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C H A P T E R  O N E

GENERAL BACKGROUND

1 . 1  INTRODUCTION.

( l  2 )The s t u d y  o f  p a r t i c l e  p r o d u c t i o n  p r o c e s s e s  ’ h a s  a t t r a c t e d

t h e  i n t e r e s t  o f  b o t h  t h e o r e t i c a l  and  e x p e r i m e n t a l  e l e m e n ta r y  p a r t i c l e

p h y s i c i s t s  i n  r e c e n t  y e a r s .  From t h e  e x p e r i m e n t a l  p o i n t  o f  v iew

t h i s  seems n a t u r a l ,  s i n c e  p r o d u c t i o n  p r o c e s s e s  b u i l d  up a b o u t

(3 )80% o f  t h e  t o t a l  c r o s s  s e c t i o n  . H owever, f o r  t h e  com plex 

s t r u c t u r e  o f  t h e  m u l t i p a r t i c l e  p r o d u c t i o n  p r o c e s s e s ,  p a r a l l e l  

ad v a n c e s  i n  b o t h  e x p e r i m e n t a l  an d  t h e o r e t i c a l  a s p e c t s  w ere  n e e d e d  

t o  s u s t a i n  t h i s  i n t e r e s t .  As a good exam ple  o f  t h i s  p a r a l l e l  

ad v an cem en t i n  t h e  p a s t  few y e a r s , we may r e c a l l  t h e  p r o p o s a l  o f  

a  f o u r t h  q u a rk  and  t h e  d i s c o v e r y  o f  t h e  new p a r t i c l e s ,  ^ / J ,  a s  

t h e  bound  s t a t e .

The c o m p le x i ty  o f  m u l t i p a r t i c l e  s c a t t e r i n g  i s  due t o  t h e  f a c t  

t h a t  t h e  num ber o f  in d e p e n d e n t  i n v a r i a n t s  i s  3n -  1 0 ^ ^ \  w here  n 

i s  t h e  number o f  p a r t i c l e s  i n v o l v e d  i n  t h e  s c a t t e r i n g ,  s o  t h e r e  

a r e  o n ly  two i n v a r i a n t s  f o r  f o u r  p a r t i c l e  p r o c e s s e s ,  w h i l e  t h e r e  

a r e  f i v e  and  e i g h t  i n v a r i a n t s  f o r  f i v e  and  s i x  p a r t i c l e  p r o c e s s e s ,  

r e s p e c t i v e l y .  E x p e r im e n ta l l y  i t  i s  v e r y  d i f f i c u l t  t o  c o n t r o l  many 

in d e p e n d e n t  v a r i a b l e s  s i m u l t a n e o u s l y  a n d ,  t h e r e f o r e , p r o c e s s e s  o f  

t h i s  ty p e  a r e  n o t  o f  i n t e r e s t .  N e v e r t h e l e s s ,  i t  i s  p o s s i b l e  t o  

s t u d y  m u l t i p a r t i c l e  s c a t t e r i n g  i n  c e r t a i n  r e g i o n s  o f  p h a s e  s p a c e  

by  c h o o s in g  t h e  a p p r o p r i a t e  k i n e m a t i c s  and  d y n a m ic s .  R e g a rd in g  

dynam ics  t h e r e  a r e  two d i f f e r e n t  a p p r o a c h e s ;  one  a p p ro a c h  i s  t o  

o b s e r v e  a l l  t h e  p a r t i c l e s  i n v o l v e d  i n  t h e  s c a t t e r i n g .  T h i s  i s  

c a l l e d  t h e  e x c l u s i v e  a p p r o a c h , E x p e r im e n ts  o f  t h i s  t y p e  a r e  

d i f f i c u l t  t o  c a r r y  o u t  i f  t h e r e  a r e  more t h a n  f i v e  p a r t i c l e s
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i n v o l v e d  i n  t h e  s c a t t e r i n g .  The s e c o n d  a p p r o a c h ,  w h ich  i s  c a l l e d  

t h e  i n c l u s i v e  a p p r o a c h ,  i s  t h e  one i n  w h ich  o n ly  a  s e l e c t i v e  s e t  

o f  p a r t i c l e s  i s  o b s e r v e d ,  and  was fo u n d  e x t r e m e ly  h e l p f u l  i n  t h e  

i n v e s t i g a t i o n  o f  p r o d u c t i o n  p r o c e s s e s ^ ^ ^ .  E x p e r i m e n t a l l y ,  t h e  

i n c l u s i v e  a p p r o a c h  means t h e r e  a r e  f e w e r  v a r i a b l e s  t o  b e  c o n t r o l l e d  

an d  t h e r e f o r e  a  s i m p l e r  s e t  up f o r  c a r r y i n g  o u t  t h e  e x p e r im e n t

( 6 )and  e v e n t u a l l y  t h e  c o l l e c t i o n  o f  d a t a  becom es a  p r a c t i c a l  r e a l i t y

The i n t e r e s t  i n  i n v e s t i g a t i n g  t h e  i n c l u s i v e  p r o c e s s e s  was

( 7 )f u r t h e r  s t i m u l a t e d  by  t h e  s c a l i n g  h y p o t h e s i s  o f  Feynman , w hich

( 8 )can  be t r a c e d  b a c k  t o  t h e  ABFST m odel w h ich  l e a d s  t o  a  s i m i l a r  

r e s u l t  a n d  was s u p p o r t e d  by  e x p e r i m e n t s  i n  t h e  ISR ra n g e  o f  e n e r g i e s  

A l s o , t h e  l i m i t i n g  f r a g m e n t a t i o n  h y p o t h e s i s  o f  B e n e c k e e t  a l ^ ^ ^ ^  

s u g g e s t s  t h a t  t h e  h i g h  e n e r g y  p r o c e s s e s  lo o k  s im p le  when 

v iew ed  i n  t h e  t a r g e t  o r  t h e  p r o j e c t i l e  f r am e  o f  r e f e r e n c e .  F i n a l l y ,

Regge a n a l y s i s  was i n t r o d u c e d  i n t o  i n c l u s i v e  p r o c e s s e s  t h r o u g h

a l  t h e o r e i  

( 2 , 1 2 , 1 3 )

M u e l l e r ’ s  g e n e r a l i z e d  o p t i c a l  t h e o r e m ^ a n d  i n c l u s i v e  Regge

phenom eno logy  h a s  d e v e lo p e d

The c o n s t r u c t i o n  o f  an  e x p l i c i t  m u l t i - R e g g e  m odel a s  a  b a s i s  

o f  o n e - p a r t i c l e - i n c l u s i v e  phenom enology  i s  p r e s e n t e d  i n  t h i s  

t h e s i s .  The m odel w i t h  p u r e  Regge p o l e s  i s  a p p l i e d  t o  t h e  s t u d y  

o f  t h e  c h a r g e - e x c h a n g e  n u c l e o n  p r o d u c t i o n  p r o c e s s e s  a s  a  p r e l i m i n a r y  

t e s t  o f  i t s  s u i t a b i l i t y  f o r  t h e  i n v e s t i g a t i o n  o f  t h e  e x p e r i m e n t a l  

d a t a .  Then t h e  r e l e v a n t  c u t s ^ ^ ’ ^^^ a r e  i n t r o d u c e d  i n t o  t h e  m odel 

v i a  t h e  a b s o r p t i o n  p r e s c r i p t i o n  an d  t h e  n u c l e o n  p r o d u c t i o n  p r o c e s s e s  

a r e  r e i n v e s t i g a t e d .  F i n a l l y ,  t h e  m odel i s  a p p l i e d  t o  c h a r g e - a n d  

s t r a n g e n e s s - e x c h a n g e  A p r o d u c t i o n  and  c h a r g e - e x c h a n g e  t e n s o r  

meson p r o d u c t i o n .
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1 .2  ONE-PARTICLE-INCLUSIVE PROCESSES

P r o c e s s e s  o f  t h e  t y p e  a  + b t  Cg + . . .  + c^  + X a r e

c a l l e d  i n c l u s i v e . r e a c t i o n s , w h e re  c^  a r e  t h e  n  p a r t i c l e s  o b s e r v e d  

and  X s t a n d s  f o r  an y  s t a t e  w h ich  i s  n o t  o b s e r v e d .  T h i s  p r o c e s s  

w i l l  be  d e n o te d  by  ( a b ,  c^Cg . . . c ^ ) .  F o r  a  o n e - p a r t i c l e - i n c l u s i v e  

r e a c t i o n  o n l y  one  p a r t i c l e  i n  t h e  f i n a l  s t a t e  i s  o b s e r v e d  and  we 

h av e  p r o c e s s e s  o f  t h e  t y p e  a  + b c + X ( s e e  F i g .  1 . 1 )  w h ich  w i l l  

be  d e n o te d  by  ( a  b , c ) .  The o n e - p a r t i c l e - i n c l u s i v e  i n v a r i a n t  c r o s s  

s e c t i o n  i s  g i v e n  by
3

o ,3 »  f m d q .
f  ( a b , c )  = ( 2 n )  2E = -  Z ( H—  ) J H ---------

^ dp 2A m=l z  m l j = l  2 E . ( 2 tt)■̂ c ‘ k ]

, ( 2 t t ) ^  6 ^ ( p ^  +  -  ^  q j ) -  I  <  P g ,  q ^ . ' - q m  I &  |  p ^ ,  P ^ ^  >
j - 1

m

I n  t h e  above  e q u a t i o n  p ^ ,  i  = a , b , c  a r e  t h e  momenta o f  t h e  c o r r e ­

s p o n d in g  p a r t i c l e s  5 Z q̂ , i s  t h e  momentum o f  t h e  u n d e t e c t e d  s t a t e  X,

^  , i s  t h e s t a t i s t i c a l ^ ^ ^ " t o ^  f o r  m^ i d e n t i c a l  p a r t i c l e s  o f  t y p e  z

^ 2 2 2 an d  A = A ( s ,  m^ , m^ ) ,  w i t h  s  = (p ^  + p ^ )  i s  d e f i n e d  by

2 2 2A ( x ,  y ,  z )  = (x  + y  + z  -  2xy -  2xz -  2 y z ) .

a

b X}M

F i g .  1 . 1 .  O n e - p a r t i c l e - i n c l u s i v e  r e a c t i o n

The i n v a r i a n t  c r o s s  s e c t i o n  d ep e n d s  on t h r e e  i n d e p e n d e n t  

v a r i a b l e s  w h ich  a r e  commonly c h o s e n  from  among
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t = (p̂  - p )̂ .

u  = (Pj, -  P ^ )  ■

2 2 and  M = (p ^  ^ * E v i d e n t l y ,  t h e s e  a r e  n o t  i n d e p e n d e n t ;

2 2 2 2 we h av e  s + t  + u = M + m + m , + m  , The c h o ic e  o f  v a r i a b l e s
a  b  c

t o  be u s e d  d epends  on t h e  p h y s i c s  o f  t h e  p ro b le m .  A c o n v e n ie n t  

s e t  f o r  o u r  p u r p o s e s ,  t o  be  u s e d  i n  t h e  r e s t  o f  t h i s  t e x t ,  i s  s , t  

and  .

The i n v a r i a n t  c r o s s  s e c t i o n  i n  t e rm s  o f  t h e s e  i n v a r i a n t s  w i l l

r e a d

f ( a  b , c )  = (2 ir)^  2 E

= 16 ir A ( s ,  m^ , m^ )
2 ,  d a

dM^dt
( a v e r a g e d  o v e r  a z im u th )

The p h y s i c a l  r e g i o n  i n  t h e  M-t p l a n e  i s  t h e  Chew-Low p l o t  

(1 5 )d e f i n e d  by

and 2 2

w here  G can  b e  e x p r e s s e d  a s  a  d e t e r m in a n t

G (x , y , z , u , v , w )  = -  i

0 1 1 1 1  

1 O V X z

1 V 0 u  y

1 X u  0 w

1  z  y  w  0

F o r  o t h e r  p r o p e r t i e s  o f  G_ s e e  r e f e r e n c e  1 5 .
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I t  was s u g g e s t e d  by  M u e l l e r ^ t h a t  t h e  i n c l u s i v e  c r o s s  

s e c t i o n  f o r  t h e  p r o c e s s  a  + b c + X c o u ld  be  r e l a t e d  t o  a  d i s ­

c o n t i n u i t y  i n  t h e  a n a l y t i c a l l y  c o n t i n u e d  fo r w a rd  a m p l i tu d e  f o r  t h e  

p r o c e s s  a + b + c * - > a '  + b ’ + c ,  w here  " f o r w a r d "  i n  t h i s  c o n t e x t  

means t h e  o u tg o i n g  p a r t i c l e s  h av e  t h e  same momenta a s  t h e  in co m in g  

o n es  (p ^  = p ^ , ,  p^ = Pj^i s Pç,j “ Pg ) ' H owever, we have  u s e d  s u p e r ­

s c r i p t  " ’ " a s  i n d i c a t i o n  t h a t  t h e y  may have  d i f f e r e n t  h e l i c i t y  

s t a t e s .  T h is  M u e l l e r  h y p o t h e s i s  i s  known a s  g e n e r a l i z e d  o p t i c a l  

th e o re m  and  i s  shown d i a g r a m a t i c a l l y  i n  F i g .  1 . 2 ,

a

bX
c ca

Z7/7/'/ / / / / / ,

b b

gc
Disc m 2

I
F i g .  1 . 2 ,  G e n e r a l i z e d  o p t i c a l  th e o re m

I t  h a s  b e e n  g e n e r a l l y  u n d e r s to o d  t h a t  d i s c o n t i n u i t i e s  o f  

s c a t t e r i n g  a m p l i tu d e s  a r i s e  from  t h e  u n i t a r i t y  c o n d i t i o n  an d  t h e  

f o r m a t i o n  o f  v a r i o u s  i n t e r m e d i a t e  s t a t e s .  T h is  i s ,  i n  f a c t ,  t h e  

b a s i s  o f  t h e  o p t i c a l  t h e o re m .  Now l e t  u s  a p p ly  u n i t a r i t y  t o  t h e  3- 

body a m p l i tu d e .  We f i n d  t h a t  t h e  c o r r e s p o n d i n g  t o t a l  d i s c o n t i n u i t y  

i s  g iv e n  by s e v e r a l  t e r m s ,  a s  shown i n  F i g .  1 . 3 .
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a-
b-
c'-

a-
= Z Z  b -

N1 c-

Q
+  I  b,

N 3C '

c a-
b' -  b- 
a' c- Q

N2

N1
N3

b > I I Z  
a Pj p; X

-b'
-a'

c
b'
o'

F i g ,  1 , 3 .  3 -b o d y  d i s c o n t i n u i t y  e q u a t i o n

I n  t h i s  d i s c o n t i n u i t y  e q u a t i o n  an d  P ^ ,  r e s p e c t i v e l y ,  r e p r e s e n t  

p e r m u t a t i o n s  o f  l i n e s  f o r  i n i t i a l - a n d  f i n a l - p a r t i d e s , t h e  s h a d e d  

p o r t i o n s  r e p r e s e n t  t h e  o p en  c h a n n e l ,  a n d  a n  i n t e g r a t i o n  o v e r  i t s  

p h a s e  s p a c e  i s  i m p l i e d .  A b u b b le  w i t h  a  ”+" r e f e r s  t o  a n  a m p l i t u d e  

e v a l u a t e d  i n  i t s  p h y s i c a l  r e g i o n ,  a n d  a  s i g n  r e f e r s  t o  i t s  

c o u n t e r  c lo c k w is e  c o n t i n u a t i o n  a r o u n d  t h e  b r a n c h  p o i n t  o f  t h e  e n e r g y  

v a r i a b l e s  i n v o l v e d .  C l e a r l y  from  F i g ,  1 . 3  one can  s e e  t h a t  o n l y  

t h e  l a s t  sum m ation  o n  t h e  x»ight h a n d  s i d e  r e s e m b le s  t h e  o n e - p a r t i c l e -  

i n c l u s i v e  p r o c e s s ,  a n d ,  i n  f a c t ,  o n e  t e r m  i n  t h i s  sum m ation  c o r r e ­

sp o n d s  t o  t h e  p r o c e s s  a b  c x ,  w h ich  ca n  b e  i s o l a t e d  by  t h e  s p e c i a l  

p a t h  o f  c o n t i n u a t i o n  i n  t a k i n g  t h e  d i s c o n t i n u i t y .  T h i s  i s  i l l u s t r a t e d  

i n  F i g ,  1 . 4 ,

1
i

ca

F i g ,  1 , 4 ,  D i s c o n t i n u i t y  e q u a t i o n  ( t e r m  c o r r e s p o n d i n g  t o  s i n g l e -  

p a r t i c l e - i n c l u s i v e  r e a c t i o n )
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t h e  M u e l l e r  h e l i c i t y  a m p l i t u d e s ,  K in e m a t i c a l  and  d y n a m ic a l  p r o p e r t i e s  

an d  l i m i t s  o f  o n e - p a r t i c l e - i n c l u s i v e  p r o c e s s e s  w i l l  b e  d i s c u s s e d  i n  

t h e  f o l l o w i n g  s e c t i o n .  The i n v a r i a n t  c r o s s  s e c t i o n  i s  g iv e n  by

f ( a b , c )  ~ I  D is c  < X , X, , X |A ( s , t ,M ^ )  | X , X, , X >,
X ,X^,X ^ ^  ^ a  b  c

a  b ’ c

and  t h e  d e n s i t y  m a t r i x  e l e m e n t  o f  t h e  f i n a l l y  o b s e r v e d  p a r t i c l e  i s

E D is c ^  < X ^ ,X j^ ,X ^ |A (s , t ,M ^ ) |x ^ ,X j^ ,X ^ ,  >

c ”  c Z D is c  < X jX, ,X |A ( s , t ,M  )|x ,X ,X >
X ,X, ,X N ^  G c a  D c

a  b '  c

S i m i l a r l y ,  one can  d e f i n e  t h e  t a r g e t  and  t h e  beam â s y m m e t r y ' ^ ^ ^ as

E D isC j^2< X ^,X j^ ,,X ^ |A (s ,t ,M ^)|X ^,X j^ ,X ^ >
b x X

= - a ,  C__________:_________________________     ,
" X b , , X b  ~  D i s c ^ 2 < X ^ , X b , X ^ | A ( s , t , M ' ^ ) | X ^ , X b , X ^  >

^ a ' ^ b ' ^ c

= - i — £____________________________________________
X . £  , X  D i s o „ 2 < X ^ , X ^ , X j A ( s . t , M 2 ) | x ^ , X ^ , X ^ >

a  b c

r e s p e c t i v e l y ,  w here  we have  ch o se n  a  a s  t h e  beam and  b a s  t h e  t a r g e t  

p a r t i c l e .  A ga in  n o t  a l l  t h e s e  m a t r i x  e l e m e n ts  a r e  i n d e p e n d e n t .  F o r  

exam ple , p a r i t y  c o n s e r v a t i o n  r e q u i r e s  t h a t  d e n s i t y  m a t r i x  e l e m e n ts  

o f  p a r t i c l e  c ' s a t i s f y

P \  = ( - 1 ) ^ ° '  p =
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1 . 3  KINEMATICAL LIMITS AND THE MUELLER-REGGE EXP ANSION

The im p o r ta n c e  o f  k i n e m a t i c s  i n  e v a l u a t i n g  d i s c o n t i n u i t i e s  h a s

b e e n  m e n t io n e d  b e f o r e .  In  t h i s  s e c t i o n  we w i l l  I r i e f l y  r e v ie w  t h e

k i n e m a t i c a l  p r o p e r t i e s ^ o f  o n e - p a r t i c l e - i n c l u s i v e  p r o c e s s e s ,

( 2 2 )
t h e i r  h ig h  e n e r g y  l i m i t s  and  t h e  a p p r o p r i a t e  Regge a n a l y s e s  o f  

M u e l l e r ' s  th e o re m  i n  t h o s e  l i m i t s .  F o r  t h i s  p u r r e s e  we c o n c e n t r a t e  

on t h e  r e g i o n s  o f  p h a s e  s p a c e  w here  t h e  r e a c t i o n  ab *>cX, t o  some 

e x t e n t ,  i s  s i m i l a r  t o  a  tw o -b o d y  r e a c t i o n  ab -> cd .  The s i m i l a r i t y  

and  t h e  s u c c e s s  o f  Regge t h e o r y  i n  tw o -b o d y  r e a c t i o n s  h a s  m o t iv a t e d  

t h e  e x t e n t i o n  o f  Regge a n a l y s i s  t o  i n c l u s i v e  p r o c e s s e s  i n  t h e  above  

m e n t io n e d  r e g i o n s  o f  p h a s e  s p a c e .  B ut f o r  v a r y i n g  mass o f  p a r t i c l e  

X, t h e  a n a l y s i s  i s  more c o m p l i c a t e d  t h a n  t h a t  o f  t h e  tw o -b o d y  c a s e .

We h av e  a l s o  m e n t io n e d  b e f o r e  t h a t  t h e  i n c l u s i v e  d i s t r i b u t i o n  

can  be  e x p r e s s e d  i n  te rm s  o f  t h r e e  i n d e p e n d e n t  i n v a r i a n t s .  H owever, 

i t  i s  p o s s i b l e  t o  c h o o se  any  t h r e e  in d e p e n d e n t  v a r i a b l e s ^ n o t  n e c e ­

s s a r i l y  i n v a r i a n t S j f o r  e x p r e s s i n g  t h e  i n c l u s i v e  c r o s s  s e c t i o n .  L e t

us  t a k e  p ^ ,  p^ and  p^ a s  t h e  fo u r -m o m e n ta  f o r  t h e  p a r t i c l e s  a (b e a m ) ,

2
b ( t a r g e t )  and  c , r e s p e c t i v e l y , a n d  M t h e  mass o f  s t a t e  X s q u a r e d .

We d e f i n e  t h e  beam and  t h e  t a r g e t  f r a g m e n t a t i o n  r e g i o n s  a s  t h o s e  

s u b r e g i o n s  o f  p h a s e  s p a c e  i n  w h ich  p a r t i c l e ' c  l o c k s  a s  i f  i t  i s  a  

f r a g m e n t  o f  t h e  beam o r  t a r g e t  p a r t i c l e  and  t h e  c e n t r a l  r e g i o n  a s  t h e  

r e s t  o f  p h a s e  s p a c e .  One o f  t h e  v a r i a b l e s  i s  a lw a y s  t a k e n  t o  be  t h e  

c e n t r e - o f - m a s s  e n e r g y  s q u a r e d  o f  t h e  i n i t i a l  s t a u e ,  s .  F o r  t h e  

r e m a in in g  two t h e r e  i s  a  c h o i c e  among t h e  f o l l o w i n g  p a i r s :

i )  ( p | | ,  w here  p^  ̂ and  p ^  a r e  t h e  l o n g i t u d i n a l  ( p a r a l l e l

t o  t h e  beam g ^ )  and  t r a n s v e r s e  momentum o f  p a r t i c l e  c .  I f  t h e  c e n t r e -  

o f -m a s s  s c a t t e r i n g  a n g l e  i s  6 t h e n  t h e  beam and  t a r g e t  f r a g m e n t a t i o n  

r e g i o n s  w i l l  be  r e a c h e d  by l e t t i n g  9 -»■ 0^  and  0 -» 1 8 0 ° ,  r e s p e c t i v e l y .
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( i i )  (x ,Pj_) In  t h i s  p a i r ,  w h ich  i s  good f o r  i n v e s t i g a t i n g  t h e

f r a g m e n t a t i o n  r e g i o n ,  x i s  t h e  s c a l e d  l o n g i t u d i n a l  momentum,
-  2P, ,

X = .-------  . The f r a g m e n t a t i o n  r e g i o n  i s  d e f i n e d  a s  t h e  r e g i o n  w here
vê"

X and  -pj^ a r e  c o n s t a n t  and  s  ->■ <». The beam o r  t a r g e t  f r a g m e n t a t i o n  

r e g i o n s  a r e  d i s t i n g u i s h e d  by  t h e  s i g n  o f  x w h ich  i s  o r  *

r e s p e c t i v e l y .

( i i i )  ( y , i ^ ) , w here

y  = 2 . l o g i -----------
'E - n . /V P | /  '  \  ' V P | |

2 2 5w i t h  t h e  t r a n s v e r s e  mass m^ = (m^ +p^ ) an d  y  i s  t h e  r a p i d i t y  o f  

p a r t i c l e  c .  T h is  p a i r  i s  good f o r  i n v e s t i g a t i n g  t h e  c e n t r a l  r e g i o n  

n e a r  x  = 0 .

2 2 . 2( i v )  (M , t ) ,  w here  M and  t  a r e  b o t h  d e f i n e d  b e f o r e .  M i s
2

• M 2
r e l a t e d  t o  x  by ~  Z 1 -  x  f o r  l a r g e  s .  S in c e  i n  t h e  c .ra .  M =

s  -  2 / s  E +m i f  s  »  m ^ , t h e n  E Z p , , and  we h av e  Z s  -  2 lé” p , , c c  c c  II ^ I  i

T h is  i s  t h e  s u i t a b l e  p a i r  f o r  Regge a n a l y s i s  i n  t h e  beam f r a g m e n t a t i o n

2
r e g i o n ,  w h i le  (M , u )  i s  t h e  a p p r o p r i a t e  c h o i c e  f o r  t h e  s t u d y  o f  t h e  

t a r g e t  f r a g m e n t a t i o n  r e g i o n .

At t h i s  s t a g e  we h av e  c r u d e l y  d e f i n e d  t h r e e  r e g i o n s  i n  p h a s e  

s p a c e  an d  t h e  s e t  o f  c o n v e n ie n t  v a r i a b l e s  f o r  e x p r e s s i n g  t h e  i n c l u s i v e  

d i s t r i b u t i o n  i n  t h o s e  r e g i o n s ,  b u t  h av e  s a i d  n o t h i n g  a b o u t  how 

t h o s e  r e g i o n s  may b e  r e a c h e d ,  how M u e l l e r ' s  th e o re m  can  be  a p p l i e d  

and  w ha t  s o r t  o f  M u e l le r -R e g g e  e x p a n s io n  w ould  b e  e x p e c t e d .  A b r i e f  

d i s c u s s i o n  on t h e s e  s u b j e c t s  f o l l o w s ,

a )  Beam f r a g m e n t a t i o n  r e g i o n

W ith in  t h i s  r e g i o n  t h e  f o l l o w i n g  l i m i t s  a r e  d i s t i n g u i s h e d

_s 
.2

2 si )  The s i n g l e  Regge l i m i t ;  s  -»■“>, M *^«>, —t- and  t  f i x e d  w i t h
M

t h e  M u e l le r -R e g g e  e x p a n s io n  shown i n  F i g .  1 . 6 .
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C — « - - - - - - - - ^  C
a  »------- ( )------ «— a =
h »------- ------------- ► b a 

b

F i g .  1 . 6 ,  M u e l le r -R e g g e  e x p a n s io n  f o r  s i n g l e  Regge l i m i t

w here  E d e n o te s  sum o v e r  a l l  p o s s i b l e  Regge e x c h a n g e s .  I n  t h i s
"1  2 . 

c a s e ,  t h e  d i s t r i b u t i o n  f ( s , t , M  ) can  be  a p p ro x im a te d  by

w i t h  Gp and  G^, r e s p e c t i v e l y ,  t h e  s c a l i n g  and  t h e  n o n - s c a l i n g  

co m p o n e n ts .

2i i )  The q u a s i - tw o - b o d y  l i m i t ;  s  M an d  t  f i x e d  w i t h  t h e

M u e l le r -R e g g e  e x p a n s io n  d e p i c t e d  i n  F i g .  1 .7 .

a-
b- Q I

ij
b

F i g .  1 . 7 .  M u e l le r -R e g g e  e x p a n s io n  f o r  q u a s i - tw o - b o d y  l i m i t

w here  E i m p l i e s  t h e  sum m ation o v e r  a l l  p o s s i b l e  c o m b in a t io n s  o f  i  
%

and  j  R e g g e d n s . The d i s t r i b u t i o n  i s

f ( s , t , M ^ )  = E 3 . . ( t )  g ( o i ( t ) + a j ( t ) - l )  T . .  ( t , M ^ ) ,

w here  i s  t h e  fo r w a rd  d i s c o n t i n u i t y  o f  t h e  R e g g e o n - p a r t i c l e

s c a t t e r i n g  a m p l i t u d e .  The p a r t i c l e - R e g g e o n - p a r t i c l e  c o u p l i n g  i s  

a c c o u n te d  f o r  by  t h e  r e s i d u e  3 ^ ^ .

i i i )  The t r i p l e - R e g g e  l i m i t ;  s  -»-«>, M̂  -»■«>, s/M^ l a r g e  and  t  

f i x e d  w i t h  t h e  M u e l le r -R e g g e  e x p a n s io n  i l l u s t r a t e d  i n  F i g .  1 . 8 .
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C — — < - - - - - - - - - - - - - - - -  < ------- c Q
a  »------( )-----   a = y
b  ̂ W    b ij,k

c

b

F i g .  1 . 8 .  M u e l le r -R e g g e  e x p a n s io n  f o r  t r i p l e - R e g g e  l i m i t

w here  sum m ation  o v e r  a l l  p o s s i b l e  Reggeons i s  i m p l i e d  by  E . The

( 23)i n c l u s i v e  c r o s s  s e c t i o n  i s  g iv e n  by

f C s . t . H b  = Z B. . ,X t )  s ( o k ( 0 ) - l ) _
i . j . k

w here  g . . .  i s  t h e  t o t a l  r e s i d u e .  i ] k

b )  C e n t r a l  r e g i o n

D ouble  Regge l i m i t ;  s  -> < » , | t |  ■>•<», j u |  and  mj  ̂ f i x e d  w i t h

t h e  M u e l le r -R e g g e  e x p a n s io n  d i s p l a y e d  i n  F i g .  1 . 9 .

Q  > . . . . . . . . .  J- - - - - - »  Q

a  »--------------------- "--------- 9 T- >(%i
C — «-------- 1 I--------- < c  =  2- C ---------- ■<-----------)  4  C
b    b  i, j )(%j

b --------> • ‘-------»»•■-' ' - b

F i g .  1 . 9 .  M u e l l e r  Regge e x p a n s io n  f o r  c e n t r a l  r e g i o n

w here  E t a k e s  i n t o  a c c o u n t  a l l  p o s s i b l e  Regge e x c h a n g e s .  The

^ (21+) 
a s y m p t o t i c  i n c l u s i v e  c r o s s  s e c t i o n  i s  g iv e n  by

f ( s , t , u )  = Z B . . ( m , )  ^
i . j

I n  t h i s  e x p r e s s i o n  a l l  c o u p l i n g s  a r e  a c c o u n te d  f o r  by  t h e  r e s i d u e

c )  T a r g e t  f r a g m e n t a t i o n  r e g i o n

The d i s c u s s i o n  g iv e n  f o r  t h e  beam f r a g m e n t a t i o n  r e g i o n  a p p l i e s  

t o  t h i s  r e g i o n  a s  w e l l  by c h a n g in g  t .  ^ u  an d  x  - > - x .
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2 .2  FORMALISM

The s c a t t e r i n g  a m p l i tu d e  f o r  t h e  i n c l u s i v e  r e a c t i o n  ab  -» cX, 

d e p i c t e d  i n  F i g .  2 . 1 ,  f o r  t h e  s p e c i f i c  i n c l u s i v e  f i n a l  s t a t e  X , i s  

t a k e n  t o  be

T r  ^
a  ^a3  3 ’

(28 29)w here  J  i s  t h e  s t a n d a r d  f i e l d  t h e o r e t i c  c u r r e n t  ’ a t  v e r t e x  a a

w i th  a l l  t h e  p a r t i c l e s  a ,  c and  R p u t  on t h e i r  mass s h e l l ,  p^^ i s  

t h e  Reggeon p r o p a g a t o r  b e tw e en  v e r t i c e s  a  and  3 and  i s  t h e  

s t r u c t u r e  f u n c t i o n  a t  v e r t e x  3» The c u r r e n t s ,  p r o p a g a t o r s  and  

s t r u c t u r e  f u n c t i o n s  a r e  g iv e n  f o r  t h e  v a r i o u s  p r o c e s s e s  u n d e r  

i n v e s t i g a t i o n  a s  t h e y  a r e  n e e d e d .

•X

F i g .  2 . 1 .  The Born d ia g ra m  f o r  s i n g l e - p a r t i c l e - i n c l u s i v e  

p r o d u c t i o n  i n  t h e  f r a g m e n t a t i o n  r e g i o n

EEE
• IR spins X

X

F i g ,  2 . 2 ,  The M u e l le r -R e g g e  d ia g ra m  c o r r e s p o n d i n g  t o  F i g .  2 . 1

In  t h i s  c h a p t e r  o n ly  n u c le o n  p r o d u c t i o n  i n  n u c l e o n - n u c l e o n  

s c a t t e r i n g ,  w hich  p r o c e e d s  by  t h e  ex ch an g e  o f  a  c h a r g e d  n o n - s t r a n g e
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m eson , w i l l  be  c o n s i d e r e d ,  e . g . ,  pp -^nX an d  np ->pX.

The o n l y  a l l o w e d  Regge e x c h a n g e s  f o r  t h e  r e a c t i o n s  pp -»-nX 

and  np -+pX a r e  t h e  tt, t h e  p and  t h e  . We h a v e  assum ed  s t r o n g  

e x c h an g e  d e g e n e r a c y ^ t o  c a l c u l a t e  t h e  A^ c o n t r i b u t i o n  from  t h a t  

o f  t h e

F o r  IT ex ch an g e

2

" ^5 “  2 T s ^ ^ D t a r / S - S '
%

a n d ,  f o r  p/A^ ex c h an g e  we have

^2ÜÇ 2 ^p^^D +2F/3-S   ̂’

( 33 )w here  F„ an d  F„ a r e  t h e  c o n v e n t i o n a l  S ach s  fro m  f a c t o r s  and  C M

a r e  r e l a t e d  t o  t h e  b a ry o n -b a ry o n -m e s o n  c o u p l i n g ,  g ^ ^ ^ ,  by 

q2
2mp) &BBM'

and

^ ^ V ~ ^  &BBM'

w here  m an d  y a r e  t h e  g ro u p  t h e o r e t i c  a v e r a g e  m a s s e s . o f  t h e  b a ry o n  and

m eson , r e s p e c t i v e l y ,  m^ i s  t h e  a v e r a g e  m ass o f  t h e  in co m in g  and

o u t g o i n g  b a r y o n s ,  P = (p  + p ) and  Q = (p  -  p  ) , (w h e re v e r  Py a  ^ c  y y ^ a  y
2 . 2 2 2 2 and  Q a p p e a r  we w i l l  t a k e  them  t o  be  o n - s h e l l ,  i . e . j P  = 2(m^+m^)-y

2  2  V —
and  Q = y ) ,  N an d  N a r e  t h e  n u c l e o n  an d  t h e  a n t i n u c l e o n  wave 

f u n c t i o n s  ( s e e  A p p en d ices  A an d  B) an d  t h e  s u b s c r i p t s  D, F an d  S 

r e f e r  t o  SU(3) sy m m etr ic  an d  a n t i s y m m e t r i c  o c t e t  an d  s i n g l e t  c o u p l ­

i n g s , r e s p e c t i v e l y .  I n  t h e  p r e s e n t  c a s e  t h e  C le b s c h -G o rd a n  

c o e f f i c i e n t s  c o r r e s p o n d i n g  t o  (D + 2 F / 3 - S )  an d  (F+3S) a r e  5 i6 /3  

and  v^, r e s p e c t i v e l y .  I n  a d d i t i o n
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■ V K X 5 
= "yVKX P Q Y Y .

and  gggj^ i s  c a l c u l a t e d  f ro m  t h e  known p i o n - n u c l e o n  c o u p l i n g  c o n s t a n t  

by

&  = 3 0 .0  a .  (1  -  ( ^ ) E
%  3

The p r o p a g a t o r s  h a v e  t h e  fo rm
«

and2   2 ’
t -m  t -ms v

f o r  p s e u d o s c a l a r  a n d  v e c t o r  e x c h a n g e ,  r e s p e c t i v e l y ,  w i t h  m^ and  m^ 

a s  t h e  o n - s h e l l  m ass  o f  t h e  ex c h a n g e d  p s e u d o s c a l a r  an d  v e c t o r  

m eso n s ,  r e s p e c t i v e l y .  The R e g g e i z a t i o n  p r o c e d u r e  y i e l d s

da
TT

t -m  ^ d t  .
TT IT

1+T exp(-iira )
( -  r ( - a  ))—  IL.

t=m M

and

t -m  d t
P

1 + T  e x p C -i i ra  ) _
2 ( r ( l - a  ) ) — ^ ------- ^  ( ^ ) % - \

t=m ^ P ^ M
P

w here  a  an d  t  a r e  t h e  Regge t r a j e c t o r y  an d  s i g n a t u r e  o f  t h e  

a p p r o p r i a t e  R eg g eo n .  Our Regge t r a j e c t o r i e s  a r e  t a k e n  a s

a  ( t )  = 0 .0 1 3  + 0 .6 5 0  t ,
IT

and

a  ( t )  = 0 .4 7 0  + 0 .9 0 5  t ,
P

w here  t h e s e  t r a j e c t o r i e s  a r e  d e r i v e d  u n d e r  t h e  a s s u m p t io n  o f

ex ch an g e  d e g e n e r a c y  b e tw e e n  t h e  p a i r s  o f  p a r t i c l e s  ir-B an d  p -A ^ .

XAt t h i s  s t a g e  a l l  we know a b o u t  t h e  f u n c t i o n  T i s  t h a t  f o r
p

p io n  e x c h an g e  i t  m u s t - b e  a  p s e u d o s c a l a r  an d  f o r  p/A^ e x c h an g e  i t
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m ust be  a  v e c t o r .

S in c e  we h av e  assum ed t h a t  p and  a r e  ex ch an g e  d e g e n e r a t e  

t h e y  do n o t  i n t e r f e r e .  A l s o ,  i t  i s  p o s s i b l e  t o  show t h a t  Reggeons 

o f  d i f f e r e n t  n a t u r a l i t y  do n o t  i n t e r f e r e ,  i . e . ,  t h e r e  i s  no i n t e r ­

f e r e n c e  b e tw e e n  t h e  ïï and  t h e  p / A^ .  T h u s ,  i n ' c a l c u l a t i n g  t h e  

d i f f e r e n t i a l  c r o s s  s e c t i o n ,  a s  i n d i c a t e d  i n  F i g .  2 .2  , we a r e  

d e a l i n g  w i t h  t h e  s q u a r e s  o f  t h e  a m p l i tu d e s  an d  we h av e  no i n t e r ­

f e r e n c e  t e r m s , The only, t h i n g s  we c a n n o t , i n  p r i n c i p l e , c a l c u l a t e  

f o r  t h e s e  a m p l i t u d e s ,  a t  t h i s  s t a g e ,  a r e  t h e  s c a l a r  and  t h e  t e n s o r  

q u a n t i t i e s

z an d  z r /

w h ich  a r i s e  when we s q u a r e  t h e  a m p l i t u d e s ,  sum o v e r  X an d  f a c t o r ­

i z e  o u t  t h e  p s e u d o s c a l a r s  and  v e c t o r s  t h a t  a r i s e  from  t h e  t h r e e -  

p a r t i c l e  v e r t e x  ( v e r t e x  a  i n  F i g .  2 . 1  ) .

F o r  t h e s e  q u a n t i t i e s  we t u r n  t o  o n - s h e l l  Tip and  pp e l a s t i c  

s c a t t e r i n g  a t  t '  = 0  ( s e e  F i g .  2 . 3  ) .  The irp t o t a l  c r o s s  s e c t i o n  

i s  r e l a t e d  t o  t h e  t r a n s i t i o n  m a t r i x  e le m e n t  <TTp | T | ir p > v i a  

t h e  s t a n d a r d  o p t i c a l  t h e o re m ,  i . e .

D = D is c i  { E X  <irp | T | X > <X | T | Trp> }
s ' ' t ’=0 s p i n  X

= F lu x  . ( wp) ,

and  s i m i l a r l y  f o r  t h e  p ,  w here  E i n d i c a t e s  an  a v e r a g e  o v e r  t h e
s p i n

i n i t i a l  and  sum o v e r  t h e  f i n a l  p (a n d  p i n  t h e  c a s e  o f  pp s c a t t e r ­

i n g )  s p i n s .
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p r e v i o u s  i n c l u s i v e  d a t a .

F i g s .  2 . 4  and  2 .5  d i s p l a y  t h e  o n e - p a r t i c l e - i n c l u s i v e  c r o s s  

s e c t i o n s  f o r  t h e  p r o c e s s  (pn ^ p X ) ,  w h i le  F i g .  2 .7  shows t h e  same 

q u a n t i t y  f o r  t h e  p r o c e s s  (pp ->nX) .  In  t h e s e  f i g u r e s  t h e  t h e o r e ­

t i c a l  c u r v e s ,  f o r  t h e  u n n a t u r a l  p a r i t y ,  n a t u r a l  p a r i t y  and  t o t a l  

c o n t r i b u t i o n s ,  a r e  shown and  com pared w i t h  t h e  e x p e r i m e n t a l  d a t a  

o f  FNAL and  ISR . The dom inance o f  t h e  u n n a t u r a l  p a r i t y  exch an g e  

c o n t r i b u t i o n ,  w h ich  i s  c o m p le t e ly  p io n  e x c h a n g e ,  i s  e v i d e n t ,  w i th

t h e  r a t i o  o f  t h e  u n n a t u r a l  p a r i t y  t o  t h e  n a t u r a l  p a r i t y  c o n t r i b u t i o n

2 2 
i n c r e a s i n g  w i t h  M f o r  a  g iv e n  s . The M d ep e n d en ce  o f  t h e  d a t a  i s

w e l l  a c c o u n te d  f o r  by  t h e  m o d e l .

I n  F i g s ,  2 .5  and 2 .8  t h e  t  dep en d en ce  o f  t h e  o n e - p a r t i c l e -

2i n c l u s i v e  d i s t r i b u t i o n s  i s  shown a t  f i x e d  M . H ere i t  can  a g a in  

be s e e n  t h a t  t h e  n a t u r a l  p a r i t y  c o n t r i b u t i o n ,  w hich  i s  due t o  t h e  

ex c h an g e  o f  t h e  p and  t h e  A^, i s  overw helm ed by  t h e  u n n a t u r a l  p a r i t y  

c o n t r i b u t i o n .  The r a t i o  o f  t h e  u n n a t u r a l  p a r i t y  t o  t h e  n a t u r a l  

p a r i t y  c o n t r i b u t i o n  d e c r e a s e s  w i t h | t | .  The m odel g i v e s  a  f o r w a rd  

d i p  i n  t h e  t  d i s t r i b u t i o n  a t  t  = 0 ,  The t  d ep en d en ce  o f  t h e  m odel 

i s  c o m p a t ib l e  w i th  t h e  d a t a  a l t h o u g h ,  due t o  a p a u c i t y  o f  t h e  d a t a  

i n  t ,  no  c o n c l u s i v e  s t a t e m e n t  can  be made.

B eca u se  o f  t h e  h i g h e r  symmetry schem e, i t  i s  e a s y  t o  e x t e n d

^  o + -  _oo u r  m odel t o  s u c h  p r o c e s s e s  a s p - ^ A , Z , E , E ,  = , = , =

w here  A i s  an a p p r o p r i a t e  h a d r o n .  We a c c o m p l i s h  t h i s  by  r e p l a c i n g
*

t h e  TT, t h e  p and  t h e  A^ t r a j e c t o r i e s  by  t h e  K, t h e  K (8 9 0 )  and  t h e
A

k” (1 4 2 0 )  t r a j e c t o r i e s ,  r e s p e c t i v e l y ,  and  u s i n g  t h e  a p p r o p r i a t e  

C le b s c h -G o rd a n  c o e f f i c i e n t  a t  t h e  t h r e e  p a r t i c l e  v e r t e x  ( v e r t e x  a 

i n  F i g .  2 . 1  ) .  R e a c t io n s  o f  t h i s  t y p e  w ould  be  an  i n t e r e s t i n g  

t e s t  o f  t h e  m odel and  pp 7K w i l l  be s t u d i e d  i n  c h a p t e r  4 .
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F i g ,  2 . 7  The i n v a r i a n t  c r o s s  s e c t i o n  f o r  (p  ^ n )  a t  some ISR

e n e r g i e s  p l o t t e d  a g a i n s t  M ^/s .  D a ta  from  r e f .  43 ( i n d i c a t e s

t h e  n a t u r a l  p a r i t y  exchange  c o n t r i b u t i o n ,  i n d i c a t e s  t h e  u n n a t u r a l

p a r i t y  ex ch an g e  c o n t r i b u t i o n ,   --------- i n d i c a t e s  t h e  t o t a l  ex ch an g e

c o n t r i b u t i o n )
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2 . 4  CONCLUSION

A M u e l le r -R e g g e  model h a s  been  c o n s t r u c t e d  f o r  s t u d y i n g  t h e  

o n e - p a r t i c l e - i n c l u s i v e  p r o c e s s e s  i n  t h e  q u a s i - tw o - b o d y  an d  t r i p l e -  

Regge l i m i t s  o f  t h e  f r a g m e n t a t i o n  r e g i o n .  T h is  p a r a m e t e r - f r e e  

m o d e l ,  w h ich  i s  t h e  fram ew ork o f  o u r  s t u d y  o f  t h e  i n c l u s i v e

r e a c t i o n s ,  u s e s  t h e  Regge p a r a m e te r s  d e r i v e d  from  tw o -b o d y  

p h en o m en o lo g y .

The m odel h a s  b ee n  a p p l i e d  t o  t h e  n u c le o n  p r o d u c t i o n  p r o c e s s e s  

and  shows' a  s u r p r i s i n g l y  q u a l i t a t i v e  s u c c e s s .  N e v e r t h e l e s s  t h i s  

q u a l i t a t i v e  s u c c e s s  h as  no r e a l  s i g n i f i c a n c e  and  we h av e  l e a r n e d  

from  tw o -b o d y  phenom enology t o  be c a u t i o u s  i n  i n t e r p r e t i n g  su ch  

s u c c e s s e s .  But t h i s  q u a l i t a t i v e  s u c c e s s  e n c o u r a g e s  us  t o  be more 

o p t i m i s t i c  a b o u t  a c c e p t i n g  t h i s  model a s  t h e  b a s i c  fram ew ork  f o r  

more d e t a i l e d  i n v e s t i g a t i o n s  o f  t h e  i n c l u s i v e  p r o c e s s e s  and  p e r h a p s  

t h e  e x p l a n a t i o n  o f  an e f f e c t i v e l y  co m p le te  e x p e r im e n t

The m o d e l ,  a s  i t  s t a n d s ,  i s  t o o  n a i v e  t o  g iv e  a  f u l l  d e s c r i p t i o n  

o f  t h e  i n c l u s i v e  p r o c e s s e s .  The model h a s  b een  a p p l i e d  t o  

r e s o n a n c e  p r o d u c t i o n  p r o c e s s e s ^ ^ ^ '^ ^ ^ .  O b v io u s ly  t h e s e  r e s o n a n c e s  

s u b s e q u e n t l y  d ecay  i n t o  t h e i r  more s t a b l e  p r o d u c t s  and  one w ould  

e x p e c t  any  r e a s o n a b l e  m odel t o  g iv e  some s o r t  o f  e x p l a n a t i o n  o f  

t h i s  d e c a y  p r o c e s s  v i a  t h e  s t r u c t u r e  i n  t h e  d ecay  d e n s i t y  m a t r i c e s .  

T h i s  m odel a t  t h e  p r e s e n t  s t a g e  i s  u n a b le  t o  g iv e  any  s t r u c t u r e  

f o r  t h e  d e c a y  d e n s i t y  m a t r i c e s .

The s t u d y  o f  tw o-body  p r o c e s s e s  h a s  t a u g h t  u s  t h a t  i n  any

r e a l i s t i c  m o d e l ,  w hich  i s  d e s ig n e d  f o r  h ig h  e n e rg y  i n t e r a c t i o n s ,

( 45)a p a r t  f rom  p u r e  Regge p o l e s ,  t h e  i n c l u s i o n  o f  Regge c u t s  i s  

e s s e n t i a l .  Now one m ig h t  a rg u e  t h a t  t h e  in a d e q u a c y  o f  t h e  m odel 

i n  d e s c r i b i n g  t h e  i n c l u s i v e  p r o c e s s e s  i n  a  r e a s o n a b l e  m anner h a s
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and  P p ,  a f t e r  R e g g e i z a t i o n ,  t a k e  t h e  form

d a ^ ( t )

and

TT dt

da ( t )

V  " - i r -

1 + T ex p ( - i7 ra  ( t ) )  a ( t )
t=m 2 ( -  r ( - a  ( t ) )  ( H---------------H------- ) ( i _ )  "

IT ■ 2 M

1 + T exp(-iTTa ( t ) )  a  ( t ) - l
t = m  2  ( f ( i  - «  ( t )) )  ( e -------------------- e ---------- ) ( 1 - )  p

P  ̂ 2 M

respectively, where a ( t )  = + a ' t  and t is the appropriate

signature.

Our Regge t r a j e c t o r i e s  a r e  t a k e n  as

a ( t )  = -  0 .0 1 3  + 0 .6 5 0  t ,TT '

an d

t tpCt )  = 0 .4 7 0  + 0 .9 0 5  t .

where these trajectories are derived under the assumption of exchange 

degeneracy between the pairs of particles tt -  B and p - A^.

r  

22

F i g .  3 . 1  The ( 2 ^ , 5 ^ , R) p a r f i c l e - p a r t i c l e - R e g g e o n  v e r t e x  w i t h  t h e  momenta 
a p p r o p r i a t e l y  l a b e l l e d .

r
2

T+F i g ,  3 .2  The M u e l le r -R e g g e  d iag ram  f o r  t h e  i n c l u s i v e  p r o d u c t i o n  o f  5  i n  t h e  
beam f r a g m e n t a t i o n  r e g i o n .
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F o r  t h e  up t o t a l  c r o s s  s e c t i o n  we t a k e

8 .3o _ ( np ) =  ( 2 3 . 4  + - ^ j r n b .

■ ( 37)and  f o r  t h e  pp t o t a l  c r o s s  s e c t i o n  we t a k e

=0*270 0 . 6 5

( 1 -  t / m )' 
P

( 9 8 . 6  t  mb.
(«2)^

The c o n t r i b u t i o n  was c a l c u l a t e d  u s i n g  s t r o n g  exchange  

d e g e n e r a c y ,  i . e . ,  t o  g e t  t h e  exchange  c o n t r i b u t i o n  from  t h e  p 

e x c h an g e  c o n t r i b u t i o n  we s im p ly  t a k e  = -  x ^ .  A d e t a i l e d  

d i s c u s s i o n  o f  t h e  c a l c u l a t i o n  o f  t h e s e  e x p r e s s i o n s  i s  g iv e n  i n  

C h a p te r  2 .

I n  t h e  M u e l le r -R e g g e  fo rm a l i s m  we sum o v e r  a l l  p o s s i b l e  

h e l i c i t y  s t a t e s  i n  t h e  f i n a l  s t a t e  X, I t  w ould  be  a  d i f f i c u l t  

t a s k  t o  d i s e n t a n g l e  t h e s e  t o  a s c e r t a i n  t h e  p r e c i s e  p r o p o r t i o n  o f  

h e l i c i t y  f l i p  and  h e l i c i t y  n o n - f l i p  c o n t r i b u t i o n s  a t  t h e  i n c l u s i v e  

v e r t e x .  How ever, a l l  t h e  M u e l le r -R e g g e  c a l c u l a t i o n s  show s t r o n g  

f o r w a r d  p e a k in g  o f  t h e  i n c l u s i v e  c r o s s  s e c t i o n  w hich w ould  s u g g e s t  

t h e  dom inance  o f  h e l i c i t y  n o n - f l i p  c o n t r i b u t i o n s  a t  t h e  i n c l u s i v e  

v e r t e x .  A c c o r d i n g l y ,  we assume t h a t  no n e t  h e l i c i t y  f l i p  t a k e s  

p l a c e  a t  t h e  i n c l u s i v e  v e r t e x .  T hus ,  any  n e t  h e l i c i t y  f l i p  a r i s e s  from  

t h e  t h r e e - p a r t i c l e - v e r t e x .

F i g .  3 .3  The a b s o r b e d  M u e l le r -R e g g e  d iag ram  where  e l a s t i c  s c a t t e r i n g  i n  
t h e  i n i t i a l  s t a t e s  i s  t a k e n  i n t o  a c c o u n t .
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i s  e v i d e n t  i n  t h i s  d i a g r a m .

I n  F i g .  3 .6  we h a v e  p l o t t e d  t h e  p o l a r i z a t i o n  o f  t h e  r e c o i l

2
n e u t r o n  a s  a  f u n c t i o n  o f  t h e  4-momentum t r a n s f e r  f o r  f i x e d  M / s . 

A g a in  t h e  s c a l i n g  b e h a v i o u r  o f  t h e  a m p l i t u d e s  i s  c l e a r l y  m a n i f e s t ­

i n g  i t s e l f .  The p o l a r i z a t i o n  v a n i s h e s  a t  t ^ ^ ^  b y  a n g u l a r  momentum

c o n s e r v a t i o n ,  r i s e s  t o  a  maximum o f  a b o u t  6 % p o s i t i v e  p o l a r i z a t i o n

2 9
a t  - t  = 0 .5 0  (G eV /c)  g o e s  t h r o u g h  z e r o  a t  a b o u t  - t  = 0 . 7 0  (G eV /c)

a n d  a t t a i n s  a  n e g a t i v e  v a l u e  o f  a b o u t  2%. T h i s  b e h a v i o u r  o f  t h e

p o l a r i z a t i o n  i s  q u i t e  d r a m a t i c  and  w o u ld  b e  an  i n t e r e s t i n g  t e s t  o f

t h e  m o d e l .

2
F i g .  3 .7  shows t h e  p o l a r i z a t i o n  a s  a  f u n c t i o n  o f  M / s  f o r  

f i x e d  momentum t r a n s f e r .  • The p o l a r i z a t i o n ,  a s  shown i n  F i g .  3 .6  ,

o n l y  r e a c h e s  a p p r e c i a b l e  v a l u e s  f o r  l a r g e  t  v a l u e s .

The p r e d i c t i o n s  o f  o u r  m ode l  a r e  co m p ared  i n  F i g .  3 .8  w i t h

t h e  d a t e  f ro m  FNAL^^^^ on t h e  r e a c t i o n  (n  ^ p )  a t  f o u r  d i f f e r e n t

2 2 i n c i d e n t  momenta i n  t h e  r a n g e  s  = 109 (GeV) t o  s  = 756 (GeV) .

T h i s  d a t a  i s  o f  much h i g h e r  q u a l i t y  t h a n  t h e  ISR d a t a  shown

p r e v i o u s l y  a n d ,  a s  s u c h ,  p r o v i d e s  a  much m ore s t r i n g e n t  t e s t  o f  o u r

2
m odel c a l c u l a t i o n s .  We o b s e r v e  t h a t  t h e  s ,  t  an d  M / s  d e p e n d e n c e s  

o f  t h e  t h e o r e t i c a l  d i s t r i b u t i o n s  a r e  c o n s i s t e n t  w i t h  t h e  d a t a .

The m o d i f i e d  M u e l le r - R e g g e  p o l e  a m p l i t u d e s  ca n  b e  s e e n  t o  i n t e r ­

p o l a t e  t h e  e x p e r i m e n t a l  d a t a  an d  r e p r e s e n t s  a  t r u  l y  r e m a r k a b l e  

p a r a m e t e r - f r e e  f i t  t o  t h e  d a t a  w h i l e  t h e  u n m o d i f i e d  a m p l i t u d e s  

o v e r e s t i m a t e  t h e  e x p e r i m e n t a l  d a t a  b y  f a c t o r s  o f  a b o u t  3 .  T h u s ,  

we s e e  t h a t  o u r  c o n j e c t u r e  t h a t  a b s o r p t i v e  c u t . c o r r e c t i o n s  c o u l d  

rem edy  t h e  n o r m a l i z a t i o n  p ro b le m  f o r  t h e  i n v a r i a n t  c r o s s  s e c t i o n  

i s  c o r r e c t .  T h i s  p r o v i d e s  y e t  a n o t h e r  s t i m u l u s  t o  s t u d y i n g  c u t  

c o r r e c t i o n s  t o  t h e  M u e l l e r - R e g g e  m o d el  w i t h  s i m p le  p o l e s ,  i n  

a d d i t i o n  t o  t h o s e  a l r e a d y  m e n t io n e d  i n  t h e  i n t r o d u c t i o n .
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( 59)
I t  was shown t h a t  t h e  c l o s e d  e x p r e s s i o n  f o r  a  Regge 

e i k o n a l  f o r m u l a  f o r  summing a l l  Pom eron e x c h a n g e  r e s c a t t e r i n g  

c o r r e c t i o n s  t o  t h e  M u e l l e r - R e g g e  Y g r a p h  shown i n  F i g .  3 . 1 3  i s  

g i v e n  by

2—h. o—k 2-^^
( 2 i t )^  ( 2 h ) ^  ( 2 t t )^  ( 2 ï ï)^

w h e re

S ( Q , .Q P  = I

^ 1 X2 1 ^^ 2 1  ̂ + 1 X2 4 , 1 ( ^ 2 1 , ^ 4 1 ) 4 l ( ® 4 l )

an d

. e 2 1 / ^ 2 1 ) "  ^ ^ 2 4 , l ( ® 2 l ’ ® 4 l)  "  1 X4 1 ( 8 4 1 ) '

w h e re  t h e  v a r i a b l e s  a r e  d e f i n e d  i n  R e f .  59 a n d  a n d  X2 4  i

a r e  e i k o n a l  p h a s e s  b e tw e e n  t h e  i n d i c a t e d  p a r t i c l e s .

C a l c u l a t i o n s  u s i n g  t h i s  m o d e l  a r e  p r e s e n t l y  b e i n g  c a r r i e d  o u t (^ * ^ ) .

A l th o u g h  t h e s e  c a l c u l a t i o n s  s h o u l d  a g r e e ,  t o  l e a d i n g  o r d e r ,  w i t h

t h e  c a l c u l a t i o n s  p r e s e n t e d  h e r e  i t  w i l l  b e  i n t e r e s t i n g  t o  s e e  i f  

2
an y  s t r o n g  M / s  d e p e n d e n c e  r e s u l t s  f ro m  t h e  i n c l u s i o n  o f  t h e  

e i k o n a l  p h a s e s  x ^ ^  a n d  X2 4  I n  a d d i t i o n ,  i t  w i l l  b e  i n t e r e s t i n g  

t o  o b s e r v e  a n y  c h a n g e s  i n  t h e  p r e d i c t e d  n u c l e o n  p o l a r i z a t i o n .



56

C H A P T E R  F O U R

A POLARIZATION

The e v i d e n c e  f o r  i n c l u d i n g  Regge c u t  c o r r e c t i o n s  t o  t h e  

M u e l l e r - R e g g e  m ode l  f o r  i n c l u s i v e  p r o c e s s e s  o f  t h e  fo rm  a  + b ->■ c  + X

i n  t h e  t r i p l e - R e g g e  r e g i o n ,  b o t h  fro m  t h e o r e t i c a l " a n d

, T T ( 3 6 , 4 8 - 5 1 )  • j  • • • m-Lp h e n o m e n o l o g i c a l  c o n s i d e r a t i o n s ,  i s  p e r s u a s i v e .  The

r e a c t i o n  p + p A + X, w h e re  t h e  p o l a r i z a t i o n  o f  t h e  A i s  o b s e r v e d ,

p r o v i d e s  a  n i c e  t e s t  o f  an y  p a r t i c u l a r  m e th o d  f o r  i n c l u d i n g  Regge

c u t s  i n  a  M u e l l e r - R e g g e  m o d e l .  T h i s  i s  b e c a u s e  i n  a  M u e l l e r - R e g g e

m o d el  w i t h  s i m p le  p o l e s  t h e  A p o l a r i z a t i o n  i s  i d e n t i c a l l y  z e r o .  The

P o l a r i z a t i o n  r e s u l t s  f rom  Regge c u t  c o n t r i b u t i o n s  a n d  t h u s  p r o v i d e s

a  s e n s i t i v e  m e a s u re  o f  t h e i r  s t r e n g t h  an d  f u n c t i o n a l  f o r m s .

K,K*"(890), K"*(1420)

M

F i g ,  4 . 1  The s i n g l e - p a r t i c l e - i n c l u s i v e  d ia g ra m  f o r  p + p  ->■ A + X

.w i th  a b s o r p t i o n  c o r r e c t i o n s  i n  t h e  i n i t i a l  s t a t e .  The p a r t i c l e s ,  

t h e  fo u r -m o m e n ta  a n d  t h e  M an d e ls tam  v a r i a b l e s  a r e  i n d i c a t e d .
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F o r  t h e  p r o c e s s  p + p -»■ A + X t h e  c o u p l i n g s  t o  t h e  t h r e e -  

p a r t i c l e  v e r t i c e s  a s  shown i n  F i g .  4 . 1  a r e  g i v e n  by

an d

P . _  _
M ( t )  (NN) + M ( t ) N y  N ( P l ) “  Pk*^K* ’

f o r  K a n d  K *(890) e x c h a n g e ,  r e s p e c t i v e l y .  H e re  s  an d  t  a r e  t h e

2
u s u a l  M a n d e ls tam  v a r i a b l e s  d e f i n e d  b y  ( s e e  F i g .  4 . 1 )  s  = (p ^  + P g )

2 2 
a n d  t  = (p ^  -  p ^ )  , M i s  t h e  m i s s i n g  m a s s ,  gp^j^/4TT i s  t a k e n  a s  1 6 . ,

m^ i s  t h e  n u c l e o n  m a s s ,  M ^ ( t )  an d  M ^ ( t )  a r e  fo rm  f a c t o r s  r e l a t e d

(3 3 )t o  t h e  c o n v e n t i o n a l  S a c h s  fo rm  f a c t o r s  F^ a n d  F^ b y  t h e  r e l a t i o n s

Ml = Fc -  F„ a n d  M, = ( 1  + — ) F „ ,

“ "’n

P = (p  + p ) an d  N an d  N a r e  t h e  wave f u n c t i o n s  o f  s p i n  5  y ^3 1 y ^
p a r t i c l e  an d  a n t i p a r t i c l e s ,  r e s p e c t i v e l y .  The s t r u c t u r e  f u n c t i o n s

,X ^ . _X 
K K-
X X

r  a n d  r  a r e  d e f i n e d  b y

K 2A(M ,m ,m ) j  (K p) a n d  P , = y 0 9 0 »
K P TOT K r

r e s p e c t i v e l y ,  w h e re  a n d  m^^  ̂ a r e  t h e  m a s s e s  o f  t h e  K a n d  t h e  

K *(89 0) m e s o n s ,  r e s p e c t i v e l y ,  m^ i s  t h e  p r o t o n  m ass  an d

2 2 2A ( x , y , z )  = (x  + y  + z -  2xy -  2 x z  -  2 y z )  .

The v a r i a b l e  i s  g i v e n  b y  P ^  = q  s i n 0 . The p r o p a g a t o r s  P ^  a n d  

Pj^A, a f t e r  R e g g e i z a t i o n ,  t a k e  t h e  fo rm

1 +T^exp | ^ i m a ^ X t ) j
I - I V -   ^

‘K

da ( t ) N a % ( t )

M

an d



60:

0 4

0  2

c
O

0  0 gg»teieaa*»Tt:B. '

. §
b

2
- 0  2

K'"(890)-K''(1420) exchange 

K,K'"(890)-K''(1420) exchange
-0 4

0  9  1 00 60 0 04 02 03
. P ,(GeV/c)

1 F i g .  4 . 2  The A p o l a r i z a t i o n  f o r  (p  ^A) a t  M / s  = 0 .1 9 7 4  sh o w in g  t h e  c o n t r i b u t i o n s
î'î *

f o r  K (8 9 0 )  -  K (1 4 2 0 )  an d  K,K (8 9 0 )  -  K (1 4 2 0 )  e x c h a n g e s .

I n  F i g s .  4 . 2 ;  4 . 3  we show t h e  r e s u l t s  o f  o u r  c a l c u l a t i o n s  f o r

t h e  A p o l a r i z a t i o n  i n  t h e  r e a c t i o n  p + 'p  A + X a t  300 (G e V /c )

2 2f o r  tw o d i f f e r e n t  v a l u e s  o f  t h e  v a r i a b l e s  M / s .  At M / s  = 0 .1 9 7 4

( s e e  F i g .  4 . 2 )  we s e e  t h a t  when t h e  K * (8 9 0 )  -  K *(1 4 2 0 )  e x c h a n g e

d e g e n e r a t e  t r a j e c t o r y  i s  e x c h a n g e d  t h e  p o l a r i z a t i o n  i s  s m a l l  a n d

p o s i t i v e  f o r  0 < < 0 , 8  ( G e V /c ) .  H ow ever,  t h e  e x c h a n g e  o f  t h e

K, K * (8 9 0 )  -  K *(1420) l e a d s  t o  a  p o l a r i z a t i o n  w h ic h  i s  s m a l l  an d

n e g a t i v e  f o r  < 0 . 3 8  (G eV /c)  w i t h  o u r  c h o i c e  o f  p a r a m e t e r s .  I n

2F i g .  4 . 3  we h av e  p l o t t e d  o u r  r e s u l t  f o r .  M / s  = 0 . 0 1 1 5 .  H e re  t h e  

K *(8 9 0 )  -  K * (1420) e x c h a n g e  d o m in a te s  t h e  K e x c h a n g e  i n  an y  c a s e .

As ->-0 we f i n d  n o  d i f f e r e n c e  b e tw e e n  t h e  r e s u l t s  f ro m  K * (8 9 0 ) -  

K * (1 4 2 0 )  e x c h a n g e  a n d  t h e  r e s u l t s  f o r  K, K * (8 9 0 )  -  K *(1 4 2 0 )  e x c h a n g e .  '

Of c o u r s e  o u r  m ode l  c a l c u l a t i o n s  o f  t h e  A p o l a r i z a t i o n  s c a l e .  The 

B a s e l  c o n v e n t i o n  i s  a d o p t e d  f o r  o u r  d e f i n i t i o n  o f  t h e  p o l a r i z a t i o n  

v e c t o r .
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F i g .  4 . 3  The A p o l a r i z a t i o n  f o r  (p. ^  A) a t  M ^/s = 0 .0 1 1 5  r e s u l t i n g  f ro m  

K, k" ( 8 9 0 )  -  K (1 4 2 0 )  e x c h a n g e .

B e c a u s e  t h e  e x p e r i m e n t a l  d a t a  i s  i n d e p e n d e n t  o f  t h e  t a r g e t  i t  

seem s w o r t h w h i l e  t o  com pare  t h e  d a t a  on t h e  A p o l a r i z a t i o n  i n  

p + Be A t  X w i t h  o u r  m o d e l  c a l c u l a t i o n s  o n p  + p ^  A t  X. T h i s  

s h o u l d ;  a t  l e a s t ,  g i v e  u s  t h e  s i g n  a n d  t h e  o r d e r  o f  m a g n i tu d e  o f  

t h e  A p o l a r i z a t i o n  we w o u ld  e x p e c t  t o  o b s e r v e  i n p t p  - > A t X .  

H ow ever, o u r  m odel i s  a  t r i p l e - R e g g e  m o d el  an d  s h o u l d  o n l y  b e  

a p p l i c a b l e  i n  t h e  t r i p l e - R e g g e  r e g i o n  o f  p h a s e  s p a c e .  The e x p e r i ­

m e n t a l  d a t a  e x i s t s  o u t s i d e  o f  t h e  t r i p l e - R e g g e  r e g i o n ,  e . g .  f o r  

2M / s  = 0 . 3 1 .  B ut t h e  d a t a  i s  i n d e p e n d e n t  o f  x  s o  we do n o t  

i n t r o d u c e  t o o  much e r r o r  b y  c o m p a r in g  o u r  t r i p l e - R e g g e  m o d e l  c a l c u ­

l a t i o n  w i t h  d a t a  a c c u m u l a t e d  o u t s i d e  t h e  t r i p l e - R e g g e  r e g i o n .
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I n  F i g .  4 . 4  we s e e  t h e  r e s u l t s  o f  o u r  m ode l  c a l c u l a t i o n s  f o r  

b o t h  K'‘(8 9 0 )  -  K'‘ (1 4 2 0 )  a n d  K, K *(890) -  K *(1 4 2 0 )  e x c h a n g e s  f o r  

t h e  A p o l a r i z a t i o n  f o r  p + p A + X co m p ared  w i t h  t h e  d a t a  f o r  

p + Be A + X. The d a t a  i s  p o s i t i v e  an d  s m a l l  f o r  < 0 . 8  (G eV /c)  

an d  seem s t o  a g r e e  q u i t e  w e l l  w i t h  t h e  r e s u l t  o f  K *(8 9 0 )  -  K * (1420) 

e x c h a n g e .  K e e p in g  F i g .  4 . 3  i n  m ind  we can  s e e  t h a t  i n  t h e  t r i p l e -  

Regge r e g i o n  a l l  t h e  e x c h a n g e s  w i l l  l e a d  t o  p o s i t i v e  A p o l a r i z a t i o n  

a s  i s  o b s e r v e d  e x p e r i m e n t a l l y .  I t  s h o u l d  b e  p o i n t e d  o u t  t h a t  b o t h  

t h e  s i g n  a n d  t h e  m a g n i tu d e  o f  t h e  A p o l a r i z a t i o n  g i v e n  b y  o u r  

m o d e l  c a l c u l a t i o n  a r e  p r e d i c t i o n s  o f  t h e  m ode l  r e s u l t i n g  f ro m  o u r  

a b s o r p t i o n  c o r r e c t i o n s  a n d  a r e  n o t  a r b i t r a r y .

I t  i s  now w e l l  e s t a b l i s h e d  t h a t  p o l a r i z a t i o n  e f f e c t s  e x i s t  i n

s i n g l e - p a r t i c l e - i n c l u s i v e  r e a c t i o n s .  T h ese  p o l a r i z a t i o n  e f f e c t s

ca n  be  t r e a t e d  w i t h  a b s o r p t i o n  c o r r e c t i o n  m o d e ls ^ ^ ^  a n d  t h i s

l e a d s  t o  s e n s i b l e  r e s u l t s . B e c a u s e  o f  i t s  s i m p l i c i t y  i t  w o u ld  b e

m o st  u s e f u l  t o  h a v e  e x p e r i m e n t a l  d a t a  on t h e  A p o l a r i z a t i o n  f o r  t h e

r e a c t i o n  p + p - ^ A + X i n  t h e  t r i p l e - R e g g e  r e g i o n  i t s e l f .  The

d a t a  w h ic h  i s  p r e s e n t l y  a v a i l a b l e  on t h e  r e a c t i o n s  p + B e ( C u ) ^  A t  X

c e r t a i n l y  i n d i c a t e s  t h a t  t h e  A p o l a r i z a t i o n  w i l l  b e  s m a l l  an d

p o s i t i v e .  P o l a r i z a t i o n  o f  t h e  A i n  t h e  i n t e r e s t i n g  p r o c e s s  pp  ^AX

(5 2 )
was a l s o  s t u d i e d  b y  P a i g e  an d  S id h u  w i t h i n  an  a b s o r p t i v e  m o d e l ,  

b y  T u r b i n e r ^ i n  R e g g e iz e d  o n e - p i o n - e x c h a n g e  m o d e l ,  by  Owens 

a n d  b y  Chang e t  a l .  i n  a  d i f f r a c t i v e  e x c i t a t i o n  m o d e l ^ ^ ^ \
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— K^(890)-K^1420) exchange
— K, K^(890)-K^(1420) exchange
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P i (GeV/c)

F i g ,  4 . 4  The p o l a r i z a t i o n  f o r  (p  ^  A) a t  M^/s = 0 . 3 1  co m p ared

w i t h  t h e  e x p e r i m e n t a l  A p o l a r i z a t i o n  f o r  (p  ^  A) sh o w in g  

t h e  v a r i o u s  e x c h a n g e  c o n t r i b u t i o n s .
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a ( îrp) = ( 2 3 . 4  + j ) mb.TOT

The e l a s t i c  r e s c a t t e r i n g  e f f e c t  i n  t h e  i n i t i a l  s t a t e ,  shown 

i n  F i g ,  5 . 1 ,  i s  t a k e n  i n t o  a c c o u n t  t h r o u g h  a b s o r p t i o n  i n  im p a c t  

p a r a m e t e r  s p a c e .  The c o r r e c t e d  a m p l i t u d e s  a r e  o f  t h e  fo rm

A X’ ... A A’
H ' = ( b p  H = °  ( b ^ . b j  ( b j ,a b s 2 ’ 1 '  ab  '  1 '

w h e re  S ( b )  i s  t h e  e l a s t i c  s c a t t e r i n g  S - m a t r i x .  A ssum ing  t h a t  t h e  

e l a s t i c  r e s c a t t e r i n g  e f f e c t s  i n  t h e  ab  an d  t h e  cb c h a n n e l s  a r e  

a p p r o x i m a t e l y  e q u a l ,  we h a v e  made t h e  r e p l a c e m e n t

1 1  S , (b )+ S „ ,  ( b )
s ^ b  ( b )  s ! b  ( b )  2 ~ 1 -  C e x p ( -A b  ) . =  S (b )

- 2w here  b i s  t h e  im p a c t  p a r a m e t e r ,  C i s  t h e  o p a c i t y ,  A = R w h e re

R i s  t h e  t a r g e t  i n t e r a c t i o n  r a d i u s .  We t a k e  C = 0 . 7 0  a n d  A = 0 .0 6 8  

2
(G eV /c)  . The c o r r e c t e d  M u e l le r - R e g g e  a m p l i t u d e s  a r e  g i v e n  by

( s , t , M ^ )  = /  TgdTg {  ^ 1 * 1  ®a b s

f A A!
. J bgdb^  J ^ f b g T )  H ( s , T ^ , T 2 ,M ) S ” ( b ^ ) ,

o

w h ic h ,  a f t e r  p e r f o r m i n g  t h e  i n t e g r a t i o n  o v e r  i m p a c t  p a r a m e t e r ,  

r e d u c e s  t o

Ha b s ( s , t ,M^) = j r ^ d T ^ 1 C
^  (T -T ^ )  -  —  exp{ -

, x

, H ( s ,T j^ ,T 2 ,M )
TT,

4A 2A

I n  t h i s  e q u a t i o n ,  u s i n g  t h e  s i m p l i f y i n g  a s s u m p t i o n  t h a t  t h e  i n c l u -

&
s i v e  v e r t e x  i s  d o m in a te d  b y  h e l i c i t y  n o n - f l i p  , v an d  v ’ w i l l  t a k e

'• F o l lo w in g  t h e  f o r m a l i s m  o f  R e f .  (50 ) a s  g i v e n  by  e q u a t i o n  ( 2 . 1 3 )  we 

can  r e l a x  t h i s  a s s u m p t i o n  an d  sum o v e r  a l l  t h e  s p i n s  o f  t h e  i n c l u ­

s i v e  c l u s t e r .  F o r  s m a l l  t  t h e  r e s u l t s  o f  o u r  c a l c u l a t i o n  r e m a in  

u n a l t e r e d .
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F i g .  5 . 3  The d e c a y  d e n s i t y  m a t r i x  e l e m e n t s  f o r  f i x e d  M / s .
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f o u n d  t h a t  Repg^ i s  g e n e r a l l y  s m a l l  w i t h  n o  d e p e n d e n c e  on t  o r  

2
M / s  an d  t h a t  Repgg i s  n e g a t i v e  a n d  c h a n g e s  l i t t l e  w i t h  v a r i a t i o n  

2
i n  t  o r  M / s .  B e c a u s e  o f  t h i s ,  we o n l y  p l o t  t h e  d e c a y  d e n s i t y

m a t r i x  e l e m e n t s  p , p a n d  Re p .
UU J__L z —J_

A l l  t h e  c a l c u l a t i o n s  o f  d i f f e r e n t i a l  c r o s s  s e c t i o n s  an d

d e n s i t y  m a t r i x  e l e m e n t s  w e re  c a r r i e d  o u t  n u m e r i c a l l y ^ ^ ^  \  A l l

t h e  f i g u r e s  w e r e ,  f o r  a c c u r a c y ,  p l o t t e d  by  c o m p u t e r ^ ^ ^ ^ .

The t u r n o v e r  i n  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  ( s e e  F i g s .  5 . 2

a n d  5 . 4 )  i s  e x p e c t e d  b e c a u s e  n e a r  t h e  e d g e  o f  p h a s e  s p a c e  t h e

p o w e r  d e p e n d e n c e  on  t  d o m in a te s  o v e r  t h e  e x p o n e n t i a l  d e p e n d e n c e  on

t . The e x p r e s s i o n s  f o r  f o r  = ±2 an d  ±1 d e p e n d ,  r e s p e c t i v e l y ,

on  s in ^ B  a n d  s in B  w h ic h  v a n i s h  a t  t  = t  . . B e c a u s e  i s  f a l l -
m in  a b s

i n g  r a p i d l y  f o r  t  n e a r  t ^ ^ ^ ,  t h e  r i s e  i n  t h e  r e m a i n i n g  a m p l i t u d e s

r e s u l t s  i n  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  t u r n o v e r .  S in c e  we

c o n s i d e r  o n l y  p i o n  e x c h a n g e ,  we h a v e  n o  WSNZ d i p s  i n  t h e  r a n g e

I t .  I < | t |  < 1 . 0  ( G e V /c ) ^ .  A s i m i l a r  e f f e c t  c a n  b e  s e e n  i n  t h e  ' m in ' ' '

tw o -b o d y  e x c l u s i v e  p r o d u c t i o n  o f  t h e

I n  F i g s .  5 . 3  a n d  5 . 5  we h a v e  p l o t t e d  t h e  d e n s i t y  m a t r i x

e l e m e n t s  i n  t h e  G o t t f r i e d - J a c k s o n  f r a m e .  I n  a  M u e l l e r - R e g g e  m o d e l

(4 1 )w i t h  R e g g e iz e d  p i o n  e x c h a n g e  we w o u ld  g e t  t h e  r e s u l t  p^^  = 1

2
a n d  p ^ ^  = Re p^ = 0 f o r  a l l  t  a n d  a l l  M / s .  W ith  t h e  a d d i t i o n

o f  a b s o r p t i o n  c o r r e c t i o n s  p ^ ^  shows s t r o n g  d e p e n d e n c e  on b o t h  t  

2a n d  M / s  w h i l e  p  ̂ an d  Rep_ _ s t i l l  r e m a i n  c l o s e  t o  t h e i r  u n a b s o r b e d

p r e d i c t i o n s .  I n  p a r t i c u l a r ,  p^^  v a r i e s  b e tw e e n  1 a n d  0 a s  t

2 2
v a r i e s  b e tw e e n  t  . a n d  t  . -  0 . 5  (G e V /c )  f o r  f i x e d  M / s  a n dm in  min

2b e tw e e n  t h e  same l i m i t s  a s  M / s  v a r i e s  b e tw e e n  t h e  e d g e  o f  p h a s e

00
s p a c e  a n d  0 . 0 1  f o r  f i x e d  t .  p^^  i s  d o m in a te d  by  s o  t h a t  t h e

p o s i t i o n  o f  t h e  z e r o s  i n  c o r r e s p o n d s  t o  t h e  p o s i t i o n  o f  t h e

z e r o s  i n  p ^ ^  i n  t h e  c .m .  f r a m e .
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F i g ,  5 ,5  The d e c a y  d e n s i t y  m a t r i x  e l e m e n t s  f o r  f i x e d  t .
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In  c o n c l u s i o n  we s t a t e  t h a t  o u r  m o d e l  f o r  i n c l u d i n g  a b s o r p t i o n

c o r r e c t i o n s  i n  t h e  M u e l l e r - R e g g e  f o r m a l i s m  l e a d s  t o  t h e  v e r y  d e f i n i t e

p r e d i c t i o n ,  w h ich  i s  i n d e p e n d e n t  o f  t h e  o v e r a l l  n o r m a l i z a t i o n  o f

o u r  a m p l i t u d e s , t h a t  w i l l  b e  a  s t r o n g  f u n c t i o n  o f  b o t h  t  an d  

2 .M / s .  An e x p e r i m e n t  o f  n o t  v e r y  h i g h  s t a t i s t i c s ,  some o f  w h ich  a r e

c u r r e n t l y  i n  p r o g r e s s ,  c o u l d  v e r i f y  t h i s  p r e d i c t i o n .  M o re o v e r ,  f o r

t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n ,  o u r  p r e d i c t i o n  a f t e r  c a r r y i n g  o u t

t h e  i n t e g r a t i o n  o v e r  m i s s i n g  m ass s q u a r e d ,  i s  c o m p a r a b le  t o  t h e

, (7 1 )
e x p e r i m e n t a l  r e s u l t s  a t  16 GeV/c
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(p  -  m ) $ . . . .  (X ,p )  = 0  , g 0 ..................................  (X ,p )  = 0  ,

an d

P ***y ***y ( ^ ^ p )  ~ ® 9 ( i j k  -  1 , 2 , . . . , J )  g
1  1  J

w h e r e ,  a s  b e f o r e - ,  X r e p r e s e n t s  t h e  h e l i c i t y  s t a t e s .  The wave

f u n c t i o n s  a r e  n o r m a l i z e d  a c c o r d i n g  t o

A  P - |  '  '  '  P  T  T

$ . . .  ( X ,p )  * ( X ' , p )  = ( - 1 )  5 , .
P i

P a r t i c l e  w i t h  H a l f - I n t e g e r  S p in  J  + j :

The h a l f - i n t e g e r  s p i n  J  + 2  s t a t e s  a r e  d e s c r i b e d  by  t h e  d i r e c t  

p r o d u c t  o f  t h e  i n t e g e r  s p i n  J  t e n s o r  r e p r e s e n t a t i o n  an d  t h e  D i r a c  

s p i n o r  r e p r e s e n t a t i o n  ( ^ , 0 ) 0  ( 0 , ^ ) .  H ow ever ,  t h i s  s p i n  a d d i t i o n  

r e s u l t s  i n  s p i n s  J  + 5  a n d  J  -  5 , t h e  l a t t e r  s p i n  s t a t e  c a n  be  

e l i m i n a t e d  b y  t h e  a p p r o p r i a t e  p r o j e c t i o n  c o n d i t i o n s .  The wave 

f u n c t i o n s  m u s t  s a t i s f y  t h e  e q u a t i o n s  o f  m o t io n

-  m)u . . .  ( X ,p )  = 0 a n d  u . . .  (X ,p )  = 0 .
P i  P j  PP2 ’

an d  t h e  n o r m a l i z a t i o n

  p -1 y T T_i
u  . . .  ( X ,p )  u  . . .  ( X ' , p )  = ( - 1 ) ^ 2 m 6 , }

P i  P j  AA.

w i t h  u  = u  y ^ .  The p r o j e c t i o n  o p e r a t o r s  A(p) c o n s i s t  o f  t h e— tu = u

s y m m e t r i z e d  p r o d u c t s  o f  t h o s e  a l r e a d y  fo u n d  f o r  s p i n  1  a n d  s p i n  5 , 

As e x a m p le s  o f  t h e  l a s t  two p a r a g r a p h s  we g i v e :

S p in  3 /2  P a r t i c l e :

E q u a t i o n s  o f  m o t io n  a r e

-  m /  U g ^ (X ,p )  = 0  a n d  ( y ^ ) ^  u ^ ^ ( X ,p )  = 0



79 .

a n d  t h e  p r o j e c t i o n  o p e r a t o r  i s

2 P,,P,

ay V 2m a ^yv 3 y v 3m 3m

S p in  2 P a r t i c l e s ;

(p^  -  m?) 0 /  (X ,p )  = 0 ,  0 (X ,p )  = 0 a n d  p^ 0 (X ,p )  = 0
yy ^ yy yv ^

a r e  t h e  e q u a t i o n s  o f  m o t io n  an d  

% v ) , ( kX) (P )  "  i
P . P r  

_ 2  ) ( " 2y y  2m m
r<

i s  t h e  p r o j e c t i o n  o p e r a t o r .

A .2 .  Some U s e f u l  M a t h e m a t i c a l  F o rm u la e

^  2 f  'I
-  i f  ’

F o u r i e r - B e s s e l  o r  H a n k e l  t r a n s f o r m ( 73)

The F o u r i e r - B e s s e l  t r a n s f o r m  i s  g i v e n  by

F ( b ) = I  J  ( b x )  Q ( t ) t d x .

w i t h  t h e  i n v e r s e  t r a n s f o r m

Q(x) = /  J  ( b x )  F ( b )  b d b ,  
o

w here  i s  t h e  B e s s e l  f u n c t i o n  o f  t h e  f i r s t  k i n d  an d  u > - 1 .

The o r t h o g o n a l i t y  c o n d i t i o n  f o r  B e s s e l  f u n c t i o n s  o f  f i r s t  k i n d  r e a d s

‘ J  ( b x )  J  ( b ’ x )  xdx = — 6 ( b ’ -  b ) .  o y y b

( 7 4 )The f o l l o w i n g  i n t e g r a l s  a r e  u s e f u l  f o r  c a l c u l a t i o n s  i n  t h e

l a s t  t h r e e  c h a p t e r s

b db J ^ ( b x )  J ^ ( b x * )  ex p  (-X b  )

- i - e K p  ( -  I
4X 2X
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S p in  1

The p o l a r i z a t i o n  v e c t o r  o f  a  s p i n  1 p a r t i c l e  a t  r e s t  i s  g i v e n

b y

^ b ± i , o )  = y  ^ b o , o ) =1 °

The h e l i c i t y  p o l a r i z a t i o n  v e c t o r s  o f  a  s p i n  1 p a r t i c l e  w i t h  

momentum q ,  w h ich  m akes a n  a n g l e  6 w . r . t . + z - a x i s ,  a r e  o b t a i n e d  by  

a  L o r e n t z  t r a n s f o r m a t i o n  f o l l o w e d  b y  a  r o t a t i o n  an d  a r e  g i v e n  by

e ^ ( ± l , q )  ~ ^  I  cosG \  , e ^ ( 0 , q )  = ^  /  E s i n 0

- s i n 0  j  I E COS0

w h e re  t h e  m ass an d  e n e r g y  o f  p a r t i c l e  a r e  d e n o t e d  b y  m^ a n d  E 

r e s p e c t i v e l y .

S p in  2

The wave f u n c t i o n s  o f  a  s p i n  2 p a r t i c l e  w i t h  momentum q m oving  

i n  t h e  d i r e c t i o n  0 w . r . t . + z - a x i s  a r e  g i v e n  b y

= E ^ ( ± l , q )  E ^ ( ± l , q ) ,

4»^^ ( ± l , q )  ( E ^ ( ± l , q ) E y ( 0 , q ) + E ^ ( 0 , q ) E ^ ( ± l , q ) ) ;

( 0 , q )  = J -  ( 2  e ^ ( 0 , q ) e ^ ( 0 , q ) + e ^ ( - l , q ) e ^ ( + l , q ) +

E ^ ( + l , q ) E ^ ( - l , q ) )

w h e re  t h e  e ' s  a r e  d e f i n e d  a b o v e  i n  s e c t i o n  on  S p in  1 .
y

N o te  t h a t  t h e  s p i n  2 wave f u n c t i o n s  a r e  e x p r e s s e d  i n  t e r m s  o f  

t h e i r  c o n s t i t u e n t  v e c t o r  wave f u n c t i o n s . T h i s  i s  o n l y  b e c a u s e  t h e  

v e c t o r  wave f u n c t i o n s  a n d  t h e i r  p r o p e r t i e s  a r e  m ore f a m i l i a r ,  w h ich  

w i l l  p e r h a p s  make t h e  e v a l u a t i o n  o f  t h e  t r a n s i t i o n  a m p l i t u d e s  e a s i e r .
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B , 3 .  N o r m a l i z a t i o n

A h i g h  e n e r g y  o n e - p a r t i c l e - i n c l u s i v e  r e a c t i o n  i n  w h i c h t h e  c o l l i s i o n  

b e tw e e n  p a r t i c l e s  a  an d  b p r o d u c e s  p a r t i c l e  c an d  any  o t h e r  t h i n g  

i s  w r i t t e n  a s  a  + h  -> c + X o r  a s  ( a b ; c ) .  The 4 -m om enta  ( e n e r g i e s )  

o f  a ,  b and  c a r e  d e n o t e d  by  p ^ ( E ^ ) ,  p ^ ( E ^ )  an d  p ^ ( E ^ ) , r e s p e c t i v e l y .

I n  t h i s  s e c t i o n  a l l  s p i n  i n d i c e s  a r e  s u p p r e s s e d  an d  i t  i s  a ssu m ed  

t h a t  t h e  su m m atio n  o v e r  f i n a l  s p i n  s t a t e s  a n d  a v e r a g i n g  o v e r  

i n i t i a l  s p i n  s t a t e s  h a s  b e e n  c a r r i e d  o u t .  The o n e - p a r t i c l e - i n c l u ­

s i v e  c r o s s  s e c t i o n  i s

'  I <c,X  I A ( s , p  ,p  , t ) | a , b  >1" ,c '^X

w h ere  < n > i s  t h e  m u l t i p l i c i t y  o f  c  an d  X r e f e r s  t o  a n y t h i n g .  We
3

know t h a t  t h e  t o t a l  c r o s s  s e c t i o n  an d  d p ^ /E ^  a r e  L o r e n tz

i n v a r i a n t s . T h e r e f o r e  i t  i s  p o s s i b l e  t o  d e f i n e  a  L o r e n t z  i n v a r i a n t

momentum d i s t r i b u t i o n  o f  t h e  fo rm

E d a \  c  ab

2 2I n  t h e  k i n e m a t i c a l  r e g i o n  s  »  M > > m , o r  t h e  f r a g m e n t a t i o n

r e g i o n ,  o n e  h a s  t h e  k i n e m a t i c a l  r e l a t i o n

d a \  2g ab  _ s  d G

^ d^p dtdM^
c

w h e re  s  an d  t  a r e  t h e  u s u a l  M an d e ls tam  v a r i a b l e s  an d  M i s  t h e  

m i s s i n g  m a s s .  M o re o v e r ,  f ro m  energy -m om entum  c o n s e r v a t i o n  i n  t h i s

r e g i o n ,  we know t h a t  t h e r e  can  b e  a t  m o s t  one  p a r t i c l e ,  s o  t h a t

(27  4 0 )  ■ .<n> = 1 * . Hence t h e  i n v a r i a n t  d i f f e r e n t i a l  c r o s s  s e c t i o n

i s  d e f i n e d  by
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2
s  d a

^ dtdM^ 16ir‘'s

. e ( E ^ t E ^ - E ^ )  I < c ,X  I A ( s . P x , t ) [ a , b  > f

- ^ 6  ( ( P a + P b - P c ) '  -  « b  e
16tt s

| < c ,  X I A ( s , t ,M  ) I a , b >  | ^ ,

w i t h

0 ( x )  = 1 ; X > 0 ,

= 0 ; X < 0.
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A P P E N D I X  C

STRUCTURE FUNCTIONS

C o n s i d e r i n g  t h e  n u c l e o n - v e c t o r  m eson i n t e r a c t i o n ,  t h e  m ost  

g e n e r a l  s y m m e t r i c  t e n s o r  we ca n  fo rm  f ro m  t h e  a v a i l a b l e  f o u r -  

v e c t o r s  i s ,  a f t e r  'summing o u t  t h e  n u c l e o n  s p i n ,

gVv' + P ^ P ^ '  + Vg qVqV' + ( p ^ q ^ '  t  q ^ p ^ ' )

w h e re  p an d  q  a r e  t h e  n u c l e o n  a n d  t h e  v e c t o r  m eson fo u r -m o m e n ta  

shown i n  F i g .  C . l .  F o r  an y  v e c t o r  meson t h i s  w i l l  b e  c o n t r a c t e d  

w i t h

%  ( q )  = ( X ,q )  a n d  e ^ ,  ( q )  = E^, ( X , q ) ,

w h e re  t h e  e ( X , q ) ’ s  a r e  d e f i n e d  i n  A p p e n d ix  B, s o  t h a t  a n d

a r e  r e d u n d a n t .  (O u r  c h o i c e  o f  gauge  i n v a r i a n t  c u r r e n t s  a t  t h e  

t h r e e - p a r t i c l e  v e r t e x  e n s u r e s  t h e  v a l i d i t y  o f  t h i s  a r g u e m e n t  f o r  

o u r  p u r p o s e s . )  The s t a n d a r d  o p t i c a l  th e o r e m  g i v e s  u s

F l u x .  a^Q^(VN)

= D is c {E e^ (q)M^^ E ^ , ( q ) }

t ' = 0

mum
N ( p ) -  ^ ^ N ( p )

F i g .  C . l .  N u c l e o n - v e c t o r  m eson f o r w a r d  s c a t t e r i n g  

U s in g  t h e  v e c t o r  meson wave f u n c t i o n s

E° ( q )  = ~  ( q ,  É s i n  0 , 0 ,  E c o s  0 ) ,



* strictly speaking the factor = i  (VN) + (ViO)

should be replaced by (VN) - (VN), For lack of experimental

information on the total cross sections for the individual helicities 
X = 0, X = l ,  we take the former expression as giving the correct 
order of magnitude.



e ( q )  = ( 0 ; +  ^  ( c o s  0 , + i ,  -  s i n  0 ) ) '

= ( 0 ; U * ( q ) ) ,

+ . . . ±
w h e re  U_ ( q )  a r e  d e f i n e d  by  t h i s  e x p r e s s i o n  an d  s a t i s f y  _U ( q ) . q - O ,

r->

t h e  n o r m a l i z a t i o n  i s

z: (q) (q) = 3 .

Then i f  we t a k e

V. + V_ p ^ p ^ ' ,

we h a v e

2 A ( s ' ,m ^ ,m ^ )  (V N)

2 2 A (s , 111̂ jTn^)
= D i s C s , | t , ^ o  Vg ( s ' , f )  (--------  ) + 3 D i s o . | ^ , ^ Q V ^ ( s ' , t ' ) ,

o r

1 2  m 2 8  m 2

D i s C g ,  t  - 2 2 \  Vp -  2 2 .  *

V V *
We n o t e  t h a t  t h e  t e r m  i n v o l v i n g  ( an d  h e n c e  p ^ p ^  i n  t e r m s

o f  o u r  i n c l u s i v e  m a t r i x  e l e m e n t  s q u a r e d )  w i l l  be  m u l t i p l i e d  by  a

2 2 f a c t o r  o f  s  ( v i a  t h e  (p .p j^ )  t e r m ) ,  an d  w h i l e  D i s c ^ ,  i s  a l l o w e d

2 . . 2
t o  b e  a  f a c t o r  o f  ( s ’ ) (w h e re  s ’ i s  i d e n t i f i e d  w i t h  M ) g r e a t e r

t h a n  D isC g ,  , i n  t h e  t r i p l e - R e g g e  r e g i o n  t h i s  becom es a  f a c t o r

o f  (m2 / s ) 2  w h ich  w i l l  b e  s m a l l .

Thus we w i l l  n e g l e c t  a n d  t a k e  ^

2
G

^ 2  ■ , , 2  2 , ' ’ t o t
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•I
i Y ^ ’̂ pb

(' 2 >
T

I  4X

T ^ /4 A (4 A b ^ ^ + l)  

(4Ab^^ + 1 )
1 -

4 X (4 A b ^ ^ + l)+ T 2 'l \  

8k2(4Ab ^+1 ) 2  j j
b g i )  }

= 4 ^ _ ( s ,T ,M 2 )  -  C (^ )e x p T

2 k

exp T  /4 A ( 4 X b ^ .+ l )

(4Xb^^ + 1 )^

T

4X

. {-
exp T  /4 X (4 X d ^ + l)

(4Xd^ + 1 )

, ( r \  + 4 r2  ) f
-  -- 2— "  - - 2 ( 4 x |4 X d i + l

8 k (4Xd + i y
+ %2 )

R
++

16k (4 X d ^ + l)
 ̂ (T ^+ lG T ^ X ^ ^ X d ^ + lj  + 32x2

✓ %
4X d ^ t l h

J j
> +Tlp{ d ^ ->  d g  } I ,

an d

p ab s ( s , t , m2 )  = (j)^_ ( s , t ,M^) -  C ( - ^ )  exp T

4X

f 2exp  |T /4 X (4 X d ^ + l)>]
(4 X d ^ + l) '

R
1

'*■ 2 k^ ( 4 X d ^ t l ) 2
}+Hp ( d ^  - x i p

D .3 .  A b s o rb e d  H e l i c i t y  A m p l i tu d e s  f o r  f  P r o d u c t i o n

I n  o r d e r  t o  g i v e  t h e  f i n a l  fo rm  o f  A^^^ an d  A^^^ ( s e e  C h a p t e r  

5 ) .  L e t  u s  u s e  t h e  r e s u l t s  o f  t h a t  c h a p t e r  an d  d e f i n e

f .  = 5
( a  t a ’ t  . ) , / s  N oir min r  \

exp b .  t  .
1  min

J ^ /

h  + J -  ’= 2 1  = k
b .  + a '  I n  (—g ) -  i i r a ’ 

1  w „ 2



9 4 .

ITT ( a  + a '  t  . ' OTT ÏÏ min
f _ zT_

4X

1 6 % , t b ,  J  ’ 2 i  I 6 x2 ( ^  + b ^ . )
•4X l i 4X 2 i

/ 1  . ' - I  \  " 1  / I  1 \  —1
® l i  = ^4 X + . e ^ .  =

2 2w i t h  t . = m  + m  - 2 E E +  2 q k .  Then we h a v e  min a  c  a  c

X =2 X' = 2  4
A ^  = A ^  = A^ -  C.  E f .a b s  a b s  1  . , i

1=1
(------^  exp

64X
3 + d ^ ,

4 '

6 4 k '
. + 8d . + 12 

l i  l i }) + (d^. ^ d g .  . e^.  ^ e g . )

A ^  = -  A ^  = A^ -  % -  E f .a b s  a b s  1  8 Xm . _ ic  1 = 1

( e ^ i  e x p f d ^ J
(qE -5kE  )

-  - t r ^

• =li dii+2
(q E ^ + 7 k E p  2

128k ®li ‘̂ l i  + 6  d ^ .  + 6 I })

X =0 X ' =0
A ^  = A ^  = A^ -  C ( -a b s  a b s  1 vém i = l  

c
( ^ 1 1  exp

d J { 2 lq E ,-k E ,
a  c

2 E E  f" -  2E 2 _ m 2 
a  c k c , c = 1 1 1 + d p i  p - - ^ 2 °  e l l l  d p i  + + 2

m
c 3 

4 ® l i
64k ]d î + ®d̂ . + 18d^i + 16 IB + -»d2j_ ,
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