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A B S T R A C T

T h e  e ig e n fu n c t io n  e x p a n s io n  m e th o d  is  u s e d  to  d e s c r ib e  

th e  s c a t t e r in g  o f  lo w  e n e rg y  e le c t r o n s  b y  a to m s  o r  io n s  

h a v in g  a n y  n u m b e r  o f in c o m p le te  s u b s h e l ls .  H a r t r e e  F o c k  

w a v e  fu n c t io n s  a r e  u s e d  to  d e s c r ib e  th e  t a r g e t  s y s te m  a n d  

a l lo w a n c e  is  m a d e  f o r  th e  in c lu s io n  o f  a n y  n u m b e r  o f e x c i te d  

e le c t r o n ic  c o n f ig u r a t io n s  in  th e  e x p a n s io n .  T h e  c o n t in u u m  

e le c t r o n  w a v e  fu n c t io n s  a r e  g iv e n  as th e  s o lu t io n s  o f  c o u p le d  

in t e g r o  d i f f e r e n t i a l  e q u a t io n s  w i t h  p r e s c r ib e d  b o u n d a r y  c o n ­

d i t io n s .  E x p r e s s io n s  f o r  th e  p h o to io n is a t io n  c r o s s  s e c t io n s  

a r e  a ls o  d e r iv e d  w i t h in  t h is  a p p r o x im a t io n .  T h e  f o r m a l i s m  

p r e s e n te d  in  t h is  th e s is  u s e s  th e  te c h n iq u e  o f  a n g u la r  m o ­

m e n tu m  r e c o u p l in g  w h ic h  g r e a t ly  s im p l i f i e s  th e  e v a lu a t io n  

o f  th e  p o te n t ia l  t e r m s  w h ic h  a p p e a r  in  th e  e q u a t io n s  a n d  th e  

e x p r e s s io n s  f o r  th e  p h o to io n is a t io n  c r o s s  s e c t io n s .  T h is  

h a s  e n a b le d  u s  to  w r i t e ,  f o r  th e  f i r s t  t im e ,  a c o m p u te r  p r o ­

g r a m  f o r  th e  c a lc u la t io n  o f  th e  v a r io u s  e le c t r o n  s c a t t e r in g  

a n d  p h o to io n is a t io n  c r o s s  s e c t io n s  f o r  a g e n e r a l  a to m ic  

s y s te m ,  w h ic h  r e q u i r e s  as  in p u t  o n ly  th e  H a r t r e e  F o c k  f u n c ­

t io n s  f o r  th e  b o u n d  o r b i t a ls  a n d  th e  p a r a m e te r s  n e e d e d  to  

s p e c i f y  th e  t e r m s  to  b e  in c lu d e d  in  th e  e ig e n fu n c t io n  e x p a n ­

s io n ,  A  p r o g r a m  w h ic h  c a lc u la te s  th e  n e c e s s a r y  r e c o u p l in g  

c o e f f ic ie n t s  f o r  a n y  g iv e n  e x p a n s io n  is  d e s c r ib e d .
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IN T R O D U C T IO N

T h e  s c a t t e r in g  o f  lo w  e n e r g y  e le c t r o n s  b y  a to m s  a n d  

io n s  is  a p r o c e s s  o f  g r e a t  im p o r ta n c e  in  a s t r o p h y s ic a l ,  

h ig h  a l t i t u d e  a n d  la b o r a t o r y  p la s m a s .  T h e  k n o w le d g e  o f  th e  

v a r io u s  e la s t ic ,  in e la s t ic  a n d  p h o to io n is a t io n  c r o s s e c t io n s  

is  n e c e s s a r y  f o r  th e  in t e r p r e t a t io n  a n d  u n d e r s ta n d in g  o f  th e  

o b s e rv e d  p h e n o m e n a . R e c e n t  d e v e lo p m e n ts  in  e x p e r im e n ta l  

te c h n iq u e s  f o r  th e  m e a s u r e m e n t  o f  c r o s s e c t io n s  a n d  th e  

a v a i l a b i l i t y  o f  la r g e  h ig h  s p e e d  c o m p u te r s  h a v e  a ls o  h e lp e d  

to  s t im u la te  th e  t h e o r e t i c a l  s tu d y  o f  e le c t r o n - a t o m  c o l l i s io n s .

In  o r d e r  to  e s t im a te  th e  t e m p e r a tu r e ,  d e n s i t y  a n d  

c h e m ic a l  c o m p o s i t io n  o f  a s t r o n o m ic a l  o b je c ts  one a t te m p ts  

to  i n t e r p r e t  t h e i r  s p e c t r a  i n  t e r m s  o f  p r o c e s s e s  w h ic h  h a v e  

b e e n  o b s e rv e d  i n  th e  la b o r a t o r y  o r  p r e d ic te d  t h e o r e t i c a l l y .

A  p r o c e s s  o f  i n t e r e s t  to  a s t r o p h y s ic is t s  is  th e  e x c i t a ­

t io n  o f  a to m s  a n d  io n s ,  b y  c o l l i s io n s  w i t h  lo w  e n e r g y  e le c t r o n s  

to  m e ta s ta b le  le v e ls ,  s in c e  th e s e  m a y  l i e  o n ly  a fe w  e . v .  

a b o v e  th e  g ro u n d  s ta te .  D e p e n d in g  on  th e  e le c t r o n  d e n s i ty ,  

th e  a to m s  e i t h e r  c a s c a d e  b a c k  d o w n  to  th e  g ro u n d  s ta te  

e m i t t in g  fo r b id d e n  q u a n ta  o r  a r e  d e - e x c i te d  b y  c o l l i s io n s  

o f  th e  s e c o n d  k in d .  L in e s  d u e  to  th e s e  fo r b id d e n  t r a n s i t io n s  

a r e  o f te n  p r o m in e n t  in  th e  s p e c t r a  o f  a s t r o n o m ic a l  o b je c ts .

In  p a r t i c u la r ,  th e  s t r o n g e s t  l in e s  in  th e  s p e c t r a  o f  p la n e ta r y  

n e b u la e ,  w h ic h  a r e  r e s p o n s ib le  f o r  t h e i r  p a le  g re e n  a p p e a r ­

a n c e , a r e  e m it t e d  f o l lo w in g  th e  e x c i t a t io n  p ro c e s s

0 '^ '^ (2 p ^  ^ P )  + e -> 0 ^ ^ (2 p  ^D ) + e



C o n s e q u e n t ly  th e r e  h a v e  b e e n  n u m e r o u s  a t te m p ts  to  p r e d ic t  

t h e o r e t i c a l l y ,  th e  e x c i t a t io n  c r o s s e c t io n s  f o r  th e s e  p ro c e s s e s  

A l t e r n a t i v e l y  a n  e le c t r o n - io n  c o l l i s io n  m a y  r e s u l t  in  

th e  c a p tu r e  o f th e  e le c t r o n .  T h is  m a y  o c c u r  d i r e c t l y  w i t h  

th e  e m is s io n  o f  a p h o to n ,

+ e X  4- h v  ( r a d ia t iv e  r e c o m b in a t io n )

o r  b y  m e a n s  o f  a r a d ia t io n le s s  t r a n s i t i o n  to  a q u a s ib o u n d  

s ta te  ly in g  a b o v e  th e  io n is a t io n  t h r e s h o ld  o f th e  a to m ,  w h ic h  

s u b s e q u e n t ly  d e c a y s  r a d ia t i v e l y  to  a b o u n d  s ta te  b e lo w  th e  

io n is a t io n  t h r e s h o ld

X"^ + e "  ^  X *  X  + h v

T h is  p r o c e s s  is  k n o w n  as d ie l e c t r i c  r e c o m b in a t io n .  B u r g e s s

(1 9 6 5 ) h a s  s h o w n  th a t  in  a s t r o p h y s ic a l  o b je c ts  o f h ig h  t e m ­

p e r a tu r e  a n d  lo w  d e n s i t y  th e  r a te  c o e f f ic ie n t  f o r  d ie le c t r i c  

r e c o m b in a t io n  m a y  e x c e e d  th a t  f o r  r a d ia t iv e  r e c o m b in a t io n  

b y  s e v e r a l  o r d e r s  o f  m a g n itu d e  a n d  th a t  th e  n e g le c t  o f  d i ­

e le c t r i c  r e c o m b in a t io n  w a s  r e s p o n s ib le  f o r  th e  la r g e  d i s ­

c r e p a n c y  b e tw e e n  th e  o b s e rv e d  a n d  c a lc u la te d  te m p e r a tu r e  

o f  th e  s o la r  c o r o n a .

A  p r o c e s s  o f  e v e n  g r e a te r  im p o r ta n c e  is  th e  a b s o r p ­

t io n  o f  s t e l l a r  o r  s o la r  u l t r a v i o l e t  r a d ia t io n  b y  a to m s .  T h is  

c a n  r e s u l t  in  e x c i ta t io n ^ p h o to io n is a t io n ,

X  + h v  -»■ X  + e

o r  th e  e x c i t a t io n  o f  th e  a to m  to  a n  a u to io n is in g  le v e l  ly in g  

a b o v e  t ie  io n is a t io n  th r e s h o ld .  T h e  a to m  m a y  th e n  u n d e rg o



7 .

a r a d ia t io n le s s  t r a n s i t i o n  f r o m  th e  d is c r e t e  s u p e r - e x c i t e d  

s ta te  in to  th e  s ta te  o f io n  p lu s  f r e e  e le c t r o n

X  + hv -> X'*' -*■ X ^  + e ( a u to io n is a t io n )

U n t i l  r e c e n t ly ,  t h e r e  w a s  l i t t l e  a s t r o p h y s ic a l  i n t e r e s t  in  a u to ­

io n is a t io n  s in c e  a u to io n is in g  l in e s  a r e  m o s t  e a s i ly  o b s e rv e d  

in  a b s o r p t io n  a n d  l ie  in  th e  e x t r e m e  u l t r a v io l e t  w e l l  b e lo w  th e  

l i m i t  o f  a tm o s p h e r ic  t r a n s m is s io n .  H o w e v e r  th e  r a p id l y  i n ­

c r e a s in g  a m o u n t  o f  d a ta  f r o m  r o c k e t  a n d  s a te l i t e  e x p e r im e n ts  

h a s  s t im u la te d  t h e o r e t i c a l  a n d  la b o r a t o r y  in v e s t ig a t io n  o f  th e  

p r o c e s s e s  w h ic h  g iv e  r i s e  to  th e  n e w ly  o b s e rv e d  l i n e s .

I n f o r m a t io n  on  th e  c o m p o s i t io n  o f  th e  e a r t h 's  a tm o s p h e re  

a t  d i f f e r e n t  le v e ls  m a y  b e  o b ta in e d  f r o m  a n  a n a ly s is  o f  th e  a b ­

s o r p t io n  o f  s o la r  r a d ia t io n .  T h e  p r in c ip a l  c o n s t i tu e n ts  o f  th e  

u p p e r  a tm o s p h e r e  a r e  o x y g e n  a n d  n i t r o g e n  a n d  h e n c e  th e  v a r i ­

ous  io n is a t io n ,  r e c o m b in a t io n  a n d  e x c i t a t io n  c r o s s e c t io n s  o f 

th e s e  a to m s  a n d  th e  m o le c u le s  fo r m e d  f r o m  th e m  a r e  o f  p a r ­

t i c u l a r  i n t e r e s t .

In  t h is  th e s is  w e  c o n s id e r  th e  s c a t t e r in g  o f  lo w  e n e r g y  

e le c t r o n s  b y  a to m s  a n d  io n s  w i t h  a lo w  n u c le a r  c h a r g e .  T h a t  

i s ,  th e  s c a t t e r in g  o f  e le c t r o n s ,  h a v in g  v e lo c i t ie s  le s s  th a n  

th o s e  o f  th e  a to m ic  e le c t r o n s ,  b y  a to m s  w i t h  Z  <  3 6 . T h e  

S c h r o e d in g e r  e q u a t io n  d e s c r ib in g  th e  s c a t t e r in g  c a n n o t  be  

s o lv e d  e x a c t ly  e v e n  f o r  th e  s im p le s t  c a s e  o f  e H  s c a t t e r in g  

a n d  h e n c e  s o m e  c o n s id e r a b le  a p p r o x im a t io n  m u s t  b e  m a d e .

T h e  m e th o d  w e  s h a l l  u s e  in  t h is  th e s is  is  th e  e ig e n ­

fu n c t io n  e x p a n s io n ,  o r  'c lo s e  c o u p l in g ' a p p r o x im a t io n .  T h is  

is  b a s e d  on  th e  e x p a n s io n  o f  th e  w a v e  fu n c t io n  f o r  th e  s y s te m



in  t e r m s  o f  th e  e ig e n s ta te s  o f  th e  t a r g e t  H a m i l t o n ia n .  T h e  

e x p a n s io n  c o e f f ic ie n t s  a r e  in t e r p r e t e d  as  d e s c r ib in g  th e  m o ­

t io n  o f  th e  p r o je c t i l e  r e la t i v e  to  th e  u n p e r tu r b e d  t a r g e t ,  A  

s y s te m  o f c o u p le d  in t e g r o  d i f f e r e n t i a l  e q u a t io n s  f o r  th e s e  

c o e f f ic ie n t s  is  d e r iv e d  f r o m  a v a r ia t i o n a l  p r in c ip le  a n d  th e  

s c a t t e r in g  p a r a m e te r s  c a n  th e n  b e  o b ta in e d  f r o m  t h e i r  n u ­

m e r i c a l  s o lu t io n s .

T h e  w o r k  o f  F e s h b a c h  (1 9 5 8 , 19 6 2 ) a n d  F a n o  (1 9 6 1 ) 

h a s  s h o w n  th a t  th e  a u to io n is in g  s ta te s  m a y  be  d e s c r ib e d  b y  

th e  s o lu t io n s  in  th e  c lo s e d  c h a n n e ls  a n d  w i l l  g iv e  r i s e  to  

re s o n a n c e s  in  th e  o p e n , s c a t t e r in g ,  c h a n n e ls .  In  th e  a b s e n c e  

o f  c o u p l in g  to  th e  o p e n  c h a n n e ls  th e s e  s ta te s  w o u ld  b e  b o u n d , 

b u t  i n  th e  p re s e n c e  o f  th e  c o u p l in g  th e y  d e c a y ,  w i t h  c h a r a c ­

t e r i s t i c  l i f e t im e s ,  in to  th e  a d ja c e n t  c o n t in u a .  A n  im p o r t a n t  

a d v a n ta g e  o f  th e  e ig e n fu n c t io n  e x p a n s io n  m e th o d ,  t h e r e f o r e  

l ie s  in  i t s  a b i l i t y  to  d e s c r ib e  a u to io n is a t io n  as  w e l l  a s  th e  

s c a t t e r in g  o f  e le c t r o n s  b y  a n  a to m .

In  a n y  c a lc u la t io n  o n e , o f  c o u r s e ,  h a s  to  t r u n c a te  th e  

i n f i n i t e  s e r ie s  a n d  r e t a in  i n  th e  e x p a n s io n  o n ly  th o s e  t e r m s  

w h ic h  c a n  b e  e x p e c te d  to  p la y  a d o m in a n t  r o le  i n  th e  s c a t ­

t e r in g .  T h e  e n e rg y  ra n g e  f o r  w h ic h  a p a r t i c u la r  e x p a n s io n  

is  v a l id  is  t h e r e fo r e  r e s t r i c t e d .  I t  h a s  b e e n  fo u n d  th a t ,  

e x c e p t  f o r  v e r y  lo w  e n e r g ie s ,  th e  e x p a n s io n  c o n v e rg e s  

s lo w ly  ( B u r k e  1 9 6 3 ). H o w e v e r  g o o d  r e s u l t s  c a n  b e  e x p e c te d  

i f  a l l  o f  th e  o p e n  c h a n n e ls  a r e  in c lu d e d  a n d  i f  th e  c o u p l in g  to  

th e  n e g le c te d  c h a n n e ls  is  w e a k  in  c o m p a r is o n  to  th e  c o u p l in g  

b e tw e e n  th o s e  r e ta in e d .  T h e  r e s u l t s  o b ta in e d  f o r  e H e  

s c a t t e r in g  b y  B u r k e  a n d  c o - w o r k e r s  (1 9 6 5 , 1966 ) a n d  th e  p r e -



d ic t io n  o f  a u to io n is in g  le v e ls  in  o x y g e n  b y  S m ith ,  H e n r y  a n d  

B u r k e  (1 9 6 7 ) a r e  in  g o o d  a g re e m e n t  w i t h  e x p e r im e n t  a n d  

s u p p o r t  t h is  a s s u m p t io n .  A  s e r io u s  c r i t i c i s m  o f th e  e ig e n ­

fu n c t io n  e x p a n s io n  m e th o d  is  th a t^ in  e x p a n d in g  th e  t o t a l  

w a v e  fu n c t io n  in  a f i n i t e  n u m b e r  o f  u n p e r tu r b e d  e ig e n s ta te s  

o f  th e  t a r g e t ,  one  n e g le c ts  th e  d is t o r t io n  o f  th e  a to m  b y  th e  

in c id e n t  e le c t r o n .  T h e  e x p l i c i t  a n t is y m m e t r is a t io n  o f  th e  

t r i a l  w a v e  fu n c t io n  p a r t i a l l y  c o m p e n s a te s  f o r  th e  o m is s io n  

o f  c o n t in u u m  s ta te s  in  th e  e x p a n s io n  th r o u g h  th e  in t r o d u c t io n  

o f  e x c h a n g e  t e r m s .  H o w e v e r  i t  h a s  b e e n  s h o w n  th a t  t h is  is  

b y  n o  m e a n s  s u f f i c ie n t  ( T e m k in  1 9 5 7 , C a l la w a y  1 9 5 7 , H e n r y  

1 9 6 8 ).

T h e  'P o la r i s e d  O r b i t a l '  m e th o d  a t te m p ts  to  r e m e d y  

th e  n e g le c t  o f  p o la r is a t io n  e f fe c ts  b y  th e  e x p a n s io n  o f  th e  

t o t a l  w a v e  f u n c t io n  in  t e r m s  o f  w a v e  fu n c t io n s  o f  th e  d i s ­

t o r t e d  a to m  ( T e m k in  1 9 5 7 ). T h e  p e r tu r b e d  a to m ic  w a v e  

fu n c t io n  is  e x p r e s s e d  3-s

w h e r e  ())(X ^ ) is  th e  w a v e  fu n c t io n  f o r  th e  u n p e r tu r b e d  a to m  

a n d ^ ( X ^ £ _  ) d e s c r ib e s  th e  d i s t o r t i o n  p r o d u c e d  b y  a c h a rg e  

a t  r  .
“ P V  .

In  th e  a d ia b a t ic  a p p r o x im a t io n  ^  (X ^ 2 p )  fo u n d  b y

s o lv in g  th e  H a r t r e e  F o c k  e q u a t io n s  f o r  th e  a to m  i n  th e  p r e s ­

e n c e  o f  a s t a t io n a r y  e x te r n a l  c h a rg e ,  th a t  is  f o r  f ix e d  v a lu e s  

o f  r  . T h is  a p p r o x im a t io n  n e g le c ts  d y n a m ic  e f fe c ts  a n d  has  

b e e n  fo u n d  to  o v e r e s t im a te  th e  d i s t o r t i o n  o f th e  t a r g e t  ( T e m ­

k in  , 1 9 6 2 , L a B a h n  a n d  C a l la w a y  1 9 6 6 ). R e c e n t  w o r k  on  th e  

n o n - a d ia b a t ic  c o n t r ib u t io n s  to  th e  p o te n t ia ls  ( K le in m a n ,  H a h n
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a n d  S p ru c h  1 9 6 7 , G a r r e t t  1967 ) h a s  e n a b le d  im p r o v e d  r e -
+

s u i ts  to  b e  o b ta in e d  f o r  e H  s c a t t e r in g  a n d  is  c a p a b le  o f 

e x te n s io n  to  m o r e  c o m p le x  s y s te m s .  T h is  m e th o d  s h o u ld  

t h e r e f o r e  p ro v e  to  b e  a u s e fu l  im p r o v e m e n t  on th e  u n p e r ­

tu r b e d  e ig e n fu n c t io n  e x p a n s io n .  T h e  m e th o d s  d e s c r ib e d  in  

t h is  t h e s is ,  a lth o u g h  a p p l ie d  to  an  e x p a n s io n  in  u n p e r tu r b e d  

fu n c t io n s  a r e  c a p a b le  o f e x te n s io n  to  a 'p o la r is e d  o r b i t a l s '  

e x p a n s io n  w i th o u t  d i f f i c u l t y ,

F e s h b a c h  h a s  s h o w n  th a t  th e  e n e rg ie s  o f  a u to io n is in g  

s ta te s  a r e  e ig e n v a lu e s  o f  th e  e q u a t io n

(QHQ)^Q =

w h e r e  th e  o p e r a to r  Q p r o je c t s  o u t th e  c lo s e d  c h a n n e ls  o f  ^  

a n d  a r e  r e la t e d  to  th e  e n e r g ie s  E  a t  w h ic h  re s o n a n c e s  a r e  

o b s e rv e d  in  th e  o p e n  c h a n n e ls  b y  E  = E ^  + w h e r e  A ^  

is  th e  e n e r g y  s h i f t  c a u s e d  b y  th e  c o u p l in g  to  th e  o p e n  c h a n ­

n e ls .  H e n c e  one  m a y  p r e d ic t  r e s o n a n c e s  in  e le c t r o n - a t o m  

s c a t t e r in g  e i t h e r  b y  s o lv in g  th e  e q u a t io n s  w h ic h  d e s c r ib e  

th e  s c a t t e r in g  o r  b y  f in d in g  th e  e ig e n v a lu e s  o f th e  o p e r a to r  

Q H Q . T h e  l a t t e r  m e th o d  h a s  b e e n  u s e d  to  c a lc u la te  th e  

p o s i t io n  o f a u to io n is in g  o r  re s o n a n c e  s ta te s  in  H "  a n d  H e  

( O 'M a l le y  a n d  G e ltm a n  1 9 6 5 , A l t i c k  a n d  M o o r e  1 9 6 6 , B h a t ia  

a n d  T e m k in  1967 ) a n d  h a s  g iv e n  g o o d  a g r e e m e n t  w i t h  e x p e r i ­

m e n t .  T h e  le v e l  s h i f t s  a n d  w id th s  a r e  g iv e n  b y

A = <Q^|AilQ^'>
r  = < a # |A 2  I Q $ /

w h e r e  A j  a n d  A 2 a r e  n o n lo c a l  b u t  h e r m i t ia n  o p e r a to r s .  T h e  

s o lu t io n  o f  th e  e ig e n v a lu e  p r o b le m  is  b y  n o  m e a n s  e a s y  e v e n  

f o r  s u c h  s im p le  s y s te m s  as  H "  a n d  H e  a n d  a lth o u g h  g o o d
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r e s u l t s  h a v e  b e e n  o b ta in e d  f o r  th e  p o s i t io n s  o f  th e  a u to io n ­

is in g  s ta te s ,  th e  v a lu e s  o f A  a n d  T  c a lc u la te d  f r o m  th e  a p ­

p r o x im a te  e ig e n fu n c t io n s  h a v e  n o t  b e e n  in  g o o d  a g r e e ­

m e n t  w i t h  e x p e r im e n t .  R e c e n t ly  C h e n  a n d  R o te n b u rg  (1 9 6 8 ) 

h a v e  p ro p o s e d  a m e th o d  b y  w h ic h  s y s te m a t ic  c o r r e c t io n s  

m a y  b e  m a d e  to  A  a n d  T. H o w e v e r  i t  r e m a in s  to  b e  s e e n  

w h e th e r  t h is  m e th o d  can  b e  s u c c e s s fu l ly  g e n e r a l is e d  to  m o r e  

c o m p le x  s y s te m s  a n d  w h e th e r  a c c u r a te  c a lc u la t io n  o f  th e  

le v e l  s h i f t  a n d  w id th  w i l l  n o t  p r o v e  to  b e  m o r e  d i f f i c u l t  th a n  

s o lv in g  th e  s c a t t e r in g  p r o b le m  to  th e  s a m e  d e g re e  o f  a c c u r ­

a c y .  T h e  m a in  a d v a n ta g e  o f t h is  m e th o d  is  t h a t  i t  c a n  b e  

u s e d  to  p r e d ic t  th e  p o s i t io n s  o f  re s o n a n c e s  a n d  h e n c e  b e  

u s e d  to  e l im in a te  th e  s e a r c h  f o r  th e m  in  a s c a t t e r in g  c a l ­

c u la t io n .

N u m e ro u s  o th e r  m e th o d s  h a v e  b e e n  d e v e lo p e d  f o r  th e  

c a lc u la t io n  o f  th e  c r o s s e c t io n s  o f  p a r t i c u la r  a to m ic  s y s te m s .  

M a n y  o f th e s e  m e th o d s  g iv e  m o r e  a c c u r a te  r e s u l t s  th a n  

th o s e  d e s c r ib e d  a b o v e  b u t  a r e  in c a p a b le  o f  g e n e r a l is a t io n  

to  o th e r ,  m o r e  c o m p le x ,  s y s t e m s . . T h is  is  t r u e  o f  m a n y  

e ~ H  c a lc u la t io n s  s in c e  th e  h y d ro g e n  w a v e  fu n c t io n s  a r e  

k n o w n  e x a c t ly  a n d  one m a y  u s e  th e  m in im u m  p r in c ip le  o f  

H a h n , O 'M a l le y  a n d  S p ru c h  (1 9 6 4 ) to  s y s t e m a t ic a l ly  o b ta in  

b e t t e r  a p p r o x im a t io n s  to  th e  r e a c ta n c e  m a t r i x .  O th e r  m e th ­

od s  w h ic h  c a n  in  p r in c ip le  be  e x te n d e d  to  m a n y  e le c t r o n  

s y s te m s  a re  m a d e  im p r a c t i c a l  b y  th e  g r e a t  in c r e a s e  in  th e  

c o m p le x i t y  o f  th e  e q u a t io n s .

O ne  o f  th e  m o s t  a c c u r a te  c a lc u la t io n s  to  d a te  h a s  b e e n  

m a d e  b y  S c h w a r tz  (1 9 6 1 ) . H e  has  c a lc u la te d  th e  e la s t ic  e H
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s c a t t e r in g  c r o s  s e c t io n  to  a n  a c c u r a c y  o f p r o b a b ly  b e t t e r  th a n  

one  p e r  c e n t  u s in g  K o h n s ' v a r ia t i o n a l  p r in c ip le  a n d  a t r i a l  

w a v e  fu n c t io n  c o n s t r u c te d  f r o m  u p  to  50 H y l le r a a s  ty p e  

w a v e  fu n c t io n s .  B u r k e  a n d  T a y lo r  (1 9 6 6 , 1967 ) h a v e  c a l ­

c u la te d  e H  c r o s s e c t io n s  b e lo w  th e  n  = 3 t h r e s h o ld  u s in g  

a s  t h e i r  t r i a l  w a v e  fu n c t io n  a 3 - s ta te  c lo s e  c o u p l in g  e x p a n ­

s io n  to g e th e r  w i t h  u p  to  20 t e r m s  to  r e p r e s e n t  th e  s h o r t  

r a n g e  e le c t r o n - e le c t r o n  c o r r e la t io n .  T h e  m in im u m  p r i n ­

c ip le  o f  H a h n , O 'M a l le y  a n d  S p ru c h  is  u s e d  to  f in d  th e  'b e s t '  

s o lu t io n  b y  v a r y in g  th e  c o r r e la t io n  t e r m s  u n t i l  th e  m a x im u m  

e ig e n p h a s e  s u m  is  o b ta in e d .  T h e i r  r e s u l t s  f o r  th e  e la s t ic  

s c a t t e r in g  c r o s  s e c t io n  a r e  c o m p a r a b le  to  th o s e  o f  S c h w a r tz  

a n d  th e  e s t im a te d  e r r o r  in  t h e i r  l s - 2 s  a n d  l s - 2 p  e x c i t a t io n  

c r o s s e c t io n s  is  le s s  th a n  10% . T h e  n o n a d ia b a t ic  m e th o d  o f  

T e m k in  ta k e s  th e  p o la r is a t io n  o f th e  a to m  b y  th e  in c id e n t  

e le c t r o n  f u l l y  in t o  a c c o u n t  b u t  is  i n  p r a c t ic e  l im i t e d  to  S -  

w a v e  s c a t t e r in g  b y  h y d ro g e n .  A lth o u g h  th e s e  m e th o d s  c a n ­

n o t ,  s u c c e s s fu l ly ,  b e  g e n e r a l is e d  to  m o r e  c o m p le x  a to m s ,  

th e y  p r o v id e  a v a lu a b le  c h e c k  o n  th e  a c c u r a c y  o f  m o r e  w id e ly  

a p p l ic a b le  a p p r o x im a t io n  s c h e m e s .

O n e  o f th e  p r in c ip a l  d i f f i c u l t i e s  in  th e  a p p l ic a t io n  o f  th e  

e ig e n fu n c t io n  e x p a n s io n  m e th o d  to  c o m p le x  a to m ic  s y s te m s  

h a s  b e e n  th e  e v a lu a t io n  o f  th e  v a r io u s  p o te n t ia l  t e r m s  w h e n  

m o r e  th a n  one  e le c t r o n ic  c o n f ig u r a t io n  is  in c lu d e d  in  th e  e x ­

p a n s io n .  H e n r y  a n d  L ip s k y  (1 9 6 7 ) h a v e  c a lc u la te d  p h o to io n ­

is a t io n  c r o s s e c t io n s  f o r  n e o n  ta k in g  in to  a c c o u n t  th e  p o s s i ­

b i l i t y  o f  th e  e je c t io n  o f  one  o f  th e  2s e le c t r o n s .  T h e  u s e  o f  

c o n v e n t io n a l  m e th o d s  to  c a lc u la te  th e  c o u p l in g  b e tw e e n  th e  

l s ^ 2 s ^ 2 p ^  a n d  l s ^ 2 s 2 p ^  c o n f ig u r a t io n s  o f  th e  io n  le a d s  to
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la b o r io u s  e v a lu a t io n s  o f a n g u la r  in t e g r a ls  e v e n  th o u g h  e a c h  

c o n f ig u r a t io n  ha s  o n ly  one in c o m p le te  s u b s h e l l .  E v e n  in  th e  

c a lc u la t io n s  o f  S m ith ,  H e n r y  a n d  B u r k e  (1 9 6 6 ) a n d  S a ra p h ,

S e a to n  a n d  S h e m m in g  (1 9 6 6 ) o n  th e  s c a t t e r in g  o f  e le c t r o n s  

b y  a to m s  a n d  io n s  w i t h  c o n f ig u r a t io n s  l s ^ 2 s ^  2 p ^  a n d  

I s  2 s ^ 2 p ^ 3 s ^  3p*^ (q  = 2 , 3 , 4 )  w h e re  o n ly  th e  th r e e  t e r m s  o f 

th e  g ro u n d  s ta te  c o n f ig u r a t io n  a re  r e ta in e d  in  th e  e x p a n s io n ,  

th e  e v a lu a t io n  o f th e  a n g u la r  in t e g r a ls  a p p e a r in g  in  th e  p o ­

t e n t ia l  t e r m s  w a s  n o t  a s im p le  ta s k .  In  t h is  th e s is  w e  s h a l l  

s h o w  h o w  th e  s c a t t e r in g  e q u a t io n s  f o r  th e s e  c o n f ig u r a t io n s  

m a y  b e  o b ta in e d  d i r e c t l y  f r o m  o u r  g e n e r a l  f o r m a l i s m .  T h e  

p r a c t i c a l  d i f f i c u l t i e s  in v o lv e d  in  th e  in c lu s io n  o f  c o n f ig u r a t io n s  

w i t h  in c o m p le te  in n e r  s h e l ls  w e r e  a p a r t i c u l a r l y  g r e a t  h a n d i­

c a p  in  th e  u s e  o f  t h is  m e th o d  to  p r e d ic t  a u to io n is in g  le v e ls  

a s  th e s e  o f te n  r e s u l t  f r o m  in n e r  s h e l l  e x c i t a t io n s .  F o r  e x ­

a m p le  th e  e n e r g ie s  o f  th e  a u to io n is in g  s e r ie s  m s  m p ^  (^S ) n p  ( ^ P ) ,  
6 2 1 3

m s  m p  ( S ) n s (  ’ S) o f  th e  r a r e  gas  a to m s ,  h a v e  b e e n  m e a s ­

u r e d  e x p e r im e n t a l ly  b y  s e v e r a l  g r o u p s .  A ls o  C a r r o l l  e t .  a l .

(1 9 6 6 ) h a v e  o b s e rv e d  a n e w  R y d b e rg  s e r ie s  i n  th e  a b s o r p t io n  

s p e c t r a  o f  a to m ic  n i t r o g e n  w h ic h  th e y  a t t r ib u t e  to  t r a n s i t io n s  

f r o m  th e  g ro u n d  s ta te  to  th e  a u to io n is in g  le v e ls  

I s ^  2s  2 p ^  (^S ) n p (^P  )

F a n o  (1 9 6 5 ) a n d  S h o re  (1 9 6 5 ) h a v e  d e v e lo p e d  m e th o d s  

w h ic h  g r e a t l y  s im p l i f y  th e  c a lc u la t io n  o f  m a t r i x  e le m e n ts  o f  

one  a n d  tw o  e le c t r o n  o p e r a to r s  b e tw e e n  c o n f ig u r a t io n s  w i t h  

a n y  n u m b e r  o f  in c o m p le te  s u b s h e l ls .  T h e s e  m e th o d s  h a v e  

e n a b le d  u s  to  e x te n d  th e  e ig e n fu n c t io n  e x p a n s io n  m e th o d  to  

th e  s c a t t e r in g  o f  e le c t r o n s  b y  a g e n e r a l  a to m ic  s y s te m .  W e  

e x p a n d  th e  t o t a l  w a v e  fu n c t io n  f o r  th e  s y s te m  in  t e r m s  o f
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t a r g e t  w a v e  fu n c t io n s  c o n s t r u c te d  f r o m  one  e le c t r o n  H a r t r e e -  

F o c k  fu n c t io n s  a n d  m a k e  a l lo w a n c e  f o r  th e  in c lu s io n  o f a n y  

e x c i te d  c o n f ig u r a t io n s  o f th e  t a r g e t .  T h e  s c a t t e r in g  e q u a t io n s  

a r e  d e r iv e d  f r o m  a v a r ia t io n a l  p r in c ip le  a n d  th e  v a r io u s  p o ­

t e n t ia l  t e r m s  a r e  e x p r e s s e d  in  t e r m s  o f g e n e r a l is e d  a n g u la r  

m o m e n tu m  r e c o u p l in g  c o e f f ic ie n t s .  T h e  d e r iv a t io n  o f th e s e  

e q u a t io n s  a n d  th e  e x p l i c i t  f o r m  o f  th e  p o te n t ia ls  has  b e e n  

p u b l is h e d  (S m ith  a n d  M o r g a n  1968 ) a n d  a r e p r i n t  o f th is  

p a p e r  is  in c lu d e d  in  th is  t h e s is .  A n  a lg o r i t h m  h a s  b e e n  d e ­

v e lo p e d  f o r  th e  e v a lu a t io n  o f th e  a n g u la r  m o m e n tu m  r e  c o u p l in g  

c o e f f ic ie n t s .  T h is  h a s  e n a b le d  u s  to  w r i t e  a c o m p u te r  p r o ­

g r a m  f o r  th e  c a lc u la t io n  o f  th e  p o te n t ia ls ,  a ta s k  w h ic h  i n ­

v o lv e s  m u c h  a lg e b r a ic  m a n ip u la t io n ,  w h ic h  n e e d s  as  in p u t  

o n ly  th e  p a r a m e te r s  n e e d e d  to  s p e c i f y  th e  t a r g e t  a n d  th e  

q u a n tu m  n u m b e r  o f  th e  s ta te s  to  be  in c lu d e d  in  th e  e x p a n s io n .  

T h e  a lg o r i t h m  a n d  th e  p r o g r a m  f o r  th e  c a lc u la t io n  o f  th e  r e ­

c o u p l in g  c o e f f ic ie n t s  a r e  d e s c r ib e d  in  S e c t io n  4 o f  th is  t h e s is .  

T h e  p r o g r a m  f o r  th e  p o te n t ia ls  a n d  a m o d i f ie d  v e r s io n  o f  th e  

s c a t t e r in g  c o d e  o f S m ith ,  H e n r y  a n d  B u r k e  h a v e  b e e n  u s e d  

to  c o n s t r u c t  a p r o g r a m  w h ic h  c a lc u la te s  th e  c o n t in u u m  w a v e  

fu n c t io n s  o f  a n  e le c t r o n  s c a t te r e d  b y  a g e n e r a l  a to m ic  s y s ­

te m  a n d  f r o m  th e m  d e r iv e s  th e  v a r io u s  e la s t ic ,  in e la s t ic  

a n d  p h o to io n is a t io n  c r o s s e c t io n s .  A  g e n e r a l  e x p r e s s io n  f o r  

th e  p h o to io n is a t io n  c r o s s e c t io n  is  g iv e n  in  S e c t io n  3 . T h r o u g h ­

o u t t h is  th e s is  w e  w i l l  u s e  th e  n o ta t io n  o f  S m ith  a n d  M o r g a n  

( h e r e a f t e r  r e f e r r e d  to  as  S . M . )  and  g iv e  a l l  e x p r e s s io n s  in  

a to m ic  u n i t s .
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S E C T IO N  2 : T H E  S C A T T E R IN G  E Q U A T IO N S

2 . 1 .  T r i a l  W a v e  F u n c t io n

T h e  H a m i l t o n ia n  f o r  a n  e le c t r o n  c o l l i d in g  w i t h  a n  

a to m ic  s y s te m  h a v in g  N  e le c t r o n s  a n d  a n u c le a r  c h a rg e  Z ,  

n e g le c t in g  m a g n e t ic  a n d  r e l a t i v i s t i c  e f fe c ts  i s ,  in  a to m ic  

u n i t s ,

M+1 N+i

H  ^  ( 2 .1 )

w h e re

H . ( - )  ■= )

"  I b  -

S in c e  s p in - o r b i t  c o u p l in g  is  n e g le c te d  th e  t o t a l  o r b i t a l  a n ­

g u la r  m o m e n tu m  a n d  th e  t o t a l  s p in  a r e  s e p a r a te ly  c o n ­

s e r v e d  a n d  h e n c e  c a lc u la t io n s  m a y  b e  s im p l i f i e d  b y  u s in g  

a X e p r e s e n ta t io n  w h ic h  is  d ia g o n a l i n  L  a n d  S .

A s  a n  a p p r o x im a t io n  to  th e  e x a c t  s o lu t io n s  o f  th e  

S c h r o e d in g e r  e q u a t io n  HT^ = ET^ w e  e x p a n d  th e  w a v e  f u n c ­

t io n  o f  th e  t o t a l  s y s te m  in  t e r m s  o f  th e  c o m p le te  s e t  o f  

(a s s u m e d  k n o w n )  n o r m a l is e d  e ig e n s ta te s  y .  o f  th e  t a r g e t

H a m i l t o n ia n  H ^  w h e re

A/ N .
=  .s' ///i: j - i - - j r .

' ' t J i. =' y  (2 .2 )

T h e  e x p a n s io n  c o e f f ic ie n t s  w h ic h  a r e  fu n c t io n s  o f 

a r e  in t e r p r e t e d  as d e s c r ib in g  th e  m o t io n  o f  th e  p r o ­

j e c t i l e  r e la t i v e  to  th e  t a r g e t .  W e  w r i t e
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c  a " " ;  -  x  ) ;  ( 2 . 3 )

w h e r e  ^  im p l ie s  in t e g r a t io n  o v e r  th e  c o n t in u o u s  s p e c t r u m

E  >  0 .
^ i

B o u n d  S ta te  H a r t r e e - F o c k  F u n c t io n s
N

W e c h o o s e  th e  t a r g e t  w a v e  fu n c t io n s  i);('Y^X ) to  b e  th e  

H a r t r e e - F o c k  w a v e fu n c t io n s  f o r  th e  u n p e r tu r b e d  a to m .  T h a t  

i s ,  w e  n e g le c t  d i s t o r t i o n  due  to  th e  f i e l d  o f  th e  s c a t te r e d  

e le c t r o n .

T h e  H a r t r e e - F o c k  s e l f - c o n s is t e n t  f ie ld  a p p r o x im a t io n  

a s s u m e s  th a t  e a c h  e le c t r o n  m a y  b e  r e g a r d e d  as b e in g  in  a 

s t a t io n a r y  s ta te  in  th e  f i e l d  o f  th e  n u c le u s  a n d  o f th e  o th e r  

e le c t r o n s .  H e n c e  w e  m a y  ta k e  as  a n  a p p r o x im a te  w a v e  f u n c ­

t io n  o f  N  e le c t r o n s ,  a n  a n t is y m m e t r i s ed  p r o d u c t  o f  N  one

e le c t r o n  o r b i t a ls  u .1

V iz

w h e r e  th e  u . a r e  c h o s e n  s u c h  th a t
1 V

dx,

T h e r e  is  n o  r e s t r i c t i o n  s in c e  th e  d e te r m in a n ta l  w a v e  fu n c t io n

is  u n a l t e r e d  i f  u . is  r e p la c e d  b y  u . + A . . u .  w h e r e  A . ,  is  
1 1 i j  J iJ

c h o s e n  s u c h  th a t  th e  o r t h o g o n a l i t y  c o n d i t io n  is  s a t is f ie d .  I f  

a l l  th e  e le c t r o n s  a r e  in  c lo s e d  s h e l ls  th e n  th e  one  e le c t r o n  

o r b i t a ls  w i l l  b e  o f  th e  c e n t r a l  f ie ld  ty p e ,  th a t  is

( 2 .4 )
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w h e re  ^  f
r

;
I f  n o t  a l l  th e  e le c t r o n s  a r e  in  c lo s e d  s h e l ls  th e  s e l f  c o n s is te n t  

f ie ld  w i l l  n o t  b e  s p h e r ic a l l y  s y m m e t r ic  b u t  w e  m a k e  th e  a p ­

p r o x im a t io n  th a t  th e  one e le c t r o n  o r b i t a ls  m a y  s t i l l  b e  

r e p r e s e n te d  by c e n t r a l  f i e ld  fu n c t io n s .

F o r  a b o u n d  s ta te  th e  u^ m u s t  s a t is f y  th e  b o u n d a ry  

c o n d i t io n s  .R (r) 0 as  r -> o o , R ( r )  m u s t  b e  e v e r y w h e r e  f i n i t e

a n d  h e n c e  P (0 )  = 0 . T h e  " b e s t " r a d ia l  f u n c t io n s  R  a r e  o b ­

ta in e d  f r o m  th e  v a r ia t i o n a l  p r in c ip le

s  <  F IH  -  ^  / F  >  =  °
( 2 .5 )

w i t h  r e s p e c t  to  v a r ia t io n s  R -^R  + 5 R ^ 5 R  ->■ 0 as r  -»■ oo a n d  

s u b je c t  to  th e  c o n s t r a in t  jc L x  to  e n s u re  th a t

< - I
I t  c a n  be  s h o w n  t h a t  f o r  th e  lo w e s t  s ta te  o f  a s y m m e t r y

s p e c ie s ,  t h a t  i s ,  th e  lo w e s t  o f th e  s e t  o f  s ta te s  h a v in g  t o t a l

q u a n tu m  n u m b e rs  { a S M _ L M  }  th e  e x a c t  s o lu t io n  to  th e  e q u -
O Xj

a t io n  , w h e r e  H  is  th e  u s u a l  a p p r o x im a te

H a m i l t o n ia n  g iv e n  b y  ( 2 .1 ) ,  w i l l  g iv e  a n  a b s o lu te  m in im u m

o f  th e  e x p r e s s io n  E  H e n c e  w e  m a y  s a y  th a t  th e  b e s t

a p p r o x im a te  w a v e  fu n c t io n s  la S M  L M  a r e  th o s e  w h ic h
D Xj

g iv e  th e  lo w e s t  E .  H o w e v e r  t h is  is  n o t  th e  o n ly  c r i t e r i o n  

b y  w h ic h  w e  m u s t  ju d g e  th e  g o o d n e s s  o f th e  a p p r o x im a te  

w a v e  fu n c t io n  s in c e  o th e r  p r o p e r t ie s ,  s u c h  as  i t s  a s y m p -  ■ 

t o t i c  b e h a v io u r ,  m a y  be  o f  g r e a t e r  im p o r ta n c e  in  p a r t i c u la r  

a p p l ic a t io n s .  We  n o te  th a t  th e  in d iv id u a l  o r b i t a l  a n g u la r  

m o m e n ta  a r e  n o t  g o o d  q u a n tu m  n u m b e rs  f o r  th e  t r u e  s o lu ­

t io n s  to  th e  S c h r o e d in g e r  e q u a t io n  a n d  t h e r e f o r e  th e  

e le c t r o n ic  c o n f ig u r a t io n  is  n o t  u s e d  to  d is t in g u is h  s y m m e t r y
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s p e c ie s .  F o r  h ig h e r  s ta te s  o f a g iv e n  s y m m e t r y  s p e c ie s  

w i l l  be  a s t a t io n a r y  v a lu e  o f  E  b u t  n o t  an  e x t r e m u m  

so w e  m u s t  lo o k  f o r  o th e r  c r i t e r i a  b y  w h ic h  w e  m a y  ju d g e  th e  

" g o o d n e s s "  o f  o u r  t r i a l  w a v e  fu n c t io n .  I f  a l l  th e  e le c t r o n s  

a r e  in  c lo s e d  s u b s h e lls ^ th e  N  p a r t i c le  w a v e  fu n c t io n  m a y  b e  

r e p r e s e n te d  b y  a s in g le  S la te r  d e te r m in a n t .  H o w e v e r  as 

a c o n s e q u e n c e  o f  th e  c e n t r a l  f i e ld  a p p ro x im a t io n ^  a n  a to m ic  

s y s te m  w i t h  in c o m p le te  s u b s h e lls  w i l l  be  h ig h ly  d e g e n e ra te  

w i t h  r e s p e c t  to  e n e r g y .  T h is  im p l ie s  th a t  s e v e r a l  o f th e  

S la te r  d e te r m in a n ts  ( in  th e  u s u a l  r e p r e s e n ta t io n )  w i l l  c o r ­

r e s p o n d  to  th e  s a m e  e n e r g y  a n d  th a t  th e  r e q u i r e d  w a v e  

fu n c t io n  w i l l  be  s o m e  l i n e a r  c o m b in a t io n  o f th e s e  d e te r m in a n ts  

In  th e  a b s e n c e  o f s p in - o r b i t  c o u p l in g  th e  e n e r g y  le v e ls  o f  a n  

a to m ic  s y s te m  w i t h  a g iv e n  e le c t r o n ic  c o n f ig u r a t io n  a r e  

s p e c i f ie d  b y  th e  s e t  o f  t o t a l  q u a n tu m  n u m b e rs  { a S L } .  W e  

s h a l l  t h e r e fo r e  w a n t  to  e v a lu a te  th e  m a  t r i e  e le m e n ts  o f H  

in  a r e p r e s e n ta t io n  w h ic h  is  d ia g o n a l in  {a S M  E M  } .

W e  r e q u i r e  a p r o p e r ly  a n t is y m m e t r ic  w a v e  fu n c t io n

la L M  S M i n  th is  r e p r e s e n ta t io n .  W e  f i r s t  c o n s t r u c t  
f j  S ̂

n o r m a l is e d  a n t i s y m m e t r i c  w a v e  fu n c t io n  f o r  e a c h  s u b s h e l l

X. f r o m  th e  one  e le c t r o n  o r b i t a ls  u .1

{

w h e r e  ^  d e n o te s  th e  C le b s c h  G o rd a n  c o e f f ic ie n t s  a n d

c o e f f ic ie n t s  o f f r a c t io n a l  p a re n ta g e  n e e d e d  to  c o u p le  th e  s p in  

a n d  o r b i t a l  a n g u la r  m o m e n ta  o f  th e  N  e q u iv a le n t  p a r t i c le s  

to  g iv e  t o t a l  s u c h  a w a y  th a t  th e  sub  s h e l l
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w a v e  fu n c t io n s  is  a n t i s y m m e t r i c  u n d e r  in te r c h a n g e  o f a n y  

p a i r  o f  la b e ls 6 q . . q . d e n o te s  th e  s e t  o f la b e ls ,  s u b s e t  o f
Av A.

{ 1 . . N } ,  o f th e  N . e le c t r o n s  in  s u b s h e l l  k .
A.

W e  n e x t  f o r m  a n  u n s  y in m e t r is e d  w a v e  fu n c t io n  f o r  th e  

N  p a r t i c le  s y s te m

b y  c o u p l in g  th e  s u b s h e l l  a n g u la r  m o m e n ta  to  g iv e  th e  r e q u i r e d

t o t a l  a L M  S M  .J-j O
F in a l l y  w e  c o n s t r u c t  a p r o p e r l y  a n t i s y m m e t r i c  n o r m a l is e d  

N  p a r t i c le  w a v e  fu n c t io n

w h e re  T l(iV v) is  th e  n u m b e r  o f  p o s s ib le  d is t r ib u t io n s  a n d  P
> . q

is  th e  p a r i t y  o f  p e r m u ta t io n  q .

In  o r d e r  to  e v a lu a te  th e  m a t r i x  e le m e n t

< a L M  S M  IH  la L M  S M  N w e  f i r s t  w r i t e  
L i S  I n Xj S  /

a n d  c o n s id e r  th e  m a t r i x  e le m e n ts  o f  th e  o n e - e le c t r o n  a n d

t w o - e le c t r o n  o p e r a to r s  s e p a r a te ly .  T h e  w a v e  fu n c t io n s

la L M  S M ^  a r e  o r t h o n o r m a l  a n d  p r o p e r l y  a n t i s y m m e t r i c  
Xj S

u n d e r  in te r c h a n g e  o f a n y  p a i r  o f  la b e ls  1 . . N ,  h e n c e

i  — I
w h e r e

‘*'‘ 1 ' ( 2 .6 a )

F r o m  th e  o r t h o n o r m a l i t y  o f  th e  w a v e  fu n c t io n s  w e  see  th a t  

th e  m a t r i x  e le m e n t  on  th e  r . h .  s .  w i l l  v a n is h  f o r  q^ /  q^ and
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t h a t  a l l  d is t r ib u t io n s  o f  th e  la b e ls  1 . . . , N - 1 w i l l  c o n t r ib u te  

e q u a l ly  h e n c e  w e  m a y  r e p la c e

^  b y  ^  w h e re  p is  th e  s u b s h e l l  c o n ta in in g

e le c t r o n  N  a n d

fcrr ^

_  — I fo v  ^  ~  f

E q u a t io n  ( 2 .6 a )  n o w  b e c o m e s

H , lN  ^  - ( N - n  ! p I  I
r  K i‘

T h e  m a t r i x  e le m e n t  ^  is  a s p e c ia l  c a s e  o f  th a t  s tu d ie d

b y  F a n o  (1 9 6 5 ) a n d  e q u a ls

>  2 :  N ,  CN - s  ^
' ' /  6  I x'[ F o  y ̂

( F l c o o U ^ o ) ( | ^ I ^ O ô l F , o ) <  E,- L , 4 L k ( D ] U "  I

I I , .  ^

1 s ,  • • F  L  C F  V  ■ F -  b - l F  F  - ^ X  f  I ■ ■ F  y  k  CPx J f - ■ F  A  ■' ^ I

o j  , , , ,

A p p ly in g  th e  v a r ia t io n  p r in c ip le  f o r  c o m p le te ly  a r b i ­

t r a r y  v a r ia t io n s  6 P  a n d  im p o s in g  th e  o r t h o n o r m a l i t y  c o n ­

s t r a in t ,  u s in g  L a g ra n g e  m u l t i p l i e r s  M ,  g iv e s  the  H a r t r e e  

F o c k  e q u a t io n s  :
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r  ^  - HJ K^ ' AP  (r s -  ST (K .- F x  X -   ̂■̂>
I at' r  — ^  J >■ ^  '- ^ ^

c y  5 - F  y  A - " X '
<[. r y  CL v.L / L, ■• t ->UFi- y

^  O m -  ) F c- j 4- ( L  V I

I ^  • ■ T ,  i  '( s X ) ■ V  -  < ^A  ̂ T  • ■ V  'F  F  ) F -  ■ F -  y  y  V   ̂ '

IL,  F k ( J ( V ) F .. F V ^ V ^
•4 - ^ r  A i ^  ^ ( r j  — o  ( 2 .8 )

T h e s e  a r e  c o u p le d  n o n l in e a r  in t e g r o  d i f f e r e n t i a l  e q u ­

a t io n s  f o r  th e  r a d ia l  fu n c t io n s  P  ( r ) .  F o r  c o m p le te  s u b s h e l ls  

p , \  i t  c a n  b e  s h o w n  ( H a r t r e e  1957 ) th a t  th e r e  is  n o  r e s t r i c ­

t io n  in  c h o o s in g  M .  = 0  X = y  p . F o r  in c o m p le te  s u b s h e llsXp
w e  m a y  ta k e  = 0 f o r  f s i n c e  th e  o r t h o g o n a l i t y  o f

th e  one  e le c t r o n  o r b i t a ls  is  a s s u r e d  b y  th e  o r t h o g o n a l i t y  o f

th e  s p h e r ic a l  h a r m o n ic s .  H o w e v e r  th e  one  e le c t r o n  o r b i t a ls

a r e  a ls o  o r th o g o n a l  i f f .  = f  b u t  e i t h e r  m . ^  m  o r  m<. ^  m  <
^ X p X ^  p

A s  th e  r a d ia l  H a r t r e e  F o c k  e q u a t io n s  a re  in d e p e n d e n t  o f th e s e

q u a n t i t ie s  th e  c o n s t r a in t  d r  P  ( r )  P  ( r )  = 0 , X p m a y  le a dJ X p
to  w o r s e  a p p r o x im a t io n s  th a n  i f  i t  w e r e  n o t  im p o s e d .  A n  

e x a m p le  o f s u c h  a c a s e  is  th e  w a v e  fu n c t io n  f o r  th e  I s  2s (*S )  

s ta te  o f H e  l i k e  io n s  w h e r e  th e  o r th o g o n a l i t y  o f  th e  I s  a n d  2s 

w a v e  fu n c t io n s  is  a s s u r e d .b y  th e  a n t is y m m e t r y  o f th e  s p in  w a v e  

fu n c t io n ,  [S h a rm a  a n d  C o u ls o n  (1 9 6 2 ) ] .  F o r  th is  s y s te m  th e  

a n t i s y m m e t r i c  w a v e  fu n c t io n  is

w h e r e  th e  s u p e r s c r ip t s  r e f e r  to  th e  s p in  o r ie n ta t io n .  D u e  to

th e  d i f f e r e n t  s p in  o r ie n ta t io n s  o f th e  tw o  one p a r t i c le  w a v e

fu n c t io n s  w e  c a n n o t  m a k e  th e  s u b s t i t u t io n  P _  ( r )  = P _  ( r )
2s 2s

+ A P j ^ ( r )  w i t h o u t  a l t e r in g  and  h e n c e  h a ve  n o  j u s t i f i c a t i o n
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f o r  im p o s in g  th e  c o n s t r a in t

P ,  ( r ) P _  ( r ) d r  = 0.
J  I s '  2 s '

T h e  H a r t r e e - F o c k  e q u a t io n s  m a y  b e  s o lv e d ,  s u b je c t

to  th e  b o u n d a r y  c o n d it io n s  P (0 )  = O ^ P (r )  0 as  r ->■ oo,

e i t h e r  n u m e r ic a l l y  o r  b y  s p e c i f y in g  s o m e  a n a ly t ic  f o r m  o f

P ( r )  c o n ta in in g  p a r a m e te r s  w h ic h  a r e  v a r ie d  to  o b ta in  th e

'b e s t '  f u n c t io n .  F r o e s e  (1 9 6 3 ) h a s  w r i t t e n  a c o m p u te r

p r o g r a m  to  n u m e r i c a l l y  s o lv e  th e  H a r t r e e  F o c k  e q u a t io n s

f o r  a n y  a to m ic  s y s te m  w i t h  n o  f u r t h e r  a p p r o x im a t io n ,

o th e r  th a n  ta k in g  M  . = 0 , p /  X. N u m e r ic a l  s o lu t io n  o fpX
th e  H a r t r e e  F o c k  e q u a t io n s  c a n  g iv e  g r e a te r  a c c u r a c y  th a n  

th e  a n a ly t ic  m e th o d s  a n d  is  m o r e  c o n v e n ie n t  f o r  c o m p le x  

a to m ic  s y s te m s  s in c e  a n a ly t ic  e x p r e s s io n s  f o r  th e  r a d ia l  

fu n c t io n s  b e c o m e  in c r e a s in g ly  m o r e  c o m p l ic a te d  as  th e  

n u m b e r s  o f  e le c t r o n s  in c r e a s e s .  R o o th a a n  a n d  c o w o r k e r s  

( I9 6 0 )  h a v e  d e v is e d  a m o r e  a c c u r a te  a n a ly t ic  o r  e x p a n s io n  

m e th o d  o f s o lv in g  th e  r a d ia l  H a r t r e e  F o c k  e q u a t io n s .  T h e y  

m a k e  th e  e x p a n s io n

O n  s u b s t i t u t in g  t h is  e x p r e s s io n  in  th e  e x p r e s s io n  f o r  E  and

a p p ly in g  th e  v a r ia t i o n a l  p r in c ip le  f o r  v a r ia t io n s  ^ n f p

C . + 6C  . , th e y  o b ta in  p s e u d o -e ig e n v a lu e  e q u a t io n s  f o r
n ip  n ip

th e  v e c to r s  C ( th e s e  w i l l  n o t  b e  t r u e  e ig e n v a lu e  e q u a t io n s

b e c a u s e  o f  th e  s e l f  c o n s is ta n c y  r e q u i r e m e n t ) .  H a v in g  fo u n d

a s e t  f o r  a p a r t i c u la r  a n d  th e y  th e n  v a r y

a n d  Y\,  to  m in im is e  E  in  s u c h  a w a y  th a t  R  . ( r )  h a s  th e  c o r -
 ̂ n i

r e c t  b e h a v io u r  f o r  s m a l l  r  ( L o w d in  1 9 5 4 ). T h e s e  a n a ly t ic  

r a d ia l  f u n c t io n s  h a v e  b e e n  c a lc u la te d  f o r  a w id e  ra n g e  o f 

a to m ic  s y s te m s ,  in  m o s t  c a s e s  to  an  a c c u r a c y  c o m p a r a b le
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to  th e  n u m e r ic a l  r e s u l t s  o f  F r o e s e .  T h e y  h a v e  th e  a d v a n t ­

a g e  o f c o n v e n ie n c e  o v e r  n u m e r ic a l  ta b u la t io n s ,  w h e n  u s e d  

a s  in p u t  to  s c a t t e r in g  p r o g r a m s ,  s in c e  d i f f e r e n t ia t io n  a n d  

in t e g r a t io n  m a y  b e  p e r f o r m e d  a n a ly t i c a l l y  in  m a n y  c a s e s .

C o n t in u u m  H a r t r e e  F o c k  fu n c t io n s

W e  e x p a n d  th e  w a v e  fu n c t io n s  o f th e  c o n t in u u m  e le c ­

t r o n  in  c e n t r a l  f i e l d  w a v e  fu n c t io n s  as  d e s c r ib e d  in  S . M .  

T h e  a n t i s y m m e t r i c  w a v e  fu n c t io n  f o r  th e  c o m p le te  s y s te m  

is  fjii

A s y m p t o t i c a l l y  th e  m o s t  g e n e r a l  f o r m  o f th e  r a d ia l  f u n c t io n  

F  o f  th e  c o n t in u u m  e le c t r o n  i s  s o m e  s u p e r p o s i t io n  o f  i n ­

c o m in g  a n d  o u tg o in g  s p h e r ic a l  w a v e s ,  i . e . ,

p e n  - V
^  r  <30 

T h e  c o e f f ic ie n t s  a n d  a r e  r e la t e d  b y

w h e re  is  th e  s c a t t e r in g  m a t r i x  a n d  th e  s u m  is  o v e r  a l l

in c id e n t  c h a n n e ls  F ' .  H e n c e

-iOp.   cQ p
er

F o r  n u m e r ic a l  c a lc u la t io n s  i t  is  m o r e  c o n v e n ie n t  to  e x p r e s s  th e  

a s y m p to t ic  f o r m  o f F ^  in  t e r m s  o f  th e  r e a c ta n c e  m a t r i x  R , w h ic h  

is  r e a l  a n d  s y m m e t r ic  a n d  is  d e f in e d  b y

S -  + ! % _
1 -  iR
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M a k in g  t h is  s u b s t i t u t io n  w e  o b ta in

'f C<'i ^  p r  ~  £ c  orjCvT

f o r  o p e n  c h a n n e ls  F ,  F ' . I f  w e  c h o o s e  th e  c o n t in u u m  w a v e  

fu n c t io n s  to  be  n o r m a l is e d  to  a n  in c id e n t  w a v e  o f  one  p a r t i c le  

p a s s in g  th r o u g h  u n i t  a r e a ,  p e r  u n i t  t im e

V ' )  ^  r  ^  ' ^ r r

I t  w i l l  be  m o r e  c o n v e n ie n t  to  w o r k  w i t h  r e a l  fu n c t io n s

,cv3
^  F / r  J _  ^  1 2 .1 3 )

In  th e  c lo s e d  c h a n n e ls

F j ^ ^ , ( r ) ^ 6 ^ ^ , N ^  e x p  ( - I k ^ l r  -  lo g  2 | k ^ | r ^

A s  f o r  th e  b o u n d  s ta te s  w e  r e q u i r e d  th a t   ̂ i s  e v e r y ­

w h e r e  f i n i t e  a n d  h e n c e  th e  b o u n d a ry  c o n d i t io n  o f  th e  o r ig in  is  

F p p , ( 0 )  = 0 . T h e  t o t a l  w a v e  f u n c t io n  m a y  n o w  b e  w r i t t e n  

in  th e  f o r m

F o r  th e  s y s te m  i n i t i a l l y  in  s ta te  F^

W e  m a k e  th e  a s s u m p t io n  th a t  th e  r a d ia l  fu n c t io n s  F ^ ( r )  

u s e d  in  th e  c o n s t r u c t io n  o f  a r e  in d e p e n d e n t  o f  F  a n d

d e p e n d  o n ly  on N  a n d  Z .  T h e  v a l i d i t y  o f  t h is  a p p r o x im a t io n  

is  d is c u s s e d  in  S . M .  F r o m  th e  d e te r m in a n ta l  f o r m  o f  th e
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w a v e  f u n c t i o n  (2 .  15) w e  see  t h a t  w e  m a y  c h o o s e  F . .  s u c h  t h a t

r ̂
j ,  ^  ^  F .*  =  c  ( 2 . 1 6 )

f o r  a l l  c lo s e d  s u b s h e l l s  w i t h o u t  i m p o s i n g  a n y  r e s t r i c t i o n  on

th e  t o t a l  w a v e  f u n c t i o n ,  s in c e  i s  u n a l t e r e d  i f  w e  r e p l a c e  F^^.

b y  F , . + C , w h e r e  C i s  c h o s e n  s u c h  t h a t  e q u a t io n  (2 .  16) 
i j  ^

i s  s a t i s f i e d .  I f  f .  ^ i th e n  th e  o r t h o g o n a l i t y  o f  th e  c o n t i n u u m  

o r b i t a l  a n d  th e  one e l e c t r o n  o r b i t a l s  o f  s u b s h e l l  X. i s  a s s u r e d  

b y  th e  o r t h o g o n a l i t y  o f  t h e  s p h e r i c a l  h a r p a o n i c s . I f  X i s  an  

i n c o m p l e t e  s u b s h e l l  a n d  f . = w e  a r e  n o t  f r e e  t o  i m p o s e  th e  

c o n s t r a i n t  (2 .  1 6 ) .  T h e r e  a r e  t w o  w a y s  i n  w h i c h  w e  m a y  p r o ­

c e e d .  T h e  f i r s t  i s  t o  u s e  as o u r  t r i a l  w a v e  f u n c t i o n  t h a t  

g iv e n  b y  e q u a t io n  (2 .  15) a n d  w i t h o u t  m a k i n g  th e  a s s u m p t i o n  

o f  o r t h o g o n a l i t y  f o r  th e  i n c o m p le t e  su b  s h e l l s  w i t h  

T h e  s e c o n d  m e t h o d  w a s  p r o p o s e d  b y  S e a to n  ( u n p u b l i s h e d  

n o t e s ,  1961 ) a n d  s u b s e q u e n t l y  u s e d  b y  S m i t h ,  H e n r y  a n d  

B u r k e  (1 9 6 6 )  a n d  S a r a p h ,  S e a to n  a n d  S h e m m in g  (1 9 6 6 )  i n  

t h e i r  c a l c u l a t i o n s  on  e l e c t r o n  s c a t t e r i n g  b y  a t o m i c  s y s t e m s  

h a v in g  i n c o m p l e t e  p  s u b s h e l l s .  S e a to n  m a k e s  th e  s u b s t i t u t i o n

p. O') ^  P-(r) 
ij • -j j

w h e r e  .220

P- <r)

1
( 2 . 1 7 )

-J
T h i s  i s  e q u i v a l e n t  to  a d d in g  t o  o u r  t r i a l  f u n c t i o n  ( 2 . 2 3 )  t e r m s  

o f  t h e  f o r m  Cj ^ w h e r e  #  i s  a p r o p e r l y  a n t i s y m m e t r i c  

f u n c t i o n  o f  N  + 1 e l e c t r o n s  c o n s t r u c t e d  f r o m  th e  s a m e  r a d i a l
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H a r t r e e  F o c k  f u n c t i o n s  as  i s  H e n c e  i t  w i l l  n o t  be

a n  e i g e n f u n c t i o n  o f  th e  N  + 1 e l e c t r o n  H a m i l t o n i a n ,  e q u a t io n

( 2 . 1 )  b u t  s in c e  w e  h a v e  m a d e  th e  a p p r o x i m a t i o n  t h a t  th e  

a r e  in d e p e n d e n t  o f  c o n f i g u r a t i o n  i t  m a y  be  r e g a r d e d  as  a l ­

l o w i n g  f o r  th e  v i r t u a l  c a p t u r e  o f  th e  i n c i d e n t  e l e c t r o n  i n t o  

th e  i n c o m p le t e  s u b s h e l l  p .

I n  a n a lo g y  w i t h  e q u a t io n  ( 2 . 4 a )  w e  w r i t e

^  s 7 T . , . ) -  91 r x ,  ^  6  U  
^  ( 2 . 1 8 )

W e  t a k e  a s  o u r  t r i a l  f u n c t i o n

w h e r e  ^  r u n s  o v e r  a l l  i n c o m p l e t e  s u b s h e l l s  i n  th e  t a r g e t  

c o n f i g u r a t i o n s  i n c lu d e d  in  th e  e i g e n f u n c t i o n  e x p a n s io n .  T h e
i

C a r e  a r b i t r a r y  p a r a m e t e r s  w h i c h  t o g e t h e r  w i t h  t h e  F . . ( r )  
p  i j

w i l l  b e  d e t e r m i n e d  f r o m  a v a r i a t i o n a l  p r i n c i p l e .

I n  th e  d e r i v a t i o n  o f  th e  r a d i a l  e q u a t io n s  b o th  m e th o d s  

f o r  h a n d l i n g  t h e  n o n - o r t h o g o n a l i t y  o f  t h e  c o n t i n u u m  o r b i t a l  

a n a  th e  o r b i t a l s  o f  th e  i n c o m p l e t e  s u b s h e l l s  X i n  th e  c a s e  

i ,  = i  r e q u i r e  th e  e v a lu a t i o n  o f  m a t r i x  e le m e n t s  o f  H  w h i c h  

do  n o t  o c c u r  i n  th e  o t h e r  c a s e s  a n d  w h i c h  le a d  to  a d d i t i o n a l  

in h o m o g e n e o u s  t e r m s  i n  th e  d i f f e r e n t i a l  e q u a t io n s  f o r  th e  

F . , ( r ) .  H o w e v e r ,  f o r  c o m p l e x  a t o m ic  s y s t e m s ,  S e a to n 's  

m e t h o d  le a d s  to  c o n s i d e r a b l y  m o r e  s i m p l e  e x p r e s s i o n s  f o r  

th e  m a t r i x  e le m e n t s  and  t h e r e f o r e  w e  h a v e  u s e d  e q u a t io n  

( 2 . 2 7 )  as  o u r  t r i a l  f u n c t i o n  i n  S . M .  T h e r e  w e  u s e d  a v a r i ­

a t i o n a l  p r i n c i p l e  t o  d e r i v e  d i f f e r e n t i a l  e q u a t io n s  f o r  th e  

r a d i a l  f u n c t i o n s  F^^^(r) s u b je c t  to  c o n s t r a i n t ,

6 I  d r  P  . ( r )  p  ( r )  = 0 f o r  a l l  s u b s h e l l s  X. T h e  e q u a t io n s
i  X J \  ^

o b ta in e d  f r o m  th e  d i r e c t  m e th o d  u s in g  th e  w a v e  f u n c t i o n  ( 2 . 2 3 )
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a r e  d i s c u s s e d  i n  S e c t io n  2 . 3.

2 . 2 .  E v a l u a t i o n  o f  th e  m a t r i x  e le m e n t s  ( C a s e  I )

T h e  e v a lu a t i o n  o f  th e  m a t r i x  e le m e n t s  u s in g  ^  d e f in e d  

b y  e q u a t io n  (2.Z7) i s  d e s c r i b e d  i n  d e t a i l  i n  S . M .  s e c t io n  3.

I n  t h i s  s e c t i o n  w e  d i s c u s s  th e  a p p r o x i m a t i o n  m a d e  i n  th e  

e v a l u a t i o n  o f  th e  d i r e c t  p o t e n t i a l ,  n a m e l y ,  t h a t  th e  t a r g e t  

w a v e  f u n c t i o n s  s a t i s f y  th e  e q u a t io n

W e  a ls o  g i v e  an  a l t e r n a t i v e  e x p r e s s i o n  f o r  th e  t e r m s  q u a d ­

r a t i c  i n  C w h i c h  i s  m o r e  c o n v e n ie n t  f o r  m a c h in e  c o m p u t a ­

t i o n s  th a n  t h a t  g iv e n  i n  S . M .

D i r e c t  t e r m s

In  o r d e r  t o  s i m p l i f y  t h e  e x p r e s s i o n  f o r  t h e  d i r e c t  p o ­

t e n t i a l  w e  m a d e  th e  a s s u m p t i o n  t h a t

^  o
J '  (2.20)

W e  h a v e  a ls o  m a d e  th e  a s s u m p t i o n  t h a t  4i(*y^X ) a n d  i) j('YjX) m a y  

b e  c o n s t r u c t e d  f r o m  th e  s a m e  s e t  o f  one  e l e c t r o n  o r b i t a l s .

T h e  i);(YX) c o n s t r u c t e d  i n  th e  m a n n e r  d e s c r i b e d  i n  s e c t i o n

( 2 . 1 )  a r e  o r t h o n o r m a l ,  h e n c e  w e  m a y  w r i t e  e q u a t io n  ( 2 . 2 0 )  

i n  t h e  f o r m :

^ ~  °  ( 2 . 2 0 a )

j ,  j ' o b ,  . • ) Wrj ^ ( f j  X )  "  ^  ( 2 . 2 0 b )

B e f o r e  u s i n g  th e  d i r e c t  p o t e n t i a l  g iv e n  i n  S . M .  e q u a t io n  (4 8 )  

w e  m u s t  t h e r e f o r e  c o n s id e r  th e  v a l i d i t y  o f  e q u a t io n  ( 2 . 2 0 a )
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f o r  th e  H a r t r e e  F o c k  f u n c t i o n s  t o  b e  u s e d  a n d  th e  e r r o r  i n  

€. i n c u r r e d  b y  th e  u s e  o f  a p p r o x im a t e  w a v e  f u n c t i o n s .

T h e  m a t r i x  e le m e n t  < ip (Y ^ X ) |H ^ I  'l'(^ j X ) /  m a y  b e  e v a l u ­

a te d  i n  th e  s a m e  w a y  as t h e  d ia g o n a l  e l e m e n t s ,  e q u a t io n s  

(2 .  6) a n d  ( 2 . 7 ) .

T h e  m a t r i x  e le m e n t  on th e  r . h .  s .  w i l l  v a n i s h  i f  a n d  y^

d i f f e r  b y  m o r e  t h a n  one  e l e c t r o n  j u m p  a n d  th e  n o n  z e r o  c o n -

t r i b u t i o n s  t o  n ,, w i l l  c o m e  f r o m  th o s e  q .q .  w h i c h  i n c lu d e  to  tvTj' 1 J
t h e  s a m e  d i s t r i b u t i o n  "q o f  l a b e l s  1. . N -  1. H e n c e  w e  m a y  

r e p l a c e  . . __

w h e r e  i s  th e  s u b s h e l l  c o n t a in in g  e l e c t r o n  N  i n  q . and  

c o n t a in s  N  in  q^. I n  a n a lo g y  w i t h  S . M .  e q u a t io n  (56 )  w e  

o b t a in  , ^

 ̂fj ^
( - 1 J V

<  F  ■ • s  ^ • " 5 "  "  "  ■ • A  -  V .  X .  c V, J

< r x . L ir ,  O  J.F ^Sg-J

T h e  m a t r i x  e le m e n t  (7.. 2.1ix )

N C N - , )  <  A . A

a n d  ^  i s  t h e  N  p a r t i c l e  a n a lo g u e  o f  th e  m a t r i x  e le m e n t

on  th e  l . h . s .  o f  S . M .  e q u a t io n  (6 2 ) .  H e n c e  f r o m  e q u a t io n  

( 2 . 2 1 a )  a n d  S . M .  e q u a t io n  (6 2 a )  w e  o b t a in
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^  7 T g (N ^ .  S -  ) I  N A p . l  % A  J<^ ^ y  ’
r<> ^ '

r cF _
L c l r '

%. - r
^ v  r

l(p — -.—  ---
( ' / , V V 9 , 4 y t ? v ; ) < : '  F Ç ' t ^ y  L ,

F -  F Ç ' < 4 , ^  

( « . ;  - s , - ,  F  ( - " " y  _  (  C v , ,  V . S  < F “ V p 9 .  >J W J
(  9^, L , ,  1 1 %  ) 7 ; r ^ , j (  ^ ’^ ' ! - 9 . , P 3 \  À w 3 p . , r . ,  )

s : ( S j -  >  ^  j ^ & e '  ^

( i - k O û | i ^ . o ' ) < L - J L i > ' "  + ( ( -  fj >

(  ^ji^k 00 7 )   ̂ L j ')  j  ®L;Uj ^S;sj

( 2 . 7 - / J

F 9 p -  ) •  ■ S,r;  ̂ ^= <  F "  V : 

^ L : i L ] A  =  < P ■ ■y^[{jk(ffi)\, y^jyi-r,) - u  i
IL, ' ■ )■ )-rjrioitr^lPs-j jL^y • Lj y

I

i r ; . . r , A ^ 6 x 7 , 3 ] L y ; -  T . / , / A ^ '
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F r o m  e q u a t io n  ( 2 . 2 1 )  w e  see  t h a t  th e  m a t r i x  e l e m e n t  i s  d i a ­

g o n a l  i n  th e  q u a n tu m  n u m b e r s  a S M  L M  i t . T h e  o f f  d i a g o n a l
S Xj

e le m e n t s  w i l l  n o t  v a n i s h  f o r  y^Y j h a v in g  th e  s a m e  t o t a l  q u a n ­

t u m  n u m b e r s  f o r  d i f f e r e n t  e l e c t r o n i c  c o n f i g u r a t i o n s .  A n  

e x a m p le  o f  a n o n - v a n i s h i n g  o f f  d ia g o n a l  m a t r i x  e l e m e n t  is  

one  o f  th e  f o r m  < 1 s ^  2 s ^  2 p ^ l H ^ I  1 s^  2 s ^  2p  ^ 3 p ^ .  H o w e v e r ,  

i n  m a n y  a p p l i c a t i o n s  o f  th e  e ig e n f u n c t io n  e x p a n s io n  m e th o d  

th e  o f f  d i a g o n a l  t e r m s  w i l l  v a n i s h  a n d  in  o t h e r  c a s e s  t h e y  

w i l l  b e  s m a l l  i n  c o m p a r i s o n  w i t h  th e  d ia g o n a l  m a t r i x  e le m e n t s .  

T h e r e f o r e  th e  e q u a t io n

3 ,  - 4 .  Û

w i l l  b e  e x a c t  i n  m a n y  a p p l i c a t i o n s  a n d  m a y  be  c o n s i d e r e d  a 

g o o d  a p p r o x i m a t i o n  i n  o t h e r s .

T h e  e r r o r  i n  8̂  i n c u r r e d  b y  a s s u m in g  t h a t  kjj(y^X) and  

>|j(y.X) m a y  b e  c o n s t r u c t e d  f r o m  th e  s a m e  s e t  o f  H a r t r e e  F o c k  

f u n c t i o n s  P  ( r ) ,  f o r  a l l  y  r e t a i n e d  in  t h e  e ig e n f u n c t i o n  e x -
A.

p a n  s i  on  c a n  b e  e x p e c te d  t o  b e  s m a l l  i f  t h e  e x a c t  e n e r g y  d i f ­

f e r e n c e s  (E  -  E  ) a r e  a l s o  s m a l l .

I n  p r a c t i c e ,  th e  m o s t  r e l i a b l e  r e s u l t s  a r e  o b ta in e d  

i f  t h e  e l e c t r o n  e n e r g ie s  i n  th e  i n e l a s t i c  c h a n n e ls  a r e  c a l c u ­

la t e d  u s in g  e x p e r i m e n t a l l y  d e t e r m in e d  e n e r g y  d i f f e r e n c e s  

r a t h e r  t h a n  H a r t r e e  F o c k  e n e r g ie s .

2
C t e r m

I n  S . M .  w e  e x p r e s s e d  th e  m a t r i x  e le m e n t s  

< $ ^ ( L ^ S ^ T T ^ ) #  (L^S ^T rp>  i n  t e r m s  o f  th e  m a t r i x  e l e ­

m e n t s  o f  H J N + l )  a n d  ^  t o g e t h e r  w i t h  th e  H a r t r e e
1 oC ^  I N + I

F o c k  e n e r g ie s  o f  th e  N  e l e c t r o n  t a r g e t .  #  i s  p r o p e r l y  a n t i ­

s y m m e t r i c  u n d e r  i n t e r c h a n g e  o f  a n y  p a i r  o f  l a b e l s  1. .N + 1 .
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H e n c e  w e  h a d  to  c o n s id e r  a l l  p o s s ib le  c o n f i g u r a t i o n s  o f  th e

N  e l e c t r o n  s y s t e m  r e s u l t i n g  f r o m  th e  r e m o v a l  o f  one e l e c t r o n

f r o m  th e  c o n f i g u r a t i o n  d e s c r i b e d  b y  $  a n d  n o t  m e r e l y  th e

t a r g e t  c o n f i g u r a t i o n s  i n c lu d e d  in  th e  e ig e n f u n c t i o n  e x p a n s io n .

A l t h o u g h  th e  e r r o r  i n c u r r e d ,  b y  a s s u m in g  t h a t  a l l  th e  vjj(y^X)

in c lu d e d  i n  th e  e ig e n f u n c t io n  e x p a n s io n  m a y  be  c o n s t r u c t e d

f r o m  th e  s a m e  s e t  o f  r a d i a l  f u n c t io n s  P .  ( r ) ,  m a y  b e  s m a l l ,
7T <

th e  e r r o r  i n  th e  H a r t r e e  F o c k  e n e r g ie s  E  ^ o f  S . M .

e q u a t i o n ( 7 2 ) f o r  th e  h i g h l y  e x c i t e d  c o n f i g u r a t i o n s  m a y  be  

c o n s i d e r a b l e .  A n  a l t e r n a t i v e  e x p r e s s i o n  f o r  th e  m a t r i x  

e le m e n t

m a y  b e  o b ta in e d  b y  n o t i n g  t h a t ,  a l t h o u g h  th e  a r e  n e i t h e r

e ig e n f u n c t i o n s  o f  H ^ ^ ^  n o r  c o n s t r u c t e d  f r o m  th e  a p p r o p r i a t e  

H a r t r e e  F o c k  f u n c t i o n s  f o r  th e  N+1 e l e c t r o n  s y s t e m ,  t h e y  

a r e  p r o p e r l y  a n t i s y m m e t r i c  u n d e r  i n t e r c h a n g e  o f  a n y  p a i r  o f  

th e  N+1 l a b e l s  and  a r e  c o n s t r u c t e d  i n  th e  s a m e  w a y  a n d  f r o m  

th e  s a m e  s e t  o f  r a d i a l  f u n c t i o n s  as th e  t a r g e t  f u n c t i o n  ip (y X ) .  

H e n c e  th e  e x p r e s s i o n  f o r  th e  m a t r i x  e le m e n t  ( 2 . 2 2 )  i s  e x a c t l y  

a n a lo g o u s  t o  t h a t  g iv e n  i n  e q u a t io n  (2 .  21) w i t h  N ^  n o w  r e p r e ­

s e n t in g  th e  n u m b e r  o f  e l e c t r o n s  i n  s u b s h e l l  \  i n  th e  N+1 

e l e c t r o n  w a v e  f u n c t i o n .

T h e  e x p r e s s i o n  g iv e n  i n  e q u a t io n  (2 .2 1 )  i s  n o  m o r e  

d i f f i c u l t  to  c o m p u te  th a n  th e  e x p r e s s io n s  g iv e n  i n  S . M .  e q u ­

a t i o n s  ( 6 2 a ) ,  (67 )  a n d  (72 )  a n d  d o e s  n o t  r e q u i r e  a n y  H a r t r e e  

F o c k  e n e r g ie s  as  i n p u t .
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E v a l u a t i o n  o f  th e  M a t r i x  E l e m e n t s  (C a s e  I I )  

W e  w i s h  t o  e v a lu a te

w h e n  i s  o f  th e  f o r m  
k

N-rl N4-|-> ^

f ,  , , 3 „ ,

an d

J d r  F . ^ ( r )  P ^ ( r )  = 0 (2 .3 1 )

o n l y  i f  X i s  a c lo s e d  s u b s h e l l .

T h e  e v a lu a t i o n  o f  i s  e q u i v a le n t  to  th e  e v a lu a t i o n

o f  th e  C in d e p e n d e n t  t e r m s  o f  S . M .  s e c t io n  3 , b u t  w i t h o u t  th e

o r t h o g o n a l i t y  c o n d i t i o n  (2 .3 1 )  f o r  i n c o m p le t e  s u b s h e l l s  X

w i t h  f .  = i . ,
X 1

I t  i s  c l e a r  t h a t  th e  d i r e c t  t e r m s  ( S . M .  e q u a t io n  42 ) 

a r e  n o t  a f f e c t e d  b y  th e  o r t h o g o n a l i t y  r e q u i r e m e n t  s in c e  

e l e c t r o n  l a b e l  N+1 is  i n  th e  c o n t in u u m  o r b i t a l  on  b o th  s id e s  

o f  t h e  m a t r i x  e l e m e n t .  H o w e v e r ,  th e  e x c h a n g e  t e r m  w i l l  

n o t  s i m p l i f y  t o  th e  e x p r e s s i o n  g iv e n  b y  S . M .  e q u a t io n  (41).

T h e  e x c h a n g e  t e r m  i s

I ^  -  _  Is/ f . . fc ( .x ,  ■ f  ( f .  -  1
"-Lk.ji J J

' f  (!7 X X .  )
Cv

W e  c o n s i d e r  f i r s t  th e  m a t r i x  e le m e n t  o f  th e  one e l e c t r o n  

o p e r a t o r s
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A +  r ^ -  )  F A r '  (J, ) ' / ( ' } •  0  A n  ;  R ( 9 ,  J
N

T h e  o r t h o g o n a l i t y  c o n s t r a i n t  m a y  be  e x p r e s s e d  i n  t h e  f o r m

J d r F , . ( r ) P ^ ( r )  = ( 2 . 3 2 )

A l t h o u g h ,  s t r i c t l y  s p e a k in g ,  e l e c t r o n s  1. . a -1 ,  a + l , . . . , N + l  

a r e  ' s p e c t a t o r s '  f o r  H ^ (a ) ,  o n ly  e le c t r o n s  1. . a - l , a + l ,  . . . N - 1  

a r e  ' s p e c t a t o r s '  i n  th e  s e n s e  t h a t  th e  v a r i o u s  d i s t r i b u t i o n s  o f  

th e s e  l a b e l s  c o n t r i b u t e  e q u a l l y  to  th e  m a t r i x  e l e m e n t .  F o r  

a y ^ N ,  N+1 th e  m a t r i x  e le m e n t  m a y b e  n o n - z e r o  i f

y.y. d i f f e r  b y  tw o  o r  l e s s  e l e c t r o n  j u m p s .  W e  d e f in e  and  

p .  t o  b e  th e  s u b s h e l l s  c o n ta in in g  e le c t r o n s  N  a n d  N+1 in  d i s ­

t r i b u t i o n s  q. a n d  q .  r e s p e c t i v e l y .  p ,p

H ,c -  >> =  -
c-1 J

w h e r e

^  |v j^

4- 3 •+ ( / y - f j  )

t h e  o u t s id e  f a c t o r  n o w  b e c o m e s
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( - 1  ) [  4 ^ 4 ; -  )  N p - ( ^

a n d  th e  c o m p le t e  m a t r i x  e le m e n t  i s ,  i n  a n a lo g y  w i t h  S . M .  E q u ­

a t i o n  (5 6 )

)

^  t - , C V F -  3 + . C 4 V  I
I V  ■ %  " j t A > < 3 - .. L : r ' L |

) ' - ' '  A j "

J p L r  3 F j ) j  o F  i / - j F '  ( r l )  7 + ' "  ^

7  A *  ” i y ]r -  r J  ̂ ( 2 . 3 3 )

W e a r e  f r e e  to  im p o s e  th e  c o n s t r a i n t  (2 .  31) f o r  p^ o r  p^ a

c lo s e d  s u b s h e l l  h e n c e  th e  s u m m a t io n  o v e r  p^ and  p^ n e e d  o n ly  

r u n  o v e r  th e  i n c o m p le t e  sub  s h e l l s .

S i m i l a r l y  kP. + I

Â '  A  A j b p A j F ■ ■
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N o w

=  j A  F j .  F  7 K .  -  '

f r o m  G r e e n ' s  t h e o r e m  and  th e  b o u n d a r y  c o n d i t io n s

p  (0 )  = 0 = F .  (0 ) ,  P  ( r )  “ ► 0 and  P '  ( r )  -> 0 as  r  ->oo.
p p p

H e n c e  w e  m a y  w r i t e  t h i s  m a t r i x  e le m e n t  i n  th e  f o r m

' 4 ' " 'i?
[ 4  +  Pxr>
X''- T F  r  J

( 2 . 3 5 )

I n  e x a c t  a n a lo g y

<  H, ^  A  A i l .  f  A f .  F j / ^ J  fdr '

/Lr

( 2 . 3 5 a )

A l s o ,  i n  m o r e  c o m p a c t  n o t a t i o n

( 2 . 3 6 )

W e  h a v e  f o u r  t y p e s  o f  tw o  e l e c t r o n  o p e r a t o r s  to  c o n s id e r

T h e  m a t r i x  e le m e n t  ^  i s  g iv e n  b y  S . M .  e q u a t io n  (4 1 )  a n d

i s  o f  th e  f o r m



36.

< 3 3  -  4 .  A / F  F .  &  F

(2.37)

<
(\i~i

r

H v V )

S ( N4  N,J +  + S^^.-  )( IJ 9

l  A  ( A r  V , . ;  3 i V p / 4 -  ) ]  ^

 ̂V a u  i a a v̂ -'7‘- - * A I  A ' S a -a

' ^ '  Â A . A 7 A  Â W 4 )  V
^ < L , ■• A [ ^ t ( % , 1 V  A A x y j . - F C ' L i

I I , '  4 1 ^ 1 7  A A j  (-A i  +  +(^3 F >■J J

( 4  t 00 l^y C )( i j  t ÙC I 4 .0  )  I r ( r  h,C'3 AX'" > 

/ A / . , .  < f̂c ( f . / ^ j  l e  )

C  ■' jcir ) 4 , + '  )  

'^bA‘A3VA )

( 2 .3 8 )
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S i m i l a r l y  _  . .

/  A ” ' A  =  I l / F )^  9 n*. < F 53'.^3 9 J

A  A  f j / ' j  )  ( 2 .  38a)

w h e r e

( — I ) 'J L ^ f : ^ ^ / ^ : -  A / ;  3 A   ̂A j  ~  A;*.J 31

4 '"  A  V A  W ? À  V À  A  A7a , % À , A  3

( ^ A a  V: A + V A ' .Â .  (^ W A v ,V " )  A, ’A Î % Â V i 3  

< v  Â t ( V )  A t A A  

A . v + - ^ V V - À V . A V A -  v h s >

<  L| • 4 [ 4  (^4')JAc ' A - A ^  (A -3 '

ÿ r r 6 r ; y %  h f ^ ; >

(  A  t  0 0 | F p . Û ) (  A  t  O o p , ;  O )  g
J J A ,

a n d

< 3  A }  ,  - N  3 , 3

=  F f F ' V / j k  '

c<j 1

y .  1 0

(2 .3 8b )
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w h e r e  or d e n o te s  th e  s u b s h e l l  c o n t a i n i n g  e l e c t r o n  N - 2  a n d

A S> C A x '  ^  A y . ; F  >.o-J
f t

- '5 > , s ) [  iXpj ( A  - s ' )

( A  -  ) 4  ( 4  ■ A  F % ~ h p  ~ 4 3  7

1 3 %  S a  ‘a  * f  A  X F *  %  V j  “f  3 %  f  V .  J 

' F 3  S S ' F ' S S S  « A 3 9 , % « # , % )

( - u ' ^ ' v * '  <■ S; I S / > ( < , , (  . o | J , A )

( r O G f f ^ .  O X L L l L j " ) )
J - y v  ( j V j

H e r e  _ ‘’ ■' _  k .  _

Nx -t ^  N. -f-S. Nx 1-
kj

J
X r  ff-. >  y ^ c y -, > ?

3 - ' > = <3j 4-1

‘J
-1- C  N x  

^  ’ 3 , + '

I A  ■ • 4  4 4  Vj ) À

< r LiiL- >  ^ < L ,  ■■ A c ' (  A 4  ■ ■

Â :  I :  ( A :  ) ■ • ^ 4 4 4  / À  ■ • y  • •
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T h e  v a r i a t i o n a l  p r i n c i p l e  ( S . M .  e q u a t io n  73) n o w  b e c o m e s

S  [  g ,  [ p i r  A c n /  . e - j  A  +  4 3  ( 3 -  4 F )  X . y F )
-3  J /"j .J

f o r  v a r i a t i o n s  6 F  -, k  co s  0
m n  m  m n  m

( M ^  i s  t h e  L a g r a n g e  m u l t i p l i e r  c h o s e n  to  e n s u r e  th e  o r t h o ­

g o n a l i t y  o f  th e  c o n t i n u u m  a n d  th e  c l o s e d  s u b s h e l l s ) .  T h i s  

y i e l d s  th e  r a d i a l  e q u a t io n s

/c(F( 7 4 " J +  f  "  f L j r  " " 4 ^ ) -  °J y I

/ . . I

( 2 . 3 9 )

w h e r e  / . . . ( r )  i s  d e f i n e d  b y  S . M .  e q u a t io n  (7 4 )  a n d  th e  i n h o m o - 
i

g e n e o u s  t e r m  i s  g i v e n  b y

X 4 - ) ~
A / j

1 ) ?  ( r  ) C -F  A c -  ) f4  -Xj(Ĵ I h  2^1 A r )
/ j  J J /_ cU'- -F

+ 4 ) 3 '  r  4  -  / x l F s - ' h z & l p  c n  r , L -  F ^ c - ' )  A o ' )
> 3j  L F - '  —  - F  J / ‘j  J J

•+ ^  c ( T,  ̂f ‘4 ' ^
r ,  • A / S ’A /^- A '  J J /  4

J 4 C 7

P i  ) c ' J_ -  h C ' - J

(2 .4 0 )
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T h i s  m a y  b e  c o n d e n s e d  i n t o  th e  f o r m

) (  ;  .=  - 2 4 ( 4  A , - ) J a  4 ^ ' 1 + ' ' • ’

3 y / i  y y j

+  r  ^ ‘ ’ ( ' )  R X t - z - . f i h o

E a c h  o f  th e  c o n s t i t u e n t  t e r m s  o f  X  a r e  o f  th e  f o r m  ii ^ ( r ) A . .
/  i j  . . a , ^

w h e r e  ( j ( r )  i s  a k n o w n  f u n c t i o n  o f  r  a n d  A . ,  i s  a n  u n k n o w n
T  iJ

c o n s t a n t  d e p e n d in g  u p o n  E . .. A s  b e f o r e ,  t h e  r a d i a l  e q u a t io n s  

f o r m  a s y s t e m  o f  c o u p le d  i n t e g r o  d i f f e r e n t i a l  e q u a t i o n s .

N u m e r i c a l  M e t h o d

I n  o r d e r  t o  s o l v e  th e  r a d i a l  e q u a t io n s  w e  u s e  th e  m e t h o d  

o f  S m i t h ,  H e n r y  and  B u r k e  t o  g e n e r a t e  t h e  i n d e p e n d e n t  s o l u ­

t i o n s  o f  th e  h o m o g e n e o u s  s y s t e m .  I f  t h e r e  i s  a t o t a l  o f  N V  i n ­

h o m o g e n e o u s  t e r m s  o f  th e  f o r m  ^ '^ ( r ) A ^ j , w e  m a y  g e n e r a t e

N V  p a r t i c u l a r  s o l u t i o n s  o f  t h e  i n h o m o g e n e o u s  s y s t e m  b y
i

s e t t i n g  e a c h  o f  t h e  c o n s t a n t s  A _  i n  t u r n  t o  u n i t y ,  a n d  th e  

r e s t  t o  z e r o .  I f  ^ d e n o te s  th e  h o m o g e n e o u s  s o l u t i o n  

a n d  ^  d e n o te s  a p a r t i c u l a r  s o l u t i o n  o f  t h e  in h o m o g e n e o u s

s y s t e m  g e n e r a t e d  i n  th e  a b o v e  m a n n e r ^ t h e n  th e  r e q u i r e d  s o l u ­

t i o n s  o f  th e  s y s t e m  o f  th e  e q u a t io n s  a r e  o f  th e  f o r m
N .

F  =  5, +  ^  3 mk
*' = ' (2.42)

w h e r e  t h e  A  a r e  d e f i n e d  b y  th e  e q u a t io n s

J  d r  FCO 1 e r -  )

-  j  j O r

F )



41.

S u b s t i t u t i n g  e q u a t io n  ( 2 . 4 2 )  i n t o  t h e s e  e q u a t io n s  y i e l d s  t h e  

c o u p le d  a l g e b r a i c  e q u a t io n s  f o r  th e  A

’ ABr A/'3 1 - 9

/ I  > V  ’  y  f B 3 F "  9  [ i V  V  >

,  I *  L 3 . t ' . 4 . ' F  B - P ’ ]  Py p ’ 3  Y f  f  ' " ’

w h e r e  p  i s  t h e  n u m b e r  o f  i n c o m p l e t e  s u b s h e l l s .  T h e  m a t c h i n g  

p a r a m e t e r s  o f  t h e  N  i n d e p e n d e n t  h o m o g e n e o u s  s o lu t i o n s  m a y  b e  

d e t e r m i n e d  u s in g  th e  m e t h o d  d e s c r i b e d  b y  S m i t h ,  H e n r y  a n d  

B u r k e .

T h e  m e t h o d  d e s c r i b e d  a b o v e  h a s  th e  a d v a n ta g e  t h a t  t r i a l  

f u n c t i o n  T ^ (x ^ .  . x ^ ^ ^ )  h a s  a m o r e  g e n e r a l  f o r m  t h a n  t h a t  u s e d  

i n  S . M .  a n d  th e  m a y  b e  v a r i e d  s u b j e c t  o n l y  to  th e  c o n s t r a i n t s  

t h a t  t h e y  s a t i s f y  th e  s a m e  b o u n d a r y  c o n d i t i o n s  as  t h e  e x a c t  

s o l u t i o n s  a n d  t h a t  t h e y  a r e  o r t h o g o n a l  t o  th e  w a v e  f u n c t i o n s  

o f  th e  c l o s e d  s u b s h e l l s .  H o w e v e r  i t  i s  c l e a r  t h a t  t h e  r a d i a l  

e q u a t io n s  o b ta in e d  f o r  t h i s  f o r m  o f  ^  a r e  c o n s i d e r a b l y  m o r e  

c o m p l e x  t h e n  th o s e  g iv e n  i n  S . M .  F o r  e x a m p le  i f  w e  r e t a i n  

th e  g r o u n d  s t a te  t e r m s  o f  c a r b o n  i n  o u r  t r i a l  w a v e  f u n c t i o n  

f o r  e C s c a t t e r i n g  a n d  c o n s i d e r  t h e  c a s e  w h e n  th e  s y s t e m  h a s  

t o t a l  q u a n t u m  n u m b e r s  L  = 0, S = 3 / 2 ,  ir = o d d ,  ( 2 . 3 9 )  w i l l  

r e d u c e  t o  a s i n g l e  e q u a t io n  ( s e e  S H B  I I ) .  T h e r e  i s  o n l y  one  

i n c o m p l e t e  s u b s h e l l  p = 2p  a n d  h e n c e  S . M .  e q u a t io n  77 c o n ­

t a i n s  t w o  in h o m o g e n e o u s  t e r m s ,   ̂ ( r )  a n d

E q u a t i o n  ( 2 . 3 9 ) ,  on  t h e  o t h e r  h a n d ,  w i l l  c o n t a i n  s i x  i n h o m o ­

g e n e o u s  t e r m s ,  one  o f  th e  f o r m  ^  ( r ) A ^ ,  one  o f  t h e  f o r m

( r ) A  a n d  f o u r  o f  t h e  f o r m  A  .
7 X y .  Jr P
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2 . 4 :  R a d i a l  E q u a t i o n s  f o r  th e  C a s e  o f  a n  A t o m i c  S y s t e m
w i t h  C o n f i g u r a t i o n  2 p q  o r  3p*^

A  l a r g e  n u m b e r  o f  c a l c u l a t i o n s  h a \  : b e e n  m a d e  r e c e n t l y  

on  th e  s c a t t e r i n g  o f  e l e c t r o n s  b y  a t o m i c  s y s t e m s  w i t h  c o n ­

f i g u r a t i o n s  l s ^ 2 s ^ 2 p ^  o r  I s  2s 2 p ^  3s 3 p ^  s in c e  t h e r e  i s  

c o n s i d e r a b l e  a s t r o p h y s i c a l  i n t e r e s t  i n  th e  f o r b i d d e n  l i n e s  

a r i s i n g  f r o m  t r a n s i t i o n s  b e t w e e n  th e  t h r e e  s p e c t r a s c o p i c  

t e r m s  o f  m a n y  o f  th e  a t o m s  a n d  io n s  h a v in g  c o n f i g u r a t i o n s  

2 p ^  o r  3 p ^  f o r  q  = 2 ,  3 , 4 .  T h e s e  l i n e s  c a n  b e  e x c i t e d  b y  

e l e c t r o n  i m p a c t .

T h e  e ig e n f u n c t i o n  e x p a n s io n  m e t h o d  h a s  b e e n  u s e d  b y  

S m i t h ,  H e n r y  a n d  B u r k e  ( S . H . B .  1 9 6 6 ) ,  S a r a p h ,  S e a to n  

a n d  S h e m m i n g  ( S . S . S ,  1966 ) a n d  M y e r s  c o u g h  a n d  M c D o w e l l  

(1 9 6 4 )  i n  t h e i r  c a l c u l a t i o n s .  T h e s e  a u t h o r s  i n c l u d e  o n l y  

t h e  t e r m s  o f  th e  g r o u n d  s t a te  c o n f i g u r a t i o n  i n  t h e i r  e x p a n ­

s io n  a n d  i m p o s e  th e  c o n s t r a i n t  E j ^ j ( r ) H ^ p ( r )  = 0 .

S . H . B .  a n d  S . S . S .  c o m p e n s a t e  f o r  t h i s  r e s t r i c t i o n  b y  

a d d in g  a t e r m  C ^ $ ( 2 p ^ ^ ^ L S T r )  t o  t h e i r  t r i a l  s o l u t i o n  as  i n  

S . M .  e q u a t io n  ( 1 4 ) .  A  v a l u a b l e  c h e c k  on  th e  d e r i v a t i o n  o f  

th e  e x p r e s s i o n s  f o r  th e  p o t e n t i a l s  i s ,  t h e r e f o r e ,  a c o m p a r i ­

s o n  o f  th e  p o t e n t i a l s  g i v e n  b y  t h e s e  a u t h o r s  w i t h  t h o s e  o b ta in e d  

f r o m  th e  g e n e r a l  f o r m u l a e  o f  S . M .  s e c t i o n  3 .

I f  w e  i n c l u d e  o n l y  th e  t e r m s  w i t h  c o n f i g u r a t i o n s  

l s ^ 2 s ^ .  . . 2 p ^  i n  o u r  e x p a n s io n  th e  d i r e c t  p o t e n t i a l ,  e q u a t io n  

( S . M .  4 8 ) ,  i s

(-, ) V A  :

^ V  I j  V  3k 9 :  U j  >  ^  ^

I) t'  ̂ A  ̂ 0 j  C y I   ̂f 0 3 c ^
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w h e r e  i f  T. a n d  P. b o t h  c o r r e s p o n d  to  t h e  c o n f i g u r a t i o n s  
, 2 , 2  ‘  q S  A  ^
I s  2s . . . n p  — b e c o m e s  ^  , p. = p . = X a n d  A P . . = 0 .1 i j
A l s o

<  A i y A  =  A s , .  A i A A F  S A 4  I A

^ L - i L - y ^  .  < r ,  b A l i
1%, A i x C L x :  )  A ,

s o  t h a t  -  u 7T _  —

N.  2 - _ ( C A 4  Â A  X h ' A C F L S x B )V-. ^  «T " >  
p-

^  O o | i ^  0 )(̂ ĵ  L: I L j  ^  )

I f  X r e f e r s  t o  a c l o s e d  s u b s h e l l

= 2 ( 2 f ^  + 1)

th e  C . F . P .  's  = 1

4  L:  I .  < L J  I ,  t i D )  0 U  A  L I L ,  4 (  o ;  -Fd , )

t  o >  

<L^lJo)kLù^LiAi>~  | L A x ( o ) L : ^ f c A ( ^ j 3 L > A i . j

-  ^ b o  h : y

( F o r  a d i s c u s s i o n  o f  th e  m e t h o d s  u s e d  to  e v a lu a t e  th e  r e ­

c o u p l i n g  c o e f f i c i e n t s ,  s e e  s e c t i o n  4 ) .  T h e r e f o r e  t h e  c o n t r i ­

b u t i o n  V . ,  f r o m  th e  c l o s e d  s u b s h e l l s  t o  V . . ,  i s  
i j  i j

V ,  -  S j

I f  X = n p ,  t h e  i n c o m p l e t e  s u b s h e l l ,  N .  = q
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so  t h a t

=  .4  a p  t  F : >

<  L p  ( B  )/: L  I A  f c i a y  3  L >

[ 3  (2  / j f , X Z L . f  I X Z L j  + 1) ]  "  U(i~yl  ' - J t  , L j  I )  

B c  4 1 L  A .  i x  / j  ;

V - B J  -  V  f f  ( 4  ' ^ [ K z / p ü
\i Cho CA

( 2 L. ̂ 4 ^ S3-. )1 -  f  (' t ' 4  A j t  -  I A- O

U ( 7 . j  6 A B  / J  p j  ( ' l ’ * ' ' B  A ; / j ’ 4  B  7 - )

C ]>''' s p j  IÎ )  ajYÂ / l : / l - i )  j / * ' / '

z: A -  [  € ' z c z p + n p x  % , o j  +-

( _ Z L i i - i X , ^ L j i - i ) ] ' ^  ^ ( 2. t - > - ‘ )  f i t  O o U  C , ) A x f j  0 0 /  b o  j

k j  (  j t K c  JÎJ L j , A t  )  ^  ( y  S. I ,  K p - ' s - r J C i * ^ L J J  f - ' c  L  )

( - , r  ‘- ^ ‘- u c i  a / L J . À M J / A f  . f . 4

w h i c h  i s  e x a c t l y  t h a t  o b ta in e d  b y  S m i t h ,  H e n r y  a n d  B u r k e  

e q u a t io n  (1 9 ) .

T h e  e x c h a n g e  t e r m ,  e q u a t io n  ( S . M .  4 1 )  i s  ( d r o p p in g  th e

s u b s c r i p t  £)

y . P -  = -  S x ^ p f N̂ ,;Nf '̂3 ■^(-\) 7

V  7 j

w h e r e  as  b e f o r e

f  r ' A V  V  V  >
oc>l^jO}(i^^ boo U ;,o i <  L; | L y >
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/  L :  I L'Y>^ = <Â ,  - L x t ( j K 43]Ax c  L j
J >S

' r , - . 4 [ t Y : ( A j i A i - i . p j L >

T h e  c o n t r i b u t i o n  f o r  th e  c lo s e d  s h e l l s

U . . F .  -  ^  -  z C A B x + O  < s j 9, p “  ^  ü o | .? jO )
3 >  cLtn <_4_ ^

( 4 i  o o p j O X A :  l i p :  F O P x ^ ^ J

w h e r e

J
K  l : / l j > ;  =  K L , . ^ P  B x ) O L L B L |  L x  1 +  4 3 0  (-4 4 4 VcLj-

-  & L ;L j  X̂,l;
h e n c e

p . F  =  .  4  . r x -  )a,t-coU.oU  0  F P p o
J J > - c W i - ,  b \  %(.<-, /  F t

T h e  c o n t r i b u t i o n  f r o m  th e  i n c o m p l e t e  n p  s h e l l  i n c l u d e s  th e  

r e c o u p l i n g  c o e f f i c i e n t s

4Sd Sj y ;  ' A 4 ,  4  4 4  hxV I ÿ ,  4 . / 1

=  i : a s : +  S : 4  s  )

A ajiAjO^ = A Â  iyF(+^j A.+ Aj tZ:(.+^3Aj
, / X  ' A .  \

=  lg^A:+,)(zyfu]^ I t / . '

a n d  th e  c o m p le t e  e x c h a n g e  t e r m  i s

V Lj i j  i_ /
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' F
-  ) ( 2 L j1 - . k a ^ ; +  4 S j 1 - o ( 2 + * -  O F ^^ jb ' i  3 ] '

^  ( « p L : S :  I! n p '  A s  X  t j  K n p  L E  3 

( o 4 - t F S . p s  )  4 ^ ^ ^ ' '  4 { | C o / t c > 3

(  l i (  0 0  ) t - o 3  j p f , F j , n  )

w h i c h  a l s o  a g r e e s  e x a c t l y  w i t h  S . H . B .  e q u a t io n  ( 2 2 ) .

I t  i s  u s e f u l  t o  n o te  t h a t

(1 ) a n y  r e c o u p l i n g  c o e f f i c i e n t s  o f  th e  f o r m

a s ; -  S I  s ;  ■ - O

(2 )  i f  a l l  s u b s h e l l s  e x c e p t  t h e  o u t e r m o s t  a r e  c l o s e d

F ^ i s  ^  4 s  • • • h - i  4   ̂ ^
t h e  d i r e c t  t y p e  r e c o u p l i n g  c o e f f i c i e n t

A r , ■ L i p  4 P ( p ) • A . k + ( +  3 X  A>

f o r  p ^  (T a n d  p /  b  e q u a ls

^  ^ ^[(^k ( )Jo Lct- I /p ( 0)  ^<r

=  < 4 p k ( p ) o | 4 . p C o ) l c û > <  A + P 6 L . ^ 3  L.̂  ir,^ k i A ( ^ ) L ^ y

-  ^  Ko
f o r  p = O’ = b  t h i s  e q u a ls

A p  p p p j i y  p  p  I L ^  p C L ^ J  k p i z p p p  

= < p  P  k u p  i p  i p t p  3k L p )
A  L-|, /< IL 'j,  L j. I 4  k p  ( p  ) >

=  ( i p - M j R z p v ,  L .y  k ,  p - ' p ;

X u j ( l 4 c

(3 )  t h e  e x c h a n g e  t y p e  r e c o u p l i n g  c o e f f i c i e n t s  f o r  p < cr p /  b

a r e
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( P 3  S | S , - S  i p s  ) . p p + p -  S >

■+ I )

r + s v , ( B  4 4 1 5 ^ 3  s _ )
<3

^  S . -
S r

a n d

<  [ , -  z / r k ( . { | , ) ] L ^ '  A ^ + ,  ( A j - 3 -  L  / L, • • | k f , .  A „ . + C A ) -  P

^  < ' Z | . r k ( p ) o P  C " L , . | L ^  k i r p p o r ,  L c >

: r  K k ( î> ] 0 I L^ k J,O' 5 . , .g x  l i / ^  1 =  1 i + "  I

X  I i x r ' ( 0  3 c ^ x - L X

=  n p f l X 2 L + ' B A i - , 4 ( p k o 3 , r ,  + p ^ ] y  X  / t- O

=  ( z X v i ) ' '

(4 )  t h e  e x c h a n g e  t y p e  r e c o u p l i n g  c o e f f i c i e n t s  f o r  p = cr = b

a r e

< 4  4 )

a n d

< I ,  X. > ;<. ( , ) i ;  F " 4 1 4 p " ' 4 ' d T < >

.  X o r a v - X ^ - ^ X " ] " '  / <  7  X

\  y

T h e  t e r m s  l i n e a r  i n  C a r e  g i v e n  b y  ( S . M .  e q u a t io n  53a)

L "  , =  ^  A p  ( A a l l M p >  X - A a i p 4 > )

w h e r e  p  r u n s  o v e r  a l l  t h e  i n c o m p l e t e  s u b s h e l l s  o f  t h e  c o n f i g -
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u r a t i o n s  i n c l u d e d  i n  th e  e i g e n f u n c t i o n  e x p a n s io n .  T h e  c o n ­

f i g u r a t i o n s  c o n s i d e r e d  i n  t h i s  s e c t i o n  h a v e  a n  i n c o m p l e t e  

o u t e r  n p  s u b s h e l l ,  h e n c e  o n l y  th e  t e r m  p = n p  w i l l  a p p e a r  i n  

th e  a b o v e  s u m .  W e  h a v e ,  ( S . M .  56)

-  c i T  '

( / / Y p f  V  ^ A  r l

<  I ,  ■ L / L ,  • L '^  . .  L >

T h e  c o n f i g u r a t i o n  o f  d i f f e r s  f r o m  t h a t  o f  T ( r . )  o n l y  b y  

a n  a d d i t i o n a l  e l e c t r o n  i n  t h e  n p  s u b s h e l l ,  h e n c e  th e  o n l y  n o n ­

z e r o  t e r m  i n  ^  i s  p = n p .  H e r e  = q  + 1, p = b ^ ,  = S,

= L ,  S = S. a n d  = L .  s in c e  a l l  o t h e r  s u b s h e l l s  a r e  
P p i  p i

c l o s e d .  T h e  e x p r e s s i o n  f o r  t h e r e f o r e  r e d u c e s  t o

s : ^ s >

<  L ,  L:li L  I L ,  L >  S_£,,

T h e r e  i s  n o  r e c o u p l i n g  o f  th e  a n g u l a r  m o m e n t a ,  h e n c e  th e  r e ­

coup l i n g  c o e f f i c i e n t s  a r e  b o t h  u n i t y  a n d

s (c^^. )fd ^  F : c [ ~ { £ ^ ^ r *  - | J

A l s o  S . M .  (6 0 )  i s

.  ^  T  s ( w ; ><' 4 s -  s -  f V  

( - 1  4c. W "  ^

<  ?: 15p" <r ^ r  )( é c o/iy oX 4 1 6 o I i , o >
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H e r e  cr = n p  a n d  p. = p = p w h e r e  p r u n s  o v e r  a l l  s u b s h e l l s  
1 H- _

' " r  - A ?  =
a n d  S = S . ,  L  = L . ,  = S . if- = L .  F o r  <î =  ^

(T 1 (T 1 O' cr

^  .  I >  =  < r , . Sp t Sf r - . S ■ ,S i ?,  • T ^   ̂ A J  >

I
^ c . i a >  , < r ,  k  u j 4 ) L >

T h i s  i s  e x a c t l y  th e  o r b i t a l  r e c o u p l i n g  c o e f f i c i e n t  t h a t  a p p e a r s  

i n  t h e  d i r e c t  p o t e n t i a l ,  w i t h  i  r e p l a c i n g  I. a n d  L  r e p l a c i n g  

L . .  F o r  6  = /_, y = ^ ^  ^  f

T h e s e  r e c o u p l i n g  c o e f f i c i e n t s  a r e  e x a c t l y  t h o s e  w h i c h  a p p e a r  

i n  th e  e x c h a n g e  t e r m  s in c e  th e  o r d e r  o f  c o u p l i n g  i s  th e  s a m e  

i n  b o t h  s e ts  o f  c o e f f i c i e n t s .  W e  n o te  t h a t  t h e  e x p r e s s i o n  o f  

a  r e c o u p l i n g  c o e f f i c i e n t  i n  t e r m s  o f  R a c a h  c o e f f i c i e n t s  d e ­

p e n d s  o n l y  o n  th e  o r d e r  o f  c o u p l i n g  o f  th e  v e c t o r s  a n d  i s  

t h e r e f o r e  i n d e p e n d e n t  o f  th e  s u b s h e l l s  t o  w h i c h  th e  v e c t o r s

b e lo n g .  I n  t h i s  e x a m p l e ,  th e  v e c t o r  i ,  o f  t h e  e x c h a n g e  t e r m
C ^

a n d  th e  v e c t o r  i  o f  th e  L  t e r m  b o t h  h a v e  th e  p r o p e r t y  o f  

b e i n g  th e  l a s t  v e c t o r  t o  b e  c o u p le d  u n d e r  th e  p r e s c r i b e d  

c o u p l i n g  s c h e m e .

U s i n g  th e  e x p r e s s i o n s  d e r i v e d  f o r  th e  d i r e c t  a n d  e x c h a n g e  

r e c o u p l i n g  c o e f f i c i e n t s  w e  o b t a in
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^  =  g  ( ^ 1 - '  A  R / , '  F, / - n p )
^ ^ cU.^<^A

- 2: (Zk + ,)-'(^^; 0';| t- o)^ &  "r f )]
fc

+ ^  C f ‘̂ " 'LS IJP‘^L'S' )Cf"yL's' l }p‘̂ -<L,S,)

( £ 1 : îJJ£''-'l ,s  ̂ )  g , , , '  9  ^ 2 k A , ) ( Z L : F i ) ] t

( - l ) ' ' ^ ' ^ ^ ' * ^  .2T ( Z  b 4-1 ) ' '  ( / I O ü| t- Ù
t

U ( I l '  i L :  j h t )  u  C / h' i  t  •  ̂ hi. 1 3

c k r
I f  w e  w r i t e  ^  = C j  d r  V ( r )  F ^ ^ ( r )  t h e n  c o l l e c t i n g  th e  

v a r i o u s  t e r m s  t o g e t h e r  g iv e s

VcCO = ( y i - i ) ' ^

4  ( r .  - X  ^
I  ̂di<n c_ft t

( z t + - l ) ‘ ‘ / o o l  I  o M C  ̂ n p . r )  (r ) ]

+  Ls lj£L's')[(7l'-f-lilLi-hl)^^

(-< J ^  I's'///‘̂''I, s : / j ^ “̂ 7 , S, j

^  Ĉ h-t-i y ’ (ll OO /(r o l^C \L' \Ll L b )

UL) l ' iLiL^k  j  J  J j
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T h i s  d i f f e r s  f r o m  S . H . B .  e q u a t io n  (2 4 )  b e c a u s e  t h e i r  

' v i r t u a l  c a p t u r e '  t e r m  ( p ^ ^ ^ L S i r )  i s  n o t  p r o p e r l y  a n t i s y m ­

m e t r i c  w i t h  r e s p e c t  t o  i n t e r c h a n g e  o f  th e  ' a d d i t i o n a l '  e l e c t r o n  

N +1  w i t h  a t a r g e t  e l e c t r o n .

T o  d e m o n s t r a t e  t h i s  w e  ta k e  ^ ( p ^ ^ ^ L S i r )  to  b e  o f  th e  f o r m

w h e r e  q  r u n s  o v e r  o n l y  t h o s e  d i s t r i b u t i o n s  w h i c h  a s s ig n  

l a b e l  N +1  to  th e  o u t e r  n p  s u b s h e l l .  W i t h  t h i s  r e s t r i c t i o n  th e  

n o r m a l i s a t i o n  f a c t o r  b e c o m e s

01  ( N ^  )  =  N !  / T T ( N ; !  )

w h e r e  i s  th e  n u m b e r  o f  e l e c t r o n s  i n  s u b s h e l lK  i n  t h e  io n  

c o n f i g u r a t i o n  I s  2s . , . n p  . W i t h  t h i s  d e f i n i t i o n  o f  $  ,

S . M .  e q u a t io n  (5 4 a )  g iv e s

=  ( N + ,  ) t  )

- t  s i s . -  h f - i :  s >  
z r r ,  I -  l i t , - L  S /:  1

A s  b e f o r e  (N .  ) = ^  ^  1 a n d  th e  n o r m a l i s a t i o n  f a c t o r s

„ d „ c .  I ,  f K . I I  U " . ' ! )

( « ,  o '-X  l A X I X L ' 1  A X
L  N  ! W ; )i

J-
Tl

-  1 j

! )
>

H e n c e

S i m i l a r l y  t h e  f a c t o r  S . M .  e q u a t io n

( 5 8 ) ,  w h i c h  f o r  t h i s  c a s e  e q u a ls  ( m + 1 )  ^  j  i s  r e p l a c e d  b y
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1 / z  i
(N + 1 )  N  . A l s o ,  s in c e  w e  h a v e  r e s t r i c t e d  l a b e l  N +1  to  

P
th e  o u t e r  n p  s u b s h e l l ,  o n l y  th e  t e r m s  c o r r e s p o n d i n g  to  ^  “  O 

i n  S . M .  (58 )  w i l l  a p p e a r .  T h e  m a t r i x  e l e m e n t  i n  S . M .  (5 8 )  

w i l l  b e  u n a l t e r e d  as  w e  h a v e  m e r e l y  r e s t r i c t e d  th e  r a n g e  

v a lu e s  q a n d  m a y  b e  s i m p l i f i e d  i n  e x a c t l y  th e  s a m e  m a n n e r  

as  b e f o r e  to  g iv e

^  J_  ^  _  (N4-, ^  O  C f  !> ^

' i t f  " p )  4 - C N 1  ry' ^ s - s '

(  L S  II X Z L L - h O l - t

k i C  I L ' I  l : ,  i - 1  ;  ( - j C  I l ' ) i - L . ' - I  t  )

^ j .  n p  )

( 2 . 4 4 b )

C o m p a r i n g  e q u a t io n s  ( 2 . 4 4 a )  a n d  ( 2 . 4 4 b )  w i t h  S . H . B .  

e q u a t io n  (2 4 )  w e  se e  t h a t  t h e  u s e  o f  t h i s  i n c o r r e c t  f o r m  o f  

L S tt) w i l l  l e a d  t o  t h e  e x p r e s s i o n  d e r i v e d  b y  S . H . B .  

C o m p a r i s o n  o f  S . M .  e q u a t io n s  (6 2 a ) ,  (6 7 )  a n d  (7 2 )  w i t h  

S . H . B .  e q u a t io n s  (2 5 )  a n d  (2 6 )  s h o w s  t h a t  a s i m i l a r  d i s ­

c r e p a n c y  a r i s e s  i n  th e  t e r m s  q u a d r a t i c  i n  C

I f  w e  c o n s i d e r  t h e  p a r t i c u l a r  c a s e  o f  th e  m a t r i x  e l e m e n t  

< #  ( S . M .  e q u a t i o n  72 ) f o r  $  = 0 ( 2 p ^ ,  ^ S ^ )  a n d  p r o p ­

e r l y  a n t i s  y m m e t r i c ^ w e  o b t a in

=  y  [i.e cis2TifT^s";> e(h

+  3
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w h e r e  E ( l s  2s 2p  , S ) i s  t h e  e n e r g y  o f  t h e  e x c i t e d  t a r g e t  

s t a t e  I s  2s 2p  , S , e t c . T h e s e  h i g h l y  e x c i t e d  l e v e l s  o f  

th e  t a r g e t  m a y  n o t  be  k n o w n  a c c u r a t e l y  a n d  as  t h i s  d i f f i ­

c u l t y  w i l l  a r i s e  f o r  m o s t  c o m p l e x  t a r g e t s ,  t h e  e x p r e s s i o n  

g i v e n  i n  e q u a t io n  2 . 2 1  o f  t h i s  t h e s i s  i s  m o r e  c o n v e n ie n t

f o r  n u m e r i c a l  c a l c u l a t i o n s .  T h e  r e d u c t i o n  o f  th e  t e r m  
2  + 1

f o r  $ ( n p  L S tt) u s i n g  t h i s  e x p r e s s i o n  i s  v e r y  s i m i l a r  t o

th e  r e d u c t i o n  o f  th e  ' C  t e r m  d e s c r i b e d  a b o v e .  F o r  0
1 . r- , .  , 2  2  q + 1 2  2  6  _ 2  q + 1
h a v in g  c o n f i g u r a t i o n  I s  2s 2 p o r  I s  2s  2 p  3s 3p  ,

th e  m a t r i x  e l e m e n t  o f  r e d u c e s  i m m e d i a t e l y  t o

I n  t h e  e x p r e s s i o n  f o r  < —> w e  h a v e  p. = p ., cr. = cr. a n d  th e
r  1 J  1 J

f o l l o w i n g  t e r m s  w i l l  a p p e a r  i n  th e  s u m m a t i o n s  o v e r  p , cr a n d  

k .

(1 )  p = O' = I s .  . . np  a n d  k  = 0 .  A l l  t h e  v a r i o u s  C l e b s c h -  

G o r d a n ,  a n d  r e c o u p l i n g  c o e f f i c i e n t s  a r e  u n i t y  t h e r e f o r e  t h e s e  

t e r m s  c o n t r i b u t e

*—  ̂f s

(2 )  pJ> (T , k = 0 ,  € = 6  ̂ . A g a i n  a l l  t h e  C l e b s c h - G o r d a n  a n d

r e c o u p l i n g  c o e f f i c i e n t s  a r e  u n i t y  ( th e  r e c o u p l i n g  c o e f f i c i e n t s  

f o r  ^ ~ a r e  t h e  d i r e c t  t y p e )  a n d  th e  s u m m a t i o n  o v e r  th e  

C . F . P . ' s  g i v e s  u n i t y .  A l s o  th e  c o n t r i b u t i o n s  f r o m  £'-•=• €  o

a n d  G J a r e  e q u a l  h e n c e  th e  c o m p le t e  c o n t r i b u t i o n  i s

^  (V. R j f  ^  >

(3 )  p >  cr, p a n d  cr b o t h  s s u b s h e l l s   ̂ 6   ̂ . F o r  t h e s e

t e r m s  t h e  o n l y  a l l o w e d  v a lu e  o f  k  i s  k  = 0 . T h e  r e c o u p l i n g
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c o e f f i c i e n t s  a r e  o f  t h e  e x c h a n g e  t y p e .  <S. |S. ^  = —  a n d  a l li J 2
o t h e r  c o e f f i c i e n t s  a r e  u n i t y .  T h e s e  t e r m s  t h e r e f o r e  c o n t r i ­

b u te

( p  p  ;~X-
r  •

(4 )  p ̂  O' p = ~̂  s u b s h e l l ,  g- = S s u b s h e l l  o r  v i c e  v e r s a ,  ^ ̂  ^
H e r e  k  = 1 <S. IS. >  = — , < L i lL , . '>  = — h e n c e  th e  c o n t r i b u t i o n1 J 2 1 J 3
IS

- _ L  NĴ  N/.^ Lf> ^ )

(5 )  p >  O' b o t h  p  s u b s h e l l s ,  ^  '  . S u c h  a t e r m  w i l l  o n l y

o c c u r  f o r  th e  c o n f i g u r a t i o n s  1 s ^  2 s ^  2 p ^  3 s ^  3 p ^ ^ ^  h e n c e

p = 3 p ,  cr = 2 p .  S in c e  th e  2 p  s u b s h e l l  i s  c l o s e d  th e  r e c o u p l i n g

c o e f f i c i e n t s  w i l l  b e  i n d e p e n d e n t  o f  k  a n d  a s  f o r  c a s e  4

< S .  Is  = — , < L / , | L i .> = —. T h e  c o n t r i b u t i o n  f r o m  t h i s  t e r m
1 j  2 1 j  3

i s  t h e r e f o r e

' i  C  ( I k  0 0 | 1 0 ) ^ R j ^ ( 2 p 3 p 3 p 2 p )

( 6 ) p = cr = n p ,  k  = 2 ( 6 -e'). S u b s t i t u t i n g  th e  n u m e r i c a l  

v a l u e s  o f  t h e  C l e b s c h - G o r d a n  c o e f f i c i e n t  a n d  u s in g  th e  e x ­

p r e s s i o n  f o r  t h e  o r b i t a l  r e c o u p l i n g  c o e f f i c i e n t  t h a t  w e  d e r i v e d  

e a r l i e r  w e  o b ta in .

^  (  2 » '^ ’"  k S l j  I j . ' k Z . S  )

^ 4 -  ' r
•V-' L  S ^c L s Ij > ( 2j>‘k r : s  15 I f

U (  L  I L i Z ^  L j  I J  P(L-Z  L  I , L X  ;  " P  " P  ^
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C o l l e c t i n g  t o g e t h e r  th e  v a r i o u s  t e r m s  w e  o b ta in

 ̂ I  ̂ w i— ^ v

+ Z 2r j  C*" ) +“ J- ^  K/^(N^~i3 ^ \  \  J!T
r- ^  >  c {3-

X  2 T  t v .  ! V ^  1 ^ 0  ( p  ^  f
P > O- = I j, I

-  f;^,s s u , u L  ^  '

,, X  N. 5 "  ( k C o 1/ O 3  ̂ fpo-»-. J
|p = -j> Sc^a /-^IL (, ' k  K /

0 - 4  p

r . L j k  s s

C L S Ij îp 'k T j r  > C 7 | '’' /- : ^ I!, ^  ^

C £  S Z s J  ( - 1 )  [ ( 7 T : - l - ' t 2 L j f - i ) l  ‘■

Uj C L- I L. I .  I z  3 W C L :  . Lj
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S E C T I O N  3 :  T H E  P H O T O I O N I S A T I O N  C R O S S  S E C T IO N S

I n  t h i s  s e c t i o n  w e  d e r i v e  e x p r e s s i o n s  f o r  th e  t o t a l  a n d  d i f ­

f e r e n t i a l  p h o t o i o n i s a t i o n  c r o s s  s e c t i o n s  o f  a g e n e r a l  a t o m i c  

s y s t e m  u s in g  th e  H a r t r e e - F o c k  w a v e  f u n c t i o n s  d i s c u s s e d  i n  

s e c t i o n  2 as  o u r  a p p r o x i m a t e  w a v e  f u n c t i o n s  f o r  th e  s y s t e m .

F a n o  (1 9 6 1 )  h a s  s h o w n ,  u s i n g  c o n f i g u r a t i o n  i n t e r a c t i o n  

t h e o r y ,  t h a t  th e  a u t o i o n i s i n g  l e v e l s  o f  t h e  t a r g e t  a t o m  w i l l  

m a n i f e s t  t h e m s e l v e s  as  a s y m m e t r i c  p e a k s  i n  t h e  a b s o r p t i o n  

s p e c t r a ,  a n d  h a s  o b ta in e d  a p a r a m e t e r  i s  a t i o n  o f  t h e  l i n e  

s h a p e s  i n  t e r m s  o f  q u a n t i t i e s  d i r e c t l y  r e l a t e d  t o  t h e  m a t r i x  

e l e m e n t s  o f  t h e  e n e r g y  a n d  e l e c t r i c  d i p o le  m o m e n t s .  T h e s e  

r e s u l t s  h a v e  b e e n  r e c e n t l y  d e r i v e d  b y  S h o r e  (1 9 6 7 )  f r o m  

s c a t t e r i n g  t h e o r y .  T h e  a b i l i t y  o f  th e  e ig e n f u n c t i o n  e x p a n s io n  

m e t h o d  t o  d e s c r i b e  a u t o i o n i s i n g  s t a t e ^ a s  w e l l  as  th e  c o n ­

t i n u u m  s ta te s  o f  t h e  t a r  g e1^ s u p p o r t s  o u r  c h o ic e  o f  w a v e  

f u n c t i o n s  c a l c u l a t e d  u s i n g  t h i s  m e t h o d  as  f i n a l  s t a t e  w a v e  

f u n c t i o n s .

I n  t h i s  s e c t i o n  w e  s h a l l  m a k e  th e  ' r e l a x e d  c o r e '  a p p r o x i ­

m a t i o n .  T h a t  i s ,  w e  t a k e  o u r  i n i t i a l  s t a t e  w a v e  f u n c t i o n  

$ ( L S it) t o  b e  c o n s t r u c t e d  f r o m  th e  b o u n d  s t a te  H a r t r e e  F o c k  

f u n c t i o n s  f o r  th e  u n p e r t u r b e d  t a r g e t  a t o m  b u t  m a k e  a n  e x ­

p a n s io n  o f  o u r  f i n a l  s t a t e  w a v e  f u n c t i o n  i n  t e r m s  o f  u n ­

p e r t u r b e d  w a v e  f u n c t i o n s  o f  th e  r e s i d u a l  i o n .  A s  n o te d  

e a r l i e r  s u c h  a n  e x p a n s io n  n e g le c t s  th e  e f f e c t  o f  th e  f r e e  

e l e c t r o n  on  th e  i o n i c  f i e l d .  A n  a l t e r n a t i v e  a p p r o x i m a t i o n ,  

p r o p o s e d  b y  B a t e s  ( 1946 )  i s  t o  a s s u m e  t h a t  th e  r a d i a l  w a v e
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f u n c t i o n s  o f  th e  f i n a l  i o n  s t a te  a r e  th e  s a m e  as t h o s e  o f  t h e  

i n i t i a l  s t a t e .  T h i s  ' u n r e l a x e d  c o r e '  a p p r o x i m a t i o n  i m p l i e s  

t h a t ,  i f  e x c h a n g e  e f f e c t s  a r e  n e g le c t e d ,  th e  e j e c t e d  e l e c t r o n  

w o u l d  m o v e  i n  th e  s a m e  f i e l d  b o th  b e f o r e  a n d  i m m e d i a t e l y  

a f t e r  i o n i s a t i o n  t a k e s  p l a c e .  I t  a l s o  h a s  th e  a d v a n ta g e  o f  

s i m p l i f y i n g  th e  e x p r e s s i o n s  f o r  th e  c r o s s  s e c t io n s  as  b o t h  

i n i t i a l  a n d  f i n a l  w a v e  f u n c t i o n s  a r e  c o n s t r u c t e d  f r o m  th e  s a m e  

b o u n d  s t a t e  o r b i t a l s .  I n  p r o c e s s e s  w h e r e  a n  e l e c t r o n  i s  

e j e c t e d  f r o m  th e  o u t e r m o s t  s u b s h e l l  t h i s  a p p r o x i m a t i o n  h a s  

b e e n  fo u n d  t o  g i v e  g o o d  r e s u l t s  e s p e c i a l l y  a t  h i g h e r  e l e c t r o n  

e n e r g i e s .  H o w e v e r  B a g u s  (1 9 6 5 )  h a s  s h o w n  t h a t  t h i s  a p p r o x i ­

m a t i o n  m a y  n o t  b e  v a l i d  f o r  i n n e r  s h e l l  e x c i t a t i o n s .

I n  o r d e r  t o  a c h ie v e  th e  g r e a t e s t  g e n e r a l i t y  w e  s h a l l  d e r i v e  

e x p r e s s i o n s  f o r  t h e  c r o s s  s e c t i o n s  a s s u m i n g  a r e l a x e d  c o r e .  

T h e  e x p r e s s i o n s  f o r  t h e  c a s e  o f  a n  u n r e l a x e d  c o r e  m a y  b e  

o b ta in e d  f r o m  t h e s e  d i r e c t l y  b y  s u b s t i t u t i n g  th e  a l t e r n a t i v e  

s e t  o f  H a r t r e e  F o c k  o r b i t a l s .

3 . 1  T o t a l  C r o s s  s e c t i o n

W e  c o n s i d e r  a n  u n p o l a r i s e d  b e a m  o f  p h o to n s  w i t h  e n e r g y  
2

h v  < <  m e  i n c i d e n t  o n  a n  a t o m i c  s y s t e m  h a v in g  N + 1  e l e c t r o n s  

a n d  a n u c l e a r  c h a r g e  Z .  T h e  m e t h o d  t h a t  w e  u s e  i n  t h i s  

s e c t i o n  i s  a g e n e r a l i s a t i o n  o f  t h a t  u s e d  b y  H e n r y  a n d  L i p s k y  

(1 9 6 7 )  t o  d e r i v e  e x p r e s s i o n s  f o r  t h e  c r o s s  s e c t i o n  f o r  i o n ­

i s a t i o n  o f  a n  e l e c t r o n  f r o m  th e  2p  s u b s h e l l  o f  a n  a t o m i c  ^—i

s y s t e m  h a v in g  c o n f i g u r a t i o n  l s ^ 2 s ^ 2 p ^ ^ ^ .  T h e s e  a u t h o r s  

h a v e  c a l c u l a t e d  p h o t o i o n i s a t i o n  c r o s s  s e c t i o n s  f o r  N e  t a k i n g  

i n t o  a c c o u n t  th e  p o s s i b i l i t y  o f  e j e c t i o n  o f  a 2s  e l e c t r o n  a n d  V  

h a v e  o b t a in e d  g o o d  a g r e e m e n t  w i t h  e x p e r i m e n t .  E n c o u r a g i n g  

r e s u l t s  h a v e  a l s o  b e e n  o b ta in e d  b y  C o n n e e ly ,  L i p s k y  a n d
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S m i t h  ( 1 9 6 7 ) f o r  th e  p h o t o i o n i s a t i o n  o f  S i  a n d  A r .

I f  w e  f i r s t  c o n s i d e r  th e  p r o c e s s  i n  w h i c h  a p h o to n ,  h a v in g  

p r o p a g a t i o n  v e c t o r  k  a n d  p o l a r i s a t i o n  d i r e c t i o n  j ,  i s  a b s o r b e d ,  

t h e  S c h r o e d i n g e r  e q u a t io n  f o r  th e  s y s t e m  i s ,  ( H e i t l e r   ̂ 17)

k
^  f ,  a  - =  -

( 3 . 0 )

to  f i r s t  o r d e r  i n  A ,  w h e r e  H  i s  th e  N+1 p a r t i c l e  H a m i l t o n i a n  
— N+1

g iv e n  i n  e q u a t io n  (2 .1 )  a n d  A  i s  t h e  v e c t o r  p o t e n t i a l  o f  a 

c l a s s i c a l  e l e c t r o m a g n e t i c  w a v e  h a v in g  p r o p a g a t i o n  v e c t o r  k  

a n d  p o l a r i s a t i o n  v e c t o r  j .  F o r  l o w  e n e r g y  p h o to n s  ( k ^  = O ( l ) r y d )  

A  i s  c o n s t a n t  t o  g o o d  a p p r o x i m a t i o n  a n d  f o r  a f l u x  o f  one p h o to n  

p e r  c m  p e r  s e c .  I n\ - — _

F o r  l o w  e n e r g y  p h o to n s  w e  m a y  r e g a r d  " ^ ^ A -  V  as  a s m a l l  

p e r t u r b a t i o n  on  th e  i n i t i a l  s ta te  w a v e  f u n c t i o n  0  . I f  t h e  e l e c t r o n  

i s  e j e c t e d  i n  c h a n n e l  F  a n d  th e  f i n a l  s t a t e  w a v e  f u n c t i o n  i s  ^ ( F ) ,  

t h e n ,  to  f i r s t  o r d e r  th e  c r o s s  s e c t i o n  i s

^  U
^  ̂c V *

( 3 . 1 )

w h e r e  W (F )  i s  t h e  s o l u t i o n  o f  th e  e q u a t io n  [ H ^ ^ ^  -E J 'F  = 0, 

n o r m a l i s e d  p e r  u n i t  e n e r g y  r a n g e  a n d  w h o s e  a s y m p t o t i c  f o r m  

h a s  a n  o u t g o in g  s p h e r i c a l  w a v e  i n  c h a n n e l  F  a n d  i n g o i n g  w a v e s  

i n  a l l  c h a n n e l s .  ( B r e i t  a n d  B e  th e  1 9 5 4 ,  M o t t  a n d  M a s s e y ,

C h .  X X I ) .

A s  o u r  a p p r o x i m a t e  w a v e  f u n c t i o n  ^ ( F . )  w e  t a k e

w h e r e

(3 .2 )
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( f o r  a d i s c u s s i o n  o f  th e  n o r m a l i s a t i o n  o f  F  se e  L a n d a u  a n d  

L i f s h i t z  ^  3 3 ) .

s!*". i s  th e  a d j o i n t  o f  th e  s c a t t e r i n g  m a t r i x  S ..  a n d  a l l  o t h e r  
J J

q u a n t i t i e s  a r e  d e f i n e d  as  i n  S . M .  I n  t e r m s  o f  th e  r e a l

f u n c t i o n s

p .  X )  - U - ,  [  s -4  6 ;  1
-J k p - ' '  J

( 3 . 3 )

I n  t h i s  s e c t i o n  w e  s h a l l  a s s u m e  t h a t  th e  F . . a r e  c h o s e n
i j

t o  b e  o r t h o g o n a l  o n l y  .to th e  c o m p l e t e  s u b s h e l l s  o f  th e  i o n .

T h a t  i s ,  w e  t a k e  ^ ( F .) t o  b e  d e f i n e d  as i n  e q u a t io n  ( 2 . 3 0 )
J

r a t h e r  t h a n  th e  f o r m  u s e d  b y  S . M .  I n  th e  u n r e l a x e d  c o r e  

a p p r o x i m a t i o n ,  th e  u s e  o f  c o n t i n u u m  f u n c t i o n s  F _ ,  w h i c h  

a r e  o r t h o g o n a l  t o  a l l  t h e  s u b s h e l l s  o f  t h e  i o n ,  h a s  n o  a d ­

v a n t a g e ,  r a t h e r ,  th e  i n t r o d u c t i o n  o f  t h e  t e r m "  w o u ld  

m a k e  th e  e x p r e s s i o n s  f o r  t h e  c r o s s  s e c t i o n s  c o n s i d e r a b l y  

m o r e  c o m p l i c a t e d .  I f  t h e s e  f u n c t i o n s  a r e  u s e d ,  w e  m u s t  

r e p l a c e

' ï ( r . )  b y  ^ ( r . )  +  ( L . S . i r . )
J J J H J J J

i n  e q u a t i o n  (3 .  1 ) .  T h e  a d d i t i o n a l  m a t r i x  e l e m e n t s  w h i c h  

a r i s e  m a y  b e  e v a lu a t e d  i n  e x a c t l y  th e  s a m e  w a y  a s  t h o s e  

d e s c r i b e d  b e lo w .

T o  o b t a i n  th e  t o t a l  c r o s s  s e c t i o n  f o r  th e  p r o c e s s  i n  w h i c h  

a p h o to n  i s  a b s o r b e d  a n d  a n  e l e c t r o n  e j e c t e d  w e  m u s t  s u m
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o v e r  a l l  o p e n  c h a n n e ls  T  a n d  a v e r a g e  o v e r  t h e  i n i t i a l  s p in  

a n d  a n g u l a r  m o m e n t u m  d i r e c t i o n s  o f  th e  t a r g e t  a t o m  a n d  o v e r  

t h e  p o l a r i s a t i o n s  o f  t h e  p h o to n .  I f  w e  c h o s e  o u r  c o o r d i n a t e  

f r a m e  s u c h  t h a t  th e  p h o to n s  t r a v e l  a lo n g  th e  Z  a x i s ,  = 0 . 

H e n c e
N (-1

.v.’- c v  2-(zi-4UCZSi-i) ' (3 .4a ) H=(L,X.(li)
-  + I ^

w h e r e

A p p l y i n g  th e  c o m m u t a t i o n  r e l a t i o n  [ r , H ]  = — P  t o j ( 3 . 4 a )  

g i v e s  t h e  " d i p o l e  l e n g t h "  f o r m  o f  th e  c r o s s  s e c t i o n

a -  ^  I <  I I 2 ( l s T T ) > | ^

T z r  rL  kj, k. oc = I

t  I
( 3 . 4 b )

w h e r e  w = 2 ( 2 L  + l ) ( 2 s  + 1)

Ck -  / / Z
7

^ r '
3  /

T h e  t w o  e x p r e s s i o n s ,  ( 3 . 4 a )  a n d  ( 3 . 4 b )  w i l l  o n l y  b e  e q u i ­

v a l e n t  i f  e x a c t  w a v e  f u n c t i o n s  ^  a n d  #  a r e  u s e d .  I n  a n y  c a l ­

c u l a t i o n  one  m u s t  n e c e s s a r i l y  u s e  a p p r o x i m a t e  w a v e  f u n c t i o n s  

w h i c h  w i l l  g i v e  c o n s i d e r a b l y  d i f f e r e n t  v a lu e s  t o  (T- a n d  g- .
V  X j

(W e  n o te  t h a t  t h e  e r r o r  d u e  to  t h e  a p p r o x i m a t e  w a v e  f u n c t i o n s  

w i l l  i n  g e n e r a l  b e  l a r g e  i n  c o m p a r i s o n  w i t h  th e  e r r o r  d u e  t o  

t h e  a p p r o x i m a t i o n s  m a d e  i n  d e r i v i n g  e q u a t io n s  ( 3 . 4 ) . )  C o m ­

p a r i n g  e q u a t io n s  ( 3 . 4 a )  a n d  ( 3 . 4 b )  w e  s e e  t h a t  e q u a t io n  ( 3 . 4 b )  

m a y  b e  e x p e c te d  t o  g i v e  m o s t  r e l i a b l e  r e s u l t s  f o r  w a v e  f u n c ­

t i o n s  a c c u r a t e  f o r  l a r g e  r  a n d  t h a t  e q u a t io n  (3 .  4 a )  m a y  b e  

e x p e c t e d  t o  g i v e  b e t t e r  r e s u l t s  f o r  w a v e  f u n c t i o n s  a c c u r a t e  

a t  s m a l l  r .  C h a n d r a s e k h a r  (1 9 4 5 )  h a s  m a d e  a d e t a i l e d

W H Y
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c o m p a r i s o n  o f  t h e  p h o t o i o n i s a t i o n  c r o s s  s e c t i o n s  o f  H  o b ­

t a i n e d  u s in g  th e  d i p o l e  l e n g t h ,  v e l o c i t y  a n d  a c c e l e r a t i o n  

f o r m u l a e  ( th e  l a t t e r  e x p r e s s e s  t h e  c r e s s  s e c t i o n  i n  t e r m s  

o f  t h e  m a t r i x  e le m e n t s  o f  ) .  U s i n g  th e  m o s t  a c c u r a t e  

w a v e  f u n c t i o n s  a v a i l a b l e ,  he  f o u n d  t h a t  th e  r e s u l t s  g i v e n  b y  

th e  t h r e e  f o r m u l a  w e r e  a l m o s t  i d e n t i c a l ,  b u t  f o r  l e s s  a c c u r a t e  

w a v e  f u n c t i o n s  t h e  d i p o l e  l e n g t h  f o r m u l a  g a v e  th e  b e s t  r e s u l t s .

T h e  e x p e r i e n c e  o f  o t h e r  w o r k e r s  a l s o  s u g g e s t  t h a t  t h e  d ip o le  

v e l o c i t y  f o r m u l a  i s  t h e  m o s t  r e l i a b l e .  H o w e v e r  i t  i s  u s e f u l  

t o  c o m p a r e  th e  c r o s s  s e c t i o n s  g i v e n  b y  t h e  d i p o l e  l e n g t h  

f o r m u l a  w i t h  t h o s e  g i v e n  b y  th e  v e l o c i t y  f o r m u l a  a s  t h i s  

w i l l  g iv e  s o m e  m e a s u r e  o f  t h e  i n a c c u r a c y  o f  th e  w a v e  f u n c ­

t i o n s  u s e d .

S u b s t i t u t i n g  ( 3 . 3 )  i n t o  ( 3 . 4 a )  a n d  ( 3 . 4 b )  g i v e s

^  ^  2 :  <  Î  ( r -  ) I Z * '  W  I
r n ' Z Y :  h u N .  r - T j

/ ' = ^ '  ^  __ ,

^  ^ ( i -  s -  ) V f  I r -  3 >  ^

( 3 . 5 a )

c r. r-  ^  '
^  ‘ ^  ^ ^    j

<  g -A s ir )  I I >  4  o V T I fT  1 - Jkj

( 3 . 5 b )

W e  a s s u m e  t h a t  th e  r a d i a l  f u n c t i o n s  F^^ ,(r)  a n d  th e  c o r r e s ­

p o n d in g  R  m a t r i x  h a v e  b e e n  c a l c u l a t e d ,  w h i c h  l e a v e s  u s  w i t h  

th e  t a s k  o f  s i m p l i f y i n g  th e  m a t r i x  e le m e n t s  w h i c h  a p p e a r  i n  th e  

e x p r e s s i o n s  f o r  cr

rr*
V
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ok ■= I

N + \  N + I -

( N - h l  |j -

s v  c - i  4  y  ) L ( v  r ' ^ ^ '  4 1  g i L C - 3 }

F r o m  th e  s y m m e t r y  o f  th e  o p e r a t o r  a n d  a n t i s y m m e t r y  o f

t h e  w a v e  f u n c t i o n s ,  e a c h  d i s t r i b u t i o n  w i l l  c o n t r i b u t e  e q u a l l y  '

h e n c e

< F ( r  ) l 4 V ^ i ^ d ^ ~ 3 >  =
C< z: f

A/+ »
<  ^  > F : W r , ^ i £ v ^ \ F c L ^ T ^ y

^N-h I

L - Z K N i / j J  cv> /  -J

ri f-i
M  ^  L % i r ) £

( 3 . 6 )

w h e r e  q  i s  th e  d i s t r i b u t i o n  c o r r e s p o n d i n g  to  n o r m a l  o r d e r  
^  cb

a n d  Y ] ( N ^  ) i s  th e  n u m b e r  o f  p o s s i b l e  d i s t r i b u t i o n s  q  o f  th e  

N + 1  e l e c t r o n s  o f  th e  t a r g e t  a t o m .

F u r t h e r  s i m p l i f i c a t i o n  o f  th e  g e n e r a l  e x p r e s s i o n  f o r  th e  

c r o s s  s e c t i o n s  i s  m a d e  d i f f i c u l t  b y  th e  l a c k  o f  o r t h o g o n a l i t y  

o f  t h e  i o n  H a r t r e e  F o c k  f u n c t i o n s  a n d  a t o m  H a r t r e e  F o c k  

f u n c t i o n s .  H o w e v e r  f o r  a p a r t i c u l a r  a t o m i c  s y s t e m  one  m a y  

s i m p l i f y  th e  c r o s s  s e c t i o n  f o r m u l a e  u s i n g  th e  o r t h o g o n a l i t y  

p r o p e r t i e s  o f  th e  a n g u l a r  a n d  s p in  f u n c t i o n s .  T h i s  i s  d e m o n ­

s t r a t e d  i n  s e c t i o n  3 . 3  w h e r e  w e  d e r i v e  e x p r e s s i o n s  f o r  th e  

p h o t o i o n i s a t i o n  c r o s s  s e c t i o n s  f o r  a n  a t o m i c  s y s t e m  h a v in g  

c o n f i g u r a t i o n  l s ^ 2 s ^ 2 p ^ ^ ^ .
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A n  e x p r e s s i o n  f o r  th e  a n g u l a r  i n t e g r a l s  o f  t h e  d ip o le  

l e n g t h  f o r m u l a  i s  g i v e n  i n  s e c t i o n  ( 4 ) ,  v i z

( 3 . 9 a )

w h e r e  i s  th e  s u b s h e l l  c o n t a i n i n g  e l e c t r o n  a  i n  q a n d

p , i s  th e  s u b s h e l l  c o n t a i n i n g  a i n  # ( q L , S , -rr. ) .  < L , ,  I L  ,
9  9  9 9 i k  9 ^

i s  a n  a n g u la r  m o m e n t u m  r e c o u p l i n g  c o e f f i c i e n t  w h i c h ,  f o r  

t h e  c a s e  w h e r e  q ^  a n d  q  i n c l u d e  th e  s a m e  d i s t r i b u t i o n  q  o f  

s p e c t a t o r  e l e c t r o n s  1 • • • a - 1, a + 1 " * * N + l ^ e q u a l s , ( s e e  e q u a t io n  

4 .1 1  )

( 3 . 1 0 )

i f  q ^  a n d  q  d o  n o t  i n c l u d e  th e  s a m e  d i s t r i b u t i o n  o f  s p e c t a t o r s ,

th e n  s in c e  q  c o r r e s p o n d s  to  n o r m a l  o r d e r ,  <  L . ,  I L ,  m a y   ̂ o i k  9
b e  e x p r e s s e d  i n  th e  f o r m

< T  L x  I  L  — £ -  Z  ! L j i  " X  L  ^  I  Y

( 3 . 1 1 )

w h e r e  th e  <  L ,  | L ,  > a r e  th e  r e c o u p l i n g  c o e f f i c i e n t s  n e e d e d  t o  . 
9  9

r e c o u p le  th e  a n g u la r  m o m e n t a  o f  t h e  s p e c t a t o r  e l e c t r o n s  f r o m  

th e  o r d e r  o f  c o u p l i n g  p r e s c r i b e d  b y  q  t o  t h e  n o r m a l  o r d e r  o f  

c o u p l i n g  a n d  < i s  a r e c o u p l i n g  c o e f f i c i e n t  o f  th e  f o r m

g iv e n  b y  ( 3 .  1 0 ) .  F o r  e x a m p le ,  i f  q ^  a s s ig n s  e l e c t r o n  p t o  s u b ­

s h e l l  yU a n d  e l e c t r o n  y t o  s u b s h e l l  cr, a n d  i f  q  d i f f e r s  f r o m  q ^  

o n l y  b y  a s s i g n i n g  p to  cr’ a n d  y t o ^ t h e n  ( f o r  p , y  / a )

^ , L ^ >  • = <L, .  z  /

| L ,  V  C  t  L - p  • • I
( 3 . 1 1 a )
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a n d  th e  s u m m a t i o n  i n  ( 3 . 1 1 )  r u n s  o v e r  a l l  p o s s i b l e  v a lu e s

o f  th e  i n t e r m e d i a t e  c o u p l i n g s  L  * ° • L  .
p cr

T h e  c o r r e s p o n d i n g  a n g u l a r  i n t e g r a l  w h i c h  o c c u r s  i n  th e  

d i p o l e  v e l o c i t y  f o r m u l a  c a n  b e  o b ta in e d  d i r e c t l y  f r o m  ( 3 . 9 a )  

u s i n g  th e  W i g n e r  E c k h a r t  t h e o r e m  a n d  i s

   W  1 1 ..-P \

(. I I A,, )  ^  L : „  I L j ( " 7

( 3 . 9 b )

w h e r e

(s e e  f o r  e x a m p le  R o t e n b u r g ,  e t .  a l .  )

F o r  a g i v e n  t e r m  i n  ^  w e  m a y  c l a s s i f y  th e  d i s t r i b u t i o n s  q  

a c c o r d i n g  t o  t h e  s u b s h e l l ,  p , , t o  w h i c h  t h e y  a s s i g n  th e  p a r t i c u l a r  

l a b e l  a .  F o r  t h i s  v a l u e ' a  w e  m a y  r e p l a c e  ^  b y  4  w h e r e  p . 

r u n s  o v e r  a l l  t h e  s u b s h e l l s  t o  w h i c h  a m a y  b e  a s s ig n e d ,  t h a t  i s ,
. . Ho

a l l  o c c u p ie d  s u b s h e l l s  i n  $ ,  a n d  q ^  r u n s  o v e r  a l l  p o s s i b l e  d i s t r i -  

b u t i o n s  o f  th e  l a b e l s  1 ' " ' a -  1, a + l , * * * N + l  a m o n g s t  th e  o c c u p ie d  

s u b s h e l l s  w i t h  N .  >  0 .  ( T h e  s u b s h e l l  w a v e  f u n c t i o n s  a r e  p r o p e r l y  

a n t i s y m m e t r i c  a n d  n o r m a l i s e d ,  h e n c e  w e  s u m  o v e r  d i s t r i b u t i o n s  

a m o n g s t  s u b s h e l l s  r a t h e r  t h a n  p e r m u t a t i o n s  o f  t h e  l a b e l s  l * * * a r l ,

Q + 1 ,  • * * , N + 1 ) .  W e  n o te  t h a t  t h e  s u b s h e l l ,  p^, c o n t a i n i n g  a i n

^  ^  \  ̂a n d  th e  c o r r e s p o n d i n g  d i s t r i b u t i o n  o f  s p e c t a to r s ^  a r e

u n i q u e l y  d e f i n e d  b y  q ^ . .  H e n c e ,  e q u a t io n  (3 .  6) m a y  b e  w r i t t e n  i n  

t h e  f o r m  •

\ W i L £ , T £ y  =- i l , w , )

T T { h £ \ /  t l n / i b ' ^ ^  ("4   ̂ ^® IW  °^
. / ■ y  ^  X n  ^  c F P C l k ^  C F P W  )

<  P p . / ' X )  I i >  V . 1 2 )
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w h e r e  q  d e n o te s  th e  d i s t r i b u t i o n  o f  s p e c t a t o r s  c o r r e s p o n d i n g  to  q  

p. i s  th e  s u b s h e l l  c o n t a i n i n g  e l e c t r o n  a i n  q ^  

p ^  i s  t h e  s u b s h e l l  c o n t a i n i n g  a i n  d i s t r i b u t i o n  q 

i s  t h e  s u b s h e l l  c o n t a i n i n g  p i n  q ^  x 

i s  t h e  s u b s h e l l  c o n t a i n i n g  p i n  q  

W e  n o te  t h a t  f o r  p = N +1

1 ^
?

4  S .q  Is  , p , q i s  a s p in  r e c o u p l i n g  c o e f f i c i e n t  a n a lo g o u s  t o  ( 3 . 1 1 a )  '
i  O 9 9 0 . -̂----   - (*7 0 -« 4-,

_ . h'Y 4:'
4  L . q  | L  p q  /  i s  a n  o r b i t a l  r e c o u p l i n g  c o e f f i c i e n t  o f  t h e  t y p e  g i v e n  ' 

1 0  9 9 ^
i n  ( 3 . 1 1 )

R , , " "  i s  t h e  o p e r a t o r  4

C F P ( i k )  d e n o te s  t h e  f r a c t i o n a l  p a r e n t a g e  e x p a n s io n  

n e c e s s a r y  to  s e p a r a t e  f r o m  i | ; ^ ( r i ) ,  t h e  one  e l e c t r o n  o r b i t a l s  

o c c u p ie d  b y  e l e c t r o n s  w h o s e  a n g u l a r  m o m e n t a  a r e  r e c o u p l e d

T h a t  i s ,  w e  m u s t  

s e p a r a t e  o u t  e l e c t r o n  a a n d  t h o s e  e l e c t r o n s  p = 1* • * a + 1 , a - 1 ,

• '  ' N + 1  f o r  w h i c h  /  X ^ ^ ,  f r o m  th e  r e m a i n i n g  s p e c t a t o r  

e l e c t r o n s .  I n  t h e  e x a m p le  g i v e n  i n  e q u a t io n  (3 .  11a)

^  C F A X )  =  f  r  L  ̂)
  ^  , . y  . ‘-ar-, ' I I I I ___

y  X  Z w  A  A i / r w v v  J

F r o m  th e  a n t i s y m m e t r y  o f  t h e  s u b  s h e l l  w a v e  f u n c t i o n s ,  w e  

se e  t h a t  e a c h  l a b e l  a ,  a s s ig n e d  b y  q ^  t o  t h e  s a m e  p a r t i c u l a r  s u b ­

s h e l l  p. ,  w i l l  c o n t r i b u t e  e q u a l l y  to  ^  . H e n c e  w e  n e e d  o n l y  e v a l u -  
1

a te  th e  m a t r i x  e l e m e n t  f o r  o n e  v a lu e  /  é  p - a n d  r e p l a c e  ^  b y  ^  M* •
^ f "  «  I'-

E q u a t i o n  (3 .  12) b e c o m e s
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<  ÿ lF -  Y  5 I ,  I A  ( X X W  w  = c I

1 T ( N  '  I 5/ T T ( W  I A " '  '  ̂ V

fL

<■ Y  f / . + 4  'K  ̂ A  w v

< 1 P.:“ I P ^/y ,X >

( 3 . 12a)
f:-< .

w h e r e  a = ( ?  i s  t h e  l a b e l  o f  t h e  f i r s t  e l e c t r o n  t h a t  h a s  .
o ' /

b e e n  a s s ig n e d  t o  s u b s h e l l  b y  q ^ .

W e  n o te  t h a t ,  i n  o r d e r  t h a t  th e  C l e b s c h - G o r d a n  c o e f f i c i e n t  

( l̂_ \ 0 0  \ b e  n o n - z e r o ,  w e  m u s t  h a v e  ~ jl̂ ±̂ 1 . H e n c e ^

th e  o n l y  n o n - z e r o  t e r m s  i n  ^  w i l l  b e  f r o m  th e s e  p . w h o s e  o r b i t a l
r /  4)

a n g u l a r  m o m e n t a  s a t i s f y  t h i s  c o n d i t i o n .  T h e  K r o n e c k e r  d e l t a ,

Sç̂  .O’ i m p l i e s  t h a t  t h e  m a t r i x  e l e m e n t  w i l l  b e  n o n - z e r o  o n l y  i f  

a n d  $  c o n t a i n  t h e  s a m e  n u m b e r  o f  s p e c t a t o r  s e l e c t r o n s ,  t h e  

s a m e  n u m b e r  o f  s p e c t a t o r  p e l e c t r o n s ,  e t c .  ^ S i m i l a r l y  th e  o n l y  

n o n - z e r o  c o n t r i b u t i o n s  t o  ^  w i l l  b e  f r o m  th e s e  q w h i c h  a s s ig n  

th e  s p e c t a t o r  s e l e c t r o n s  o f  q ^  t o  s s u b s h e l l s  i n  $ ,  t h e  s p e c t a t o r  

p  e l e c t r o n s  t o  |d s u b s h e l l s ,  e t c .  H e n c e  w e  m a y  r e p l a c e  ^  b y  

w h e r e  q ^ r u n s  o v e r  a l l  d i s t r i b u t i o n s  o f  th e  l a b e l s ,
T j  - --

a s s ig n e d  b y  q  t o  t h e  s p e c t a t o r  s e l e c t r o n s ,  a m o n g s t  t h e  s o r b i t a l s
•  - “1? V-

o f  0  h a v in g  N .  >  0 , a n d  q  , q  • • • d e n o te  th e  c o r r e s p o n d i n g  
X a a

d i s t r i b u t i o n s  o f  p ,  d ,  • • • e l e c t r o n s .

I f  w e  c h o o s e  ^ ( F )  t o  b e  d e f i n e d  a s  i n  S . M .  e q u a t io n  15 , w e  

m u s t  r e p l a c e  ^ ( F )  b y  ^ ( F )  ^  0 ^ 0  ( L S t t )  i n  e q u a t io n s  ( 3 . 4 a )  a n d
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( 3 . 4 b ) .  M a k i n g  t h i s  s u b s t i t u t i o n  w e  o b t a in

-z— c-' Y  ^  f 1 <  i  +K H ÿci-sïï-jy I
- ' L , ok = (

H. r

F 2  <  g  y  ) I s   ̂ F . ,  I é  C L ^ i r ^ y

X Y  2T(L5— ) I s  \ x o -x J k. W^ \  czs z I / /

^  A :  c C ^ :  y f i i x : j y \ £ '

<  ^ (L S 7T 3  I f V j j  > >  j

a n d  a n  a n a lo g o u s  e x p r e s s i o n  f o r  cr^.

T h e  e v a lu a t i o n  o f  th e  m a t r i x  e l e m e n t s  1 ^ I
m a y  b e  c a r r i e d  o u t  i n  e x a c t l y  t h e  s a m e  w a y  a s  th e  e v a lu a t i o n  o f  

t h e  m a t r i x  e le m e n t s  d e s c r i b e d  a b o v e .  W e  f i r s t  e x p r e s s  t h e  m a ­

t r i x  e l e m e n t  i n  t e r m s  o f  u n s y m m e t r i s e d  w a v e  f u n c t i o n s  p

k T  > / s ' v - / v

w h e r e  7] (N.. ^ )  i s  t h e  n u m b e r  o f  d i s t r i b u t i o n s  q  o f  th e  N +1  e l e c t r o n s  
X p

a m o n g s t  t h e  o c c u p ie d  s u b s h e l l s  o f  0 ^ .  T h e  o p e r a t o r  i s  s y m m e t r i c  

a n d  0 ( L S tt) i s  a n t i s y m m e t r i c  u n d e r  i n t e r c h a n g e  o f  a n y  p a i r  o f  l a b e l s ,  

h e n c e

X & A T T X / i T ' C I ^  7 !  ( t J G

= T M N T )  L S T ) : ,
L  ( N / )  J ‘Y ^

T K > 7 X .  / V i A  k V ,  > l f } :  1 Ï 5 V ' T J >
L T ' C ^ x’^ 'H A
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6  i s  c o n s t r u c t e d  f r o m  a n t i s y m m e t r i c  s u b s h e l l  w a v e  f u n c t i o n s
jJLU

i n  e x a c t l y  t h e  s a m e  w a y  as  H e r e  e l e c t r o n  N +1  i s  a s s ig n e d

b y  q  to  t h e  o u t e r m o s t  s u b s h e l l  b ^  o f  cj) . C o m p a r i n g  th e  a b o v e  

e x p r e s s i o n  w i t h  e q u a t io n  ( 3 . 6 ) ,  w e  s e e  t h a t  t h i s  m a t r i x  e l e m e n t  

m a y  b e  r e d u c e d  t o  a f o r m  e x a c t l y  a n a lo g o u s  to  e q u a t io n  (3 .  12a) 

w i t h  = P b / ' - N + p -

T h e  e x p r e s s i o n  f o r  th e  m a t r i x  e l e m e n t

m a y  b e  o b ta in e d  d i r e c t l y  f r o m  ( 3 .  1 2 ) ,  m e r e l y  b y  r e p l a c i n g

b y  R_ °' = r  .
L  a
We  m a y  w r i t e  (3 .  12a) i n  th e  a b b r e r v ia te d  f o r m

X T ; )  I I ^  (  L  1

w h e r e  i s  i n d e p e n d e n t  o f  t h e  q u a n t u m  n u m b e r s  , p a n d

M ^ .  - S i m i l a r l y

<  I £ 4  I f X r y F  '  (L
H e n c e  e q u a t io n  (3 .  5a) b e c o m e s  ^

^  (  L I  1 G-v / ) ;
J J^  c . 1-̂  G

w h e r e  A . .  = ( l + l R y (  1 - i R y  ‘ 7

p e r f o r m i n g  th e  s u m m a t i o n  o v e r  M  w e  o b t a in

( 3  GPj- J J

k
z^j£k_  y  ( Z L , , A (  J
Z c- ^  CZ Li-1 ) T j r*j'

(3 .1 3 a )
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w h e r e  ç-̂ d e n o te s  s u m m a t i o n  o v e r  a l l  q u a n t u m  n u m b e r s  

n e e d e d  t o  d e s c r i b e  T e x c e p t  M ^ .  S i m i l a r l y  ( 3 . 5 b )  b e c o m e s

"2. c C"2_L_4-1 \ F Tj (3.13b)

w h e r e  H . ,  i s  o b t a in e d  b y  r e p l a c i n g  b y  R,^  ̂ i n  G „  .
i k  V  L  i k

3 . 2 D i f f e r e n t i a l  C r o s s  S e c t io n

R e c e n t l y  e x p e r i m e n t s  h a v e  b e e n  p e r f o r m e d  t o  d e t e r m i n e  

th e  a n g u l a r  d i s t r i b u t i o n  o f  e l e c t r o n s  e j e c t e d  i n  th e  p h o t o i o n ­

i s a t i o n  o f  r a r e  g a s  a t o m s  ( B e r k o w i t z  a n d  E h r h a r d t  1 9 6 6 ) ,  

V i l e s o v  e t  a l .  1 9 6 7 ) .  L i p s k y  (1 9 6 7 )  h a s  d e r i v e d  a n  e x p r e s ­

s io n  f o r  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  f o r  th e  e j e c t i o n  o f  

one  o f  t h e  o u t e r  p  e l e c t r o n s  o f  a r a r e  g a s  a t o m ,  w i t h i n  th e  

f r a m e w o r k  o f  t h e  c l o s e  c o u p l i n g  a p p r o x i m a t i o n .  I t  i s  o f  

i n t e r e s t  t h e r e f o r e  t o  e x te n d  t h i s  r e s u l t  t o  th e  p h o t o i o n i s a ­

t i o n  o f  a g e n e r a l  a t o m i c  s y s t e m .

T h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  f o r  t h e  a b s o r p t i o n  o f  a 

p h o t o n  t r a v e l l i n g  a lo n g  th e  Z  a x i s  w i t h  e n e r g y  h v  r e s u l t i n g  

i n  t h e  e j e c t i o n  o f  a n  e l e c t r o n  w i t h  m o m e n t u m  h k  i s ^ i n  th e  

d i p o l e  v e l o c i t y  a p p r o x i m a t i o n

^   ̂ [ k  )  ̂ ^  I I ^
rvi'c V io  oi -  I

( 3 . 1 4 )

w h e r e  d p ( E )  i s  th e  n u m b e r  o f  f i n a l  s t a t e s  0  p e r  u n i t  i n t e r v a l  

o f  e l e c t r o n  e n e r g y  w i t h  th e  e l e c t r o n  e j e c t e d  i n  a d i r e c t i o n  

w h i c h  l i e s  w i t h i n  a c o n e  o f  i n f i n i t e s i m a l  s o l i d  a n g le  d f 2 w i t h  

a x i s  a lo n g  k .  I f  ^  i s  n o r m a l i s e d  p e r  u n i t  e n e r g y  r a n g e

^  k  .  k n  / H e i t l e r  1 2 1 )
(v-TT) ^
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Çf -L r  - ~ —ilkr ~T
^  ( t  ) ^  ^  ^  v - J  k ^  ^  e +  T l -   ̂ ^   J

Y = { a ^ L ^ M ^ S ^ } ,  d e n o te s  th e  o t h e r  q u a n t u m  n u m b e r s  

n e c e s s a r y  t o  s jD e c i fy  y, a n d  th e  e l e c t r o n  s p in  f u n c t i o n  

y > r 4 (cr) i s  c o u p le d  w i t h  t h a t  o f  t h e  i o n  to  g i v e  t o t a l  s p in

r u n s  o v e r  a n y  d e g e n e r a t e  s t a t e s  o f  t h e  i o n  h a v in g

E  = E  -  ? = E  , + h v  -  2 k^ . I n  o r d e r  to  o b t a in  an  e x p r e s s i o n
Y 4>

f o r  dcr i n  t e r m s  o f  t h e  c h a n n e l  w a v e  f u n c t i o n s  0 ^(E ), e q u a t io n

( 3 . 3 ) ,  w e  m a k e  th e  p a r t i a l  w a v e  e x p a n s io n

o(.(r„(&) 44 k V e '  Æ :  \ ^  < n  ( X ?
A -  ' '  ^

( t , l )  - ‘ - V -

( 3 . 1 5 )

* 'iz.S- ■*

a n d  ■0 ( f m )  i s  r e l a t e d  t o  th e  f u n c t i o n s  ^ ( E )  b y

Ç  t?  ^   ̂ ^  (Px ̂

Tjc ■= L^ j
A l s o

^  . ,-i ^  _ L _  0 7  ( r -  I

y (Fk ) -  V i - t -  ^

H e n c e  (3 .  15) b e c o m e s

i ^ L B )  = i i Z b  ' t ' J -  '
(ZT) S,< l-« L,; M .n 'X  -  ^  '

C l ^ l  Mr**' I k K x  )C b k  K3 J “̂ p .
cn )l Z' I ̂ C-s-TYp <  ^ clsttj) -*

N *-l

X - r + , ( 5 ) > ^  ( V n W . v . . «
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A n  e x p r e s s i o n  f o r  th e  m a t r i x  e le m e n t s  i s  g i v e n  i n  e q u a t io n  

( 3 . 1 2 ) ,  w h i c h  i s  o f  t h e  f o r m

T  ) I x ' ,  I ) >  =  / L I  I ) X k

H e n c e  w e  m a y  w r i t e  (3 .  16) i n  th e  f o r m

[ Lj- I  ̂ )  I  L - X  I )
(  L  I I M k  j (  Z  I H t y A  I A^K )

^  / 2_ X  L_  C-f

( 3 . 1 7 )

W e  n e x t  p e r f o r m  th e  s u m m a t i o n s  o v e r  th e  a z i m u t h a l  q u a n ­

t u m  n u m b e r s .

Ï  f c X p  , « X L r i M r - | L „ h ^ )

t I  ̂ L.J. X*  H  J- M  ) (  A. I M̂ y%. \ I C ^ I I ^

^ ^  r v L i ! 7 X i ' ^ ] ^ ( u ' o o / i c )  '
- 4-lT(^Z%4- I ) J

(  L i '  ' I L j  m ;  ) (  l  ; I 3 ( L  ) I lJ N )  ) 
^  ^  ^ ( 3 . 1 8 )

A  r e q u i r e m e n t  f o r  t h e  n o n - v a n i s h i n g  o f  t h e  C le b s c h - G o r d a n

c o e f f i c i e n t  ( j ^ j ^ m ^ m ^ | j m )  i s  t h a t  m ^  + m ^  = m .  T h e r e f o r e

th e  o n l y  n o n  z e r o  c o n t r i b u t i o n s  t o  ^  , c o m e  f r o m
yx

M '  = M ,  a n d  m ’ = m  a n d  h e n c e  m  = m  -  m '  = 0 . T h e  o n l y  
k  k
V y \ ( j 2  ) w h i c h  a p p e a r  i n  th e  f i n a l  e x p r e s s i o n  f o r  th e  d i f -  
'ttr) ^

f e r e n t i a l  c r o s s  s e c t i o n  w i l l  t h e r e f o r e  b e  t h o s e  w i t h  m  = 0  

w h i c h  i s  i n  a c c o r d a n c e  w i t h  t h e  r e s u l t  t h a t  t h e  d i f f e r e n t i a l
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c r o s s  s e c t i o n  f o r  s c a t t e r i n g  b y  a s p h e r i c a l l y  s y m m e t r i c  

f i e l d  i s  i n d e p e n d e n t  o f  th e  a z i m u t h a l  a n g le  (|).

I f  w e  p e r f o r m  f i r s t  th e  s u m m a t i o n  o v e r  m  a n d  t h e n  th e  

s u m m a t i o n  o v e r  u s in g  th e  r e l a t i o n  g i v e n  b y  B i e d e n h a r n  

e t  a l ,  (1 9 5 2 )  e q u a t io n  ( 3 . 1 8 )  r e d u c e s  to

^  r ( z i v ( ) ( 2 i L I  n x  (^uToo  i X c )  )

^  A  - L I  3  4  ÎT J

) Oyyv I y .  X  ZL^-hi ) ( z X y - i )U (  i  I r ^ )  

w c i ;  / 1 / L Î )

z  ^x i '  \ s ~  ^
3  /V 4-TT

4— P f  ) (2- £ ' - b  u 7 ^  (  i x ' o o  12.0 ) C Z L ^ + I  J)

A-TT" j /Y IGA i r

( Z - t - X + - (  j  ^  I j  ^  L  (  , (-T z  )

S u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n  e q u a t i o n  ( 3 . 1 7 )  g i v e s

J L  L , L ;
L-r-Y A

n z l ^ n ( i V ^ i  ) l ' ^ ( i i ' o o  l z o ) ( - l )  ^  
L /AT-

U ) [ l J  I I ,  L 7 . )  y  (:2 3 ( ? i k
r ^ r .  '  V T /  ( 3 . 1 9 )

■ ( i -h . d  I
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C o m p a r i n g  th e  f i r s t  t e r m  i n  (3 .  19) w i t h  th e  e x p r e s s i o n  f o r  

t h e  t o t a l  c r o s s  s e c t i o n  g i v e n  b y  e q u a t io n  (3 ,  13a) w e  see  

t h a t  y

(  i + ( 1 ( 3 . 2 0 )

w h e r e

k k

3(1 c>o ) 2 . o )

-̂k' y  ̂ I ;  L  Z  )

( 3 . 2 1 )

A p a r t  f r o m  th e  f a c t o r  ( 2 L j^  + 1) i n  th e  e x p r e s s i o n  f o r  O , th e

e x p r e s s i o n  f o r  th e  d i f f e r e n t i a l  c r o s s  s e c t i o n  g i v e n  b y  e q u a t io n  

( 3 .  20) a n d  ( 3 .  21 ) i s  o f  t h e  s a m e  f o r m  as  t h a t  g i v e n  b y  L i p s k y  

( I 9 6 7 ) .  T h e  l a c k  o f  s y m m e t r y  i n  L i p s k y ' s  e x p r e s s i o n  f o r  

s u g g e s ts  t h a t  i t  i s  i n c o r r e c t .

3 , 3 .  P h o t o i o n i s a t i o n  C r o s s  S e c t io n  f o r  a n  A t o m i c  S y s t e m  
H a v in g  C o n f i g u r a t i o n  l s ^ 2 s ^ 2 p %

A s  a d e m o n s t r a t i o n  o f  t h e  r e d u c t i o n  o f  th e  g e n e r a l  e x p r e s ­

s io n  f o r  t h e  t o t a l  c r o s s  s e c t i o n  g i v e n  i n  s e c t i o n  3 . 1 ,  w e  c o n ­

s i d e r  th e  p h o t o i o n i s a t i o n  o f  a n  a t o m i c  s y s t e m  h a v in g  c o n f i g u r a ­

t i o n  l s ^ 2 s ^  2 p ^  a n d  c h e c k  th e  s i m p l i f i e d  e x p r e s s i o n  a g a i n s t  

t h a t  g i v e n  b y  H e n r y  a n d  L i p s k y  ( 1 9 6 7 ) .

W e  f i r s t  s i m p l i f y  t h e  e x p r e s s i o n  f o i  

( 3 .  1 2 ) .  I n  t h i s  c a s e  $  h a s  c o n f i g u r a t i o n  l s ^ 2 s ^ 2 p %  a n d  

ra

4

W e  f i r s t  s i m p l i f y  t h e  e x p r e s s i o n  f o r  g i v e n  b y  e q u a t io n

t io n

^ ( P . )  h a s  c o n f i g u r a t i o n  l s ^ 2 s ^ 2 p ^  k i ,  h e n c e

T T ( N J !  )

! )
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W e  n e x t  c o n s i d e r  e a c h  t e r m  i n  ^  s e p a r a t e l y .

F o r  p. = I s  e q u a t io n  ( 3 . 1 2 )  c o n ta in s  

th e  C l e b s c h - G o r d a n  c o e f f i c i e n t  ((p i Co jL o). H e n c e  th e  o n l y  

n o n  z e r o  t e r m  i n  w i l l  b e  = 2 p .  F o r  = 1 th e  o r t h o ­

g o n a l i t y  o f  th e  s p h e r i c a l  h a r m o n i c s  i m p l i e s  t h a t  t h e  n o n ­

v a n i s h i n g  t e r m s  i n  ^  w i l l  b e  f r o m  th o s e  "q w h i c h  a s s i g n  l a b e l s  

2 , 3 , 4  t o  e i t h e r  th e  I s  o r  2 s su b  s h e l l  a n d  l a b e l s  5, * * * q+3  

t o  th e  2p  s u b s h e l l .  L a b e l  1 i s  a l r e a d y  a s s ig n e d  to  th e  2p 

s u b s h e l l  h e n c e  l a b e l  q + 4  i s  a s s ig n e d  t o  t h e  o n l y  r e m a i n i n g  

v a c a n c y  i n  one  o f  t h e  S s u b s h e l l s . A g a i n  th e  o r t h o g o n a l i t y  

o f  th e  s p h e r i c a l  h a r m o n i c s  i m p l i e s  t h a t  t h e  m a t r i x  e l e m e n t  

w i l l  b e  z e r o  f o r  L  /  0 . T h e r e  a r e  6 d i s t r i b u t i o n s  q  w h i c h  

s a t i s f y  th e  a b o v e  r e q u i r e m e n t s .  T h e s e  a r e  c h a r a c t e r i s e d

b y  t h e i r  d i s t r i b u t i o n  o f  th e  

I s  a n d  2s s u b s h e l l s

l a b e l s  2 , 3 ,  4 , q+4

I s 2s P q

"=1
( q + 4 , 2) ( 3 , 4 ) odd

( 3 , 4 ) ( q + 4 . 2) o d d

93 ( q + 4 , 3) ( 2 , 4 ) e v e n

9 4
( 2 , 4 ) ( q + 4 , 3) e v e n

9 5
( q + 4 , 4) ( 2 . 3 ) e v e n

9 6

F o r

( 2 , 3 ) ( q + 4 , 4 ) e v e n

-  <i, z. ‘̂ + 4 .
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= k^C 7  i '  -t  ̂ StcVi, Ss.5

I +  1

<  L , » | . J  ^  < ‘- , s ' ^ V  l ( 0 ) L - ^ l -  L ^ l

1 L „  / r " ( ° ) S 4

=  < : i ^ l  ( ' O k L j  k ^ y ( L 3 )  L . ' ^ s ^ , - ^

C f^mt'Vck^ -2 .ero s. J
_  <  L , _  < 1 ^ 1  ( o j  L . C  1  :  - ^ Y  k  L  3  !  L , c ' ) 5 ^ _ y

-  ( % L + I ) t  P C L . ,  L , .  1 , L o ) S ^ . r

I n  a s i m i l a r  m a n n e r  i t  m a y  b e  s h o w n  t h a t

< r  S l '] , ,  I 5 :^  ^  I  ^  S f o r  P q  odd

j_  g  _
4- s. ^ 2^  f o r  P q  e v e n

L ; ^ J  ^  ^  “  ( I L - h  1 )  l y  I ‘ ^  u.

f o r  a l l  P q
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T h e  c o n t r i b u t i o n  t o  e q u a t i o n  (3 .  12) f r o m  p = I s  i s  t h e r e f o r e

¥

( z L + i / -  U (

[ ~ ^ < r  r,i p , /  > <  p , ;  I p , /  X  p j  I e j  /

-  4 -  <  ? . ;  I p , /  <  F j  i p / x  p .  '  I p - " "  >

- i  <  F ,  I n / > <  f.r IP,/ X  p/1 K f  X  f . :  I p./ ?
< P . : i  P . ' X  P j l  P . / X F ;  l P / X P J l P . / >  _, S  / I ( s

<v -  I T

_  C H  <  h ;

(  Z j . ' "  Z ^ , , ^  L ) ( U L ^ I L o u  }  S . ^ s

^  P , /  ( F ,  U ^ i - ^ 3 C / s ‘' I . - - '

w h e r e

C F ' 1 < " I  -  r < <  ? , /  I

_  < P , /  I P ^ /  > <  I h / ?
'-7

a n d  ( F .  2s^( 1 s ^  2 s ^ )  i s  d e f i n e d  s i m i l a r l y .  T h e  c o n t r i b u t i o n  f r o m
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pj, = 2 s m a y  be  fo u n d  i n  e x a c t l y  th e  s a m e  m a n n e r .

F o r  p. = 2p  i n  o r d e r  t h a t  t h e  C le b  c h - G o r d a n  c o e f -  
1

f i c i e n t  ( I 00 0 ) b e  n o n  z e r o  w e  m u s t  h a v e  =  o

o r  = 2 .  T h e r e  a r e  n o  o c c u p ie d  d s u b s h e l l s  i n  $  h e n c e  
If

p ^  = I s  o r  2 s .  H o w e v e r  t h e  o r t h o g o n a l i t y  o f  t h e  s p h e r i c a l  

h a r m o n i c s  i m p l y  t h a t  th e  o n l y  n o n  z e r o  c o n t r i b u t i o n s  to  

^  c o m e  f r o m  th o s e  q  w h i c h  a s s ig n  l a b e l s  1* • * , 4  t o  th e  

S s u b s h e l l s .  $  c o n t a in s  o n l y  4 o c c u p ie d  S o r b i t a l s  and  

t h e r e f o r e  th e  c o n t r i b u t i o n  t o  ^  f r o m  p. = 2 p m u s t  be
. r

z e r o .

F i n a l l y  w e  m u s t  c o n s i d e r  a = c o n t i n u u m .  A s  f o r  p. = 2p  

th e  n o n  z e r o  c o n t r i b u t i o n s  t o  ^  c o m e  f r o m  t h o s e  q
o-c

w h i c h  a s s i g n  l a b e l s  1 * ■ • 4  t o  t h e  S s u b s h e l l s .  A g a i n  w e  

w i l l  h a v e  6  s u c h  q  , c o r r e s p o n d i n g  to  th e  6  d i s t r i b u t i o n s  

f o r  p  ̂ = I s ,  w i t h  r e p l a c i n g  F y  a n d  h e r e

f o r  o d d

^  L;  I Ly( ^  ) Lk  ̂^  ̂ ^

-  O T "  p ( u  I L , , I , U ; 3 S -

T h e  c o m p le t e  c o n t r i b u t i o n  f r o m  a = c o n t i n u u m  i s

[ ( I L f - l  o a  I I o ) (2 f> '^  L i l i  2^9-'
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E q u a t i o n  (3 .  12) t h e r e f o r e  r e d u c e s  t o  

< ;  ^ ( L S ~  J >  =  )

( 2 L + - 0 ^  ( 2 . [ . ‘V l S  Ij (  1 1  o o  ll-o)

W( / I ,  L ) (  j r z s "  I ' 7  ' I y ^ ' '

[ (  R I P ,  I P j ' )  -  \ o  [ ( F: IX 1^,1% /^
' " (» i  '  L i  M  i i ;

+- C I s ' f Z  I ( 7  j /  J C z<i“ I >4  ̂ I 2 ^ ^  3
^  ( 3 . 3 1 )

R  , -  çL +  i -  -  X ; C ^ 2 +  ' )
^Lr ------- ^ -------  ( 3 . 3 1 a )

S i m i l a r l y

 --- OC — I

( :LL̂ -t-i )-^-( I j .T 'L S  I] 3 S's.̂ s c M o o  I Û 3

W  L j  L . ,  / 1 , 7  1 . )  C I ' 2 - 7  I h X V 3 ' ' C  2 - ^  I Z f . s - 3  “V ' '  

[ ( Z p / / ^ J i r  ) -  I l y h J j

. I u h . ' )  '](3 . 32)

2  (^ '3 ' ) '^ ( L I f " !^  I '-k  K 'Z Z  +1 g  j k

S u b s t i t u t i n g  e q u a t io n s  ( 3 . 3 1 )  a n d  ( 3 . 3 2 )  i n t o  e q u a t io n  ( 3 . 5 a )  

g i v e s

cr =  z ir ^ h '-  ^  3 ^  ( - L L 4 - I )  C L ,
  M, Mi r  r .  r

\ s  3 : K  ^ 5  t i j i .

w h e r e
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c r ^ r - r ^ -  %

A  -  += I XI A ^ ^
9 ^ K  ^-J  9 , '

=  2 J L  ^  > 3 j k  ‘^ - ' i  "a
C ix r ;  C Tj

t  X-

j

( 3 . 3 3 )

T h e  p a p e r  o f  L i p s k y  a n d  H e n r y  c o n t a in s  th e  f o l l o w i n g  t y p o ­

g r a p h i c a l  e r r o r s .  ( I  s h o u ld  l i k e  t o  r e c o r d  m y  th a n k s  t o  D r .  

L i p s k y  f o r  p o i n t i n g  o u t  t h e s e  m i s t a k e s . )
n i f

T h e  d e f i n i t i o n  o f  t h e  o p e r a t o r  V ,  a p p e a r i n g  i n  e q u a t io n  

(1 )  s h o u ld  b e  V . i  L  - X )

E q u a t i o n  (5 )  s h o u ld  r e a d

- F -  ■ k '^ k ;  = fc- =  k v  ~-r
2-kw  ̂ ‘

- T a k in g  i n t o  a c c o u n t  t h e s e  t y p o g r a p h i c a l  e r r o r s  w e  se e  t h a t

th e  e x p r e s s i o n  f o r  g ^ ^ (E )  g i v e n  b y  e q u a t i o n  ( 3 . 3 1 )  d i f f e r s  f r o m  

t h a t  g i v e n  b y  H e n r y  a n d  L i p s k y  e q u a t io n  (2 1 )  o n l y  i n  th e  d e f i n i t i o n  

o f  R y ( =  Pp o f  H e n r y  e n d  L i p s k y ) .  T h e  e x p r e s s i o n  g i v e n  b y  H e n r y  

a n d  L i p s k y  ( h e r e a f t e r  r e f e r e d  t o  a s  H . L . ) j

p = d- -h [  I + Q - ^ r ) ( ^ i r + - 0 ' \

i s  d i m e n s i o n a l l y  i n c o n s i s t e n t  a n d  w e  t h e r e f o r e  c o n c lu d e  t h a t  t h i s  

i s  i n c o r r e c t .  L i p s k y  ( u n p u b l i s h e d  n o t e s )  g i v e s  a n  a l t e r n a t i v e  d e f i ­

n i t i o n  / y . / y,
V ^ d  ^  j ^ ( t  -  I  f- Ü
U'X - r

F o r  th e  c a s e  c o n s i d e r e d  h e r e  i '  = L  i  = 1

^ r-  =  ^  ( 3 i 3 i b )

T h i s  i s  n o t  t h e  s a m e  f o r m  as  t h a t  g i v e n  i n  e q u a t io n  ( 3 . 3 1 a ) ,  H o w ­

e v e r  i n  o r d e r  f o r  t h e  C l e b s c h - G o r d a n  c o e f f i c i e n t s  ( l lO O lL O )  to  b e  

n o n - z e r o  w e  m u s t  h a v e  L  = 0 o r  2 .  I t  m a y  e a s i l y  b e  v e r i f i e d  t h a t
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f o r  t h e s e  v a lu e s  o f  e q u a t io n s  ( 3 . 3 1 a )  a n d  ( 3 . 3 1 b )  r e d u c e

to  th e  s a m e  e x p r e s s i o n .  I f  w e  c o m p a r e  e q u a t io n  ( 3 . 3 3 )  w i t h  

H .  Lo e q u a t io n  (2 0 a )  w e  n o te  th e  f o l l o w i n g  d i f f e r e n c e s

(1 )  H . L .  d e f i n e s w h e r e a s  w e
j k

1
d e f in e  A . .  -  ^  ( I + i r ) T h e  f a c t o r  — a r i s e s  f r o m  th e

TT
' k i '  ' j k

d i f f e r e n t  n o r m a l i s a t i o n  a s s u m e d  f o r  th e  c o n t i n u u m  w a v e  f u n c t i o n s  

( S . M .  e q u a t io n  17, H . L .  e q u a t io n  1 8 ) .  T h e  d i f f e r e n t  d e f i n i t i o n s  

o f  A . ,  m a y  b e  t r a c e d  b a c k  to  th e  d i f f e r e n t  d e f i n i t i o n s  o f  ^ ^ ( L ^ ) ,  

se e  e q u a t i o n  ( 3 . 3 )  a n d  H . L .  e q u a t io n  ( 1 2 ) .  H e n r y  a n d  L i p s k y  

e q u a t i o n  (1 1 )  y i e l d s

^ r r ' I -
S T

rr'
rr'

- r LA. rr'
+

S u b s t i t u t i n g  th e  e x p r e s s i o n  f o r  S ^ p ,  i n t o  H . L .  e q u a t i o n  (3 ) g i v e s

- r r  _

=r L
r - p r '

r r

w h e r e  i s  d e f i n e d  i n  H . L .  e q u a t i o n  (1 0 ) .  T h i s  e x p r e s s i o n

i s  n o w  i n  a g r e e m e n t  w i t h  e q u a t io n  ( 3 . 3 )  o f  t h i s  t h e s i s  a n d  a l s o  

w i t h  L i p s k y  ( u n p u b l i s h e d  n o t e s ) .  H e n c e  w e  c o n c lu d e  t h a t  th e  d e ­

f i n i t i o n  o f  A , ,  s h o u ld  b e  
i j

( i + i R ) ^ i ( l - i R ) . ^
( u s in g  th e  n o r m a l i s a t i o n  o f  H .  L .  )

(2 )  T h e  n o r m a l i s a t i o n  f a c t o r  i n  e q u a t io n  ( 3 . 3 3 )  i s  ^ ^
Kvi C-

w h e r e a s  t h e  f a c t o r  i n  H . L .  e q u a t io n  (2 0 a )  i s

1 S TT ±
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L i p s k y  e v a lu a t e s  th e  m a t r i x  e l e m e n t
A/ 1“ I

p F  ^  i <  A
+ -  )(ZS-F( )

- - R I

r a t h e r  t h a n  th e  e x p r e s s i o n  f o r  th e  c r o s s  s e c t i o n  g i v e n  i n  e q u ­

a t i o n  ( 3 . 4 a )  a n d  o b ta in s  th e  n o r m a l i s a t i o n  f a c t o r  3 q .  I f  w e  

s u b s t i t u t e  L i p s k y ' s e x p r e s s i o n  i n t o  th e  f o r m u l a  f o r  th e  c r o s s  

s e c t i o n  a n d  t a k e  i n t o  a c c o u n t  th e  f a c t  t h a t  t h e  s u m m a t i o n  o v e r  

(ji i n c l u d e s  o n l y  p  = ± 1 ,  s in c e  w e  h a v e  c h o s e n  th e  d i r e c t i o n  o f

p r o p a g a t i o n  o f  th e  p h o to n s  to  b e  a lo n g  th e  z a x i s ,  w e  o b t a in  

% TT q,
t h e  f a c t o r  ---------------   i n  a g r e e m e n t  w i t h  e q u a t i o n  ( 3 . 3 3 )  o f

rlA C- V

t h i s  t h e s i s .

W e  t h e r e f o r e  c o n c lu d e  t h a t  th e  e x p r e s s i o n  f o r  th e  d ip o le  

v e l o c i t y  a p p r o x i m a t i o n  t o  th e  p h o t o i o n i s a t i o n  c r o s s  s e c t i o n  

g i v e n  i n  e q u a t i o n  ( 3 . 3 3 )  i s  c o n s i s t e n t  w i t h  th e  e x p r e s s i o n  d e ­

r i v e d  b y  L i p s k y  b u t  d i f f e r s  f r o m  t h a t  g i v e n  b y  L i p s k y  a n d  

H e n r y  as  d e s c r i b e d  a b o v e .  T h e  g e n e r a l  e x p r e s s i o n  f o r  th e  

d ip o le  l e n g t h  f o r m  o f  t h e  c r o s s  s e c t i o n  g i v e n  i n  e q u a t io n  ( 3 . 4 b )  

a l s o  d i f f e r s  f r o m  t h a t  g i v e n  b y  H . L .  e q u a t io n  (8 )  i n  th e  d e ­

f i n i t i o n  o f  th e  o p e r a t o r .  W e  n o t e ,  h o w e v e r ,  t h a t  a p p l y i n g  th e  

c o m m u t a t i o n  r e l a t i o n  p i  f i j - ^  P to  ( 3 . 4 a )  y i e l d s  e q u a t io n  ( 3 , 4 b )  

w h e r e  r  ^  i s  th e  c o m p o n e n t  o f  r ^  I n  s p h e r i c a l  p o l a r  c o ­

o r d i n a t e s  r  - ) [ s e e  f o r  e x a m p le  R o s e

" E l e m e n t a r y  T h e o r y  o f  A n g u l a r  M o m e n t u m  ( W i l e y )  1 5 ]  a n d  

h e n c e  w e  c o n c lu d e  t h a t  th e  e x p r e s s i o n  g i v e n  b y  H . L .  i s  i n c o r ­

r e c t .
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)
S E C T I O N  4 : E V A L U A T I O N  O F  A N G U L A R  I N T E G R A L S

I n  t h i s  s e c t i o n  w e  d e r i v e  e x p r e s s i o n s  f o r  th e  a n g u la r
A  ^

i n t e g r a l s  t h a t  o c c u r  i n  th e  m a t r i x  e le m e n t s  o f  

V ^ ( r )  a n d  ( r ) ,  d e s c r i b e d  i n  s e c t i o n s  (2) a n d  (3) r e s p e c ­

t i v e l y .  T h e s e  i n t e g r a l s  a r e  e x p r e s s e d  i n  t e r m s  o f  g e n e r ­

a l i s e d  a n g u la r  m o m e n t a  r e c o u p l i n g  c o e f f i c i e n t s ,  A  m e t h ­

od f o r  th e  e v a lu a t i o n  o f  th e s e  c o e f f i c i e n t s  i s  d e s c r i b e d  i n  

s e c t i o n  ( 4 . 2 )  a n d  a F O R T R A N  p r o g r a m  w h i c h  u s e s  t h i s  

m e t h o d  i s  d e s c r i b e d  i n  s e c t i o n  ( 4 . 3 ) .

4 .  1 E x p r e s s i o n  o f  I n t e g r a l s  i n  T e r m s  o f  R e c o u p l i n g  C o -  

- e f f i c i e n t s .

W e  f i r s t  f i n d  a n  e x p r e s s i o n  f o r  t h e  m a t r i x  e l e m e n t  

o f  a t w o  p a r t i c l e  o p e r a t o r  o f  t h e  f o r m

;

( 4 . 1 )

b e tw e e n  n  p a r t i c l e  a n g u l a r  m o m e n t u m  e i g e n f u n c t i o n s  o f  t h e  

f o r m
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A
. • yŵ  XL"

1

c
( 4 . 2 )

w h e r e  t h e  C i s  a p r o d u c t  o f  R a c a h  a n d  C l e b s c h -

G o r d a n  c o e f f i c i e n t s  n e e d e d  to  s e p a r a t e  o f f  th e  tw o  o n e -  

p a r t i c l e  w a v e  f u n c t i o n s  f r o m  th e  r e m a i n i n g  n - 2  p a r t i c l e  

w a v e  f u n c t i o n .

- F a n o ,  P r a t s  a n d  G o l d s c h m i d t  ( 19 6 3 )  h a v e  d e r i v e d  a n  

e x p r e s s i o n  f o r  th e  m o r e  g e n e r a l  t e n s o r i a l  o p e r a t o r

key

T h e  o p e r a t o r s  w i t h  w h i c h  w e  a r e  c o n c e r n e d  a r e  c o n s t r u c t e d  

f r o m  th e  s a m e  i r r e d u c i b l e  t e n s o r i a l  s e ts  a s  a r e  t h e  a n g u l a r  

m o m e n t u m  e i g e n f u n c t i o n s ,  n a m e l y  th e  s p h e r i c a l  h a r m o n i c s .  

T h i s  f a c t  e n a b le s  u s  t o  d e r i v e  a n  e x p r e s s i o n  f o r  t h e  m a t r i x  

e le m e n t s  o f  th e  o p e r a t o r  (4 .  1) i n  a m o r e  d i r e c t  m a n n e r .

W e  f i r s t  s e p a r a t e  th e  o p e r a t o r  i n t o  t w o  s u m s  o f  one  

p a r t i c l e  o p e r a t o r s  u s i n g  th e  m e t h o d  o f  F a n o ,  P r a t s  a n d  

G o l d s c h m i d t .  W e  i n t r o d u c e  tw o  m o c k  p a r t i c l e s  l a b e l l e d

0 a n d  0 w i t h  a n g u l a r  m o m e n t u m  e ig e n f u n c t i o n s

1 k i q i  , (0))^, I kzq2(0)]>
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w h e r e  <C k i q i '(0)1 k i  q i  ( 0 ) ^  = 6 q l  q%

a n d  C ^ k iq i ( O ) !  = ( - 1 ) ^ 1  k  -  q ( 0 ) ^

w i t h  s i m i l a r  r e l a t i o n s  h o ld i n g  f o r  I k 2 q 2 ( 0 ) ^

N o w

X L  h  V i c  ) I L  7 1 " ^

w h e r e

I K h ) H >
( 4 . 3 )

c o n s i d e r

4  ''"I

( - , F '

2-f(, -f I

2  k A '
4 F

ATT 

i-

>
(is:k,ooli'̂ D)(L̂

' j  ^ ( 4 j c C o U / o ) < " 4 . / c ,  (h'yk,^ I

W e  n o w  o p e r a t e  o n  I ^ i t h   ̂  ̂j
(4 .4 )

w h i c h  g i v e s ,  i n  a n a lo g y  w i t h  th e  a b o v e  e x p r e s s i o n
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( ô ) |

[  ^ i ^ ' ]  " 7 4 ,  k -  / C / 7  < i t ,  k  7 /  JI // "  4-TT

n o w  th e  L . H . S .  o f  th e  m a t r i x  e l e m e n t  i s

‘- v  • L i 7

^S. t ^ y  tc yy T',

C H . .  r .  r , , .  i ; ^ . . L i f ; ( " ^ ' ' [ %A
‘-Sc' t - k j i.-

( A .  k  b o ( F ' o ) < 4 .  ;,, 7 /  j 4  4 ^  J  ' x % ' ]  " ( 4 - I A " 0   ̂

A , L  (4 '̂ I kj. 4.- X't; j

A  ( - 1 r i 7 - k , t i 7 ( x i ^ V ( i s .  k , 00  ( 4 ' M 7 t 7 7 û ' 4 " û J

< L ,  - 7 / / < ,  K  ) ) L ;  h  [ V L  ( A ,  ) ] 4 j  - kl

S in c e  t h e  R a c a h  a n d  C ^ e b s h  G o r d a n  c o e f f i c i e n t s  n e e d e d  t n  

r e c o u p l e  (f/).lî /̂ *̂\j3-nd 'k̂ /i-f\j b a c k  i n t o  ^  x\
A f̂cc’ '*’

t h e  o r i g i n a l  w a v e  f u n c t i o n  a r e  j u s t  t h o s e  s p e c i f i e d  b y  th e  L

T h e r e f o r e  t h e  c o m p l e t e  m a t r i x  e l e m e n t

k. + fĉ . ^

“ ^ i r
y  / /  i _  _ f g r . \  / r  I I P h I fl '(47,0014̂ .0)<'r, 7 [4jk,(411U, itl4jM4,)]4:•■■ kkj
X I'L,- U.hU.-)- I 4 7  1 < 3 >

= (-i7^7[(2k,+ .)UK+')T' (4k, ool loXkk<=°lUO)(LjkM-‘̂ m R  )
4 - i r -  ^

< 4  " 4 3 y U 4 j ] k  k . r 4 l 7 4 J l L -  k j

I I , . .  U F ^ ) h >  (4.7)
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as th e  s u m s  o v e r  f . ' and  i . "  r e d u c e  t o  a s i n g le  e l e m e n t  f r o m  

th e  o r t h o g o n a l i t y  o f  th e  one  e l e c t r o n  w a v e  f u n c t i o n s  

1 •  0 •  ^

a .' j  V '  "  -  'J ‘ -J
a n d

T h e  l a s t  t e r m  o n  th e  R . H . S .  o f  e q u a t io n  ( 4 . 7 )  i s  t h e  i n n e r  

p r o d u c t  o f  tw o  d i f f e r e n t  f u n c t i o n s  c o n s t r u c t e d  f r o m  th e  s a m e  

s e t  o f  a n g u l a r  m o m e n t u m  e ig e n f u n c t i o n s  b u t  c o u p le d  t o ­

g e t h e r  i n  a d i f f e r e n t  o r d e r .  I t  i s  o n e  o f  t h e  m a t r i x  e le m e n t s  

o f  t h e  t r a n s f o r m a t i o n  f r o m  th e  X,:

r e p r e s e n t a t i o n  t o  t h e  i  ̂ J •

r e p r e s e n t a t i o n .  ( L )  d e n o te s  t h e  s e t  o f  v a lu e s  o f  t h e  i n t e r ­

m e d ia t e  c o u p l i n g  w h i c h  h a s  th e  p a r t i c u l a r  v a lu e  L  i n  e q u ­

a t i o n  (4 .  7 ) ,  ( th e  n o t a t i o n  h a s  b e e n  m o d i f i e d  s l i g h t l y  t o  d i s ­

t i n g u i s h  b e t w e e n  b a s i c  s e t  o f  a n g u la r  m o m e n t a  a n d  th e  s e ts  

o f  i n t e r m e d i a t e  c o u p l i n g s ) .  T h e s e  m a t r i x  e l e m e n t s  a r e

k n o w n  a s  a n g u la r  m o m e n t u m  r e  c o u p l i n g  c o e f f i c i e n t s ,  
k

I f  C i s  th e  v e c t o r  s p h e r i c a l  h a r m o n i c  w i t h  c o m p o n e n t s

t  y zk+t
V  *  =  A  f y  Kw h e r e  th e  a r e  n o r m a l i s e d  s u c h  t h a t  I

^and n o t  s u c h  t h a t  ^  a s  u s e d  b y  F a n o ,

P r a t s  a n d  G o l d s c h m i d t )  th e n

(  f s F i  0 0  1 4 - o )  ~ ( r ‘'> ' l F i s + i 3 ]

J

a n d
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r

4 IT L ( 2 i ^ A  I )

( X k MjCj I / t  ) /  Ï /  4 ^  [  (k)]!-,, ■ 4 :  [4 j   ̂  ̂ ]^ t j-  ' 4  j

I L  4 / s ^ S ^  '^j 4 4 ( ( < ) L , >

which is  a spec ia l  case of equation (36) of Fano, P ra t s  and 

Goldschmidt,

The p a r t ic u la r  m a tr ix  e lem en ts  that we wish to evaluate a re

(. ) <( )> -- F L  <r r  /. ( 4  ' y k k . :  )
a t  + 1

'  £t F 7 "  <

(hjic^lL )(LjOH-^oiUK)

L I, ■ 414^' k (A 1 1 1 .; ■ k X  4"^ 4̂ ' - 4 1

= 4  ' F  ( 2 1V IF ' J(2,A  F I )C?A, M  ) J 1  is : ly  )

, ( i t J ld H A . )

< r ,  ■ ■ k, U y  k (I: k  ■ 4 ,  U t -  4  ( 4 :  ) I 4 ,  ■ ■ ^ -  ) 

i q .■ kj ^jCUj ) ■ h y  t j C t p  ■ ■ k  k k )  Pi >
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w h e r e  k j  = k 2 = t ,  th e  l a b e l s  k^ k 2 b e in g  r e t a i n e d  t o  i d e n t i f y  

p a r t i c l e s  (0 )  a n d  (0 ) .

N o w  t h e  r e c o u p l i n g  c o e f f i c i e n t  m a y  b e  e x p r e s s e d  i n  th e  

a l t e r n a t i v e  f o r m

^  L I • • Lsj ( 4. k iU t:)] l_Lc ' ■̂<'1

I : ,  Y Y

— y ^ l - r  ( - ( ç j k ,  - |
I L, Ls- - L(̂ . Ufci

^  k ,  •

| l ^ ' -  (̂zj

SO t h a t

A  P{. (fw - = ( ' 7  I )(24j+ 'd  ( k i l I P  f/4j )

( h 4 ( c 4 l h y  S , , , .

< r , ' -  7 : [ y t ( l u ) ] L , . L i , 7 h V  F (

I r , • • ‘-5j4j4sy)- l4 j ) ] i - t j  ■ Lj 4

(4 .1 0 )
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T h e  m a t r i x  e le m e n t s  r e q u i r e d  f o r  th e  e v a l u a t i o n  o f  th e  p h o t o ­

i o n i s a t i o n  c r o s s  s e c t i o n s  a r e

-  / F Î T  <■ / ^ ^ C r j  >

_ V l A  <  7 '^ r '  r ) 7

,  (kkic'llk,)
y ‘tir [{7-h-jf ̂

( L j  1 M ; <), / k :  M . )

<r,  '•
I L ,  • L . y t U j ) -  4 4

( 4 .  11)

(3 )  < y 9 ( r ) >

N o w  th e  c o m p o n e n t s  V  \  V ^ ,  ( d e f in e d  i n  s e c t i o n  3) a l s o

f o r m  a n  i r r e d u c i b l e  t e n s o r i a l  s e t  o f  d e g r e e  1. H e n c e  w e  m a y  

a p p l y  th e  W i g n e r  E c k h a r t  t h e o r e m  ( F a n o  a n d  R a c a h ,  C h .  14) 

a n d  u s e  e q u a t io n  (4 .  11) t o  o b t a in

< v V i >  =  /It  ( 4 7 1  iktj I ^

_  t k ^ l lV l f h j  )(L- 1 Pj y l l iHc  )

^ h e r e  <  F  ■ X  ) (A>j • k  ( 4  Ly L .  >

>  . ( 4 - 1 2 )

f ^  J~ i- Ù;(ky n  J
L cCr r  ̂ %r-

'T
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4 .  2 E v a l u a t i o n  o f  th e  r e c o u p l i n g  c o e f f i c i e n t s .

W e  r e c a l l  t h a t  i n  c o n s t r u c t i n g  t h e  t o t a l  w a v e  f u n c t i o n ,  

e q u a t io n  ( 2 . 1 4 )  w e  f i r s t  c o u p le d  t o g e t h e r  th e  a n g u la r  m o ­

m e n t a  o f  e l e c t r o n s  i n  d i s c r e t e  o r b i t a l s  t o  g i v e  s u b s h e l l  

a n g u l a r  m o m e n t a  L  S . W e  t h e n  c o u p le d  th e  s u b s h e l l
A. A.

a n g u l a r  m o m e n t a  a n d  th e  a n g u l a r  m o m e n t u m  o f  th e  p r o ­

j e c t i l e  a c c o r d i n g  to  th e  c o u p l i n g  s c h e m e

{ L ,  L 2 ( L / ) L 3 ( L 7 ) - - - L ^ ( L ^ " ) - . . L ^  L >  ( 4 . 2 0 )

to  g iv e  t o t a l  a n g u l a r  m o m e n t a  E S  f o r  th e  s y s t e m .  L .

d e n o te s  th e  r e s u l t  o f  c o u p l i n g  L .  t o  L .  . w h i c h  i s  th e
A. A . -1

r e s u l t a n t  o f  L  * • * L  . I f  th e  s e t  o f  v a lu e s  o f  th e  i n t e r -
1 A-1 ^

m e d i a t e  c o u p l i n g s  L  i s  n o t  u n iq u e  th e n  t o  e a c h  s e t  { L  

t h e r e  c o r r e s p o n d s  a d i s t i n c t  s t a t e  s p e c i f i e d  b y  th e  t o t a l  

q u a n t u m  n u m b e r s  L S tt t o g e t h e r  w i t h  a n  a d d i t i o n a l  p a r a ­

m e t e r  w h i c h  s p e c i f i e s  t h e  s e t  o f  i n t e r m e d i a t e  c o u p l i n g s .  

I t  c a n  e a s i l y  b e  s h o w n  t h a t  t h e  w a v e  f u n c t i o n s  f o r  a g i v e n  

c o u p l i n g  s c h e m e ,  c o r r e s p o n d i n g  to  th e  d i f f e r e n t  v a lu e s  o f  

f o r m  a c o m p le t e  o r t h o n o r m a l  s e t .

T h r e e  b a s i c  t y p e s  o f  r e c o u p l i n g  c o e f f i c i e n t s  o c c u r  i n  

t h e  a n a l y s i s  o f  S . M .  T h e s e  a r e  t h o s e  i n  w h i c h

1) O n e  v e c t o r  i s  r e c o u p l e d ,  t h e  o r d e r  o f  

c o u p l i n g  o f  t h e  o t h e r s  r e m a i n i n g  u n a l t e r e d .  F o r  

e x a m p le  i n  th e  r e c o u p l i n g  c o e f f i c i e n t s  i n  S . M .  e q u a t io n  

(5 6 )  t h e  v e c t o r s  X  a n d  \ a r e  r e c o u p l e d ,  th e  

o r d e r  o f  c o u p l i n g  o f  t h e  s p e c t a t o r  a n g u l a r  m o m e n t a

E  S r e m a i n i n g  u n c h a n g e d .
A. A.
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2) T w o  v e c t o r s  a r e  r e c o u p l e d .  F o r  e x a m p le  th e  s p in

r e c o u p l i n g  c o e f f i c i e n t s  o f  S . M .  e q u a t io n s  (4 1 ) ,  (59 )  a n d

(6 2 a )  w h e r e  th e  t w o  r e c o u p l e d  v e c t o r s  a r e  2 ^  a n d   ̂ .

T h e  s p in  r e c o u p l i n g  c o e f f i c i e n t  e q u a t io n  (4 9 h )  i s  o f  t y p e

(1 ) s in c e  i  , i s  c o u p le d  to  S, on  b o t h  s id e s  o f  th e  c o -  
N +1  b

e f f i c i e n t  a n d  i s  n o t  r e c o u p l e d .

3) T h r e e  v e c t o r s  a r e  r e c o u p l e d .  T h e s e  a r i s e  i n  th e
■A XA

e v a l u a t i o n  o f  t h e  m a t r i x  e l e m e n t s  o f  . )  d is  -
K ' ^ N  - N + 1

c u s s e d  e a r l i e r  i n  t h i s  s e c t i o n  a n d  o c c u r  i n  S . M .  e q u a t io n s  

(4 0 ) ,  ( 4 9 a ) ,  (6 0 a )  a n d  ( 6 2 a ) .

T h e s e  m u l t i v e c t o r  r e c o u p l i n g  c o e f f i c i e n t s  m a y  b e  e x p r e s s e d  

i n  t e r m s  o f  s u m s  o f  p r o d u c t s  o f  t h r e e  v e c t o r  r e c o u p l i n g  c o ­

e f f i c i e n t s  o r  R a c a h  c o e f f i c i e n t s  ( B i e d e n h a r n  1 9 5 3 ) ,

=  ""1̂  0 , j z ^  J 2  "J'Z J 2.3 3

W e  f i r s t  c o n s i d e r  r e c o u p l i n g  c o e f f i c i e n t s  o f  t y p e  (1 ) ,  t h a t  

i s ,  t h o s e  o f  th e  f o r m

< L ,  - ( L y ,  ) r ^ u q ) r ; ) -  E - M k -  (9 : , ^ 7 ( ? ) '

W e  r e c a l l  t h a t  t h i s  i s  t h e  i n n e r  p r o d u c t  o f  th e  w a v e  f u n c t i o n s ,  

a n d

I y y  L  ^  7 J L ,  ( ^ p - I  ) f y  ' '4-(r ^ ( 4 .  2 3 )

W e  w i s h  t o  e x p a n d  < a ^ L |  i n  th e  c o m p l e t e  s e t  o f  f u n c t i o n s  o f  

th e  f o r m  o f  (4 .  23 )

W e  f i r s t  r e c o u p l e  th e  t h r e e  v e c t o r s  L ° ’i  , L  , i
p - 1  p
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f r o m  th e  s c h e m e  { L  \  , E  i ( E  )E ° '^ }  t o  { E ° ^ ^ , E  ( E  ) fE °"^ .}
p - 1  p p p p - 1  p p '  p

b y  m e a n s  o f  th e  t r a n s f o r m a t i o n  ,

< [ ,  (+4, ) 4 i U 7 ( L y ) . .  L |  -  f y - '
 ̂ < ■ ! ,  • f ; ^ : 7 L ^ ( L U ( ' L + ; i  . l (

W e  t h e n  r e c o u p le  i s te p  b y  s te p  f r o m  X. = p to  X. = cr b y  t r a n s ­

f o r m a t i o n s  o f  th e  f o r m

< L ,  > U 7 r 7 7 ( 7 ; ) -  L\

=  ^  ^ E . 7 ( / - 7 , ) E  k ; 1 1 , , T J r , L <  ) < L,  ) L , ( 7 L[
V

to  g i v e  f i n a l l y

< 4  kA', - E  <-1

~  . y  y  *-7 ( 4 ' I pf ^ Pf i  p p r y

- . - , ( c z t r . , ) 7 1 4  >

^ <  r  /  (  C ,  ) h  1 -4  / U - ,  Ic-lkr-) >
<r -I » - 1

<T, iLpL^a^)-  ( 7 . . ,  i L ^ A C v ' )  L |  ( 4 . 2 4 )

SO t h a t  _

_  <  L X ( L p L p - 1  L ; l i ,  11 ‘-k >

 ̂ ( 7 4 7  7 ;  1 p . ,  A C 7  l a p

" A C i - A , ) u  L i :  I T r - . X o - X c E ) L % 3  >
( 4 , 2 5 )

< T ,. y , j : 4 ( ? ■ •  C E À A C 7 )  L i k  c k A L p r p . ( C y A x a j  ,4
f r o m  th e  o r t h o n o r m a l i t y  o f  th e  f u n c t i o n s  o f  t h e  f o r m  ( 4 . 2 3 )  

w e  h a v e  t h a t
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<  L ,  L ? - ■ 7 -  y  p ( 7 J ) '  - i - A

^  L y i ^ ( ? j i  ‘- T >

i f '  < y ,  ( c?A7  7 ; I la >
 ̂  ̂ <  L-A' 7  (. L-A,  ̂k ^  C ' i L“À A  ,r P ( L-7 L A  >
g (̂ l A  l “/' ) ■ Ŝ x. L"i ) s clA l7 ) ■ • • Z(py PJ )

= R z p k ,  >(2 k / k '  ^  4  L ;  X . Lf L y

1 f  ' ? i ,  -  ' k z  l 4  f  ,3 ]^  w  ( y  i  k  k j , C t  l 4  i

( 4 . 2 6 )

T h i s  p r o c e e d u r e  o f  s te p  b y  s te p  r e c o u p l i n g  m a y  b e  s u m ­

m a r i s e d  a s  f o l l o w s

( i )  R e c o u p le  t h r e e  ( o r  f o u r )  o f  t h e  v e c t o r s  w h i c h  a p p e a r  

i n  e i t h e r  th e  l . h . s .  o r  r . h . s .  o f  th e  c o e f f i c i e n t .  I f  t h e s e  

t h r e e  v e c t o r s  a r e  d e n o te d  b y  i j  , fg , fg a n d  a r e  c o u p le d  i n  

^ ° " i ^ i ^  a c c o r d i n g  t o  t h e  s c h e m e  f j  i j  ( i j  2 )'^3 ^ t h e n  w e  m a y  

e x p r e s s  th e  o r i g i n a l  r e c o u p l i n g  c o e f f i c i e n t  i n  t e r m s  o f  p r o d ­

u c t s  o f  t w o  r e c o u p l i n g  c o e f f i c i e n t s  o f  th e  f o r m

<  ^  :  X  ^  L I  (<] L j  '))

( 4 . 2 7 )

( i i )  C h e c k  w h e t h e r  th e  n e w  o r d e r  o f  c o u p l i n g  o f  th e s e  

t h r e e  v e c t o r s  i s  th e  s a m e  a s  t h e  o r d e r  i n  w h i c h  t h e y  a r e  

c o u p le d  o n  th e  o t h e r  s id e  o f  th e  c o e f f i c i e n t .  I f  t h i s  o r d e r  i s
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t h e  s a m e  th e n  w e  m a y  u s e  th e  o r t h o n o r m a l i t y  p r o p e r t i e s  o f  

th e  s p in  o r  a n g u l a r  m o m e n t u m  e i g e n f u n c t i o n s  t o  r e d u c e  th e  

s u m m a t i o n  o v e r  i n t e r m e d i a t e  c o u p l i n g s  to  a s i n g le  t e r m  

w h e r e  f  t a k e s  on  th e  v a lu e  t h a t  t h i s  i n t e r m e d i a t e  c o u p l i n g  

h a s  i n  th e  h a l f  o f  th e  c o e f f i c i e n t  n o t  c u r r e n t l y  b e in g  r e ­

c o u p le d ,  i . e . ,

< y  Lz I A >

( 4 . 2 8 )

I f  t h e  t h r e e  v e c t o r s  ^ . re  c o u p le d  a c c o r d i n g  t o  s o m e

o t h e r  s c h e m e  i n  l a . L . ^  t h e n  w e  m u s t  r e t a i n  th e  s u m m a t i o n
J j '

o v e r  i .

( i i i )  R e c o u p le  o t h e r  s e ts  o f  3 ( o r  4) v e c t o r s  i n  th e  m a n ­

n e r  d e s c r i b e d  a b o v e  u n t i l  th e  o r d e r  o f  c o u p l i n g  o f  t h e  v e c t o r s  

i n  t h e  l . h . s .  o f  th e  c o e f f i c i e n t  i s  th e  s a m e  as  t h a t  o f  th e  r . h . s .

I n  t h e  f i n a l  r e c o u p l i n g  th e  s e c o n d  o f  th e  c o e f f i c i e n t s  o n  th e
1r . h . s .  o f  e q u a t io n  (4 .  27 )  w i l l  b e  z e r o  f o r  f  /  r  a n d  w i l l  b e  

u n i t y  f o r  i  = i . .  W e  w i l l  t h e n  h a v e  e x p r e s s e d  th e  o r i g i n a l  

r e  c o u p l i n g  c o e f f i c i e n t  i n  t e r m s  o f  a s u m m a t i o n  o v e r  p r o d ­

u c t s  of t h r e e  ( o r  f o u r )  v e c t o r  r e c o u p l i n g s  s i m i l a r  t o  th e  

f i r s t  c o e f f i c i e n t  o n  th e  r . h . s .  o f  e q u a t io n  ( 4 , 2 8 ) .

T h i s  p r o c e d u r e  i s  s i m i l a r  t o  t h a t  u s e d  b y  I n n e s  a n d  

U f f o r d  (1 9 5 8 )  to  o b t a in  e x p r e s s i o n s ,  i n  t e r m s  o f  R a c a h  a n d  

9 _ j  c o e f f i c i e n t s ,  f o r  r e c o u p l i n g  c o e f f i c i e n t s  a n a lo g o u s  to  

th e  t w o  " t w o  v e c t o r "  r e c o u p l i n g  c o e f f i c i e n t s ,  w i t h  

or. = (T. = b ,  w h i c h  a r e  d i s c u s s e d  b e lo w .  T h e  p r o b l e m  w h i c h  

n o w  r e m a i n s ,  i s  t o  f i n d  th e  o p t i m u m  s e q u e n c e  o f  r e c o u p l i n g s



95.

w h i c h  b r i n g  b o t h  s id e s  o f  th e  r e c o u p l i n g  c o e f f i c i e n t  i n t o  

s o m e  c o m m o n  o r d e r  o f  c o u p l i n g ,  t h a t  i s ,  th e  s e q u e n c e  

w h i c h  i n v o l v e s  th e  l e a s t  n u m b e r  o f  t h r e e  o r  f o u r  v e c t o r  

r e c o u p l i n g s  a n d  th e  l e a s t  n u m b e r  o f  s u m m a t i o n s  o v e r  

i n t e r m e d i a t e  c o u p l i n g s .

" O n e  v e c t o r "  r e c o u p l i n g  c o e f f i c i e n t s  m a y  a lw a y s  b e  

e x p r e s s e d  as  a s i m p l e  p r o d u c t  o f  R a c a h  c o e f f i c i e n t s  b y  t h i s  

p r o c e d u r e .  I n  th e  e v a lu a t i o n  o f  a r e c o u p l i n g  c o e f f i c i e n t  

i n  w h i c h  m o r e  t h a n  one  v e c t o r  i s  r e c o u p l e d  w e  c a n  a lw a y s  

o b t a in  a n  e x p r e s s i o n  a n a lo g o u s  to  ( 4 . 2 5 ) .  H o w e v e r  w e  m a y  

n e e d  t o  m a k e  a d d i t i o n a l  i n t e r m e d i a t e  r e c o u p l i n g s  w h i c h  do  n o t  

n o t  a p p e a r  i n  th e  r . h . s .  o f  th e  c o e f f i c i e n t  a n d  h e n c e  th e  

s u m m a t i o n  o v e r  t h e s e  i n t e r m e d i a t e  r e c o u p l i n g s  w i l l  r e ­

m a i n  i n  o u r  f i n a l  e x p r e s s i o n  f o r  th e  c o m p l e t e  r e c o u p l i n g  

c o e f f i c i e n t .

T h e  " t w o  v e c t o r "  r e c o u p l i n g  c o e f f i c i e n t s  c a n  b e  d i v i d e d  

i n t o  t h r e e  b a s i c  t y p e s .  I f  t h e  tw o  v e c t o r s  t o  b e  r e c o u p le d  

a r e  l a b e l l e d  N  a n d  N  + 1 w e  d e f in e  s u b s h e l l  p to  b e  th e  s u b ­

s h e l l  c o n t a i n i n g  e l e c t r o n  N  a n d  cr t o  b e  th e  s u b s h e l l  c o n ­

t a i n i n g  N  + 1. F o r  th e  p u r p o s e  o f  r e c o u p l i n g  w e  m a y  

r e g a r d  th e  c o n t i n u u m  e l e c t r o n  as  b e i n g  i n  a s u b s h e l l  b  + 1 

w h e r e  b  i s  th e  o u t e r m o s t  o f  t h e  d i s c r e t e  o r b i t a l s  a n d  w h e r e
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"  ®b + l  ^  h  + 1 ^ b  + 1 ^  z e x a m p le  th e  e x -

c h a n g e  s p in  r e c o u p l i n g  c o e f f i c i e n t  i s  o f  th e  f o r m

+ -  +  ( 4 4  ' 7 - A , , ( A  3 A

( 4 . 2 7 )

w h e r e  p. <cr. b u t  p cr  ̂ ( i n  S . M .  e q u a t io n  (4 1 )  cr^ = p^ = c o n t i n u u m )

T h e  t h r e e  t y p e s  o f  r e c o u p l i n g  c o e f f i c i e n t s  m a y  n o w  b e

c l a s s i f i e d  a c c o r d i n g  t o  th e  r e l a t i v e  v a lu e s  o f  p.cr.p.cr. a n d
1 1 J J

a r e

1) d i r e c t :  m a x  ( p ^ p j ) -  m i n  (cr^a-^). T h e  ; ’

s p in  r e c o u p l i n g  c o e f f i c i e n t  o f  t h e  d i r e c t  t e r m  i s  a 

s p e c i a l  c a s e  o f  t h i s  ty p e «  T h i s  t y p e  o f  r e c o u p l i n g  

, m a y . ’o c c u r  i n  S . M . (  e q u a t io n s  (5 9 )  and» (6 2 a )  d e p e n d in g  

on  th e  p a r t i c u l a r  c o n f i g u r a t i o n s  c o n s i d e r e d .  C o n ­

v e r s e l y  w e  m a y  a l s o  h a v e  m a x  (cr.cr,')^ m i n  ( p .p . )
1 J 1 J

w h i c h  m a y  o c c u r  i n  e q u a t io n  ( 6 2 a ) .  T h e  d i r e c t  

t y p e  o f  r e  c o u p l i n g  m a y  b e  r e p r e s e n t e d  s c h e m a t i c a l l y  

b y

e m u s t  r e c o u p l e  N  f r o m  p^ t o  p^ a n d  N + 1  f r o m  cr^ 

t o  oTj b u t  s in c e  t h e s e  tw o  i n t e r v a l s  d o  n o t  o v e r l a p  

t h e  r e  c o u p l i n g  m a y  b e  a c h ie v e d  i n  tw o  s e p a r a t e  

■ s teps  a n d  th e  c o m p le t e  r e c o u p l i n g  c o e f f i c i e n t  m a y  

b e  e x p r e s s e d  a s  t h e  p r o d u c t  o f  t w o  " o n e  v e c t o r "  

r e c o u p l i n g  c o e f f i c i e n t s  o f  th e  f o r m  o f  e q u a t io n

( 4 . 2 6 ) .

I

W
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2) e x c h a n g e :  m in ( p ^ p ^ ' ) <  m i n  (cr^cr^) < m a x [ p ^ p .)

a s  i n  e q u a t io n  ( 4 . 2 7 )  a n d  S . M .  e q u a t io n  (4 1 ) ,  o r  c o n -

v e r s e l e y  m i n  (cr.cr.) ^  m i n  ( p .p . )  ^  m a x  (cr.cr.). B o t h  ' 1 J 1 J 1 J
t h e s e  c a s e s  m a y  o c c u r  i n  e q u a t io n s  (59)  a n d  ( 6 2 a ) ,

T h e  f o r m e r  c a s e  m a y  b e  r e p r e s e n t e d  b y

<  7  I
I • V j  p, ■ >

W e  w i l l  h a v e  t o  r e c o u p l e  b o t h  N  a n d  N +1  t h r o u g h  th e

r a n g e  cr  ̂ t o  p^ a n d  h e n c e  w e  w i l l  h a v e  t o  s u m  o v e r

th e  i n t e r m e d i a t e  c o u p l i n g s  i n  t h i s  r a n g e .  A s  a n  

e x a m p l e ,  th e  r e  c o u p l i n g  c o e f f i c i e n t  ( 4 . 2 7 )  i s

S I

I S, ■ ■ y

a n d  i f  p.  <  O'. <  (T. <  p.  w e  h a v e  
1 J 1 J

v y  V )  ? :  I y ,  y ; >

c S ^ I  ) I ^ (  4 :  '> %  A  / '  

X „  F S'. ■. C s :z ' z  sZ I f. X .  C r. > t
<  V ,  i .  t ç .  > 4 , 7 1 V  "k  z  >

<  V  ■ V '  ' ' ?  4 ^ , ( 4 , :  ^ ^ ^  ^
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h e n c e

/ S ' ;  V  s " >

I I ' ' /  s  i ,  < s : ; ,  )  s ;  s r i s  %  r  (  s j  s  «;  >

r  <  s ~ , s ; . , s ;  C Î- .  u .  s f  >
Tj >,

)  5 ^ ^  s %  I s . ,  (  o

s f  i C i ,  S t  >

^  ^  ) ' % % , / y  ■ ■ ĉ ;̂) ■ s \

IS, ' ^ . 1 ^ 2 )

I n  o r d e r  t o  c o m p le t e  t h e  r e c o u p l i n g  w e  m u s t  r e c o u p l e  

N + l
J , f r o m  (T, to  (T.. T o  d o  t h i s  w e  e x p a n d
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\  y  y  y  \  ' i * '  V P  ' ^  ̂

"  ^ ^V' I ^? .  ^

t _ ,  t .  S < Ù  ) t .  ^ >  ( I  )  S t  >

<  s . _ ,  t . ,  c  s ; t  ) s  1 1 , „  ) s;j >

w h i c h  g i v e s  f i n a l l y

L ,  <  ^>7 i  ( ) s .  s t^  j s s S t  )  -t^ , s t  >

j f .  -  5.
J
\ - i  ^  ^it/-, T̂j 'h-i.'ïS^ I -Sa-/-! ^

X I' <  V . c s t , ) r ,  s 1 1  s t  >
<  > _  t s t ,  ) ^  I s ; (? ,  H . . ,  ^ t  >

^ '̂ 01-, ") S^2 I ^Oi-I  ̂j-{ V̂ ,U  ̂a-%̂

J _ ,  <  V ,  C ,C S :L ,^ ^ ,  s 7  I >

1 L , <  < 1 ,  ^  1  ̂ -  5 ( i f )  4:. S t ^ >

 ̂ (4:")4;^7/^7" % ; >
w h i c h  c a n  n o w  b e  e x p r e s s e d  d i r e c t l y  i n  t e r m s  o f  

R a c a h  c o e f f i c i e n t s .

3) t r a n s l a t i o n :  m a x  (p .o ' .J  ^  m i n  (p .c r .)  o r  m a xV T i  X ' T j  j

( p jO j )  ^  m i n  (p^ar^). T h i s  t y p e  o f  r e c o u p l i n g  w i l l  o n l y  

o c c u r  i n  t e r m s  l i n e a r  o r  q u a d r a t i c  i n  C .  , i . e . ,  i n  

e q u a t io n s  ( 59)  a n d  (6 2 a )  w h e r e  b o t h  i n t e r a c t i n g  

e l e c t r o n s  m a y  a p p e a r  i n  d i s c r e t e  o r b i t a l s .  F o r
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e x a m p le  th e  r e c o u p l i n g  c o e f f i c i e n t  i n  e q u a t io n  ( 59)  

f o r  th e  c o n f i g u r a t i o n s  1 s^ 2s^  2 p ^ 3 s  k i  a n d  l s ^ 2 s ^ 2 p ^  

w h e r e  = 3 s ,  cr  ̂ = k f  ( c o n t i n u u m )  a n d  p. = -  2 p

w i l l  b e  o f  t h i s  f o r m .

T r a n s l a t i o n  r e c o u p l i n g  c o e f f i c i e n t s  m a y  b e  r e p r e s e n t e d  

b y

^  I

W e  m u s t  r e c o u p le  b o t h  N  a n d  N + I  f r o m  o', t o  p . i n  th e
1 J

f o r m e r  c a s e  a n d  f r o m  cr. t o  or. i n  t h e  l a t t e r .  T h i s  i s
1 J

m o s t  e a s i l y  a c h ie v e d  b y  c o u p l i n g  th e  v e c t o r s  N ,  N + l  

t o g e t h e r ,  r e c o u p l i n g  t h e i r  r e s u l t a n t  f r o m c r ^  t o  p^ ( o r  

cr^ t o  cTj) t h e n  d e c o u p l i n g  t h e m .  T h i s  g i v e s  r i s e  t o  a 

s i n g l e  s u m m a t i o n ,  o v e r  t h e  p o s s i b l e  v a lu e s  o f  th e  

r e s u l t a n t  ( N ,  N + l ) .

F o r  e x a m p le  th e  r e  c o u p l i n g  c o e f f i c i e n t

IT ,  ■ ■ • Vcr -  s ). .TV ,̂ V • S >

? e s t : , s t  I - s t  >

if ..< ̂ :i, I Ss I S'.i
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T h e  4 - v e c t o r  r e c o u p l i n g  c o e f f i c i e n t s  m a y b e  e x p r e s s e d  

d i r e c t l y  i n  t e r m s  o f  9 - j  s y m b o l s  u s i n g  th e  r e l a t i o n s

k  ‘ k >  j ,  I i ,  ] , < ) „ )

a n d

k i J . J , * ) , . ) ] . . ,  J i ,  i x J T >

= -hJlLl
i ) ( 2 j

!
h i •

L i x j ' v
/

\ T  /

T h e  " t h r e e v e c t o r " r e c o u p l i n g  c o e f f i c i e n t s  h a v e a v e r y

s i m i l a r  s t r u c t u r e  t o  t h e  tw o  v e c t o r  c o e f f i c i e n t s  s in c e  th e  

t h i r d  v e c t o r  k  i s  c o u p le d  to  on  th e  .1,. h .  s .  o f  th e  c o e f f i c i e n t  

a n d  t o  i  on  t h e  r . h .  s .  H e n c e  t h e y  c a n  b e  d i v i d e d  i n t o  

t h e  s a m e  t h r e e  c la s s e s  a s  th e  tw o  v e c t o r  c o e f f i c i e n t s  a n d  

m a y  b e  r e p r e s e n t e d  b y
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(1 )  D i r e c t

(2 )  E x c h a n g e

N'-t-i

(3 )  T r a n s l a t i o n p-

T h e  'o n e '  a n d  ' t w o '  v e c t o r  r e c o u p l i n g  c o e f f i c i e n t s  m a y  

t h e r e f o r e  b e  r e g a r d e d  as  s p e c i a l  c a s e s  o f  th e  ' t h r e e  v e c t o r '  

c o e f f i c i e n t s .  H o w e v e r  t h e r e  i s  one  u s e f u l  p r o p e r t y  o f  th e  

'o n e '  a n d  ' t w o ' v e c t o r  c o e f f i c i e n t s  w h i c h  i s  n o t  s h a r e d  b y  th e

t h r e e ' V e c t o r  c o e f f i c i e n t s  t h a t  o c c u r  i n  t h e  e x p r e s s i o n s  f o r  

1 n a m e l y  t h a t  <  =  < L J L ^ 7 >< i
N , N + 1

b u t

T h e  a s y m m e t r y  o f  th e  <  L . I L . ^  m a y  b e  s e e n  i n  t h e  f o l l o w i n g
1 J K

w a y .  W e  h a v e  s h o w n  t h a t  

a n d  s i m i l a r l y

F r o m  th e  s y m m e t r y  o f  t h e  o p e r a t o r

^  L-i I ^  ^   ̂ ^  ( 'h -  >

h e n c e
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( ip; k Oû 0 u  h j  t'' ÛO 0 X  L-J L j X

(ip- k 06 )y lk,_
a nd  f r o m  th e  s y m m e t r y  p r o p e r t i e s  o f  t h e  C l e b s c h - G o r d a n  

c o e f f i c i e n t s

T h i s  a s y m m e t r y  i m p l i e s  t h a t ,  i n  g e n e r a l ,  w e  m u s t  c o u p le  

k  t o  N  on  th e  l . h . s .  o f  th e  c o e f f i c i e n t  a n d  c o u p le  k  t o  N + l  

on th e  r . h .  s .  H o w e v e r  i f  w e  c h o o s e  t o  e v a lu a t e  t h e  s y m ­

m e t r i c  q u a n t i t y  [l2 i  ̂ L~\̂ I L j

r a t h e r  t h a n  <  L i. | L . 7> , t h e n  w e  c a n  c h o o s e  t o  c o u p le  k  t o
1 J k

e i t h e r  N  o r  N + l  o n  th e  l . h . s .  ( p r o v i d e d  w e  c o u p le  i t  to  th e

o t h e r  on  th e  r . h .  s . ) .

I t  i s  c l e a r  t h a t  a n y  r e c o u p l i n g  o f  v e c t o r s ,  i n i t i a l l y  c o u p le d

a c c o r d i n g  t o  ( 4 . 2 0 )  i s  m o s t  e a s i l y  c a r r i e d  o u t  b y  s u c c e s s i v e l y

r e c o u p l i n g  t h e  a p p r o p r i a t e  v e c t o r s  f r o m  l e f t  t o  r i g h t .  I n  th e
N

a b o v e  d i a g r a m s ,  t h e  v e c t o r  SL i s  m o s t  e a s i l y  r e c o u p le d  f r o m

p. t o  p. r a t h e r  t h a n  f r o m  p. b a c k  t o  p ., k  i s  m o s t  e a s i l y  r e c o u p le d  
" J J N + l  '

f r o m  p. t o  (T., i n  ( I )  a n d  (3 )  S . i s  m o s t  e a s i l y  c o u p l e d  f r o m  
^ J

or. t o  cr., w h i l s t  i n  (2 )  i t  i s  m o s t  e a s i l y  c o u p le d  f r o m  cr. t o  cr..1 J j 1
C o n s i d e r  t h e  t w o  c a s e s

(a)

(b) c '  •
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T h e s e  a r e  b o t h  o f  th e  d i r e c t  t y p e  a n d  a r e  th e  i n n e r  p r o d ­

u c t  o f  e i g e n v e c t o r s

jcî  -  I L , • ■ t ) L-o~y ) ]  ^ '-y  ' ' b - >

I n  o r d e r  to  o b t a in  a n  e x p r e s s i o n  f o r  (a) i n  t e r m s  o f  R a c a h
n - • • cLi(a n d  i - i )  c o e f f i c i e n t s  w e  f i r s t  r e c o u p le  t h e  v e c t o r s  L> ,

J P i "  1

L  f  ( L  ) o f  < a . L .  I t o  b r i n g  t h e m  i n t o  th e  s a m e  o r d e r  o f  
P i P i P i

c o u p l i n g  as  t h o s e  i n  Ia .L . ')>  . T h i s  s te p  c o n t r i b u t e s  th e  c o ­

e f f i c i e n t  <7 I L L  X  ) )

W e  t h e n  r e c o u p le  f  s te p  b y  s te p  f r o m  p, t o  p . .  A t  p . w e
N  P i N   ̂ . J

u n c o u p le  i  k ( f  ) a n d  c o u p le  i  to  L  t o  g i v e  L  . W e  t h e n  
Pj P i Pj Pj Pj

p r o c e e d  t o  r e c o u p l e  k  s te p  b y  s te p  to  or. w h e r e  w e  c o u p le  i t
N + l  ^

t o  f  t o  g iv e  f  , a n d  r e c o u p le  f  f r o m  cr. t o  q-.. W e  w i l l  
0-. a-. 0% 1 J

t h e n  h a v e  b r o u g h t  a l l  th e  v e c t o r s  o f  <  J  i n t o  t h e  s a m e  

o r d e r  o f  c o u p l i n g  as  i n  l a ^ . L ^ ^ .  I n  o r d e r  to  e x p r e s s  (b ) as  

a p r o d u c t  o f  R a c a h  (a n d  9 - j ) c o e f f i c i e n t s  w e  m a y  p r o c e e d  i n  

th e  s a m e  m a n n e r  u n t i l  w e  r e a c h  th e  t h i r d  o f  th e  i n t e r a c t i n g  

s u b s h e l l s  w h i c h  i n  t h i s  c a s e  i s  o r * .  T h e  v e c t o r s  a d j a c e n t  to
a • U i U i

O', i n  < a . L . l  a r e  n o w  r e c o u p l e d  t o  L   ̂ . k  ( L  . ) L  ( L  .
J 1 1  O - j - 1  ( T j - 1 O-j CTj) .  . .

w h e r e a s  i n  | a . L . ' ) '  w e  h a v e  th e  v e c t o r s  
J J

N
. . . ] L  J . , I u  k f  ( i  ) L  ( L

O ' . - 1 cr .  O'. (T. or .  O'.
J J 1 J J J

W e  d o  n o t  w a n t  t o  r e c o u p l e  f  b a c k w a r d s  f r o m  o', t o  or.  a n d
°"i 1 J

t h e r e f o r e  i n  o r d e r  t o  b r i n g  th e  tw o  e i g e n v e c t o r s  i n t o  th e  s a m e  

f o r m  w e  m u s t  s t a r t  t o  r e c o u p l e  la ^L ^  y . U n l i k e  th e  e x c h a n g e

c a s e  t h e r e  i s  n o  n e e d  t o  r e c o u p l e  b o t h  <  a . L . l  a n d  j a . L . S
N  '  '  N  ^

W e  n e e d  o n l y  u n c o u p le  k  a n d  th e n  r e c o u p le  f r o m  or.
1 J

t o  0*  ̂ i n  o r d e r  to  c o m p l e t e  th e  r e c o u p l i n g .
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S i m i l a r l y  w e  w i l l  h a v e  tw o  t y p e s  o f  t r a n s l a t i o n  c o e f f i c i e n t

a n d  t w o  t y p e s  o f  e x c h a n g e  c o e f f i c i e n t .  T h e s e  s i x  t y p e s  o f
)

r e c o u p l i n g  c o e f f i c i e n t s  m a y  b e  d e s c r i b e d  as  f o l l o w s

( 1)

( 2 )

(3 )

(4 )  h

s ig n  (p. -  O'.)

/ = s ig n  (pj -  o-j)

W4 I

(j
( 5)

(6)

s ig n  (p .  -  0-.)

/  s i g n  ( p j  -  o-j)

s u b s c r i p t  o f  l a r g e s t

/  s u b s c r i p t  o f  s m a l l e s t

s u b s c r i p t  o f  l a r g e s t  

^  = s u b s c r i p t  o f  s m a l l e s t

^ m a x  (p^o-^)

< m i n  (p jŒ j)

o r  m a x  (p x r .)
J J

^ < m i n ( p . o - . )

s u b s c r i p t  o f  l a r g e s t

/  s u b s c r i p t  o f  s m a l l e s t

s u b s c r i p t  o f  l a r g e s t

= s u b s c r i p t  o f  s m a l l e s t

T h e  one a n d  t w o  v e c t o r  r e c o u p l i n g  c o e f f i c i e n t s  a l s o  f a l l  

i n t o  t h e s e  s i x  c l a s s i f i c a t i o n s .  W e  m a y  o b t a in  a n  e x p r e s s i o n  

f o r  a ' t w o  v e c t o r '  c o e f f i c i e n t  i n  t e r m s  o f  R a c a h  c o e f f i c i e n t s  

m e r e l y  b y  s e t t i n g  k  = 0 i n  th e  e x p r e s s i o n  f o r  th e  c o r r e s p o n d i n g  

3 v e c t o r  c o e f f i c i e n t .  W e  m a y  a l s o  o b t a in  a n  e x p r e s s i o n  f o r  a 

'o n e  v e c t o r ' c o e f f i c i e n t  b y  s e t t i n g  k  = 0 a n d  p. = P j .

E x p l i c i t  e x p r e s s i o n s  f o r  th e  s i x  b a s i c  t y p e s  o f  c o e f f i c i e n t s  

t o g e t h e r  w i t h  th e  d e g e n e r a t e  c a s e s  w h e r e  s o m e  o r  a l l  o f  th e  

p.p.(T.cr. a r e  e q u a l ,  a r e  g i v e n  b e l o w .  T h e s e  e x p r e s s i o n s  a r e
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w r i t t e n  in  t e r m s  o f  e le m e n ta r y  r e c o u p l in g  c o e f f ic ie n t s  w h ic h  

m a y  b e  e x p r e s s e d  d i r e c t l y  i n  t e r m s  o f  e i t h e r  R a c a h  o r  9 - j  

c o e f f i c ie n t s  b y  th e  u s e  o f  th e  f o l lo w in g  r e la t io n s

= '  x j c k  Ji j . î  ■ k  ■’ ^

<  j ,  i .  M ,  J  J .  k  ( j , , ) ! - '  J J  2  ) , .  > j

j j  -J

L U k J L i J  Ij, >

J . ,  Jx L  

J u .  h  ^  ■

I n t e r c h a n g in g  th e  o r d e r  o f  c o u p l in g  o f  a n y  p a i r  o f  v e c to r s

, r >  =1 J l  J
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Ty p e  (1) D i r e c t

o~-
X  (T- <  0-.

L ;  L -^ ; (jP k  ^  )- ^

) ^^J  '  ̂^ / j  • L(T ki<r^C ( f j  ] "Z, ^

<  *-2, «„ a ' 2  )t.u-; |l2, l .cl:-JX^: < '  >

‘7 ?-' ^ f X ' 4  ' ‘■{-I ' V  *■,; I V -  W V j - ’ S ’ '‘ ’■'f;^

<  k I L 2  ) w  L ' ; '  I C - ,  T ,  ( L ' .  ) i l ; >

TT '

O'/ - I

^  ’  fj*-'

^  -, ^  ^ ^ n -7  ^ ^ * -n - L  J  L  X /  ( L , /  )  k  7 . - /  A ;

<  L«i^ C ,  ( L t ,  ) L ,  L f  I L % ,  r , (  L"j  ) C  L -  >  :
(Ç'

^  ‘" j - '  1 '  ( 4 - 3 0 )

S p e c ia l  c a s e s

c r. =  a—-

c o e f f i c ie n t  r e d u c e s  to

< c  r ic ( A 31 ; t i  L̂  IL^ f ^ c L j ) k  )L^ >
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A  -  Pj = r  <  ^

W Y /kk  ' Y X 'S  " - )

-  I x; î (̂Ly )k L) >
<  L; k i L / j f / Y l L / U / X O L y )

<  ^ 7 - ,  l ;  A / y j  r y  / L ^ : .  L ^  ( l ; j ' )  >

^ j ~ i

<  k ;  I  l T , - , )  S  L«,X I l ; / . , T , ^  / .  )  L -  >

-  a x  =- o-j-f - x ,

< t . -  E , c < , « V ) V . - M « ‘ < - > '  '
I L  r  k ;  ' 4 '  ‘  4 . -  > k  i . - .  « ,  J  L t , ■ ■ ■ ,-  >

7 7  4 ‘ < -  J '■> <  I < i 4  ‘ ̂ "3 >4 '- Î  >

<  L / - ,  y - '  ' y

Pj =  f j  <  n -  <  p -  .

r e p la c e  th e  f i r s t  t h r e e  l in e s  o f  e q u a t io n  ( 4- 30 ) b y

< Z ^ f ^ K ( 3 L ) j r ^ ^ ^ C L / ) k  l / >  

< k-p, L )  k  ( L ;  ) Py I L ) : ,  L )  ( L j i  )k ^ 7  >
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r e p la c e  la s t  th r e e  l in e s  o f  ic,) b y

<  k ( L p ,  ) L I l ;  k a p c o

<  i . - a l  ) k 1 i ^ P k  >

r e p la c e  th e  t h i r d ,  f o u r t h  a n d  f i f t h  l in e s  o f  (4-.Z0 ) b y

f  X  t  ( p  )  ' - n  I P '  V  >

<  T . . ,  < (  L , .  ) i f ,  K I f ,  > 1 1  k , . i f ,  (  Y )  ^  >
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Type  (2) D i r e c t

r  V

- X  k |  ■ k f  , f ,  Ic ( i f  ) (_f_ L f ,  - , - f f  ' k r j i r X  ) ■ - ( - )

| L ,  L f_  L f , i f , t k f ,  V  - k t f j  k i f f , ( i f ,  ) L f f  L j - ^ .  ■ t-'y'

=  <  p . V ' f . a , , ) ' - ; ;  I p S . a - ; ; W f f L ' f -  >

T p L ; . j f _ ( L t ) i : .  L ' i l L l - : ,  L , ( L - j  X f f t - ' O

I Ç .  k ; ; >

T  /  L - 'J  k  A t '  ) L .  L 7  | l X ,  L ,  C L 7  )lcL‘< ^ ^
X  7 |“j  ■^' '

k kf, k I  tC, ) k.f (■ i,. /  ̂ k f kf,., \ k,y (L^f Jijf kji 7

' <  k : 7  L ,  C L ' - ; ,  ) i ,  L ' 7 1  L : 7  r ,  c c  w . ,  >

^  < 1 1  i k : ! \  ) ù , .  L %  i c % ,  r , , . i , f ( L . . - )  L - 7 . )

S p e c ia l  C a s e

< rj_ ,

^ 4 . % !  J

-  < . c r .p :  <  r , - -

r e p la c e  th e  t h i r d ,  f o u r t h  a n d  f i f t h  l in e s  in  ( 4 . 3 1  ) b y

z - < P t k p , L f . L ; i r j  r f . , f , ( n q >

< P  ~ i,f k'k I k '; , r a - ' j  ) t ,
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Ty p e  (3) T r a n s l a t i o n

f k  <  f ; <  cr

<  L, ■ ■ L X -  . X  3 X  S '  f

| L ,  " X -

=  <  L -  X  V -  ^  L r  )  l 7  11;., S :  C ) %  L -  >

f  '<  u7_̂  CLt, )L. S; I )¥

x 7  ) X  1 C ,  ^^7^% )

T  ’ < L%y i  C C . )I> L -  I L“S  ( C
>  7Lrj4-.

< y  4 / %  H ^ v V v y  4 " %  >

f '< l ; ,  , J,, ( L ';:, )L , L -; | l" - . ,  e  u  l ' j  ) ' . ;  l 2  >

4 p , 4 j k p / , ; l - 7 \  k,.t,XL.O L ,, >

T o  o b ta in  a n  e x p r e s s io n  f o r  ty p e  (4 ) ,  p^ <  o". <  o-j <  p j m e r e ly  

r e p la c e  p j b y  cTj i n  th e  la s t  t h r e e  l in e s  a n d  i n  th e  u p p e r  l i m i t  o f  

th e  s e c o n d  p r o d u c t .

\
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S p e c ia l  C a s e s

p.: =  <  Pj <  a n d  p: = < Pj

r e p la c e  f i r s t  t h r e e  l in e s  b y  

>
I L^, _ X p . (L y .  L^.)>

p . <  .  O-̂

r e p la c e  la s t  t h r e e  l in e s  b y

r e p la c e  la s t  t h r e e  l in e s  b y  th e  a b o v e  c o e f f ic ie n t  a n d  th e  f i f t h  

l i n e  b y

_  k ( X ) - ^ n ' 7  M f j  >
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Ty p e  (5) Exchange

 ̂ L , • L ^ J  UQ_y /< ( ĉTj J L^y • ' ^  cr ;̂ - L  ^  I j  ■ ■ Ly"

" '  A / - ' "  I l ; ; :  , v a ; i  ) i , .  L - ; : >

+  <  (  7 L %  ) r „  L-i I L ' i .  r ^ L ' i  L - ;  >

< L ; y r , .  k L ^ :  i ) L / . x 7 )
J J

cr~: —I

L v C L ^ A j L ^ ' ^
>2 r  4- «

_ X 4 . 4 K : , ) 4 L ' ;  i c

^ < E v - ,  L /  L % i,  ) L s  L “ t  i  L \ _ ,  I L ^  ' , / , :  L  j  >

<  4  a 1 ;., i L,f E ; 14 , .  k,_ i E j ) i„  i  : :  >

"k  4 :  (  C i  k  i T  , k 7 j  7

A  <  L i f .  ( L t ,  ) t ,  L - ;  I p  L .  iL " ;  , i , ,  l " : >

< k ; / , C / p , ) E , .  k - | L ; ; : , r , 4 ( V K - >

>  ar c r  4_ I

( 4 . 3 5 )
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S p e c ia l  C a s e s

f j  -  ^  - ,  <

r e p la c e  f i r s t  f o u r  l in e s  o f  ( 4 - 2 5 )  b y

S '  ‘' P ' - ' i 4 ' '

<  ( f . , ) u ,  | l ; ; .  T , : U v - / 6 4 k ; ; >

r e p la c e  l a s t  f o u r  l in e s  o f  ( ̂ 2S ) b y

^  S - ,  ^ 4 4 S j ) L , r , l  '-0 -;-,

p .  <: <^J- =  r  <  f j -

'n 4, ■■ 4̂ , (_L, J ' ■ ' ' k- I
j . L ^ j  ■ L-̂ y C 3 • '

= ̂ ^kf,., Lf. k lC ik f :  ILf,, k f , tL fo ifX f ,  )  

f  ̂  Ci, i f .  ( Lt, )r„ CI lZ . r„( lC )i„. L-, >

<  c : ,  k  c  k ' ;  I L % ,  c  k  ( L i  ) L - ;

< L,-(r (L i)  k lC I T r  k t ( t  ) k ,>

T t ’ < C  C L S , ) L . L S l L S s a L S ) 4 )

< S < , / ‘'? - ')E ,C i)L -; i,r , ;( „ lL f;)k . 'fP
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A n  e x p r e s s io n  f o r  ty p e  (6 ) <  cTj <  p^ <  cr. m a y  b e  o b ta in e d

b y  r e p la c in g  th e  la s t  f o u r  l in e s  o f  ( 4 3J ) b y

< <■ y  I 0̂- ‘"A ) b, L )

S ;  X .  c X  ) L x S  

< CC, 4; IC C  ) L,f L% I C ‘ , r.. «... Ik.; ) L% >
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4 . 3 P r o g r a m

A  c o m p u te r  p r o g r a m  h a s  b e e n  w r i t t e n  to  e v a lu a te  th e  o n e ,
;

tw o  a n d  th r e e  v e c t o r  r e c o u p l in g  c o e f f ic ie n t s  o f  th e  ty p e  d e ­

s c r ib e d  in  s e c t io n  4 . 2 .  T h e  p r o g r a m  is  w r i t t e n  a s s u m in g  

th a t  r e c o u p l in g  c o e f f ic ie n t s  w i l l  a lw a y s  o c c u r  in  p a i r s  o f  a n  

o r b i t a l  a n d  a s p in  c o e f f i c ie n t .  T h e  c la s s i f i c a t io n  o f  th e  c o ­

e f f i c ie n t s  d e p e n d s  o n ly  on th e  o r d e r  i n  w h ic h  th e  v e c to r s  a r e  

c o u p le d  a n d  n o t  on  t h e i r  n u m e r ic a l  v a lu e s .  H e n c e  b o th  m e m ­

b e r s  o f  a p a i r  o f  c o e f f ic ie n t s  w i l l  b e lo n g  to  th e  s a m e  b a s ic  

t y p e .  T h e  p r o g r a m  is  t h e r e f o r e  w r i t t e n  to  e v a lu a te  a p a i r  

o f  r e c o u p l in g  c o e f f ic ie n t s  a n d  th e  f i n a l  v a lu e  th a t  i t  r e t u r n s  

is  a p r o d u c t  o f  th e  o r b i t a l  c o e f f i c ie n t  a n d  th e  c o r r e s p o n d in g  

s p in  c o e f f ic ie n t .

T h e  p r o g r a m  is  w r i t t e n  in  F O R T R A N  a n d  is  s p l i t  in to  5 

s u b r o u t in e s .

( 1) SÇ^RTS : T h is  s u b r o u t in e  e x a m in e s  th e  in p u t  d a ta  a n d

c la s s i f ie s  th e  c o e f f ic ie n t  a c c o r d in g  to  th e  th r e e  b a s ic  ty p e s  

d e s c r ib e d  in  s e c t io n  4 . 2 .

(2 ) R E C Ç ^P S  : E v a lu a te s  d i r e c t  a n d  t r a n s la t i o n  ty p e  c o ­

e f f i c ie n t s .

(3 ) R E C P S X :  E v a lu a te s  e x c h a n g e  ty p e  c o e f f ic ie n t s .

(4 ) R A C A H  : E v a lu a te s  R a c a h  c o e f f ic ie n t s .

(5 )  F G 0 3 B :  E v a lu a te s  9 - j  c o e f f i c ie n t s .

T h e  v e r s io n s  o f R A C A H  a n d  F G 0 3 B  u s e d  in  t h is  p r o g r a m  a r e  

l i b r a r y  r o u t in e s  a n d  w i l l  n o t  b e  d e s c r ib e d  h e r e .

(1 ) SÇ^RTS : T h is  s u b r o u t in e  m a y  b e  r e g a r d e d  as  th e  l i n k

b e tw e e n  th e  c a l l i n g  p r o g r a m  a n d  th e  r e c o u p l in g  s u b r o u t in e s .

F o r  t h is  r e a s o n ,  i t s  f o r m  d e p e n d s  on  th e  p r o b le m  f o r  w h ic h  

r e c o u p l in g  c o e f f ic ie n t s  a r e  n e e d e d , w h e r e a s  s u b r o u t in e s
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R E C A P S  a n d  R E C P S X  a r e  c o m p le te ly  p r o b le m - in d e p e n d e n t .

T h e  v e r s io n  o f  SÇ^RTS d e s c r ib e d  b e lo w  h a s  b e e n  w r i t t e n  f o r

th e  c a lc u la t io n  o f  th e  r e c o u p l in g  c o e f f ic ie n t s  w h ic h  a r i s e  in

th e  e v a lu a t io n  o f  th e  m a t r i x  e le m e n ts  o f  th e  one e le c t r o n

o p e r a to r  a n d  th e  tw o  e le c t r o n  o p e r a to r  K  +

d e s c r ib e d  in  S . M .  R E C Ç ^P S  h a s  b e e n  w r i t t e n  a s s u m in g  th a t

k  is  r e c o u p le d  f r o m  th e  lo w e s t  o f  th e  4 in t e r a c t in g  s u b s h e l ls

to  a h ig h e r  s u b s h e l l .  T h is  m a y  n o t  b e  t r u e  f o r  th e  r e q u i r e d

c o e f f i c ie n t  t h e r e f o r e ,  in s te a d  o f  r e t u r n in g  th e  v a lu e s  o f

<L.|L.'7, <S.|S.'7 for the m atrix element ^  , SÇ^RTS1 j 'k  1 y
r e t u r n s  th e  v a lu e s  o f  th e  ' i n v a r i a n t '  q u a n t i t y

. I A X
( s e e  e q u a t io n  ( 4 . 2 8 )

In p u t  d a ta

T h e  p r o g r a m  r e q u i r e s  th e  f o l lo w in g  in p u t ,  (w e  u s e  th e  

n o ta t io n  o f  th e  p r e c e d in g  s e c t io n s  to  d e s c r ib e  th e  v a r io u s  

q u a n t i t ie s ) ,

I ,  J  -  p a r a m e t e r s  w h ic h  la b e l  th e  l . h . s .  a n d  r . h .  s . ,  r e ­

s p e c t iv e ly ,  o f  th e  c o e f f ic ie n t .

IR H Ç f, JR H Ç f -  s u b s h e l ls  c o n ta in in g  e le c t r o n  N  o n  l . h . s .  

a n d  r . h .  s . ,  r e s p e c t i v e ly .  (W e  la b e l  s u b s h e l ls  1 , 2 ,

3 , * • *N Ç ^R B  r a t h e r  th a n  I s ,  2 s ,  2p* • * b .

K  -  t h i r d  v e c t o r  to  b e  r e c o u p le d  in  o r b i t a l  c o e f f i c ie n t .  

K F L A G  -  e q u a ls  0 i f  < L j E j ' 7  is  th e  a n g u la r  p a r t  o f  

< i |  Z I e q u a l s  1 i f  < L . I L . ' )  i s  th e  a n g u la r  p a r t
1 J

o f  th e  m a t r i x  e le m e n t  

NÇ^RB -  n u m b e r  o f  o c c u p ie d  s u b s h e l ls .

N Ç ^R B l = N Ç fR B  + 1 -  N u m b e r  o f  o c c u p ie d  s u b s h e l ls  i f  th e  

c o n t in u u m  is  r e g a r d e d  a s  b e in g  th e  o u te r m o s t  s u b s h e l l .
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IS IG , J S IG  -  s u b s h e l ls  c o n ta in in g  e le c t r o n  N + l.  

S P I ,S P J ,S S I ,S S J  -  S _ . ,  , S .
J ^  I J

L P I , L P J ,  L S I ,  L S J  -  L  , L  , L  , L
P i P j f i  C j

L R G L ,  S P N  -  t o t a l  L ,  S f o r  th e  s y s te m

F o r  e a c h  c h a n n e l I  = 1, N  a n d  s u b s h e l l  L A M  = 1, N ^ R B

S L A M  ( L A M ,  I ) ,  L L A M  ( L A M ,  I )  -  s / ,  l /  s u b s h e l l  a n g u -
A. A.

l a r  m o m e n ta
U i Qi

S A L P A ( L A M , I ) ,  L A L F A ( L A M , I )  -  S , , L ,  in t e r m e d ia t eK K
c o u p l in g s

F o r  e a c h  c h a n n e l I  = 1, N

A L 2 ( I )  -  L  p r o je c t i l e  a n g u la r  m o m e n tu m  

IW R IT E  -  l o g ic a l  n u m b e r  o f  o u tp u t  d e v ic e  

ID E B U G  (3 ) -  f la g  f o r  d e b u g  p r i n t s .

(N o te  t h a t  as  w e  w i l l  r e g a r d  th e  c o n t in u u m  as a n  a d d i t io n a l  

s u b s h e l l  th e  d im e n s io n s  o f  S L A M  a n d  L L A M  m u s t  b e  (N Ç ^R B l, N )

T h e  f o l lo w in g  lo c a l  a r r a y s  w i l l  a ls o  b e  r e q u i r e d

Q A L F A  (N Ç ^R B 1 ,N ) Q L A M (N Ç ^ R B 1 , N ) ,  Q L ( N 0 R B 1 ) ,  Q S (N Ç ^R B l) 

Q R E (N Ç ^ R B l) ,  Q E R (N Ç ^ R B l) , Q (4 ) ,  S (4 ) ,  L ( 4 ) ,  I L A M ( 4 ) ,  

J E N D (N Ç fR B l)
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SÇ^RTS p e r f o r m s  th e  f o l lo w in g  c h e c k s  a n d  r e o r d e r in g

( 1) C h e c k s  th a t  th e  q u a n tu m  n u m b e r s  o f  th e  s p e c ta to r  s u b s h e l ls  

a r e  e q u a l.

F o r  e a c h  L A M  = 1, N ^ R B l  •

STf\a. I

N a

o NT iN Uc

— o

CLAM )  = o

& S C L A H  b -  o
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(2)  S e ts I M I N  = m in  ( IR H Ç ^ ,IS IG )  

IM A X  = m a x  (IR H Ç f, IS IG )

L I l  = L
'IM IN

S I l  = S IM I N
L I2  = L

' iM A X
S I2  = S

S e ts

I M A X

1RS = 1 i f  IRH Ç ^ < IS IG  

= 0 i f  IRHÇ^ = IS IG  

= -1  i f  IR H Ç f > IS IG

D e f in e s  J M IN ,  J M A X ,  L J l ,  S J l ,  L J 2 ,  S J 2 , JR S  in  s i m i l a r  

m a n n e r

S e ts  A N S  = 1 

M A T C H  = 0

(3 ) D e f in e s  ^N Ç ^R B  ^ N 0 R B l  ^ N 0 R B 1

Sc>^MCW</,/?,2-ijir i =

i_ /bx IN ip̂iW .x:^ ^ JLl
A/;-! -  o

t u r t le  N = O

, 3~1 =• ^S x/9 N jT) - o
LL/hH 1 3 — o

L / )  t - F / q  C A > o « / 2 ^ T - J  ^  l-P-G-L-
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(4 ) C h e c k s  th e  q u a n tu m  n u m b e r s  o f  th e  s p e c ta to r s  in  th e

in t e r a c t in g  s u b s h e l ls .  P u ts  p .p .c r.c r. in  a s c e n d in g  o r d e r  a n d
1 J 1 J

r e la b e ls  th e m  b y  d e f in in g  n e w  a r r a y s  

I L A M ( 4 )

L ( I L A M )  =

S ( IL A M )  =

W h e n  c h e c k in g  th e  q u a n tu m  n u m b e r s  w e  m u s t  c o n s id e r  th e  

f o l lo w in g  c a s e s

( i )  I M I N  = J M IN ,

( i i )

( i i i )

( iv )

I M I N  J M A X ,  ^ J M A X ' ^ I M I N  ^ J M A X

J M I N  = I M A X . S j ^ ^ ^  = ^ A X '  ^ J M I N  ^  ^ I M A X

I M I N / J M I N ,  J M A X ,

J M I N / I M I N ,  J M A X , 8 j ^ ^ ^  = W n ’ ^ J M I N  = 4 m IN

I M I N  = I M A X  n o  c h e c k  f o r  S , L
IM A X  IM A X

J M I N  = J M A X  n o  c h e c k  f o r  S , L  . ^
J M A X  J M A X

(v )  I M A X  = J M A X / I M I N  o r  J M I N  =
'  '  ̂ I M A X  J M A X

^ I M A X  ^  ^ J M A X
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V “I - ^ r-,
FM IN = JH / N XM irJ

XTM = TM iN

S%%= SfT" 
2_

5 T 1  = iTH (ri

JTL /fM 1 =" iN  ̂orL_/^H aJ C J H (M 
j_i_AhnJ — (—%T4 

ST-t
uLi) = LTZI 

5 c i )  -  s r - i  SL/VMN

X-3"^ X  T X  X

jr^ /K M  I =. zrM (N , X L  N =  TM' IN
/- L I )  -  \ I— L . n M  N  = u m

SCI) ^ S (-4M N  - S-L-1

% :T -  X  X X X

Vec:

M  ft rc ft
Tn
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M&TCH = o

H 4 T C H

L_C^3 — LvlX 
STTX 

X T 'i  = %:

ü~L.AMX = Hr M |4 X 
/_z_/4M K  ̂ /-'%: 2- 
s L-4MX: ■* s rc2. 

3-JZ1 — %r

( 2 ^

TLAM((^) = TisAX n-x4MX -  d-h a x

1 (4 ) L C4N X z U0"2_

S(4 J = S X2- = S 3-%

T J l  ^ ~ T yr-i -  x :

A NS

t  I U R K/
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O .K . _

Yes

Xi-/^.M L4-) = J t-flM K

Sctt-J LL.4̂  ) 
crr̂

%.ttU. C.I- tA.e

W e  n o te  h e r e  t h a t  M A T C H  = -1

M A T C H  = +1

^ M A X  ^  "^ M A X  

^ M IN  ^  ^ M A X  

‘^ M IN  ^  ^ M A X

h e n c e  M A T C H  = 0 in c lu d e s  th e  c a s e s

I M I N  = J M IN  

I M I N  = IM A X  

' J M IN  = J M A X

a n d  th a t  J L A M N  = m a x  ( IM IN ,  J M IN ) ,  J L A M X  = m in  ( IM A X ,  J M A X )
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TLW XX

TLî MO i Z7 U. i'V M

rL fk tL i) 0 LAMX
L.(l ) -

LCD t
-

^(3) ŜuAaaX

\ /

X <_/^ C%J -= ? '-/V.*'. M 
/_ C2 _) -~ Li— X

-

= m MXS ( Z )  

5 C l )

\ /

(5 )  C la s s i f ie s  th e  r e c o u p l in g  c o e f f i c ie n t  a c c o r d in g  to  th e  

s ix  ty p e s  d is c u s s e d  in  s e c t io n  ( 4 . 2 )  a n d  la b e l le d  b y  

ISÇ ^R T = 1 , ' " ' 6 .  A l th o u g h  th e  s p in  r e c o u p l in g  c o e f f ic ie n t s  

m a y  b e  o b ta in e d  b y  s u b s t i t u t in g  th e  a p p r o p r ia t e  v a lu e s  o f  j  

t o g e th e r  w i t h  k  = 0 in t o  th e  e x p r e s s io n s  f o r  th e  3 v e c t o r  c o ­

e f f i c ie n t  i t  is  o f te n  e a s ie r  to  o b ta in  th e s e  m o r e  d i r e c t l y .

F o r  t h is  r e a s o n  w e  r e s e r v e  IS Ç fR T  = 1 , * • • 6 f o r  s p in  r e c o u p l in g  

c o e f f ic ie n t s  a n d  s e t  IS Ç ^ R T (o rb )  = IS Ç ^ R T (s p in )  + 6 .
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J. M 4X  Z: TM'N 
>

M/Î X >

r s o f z - r  =  2 3= Sd> /2 .T  ^  / f

m N  / N ^ 6 M 1

3:J-= rCTl
J"X - ÔTX1

Nifl

X  So/%.1-^

Œ )
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(6 ) T h e  p r o g r a m  n o w  c o n s id e r s  th e  s p in  a n d  o r b i t a l  c o e f ­

f i c ie n t s  s e p a r a te ly .  T h e  a n g u la r  m o m e n ta  o f  th e  in d iv id u a l  

s u b s h e l ls  <  I L A M ( l )  p la y  n o  p a r t  i n  th e  r e c o u p l in g  a n d

o n ly  t h e i r  r e s u l t a n t   ̂(L ^ _  , )  is  r e q u i r e d .  W e
 ̂ I L A M l - 1  I L A M l - 1  ^

d e f in e

Q S ( i )

Q R E ( l )

Q E R ( l )

= S

= s 

=  0

= s 

= s

= s 

= s

a

I L A M l - 1

I L A M l - 1

I L A M l
IJ
I L A M l

I L A M l
J I
I L A M l

I L A M l  > 2  

I L A M l  = 2 

I L A M l  =

I L A M l  >  

I L A M l  =

I L A M l  >  

I L A M l  =

W e  r e c a l l  t h a t I J  = i ,  J I  = j  i f  I L A M l  = p.  o r  (T. 

I J  = j ,  J I  = i  i f  I L A M l  = p j o r  cr^

W e  n e x t  s c a n  th r o u g h  a l l  s u b s h e l ls  I L A M l  <  \  ^  I L A M 4  d i s ­

c a r d in g  a n y  s p e c ta to r  s u b s h e l ls  w i t h  = 0 .  W e  s to r e  th e

p a r a m e te r s  S. o f  th e  r e m a in in g  su b  s h e l ls  in
A. A. A.

Q S ( I I ) ,  Q R E ( I I )  a n d  Q E R ( I I )  r e s p e c t i v e ly ,  w i t h  th e  c o u n te r  

I I  r e p la c in g  \ .  F o r  A. = w e  s to r e  JE N D (A -) =

II(A .) -  1. A t  \  = I L A M 3  w e  c h o o s e  to  s t o r e  S,
•̂rj. °̂TT1

th a n  S. in  O R E , a n d  to  s t o r e  S i n  Q E R  
A. A.

oCt -t  .
r a t h e r

i f  I L A M 4  = p .  o r  or.J J(
i f  I L A M 4  = p .  o r  cr.  )

W e  h a v e  n o w  d e f in e d  a l l  th e  q u a n t i t ie s  n e e d e d  b y  R E C Ç fP S

I J l  = i , J I l  = j  

I J l  = j , J I l  = L



128.

a n d  R E C P S X . T h e  p r o g r a m  n o w  c a l ls  R E C Ç fP S  ( w h ic h  c a l ls  

R E C P S X  i f  n e c e s s a r y )  w h ic h  r e t u r n s  th e  v a lu e  o f  .

W e  n o w  d e f in e  Q S , Q R E , Q E R  e tc  i n  t e r m s  o f th e  o r b i t a l  

q u a n tu m  n u m b e r s  a n d  r e p e a t  th e  p r o c e s s .  W e  n o te  th a t  as  

th e  n u m b e r  o f  n o n  z e r o  L  w i l l  n o t  n e c e s s a r i l y  b e  th e  s a m e  

as  th e  n u m b e r  o f  n o n  z e r o  t h e  p r o c e s s  o f  e l im in a t in g  

r e d u n d a n t  c o u p l in g s  in  th e  r e c o u p l in g  c o e f f i c ie n t  h a s  to  be  

p e r f o r m e d  s e p a r a te ly  f o r  < a n d  <  L . A s  m e n ­

t io n e d  e a r l i e r  R E C Ç ^P S  a s s u m e s  t h a t  k  is  i n i t i a l l y  c o u p le d   ̂

in to  I L A M l  a n d  w e  m u l t i p l y  b y  th e  f a c t o r  

w h e r e

' n  = ' l L A M 4  1SÇ^RT = 1 ,3

■ *IL A M 3  IS 0 R T  = 2 , 4

= ' l L A M 2  IS 0 R T  = 5 ,6

to  o b ta in  a q u a n t i t y  in d e p e n d e n t  o f  th e  c o u p l in g  o f  k .  SÇ^RTS 

t h e r e f o r e  r e t u r n s  th e  v a lu e  * i l  ^  1 ^

f o r  th e  m a t r i x  e le m e n ts  o f  ^  ^  a n d  th e  v a lu e  o f
'n^ N-t-l

^  f o r  < H , >
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ù ol

o o

a  S C I )  = GA t-F,4(̂ (̂ E(l) = & L 4 N  C l,rj-) 

Û t ^ C O  =-ûLA m U ,TX 3

&  A. O  = O -Al f / î

Cl ^ A C Q  -  CLALF/^CJ-Lfhy 1 — i

J f A H  1
-%.

Tt-Or'̂  1 =

AM A" “*■ "^ (. a  j

JE N ']>  C%z_/FM1 ) =  1

X  t- A M  CZ )

Ù L A M

0  A-LFA >. -  

û  L V '
^  J / l  >. = LNOA&1

QlLI~<\̂ ) - SCaam) 

^  FA-M = 1,4- 

K P ~ O
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O

f - f i  
?

L A M  c L A M  t- 1

C L. )
■= 1 -̂r.

GLLAM lLAM ,!) -  o 
n

X X  = X X - M  

aS C ^X >  - Û L A M C L A M . X T )

Q.dB(.i.r )
&  A L FA UAH- i   ̂ T i l )

a  c  /?. c T  X ~
& A F A/9- L t~t̂ H -1 > -1 -^ 3

Q f L X C C D  ~

<a. A L  F.4 (. (- A-M- 1 , ^ ^   ̂

A. L-CÜ: ) = 
a A-L FA ( , X X  J
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C E p

CA Ll_
A  e  C a P G C ft  N S  s )

Ans = A N S *  ft MSS

T a/ 'D  -  1

(^l_AM CLAh,X ) = L \
.  L \

fi. AuFft CA.AM ) =
CLftL.Pft CLft-M i ■* L '^  

X = L  N (2f& /  
G u c  L4M ) -  / >

X = (j
ai-(N/<^A 6 i  ) £

ÙCLAH) - LCLftM )

A fl-M ^ L (ft
k P  = K

J  S o  R. I =  _L S  6  A. I



132

X A  = X ^ A f < %

•>

\ '

/_ L iA  Tz l l c x a ;

< ^ X A  - |V o;2..'S i 

7

/ /  6X)

L Z . T A  ^  i j x

V/

/Î/VS ^ ^

Rli 4- 1 )C2*LLTA

RBTU^^
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RECÇfPS

T h is  s u b r o u t in e  to g e th e r  w i t h  R E C P S X , R A C  A H  a n d  F G 0 3 B  

p e r f o r m s  th e  a c tu a l  c a lc u la t io n  o f  th e  r e c o u p l in g  c o e f f ic ie n t s .  

I t  r e q u i r e s  as  in p u t  th e  f o l lo w in g  d a ta .

IS ^ R T  - -  la b e l  d e n o t in g  ty p e  o f  c o e f f ic ie n t .

I L A M ( I )  1 = 1 , 4 - -  la b e ls  o f  in t e r a c t in g  s u b s h e l ls  a r r a n g e d  in  

a s c e n d in g  o r d e r .

I J  = I ,  J I  = J i f  I L A M l  = p. o r  cr.
H 1

IJ  = J , J I  = I  i f  I L A M l  = p. o r  cr.
J J

I J l  = J , J I 1  = I  i f  I L A M 4  = p. o r  cr.

I J l  = I ,  I J l  = J  i f  I L A M 4  = p. o r  cr.
J J

J E N D (p )  = n u m b e r  o f  s u b s h e l ls  X. < p = in t e r a c t in g  s u b s h e l l  

c o n t r ib u t in g  to  r e c o u p l in g  (s e e  SÇ^RTS)

K  = v a lu e  o f  t h i r d  v e c t o r  to  b e  r e c o u p le d

!0 i f  c o e f f i c ie n t  is  p a r t  o f  <  i | —   I j ^
% , N + 1

I  i f  c o e f f i c ie n t  is  p a r t  o f  <  i lH ^ I  j

Q A L F A ,  Q L A M ,  Q S , Q R E , Q E R , Q  ( = Q L  o f  S 0 R T S )

Q B A R  (= Q  o f  S Ç fR TS ) - -  q u a n tu m  n u m b e r s  a p p e a r in g  i n  th e  

r e c o u p l in g  c o e f f i c ie n t ,  se e  SÇ fR TS

T h e  f o l lo w in g  lo c a l  a r r a y s  a r e  a ls o  u s e d ,

Q M IN ( N 0 R B 1 ) ,  Q M A X (N Ç fR B l)

T h e  s u b r o u t in e  u s e s  th e  e x p r e s s io n s  f o r  th e  b a s ic  ty p e s  o f  

r e c o u p l in g  c o e f f ic ie n t s  g iv e n  in  th e  p r e v io u s  s e c t io n .  W e  n o te  

t h a t  i f  I L A M l  / l L A M 2 ( = \ ^ )  th e n  th e  r e c o u p l in g
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<  c  L , ( L -  e - i
^ 2 .-  1

X ^  X.  + I

i s  c o m m o n  to  a l l  c o e f f i c ie n t s .  S i m i l a r l y  i f  I  L A M  3 (^ X ^ )

M 4 (  =

Xu.—I

/ l L A M 4 ( = \ ^ )  th e n  th e  r e c o u p l in g

is  c o m m o n  to  a l l  ty p e s  o f  c o e f f i c ie n t s .

T h e  s u b r o u t in e  is  c o n s t r u c te d  as  f o l lo w s

i-l Hi ^ 2 , C(«2 -TTcio> 
& T- ^  1 )
h'K =  i£"

C jT^
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C CL/lcv̂ -lrvlcv̂
_ _

TT•X -= U(M1

X X  ^ X X + - 1

fc-XC H/qN»G^r

% A M

LIM1 = J UMl=TV£Tt^:i> 

G=T =  <3 4 - ,  KK = AZ

C o t-C iila fes  L^st"

Co 6 c c I e.r\fc
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T h e  i n t i a l i s a t i o n  s te p  in c lu d e s  th e  f o l lo w in g  d e f in i t io n s  

Q K  = K

A N S  = 1  J

A N S S  = 0

i f  I L A M 3  = N Ç ^R B l, Q 4 = f o r  o r b i t a l  c o e f f ic ie n t s

F o r  a l l  o th e r  c a s e s  Q 4  = Q ( IL A M 3 )

J T E N D  = J E N D  ( IL A M 2 )

J U S  = J T E N D  + 2 

J U E N D  = J E N D  ( I L A M 3 )

J V S  = J V E N D  + 2 

J V E N D  = J E N D  ( IL A M 4 )

J S 0 R T  = 1 f o r  D IR E C T  S P IN  c o e f f ic ie n t s

2 T R A N S L A T IO N  S P IN

3 E X C H A N G E  S P IN

4 D IR E C T  0 R B I T A L

5 T R A N S . Ç ^ R B IT A L

6 E X C H A N G E  0 R B I T A L

T h e  s te p s  c a lc u la te  c o e f f .  w o u ld  c o n s is t  o f  th e  f o l lo w in g  

in s t r u c t io n s  f o r  th e  c a lc u la t io n  o f  th e  c o e f f i c ie n t

< a b ( D ) c F | a , b c ( E ) F > =  [(2 D + 1 )(2 E + 1 )] W ( a b F c ,  D E )

C d L L  (a . b iV )
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w h e r e  A f 7 is  a n  a b b r e v ia t io n  f o r  " a r e  th e  t r i a n g u la r  i n -  

a - b ^ D ^ a + b

b - c ^ E ^ b + c
e q u a l i t ie s   ̂ I s a t is f ie d ? "

D  -  c ^  F  ^  D  + c '

\ a - E < F < a  + E

I n  p r a c t i s e ,  w e  a s s u m e  t h a t  th e  o r i g i n a l  in t e r m e d ia t e  c o u p l in g ,  

D , is  a l lo w e d  a n d  w e  o n ly  c h e c k  th a t  th e  n e w  in t e r m e d ia t e  

c o u p l in g ,  E ,  s a t i s f ie s  th e  t r i a n g u la r  in e q u a l i t i e s .  (R A C A H  

a ls o  c h e c k s  th e  t r i a n g u la r  in  e q u a l i t ie s  t h e r e f o r e  t h is  o m is ­

s io n  is  n o t  im p o r t a n t ) .

T h e  d i r e c t  s p in  r e c o u p l in g  c o e f f i c ie n t  is  c o n s id e r e d  

s e p a r a te ly  f r o m  th e  d i r e c t  o r b i t a l  c o e f f i c ie n t ,  s in c e  th e  e x ­

p r e s s io n  f o r  th e  f o r m e r  in  t e r m s  o f  R a c a h  c o e f f ic ie n t s  is  

c o n s id e r a b ly  le s s  c o m p l ic a te d  th a n  th a t  f o r  th e  l a t t e r ,  

p a r t i c u l a r l y  f o r  th e  s p e c ia l  c a s e s  w h e r e  s o m e  o r  a l l  o f

th e  s u b s h e l ls  p .p .c r.c r. a r e  e q u a l.
1 J 1 J

T h e  d i r e c t  a n d  t r a n s la t i o n  c o e f f ic ie n t s  m a y  b e  e x p r e s s e d  

as  a p r o d u c t  o f  R a c a h  a n d  9 - j  s y m b o ls  w i t h  a t  m o s t  one  

s u m m a t io n  o v e r  in t e r m e d ia t e  c o u p l in g s .  H e n c e  th e y  m a y  

b e  e v a lu a te d  u s in g  a s e q u e n c e  o f  i n s t r u c t io n s  o f  th e  ty p e  

d e s c r ib e d  a b o v e .

T h e  p o r t io n  o f  th e  e x c h a n g e  c o e f f i c ie n t  w h ic h  in v o lv e s  

m u l t i p le  s u m m a t io n s  o v e r  in t e r m e d ia t e  c o u p l in g s  is  e v a lu ­

a te d  in  R E C P S X .

R E C P S X

T h is  s u b r o u t in e  is  c a l le d  b y  R E C Ç ^P S  a n d  e v a lu a te s  th e  

p o r t io n  o f  a n  e x c h a n g e  ty p e  c o e f f i c ie n t  w h ic h  in v o lv e s  m u l t i ­

p le  s u m m a t io n s  o v e r  in t e r m e d ia t e  c o u p l in g s .  W e  r e c a l l  

t h a t  i n  g e n e r a l  t h is  is  a s u m  o f  p r o d u c ts  o f  c o e f f ic ie n t s  o f  

th e  f o r m
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T h e  m a x im u m  a n d  m in im u m  v a lu e s  o f  and(L.>»^^) w i l l

b e  d e te r m in e d  b y  th e  t r i a n g u la r  in e q u a l i t ie s  s a t is f ie d  b y  th e  

a r g u m e n ts  o f  th e  c o e f f ic ie n t s  w h ic h  p r e c e d e  (a n d  f o l lo w )  th e  

a b o v e  s u m  o f  p r o d u c ts .  T h e s e  t r i a n g u la r  in e q u a l i t ie s  w i l l

d e p e n d  o n  th e  p a r t i c u l a r  ty p e  o f  r e c o u p l in g  c o e f f i c ie n t  b e in g
. . . „  _  ̂ CX M I N  . M A X  ,

c o n s id e r e d .  A s s u m in g  th a t  a n d  h a v e  b e e n

d e te r m in e d ,  a n d  t h a t  A N S S ( IP )  d e n o te s  th e  v a lu e  o f  th e  p r e c e e d in g  

p r o d u c t  o f  r e c o u p l in g  c o e f f ic ie n t s  f o r  e a c h  p o s s ib le  v a lu e  o f  

la b e l le d  b y  I P ,  w e  e v a lu a te  th e  s u m  o f  p r o d u c ts  o f  c o ­

e f f i c ie n t s  in  th e  f o l lo w in g  m a n n e r .

STd/^  I

> ~  'X -f-

SeJr̂
(See_ be-Urpv ^

^  T" MlN
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COI'J'TI |J U ,=

T P

(M
> -I

>» - I

3 :?

Cerc(Kc uz.V3\ 
U\<L̂ c. ^  >> -( (— y

+- /^N 'sscr^

r  -  1, % rT M 4 /

f lw S V C lT ^  = ANS VCTC-Tj +-

/)N sS  W, I L  ^  ^

IThA-X ^ X.T 
4 N s f ( % ) =  fi t̂ SVLT) 
/ ) n J S V C X ) -  O

^  1 .3 :T M 4 X
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7  m a x  M IN  , r 1
N o te  : L  , L  a r e  d e te r m in e d  f r o m  th e  t r i a n g u la r

A. A.

i n e q u a l i t ie s  | i  -  L  °" | ^  N  ^  i  + LK K K
)

M - Y ' l  + Y '

a f t e r  c h o o s in g  a p a r t i c u l a r  v a lu e  o f  L .  . w e  c h e c k  th e
K -  1

o th e r  in e q u a l i t y

-  H I  -  H - 1  -  H  +  h
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Scattering of Electrons by Atomic Systems*
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The theory of the scattering of electrons by atoms or ions with any number of incomplete subshells is de­
veloped within the Hartree-Fock, or close-coupling, approximation. Allowance is made for the target system 
to be excited to any electronic configuration constructed from discrete orbitals. The one-electron orbitals of 
the discrete subshells are assumed known ; the scattering (continuum) functions are given as the solutions of 
coupled integrodifferential equations with prescribed boundary conditions. The form of these equations is 
such that the continuum functions are orthogonal to all the discrete orbitals. The potential terms appearing 
in the equations are written in terms of the generalized angular momentum recoupling coefficients. A 
technique for calculating these coefficients on a computer, which is a complicated algebraic problem, is pre­
sented in an Appendix. A computer code for calculating the various elastic, inelastic, and photoionization 
cross sections has been written and is currently being tested.

1. IN T R O D U C T IO N

T h e  scattering  of electrons b y  m a n y  electron  
systems has been studied b y  Seaton^ and b y  

V a in s te in  and Sobel’man.^ Seaton showed th a t the only  
consistent m eans of o bta in ing  a n tisym m etric  w ave  
functions in  approxim ate  solutions is to  m ake the  expan­
sion e x p lic itly  an tisym m etric . H e  then  analyzed  in  
d eta il the configuration  n l ‘‘kl. I n  th is  case, the  a n ti­
sym m etrized  w ave  fun ctio n  fo r a  system  of (iV+l) 
electrons in it ia lly  in  the  state  F ' is

v+i
^(r',X i---XN+i) =  O V+l)-"= ‘ E  ( -1 ) ^ + : - '

F rr'(fp)
X E  (̂ylpLSXfpcrp)----------- , (1)

r zp

w here X = x i  -xw, w ith  x,- denoting the space (r )  and  
spin (cr) coordinates of electron i.  T h e  q u a n tity  7  

denotes a ll the  q u an tu m  num bers of the  A -e le c tro n  

targe t, w h ile  Ip represents the  o rb ita l and spin angular 
m o m en tu m  of the  p ro jec tile; L  and S are  the  to ta l 
q u an tu m  num bers.

V a in s te in  and  Sobel’m an  considered the  case of tw o  

groups of equ iva len t electrons.
C alcu la tions of the  cross sections fo r the  collision of 

electrons w ith  m a n y  electron atom s have been per­
fo rm ed  b y  num erous authors in  a v a r ie ty  of d ifferent 
approxim ations, e.g., B a u e r and Browne.® E xtensive  
calculations are c u rren tly  under s tudy b y  P eterko p  and

* Work supported, in part, by the Air Force Weapons Labora­
tory, Kirtland AFB, N. M., under Contract No. AF29 (601)-6801 
with Lockheed Research Laboratories, Palo Alto, Calif., and by 
the U. K. Science Research Council.

 ̂M, J. Seaton, Phil. Trans. Roy. Soc. (London) 245, 469 (1953).
* L. A. Vainstein and I. I. Sobel’man, Zh. Eksperim i Teor. 

Fiz. 39, 767 (1960) [English transi. : Soviet Phys.—JETP 12, 
536 (1961)].

 ̂E. Bauer and H. N. Browne, Atomic Collision Processes, 
edited by M. R. C. McDowell (North-Holland Publishing Co., 
Amsterdam, 1964), p. 16.

K aru le ,^  K ru e g e r and Czyzak,® and S m ith , H e n ry , and  
Burke.®'^ A ll these calculations in vo lve  o n ly  a single 
incom plete subshell in  the  ta rg e t a to m , and only  a 
single-electron configuration  in  the  expansion over F  in  
E q . (1 ).

R ecent developm ents in  the  calcu lation  of m a tr ix  
elem ents of one and tw o  electron operators betw een  
w ave  functions describing configurations w ith  several 
incom plete subshells (see Shore® and Fano®) h ave  in d i­
cated the  m ethod  fo r fo rm u la tin g  the  general electron- 
ato m  prob lem . I n  the  present paper, the  n o ta tio n  of 
F an o  is used to  tak e  in to  account the  ac tu a l or v ir tu a l  
exc ita tion  o f a n y  n um ber o f a tom ic  terms.

T h e  need for developing the form alism  presented in  
this paper is due to  the fa ilu re  of single-configuration  
theories to  p red ic t the  low -energy cross sections for 
electron-atom  scattering  (see S m ith  et al.’’) to  p ro vid e  a 
close-coupling fra m e w o rk fo r discussing auto-ionization^° 
and photo-ionization*^  since the  close-coupling approxi­
m a tio n  has p roved  so successful fo r sim ple systems,** 
and to  p rovide a  theory  w hich  w ill a llow  the  ca lcu lation  
of inelastic cross sections invo lv in g  a change in  the  
electron configuration.

In  Sec. (2 ), the  fo rm  of the  t r ia l w ave fu n c tio n  to  be 
substututed  in to  the  v a ria tio n a l p rinc ip le  is discussed. 
In  Sec. (3 ), the  techniques fo r eva lu a tin g  th e  various  
m a tr ix  elements are presented. F in a lly , in  Sec. (4 ), 
the  rad ia l equations fo r the  con tinuum  functions are  
derived.

* E. Karule and R. Peterkop. A bslracts of Papers, Fourth 
International Conference on the Physics of Electronic and Atomic 
Collisions (Science Bookcrafters, Inc., New York, 1965), p. 134.

® T. K. Krueger and S. J. Czyzak, Mem. Roy. Astr. Soc. 69, 
144 (1965) ; see also H. E. Saraph, M. J. Seaton, and J. Shemming, 
Proc. Phys. Soc. (London) 89, 27 (1966).

* K. Smith, R. J. W. Henry, and P. G. Burke, Phys. Rev. 147, 
21 (1966).

’ K. Smith, R. J. W, Henry, and P. G. Burke, Phys. Rev. 157, 
51 (1967); see also W. R. Garrett and H. T. Jackson, Jr., ibid. 
153, 28 (1967).

« B. W. Shore, Phys. Rev. 139, A1042 (1965).
» U. Fano, Phys. Rev. 140, A67 (1965).
*® R. P. Madden and K. Codling, Phys. Rev. Letters 10, 516 

(1963).
** R. J. W. Henry and L. Lipsky, Phys. Rev. 153, 51 (1967),
“ K. Smith, Repts. Progr. Phys. 29, 373 (1966).
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2 . T R IA L  W A V E  F U N C T IO N

A n  unsym m etrized  w ave fun ctio n  of an N  electron  
atom ic  system is (see Fano®)

^pu iqyrX ) = [ II (?x I n h ’^ ^ a x S } ,L x }y T , (2)

where y r  denotes the  com plete set of q u an tu m  num bers  
w hich  specify the ta rg e t T. T h e  w ave function  for  
each subshell X, of p rinc ip a l q u an tu m  num ber n and  
o rb ita l I, w ith  resu ltan t q u an tu m  num bers ax 6 "x L\, 
is an tisym m etrized  and the ir angular m o m en ta  are  
com pounded to  give a  5  X  fo r the target. T h e  unsym ­
m etrized  w ave fun ctio n  for an ( A + l )  electron system  
can be expanded using the functions of E q . (2 ) as a 
basis:

\pu(qXxN+i) =  E  \ku(qyTX.)Fyp(xN+i) , (3)
yp

w here we shall assume the  sum to include several 
d is tinc t configurations, and the  coefficients F  can be 
expanded also in  tw o  steps:

Fyj.(Xu+l) = E  Xm."®(o-iV-+l)Î7ï-m.(rv+l)

and

of ingoing and outgoing waves

/ Z —N \
dY—krT—i/pTT+f—-— j \n2kvr-\-aii.,

where the S m a tr ix  is defined b y

X r—E  rr'A p , 
r '

where the sum F ' is taken  over the inc ident channels. 
Therefore  a new  rad ia l function  F  can be defined by

j^r=E Frr'(r)~E -J r'[5rr' e~'̂ ’'—Srr' (7)
r ' r '

I n  term s of these new ra d ia l functions F , E q . (6 ) is 
therefore

\k u (q X x N + i)=  E yJ/u(qT,XfN+i<Tw+i)
TV’

X F rr '( rw + i)rA r-n ~ ’ , (8 )

w hich  is the to ta l, unsym m etrized , w ave function  for 
the en tire  system  (p ro je c tile + ta rg e t) .

F o r the system in it ia lly  in  the q u an tu m  state
F ',  the  w ave function  is

3^7rm,(rjv+i)— E  /7rm.ir'"r(^v+i) Yj7^2.(rxr+i)r;v4.i *, ^«(çF'Xxat+i) =  E  ^«(?rXr^+i<7jy+i)

where I t  is the  o rb ita l angular m o m en tu m  of the  p ro ­
jec tile  re la tive  to  the target.

C om bin ing  the above results we obta in

^u(çXxjv+i)= E  [^«(çTrX) X(A^+1 
yrWLMhSMa

P v{rN+i)
X ---------------- , (4 )

w here F  denotes the  com plete set of q u an tu m  num bers  
{yrh^TFMlS M s) and w here the  X  denotes the vector 
coupling  of the  iV -e lectron  function  and the single­
electron spin-angle fun ctio n  ( A - M  |/ferZr|}, and

Fr(̂ W4-i)— E { L t I tM L j 'm T \L M F )

X  (‘S'y^ilFsj.W* I A3Fs)yY7’m*Zrm2’( îV-(-l) , (5 )

w here L tM ljS tM st the  to ta l o rb ita l and spin  
q u a n tu m  num bers of the  ta rg e t T  and th e ir  z 
components.

T h e  unsym m etrized  w ave  fun ctio n  of E q . (4 ) w ill be 
w ritte n

«̂(gXxiv+i) = E ̂ u{q^P X ?N +i<TN +^F r(̂ w-n)̂ w+i“ .̂ (6)

XFrr'(rw+i)^w+i (9)

T h e  w ave function  fo r the target system  w ill be con­
structed  from  H a rtre e -F o c k  orb ita ls , F n i( r ) ,  which, 
s tric tly  speaking w ill depend upon F . In  th is  paper we 
shall ignore this dependence. W e  can expect this as­
sum ption to  be v a lid  fo r inner closed-shell orb itals. Its  
v a lid ity  fo r incom plete outer subshells w ill be tested 
b y  runn ing  the  com puter code w ith  the  d iffe rent sets 
of Pni and observing the v a ria tio n  of the  cross sections. 
I f  th is  v a ria tio n  is substantia l, then  the  p roblem  w ill 
have to  be re form u lated  including the F  dependence in 
Pni', th is  w ill result in  considerable com plication  of the 
algebra and m a n y  m ore rad ia l equations to  be solved.

I n  order to  h ave  a  p ro perly  an tisym m etrized  wave  
function , we an tisym m etrize  the  ta rg e t function , E q . 
(2 ), as proposed b y  Fano®:

'P iy r X )  — 9l(Ax)~"® E (“ 1)̂ ®̂ u(?,7t'X) , (10)

and then  an tisym m etrize  w ith  respect to  the  projectile  
as in  ( 1 )  to  g ive a  to ta l an tisym m etric  fu n c tio n

^(F ',x i-.-X A r-n )= (A + l)-*/2

iV+l
X  £  ( - 1 ) " + ' - '  £  ÿ ( r X V p ) E r r . , ( " )pmml r

A s y m p to tic a lly , the  rad ia l functions are superpositions instead of the  u nsym m etrized  fo rm  given in  E q . (9 ),
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w here

^ ( rX f  p(Tp)= E  (—i)^'''Au(çrX/’pcrp)
«

= 91(Ax)-*/*E (ÿxlWx^xmWA)]"'
« X

X (/» |^ rZ ri}]^ . (12)

H e re  we assign even p a r ity  to  the  n o rm a l order of 
labels 1, 2, 3 , p —1, ÿ - h l ,  • • • ,  A ,  A + 1  and a
p a r ity  Pq to  a n y  q according to  the n um ber of p erm u ­
tations b y  w hich  i t  differs fro m  norm al.

T h e  con tinuum  functions F r r ' ( r p )  w ill be determ ined  
fro m  a v a ria tio n a l p rincip le, subject to  the constra in t

/:dr Fvv{r)Pn i) ir )  =  Q. (13 )

T h is  orthogonalization  of F  w ith  respect to  the dis­
crete o rb ita ls  can be in te rp re ted  as p reventing  the pro­
jec tile  fro m  being captured  in to  any  incom plete  sub­
shell included in  the e igenfunction expansion, E q . (3 ).  
Because of the assumed fo rm  of the H a m ilto n ia n , each 
set of L S r  of the  (A - f l )  electron system  is decoupled  
fro m  the  o ther sets. C onsequently  to  a llow  fo r electron  
capture  w e m ust include in  our t r ia l function , (A-j-1) 
electron w ave  functions in  w hich there is an ex tra  
electron in  one of the incom plete  subshells included in  
the  e igenfunction expansion, i.e ., functions of the  fo rm

<î>p(Z,5'7r,Xi-• •XAr+i) =  9l(Ax*‘) " *

X E  (— \y^<i)u{qpLSTrXi■
9m

■Xat+i), (14 )

XE (—l)̂ ®̂ u(ĝ A3'7r,xi*
9m

•xjv+i), (15)

w here the  coefficients C y  are com plete ly  a rb itra ry .
I n  Secs. (3 .2 ) and  (3 .3 ), i t  w ill be necessary to  sepa­

ra te  o u t the  in te rac tin g  electron in  th e  subshell p fro m  
its  equ iva len t electrons. T h is  is accom plished using  
coefficients o f frac tio n a l parentage [see F a n o ’s Eqs.
(24 ) and  (2 5 ) ] .

3. VARIATIONAL PRINCIPLE

W e  consider

(16)

w here the  elem ents of the  rea l and sym m etric  reactance  
m a tr ix  Kjn  are defined in  term s of the  asym pto tic  fo rm

of F  in  the  open channels

sin0̂-}-Kii cosO*], (17)
and

Fkl dxf ■ 'dx/̂+iipt(rie,Xi" • -XiY-f-i)

X[A;^i+Ai(Xn+i)+ E  ^W+l,a ^~FJ

X ^ t ( r i,Xi • • • Xat+i) , (18 )

w here the  varia tions in  the con tinuum  functions are  
such th a t

8Fki'^kk~^^^8Kkicos9k, (19)

subject to  the  constra in t of E q . (1 3 ), and  the  v a r i­
ations 8Cy  are a rb itra ry . S ubstitu tin g  E q . (15 ) in to  
(18 ) gives three types of term s; firs t, term s independent 
of C  b u t quadra tic  in  F  ; second, term s linear in  b o th  C  
and  F  ; th ird , term s q uadra tic  in  C, b u t  independent of 
F. T h e  firs t tw o  types of term s w ill lead to  the  H a rtre e -  
F ock  equations fo r F  w hen we consider F —> F + 5 F .  
These equations w ill contain  factors linear in  C. W h e n  
varia tio n s  C~^C-{-8C  are taken  in  (16 ), the  last tw o  
term s give an expression fo r the  C 's w hich  w ill be sub­
s titu ted  in to  the  H a rtre e -F o c k  equations.

M a k in g  the  substitu tion  for the  firs t \pt in  E q . (18)

Lki= J ' ' • J dxi‘ • •d̂ N+i

w here p  runs over a ll the  incom plete subshells included  
in  the  e igenfunction expansion w hich  can con tribu te  
to  the  LSt , E x A x ' ‘ = N + 1 ,  and is an unsym m e­
trized  w ave fun ctio n  of the  fo rm  g iven in  E q . (2 ).

T h e  tr ia l fun ctio n  f/t is taken  to  be a  lin e a r super­
position of functions (11 ) and (14 ), v iz .,

^,(r,xx- • .XAT+i) =  ̂ ( r ,,x i. • -xat+ O + E  C /*% (A x '')-":

N+l

p=l Ti

XF,-i(zp)zp“ * + E  Cp^^^^piLkSkTTk,Xi - ■ - Xat+i)]
M

X [ A —F]i/Tt(rzXi- • - Xat+i) •

Since H  is sym m etric  under interchange of any  p a ir  of 
electrons and  is an tisym m etric , then

vfXAT+l{(A+l)"'

X E  (̂F»X̂ AT-l-lCrAT+l)Fit(zAT+l)̂ AT-f-l ^
Ti

+ E  Q  (FkS/fcTiXi • • - Xat+i) )

X  [ A — F ] \^ < ( r /Xi - • • Xat+i) . (20 )

A. C-Independent Terms

T h e  C -independent term s are

Likji= J '• ’ j
XFti(rAT-f-i)rAT+i * [A —F ](A + 1 )  */*

w+i
X  E ( - l ) * ^ + * - ' ^ ( r y X f ^ , ) F v ( r , ) r , - i ,  (2 1 )p—i
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w hich  can be separated in to  so-called d irect and ex­
change term s b y  w ritin g  E p in  the fo rm

\p(TjXfN+io'N+i)Fji(rN+i)

+  E  ( — ^)^ '^^~ ’’'P i^ jX fp O -p )F ij( rp ) .
p = i

T h e  fac t th a t  is an tisym m etric  under interchange of 
any  p a ir of labels in  the ta rg e t function  can be used to  
give E q . (21 ) in  the  fo rm

f  f j  /V- Fik( rN+i )
L ik ,n =  I I OX i- • • JXAr+n/'(F,Arjv-+lO-jV+i)-----------

d J Tn+1

'X.[H—El̂p{TjXfN+lCTN+̂

—N  J " ' J ( 7 x r  • -dx!

Fji(rN+i)
fN+l

i/Xiv+i\i'(r iXrA^+i£r,v+i) 

Fikir̂+i) Fji(rff)
X ---------------- [ A — E ])/' ( r  ;XfArtTAr)------------ , ( 2 2 )

^AT+l Zat

w here the firs t te rm  is the d irect term  and the second is 
the  exchange term .

1. Exchange Terms

T h e  m a trix  e lem ent of the N  electron H a m ilto n ia n , 
AAT, w ill include an overlap  in tegra l

/dXN+lFik{xN+l)Rnl{xN+l) =  0 , (23)

and so w ill the E  term . F urth erm o re , the term  Ai(%AT+i) 
w ill contain

/■dXNRnl{XN)Fjl{XN) =  0. (24 )

C onsequently, the second te rm  in  E q . (22 ) reduces to  

Lik,y= j  ' "  J (7xr • •i/xAT+n/'(r,XiAT+i)

(25)
^N+1 ÂT+1,AT Zat

w here zat+ i .at=  |rAT+i— I atI ,  since the  o ther term s in  E «  
w ill contain  (24 ). S u bs titu tin g  E q . (12 ) in to  (25 ) gives

F,-i,yz^=-A[9l(Ax‘)9l(AV)]-"2 E  (-1 )^«W

X J ' ' ' J '  '  ’

«19;

7̂XAT+l(̂ AT̂ iV+l) V«*(g*rfX:^AT+l)

1

where the d istributions ç,-, qj are such th a t electrons 
labeled i V + 1 , N, respectively, are in the con tin uu m ; in 
other words, neither Fik nor Fji  w ill contain  “ spectator” 
electrons. “ S pectator” electrons are those w ith  labels 
other than  N  and iY + 1 ,  the labels of the two-electron  
operator. Consequently, in  E q . (26 ) only one in te r­
acting  electron can appear in the discrete subshells. 
I f  the configuration of the electrons in 7 ,- d iffe r b y  two  
electron jum ps fro m  the configuration in  yj,  then the 
m a trix  elem ent vanishes, because there w ill be a factor

/

X F fi(rA T + i)-----------^u(qjTjXâ:N)Fji(rjf) , (26)
ÂT,iV+l

dxRnii(^)Rnij{x) =  0 fo r (27)

provided  discrete one-electron o rb ita ls  are used which  
are orthogonal to  one another w hether the subshell is 
com plete or incom plete. I f  the configuration of elec­
trons differ b y  one electron ju m p , e.g., 15*25*2/)® com­
pared w ith  15*252/)®»/, then the in terac ting  electron  
w ill be assigned to a 25 o rb ita l in  the fo rm er configura­
tion  and to 111 in  the la tte r, and the configuration of the 
spectator electrons am ong the subshells is determ ined  
uniquely . I f  {iYx*} and {AT-'} are identical, then the 
second of the in terac ting  electrons w ill be found in the  
same subshell in  Fz and F , and can be assigned to each 
of the subshells in  tu rn ; th a t is to  say, there are as 
m an y  configurations of spectator electrons as there are 
subshells w ith  N \ ’ =NFy>^0. W e  note th a t  the m a trix  
elem ent w ill vanish unless i t  is diagonal in the quan tu m  
num bers of the spectator electrons.

S ym bolica lly , the exchange term s of E q . (2 0 ) can be 
w ritte n  as

Eki^=H Lik,ji^=T,à. n  5(A'x‘,A x-'+5xp,-5xp,)
r,T , r,r,' c  x - i ,

X  L i k , y , (28)

where E c  denotes the sum over possible configurations  
of spectator electrons. T h e  in terac ting  electron w ith  
label N  is assigned to  Rni(pi) in  w h ile  the in te r­
acting  electron w ith  label A + 1  is assigned to  Rntipj) in  
yp{Tj). I f  m ore th an  one configuration  is included in  E r  
of E q . (11 ) then the double sum over F,- and F , in  E q . 
(28 ) w ill include term s w ith  so th a t  the 8
w ill specify nonzero elements in  this sum and designate  
the subshells w hich  contain  the  in terac ting  electrons. 
I f  pi9^pj, then  on ly  a single configuration  of spectator 
electrons is possible. I f  pi=pj,  as in  the  fo rm u lations of 
Seaton and coworkers® and S m ith , H e n ry , and  B urke, 
then  there w ill be as m a n y  term s in  the  sum over C as 
there are subshells w ith  Ax*=A x^V^O .

F o r the  rem ainder of th is  subsection we shall con­
sider a p a rtic u la r configuration  of spectator electrons; 
quantities  w ith  a b ar over them  re fer to  spectator 
electrons. B o th  the  d is tributions qt and q, include a 
d is trib u tion  Qi=Qj=Q in  order to  g ive nonvanishing
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contribu tions to  E q . (26 ). T h e  num ber of d ifferent W e  can now  w rite , fro m  (26 ) and (2 8 ) - (3 0 ) , th a t  

d istributions of spectator electrons w ill be - l V 3 l(JVO Cai(lVx0 3 l ( l V x ' ) ] - ' “

Dl(W x) =  ( T - l ) ! / n ( - ^ x O ,  E N x = N - l ,  (29 ) X ( - l ) ^ ^ ' / W . w + r ' > ,  (31)
X X

where the  outside fac to r becomes

and the ir con tribu tions to  w ill be iden tica l. T h e  (32 )
d istributions in the in terac ting  subshells are un ique ly  ^

^  ̂ T h e  m a trix  e lem ent in  E q . (31 ) vanishes unless the
' representations are diagonal in the q u an tu m  num bers of

<Jp — } and qp.= {Qp-, A ^ + 1 } . the spectator electrons. F o r those subshells w hich  ju s t
contain  spectators

( » ix - 'a x < .x a x < i ,x < ) = (» ^ x - .x S x L x i ,x ) .  0 3 a )

fu rth e r and for those same subshells

j i  (?x>|« lx"‘ '<xx«x'ix ’ )  =  ( 5 x |« lx ’'»âxS xL x), (33b )

w hile  fo r the subshells p.- and  py, contain ing  the in te r-  
, . , , , _ , , , acting  electrons N  and W + 1  respectively, we separate

p erm u la tio n s  w .ll be required  to p u t the  labels of the ^he in te rac tin g  electron fro m  the  N  equ iva len t
a tom ic  electrons in  norm al order, w here J,- is the o u te r- t i^ e s  in  the subshell using coefficients o f frac tio n a l
m ost subshell contain ing  an electron in  T,-. H ence  parentage

^  {nlp^‘‘otpSpLp\qp)

and s im ila rly  for Fg^ (since in  the exchange term ,
“ n o rm a l”  order fo r the a to m ic  electrons is 1, X [ ( I $p)  X  { | , (34)
A ^ + 1 , the label N  being in  the  con tin uu m ). There fore  , ,  ̂ . . , , ^  .

w here the  firs t fac to r in  the  sum  is a coem cient of frac -
bi _ hj tion al parentage (see RacaW ^). A  s im ila r separation  is

A "x +  N \= A P i j .  (30 ) carried  o u t fo r the py subshell.
x=p,+i x=py+i S u bs titu tin g  the above results in to  E q . (31 ) we obta in

^W+l,iV
w here ^upi is defined b y  F an o  to  be

V -u p iC r O -C in  {» fx ^ ‘â x S x L x | 5 x ) X [ ( n / , / - ‘â „ S „ X „ | 5 „ ) X { « f „ | i V ) ] ^ ' ‘- ^ ' ' ) r i X { « , | i V - | - l ) ) ' ' ‘ , (36 )
Xp̂p»

w here we recall A + 1 )  is the spin-angle fun ctio n  associated w ith  the p ro jectile  o rb ita l Fa.
In  L S  coupling, spin and o rb ita l variab les are tied  together in  the m a tr ix  elem ent on ly  b y  the connection betw een  

an tisym m etriza tio n  and add itio n  of angular m om enta  w ith in  each subshell. W r it in g

S j= { /S i*  • 'Spf-i{Spi^{N))Spi‘ • •>S6^KA^+l)jO!t5'tI, (37a)
and

© , =  { L i - • •Lp ,._ i(Lp ,ip ,.(A ))Lp ,.’ • •L j, , i i (W + l) ,û : ,L , |  , (37b)
we o b ta in

X (Z p //a p ,% /p J }Z p //a p ^ p /p ,) (§ , |S y )) (0 ^ ,.* |-^ |0 y F y z ) . (38)
_______  ^W.W+l

1 “ G. Racah, Phys. Rev. 63, 367 (1943).
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T h e  spin recoupling coefficient (S ,l§y) w ill depend upon the problem  under consideration. F o r exam ple, fo r a 
targe t a to m  w ith  configuration  ls^2s^2p^ w hen no electron jum ps are p erm itted , the  sum over C in  E q . (28 ) w ill 
contain  three term s, one of them  hav in g  the fac to r

U p o n  expanding in  term s of Legendre polynom ials  F ( ( f v ^ v + i )  the rad ia l integrals reduce to S later
integrals and the m a tr ix  elem ent is

{ © t F j i l ----------- |©yFy:) =  %2 Rt(nlpiFik,Fji7ilpj)(Li- • •(Lp ,/p ,(iV ))Z ,p ,- • -2 b / i ( iV + l ) ,L ^ |

X f,(&  ■ fw+i) I i l  ■ ■ ■ (i./„O V +  !))£.„ •■ ■ W i ( N ) , L ) }

t
X { L i '  • • [Lpi(lji)lpi2^^pi- • -Lb i l i fL i lL i-  • • [Lp,(/A)Zpy]Lpy- ■ 'Lbjl jyLj) , (40)

using the  m ethod  of Fano, P ra ts , and Goldschmidt^^ and  w here the o rb ita l recoupling coefficient can be calculated  
in  the same w a y  as in  the spin coefficient (see A p pen d ix ). C om bin ing  Eqs. (28 ), (38 ), and (40 ), we o b ta in

Z w * =  E  c n  g (A Y ,A V 4 - 6x p - 5 xp,.)] E  DVp,Wp,. ] ' / ' ( -  l ) ^ ^ " + ' [ ( 2 /p ,+  l ) ( 2 Z p , . + l ) r /^
_______________yC

X  E _  (/p{^"'o!pfS'p,Lp,{ I Ipi^" âpiSpiLpilpi)(lpj^"’âpjSpjLpjlpj I } lpj^‘‘'ocpjSpjLpj)

X (S .|S y )^ E ^ ,( ;4 if ', t ,W p y ) ( /p J |C l|Z y ) ( /p ,| |C '| |Z , .) (0 , |0 ,)^ , (41)
t

where the fina l factor in  E q . (41) denotes the exchange o rb ita l recoupling coefficient as w rit te n  out in  E q . (40 ).

2. Direct Terms 

These term s are given b y  the  firs t te rm  in  E q . (22 )

Fik{rtf+i)^  ^  ̂ Fji(r}f+i)f  f  Fik\rifj^\) 1
Tikjî — I i?Xi* • • JXiv+i^(rtXijv+i)------------ [ / / —£ ]^ (r,X iiv+ i)-

J J rjf+i r̂ r+i

w here ^  is defined in  E q . (12 ). I t  w ill be assumed (as in  S m ith  et a l f )  th a t

(42)

I ' l d \v  "d x N i '  ( t .X )  [ H n —S'}p{yjX) =  0 . (43)

A n y  calcu lation  on A >  1 targe t systems m ust use approxim ate  w ave functions, i.e., functions w hich  are the  eigen­
functions of an A -e le c tro n  H a m ilto n ia n  F jv (a p p ro x ) 5̂ ÆTiv(exact). C onsequently, (43) introduces an inconsistency 
w hich  should lead to  a sm all error if  accurate a tom ic  orb ita ls  are used. Because of this assum ption, the  H n te rm  in 
E q . (42) is

/drN+\Fik(rN+i)Si8ijFji(rtf+i). (44)

D u e  to  the  o rth o n o rm a lity  o f ^ ( t ,X )  the  H i  te rm  is

r  , r  1 / d̂  k{lÆT) 2Z \ 1  ,
bij / drN+\Fik{rN+^\ — (------   —I------ I A'yj(r;v+i),

J L 2\c?ryv+i ŵ+i riv+i/ J

w hich  leaves us w ith  the  eva lua tion  of

iv 1
f  dâtf+i f  cfxi-• •cfxjv̂ (rjXfjv+i) E  ^ÇTjXtN+i)=Vij(rN+i).

J J  rN+l,a

(45)

(46)

“ U. Fano, F. Prats, and Z, Goldschmidt, Phys. Rev. 129, 2634 (1963).
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As for exchange term s, the m a trix  elem ent w ill be nonzero only  fo r zero or one-electron jum ps, i.e.,

max(6,-,5y)
V ,i{ r )= fU  SW ,K>,i+h.-Sx„) (47)

 ̂ X-™!»
w ith

Si*** Lj

x r 3 - , ( « 7 , , » i „ T ) ( ; „ | | c ‘| |;„ ) (; ,||C '| |; ,)< o .- |o ,)° , (48 )  
(

where the  d irect o rb ita l recoupling coefficient is defined b y

{O i|O y )^ = (L i-  • •[X'p.C^pyO^pjAp,- • 'Lb-l i ,a iL i\L i-  ■ -(2p /p ,)L p y- • 'Lbj(U i)l j,a jL j), (49a)

and the d irect spin recoupling coefficient is defined to be

< § ,|§ y )^ = (,S l.  " ( â p , K % , "  ' - & , i ( A + l ) ,a y .? , | ,S r  " (,S p y K ^ ))^ p y - ' "'S6y i ( A + l ) ,a y 6 'y>. (49b )

C o llecting  the various factors of the  d irec t term s together gives

r  r  /  U  h ( l i + i )  2 Z |  \  1
Lik j i ^ =  / (fryv+iFit(rw +i) — I ------------------------------ 1--------- [ +  <̂ t— -E )+ F ty (^ w + i)  F ,y(rAr+i). (50)

J L \  2 lû?rAT+î  ŵ+iJ /  J

B. Terms Linear in C

F ro m  Eqs. (15 ) and (20 ) we see th a t  the tw o  term s linear in  C are

r  C f F ^ t(rv + i)Lik,jî= I  I  dxi' • -(/xAr+i(A^-|-l)^/^|^(riXi;j\r+i)------------------------ E) C,̂ ŷ(LiSiTr{)
J J I ^w+i

+  E  Cp*<^p(Lfc5fcir*;)[fl'— £3^(ryX.'6;V+l)—   1 . (51 )
 ̂ r^+1 J

T h e  fu ll te rm  can be w ritte n
L k i ^ = ^  {Lik,i^-\-Lk,ii^) f (52 )

i

w here the tw o term s on the rig h t are defined in  E q . (51 ). T h e  m a tr ix  elem ents of {H n —E)  vanish because th e y
contain  a fac to r lik e  the  l.h.s. of E q . (23 ). F ro m  G reen ’s theorem  and the bou nd ary  conditions of the discrete one-
electron o rb ita ls  E q . (52 ) can be w ritte n  in  the fo rm

Lki^—^ {L ik ^ i^ - \ -L i ik ^ ) ,  (53 )
t

w here the tw o  term s have the  same structure, v iz .,

C r „  F,7(rAT+i)r N ~\
L ii ,k^=  ( A + 1 ) ^ / *  E  Cp* ' " I  (^^1 " ' ' dx/^+i}p(riX£j^+i)---------------  Z 7 i( iV -f- l) - l pp(A*5/t7r*X i* • -X iv + i). (54 )

>• J J ^N+i L rjv+i.v-l

W e  note th a t  the configurations of ^ (F<) and  ^p{LkSkTrk) necessarily d iffer b y  one electron ju m p , hence fo r a non­
zero m a trix  elem ent we m ust have an in te rac ting  e lectron in  the  “ e x tra ” o rb ita l of F o r the  one-electron operator 
th is  im plies th a t we m ust have the  label A - f - l  in  the  e x tra  o rb ita l. T o  calcu late  the  m a tr ix  e lem ent w e m ust sepa­
ra te  off.i?p(rAr+i), the  ra d ia l function  of the  only  in te rac tin g  electron, fro m  <4̂  using coefficients of frac tio n a l paren­
tage; fo r the  tw o-electron  operator a  fu rth e r tw o  frac tio n a l parentage coefficients are in troduced, one each fro m  
\{/ and  W e  have the  m a trix  elem ent

(Zri)= ( A + l ) : ^ 2 g xp )[9% (A Y )9% (A V )]-i/2  E ^ ( - 1 )^ » '+ ^ /^I "■  jdxv-dxM+i

 ̂ Fii{̂N+i) , i?p(rjv+i)
X  (lp^'‘ap>‘Lp'^Sp'  ̂I }lp^»'ap^L/Sp%)^a(giri)-------------- H i(N -h  l ) 0 „p(çpA,5 ',7r , )  , (54a)

^w-n r̂+i
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w here

(.V+1)I »
and and do n o t include the rad ia l functions of the electron w ith  label (A ^ + l ) .  H e re , N\>̂  denotes the num ber 
of electrons in  the discrete subsheU X, w ith  an ex tra  electron in  subshell X =  n (com pared w ith  the configuration of 
the p aren t state  7 .) F o r a p ro perly  an tisym m etrized  (A’ + l )  electron w ave function  we m ust allow  for the label 
( iV - f  1) to be in  an y  of the subshells fo r w hich T h e  num ber of a lte rn a tive  configurations of electrons which
are spectators fo r the  in te rac tio n  7 7 i ( iV + l )  is

E q u a tio n  (54a) becomes

( g i ) - n  5 (W V V x '-5 x ,)A 'p '« (- l)" ‘ - '« * '

S  r  I l/,r U/,+ 1) 22\]

X{Sp^' ■ {Sp'DSp'^' ■ •Sb'",Sk){Lp^- ■ -Lb'li,Li\{Lp'l^Lp*^- • -Lb^^Lk). (56)

W e  note th a t  (Lp*- • -Lb%,Li\ (LpHp)Lp>‘ - • •Lb'‘,Lk) w ill be nonzero only  for k = lp  since it  contains

/ (/(fljV+ll ljm^(^iV+l) 1 Zpm(̂ V+l) •

T h is  is equ iva len t to saying th a t  the inc ident electron can on ly  be captured  in to  th e  incom plete subshell p if its 
o rb ita l angular m om en tu m  equals th a t  of the  subshell. In  general pp^p since the ‘e x tra ’ o rb ita l p of m a y  be 
m atched  b y  one in  F,-. F o r exam ple, if the target a tom  in  state 7 ,- has configuration ls-2s~2p^ and has configuration  
ls^2s'^2p^{ =  ls^2s2p^-^2s) then p =  2 ,s b u t p =  2p.

F o r the  tw o-e lectron  operator in  E q . (54 ) le t pp and a-p be the subshells con ta in ing  the in te rac tin g  electrons. For 
a nonzero m a trix  e lem ent we m ust have iden tica l d is tributions Q of spectator electrons and fo r each Q there are in 
general tw o  possible d is tribu tions  of in te rac ting  electrons labeled b y  e = 0 ,  1. V iz ., fo r Xp^pp or a-p, q\‘ =Q\, e = 0  or 1, 
and fo r X=pp or Cp e ither PpX̂ o-p, qp*=  {Çp„, N + e )  and — e} or

Pi^=o-ix, Çpp*={QppE,N-\-l}, €=0  or 1 . (57)

S u bstitu tin g  E q s . (12 ) and  (14 ) in to  E q . (54) and using E q . (57 ) we get fo r a function  /  of ç, and qp, th a t

E  /(M /*) 3*7(iVx) E  (1 —e5pp„p)g(epiPpO-p).
gigp €—0,1

D efin in g  AF  to  be the  num ber of p erm utations to  take  the  N  electron of p„ and the in te rac tin g  electrons of pp 
and cTp, o u t to  n orm al order, the  m a tr ix  elem ent of the tw o-electron  operator is

/  1 \  max(bj5p)
\ 5(AV,AV+Sxpf—5xpp—5\ap) C^p,Wpp(A/’(7p—5p,,<r„)J/2(—1)^^ E  (—1)'(1 —65p„,J
Xrjf,N + i' c *

x / 'P u {q iT i)F n  (t>u(qn*LkSkrk)\, (58)
'  rN,N+i •

w here &,• _ op
A P =  E ^ x -  E

X— p»+l X— pp+l

W e  recall there is on ly  one te rm  in  Ec if ̂ (Fy) and  differ b y  tw o  electron jum ps, b u t  term s w hen they  differ 
b y  on ly  one electron ju m p , and  the  m a tr ix  elem ent vanishes unless i t  is d iagonal in  the  q u an tu m  num bers of the
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spectator electrons. T h e  m a trix  elem ent on the r.h .s . of E q . (58) can be expanded out in to  the fo rm

X{Sy • •(*5p<i(A0)A’pi- • ■ 1 ( ^ + 1 ) , •  •(Sp̂l{N-\-e))Spp' ■ ■ ')̂k)
X { L v  • -{Lpilpi)Lpi- • 'Lbili,Lx\Pp(fN-i^N+i)\Li-  • ■(Lpplpp{‘’V-\-e))Lp^- • ■{Laplffp{N-\-l — e))L„^- • - ,Lk), (59)

where (F,)  can be evaluated  using the m ethod of F an o , P ra ts , and G oldschm idt as in  E q . (40 ).

W r it in g  E q . (53 ) as

E  C /  j  (»/1 f f . I ;u>+^i(| 1| J

=  Z  dXff+iV^,i(rif+i)Fa(rff+i), (53a )

w here the first term  on the r.h.s. is w ritte n  out exp lic itly  in  E q . (56 ) and

n  5(iVx’‘,A T '‘+ 5 x p ,— 5xp„— 5x,rp) . [A^.Wpp(A^,,.— 1)^ ^  E  ( — 1 ) ' ( 1  — f&Ppfp)
\  I r l /  ^ x - i *  «" 0,1

7L X  E  ihî''*̂PîPîPi{\hî'‘̂pSpîihi)(Jpp̂'̂ P̂p̂Pp̂Pphp\}hp̂'̂ P̂p'̂ Pp̂Pp)
5 pi* ••La'll

J(S<| §,)' E  ;;,(p,F,,,7r)(ZpJ|C'||Z,)(4||C'||Z,)

X[(2/. +l)(2/ÿj-l)]-:/:(0,|0,)*, (60)
w here the  last fac to r is the o rb ita l recoupling coefficient

{ L i "  ' (Lp,ip,.)Lp,.- • 'Lbi{kv)lifLi\ L i -  "  [Lf(i/Zp,.)Zg]E,' • • (L f î f )L f  ■ • -Lk) , (60a)

w here ij is the subshell contain ing  N  in  d is trib u tio n  e and f  is subshell contain ing W - f  1.

C. Terms Quadratic in C

T h e  m a tr ix  elements of the  tw o-electron  operators w hich  are q uadra tic  in  C , i.e., do n o t invo lve  the  con tinuum  

functions F, are precisely the  quantities  studied  b y  F an o . F ro m  Eqs. (15 ) and (20 ) the term s quadra tic  in  C are  

seen to  be

Lu'̂ T̂. j--- j* - - -< /x w + iC .‘ C,‘t . ( L A a - i ) [ f f - £ ]# . ( i : ,5 m ) . (61 )

T h e  (AT-f 1) electron H a m ilto n ia n  w ill be expanded out as in  E q . (18 ). T h e  m a trix  elements of E «  ^v+i,a“  ̂w ill a ll 
con tribu te  equ a lly  and the  co n trib u tio n  to  E q . (61 ) w ill be

E  Cp>‘Cym(%{LkSkTk) —^  H L iS m )\ = j :  C /C /(# + l)-: E  [iVpp(A^<rp-5ppjWp,(W,
py \  rif,N+i '  C

X l l  8{N\>̂ ,N\'’-\-S\pp-\-8\„p—8\p,— 8\ff,) E  (— 1)‘̂ ^(l — (1 — ê gp,,,)(— 1)
X

X̂4*u(.ÇtpLkSkTrk) 0u(?e»Ey5'y7ry)\, (62)
'  rN,N+i /

w here the  q u an tities  e ,̂ c», and AF  are defined in  Fan o .
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U sing F a n o ’s Eqs. (24 ), (3 4 ) - (3 6 ) ,  and  (41 ) we have

/<l>u(qtpLkSkTrk) ------------ <f>u{q^rLySyTr,)\= E _  (hp^^^oippSppLp^{\lp^^p>‘âppSppLpJp^)
\  riv .V+l '  âp-.-Lty

X {hp̂’‘'ciapSâLgy[ I hp̂'̂âaySgJjaJ,,̂{lp̂l‘’âp,Sp,LpJ'p, I }lp.̂’‘''otp,Sp,Lp,){la,̂'’'’âaySa,Lp,̂a, | )L,̂ ’'oi„,S
{ S i  - ■ ■ { S p y \ { N e ^ ) S p y  - ’  ' ( A ^ - j - 1  —  E p ) ) 6 ' - '  • a f c x S 'A - | * S i -  ■ • ( * S p , f  ( A ^ - f  e ; , ) ) 5 ' p , -  • - ( A ^ - { - 1  —  € y ) ) 6 ' - • - , a i S i )

X E  K p « y 7 ^ , ( p p ( T p P y ( r y ) [ ( 2 Z p „ 4 - l ) ( 2 Z p , - i - l ) ] " ' ' / ^ ( / p p | | C ' | | / p J ( Z , J | C ' | | / , J ( 2 r  • - { L p J p y ) L p y -  - ■ [ L < , p ( l a , l ) h p 2 ^ < r p ‘  • • 

t
L b p ,a k L k \L i -  •  ■ [_ L p ,{ ilp p )lp ,2 E p ,-  •  ■ , a i L i ) - h ( l  —  S ty t ,)R t( j}p (rp (T p p p )[_ (2 lp y -F l) (2 l,r ,+ l)2 ~ ^ ^ K h p \\C ‘ \\^<rp)(hp\\C2\^<fp)

X { L v  • • {Lpplp^Lpy- - - [Lap{lp,t)hp2^<^p'^kLk\Li - - -{Lpylp,)Lpy- - - [Z ',,( /Z p „ )^ ,,]A ,/ • - ,a /L t ) ] .  (62a)

W ith in  the d is tributions q\p and çx», ( W + 1 )  and (N)  are the in terac ting  electrons. W h e n  and have identical 
configurations then there w ill be several ways of determ in ing  {N^},  hence E c  appearing in E q . (6 2 ). W h e n  these 
functions d iffer b y  one ju m p , e.g..

^W.V+1

then labe l (Æ -f - l )  could be assigned to 2s on the le ft and 35 on the rig h t; the in terac ting  label {N)  could then be in  
any  of the three com m on subshells and once again a E c -  F o r <4p and 4>„ d iffering  b y  tw o  electron jum ps, there is a 
unique configuration  of the  spectators.

T h e  m a trix  e lem ent of H i {xn+t)  is

( $ , I I $. )= [m.(Arx»)3I(AY)]-": Z  ( .~ iY ’^*‘ ’f('t>,u(q.Li.Sm )\HM „{q,L,Stwd)- (63)
QpQr

I f  $p and differ b y  a single electron ju m p , then this m ust be the  in terac ting  electron and there is a unique con­
figura tion  of spectator electrons. F o r tw o  or m ore electron jum ps, the m a trix  e lem ent vanishes. F o r $ p = $ y , then
( A - f l )  w ill be found in  the same subshell in  4>p and and there w ill be as m an y  term s in  E c  as there are occupied
subshells.

(% \H , I $ ,)=  E  3l(iVx)[3l(.Vx»)3l(.Vx-)]-‘« n  3(A'x“,;Vx'+ S„x~  J„x)
£ ^

X ( - l ) ‘̂ ^ E  _ (ipp^'^apySpyLpyi | lPy^ ^  Py  ̂p p j  p̂ ) {lp ^  p p ̂  p ̂Py | } l  p U p p y L p ,)
p̂p---r>pp

X  <[ n  {n k ^ ^ S Â h  I ?x) 15.) X { I A'+ 1)

X [ n  ( ÎX IW x ^ 'â x â x lx )X [(? „ . 1 X ( , V + 1 1« ; , . } ] a , , (64)

w hich  w ill include a spin recoupling coefficient

01- ' -0Ppi(Ar+l))^Pp' ' -abpatj-tl/gr ' A ,KA^+1))^P," ' (65)
and the  fac to r

{P{nlp2)\Ei\P{nlp̂ ){Lv "{LpylpJ)Lp̂- • -akLk\Li' • -(Zp/pJAp/ • -aiLi). (66)

C om bin ing  the  above results together

( $ p | ^ i | $ , ) = E  ( Æ + l ) - ' [ # p p A ^ p J : / ^ n g ( # x W + 5 x p p - g x p J ( - l ) ^ ^  
c ^

X  E  Qpp^Pp^Pp{ \hp̂'̂ P̂p̂Pp̂Pphp)(.hp̂'' ̂pŷPtX'pJppl }^P»^'’’̂“ p»A'ppAp,) P̂p—I'Py
X {S v  - ’{Spy\)Spp - • •a/cxS'*|*Si- • -{Spy\)Spy' ' -aiSi){Li - • '{Lp̂lp̂Lp̂ - • -akLk\Lv - ' (Zp^ZpjEp,- • -aiLi)

L ( L + 1 )  2Z-1,f  h p ih p + l)  2Z-]
X (—I) / «frP„Zp„(f)-------------------1----- Knjp,(r), (67)

J Ldr^ r  A
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w here
inax(pp,pv)

A P =  E  Nx.
X—min (ppipv)

F in a lly  we have to  eva lu a te  the m a tr ix  e lem ent o f H n , the  iV -e lectron H a m ilto n ia n :

(<]>,(/-A iT i)  I / / v  I < P . ( i i5 n r , ) ) = [3 l( A ^ » ) m O V x ') ] - ‘ ' “  Z  ( - 1 ) | | <l,.Xq,LiSm). (68)
QpQr

S eparating  off the non in teracting  electron we have

(4>up(LkSkTTk)\EN\(j)uy(LiSiTri))= E  (hp^"'‘^pp‘̂ pp^pp{\hp^'’'‘^PpSpyLpJpy)
&P/'""Py

X  {lp,̂ <‘''âp,Sp,Lp,lp, I )lp,^'‘’’apySpyLp,){LpJ.pyMiypiiy | i p p ^ f,,,) âpW.p I .S'p,,Mg,,)

X  {LpykpyMiytniy | 16 " p ,A faJ (;*Zp„ | | H n  I ^y(L iS ir iq i)) , (69 )

where 0  is an unsym m etrized  w ave fun ctio n  of N  electrons. In  order to  eva lu a te  the  “ d irec t”  term s we have m ade  
the assum ption th a t

J  ' ' ' J dxi' • d\N̂ {yiX)[HN— <§]i/'(7yX) =  0 ,

w here ^ ( 7 tX ) is a p roperly  an tisym m etrized  w ave fun ctio n  of N  electrons [see E q . (4 3 ) ] .  H n  is sym m etric  under 
in terchange of labels of any  p a ir  of electrons and so i t  can be read ily  shown, using the expansion of E q . (10 ), th a t  
this im plies th a t

H ence we have
i^piÿkQk) I H k I ̂ y(ÿiQi))=E"^k8- (70)

and

{% {L k S k irk )  1 i7 v  1 ^ y ( L iS i i r i ) ) =  [D l ( W x ) ] - :  E  _ (lp^<^ap>‘Lp>^Sp>‘ {  \ Ip^^àpLpSplp)
qSpSpLp

X  {lp^»â^pSplpI } fp ^ /a p 'P p 'W L ^ '^ 'g w v .m ,.  (71 )

T h e  n on in teracting  electron iV -j-1  m a y  be found  in  a n y  subshell fo r w hich  iVxP^O, and  fro m  the  sym m etry  of Hn 
(fo r a  given configuration) each d is trib u tion  of in te rac tin g  electrons contribu tes  equally , hence

l b  _
I I $ y(Z f6 'z7 rz ))= ----------  E  E _  (4 ^ ^ '‘«x'*‘S'x'‘i x ' ‘ l }4-''^^âx>Sxüx^x)

iY~f” l  x—i« sxL^sx _  _ _ _
X(Zx'"̂ ax'8xZciZx|)Zx̂ ^Ŵ x'Z,x')Ê âxĝ xMjyx,. (72)

4. RADIAL EQUATIONS and  Apy is defined in  term s of Eqs. (62a ), (67 ), and (72 ).
A. Derivation F o r va ria tio n s  of F^.n  of the  fo rm  E q . ^ 9 ) ,  E q . (73)

yields the  in tegrod ifferen tia l equations
As in  S m ith  et a l.,^  E q . (16 ) can be w ritte n  o u t ex­

p lic it ly  w ith  the help  of Eqs. (50 ), (41 ), (53 ), and (61 ), E  ■ C .-yP ji+ E  C p 'F p .< = 0 . (75 )
y M

Jd^ik^ ijF j idrA - E  Cp^ jV p , jF j id r - \ -E  Cŷ  V a ria tio n s  of (73 ) w ith  respect to  Cx™ lead  to

x jv y , iF a d r - \ - 'E C p ’‘Cy^Apy-^Kkiy^O,  (73 ) Z  ApyCA+Z J V p jF j id r ^ O .  (76)

w here
T h e  solutions of Eqs. (75 ) and (76) are to  be subjected  

1|“ / t ( / i - t - l )  2 Z   ̂ to  the  fu rth e r req u irem ent and th a t  th e y  are orthogonal
~ 2 L ^  r — + 2 (  — o ,) J5,-y to  a ll subshells o f the  targe t system  w ith  the  same o rb ita l

angular m om entum , i.e ., E q . (13 ).
+  V i j+ W i j ,  (74 ) In tro d u c in g  th is  req u irem ent in to  (74 ) using
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L a G ra n g e  m ultip liers , 311 gives (75) to be

E  Q T ^ p X + E  917\PnZx5z,7x=0. (77)
J M X

B. Numerical Method
A n  a lgo rithm  fo r the solution of the system of second- 

order in tegro -d ifferentia l equations cC,yFyz= 0  fo r /e, - > 0  

has been given b y  S m i t h a n d  fo r ^ i^ < 0  b y  S m ith  and  
Burked® B o th  these papers are  based on ite ra tiv e  
techniques. N o n ite ra tiv e  techniques are im p lied  in  the  
w o rk  of Hartree^^’ ®̂ and have been developed fo r col­
lision problem s w ith  0 b y  M arriott^®  and O m id v a r’® 
fo r the  system £ ,y F y z= 0 . T h e  n o n ite ra tive  a logrithm  
fo r the  system of equations in  (77 ) fo r all real nonzero  

has been developed b y  S m ith  et of.®
A  FORTRAj^ program  has been w ritte n  to solve E q . 

(77 ) and  is cu rre n tly  being tested. G iven  a set of (L S tt), 
the  configurations to  be coupled together and the ir  
term  values, the  code calculates the num ber of channels 
and potentia ls  and sets up  the d is tinct exchange terms  
to  be obtained as the solutions of d iffe rentia l equations. 
I t  then  proceeds to  solve the  equations, using an ex­
tension to  the a lgo rithm  presented in  S m ith  et al.,^ and  
p rin ts  out the p artia l-w a ve  cross sections. Some of the  
early  production  runs w ith  the  code w ill be to calculate  
the  to ta l cross sections fo r the scattering  of low -energy  
electrons b y  atom ic  oxygen in  order to com pare w ith  
the absolute m easurem ents of Sunshine et al.^^ C a lcu ­
lations w ill also be carried  o u t to determ ine the  positions  
and w id ths  of resonances in  the pho to -io n iza tion  con­
tin u u m  of Ne I  (2 0 -1 5 0  e V ), as these have been observed  
b y  C odling  et al.^^ C arro ll et have observed a new  
R y d b erg  series in  the absorption spectrum  of a tom ic  
nitrogen w hich th e y  a ttr ib u te d  to  transitions fro m  the  

ground state  of the n itrogen  a to m  to the  R ydb erg  
term s 2s 2p̂ (pŜ)7ip ̂P; i t  w ill be possible to  calcu late  
the param eters of these auto ionized levels w ith  the  code.
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A P P E N D IX  

Evalu ation  of the  Recoupling Coefficients

T h e  subshell angular m om enta  L \ ,  S\  together w ith  
the angular m om enta  hr and \  of the pro jectile  are 
coupled according to a prescribed coupling scheme to  
give to ta l angular m om enta  L , F . I f  the  in term ediate  
couplings leading to a given L, S are not unique, then  
to  each coupling there corresponds a d is tinct state  P,- 
specified b y  the q u an tu m  num bers L, S, ir together w ith  
an add itio na l param eter a , w hich specifies the  coupling. 
W e  shall couple the vectors L \ - • - Lb, k  to give a to ta l 
L i  according to the scheme

|(LiL2)(L2=.L,)(L3=....Lx)(Lx«....)(L6,"'^W (la)

w here L \ “ ‘ denotes the result of coupling L \  to the  
resu ltan t of L \  - • -Z x - i-  F o r the purposes of recoupling  
we m a y  regard the con tinuum  electron as being in  a 
subshell 6 - 1-1 where 6 is the outerm ost of the discrete  
orb ita ls  and where Lb^-i=0, L z ^ i= /,- . W e  shall define  
subshell p to contain  electron N  and a to  contain  iV -j-1 . 
T h e  general fo rm  of the o rb ita l recoupling coefficient is

{L iL i  - • •L p ._ i“ '[Lp,-(/p,./e)/p.]Lp,.Lp."‘'- ■ -L^j - ■ -
(Lffih,) ’ ’ -Laj' ' ' ,L i \L iL z  - ■ ^Lp^  ̂■ • (Lpjlpj)Lpj- • •

L„,.- • -

W e  note th a t there are three vectors to be recoupled, 
nam ely. In In+i and k. W e  m ust recouple In from  p,- to py 
or v ice versa when p, lies inside p,-, as we do not know  
a priori  w hich  is the sm aller, then  recouple In+i  from  
(Tt to  a-j and k fro m  pi to  aj. T o  eva luate  the  above  
recoupling coefficient we generalize the  m eth o d  of 
Biedenharn^^ b y  firs t recoupling ZpX= W  step b y  step  
fro m  Pi to  py, each in term ed ia te  recoupling con tribu tin g  
a R acah  coefficient and  then recouple the  vectors  
[Lp,.,(Zp,F)ZpJLpy —> [(Lp/py)Lpy,/e]. N e x t  recouple k step 
b y  step fro m  py to  tri, couple i t  to  to  give
and fin a lly  recouple L j  fro m  ai to  cry. T h e  recoupling  
coefficient w ill then  have been expressed as a p roduct or, 
in  the  case w hen  the in te rm ed ia te  recoupling vecto r is 
n ot found on the  r.h .s. of the  coefficient, a sum  of 
products of R acah  coefficients. T h ree  basic types of re­
coupling occur :

(a) Direct: in  w hich  max(p,py) ^  min(o-iay) as in  Eqs. 
(49a ), (56 ), (67 ), and, depending upon the  p artic u la r  
configurations considered, in  Eqs. (60a) and (62a ), see 
F ig . 1 (a ). A lte rn a tiv e ly  w e m a y  have m ax (orrery) 
^  min(pipy) w hich  can occur in  Eqs. (60a) and (62 a ). In  
either case, w e do not, a t  any  stage in  th e  recoupling, 
have to  recouple b o th  In  and In+\ through  the  same

2«L. C. Biedenharn, J. Math. Phys. 31, 287 (1952).
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E q . (40) or a lte rn a tiv e ly  m in  (o-,trj) ^  m in  (pi,py) 
^  max(o-,(Tj). B o th  cases m a y  also occur in  E q . (60a) 
and (62a ). In  the  fo rm er case w e w ill have to  recouple  
b oth  Ip. and through  the range try to  py and w ill 
therefore have to  sum over the  in term ed ia te  couplings of 
this range. A  schem atic representations of these ex­
change recouplings are presented in  F ig . 1 (b ) ;

(c) Translation: max(piczi) <  min(pyo-y) or a lte rn a tive ly  
m ax(pycry)<min(p,cr,). T h is  typ e  of recoupling w ill only  
only  occur in  term s linear or quadra tic  in  C, E q j.  (60a) 
and (62 a ), w here both  in terac ting  electrons can appear 
in  discrete orb itals. F o r exam ple the  recoupling coef­
fic ien t of E q . (60 ) arising fro m  the  configurations  
\s ‘̂ 2s'^2p^Zskl—\s ‘̂ 2s^2p  ̂ (w here  p i = 3 s ,  a-i=kl con tin ­
uum , and pi=(Tj= 2p), w ill be of this form . In  the fo rm er 
case we w ill have to  recouple both  and Ipf fro m  o-,- to  
py. T h is  is m ost easily achieved b y  coupling Ip̂  
and recoupling /,• fro m  (r,- to  py then  sum m ing over a ll 
possible li. Schem atically , these recouplings can be 
b y  F ig . 1 (c ).

T h e  general fo rm  of the  spin recoupling coefficient
IS

Fig. 1. Schematic representation of the three types of recoupUng 
schemes encountered in the angular-momentum recoupling coeffi­
cients: (a) direct, (b) exchange, (c) translation. • • • *.S’py_l“ (̂*Spy|(iV’))5py’ ' '

range. This w ill g ive rise to  a single p roduct of R acah  evaluation  can be carried  out in  the  same w a y  as the
coefficients since we m a y  use the p ro p erty  

( ( L x - i “ ’Xx)Ëx^jv; Xx“ ‘ l (L x _ i“*Xx)Xx"'7jv; L \^ '>  =

o rb ita l recoupling coefficient, g iving rise to  the  same 3 
types of recoupling b u t w ill be sim plified  b y  the  fac t  
th a t there are on ly  tw o  vectors ^(N),  ^ ( A + 1 )  to  be 

to  e lim in ate  the  sum m ation  over the in te rm ed ia te  recoupled.
couplings, L ] F o r exam ple, the  d irect spin recoupling coefficient

{b) Exchange: m in(p ipy)^m in((7 io -y)<m ax(p ipy) as in  is, fo r p ,<py,

. .6 'p ,_ i=% ,i(A ))6 'p,.. ./Spy.. .6 "& r4 (V + l) ,& |& . . -,Sp,. - .& y i ( A ) ) . . "^by=4(-V+l),Jy)

X=p,4-1

X=1 X=P;+1

w here the  recoupling coelEcients are g iven in  term s of R acah  coefficients

[ ( 2 .y „ + l) ( 2 5 „ « + l) ] ‘ 'n f(5 , ,_ ,« « ,A , ‘«è; " u  C(25x-i“ ‘+ l)(2 5 x « + l) ]> '^
X=Pt+l

X B /(6 'x_ i«W x''^ ; 6'x_i=/.Sx=0[(26'py_i«'+l)(2x$'py+l)]:/2(-l)apm/2-apW(j'^^_,.yi,y^^.<,g^^; .Spy.i'^j'py).


