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ABSTRACT.

In the first part of this thesis various problems in diophantine
approximation are considered, which generalize well known theorems
of Dirichlet and Kronecker. A brief survey is presented in the first
chapter, including a discussion on the scope of elementary methods. It
is demonstrated here that stronger results are possible by elementary
means than have previously been obtained. In the subsequent chapters
non-elementary methods are used. Results are proved *for fractional
parts of quadratic forms in several variables which improve upon
previous work. New theorems are demonstrated for the distribution
modulo one of "almost all" additive forms in many variables, including
the particularly interesting case of a linear form in positive variables
In chapter four new bounds are given for exponential sums over primes,
which greatly improve upon the work of I.M. Vinogradov. Some applic-
ations to diophantine approximation problems involving primes are given
in chapters 4 and 5, the latter chapter also improving upon previous

work on the problem of a linear form in three prime variables.

In the second section, topics in multiplicative number theory
are discussed. It is shown that almost-primes are very well distributed
in almost all very short intervals, improving upon previous work by a
considerable factor. Sieve methods are then employed to tackle three
other problems. New results are in this way obtained for prunes in
short intervals, for the distribution of the square roots of primes
(modulo one), and for the distribution of of(p modulo one for
irrational a:. This last chapter contains a new method for tackling

sums over primes which has other applications.
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NOTATION

We write YI% || for the distance of x from the nearest
integer. We use '{x} to denote the fractional part of x, that is the
distance of x from the next lowest integer if x 1is not an integer,
and zero if x 1is integral. Sometimes { } i« also used in the
standard fashion in the definition <f sets. No confusion should arise
over these different uses of notation. We write e(x) = e™"* . We use
the conventional o, 0,and << notations. Constants implied by
these symbols may dependon certain parameters (e, Xk, etc.) which are
regarded as fixed so faras the question in hand is concerned. Occasio-
nally the dependence of a constant on one of the parameters will be

indicated by <" , etc.

The letter p 1is reserved for a prime number. Normallv
represents a number with precisely r prime factors. We use A(n), the
usual von Mangoldt function, defined to be log p 1f n = p”®, or zero
otherwise. We write y(n) for the Mobius function,which is zero if n
is not square free, and is (1) " otherwise, where w(n) 1is the
number of prime factors of n. We write 1ii(x) for the number of primes

not exceeding x, and

~(X) = E A(n)

In chapters six to ten the letter s 1is used for a complex variable

with s = a + it.
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on an n-dimensional sphere). 1In the first section of the thesis we
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form the bulk of this thesis. I would also like to thank my mother,

Mrs. D.Harman, who typed the references at the back of this thesis.



SECTION ONE

DIOPHANTINE APPROXIMATION



CHAPTER ONE INTRODUCTION

1. In the first part of this thesis we shall be concerned with
adaptations of Dirichlet’s famous theorem in Diophantine Approximation

which may be stated in the following general way

Given rs real numbers (i=1,...,r; 1=1,,..,8), s positive
integers N”, r positive integers with
r ]
n M. <. nN.
i=i 1 —-i=i ]

Then there are integers n**...,n", m™"...,m" such that

S
IIa..n. —m. ; < M. (i=1,...,x)
s 1] 1 1
and
0 < max In.]
i ] -
while
Isjl 4 Nj (3=1,...,8).

The proof is, of course, a simple application of the box
principle. It appears that Hardy and Littlewood [l4bj were the first
to conjecture what results might be possible if the n . were replaced
by Uj for an integer k ©~ 2. 1In the 1920’'s Vinogradov proved the

following result ; !

N
For all real a, e>0, and any integer k,

min ITI an® |J < N forN > N{(e, k).
I"n(N
Here p = k&2 1) ~ (for example p = 2/5 for k=2),
The proof appears in [22] . Behnke j76] had earlier considered the

2
distribution of the fractional parts of an . The sharpest known result

for k = 2 1is due to Heilbronn |[716J and is usually refered to as



Heilbronn’s Theorem. He showed that one may take p = J in this case
(Hardy and Littlewood had conjectured p = 1). The sequence an2 has
certain properties which make it useful for generating random numbers
for Monte Carlo procedures in computing Jiv} . Danicic showed 0
little more generally, that one may take p = 21_k. For large k
better results are available using Vinogradov’s methods (e.g. "25J
Chapter 5). 1In particular, R.C. Baker has recently shown [s] that

one may take

p =(logk)/ (4k (logk + 1)log (klogk + 1)).

The methods have been extended to cover an replaced by £ (n)
where f isa polynomial without constant term [25, 13, 20, 4] as
well as simultaneous approximation questions 710, 11, 18, 20, 2, sj
The general idea in the proofs is to convert the problem into a
question of estimating exponential sums by using a function which is an
approximation to the characteristic function of a small interval while
possessing a convenient fourier expansion. We shall utilise this
method also. In view of the proof of Dirichlet’s theorem it would be
nice to have a simple proof of these results, but the only inequality
of the above type obtained by elementary means which has appeared in
the literature is the rather weak

min IT an™ || < N for N>e”.
1< N "
This was shown by R.C. Baker ["i] wusingan ingenious repeateduse of

the box principle.

It is possible, however, to obtain the exponent p given by
Vinogradov using only elementary methods. This may be done since
Van der Corput and Pisot set out to base the theory of uniform
distribution modulo one on elementary considerations alone, and they

obtained results for the discrepancy of sequences which are analogous

o©



to the Weyl sum estimates used in those proofs employing Fourier

series. They showed [s, 9]

Let n > 0 and let f(x) be a polynomial of degree k and leading
coefficient a . Suppose
1ga - a | < g-~ with (a,q) = 1.

A

Then ,
€
< N (1/g + 1/N + q/NSZ
Here N

= sup I » Z Xj(£(n)) - 1] I

ic[0,1) “ 1

where Xj(x) is the characteristic function of an interval 1c[0,1)

extended to be periodic with period one.

Now put X = 2" . By Dirichlet's theorem there is a natural
k-X .
number g < N and an .integer a with
g -al <N and (a,q) = 1.
If g < N* then
I1 IT < gk-1 IT ga IIK< j-k+A = N-P
However, for g~ N* we have

DN « N"P
and so there is one nwith 1 " n " N and having

[ ey
assuming N is sufficiently large. This "proves Vinogradov’s result.

Similarly one may prove
For all real a, 3 and N > N(e) we have

min ITan® + 3n || <N oA
1/\ AN
#
and

Given e > 0,.and a polynomial f(x) of degree k with irrational

leading coefficient. Then, forinfinitely many n.
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1-k
f(n) II< n ”

One appears to be handicapped when trying to prove the sharpest
known results by completely elementary means with the need to consider
functions which behave like the characters of the addition group modulo
g. It is possible to prove Heilbronn’s Theorem without fourier analysis
however, by noting that his result is equivalent to

Iet e >0, N > N(e) ; suppose a,q are integers satisfying'

N <g” ~, (a,9 = 1. Then there are integers n, s with

1<n<N, |s| < aHl1l? * ~ , n*a 8 s (mod q . (2)

The result (2) may be established using only Weyl’s inequality (see

Lemma 2 below) together with the following simple results

q r O if g doesnot divide a
ce(= ) = N
n=1 ~ L g if g doesdivide a
N
E e(an) « min(N, it —ri )
n=1

The above observation does not seem to have appeared in the literature

before.

2. Other extensions of Dirichlet’s Theorem.
N

Vinogradov also demonstrated the following result (see chapter 11

of [25] )

Let e > 0, 3 real be.given. Then. for an irrational number a there

are infinitely many solutions in primes p of

IIT ap + 3 I <p

Vinogradov also established results which imply weaker inequalities for

with k © 2 [23,24J . Vinogradov did not exploit fully the strength
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3. General Lemmata

We shall state here some basic results which will be needed in
the following chapters. The first lemma, in a less general form, was

pointed out to the present writer and R.C. Baker by H.L. Montgomery

LEMMA 1 Let I, M Dbe natural numbers, 3 a real number, and let a%,..
be real numbers such that n=1...,M.

Then we have

_clﬂ!

For any sequence of non-negative real numbers a”.

Proof et J be the interval J = (I , 1 —IJ_l) with characteristic
function Xj(x). According to Montgomery J » p.559, there is a

function be L”"(R) such that

b(x) ~ Xj(x), b@) = 131 +L "
and
b(t) =0 for 111 L.
Here Db(t) ‘is the fourier transform of b. By an easy calculation, the
function
B{x) = I b(x + n)
n

is in IL"(0,1) with fourier series

his.

Now, for a non zero integerk,this implies that

Ib(k) I4 /o IB(x) -1 Idx

4 {(B(x) -1 +2(1 -Xj(x))} dx = b(0) +1 - 2|j|= 3L""

Hence
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of his method, however, and in the case k = 1 should have obtained the
exponent 4* This result was first demonstrated by R.C. Vaughan [21]
using a simpler, though essentially equivalent method. We shall consider
problems involving ap in Chapter 4. 1In Chapter 3 we shall also
consider a generalization of Vaughan'’s result to simultaneous approxima-
tion for almost all s-tuples. We shall improve Vaughan’s result itself

in chapter 10.
R.J. Cook ] proved the following extension of Heilbronn’s
Theorem

Let 0 > 0 be given; suppose a”, a” are real. Then, for

N > N(e), there are integers n”""ng with

04 4 N and n +n* 40

having

This is near to being best possible as is shown by the following

(unpublished) example of R.C. Baker. Let g be squarefree and have all

its prime factors congruent to 3 (mod 4). Then, for any @ with (a,q) =1
we have
A
aﬁ@ +n%'
for 04 n~, 4 9" 1» and n*+nt >0 using Theorem 366 of
[ 150 . Extensions of Heilbronn’s Theorem to quadaratic forms are

considered in Chapter 2. 1In Chapter 3 we shall look at generalizations
to additive forms in kth powers as well as considering an analogue of
Dirichlet’s Theorem where the n" are restricted to be positive integers.

In Chapter 5 we shall obtain results for

I +3 I < (max p.) °
pJ

E
4=1 11

Here the p" are primes, and the r(j) are positive integers.
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M M M L M
E a 4 E aB(a - 3 = E a Db(0) + Eb(k) E ae(k(a - 3))
n=1 ~ n=1 " * n=1 ~ =1L n=1 * "
k/0
M M
< E a b(0) + E Ib(k) I I E ae(k(o -3)) |
~n=1 ~* 0<|k|<E . n=1 *
M L B M
4 E a b(0) + E oL | E a e(tka ) |
n=1 " k=1 n=1 " ~
-1
The result follows since 1-Db (0) = L

The above lemma improves upon Lemma 12 of (5] which gives an
infinite fourier series. Lemma 1 is essentially best possible, as has
been remarked by H.L. Montgomery (in conversation). This may be seen by

considering the example

M-1 I M I
E I E | = 0.
1=1 n=1
LEMMA 2 (Weyl’s inequality) Let g(x) be a real valued polynomial

of degree k with leading coefficient 3. Then, for e > 0, R = 2%

I E e(g(n)) 1% « c "E*¥ min ( X, 1 )
n=i in rrr

« XN+ c (i/x o+ g/x™ + i/q) (3).
Also, for any L,we have

X \
IE e(Ag(n)) « (XM N (/X o+ g/ (1x™) + 1/9) (4)
1 n=1

[

&

Where (3) and (4) hold if jg3 -a | < g*” with (gq,a) = 1.

The first version of this result is due to Weyl [26" 1n his
celebrated memoir on the uniform distribution of sequences modulo one.
The result, as given in (3) above, was first published by Hardy and L
Littlewood [14 ]-. For proofs in more recent books see [12] (lemma 1)

or [ 203 (Chapter 10). The last reference also gives estimates for
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Weyl sums depending on the second coefficient of g(x). This work has
been extended to cover all the coefficients of g by R.C. Baker [4J .
Better results are known for large k using Vinogradov’s method ["25J
Stronger estimates are obtainable when the rational approximation to the
leading coefficient is known to be ’good”. This is demonstrated by the

following result of the author’s

LEMMA 3 Given 6 >0, e > 0, a real, N > N(e, 6,k). Suppose that
there are integers g,a with (g,a)= 1, 14 9.= g - a | < "
and there is a number C with C 4 min (N* » with
} N
1 E e(an ) | > C.
n=1
Then there is a natural number r < (N/C) N with

ar 11 < '

The proof will appear in [s] . The result is interesting for it enables'
one to prove Danicic’s result on an with k 4 * by quite a weak

argument. In [s] it is applied to a problem in simultaneous approxim-—

1/gk-1
ation. To prove Danicic’s result, let L =N . Then, if the
theorem is false, by Lemma 1 we have that
L N
Z I I e(@n® | » N
1=1 =1
Hence, for one
N
I E e(a&én ) | » NL""™.
n=1
By Lemma 2 and Dirichlet’s Theorem, there is a gwith 14 g4 ~ and
I "ag I < " Hence, by Lemma 3, there is an r with
IT Zca?» I < ~(NL"1) "2k,

ITfva I < N-k + < L-1.
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Also T < < N, This contradicts the assumption that the
theorem is false. The frustrating element in the above proof is that
Lemma 2 is neededto obtain a rational approximation "good enough" to
enable Lemma 3 to be applied. We are thus unable to improve Danicic’s

result even though the conclusion we get from Lemma3 is much stronger

than is required.
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CHAPTER TWO SMALL FRACTIONAL PARTS OF QUADRATIC FORMS

1. We now consider generalizations of Heilbronn's Theorem of the

following form

For e >0, N > c"(E, s) and a quadratic form Q(x*, ...,xX")

there exist integers n”*,. n® not all zero, with [n"|,....In"| 4 N
and having

IQon", ..., nY) I < ~ (1)

I. Danicicobtained a result of this type [2] with «c* (s) =
s/ (s+l). As was remarked in Chapter One, Cook was able to get (1) with
07(2) = 1 provided the quadratic form was additive. More recently A.
Schinzel, H.-P. Schlickewei and W.M. Schmidt have shown [?] that c”Cs)

may be taken as the maximum of
2(L +h" +4/(s -=h + 1))"

over odd h with 14~ 4 (s+5)/3 . Taking h asymptotically equal to s/3
gives

02(3) =2 - (18/s) + 0(1/s™).
This result improves upon Danicic’s result for s 4 7 and, as is well
known, the "limiting" exponent - 2 is best possible. To see this we
note that

ITI 12 (n*~ + ......... + n*) II > (3sN*r*

for any N and 6 < 'max|n.| 4
i

The newidea in [7] is theuse of an auxiliary result on
quadraticcongruences. This method has been refined by R.C.Baker and

myself [ij to prove the following result
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THEOREM 1 Let s> 3 and let Q(x%,...,x") be a quadratic form

Then there is a constant c”(s) such that for every integer N>2

there are integers n”,...,n" with

0 <max (|n*|....1"™[)1 N , (2)
having

—Cg (s)

z Q(n%, ,uM) 1l < et (s) (N/1log N) (3)

Here
2s / (s+5) for odd s ,
(4)
2
(s=1)/(s + 4s - 4) for even s,

Our exponent is the same as Danicic’s for s=3 , apart from
the substitution of a power of logN for . For s>4 , our

exponent is better than that of [2] or [7] , and (4) gives

Cg(s) = 2 - (10/s) + 0(1/s™)
In the following proof the idea to use Lemma 1 for additive forms

came from R.C. Baker, the extension of the proof to general quadratic

forms was made by myself. 1In section 4 I discuss forms with free variables,

The key to the improvement on [7] is Lemma 1, below. This 1is a
straightforward extension of the congruence result of [7] , but enables
us to introduce successive minima explicitly. This is more economical;

\
the procedure is analogous to that of Davenport and Ridout [4]

2. Quadratic congruences
LEMVA 1. Let Q() = Q(x* x")  be a quadratic form in an odd number
h of variables. Let m be a natural number .* Let K*,...,K* Dbe positive
reals with

m(h+l)/2 (5)

i
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sg < il (i = 0)

1 s r + mz.1l *~ K. g =1 h) W

Y=1 k ! J ’ ’ !
Put 24 - "1-1  + mz , where z = (z%,...,2") . Then clearly
(6) holds, and (7) follows from (10) . Since <m we easily see
that (s,  ,s") / 0, say s~ / 0 . Since m 1is square free, there is
a prime factor p of m with s ~ 0 (mod p). Because r*,...,r"
are linearly independent (mod p) , we have x ~ 0 (mod p) . Thus x / 0.

3. Proof of the Theorem. The proof will be by contradiction.

Suppose that there are no integers n”,...,n" satisfying (2) and (3).
Let
N N
S(£) = 2 ...2 e (Lo (n%, ,Ng)) a)
n=1 n =1
1 s
Let
1 Cg(s)
L = [2c*(s)"-*(N/log N) ' 1 1)

where c¢™(s) 1is sufficiently large, then from Lemma 1 -of Chapter 1

we have

r |s(f) I> NVé. Us)
£=1

Let £ be a natural number , 14 £ 4 L , having
IS(JI)| >>N"/L, . (n)
We define linear forms L%,...,L" with s™nnmetric coefficient
matrix via the identity

Q(x' Xg) = x*LM(X) + ... + XgL*(x) .
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Then there are integers x*,...,x* not all zero, with

Q(x%...,x") EO0O (modm (S
and having

1Xi 1 < Ki (i=1, /h)

The case = ... = = "~ (1/2)+(1/2h) Theorem 1 of [7]
Proof. We first observe that the result is trivial if K1j§n for
some 1 ; hence we suppose that
< m (i=1,...,h) (%)
Clearly we may assume that m >1, andthat m 1is square free. For
any m may be written in the form
m=r"a

where a 1is square free. If 4 , then
(KM/r) ... ®N1) > ~ solution (y™ ,vY)  ofQ(y) E O
(mod a) , with Iyl 4 K*/r , yieldsa solution =x" = ry” ef (5)
satisfying (7)

Iet d= (h-1)/2 According to [7] , for every prime p dividing m
there are integer vectors r*"\...,r""" which are linearly independent
modulo p , and for which

Q(s” +...43" ™" E O (mod p)
whenever Sj*,...,s" are integers. By the Chinese remainder theorem there
are integer vectors having
1
Z:1 E =1 ( R,
for each prime p dividing m. Write " =

By Minkowski’s linear forms theorem , and taking account of

A

there are integers s*,..

A A

8™, zZh, ..

Z

)

~ not all zero, with
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Let be the first s successive minima of the convex body

described by

I2£ L. (x) - Xs+.I < N

lx. ] < N

with respect to the integer lattice in 2s - dimensional space. It is

established in the proof of Lemma 5 of [3] that

2
1ISE)| £ Cg(s) Mj*...M)" N® (logN )®

In view of (14) , then ,
(M ...Mg)"" 4 c™(s) 1" N® (log N)"~ (Io)

We now consider the cases of odd and even s separately.
Case I. 0Odd s. By the definition of successive minima , we can find

s linearly independent integer vectors r’ in 2s - dimensional space .
Witk

5% T L BT O B | (
| I < ("«)
f =1 =1,... . H 'o= e d
or J y , ,S ere Ey (rly, 'rZS,y) an
Iw = ("IN .
Let us write

K* = c*(s) L2/S(2£) (s+1)/2s (log N )N ~ , (3°)
then

Kﬁf"Ks > (2£) (s+1) /2 {00)
from (16) . We also write

®yv *© } Iy (y, v-1,... ,s) ,

so that

1 T A | A G- (]
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from (17) and (18). Let be integers with
II vV lI A lewv " ’'“pvl (W.V =1 ..... s) . (22)
By Lemma 1 and (20) there are integers x*,...,Xgnot all zero , with
xN I< (y =1,...,8) (23)
and
S S
E E Db X X E O (mod 2£) . (24)
y=1 v=1 ~
S
Put n. = Z r. X for i=1,...,8 . Then
y=1 ”
WA v _mwkwn — m 2
Q("i s) y;l v;l L1£1 h " iv1Ww
1 s s
= (2£) 7 Z 8 XX
p=1 'v=1
1 s S _ s S
= (2£) Z Z b x X + (2£0) Z Z (6 - b )x x
y=1 v=1 ~on y=1 v=1 N~V

Casj

The first sun on the right hand side of (25) is an integer , in view of

(24). Thus
_ S S
o Q(n” n*) ||l £ (2£)7 1 z s "o Ix IIx
p=1 v=1 ny v
A (c™(s)) L4 (2£) (s+1) /S(iogN:L N
from (21) and (23). For sufficiently large c”*(s), we have
x Q(n” n™) |1l < 2s® (C7(s))"2/s (N/1ogN) ~®

m < 'l .
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Moreover, we have

1"i1 =1 I I<sM® N
y-1
<,s c,(s)-1/s g2/S(2*) (stl)/2s M
1 2s ¢ (s) J (st+5)/2s 20gN< N.

By hypothesis, then, we must have

(ng. . llg) =0
S
so that Z X r =0 and consequently
] A DA -
S
AAg A = f Jq =1, ;S) (@10}
y=1 J
Combining (26) with (17) we obtain
I X \' -, I < 1 ». i\Vi
-1 s
< N Z M K <1
- y=1 Vv "
as we already saw above. Hence
S
Z X r. =20
y=1
N
is true notonlyfor 3 =1,...,8s but forj=s+1,...,2s also. This
contradicts the linearindependence of r*,...,r"b.
Thus the theorem is proved in Case I
Case II. Even s . From (16) and M 4 eeed”g * obtain
[ | > ¢, (s)(=-1)/s L-2(s-1)/S(N/1logN)S-1
et ' , r , 6 , b*" be as in Case I. By repeating the argument
of Case I ,with s-1 instead of s mwe obtain integersx®,...,Xg

such that
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s-1 s-1
I 7 b X X = 0 (mod 2f£)
v=1 \Y
and
Ix*] 1H"=Cg (s) (2%)S/2(s-1) M*l(iog H)H".
After all,
H ... H > (22) ((s-1)/2) + 1/2 )
1 s-1—

provided that Cg(s)is sufficiently large. Let

% . ip e

Continuing as before , we obtain for lOom”™,...,n") || the upper

bound

£j / max H M )" < cg(s)
1 <y "s-1

and

max (In I, ...,In |) £s max H M N
® 1< W<s-1 * »

< c*g(s) L*2/s) + (s/2(s-1))*~*~g N<]* tSS)

for a suitable choice of c¢"(s) . The argument used in Case I can be

A

repeated to obtain
s-1

P=1 =0

which is a contradiction . This proves tha theorem in Case II
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4. Quadratic forms with "free" variables

Here we suppose that

Dg) - Q n® ") + /  “ifs-mti
1=1

the last m variables being termed "free", for obvious reasons.

THEOREM 2 et e >0, Q(Mm", ..., n”) a quadratic form with m free
variables, and suppose that N > N(e, s). Then there exist integers, not

all zero, bounded in absolute value by N and having

where c(s,m) is the maximum over rin O"r"m, r=s + 1 (mod 2) of

2 -x

_ 6+ 2 (30)
(s-r) + 5
Remarks Supposing m to be sufficiently large in terms of s we may
chooser asymptotically equal to log s to obtain
c(s,m) =2 - 6/s +0(1/s">.

In particular, for m ~ 2 we have c¢(5m = 9/8 and c(ll,m) = 3/2.
Proof Wemake only one alteration to the proof ofTheorem 1 (working
as in case I since we have made s -r tobe odd). Wesuppose r is

chosen so that (30) is maximised. We assume the theorem is false and

obtain, as before,

L
I 1 S@)| » , (31)
&=1
Here L =
Now let
N ~ o
A.(& = I 72 e(a.&b ) I (i =1, ,m)
n=1 ~
and
’ N N m
S (& = z Z e(@Q (n, ,n ) | I A. (&)
n,=1 n =1 i=r+1”
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Since we have assumed the theorem is false, by Dirichief’s theorem there

are integers with || g*a® || < (IN) * with N 4 g~ 4 IN

(1 =1,...,r), having the associated a” coprime to q*. So, by Lemma

2 of Chapter 1 we have

Z A? (&) « NN 7
A=l 1

and, using the trivial inequality A" (&) X N,

for h =1, 2

A repeated application of Cauchy’s inequality to (31) yields

L ' cf-i L
) ) Z

This with (32) gives, for at least one A, that

s'(1)2 » xffs-r) + 2(1-2
We write t=s-m+r-1. Working as in section 5 we find that
mT" n » af-r + 2(1 - 2'") - 3«1-2 _

i=1 ~ i=t ~
Hence, putting 6 = e/4 we obtain

,(s - r . 1)/2 ! M. : M. «

This indicates that we can find integers ni,...,, %—m” 1%,, ..

o 9(n*,...,n* ~0,0,...,0,n" nt) || <

This is the desired contradiction which completes the proof.

4

(32)

n_ with
S

THEOREM 3 Given e > 0 and a quadratic form Q in five variables, at

least two of which are free. Then, for infinitely many N there is a
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a solution of the inequality

N—8/7 + e
with O < max ins < N.

Remarks By using a result of Hooley's we could replace by
a small power of log N , W,M. Schmidt has shown that for almost all
additive forms in five variables one may take the exponent as -2 + e

and the result is valid for all N > N(Q,e). We shall be considering
his method in Chapter Three. Before proving Theorem 3 we require one
more lemma which, as far as the present author is aware, is new and may

have other applications

A

LEMVA 3 Let L, N be natural numberswith L > N ~ 1. Suppose ai

real, with | ga —al <qg®, * (a,q) = 1. Wewrite
N
S(&) = II e(aln ) |.
n=1
Then
L 2
z S(A)* « (log N)* max (— , N*, g, L)
A=1 &

Remarks This result is superior to the case h = 2 of (32) if N~ g~ NL

or < g < L.

2
Proof Let p(n) denote the number of éolutions in x,y of :x +y =n
subject to 1~ X”N 17y "N. Then
L n L 22

r S(iir = I I Z p(n) e(aHn) p
A=1 A=1 n=1

We now divide up the range of summation over A into at most (3L/q + 1)
blocks of q/2 consecutive integers. Let B be one such block. From

the hypothesis on a we see "that for A,me B, J.m we have
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o (m-Aa II > (29 ‘" .
By the well-known large sieve inequality [s] we see that

, 2n2 2 2n2 g
z I z p@n e(@n) | 4 2(N +q9 Z p(n) (33).
A€B n=1 =1

Now the last sum on the right of (33) is just the number of solutions

in integers of

subject to 1" uv,x,yvy» N. It is well known that this number is

« N* (log N)2. Thus
Z S(A)" « N~ (log NO® max (hf, qg).

So, altogether we have
L

Z S(A)* «  (3Lg™ + 1) N* (log N)* max (N, Q)
A=1

« N* (logN)” max ( ILN"g"", N*, g, L)

and the proof is complete.

Proof of Theorem 3 We write

Z

I 2
om™,...,n") = Q (n*,n2,ng) + a’™n + a™n”®

The proof is trivial if is rational, so we assume itto be
irrational. Let a/g be a convergent to the continued fraction of a”.
There are infinitely many since is irrational. Let

N = g2/3 , N~ L = - cC
and suppose g is sufficiently large. We work as in the proof of Theorem

2, but by Lemma 3 we note that

Z. I 7z e(a n'b) | « N
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Hence

Thus, for at least one A,

s' (A) » N~/7Z - 6/2

The proof may now be easily completed as in the case of theorems 1 & 2.

5. Related results

It is appropriate here to note that Schlickewei [s] has obtained
a similar result for an additive form of kth powers using a method of

W. M. Schmidt [9] . Theexponent of N here satisfies

c(s) = -k + 0( (Logs) 7).

It would be highly desirable to have some argument analogous to the one
used in section 2 for kth powers which would enable one to get

c(s) = -k + O0(s ). The result of Theorem 1 and Schlickewei’s
result have been extended by R.C. Baker and myself to simultaneous

approximation [ibj . We proved

THEOREM 4 et N~ 1. Given Quadratic forms Q"X .,.,xX"),...,

Qh (Xi, ... ,Xs) where s “c(h, e), there exist integers n"™,...,n" with

(2), having

II il < + E (i = 1,...,h).
THEOREM S et N *1, and letF®,...,F" Dbe additive forms of kth
powers in s variables with s ~ ¢ (k,h,e). Thenthere exist non-negative
integers n*, ..., n® with(2), having

o F3*"(n%,...,n") < = (1i=1,...,h.



31.

References to Chapter Two

R.C. Baker & G. Harman, "Small fractional parts of Quadratic forms"

J. Edinburgh Math. Soc.

;, "Small fractional parts of quadratic and

additive forms". Math. Proc. Camb. Phil. Soc. 90 (1981) 5 - 12.

I. Danicic, "An extension of a theorem of Heilbronn", Mathematika

5 (1958), 30-37

H. Davenport, "Indefinite quadratic forms in many variables (II)",

Proc. London Math. Soc. (3) 8 (1958), 109-126.

H. Davenport and D. Ridout, "Indefinite quadratic forms", ibid.

9 (1959), 544-555.

C. Hooley, "On a new technique and its applications to the

theory of numbers", ibid. 38 (1979), 115-151.

H.L. Montgomery, "The analytic principle of the large sieve".

Bull. Amer. Math. Soc. 84 (1978), 547-567.

A. Schinzel, H.-P. Schlickewei and W.M. Schmidt, "Small solutionsj;.
of 'quadratic congruences and small fractional parts of quadratic

forms", Acta Arithmetica 37 (1980) 241 - 248

H.-P. Schlickewei, "On indefinite, diagonal forms in many variables"

J. Reine angew. Math. 307/8 (1979), 279-294.

W.M. Schmidt, "Small zeros of additive forms in many variables",

Trans. Amer. Math. Soc. 248 (197%), 121-133



33.

where f(s) V as s Schmidt makes explicit for which

particular set ~ of almost all s-tuples ¢ may be taken this large.

It is the set of '"not very well approximable s-tuples" (henceforth

“n.v.w.aJ) 1in the sense that

S

n IIa.n II > C(e,a) n " (2)
i=1 ”

for every natural n andevery e > 0. Examplesof such sets of numbers

include s-tuples ofreal algebraic numbers with 1, linearly

independent over the rationals ”"67j and s distinct rational powers of e

[iJ . We shall show in section 3 how. to prove, for kj> 2, that

c™M(s) N f(s) Where f(s) ~ Es

by modifying Schmidt’s argument. Of course the exponent obtained seems

to be rather artificial. It would be reasonable to conjecture that

c”(s) » s (implied constant depending on k).

The problem with k =1 is very interesting, and here the present

state of knowledge is quite satisfactory. As shown above, the exponent

may not be improved beyond 1 without any further assumption on o .

Schmidt has shown [[vj that if 1, a, 3 are linearly independent over

the rationals and e 1is an arbitrary positive number, then there are

infinitely many pairs x,y with x >0, y > 0 and with

ITax + 3y 1I < emax(x,y)) " (3)

where v = (/s + 1)/2 = 1.61803 In the same paper he also demonst-

rates the existence of s real numbers a”™"...,a" with 1,a",...,

linearly independent over the rationals and with

AN

Ha'}ilt .. tax I > C(e) (max(

X .. X
S s —'T""'s )

for E > 0, x"5»..,x" positive integers. The situation is rather
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CHAPTER THREE RESULTS FOR ALMOST ALL FORMS

1. In this chapter FF (n",...,ng) (3 =1,2; k~ 1) shall denote

additive forms with

and

Fk ("i....Dg) = .t' ...... +

Let c¢* (s) denote the supremum of numbers ¢ such that

o°

sup min o fi(n) |3 < + for R > N(e).

I 0<|n|<N "

A

Here we have written n = (n*,...,n") and |n|] =max (™ ,..., In"]).

By Dirichlet’s Theorem c¢”(s) ~ s and the e may be dispensed with. Of

course, 1in actual facths} = s. Obviously, for even k"¢ 1.2 c

For all k the example =/0 (1i=1,...,8) shows that c"(s) *~ k. The
situation is wverydifferent for c”Xs) when k is odd (see [s] ). As
mentioned at the end of chapter 2, it IS VM r[' 517 thét ~c™(s) = k

+ 0( (log s) 7). Now let us write a = (aI,...,aS) and A for a set
in R such that y(RY/= 0. Here % is the normal Lebesgue measure
on R*. BEach set A contains "almost all"points d, according to

the standard definition of "almost all". We write H(A) for the set
2
of additive forms F, (n) suchthat a&® A . Wenowdefine c. (s) to be

the supremum of numbers c such that

inf  sup min N A ] BN () || <1 (1)

- FreH (A) 0<|n|<N

2
where the * indicates that the minimum holds for all N > N(F*,e). A

result of W.M. Schmidt ' (Theorem 20B of [s] ) shows that

CgCs) > f(s)
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different, however, if we only ask for to be n.v.w.a. In that case

we have the following generalization of Kronecker’s Theorem

THEOREM 1 Let e > 0. Suppose is n.v.w.a. Then® for any real 3,
and N > a) there are positive integers n*,...,n" with
n 4 N i1=1...,9 (4)

having

II rVn) + g II < + ¢ (5)
We note that the above result is best possible apart from the factor, *
Whether it is possible to relax the condition on a remains an
open question, though the result in shows that the gap in our

knowledge is quite narrow.

2. Proof of Theorem 1

The proof shall be by contradiction and, apart from Lemma 1 of
Chapter One and the simple result
M
1 Z eCym) | « 1|Y 11 ,
m=1-
is quite elementary, only using a double application of the box principle.

The proof was inspired by Chapter 20 of [s] although the details here are

quite different. We write

Z ef(a.fn.)

1

Assuming the theorem to be false, by Lemma 1 of Chapter One

Z 1 sUu) I »
A=1

Thus there is a number B and a set Q such that

* See [4].
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B » (6)
IsS@A I > B for AcQ, (7)
also g
B IQ I» N (log N) ~ (8)
From (7) we find that
S —_—
n IIa.£ T I« B for At Q (9)
i=1 A
Put M = [log” BJ . We assume is so large that > (s log N7™)~.
N8 IQ I< it can be deduced from (8), (9) that there is an
integer A < with
S
A n I a.& I « N (log N)
i=1 A !
which contradicts (2) for N sufficiently large. We may thus assume
that IQ 1" Put
vh(A) = min (M, [-log™ || 1) (10)
and
V@A) ... = (v A),.. VS(AM
We nowsplit Q into subsets (some of which maybe empty)A( t),

where thecoordinates of

this end we write

A(t) = {A : AeQ, v (A) =t
Given t with max t* =M, then (say t* =M), if
1 1 - I?) Im < II
«
using the definition of t*, M,
Given éc: with ma.x lt. < M and AAl, A% eA(t:)

X are positive integers not exceeding M.

}

T i

B

then

To

A €A(jt),then

II 'hh IT + IOI %$°2

. (11)
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S S
n I I max n Ilal (12)
i=1 ~ k=1,2 i=1 Ao

Here j(i) 1s any function taking only the values 1 and 2. (This

follows since

J< TVl < 2 ).
1

Hence

n ITa A -A) IT 4 n (ITa A_ |l + Il a’A_ 1|1
i 1 £ z 1=1 1+ 1~

S
« max n 1Ia.A II « B~ (13)
k=1,2 i=1 ~

using (9) and (12).
From a simple application of the box principle we deduce there is one it
with
PUrL) i b . - .
M (s log N)
From a second application of the box principle, there are two integers
AN, AN G A(Jt) with

I - &1 « (s logN) L [14]
n n IQ I

Put r = I A" - Ag I. Combining (11), (13), (14) we have that

rn IIla.r II « — « N ~ (s log N~"™'™*
i=1 B IQ I
« (log N).
This contradicts the definition of n.v.w.a. (i.e. (2)) providing N is
sufficiently large,since r < . The proof of Theorem 1 is thus

complete.
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3. A Generalization of Schmidt’s Result

Here we prove a lemma by adapting the proof of Theorem 20 B of
182 . It is also in the form of a quantitative generalization of

Kronecker’s Thecrem. We first require the following notation

A function is said to satisfy T(A, G, D, E) if there exist positive

constants A, G, D, E, such that for any 6 > 0, any real a and
N > A, G D, E) the inequality
N
I % e(af (n)) I = C > E + 6
n=1
implies the existence of a natural number g with q < N6 (N/C)A,

IT I <

LEMMA 1 Let f satisfy T(@, G D, E), let a * n.v.w.a. and 3

an arbitrary real number. Suppose s ~ s”fA, G, D, E). Let
N >N*"(e, 05247, G, D, E). Then there are natural numbers n”",... n® with
ng <N and
ITa*f(nj®) + ... +o*ffn?) + 3 || < N ” (15)
where c¢(s) = Gh. Here h is the largest integer with h"A -£D*h "~ s,
'"=max (A, D). In particular c(s) " G /s/A

Proof We assume the lemma is false, so by Lemma 1 of Chapter One.

L s
E n IS.(m I » if , (106)
m=1 i=1 ”
ro ) o- N
Here L = ~ S.(m) = E e(a.mf(n)).

From (16) we deduce that there is a subset Q of the integers 1,...,

L and a number B such that
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2B > 0 IS.m) I ~ B for me Q
1=1 ~ !
and
B o > (log N) Hence there are numbers

and a subset @' of Q such that

f+=\ S™m) I < 2C° for me Qr (1=1,..9),
and
S
Bi n C. << B, while 'l B » N® (log N) ©
i=1 ~»
Without loss of generality, = "2 = ="g * (Clearly, if

S0 @A, G D, E) is sufficiently large,we have that

Since f satisfies T(A, G, D, E), for each m € Q* there are integers

(m) (1 =1,..., h) with

r. < (M/C.)*nn"
1 i '

and
H alr.]_ITﬂ_v% < if
We choose 6 = e/4h2 .  We put q=qgm = r*....r™, then

q < + 4) g-hA/s
while
I amg || « 1f "~ +&(% ' 1) + h6 g-hA/s ©~ A-0
Ty 1 (] 1 .
Now, since the number of divisors of mg 1is << N* , as m runs through

QI we deduce that >> NSB_lW_O different numbers mg arise. By the

box principle there is an integer z with

z « ww ~ N (17)

and having
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z n laz 1l « zn - G + A(h-1) + h«g-hA/s (99)
1=1 A 1=1 ~
~ h/s . .
If A4 D we note that IIC. > B , thus the right hand side of
1 A
(18) is
« + h(D-G) - s + /2 gl - h"A/s - Dh/s
« LN"" since B «
« N2 (19) .

Since by (17) =z 1is bounded by a power of N, (19) contradicts the
definition of & being n.v.w.a. for N > N(a,e).

h
If A >D we work similarly to the above, but use IC. < |if.

i=1
This completes the proof of this lemma.

We now note the values of A,G, D, E associated with two

certain functions

A G D E c(s)
1) f(n) -is the nth prime 2 1 2 4/5 E72
1) f(n) =n* + g(n) k k k 21K Es

In II) g(n) is an arbitrary polynomial of degree k-1. The result for
I) comes from [loj , that for 1II) comes from Theorem 3 of 2]
Results for powers of primes or polynomials in a prime variable may be
deduced from the theorems of Chapter 4. It is interesting that on the
Generalized Riemann Hypothesis f(p?*) =p* satisfies T(2,k,k,E)
for some E > 0, which is a stronger condition than is given in II)
for g(n) =0, and gives c(s) ~ k»"/2 , so a fortiori this holds for
IT) in the case g(n) =0 on the GRH. It should be noted that the

parameters D, E do not enter into the asymptotic formula for c(s).
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the important fact is how the rational approximation to a and the
estimate for the exponential sum are linked when E 1is very small (but

not arbitrarily small).

4. A simultaneous approximation problem with primes

The following theorem follows on from the previous work of this
chapter in that it involves n.v.w.a. s-tuplets and uses a similar

method of proof

THEOREM 2 Let a be a n.v.w.a. s-tuplet of real numbers,and

(30"9... s3%) any real s-tuplet. Suppose e > 0 is given, and

N > N(",e). Then there is a solution of
max I a.p + B.||] < + e (20)
1 <i <s A

with
2<p<N. (21)

Remarks The case s =1 1is, of course, due to R.C. Vaughan (111 ,
and in this case one only needs the hypothesis irrational. We may
thus suppose in the following proof that s 2. We note that for the

case s = 2 we get the exponent -1/12 + e.

Proof The proof 'shall be by contradiction. We write 6 = e/8 ,

A (k) = a’iklA + ...+ aSkS for Xk = (kf,,...,ks )y
L =%1/(2s(s*l)) - e/2* sit) = | I (log p) e(/) (k) |
P<N

By a standard argument (see Chapter 15 of [8" ) if (20) has no solution

subject to (21) then

E S(k) » N.
k/0 -
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Now there is a set Q of points k with B members (note that
B < N**") such that

S > N(@B log N) ~ forevery k eQ.

We now use the result quoted in I)of section 3 tofind that for every

KGO there is a (i< with

IT a(k) A(k) IT « N"1p ~ ~ Bt

Sincethe number of divisors of g(k)k” is << N#, there are >> BN

distinct points qg@i<) k with
IT g(k) A(k) IT «

There are thus two points a distance << L (BN apart.

Write n for the difference between two such points. Then

ITA(n) II « N"l A (22)
with .
In] << B N*L (BN"¥) (23)
Now, by aclassical transference theroem (Sfe. Cha“te.r Eof[3] ), since

a is n.v.w.a, 1f (23) holds then

I A(n) I » (B N® L (BN *)
» B24'L-" N-2S8*
» N'* + ® B (N*-Ssa g-1-2s (2%)
Now g-s”1-3s6 ~ g-(142s)/2(s+l) - 1/2(s+l) + es/2 + 1 - 3s6
g
>N . Hence (24) contradicts (22) for N sufficiently large and

the proof is complete.
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Chapter Four TRIGONOMETRIC SUMS OVER PRIMES

Much of the work of this chapter is contained in two papers by the
present author [9", . Only Theorem 7 has not previously appeared. We
shall prove here the following results

THEOREM 1. Suppose ¢ > 0 isgiven. Let f(x) bea real valued

polynomial in x of degree k "~ 2. Put

y =

Suppose g 1is the leading coefficient of f and there are integers

a9 . such that

lgo -al < g~ with (a,q) = 1. 0)

Then we have

I (logp)e (£(p)) «
pP<N 9 wr

THEOREM 2. Let f(x) be a real polynomial in x of degree k"2 ,
with irrational leading coefficient. Suppose e>0 1is given. Then

there are infinitely many solutions of

Mi(p] 16 gt 4 Y

where 'y is given in Theorem 1.

HEOREM" ILet k Dbe an integer ~ 3, and e > 0. Suppose

Igc-aI<N , (@ g9 =1. Then

E 0 e - 4)
(logp) (gp ) IK N
PAN

where y - (k2r) "~ . .
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THERL'y.  For e >0, B an arbitrary real number and a irrational

there are infinitely many solutions of the inequality
apV Bx < p-S+-.
Here C=cf+l + 2™+ -1 -2k)/k) ~ and k > 3
THEOREM 5 ILet k be an integer ~ 4 and f(x) a real polynomial in

X with irrational leading coefficient. Then, for a given £ > 0, there

are infinitely many solutions of the inequality

fE Il < p——*+-=
Here , for k »~ 11,

X = 2T + (2™ -1 - 2k)/k""

where T 1is defined by the following table:

T 46 110 240 414 672 1080 1770 3000

For k ~ 12 we have

x = (12 [k"dogk + ~/2 log log k + 1*3)1])

THEOREM 6 Suppose f 1is a real polynomial of degree k ~ 2 with an

irrational leading coefficient. Then, for > 0, there are infinitely

many solutions of

I R O O AR ]

A

where a = (2~ + 2)
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THEOREM 7 ILet e >0, k R 3. Suppose a is real with

g -a I < min(g ~, N (a,q) = 1.
Then
1 E (log p) e(ap®) 1 « Q ", (8)
pP"N
Q = q2—k/(k_l) g < xl k"'
= (g-V"i)2'" if NO"'ya-*< q < Nk/2-2*k-1+~..

As already remarked in Chapter One, these improve results of
I.M. Vinogradov. We use an identity of R.C. Vaughan’s to convert sums
over primes into double sums, but it should be noted that it is essenti-

ally no stronger than Vinogradov’s method (see Chapter ~ of [f1] for

example). The results of Theorems 1"and 2 are shown for the special
case ap” Dby A. Ghosh . He also quotes a result for ap” which
is weaker than (2). The previous best result is due to Vinogradov who

obtained the exponent
(4k+1 (k+1))-1

in place of y when k is small. For large k he showed that this
expression may be improved to (25 k2 (2 + log k))“l. We shall improve
the method of that paper to establish Theorems 3-5 and 7. The result of
Theorem 3 is included in that of Theorem 7 and they improve upon Theorem
1 for k * 3 when the added conditions in their statement are satisfied.
An application of these theorems is given in Chapter Five. In some

circumstances the requirements of Theorems 3 and 7 will not be met and

then the weaker result of Theorem 1 must be used instead.

If f 1is a monomial and a is rational, then Theorems 1,3 & 7

can be substantially improved. It follows from Theorem 2 of [1i] that

E (logp) e (~f « a~ (log (N*"g™ + Ng~" + N*g")
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The proof of this result requires the use of L-series. Elementary proofs
of such results had earlier been given by Vinogradov ("~ ]and Chen

Vinogradov obtained the estimate for g < NZ/9 ,whileChen showed that

Z e (") « for g> N®'

It seems interesting that an elementary proof of a result nearly as strong
as that which follows from Theorem 2 of flij is possible improving on the
results of [z, . By amelioratingVinograov’s analysis, or byadapting

: o iy
the method of {L one can prove such a result, but with N~g~ weakened

to N5/6.

No result of the type given in Theorem 6 seems to have appeared
in the literature before, although S.W. Graham has shown [4] that there

are infinitely many solutions of
I CRy IO < Pg-1/S (log

His method is an application of the small sieve. In section 4 we show
that the exponent of logP” may be reduced to 4/3 wusing the large
sieve inequality. For large k it follows from Chapter 5 of 0TJ , with
only slight modifications, that one can get the same answer for fCP")

as the best currently known results for £f(n). In particular, one can
modify the details of [1] to obtain

-J.
o = (2 (log k + 1) (3.25 + (k+1) log (k(logk + 1)))/f(c"k))

Q

which is better than the present result for k % 7. Of course we have,

a fortiori, that there are infinitely many solutions of

I v II <

for a dirrational. This is apparently a new result for large k,

improving upon previous results by a factor of 4.
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2. Proof of Theorems 1 & 2

In this section the method is to estimate double sums by
applying the Weyl differencing technique 2 (k-1) times, that is k-1
times to each variable. The application to one variable is implicit
in Lemma 2, the application to the other is given explicitly in Lemma
3. The weakness of the results of Theorems 1 & 2 1is due to the need
to apply the differencing to both variables. The working here is
substantially as given in [5J , though here some details are appended

concerning the discrepancy of the sequence “p

TMMA 1 For any real valued function f and natural number N
we have
Z 1o e(f =0 N) +sS -S -3
yar (logp) e(f(p)) (N™)
where
S - Z . y(d) Z . (log A) e (£(dA))
~ d<N"*"® - £<Nd'7
S - 4\ (r) / e (f(xm))
2/3 F i
r<N m<Nr—
S - E E A f
o 1 2/O_$§J(m) o A(n)e (£ (mn))
N/3<m<N ' N <n<Nm
and

I () « logr , 0OgCn) << T (W)

Proof This is essentially given in [13]
See also [I*J. This result is usually refered
to as Vaughan’s Identity. 1In the above vy(d) is the Mobius function

and x(d) denotes the number of divisors of d.
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LE~A 2. Let g(x) be a real valued polynomial of degree k with

leading coefficient 3 . Then, for e>0,

E e(gn)) 10 « XA 7 min(X, — — )
n=1 y=1 L3yl

Proof This .is Lemma ~ of Chapter One restated here for convenience

We require the following notation in the proof of Lemma 3:

Ay (f(x))= f(x +y) - £ ,

and define a differencing operator inductively by

A . f®x =A @& =2\
- vt y -yt .

For a function ip@m write

A

y(n, y*,——=y") =

A(n) 11113 (nty.) o A(nty.+y.) ...... II“(n+ 2y.)4;(n+2y.)
- i=1 ~ ~Aon i=1 ifi 1 i=1 ~»
S .
We note that there are 2 terms in the above product. In the
remainder of this section we suppose f(x) =ctx*+ "'x"+ ... +m,

“"MMA 3 Let f(x) be as given in Theorem 1. Suppose £>0, and

#(), \p(v) are real functions. Put

T = max I"(v) ]|

F = (g (2 ))J
u<w
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For positive integers M, W, X write
w X
.S = E I *(u i@ e(f(uv))
u=1l v=1 "% ~
Then
c R -R -k+e Y
(~) «  (WX) (X + (WX) Z min (W, — --—-)) (2
z=1 [laz| |
where Y = “~(k'and R =2~ *
Proof

Without loss of generality we may assume T =F =1 and ~(v) *0
for all V. For the moment we shall ignore the condition uv” M in (11).

By Cauchy’s inequality

A X X W
S « W Z Z ~(v ) IpwvY) Z e(f(uv )-f(uv ))
v=lv=1l- 1 1 2
< 2 WRe o)

Here, for a positive integer s,

X-1 X-1 W
S = 7 7 Z$(n,y*"...yg) Z e ... f(un))"
~ y =1 y*=1 n - N u=l ~1 !

the range ofsummationover n being 1 " n <n+y"+ *«*Yg4d X* the

differencing operatoracts on n not u, and

E, = . )

It is easily shown by induction, using Cauchy’s inequality as we did to

obtain (13), that

S?' << E; 4+ «2="' X?'"-s-1 |s] (16)
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IrTwWA U Suppose we have the hypotheses of Lemma 3 and its Corollary,

but either
4i(x) = 1 for all X
or O ®= logx for all x*
Then
S«  (Xw)1l (g + g (WX) YY+vrr) ™ ] (~0)
Proof The log x factormay easily be removedby partial  summation
so we presume that #(x) =1. Again we may ignore thecondition

uv <M. By the hypotheses of this lemma together with Holder's

inequality and Lemma 2 we have

v=1l y=1 | layv |

« (XH)®@"** min (W. )
z=1 | laz|

The estimate (20) follows easily.

Proof of Theorem 1 By Lemma 1 there are« log hJ
sums to estimate ofthe form
N/X 2X \

Z <9 Z \J& e(f(uv))
u=l " v=X

w "N
1 . 1/3 )
where X < N%, and #(u) E1 orlogu 1if X "~ N We estimate (21)
by the corollary to Lemma 3 if
X~ min(N*, g, N g )
and by Lemma 4 otherwise. The theorem follows observing that

0 - Ck-0/Rr) >
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for s —23 .... k—1.
We write
. f(un)) . )
("'"~1..... A GRS
As is well known (Lemma 10 B of ol ),
Ay y f(im) = y* 1 (elklctu”(2n +y"+— +y* ~ ) + (k-1)1Bu” ")
k k-1
=Uu h (y"... n) + u (k=11 3 y*"...y;" " say.

We now combine (14) - (17) (with s=k-1) with Lemma 2 to obtain
R2 R2 2 klwk-1 e-
S « (WX) X + (WX) Z ...E Z Z W™ min (W, —n-r?------------ riK

y*- .yv-*"n z=1 | zh (y* y* i,n) |

Now the number of ways of writing a number t" "X *W~" *(k!)"
as a product of the form

MTAT 2 —— TN (kD) (2ntyt+ Loyt ) =t
is « (WX)~'""2 . Thus (12) follows from (18).

The added condition uv ~ M in (11) only causes problems with
notation, not technical difficulties in the above proof. The range of
summation over u in (17) will depend on N,n,y”,...,y" * Dbut this
does not affect the estimate of Lemma 2, since the range for u will
still be over no more than W consec wtive integers.

COROLLARY Iet S be as in (11) and let a,g be as in (1). If T = o(X"),

F = o(X?") for every 6>0, then

S « (}M)/\"*"_ (X\\/\ + W"/\ + q"/\ + (X‘V\]) Al kq) Y A

Proof This follows easily from (12),
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Proof of Theorem 2 Let

S = TE logpe(f £(p) ) ,

L
Then, by Lemma 1, we may estimate E |s | by obtaining an upper bound
1=1
for sums of the form
W 2X
E I "(u E #() e(lf(uv))
1=1 u=1 v=X
uv <N

We may estimate this sum from Lemma 3 if

X A min (N/\/\/\ , , NL/\/\/\ q'/\/\/\ )'

Otherwise we may add an extra summation range over 1 in Lemma 4. In

either case we get the bound
« (-1 + N'® + r  (As)

Now if a, the leading coefficient of £, is irrational there are
infinitely many convergents a/g to its continued fraction. Let a/g

2_
Ny/ e

. . 2
be one such convergent with g sufficiently large. Put N=gq , L=

Then, by (22), combining the O (logN) sums.

if g 1is large enough. The result now follows easily from Lemma 1
of Chapter One since this gives a solution of (3) with N* ~p * N

and N tends to infinity with q.
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The discrepancy of gpk We say a 1is of type p 1if there is a

constant C(x,e) such that

I gg IO > g/'~CCa, e) (23)

for all integers g. By this definition almost all integers are of
type 2, including all real algebraic numbers (by the Thue-Siegel-Roth

Theorem) . We write

D (a ) = sup I E1l - n|l| |
n
Then, using the Erdos-Turan Tktorem (Theorem 5.5 of [9] ) we have
<<a,c ! (24)

if the leading coefficient of f 1s a where a 1is of type
y ~ 2k - 1. Looking forward to the results of the next section we

may prove

ON («P™) ~ ! (25)

if a 1is of type 2. If a is of type > 2 results may be

obtained using Theorem 7’s method.
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3. Some lemmas required for the proof of Theorems 3-7

We first observe (working as in [13] ) that the result of Lemma 1
remains unaltered if we add the condition that all variables summed over
in S%, S, Sg are coprime to some integer g with log g << log N.
We shall denote such a condition by writing Z’. The improvements of
this section come mainly from relating double sums to integrals of sums
in accordance with Vinogradov’s method (see Lemmas 9 & 10), although we
will make somenew refinements here. We are also able to give good bounds
for certain subsums by making quite stringent assumptions on the diophan-
tine approximation to -a (Lemma 7). The working of this section is
substantially as given in [6's, although lemma 9 in the present account

is more general than the corresponding result in [6]

It follows, as in section 2, that we need only estimate two types of sum

(after applying partial summation to of Lemma 1)
(I) z' Ky) z' 7 (x) e(f(xy)) (26)
Y<y4 2Y X "Ny'”"
1/0 1/0
where N < YN
(ID) z'" Py zx e(f(xy))
Y<y"2y x” Ny
Here Y < N 3 . Both (¢ and in (7) and (8) can be assumed
to satisfy
*(u) « " Kv) « V— (28)

for every 6 > 0.

LEMMA 5 For any positive integers W, g and real number P we have ,
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W ’ R e w d W 1
IZ* e(pu )I « max Wg)"* (=) Z min (%, ) . (29)
. U=1 - d k ezl
y(d) ?fo
d*w

Here R = 22" and J = (kl) d

We remark that by the conventional method of estimating sums of the
type which occurs on the right of the estimate is a decreasing
function of d. Thus d can essentially be thought of as 1 in
This gives the usual Weyl inequality result, but we have removed all

numbers from the sum on the left of (B9 not coprime to g.

PROOF It is easily shown (see Lemma 2 Chapter 9 of 71 that

w
Z'efpu ) = Z y(d) S(d) 3"
u=1l . dlg
where
r 0 1if d >W
Sd) =<
Z e(Pud) for d* W
By Lemma, a.,'
| s (d) i" «w- ( £)

Combining (30), (31) and (32) gives (z9) since the number”divisors

of g is« gL . Similarly we may prove
L W . c u X " / -A
I 1 X'e('f(u))l« max (LWg)-(1) Xmin( ~, — —=)
«=1l u=l dlg z=1 | laz] |
w(d) /0

d<w
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where X = (ki) dLWk{L,ami fm)::auk+ oo +w
1y2
6. Suppose Y N , k, lgr -a <g , (a,q) =1
Then, for e > 0,
z' i z! P e(ay™x”)
Y<y~ 2 x "Ny ~1 34)
.k-m H 22-m-k v-m ,1 q \,22-"-k, P A

where (&, "(y) are real valued functions; "~ (x) =1 1is an additional

necessary condition.” if m is taken as 1. Here

0 1if m=1

otherwise
ana
F = max [~ (u) | max |3~ (V) | 7
u v

Proof For m =1 this is Lemma 4, while for m=k it is the corollary

to Lemma 3, When 1 <m < k the result follows by applying the Weyl

differencing technique only for the variable y m-1 times in Lemma 3,

i.e. stopping the induction at s =m - 1. For all k Lemma 5 must be

used in place of Lemma 2.
Henceforth in this chapter the letter F 1is reserved for the

expression given in (35).

LEMMA 7. Suppose Y £ -a/ql ~ ®WL) ~, @ qg9=1, N>L"1

S = 7z 17 Ky) Z *(x) e(af (xy) )l
£=1 Y< y<2Y x&Ny

Then, if & =1 for all =x.
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F (HL) (y:it ~ + S ) . {3k)

Otherwise

k ,,k ’- 2"'"
SL (r2 + +r o+ ) )" (37;

Proof We write

'L i1 >

and prove (36) first. By partial summation

A = E (X ,6 ®) S (i) + My) e(a'ly' ([Ny‘*] t£1)%) s /ft)
T<y<2Y xgly * - Ny T,y

Here 57(x) = ifly) e("'L(yx) ) -1’ e(ct’'£(x+1) vy ), *'= a - aq

and . S £) = E' e(—"" )

Clearly 6 (x) « FL£y*x~ ~(LN") ~ . Thus

I |A T« X' (X .SCv_ MR I Is @A I+FX IS (0] |
=1 » Y<y”*2Y x”~nNA' N £=1 £=1 [Ny “],y

(383

By (33), the fact that (y,q) =1 and Holder’s inequality we find that

O I S T A A O S B R ! 1]

2=1 * 4 x"L

It is now easy to deduce @B6) from (38) and (39).

To prove (37) we use Cauchy’s inequality to obtain

A < (E *g(x) )( E E *(Vl) E *(V_2) e(_ax £(V1—Vl%)))

x< NY x"IY Y<v_<H Y<vA<H
= A 1 x 2 X

where H” = min(2Y, Nx )
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4 Y max|#(u)]

We now remove all the terms with Vi =2v" from S,f to leave a

sum say. The terms with v* = v* contribute
2
<< max]” (v) | N
vV ~
to and hence
[41]
.to . We proceed to estimate A" as we treated A" above. We now
get sums S (£) to estimate given by
x.Yl/yg
k, k k
afny -y ¥
S (2) = E' e( - )
n<x 1

The complication arises that yk - yk may not be coprime to q.

It turns out that quite a crude argument will suffice for the applications

(the Yk q term in (3?) can be improved but not the g Yk N_k L_l term) .

We have

A combination of (40), (41) and (42) together with Cauchy’s inequality

then yields (37) as desired.

involved in replacing ank by a polynomial of degree k with leading

coefficient a.

, say. ~0) v

We note that there are no technical difficulties

5%
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-k, \ -k
z'*(y) z' *(x) e(afy™x") « EN""=- (N + ~7 a + H | . (40
Y<y42Y  X4Ny“~ s/ \ J
Here A = (£,9) and H = LY"Q "~ + gq(Y/N)".
Proof. Without loss of generality Y = 2% where t is an integer. Some

notation is required inorder to split the trigonometric sum in (26) into

subsums. We define sets of integers as follows for 0 4m4 t : Cg ={Y},

Y.2 and write

“a" *™m " m " A A ryY2” 04 r 4 2"™*}. We put YY"

O(y.) for the set of integers x with N (y t 2Y )" < x < N(y + Y )" for
ok m m m m

m >0 . We define 0(yo) as the set of integers x with 0 <x 4 (\"(Y)
Clear/”.
_ vV t
il ly) 2'*(x) e(aly x ) = E E Sy ) +  0(N/y) @
m
Y<y42Y x4N m=0 eC
y /y y e
where Ty
Yo' m
S(ym) = EN \py E” "(x) e(atxy ) (48)
y=ym+1 xee (y")
We write S”(y) for the inner s.um in (28). We shall consider m fixed at the
moment and concentrate on one subsum S(y”). In the following the summation

over X will be for x e O(ym), We note that there are « NYm/YA numbers in

0(y"), and << Y/Y* numbers in C*.

Write
X = Ny ',
We now relate S”(y) to integrals in accordance with one of
Vinogradov'’s methods. We make one important change in that we will
use an infinite series of integrals rather than one integral plus an
error. The saving this apparent innovation produces is only significant
for small k ; it makes no real difference to the result of Theorem I

of Chapter ~ of , for instance. We have
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IEMMA 8 Let 4® Dbe an arbitrary function. Let B and A Dbe positive

integers. Then, for 6>0, we have

2" k k

=f IE Au) e(yud) | dy << B k+” max [*(u)]” (+3)
'0 A<u< A+B A<u<AtB
Proof
&1 . o B 1
I= Z ...... E n' W) n *(u.) e(yP(u ,...,u,))dy
0<u”< B 0<U2k$Bj=1 - 1 i=0k-14T ~ Jo 2"
2/\"/\ k 2'" k
where F(u ,...,u,) = E (u.+h) - E (u.+ A)

As the integral in i4® is either 0 or 1 we may conclude that

2" (1
I 4 max | *fu) | E E e (yF(u ,...,u k))dy
A<u<A+B O<u1 <B O<u 2k<B '0
1 k
max [~ () | f E e(y(utar)®) ©~ dy (45"
A<u<A+B 20 0O<u<B
k
The estimate B" for the integral in (45) is well known (see
Theorem 4 of |1 ]) and completes the proof of this lemma.

We remark now that the drawback of the results of Lemmas 6 and 7 is
that their estimates become trivial for Y near (in fact the
situation is even worse in Lemma 6 for small m). The following lemma

deals with estimation of sums where both ranges are quite large,

1 v -
LEMMAS Y4 Nk 2 <L<LN. Put' Q =max (g, @©'"'L)") and SUpPpPOSe

that I agq - a I < Q (a,q) =1, e > 0. Then
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r=0
where
Ir(y) = I Z e(ux®) " (x) ™" du. 6~
l(y) "
Here . A ~ W , y_k
1 (y) = [gv£ 9 .Yy $+40 3.

(The reader familiar with Vinogradov’s work should note that
we have been able to make *(y) somewhat larger than usual; this
requires us to use an infinite series but it will become apparent
that this is no real problem).

To obtain (49), note that for any u.

S*y) = E "(x) e(ux”) e(x”(ay"f-u))
X
- X' e(uxX) X * (%)
X r=0

The interchanges of orders of summation and integration in the

following working are easily justified. We have

VAN

S, (y) =x M ;X el X (gytmw) t @) M)
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, (2wi) rxk
r=0 ]
j:y)

« X Tu—ay™£ I” I E'x™ (PR e(x™u) | du
e 3(y)
r,—kr

« E k——- [ I72" §(x x* e(x”u) Idu

r=0 37 (y) X -

By Holder’s inequality ,

[S1ly) f' « IE Kx)x™ e(x\) I
I r=0 "e r=0 Jg(y) X
« -rk2”
« X E —-— 1 Ir
'r=0

by another application of Holder’s inequality. This establishes (49).

Our next task is to relate S(y") to integrals over [0,1) in a manner,
similar to Vinogradov (see [lé]), and use Lemma 8 to obtain a good estimate
for the integrals. We say two intervals J(y*", "(y2) overlap mod 1 if
there is a real number x and an integer n such that xe ~rd

A

n+x e "(yg). We will show that not many of the j(y) overlap mod 1.
Using the periodicity of the integrand in Ir we may then get our required

integrals.

Suppose “(yj ), J(yg) overlap mod 1, then

at (y* - y*) =h t 0(x"*)

where h is an integer. Thus
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=hg + 0( H )
Since g) = " ,q9 =1, there are
AY
| - bl
q
solutions of vy a £ =Db (mod 9)
in y*, with 17~ + . Thus only
AY
(1 + H ") (—— +1) g
q
intervals 4 (y") overlap (mod 1) with a given " (y9).
gk gk
Write V = max [~ (V) | , U =max ["~(u)| . Then we deduce with
\Y% u

one further application of Holder’s inequality that

gk ~k ' , , «  k-rk2»
15(7.) 1 « Y. 4-(1+ H )(i +7 )YXO-71 _____ |'f
r:

m

were =T IEXMdu)NX) N

~ Jo

by Lemma S. Hence

[S(yJ|™" « Y; gkl + - H X--,

Thus

« g- 1+ H ) +7 ) (~)A x e, (I
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k -1
fy =C+mg , with CE ba (mod g )
04 C<gq 04 méd4 LYg" « Y

The number of intervals *(y) which overlap with a given interval is thus

« (1 + LYk N™) g-

. . , (]; Y%k E Lo :
This is a saving of a factor — t - — )g- over thetrivialestimate.

The remainder ofthe proof follows without difficulty.

Proof of Theorems 3,4,6 & 7

Proof of Theorem 3 As already indicated, we need only estimate sums of
type (I) and (II) ( (26) and (27) ). For Y » we use Lemma 9

(£ =L =1). This gives an upper bound

« ~ce/2 (%-1/k + g-1)2 « ~1-YHE/2 (53)
For >Y 4 we use Lemma 6 with m = 2. This also leads to the
estimate (53). Finally, for Y < we apply Lemma 6 with m =1

which also gives a suitable bound. As there are only O(log N) sums of

the type (I) and (II) the inequality (4) follows.

Nl - 1/k

Proof of Theorem 7 If g4 the proof follows as above, the

(o_[_;L k& lf2 term coming from Lemma 9 and only being significant for
q > ~non For q < we use Lemma 9 for Y 4

24 2 . _ Q2
For Q >Y >Q weuse Lemma 6 with m =2 . For Y 4 we use

Lemma 6 with m=1

Proof of Theorem 4 Since a 1is irrational there are infinitely many

different convergents
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Since

The result of Lemma folows easily from (51) since there are 0( log N)
subsums as given in (47) to consider. Slight modifications are necessary
in the working for the sum with vy range of length since the inner

sum over X has the form 0 < x < NY , but there are no added difficulties

LEMMA \0. Suppose we have the hypotheses of Lemma with the added

condition that

Then

X ki « (LN)*- r(i . £

where c is the sum on the left hand side of @6).

Proof We shall only outline the necessary modifications to the proof of
Lemma g. By the modulus inequality it suffices to estimate sums of the

form (in the notation of (47), (48) )
L

X XM X Is
YmcCm vy -

We proceed as before, relating S*y) to the same series of integrals.
This time however, we are interested in how the intervals are distributed

as both vy and £ vary. We thus require the number of solutions of
y af£=Db (modqg)

for y 1in a given range of Y numbers, I4& 4 L. We have
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to its continued fraction. Let a/g be one such convergent. Pick N

so that

a = + C/2 - e/2]

and put

It follows from Lemma *1 of Chapter One that we need only show that

L
Zz Dz (legple' [ep"b]] = o (N) [
£=1 p<N
in order to establish a solution of (5) with P+ N. Since a 1is

irrational and we pick a sequence of convergents with o>« the result
of Theorem 4 follows. As in the c”e of Theorem 3 we need only consider

sums of the type I and II, but we here add gn extra summation over £.

Put
b+ k(2k + 2t (20
Then
and
by - /2 l/2=-2% p- 1<-2\ . '
We estimate sums of type (I) by Lemma 10 if N? <Y4N . There

are « 1log N such sums, and by (55), (52) we get an upper bound for

the total of these sums of

« (L AN (S-E4p)2  (log N)

= ~ + Se/4 (log N)

= o(N).

Assuming, as we nay, that e 1is sufficiently s ill. We have used
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the fact that F =0(N- ) to obtain this result.

For 4 Y4 N- we estimate sums of type (I) by the case of
Lemma y with #(x) ~ 1.It follows from (56) that we get aboundwhich is
o(N) for these sums as well.

We estimate sums of type (II) by the case of Lemma y with <& = 1.

Here the estimate is ;

which is certainly o(N). This establishes (54) and thus completes the

proof of Theorem

Proof of Theorem 6 Let d be the leading coefficient of £f. Choose
N and L as in the proof of Theorem 4, but replacing C by a. Write
Y = N*-. Let be the collection of all numbers of the form p™ p”

A

where p*, p are primes and

Wy <Pi<2y, < PiPjS. N
We notethere are » N (logN) ~ such numbers. It thussuffices
! . to prove that
L e} X
Z I E e(ff(n)) | =pN(logN) ) . (Tv
£=1 neN'

For k = 2 (57) follows from a suitable variant of Lemma 6 (by
.adding an extra range of summation), taking m=2 and making obvious
choices for pandip . For k"S (57) is establisheddirectly from

Lemma 7 (37). This completes the proof of Theorem 6.

We now include a brief demonstration of an improvement upon Graham’s

result, namely

A

For irrational a and arbitrary real there are infinitely many

solutions of
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“2 4 Gl <c Pg (log

Here ¢ 1s a numerical constant which can be evaluated

To prove this, let a/g be a convergent to the continued

fraction of a, g > 107, Chopse X as the largest integer with
q > (log Xq) \
Put
N = Xqg, L = (log N)
where c¢* 1s a constant <1. We note that IX < g. From lemma

i of Chapter One it suffices to show that

E e”alp”Pqg)
x°<p <x  x<p <g

where M 1is the number of P numbers of the form p”"p” occuring

2
in the above sum. Clearly M » N(log N) . We have, by the
modulus inequality.

LX
4 E h(m) E  e(amp)
m=1 X<p4g

Here h((m) is the number of representations of m as £p* with

1 5/2
xz £ p*d X. We observe that h(m) 4 5 since m < X As

h (m) is non-zero for << LX(log X) numbers m, by Cauchy’s

inequality we have
X

3? << X E e (amp)
L (logX) m=1  X<p4dq

We may now use the well known large sieve inequality (see [S 1)

to estimate the above sum. We get

v
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I < max |["w1» I I Z e(ot,u™ ... + a u) dg ... dg
u Jo A<u<A+B K

The integral in (59) is the number of solutions in integers

Xf, with A <x*, yv* 4 A + B of the system of equations
T/2 T/2
Z x" = 7 v/ (s =1,...%)
i=1 i=1

We note that the above system is invariant under a translation of
all variables by a constant . Hence the integral in (59) is the number
of solutions of (60) with 0 < x*, y* 4 B. By Theorem 7 of [7 ] we

find this number to be

« sT-kfk+1l) +*

when k 4 10. For k = 11 we get the above result by following Hua's
working (£ = 40 1in his notation in this case).

For k * 12 we may use Vinogradov’s Mean Value Theorem as given by

Theorem 4 of [18], which gives an estimate

The proof of the lemma is thus complete.

LEMMAJZ? Under all the hypotheses of Lemma 10 with a as the leading

coefficient of f we have

E |aj « P }
F1 W
where T 1is as given in Lemma 11, and is the sum of Lemma 10

with f(n) replacing an

Proof The proof follows as for Lemmas 9 and (Cwith Lemma IT replacing

Lemma S. The only real difference is that (49) becomes

[Co

4
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« B!
(log N)

A

By choosing ¢ sufficiently small the result follows.

We remark that the above method can be adapted to prove a result

like Theorem 6 but with the weaker exponent k((2"-1) (2k-1) + 27%)

4. Proof of Theorem 5 We first require some more lemmas.

LEMMA 11. Let #(x) Dbe an arbitrary function, A and B integers

Then, for e > 0, we have

A<u<A+B

<< gT-k (k+1) /2+¢

A<u<A+B

Where T 1is given by the table in the statement of Theorem 5 for

k < 11. For k > 12 we take

T = 4[k"(log k + 2 loglog k + 1.3)]

Proof Proceeding as in Lemma 2 we see that
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T - - X=-%? I, (y)xk(k+l)/2
S/y) I <k rp r*.oo 2
where
R=1r"+ 2r + ... + kr*,
I, - I Z'<>(%) e(a x*+...+ a x) ["&a ...do,

*'Ji(y) X -1 v -

and

39(y) = [ Ug -f +I ] (ssl , ...k,
where a” 1is the coefficient of in f£(x) (so a”=a)

LEMMA"1”~ Suppose k 4 12, N*"*4 g4 %13k/24~ L4 N, (a, g =1,

la - a/gql 4 (N*L)"", Y 4 . Write , for £ 4 1,

s = 2z “ly) 2! e (£f(xy))
B Y~ 42Y X4W »

Then

Proof Working analogously to Lemmas 5 and 7 we need only estimate

x/d k ,k k
S (@ = Z e( —— * ~ + £g(ydn))
n=1 4
Here x 4 NY g 1is a polynomial of degree k-1 and (y,g)=1. Sums
with d > N*" contribute « to S Dby a trivial estimate, so
we may assume d 4 N*" . Similarly we can presume x/d 4 N . Iet
a £y~ at

B ith (b,q") =1
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We have

>
VAN
IS

<, %g =< N*k/8 k/12 ~ ((§ ) k-1

We are thus able .to apply Theorem I of Chapter 6 of [1-7] to S”(d)

to get the estimate

where 6 = 5(24 log(12k (k+1))) This is more than good enough to
prove this lemma. We remark that although we have thrown a lot away in
this proof, there is no point in being more precise, since the sticking
point in the proof of Theorem | is the estimation of sums of type I

(1.e.Caé)).

Proof of Theorem S. For k 4 11 the proof follows as for Theorem 4, only
using lemma U in place of Lemma tO, As we remarked at the end of Lemma 7 ’s

k
proof there is no problem in changing an to f(n).

The value corresponding to |} in the proof of Theorem |- is
p’ = (T-1) (2T+(2"'~"=1-2k) /k)""

which satisfies
p'"T =Tt ; ko' -t/2 - k/2 = -2"t ; p' -1<- 2"x

For k > 12 the proof follows from Lemmas |}, and!}.
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CHAPTER FIVE DIOPHANTINE APPROXIMATION BY PRIME NUMBERS

1. Introduction. The main results of this chapter have appeared
in a joint paper with R.C. Baker jj#%j , although Theorem 3 in the present
account improves upon the corresponding theorem in that paper for
~ ~ = 3+ V/hen we wrote that paper we were unaware of certain papers by
Liu (see his survey paper [s] ), many of whose results may be substant-
ially improved by the methods of the present chapter and one such result

described in section 8. The idea to use the new auxiliary funct-
ion came from R.C. Baker who also suggested using the method of jj."]
The final form of the argument in this chapter is my own however. We

prove

THEOREM 1 Suppose that » "2 > "3 are non-zero real numbers not
all of the same sign, that 7\ 1is real, and that AlA 2 1is irrational.

Let 6 > 0 Dbe given. Then there are infinitely many ordered triples

of primes , P£ , P3 for which

In + AiPi + A2P2 + X3P3I < (max p J . (1)

THEOREM 2 Given the hypotheses of Theorem 1 and assuming the
generalized Riemannhypothesis, there are infinitely many ordered

triples of primes p~, P2, P3 with
o 4
In + AiPi + A2P2 + A3P3I < (max Pj) (log max pJ = . (2)

The basic method we employ can be traced back to Davenport and
Heilbronn ([2]). They adapted the Hardy-Littlewood circle method to
prove that if Aj, .., A are non-zero real numbers , not all of the
same sign, and with A"/Aj irrational for some 1,73, then for every

e > 0 there are infinitely many solutions in positive integers

of the inequality
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< e (3)

provided s * 2 + 1. The minimum value of s was subsequently
improved for k ~ 12 (see [3]) and improved again by Theorem 3 of
[11] for. k "5. Schwarz ([9]) extended the result to show that (3)

A

has infinitely many solutions in primes p By means of a complicated
argument A. Baker (CJJ) showed that in the case s =3, k =1 the €
in (3) may be replaced by (log max for any natural number A.
This result was extended by Ramachandra ([8] ).

A more striking advance was made by R. C. Vaughan ([10] and [11])
who improved the ¢ to a negative power of (max p”) while reducing
the necessary size of s for k* 4 to a value which is 0 (k log k).
For s = 3, k =1 he obtained (max p") (log max py)*\ without
the GRH and stated without proof that the 1/10 could be improved
to 1/5 with the GRH. Our present Theorems 1 and 2 imprSVe these

results and we shall indicate how the exponent of (max p”) may be

improved considerably for k © 2.

2. Notation and explanation of method. Since 1Ij/"z irrational
there are infinitely many different convergents to its continued

fraction. Let a/g be one such convergent where g is large in terms
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of Aj,A2»Ag and n. We write, for the proof of Theorem 1,

c - (5)
f 3 .2
y= 384 |Xip( J JIX.| J (6)
P =ye'l . (7)
h =«/5,
e(x) = , (8)
S.(x) = % (logp) e (@ExX.) )
A p<X 3
V(x) =min(|Si(x)],3jS"Cx)!) (10)
I(x) =1 e(xy)dy ,
Jo
3
G(x) = H IRA.x) (11)
. 1
J=1
3
F(x) = H S.(x) (12)
j=1 *
T = (log X) '~ . (13)

Constants implied by « shall depend only on A", A2, A3 and n .
The following lemma converts the problem of solving inequalities of
the form (1), (3) into a question of estimating exponential sums and
integrals. We use this result in place of the more familiar Lemma 4
of [2] merely to simplify certain parts of the argument; it is not a

necessary ingredient in improving Vaughan's work.
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LEMMA 1 For any g > 0 there is a continuous function A(x) in

L' (R) such that

A(x) " . (14)

While, if we write

A(t) = A(y) e (-ty)dy , (15)
V—
then A(t) =0 for 11| " g (16)
Also
| ~-11] "A(x)] dx =g . (17)

Proof See p. 559 of [7]. Henceforth A(x) shalldenote the function

given by Lemma 1 with g =y .

COROLLARY. Let N(X) denote the number of solutions of the inequality

D4 Dgbi 4o dghe 4 ksbsloon

in primes ©pl|, Pg, Pg © X . Then

E"" (log X) "N (X) >J e(xn)F(x) A (e x)dx . (18)

Proof From (10) and (12) ,

. j ! ]
e(xn)F(x)A(ex)dx = ~ n(logp.) e(x(nt E A.p.))A(ex) dx (19)

P1>P2»P3="

The integral in (19) may be estimated by a well known theorem on
the inversion of a Fourier integral (both A and A are in L'(R), of

course). The integral is simply
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3. Region one. Here |[x |7 , and this part of the integral forms

the main positive contribution to the integral.

LEMMA 2 We have

f IF(x) - G(x) IIA(e x) Idx « / (log X) ~ . (20)
JT-.
Proof It is established in [10], Lemma 9, that
ft 2 -1
IF(x) - G(x) Idx << X (log X)
AT
From Lemma 1 A(e x) «1, so (20) follows.
LEMMA 3 We have
e(xn )G (x) A eX)dX » X (21)
Proof We write D(y) =X[ i i](y) ™ A(y) and put
rX fX rX 3
« Q* = maxCo, e - |n+ Z A.y.]j)dy" dy" dy"
Q /\O /\0 j:]_

In the proof of Lemma 10 of [10] it is shown that

- 22
Q* > pIry (22)

(That part of Vaughan's argument does not depend on the size of e).

By an easily justified interchange in the order of integration.

) )A(ex)dx dyidy2dy3

'XrXfX fn + X yi+Xgyg + Xgyg"
I jdyidye dya



79

From this and (1 ) we see that (18) follows.

We observe that the integral in (18) is really only over a finite
range (by (16)) of length P, i.e. << e The normal procedure is
to obtain an infinite integral, whose range of integration is split
into three sections, traditionally named (with variations):; the
neighbourhood of the origin; the intermediate region; the trivial
region. InVaughan's work this corresponds to |[x| < T,

T< Ixj ~ e , e N <Ixl , respectively. We shall split our range
of integration in three as well, but our regions are:

JxXINX; T< | x| "~1; 1<|x|"P. We shall draw heavily on
Vaughan's analysis for the first region. It is possible to improve
Vaughan's work to reduce our present approach to two regions:

Ix| , X < Ix["™ P. However, the argument is more complicated
and the idea of using three regions enables us to further improve the
exponent of (max p") when k ~ 7. The reason for this is that the
maximum permissible value of r may not be improved beyond X ~y
whereas we would like | x| to exceed ka/z throughout the "inter-
mediate region". (see section 6).

The second region with T < [x| ~ 1 is the easiest to estimate.
For k** powers of primes any value of x > X will suffice.

By modifying the argument in [11] we could take x =X ~. The
third region is the "sticking point" as regards improving the
exponent. Theorems 1 and 2 shall be proved by showing that the
integral in (18) is » X2 . The analysis in sections 3 and 4 is

little affected by altering the relative sizes of X, g and e

which we do to prove Theorem 2.
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[ n+Xfyl+1272+4373
o - D AT1NT27T 3
"

De Tn + |11X.3y.8) dyidy dy3

= 2
000 J
. e DT m+ E X.y.))dy dy dy  (since D(y) ~ 0)
00 0 i=1 1] 1 2
3 g2 0 o
> r—1 - X D(X y)dy by (22) and a trivial bound
1711u FO °
> Th—v— by (17)
= bilw
» X as required.
LEMVA 4 We have
I e(xn)G (xX) A (ex)dx » X~ . (23)
Proof Since A(e x) « 1 and we have the inequality (21), it suffices
to show that
[ IG(x)| dx = o(X™) . (24)
J|X|>T
We have

I(x) fc e(xy)dy << min(X,x ")

Thus | IG(x)1 dx « | X dx

JlIx|>, {T
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« T

8/5 2
= X (log X)

Thus (24) is established and the proof complete.
LEMMA 5 We have

T oomx) F ) A ex) dx » X

Proof This 1s immediate from (20) and (23).

If we are dealing wifh the problem involving powers of
primes the sizes of e and r will be different, as already remarked,

and the lower bound of Lemma 5 will become

\
T
FM(x)A(ex) dx » X0 7
=T
where
S 14
F xX) = n E e(xp .) (log p.).
J=1 Pj<X ] ~
4. Region two. Here < x| ~ 1.
LEMMA © Suppose lror=bl <r »~, (b,r) - 1. Then
~ (log p) e ©E") << (log N) (N + Ng % + N°g") . (25)
PAN

Proof See [12].
LEMMA 7/ For 1 < [x] "1 we have

V(x) «X (log X) "~ . (26)
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Proof We first remark that it is possible to improve (26) considerably,

but this is unnecessary here. We observe that (26) is true for kK"

powers of primes and any T > X by using Theorem of [4] in place
of Lemma 6 here. For a given x, we may choose , O, a0, an
such that

IXj X - Sj/gl 4 X"~ (log X)"° o*.™

with (aj,gqj =1 and 1~ g”~"X (log X)"° . As T =X (log X) *

we see that a~ a* / 0. Now suppose that both g and g* are less

on
than (log X) . We have

X] aj/qg £ a.l  av/ah
- "92 =1yr %% ;g5 J"a" (V—3

« X /(riog %\@

. 1/3
Since g =X we have
ADAT - AgA :O(qh . (27)
|4
But Ia*g*I "~ (log X*° = o(q) . (28)

We note that (27), (28) contradict the definition of g as the
denominator of a convergent to for g sufficiently large (see
20

Lemma 9(ii)). Thus one of g®sg” 1is greater than (log X) . This

with (25) establishes (260).
LEMMA 8 We have

J[T<|IX’|A1 }F(X)A(ex) |, dx << X* (log X) . (29)
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Proof We have

3 |F(x)A(ex) |dx « 3 IF (x)] dx

4 <xI1 ~re) x|<1

3 2
1 V(x) I |s.(x)] d
|xleCr ,1] 3=1-"0
« / (log X)
Here we have used (26) and
[ |S. (X) ] dx < £fI" log p e(xp) |© dx
;0 J D
« X log X (30)

by Chebychev's upper bound.
Lemma 8 demonstrates that the contribution from region 2 is of a smaller
order of magnitude than that from region 1. For powers of primes

the right hand side of (29) becomes

. =-k (log X)-1

for s > s,(k) Here s _(2) =5, s_(3) =9 and, for k 3 4, s.(k)

- "B : ES: £s: a
is Vaughan's 3) (k) of Corollaries 2.1 and 2.2 of ([11l]). For example,
S0 (4) = 15, S0 (10) = 123. To establish (29) for k ~ 4 we have to
estimate an integral (>f, (5.29) of [11]) of .the form
L =] 155 MHRK ]| TA(cx) |dx
0
Here H(x) is a certain exponential sum (Vaughan's F"(x)). We note

that for 0 < X < 1
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r . . ,i2
Aex) « 1< sin 1rx/%j
TTX

Thus

sin TTX/2

irX

dx

The above integral represents the number of solutions of a certain

inequality and so is bounded above by the number of solutions with p”

replaced by n. (i.e. summing over all n in Sj(x), not Jjust
primes). We may then use Theorem 1 of [11] with e = 1/2 to conclude
that

« XS -1-k+ 6

essentially. This is the desired form of inequality to replace (30) in

the case k* 4 .

5. Region three. As we have previously remarked, this is the
crucial region, and here we employ an argument given by G. L. Watson in
section 10 of [14]. This enables us to improve the method we used in
Lemma 7 of section 4 which closely followed Lemma 11 of [10] and

Lemma 13 of [3].

LEMMA 9 Let Db/r Dbe any convergent to the continued fraction for a.

Then the inequality

, -1
la=(3) /vl < (4rv)

in which <,v denote integers, not necessarily coprime and v 1is

positive, is not soluble
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IX*xq* - aj < (x/2) (34)

(g, aj) =1 and aqj 1 x” X/Z)"

We divide M(Z) into disjoint subsets M(Z, Ql Q2) such that

Qj < g < 2Qg . Qg < gg <2
for X E M(Z,Q0", Q"). From (34) it can be seen that MfZgQ*gQg) is
contained in intervals of length < 2144 ~X N+ (X/Z)N . We now

show that there are not very many of these. Working as in Lemma 7 we

find that
\
We have q” q Q"™ P
So, by Lemma 9 (iii) a” g” can take on only
QiQ2Pg' "

values. By (i) of Lemma 9 each value of g° defines precisely one
value of a - Since the number of divisors of 3 O is « X* by a

well known estimate, M(Z, , O") 1s contained in

-1_h
« Pg X

intervals (34). Now [SM(xX) | « XAAA ~ by (25), so

[ (Si(x)S2 (x) |"dx « (QiQ2Pg“h"~X™) (Q"V ™~ Z¥™)zn XA
JM (Z,01,02)

= PX" + /\'/\q|/\

. 3-5-h
« eX by (4), ), ().



86.

(1) for two different ~ and the same y ,
(ii) for any y < r,

(iii) for any two different vydiffering by less than r .

Proof This is Lemma 2 of [14].

The following lemma is the most significant step in improving
Vaughan's result in [10] (it is quite easy to improve his 1/10 to
1/9, Dbut a result like the following is needed to make any saving

over 1/9).

LEMMA 10 There is a set ofnumbers M & [ 1, P]lsuch that

(1) for Ix|lel[l, P), | x| "M we have
V(x) £ 6 (31)
\
(i1) f Is (x)S (x)1" dx ((.y? * e . (32)
; |x|sM ! n

Proof We define M to be the set of all x e [1,P] for which (31)
is untrue. We may also suppose s (x)| ©~ |S™(x)] since M can be
split into two subsets and the proof for [s7(x)| < |S2 (x) | will
follow analogously. We now divide M into << log X disjoint subsets

M(Z) such that

Z < IS"x)| 4 27 (33)
. 2/3
for x E M(Z). For each x e M(Z) we pick a”of so that g2 "~ X
I xg& - al < X Han, at) = 1. By the definition of N,
|1ShM(x) | > +5/2 go” by (25), g’< X1 N Also, by (25) and

A

(33) there is a pair g”, a& with



88.

2
The proof is completed upon noting that there are << (log X) « X

subsets M(Z, Q°, Q").

LEMMA 11 We have

£ IF(x)A(Ex)| dx << X~ 4 (35)
JIxl >1
Proof By (31),
3 rP
[ IF(x) A (ex) Idx « X© r [ J:s.(x)l dx
Jlx| >1 =134 '3
ol
« x° PI I ~ e(xp)(logp)l|"dx
0 f<X
« Xz_h
Also
f |[F(x)|] dx 4 [ IS (X)S (x) I"dx [ |S (x)] dx
J1xl eM JIxEM h

<< (X GEX P log X)

This completes the proof of (35).

By Lemmas 5, 8 and 11,

0. Proof of Theorem 1 and other results.

e(xn) F (x) A (ex) dx >*» X

J—m
(1) is

Thus, from (18), the number of solutions of

A

>> E X (log X)

» X .
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Since X tends to infinity with g, this completes the proof

To prove results for k-th powers of primes we take g as before

and define X, Y, W, e, by the following table

k X e Y W
5 x4 + 6 xi - 8h xii - 4h
q
3 X-1/28 + 6 %4/7 - 8h x12/7 - 4h
q:
i 2/ (k-1) X-Ckz™)"! + 6 xl - 1/k - &h x(k+1) /2 -4h-1/k
q

For k ~ 11 we may take e » X

The analogue of Lemma 10 for k-th powers of primes is

LEMMA 10 B et M be the set of x in [1,P) such that

min (S3"(x), S"Cx)) « (X" for x4 M

Then

1) For 2 A k <4 we have

I IS"® ... Sg(x)| [Alex) | dx « X" | KCx) (F(x)™ + G(x)7") dx”

xeM
Here F(x) and G(x) are any two disjoint products of (s-1)/2 of the

moduli of the sums S”Cx),..., S"(X).
2) For k~5 M is empty” assuming g 1is sufficiently large.

2
Proof We pick g%, g~ a% a° as in Lemma 10 but replacing X /3 by

W. By Theorem 7 of Chapter 4* we have g < YCj=1,2).We define

Mz, Q%, Q") as in Lemma 10. By the argument of thatlemma M(Z, o)
is contained in « Q" Q"rg” X* intervals of length <1. If

k ~ 5 there are therefore no such intervals, assuming gis sufficiently

large. Nowwe note that ~ for any A*> O,

* for k ¢ 2 use Theorem 1.
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A+l A+l
S x ... S (x| la (ex)] dx << ("Fx) + G(x) jdx

<< (Fx)" + G(x) ") K2 (x-A)dx << (F(x)" + G(x)") KCx) dx.
2

It thus remains to show that the number of intervals in which

M(Z, O%, Q%) 1s contained is << A
A), Lk =2. By Theorem 1 of Chapter Four we have Z < X~ NN so
Q/\Qg q~/\ X/\ e"/\ Z « X/\/\ Qg XS " G « AAé+Zh_6 j/\l_3h

as required.

B). k = 3. This time we use Theorem 7 of the previous chapter to find

that

Hence

0*0g q—l XQ E_l 7 << x2h - 3/28 -6y31/16 %1-3h

as required.

C). k = 4. Here we note that Zz < X~ *xn 1/48" and the proof may

be completed as above.

The following Theorem follows easily from Lemma 10b, the results already

mentioned in this chapter, and the working in  [11]

THEOREM 3 Define Sg(k) *

SO (k) 5 9 15 28 37 55 75 97 123

and, for k ~ 10
s™k) = 2k + 7+ 2 (-log 2R + log (1 -5../kK))/(- log(l - 1/k))

where R=2»"* (k” 12), = (2k*(2 log k + loglog k + 3)) ~ (k > 12)

Let s be an integer ~ SQ(k) and suppose that X* are non-
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zero real numbers not all of the same sign, that n is real, and

is irrational. Let 6 > 0 be given. Then there are infinitely many

ordered s-tuples of primes p*"...,p" with
n + E X.p. < ( max pj )_Y *o
Here
= T if k =2
= 1/28 if k=3
= (ksf)-! if 10 > k > 4

(25k™ log k ) ~ if k ~ 11.

-1
The value given by Vaughan for vy is the much weaker (5.4""" (k+1”.

To prove the result for k > 11, it is necessary to use the result

of p.3] 1in place of Theorem 7 of Chapter 4*

7. Proof of Theorem 2. We now write

X = qg". E = ( log X A
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The proof for regions one and two may be completed as before. The

following lemma, dependent on the Generalized B iemann Hypothesis is

the only significant change in the proof of Theorem 2.

LEMMA 12

-1
Suppose 3 =a ~ a/qg, (a9 =1, 131~ N ~. Then, on the
GRH, we have
N
E A(n)e(an) K 1, (log N) . (36)
n=1 (log N)2
Proof We may suppose that g * N. ILet x denote a Dirichletcharacter
modulo g. We first note the well known results on Gauss sums
(x)y = E X (e (n/q) = y(@Q if X = Xg9 the principal
n=1 characte
r r (37)
<< g2 otherwise .
Write
N
g = B A (n) e (an)
n=1
(n,q) =1
Clearly
N
E AN e(an) -a « loggqg (38)
n=1

We may thus work with o 1in order to prove (36). We have

. (39)
n=1
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formula (24) of [10].) From (41) and (42) we get
N 2 3 5 3 .
E A(n) X (n) e (nS) = 0(N*"(log N)5)+0(N""e (log N)*) - E 'S5 . (43)
n=1 P
Here
~p o= u® ~e(ug)du =I u "e (U3 + " du ,

if Y ="mp. We may estimate f p by Vander Corput’swell known

methods using the size of the first and second derivatives of
u8 + (v log u)/2ir. We find that
\
Thus fp « N°IvI ~ for lyl] < 4rN3
« N~Iv I for IYI > 4wN 3.
Hence
z' £p « NMlog N)» + NlejMlog N).
Combining (43), (44) yields
N 1 2 1 3
Z A(n) x(n) e (ne) = 0(N2 (log N) + NI B|= (log N)*) (45)

(We here use 3 A N *; Dby working a little more carefully we could

dispense with this hypothesis, but it does not affect our results.)
(40)

For X “ Xo an extra term Y is necessary on the right of
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Now let X be any of the non-principal characters in (39). For any

real number Y > 1, we have the well known estimate

A~ A(n)x(n) = -Z Y + 0( YT"*log"Yg + Y"log Y) (4C»7
p

=-z + 0(N%(log N)3/2) 0-1)
p

Here 7Z indicates summation over all zeros of L(s,x) (on s = J/since

we assume the GRH), with [Im p| < T. To get (4l1) we have put T = N®(log N)”"

and presumed that Y < N.

Now suppose f eand g are functions possessing continuous derivatives

and that

7 ¢t =g(u) + h(u)
M<n <u

Then, by partial summation/integration we find that

Z c f(n)=f@Omh@ +7 g (Wfdu+fM™MgM™M - I h(u)f'(u)du. (42)
M<n<L ” IM \
(The present author that the formula (42) is clearer than the one

used by Vaughan who needs to integrate by.parts after application of the
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and (41). This gives
N mw 1 o 1 1
Z A x (n e(ng) = e(u3)du + 0 (N"(log N) + N |3 " (log N)*)
n=1 J1
« min(N, |3f")+0 (N2 (log N)~ + N|3|2(log N)”™). (46)

Combining (37), (39), (45), (46) gives

0 << min (N, |3] * (log N) + N [31~ 9" (log N)~ . (47)

The proof of Lemma 12 is completed by observing that (36) follows from

(38) and (47) together with the obvious inequality <)@ >> g (log q) .

LEMMA 13 On the GRH there is a set of numbers M c [1,P] such that,

for 1A X"* P,

(1) for X/ M V(X * (log X) " (48)
(i1) I [Sj(x) S2(x)|" dx « . (49)
'™

Proof We work as in Lemma 10, but pick g*, a& with [x"g*"x-a”| <X
< xk By (36) and (48) q" « X* (log X)'® and Ix"gj-a”l <x'®x

X (log X) ~ . Also, by (36) we may find a”, g~ with

X g x-a”l < 2z ~ (log X),

1 g <X 2" (logX) , @, q) =1.

Thus
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[
o
Q

Ui

(@]

Sg gy gl << X = (log X)

From (50) we can split M into « (log X)” subsets M(Z,Q0", QM)

each of measure
« Pg" X*/10 z“" .

(We here use the trivial inequality that a number less than X has

<< X divisors.) Also
Qi Qg P» g. (51)
We have, for x e M(Z, , O,
I S ik N7 XN (L xX)yn
Is (%) Z(X)' « Q2 1 (log X)
Thus
I [S"(x) SM(x)1" dx « P a'”™ @ 9N ' (log X)©
M(Z,Q3,02)
« PN X+ "MI0 g" (log X)N by (51)
« X*/3 (log X) *
Hence

[ Is x) s (X)|" dx « X*/3
/IM

as required.

The proof of Theorem 2 may now be completed easily
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! The following result may be demonstrated
easily using themethods of this chapter and Theorem 1 from the previous

one.

THEOREM 4  let X, X% ..., X be non-zero real numbers, not all of the

same signwith X*/Xg irrational. Suppose k™, ..., k" are positive

integers such that

z  2-kj > 1 + 2m

where t =min k. Let f*(x) “e polynomials of degree k» with integer
coefficients, the leading one being positive. Let n be an arbitrary

real number. Then there are infinitely many ordered s-tuples of primes

with
s
n + 7 X. f(p.) < (max pJjj) - E(k1.k2) + «
J=1 ] ]
where
1-2k1i 21-2k2
E(k ,k) = min ( ! ) for max (k ,k ) > 1
k1 %2
- 1/6 if kN =kg = 1,

and 6> 0.

Undoubtedly better bounds for the number of variables required may be
found by adapting Vaughan’s argument in [11] . Also one can improve

1-2k>* ! ! ! . .
] erms for large k, or fork greater than two if f is a

the 2
monomial. Theorem 4 improves on the work of Liu because of the new
estimates for trigonometric sums over primes (Chapter 4 here) and also
because of the refinements we have made to the traditional (Davenport -
Heilbronn) method of tackling this type of problem. Asanexample, for

kg = kg = 3 jkg:=k® =1 Liu was only able to get an exponent of

(ET - 1)/5760 = 0.00062197... Theorem 4 however, gives 1/16.
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SECTION TWO

SOME TOPICS IN MULTIPLICATIVE

NUMBER THEORY
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CHAPTER SIX INTRODUCTION TO SECTION TWO

In this second part of the thesis we shall be considering topics
in multiplicative number theory. Each of chapters 7-10 consists
of a preprint of one of my papers ["5,6,7,81 . The present chapter
contains some general results which are used repeatedly in the following
chapters, but which are not quoted in an explicit form. There is also

some general discussion on the background to the results and methods.

1 The bac%$round. Legendre was apparently the first mathemat-
ician to formulate a conjecture concerning n(x). He proposed that

tt(x) = - (1)
log x - 1.08...

Gauss, however, while still a youth, concluded that *F(x) could be

approximated by
dt
2 log t

The first general results to give weight to these conjectures were
obtained by Tchebychev in 1851-2. He proved that
lim inf — — - — < 1 < lim sup
£i x &1 ox
and

(0.92— ) X < TT(X ) < Cl.105— ) «x
log x log x

for all sufficiently large x. Hadamard and de la Vallee Poussin
independently, in 1896, proved the celebrated prime number theorem in
the form

TX) = &1 x + 0( x exp C'-cClog x)7) (2)

(see, for example. Chapter 18 of M )¢ This shows that Legendre was
wrong to conjecture (1), the 1.08... should be 1 . The important
new feature of the work of Hadamard and de la Vallee Poussin was the

demonstration that ¢(1 + it) ~ 0 for any value of t . The only
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improvement which has been made to (2) without any additional

hypothesis is to increase the exponent 5 on the logarithm (see

[17]). On the Riemann Hypothesis, that all the complex zeros of ¢(s)
lieon Re s = 5 , the error term in (2) may be improved to
X" (log x). This is near to the best possible result since Littlewood

showed that

(16§ %)

.....

7t (x) - &i X = 0"(x:’lc (T'ogloglog 'x)

One question which naturally arises in view of the above results
is : how evenly are the prime numbers distributed in short intervals ?

That is, what can be said about

P(x,y) = mX +y) - TEX)

where y = 0(x) ? From (2) it only follows that one can make a non-
trivial statement concerning P (x,Vy) if y = 0(x exp(-c(log x)")).
Hoheisel [11] was the first to show that there exists an a less
than 1 (he gave a =1 - (3300) ~ + e) such that

a

P(x,x%V) ~ as X . (3
log X

This has subsequently been improved by Ingham, Montgomery and Huxley

[14,18,12] . If N(aT denotes the number of zeros p = 3+ iy of
the Riemann zeta function in the rectangle lyl ~ T, 3" o@and
N(a,T) « T~ " Clog T)" for i~ o041,

then the method of Ingham followed by subsequent authors shows that (3)
holds for a > 1 --e . Huxley proved that o ~ 12/5 and so
obtained a ~ 7/12 4+ e . The limit of these methods, even assuming
the strongest possible hypotheses is a = Jd. If one only requires (3)
to be true for almost all x (in the sense that the measure of those

X~ X for which (3) is untrue is o(X) ) then Selberg [19]has shown

that cne may take a > 1 - 20In particular, Huxley's zZero
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form N = p + ?2 , the method giving a similar approximation to

question 2 above; Heath-Brown and Iwaniec [lo] have shown that

» e
log X

P(x, x
for a > 11/20 . It is a common feature of sieve methods that one
does not arrive at an asymptotic equality, but an upper or lower bound

which is a multiple or fraction of the "expected" number.

One result of recent years which has been important in proving
several results (like [lol , [is]), is the improvement of the error
term in the linear sieve (see Chapter 8 of [4] for the "old" form of
the error term). This result is given by Iwaniec in [I6] , building
on earlier work by Motohashi, Hooley and Chen. This work provides the
starting point for chapters $ and of the present thesis. We write
a"~1 for the number of elements of A divisible by some squarefree

integer d and we suppose that

A1 = ~ +  r(a,d

where X 1is a positive number independent of d, wCd) is multi-

A A

plicative with 0 w (p) o) for p ~ P, and r(A,d) is considered
to be an error term, small on average. Before the new form of the error
term was available, the error term in the sieve C RY of Lemma 1 of

chapter 8) was of the form

Z |r@A,d) | (4)
d<D
dlp(z)
where
P(z) = n o)
<z
peP
Sometimes each term in (4) was rtjl\iec{with a factor « d* . Since

each term in (4) occurs in absolute value, there can be no cancellation

of errors. Thus (4) limits the permissible size of the parameter D
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density estimates gives a =1/6 + ¢ . The "classical" techniques
used by the above authors are adapted to give the result of Chapter

Seven here.

Of course, many other questions are raised concerning the distr-

ibution of prime numbers. The two well-known classical problems are

1. (Goldbach) Is every (or "every sufficiently large") even
number the sum of two primes °?

2. Are there infinitely many prime twins ?

Another conjecture is

3. (Hardy-Littlewood) If a polynomial might reasonably be expected
to represent a prime infinitely often (i.e. it is irreducible withno

common divisor to its coefficients), does it in fact do so ?

Questions might also be asked about the distribution of primes in
residue classes modulo g (see Chapter 15 of [isj for example). Recent
progress in these problems have used sieve methods which we discuss

briefly in the next section.

2 Sieve methods in prime number theory. The idea in an
arithmetical sieve method (see [4] for a full account) is to remove
(sift out) from a sequence of integers A , all numbers divisible by
members less than z from a sequence of primes P . The members of A
which remain will then only have prime divisors from P which are no
less than z. 1In particular, depending on the relative sizes of =z
and the members of *A , the elements of A which remain will not be
divisible by "many" primes from P . In recent years sieve methods
have been used with great success on problems mentioned in section 1,
or on approximations to those problems. For example, Iwaniec [15] has
shown that n® + 1 is a P* infinitely often; Chen fl] has shown

that every sufficiently large even number N can be represented in the
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although it is desirable to have D as large as possible (this is
discussed more explicitly in chapters 8 and ”~ ). Iwaniec replaced

the sum in (4) with a multiple sum (see Lemma 1, Chapter 8) which
allows for some cancellation of errors. The error term may be estim-—
ated by Fourier series and using standard methods for bounding
exponential sums, or by using the Perron integral formula (see Lemma 1
below) and estimating mean values of Dirichlet polynomials. It is

the latter procedure which will be used in chapters 8-10. Linnik's
dispersion method can also be used (see [is] ). By these methods
cancellation is allowed for and so the value of D may be increased

beyond the apparent natural limit imposed by (4).

Even though the value of the parameter D may now be taken
nearly as large as the members of A in certain circumstances (compare
the working in Chapter 9), it is apparently not possible by a sieve
method alone to give a non-trivial lower bound for the number of
primes in A . To do so would require D to be taken larger than the
members of A. All the sieve method gives is either a non-trivial lower
bound for the number of almost primes in A , or a lower bound (which
is negative) for the number of primes less a certain subset of almost
primes in A . The latter result is used in chapters 8 and 9 here. The
important feature of this method is that classical analytic methods may
be used successfully to give a lower bound for the number of almost-

primes vie have subtracted. The method presented in chapter t”n

is rather different, however, and here the sieve is employed to give
an asymptotically "correct" result, while the Buchstah identity is
used to decompose the original sifting function in such a manner

that the only "awkward" sums that arise are non-negative and may be

discarded.
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LEMMA 1 (The Perron Integral formula) Let

f(s) = Z a n " (a > 1)
n=1 *
where a® = 0@{pMn)), *(n) being non-decreasing, and
(a -1)" Z la In " = 0(1) as a > 1.
n=1 K

Then, i* ¢ >0, ¢ +a>1, x isa positive number > 1, and N "is

the integernearest to x,we have

+ iT
~ = ~ar f(s + w) dw +
" " c _IT |l
+ 0F=x"T~" (c+a-1) “+ Ipx (log x) T * + M)
where Trr N
M = P x T |x-N )

it being understood that”"x"” is taken in the minimum if x = N.
Proof This is Lemma 3.12 of [20] essentially. In Chapters 7-10 it

will be refered to as Lemma 3.12 of Titchmarsli's book.

LEMMA 2 (The fourth power moment of ¢(s)) We have, for T "2,

T
IC(i + it) 1~ dt = (1) T log"T t 0(T log”T)

Proof This result was first shown by Ingham [13] . In fact, much more

is known ( see {"9]).

LEMMA 3 (The mean value theorem for Dirichlet polynomials) For any
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real TO and T we have

T +T N _
1 2 a n?” 1 dt
T n=1D"
o
where -1 <0<1.
Proof. This is theorem 6.1 of [is]

ILEMMA 4 (Van der Corput's bounds for trigonometric sums) Let f(x)

be real and have continuous derivatives up to the kth order, where

k~2. Ie;L $% ~E£N) (x) “hX? (or 4 —-f~*™"\x) 4 hXx"). Let
b-a”~1, R=2k_1 Then
Z e(f(n)) « h~/"b - a) x4"2R-2) ~ _ "1-2/R -1/ (2R-2)
adnidb

Proof This is a combination of Theorems 5.9, 5.11 and 5.13 of [\

4, Some additional results required for Chapter 9. 1In the
preprint that forms Chapter 9 the main theorem involves a parameter
h, and a proof is given only for the case h = 0. For h / 0 the
proof follows a similar pattern, but we need to express the function
X(s) which occurs in terms of the Hurwitz zeta function. It is easily
seen that the only properties of the Riemann zeta function used in
Chapter 9 in connexion with X(s) are : 1) Its appearance in the Perron
integral formula; 2) The second and fourth power moments. The n"
occuring in Lemma 1 may be replaced by (nth)” with the only alteration
necessary being the term involving the nearest integer to x, where
| x-n-n1 replaces |[|x - N | - The second and fourth power momemts
of the Hurwitz zeta function may be estimated using its approximate
functional equation ( see [2] ) and modifying the proof of the mean
value theorem for Dirichlet polynomials. It should be noted that the

behaviour of the Hurwitz zeta function deviates in many important

aspects from that of the Riemann zeta function, but these do not enter



into the working as it affects X(s).

5. The” future® ? None of the results in Chapters 7-10 are
what is believed to be their final form. The theorem of Chapter 7 is
quite near to the "expected" result, however. There is some discussion
in the other chapters on what details might be improved to get slightly
better results. One frustrating respect of multiplicative number
theory 1is that even on the strongest hypotheses, present methods are
limited in many problems to giving results far worse than those believed
to be best possible. For example, Cramer conjectured (as noted in

Chapters 7 and 8) that every interval of the form

[n, n + £(n) (log n)* )

contains a prime, for some f(n) =1 as n . Even on the Riemann
hypothesis the interval length may not be reduced below f(n) (log n) n”
Similarly, in Chapter 9, the exponent -gq is the limit, even on the
Riemann Hypothesis. It would be very desirable to have a new method,

or a new plausible conjecture, that would push back these limits. To

be plausible, of course, it must not lead to any results"which contra-

dict Littlewood*s result mentioned in section 1.

in
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CHAPTER SEVEN

AIMOST - PRIMES IN SHORT INTERVALS

1. Introduction.
Assuming the RiemanoHypothesis, Selberg [8] has shown that, for
almost all n, the interval [n, n+f(n) log n ] contains a prime,

A\Y

providing £f(n) with n. Here "almost all n" indicates that the
number of exceptional n 1is o(n). It is convenient to extend this
definition to a real variable y so that "almost all y" signifies that

the measure of the exceptional set is o(y). Cramer conjectured [1] that
every interval of the above form contains a prime where f(n) -1 as

n => @ The best unconditional results to date are due to the present

author [2] and Heath-Brown and Iwaniec [5] who show that'almost all intervals
of the form [n, n+ n® and every interval of the form [n,n+

contain a prime, respectively. If we only ask for an interval to contain

a Pg, i.e. a number with two prime factors, a much stronger unconditional
result is possible. -Using a sieve method Heath-Brown [3] proved that

almost all intervals of the form [n, n+ contain a P*, Y. Motohashi [7],
by a simple analytic method reduced the required interval length to n”,
and Wolke [11] improved this to (logn)C where C 1is a sufficiently large

constant (he quotes 5.10"). It seems interesting that the value of C may

be reduced to single figures by modifying Wolke's method. Here we prove:
THEOREM Let 6>0 Dbe given. Then almost all intervals of the form
[ n, n+ (logn) ] (1)

contain a P” number.
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I should like to express my gratitude to R.C. Baker for suggesting
this problem to me and furnishing me with a simple proof of Lemma 3 below,
I would also thank the referee for his helpful suggestions, which have

made the paper easier to read.

2. Notation and preliminary lemmas.

Constants implied by the o, 0 and << conventions will depend at
most on 6. We suppose x to be a sufficiently large positive number
and y to satisfy x4 vy 4 2x. We write p = 3 + iy for a zero of the

Riemano zeta-function and

N(a, T) = 71

6ic, |1|<T

We put
L =logx , I« = loglog x ,
U= [3xL 7 G] + 1/4 , P(s) = 2z A(@m)n >,
U<n<2U
S$y) = E A() A(m") , e(s) =I (d + -1,
y<nn'<y (14U
U<n<2U
M(s) = mind, uls| * ), X = 3/14 - 6/100 ,
-1 - H~1
J(s) = M(s)” |P(s)x* 1" , H(y,n) = |ly/n | |y (14U ]“X)/'n
Here Il || denotes distance to the nearest integer. For s = a + it,

-1 < a < 2 we noté that
e(s) « M(s) U

and we also observe that P(l) =tn2 + o(l)

LEMVA 1 We have
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N(a,V) << °~ (log when a 4 1-X
where t = t((0) < 2;
N(o,V) =0 for a4l - (logV)”~'"™ )

providing V 4 L and x is sufficiently large ;

N(a, V+1) - N(a, V) « logV for V 4 2. (4)

Proof The result (2) may be deduced from Theorem 1 of [4] when
a4 49/50. For a > 49/50 we may use Theorem 12.3 of [6] together with

Theorem 5.14 of [9] (with &=6). A stronger result than (3) is given

on page 226 of [10]. Theorem 9.2 of [9] gives the well known result (4).

LEMMA 2 For almost all y

min(H(y, n), n) «
U<n<2U

Proof We note that, for U<n < 20U,

2X n
e min( Iy/n || *, n) dy « | min(i ,n) dt
X 0

The result (5) clearly follows for almost all vy.

LEMMA 3 Let pointsX. (j=1,,..,N) be givenin [0,1). Then there is

a set Sc [0,1) of measure 4 1/2 such that

max E 11 -X.k N log N
tesS j=1 ~

Proof Let Q be the subset of [0,1) for which Jt-x*7T' 4 N (3=1, ..

Then QO has measure > 1-2N and



N :
E L-X.r dt< 2N A - 40N logN.

The result of this lemma easily follows
LEMVA 4 Suppose lpl << T. Then
P(®) = P*(P) + Pgfp)

where

P~ (P) « G(1 +|y[) 1 +U G

and

u/\ r_v

PiCp ) « z
p' I+]|y '—v
y=Y"'" 1iU

c/2
Proof This follows from Lemma 2 of [11], modified by changing U /

there to U.

LEMMA 5 We have

Z An)A(n') « X
X4 nn*42x

U< n< 20
n,n' not both primes

Proof The sum on the left above is

« Z + B X
2<k<2L, 2<k<15L

« 7 as required.

3. Proof of Theorem

We write E for the interval [1-X%X, 1-X.+ L” ]. For any value of

t with lt] 4 T we let I denote the wvertical line joining a+ti



and o 4 (t tl)i. For each zero p with t-14 Y 4 t+1 we write
X = (3-(1-X))L if 3eE, X =0 if 3<1-X, X =1 if

P 2 P = * P

34 1- X + . By (4) there are << L such points X*. We

conclude, using Lemma 3, that there is a subset E” of E, of measure

-1
4 1~ /2, such that

E ls-pI”~ 4 12 E IX - @-1-x) L' I1"~ « LI"
Is-pl4 1

for s E , a E E®

Since E” has measure 4 L2"/2 , there exists o E E~ such that

I J(s) Ids I4 212 I J J(s) |ds|ldo « L2 jJ I J(s)l|ds|da

Io Eo OA Elo

Similarly, for a given value t, we may pick w with t-J4wdt+J

-1
and, if %N is the horizontal line from 1 -X+iw to 1-—X—{-L.Z Q—rw,

(wtg) ita
I J(s) Ids| « I J(s) Idsda,

W E (w=g) i+c]

and (6) holds for s= £w. We can thus make up a contour C ,from parts of

such lines from - iT to 02+iT where a’“ek g =1,2) so that

I J(s) |Ids| « 2 I I '~d+ it)dtda
E -T

Also, by (6) and Theorem 9.6 (&) of [9] ,

r‘k
Y (s) « L L% for SEC.

Henceforth we assume [ly/n || >0, |ly(L+U *)/n ||> 0, for

U<n<2U. Put c¢c=1+L " . Then, by Lemma 3.12 of [9] we have

c+HiT

Hyl o mj f o 1v(s) fleljl (7)

+0 ( 2 A(n) (xI/(Tri) + niin(xLH(y,n)/(nT),n))).
U<n<2U

IIS'



i/é.

Hence, by changing the path of integration in (7) and using Lemma 2,

for almost all vy we have

*(y) ="~ pP(1) - Z2' P(p) 6(p) yP - 2" jIA (s)e(s)P(s)y® ds
=yu 1 P(l) - Sy - Iy/2x+ 0(xU 1L 1) say. (.3)

In the above we have written E' toindicatesummation over zeros

with ¥ |4 T to the right of the contour C.

We now consider

3x/2 2h
I=-17 Jivi~dyan.
~ x/2 h
Clearly if
I « (x/U)2 1" x% 0
then B Iy << (x/U) for almost all vy.

3y integrating first with respect to y then h we find that

I « [ |dsl |p(s) M(s)x® 1! |d"1 |P(«)M(w)x"]
1 1(1+ Ilm(s)-1lm(w) |)
« -==Tr- 1 JJ(s)1ds
f._g L2 @ (I+1)U
« — |P(a+1it) |~ dt do
reoodrr f iy
X" -2X

« ————— &) by Theorem 6.1 of [6]
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« max U x N(B, 2T) (n)
91'92'G3

where 3 = max(3",32»Pg)e* Here we have split the triple sum over zeros

into three sums corresponding to 3 = "3 summed over

A2 Pg last, respectively. The expression in (12) is an increasing

function of 3j if 3* < 3* Thus the expression in (12) is

« (™) max X " N(3, 27)
3

« L-1
using (2), and (3). Combining (10), (11), (13) gives
Sy « (x/U) L\

for almost all vy as required to finish the proof.



This establishes (9) since 2X(7 +6) > 3. It remains to prove that

is O(xU_l _1) for almost all vy, because (8) then implies that

*(y) 4 yP (D/2U for almost all y. It follows that $(n) 4 nP(l)/20 - LL"
for almost all n e [x, 2x ]. By Lemma 5 the contribution to $(n) from
integers which are not P" s is of a smaller order for almost all n,

which completes the proof.

We write
s = + 5(3
¥ y Y y
Here
v , P . X,
y = 1T e<»>  m< : >
1Y1l L v IS
« (x/U0Lg" 10)
using (2) and (3). We have written @) for the sum involving P”(p)
with ly |[>I and for the sum involving P"Cp). We have
A\Y [] I , , ; . )) n 1ll " 1]
from (2) and (3)
Also
~ Ix y Y <T
e,+6 —-26 26 -2
« I I I @ ——mmmmmmmm e

- (1+41°?!'- YgtKl + |Yi -Y3I) "
"l "2 "3
1Y§ t<T
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CHAPTER EIGHT

PRIMES IN SHORT INTERVALS

1. Introduction

It was conjectured by Cramer [1] that every interval of the form
[n, n + £(n) log”"n] contains a prime for some f(n) 1 as n
Assuming the Riemann Hypothesis, Selberg [12] has shown that almost all
intervals of the above form contain a prime providing f(n) =% with n,
"Almost all"™ in this context indicates that the number of n 4 X for
which the statement is false is o(X). Selberg’s proof essentially gave
a relationship between the density of zeros of ¢(s) and the length of
the interval. This was used by Montgomery (Chapter 14 of [11]) to show
that, for almost all n, [n,n"5"&] contains a prime. The exponent
I/5 may be improved to T/5 using the zero density estimate of Huxley [6]
which he obtained to show that R,s1 "Ry << P, ~ ~ where R, is
the nth prime. This result on the difference between consecutive
primes has been improved by Iwaniec and Jutila [8] to p™" *~ , and by

11/20 + E
P .

Heath-Brown and Iwaniec [5] to These last two results

were obtained by a sieve method. We shall use similar arguments to

prove the following result:

THEOREM For almost all n , the interval
[n. n + + =) Cl)

contains a prime number.

it is .the hypothesis of Lemma 5 below which sets (1/10) + e as

the limit of the present method. . .We shall in fact
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A

show that for almost all n the interval (1) contains >> "*""*"Xlog n)
primes. This exhibits a common feature of sieve results: we obtain a
lower bound which is a fraction of the "expected" number of primes under

consideration.

2. Outline of Method

In sections 2-4 we use the following standard notation:

p(z) n P , viz) = n @-1/)
p <2z p<2

and note the well known asymptotic formula:

\Y = — + 0 1 A ’ 2
(z) log z ((log z) ™) (2)
where or 1s Euler's constant. For a finite set of integers A write

A" = {neA; dn}

S@A,z) = |{ned (@ P(z)) = 11}1I,

We shall consider the set

Here x 1s a real number satisfying X <x ~ 2X , where X will be

assumed "large", and y = xX (*/10) + ~"2, The fundamental Buchstab

identity states that

S@®,73%) = SChazg) - £ S(Ap,p)

Using this we find that, for < z" < x*, we have
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Tx) - TR - V) = S, x2)
= S@A, z7) - ~ S(Ap, p)
= s@, z¢) - J 3(a*, ZgCp)) - I S(aAp, 2y(p))
1

22°P<”

|| I 5(Ap”, 9 + I S(Apg. g

Z3 (p) <g<P<x" Z3"PE)N g<p<7Zj

Pt =2 pP>".

= h ms' "3 + 4 K ™5

In the above it is also necessary tohave Zg(p) ~ p for p ) Zg,
zp) ~ P for z*" p < Zg . Since we will onlygive a lower bound
for Trx) - Tr(x-y) we shall consider with x* replaced

1 1 1
with (2X)2, and Efwith x* replaced by X*. Then

tt® - ttx - vVy) 4 Ef - B~ ~ Eg+ E~ + E™. (3)
We shall give a lower bound for E” and an upperbound forE” and
Eg Dby means of the linear sieve (Lemma 1). It should be noted

that one can make use of certain subsums over almost-primes which

arise in the sieve results in [?] to improve the lower bound for

the left hand side of (3). The inclusion of these sums has significance
in other problems , but is unnecessary here. We deal with the
remainder terms in Lemma 1 by bounding the integral of their square
over fx, 2xJ , wusing Dirichlet polynomials (see Lemmas 2-6) . The
motivating principle here is to be able to choose the D which occurs
in Lemma 1 aslarge as possible. To this end we shall pick z», =z%,

A

zg(p), 2z"(p) sothatthe hypotheses for our estimates ofmeanvalues

of Dirichlet polynomials match the form of the remainder term given
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Iwaniec. Eventually we obtain a lower bound of the form C'y/logX
for - "2 ~ "3 7 wvalid for all x except on a set of measure
o(X). Here C is negative, but quite small. On the other hand,
we are able to give an asymptotic formula for a subsum of , with

an error which is also considered by its integral over [x, 2xJ ,

I , .. The remainder of the

sum, together with the whole of E* , being non-negative, is discarded,

rA .k - A k Ailik &
I- 5 ic ' b - h:
Tk lec-.J0s  'to l'a lower bound of C" y/logX , where
c" +C >0.

In proving the theorem we may, of course, assume that the e
in (1) is "sufficiently small". We use < for a positive function
of E, and henceforth reserve the letter C for an absolute constant,
We write X for (Log X)g where B 1is bounded by a function of =.
The entities <), C, X need not be the same at each occurrence. We

may thus write, for example,
XM~ >> X~ J or XM << X

The constants implied by Vinogradov's << notation depend here, and

elsewhere in this paper, on at most e. We write
T: iyl - E)/10" Y = =1"¢fl - 3e)/105"
Iy - s ) L vy [ LELEE) - Tl

A

The reason for thisparticular choice of z", zZ

A A

, 29, Z will become
apparent in section 5when the remainder term of the sieve is

estimated.
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LEMMA 1. let z4 2, D4 and e > 0. Then
S(A,z) 4 W(z) {F(s) + E} + R+ (5)
S(A,z) 4 W(z) {f(s) - E} - " (6)
where s = (log D/(log z) and E = Cc+ O((log D) The remainder

terms RY are of the form

R* = Z R7 ,= 1 Z 4 (v,e) A rA,ve,....p"%) (7)
o (" (D) v<D*
1="1=1
where (D) runs over allsubsequences 4 ... 4 D*, 1including the

empty subsequence, of the sequence

n>0,
for which
DID2 .... P2k +1= ~ (0 <k < (r -1)/2)
, +
in the case of R , and
soee M7k-1 °2k =° 0~k < 1r/2)
in the case of R . Moreover, E* indicates that v and p~",

(14 14 r), are restricted by the conditions

v|ip(D*™), Pi|P(z) .

Finally, the coefficients (v,e) depend at most on (D), v, e

and the + signs and satisfy

[C(D) (v.e)] < 1.
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3. The fundamental sieve result

We use the linear sieve result of Iwaniec [7] in the form stated

in [5]. When we come to apply Lemma 1, the A occurring
in its statement will not always be that specified in section 2. For

the properties of .the standard functions f(s) and F(s) see [2]

(Chapter 8). We write
r@a,d = " - w/d

for the remainder term, where W is independent of d .
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4, Some preliminary resul'ts

In this section we give the relation between the remainder
terms and integrals of Dirichlet polynomials, and various estimates
for such integrals. For any upper case latin letter B other

than Q, P, and H we write

B(s) = Z a b"
B<p"2B ~
where a is real and Z ak « B X, for any inte%er k < C, (¢
"w B<b<2B ANY = l

For the letters L,K we stipulate other conditions. For both K
and L =1 for some set of consecutive integers and
otherwise. For L the condition L < & 4 2L 1is tobe replaced by

Cgfe) < t/L < CgCe).

For 1~ H" we define H“(s)by
H- (s) = Z cf"N(v,e) v”*
H<v<2H
. . ~ . 1lte .
For numbers g =1...r) with ly P\; we write
P.(s) = Z PTN
~ P.<p.<2P. "
r] ]
where ~ =1 for some set of consecutive integers n , and is
zero otherwise.
We write (H P*,...,P") for that subsum of corresponding

to P. < < 2P. . To consider RI”n for Z e put
b Py D * ) 5 W P

P(s) = Z n ®~ A(n)/(log P)
P<n<?2P 1
n <Cz2X)"
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for any number P with P< (2X)*. We replace A by in  (5)

and write ” ) for the sum of the remainder terms

weighted with the factor A(n)/(log P) for

P n C min (2P, (2X)"). We use the same notation for the remainder

A

terms from , replacing (2X)3 by =z and z* by z".

Also we write

H(s) =min /—" — 21 3)
Ihl"i v
c = 1+ aog
LEMMA 2 For any continuous function g(s) , and 0 < < T <X
we have
N ERC fC+iT 2
g(s) ds dx
ct+1To
ct+iT
«  X™(logX) Ig(s) |~ 1Ids I
cHiT
o)
Proof This is easily established by squaring out the inner

integral on the left, integrating with respect to X first and

making use of the inequality:

jg(ctit”) gCc+ it?)! < Jg(c+it™) |~ + IgCctitg))”.

LEMMA 3 Suppose YX ©* "A <X 7~ , then
Z a(c”~1 -[1"1) =y 2% ~+ 0(yX") + I
A<n<2A  * " A<n<2A
where
’ c-iT TeHL T - (x-V) =
I= " ( + ) L(s) A(s) " ds
2'"'- Jc-iT Jc+iT»

Here L = X/A, T =1L1L", C(Ctie) - %, C"Ce) = 3



T&g

Proof This is demonstrated in all essentials in [5], pp. 53-54.

COROLLARY (1) Write L =X(H B, ...P ) Iet A be as in section

2 and let W =y. Then we have \-cr D

1
-I IR(D) (H Pp)T dx
« X £ H(s) 1h'(s)L(s)P.(s)....P (s)1™|ds| + Y"X (8)
JctiT
o)
For T =1"
o)
COROLLARY (2) Write L = X(H P P*. ..P") Replace A * An,
ppt D =X~ 37/Pp, z = Zg(2P) for , z = z"(2P) for and let

W = y/n. Then we have

A |R(D) (P. H, P~,...ppl~ dx

’ AvOFIF + g 0 -é
« Y X H(s)IeCs)ICs)PCs )P (s)...P"(s)1l |ds|] +YX . (9)

J4
The above corollaries follow by combining Lemmas 2 and 3 and using
the definition of the remainder terms.
We write T7 = X*""*" Cand note that the presence of the H(s) factors
in (8) and (9) indicate that it suffices to consider integrals from
c+iTg to c+iTg where Tg - Tg < T and T ~ T". We write I
for such a line of integration.
We note that the classical mean value theorem for Dirichlet Polynomials

(Theorem 6.1 of [11]) gives, for a positive integer h,

[ IM(s)|”h IdsI« X (1 + T/M") (10)

This result shall be used repeatedly in the following. The next
lemma gives a bound for integrals of the above type when his not

an integer, and lemma 5 continues in a similar vein.
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max [K(s)l < X ,
sel

This, together with (11) for h=3 gives the following

COROLLARY If K > 1" X" then

I [K(s)|™ |ds|] « X

LEMMA 5 Suppose KMN * XAAn KA X' , N » X
and max (KM, MN) x*'. Then
I |k(s) M(s)N(s) | |ds| « X N

Proof We assume KM ~ MN, the other case follows similarly.

write J(a) for the largest even integer 4 a, and define 3 to

be the smallest number not less than 8 for which

J33B+J (B) ~ .
Wa put T =2B (B-2) then, by Holder's inequality
I |k(s) M(s)N(s) Ids I @ IN(s) |®1ds|j~/®" |~ |K(s)

From (14) and (11) with h = J(3)/2, together with N ()l « X

it follows that

f IN(s) |® |ds|] « X .

a
We nowapply lemma toK(s) M(s) with T inplace of 3 and
h = 1. Using (13) and [M(s)| « X we obtaintheinequality

I IK(s)M(s) |* Jdsj« X~*,
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IEMMA 4 Iet h be an integer >1 and 6 a real number with

oh > 3 > 2h. Then

/ (B-2h) / (6h-6) T \\
jiM (s )nds | (1r+ ")) (11)

where vy 1s any number ~ max M (5)1™"
7 sel

Proof Put Q(s) = M(s)®, Q=M" . ILet s” be any points in I
with s - ~1 for 7 k , andV < |QSY)| <2V (r=1,...R).

By the form of the Haldsz lemma due to Huxley [6] we have

R « X" + T Q" V'G)

Thus

~ y2t (3-2h) /h A(y(3-2h)/h "~ "~ g2 y-4 + (3-2h)/h)
1

« Xy
, , rt/(6h-6)
! |
If (12) holds it follows that the integral over that part of I for
which [Q(s) | >V is « X y. For the remainder of the integral it

follows from (10) that we get the bound

(3-2h) / (6h-3)

Which completes the proof of (11). It should be noted that this
result is considerably weaker than what might be expected (cf. Conjecture
9.2 of [11]). B

By Van'der.Corput*s.bounds.for exponential.sums (see' Chapter 5

of [13] for example), for X ~ K~* , we have
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after shifting the integral to the i ~ o line and using
lcy+it)| « " for o~ 2. We write J(s) for the integral
in (20).

We have

[ Im(s) |~ (K"1L + (1 + |s|)'" + T'5/6)2 ]ds| « xW*
I

by an easy calculation using (10). Also, using the fourth power

moment of ¢(s) (see Chapter 7 of [13], for example) we have

[ 13(s)M(s) |2 |ds|] « X « xX¥°
.'I IKAI 1

This completes the proof of (19).

S. Estimation of %, Zg

(I) The main terms. We first note the forms which the functions £ (u)

and F(u) take for the present choice of parameters. We have, for

H.) = - 1) . C B«)
In the case of 2% u = 105/26 , so

f(u) > 2 ~/79)
105/26  ® (26/

Also, for 3"~ u " 5

1

In the case of 72 n <3, and here F(u) = 2 e*/u. For Zg u

varies, but it is never more than 52/17. Thus in this case we have

2 / ~5/17 \
Fup ~ — -— /1 + J? log(t-1) dt )
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if

Now, for 8 = 8, (18) follows from the hypothesis KM" X",

Otherwise we use the definition of 3 to obtain

where

6(8) =4(141) (~» -g*) for 8 < 8 < 10

=|-(6-") for 8 > 10

It may easily be verified that 6(3) "4 for all 3 > 8. 'It
follows that (18) holds, and so the result of the lemma follows
from (15), (16), (17).

We require one more lemma on mean values of Dirichlet polynomials.

gp . p p/io
LEMVA 6 Fogg K> T "X 5, KIM>X ~, T_» X , we have

Proof By the well known Perron formula (Lemma 3.12 of [13]), we

have " c+iT-a
KO)=*J0

c-iT-a

’ C)a{_‘ ’ jJSfﬁJ

j-iT-c

+ 0(K-1 + £-8/6 + (|s| +1)-1) ,
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2 e? r35/17 \
3 . J;2 1 -2/t d&l = 2e™nm ™ (1 + (1/17 - 2 log(35/34))
In the following we write = 1Ce + 0((logX) keeping to

our convention that the C s need not be the same at each occurrence,

By (6) the main term from is thus

A To/ X (79/26) (i + E ).

To estimate the main terms for 7% and 7%~ we use the following
trivial inequality in order to simplify the estimation of the

remainder terms

I S(Ap, z.(p)) I A(n) S(A%, z.(P)) g = 3,9.
P, <pC2P P*"n<2P
Thus the main term from 2~ wusing (2), (5 and the formula for F(u) is
< Y 2 yA(n) 1 + EY)
(log n) n (log(X/n))
z2<nf (2X)5
1/2
r9/35A t) + AA Ay
A~ 2 1log(26/9) (L + E*).
Similarly, the main term from 2Z" is
log X (1 + (1/17 - 2 1log(35/34)) (1 + E+)

Hence the main term from 2~ - Zg - Zg is



Jg o, 1

IM

~ log X 263 ~1/17 - 2 1og(35/34)) (1 + )

> - 10 ~ y/(iog X),

assuming e is sufficiently small and X sufficiently large.

II The remainder terms. We wish to show that

2X
R(D) ]
X
After a division of into « X subsums (note that the

number of sequences (D) is «1), this reduces to obtaining the

same estimate for
2X 2X

X 7 v'i 17 I

We now appeal to Lemma 3 , Corollaries (1) and (2), to reduce
our task to obtaining the upper bound X ~ for the integrals which

occur on the right in (8) and (9).

We first consider If (D) is the empty sequence or has

only 1 or 2 members then Lemma 6 may be applied since

P"Pg ~ < X*. This lemma gives the desired result
whenever H P* ... P* < "11/20" so we henceforth suppose this condition
is violated. If r 4 then P" "X, so Lemma 5 may be applied << 1
times with K(s) as a subsum of L(s), M(s) as a subsum of

H (s) P)*(s) .... P* "(s) and N(s) as P"(s). For a sequence
consisting of three members Lemma 5 may be applied if P < X**7"°

or H > XA2. Otherwise we note that P , P , P are all greater

than T*/”, while L > X» ’ > TANA (z* was chosen so that

this last condition would hold). An appeal to Holder’s inequality.

Lemma 4 Corollary and (10) completes the proof in this case.



For Zg the empty subsequence may be dealt with simply by
appealing to Lemma 6 since P <AX}; If a sequence has one member then
at least one of PD* < < XAAAn holds for-otherwise we
would have PD§:> X , which is impossible. For a sequence with r

members where r > 3 we note that < X so Lemma 5 1is applicable.

The remaining case of r= 2 1is a littlemore troublesome. We may

assume
Pg > xG/35 ~ x/(P P* P") <

for otherwise the proof may be completed as for with r = 3. We note

that we must have P < since Pg > In this final case

we must split p(s) by Vaughan’s identity (see [14] ) into « X double

sums of the form

A

F a Z b (mn) ’
M<m”™2M P. <mn<Q

where either:

) b x®imix ,

or

2) M< X and b® =1 or = logn .

In both cases

A

I a « XM, Z b” « XN
M<m<2M N<n<N *

and a*, b» << X for any p > 0.

We now write

' «42» = P <n<24”""

4M M

Then the sum (23) may be expressed in the form
iT w w
27~ I ~w'A~ N OMfstw) Qg(stw) dw + (XA T ) N
-iT
using the Perron formula and assuming, without loss of generality,

that e [ : lloll : a4
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o, Estimating Pg s in the interval

We write

The following lemma gives the asymptotic formula for estimating subsums
of Ej*. The author first proved the result of this paper using the
method of [3] in order to establish a lemma of the following type.
Lemma 7 here is stronger and the proof is simpler”though for very short

interval lengths the zero density method of [3] appears to be stronger.

LEMMA 7 Suppose "A>PR N Write
s = E E  A(mA(r) e
P<n <2P R<r<2R nE
Then we have
s= E g R)A(r) + E, +E (28)

14
P<n<2P R<r<Z2RL

where
2X
i f |E. |1 dx « vyi (log x)‘*° G =1,2).
A x ®
Proof. Our starting point will be the familiar formula, which follows

from lemma 3.12 of Cl3]:

E A(n) n—s 1 (S+w)A (<R -1)dw + 0 A (log A)

W

(29)

log A
A*
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Now, if we denote by Qg(s) a double sum of the form (23),

we have, by (25)

i Iht(s) P*(s)Q3(s) P"(s) L(s) |®|ds]| (26)
I
T
« A j  Yyjtl | [|hCs) L(s) Q" (srit)Qg(s+it)P*(s) P*(s) 1A |ds|
=T

+ 0 X ).
It is easily demonstrated, using (13), that, for any value of

t, the portion of the inner integral on the right of (26) corresponding

to [s+ti| 4 is « X . It thus suffices to prove that

I HI*s ) (stit) Qg(s+it) P (s) P"(s) | |ds] « X (27)
sel, [s+it|>T2

for any t with |t] 4 T. If Qg(s) is a type 1) sum then

2 T
X* ~minM, P /M) 4 P? 4

In this case Lemma 5 may be applied. For a sum of type 2) we note

that P/M ~ X ~ 272/10~ The proof may then be
completed as in other cases by Holder’s inequality and Lemma 4 Corollary

(with slight modifications to allow for K(s) having the different form

Qg(s + it)). The motivation in the choice for Zg is now clear,
te
We shall”brief in our discussion of Z . The only sequence to
~ 2
give any trouble is, as with £ , r =2, H<X* , P > In this
2 2

case, however, X/ (PP"Pg) > X~ " / P (g E))2) ~ "
> T $E/10” The proof may then be completed as for and Eg.

A

The reason for the choice of z”(p) is now (vious.



Now we suppose A >> , then, using the zero free regionof ¢(s)
(see Corollary 11.4 of[11l], for example) we may shift the integral in

(29) to

3

Re w=1- (log A " -a

and only encounter thepole at s + w =1, while on the new line of

integration

(s) << (log A)" .

The "horizontal" parts of the contour are

« A~ (log A)N T ~ .

We thus find that

+ 0(A" ~ exp(-(log A)") (log A)™).

We write
P(s) = Z A(n)n *
P<n <2P
and define R(S) similarly. We also put Q = ~V) /(4
Q(s) = z n "~ A(n)

O <ni4d4 cl|O
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Then
c +1iT
s =7 I P(s) Q(s) R(s) — ds + 0(YX *) + Ofe)
c-1iT
1/c
from another application of Perron’s formula. We write B = exp((log P) )
and tiaen ! !
c+ 1B
J P(s) Q(s) R(s) ~ r y)— 3JL. ds
c—-1B
c+iB
1 f 1) - -s
atel p— g P(s)R(s) " - ~~ds + 0 (Y (logX)
c-1iB
(30)
Now
" ~ =-yx=-1 + 0(By2

The expression (30) thus becomes

C+1iB 3, ai_s

ol I P(s)R(s) as + 0(Y(log X)-1°)
C-iB

v 7 Z M PJA(r) " o(Y(log X) ~°)

P<n<2P R<r<2R

using Perron’s formula again. To complete the proof it thus suffices to

show that



I +1iT
lp(s) Q(s) R(s) " Ids| « X (logX)"i® . (31)
c +1B
The inequality (31) may be proved in the same way as lemma 5 was

demonstrated, using the present Q(s) in the role played in lemma 5 by

k(s) since
Q(s) « B"i

dn the line of integration.
We are now in a position to give a lower bound for Z”. This sum
counts all integers in (x - vy, X] of the form pgr where p”qg,r are

primes with

1/ 9/
xI *Vp) "~ 4 g<pc< and rd4 g p>X"". (32)

We divide the sum into subsums S(P,R) corresponding to P 4 p < 2P,

R < r < 2R. Then

S(P,R) = (1L+0((log X) M) Z A(n)A(m L o 3
‘Blog (X/PR) P4n<2P logP logR *
R <m < 2R

where

1 £2X 1/g 1/q _1/0

Y j Byl dx « Y(P + R + (X/PR) )

27/

We may estimate S(P,R) by Lemma 7 if X~ "~ >PR 4 X . If

64PN RN X" 4 XN, XM/35 ~"x~/2, and PR " then (33) holds

(r4 g since PR" = (PR)"P"" > ~>X) and PR < X*"" so



t 4-1
b + O((log + (log X)2 (E” + Egt EQg)
Here
O o du dv
4 I3 uv(l —u—wv)
u+vi4 -], 2v + 3u 4 2

The integral is estimated crudely as 27 times the area of integration

and we find that

Cn > 0. If.

8. Conclusion

Assembling all our information, we have shown, assuming e is

sufficiently small and X sufficiently large, that

ir® - irx-y) >  y/( 3 log x)

for all xe [x, 2x] , except on a set of measure ~ CX(log X)_1

We note that [V] takes on & X - (CX(log X) ~ wvalues, that

To( [x]) - E([x]1 —-y) > y(10 log x)

/F
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and §E < 2 ~ . This completes the
proof of the theorem. %
'r 7 -V'- -ct ;- Possibly by

using a more complicated decomposition instead of (3) one could
estimate the remainder term in a satisfactory manner with an exponent

smaller than 1/10.

By a similar method to that used in this paper, it will be shown

elsewhere that there are infinitely many solutions of the inequality

{/p - B) <
for any real 6. Hefe {x} denotes the fractional part of =x.

The exponent ~ improves on an exponent slightly smaller than 1/6

given by Kaufman [10].
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CHAPTER NINE

THE DISTRIBUTION OF MODULO ONE

1. Introduction

It was shown by Vinogradov (see Theorem 7, Chapter 4 of [9])
that, for e > 0, there are infinitely many solutions in primes p

'of the inequality

IVp} < p'Y4E,

where {x} denotes the fractional part of x and y=0.1. The value

of Y was improved to

/15
2(8+/15)

2 0.1631006

by Kaufman [7]. On the Riemann Hypothesis he showed that one can take
Y = ~/4. The method used actually shows that, for any real 3 and any
a with 0 < a <1, the number of primes p 4 x satisfying

{ /p - 3} <a

Is

a tt(x) + 0(x* + ax~ ~ , 0)

This may be restated in another form : the expression (1) represents

Ithe number of primes p 4 x contained in intervals of the form

[(nt3) , (nt3) + 2a(nt3) + an).



THEOREM. For any h with 04 h4 1 and any X, X write

T (h, X, X) for the number of primes p with

pe [n+h)2, m+ h"+n

1 1
for some n with 4 nd (2X)2. Then, for X < J we have
o0 a , @

for X > X*(X). Here C(X) 1is a decreasing function of X with

C(4) > 0.18.

COROLLARY. For any real 3 there are infinitely many solutions of

F - 6} <p-s+4G
{/ } <p-s a)

Remarks. As often occurs with a sieve method we are unable to give an
asymptotic formula for the number of primes under consideration, but only
a lower bound which is a fraction of the expected number (cf. Cl], [2] and
15] for example). However, it is possible to use some of the methods of
this paper to establish asymptotic formulae for a larger value of X

than that given by Kaufman. By working a little more carefully nl - X
could be replaced by n" (log n)® for some sufficiently large constant

A in (2). To simpliify the proof we shall assume h =0 and X =g - e
with e "small". For the case h / 0 it is necessary to use the
Hurwitz zeta function at certain stages of the proof. The only properties

we require of this function, however, are its fourth power moment and its

appearance in an analogue of lemma 3.12 of [8] (see (11) below - the well
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This could be interpreted as an approximation to the conjecture that

an irreducible quadratic polynomial with integer cofficients (the
leading one being positive) takes prime values infinitely often. Sieve
methods have enabled such conjectures to be solved with 'prime’ replaced
by ’'almost-prime’ (see, in particular, [6]). We shall use a sieve

method here to prove the following result:



known Perron formula). Both these properties it shares with the

Riemann zeta function.

2. Outline of the Method .
We work similarly to [1]. We use the standard notation
p(z) = n p, v(z = n (1-Vp) = - @ +o((iog z)"))
P<z P(<z ”

For a finite set of integers A we write

A" = {n e A; dn}

S,z) = [flneA; {n P(z))=1]].

The set A of interest to us with the present problem is

2

A=Ax = {m x <n14x2+y}

with

y = x* (2X)"(* X 4x* < 2X .
The fundamental Buchstab identity states that

S, z%) = S@&, Zg) - Z S(A ,p).

Using this we see that

Z (ttx™ + y) - ttx?)) 4 Z S(A, X7)
X<x*<2X X <xf < 22X
- Z Z S(A ,p) + Z S(A ,z@@E) - Z S(A  ,9
1 3 P o S i P P 3 1 <o E
X <XN<2X  ""X"<p<x® X®4p <x2 Xx8<pP <x2
2(p) <a< (E*
(z~ - 2g - 2g + 27) say. (4)

X <x”™ <2X
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3 1
In the above z(p) = (X*/p) . By we shall mean the sum of the
zj over Xx.
We shall give a lower bound for and an upper bound for zg

using the linear sieve with the error term in the form given by
Iwaniec [5]. We give asymptotic formulae for zg and subsums of
z~ using similar methods to those used for estimating the remainder
terms in the sieve. It should be noted that we do not need weighted
zero density estimates (as in [2]) although we do require the zero
free region of the Riemann zeta function (cf. [3]). The value g is
apparently the limit of every known method, so it is very interesting

that, apart from the e, this limit is reached. We now write

D =X*" , n=g/20, Y=X""", T=X""2"7Y~"

for certain parameters which shall occur. We remarkthat the method
may easily be extended to cover n” replaced by n"for any c¢ > 1

with g replaced by X"(c).

3. The Sieve result.

We write “fop any set of integers B*

r(Brd) = 'BJ - IBI/d ’

r(B*,d) = BT -

We shall use the linear sieve result of Iwaniec [4] in the form stated
in [&]. When we come to apply lemma 1 the A and D occurring in
its statement will not always be those specified in section 2. The

properties of the standard functions f(s) and F(s) which occur
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that are relevant here are

f(s) = log(s - 1) for 24544 5

F(s) = %© 14 log(t = 1) 4 for 3<s <5

In the above y 1is Euler’s constant. In the following the letter C
shall denote an absolute constant, not necessarily the same at each

occurrence.
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IR 1. et z "~ 23 D" and e > 0. Then

S(A,z) 4 W(z) {F(s)+ E} + (5)
S(A,z) M Wv(z) {f(s) - E }F RrR" (6)
where s = (log D/(log z) and E=Cc+ O((log D) ~3). The remainder

_|_
terms R are of the form

R" = T R'" , = T I c" ., (v,0) I' r(A,vp————p ) (7)
(D) (D) v<D* n . nl+ E?
where (D) rims over all subsequences " ~ including the

empty subsequence, of the sequence

io.
for which
DjD2 .... ® 0 <k < (r -1)/2)
in the case of R" , and
“A eeee °2k-1 ®2k (0<k<r/2)
in the case of R . Moreover, E* indicates that v and p?%,

(1 i < r), are restricted by the conditions

vip(D**), ptlp(z)

Finally, the coefficients (v,e) depend at most on (D), v, e

and the + signs and satisfy

IC(D) (v.c)| £1



M. Some prelbiriimary results

In this section we give the relation between the remainder

terms and integrals of Dirichlet polynomials,

for such integrals. For any upper

than X> P» and H we write

B(s) B a.
B<b<2B °
where a 1s real and E a
B<b<2B ®

For the letter L we stipulate

case latin letter B other

b///\

« B for any integer k < C, (e)

other conditions. For

L, = 1 for some set of consecutive integers and

otherwise. V' AlsO the condition

Cgfe) < 1/L < CgCe).

L <d” 2L 1is to be replaced by

For 1~ H" we define H“(s) by
H- (s) = E C7 x(v,E) v""
H<v<2H
For numbers 3 =1,...r) with A we write
P. (s) = hi
A Pj<Pj<2Pj|] h
where ~ =1 for some set of consecutive integers n , and is

zero otherwise.

and various estimates

/81
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We write R(xz; D) ; , P™) for that subsum of

L 2
corresponding to P “py < 2F\, and R (x ; P; (D), P, ...,P")
for subsums of R™"% for 2z, with P. < g. < 2P. summed from
(D) 3 3= ]
p =P to 2P - 1. Here we are substituting Ap for A in (5) of

course. The following lemma may be demonstrated in a similar manner

to the corollaries of lemma 3 in [3.] .

LEMMA 2. (A) Write L = X(H P"...P") Let A Dbe as in section
2, and z = X". Then we have
R(x ; (©); Pp, ..., P") =0(¥X T
(8)
c-iT" c+ iT

c—-iT ctiT J
o
Here c¢c=1+ (logX) ~, Tr =L ".

1 N

(B) Write L = X(HPP"— P") ~. Replace A Ap
(5) and D * D/P. Put 2z = z(p). Then we have
R(x*; (D); P, P, ..P") = 0(¥X
9)
c-1ITg c +1T S 25
I +1 L(s)H*(s)P(s)P*(s) ...Py(s) _— - ds

We now give estimates for the type of integrals which occur in
(8) and (9) which are also applicable (subject to slight modification) to
the establishing of the asymptotic formulae in section 6. We write I

for the line from c¢c+ i T o to c+iT. We also put
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X2 <x < (2X)i

3 3X E/_
+ nmAn
LEMMA 3. Suppose X « M N «X. Then, if XX £42 <M< X4
-n
Ix(s)M(s)N(s)| IdsI « X CIO)
Proof. We may suppose, without loss of generality, that [|[x*]].
II(2X)2] I > 10 3.
Then, by lemma 3.12 of [8], for s =a + it.
2a+c+Ti
X(s) = 2iri c(-2s + w)X w dw+ 0
2at+c-Ti
1
2m
-T
+ 0(X "2 log X (1 + 5t)7L
= Xp(s) + XgCs)
Now we have
dti
%X (s)M(s)N(s)| |Ids|] « M (s )N(s )|~ [ds] (log X)X

«

x3/2-h



L(s) = w (cJ* - (1T)d
S) T ¢(s +w L Ei— W
+ 0(T + L M4+ 1+ Isl) M.
It is easily seen, using L > » , that
c +iT 3
Im(s)N(s)X*(s)] (£"**3 + 1"1 + (L + 1s|)"*)|ds| «X*

c+iT

An application of Holder’s inequality to

4-cfiT (c" -cm
M(s)N(s)XT (s) 1 c(s +w) L dw ds
F I w
;—c—-1T
thus yields the bound
fT 3/o-n
« X

which completes the proof.

I t
5. The estimation of and E®

We write E“™ = +(Cn + O(log X) "3)

The main term for E* is
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which is of the required size. Also, using Holder’s inequality and

the well known result for the fourth power moment of C(s) (see

[8], Chapter 13 for example) we arrive at the following inequality:

I |xM(s)M(s)N(s)|ds] « (1 +T/ME)*(L+T/N)2 X

To obtain the final inequality we have used

and

4 = + 3n/2 ""~1"°g+3X/4+3n/2-1

< yi“3/1/4-£/4 +1+3X/4+ 3%/2- 1

< xS-%

This completes the proof of the lemma.

LEMMA 4. Suppose X « MNL « X, L >X~** ;  Then

3
I |x(s)L(s)M(s)N(s)| IdsI « X? *

Proof. We work similarly to the previous lemma, but we apply the
Perron formula to L(s) as well as X(s). The proof for X2 (s)

follows as before. We have
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2 log 3 ~ Z (2X) 28(log 3) y1 ~(1 +E"“)

log X log X say,
X <x <2X
The main term for is
e(l-g) 1
o i | 3-4a 7 Gk -
a og(t - ~
log X J o<(i-a) L* dt (1 +£")
1
1-X
20X N
lOgXC4(1+E) say .
We now consider the remainder term for E~ . We observe that
ey - x2S %% (1 1y - 1)
) (1+Y/v)s-1 Y ) ) )
while  —-—————-— ST « X In view of (8) it thus suffices to show that

the ranges of summation in aremainder termmay be groupedtogether so that
the hypotheses of lemmas 3or 4 aresatisfied. If thereare no morethan

3 Pj ranges then lemma 4 is applicable since

P1P2P3 < D"DjDgX” < A
l1-X-e
If there are four ranges and PpF27°3%4 ~ * we note that
v2~r374 < X1 so Pr < X® . Thus

A~ A >PAPgPg > XM+ 2 4+C/2

and so lemma 3 is applicable with M(s) = H (s)L(s)P"
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If there are five ranges and >xt~X"¢ we note that lemma 3

may be applied if

1, 3 E

and the above argument for four ranges may be invoked once more if

Pj ..P" >X* ~ A2

We may thus assume that

In this case, however.

while P*"Pg 4 x" min(Pg” , (X/P"PgPQg) < X" min(Pg , X®Pg ")

q-3X/2 -e

so the hypotheses of lemma 3 are satisfied in this case as well. The proof

for six or more ranges follows similarly.

We shall be brief in our discussion of . Because of our

choice of Z(p) 'we find that

PP Pg < X~ " "

and so a remainder term with no more than two ranges of summation may be
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estimated from lemma 4. A remainder term with r ranges (r > 2) may
be bounded in exactly the same way as the remainder term for with
r t 1 ranges (note we did not use the fact that in the
discussion for 7 for r ~ 4).

6. Asymptotic formule.

Our starting point will be the familiar formula, which follows

from lemma 3.12 of [8]:

c-a+iT
z A(mn™S - "L G (s +w) S (13)
A<n<2A 2TT1 _ w .
c—-a-1T
+ 0 + (loE A)
| T
Now we suppose A >> T%, then, using the zero free region of ¢(s) (see [7])
we may shift the integral in (13) to Rew = 1 - (log - o and only

encounter the pole at s +w =1, while on the new line of integration

S
¢Ve « (log A) . The "horizontal" parts of the contour are
<< AN X (lOg A) A WA

We thus find that

I A (n)n ®—-—————-— N m——— — + O(exp(-(log A) M)A " (log A)"™)

We write
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p (s) = E A(n)n
Pr<n<2p”

and define PgCs) similarly, but with the range of summation extended

from Pg/Z to yPg. Here P"Pg =X
Then
C+iT
A4 _AA
Bl A(n)A(m) =+ 27111 pr(s)P2(s) X TY)S T g
C-iT
+ 0(YX
from another application of Perron’s formula. hOiO CJrTte.
5 ” % "tce\fj_ \}
N s
c-1B
1 2s
211 1 - s Pg(S)C> + y> —-— -ds + O(Y(logx)u/\/\)
c-1B
Now ix/ +yf - =y + 0(By"x2c-4)
The expression (14) thus becomes
c+1B (x2/PA)S"L (1 - 2~ )
27 J ~243) s - 1 ds + 0(Y(log X) "°)

C-iB
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y Jjl t 0(Y(log X)~™ )

using Perron's formula again. Thus we need only obtain the estimate

C+iT

Pl(s)P2(s)X(s) I |ds| « xflog X)_10

c+ 1B

in order to establish an asymptotic formula for P"s, and similarly for
PgS etc. The proof of lemma 3 holds for the above type of integral since
the only place where T” was used occurs in the estimate of the integral

involving X"fs). Since the estimate involved is actually
il xE10

for some Cj We thus obtain the required estimate if

1 3
A~ P4 XD .

The asymptotic formula itself is

ext ¥ da d3
log X a(l-a-3)3

& X + say.

Similarly we can establish an asymptotic formula for subsums of
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1 1
A

3 1
corresponding to X® < p < X%, X" < g < (X/p) The term we get here is

log X (1 + B ) jg «p - K-p)

8X* “~(1 + E 1) Cg

7. Completion of the proof.

It now only remains to verify that

2log 3-2Cy -C + Cg>0.

We have 2 log 3 > 2.19, while simple computation shows that

2C~ < 1.15, cr < 0.81, Cg > 0.10

We also have 0= — —— > 0.6, so C(g) > 0.18 as claimed,
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CHAPTER TEN

ON THE DISTRIBUTION OF ap MODULO ONE

1. Introduction. In this paper we shall use a sieve method

to prove the following result:

THEOREM 1. Suppose that a 1s irrational and |y x denotes

the distance of y from a nearest integer. Then, for any real
number 6, there are infinitely many primes p such that

-3/
ap - 3l <p . (1)

The best known result of the above type which has previously
appeared is due to R.C. Vaughan [7], who obtained 1I/4 1in place of

3/10 in (1), and who also required an additional factor (logp)”

on the right hand side of (1). D.R. Heath-Brown has obtained
the exponent 4/15 = 0.266 .... (privd&communication) using a
sieve method. Earlier work on this problem was done by I.M. Vinogradov

(see Chapter 11 of [8]) who obtained the exponent 1/5 -6,
essentially using the sieve of Eratosthenes. The elementary method
introduced by Vaughan for dealing with sums over primes is no stronger
than Vinogradov’s method however, the improved result in [7] coming

from a more careful application of the auxiliary results on trigonometric

sums. It should be noted that we will use exactly the same
trigonometric sum estimates as occur in [7]. We will also employ

the linear sieve (see [5]) and the fundamental Buchstab identity

(see  (2) below). These last two tools enable us to avoid

estimating certain "awkward" types of sums which arise in the work of
Vinogradov and Vaughan. Because we discard these sums our present

result is not quite so precise as theirs, for they establish an

asymptotic formula, involving the denominators of the continued fraction
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expansion of a , for the number of primes p 4 X with
Tap - 3z < 6 , whereas we can only obtain a lower bound.
Of course this is a common feature of sieve results (see [4],
for example).

It is possible to improve on the value 3/10 in (1), but,
as should become apparent in the subsequent sections, the working
becomes much clumsier as one increases this wvalue, and one has
to resort to numerical integration of a rather unwieldly nature.
The present approach provides an alternative for certain problems
to the methods of Vinogradov and Vaughan which, instead of breaking
down at a certain point as one attempts to strengthen the result,
chonges smoothly from giving an asymptotic formula to giving a
lower bound. The asymptotic formula has a much weaker error term
than that given by the other methods however. Unfortunately
the present method alone does not seem capable of giving improved
results for the problem of the distribution of ap modulo one
(for which see Cl] and [3]), although it will lead to an
enhanced outcome for certain other problems (for example one may
ameliorate [4] wusing the present approach). By using the
present approach in tandem with a more conventional use of the linear
sieve, however, one can produce a slight improvement on the results
on ap for k4 3, A rough outline is given in section 4.
We also mention the following theorem which improves upon work of
Graham [2] and follows immediately from Lemmas 2 and 3 below together
with Theorem 4 of [5].
THEOREM 2 Let denote a number with at most r prime factors
(rd42). Then, given the hypotheses of Theorem 1, there are

infinitely many solutions of
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ap + 6I < 2/ (x+l)+e
r " r
2. Notation and preliminary results.

Throughout this paper p shall denote a prime number.

Here we write

Xn the following £  is to be considered as a fixed small positive number
Iet T be a number between ~/4 and /3, where e 1is small in terms of

1 - 3r, and let a/gq be a convergent to the continued fraction for

a. We put
X =qg2/(1+T) ~ ~ *~g = X" =, n = c/20,
B = nh : X4 n<2X1} ,
A = {n :neB ITan - 3|| < 6}
AN = {n :neA3 dn}

We also write

S(E,z) = {nekE (nP(z)) =1}

for any set of integers E and a positive number z. The fundamental

Buchstab identity states that

S(E,z”) = SfEsZg) - E S(E ,p)

The rest of this section will be concerned with establishing certain



166.

auxiliary results which will be combined to prove the following formula

for as wide a choice of D and z(d) as is possible:

b o 4 S(ny z(d)) 26(1 + E), (3)

D<d<2D D<d<2D

Here a” are numbers all of the same sign and E 1is an acceptable small
error. We could then give an asymptotic formula for the right hand side
of (3) wusing the prime number theorem. It will then only remain to
use (2) to relate S(A, (2X)") to expressions such as occur on the
left hand side of (3) with certain non-negative sums left over for which
we cannot show that (3) holds. The proof is then completed by showing
that not too many of these "awkward" sums occur.

Constants implied by the 0 notation may depend on =z and «r.
We shall use 6 to denote a constant, not necessarily the same at each

occurence, bounded above and below by numbers independent of e, r and D.

ILEMMA 1. Let a” be a sequence of reals for X" M < 2X , all of
the same sign. Then we have
E a = 26 E a, + 0 E 6 , E ame(m£a) )
X<m<2X I &1 HK<m<2X
meA
(4)
+ 0/— E a

I X<m2X ~

Proof. Write % (%) for the characteristic function of (-6,6)
extended to be periodic with period 1. It follows from [6] that

there exist two sequences b (k), b"(k) such that

L
E

-
Il
|
=
~
Il
|
=
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where b (0) = 20+ (L +1) ~

b” (k) << 6 for k40

The proof of (4) follows easily since

E Oz = A a x(ma - 3)
mcA X<m<2X *
LEMMA 2. Suppose a” all have the same sign and a” << X*. Then
E a |la l= 26 E a J+o/E61 Ea E e (md&a) |)
d <D d<D U=1 d<D X<md<2X !
+ 00! ~ o)

for D < X™™"

Proof This easily follows from Lemma 1 upon noting that
Zz a |AI= Z (Z a) ,
d <D reA d<D
dir
E E a f(r) = E QO Z f(md) ,
X<r<X dlr d<D X<pj<Xx
= d<D
and
E 1 = 24+ 0(1)

X<md<2X
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LEMMA 3. Suppose that << XA, Then we have

E I E b E e(anmf) | « (XRg ©~ + RN + )X . (5)
R<E<2R N<n<2N * X<mn<2X
Proof. This is essentially Lemma 3 of [7]. We shall require

bounds for sums that occur on the right hand side of (5) which

1-T . . .
are 0(X ). Lemma 3 thus furnishes us with a satisfactory

estimate when N < X* *

LEMVMA 4. Suppose that an, bm << X", Then we have
E a; E e (anmé&) |
R<E<2R N<n<2N X<mn<2x
(6)
« XR(g 2 + (q/XR)2 + min((X/N) ~ + ®RN) \ (XRM =t N =)) X",
Proof. This follows from Lemma 2 of [7]. The estimate given by (6)

is of a suitable size providing

XN <N < X0 or X" <N <X~ "

It is now clear that problems will arise with sums where one range is
—27 T e . .

between X and X , and it is these which we seek to avoid. The

following lemma incorporates our use of the sieve and provides the first

version of (3). This result effectively "sifts out" numbers from

A which have a lot of small prime factors.
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LEMMA 5 Suppose M < Then, for bm << XN
E b S@A ,X%) = E b SB ,X") 26(1 +E), (7)
m m m m
M<m<2M M<m<2M
where
E=0 + 0 ((logX) + e e 3x) /e
Proof We write

FOD - T - Ry

We do not require the new form of the error term in the linear sieve
for the proof of our result, but we refer the reader to [5] for the
sake of convenience. We have (Theorem 4 of [5] replacing e

+ . +
there by e ), for certain sequences a"“ with a~ = 0(1), that

-Y
S(A ,XN </ — ) — ) (F(s) +E+) +0/ I at r(aA ,d)
“Velogx/U~1/ ! ”
Id<=
M
while
e 4
S@A*.x*) 4~ ® (£ (s ) +E"Y + o/ E
(e logX) m I 1-~
where s =
e logX e
-1/3
E =0((logX) ) + 18] $3 ,
and

F(s) - £(s) < lele"® < |e|e(1-3T)/E
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We also have
S(Bm' X') = U @ +

It therefore only remains to show that

I |b VA a, r(A ,d)| « (8)
M"<2M 1-T

(We assume here that the right hand side of (7) is >> X* ~  this
in fact always holds in our applications). The bound (8) 1is,
however, a simple consequence of Lemmas 2 and 3.

The following is another version of (3).

LEMVA 6. Suppose that 4 M4 xX» or X4 M4 X
Also let ¢ =0 for r<X", and suppose

Z a"c” Z S(AM”N , r )=2d" 2 a” cy ZDb" , T ) (1 + E)
M4nr/ N4n<2W Minr.< '"M N4n<2N

whenever the right hand side above is > X* ~ 6,

Proof. This follows from Lemmas 1 and 4.

We are now in a position to prove our main version of (3).

LEMMA 7. Suppose that M K X* a << x7. Then we have
Z a S@A , BT) - z 20a S(R, (1 + E) (9)
whenever the right hand side of (9) is >> X "6. Here

E = 0e + 0((logX)""/3) + Qe" 3x) /e
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Proof If M4 ¥  this follows from Lemma 5
that M < X", By (2) we have
E a s@, e S(@A , X
M<m<2M ™ ~ M<m<2M " ~

MgP<2M  xC<p<x1-3T "

For the first sum on the right of (10)

SO wWe may suppose

{10)

we may apply Lemma 5.

We apply Lemma 6 to any subsum of the second sum with

M 4 X" (since p < X° we have pM < X* 7*).

We then apply

the Buchstab identity again to the remaining part of the subsum:

Z am Z S@A ~,p) Z a I S((A
M4Am< 2M XE<p<X /M m Y p
P<x1-3T
- Za Z Z S(A
” \AJ P X/\<r<p
(The ranges of summation over m and p

the same as on the left).

the right of (11)

with oM 4 X7

-1
< e operations,

We continue this procedure,

for each of which we have given a formula of type

on the right of

, xf) f11)

;)

(11) are

Lemma 5 may be applied to the first sum on
and Lemma 5 may be used for any subsum of the second
which must cease after

until we have decomposed our original sum into parts

(3). Clearly,

upon combining all the sums of the type which occur on the right of (3)

(reversing the decomposition),

we obtain the right hand side of (9).
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3. Proof of Theorem 1. In the following g,r,s are prime

variables of summation, g no longer appears as the denominator of the
convergent to the conintued fraction for a. We write

a = p=X% p=Xt V = (2X)2, We make one primary

decomposition of S(A,v) using (2) in the following way:

S(A,v) = S(A,a) - E S@A ,a) - E S@A ,p) - E S(A ,o0)
+ E S@A g + E S(A g
a<g<p<p p<E<v 1

a<a<x2X/p) 2

= - Is - Be - + 4" di)

We remark that the upper bound for g in E~ is (2X/p)” and
not p since the sum is clearly empty for g > (2X/p)”, and this
value is always less than p in E". By Lemma 6 arid 7 we can give
a formula of type (3) for the first four sums in (12). Also, we
can immediately give such formulae for subsums of E* where
P4 pgd4 P and of E” where X/p <pq 4 X/p. This gives an overall

lower bound for S(A,v) of

26X 1 - isgx  z sB Q) 1)
X  pig

where the summation in (13) is over those ranges of p and g for which

we cannot show that (3) holds. We have omitted from (13) certain

terms which either tend to zero with decreasing e or increasing X

such as 8E-2 e-(1-3T)/c or O ( i s legitimate

provided we show that the term in brackets in (13) is bounded below by
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z f() <(lteh J (16)
Y <P <Z

for a "well-behaved" non-negative function f£f.

Now, for if pg < p then pq2 < X/p so we can decompose
this part of the sum further as in (14) . The sum we are left
with is
E S(A s) . (17)
pars,
adp<
04s<r<qg< min(p,p/p)
We can give a type (3) formula for subsums of (17) with
gsr 4 p or pgr 4 p. The relevant term in (13)corresponding to the

remainder of (17) 1is thus

adp < R
04s<r<g<min (@ ,p/p)

gsr > p
< 0.01e6.

In the above R 1is the four dimensional region bounded by the inequalities

2/15 < u < *~/6, 2/15 <V <min(u, 3/10 - u), 2/5 —~u-v<w<v,

2/5 -V —w <X < w. The numerical value was obtained by replacing R
with the larger region 2/15 <u < 1/6, 1/8 <w </20, 2/15 <v < 3/20,

1/10 < x(< 3/20 and then elementary integration gives the value

f00@

All integrals will be estimated in this elementary manner, so we shall

be more brief with the details in future.
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a constant independent of e and X. The bound (13) may be

improved by noting that we can decompose S(A™",q) further

if pg® < X/p

SA 9 = S@A& ,a - Z S(A ,0) t E S(A s). (14)
Pq, " Pq’ o<r <q 9% pars.
2
The condition pg < X/p 1is necessary for the second sum on the right
of (14), which with the first term may then be estimated by Lemma 7.
The contribution from the "awkward" part of the final sum is smaller
than S(A ,9 and so we have made a saving.
Pa
Another way of improving (13) comes from considering what numbers

are counted by S(A"",q) for the remaining ranges of p and 4.

Clearly we cannot find a formula of the required type for the primes

counted', but possibly for some or all almost-primes we could find such
a formula. The term S(B*",q) in (13) could then be replaced by a
function which only counted the numbers for which we could not give a
formula. Eventually, working as efficiently as is possible, we get a
lower bound 26XC(Tt) , and it would be desirable to find the largest
value of T for which C(x) > 0. A moment’s thought reveals that
C(x) 1s a continuous decreasing function of x with C(g) = 1. To
prove our theorem we need only show that C(3/10) > a > 0, where a
is independent of X and e. It then follows that C(3/10 + e >a’ >0
for some a’ which is also independent of X and e.

In fact, for x =3/10 we do not need to work 1ina particularly
efficient manner to obtain a positive lower bound. We will use the

rather crude inequality

(1)

several times in the following. We shall also employ the prime

number theorem combined with partial summation in the form
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The rest of is split into two parts. In one <p <
(Xr/10/p)~ < g < p , For this part we can give no further decomposition,

We find that the contribution to (13) from this subsum is
3/10 u

A7 S(B g 4 (1+e) dudv

P, q 7/30 u uv
20

< 0.207

In the other part X" <p < X" /p < g <min(p, (X*""/p) 7)),

so we may decompose the sum further. The "left-over" sum is

E S (A .S) . (1)
< p < x3/10

XMA/p < g < min(p, (XN/""/p)2)

We can give a type (3) formula for most of (18). The remaining part has
pqr < X/\//\, qr < X/\/\/\/\/ (pqr) < s < r, qsr > X/\/\/\.
The corresponding four dimensional integral is < 0.100.

We may now turn our attention to what remains of Z . The
1 A ~
part with X" <p < (2X)*, X" <pg < (2X p)* cannot be

decomposed further. This gives a contribution
1-u
1+ e a4 ggs.
o5 Ly uv

,3/5

In the final part of Z~ we have pg < If g > (x7/10/p)i
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we are unable to perform a further decomposition. This gives rise to a term

,3/5-u
L+ E) £ AV 969,
uv
2/5 1 u
20 2
7/10 ~ . L .
For g < (X /P) the remaining sum after decomposition 1is

X~/5 < p ~(2X)5

X*/10 ~ s <r < g < (X*/"0/p)5

. . 2/5
Now, we can give a formula of type (3) for this if qgrs < X /

This always holds if (X*"°/p)"'*" < X**, i.e. 1if p > The

remaining contribution is thus

£13/30 /20 - /2 (v 1 du dv dw dx
(1 + e) < 0.006,
;2 uvw”™
2/5 2/15 1 v '~ -w-v
5'"2
Combining all the above results we have
0(3/10) > 1 - (0.016 + 0.207 + 0.1 + 0.088 + 0.269 + 0.006) = 0.314,

This completes the proof of the theorem.
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H. A note on ap . Here we shall briefly sketch the proof to the
following result.
THEOREM 3. Given the hypotheses of Theorem 1 and on integer k " 3,

there are infinitely many primes p such that

o - 3@ < p

where

A (2k+1) (2~-1)

The value of C improves upon

2 (k+1) (2k-1)+i

given in- [3].

We put A= {n: neB , |lan® - 31 <X ,

2k 2 (2k+1) (2~-1) 2k + 1

By the trigonometric sum estimates given in [3] we may estimate the sums

which will occur of the form

7z I 7 a

o

7 b* e@am n £) |
A~ N’ n < 2N X "mn< 2X

providing X" =N~ X" X" AN A XA or

X"h <N < XP Furthermore, if bm =1 we may obtain a suitable bound

if N7 XkT . The basic decomposition we employ is
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S(A, (2X)2) = s(a,X2 - Z S A XN - Z S(A ,p)
}{5"A<P<>(AA A xAA@< (2{) 5

x " <a< (2x/p)

For Z% we can give an asymptotic formula working similarly to

Lemma 7. We can also give such a formula for Z~". For

Z® we may use the linear sieve (here we do require the new form of
the error term) to give an upper bound. Finally we are able to

give an aymptotic formula for much of 2" and we discard what remains
A simple numerical calculation then completes the proof. It should
be noted that the limit of the method is not set here by the

point where the final constant becomes zero, but by the difficulty

in estimating Z ©~ e
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