e r i f y  t h a t  th e  m e tr ic  ( 1 . 28) d o e s  i n  f a c t  r e p r e s e n t  

th e  same m odel a s  d o e s  ( 1 . 8 )  we s h a l l  now f in d  th e  p ro p er  

d e n s i t y  and p r e s s u r e  c o r r e sp o n d in g  to  t h i s  m e t r i c .  For th e  

g e n e r a l  o r th o g o n a l  m e tr ic  o f  th e  form

. . . . ( 1. 30)
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w here Vj a r e  now f u n c t io n s  o f  b o th  T  and t  ,

n o n  v a n is h in g  com ponents o f  th e  a r e  found  to  be

K  t ; = ( a  4  ^

K T 2  = KT ^  -  A-^'W )  +  C ^ ( »  -  zV, v \
2  4  /  V  ̂ ~ T }

K T I  = + 3
4 I 4 ^ / 4

K T 4 -

KT^  -  ^

. . . . ( 1 . 3 1 )

w here a d a sh  i n d i c a t e s  a  p a r t i a l  d e r iv a t iv e  w ith  r e s p e c t  t o  r  ,  

and a d o t  w ith  r e s p e c t  t o  t  ♦ A f t e r  s t r a ig h t fo r w a r d  

c a l c u l a t i o n s ,  w h ich  w i l l  n o t  be g iv e n  h e r e , i t  i s  fou n d  t h a t  f o r  

th e  m e tr ic  ( 1 . 28)

Kf?s"

. . . . ( 1 . 3 2 )

H av in g  reg a rd  t o  th e  e x p r e s s io n  f o r  th e  g iv e n  by ( 1 . 12) ,

a ssu m in g  a p e r f e c t  f l u i d  a s  b e f o r e ,  and f o l lo w in g  e x a c t l y  th e  

same argum ents, a s  f o r  th e  m e tr ic  ( 1 . 8 ) ,  we f i n d  f o r  t h e  p ro p er  

d e n s i t y  and p r e s s u r e

P =  - I  -  . . . . ( 1 . 3 3 )
' r  -  k r /

Thus we have co n firm ed  t h a t  th e  m e tr ic  ( 1 . 28) r e p r e s e n t s  

th e  same p h y s i c a l  m odel a s  t h a t  d e s c r ib e d  b y  m e tr ic  ( 1 . 8 ) .  

A c c o r d in g ly , th e r e  m ust e x i s t  a  tr a n s fo r m a t io n  o f  c o o r d in a te s
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o o n n e o t in g  th e  two m e t r i c s .  By eom paring t h e  e o B f f i o i e n t s  

o f  i n  t h e  two m e t r ie s  I t  i s  e a s y  t o  s e e  t h a t  one e q u a t io n

o f  th e  t r a n s fo r m a t io n  i s

i .  r ( ,  4 4,

I t  may a l s o  he deduced, by com p arison  o f  th e  m e tr ic s  t h a t  th e  

d i f f e r e n t i a l  e q u a t io n s  f o r  T  a re

5 - .  M ) ________________________

J +
'Try

IT

I  - i r
1) T  I I 4.
l5 t i r

\ i  L / X . . . . . 11. 36)

I f  I _  —  /  /  + .  I r O i Y /  1 V V ' î i
I + y ^ e - tM s  I K,

X t

The a u th o r  has n o t  how ever su c c e e d e d  i n  f in d in g  i n t e g r a l s  o f  

t h e s e  r e l a t i o n s .

As e x p r e s s e d  i n  e q u a t io n s  ( 1 . 32) we f i n d  f o r  th e

m e tr ic  ( 1 . 28) ,  a s  we foun d  a l s o  f o r  th e  m e tr ic  ( 1 . 8 ) .
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M c T it t ie  p o s t u la t e d  th e  c o n d it io n  -  O i n  a l l  c a s e s  

in c lu d e d  by th e  g e n e r a l  m e tr ic  ( 1 . 2 5 ) ,  in  o rd er  t o  make th e  

c o o r d in a te  sy s te m  o o -m o v in g . T h is  i s  a c h ie v e d  i n  a l l  e a s e s  

e x c e p t  th e  s p e c i a l  c a s e  o f  our m e tr ic  ( 1 . 28) f o r  w hich  - o  ,

so  t h a t  th e  c o n d i t io n

^  ^  4 ^ ~  °   . . . . ( 1 . 37)

d o e s  n o t  n e c e s s a r i l y  r e q u ir e  d /r /H s — o  f o r  th e  f l u i d  e le m e n ts .  

B u t i f  a s  b e fo r e  we r e q u ir e  t h a t  th e  w orld  l i n e s  o f  th e  f l u i d  

e le m e n ts  s h o u ld  be g e o d e s i c s ,  c o r r e sp o n d in g  to  u n ifo rm  p r e s s u r e  

(w h ich  d o e s  n o t  h o ld  g e n e r a l ly  f o r  M c T i t t i e ' s  m od els where th e  

c o o r d in a te s  a r e  c o -m o v in g , s in c e  t h e  p r e s s u r e  i s  n o n -u n ifo r m ),  

th e n  th e  w orld  l i n e s  can  be d e r iv e d #  We s h a l l  exam ine t h e i r  

g e n e r a l  c h a r a c t e r .

I t  i s  c le a r  t h a t  f o r  s u f f i c i e n t l y  la r g e  Y th e  e q u a t io n s  

o f  a  r a d ia l  g e o d e s ic  o f  t h e  s p a c e - t im e  ( 1 . 28) w i l l  be th o s e  

d e r iv e d  f o r  th e  l i m i t i n g  form  o f  th e  m e tr ic  a t  g r e a t  d i s t a n c e  

i . e .  th e  m e tr ic  ( 1 . 4) .  C o n seq u en tly  f o r  la r g e  T  th e  

d i f f e r e n t i a l  e q u a t io n s  o f  th e  r a d ia l  g e o d e s ic  can  be w r i t t e n  

a p p r o x im a te ly

X ^  _
^  Rs  ( 1 .3 8 )

#  ^  Ç '  ( I ) '  -  °  ................................................................
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B q u a tio n  ( 1 . 3 8 )  has th e  f i r s t  i a t e g r a l  

dbt' Q.
-  P  ^  ^  c o n s ta n t )   ( 1 . 40)

A c c o r d in g ly  ( 1 . 39) ii&a th e  f i r s t  i n t e g r a l  o b ta in a b le  from  ( 1 . 40) 

and th e  l i n e  e le m e n t i t s e l f  ( a t  l a r g e  T  ) ^

— 2,

..................... . . . ( 1 . 41)

I t  f o l l o w s ,  th e r e fo r e *  t h a t  u l t i m a t e l y  any p a r t i c l e  m oving on a 

r a d i a l  g e o d e s ic  has th e  w orld  l i n e  "f -  c o n s t . ,  cCt/cLs -  / .  

Once a g a in  t h i s  m o tio n  has to  be in t e r p r e t e d ,  c o n s e q u e n t ly , a s  

t h e  n a t u r a l  s t a t e  o f  m o tio n  o f  th e  f lu id *  w h ich  i t  w i l l  t h e r e 

f o r e  p o s s e s s  a t  s u f f i c i e n t  d is ta n c e  from  th e  m ass .

Tke r e f e r e n c e  p o in t s  " t  -  c o n s t ,  s t e a d i l y  r e c e d e  from  th e  

m ass ' y n  a s  i s  s e e n  by ex a m in in g  i t s  m o tio n  r e l a t i v e  t o  th e  

s t a t i c  r e f e r e n c e  sy s te m  a s s o c ia t e d  w ith  m e tr ic  ( 1 . 8) .  P u t t in g  

“t  = C e 'y u f t  i n  th e  r e l a t i o n  ( 1 . 34) we f in d  t h a t  i s  a 

m on oton ie  f u n c t io n  o f  r  p r o v id e d  t h a t   ̂ ,

w h ich  can  be assum ed to  h o ld  o u t s id e  th e  m ass Further^ on 

d i f f e r e n t i a t i n g  ( 1 . 34)^we o b ta in

E en ce  i f  ^ A - j d t  ~  o  we f in d

( 1 .4 2 )

t l . 4 3 )
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I b i s  e x p r e s s io n  i s  a lw a y s  p o s i t i v e  i n  th e  ra n g e  i n  w h ich  -6  

i s  a m o n o to n ie  in c r e a s in g  fu n c t io n  o f  Y  * and te n d s  t o  th e  

v a lu e  g iv e n  by th e  r e l a t i o n  a p p l ic a b le  t o  th e  u n d is tu r b e d  s t e a d y  

s t a t e ,  v iz . .

M - I , .
Æ  '  " k  ...................................................

s i n c e  X  b y  ( 1 . 34) .  I t  f o l lo w s  t h a t  th e

r e f e r e n c e  p o in t s  y -  O&vvofc. move th r o u g h  th e  s t a t i c  fram e ( 1 . 8 } ,  

w ith  a  v e l o c i t y  t h a t  i s  u l t i m a t e l y  p r o p o r t io n a l  to  d i s t a n c e .

As we have s e e n  t h i s  i s  a l s o  t h e  l i m i t i n g  m o tio n  o f  th e  f l u i d .

F or s m a lle r  ^  t h e  f l u i d  can  be e x p e c te d  to  l a g  b eh in d  

th e  r e f e r e n c e  fram e i n  e a s e s  (a )  and (b ) and t o  b e  ad van ce  i n  

c a s e  ( c ) .  F or in s t a n c e  i n  e a s e  (a )  we have s e e n  t h a t  a t  th e  

n e u t r a l  s u r fa c e  th e  f l u i d  i s  a t  r e s t  i n  t h e  s t a t i c  r e f e r e n c e  

fr a m e . A c c o r d in g ly *  p u t t in g  d ^ l A t  =  O i n  ( 1 . 42) we f in d  

t h a t  th e  f l u i d  h a s  th e  c o o r d in a te  v e l o c i t y  J d t  -  -  f / R g

i n  th e  non s t a t i c  fram e, and s o  i s  la g g in g  b e h in d  th e  fra m e .

( i v )  I h e  a n a lo g u e  o f  B ir k h o f f^ s  th eorem

I h e  e x i s t e n c e  o f  an a n a lo g u e  o f  B ir k h o f f ' s  th eorem  ( 10) 

when th e  c o s m o lo g ic a l  background i s  th e  s t e a d y  s t a t e *  in s t e a d  o f  

em pty sp a ce*  was a l lu d e d  t o  i n  th e  p r e v io u s  S e c t i o n .  B ir k h o f f  

sh ow s t h a t  th e  e x t e r i o r  m e tr ic  a s s o c ia t e d  w ith  a mews o f  

s p h e r ic a l  sym m etry embedded i n  empty sp a c e  can  a lw ays be  

red u ced  b y  t r a n s fo r m a t io n  t o  t h e  s t a t i c  S c h w a r z sc h ild  s o l u t i o n .  

Ih u s  s p h e r i c a l l y  sy im n e tr ic a l p u l s a t io n s  c o u ld  ta k e  p la c e  i n  th e
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sp à e r e  w ith o u t  le a d in g  t o  l o s s  o f  e n erg y  b y  g r a v i t a t i o n a l  

w a v e s .

C o n sid er  now a s p h e r i c a l l y  sy n m etr to  m ass embedded i n  th e  

sm oothed o u t s te a d y  s t a t e  u n i v e r s e .  For a non s t a t i c  sy stem  

o f  c o o r d in a te s  w ith  o r i g i n  a t  th e  c e n tr e  o f  th e  sp h e re  we may 

a lw a y s  c o n v e r t  th e  g e n e r a l  form  o f  m e tr ic  a p p l ic a b le  to

o ls^ =  . . . . ( 1 . 43)

w h ere "X and V a r e  f o n c t io n s  o f  "L and T  .  An i s o t r o p i c  

form  o f  t h i s  m e tr ic  su ch  a s  i n  t h e  s p e c i a l  c a se  o f  ( 1 . 28) can  

a lw a y s  be  c o n v e r te d  b y  t r a n s fo r m a t io n  i n t o  t h e  form  g iv e n  a b o v e .  

F or t h i s  m e t r ic  t h e  a r e  g iv e n  b y  ^

^ ^ ) ç . . . ( i . 46)
 ̂ I X  v j

t  ’ ' JL
A l l  o th e r  com ponents v a n is h in g .

I f  now we su p p o se  t h a t  o u t s id e  th e  m ass th e  d e n s i t y  a^d 

p r e s s u r e  a r e  everyw h ere  p erm a n en tly  e q u a l to  t h o s e  o f  th e  

s t e a d y  s t a t e  i . e .  ^  = (s  ̂ ji=  /is th en *  a s  i n  ( l . l 6 )

H en ce \  -  o  b y  ( 1 . 46) .  A c c o r d in g ly *  t h e  e q u a t io n s  ( 1 . 46) 

becom e i d e n t i c a l  w ith  th o s e  o f  t h e  s t a t i c  sy s te m  o f  m e tr ic  

( 1. 9) v i a .  t h e  e q u a t io n s  ( 1 . 10) .  S u b s t i t u t io n  f o r  th e  

i n  term s o f  and m ust t h e r e f o r e  le a d  to  th e  m e tr ic  ( 1 . 8 ) *

w here 7n m ust be a c o n s ta n t  in d e p e n d e n t o f  % to  make \  

v a n i s h .
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I t  f a l lo w s  th a t*  p r o v id e d  s p h e r ic a l  sym m etry i s  m a in ta in e d  

and a s  lo n g  a s  t h e  c o n d i t io n s  /̂ s  ̂ f l ~  o u t s id e  th e  m ass  

a r e  n o t v io la t e d *  th e  m e tr ic  ( 1 . 8 )  w i l l  a lw a y s a p p ly  i n  th e  

e x t e r i o r  s o  t h a t  p u l s a t io n s  c o u ld  th e n  ta k e  p la c e  i n  t h e  sp h e r e  

w ith o u t  l o s s  o f  e n e r g y  due t o  g r a v i t a t i o n a l  w a v e s . I  h i s  i s  

t h e  a n a lo g u e  o f  B ir k h o f f  * s  th eorem  i n  th e  s t e a d y  s t a t e  u n i v e r s e .

I n  t h i s  c o n n e c t io n  we m en tio n  th e  c la im  by A . E i n s t e i n  

and G r .  S tr a u s  ( 11) t h a t  ex p a n d in g  s p a c e - t im e  h as no e f f e c t  on  

t h e  g r a v i t a t i o n a l  f i e l d  o f  a s t a r .  I h i s  c la im  w as b a se d  on  

t h e i r  s o l u t i o n  f o r  a m ass p a r t i c l e  i n  an  ex p a n d in g  u n iv e r s e ,  

i n  w h ich  th e y  p o s t u l a t e d  t h a t  th e  p a r t i c l e  was a t  th e  c e n t r e  o f  

a  s p h e r i c a l  r e g io n  o f  sp a c e  w h ich  was o th e r w is e  em pty; o u t s id e  

t h i s  r e g io n  sp a c e  was f i l l e d  w ith  a  u n ifo rm  d i s t r i b u t i o n  o f  

m a tte r  a t  u n ifo r m  p r e s s u r e .  Ih e  m e tr ic s  f o r  th e  tw o r e g io n s  

w ere j o in e d  c o n t in u o u s ly .  E i n s t e i n  and S tr a u s  th e n  showed  

t h a t  w i t h in  t h e  s p h e r i c a l  r e g io n  t h e  m e tr ic  c o u ld  b e  tra n sfo r m ed  

t o  t h e  s t a t i c  S c h w a r z sc h ild  s o l u t i o n  so  t h a t  a p p a r e n t ly  th e  

c o s m o lo g ic a l  f i e l d  had no e f f e c t  on t h e  f i e l d  due t o  th e  m ass  

p a  r t i c l e .

H ow ever^ that th e  f i e l d  i n  th e  r e g io n  im m e d ia te ly  

su r r o u n d in g  th e  p a r t i c l e  can  be red u ced  t o  th e  S c h w a r z sc h ild  

s o l u t i o n  f o l lo w s  im m e d ia te ly  from  B ir k h o f f* s  th eorem  ( o f  w h ich  

E i n s t e i n  and S tr a u s  w ere  th e n  unaw are) * b e c a u se  o f  th e  

a r t i f i c i a l  p o s t u l a t e  t h a t  t h i s  r e g io n  i s  e n p t y .  N e v e r t h e le s s  

t h e i r  v ie w  was a p p a r e n t ly  co n cu rred  i n  by  M c Y it t ie  ( 1̂ )  * b a se d
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on h i s  own e a r l i e r  s o l u t i o n  a lr e a d y  r e f e r r e d  t o ,  s in c e  he  

a p p a r e n t ly  o v e r lo o k e d  t h a t  h i s  g e n e r a l  s o l u t i o n  ( I . 2 5 )  c o u ld  

b e  red u ced  l o c a l l y  t o  t h e  S c h w a r z sc h ild  s o l u t i o n  b y  

a p p r o x im a tio n  o n ly .  I t  i s  e v id e n t  t h a t  our d e r iv a t io n  o f  

( 1 . 2 9 )  from  t h e  s p e c i a l  c a s e  o f  m e tr ic  ( 1 . 28) i s  o n ly  an  

a p p r o x im a tio n . I n  f a c t ,  a s  we have s e e n  i n  c a se  (a )  o f  our  

m e t r ic s  ( 1 . 28) o r  ( 1 . 8 ) ,  th e  a t t r a c t i v e  f i e l d  o f  th e  p a r t i c l e  

i s  opposed  by co sm ic  r e p u ls io n  so  t h a t  i t s  c a p tu r in g  pow er i s  

l im i t e d  to  th e  r e g io n  o f  sp a ce  w i t h in  a  n e u t r a l  s u r fa c e  o f  

r a d iu s  g iv e n  b y  ( I . 2 3 ) .

I t  sh o u ld  be m en tio n ed  t h a t  th e  c la im  by E i n s t ^ n  and  

S tr a u s  has a l s o  b e e n  c r i t i c i s e d  i n  a  n o te  b y  F .  P ir a n i  ( I 3 )  »

P i  r a n i ,  h ow ever, b a s e s  h i s  argum ent o n ly  on th e  f a c t  t h a t  

E i n s t e i n  and S tr a u s  h ave  o m itte d  to  ta k e  a c c o u n t o f  th e  

c o s m o lo g ic a l  c o n s ta n t   ̂ w h ich  w ould  ren d er  th e  

S c h w a r z sc h ild  s o l u t i o n  d ep en d en t on  c o sm ic  i n f l u e n c e .  N ever

t h e l e s s  he c o n fir m s  our own work h ere  i n  p o in t in g  o u t t h a t  th e  

S c h w a r z sc h ild  s o l u t i o n  f o r  p o s i t i v e  -A . i s  e q u iv a le n t  to  a  

m ass p a r t i c l e  i n  th e  s t e a d y  s t a t e  u n iv e r s e ,  and he d ed u ces  

t h a t  th e  f i e l d  i s  a t t r a c t i v e  i n  a  f i n i t e  r e g io n  o n ly ,  o f  a  

r a d iu s  w h ich  w ould a g r e e  w ith  ou r  e q u a t io n  ( I . 2 3 ) »

H ow ever, a s  we have p o in te d  o u t i n  f e e t ,  ( i i i ) ,  i f  xyv 

i s  v e r y  s m a l l ,  or  n e g a t i v e ,  th e  f i e l d  o f  a t t r a c t i o n  o u t s id e  

w i l l  n o t  e x i s t  a t  a l l ,  a s  i n  e a s e s  ( b ) ,  ( c ) .  Ih e  d ep end en ce  

o f  th e  f i e l d  on cosm ic  i n f lu e n c e  i s  t h e r e f o r e  a b u n d a n tly  

c l e a r .
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C E à P im  I I :  MASS OONOMTRAIION IN ÎHB STEADY STATE 
imiVBRSB -  INTERIOR SOLUTION

( i l  D e r iv a t io n  o f  t h e  m e tr ic

Our m ain  c o n c e r n  i n  o b ta in in g  an i n t e r i o r  s o l u t i o n ,  

c o r r e sp o n d in g  to  th e  s t a t io n a r y  e x t e r i o r  s o l u t i o n  d e a l t  w ith  i n  

C h ap ter  I ,  w i l l  be w ith  r e g io n s  o f  sp a c e  i n  w h ich  th e  m ass  

d e n s i t y  i s  d i f f e r e n t  from , b u t o f  th e  same o r d e r  a s ,  ^  t h e  

d e n s i t y  i n  th e  sm oothed o u t s te a d y  s t a t e  u n i v e r s e .  I t  i s  o n ly  

i n  t h i s  c a s e  t h a t  ta k in g  e x p l i c i t  a c c o u n t  o f  th e  c o s m o lo g ic a l  

background can  be e x p e c te d  to  l e a d  to  s i g n i f i c a n t  in fo r m a tio n  

a b o u t th e  b e h a v io u r  o f  th e  m ass i n  su ch  a r e g io n ;  and i t  i s  to  

r e g io n s  o f  t h i s  o r d e r  o f  d e n s i t y  (o n  t h e  a v e r a g e )  t h a t  a  th e o r y  

o f  th e  m echanism  o f  th e  s te a d y  s t a t e  m ust be r e l e v a n t .

B eca u se  i t  i s  m a th e m a t ic a lly  more t r a c t a b l e ,  and a l s o ,  a s  

we s h a l l  show , a d eq u a te  to  i l l u s t r a t e  th e  p h y s i c a l  p r i n c i p l e s  

in v o lv e d ,  we s h a l l  p o s t u l a t e  t h a t  th e  p ro p er  d e n s i t y  i n  th e  m ass  

y r c  i s  u n ifo r m  and c o n s t a n t ,  and o f  c o u r se  ort i s  c o n s ta n t  by  

h y p o t h e s i s .  The a ssu m p tio n  o f  an  i n t e r i o r  s t a t i c  s t a t e  i n  

w h ich  p  i s  c o n s ta n t  w i l l  e n a b le  u s  t o  draw c o n c lu s io n s  r e g a r d in g  

qua s i - s t a t i c  m a sse s  w h ich  a r e  ex p a n d in g  or  c o n t r a c t in g  under t h e  

p r e v a i l i n g  g r a v i t a t i o n a l  f i e l d ,  u n d er th e  same boundary  

c o n d i t io n s ,  s o  t h a t  by th e  a n a lo g u e  o f  B ir k h o f f* s  th eorem  t h e r e  

i s  c o n s e r v a t io n  o f  e n e r g y  w ith in  a s u f f i c i e n t l y  la r g e  f i x e d  

r e g io n  w hose boundary l i e s  e n t i r e l y  i n  th e  sm oothed o u t  s t e a d y  

s t a t e  su b s tr a tu m .



-171-

L e t th e  m ass 'in b e  a  s p h e r ic a l  m ass o f  p e r f e c t  f l u i d  o f  

d e n s i t y  f> and p r e s s u r e  / t  o ccu p y in g  th e  r e g io n  o  -6 4  ,

w h ere ^  i s  th e  r a d i a l  c o o r d in a t e .  F or a s t a t i c  s o l u t i o n  

e x h i b i t in g  s p h e r ic a l  symmetry t h e  m e t r ic  can be ta k e n  i n  th e  

g e n e r a l  form  g iv e n  by ( I . 9 ) .  F or  t h i s  m e tr ic  th e  n o n -v a n is h in g  

T2! a r e  g iv e n  by  e q u a t io n s  ( 1 . 10) .  S in c e  =  o  we m ust 

h ave
d £  d r  _

I s  -  °   ( 2 .1 )

I n  t h e  i n t e r i o r  o ,  in  g e n e r a l ,  and so  we c o n c lu d e

t h a t  i n  th e  i n t e r i o r  t h e  f l u i d  m ust be a t  r e s t  i n  th e  r e f e r e n c e  

fra m e , th e  4- v e c t o r  o f  v e l o c i t y  b e in g

44  =  46 =  45^=0  1
W  (Is ds

d r  _  /      C2.2)
W  '  J

F or th e  o a s e s  o f  P  ~  ( ‘s  i n  w h ich  we a r e  p a r t i c u l a r l y  

i n t e r e s t e d  i t  w ould b e  n a tu r a l  to  have p  v a r y in g  c o n t in u o u s ly  

i n  th e  m ass n m  ,  a c q u ir in g  th e  v a lu e  ^  a t  th e  bou n d ary , «nd 

a l s o  a c o n t in u o u s  v a r ia t io n  o f  4- v e l o c i t y  th ro u g h  th e  m ass i n t o  

th e  s t e a d y  s t a t e  su b s tr a tu m . B eca u se  we have c h o se n  to  

c o n s id e r  a  s t a t i c  i n t e r i o r  and a d is c o n t in u o u s  m ass d i s t r i b u t i o n ,  

our s o l u t i o n  m ust i n  g e n e r a l  in v o lv e  d i s c o n t i n u i t y  o f  4 - v e l o c i t y  

a t  ^  ,  s i n c e  i t  w ould n o t  i n  g e n e r a l  be th e  n a tu r a l  m o tio n

o f  th e  e x t e r i o r  f l u i d  to  b e  a t  r e s t  a t  th e  b ou n d ary . F or  

in s t a n c e  i n  c a s e  (a )  o f  C hapter I ,  S e c t io n  ( i i )  t h e  e x t e r i o r  

f l u i d  i s  a t  r e s t  o n ly  on th e  n e u t r a l  s u r f a c e ,  and so  f a l l s  w ith  

a  * sp la sh *  v e l o c i t y  on  th e  m ass vu .  I n  c a s e s  (b )  and ( c )  th e
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e x t e r i o r  f l u i d  w i l l  i n  g e n e r a l  have a  non  z e r o  v e l o c i t y  

outward© a t  .  No n e t  e n e r g y  i s  o f  c o u r se  g a in e d  or  l o s t

by t h e  s p h e r e , a s  p o in t e d  ou t i n  C hapter I ,  s i n c e  = o

i n  t h e  e x t e r io r *

S u b s t i t u t in g  from  ( 2*2) in t o  th e  e x p r e s s io n  ( 1 . 12) f o r  

t h e  o f  a  p e r f e c t  f l u i d ,  we o b ta in

T Î  =  p )    ( 2 . ) )
S in c e  p  i s  c o n s t a n t ,  th e  l a s t  e q u a t io n  o f  ( 1 . 10) p r o v id e s  on  

i n t e g r a t i o n

 ̂ I — 4- ^  ( C constant)

There m ust be no s i n g u l a r i t y  a t  ^ = o  ,  so t h a t  C = o   ̂ H ence

-  I -  %     ( 2 . 4)

ix b a re  ^   ( 2 .5 )

S in c e  T, = th e  e q u a t in g  o f  th e  e x p r e s s io n s  f o r  t J ,T ^

i n  ( 1 . 10) l e a d s  t o  th e  w e l l  known r e l a t i o n  ( 14)

#  '  -  .................................................

w h ich  on i n t e g r a t i o n  y i e l d s

^4-|t =  bA   ̂ (D  c o n s t a n t )

S u b s t i t u t in g  from  ( 1 . 10) f o r  and i n  t h i s  r e s u l t  we g e t  

f i n a l l y ,  on i n t e g r a t i o n ,

4  -  B f X ë v X  ......................................... ^ 2 ,7 )

w h ere 4 B a r e  c o n s t a n t s .  The m e tr ic  f o r  can

th u s  b e  w r i t t e n
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Thus f a r  th e  i n t e r i o r  s o l u t i o n  i s  i d e n t i c a l  w ith  th e  

w e l l  known S c h w a r z s c h ild  i n t e r i o r  s o l u t i o n  f o r  a sp h e r e  o f  

p e r f e c t  f l u i d  o f  c o n s t a n t  d e n s i t y  su rro u n d ed  by  e iip ty  sp a c e  ( ^ )  * 

The d i f f e r e n t  boundary c o n d i t i o n s ,  h o w ev er , l e a d  t o  s i g n i f i c a n t l y  

d i f f e r e n t  v a lu e s  o f  A and 6  * Th ese  bound ary  c o n d i t io n s  we 

s h a l l  b a s e  s im p ly  on c o n t i n u i t y  o f  p r e s s u r e  and c o n t i n u i t y  o f  

t h e  m e t r ic  c o e f f i c i e n t s  a t  .  S u b s t i t u t in g  fro m  ( 2 . 4 )  and

( 2 . 7 )  i n t o  t h e  e x p r e s s io n  f o r  TJ i n  ( 1 .1 0 )  we g e t  f o r  th e  

i n t e r i o r  p r e s s u r e

I*
I -A

«•TTR̂ i A -  !   C2.9)

P u t t in g  k =  h s  when ^  = ,  w h ere  /ic =  ~  ( e q n j d . j ) )

we f i n d

 I _  à t f - L  -
A - b ^ T i -  e . ,V R ^  2. ( \ [ r ’- /?j7  — ........................ . . . ( 2 . 1 0 )

C o n t in u ity  o f  th e  m e t r ic  a t  -£ = 4 , lem an d s t h a t

& u - d L , V K - T =  I -  ^ - Ç , ]

^  ..................................................-  ^  J
w hence h y  ( 2 . 1 0 ) ,  (2.11%  

s o  t h a t

and 5  = ±  f  3

The s i g n s  c o r r e sp o n d  i n  th e  o r d e r  g iv e n ,  so  t h a t  t h e r e  i s  

no l e s s  i n  g e n e r a l i t y  i n  t a k in g  them  b o th  p o s i t i v e ,  i n  v ie w
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o f  ( 2 * 8 ) .  H en ce  f i n a l l y

A = 4 f ' - /î'A/) VTXivX"
(2 . 12)

I t  i s  t o  b e  n o te d  t h a t  our i n t e r i o r  s o l u t i o n ,  w h ich  

h a s  b e e n  j o in e d  t o  t h e  e x t e r i o r  s o l u t i o n  o f  m e tr ic  ( 1* 8 )  b y  

th e  bou nd ary  c o n d i t io n s  s t a t e d ,  s a t i s f i e s  th e  b ou nd ary  

c o n d i t io n s  w h ich  h ave  b een  e s t a b l i s h e d  b y  S .  0* B r ien  and  

J .  L* S yn ge ( l 6 ) a s  t h e  m o st s a t i s f a c t o r y  f o r  d is c o n t in u o u s  m ass 

d i s t r i b u t i o n s  i n  g e n e r a l  r e l a t i v i t y .  For ou r  c a s e  o f  s p h e r i c a l  

sym m etry t h e s e  b ou nd ary  c o n d i t io n s  r e q u ir e  t h a t ,  w h eth er  t h e  

m e t r ic  b e  s t a t i c  o r  n o n - s t a t i c ,

, A  ; ~  ..............( 2. 13)

sh o u ld  be c o n t in u o u s  a t  th e  b o u n d a ry . H ere  G reek l e t t e r s  

r e p r e s e n t  i n d i c e s  1, 2, 3,4  w h ile  L a t in  l e t t e r s  may r e p r e s e n t  

i n d i c e s  2, 3,4  o n ly ;' c o r r e m e n d in g  t o  c o o r d in a t e s  0  j  p); T  

r e s p e c t i v e l y *  I t  i s  e a s i l y  v e r i f i e d  t h a t  our s o l u t i o n  s a t i s f i e s  

t h e s e  r e q u ir e m e n ts .

( i i )  P h y s i c a l  i n t e r p r e t a t i o n  o f  th e  s o l u t i o n  

(a^  L im it a t io n  o f  d e n s i t y  and s i z e

The p r o p e r  r a d iu s  o f  t h e  s p h e r e ,  a s  d e ter m in e d  b y  t h e  

a g g r e g a t e  o f  l o c a l  m easu rem en ts b y  o b s e r v e r s  a t  r e s t  i n  th e  

r e f e r e n c e  fram e,, i s

^ = f ~  ^ ........................................... ................................... . ( 2 . 1 4 )
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I t  f o l l o w s  t h a t

f  6 W R / ^   (2.13)
w here /?= ^7 ( 2 . 5)*  T h is  p r o v id e s  a p h y s i c a l  u p p er

l i m i t  t o  th e  s i z e  o f  a sp h e r e  o f  g iv e n  d e n s i t y ,  or  an up per  

l i m i t  t o  th e  d e n s i t y  o f  a  sp h e re  o f  g iv e n  s i z e .  T hat i s ,  o n ly  

w i t h i n  t h e s e  l i m i t s  i s  i t  p o s s i b l e  t o  f in d  a sy s te m  o f  i n t e r n a l  

s t r e s s  t o  k eep  a u n ifo r m  sp h e r e  i n  e q u i l ib r iu m  i n  th e  s t e a d y  

s t a t e  u n i v e r s e .  A p a r t i c u l a r  c a s e  o f  th e  u p p er  l i m i t  i s  g o t  

when ^ 1 -  R s  ,  s o  t h a t  th e  sp h e re  o f  s t a t i c  f l u i d  w ould  

becom e c o in c id e n t  w i t h ,  and o f  th e  same d e n s i t y  and p r e s s u r e  a s ,  

th e  w h o le  o f  th e  i d e a l i s e d  s t e a d y  s t a t e  u n iv e r s e  w i t h in  th e  

o b s e r v a t io n a l  h o r iz o n  .  S in c e  t h i s  i s  a l i m i t  o f  s t a t i c  

e q u i l ib r iu m , and s i n c e  th e  p r e s s u r e  g r a d ie n t  now v a n i s h e s ,  t h e  

c o n t e n t s  o f  su c h  a sp h e r e  w i l l  a c t u a l l y  f o l l o w  th e  n a t u r a l  

g e o d e s ic  m o tio n  w h ich  i s  now p o s s i b l e  and e x p a n d .

I t  i s  c l e a r  t h a t  i s  an up per bound t o  th e  b ou n d in g  

c o o r d in a t e  o f  an y  s p h e r e ,  t o  p r e s e r v e  t h e  s ig n a tu r e  o f  t h e  

s t e a d y  s t a t e  m e t r i c .  We m ust a l s o  h ave  ^  ^ t o

p r e s e r v e  th e  s ig n a tu r e  o f  t h e  i n t e r i o r  m e t r i c .  I n  t h e  c a s e  

when R  ^  9 c o r r e sp o n d in g  t o  ,  we s h o u ld  r e q u ir e ,

c o n s e q u e n t ly ,  d e f i n i t e l y  l e s s  th a n  R  and so  /  

d e f i n i t e l y  l e s s  th a n  JTk / z  .

(b )  G r a v i t a t io n a l  m ass

The q u a n t i t y  44% i n  t h e  c a s e  o f  th e  S c h w a r z s c h ild  s o l u t i o n  

f o r  a  sp h e r e  i n  e n p ty  s p a c e  i s  i d e n t i f i e d  a s  th e  g r a v i t a t i o n a l
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m ass o f  t h e  s p h e r e ,  e q u a l t o  i t s  i n e r t i a l  m a ss . B u t i n  o u r  

e a s e  when th e  s t e a d y  s t a t e  co sm ic  b ackgroun d  i s  ta k e n  in t o  

a c c o u n t  t h i s  m a tte r  n e e d s  r e v ie w *

By ( 2 . 11) we f i n d

~  i s )   ..............................^2. 16)

s o  t h a t  ^  o  a c c o r d in g  a s  R  ^  R z  ,  o r  ^  /J . . ( 2 . 1 7 )  

We have p o in te d  o u t on th e  b a s i s  o f  e q u a t io n  ( 1 . 2 2 )  t h a t  

th e  s i g n  o f  4n  d e te r m in e s  w h eth er  a  p a r t i c l e ,  m oving  on a  

r a d i a l  g e o d e s ic  i n  th e  f i e l d  o f  u n ifo r m  s t r e s s  e x t e r n a l  t o  th e  

s p h e r e ,  h a s  an  a d d i t i o n a l  a c c e l e r a t i o n  due t o  t h e  sp h e r e  w h ich  

o p p o se s  c o sm ic  r e p u l s i o n  o r  a s s i s t s  i t .  From ( 2 .1 7 )  th e  

c r i t e r i o n  i s  t h e r e f o r e  w h eth er  th e  sp h e r e  i s  a  c o n c e n tr a t io n  o f  

m ass or a  r a r e f a c t i o n  r e l a t i v e  t o  th e  sm oothed o u t s t e a d y  s t a t e  

m o d e l. We s h a l l  th row  more l i g h t  on th e  q u a n t i t y  y n  b y  

c a l c u l a t i n g  t h e  t o t a l  g r a v i t a t i o n a l  m ass w i t h in  th e  s p h e r e .

Our m e t r ic  ( 2 . 8) form s a  p a r t i c u l a r  c a s e  f o r  w h ich  th e  

fo rm u la  f o r  g r a v i t a t i o n a l  m ass o b ta in e d  b y  B . T . W h itta k e r  ( 17) 

i s  v a l i d .  A c c o r d in g ly ,  th e  t o t a l  g r a v i t a t i o n a l  m ass i n  th e  

sp h e r e  i s

I ,rZa I r>
.1 8 )i  /  /  ^  ( ^ 4  ~  l i  -  T l ~ i i ' ) c U  d e  .............................

w h ere i s  t h e  d e te r m in a n t  o f  t h e  .  T h is  i s

* ° *  ...............................
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H enoe g r a v i t a t i o n a l  m ass

3
=   ( 2 .2 0 )

É 3
w h ich  ca n  he  w r i t t e n  ~  — A t .................. ............................... ..( 2 # 2 1  )

on  u s in g  ( 2 . 1 1 ) .

We o b s e r v e  t h a t  th e  se co n d  ter m  r e p r e s e n t s  th e  

g r a v i t a t i o n a l  m ass i n  th e  sp h e r e  w h ich  w ou ld  e x i s t  i f  t h e  

sp h e r e  w ere a p o r t i o n  o f  th e  s t e a d y  s t a t e  u n iv e r s e  w ith  th e  

same b ou n d in g  c o o r d in a t e  X ,  (o n  p u t t in g  R s  and  

i n  t h e  ab ove i n t e g r a l )  .  Thus th e  q u a n t i t y  n n  a s s o c i a t e d  w it h  

m e t r ic  ( 1 . 8 )  r e p r e s e n t s  th e  e x c e s s  o f  t o t a l  g r a v i t a t i o n a l  

m ass o v e r  t h a t  w h ich  w ould  occu p y  th e  same c o o r d in a te  r e g io n  

i n  th e  s t e a d y  s t a t e .

The t o t a l  g r a v i t a t i o n a l  m ass o f  th e  sp h e r e  i s  s e e n  to  b e  

p o s i t i v e ,  z e r o ,  o r  n e g a t iv e  a c c o r d in g  a s

P  ^  ^  Ps   ( 2 .2 2 )

We n o t e  from  th e  ab ove i n t e g r a l  t h a t  t h i s  s ta te m e n t  a p p l i e s  a l s o  

t o  any s m a lle r  o o n e e n t r io  s p h e r i c a l  p o r t io n  o f  th e  g iv e n  s p h e r e .  

Thus i t  w ould f o l l o w  t h a t  a t  th e  c r i t i c a l  c o n d i t io n  

th e  g r a v i t a t i o n a l  f i e l d  i n t e n s i t y  v a n is h e s  a t  a l l  p o i n t s  o f  t h e  

s p h e r e .  The p r e s s u r e  f o r  t h i s  c a s e  i s  s e e n  from  ( 2 . 9 )  t o  be  

u n ifo r m  and e q u a l  t o  .  Thus i n  t h i s  n e u t r a l  s t a t e  th e  

sp h e r e  i s  i d e n t i c a l  w ith  a p o r t io n  o f  th e  E in s t e in  u n iv e r s e  

( f o r  th e  c a s e  _ A -  = 0  ) ,  and th e  n e u t r a l  s u r fa c e  P  =  P o
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d e s c r ib e d  i n  C h apter I  ( e q u a t io n  ( I . 2 3 ) )  c o in c id e s  w ith  t h e  

b ou n d ary  so  t h a t  th e  e x t e r i o r  f l u i d  i s  a l s o  a t  r e s t

t h e r e .

I f  f> th e n  th e r e  i s  a g r a v i t a t i o n a l  f o r c e  a c t i n g  a t

any p o in t  o f  th e  sp h e r e  and so  a g r a d ie n t  o f  p r e s s u r e  i s  

n e c e s s a r y  to  k eep  th e  sp h e r e  i n  th e  e q u i l ib r iu m  t h a t  we have  

p o s t u l a t e d .  We s h a l l  exam ine t h i s  p r e s s u r e  d i s t r i b u t i o n .

( c )  D i s t r i b u t i o n  o f  p r e s s u r e

From e q u a t io n  ( 2 . 9 )  f o r  t h e  p r e s s u r e  jv  a t  any p o in t  o f  

th e  sp h e r e  we s e e  t h a t  i f  i t  i s  n o t  to  becom e i n f i n i t e  a t  some 

p o i n t  th e n  t h e  e x p r e s s io n  A -  B / 7-  m ust n e v e r  v a n i s h .

I n  v ie w  o f  t h e  m e t r ic  ( 2 . 8) t h i s  w ou ld  in v o lv e  a s i n g u l a r i t y  i n  

th e  m e t r i c .  We ca n  assum e t h a t  su ch  a  c ir c u m s ta n c e  w ou ld  n o t  

be p h y s i c a l l y  p o s s i b l e ,  t h a t  i s  th e  p h y s i c a l  s i t u a t i o n  w ould  

a d j u s t  i t s e l f  to  p r e v e n t  i t .  A t th e  bound ary  

th e  e x p r e s s io n  i s  _______

A  -  6 V f -  =  V / -  >  o

H enoe we r e q u ir e  A — 6  ?  o  f o r  a l l  ^  .  T hat

l a   ̂ _ ________
-  l < V R s ^ ) i h ^ ^ J F / F  ~ { [ l -  S R V ^ s - ) \ r r ^ ^ ë ÿ ^  > o  . . . ( 2.231

( i j  I f  O ^  $  j  t h e  c o n d i t io n  r e q u ir e s

/  -  J

w h ich  h o ld s  f o r  a l l  P .  i f  i t  h o ld s  a t  € =  o .  That i s  i f
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The e x p r e s s io n  on th e  r i g h t  i s  m o n o to n ie  d e c r e a s in g  from  t h e  

v a lu e  o f  / /a  when æ  o (  ^  i n f i n i t e )  t o  th e  v a lu e

z e r o  when / R p  =  / / 3  ( y» = 3 ^  )

When ^  o  t h e r e f o r e  we r e q u ir e

■ h jR  ^  \ f J / J ~

o r  b y  ( 2 .1 4 )  S / R  ^

w h ile  f o r  R p / R i ^  -  t / s  we r e q u ir e  s im p ly

î / r  ■£. / r / z

w h ich  i s  e q u a t io n  ( 2 . I 5 ) .
/ 1

( i i )  I f  3  < S  / ,  i t  i s  c l e a r  t h a t  ( 2 . 2 ) )  i s

a lw a y s  s a t i s f i e d .

( i i i )  I f  ^  ^  / ,  we r e q u ir e

W hich h o ld s  f o r  a l l  J c  i f  i t  h o ld s  f o r  w h ich  i s

c l e a r l y  s o .

We s h a l l  assum e t h e r e f o r e  t h a t

A -  6 V  7  0  , f o r  a l l  -6  • .........................( 2 ,2 4 )

From ( 2 .9 )  we f i n d

d i t  __ A 6 f
( 2. 23)

w h ich  i s  ^  o  a ccord in g : a s  / )  B  ^  O  » . ( 2 . 26 )

C ase  I :  o  <  f C ' / R s ^ <  ' /3

I n  t h i s  c a s e  ^  ^  ^ » and s i n c e  j l  - j i s  <  o

at; -  X , t h e  p r e s s u r e  w i l l  v a n is h  a t  w here

J B /  / -  — A ^  o
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C le a r ly  su ch  an  -C a lw a y s  e x i s t s  i n  th e  r a n g e  O é: -€ * z . -6/ 

The p r e s s u r e  th e n  beoom es p o s i t i v e  f o r  < R .*  and in c r e a s e s  

a s  f  d e c r e a s e s .

C ase  l i t  =  ' / ^

H e r e , a s  p o in te d  o u t  i n  ( b ) ,  th e  p r e s s u r e  ta k e s  th e  

c o n s t a n t  v a lu e

~  3
(2 . 28)

w h ile

The sp h e r e  i n  t h e s e  c ir c u m s ta n c e s  w ou ld  have th e  same 

c h a r a c t e r i s t i c s  a s  a  p o r t io n  o f  th e  E i n s t e i n  u n iv e r s e  ( f o r  t h e  

c a s e  — o  ) » In  f a c t  th e  m e t r ic  o f  t h e  i n t e r i o r

s o l u t i o n  w ou ld  be

rfs‘ - " f W -  - I " ; - » . . . . . .(2 .29)
w h ic h  i s  w e l l  known t o  be  t h a t  o f  th e  E i n s t e i n  u n iv e r s e ,  i f  

i t  w ere  su p p o sed  t h a t  th e  s o l u t i o n  w ere  v a l i d  f o r  a l l  X  & 

C ase I I I :  > / i  <  .c /

For t h i s  c a s e  7  o  t h a t  s i n c e  Jl -  P s  <  O

a t  t h e  p r e s s u r e  i s  a lw a y s  n e g a t i v e ,  i t s  l e a s t

v a lu e  b e in g  a t  ■ £= - O  .

C ase IT : R ^ / R s ^  -  /
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The sp h e r e  i s  now i d e n t i c a l  w it h  a p o r t io n  o f  th e  s t e a d y  

s t a t e  u n iv e r s e  a s  r e g a r d s  i t s  u n ifo r m  d e n s i t y  and u n ifo r m  

p r e s s u r e  /ig * S in c e  th e  p r e s s u r e  g r a d ie n t  i s  z e r o  th e  

c o n t e n t s  o f  th e  sp h e r e  a r e  f r e e  t o  ta k e  up t h e  n a t u r a l  g e o d e s ic  

m o tio n  t h a t  i s  now p o s s i b l e ,  t h a t  i s  to  expand un d er th e  

r e p u l s i v e  g r a v i t a t i o n a l  f i e l d  w h ich  e x i s t s  when 

( e q u a t io n  ( 2 . 2 2 ) 1 .  We s h a l l  r e tu r n  t o  t h i s  p o in t  i n  ( d ) .

C ase Y t  ^

H ere d j i / d C  ^  o   ̂ s o  t h a t  th e  p r e s s u r e  m ig h t  becom e z e r o  

a t  some i n t e r n a l  p o i n t ,  i f  i t  w ere  p o s s i b l e  f o r  th e  e q u a t io n

3  5  yJ f -  -  A ^  o

t o  have a  s o l u t i o n  f o r  .  T h is  w ould  c l e a r l y  be

im p o s s ib le  when .  Thus th e  p r e s s u r e  i n  t h i s

c a s e  i s  a lw a y s  n e g a t iv e  h u t in c r e a s e s  to w a rd s th e  c e n t r e .

(d )  P o s i t i v e  and n e g a t iv e  i n e r t i a

I t  may be r e g a r d e d  a s  s u r p r i s in g  t h a t  when p  d e c r e a s e s  

th r o u g h  th e  v a lu e  ^  th e  p r e s s u r e  g r a d ie n t  n e c e s s a r y

t o  m a in ta in  e q u i l ib r iu m , ch a n g es s i g n  from  p o s i t i v e  t o  n e g a t i v e ,  

d e s p i t e  th e  f a c t  t h a t  th e  g r a v i t a t i o n a l  f o r c e ,  a s  d e ter m in e d  by  

th e  g r a v i t a t i o n a l  m ass w it h in  th e  r a d iu s  X  ,  v a r i e s  c o n t in u o u s ly  

r em a in in g  n e g a t i v e .  T h is  i s  b e c a u se  th e  d e n s i t y  o f  i n e r t i a  

c h a n g e s  s ig n  from  p o s i t i v e  t o  n e g a t iv e  when p  d e c r e a s e s  

th r o u g h  ^  ,  so  t h a t  t h e r e  i s  an in v e r s io n  o f  th e  e f f e c t s

o f  m o t iv a t in g  f o r c e s .

The e q u a t io n s  o f  m e c h a n ics  i n  g e n e r a l  r e l a t i v i t y  a r e
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e x p r e s s e d  b y  e q u a t in g  t o  z e r o  t h e  c o v a r ia n t  d iv e r g e n c e  o f  t h e

t e n s o r .  For a p e r f e c t  f l u i d  t h i s  t e n s o r  i s  g iv e n  i n  t h e  

form  b y  e q u a t io n  ( 1 . 1 2 ) .  I t  i s  e a s i l y  shown t h a t  i n

a  l o c a l  sy s te m  o f  c o o r d in a t e s  w h ich  i s  in s t a n t a n e o u s ly  co -m o v in g  

w ith  th e  f l u i d ,  b u t  g e o d e s i c  -  t h a t  i s  * f r e e l y  f a l l i n g  * 

u n a f f e c t e d  b y  an y  s t r e s s  g r a d ie n t  e x i s t i n g  i n  th e  f l u i d ,  t h r e e  

o f  th e  r e s u l t i n g  e q u a t io n s  y i e l d  t h e  momentum e q u a t io n

v / x  +  ^  =  O  ( 2. 30)

w h ere d t  i s  t h e  a c c e l e r a t i o n  o f  th e  f l u i d ,  and V  /u  

i s  t h e  g r a d ie n t  o f  p r e ssu re ^  i n  th e  l o c a l  s y s te m . The f o u r t h  

e q u a t io n  i s  th e  e n e r g y  e q u a t io n

- t  i / t f t )   ( 2 . 31)

d i y j '  (l^ b e in g  t h e  l o c a l  s p a t i a l  d iv e r g e n c e  o f  th e  v e l o c i t y  

o f  t h e  f l u i d #

T h ese  r e s u l t s  a r e  w e l l  known i n  v a r io u s  fo r m s , b u t  t h e i r  

a p p l i c a t i o n  t o  a  medium o f  n e g a t iv e  j v  o f  th e  same o r d e r  a s  p  

h a s  n o t  p r e v io u s ly  b e e n  e n v is a g e d .  The momentum e q u a t io n  sh ow s  

t h a t  th e  pr o p er  d e n s i t y  o f  i n e r t i a  i n  a  s t r e s s e d  i s o t r o p i c  

medium  i s  p + f t  j t h i s  t a k e s  a c c o u n t  o f  t h e  c o n t r ib u t io n  t o  

momentum o f  th e  s t r e s s  i n  a  m oving m edium . The e n e r g y  e q u a t io n  

t a k e s  a c c o u n t  o f  t h e  e n e r g y  e q u iv a le n t  o f  t h e  work done b y  t h e  

p r e s s u r e .

F or ou r  i n t e r i o r  s o l u t i o n  we f i n d  b y  ( 2 . 5 ) ,  ( 2 . 9 )
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T ïh ieh , s i n c e  A -  6 i/ >  o  ,  t a k e s  t h e  s i g n  o f  A .

Thus p + f i  ^  a c c o r d in g  a s  p  ^  P s  ............   ( 2 , 33 )

The d e n s i t y  o f  i n e r t i a  i n  th e  sm oothed  o u t s t e a d y  s t a t e  m odel 

i s  t h e r e f o r e  z e r o .  I n  a d d i t io n ,  i f  th e  d e n s i t y  o f  e n e r g y  

d i f f e r s  b u t  l i t t l e  from  P s  i n  a  r e g io n  o f  c o n c e n tr a t io n  o r  

r a r e f a c t i o n  o f  m ass i n  th e  s t e a d y  s t a t e  u n iv e r s e ,  th e n  o n ly  a  

v e r y  s m a l l  p r e s s u r e  g r a d ie n t  i s  n e c e s s a r y  t o  k eep  th e  m ass i n  

e q u il ib r iu m , o r  i n  a s t a t e  o f  u n a c c e le r a t e d  e x p a n s io n . F u r th e r ,  

e q u a t io n  ( 2 . 30) i n d i c a t e s  t h a t  when A ^  o  t h e r e  m u st b e  a  

g r a d ie n t  o f  p r e s s u r e  in w a r d s  i n  ou r  sp h e re  o f  flu id " ; i n  o r d e r  

t o  p r o d u c e  an a c c e l e r a t i o n  i n  th e  same d i r e c t i o n  r e l a t i v e  t o  a  

s y s te m  o f  c o o r d in a t e s  f o l lo w in g  a  g e o d e s ic  o u tw a r d s . I n  o th e r  

w o r d s , th e  f l u i d  i s  a t  r e s t  i n  ou r c o o r d in a t e  sy s te m  b e c a u s e  t h e  

ou tw ard  g r a v i t a t i o n a l  f o r c e  i s  b a la n c e d , when » b y  an

ou tw ard  f o r c e  o f  p r e s s u r e .  When t h e  ou tw ard

g r a v i t a t i o n a l  f o r c e  (p r o v id e d  1 i s  b a la n c e d  by an in w ard

f o r c e  o f  p r e s s u r e .  The f a m i l i a r  c a s e  i s  when an in w ard

g r a v i t a t i o n a l  f o r c e  i s  b a la n c e d  by an  outw ard f o r c e  o f  p r e s s u r e .

E q u a tio n  ( 2 .3 1 )  i n d i c a t e s  t h a t  th e  d e n s i t y  o f  e n e r g y  p  

rem ain s c o n s t a n t  i n  th e  s t e a d y  s t a t e ,  d e s p i t e  t h e  e x p a n s io n  

t c U iT  ^  >  0  ) ,  s in c e  p ' f - j i  .  T h is  i s  b e c a u se

th e  d e g r a d a t io n  o f  e n e r g y  due t o  e x p a n s io n  i s  e x a c t l y  com p en sated  

b y  t h e  e n e r g y  e q u iv a le n t  o f  th e  work done by th e  n e g a t iv e  

p r e s s u r e .  T h is  i s  th e  i n t e r p r e t a t i o n  w h ich  was g iv e n  b y  

W. H . McOrea ( 1 ) .  We n o t e  f u r t h e r  t h a t  when > 0  )  p

d e c r e a s e s  w ith  e x p a n s io n , and when ^  i n c r e a s e s .
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CHiPTSR I I I :  ^  MBCHàNISM OF THE STEADY STATE

( 1) I n t r o d u c t io n

I n  t h i s  c h a p te r  we p u t  forw ard  a t h e o r y  o f  th e  m echanism  

o f  s t e a d y  s t a t e  co sm o lo g y  a c c o r d in g  to  g e n e r a l  r e l a t i v i t y .

I t  i s  d e s ig n e d  t o  p r o v id e  a  p h y s i c a l  b a s i s  f o r  th e  z e r o - p o in t  

s t r e s s  in tr o d u c e d  by M cCrea, and a l s o  f o r  an  a s s o c i a t e d  

z e r o - p o in t  e n e r g y , i n  a manner w h ich  seem s t o  be n a t u r a l l y  

s u g g e s t e d  by  t h e  p r o v i s io n  f o r  n e g a t iv e  s t a t e s  o f  e n e r g y  i n  

p r e s e n t  quantum t h e o r y .

A t e n t a t i v e  th e o r y  o f  th e  m echanism  o f  c r e a t io n  o f  m a t t e r ,  

w h ich  p r e s e r v e s  th e  p r i n c i p l e s  o f  c o n s e r v a t io n  o f  e n e r g y  and  

momentum and i s  b a se d  on quantum th e o r y  and g e n e r a l  r e l a t i v i t y ,  

h a s  a lr e a d y  b e e n  o u t l in e d  by F .  P ir a n i  (£ )  .  P ir a n i  a c c o u n ts  

f o r  th e  e x i s t e n c e  o f  a z e r o - p o in t  s t r e s s  and a z e r o - p o in t  

e n e r g y  by  p o s t u l a t i n g  t h e  e x i s t e n c e  o f  e n t i t i e s  o f  z e r o  r e s t  

m ass and n e g a t iv e  e n e r g y  w h ich  he c a l l s  * g r a v i t in o s  * and w h ich  

h e  t e n t a t i v e l y  i d e n t i f i e s  w ith  n e u t r i n o s .  For t h i s  p u rp o se  

h e  u s e s  th e  r e s u l t s  o b ta in e d  by J .  L . S yn ge (3 ^ ) r e g a r d in g  t h e  

c o n t r ib u t io n  t o  th e  energy-m om entum  t e n s o r  i n  g e n e r a l  r e l a t i v i t y  

o f  e n t i t i e s  o f  z e r o  r e s t  m ass and n e g a t iv e  e n e r g y , r e f e r r e d  t o  

b y  S yn ge  a s  ^ a t t r a c t i v e  im p u ls e s * .

The p r e s e n t  w r i t e r ,  in d e p e n d e n t ly ,  had fo r m u la te d  s i m i la r  

i d e a s ,  s u g g e s te d  b y  S y n g e* s a t t r a c t i v e  im p u ls e s ,  o f  g i v in g  a 

m e c h a n ic a l b a s i s  t o  M cOrea*s z e r o - p o in t  s t r e s s  and in t r o d u c in g  

an  a s s o c i a t e d  n e g a t iv e  e n e r g y  term  i n  th e  energy-m om entum
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t e n s o r .  T h ese  id e a s  a r o s e  i n  c o -n n e c tio n  w ith  c e r t a i n  t e n t a t i v e  

w ork on  o r d in a r y  r a d i a t io n  i n  c o sm o lo g y . I n  t h a t  work th e  

same e x p r e s s io n ,  w i t h  s ig n  ch a n g e d , was o b ta in e d  f o r  th e  r a t e  

o f  e m is s io n  o f  r a d i a t io n  p e r  u n i t  p r o p e r  v o lu m e , p r o v id e d  we 

n e g l e c t  th e  p r e s s u r e  o f  m a tte r  a s  P ir a n i  a l s o  d o e s ,  a s  h a s b e ^  

g iv e n  b y  P ir a n i  f o r  t h e  r a t e  o f  c r e a t io n  o f  m a t t e r .  The id e a  

o f  s u s t a i n i n g  th e  s t e a d y  s t a t e  by th e  c o n v e r s io n  o f  r a d i a t io n  

t o  m a tte r  p r e s e n te d  i t s e l f  a t  t h a t  t im e ,  b u t  i t  was r e a l i s e d  

t h a t  u n le s s  th e  d e n s i t y  o f  r a d i a t io n  was n e g a t iv e  th e n  

e x p a n s io n  w ould  d im in is h  r a d i a t io n  a s  w e l l  a s  m a t t e r .

I t  was c l e a r  from  th e  work o f  S y n g e , h o w ev er , t h a t  

n e g a t iv e  r a d i a t io n  c o u ld  b e  t r e a t e d  on  t h e  same b a s i s  a s  

o r d in a r y  r a d i a t i o n ,  and t h a t  e x p a n s io n  w ou ld  le a d  t o  a n  in c r e a s e  

i n  d e n s i t y  ( l e s s  n e g a t iv e )  i n  t h i s  c a s e ,  due to  th e  p o s i t i v e  

work done by t h e  n e g a t iv e  p r e s s u r e .  The e x t r a  a v a i la b le  

r a d i a t i o n  e n e r g y  c o u ld  th e n  b e  c o n v e r te d  t o  r e p le n i s h  t h e  

lo w e r e d  d e n s i t y  o f  m a t t e r ,  b y  quantum  c o l l i s i o n  p r o c e s s e s  i n  

w h ich  e n e rg y  and momentum w ere c o n s e r v e d .  I f  th e  e n e r g y  d e n s i t y  

o f  n e g a t iv e  r a d i a t io n  w ere o f  t h e  same o r d e r  a s  t h e  a v e r a g e  

d e n s i t y  o f  m a t t e r ,  t h i s  r a t e  o f  p r o d u c t io n  o f  e n e r g y  a v a i la b l e  

f o r  c o n v e r s io n  c o u ld  be  a d e q u a te  t o  m a in ta in  th e  s t e a d y  s t a t e ,  

i f  some s t a b i l i s i n g  m echan ism  w ere assum ed t o  s u s t a i n  i t .

I n  P i r a n i *8 th e o r y  t h e  c r e a t i o n  p r o c e s s  o c c u r s ,  p resu m a b ly  

s p o n t a n e o u s ly ,  w i t h  c o n s e r v a t io n  o f  energy-m om entum  se c u r e d  b y  

th e  e m is s io n  o f  e q u a l  a m o u n ts, b u t o p p o s i t e  i n  s i g n ,  o f
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4-momentum i n  th e  form  o f  m a tte r  and g r a v i t i n o s .  To r e p r e s e n t  

th e  p r e s e n c e  o f  g r a v i t i n o s  h e  in c o r p o r a t e s  a r a d i a t io n  term  

i n t o  t h e  energy-m om entum  te n s o r  o f  g e n e r a l  r e l a t i v i t y ,  on  th e  

b a s i s  o f  th e  work o f  S y n g e . The u s u a l  e q u a t io n  =  o

th e n  a c h ie v e s  fo r m a l c o n s e r v a t io n  o f  e n e r g y , w ith  a p h y s ic a l  

i n t e r p r e t a t i o n  o f  z e r o - p o in t  s t r e s s  and e n e r g y  i n  ter m s o f  

g r a v i t i n o s .

The s t e a d y  s t a t e  i s  n o t  s in g le d  ou t f o r  s p e c i a l  c o n s id e r 

a t i o n  i n  P ir a n i* s  t h e o r y ,  w h ich  d o e s  n o t  i n d i c a t e  any p a r t i c u l a r  

m e r i t  f o r  i t .  I t  i s  n o t  shown w h eth er  t h e  r a te  o f  c r e a t i o n  

d ep en d s on l o c a l  c o n d i t i o n s ,  and p a r t i c u l a r l y  i n  th e  c a s e / ) f  

t h e  s t e a d y  s t a t e  no r e a s o n  a p p ea r s  why i t  w ou ld  be j u s t  r i g h t  

t o  m a in ta in  t h e  s t e a d y  s t a t e .  A n n ih i la t io n  p la y s  no p a r t  i n  

h i s  t h e o r y ,  n o r  i s  any a l lo w a n c e  made f o r  t h e  p o s s i b l e  r e l a t i o n  

o f  c o sm ic  r a y s  or o r d in a r y  r a d i a t i o n  t o  th e  c r e a t io n  p r o c e s s .

I n  t h i s  c h a p te r  we s h a l l  a l lo w  f o r  th e  m ost g e n e r a l  ty p e  

o f  c o l l i s i o n  p e r m it te d  h y  quantum m e c h a n ic s  l e a d in g  t o  c r e a t io n  

o r  a n n i h i l a t i o n  e v e n t s .  R a d ia t io n  w i l l  b e  r eg a r d e d  a s  h a v in g  

a c o n t in u o u s  sp ec tru m  o f  e n e r g y  v a lu e s  from  n e g a t iv e  t o  p o s i t i v e ,  

p h y s i c a l  e f f e c t s  d e p e n d in g  on th e  s i g n  and i n t e n s i t y  a t  any  

p o i n t .  T hus i n  s t a r s  p o s i t i v e  r a d i a t io n  w i l l  g r e a t l y  p re d o m in a te  

w h i le  i t  w i l l  be v i c e  v e r s a  i n  th e  v a s t  i n t e r g a l a c t i c  r e g io n s  

w h ere t h e  d e n s i t y  o f  m a tte r  i s  s m a l l .

The p r e s s u r e  o f  m a tte r  w i l l  n o t  be n e g l e c t e d ,  a s  b y  P i r a n i ,  

s in c e  we s h a l l  make a l lo w a n c e  f o r  th e  p r e s e n c e  o f  c o sm ic  r a y s .
i^ùédLcL

'yytxfJBuL fU t I t  lo
^  Hxt iff  ̂ cU Uy tsf
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I t  b e in g  im p ro b a b le  t h a t  c o sm ie  r a y s  can  a r i s e  s o l e l y  from  th e  

s t a r s ,  we s h a l l  f in d  i t  s a t i s f a c t o r y  t h a t  our th e o r y  p r e d i c t s  

t h a t  th e  b u lk  o f  m a tte r  i s  c r e a te d  w here th e  d e n s i t y  i s  

l o w e s t  -  i n  i n t e r g a l a c t i c  s p a c e .

The b a la n c e  o f  a c o n t in u o u s  d i s t r i b u t i o n  o f  m a tte r  and  

n e g a t iv e  r a d i a t io n  i n  an y  q u a s i - s t e a d y  s t a t e  w i l l  b e  deemed 

t o  be  su ch  t h a t  th e r e  i s  dynam ic e q u i l ib r iu m  i n  a n n i h i l a t i o n  

and c r e a t io n  r a t e s .  The s t a b i l i t y  o f  t h e  s t e a d y  s t a t e  w i l l  

a p p e a r , i n  th e  l i g h t  o f  t h i s  s u p p o s i t io n ,  t o  b e  a fu n d a m en ta l  

c o n se q u e n c e  o f  th e  e q u a t io n s  o f  g e n e r a l  r e l a t i v i t y .

( i i )  The p r e s s u r e  and d e n s i t y  o f  c o sm ic  r a d ia t io n

Y fe  f i r s t  exam in e on th e  b a s i s  o f  g e n e r a l  r e l a t i v i t y ,  how 

t h e  in t e g r a t e d  i n t e n s i t y  o f  r a d i a t io n  d e p e n d s  on th e  p a r t i c u l a r  

m o d el a d o p te d  from  th o s e  whose g e n e r a l  m e t r ic  i s  g iv e n  b y  

e q u a t io n  ( 1 . 1 ) .  We s h a l l  f in d  th e  i n t e n s i t y  a t  th e  s p a t i a l  

o r i g i n  v -  o ( a r b i t r a r y ) .  The r a d i a t i o n  we su p p o se  t o  in c lu d e  

a  n e g a t iv e  com p on en t, whose momentum i s  d i r e c t e d  i n t o  th e  p a s t  

and w h ose r e l a t i v e  e n e r g y  i s  -  p e r  quantum o f  f r e q u e n c y  V , 

w here ^  i s  P la n c k * s  c o n s t a n t .  I t  i s  assum ed t h a t  th e  

r a d ia t io n  e m it t e d  from  u n i t  p r o p e r  vo lu m e a t  a t

c o s m o lo g ic a l  t im e  t  ,  w i l l  b e  p a r t i a l l y  a b so rb ed  by th e  t im e  to  

when p a r t  o f  i t  r e a c h e s  t h e  o r i g i n ,  due t o  c o l l i s i o n s .  Such  

c o l l i s i o n s  w i l l  be t h o s e  p e r m it te d  b y  quantum m e c h a n ic s , 

i n v o l v i n g  p h o to n s  and m a t e r ia l  p a r t i c l e s .  I n  t h e s e  c o l l i s i o n s  

r a d i a t io n  w i l l  b e  a b so rb ed  by a to m s, t o  in c r e a s e  t h e i r  i n t r i n s i c
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e n e r g y  i f  th e  r a d i a t io n  i s  p o s i t i v e ,  o r  t o  r ed u c e  i t  i f  th e  

r a d i a t io n  i s  n e g a t i v e .  P o s i t i v e  r a d ia t io n ,  may be m a t e r i a l i s e d  

a l s o  i n  th e  form  o f  n e w ly  c r e a te d  fu n d a m en ta l p a r t i c l e s ,  w h ile  

n e g a t iv e  r a d i a t io n  may be r e s p o n s ib le  f o r  t h e  c o m p le te  

a n n i h i l a t i o n  o f  fu n d a m en ta l p a r t i c l e s .  The e m is s io n  i t s e l f  

w i l l  be th e  r e v e r s a l  o f  t h e s e  p r o c e s s e s .

L e t  th e  e n e r g y  o f  r a d i a t io n  r a d ia t e d  from  u n i t  p r o p e r  

volum e i n  t h e  hom ogeneous and i s o t r o p i c  m o d e l, b e tw een  ep och s  

t   ̂ 1 1 ( ^ i n  t h e  fr e q u e n c y  ran ge V > V a s  a r e s u l t  o f

t h e s e  g e n e r a l  * c o l l i s i o n *  p r o c e s s e s  w h ich  o c c u r  i n  t h a t  v o lu m e, 

b e  ( s u f f i x  't' r e f e r r i n g  t o  * r a d ia t io n * )

........................( 5 . 1 )

I f  a  p h o to n  p a s s i n g  th r o u g h  t h i s  volum e i s  in v o lv e d  i n  c o l l i s i o n  

we su p p o se  i t  t o  b e  c o m p le te ly  a b s o r b e d , and th e  r e s i d u a l  

r a d i a t i o n ,  i f  a n y , a c t u a l l y  r e - e m i t t e d  we su p p o se  t o  b e  p a r t  

o f  th e  e m is s io n  sp ec tru m  o f  t h a t  v o lu m e . Supp ose t h a t  t h e  

p r o p o r t io n  o f  n o t  a b so rb ed  b y  th e  t im e  t o  i s

.................( 3 .2 )

w h ere  T  E to  -  t  ♦ We have o f  c o u r s e

X (y ,o ^ 1 ;)= l    ( 3 .3 )

c o r r e s p o n d in g  t o  p u t t i n g  t =  t o  .

A t t im e  » h o w ev er , t h e  a p p a r e n t  e n e r g y  o f  t h i s  

r a d i a t i o n ,  r e l a t i v e  t o  fu n d a m e n ta l o b s e r v e r s  l o c a t e d  i n  th e  

s p h e r i c a l  s h e l l  c o n t a in in g  th e  r a d i a t io n  a t  t h a t  e p o c h , w i l l  b e  

r e d u c e d  b e c a u s e  o f  r e d s h i f t  t o

...................... . ( 3 .4 1



—18 9—
( P a r t  I  e q n . ( I . 7 ) ) *  The a r e a  o f  t h e  s p h e r i c a l  s u r f a c e  ( t o t a l  

p r o p e r  a r e a )  w i l l  b e

4TT R^[to)r p + f e ......................... ( 3. 5)

The tim e  f o r  t h e  s h e l l  t o  p a s s  o v e r  th e  o r i g i n  w i l l  b e

^ to  ^  .......................... (3 » 6 )

(P a r t  I  e q n . ( I . 5 ) ) .  Thus th e  r a t e  a t  w h ich  r a d i a t io n  o f  

a l l  f r e q u e n c ie s  from  u n i t  p r o p e r  volum e a t  ( ) ,

e m it t e d  a t  ep och  t  ,  p a s s e s  th r o u g h  u n i t  a r e a  a t  th e  o r i g i n  

n o rm a l to  th e  d i r e c t i o n  9 =^o i s

j  ..............(3-7)

To g e t  t h e  c o n t r ib u t io n  to  th e  t o t a l  i n t e n s i t y  o f  

r a d i a t i o n  a t  th e  o r i g i n  from  th e  t o t a l  volum e b etw een  th e  v a l u e s  

Y, T -fX f o f  th e  r a d i a l  c o o r d in a te  we m ust m u l t ip ly  ( 3 #7 ) by

( T f k T Â ?  ................ ( 3. 8)

and. i n t e g r a t e  w ith  r e s p e c t  t o  6  b e tw e e n  o  a n d î î / i  ,  and  

w ith  r e s p e c t  t o  0  b e tw e e n  o  and oil? .  The r e s u l t  i s

i ................. 0 . 9 )

Now a p h o to n  o f  th e  r a d i a t io n  th ro u g h  t h e  o r i g i n  h a s th e  w orld  

l i n e

( 3 . 1 0 )
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80 t h a t ,  k e e p in g  to  f ix e d , we h ave
Sr _  -  S t

I + R(k)
Thus th e  c o n t r ib u t io n  from  th e  volum e b e tw e e n  f,T + Srcan  b e

(3 .11)

w r i t t e n

.......................... ( 3 . 1 2 )

su p p o se  now t h a t  th e  l o c a l  t im e  o f  e m is s io n ,  on th e  

o b s e r v a t io n a l  h o r iz o n  o f  th e  m o d e l, o f  r a d i a t io n  w h ich  w i l l  

a r r i v e  a t  t h e  o r ig i n  a t  t im e  i s  Then th e  t o t a l

i n t e n s i t y  o f  r a d i a t io n  a t  an y  p o in t  o f  th e  m odel a t  ep o ch  to i s

1% '̂  \   ( 3 . 1 3 )

The i s o t r o p i c  p r e s s u r e  o f  r a d ia t io n  i n  th e  m odel i s  t h e r e f o r e

i j t , )
5

u s in g  l o c a l  th erm o d y n a m ics , w h ile  th e  c o r r e sp o n d in g  e n e r g y

k W  = >  ( 3. 14)

d e n s i t y  o f  th e  r a d i a t io n  w i l l  be

” 3 = 4....................... ............................ .(5*15)

The s ig n  o f  t h e s e  q u a n t i t i e s  w i l l  depend on th e  a v e r a g e  

p red om in an ce  o f  p o s i t i v e  o r  n e g a t iv e  r a d i a t i o n .

( l i i ) .  O o n s e r v a t io n  p r i n c i p l e s  i n  th e  c o sm ic  e x p a n s io n

We now i n v e s t i g a t e  th e  c r e a t i o n  p r o c e s s  a c c o r d in g  to  th e  

c o n s e r v a t io n  p r i n c i p l e s  c o n ta in e d  i n  th e  e q u a t io n s  o f  g e n e r a l  

r e l a t i v i t y .  We s h a l l  a p p ly  t h e s e  e q u a t io n s  d i r e c t l y  t o  th e  

c o s m o lo g ic a l  m odel o f  th e  g e n e r a l  ty p e  t h a t  we a r e  c o n s id e r in g .  

H ow ever, i t  i s  a  rem a rk a b le  d e m o n s tr a t io n  o f  th e  in n e r
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c o n s i s t e n c y  o f  k i n e m a t i c a l  r e l a t i o n s  i n  g e n e r a l  r e l a t i v i t y  

t h a t  we c a n  a c h i e v e  l o c a l  c o n s e r v a t i o n  o f  e n e r g y  f o r  r a d i a t i o n  

a l o n e ,  i n  t h e  fo rm  o f  t h e  f i r s t  la w  o f  th e rm o d y n a m ic s ,  d i r e c t l y  

f ro m  t h e  p r e v i o u s  i n v e s t i g a t i o n ,  a s  f o l l o w s .

By (3. 13) and  ( 3 .1 5 )  we h a v e

...............................
On d i f f e r e n t i a t i n g  t h i s  e x p r e s s i o n  w i t h  r e s p e c t  t o  t o  , 

we o b t a i n  j  f \
4 m .  ‘‘ f  - 4  .

w h ere  L  -  , and  m eans p a r t i a l  d i f f e r e n t i a t i o n

w i t h  r e s p e c t  t o  t o  k e e p i n g  t  c o n s t a n t .  The t h i r d  t e r m  on t h e  

r i g h t  may v a n i s h  f o r  s e v e r a l  r e a s o n s ;

( a )  =-o  , w h ic h  i s  t h e  c a s e  i n  t h e  s t e a d y  s t a t e  m odel

w h e re  R(t) -  and  — oo , and  a l s o  f o r  o t h e r

w e l l  known c o s m o lo g i c a l  s o l u t i o n s .

(b )  d t^ /o U x t  ~ o  , w h ic h  i s  a l s o  t h e  c a s e  i n  t h e  s t e a d y  s t a t e ,  

and  a l s o  i n  m o d e ls  w h ere  ~  O

( c )  — D w h ic h  m eans t h a t  t h e  n e t

am ount o f  r a d i a t i o n  r e a c h i n g  t h e  o r i g i n  f ro m  t h e  h o r i z o n

i s  z e r o .  T h is  c o u ld  h a p p e n  i n  p a r t i c u l a r  i f  X (v ^ 7 “'*;

f o r  a l l  V , so  t h a t  r a d i a t i o n  e m i t t e d  a t  t h e  h o r i z o n  i s  e n t i r e l y

' a b s o r b e d '  ( i . e .  i n v o l v e d  i n  c o l l i s i o n s  b e f o r e   ̂ a c c o r d i n g

t o  o u r  d e f i n i t i o n ^  I t  c o u ld  a l s o  h a p p e n  i f  ~  O

f o r  a l l  A) , w h ic h  m eans t h a t  a t  t h e  c o s m o lo g i c a l

t im e  , t h e  t h e o r e t i c a l  e p o c h  o f  e m i s s io n
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o n  th e  h o r iz o n ,  th e r e  was i n  f e e t  no r a d i a t io n  e m it te d  i n  t h e  

m o d e l.
ÎAJiA. ) < S M t  ̂ ^  -Utob

sh a ll  AMume, -th erefore , th a t one or-more = o f  th ese
h ( / t ^  frvx %Q> n )

-c an d itieA # = o b t& ia a # The a l t e r n a t i v e  v i o l a t e s  l o c a l

th erm od ynam ics a s  w i l l  he e v id e n t  from  w hat f o l l o w s ,  and t h i s

p r o v id e s  a  c r i t e r i o n  f o r  a c c e p t a b le  c o s m o lo g ic a l  m o d e ls .

N oting , t h a t  th e  f i r s t  term  on  th e  r i g h t  o f  ( 3 . I 7 ) i s  t h e

t o t a l  r a t e  o f  e m is s io n  from  u n i t  volum e a t  t im e  tt , ,  v i z .

-  i r
and d r o p p in g  th e  s u f f i x  o ,  we g e t  a t  g e n e r a l  t im e  t

^   ( 3 . M ,

w here 5  cL |  j d k :  .  C o n s id e r  now an e le m e n t o f

p r o p e r  volum e U  w hose b o u n d a r ie s  move w ith  th e  f l u i d  c o n t e n t s  

o f  t h e  m od el ( i . e .  i n  i t s  mean m o t io n ) ,  th e n  b y  ( 1 . 1 )

-L ^  _ 3  R
^  ^  ~K ................................ ( 3. 20)

Whence b y  ( 3 . I 3 ) ,  ( 3 • 1 9 )  and ( 3#2 0 )
V  f T  ^  -  V "

-  d ( f r ^ )  + Kr

o r ,  =r d ( f r '0  ( 3 . 21 )

w here cfQ^ -  ir  d t  i s  t h e  t o t a l  e n e r g y  o f  r a d i a t io n

e m it te d  i n  th e  vo lum e d u r in g  th e  i n t e r v a l  t   ̂ t  + <it .

T h is  e q u a t io n  e x p r e s s e s  t h e  o o n s e r v a t io n  o f  e n e r g y  o f  r a d ia t io n  

i n  th e  m odel a s  i t  e x p a n d s , i n  t h a t  i s  a c c o u n te d  f o r  b y

t h e  in c r e a s e  o f  t h e  r a d i a t i o n  e n e rg y  i n  volum e
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p lu s  th e  work lo n e  b y  t h e  p r e s s u r e  d u r in g  th e  e x p a n s io n .

The t o t a l  e n e r g y  d e n s i t y  p and p r e s s u r e  |t  i n  t h e  m od el 

c a n  be  r e s o lv e d  i n t o

1
|i=K r^ -h>vx J  ( 3 .2 2 )

w here i s  t h e  r e l a t i v e  d e n s i t y  o f  m a t e r ia l  e n e r g y  (w h ic h

i n c lu d e s  t h e  k i n e t i c  e n e r g y  o f  m a tte r )  a s  m easu red  b y  fu n d a m en ta l

o b s e r v e r s ,  and i s  t h e  m a t e r ia l  p r e s s u r e .  T h ese  q u a n t i t i e s

w i l l  in c lu d e  t h e  c o n t r ib u t io n  o f  c o sm ic  r a y s .  For th e  m e t r ic

( 1 . 1 )  f) and K a r e  g iv e n  b y  ( 1 . 2 )  and ( 1 . 3 ) .  T h ese  e q u a t io n s

com b ine t o  g i v e

+  h  -  o
^  ^   (3 .23)

o r  ^  ^ ^  °   ( 3 .2 4 )

w here U  i s  t h e  e le m e n t  o f  p r o p e r  volum e a lr e a d y  in t r o d u c e d .

M u lt ip ly in g  by d t  we may w r i t e
+Kf<<V 4- d(fUv-) +  | v ^ d i r =  O

o r  Oy. d  ~  O . # * . , * . . # . ( ^ 1. 23 )

« H e r e  d ô , . .  =  ( U   ( 3. 26)

The l a s t  e q u a t io n  i s  th e  c o n s e r v a t io n  e q u a t io n  f o r  m a t e r ia l  

e n e r g y  i n  t h e  m od el a n a lo g o u s  t o  ( 3 #21 ) f o r  r a d i a t io n ,  w h ile  

( 3#2 5 l show s how , a c c o r d in g  t o  g e n e r a l  r e l a t i v i t y ,  a l l  e n e r g y  

i s  sh a r e d  i n e v i t a b l y  b e tw e en  m a t e r ia l  e n e r g y  and r a d ia t io n  

e n e r g y .
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B e fo r e  t h e  p o s s i b i l i t y  o f  n e g a t iv e  r a d i a t io n  w as c o n s id e r e d  

e m is s io n  o f  r a d i a t io n  w as a s s o c i a t e d  w ith  p o s i t i v e  d a n d  

t h e r e f o r e  n e g a t iv e  d ,  s o  t h a t  e m is s io n  o f  r a d ia t io n  seem ed  

i n e v i t a b l y  t o  mean a d e c r e a s e  o f  m a t e r ia l  e n e r g y . B a t  i n  t h e  

e v e n t  o f  th e  a v e r a g e  e m is s io n  o f  n e g a t iv e  r a d i a t i o n  i n  sp a c e  

p r e d o m in a t in g  o v e r  t h a t  o f  p o s i t i v e  r a d i a t i o n ,  we have

d G l ^  =  - d & r  = t  d v  1? O ...................... ( 3. 27)

Now i f  i s  s m a ll  a s  a p p e a r s  from  o b s e r v a t io n  t o  b e  th e  c a s e  

th e n  ( l[ fw v v )> o  ^ T h at i s  t h e r e  w i l l  b e  a  n e t  r a t e  o f  in c r e a s e  

o f  m a t e r ia l  e n e r g y  i n  an y  vo lum e V  w h ose b o u n d a r ie s  move w ith  

t h e  mean m o tio n  o f  m a t t e r .

( i v l  The S te a d y  s t a t e  a s  on e o f  d y n a m ica l e q u i l ib r iu m

The d e n s i t y  and  p r e s s u r e  i n  t h e  p a r t i c u la r  c a s e  o f  th e  

s t e a d y  s t a t e  a r e  g iv e n  b y  ( e q n .  ( I . 5 ) )

L
P '  ~ "  KRj^ ......................................... 1 3 .2 8 )

w h en oe , b y  ( 3*22 ) ,  i f  r e g a r d  t h e  p r e s s u r e  o f  m a tte r  

a s  s m a ll  on  t h e  a v e r a g e  -  o f  th e  o r d e r  o f  th e  p r e s s u r e  o f  

p o s i t i v e  r a d i a t i o n ,  we ca n  w r i t e

- q

13 . 29 )

Also

p ^  f  7   ( 3 . 30)

K — j
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Thus t h e  a v e r a g e  t o t a l  d e n s i t y  o f  e n e r g y  i s  p o s i t i v e  b e in g  

a p p r o x im a te ly  one q u a r te r  o f  th e  d e n s i t y  o f  e n e r g y  i n  th e  form  

o f  m a tte r  ( i n c lu d i n g  i t s  a s s o c i a t e d  k i n e t i c  e n e r g y ) .  The t o t a l  

p r e s s u r e  i s  th e  n e g a t iv e  o f  t h i s  q u a n t i t y ,  due t o  th e  

p red om in an ce  o f  n e g a t iv e  r a d ia t io n  a s  th e  m ain so u r c e  o f  s t r e s s .  

Thus th e  a d m is s io n  o f  n e g a t iv e  e n e r g y  s t a t e s  and i n  p a r t i c u l a r  

n e g a t iv e  r a d i a t i o n  p r o v id e s  a p h y s i c a l  b a s i s  f o r  M cCrea^s z e r o  

p o in t  s t r e s s  and an a s s o c i a t e d  z e r o - p o in t  e n e r g y .  The m a in te n 

a n ce  o f  t h e  s t e a d y  s t a t e  w i l l  now b e  i n v e s t i g a t e d  on  t h i s  

p h y s i c a l  b a s i s .

a q u a t io n  (3 * 2 4 )  i s  th e  e q u a t io n  o f  e n e r g y  f o r  th e  

c o s m o lo g ic a l  m o d e ls , w h ich  may be w r i t t e n  i n  th e  form

M  V %  =  °     (3.31)

when i t  i s  s e e n  t o  a g r e e  w ith  th e  g e n e r a l  e n e r g y  e q u a t io n  ( 2 . 31 ) ,  

a p p l ic a b le  i n  a l o c a l  g e o d e s ic  c o o r d in a te  fram e to  any  p h y s i c a l  

sy s te m  o f  i s o t r o p i c  s t r e s s .  As p o in t e d  o u t i n  th e  c o n t e x t  o f  

( 2 . 31)»  i f  p f  K = 0  a t  an y  i n s t a n t ,  a s  we d e r iv e  f o r  th e  s te a d y  

s t a t e  m e t r i c ,  th e n  t h e  e n e r g y  e q u a t io n  show s t h a t  ^  rem ain s  

c o n s t a n t  d e s p i t e  e x p a n s io n .  The m a in ten a n ce  o f  th e  d e n s i t y  

h a s  t h e r e f o r e  t o  be i n t e r p r e t e d ,  a s  by  M cCrea, a s  due t o  th e  

f a c t  t h a t  new e n e r g y  i s  c r e a te d  a s  th e  e q u iv a le n t  o f  th e  work  

done b y  th e  z e r o - p o in t  s t r e s s .  As h a s b e e n  s a i d ,  no p h y s i c a l  

b a s i s  was g iv e n  f o r  t h i s  m echanism  b y  McCrea; b u t  s in c e  th e  

d e n s i t y  o f  r a d i a t i o n  was reg a rd ed  a s  n e g l i g i b l e  i n  McCrea* s
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a n a l y s i s  so  t h a t  f  ^  ,  he was l e d  t o  a rg u e  t h a t  t h e  m ass

e q u iv a le n t  o f  t h e  work done by z e r o - p o i n t  s t r e s s  m ust a p p ea r  

i n  th e  form  o f  n e w ly  c r e a te d  m a t t e r ,  i n  o r d e r  t o  m a in ta in  a  

s t e a d y  s t a t e .

A c c o r d in g  to  th e  d ev e lo p m en t i n  t h i s  t h e s i s  th e  f o l lo w in g  

m echan ism  s u g g e s t s  i t s e l f .  A lth o u g h  a d i a b a t i c  e x p a n s io n ,  

w ith o u t  r a d i a t io n  e m is s io n  o r  a b s o r p t io n ,  w ould  c e r t a i n l y  le a d  

t o  a d e c r e a s e  i n  t h e  e n e r g y  d e n s i t y  o f  m a t t e r ,  t h i s  d e c r e a s e  

i n c lu d in g  th e  a d ia b a t ic  d e g r a d a t io n  o f  t h e  e n e r g y  o f  c o sm ic  

r a y s ,  th e  n e g a t iv e  d e n s i t y  o f  r a d i a t io n  ( g iv e n  by ( 3 . 29 ) ) w ou ld  

how ever be in c r e a s e d  to w a r d s  z e r o  b e c a u se  o f  th e  a d ia b a t ic  

e f f e c t  o f  i t s  n e g a t iv e  s t r e s s .  T hat i s ,  su p p o s in g  t h e r e  t o  b e  

no e m is s io n  o r  a b s o r p t io n ,  e q u a t io n s  ( 3 . 2I ) ,  ( 3#2 6 ) w ou ld  y i e l d  

f o r  a vo lum e
d Q v  = ct(|?4. i r ) +■ du- =0

dSw, -  + ■  =  0  J  . . . . . . . . . . . . . . . . . ( 3 . 3 2 )

J IU  = -  [ ( ^  4 h „ )  ^  ] ..................................................

lip, .  - < i t ^  7  0  ................
I t  f o l l o w s  from  ( 3*34) t h a t  th e  e q u i l ib r iu m  b e tw e en  m a t te r

and r a d i a t io n  w ou ld  be u p s e t  from  th e  b a la n c e  w h ich  we m ust

l o g i c a l l y  a s s o c i a t e  w ith  th e  s t e a d y  s t a t e  i f  i t  i s  t o  b e

m a in ta in e d . The r e l a t i v e  d e n s i t i e s  o f  m a tte r  and r a d i a t io n

f o r  dynam ic e q u i l ib r iu m  i n  th e  s t e a d y  s t a t e  a re  g iv e n  by ( 3 . 2 9 )  »

and w i l l  be d e ter m in e d  b y  th e  c o l l i s i o n  c r o s s  s e c t i o n s  o f  t h e
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p a r t i c l e s  in v o l v e d .  I f  th e  s t e a d y  s t a t e  i s  t o  be m a in ta in e d  

i t  m ust b e  assum ed t h a t  th e  s h i f t  from  e q u i l ib r iu m  m ust be i n  

t h e  d i r e c t i o n  o f  a  n e t  r a t e  o f  c r e a t io n  o f  m a t t e r ,  in c lu d in g  

c o sm ic  r a y  e n e r g y .  T h is  w i l l  c o n t in u e  w ith  c o r r e sp o n d in g  

r e d u c t io n  i n  r a d i a t io n  e n e r g y  ( i . e .  b eco m in g  m ore n e g a t i v e ) ,  

a c c o r d in g  t o  th e  r e l a t i o n  ( 3 . 25 ) $ u n t i l  th e  e q u i l ib r iu m  i s  

r e s t o r e d  w ith  and ^  a t  t h e i r  s t e a d y  s t a t e  v a l u e s .

I n  v ie w  o f  t h e  a n a l y s i s  i n  C h ap ter  I  le a d in g  t o  e q u a t io n s  

( 1 .1 4 )  and ( 1 .1 5 )  t h e  r e l a t i v e  d e n s i t i e s  o f  th e  s t e a d y  s t a t e  

c a n  be assum ed t o  p r e v a i l  i n  t h e  v a s t  i n t e r g a l a c  t i c  r e g io n s  o f  

s p a c e .  The a c t i v i t y  o f  n e g a t iv e  r a d i a t io n  w i l l  t h e r e f o r e  

p re d o m in a te  o v er  t h a t  o f  p o s i t i v e  r a d ia t io n  i n  t h e s e  r e g i o n s .  

I t s  e m is s io n  m ust be a s s o c i a t e d  w it h  c r e a t i o n  o f  m a tte r  and i t s  

a b s o r p t io n  w ith  a n n i h i l a t i o n  o f  m a t t e r .  S in c e  i t s  a b s o r p t io n  

r a t e  a t  l e a s t  w ou ld  be  p r o p o r t io n a l  t o  th e  p r o d u c t  o f  and 

\ P ^ \  we ca n  u n d e r s ta n d  t h a t  th e  r e l a t i v e  change o f  d e n s i t i e s  

i n d i c a t e d  by  (3 # 3 4 )  w ou ld  le a d  t o  a r e d u c t io n  i n  th e  r a t e  o f  

a n n i h i l a t i o n .  P r o v id e d  t h a t  t h i s  i s  n o t  more th a n  o f f s e t  b y  a  

p o s s i b l e  r e d u c t io n  i n  th e  r a t e  o f  e m is s io n  a  n e t  r a t e  o f  

c r e a t i o n  o f  m a tte r  w ould  t h e r e f o r e  s e t  i n ,  a s  e n v is a g e d  a b o v e .

( v )  The s t a b i l i t y  o f  th e  s te a d y  s t a t e

To show how th e  th e o r y  g iv e n  h e r e  c a n  p r o v id e  a  b a s i s  f o r  

t h e  s t a b i l i t y  o f  th e  s t e a d y  s t a t e ,  b e c a u se  o f  a u to m a tic  

a d ju stm e n t o f  th e  d e n s i t i e s  o f  m a tte r  and r a d ia t io n  t o  s e c u r e  

dynam ic e q u i l ib r iu m , we s h a l l  c o n s id e r  s m a ll  f l u c t u a t i o n s  o f
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d e n s i t y  from  t h a t  o f  th e  s t e a d y  s t a t e  v a lu e  fs  .  We make u s e  

o f  th e  s t a t i o n a r y  i n t e r i o r  and e x t e r i o r  s o l u t i o n s  e s t a b l i s h e d  

i n  C h a p ters I ,  I I  f o r  e o n e e n tr a t io n s  o r  r a r e f a c t i o n s  o f  m ass 

i n  th e  s t e a d y  s t a t e  u n i v e r s e .

The b a s i c  i n t e r p r e t a t i o n  o f  t h e s e  s o l u t i o n s  t h a t  we make 

f o r  our p u r p o se  i s  t h a t  s in c e  th e y  a r e  s t a t i o n a r y  t h e r e  m ust 

be dynam ic e q u i l ib r iu m  b etw een  th e  m a tte r  and r a d ia ,t io n  p r e s e n t#  

A c c o r d in g ly ,  th e  i n t e r i o r  s o lu t io n ,  p r o v id e s  th e  e q u i l ib r iu m  

p r e s s u r e  d i s t r i b u t i o n ,  due to  m a tte r  and r a d i a t i o n ,  c o r r e sp o n d 

in g  t o  a g iv e n  u n ifo r m  d i s t r i b u t i o n  o f  m ass w i t h in  a  sp h e r e  

o u t s id e  o f  w h ich  s t e a d y  s t a t e  c o n d i t io n s  o b ta in #  T h ese  r e s u l t s  

w ere a d m it t e d ly  e s t a b l i s h e d  o n ly  f o r  s t a t i c  c o n d i t io n s  i n  t h e  

i n t e r i o r  o f  th e  s p h e r e ,  b u t  we su p p ose  t h a t  e v e n  i f  th e  sp h e r e  

w ere e x p a n d in g  th e  r a t e  o f  e x p a n s io n  i n  any  l im i t e d  r e g io n  

( i n t e r g a l a c t i c  sa y ) o f  th e  e x p a n d in g  u n iv e r s e  m ust be so  s lo w  

t h a t  t h e s e  e q u i l ib r iu m  r e l a t i o n s  b e tw een  d e n s i t y  and p r e s s u r e ,  

e s t a b l i s h e d  i n  C h ap ter  I I ,  w ould be a p p r o x im a te ly  a p p l ic a b le  

a t  any i n s t a n t .  In  f a c t  we fo u n d  i n  C h apter I I  t h a t  i n  th e  

p a r t i c u l a r  case, when ,  ev en  i f  th e  f l u i d  was r e g a r d e d  a s

s t a t i c ,  th e  p r e s s u r e  c o u ld  o n ly  b e  ,  a s  i f  th e  f l u i d  w ere  

a c t u a l l y  m ovin g  g e o d e s i c a l l y  i n  th e  s t e a d y  s t a t e #

S u p p o se , t h e r e f o r e ,  t h a t  i n  a  l i m i t e d  r e g io n  o f  th e  s t e a d y  

s t a t e  u n iv e r s e  t h e r e  i s  a  s m a ll  f l u c t u a t i o n  o f  d e n s i t y  w h ich  

d o e s  n o t  u p s e t  th e  g e n e r a l  e x p a n s io n  o f  th e  r e g i o n .  Then by  

( 2 . 33) we f i n d  t h a t  f o r  dynam ic e q u i l ib r iu m  th e  d e n s i t y  o f
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i n e r t i a  s a t i s f i e s  th e  r e l a t i o n

^  o  a c c o r d in g  a s  f  ^  fs ...............••C 3#35 )

The l o c a l  e n e r g y  e q u a t io n  ( 2 . 3I ) ,  or  C 3 # 3 1 ), t h e r e f o r e  l e a d s  

c o r r e s p o n d in g ly  t o

^  O a c c o r d in g  a s  t  ^  . . . . . . . # ( 3 . 36 )

The i n t e r p r e t a t i o n  i s  t h a t  i f  pt)^ :p o  th e n  th e  e x p a n s io n

c a r r i e s  e n e rg y  o u tw a rd s r e l a t i v e  t o  a s t a t i c  r e f e r e n c e  fram e  

s e t  up l o c a l l y  i . e .  > o  ( c . f . ( l . l 6) )  ,  and v i c e  v e r s a  i f  

P^lv-cO # I t  f o l lo w s  t h a t  th e  e f f e c t  o f  e x p a n s io n  i n  e i t h e r  

c a s e  i s  t o  r e s t o r e  t h e  e q u i l ib r iu m  d e n s i t y ,  and h en ce  th e  p r e s 

s u r e ,  t o  th e  s t e a d y  s t a t e  v a l u e .

I n  a d d i t io n  we rem ark t h a t  th e  i n t e r i o r  s o l u t i o n  o f  

C h apter I I  l e a d s  t o  a n o n  z e r o  v a lu e  f o r  t h e  p a ra m eter  ^  i f  

p:|=Ps .  T h is  p a r a m e te r  was i d e n t i f i e d  a s  th e  e x c e s s  o f  

g r a v i t a t i o n a l  m ass i n  a  f i x e d  r e g io n  o f  sp a c e  o v e r  t h a t  

c o r r e s p o n d in g  t o  an e q u a l vo lum e o f  th e  s t e a d y  s t a t e  u n i v e r s e .  

A c c o r d in g  t o  th e  a n a lo g u e  o f  B ir k h o f f* s  th e o re m , d e a l t  w ith  i n  

C h ap ter  I ,  S e c t io n  ( i v ) ,  t h i s  e x c e s s  r em a in s  d e s p i t e  s c a n s i o n ,  

u n l e s s  t h e r e  i s  a n  a c t u a l  r a d ia t io n  t r a n s f e r  t o  th e  e x t e r i o r .  

Such a  r a d ia t io n  t r a n s f e r  o f  e n e r g y  w o u ld , i n  th e  n a tu r e  o f  

t h i n g s ,  be i n  th e  s e n s e  d e ter m in e d  by t h e  s i g n  o f  pfji ,  so  t h a t  

t h e  p r o c e s s  w ou ld  be a p a r t  o f  th e  r e s t o r a t i o n  o f  th e  s t e a d y  

s t a t e .  I n  an y  c a s e  th e  r a t i o  o f  th e  e x c e s s  t o  t h e  t o t a l  

g r a v i t a t i o n a l  m ass i n  a  r e g io n  w hose b o u n d a r ie s  move w ith  t h e  

f l u i d  m ust te n d  t o  z e r o  w ith  e x p a n s io n .
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( v i )  The r a te  o f  c r e a t i o n  o f  m a t e r ia l  e n e r g y  i n  th e  s t e a d y

The d e n s i t y  o f  m a tte r  ^  i n  t h e  s t e a d y  s t a t e ,  a c c o r d in g  

t o  our t h e o r y ,  h a s b e e n  g iv e n  i n  C 3 . 2 9 ) a s  a p p r o x im a te ly  

i f  we n e g l e c t  th e  p r e s s u r e  o f  m a t t e r .  T h is  a g r e e s  w it h  

P ir a n i* s  r e s u l t  f o r  t h e  p a r t i c u la r  c a s e  o f  t h e  s t e a d y  s t a t e  

m o d e l. S in c e  McCrea on  t h e  o t h e r  hand m akes no p h y s i c a l  

i n t e r p r e t a t i o n  o f  z e r o —p o in t  s t r e s s  he assu m es t h a t  

so  t h a t ,  a s  g iv e n  f o r  our i n  e q u a t io n  ( 3 . 2 8 ) ,  he o b t a in s

= 2>/kRs '♦ A s P ir a n i  rem arks t h i s  d is c r e p a n c y  w ould  p r o v id e  

i n  p r i n c i p l e  a  b a s i s  f o r  t e s t i n g  th e  h y p o t h e s is  o f  r a d i a t i o n  

o f  n e g a t iv e  e n e r g y , a ssu m in g  t h e  s t e a d y  s t a t e .  I t  sh o u ld  

b e  n o t ic e d  t h a t  H o y le  * s  r e s u l t  f o r  fvKi a g r e e s  w ith  McCrea* s ,  

s in c e  h e  a l s o  a ssu m es p = and n e g l e c t s  an y  form  o f  s t r e s s  

i n  h i s  m o d e l.

A c c o r d in g  t o  our e q u a t io n  t3*-26) th e  r a t e  o f  c r e a t i o n  o f  

m a t e r ia l  e n e r g y  i n  a  vo lum e ir  i s

 (3^ 37)
d t  d t  ^

f o r  th e  g e n e r a l  m o d e ls  o f  m e tr ic  ( 1 . 1 ) .  C o n se q u e n tly  f o r

t h e  s t e a d y  s t a t e  m odel i n  w h ich  i s  c o n s t a n t ,  t a k i n g U=-/ ,

we f i n d  f o r  th e  r a te  o f  c r e a t io n  o f  m a t e r ia l  e n e r g y  i n  u n i t

vo lu m e

Eyv, = 3(fvv« + |'v.4) / R s   . ( 3. 38 )

on  u s in g  ( 3 . 2 0 ) .  By e q u a t io n  ( 3 • 25 ) t h i s  m ust b e  e q u a l  t o  th e  

r a t e  o f  d e c r e a s e  o f  r a d ia t io n  e n e r g y  i n  u n i t  v o lu m e , so  t h a t
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t h e  r a t e  o f  c r e a t i o n  o f  r a d i a t io n  e n e r g y , d e r iv e d  s i m i l a r l y  

t o  be
Ev»  = 4 f r / n .  ........................

a l s o  s a t i s f i e s

............................................................................... .( 3 .4 0 )

Thus =  -  4  P r /R s     ( 3 .4 1 )

The r e s u l t  g iv e n  by  ( 3 .4 1 )  a g r e e s  w ith  t h a t  o f  P ir a n i  

f o r  t h e  s t e a d y  s t a t e .  H owever th e  r e s u l t  ( 3 . 38) d o e s  n o t ,  

s i n c e  P ir a n i  n e g l e c t s  t h e  p r e s s u r e  o f  m a t t e r .  By n e g l e c t i n g  

|v^ he ig n o r e s  t h a t  p a r t  o f  t h e  m a t e r ia l  e n e r g y  w h ich  h a s  t o  

b e  c r e a te d  t o  r e s t o r e  t h e  e n e r g y  d i s s i p a t e d  i n  th e  d e g r a d a t io n  

o f  co sm ic  r a y s  due t o  t h e  e x p a n s io n . I f  how ever we regard , 

th e  c o sm ic  r a y  p r e s s u r e  a s  r e l a t i v e l y  s m a l l  and n e g l e c t  

th e n  from  (3#3® ) and ( 3 . 2 9 ) we o b t a in  P ir a n i* s  r e s u l t

3t/K  f?5̂   (5 .42)

A lth o u g h  i t  i s  n o t  p o in t e d  o u t  b y  P ir a n i  t h e r e  i s  a l s o  a  

d is c r e p a n c y  h e r e  b e tw e e n  (3 # 4 2 )  and th e  r a t e  o f  c r e a t io n  o f  

m a tte r  g iv e n  b y  McCrea and by H o y le .  H o y le ,  n e g l e c t in g  th e  

p r e s s u r e  a l t o g e t h e r  and i d e n t i f y i n g  ĵ vn w ith  p ,  o b ta in s  w hat 

w ou ld  be. o b ta in e d  from  ( 3 #3®) on  th e  same s u p p o s i t io n s  v i a .

c  4  / K .  McCrea g e t s  th e  same r e s u l t  by

i d e n t i f y i n g  ^  w ith  ^ and c a l c u l a t i n g  th e  r a t e  o f  w ork in g  o f  

t h e  n e g a t iv e  s t r e s s  fl on  t h e  boundary o f  u n i t  v o lu m e . T hat 

i s  McCrea w orks i n  te r m s o f  t h e  e q u a t io n  f o r  t o t a l  e n e r g y  

( 3 . 24 ) and c a l c u l a t e s
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a s  th e  r a te  o f  c r e a t io n  o f  e n e r g y . T h is  i s  e v id e n t ly  a  

d i f f e r e n t  i n t e r p r e t a t i o n  o f  c r e a te d  e n e r g y  from  o u r s ,  and  

r e p r e s e n t s  i n  f a c t  th e  a d i a b a t i c  in c r e a s e  i n  e n e r g y  w h ich  a  

f l u i d  o f  n e g a t iv e  s t r e s s  g a in s  on e x p a n s io n , w ith o u t  e n e r g y  

t r a n s f e r  from  o u t s id e  s o u r c e s .  I n  t h i s  s e n s e  an o r d in a r y  g a s  

o f  p o s i t i v e  p r e s s u r e  w ou ld  e x p e r ie n c e  c r e a t io n  o f  e n e rg y  on  

c o n t r a c t i o n .  T h is  d o e s  n o t  how ever seem  t o  b e  th e  c o r r e c t  u s e  

o f  th e  w ord * c r e a t io n *  i n  th e  p h y s i c a l  c o n t e x t  o f  th e  p r o b le m .

I n  ou r th e o r y  th e  q u a n t i t y  o f  m a t e r ia l  e n e r g y  i s

s u p p l ie d  from  an  o u t s id e  so u r c e  -  n am ely  th e  f i e l d  o f  r a d i a t iv e  

e n e r g y  from  w h ich  i t  i s  m a t e r i a l i s e d  o r  c r e a t e d .  I t  i s  a c c o u n t 

ed  f o r  b y  th e  in c r e a s e  i n  m a t e r ia l  e n e r g y  a c t u a l l y  w i t n e s s e d  i n  

a volum e ir  ,  p lu s  th e  amount u se d  t o  make good  th e  l o s s  o f  

m a t e r ia l  e n e r g y  w hich  w ould  a r i s e ,  due t o  th e  m a t e r ia l  p r e s s u r e ,  

e v en  i n  an  a d i a b a t ic  e x p a n s io n .  The t o t a l  e n e r g y , m a t e r ia l  

p lu s  r a d i a t i v e ,  s u p p l ie d  from  ’ o u t s id e *  s o u r c e s  m ust a lw a y s  

be z e r o  i n  g e n e r a l  r e l a t i v i t y  i . e .  = o  ( e q n . ( 3 #2 5 ) ) ,

i n  a greem en t w ith  t h e  p r i n c i p l e  o f  c o n s e r v a t io n  o f  e n e r g y . T h at 

i s ,  th e  e x p a n s io n s  and c o n t r a c t io n s  o f  a hom ogeneous f l u i d  a r e  

a lw a y s  a d ia b a t ic  i n  r e s p e c t  o f  t o t a l  e n e r g y .

We now tu r n  t o  th e  im p o r ta n t  q u e s t io n  o f  how t h e  r a t e  o f  

c r e a t i o n  o f  m a tte r  i n  th e  su b s tr a tu m  i s  a f f e c t e d  b y  t h e  

p r o x im ity  o f  a  m ass c o n c e n t r a t io n  or  r a r e f a c t i o n ,  a ssu m in g  t h a t  

dynam ic e q u i l ib r iu m  b etv ;een  m a tte r  and r a d ia t io n  m a in ta in s  t h e  

s t e a d y  s t a t e  d e n s i t y  and p r e s s u r e .  For t h i s  p u rp o se  we s h a l l
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em ploy th e  s t a t i o n a r y  e x t e r i o r  s o l u t i o n  o f  m e t r ic  ( 1 . 8 ) o b ta in e d  

i n  C hapter I .

The g e n e r a l ly  c o v a r ia n t  e q u a t io n  o f  c o n s e r v a t io n  o f  e n e rg y  

i n  a p e r f e c t  f l u i d  i s

^    . . . . . ( 3. 43)

w here f  and j i  a r e  th e  p r o p e r  d e n s i t y  end  p r e s s u r e  r e s p e c t i v e l y ,  

A i s  t h e  u n i t  t a n g e n t  t o  th e  w o r ld  l i n e  o f  i t s  m o tio n , and  

a  s e m i-c o lo n  i n d i c a t e s  00v a r ia n t  d i f f e r e n t i a t i o n .  I t  i s  

e a s i l y  v e r i f i e d  t h a t  i n  a l o c a l  g e o d e s ic  sy s te m  o f  c o o r d in a t e s  

t h i s  e q u a t io n  r e d u c e s  t o  t h a t  a lr e a d y  e x p r e s s e d  b y  ( 2. 3I ) .  

A c c o r d in g  t o  ( 3#22 ) we may w r i t e  t h i s  e q u a t io n  i n  th e  form

(fL  y  ))  V + \  ) V ~  )} V • . . . . . . • ( 3 * 4 4 )

The l e f t  hand s i d e  o f  t h i s  e q u a t io n  i s  th e  r a t e  o f  c r e a t io n  

o f  m a tte r  i n  u n i t  p r o p e r  v o lu m e , r e f e r r e d  t o  an a r b i t r a r y  

c o o r d in a te  s y s te m , w h ich  we s h a l l  c a l l  The r i g h t  hand

s i d e  i s  ,  o r  th e  r a t e  o f  d e c r e a s e  o f  r a d i a t i o n  e n e r g y  i n  

u n i t  p r o p e r  v o lu m e . For th e  s t e a d y  s t a t e  u n d is tu r b e d  by  

l o c a l  m a sses  t h e s e  e x p r e s s io n s  r ed u c e  to  t h o s e  g iv e n  i n  ( 3#3®) 

and ( 3 #39)#

For th e  m odel o f  m e t r ic  ( 1 .8 )  we have shown i n  C hapter I ,  

S e c t i o n  ( i i )  t h a t  j> and fi have th e  c o n s ta n t  v a lu e s  ^  and j^ s  

a t  a l l  p o i n t s  o u t s id e  th e  c o n c e n t r a t io n .  A c c o r d in g ly , b e c a u se  

o f  dynam ic e q u i l ib r iu m  ^  and can  be assum ed t o  have th e  

c o n s t a n t  v a lu e s  o b t a in in g  i n  th e  u n d is tu r b e d  s t e a d y  s t a t e ' .

H ence b y  (3 # 4 4 )  . , \ j

=  V'’)  - . . . ( 3- 45)
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H ence f o r  th e  m e tr ic  ( 1 .8 )

fw , — ( 3. 46)

The v e j^ o c ity  rf^yàs o f  th e  su b str a tu m  i s  g iv e n  by ( 1 . 2 1 ) ,  so  t h a t  

o n  s i m p l i f i c a t i o n

= M f!-  + 1*^)
r

R

I ^  A { k *-l)Rs'~
~ I ï ' ♦.. ( 3#“ 47 )

We c o n s id e r  f i r s t  th e  c a s e  when th e  m ass c o n c e n t r a t io n  ^  

i s  p o s i t i v e  and  s u f f i c i e n t l y  l a r g e  f o r  a n e u t r a l  s u r f a c e  = 

t o  e x i s t .  F or t h i s  c a s e  oC i s  g iv e n  by  ( 1 . 2 4 ) .  Whence b y  

(1 # 2 3 )
3

E ^ =  f l i n t y  I  ' - ' t t
K

R,
i s :_____2 1 _ L   ( 3 . 4 8 )

nT i +  ^
We n o te  t h a t  th e  f a c t o r  o u t s id e  th e  c u r ly  b r a c k e t  i s  b y  (3#3® ) 

t h e  r a t e  o f  c r e a t io n  i n  th e  u n d is tu r b e d  s t e a d y  s t a t e ,  c o r r e sp o n d 

in g  t o  y y \ - o  and - 1

The b e h a v io u r  o f  th e  d is tu r b a n c e  f a c t o r  i s  e a s i l y  

i n v e s t i g a t e d  b y  p u t t in g  — ^  .  We o m it  th e  d e t a i l s  and

p ro n o u n ce  a s  f o l l o w s .  Due t o  th e  e f f e c t  o f  th e  m ass 

c o n c e n t r a t io n  t h e  r a t e  o f  c r e a t i o n  i n  t h e  su b s tr a tu m  d e c r e a s e s
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m o n o t o n i c a l l y  f r o m  t h e  u n d i s t u r b e d  s t e a d y  s t a t e  v a l u e  a t  g r e a t  

d i s t a n c e  t o  ly^VT o f  t h i s  v a l u e  a t  t h e  n e u t r a l  s u r f a c e ,  d e c r e a s e s  

f u r t h e r  m o n o t o n i c a l l y  i n s i d e  t o  z e r o  a t

—  *(t>I a f t e r  w h ic h  a n n i h i l a t i o n  s e t s  i n  f o r  s m a l l e r  ^  .  The

v a r i a t i o n  o f  t h e  r a t e  o f  c r e a t i o n  i s  m o n o to n ie  t h r o u g h o u t .

We c a n  o b t a i n  a  g e n e r a l  a p p r e c i a t i o n  o f  t h e s e  r e s u l t s  f ro m  

t h e  f o l l o w i n g  c o n s i d e r a t i o n s *  O u t s i d e  t h e  n e u t r a l  s u r f a c e  

t h e  a c c e l e r a t i o n  o f  t h e  s u b s t r a t u m  i s  r e d u c e d  a t  a n y  p o i n t  by  

t h e  e f f e c t  o f  t h e  m ass  ^ ,  when c o m p a red  w i t h  t h e  u n d i s t u r b e d  

s t e a d y  s t a t e  ( e q n .  ( 1 . 2 2 ) ) .  T hus n e i g h b o u r i n g  p a r t i c l e s  i n  

t h e  l i n e  o f  m o t i o n  move a p a r t  w i t h  d e c r e a s e d  v e l o c i t y  so  t h a t  

a  r e d u c e d  r a t e  o f  c r e a t i o n  i s  n e c e s s a r y  t o  m a i n t a i n  c o n s t a n t  ^  .

I n s i d e  t h e  n e u t r a l  s u r f a c e  t h e  a c c e l e r a t i o n  may a c t u a l l y  e x c e e d  

t h e  u n d i s t u r b e d  v a l u e ,  so  t h a t  n e i g h b o u r i n g  p a r t i c l e s  i n  t h e  

l i n e  o f  m o t io n  move a p a r t  w i t h  i n c r e a s e d  v e l o c i t y  s u f f i c i e n t l y  

n e a r  ^  ,  b u t  t h i s  i s  m ore  t h a n  c o u n t e r a c t e d  b y  t h e  l a t e r a l  

c o n t r a c t i o n  o f  t h e  s u b s t r a t u m  a s  t h e  p a r t i c l e s  c o n v e r g e  t o w a r d s  

t h e  m ass  ^  .

F o r  t h e  c a s e s  w hen On i s  p o s i t i v e ,  b u t  so  s m a l l  t h a t  t h e  

n e u t r a l  s u r f a c e  d o e s  n o t  e x i s t ,  a n d  w hen i s  n e g a t i v e ,  

c o r r e s p o n d i n g  t o  c a s e s  ( b )  a n d  ( o )  o f  C h a p te r  I ,  S e c t i o n  ( i i ) ,  

i t  w ou ld  b e  r e a s o n a b l e  t o  e x p e c t  t h a t  c< s h o u l d  s t i l l  b e  g i v e n  

b y  ( 1 . 2 4 )  a l t h o u g h  t h e r e  a p p e a r s  t o  be  no c l e a r  a rg u m e n t  

e s t a b l i s h i n g  t h i s .  How ever t h e  e x a c t  a n a l y s i s  o f  ( 3 . 4 ? )  i s  

u n n e c e s s a r y  i n  t h e s e  c a s e s .  F o r  i n  b o t h  c a s e s  c o s m o l o g i c a l
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r e p u l s i o n  p r e v a i l s  e v e ry w h e r e  i n  t h e  s u b s t r a t u m  ( e q n . ( 1. 22)), 

b e i n g  d e c r e a s e d  i n  c a s e  (b )  a n d  i n c r e a s e d  i n  c a s e  ( c )  r e l a t i v e  

t o  t h e  u n d i s t u r b e d  s t e a d y  s t a t e .  A c c o r d i n g l y ,  t h e  v e l o c i t y  

o f  s e p a r a t i o n  o f  t h e  p a r t i c l e s  i n  t h e  l i n e  o f  m o t i o n ,  a n d  w i t h  

i t  t h e  r a t e  o f  c r e a t i o n ,  i s  d e c r e a s e d  i n  c a s e  (b )  a n d  i n c r e a s e d  

i n  c a s e  ( c ) .  I n  b o t h  e a s e s  h o w e v e r  t h e  r a t e  o f  c r e a t i o n  i s  

p o s i t i v e ,  b e i n g  l e a s t  n e a r e s t * t h e  m a s s i n  c a s e  (b )  a n d  g r e a t e s t  

n e a r e s t  t h e  ’ h o le *  i n  t h e  s u b s t r a t u m  i n  c a s e  t o ) .

We c o n c l u d e ,  t h e r e f o r e ,  t h a t  c r e a t i o n  o f  m a t t e r  i n  t h e  

s t e a d y  s t a t e  u n i v e r s e ,  t r e a t e d  a c c o r d i n g  t o  g e n e r a l  r e l a t i v i t y ,  

i s  b y  no m eans a  s t a t i s t i c a l l y  u n i f o r m  ran d o m  p r o c e s s  i n d e p e n d e n t  

o f  l o c a l  c o n d i t i o n s ,  b u t  h i g h l y  s e n s i t i v e  t o  l o c a l  g r a v i t a t i o n a l  

i n f l u e n c e .

A l t h o u g h  o u r  a n a l y s i s  h a s  b e e n  a p p l i e d  t o  t h e  s u b s t r a t u m  

o u t s i d e  a  s t a t i o n a r y  d i s t u r b a n c e  i n  t h e  s t e a d y  s t a t e  i t  i s  

e v i d e n t  t h a t  t h e  sam e q u a l i t a t i v e  r e s u l t s  w i l l  a p p l y  w i t h i n  

e x p a n d in g  t e m p o r a r y  c o n c e n t r a t i o n s  a n d  r a r e f a c t i o n s  i n  t h e  

s t e a d y  s t a t e  u n i v e r s e .  T h u s  i f  i n  a n y  r e g i o n / P  i s  s l i g h t l y  

g r e a t e r  t h a n  5̂ t h e n  we h a v e  a  p o s i t i v e  m a s s  c o n c e n t r a t i o n  vn .  

W i t h i n  a n d  a ro u n d  t h i s  r e g i o n  t h e  e x p a n s i o n  w i l l  be s lo w e d  up 

r e l a t i v e  t o  t h e  u n d i s t u r b e d  s t e a d y  s t a t e ,  a n d  t h e  r a t e  o f  

c r e a t i o n  n e c e s s a r y  t o  m a i n t a i n  e q u i l i b r i u m  b e tw e e n  m a t t e r  a n d  

r a d i a t i o n  w i l l  d e c r e a s e .  C o n v e r s e l y  i f  f> i s  s l i g h t l y  l e s s  

t h a n  ^  t h e  r a t e  o f  c r e a t i o n  o f  m a t t e r  w i l l  i n c r e a s e .  We 

h a v e  s e e n  i n  S e c t i o n  (v )  ( e q n . ( ) t h a t  i n  e i t h e r  e a s e
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e x p a n s i o n  h a s  t h e  e f f e c t  o f  r e s t o r i n g  t h e  s t e a d y  s t a t e  d e n s i t y  

a n d  p r e s s u r e .

( v i i )  F o r m a t i o n  o f  g a l a x i e s  i n  t h e  s t e a d y  s t a t e  u n i v e r s e

By t h e  a n a l y s i s  i n  C h a p te r  I  o f  t h e  e x t e r i o r  s o l u t i o n  

o f  m e t r i c  ( 1. 8) ,  o r  ( 1 . 2 8 ) ,  i t  was f o u n d  t h a t  a  m ass  

c o n c e n t r a t i o n  i n  t h e  o t h e r w i s e  sm o o th e d  o u t  s t e a d y  s t a t e  

u n i v e r s e  w i l l  p r o v i d e  a n  a t t r a c t i o n  t o  c o u n t e r  c o s m ic  r e p u l s i o n  

o n l y  i f  ^ 7 0  ( e q n . ( 1 . 2 2 )  ) .  I f  vki i s  s u f f i c i e n t l y  l a r g e  

t h e n  c o s m ic  r e p u l s i o n  w i l l  b e  o v e rc o m e ,  a n d  t h e  f l u i d  s u b s t r a t u m  

w i l l  c o n v e r g e  u p o n  t h e  m a s s  i n s i d e  a  c e r t a i n  n e u t r a l  s u r f a c e  

^  = (o ,  g i v e n  b y  ( 1 . 2 ) ) .  The a s s u m p t i o n  t h a t  t h e  p h y s i c a l  

s i t u a t i o n  w as s t a t i o n a r y  l e d  t o  t h e  r e s u l t  t h a t  t h e  s t e a d y  

s t a t e  d e n s i t y  ^  a n d  p r e s s u r e  w e re  m a i n t a i n e d  i n  t h e  

e x t e r i o r .  I n  S e c t i o n  ( v i )  o f  t h i s  C h a p te r  w^feave s e e n  t h a t  

t h i s  i n  t u r n  r e q u i r e s  a  r e d u c e d  r a t e  o f  c r e a t i o n  o f  m a t t e r  

o u t s i d e  a n d  i n s i d e  ^  ,  a n d  i n  f a c t  a n n i h i l a t i o n  o f  m a t t e r

f o r  U

I n  t h e  p a r t i c u l a r  c a s e  o f  t h e  m ass  ^  b e i n g  a  s p h e r e  o f  

u n i f o r m  d e n s i t y  p  ,  t h e  minimum d e n s i t y  f o r  t h e  n e u t r a l  s u r f a c e  

t o  e x i s t  i n  t h e  s u b s t r a t u m  was f o u n d  i n  C h a p te r  I I ,  S e c t i o n  ( i i )

( b )  t o  b e  Zfs p a n d  i n  t h i s  c a s e  t h i s  s u r f a c e  c o i n c i d e d  w i t h  

t h e  b o u n d a r y  o f  t h e  m ass  . I n  t h i s  l i m i t i n g  c a s e  t h e  

e x t e r i o r  f l u i d  was a t  r e s t  a t  t h e  b o u n d a r y ,  an d  t h e  g r a v i t a t i o n a l  

m a ss  o f  t h e  s p h e r e  was t h e n  a c t u a l l y  z e r o ,  t h e  d e n s i t y  a n d  

p r e s s u r e  b e i n g  t h o s e  o f  t h e  E i n s t e i n  u n i v e r s e .  F o r  d e n s i t i e s
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t h e  g r a v i t a t i o n a l  m ass  o f  t h e  s p h e r e  b e co m es  p o s i t i v e ,

w h i l e  t h e  r e g i o n  o f  c o n t r a c t i n g  f l u i d  i n s i d e  t h e  n e u t r a l

s u r f a c e  i n c r e a s e s  i n  s i z e  a s  p i n c r e a s e s .

As we h a v e  r e m a r k e d ,  i n  t h e  a n a l y s i s  o f  C h a p t e r s  I ,  I I  we

w ere  c o n c e r n e d  w i t h  s t a t i o n a r y  s o l u t i o n s  o n l y ,  c o r r e s p o n d i n g  

t o  d y n a m ic  e q u i l i b r i u m  b e tw e e n  m a t t e r  a n d  r a d i a t i o n .  H ow ever 

i n  t h e  c a s e  w hen t h e r e  i s  a  v e r y  m a s s i v e  c e n t r a l  c o n d e n s a t i o n ,  

s u c h  a s  a  g a l a x y ,  t h e  r a t e  o f  c o n t r a c t i o n  o f  t h e  s u b s t r a t u m  

m i g h t  becom e s o  l a r g e  i n  i t s  n e ig h b o u r h o o d  ( e q n . ( 1 . 2 1 ) )  t h a t  

t h e r e  w o u ld  n o t  b e  t im e  f o r  e q u i l i b r i u m  t o  b e  m a i n t a i n e d  b e tw e e n  

m a t t e r  a n d  r a d i a t i o n .  I n  t h e s e  c i r c u m s t a n c e s  t h e  d e n s i t y  o f  

m a t t e r  i n  t h e  r e g i o n  w o u ld  b u i l d  up  i n  t h e  c o n t r a c t i n g

f l u i d  w h i l e  t h e  d e n s i t y  o f  n e g a t i v e  r a d i a t i o n  w ou ld  a l s o  

i n t e n s i f y .  Much o f  t h i s  r a d i a t i o n  w o u ld  e s c a p e  b e f o r e  i t  h a d  

a n n i h i l a t e d  m uch m a t t e r .  T h i s  w o u ld  i n c r e a s e  t h e  s e l f  

g r a v i t a t i o n  o f  t h e  c o n t r a c t i n g  f l u i d  w hose  c o n t r a c t i o n  w o u ld  

t h e r e f o r e  a c c e l e r a t e .  I n  s u c h  c i r c u m s t a n c e s ,  s u f f i c i e n t l y  n e a r  

t h e  c e n t r a l  m ass  t h e  s u b s t r a t u m ,  e v e n  i f  t h e  c e n t r a l  m ass  w e re  

re m o v e d ,  w o u ld  b e  a b l e  t o  c o n t r a c t  u n d e r  i t s  own i n f l u e n c e ,  a n d  

so  t o  f o r m  a  new s o u r c e  o f  a t t r a c t i o n  t o  t h e  s u b s t r a t u m  f u r t h e r  

a f i e l d .

A t e m p o r a r y  p e r t u r b i n g  i n f l u e n c e  o f  t h i s  m a g n i tu d e  m ig h t  

b e  p r o v i d e d  b y  t h e  p a s s a g e  o f  a  g a l a x y  i n t o  a  r e g i o n  i n  w h ic h  

t h e  s t e a d y  s t a t e  was b e i n g  m a i n t a i n e d ,  a s  h a s  b e e n  s u g g e s t e d  

b y  D.W . S c ia m a  ( 1 9 ) .  Sq iam a o f  c o u r s e  a s su m e s  t h a t  t h e
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i n t e r g a l a c t i c  f l u i d  i s  g a s e o u s  h y d r o g e n ,  w i t h  a  n e g l i g i b l e  

am o u n t o f  o r d i n a r y  r a d i a t i o n  p r e s e n t .  We f o l l o w  S c ia m a  i n  

s u p p o s i n g  t h a t  t h e  f l u i d  o f  t h e  s u b s t r a t u m  w o u ld  c o n t r a c t  i n  

t h e  wake o f  s u c h  a  g a l a x y .  S i n c e ,  a s  we h av e  s e e n ,  a n y  

n e g a t i v e  r a d i a t i o n  n o t  a b s o r b e d  i n  t h e  c o n t r a c t i n g  s u b s t r a t u m  

w o u ld  be  l o s t  t o  o u t e r  s p a c e ,  t h e  m e c h a n ic s  o f  t h e  c o n d e n s a t i o n  

w i l l  b e  a l o n g  t h e  l i n e s  d i s c u s s e d  b y  S c iam a  f o r  a  c o n t r a c t i n g  

g a s .

I n  p a r t i c u l a r ,  s i n c e  t h e  p a r a m e t e r  "M i n  t h e  c a s e  o f  t h e  

o r i g i n a l  p e r t u r b i n g  g a l a x y  w i l l  r e p r e s e n t  n e a r l y  t h e  e n t i r e  

m ass  o f  t h e  g a l a x y ,  i t  f o l l o w s  t h a t  i f  t h e  p r o c e s s  i s  t o  l e a d  

t o  t h e  f o r m a t i o n  o f  a n o t h e r  g a l a x y  t h e  am oun t o f  m ass  a t t r a c t e d  

i n t o  t h e  wake m u s t  b e  o f  o r d e r  t  S in c e  t h e  e n t i r e  m ass  

w i t h i n  t h e  n e u t r a l  s u r f a c e  w i l l  be  d raw n  i n ,  i t  i s  s a t i s f a c t o r y  

t o  n o t e  t h a t  e v e n  i f  wre i n c l u d e  t h e  n e g a t i v e  r a d i a t i o n  t h i s  

i s  o f  o r d e r  Ps ,  w h ic h  b y  ( 1. 5) a n d  ( 1. 23) i s  i n d e e d  o f

o r d e r  "bi .  I t  i s  e a s y  t o  s e e  f ro m  ( 1 . 2 1 )  t h a t  t h i s  p r o c e s s

o f  c o n t r a c t i o n  i n t o  t h e  wake f r o m  t h e  n e u t r a l  s u r f a c e  ( o (  | )

w i l l  t a k e  a  t im e  o f  o r d e r  T  ,  w here  so  t h a t  T  i s

t h e  r e c i p r o c a l  o f  t h e  H u b b le  p a r a m e t e r .  T h i s  t im e  i s  o f  t h e  

r e q u i r e d  o r d e r  f o r  t h e  m a in t e n a n c e  o f  a  s t e a d y  s t a t e  a s  r e g a r d s  

g a l a x i e s .

I n  t h i s  t im e  t h e  ’ h o l e ’ l e f t  i n s i d e  t h e  n e u t r a l  s u r f a c e ,  

f i l l e d  p r e d o m i n a n t l y  w i t h  n e g a t i v e  r a d i a t i o n  when t h e  m a t e r i a l  

c o n t e n t s  a r e  f i r s t  a b s t r a c t e d ,  w i l l  b e  r e s t o c k e d  w i t h  n e w ly
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c r e a t e d  m a t t e r .  T h i s  i s  made p o s s i b l e  b y  t h e  f a c t  t h a t  i n  

g e n e r a l  t h e  p e c u l i a r  v e l o c i t i e s  o f  t h e  p a r e n t  g a l a x y  an d  i t s  

c h i l d  w i l l  h av e  c a r r i e d  th em  o u t  o f  t h e  o r i g i n a l  n e u t r a l  s u r f a c e .  

C o n s e q u e n t l y  t h e  n e g a t i v e  r a d i a t i o n  l e f t  i n  t h e  h o l e  w i l l  b e g i n  

t o  e x p a n d  m ore r a p i d l y  t h a n  i n  t h e  s t e a d y  s t a t e ,  s i n c e  t h e  

g r a v i t a t i o n a l  m a ss  i s  n e g a t i v e .  T h i s  r a p i d l y  i n c r e a s e s  t h e  

d e n s i t y  o f  r a d i a t i o n ,  a n d ,  a s  we h a v e  s e e n  e a r l i e r  i n  S e c t i o n  (v )  

f o r  t h e  c a s e  when p + j i - c o ,  t h i s  l e a d s  t o  t h e  r e s t o r a t i o n  o f  t h e  

s t e a d y  s t a t e  b y  t h e  e q u i l i b r i u m  p r o c e s s .

S c iam a  h a s  show n t h a t  i n  a b o u t  JOjS o f  t h e  g a l a x i a l  b i r t h s  

t h e  p a r e n t  g a l a x y  c a p t u r e s  i t s  c h i l d ,  so  t h a t  c l u s t e r s  o f  

g a l a x i e s  a r e  g r a d u a l l y  b u i l t  u p .  We s h a l l  be  c o n t e n t  w i t h  

r e m a r k i n g  t h a t  a c c o r d i n g  t o  o u r  t h e o r y  t h i s  p r o c e s s  c a n  c o n t i n u e  

o n l y  so  l o n g  a s  t h e  t o t a l  g r a v i t a t i o n a l  m ass  o f  t h e  c l u s t e r  

r e m a in s  p o s i t i v e .  I f  t h e  a v e r a g e  m ass  d e n s i t y  p  f a l l s  b e lo w  

3  fs ,  c o r r e s p o n d i n g  t o  t h e  E i n s t e i n  s t a t e ,  t h e n  t h e  c l u s t e r  

c a n n o t  c a p t u r e  a n y  m ore g a l a x i e s  an d  may e v e n  l o s e  some o f  i t s  

own m e m b e rs .

The p r o b le m  a r i s e s ,  when a  g a l a x y  h a s  s u f f i c i e n t l y  

c o n d e n s e d  f o r  s t a r s  t o  b e  fo rm e d ,  a r e  we t o  r e g a r d  a  s t a r  a s  

i n  s u f f i c i e n t l y  q u a s i - s t a t i c  s t a t e  f o r  e q u i l i b r i i m  b e tw e e n  

m a t t e r  a n d  r a d i a t i o n  t o  e x i s t  i n  i t s  i n t e r i o r ,  a s  we h av e  

a s su m e d  w hen t h e  d e n s i t y  was o f  o r d e r  ^  f  I n  th e rm o d y n a m ic s  

a  p h y s i c a l  s y s te m  w h ic h  r e c e i v e s  no  e n e r g y  f r o m  o u t s i d e  s o u r c e s
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l s  r e g a r d e d  a s  b e i n g  i n  c h e m ic a l  a n d  th e rm o d y n a m ic  e q u i l i b r i u m  

w hen  i t s  e n t r o p y  i s  a  maximum. T h i s  c r i t e r i o n ,  f o r  t h e  

o r d i n a r y  p r o c e s s e s  o f  c o n v e r s i o n  o f  m a t t e r  i n  o n e  fo rm  o f  

c h e m i c a l  a r r a n g e m e n t  i n t o  a n o t h e r ,  l e a d s  t o  a  k n o w le d g e  o f  t h e  

r e l a t i v e  p r o p o r t i o n s  o f  t h e  d i f f e r e n t  c o n s t i t u e n t s  o f  t h e  

s y s t e m  w h ic h  a r e  p r e s e n t  i n  e q u i l i b r i u m .  The a s s u m p t i o n  u s u a l ly -  

m ade i s  t h a t  t h e  z e r o  o f  e n t r o p y  f o r  m a t t e r  o c c u r s  when i t  i s  

i n  p u r e  c r y s t a l l i n e  f o r m  a t  t h e  a b s o l u t e  z e r o  o f  t e m p e r a t u r e .

H ow ev er ,  i n  r e a c t i o n s  o f  t h e  t y p e  t h a t  we a r e  c o n s i d e r i n g

i n v o l v i n g  t h e  c o m p l e t e  a n n i h i l a t i o n  o r  c r e a t i o n  o f  m a t t e r  i n

e q u i l i b r i u m  w i t h  r a d i a t i o n ,  t h e  ab o v e  a s s u m p t i o n  r e g a r d i n g  t h e  

z e r o  o f  e n t r o p y  w o u ld  i g n o r e  t h e  p o s s i b i l i t y  o f  l a r g e  s o u r c e s  

o f  e n t r o p y  w i t h i n  t h e  n u c l e u s  i t s e l f ,  a s  h a s  b e e n  p o i n t e d  o u t  

p r e v i o u s l y  b y  R .O . T o lm an  ( ^ )  .  T h u s ,  w h i l e  t h e  c l a s s i c a l  

a n a l y s i s  o f  e q u i l i b r i u m  w ou ld  show  t h a t  t h e  c o n c e n t r a t i o n  o f  

m a t t e r  i n  t h e  s t a r s  i s  f a r  t o o  h i g h  f o r  e q u i l i b r i u m  w i t h  

r a d i a t i o n ,  i t  may be  t h a t  f u r t h e r  k n o w le d g e  o f  t h e  a to m ic

n u c l e u s  w o u ld  l e a d  t o  a  d i f f e r e n t  v i e w .

( v i i i )  The n a t u r e  o f  n e g a t i v e  r a d i a t i o n

M a t h e m a t i c a l l y  t h e  n o t i o n s  o f  n e g a t i v e  r a d i a t i o n ,  and  

o f  n e g a t i v e  e n e r g y ,  s t r e s s ,  a n d  i n e r t i a  i n  g e n e r a l ,  i n t r o d u c e  

no  e x t r a  d i f f i c u l t i e s  i n  g e n e r a l  r e l a t i v i t y ,  a n d  i n  f a c t  t h e y  

a p p e a r  a s  a  n a t u r a l  e x t e n s i o n  o f  t h e  t h e o r y .  T h i s  i s  a l s o  

t r u e  o f  q u an tu m  m e c h a n ic s  w h e re  t h e  e q u a t i o n s  p e r m i t  o f  t h e  

e x i s t e n c e  o f  n e g a t i v e  s t a t e s  o f  e n e r g y .  I t  w o u ld  be  h i g h l y
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d e s i r a b l e  i f  i n  t h i s  way a  l i n k  was fo u n d  b e tw e e n  t h e  quan tu m  

and  g r a v i t a t i o n a l  f i e l d  t h e o r i e s .

W ith  s u c h  a n  a im  e v i d e n t l y  i n  m ind  P i r a n i ,  i n  h i s  p a p e r  

a l r e a d y  r e f e r r e d  t o ,  t e n t a t i v e l y  a s c r i b e d  t h e  name g r a v i t i n o s  

t o  t h e  q u a n ta  o f  n e g a t i v e  r a d i a t i o n  e m i t t e d  s i m u l t a n e o u s l y  w i t h  

t h e  c r e a t i o n  o f  m a t t e r ,  b u t  d i d  n o t  go f u r t h e r  t h a n  t h i s .  F rom  

t h e  p o i n t  o f  v ie w  o f  quan tum  t h e o r y  he  s u g g e s t e d  t h a t  t h e  

r a d i a t i o n  m ig h t  p o s s i b l y  be  i d e n t i f i e d  w i t h  n e u t r i n o s ,  a n d  

p o i n t e d  o u t  t h a t  f r o m  t h e  e x p e r i m e n t a l  p o i n t  o f  v iew  t h e r e  

w o u ld  be no d i f f e r e n c e  b e tw e e n  t h e  e m i s s i o n  o f  a  n e u t r i n o  o f  

p o s i t i v e  e n e r g y  a n d  t h e  a b s o r p t i o n  o f  o n e  o f  n e g a t i v e  e n e r g y .

We r e m a r k  t h a t  i t  h a s  b e e n  s u g g e s t e d  b y  F .  R e in e s  and  

C. L .  Cowan ( 21) t h a t  a  l a r g e  p a r t  o f  t h e  e n e r g y  o f  t h e  

u n i v e r s e  may e x i s t  i n  t h e  fo rm  o f  n e u t r i n o s ,  b e c a u s e  o f  t h e i r  

a s s o c i a t i o n  w i t h  n u c l e a r  d e c a y  a n d  t h e i r  g r e a t  p e n e t r a b i l i t y  o f  

m a t t e r  w i t h o u t  b e i n g  r e a b s o r b e d .  R e in e s  and  Cowan h a v e  

c a l c u l a t e d  t h a t  a t  e n e r g i e s  n e a r  t h e  t h r e s h o l d  o f  e n e r g y  f o r  

a b s o r p t i o n  b y  p r o t o n s  t h e  m ean f r e e  p a t h  o f  n e u t r i n o s  w ou ld  b e  

o f  t h e  o r d e r  o f  t h e  r a d i u s  o f  t h e  u n i v e r s e .  T h i s  t h r e s h o l d  

e n e r g y  i s  a  few  McV .  H o w e v e r ^ i f  o u r  c r e a t i o n  t h e o r y  i s  

c o r r e c t j t h e  n e g a t i v e  r a d i a t i o n  e m i t t e d  w i t h  t h e  c r e a t i o n  o f  a  

p r o t o n  a n d  a n t i - p r o t o n  w o u ld  b e  f a r  i n  e x c e s s  o f  t h e  t h r e s h o l d  

e n e r g y  f o r  s u b s e q u e n t  p a r t i a l  a n n i h i l a t i o n  b y  a b s o r p t i o n ,  so  

t h a t  t h e  c r o s s  s e c t i o n  f o r  c o l l i s i o n  c o u ld  be  e x p e c t e d  t o  b e  

c o n s i d e r a b l y  i n c r e a s e d .  The d y n a m ic  e q u i l i b r i u m  e n v i s a g e d
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i n  o u r  t h e o r y  m i g h t  w e l l  b e  f e a s i b l e ,  e s p e c i a l l y  a s  t h e  t h e o r y  

l e a d s  t o  a  d e n s i t y  o f  n e g a t i v e  r a d i a t i o n  o f  t h e  same o r d e r  a s  

t h a t  o f  m a t t e r #

W h e th e r  n e g a t i v e  r a d i a t i o n  c a n  be i d e n t i f i e d  w i t h  n e u t r i n o s  

o r  n o t ,  we s h a l l  f o r  o u r  p a r t  p u t  f o r w a r d  t h e  v ie w  i n  t h i s  

f i n a l  s e c t i o n  t h a t  n e g a t i v e  r a d i a t i o n  m u s t  i n  f a c t  b e  a s s o c i a t e d  

w i t h  t h e  e n e r g y  o f  t h e  g r a v i t a t i o n a l  f i e l d  d ue  t o  m a t t e r ;  t h a t  

c o n t r a r y  t o  w h a t  i s  g e n e r a l l y  b e l i e v e d  t h e  g r a v i t a t i o n a l  f i e l d  

e n e r g y  an d  s t r e s s  c o n t r i b u t e  t o  t h e  e n e r g y  t e n s o r  i n  g e n e r a l  

r e l a t i v i t y  -  i n  t h e  f o r m  o f  M a x w e l l i a n  e l e c t r o m a g n e t i c  r a d i a t i o n  

o f  n e g a t i v e  e n e r g y  a n d  s t r e s s .  T h i s  w o u ld  e x p l a i n  why 

i n v e s t i g a t i o n s  i n  t h e  p a s t  o f  g r a v i t a t i o n a l  w a v e s ,  b a s e d  on 

t h e i r  p r o p a g a t i o n  i n  e m p ty  s p a c e  ( ^  ,  h a v e  n o t  b e e n

p a r t i c u l a r l y  f r u i t f u l .

W h i t t a k e r ’ s th e o r e m  f o r  g r a v i t a t i o n a l  m a s s  a s  d e f i n e d  b y  

G auss*  t h e o r e m  was q u o te d  i n  C h a p te r  I I ,  S e c t i o n  ( i i )  ( b )  a n d  

y i e l d s

. . . . ( 3. 4, )

in t e g r a t e d  o v e r  th e  s p a t i a l  r e g io n  c o n c e r n e d . The th eo rem  i s  

b a s e d  on t h e  g r a v i t a t i o n a l  f o r c e  b e in g  th e  g e o d e s ic  a c c e l e r a t i o n  

o f  f r e e  p a r t i c l e s  r e l a t i v e  t o  o b s e r v e r s  f i x e d  i n  th e  r e f e r e n c e  

f r a m e . The r e s u l t  i s  n o t  i n  any way r e s t r i c t e d  t o  m a tte r  a s  

s u c h ,  and i n  f a c t  ( 3 . 49 ) in v o lv e s  i n t e g r a t i o n  o v er  a l l  p a r t s  o f  

th e  r e g io n  w here 4^0#
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W h i t t a k e r * 8 th e o r e m  was p r o v e d  o n l y  f o r  a  s p e c i a l i s e d  

t y p e  o f  t i m e - o r t h o g o n a l  m e t r i c .  I t  h a s  b e e n  show n b y  

G . L .  C l a r k  ( 22). t h a t  a  g e n e r a l i s a t i o n  o f  W h i t t a k e r * s  t h e o r e m  

b y  H . S .  R use  ( 2 3 ) .  a p p l i c a b l e  t o  a n  a r b i t r a r y  m e t r i c ,  i n v o l v e s ,  

i n  g e n e r a l ,  t e r m s  a d d i t i o n a l  t o  t h o s e  i n  W h i t t a k e r ’ s  r e s u l t .  

U s in g  R u s e ’ s  t h e o r e m  C l a r k  show ed  t h a t  t h e  g r a v i t a t i o n a l  m a s s  

o f  a n  i s o l a t e d  s y s te m  o f  f r e e l y  m o v ing  p a r t i c l e s ,  i n  a n  

a p p r o x i m a t i o n  t o  o r d e r  '>n w h e re  i s  t h e  m ass  o f  a  t y p i c a l  

p a r t i c l e  ( g r a v i t a t i o n a l  u n i t s ) ,  was e q u a l  t o  t h e  t o t a l  e n e r g y  

o f  t h e  s y s t e m ,  v i z #

i-K  ■f)-   . ( 3. 50)

I n  ( 3. 50) Mo i s  t h e  sum o f  t h e  i n v a r i a n t  r e s t  m a s s e s  o f

t h e  p a r t i c l e s ,  K i s  t h e  c l a s s i c a l  k i n e t i c  e n e r g y  a n d  -H. t h e

c l a s s i c a l  g r a v i t a t i o n a l  e n e r g y  o f  t h e  s y s t e m .  The l a t t e r  

c o n t r i b u t e s  n e g a t i v e l y  a s  f i e l d  e n e r g y  a r i s i n g  f r o m  t h e  

d i s p o s i t i o n  o f  t h e  p a r t i c l e s  i n  s p a c e .  The k i n e t i c  e n e r g y  

may a l s o  b e  r e g a r d e d  a s  f i e l d  e n e r g y  a r i s i n g  f ro m  t h e  m o t i o n  o f

t h e  p a r t i c l e s  i n  s p a c e .  I t  i s  n o t e w o r t h y  t h a t  C l a r k  show ed

t h a t  t h e  t e r m s  l e a d i n g  t o  t h i s  r e s u l t  i n c l u d e d  n o n  z e r o  

c o n t r i b u t i o n s  f r o m  ’ e m p ty ’ s p a c e .

F o r  a  s t a t i c ,  s p h e r i c a l ,  a n d  c o n t i n u o u s  d i s t r i b u t i o n  o f  

c o h e s i v e  f l u i d  W h i t t a k e r ’ s  fo rm  o f  t h e  t h e o r e m  i s  a p p l i c a b l e .

F o r  t h i s  c a s e  C l a r k  show s ( 24) t h a t  M = Mo  ̂ t o  o r d e r  

a s  b e f o r e .  The r e a s o n  why i n  t h i s  c a s e  4- K 4 ^

m u s t  b e  p u t  down t o  t h e  f a c t  t h a t  n o n  g r a v i t a t i o n a l  s t r e s s  an d
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e n e r g y  i n s i d e  t h e  m a s s ,  n e c e s s a r y  t o  k e e p  i t  i n  e q u i l i b r i u m ^ '  

c a n c e l  o u t  t h e  g r a v i  t a t i  o n a l  s t r e s s  and  e n e r g y  c o n t r i b u t i o n s  

w hen t h e  i n t e g r a t i o n  i s  p e r f o r m e d .  T hus l o o k e d  a t  f r o m  t h e  

p o i n t  o f  v ie w  o f  (3•■49) i t  seem s t o  b e  i n d i c a t e d  t h a t  t h e  

m u s t  i n c l u d e  c o n t r i b u t i o n s  f ro m  t h e  g r a v i t a t i o n a l  f i e l d .

I t  m ig h t  b e  a r g u e d  t h a t  g r a v i t a t i o n a l  f i e l d  e n e r g y  e n t e r s  

v i a  t h e  f a c t o r  o n l y .  B u t  i t  s h o u l d  be  n o t e d  t h a t  e v e n  i n

a  l o c a l l y  com o v in g  g e o d e s i c  s y s te m  o f  c o o r d i n a t e s  t h e r e  i s  a  

g r a v i t a t i o n a l  m ass  d e n s i t y  CT ,  w h ic h  f o r  a n  i s o t r o p i c  m edium  

i s ,  a c c o r d i n g  t o  W h i t t a k e r ^ s  r e s u l t  ^

......................... C3 . 3 1 )
w h e re  ^  a n d  ji a r e  t h e  p r o p e r  d e n s i t y  a n d  p r e s s u r e .

I n  f a c t ,  w i t h  a  m ore s a t i s f a c t o r y  d e f i n i t i o n  o f  g r a v i t a t i o n a l  

f o r c e  i n  t e r m s  o f  t h e  r e l a t i v e  a c c e l e r a t i o n  o f  p a r t i c l e s

o n  a d j a c e n t  g e o d e s i c s ,  J .  L .  S y n g e  (2^1  o b t a i n s  p r e c i s e l y  

( 3. 51) f o r  t h e  l o c a l  g r a v i t a t i o n a l  m ass  d e n s i t y  r e l a t i v e  t o  t h e  

w o r ld  l i n e  o f  m a t t e r  a t  t h e  p o i n t  i n  q u e s t i o n .

I n  t h e  fo rm  ( 3 • 5 1 )  S y n g e ^ s  r e s u l t  a p p l i e s  t o  t h e  g e n e r a l  

c o s m o l o g i c a l  m o d e ls  o f  m e t r i c  ( 1 . 1 ) .  F o r  t h a t  m e t r i c  we s e e  

f r o m  e q u a t i o n s  ( 1 . 2) ,  ( I . 3 )  t h a t

K 0^ ^  — L R . . . . . . . . . . . . . . . . . . ( 3 »5^)

I h i s  e q u a t i o n  m u s t  d e t e r m i n e  t h e  a c t u a l  m o t io n  o f  t h e  s u b s t r a t u m  

s i n c e  i s  u n i f o r m  a n d  h e n c e  t h e  w o r ld  l i n e s  a r e  g e o d e s i c s .  

A c c o r d i n g l y  t h e  e ^ a n s i o n  a c c e l e r a t e s  i f  I h i a  i s  t h e
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c a s e  i n  t h e  s t e a d y  s t a t e  i n  w h ic h  -  .  x t

seem s n a t u r a l  t o  c o n c l u d e  t h a t  t h e  c o s m ic  c o u n t e r p a r t  o f  f i e l d  

e n e r g y  t o  t h a t  i n  t h e  i s o l a t e d  s y s te m  c o n s i d e r e d  by  C l a r k  i s  

c o n t a i n e d  i n  f> a n d  jx .

We h a v e  u s e d  t h e  n o t i o n  o f  g r a v i t a t i o n a l  m ass  t o  e s t a b l i s h  

t h e  c o n c l u s i o n  o f  t h e  l a s t  p a r a g r a p h .  We now t u r n  t o  t h e  

c o n s i d e r a t i o n  o f  i n v a r i a n t  m ass  w h ic h  i s  o f  g r e a t e r  t h e o r e t i c a l  

i m p o r t a n c e .  The i n v a r i a n t  m ass  d e n s i t y  i s  T  = w h ic h  on

i n t e g r a t i o n  o v e r  a  s p a t i a l  r e g i o n  l e a d s  t o  t h e  i n v a r i a n t l y  

d e f i n e d  m ass

M. ............................. ( 5.,31

I t  i s  t h i s  q u a n t i t y  t h a t  h a s  t o  be  r e g a r d e d  a s  t h e  r e s t  m ass  

o f  a  p a r t i c l e  h e l d  t o g e t h e r  u n d e r  s t r e s s  -  s u c h  a s  a n  e l e c t r o n ,  

s i n c e  t h e  i n t e g r a l  l e a d i n g  t o  Mç. i n  ( 3. 49) i s  n o t  i n v a r i a n t l y  

d e f i n e d .  The two q u a n t i t i e s  a r e  h o w e v e r  i n d i s t i n g u i s h a b l e  t o  

o r d e r  Mj" ,  a s  C l a r k  h a s  sh o w n .

I n  a  co m ov in g  g e o d e s i c  c o o r d i n a t e  s y s te m  i n  a  p e r f e c t  

f l u i d  t h e  i n v a r i a n t  m ass  d e n s i t y  w i l l  b e

T  =  p -  3 jx . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ( 3 . 5 4 )

f o r  a l l  k i n d s  o f  r a d i a t i o n  t h i s  q u a n t i t y  v a n i s h e s .  A c c o r d i n g l y ,  

T  g i v e s  t h e  I n v a r i a n t  d e n s i t y  o f  e n e r g y  i n  t h e  f o r m  o f  m a t t e r  

i n  a n y  r e g i o n .  I t  p r o v i d e s  t h e  m e a s u r e  i n  t h a t  r e g i o n  o f  t h e  

n o n - M a x w e I l i a n  e n e r g y  i n  t h e  f o r m  o f  f u n d a m e n t a l  p a r t i c l e s ,  

o r  t h a t  p a r t  o f  t h e i r  e n e r g y  w h ic h  i s  n o n - M a x w e I l i a n .  Ye-r a
^  j  0 ^ 0 ^  J  T" O n i x o t

 ̂ Ü/0 Co ^  «
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We n o t e  a l s o  t h a t  T  i s  t h e  q u a n t i t y  t h a t  a c c o u n t s  

e n t i r e l y  f o r  t h e  i n v a r i a n t  G a u s s i a n  c u r v a t u r e  o f  s p a c e - t i m e ,  b y  

v i r t u e  o f  t h e  r e l a t i o n  d e r i v e d  f r o m  t h e  f i e l d  e q u a t i o n s

G = K T   ( 3 .5 5 )

R a d i a t i o n  m akes no c o n t r i b u t i o n  t o  t h i s  c u r v a t u r e .  The 

c r e a t i o n  o f  m a t t e r  i n  a  r e g i o n  o f  s p a c e  m u s t  t h e r e f o r e  l e a d  

i n e v i t a b l y  t o  t h e  p r o p a g a t i o n  o f  a  v a r i a t i o n  o f  g r a v i t a t i o n a l  

c u r v a t u r e  G- w i t h i n  a n d  b e y o n d  t h i s  r e g i o n .

S i n c e  we h a v e  s e e n  t h a t  t h e  c r e a t i o n  o f  m a t t e r  i n  t h e  

s t e a d y  s t a t e  i s  aceonQ )anied  i n e v i t a b l y  b y  t h e  e m i s s i o n  o f  

n e g a t i v e  r a d i a t i o n ,  a c c o r d i n g  t o  t h e  r e l a t i o n  

t e q n .  ( 3 . ) 4 ) ) ,  i t  f o l l o w s  t h a t  t h e  p r o p a g a t i o n  o f  a  ch an g e  

i n  t h e  G a u s s i a n  c u r v a t u r e  G i s  s i m u l t a n e o u s  w i t h  t h e  

p r o p a g a t i o n  o f  r a d i a t i o n  o f  n e g a t i v e  e n e r g y .  I t  i s  n a t u r a l  t o  

c o n c l u d e  t h a t  t h e  p r o p a g a t i o n  o f  g r a v i t a t i o n a l  w aves  o c c u r s  

w i t h  t h e  s p e e d  o f  l i g h t  i n  t h e  f o r m  o f  r a d i a t i o n ,  w h ic h  i s  

n e g a t i v e  i f  m a t t e r  i s  c r e a t e d  a n d  p o s i t i v e  i f  m a t t e r  i s  

a n n i h i l a t e d  ( o r d i n a r y  r a d i a t i o n ) .  The e n e r g y  c a r r i e d  b y  t h e  

w av es  i s  t h e  n e g a t i v e  o f  t h e  m a t e r i a l  e n e r g y  c r e a t e d ^ i n  t h e  f o r m  

o f  m a t t e r  a n d  i t s  a s s o c i a t e d  k i n e t i c  e n e r g y ,  o r  i t  i s  m a t e r i a l  

e n e r g y  d e s t r o y e d .  I n  t h e  c a s e  o f  c r e a t i o n  t h e  momentum o f  t h e  

r a d i a t i o n  i s  o p p o s i t e  i n  d i r e c t i o n  t o  t h e  s e n s e  o f  p r o p a g a t i o n ,  

w h i l e  i n  a n n i h i l a t i o n  t h e  momentum and  d i r e c t i o n  o f  p r o p a g a t i o n  

a r e  i n  t h e  same s e n s e .
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The m ea h a n ism  o f  t h e  s t e a d y  s t a t e  may t h e r e f o r e  be  lo o k e d  

u p o n  a s  f o l l o w s *  The g e o d e s i c  e x p a n s i o n  o f  t h e  f l u i d  l e a d s  t o  

a  d e c r e a s e  i n  t h e  d e n s i t y  o f  m a t e r i a l  e n e r g y ,  i n c l u d i n g  t h e  

k i n e t i c  e n e r g y  o f  m a t t e r  i n  t h e  fo rm  o f  c o s m ic  r a y s ,  i n  a  g i v e n  

s p a t i a l  r e g i o n .  T h e re  i s  a  c o r r e s p o n d i n g  e q u a l  i n c r e a s e  i n  

’ g r a v i t a t i o n a l  p o t e n t i a l  e n e r g y ’ i n  t h e  fo rm  o f  n e g a t i v e  

i s o t r o p i c  r a d i a t i o n  whose d e n s i t y  a n d  s t r e s s  c o n t r i b u t e  t o  t h e  

e n e r g y  t e n s o r .  T h i s  l e a d s  t o  a  t r a n s f e r  o f  e n e r g y  f ro m  a  s t a t e  

o f  r a d i a t i o n  t o  one o f  m a t t e r ,  i n  o r d e r  t o  m a i n t a i n  a  d y n am ic  

e q u i l i b r i u m  w h ic h  e x i s t s  b e tw e e n  th e m . C o n c e n t r a t i o n s  o f  

m a t t e r ,  o r  r a r e f a c t i o n s  i n  t h e  s t e a d y  s t a t e  l e a d  a u t o m a t i c a l l y  

t o  a d j u s t m e n t  o f  t h e  e n e r g y  d e n s i t y  o f  t h e  g r a v i t a t i o n a l  m edium .

We re m a rk  t h a t  t h e  ’ h o l e ’ t h e o r y  o f  P .  D i r a c  (2j6) seem s t o  

f i n d  some e x p r e s s i o n  i n  o u r  t h e o r y .  F o r  o u r  t h e o r y  i m p l i e s  

t h a t  i n  t h e  s t e a d y  s t a t e  a  ’ s e a ’ o f  p o s i t i v e  e n e r g y  i s  i n  

d y n a m ic  e q u i l i b r i u m  w i t h  a  s e a  o f  n e g a t i v e  e n e r g y .  T h e re  i s ,  

i n  o r d e r  t o  m a i n t a i n  t h i s  e q u i l i b r i u m  a s  t h e  u n i v e r s e  e z p a n d s ,  

a  s t e a d y  p a s s a g e  o f  e n e r g y  f ro m  t h e  n e g a t i v e  s e a  t o  t h e  p o s i t i v e  

s e a  i . e .  a  h o l e  o f  p o s i t i v e  e n e r g y  a p p e a r s  i n  t h e  n e g a t i v e  s e a .  

T h i s  i s  e q u i v a l e n t  t o  s a y i n g  t h a t  t h e  e x p a n s i o n  i n c r e a s e s  t h e  

e n e r g y  o f  t h e  n e g a t i v e  s e a  a n d  d e c r e a s e s  t h a t  o f  t h e  p o s i t i v e  

s e a  a n d  t h e  t r a n s f e r  o f  e n e r g y  r e s t o r e s  t h e  s t a t u s  q u o .  

F u r t h e r m o r e  t h e  i n t r o d u c t i o n  o f  s t a t e s  o f  e n e r g y  i n  a  n e g a t i v e  

s e a  m eans t h a t  t h e  l o c a l  d e n s i t y  o f  i n e r t i a  c a n  become n e g a t i v e  

w i t h  a  r e v e r s a l  o f  t h e  e f f e c t s  o f  m o t i v a t i n g  f o r c e s ;  i t  a l s o  

m eans t h e  p o s s i b l e  e x i s t e n c e  o f  p a r t i c l e s  o f  n e g a t i v e  m a s s .
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GENERAL RELATIVITY AND MACK’S PRINCIPLE

W. Davidson 
(Communicated by W. H. McCrea)
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Summary
Sciama, among others, has taken the view that general relativity has failed 

to account satisfactorily for the inertial properties of m atter. T his paper 
shows that general relativity is entirely consistent in principle w ith Sciama’s 
ideas of inertia as an inductive effect predominantly of distant matter, and that 
therefore his remarks concerning general relativity are not justified. I t  is 
shown that general relativity provides a superior presentation of his idea of 
M ach’s principle and appears to be the general tensor theory he was looking 
for.

Arguments are pu t forward to show that general relativity may fully incor
porate M ach’s principle contrary to Einstein’s own belief. T his paper 
emphasizes the fitness of the steady state theory as a cosmological solution 
which permits this possibility.

1. Introduction.—A tentative theory has been presented by Sciama (i), with 
Maxwell type equations, which is designed to provide a combination of Newton’s 
laws of motion and of gravitation with the inertial frames determined by Mach’s 
principle. In the introduction to his paper Sciama states that general relativity 
has failed to provide an adequate theory of inertia. He claims that his theory 
differs from general relativity principally in the following respects :

(i) it enables the amount of matter in the universe to be estimated from a 
knowledge of the gravitational constant ;

(ii) the principle of equivalence is a consequence of his theory, not an initial 
axiom; and

(iii) it implies that gravitation must be attractive.
The chief characteristic of Sciama’s theory is that " in  the rest frame of any 

body the gravitational field of the universe as a whole cancels the gravitational 
field of local matter so that in this frame the body is ‘ free’. Thus in this theory 
inertial effects arise from the gravitational field of a moving universe.” For 
this purpose Sciama employs a scalar potential 0  and a vector potential A to 
calculate gravitational effects, using Maxwell type field equations in fiat space
time.

It is the purpose of this paper to show that general relativity is fully consistent 
with this interpretation of Mach’s principle by Sciama, and to indicate that general 
relativity may fully incorporate Mach’s principle.

2. Free particle in general relativity.—The motion of a free particle in general 
relativity, when the gravitational field is weak and when the reference frame is 
such that the spatial velocity of the particle is small compared with the velocity 
of light, can be described by a Maxwell-type pondermotive equation. This idea
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is not new and has in fact, with limited application, been presented by Einstein
(2). But since Einstein’s derivation of the result appears to contain errors of 
detail we give our own derivation here, before investigating its significance for 
Mach’s principle.

Let Latin letters indicate space coordinates running over indices 1 ,2 ,3  while 
Greek letters cover the space-time indices i, 2, 3, 4. The world line of a free 
particle in general relativity is a geodesic in the field having equations, in a 
standard form,

d (  dxN\ dg^pdx°^dx^

where
=g^ifdx^Y + zg^pdx^dx^ -hgjjqdx^dx'i. (2)

For [jL = i equations (i) may be written 
/  d s \^  d 
V

Write now x^= tj dx^jdt— v'̂  ̂ and neglect squares and products of the spatial 
coordinate velocities v' ,̂ getting

Ê A Ê  ̂ -  Ê É Ê)  + &  (3)
We shall now represent the metric (2) as that of a weak field in the form 
ds  ̂= {i -{-y^^)dt  ̂+ 2y^pdxPdt-{i ~yn)(dx^y- ( i-y 2 2 )(d x ^ f-{ i ~y2z){dx^f

+ y^^dxPdx^ (p ^q )  (4)
Here we take the velocity of light, c, as unity. We see that the are the 
deviations of the g^  ̂ from the Galilean values in the so-called inertial frames. 
They are the of Einstein’s treatment of the problem except for sign due to his 
employment of imaginary x"̂ .

We make the assumption that the squares and products of the and those 
of their derivatives can be neglected. In solving the field equations to this 
approximation Einstein showed (3) that the ŷ „ were the solutions of the equations

{ ( â ^ )  + ( 9 ^ )  + ( â & )  - ( J - )  (5)
provided 22 32

+  (6)

to the order of the approximation. Here k = S^GIc'̂  where G is the Newtonian 
constant of gravitation, and yg =  8°̂ ŷ  ̂ where 8“̂  are the Galilean values of the 
g^ .̂ Assuming the contribution of stress to the energy momentum tensor to be 
vanishingly small compared with the density and momentum components for 
the case considered by Einstein, equation (5) yields Einstein’s solution :

 M jTA _ « r [p“ ]̂
V ll — 722 — 7.33 — 744 — J

and
Y i i  =  Y22= ^Y33 =  y u =  -  ^

(7)

le element of
ypQ~^’

In this solution p is the mass density, vP the space velocity, of t 
mass in volume dV  at distance r from the point where the ŷ ,, are evaluated, all 
quantities being measured by observers at rest in the reference frame. Square
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brackets indicate retarded values corresponding to the propagation of the field 
with the unit velocity.

The integrals, supposed convergent, are over all matter producing the field. 
Such a solution of the wave equation of Lorentz (equation (5)) is well known to 
be valid only if the quantities solved for (the tend to zero in a suitable way. 
Thus it is clear that the case considered by Einstein involves mass concentrations 
only in the neighbourhood of the space origin and a field metric which is Galilean 
at "infinity” . The integrals in (7) evaluated over such mass concentrations 
are therefore evidently convergent. The solution has to be consistent with 
conditions (6) which will be satisfied if the expressions

vanish, for all /x, to the first order in the y^,. Using (7) and the fundamental 
equations T, = o, it is easily seen that for integrals over a finite region of mass 
these expressions are indeed second order quantities.

To this approximation therefore, retaining only first order terms, we can 
reduce equation (3) to

Jt ( % ; )

on using (2) to find the appropriate approximation for dsjdt in each term. There 
is of course no summation over i on the left. Rearranging we can write :

7t{~ % )  = “ ^ “  I < + { è -  id
so that

(9)

Write now _ g  = - ^ G  dV  (to)

SO that by (7), 7ii = 722 =  733 = 744 = y^^= (11)
Equation (9) can therefore be written in vector form covering i, 2, 3

^  {(i -  3^)v} = -  grad ̂  ^  + v a curl A. (12)

Equation (12) is the required Maxwell-type pondermotive equation of the 
field. The assumptions made during its derivation are :

(i) The particle velocity v in the reference frame is assumed small such that 
v' ĵc  ̂ is negligible compared with vjc.

(ii) The deviations of the from the Galilean values are small such that 
their squares and products and those of their derivatives can be neglected.

(iii) The deviations y „̂ vanish at "infinity” so that the quantities A, (/> are
defined in terms of convergent integrals. If in addition we now further assume
that

(iv) The source velocities of the field are also small in the reference frame so 
that the same remark as in (i) applies for them, then equation (12) reduces to

d \  J . 0A . .  . .
^  = - g r a d ^ -  g^+VACurlA, . (13)
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The equation obtained by Einstein was (our notation)

^  [(i -  ÿ)v] = -  grad ̂  ^  + v  A curl A.

Since he assumed condition (iv) as well as (i), (ii), (iii), his result is incorrect to 
the order he was considering, and misleading. In obtaining this result he put

thereby neglecting the term dgipl^x^ which, when ^  = z, contributes to our result 
in equation (9) as the term d{ — yi^jdt in the coefficient of in the left hand side. 
The neglect of this term is of course consistent with condition (iv), but on the 
other hand the retention of the term d{ — (l))ldt in the coefficient of v, arising in 
our approximation from the term d { — \y/^f)!dt in the coefficient, is not consistent 
with Einstein’s assumptions.

3. Interpretation of the pondermotive equation.—As Einstein pointed out, 
equation (12) indicates that general relativity goes far towards incorporating 
Mach’s principle. It may be compared with the Newtonian equation, viz.,

J  = -g ra d ^ .

The additional terms are small in the quasi-Galilean frame considered by Einstein, 
and, as he said, beyond physical measurement. Nevertheless they show in the 
sense of Mach’s principle how concentrated matter affects the inertial mass of a 
freely moving particle; and the acceleration of its locally inertial rest frame relative 
to the given frame, in the following respects :

(i) The inertial mass is apparently proportional to i — 3^.
(ii) The locally inertial rest frame of the particle is accelerated by means of: 

{a) gravitational attraction towards the local mass concentrations indicated
by the term — grad <f> ;

(6) an inductive effect of local accelerating matter in the same sense as the 
acceleration, indicated by the term —dA/dt;

(c) an inductive effect of matter which is rotating relative to the compass of 
inertia (to use Go del’s phrase) at " infinity” , in the sense of the rotation, as indi
cated by the term v a  curl A. This is of the same type as the "fictitious” Coriolis 
force familiar in Newtonian dynamics, when a reference frame is used which is 
rotating relative to the compass of inertia. Centrifugal force also arises in this 
case as a fictitious gravitational force.

It is clear therefore that general relativity certainly incorporates in detailed 
manner the aspects of Mach’s principle indicated above. For a satisfactory theory 
of Mach’s principle, however, Einstein realised the necessity of showing how inertia 
depended on the entire cosmic distribution of matter. Because he assumed that 
the metric was Galilean at " infinity ” and therefore excluded any contribution to 
A and <l) other than that of the matter concentrated near the space origin, he was 
unable to examine the cosmic influence on inertia.

We shall here put forward an analysis to show that general relativity actually 
permits the same interpretation of inertia which has been presented by Sciama 
as the inductive effect of the whole universe.
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4. Inductive effect of the universe in general relativity.—We shall investigate 
the extent to which we may generalize the circumstances when the motion of a 
free particle may be described by a Maxwell-type pondermotive equation. For 
this purpose we make the assumptions less restrictive than in the quasi-Galilean 
case as follows :

(i) The particle velocity v in the reference frame is assumed small such 
that v'̂ jc'̂  is negligible compared with v/c.

(ii) The velocities of the sources of the field, in the region of space-time 
coordinates with which we shall be concerned, are also small of the same order 
so that the same remark applies.

(iii) The deviations of the g^^ from the Galilean values are small in the above 
quoted range of space-time coordinates, such that their squares and products 
and those of their derivatives can be neglected. We do not however assume that 
these deviations vanish at "infinity” , nor that they even remain small outside the 
specified range.

It is clear from equation (8) that the equation of motion of a free particle can 
in these circumstances be written

dt “ dx'̂  dt 
for i=  I ,  2, 3.
This equation is generally covariant, in the sense that, in all reference frames and 
regions of space-time which do not violate the assumptions above, it describes 
the space motion of the free particle in terms of the derivatives of the g^^ involved. 
We now generalize the quantities A, f> occurring in the quasi-Galilean analysis 
by defining

(A, 0) =  ( —̂ 4;, 2^44)' (15)
The three equations in (14) may then be written concisely

(fv , , 9A , , ,
^  — grad 0 — + V A curl A. (16)

The vector notation implies the vector character of the terms for purely spatial 
transformations. For space-time transformations however the quantities (A, 0) 
do not transform as a 4-vector but as components of the tensor g^ .̂ This is 
because, unlike the corresponding electromagnetic pondermotive equation, the 
permitted transformations are not necessarily between inertial frames and 
therefore not in general linear.

It is to be noted that here we have not as in the quasi-Galilean case identified 
A, 0 with the deviations of the g^^ involved, from their Galilean values but, 
consistent with our endeavour to account for the whole of inertia according to 
Mach’s principle, in terms of the total g^ .̂ The covariance of (16) is secured by 
the tensor character of the total g^  ̂ involved ; the deviations do not transform as 
tensors for general transformations. Indeed according to the field equations it 
is the total g^  ̂field that is related inseparably to the distribution of matter in the 
whole universe.

Bearing in mind therefore the physical interpretation of the quantities A, (j> 
in the quasi-Galilean case we should expect analogous interpretation of A, 0 in 
(16) which would, if Mach’s principle is to be satisfied, take account of the 
distribution and motion of matter in the whole universe, relative to the particular
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reference frame being used. It would be an immediate consequence of such an 
interpretation of the terms in (16) that the "fictitious” forces of Newtonian 
mechanics in accelerating or rotating reference frames would become directly 
attributable to the inductive effect of a moving universe.

In particular, in a reference frame in which a freely moving particle was 
permanently at rest, equation (16) would reduce to

A K 3A
- g r a d O ) - =0,  (17)

holding at the particle. This is the equation postulated by Sciama. To use 
Sciama’s expression the "gravoelectric” field of the whole universe would be 
zero at the particle and it would be gravitationally "free” in its own rest frame.

For a reference frame at rest relative to the averaged motions of the rest of the 
matter in the universe (the "smoothed-out” universe) we should expect by Mach’s 
principle that, in the neighbourhood of the space origin, the derivatives of A, 0  
on the right of (16) would vanish and therefore that the left hand side must vanish. 
The real existence of such frames which are locally inertial is the basis of 
Newtonian mechanics. This aspect of Mach’s principle is built into general 
relativity theory since the field equations predict that such a reference frame will 
be Galilean near the space origin, because of the spherical symmetry about it. 
Thus in this neighbourhood the metric will approximate to

dŝ  =  dt̂  — dx̂  — dy"̂  — dz^. (18)

It is emphasized that in this paper we attach importance for Mach’s principle 
to the total involved in equation (16) and not just their derivatives. General 
reasons for this have already been given and further justification provided in 
Sections 5, 6. Accordingly it is important to obtain the total value of 0. It 
follows from equation (18) that the static potential 0g, at the origin of such a 
frame, of the whole universe would be

00 = i^44(o) = 2 (or \c^ in general units). (19)

The dimensions of 0 and the significance we are trying to associate with it would 
require 0q to be of order — GMjR  where M  is the effective gravitational mass of 
the universe and R  its effective radius. Sciama’s approach is to define 0  ̂ as

rr=R fjgy
-  where o is the gravitational mass density, and he gets

rr=li

J r=o
G 0 o =

Both results are numerically of the same order. The discrepancy in sign will 
occupy us later. Before investigating to what extent general relativity theory 
justifies this tentative physical interpretation of A, 0, we give some applications 
of our theory.

5. Applications of the inductive theory in general relativity.—(i) Sciama 
considers the case of a free particle in rectilinear motion in the gravitational field 
of a mass M  which is at rest relative to the smoothed-out universe. If we choose 
a reference frame at rest relative to the smoothed out universe with this mass M  
at the space origin, we can neglect in that neighbourhood the deviations from the 
Galilean values of the ĝ ,̂  as far as they arise from the universe as a whole, and
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include only the deviations due to the mass M. Thus to this approximation the 
metric will be

ds^= ( î + l : ^ f d 3 ê  + dy^ + dz^). (20)

It is to be noted that, according to the ideas presented in this paper, the contri
bution to the potentials from the universe as a whole is present in the Galilean 
terms of the g^ .̂

Since the universe is at rest in this frame we have

A = o

while 0 = -I ( I —/  2GM\ (21)

Suppose the particle is moving freely towards the mass M  along the x  axis. 
If its space coordinates are o , o) at coordinate time t then its coordinate speed 
is dxyjdt= —v̂  where v> o. Make now the transformation to a suitable rest 
frame for the particle, by means of the relations

x= X + X i,y= Y yZ  = Z ,t=  T  (22)
yielding dx = d X —vdT^ dy = dYydz = dZ, dt = dT. We get therefore to sufficient 
order for the covariance of (16)

ds  ̂= f - v ^ - ' ^ : ^ ^ d P  + 2 v d X d T -{ i  + {dX^ + dY^ + dZ^). (23)

(24)

Thus in the particle’s rest frame

A = { - v ,  o, o)

Apply now equation (17) in the particle’s rest frame, yielding 

leading to
G M  dv

on substituting the original coordinates. This is the Newtonian equation of 
motion of the particle and is also the equation which would follow from the general 
pondermotive equation (16), applied in the original frame, using (21).

On examining (24) and (25) we see that the origin of the inertial term

in (25) lies in the relative motion of the universe, yielding A = ( — o, o) in the 
particle’s rest frame, and thus creating an inductive field at the particle which 
balances the local gravitational attraction due to the mass M, thus connecting 
with Sciama’s ideas.

We note also that the A, 0 in (24) arise by transformation of the whole g and 
not just their deviations from the Galilean values, in accordance with our 
tentative interpretation of the Galilean values as the static potentials of the whole 
universe,
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(ii) The other case considered by Sciama is that of a particle moving with 
uniform motion in a circle under the attraction of a mass M  at the centre, this 
mass being again at rest relative to the smoothed-out universe.

Transform therefore from the metric (20) to a suitable rest frame for the 
particle according to the relations

x= X coso)T  — Fsinoj T 
y = Y  coscoT+Æ sinwT 
z  = Z  
t= T

so that to sufficient order

(2 7 )

ds  ̂=  (i -  zGM jR  -  mW ) dT^ - 2 o j ( -  YdX dT+ X dYdT)
-  ( I 4- zGM/R) (dX^ + dY^ + dZ^) (28)

with R ^= X ^+ Y ‘̂. 
Thus in this frame

A =  ( — ojY,  ojX ,  o )  

The equation (17) then yields

(29)

GM ,
=  °  (3 0 )

which is the Newtonian equation of motion, and also, putting R = r, what 
would be given by (16) in the original frame.

Connecting with Sciama’s ideas we say that the gravitational attraction by M  
is balanced by the gravitational field induced by a rotating universe, whose 
rotational momentum is indicated by A in (29).

(iii) As a final example we shall show how, by means of the covariance of (16), 
the Newtonian "fictitious” forces may be attributed to the inductive effect of a 
moving universe in the most general Newtonian motion of the reference frame 
relative to a locally inertial frame.

Consider a free particle at rest in a reference frame which is locally inertial, 
so that the metric is approximately as given by (18) in that region. Let r  be the 
position vector of the particle in that frame. Then by (15), (16) we have

r  = constant. (31)
Transform to a second frame whose space origin has variable velocity V and 

which has variable spin w relative to the first frame. If the position vector of 
the particle in this frame is R, then a well-known kinematic result of Newtonian 
motion gives

r  = V +R  + w AR (32)

r  = V + tO A V + 2CDAR-f-C*> aR + O) a(io aR )+ R  (33)

differentiation being with respect to the common Newtonian time of either frame. 
Thus for the particle in the second frame

R = — [V-f-to A V-f*2to AR-f-to AR-j-to A (to AR)]« (34)
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The transformation connecting the two frames is, by (32), in differential form
= (V + w A 1 , .

dt = dT  / •  (35)
Hence ds^^dV' — dt^

=  [ i - V 2 - 2 V . ( c o  A R ) - ( t o  a R )2 ] ^ / T 2 _ 2 ( V  +  w  a R ) . ^ / R ^ / T - ^ ^ R 2 (36)

so that in the second frame
A = V + to aR
<l) =  l [ l - V 2 -2 V . (w A R )- ( tO A R )2 ]  J -  (37)

Now grad 0 = to A V 4-to A (to A R)
3A av 8to ^

= V + wa R
while curl A = 2to.

Hence by (16) R =  — [V4-to a V4-2C0 AR4-to AR + to  A ( to  aR )]

giving complete agreement with (34).
Thus our theory gives an exact treatment of the fictitious forces as the 

inductive effect of a moving universe.
6. Physical interpretation of A, 0 in general relativity.—The analysis in this 

section is intended to be of a tentative nature, since complete rigour cannot be 
claimed for it.

In Section 4, equation (19), we obtained the result

for that value of the gravitational potential 0  of the whole universe which enters 
into the pondermotive equation (16), when evaluated at the space origin of a 
reference frame locally inertial there. In order to interpret this result in terms of 
Mach’s principle we recall the expressions for p in the quasi-Galilean case given 
by (7) and (11). Since the field equations are relations for the whole g^  ̂in terms 
of the matter in the whole universe, we make the tentative inference that in some 
way the Galilean terms themselves are related to world gravitation, so that inertia 
would arise in accordance with Mach’s principle. To what extent does general 
relativity provide justification of this inference ?

In all cosmological models of general relativity in which the average inertial 
density p does not vanish there is an effective radius R  of the model which is the 
distance, measured in a suitable way, to the horizon of the model where the 
velocity of the matter relative to the space origin equals the velocity of light. 
For an observer at the origin matter which goes beyond this distance virtually 
ceases to exist because of the Doppler effect on its light and presumably on its 
gravitation. This is the case whether the model be of the homogeneous rotating 
type (Godel’s models) or the isotropic expanding or contracting types. We 
shall discuss the latter as an example. These have the general metric

(38)

where R(f may be positive, negative, or infinite, and the fundamental particles 
have constant r, 6, (f).
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The distance to the particle at {r, 6, cj}), measured in the simultaneity of the 
fundamental observers at cosmological time t, from r = o is

J oI+>-V47?o"-
Its radial velocity is therefore

i = W
so that

Thus

2 CI / 1 = ̂  when I — ,-7-7 .
i î

2 C

1
and

according as g ^o

7i = ± ^ .

(3 9 )

(40)

(41)

The importance for Mach’s principle is that R  is related to o-, the cosmological 
density of gravitational mass. In general relativity theory, gravitational mass 
density is defined so as to lead to Gauss’ flux theorem for small regions of space 
(see, for example, Synge (4)), and for the isotropic cosmological models 
(j = p + '^plc  ̂ where j) is the pressure. The gravitational "force” on unit mass 
due to the field is in this case the proper acceleration relative to the space origin. 
With these definitions McCrea (5) has shown that the equations of general 
relativity for the isotropic models are consistent with the variation of the gravi
tational force according to the Newtonian inverse square law, using proper 
radial distance but Euclidean geometry, for spatial regions of any size. The field 
equations applied to the metric (38) give, with A = o, in general units,

8ttG
Kq 4

/vn 4.
(42)

SO t h a t

Now for g>o,

87tG(j =  - 3 i ë  +  i é ^ y
2 C

g = ~ ^ /g =  - ^cRjRP by (40). Hence

S r r G a = - ~ { l - R l c )

whence, if j">o, G<tR ^ = - ^ ( i - R I c)

G< yR^ =-^ ( i+Rlc )  477̂ ^
(43)

and, if ^< 0 ,

which are the required relations between a and R, at time t. For g>  o we see 
that o-go according as R ^c. If R > c  matter is entering the region bounded by 
the defined horizon; if i? < c  matter is passing beyond this horizon. For <0, cr§ o
according as R ^c.

By (41) and (43) we get the Newtonian type equation
i = - ^ ttGgI (44)

relating gravitational force and proper distance at time t.
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Comparing equation (44) with the pondermotive equation (16) we see that, 
for a fundamental observer whose radial space coordinate is the proper distance /

477and whose time is the cosmological time A = o and — grad O = — ^  ttGgI.

Equation (44) however holds for all and not just in the neighbourhood of 
the origin. Consider therefore the gravitational " work ” done by the field when 
a particle of unit mass is moved from its actual position at time t to the horizon 
and therefore beyond influence of the origin. This will be

<b,= - U G \ ’'aldl. (45)
3 d I

This may be regarded as the analogue of the Newtonian potential at the distance /, 
in the gravitational field as witnessed by an observer at the origin. Both cr and 
R  will vary with I in this integral as the motion proceeds, according to (42), (43). 
However 0  ̂may be evaluated as

0 ,=  |  W/= 1/2

= ^(l_ /2 //J2). (46)

This is the potential at 1 at time t.
P u ttin g /= o  we get = (47)
which therefore provides a physical identification, in a natural way, of the 
potential 0 q arising in equation (19).

The result given by (47) for 0  ̂ is got as the limit of 0  ̂when I tends to zero
irrespectively of the sign of o* or g. For instance if cr>o and g> o  then R> c, 
so that for the field to carry the particle to the horizon of the space origin would 
mean going backwards in time. The discrepancy in sign between our 0Q and 
Sciama’s, referred to at the end of Section 4, arises because of Sciama’s arbitrary 
definition of 0 for an expanding universe. His definition appears to ignore the 
above considerations and in particular to presuppose the identity of the cosmo
logical gravitational mass density and the inertial density.

For cogent reasons which have been put forward elsewhere (6) a stationary 
cosmological solution is to be preferred. The only known stationary solution 
which does not contradict observational results (expansion, spatial isotropy) is 
the steady state theory proposed by Bondi and Gold (6). This has the metric 

ds  ̂=  c W  _  e^i^{dr^ + r̂ dÔ  + sin^ 6d^^) (48)
where R is a constant which is the effective radius for the model. The steady
state model, unlike the general cosmological models of metric given by (38) for 
which equation (16) vanishes identically, allows a static metric to be used so that 
the motion of a particle, relative to the observer at the origin, is measured by the 
rate of change of the spatial coordinates. This is the De Sitter metric

dR
ds  ̂= c \ i ~  RIRP)dr^ -  — - Z W -  R sin2 dd<jR (49)

connected to (48) by a well known transformation. In this metric I is the distance
from the origin, in the simultaneity of the fundamental observers, of our general 
analysis. The theory of Section 4 defines the 0 involved in (16) as \g^^ 
which in the case of the metric (49) gives

(50)
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agreeing with (46) and therefore having the physical interpretation associated 
with (46).

It is to be noted that the steady state forms a natural cosmological background 
to mass concentrations. For instance the exact solution of the field equations 
for an isolated mass m superimposed on the steady state is 

/  'zmG P \  dP
=  -  V  -   ^ G - - p  (S I)

For this metric

( 5 2 )

to be interpreted physically as the work done by the field in removing unit mass 
from the point in question to the horizon of the model, regarding mG/R as 
negligible.

A Newtonian type integral for 0 in terms of the distribution of the mass does 
not follow simply in the case of the general models because of the stated dependence 
of a and R  on cosmological epoch. However, for the steady state, a and R  are 
constant and we may write for the potential of unit mass, at distance I from the 
mass odV  constantly in the volume element dV,

d < ^ = - G Ç '^ d l

=  ( 5 3 )

Thus — Ga J  ~

= -  — GaR^.
3

Equation (43) gives for the steady state GgRP— —3̂ 2/477 so that
0Q = Ĉ/2

in agreement with (47) and justifying our physical interpretation of 0 q as the 
gravitational potential of all the matter in the universe apparent to an observer 
at the origin and having influence there.

The quantity A of our theory defined in equation (15) of Section 4 is zero for 
the cosmological metric (38). On making a transformation such as that of the 
first example in Section 5, equation (22), a non-zero A arises by transformation of 
the If we accept the association of the Galilean values of the with world 
gravitation, according to the tentative analysis presented above, the association 
of A with the relative momentum of the universe would also follow. While the 
Galilean 4̂4, viz. ĉ , is associated with 0g as 20^, the spatial Galilean g^  ̂ are 
associated with A. Thus in the first example in Section 5 to get A in the particle’s 
rest frame we have to multiply the Galilean g-̂  ̂ in the original frame, viz. 
— I = ^ 1 1 ( 0 ) ,  by V.  According to the subsequent application of the ponder
motive equation — ̂ n(o) is proportional to the inertial mass of the particle, the 
whole equation indicating equality of gravitational and inertial mass in the case 
of a particle. Since —̂ n(o) =^44(0)/^^ = 200/c^ we see that inertial mass can 
therefore be associated with the influence of the whole universe, in accordance 
with Mach’s principle.
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7. Comparison with Sciama's theory.—In this final section we shall remark 
briefly on the three principal differences claimed by Sciama between his theory 
and general relativity, enumerated (i), (li), (iii) in the introduction to this paper.

(i) It is evident from the analysis in this paper that a knowledge of G, 
occurring in the integral (45) leading to (47), together with R  given as cT where 
T  is the reciprocal of the Hubble parameter, leads to an estimate of the amount 
of matter in the universe in general relativity as well as in Sciama’s theory.

(ii) Sciama states that in general relativity the principle of equivalence 
predicts that one gravitating mass in an otherwise empty universe produces the 
same inertial effects as in his theory, and since there ie no universe in this case 
to give rise to the inductive field " i t  is difficult to see why the principle of equi
valence should be tru e” . Such an argument however implies a solution of the 
field equations involving the use of coordinates for all points of space-time in a 
universe which, except for the isolated mass, is empty. Such coordinates are 
purely conceptual, defined without reference to matter and restoring to space an 
objective substance, independent of matter, which general relativity has sought 
to deny. The logical course for general relativity, according to the field 
equations, is to relate the Galilean of special relativity to world gravitation in a 
full universe. That general relativity may be capable of doing so has been 
indicated in this paper, where, independently of the value of p  as long as it does 
not vanish, J ^44(0) has been identified as 0Q = c^/2, the potential of the universe. 
The case of the empty universe can only logically be approached as a limit where 
p ^ o  and R-> 00 (equation (43)), so that inertia is always accounted for.

(iii) Sciama’s determination of the sign of the field in his theory is of doubtful 
significance as it depends on his 0 as defined turning out to be negative. Reasons 
for questioning this arbitrary definition of 0 have been given in Section 6.

In general relativity the coefficient of in the field equations is chosen so 
as to make gravitation attractive on the small scale (the pressure being then 
relatively negligible). However, on the cosmological scale this leads to gravi
tational mass being interpreted as negative if the expansion is accelerating 
(equation (44)). Thus there would appear to be no intrinsic importance to be 
attached to the sign of the field in any theory that allows for factors at present 
unknown, that is whether the gravitational effect of a lump of matter is more 
primary than that of a cosmological region containing "zero-point” stress.
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